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BRIEF SUMMARY

Although the idea of particle-based modeling is as old as that of the mesh-based modeling, the latter dominated the area of numerical analysis for almost half a century. It
was not earlier than the 1990s when significant advances were made in particle-based
modeling, yet they managed to prove their reason for existence in numerous areas of
scientific computing. The most widespread and fundamental particle-based method
is smoothed particle hydrodynamics (SPH), which has been applied in many areas of
fluid flow modeling successfully in the past three decades.
During my research, I have been working on the development of a novel algorithm
and meshless simulation tool called Nauticle, which enables not only the free-form
definition of the governing equations but facilitates the development and testing of the
particle-based numerical schemes as well. For the sake of applicability, the symbolic
form language (SFL) and a corresponding interpreter has been introduced, making
the complete configuration of the investigated mathematical model possible without
the requirement of any programming efforts. In the course of my work, I tested and
extended the capabilities of SPH in the field of scientific computing and engineering
applications.
The dynamic refinement of spatial resolution in particle methods is not a straightforward task. Considering the deficiencies of the adaptive resolution techniques introduced in the literature, I proposed an improvement in aiming the exact conservation
of the local angular momentum while keeping the formerly fulfilled conservation
properties unchanged. The proposed technique has been tested in case of different
two-dimensional fluid mechanical problems.
As a verification of the simulation tool, I investigated free-surface wave propagation cases using the SPH scheme. After the comparison of the results of the numerical
model with experimental measurements, I showed that the conventional weakly compressible SPH model is suitable for both the qualitative and quantitative description
of free surface solitary waves. Furthermore, I investigated the solution of the widely
used shallow water equations in SPH and extended the model with the analysis of
wind-induced currents in shallow lakes. I performed computations of shallow lake
currents using simplified lake geometries with different bathymetries and constant
wind shear stresses.
Using Nauticle I have also investigated the dynamics of spatially coupled phase
oscillators diluted using the SPH interpolant with zeroth- and first-order kernel functions. I performed computations on different spatial layout of oscillators, with various
coupling strengths and influence radii.
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BRIEF SUMMARY IN HUNGARIAN - RÖVID ÖSSZEFOGLALÁS

Bár a részecskealapú, hálómentes numerikus módszerek ötlete közel egyidős a hálóalapú módszerekével, mégis, a numerikus modellezési területen közel fél évszázadig
a hálóalapú módszerek alkalmazása dominált. A részecskealapú módszerek területén jelentős előrelépések lényegében csak az 1990-es években születtek, mára azonban
számos területen bizonyították létjogosultságukat. A napjainkban legelterjedtebb részecskealapú numerikus módszer a lagrange-i és hálómentes simított részecskedinamika módszere (SPH – smoothed particle hydrodynamics), melyet az elmúlt évtizedekben számos áramlástani probléma vizsgálatában alkalmaztak sikeresen.
Kutatásom során egy olyan újszerű algoritmus és numerikus modellezési környezet, a Nauticle fejlesztését végeztem, melynek alkalmazásával nem csak szabadon
definiálható matematikai modellek vizsgálatára, hanem maguknak a részecskealapú
numerikus módszereknek a fejlesztésére, tesztelésére is lehetőség nyílik. A szoftver
implementációját és alkalmazhatóságát egy szimbolikus nyelv (SFL) és egy hozzátartozó elemző létrehozásával tettem lehetővé, melyen keresztül elérhető, hogy a vizsgálandó matematikai modell programozási ismeret nélkül teljes mértékben konfigurálható legyen. Munkámban ezen szoftver felhasználásával vizsgáltam és terjesztettem
ki a simított részecskedinamika (SPH) módszer műszaki alkalmazási lehetőségeit.
Részecskealapú modellezés esetén a térben dinamikusan változó felbontás megvalósítása nem egyértelmű feladat. A szakirodalomban bemutatott eljárások hiányosságait figyelembe véve tettem javaslatot az SPH módszer esetében alkalmazott, részecsekék dinamikus összevonását megvalósító eljárás javítására a perdület-megmaradás
kielégítésére, a korábban már teljesített megmaradási tételek megtartásával.
A szoftver validációjaként szabadfelszíni hullámterjedési eseteket vizsgáltam az
SPH-módszer segítségével. A hullámterjedési tulajdonságokat mérési eredményekkel
összevetve megállapítottam, hogy a széles körben alkalmazott, gyengén összenyomható áramlásokat leíró SPH-modell alkalmas a szabadfelszíni szoliton-jelenségek kvalitatív és kvantitatív leírására. Vizsgáltam továbbá a vízügyi területen széles körben alkalmazott sekélyvízi egyenletek SPH-módszerrel történő megoldásának lehetőségeit,
és kiterjesztettem a modellt sekélyvízű tavak szélkeltette áramlásának modellezésére.
Számításokat végeztem egyszerű geometriájú és különböző mederalakkal rendelkező
sekély tavak konstans szélnyírás hatására kialakuló áramlásának vizsgálatára.
A Nauticle alkalmazásával vizsgáltam térben elhelyezett,

kapcsolt fázis-

oszcillátorok dinamikáját az SPH interpolációs eljárás alkalazásával nullad- és elsőrendű simítófüggvények esetén. Számításokat végeztem különböző térbeli konfigurációk és eltérő kapcsolási erősségek, valamint hatósugarak esetére.
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CHAPTER

Introduction
1.1

Preliminaries

The finite element method (FEM), being the most important one among the meshbased tools, has been introduced in the field of structural mechanics. The idea is that
by dividing the continuum domain into discrete elements, a non-overlapping covering
of the domain can be formed, building a topology known as the computational mesh,
on which the interpolation functions are defined. Finite element models are supported by a robust mathematical background hence form the basis of a wide range
of numerical computations from fundamental research to technology advancement,
such as in the automotive industry.
One of the most significant drawbacks of the usage of a mesh-based approach
is that its compatibility with the real physical domain often fails due to either the
large deformations or the topology changes of the physical domain. In such cases,
the persistent re-meshing is inevitable, which is, on the one hand, a time-consuming
process and hard to be automated while on the other hand, the repetitive interpolation
between the computational meshes leads to the rapid decay of accuracy.
These difficulties of mesh-based modeling motivated the development of meshless interpolants that form an overlapping covering, which, due to the lack of internodal structure, allows a continually changing connectivity. The meshless interpolants
formulated in the 1990s have lead to a better understanding of particle-based discretization, and as it turned out, meshless interpolants have significant benefits over
mesh-based methods in terms of smoothness, isotropy, and flexible connectivity (S. Li
& W. K. Liu 2007).
Among several other classification points of views, particle methods can be divided into two main groups: the methods based on physical principles and computational formulations. According to the former one, numerical nodes or particles represent physically existing elements while the interactions are computed as collisions that
can be observed in the real physical system, and governed by collision models. These
6
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methods are often referred to as discrete element methods (DEM) (Cundall 1971), or
molecular dynamics (MD). On the other hand, the computational formulations discretize continuum problems described by a set of partial differential equations (PDE).
In this case, the particles’ representation requires a more or less intuitive selection of
material parcels to be considered as discrete elementary volumes. Computational formulations often reduce the continuum problems to the dynamics of a set of material
points. These collocation techniques, such as the smoothed particle hydrodynamics,
vortex methods, or meshfree finite difference methods, solve the strong form of the
PDEs (S. Li & W. K. Liu 2007). Even though the SPH and VM have been initially
developed for probabilistic simulations, they are most frequently used as deterministic methods. Finally, some particle methods, similarly to the FE models, provide
approximate solutions to the weak form of PDEs and called meshfree Galerkin methods (S. Li & W. K. Liu 2007). A few of them are: diffuse element method (DEM)
(Breitkopf, Touzot, & Villon 1998), element free Galerkin method (EFGM)(Belytschko,
Lu, & L. Gu 1994), reproducing kernel particle method (RKPM)(J.-S. Chen et al. 1996),
finite point method (FPM)(Onate et al. 1996), moving particle finite element method
(MPFEM) (Oñate et al. 2004).
During the past few decades, particle methods achieved many successes in areas
where mesh-based methods suffer from severe bottlenecks such as modeling highly
transient processes of violent free-surface flows, structural mechanics with very large
deformations, crack growth and propagation or even explosions. These results made
the particle methods today’s promising direction in the advancement of scientific computing.

1.2

The brief history of SPH

The first model using SPH has been constructed by Gingold and Monaghan in 1977
(Gingold & Monaghan 1977) and independently in the same year by Lucy (Lucy 1977).
Initially, the method was developed for simulating astrophysical phenomena, implying large-scale self-gravitating gaseous systems in the absence of boundary conditions. Later, utilizing the special properties of SPH, the method has been successfully
applied for the simulation of both solid and fluid phases by Monaghan and Gray et
al. (Monaghan 1994; Gray, Monaghan, & Swift 2001)), making SPH recently an increasingly applied numerical method in ocean engineering and several other fields
(Chowdhury & Sannasiraj 2013; Dalrymple & Rogers 2006; X. Sun, Sakai, & Yamada
2013).
Due to its simplicity, the most well-known SPH scheme is the explicit weakly com7

pressible model. Without a kinematic constraint between the pressure and velocity
fields, the application of a suitable equation of state is required to control the compressibility. Since the numerical stability in case of a physically accurate speed of
sound of a liquid would require an infeasibly small time step size, it is a prevalent
practice to artificially reduce the stiffness in such a way that the change of the liquid
density never exceeds the 1 % limit (Monaghan 2005). During the past decade, significant advances in the weakly compressible variant of SPH have been introduced.
Most of these aimed to improve the quality of the results by introducing either sophisticated artificial diffusion terms (Cullen & Dehnen 2010; Molteni & Colagrossi
2009; Antuono et al. 2010; P. N. Sun et al. 2018) and procedures facilitating the preservation of a uniform particle distribution despite the very large deformations (Lind
et al. 2012; P. N. Sun et al. 2018). Another approach in the regulation of interparticle
pressure oscillations is the application of the Riemann-SPH schemes, where a suitable
approximate Riemann solver such as HLLC (Harten-Lax-van Leer-Contact) is used to
compute steady-state pressure value for each interacting particle pair (Leduc et al.
2010).
Besides the explicit weakly compressible model, truly incompressible variants
(ISPH) appeared as well. These methods provide the solution of the fluid equations
using Chorin’s decomposition (Chorin 1967), hence the solution of the Poisson equation for the pressure field. Since the elliptic Poisson equation forms a boundary value
problem (BVP), most of these are semi-implicit methods (Cummins & Rudman 1999;
X. Y. Hu & Adams 2007; Khayyer, Gotoh, & S. D. Shao 2008a). However, based on
different approaches, explicit or even iterative techniques are recently formulated to
ensure almost exact incompressibility (Muta, Ramachandran, & Negi 2019; Nomeritae
et al. 2016). The truly incompressible models provide a few exciting improvements
over the weakly compressible variant, such as significantly larger time steps size can
be allowed, and there is no need for the artificial reduction of the speed of sound.
However, the complexity of the implementation is significantly higher, resulting in a
more challenging parallelization.
Another important application of SPH is the modeling of shallow water flows by
the solution of the shallow water equations (SWE). The SWE-SPH model has been
introduced by (Z. Wang & Shen 1999), and later, several improvements have been
achieved in balancing the source terms (Xia et al. 2013; Rossi, Dumbser, & Armanini
2017). The famous MUSCL scheme (monotonic upstream-centered scheme for conservation laws) (Van Leer 1979) has also been implemented within the frames of SWESPH to reduce the effects of the artificial diffusion and treat shockwaves properly
without the unphysical overshooting of the gradients in the vicinity of the shocks
8

(S.-q. Chen, Liao, & Huang 2016). SWE-SPH has been successfully applied in modeling inundation (S. Gu et al. 2017), coastal flows (De Leffe, Le Touzé, & Alessandrini
2010), violent flows in mountainous rivers (R. Chen et al. 2015), and even river ice
dynamics (Shen, Su, & L. Liu 2000).

1.3

Adaptive particle refinement in SPH

In computational science, it is highly common during the approximate solution of
partial differential equations, that some requirements significantly vary through the
computational domain, such as the accuracy or the level of detail of the numerical simulation results. Thus, the application of spatially varying numerical resolution plays
a crucial role in computational cost reduction of simulations, especially in computational fluid dynamics (CFD). As it has been shown by Berger and Colella in (Berger
& Colella 1989), mesh-based finite volume (FVM) and even finite element methods
(FEM) provide robust spatial adaptivity remarkably reducing the computational costs
for simulations of several applications.
Similarly, in the case of particle-based Lagrangian methods, the adaptive resolution is also desirable, though the theories of those models rest on slightly different
assumptions. Although the theory behind the variable smoothing lengths of the particles in SPH had been long since formulated by Gingold (Gingold & Monaghan 1982)
and Monaghan (Monaghan 2002), in order for the resolution in a specific region to be
increased, particles need to be properly inserted and removed from the computational
domain.
Based on different approaches, several techniques for spatially varying resolution
have been introduced during the past two decades. Firstly, Kitsionas and Whitworth
(Kitsionas & Whitworth 2002) presented a particle splitting method for astrophysical
simulations, while Liu (G.-R. Liu 2002) achieved locally increased resolution using a
Delaunay triangulation. Later, Lastiwka (Lastiwka, Quinlan, & Basa 2005) constructed
criteria for local particle addition and removal with the interpolation of flow conditions and the distribution of particle mass. The precise splitting technique presented
in (Feldman & Bonet 2007) by Feldman and Bonet became one of the most widely
used methods developed further by López and Roose, Vacondio et al., Liu et al.,
Wang et al., Xiong et al. and Hu et al. (see (López & Roose 2011; Vacondio, Rogers,
P. K. Stansby, & Mignosa 2016; W. T. Liu et al. 2017; L. Wang et al. 2018; Xiong, B.
Li, & J. Xu 2013; W. Hu et al. 2019)) and extended for shallow water formulations
by Vacondio et al. (Vacondio, Rogers, & P. K. Stansby 2012; Vacondio, Rogers, P. K.
Stansby, & Mignosa 2013). As a noteworthy idea, Barcarolo (Barcarolo et al. 2014)
9

and Chiron et al. (Chiron et al. 2018) applied a similar splitting scheme but without
the deletion of the mother particles. Instead, by turning them into passive tracers,
they can be implied in the flow again later, and the daughter particles can be simply
deleted when leaving the high-resolution zone.
Most recently, another approach in spatially varying resolution is based on the
coupling of different fluid simulations by Bouscasse et al. and Marrone et al. (Bouscasse et al. 2013; Marrone, Di Mascio, & Le Touzé 2016) as a realization of a coupling
of SPH fluid flows of different particle sizes. Such implementation is also presented
by Bian et al. (Bian, Z. Li, & Karniadakis 2015) where coupled SPH domains are
overlapped through a buffer zone, in which fluid conditions are being interpolated
between the zones using an overlapping interface.

1.4

Diluted coupling of phase oscillators

Synchronization is a collective behavior observed in many fields. It is a result of the
interaction between oscillators capable of adjusting their rhythms/natural frequencies. To model synchronization of coupled phase oscillators the Kuramoto model
proposed in 1975 (Kuramoto 1975) is often used, for example, to investigate the collective behavior of lasers (Jiang & McCall 1993), neurons (Cumin & Unsworth 2007;
Niyogi & English 2009; Maistrenko et al. 2007), social groups (Yuan et al. 2017) and
even crickets (Walker 1969). This model was also used to describe the interesting phenomena related to Pteroptyx malaccae, a species of firefly capable of synchronous firing
with almost no phase lag (Ermentrout 1991). This can be attributed to this insect’s
ability to alter its flashing frequency in response to external stimulus (Hanson 1978).
Motivated by behavior of fireflies, the original first order Kuramoto model was later
extended with an inertial term by Tanaka et al. (Tanaka, Lichtenberg, & Oishi 1997),
which allows for the adaptation of the flashing frequency of one firefly. They showed
that in a fully coupled system, the degree of synchrony depends on the coupling
strength between the oscillators in a hysteretic manner. The critical coupling strength
necessary for the system to transition from the incoherent state to the coherent state is
larger than the critical coupling strength resulting in the breaking of synchrony. According to Tanaka et al., the coupling strength of a firefly depends on the ratio of the
brightness of the firing and that of the environment. This can lead to the swarm dynamics to exhibit hysteretic behavior. As a result, if the brightness of the background
is too large, the fireflies are unable to synchronize. However, the model suggests that
by increasing the brightness of the background of a synchronously flashing swarm,
they can also maintain synchrony in a much brighter environment.
10

The generalized model is used to describe the synchronization of Josephson junctions (Trees, Saranathan, & Stroud 2005) and power-grids (Salam, Marsden, & Varaiya
1984; Filatrella, Nielsen, & Pedersen 2008; Rohden et al. 2012; Olmi et al. 2014; Ódor
& B. Hartmann 2018; Motee & Q. Sun 2014). The hysteretic behavior in the model
is affected by many factors. In the original Kuramoto model, the coupling between
the oscillators is usually considered to be undirected: they are either connected or
not, which is a valid model for some applications such as power grids. Direction of
current research include considering the topology of the network (Sieber & KalmárNagy 2011), the heterogeneity of the network connections (Paissan & Zanette 2007),
the effect of dilution (Olmi et al. 2014; Tumash, Olmi, & Schöll 2018) and assortativity
(Peron et al. 2015). Heterogeneity can be also considered by assuming time-delay or
frequency-weighted coupling (C. Xu et al. 2016; Wu et al. 2018). Spatial distribution
of the oscillators can also result in the delay or weakening of the signal. As it was
reported in (Ermentrout & Rinzel 1984), P. malaccae has a 3 feet range of vision which
advocates the assumption of local interactions. The distance-dependency of the coupling strength was taken into account in the original Kuramoto model by using kernel
functions (Breakspear, Heitmann, & Daffertshofer 2010; Cenedese & Favaretto 2015)
and it was also investigated for the second order model by (Ódor & B. Hartmann
2018; Motee & Q. Sun 2014). Spatial coupling of oscillators is also examined in (Kapitaniak et al. 2014) considering the one dimensional coupling of neighboring pendula.
Although homogeneous coupling was considered, the spatial coupling resulted in
chimera states and symmetry breaking.

1.5

Modern approach in scientific computing

Due to their attractive properties, particle-based numerical methods enjoy increasing
attention in many fields of engineering applications. In contrast with mesh-based
methods like the finite element method (FEM), particle-schemes have more flexible
and adaptable spatial discretization of the computational domain of any shape, especially in case of large deformations involving topology changes even with domainsplitting (S. Li & W. K. Liu 2007). As far as the implementation is concerned, most
of the characteristic features of particle-based numerical schemes are fundamentally
different from that of mesh-based methods. Some of these differences are the lack
of internodal structure (mesh), the persistent changing of nodal connectivity, and the
overlapping spatial covering of the computational domain. Relying on such differences, most of the advances related to particle methods show that being robust in different circumstances makes meshless schemes complementary rather than competing
11

with mesh-based methods, and vice versa. As a confirmation, exploiting their aforementioned unique features, particle methods have been applied for the simulation
of continuum media with free surface, and multiphase fluid flows (Monaghan 1994;
X. Y. Hu & Adams 2006) and even fracture of solid structures (Benz & Asphaug 1995;
Rabczuk & Belytschko 2007; Tan, Yang, & Sheng 2009; Y. D. Ha & Bobaru 2010) with
great success. Also, the area of molecular dynamics (Rapaport 2004) and granular materials (Cundall & Strack 1979) form a significant branch of particle methods dealing
with discrete problems. Furthermore, multiphysical problems have been investigated
as well, incorporating computations and techniques for different phenomena (Antoci,
Gallati, & Sibilla 2007; Ren et al. 2013; Robinson, Ramaioli, & Luding 2014) and even
the coupling with mesh-based Lagrangian and Eulerian methods (Fourey et al. 2010;
Groenenboom & Cartwright 2010; Marrone, Di Mascio, & Le Touzé 2016).
Some of the most significant problems with particle methods, such as the relatively high computational requirement seem to be gradually solved by the rapidly
increasing available computational performance of CPU and GPGPU devices (S. Li
& W. K. Liu 2007; Domínguez, Crespo, & GómezGesteira 2011; Govender, Wilke, &
Kok 2016), others (e.g., particle methods often deal with a less robust mathematical
background than that of the mesh-based methods) still need more work to gain upon
mesh-based methods. Nevertheless, the present continual development of meshless
methods makes them more and more robust and reliable methodologies in several
areas of scientific and engineering applications, however, as it is discussed later in
this section, the use of the most recent models often requires additional effort from
the users.
Focusing on accuracy and efficiency, several tools have been created to test and
employ the state of the art theories, though, the applicability of these tools is mostly
restricted to specific methods and mathematical models in particular. A very few of
these open-source software packages are DualSPHysics (Crespo et al. 2015), GPUSPH
(Hérault, Bilotta, & Dalrymple 2010) and GADGET (Springel 2005) operating with one
of the most popular particle-schemes SPH, others, such as Blaze-DEMGPU (Govender,
Wilke, & Kok 2016), Yade (Šmilauer et al. 2015) and LIGGGHTS (Kloss et al. 2012) are
examples for the widely used Discrete Element Method (DEM), from which the latter
depends on the high-performance particle engine of LAMMPS (Plimpton 1995). Since
the simulation of molecular dynamics (MD) problems is a heavily researched area,
many packages are developed to provide the fast and reliable solution of molecular
dynamics equations on small-scale, such as ESPResSo (Arnold et al. 2013), LAMMPS,
GROMACS (Abraham et al. 2015). Also, a highly configurable package OpenMM
(Eastman et al. 2017) provides more freedom in the specification of custom interac12

tions. However, the user is still restricted to molecular dynamics models. Most of
these high-quality tools are more or less being kept up-to-date concerning both the
embedded theories and computational practices. Yet, on the other hand, most of the
open-source simulation tools do not support the user-defined free-form mathematical
expressions, nor the easy implementation of arbitrary interaction laws, leaving the
users alone with their ideas concerning modifications on either of the mathematical
models or particle methods. Unfortunately, this approach leads to the grueling process of recoding or further and further implementations of new simulation tools with
slightly different and – at the same time – usually more focused purposes. Furthermore, extending the capabilities of a code by additional built-in mathematical models
appears to be more like a form of further specialization (or at most, a highly fragile
generalization) and an endless pursuit, especially in the case of multiphysical capabilities, where not only the governing equations but the numerical methods to be
applied may also differ.
As a novel concept to overcome this issue in scientific computations, generalpurpose libraries like FEniCS (Alnæs et al. 2015) and deal.II (Bangerth, R. Hartmann,
& Kanschat 2007) have been created to facilitate the solution of free-form user-defined
partial differential equations using mesh-based finite element theories. The basic idea
of such libraries is that instead of burning the mathematical models into the source
code, they are being completely separated or emerged from it; hence users obtain
sufficient freedom to configure the desired system of PDEs through a suitable user
interface without making severe programming efforts at a lower level. Both FEniCS
and deal.II are widely used libraries to investigate a great variety of problems, including biomedical and chemical research as well as geosciences (Wilson et al. 2014; Hake
et al. 2012; Schulz et al. 2010; D.-H. Ha et al. 2014).
Due to their recent advances, the need for generalization also emerged for particlebased methods. As a result, software having similar concepts as FEniCS and deal.II
started to evolve during the past few years. The first steps in creating such opensource computational environments made by D. Kauzlarich et al. with the code SYMPLER (Kauzlaric et al. 2014) and more recently by M. Robinson and M. Bruna with
Aboria (Robinson & Bruna 2017). Both tools aim to be universal concerning the interaction laws; SYMPLER can be operated through XML-formatted configuration files,
while Aboria is a modern lightweight (header only) library relying on the standard
C++ features. They support a collection of particle methods like SPH, DEM, and
molecular dynamics. Although both solvers provide outstanding freedom compared
to the conventional tools from particle methods and governing equations point of
view, they suffer from a few drawbacks at the same time. Aboria – as a library –
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supports the most modern practices and user-friendly implementations in C++ and
shortens the implementation and application of particle methods dramatically by the
built-in domain-specific language (DSL), but still requires effort to make in C++ coding and consequently, compilation at every turn. The user interface of SYMPLER
helps to circumvent this problem by providing a purely text-based interface for configuration, which, however, appears to be complicated even in case of simple test
cases. Since the configuration interface, consequently, the configuration files follow
the layout of the SYMPLER C++ code, the application requires experience and a relatively good knowledge of the software structure itself. As a consequence, users need
to possess the detailed knowledge of the design of the code, and a significant amount
of non-evident manual work is required to build simulations with both particle simulation engines SYMPLER and Aboria.
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CHAPTER

Nauticle: a general-purpose
particle-based simulation tool
In contrast with the conventional hardcoded simulation packages, the most modern
computational tools tend to provide more and more flexibility to the user in terms
of the mathematical models as well as the applied numerical methods. Although
this approach has been existing and evolving in the field of mesh-based finite element analysis for almost two decades, it is not more than a few years that the same
motivation started to appear in the field of particle-based modeling.

2.1

Methodology

Several classifications of the particle methods exist based on different mathematical
or physical aspects. From the mathematical point of view, we can distinguish methods that operate on the strong form of partial differential equations (PDE’s) from
those that solve the weak form of PDE’s. Another classification is possible based on
the physical characteristics of the domain to be modeled. On the one hand, there
are continuum domains such as fluids or solids where the element of discretization should represent a more or less intuitively delimited macroscopic portion of
continuum phase, while on the other hand, there are granular phases, like sand or
molecules, where each element is assigned to a physically existing individual material parcel or molecule. In the present work, we focus on particle methods operating
on the strong form of the PDE’s governing continuum problems. The crucially essential definitions below are originated from (S. Li & W. K. Liu 2007).
Definition 2.1. (The C k spaces): Let Ω be a bounded domain in Rd with piecewise continuous
boundary ∂Ω. We let C0 (Ω) denote the space of all continuous functions on Ω with the norm

kukC0 (Ω) = max x∈Ω |u( x )|,

(2.1)
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where u( x ) ∈ R. We denote
C k ( Ω ) : = { v ∈ C 0 | k v k C k ( Ω ) < ∞ },

(2.2)

where

k v kC k (Ω) : =

∑

∂j v

∑

0< j<k m1j +m2j +...mdj = j

m1j

m2j

mdj

1

2

d

∂x∂x ∂x∂x ...∂x∂x

(2.3)
C0 (Ω)

We also denote C0 (Ω) as the space of all continuous functions on Ω that also vanish at ∂Ω.
Definition 2.2. (Partition of unity): Let Ω ⊂ Rd (d = 1, 2, 3) be and open bounded domain.
Let Ω1 , Ω2 , ... Ω N be a family of open sets in Rd , and
1. The family of an open set Ω I ∈Λ generates a covering for domain Ω,
Ω⊂

ΩI

[

(2.4)

I ∈Λ

2. There exists a family of functions, φ I ∈ C0s (Rd ), s ≥ 0, and supp{φ I } ⊂ Ω I
3.
0 ≤ φI ≤ 1

∀x ∈ Ω I

(2.5)

4. The summation
φ1 (x) + φ2 (x) + φ3 (x) + · · · + φN (x) = 1,

∀x ∈ Ω

(2.6)

The family of generating function, or interpolation basis, φ I I ∈Λ is called a partition of unity
subordinate to the open cover {Ω I } I ∈Λ .

A peculiar consequence of the partition of unity is that the open supports can form
an overlapping covering of the computational domain. The essential principle of particle methods is founded on the concept of partition of unity (meshfree interpolation),
which is constructed using φ mollifier functions with specific properties:
Definition 2.3. (Mollifier function): To construct the meshfree partition of unity, special
generating functions are chosen to meet the following requirements:
1.

φ ∈ C k (Rd )

2.

supp{φ} = B1 ,

3.

φ (x) > 0

4.

Z
B1

where

k > 1,

for kxk < 1,

(2.7)

φ(x)dΩ = 1,
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where kxk is the Eucledian norm of x and
Bρ (x) = {x| kx − xk ≤ ρ, x ∈ Rd }

(2.8)

denotes a closed spherical ball shaped domain of influence with radius ρ around x.

Scaling supp{φ( x )}, one may define a new function
 
Cd
x
φρ ( x ) := d φ
.
ρ
ρ

(2.9)

The value of Cd depends on the shape of its compact support and dimension d of the
space. For instance, for 2D cubic spline function, C2 = 1 for 2D rectangular domain,
C2 = 15/(7π ), if the compact support is a circular domain.
The function φρ ( x ) is usually called a C k -mollifier in the mathematics literature,
which has the following properties:
1.

φρ ∈ C k (Rn )

2.

supp{φρ } = Bρ ,

3.

φρ (x) > 0

4.

2.1.1

Z
Bρ

where

for

k > 1,

kxk < ρ,

(2.10)

φ(x)dΩ = 1.

Definition of a general formulation for particle methods

As it has been partially referred in (Kauzlaric et al. 2014) and (Robinson & Bruna
2017), particle methods can be interpreted as collections of mathematical expressions
describing particle interactions that actually govern the evolution of all particles included in a simulation. Throughout this section, the fundamentals of the general
mathematical formulation compatible with Nauticle is introduced.
Consider a set of N spatially distributed point-like objects (hereinafter referred to
as particles pi ) forming a discrete frame of reference called particle system PN inside
a one, two or three-dimensional axis-aligned rectangular domain D. Assign arbitrary
fields of zeroth, first or second-order tensorial quantities Φα to PN :

Φα : PN → IRd1 ×d2 with d1 , d2 = 1, 2, 3

Φiα = Φα ( pi ) pi ∈ PN ,

(2.11)
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where greek letters (α, β...) are used to index different fields. The positions of the
particles can also be expressed as a tensorial field. Let us assume, that Φ β depends on
Φ I : PN → IRd1 ×d2

( I = 1, 2, ..., M)

(2.12)

fields and
Ψ a : PN × PN → IRd1 ×d2

( a = 1, 2, ..., K )

(2.13)

interaction laws such that
Φi =
β



dΦiα
= f Ψ1i , Ψ2i , ..., ΨiK + g Φ1i , Φ2i , ..., ΦiM ,
dt

(2.14)

with f , g : IRd1 ×d2 → IRd1 ×d2 , while Ψia has the form of:
Ψia =

n(∆ a )

∑


Ia Φ1i , Φ2i , ..., ΦiM , Φ1j , Φ2j , ..., Φ jM ,

(2.15)

j =1

where M and K denote the number of fields and interaction laws in the system, n is
the number of neighbors around particle i depending on the finite or infinite influ
ence radius ∆ a = ∆ a (r, t), and Ia Φ1i , Φ2i , ..., ΦiM , Φ1j , Φ2j , ..., Φ jM is considered to be an
appropriate interaction law (interaction operator) between particles i and j. Thus, the

first term f Ψ1i , Ψ2i , ..., ΨiK on the right hand side implies pair-interactions depending

on the spatial configuration of the particles, while the second term g Φ1i , Φ2i , ..., ΦiM
represents particlewise expressions omitting neighboring particles. The construction
of Equation (2.14) for each particle leads to a set of N ordinary differential equations.
Note that the interactions might operate on a subset or group of the particle set.
Nauticle has been designed so that it can solve such problems that are directly
governed by a system of the form of the ODE in Equation (2.14) or can be transformed (through a suitable discretization scheme) to the same form. In other words,
for instance, the governing equations obtained with the Lagrangian meshless collocation technique SPH (Gingold & Monaghan 1977; Monaghan 1992; Gray, Monaghan,
& Swift 2001; Bui et al. n.d.) or the collision modeling DEM (Cundall 1971; Taylor
et al. 2006) and many other particle-based schemes (even the stochastic Dissipative
Particle Dynamics (DPD) scheme (Hoogerbrugge & Koelman 1992)) meet the ODE in
Equation (2.14) offering the potential to construct and solve them similarly through
numerical integration.
Using the top level of Nauticle, the complete configuration of the simulated
mathematical model as user-defined equations is straightforward – by the def-
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inition of symbols Φα and the application of precompiled interaction operators

Ia Φ1i , Φ2i , ..., ΦiM , Φ1j , Φ2j , ..., Φ jM of Equation (2.14) – through a purely text-based configuration file without any programming and recompilation. Furthermore, the intermediate developer level makes the implementation of precompiled interaction operators separated from the core of the code (cf. Section 2.4).

2.2

Definitions and implementation

Throughout this section, the definitions and implementations facilitating the solution of Equation (2.14) are presented. The unified double-precision tensor-container
manages the quantities in Equation (2.14), the real-valued scalar, vector, or tensorial
symbols Φα , hence, unless otherwise indicated, values of symbols and expressions are
from now on considered to be instantiations of the unified tensorial quantity.

2.2.1

Symbolic form language (SFL), class hierarchy of expressions

We designed the symbolic form language as a tool for the definition of the left- and
right-hand-side (LHS and RHS) of Equation (2.14) with user-defined expressions. The
interpretation of the user-defined expressions written using SFL in the configuration
file is based on the class hierarchy of the expressions shown in Figure 2.1 (SFL-tree).
White nodes of the diagram denote abstract types. The two main branches are initiated by the abstract Symbol and Operator classes, from which further types are inherited. The fundamental concept of building free-form equations using SFL is that particle interaction laws can be implemented by merely extending the SFL-tree through
the Interaction class. The extension of SFL is presented in detail in Section 2.4.
Nauticle provides different types of user-defined symbols. Therefore, the Symbol
branch consists of the container classes such as the single-valued Constant and Variable,
as well as the Field and Particle system classes, which are, on the contrary, allowed to
store values separately for each particle. Besides storing the particle coordinates, the
Particle system class is also responsible for the neighbor search.
Nodes of the Operator branch are also divided into different branches: Arithmetic
functions and Arithmetic operators are performing particlewise computations disregarding the particle layout, while the other operators depending on the position and neighborhood data stored in the particle system are inherited from the also abstract Interaction class. Avoiding the visualization of too many nodes with similar roles, blue boxes
in the hierarchy denote various particlewise operator nodes wrapped together. The
dependency of the interactions on the particle data is expressed in the diagram by the
dashed line. Among other operators such as search of extrema, the implementations
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of particle methods are also derived from the Interaction class. It is worth to mention
here that since several particle methods fundamentally depend on spatial filtering, the
abstract class named Filter has been implemented containing a required filter kernel
object. As such, the inherited classes in question (e.g. the SPH operators) automatically gain access to the required filtering member object. As it is discussed later in
Section 2.4, the Interaction node is also considered to be the interface of Nauticle for
developers on the second, intermediate level.
Expression
Symbol
Field

Arithmetic
function

sin, cos, ...

Particle system

Arithmetic
operator

+, -, *, ...

Single
Constant

Operator

Variable
Kuramoto

Filter

DVM

MD

SPH

N-body

Interaction

Mesh

Fsearch

Bonded

Fmax, Fmin, ...

DEM

Figure 2.1. Class hierarchy applied to parse user-defined equations. Green, blue and
yellow nodes represent symbols, artihmetic functions and operators, and interaction
operators respectively. White refer to abstract types.
During the execution, using the class hierarchy, user-defined expressions are built
and recursively evaluated at runtime as it is demonstrated in Figure 2.2.
+

fmax

𝑓𝑚𝑎𝑥 𝜙 − 𝐶 +

𝐹
sin r
2

𝜙

*

𝐶

÷
𝐹

sin
2

𝑟

Figure 2.2. Example of expression tree built from user-defined expression. Blue,
green, yellow and purple nodes represent operators, variables, fields, and constants
respectively. The expression tree can be evaluated recursively.
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Since the Field and the Particle system nodes are containers of multiple values – assigned to particles, the evaluation of expressions including symbols of field or particle
system is also eventuated in a field quantity. Evaluation of expressions consisting of
different symbols such as fields and variables is also possible.

2.2.2

Simulation case

As an explanation to the solution process of the user-defined equations having the
form of Equation (2.14), Figure 2.3 shows a schematic diagram of the interpretation
and storage of user-defined symbols and equations, as well as the functions solving
them. Firstly, as it has been explained in the previous subsection, the equations and
symbols given as strings are interpreted by the SFL expression parser. After the interpretation, the symbols are getting stored in the vector container inside the so-called
Workspace class. As the owner of all quantities describing the mathematical model,
the workspace is responsible for the management of symbols with methods such as
sorting, printing and value querying of any symbol. Together with the workspace,
equations are also stored in the class called Case. Each of the equations have to be
constructed following the general form Equation (2.14), hence the equations stored in
the Case class are composed of a left-hand side (LHS) and a right-hand side (RHS),
representing a symbol and an expression respectively. The solution process of any
equation performs the evaluation of the RHS, from which the result then overrides the
data stored in the LHS symbol. Due to the shared owner semantics applied between
the LHS and the workspace, the symbols are immediately updated in the workspace
without any further user actions. It is worth to mention that it is not monitored at any
time if the equations are given in an implicit form, hence, in such a case when an interaction is dependent on the LHS symbol the solution becomes unpredictable. Also,
as it has been shown in Figure 2.1, interactions are indirectly dependent on the instantaneous spatial configuration of the particles, thus race condition can occur when
computing an interaction with the particle positions on the LHS. This situation can
be avoided by using a temporary field on the LHS storing the new particle positions.
Race condition issues are also discussed in Sections 2.2.4 and 2.4.
As it is also shown in the diagram, the solution of the equations is driven by
the case object by iterating through the vector of equations and executing their solve
functions one by one.
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String input
Expression parser
Case
Workspace
vector<Symbol> sym
Equations
Symbol LHS
Expression RHS
solve() {
LHS=RHS->evaluate()
}
solve() {
for each equation:
eq->solve()
}

Figure 2.3. Interpretation and storage of user-defined symbols and equations in the
Case object. LHS and RHS have the form of the left- and right-hand-side of the general
form Equation (2.14) of the user-defined equations. The solution of the equations is
performed in the line highlighted by red.

2.2.3

Computational domain

The computational domain of any particle simulation in Nauticle is considered to
be a one-, two-, or three-dimensional axis-aligned box, in which the particle system
PN is interpreted, and the neighbor search is performed. By definition, the existence
of particles is not allowed out of the domain’s volume. To support the neighbor
search algorithm, the domain is divided into cuboid cells of user-defined edge sizes
∆e (practically greater or equal than the influence radii of the particles) covering the
computational volume with a rectilinear spatial grid. Since due to the cell-based
neighbor search, pairs with an interparticle distance larger than ∆e in any directions
are consistently ignored, the cell size is recommended to be equal to the influence
radius of the applied interaction law (∆ a ). The domain size and grid layout are defined
at the start and remain unchanged during the whole simulation.
Regarding the particle interactions and motions close to the domain surfaces, three
different types of boundary treatments are possible: periodic, symmetric and cut-off
boundaries. The opposing bounding surfaces of the domain need to possess identical boundary conditions. Particle connectivity near the domain boundary can be
considered by either:
• extending the influence radii to the other side of the domain (periodic bc.)
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• mirroring the local configuration to the domain boundary (symmetric bc.)
• completely ignoring the portion of the influence radii extending beyond the
domain boundary (cutoff bc.)
However, the consideration of the particle connectivity is only one of the two aspects
of boundary treatment. It is also important to determine what happens when a particle crosses the domain boundary. Practically, it should never occur in case of the
symmetric and cutoff boundary conditions, thus, for the sake of simplicity, the current protocol in Nauticle is that particles leaving the domain are shifted periodically
regardless of the boundary type, but it does not play significant role in the case of
symmetric and cutoff boundaries.

2.2.4

Multithreading

Due to their specialized programming requirements, it is apparent, that the solution of
the user-defined equations makes the efficient utilization of massively parallel devices
such as GPGPUs a challenging task. However, widespread multicore CPU devices
are also potentially applicable for parallelization of particle-computations in a less
challenging manner (Napoli, Marchis, & Vitanza 2015; Crespo et al. 2015).
Since Nauticle is written in C++11, the built-in standard multithreading library is
a reasonable choice for the parallel evaluation of expressions in interpreter and binary
modes as well. Unlike the parallelization based on the decomposition of the domain
in (Napoli, Marchis, & Vitanza 2015), Nauticle is designed to solve expressions with
the decomposition of the particle system in such a way that the number of particles
per thread n ppt is calculated as
n ppt =

Np
,
Nt

(2.16)

where Np is the total number of particles and Nt is the number of threads (equal
to the number of hardware-supported threads by default). To avoid race conditions
by restricting the number of simultaneously modifiable symbols to one, no solution
of any of the equations is started until the previous equation has been completely
finished for all particles. Furthermore, none of the particles are treated by more than
one thread at the same time. In the special case when the LHS is a variable, only a
single thread is used for evaluation.
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2.3

Solution process

In this section, the simulation process involving the case structure (cf. Section 2.2.2) is
presented from a higher perspective. The schematic diagram and flow of the solution
in Nauticle is explained by Figure 2.4.
A single YAML file defines every simulation case in Nauticle; however, in the case
of hot-start simulations, a previous result file is also required as an initial condition
(left-hand side region of Figure 2.4). Furthermore, particle positions are allowed to be
imported from an external source using an optional ASCII data storage file. Optional
files of both the nodal positions and initial conditions are accessed by their names
defined in the YAML file. As it has been already shown in 2.2.2, before the assembly
of the case, the SFL expression parser translates the extracted data of the workspace
and the user-defined equations and passes them to the case assembler. Once the Case
object (illustrated by the orange box on the right-hand side) has been successfully
built, the solution process presented in Section 2.2.2 is managed by the simulation
scheduler based on the simulation parameters also defined in the YAML file. The
simulation case object, including both the workspace and the list of equations, is
written to ASCII or binary formatted VTK result files with a pre-defined frequency
through the VTK writer. Being too specific data structures for VTK format, some parts
of the simulation case (the computational domain, single symbols of the workspace,
and the user-defined equations) are converted to character strings and automatically
retrieved as initial conditions in further simulations.
Nauticle - Case manager
YAML
Document

YAML reader
Parameter
space
XYZ reader

Expression
parser

Simulation
scheduler

Nodal
coordinates
VTK
reader

VTK writer

Case assembler

Case
Workspace

Equations

c 7

x=c+5

x ?

y=x^2+2

y ?

a=sph()

VTK
Document

Figure 2.4. Schematic diagram of the Nauticle simulation flow. Arrows show the
where the data are passed between the different blocks. The configuration file is
being read from the YAML document on the left and the equations are parsed to built
the simulation case. The solution of the equations is performed in the Case block,
where the symbols and the equations of the mathematical model are stored.
One crucial part of the simulation is the proper execution of the neighbor searching
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methods. Since the user defines the equations, it is not known a priori, when to update
the list of neighbors. Furthermore, in case of constant particle positions the neighbor
search needs to be run only once at the beginning of the simulation. Hence, to avoid
unnecessary waste of computational time, but at the same time, perform the searching
process once it is required, the neighbor search methods are linked to the simulation
scheduler and executed periodically only if the particle layout has been changed.

2.4

Implementation of interaction laws

This section introduces the main steps of the implementation of particle interaction
laws on the second, intermediate level of Nauticle. The class hierachy of expressions
introduced in section 2.2.1 allows the definition of interactions that are dependent
merely on the instantaneous particle configurations (Interaction class) as well as more
complicated connections depending on former states e.g. bonded connections or the
application of Coulomb-friction in discrete element models (Bonded class). To guide
the reader through the implementation process, the simple molecular dynamics model
based on the Lennard-Jones potential has been chosen as an interaction law, which
is, on the one hand, sufficiently simple, while on the other hand, suitable for the
demonstration of generality and flexibility. Although the implementation is simple
and straightforward, this section focuses on the concept and the main implementation
issues omitting subsidiary operations.

2.4.1

Interaction laws implemented in Nauticle

The most important benefit of this approach from the scientific computing point of
view is that Nauticle can be applied as a sandbox tool: both the governing equations
and the numerical methods can be tested without tedious recoding. Although in the
present work only the interaction operators of the SPH method (cf. section 2.5) are
applied for various hydrodynamical problems, the current version of Nauticle has different types of further numerical methods implemented. The built-in methods have
fundamentally different physical backgrounds and mathematical considerations making Nauticle a truly general-purpose tool in the area of scientific computing. Without
detailed discussion, the complete list of the currently applicable numerical methods
is as follows:
• smoothed particle hydrodynamics (SPH),
• discrete vortex method (DVM),
• molecular dynamics based on the Lennard-Jones potential (MD) (Jones 1924),
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• discrete element method (DEM),
• micro-scale social force model (SFM) (Helbing & Molnár 1995),
• N-body interaction based on the gravitational potential,
• Kuramoto synchronization (Kuramoto 1975).
Using a proper discretization procedure, the first two of the listed methods deal
with continuum systems governed by PDEs, while the rest of them models genuinely
discrete systems, where particles represent physically existing objects. The increasing
attention to models of fracture mechanics or crack growth motivates the implementation of the numerical models based on the so-called peridynamics theory (Silling
2000). Since the discretized governing equations of the peridynamics models are
compatible with the general equation discussed in section 2.1.1, they form one of the
most attractive direction of the development of Nauticle.
As it has been partially mentioned in section 1.1, the implicit solution of elliptic
equations is often required in case of various applications. Although implicit schemes
solving time-independent problems could also be implemented in Nauticle, each of
the currently built-in numerical methods are limited to explicit and time-dependent
problems.

2.4.2

The Lennard-Jones potential and interaction

The simplest mathematical models of small-scale molecular interaction effects are often based on the Lennard-Jones potential (Jones 1924) of the form:

 
σ 12  σ 6
−
VLJ (r ) = 4e
,
r
r

(2.17)

where e and σ represent the interaction strength and the particle radii respectively.
The function Equation (2.17) – often referred to as the 12 − 6 potential – implies two
opposite, namely the attractive ((σ/r )6 ) and the repulsive ((σ/r )12 ) effects of interacting molecules, leading to the possible formation of stable crystal structures. The
interaction forces acting between particles i and j can be directly obtained from the
potential by its spatial differentiation:
V (r )
f ji =
dr

r =|r ji |



48e  σ 12 1  σ 6
=
−
r ji ,
r
2 r
|r ji |2

(2.18)
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resulting the equation of motion of the molecules included in the system:
dvi
= − ∑ f ji ,
dt
j 6 =i

(2.19)

where r ji = r j − ri is the position vector pointing from particle i to j and vi is the velocity vector of particle i. Although, the interaction force Equation (2.18) is unbounded,
in practice an rc = 3σ cutting distance is often applied to reduce computational requirement without significant deterioration of the accuracy.

2.4.3

Extension of SFL with an interaction law

Since numerical models in Nauticle are defined solely through the SFL (cf. Section
2.2.1), new capabilities, hence interaction laws can be implemented by merely extending the SFL-tree. The recursive evaluation of user-defined expressions (cf. Figure
2.2) is performed by the evaluate(i, level=0) member function implemented
in each of the non-abstract classes in the SFL-tree, where i and level are the particle
index and the optional (zero by default) time level of evaluation respectively. The latter played a role only in the case of multistep integrators and ignored in the present
work for the sake of simplicity.
The aim of the extension of SFL is that the users should be able to construct and
apply their interaction laws flexibly without more profound modifications of the code.
To fulfill this requirement, the abstract interaction class (interface) in Figure 2.1 performs all preliminary operations (e.g., selection of particle pairs) and provides necessary data required for computation of pairwise interactions. In the subsequent
paragraphs, it will be shown how the pairwise computations are separated from the
code at the intermediate level.
Besides a few minor tasks discussed in the user’s guide, users need to define a
new class inherited (cf. Listing 2.1) from the interaction class and implement the
evaluation member function focusing on pairwise calculations.
Listing 2.1. Declaration of interaction class
class Md_interact : public pmInteraction<3> {
public:
/*...*/ // constructors, destructor, etc.
pmTensor evaluate(int const& i,
size_t const& level=0) const override;
};

The integer 3 (it can be any non-negative integer) as a template argument of the
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pmInteraction class defines the number of parameters of the current interaction
law. In order to prevent accidental multithreading race conditions on the lowest level,
the const keyword (beside override) is also needed at the declaration assuring that
neither objects instantiated from the classes of the SFL-tree can be modified through
the evaluation function.
The definition of the evaluate member function should consist of three parts.
Firstly, in this particular case, the three operands (e, σ, rc ) of the interaction need to be
acquired and stored:
Listing 2.2. Storing operands (inside evaluate function)
size_t dimension = this->psys.lock()->\
get_particle_space()->get_domain().get_dimensions();
double eps = this->operand[0]->evaluate(i,level)[0];
double sigma = this->operand[1]->evaluate(i,level)[0];
double R = this->operand[2]->evaluate(i,level)[0];

The dimension variable is obtained from the particle system psys object assigned to
the parent pmInteraction class (cf. Section 2.2.1). Note that each of the operands is
being evaluated through their own evaluate functions, leading to the possibility of
nested operators in SFL.
Secondly, as the most critical part, the calculation of the pairwise interaction
should be defined concerning particle i and j based on Equation (2.18):
Listing 2.3. Lambda function expressing the interaction between particles i and j
(inside evaluate function)
auto contribute = [&](pmTensor const& rel_pos,
int const& i,
int const& j,
pmTensor const& cell_size,
pmTensor const& guide)->pmTensor{
pmTensor contribution{(int)dimension,1,0.0};
double d_ji = rel_pos.norm();
if(d_ji > NAUTICLE_EPS && d_ji < R) {
double sd6 = std::pow(sigma/d_ji,6);
contribution -= 48.0*eps/d_ji/d_ji*(sd6*sd6-0.5*sd6)*rel_pos;
}
return contribution;
};

Finally, the lambda (nested function) should be passed to the interact function
inherited from the pmInteraction class and the result can be returned:
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Listing 2.4. Return the sum of contributions (inside evaluate function)
return this->interact(i, contribute);

The complete listing of the evaluate function is shown in A.1. At the intermediate
developer level, the interact(i, contribute) term can be considered as a black
box summing up all the contributions to particle i.
Beside the implementation of the interaction law, it also needs to be registered
with a name (which is md in this particular case) in the expression parser, as it is
discussed in the Nauticle user’s guide. To perform a computation of molecular interactions with velocity-Verlet integration, the following user-defined equations need to
be constructed in the YAML-document:
Listing 2.5. User-defined equations of the molecular simulation.
equations:
- pos: r=verlet_r(r,v,a,dt) # compute position
- acc: a=md(1,1,3)

# call the implemented interaction

- vel: v=verlet_v(v,a,dt)

# compute velocity

2.5

Smoothed particle hydrodynamics (SPH)

The numerical methods implemented in Nauticle have been listed in section 2.4.1.
In the present work we focus on the SPH scheme among these methods. Marking
them with black frames, this section also presents the discrete SPH operators that
are already implemented and can be used directly during the model construction in
Nauticle. Note that there are operators not framed but still applicable because they
can be constructed using other operators.
SPH is a fully meshless collocation scheme representing continuum fields with
spatially distributed set of material particles of arbitrary size. The basic idea of SPH
is the generalized interpolation
A (r) =

Z
Ω

A(r0 )δ(|r − r0 |)dV,

(2.20)

also known as convolution, where A(r) is an arbitrary function, δ is the Dirac-function
and Ω is an opened or closed spatial domain (Gingold & Monaghan 1977). The convolution Equation (2.20) exactly reproduces the value of any function A at arbitrary
r inside Ω. However, this is not applicable directly in numerical models due to two
reasons. On the one hand, the Dirac-function is neither continuous nor finite, hence
it cannot be computed numerically. On the other hand, the integration can be per29

formed on priori known functions only. Accordingly, a mathematically more favorable smoothing or mollifier function W (|r − r0 |, h) should be applied instead of the
Dirac-function:
A (r) ≈

Z
Ω

A(r0 )W (|r − r0 |, h)dV.

(2.21)

The kernel function W (|r − r0 |, h) has infinite or finite influence radius, with a h > 0
parameter controlling the width of the function. Here it is assumed that W (|r − r0 |, h)
has finite radius denoted by ∆ = nh, with n ∈ N. The choice of the smoothing kernel
function is not arbitrary. The most important properties of any smoothing kernel are
(recalling the properties of the mollifier functions in partition of unity):
1. W (|r − r0 |, h) ∈ C k (Ω)
2.

5.

k > 1,

supp(W (|r − r0 |, h)) = B0 ,

3. W (|r − r0 |, h) > 0
4.

where

Z
Ω

if

|r − r0 | < ∆,

(2.22)

W (|r − r0 |, h)dV = 1,

lim W (|r − r0 |, h) = δ(|r − r0 |).

h →0

Here B0 is a spherical volume around r with a radius of ∆.
The discretization of Equation (2.21) converting the continuum integral to a summation over a cloud of particles is written as

h Ai i = ∑ A j W (|ri − r j |, h)Vj ,

(2.23)

j

where Vj is the volume of particle j. The discretization process from Equation (2.20)
to Equation (2.23) is visualized in 2.5.
𝑊(𝑟$ − 𝑟& )

𝛿(𝑟 − 𝑟′)

𝑖
𝑗

𝑟
𝛺
𝜕𝛺

Figure 2.5. The schematic visualization of the SPH discretization process from the
continuum (left) to the discrete (right) convolution.
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The construction of first-order SPH-differential operators can be introduced by
applying Equation (2.21) to the derivative of A(r). Using the divergence theorem of
Gauss-Ostrogradsky, the second condition in Equation (2.22) and assuming that the
sampling of the spherical domain Ω is sufficiently uniform, the differential operator
can be replaced by the smoothing kernel function:

∇ A (r) =
Z

0



0



Z
ΩZ

∇ A(r )W (|r − r |, h) dV −

Ω Z

0

0

A(r )W (|r − r |, h)dS −
∂Ω

(∇ A(r0 ))W (|r − r0 |, h)dV =

ZΩ
ΩZ

−

A(r0 )∇W (|r − r0 |, h)dV =
A(r0 )∇W (|r − r0 |, h)dV =
Ω

(2.24)

A(r0 )∇W (|r − r0 |, h)dV,

implying that the derivative of any function A can be constructed by the convolution
with the analytical derivative of the smoothing kernel function (Violeau 2012). It
is worth to mention here, that 2.24 shows analogy with the weak-form solutions of
PDEs. Although the derivative on the LHS requires A to be differentiable, the integral
on the RHS can be computed for non-differentiable functions as well. Nevertheless,
in the case of SPH, A is considered to be sufficiently smooth and differentiable. One
of the most well-known meshfree Galerkin methods is the reproducing kernel particle
method (RKPM), which uses an interpolant similar to that of the SPH to find weakform solutions of PDEs. However, in the present work we focus on the solution of the
strong forms of PDEs.
The discretized form of Equation (2.24) is as follows:

h∇ Ai i = ∑ A j ∇W (|ri − r j |, h)Vj ,

(2.25)

j

where Ai = A(ri ) denotes the value of A at particle i and

∇W (|ri − r j |, h) =

ri − r j dW (|ri − r j |, h)
.
| ri − r j |
dr

(2.26)

Since the straightforward (or naive) differential operator Equation (2.25) suffers from
the lack of 0th order consitency when the particle layout is not perfectly uniform,
several attempts were made to increase the accuracy. The different formulae of differential operators form a trade-off between consistency and conservation properties,
and the choice of a suitable operator is usually based on physical considerations of
a specific problem. Two of the most frequently applied first-order SPH differential
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operators are:
1
h∇ Ai i = k
ρi

1.

2.

∑

h∇ Ai i = ∑
j

!
ρkj A j

− ρkj Ai

∇W (|ri − r j |, h)Vj ,

(2.27)

j

!
A
A
j
i
ρkj k + ρik k ∇W (|ri − r j |, h)Vj ,
ρi
ρj

(2.28)

where the power k equals 0 or 1 (Violeau 2012).
The construction of a second-order differential operator requires some further considerations. Since the application of Equation (2.25) to a second-order differentiation of
A (r)

h∆Ai i = ∑ A j ∆W (|ri − r j |, h)Vj

(2.29)

j

leads to a poor representation of the diffusion of quantity A(r) (Monaghan 2005), the
invocation of the first-order operators is more favorable. Considering Equation (2.27)
with k = 0, the desired operator can be written as

h∆Ai i = ∑ h∇ Ai i + h∇ A j i ∇W (|ri − r j |, h)Vj .

(2.30)

j

Although the Equation (2.30) is mathematically correct, the implied nested interpolation has an undesirably high computational complexity. To evade this circumstance,
the most prevailing practice is to approximate the embedded operators with Taylorseries expansions of A(r) up to the first-order around particles i and j:
A j ≈ Ai + ∇ Ai · (r j − ri ) + O((r j − ri )2 ),
Ai ≈ A j + ∇ A j · (ri − r j ) + O((ri − r j )2 ).

(2.31)

After the expression of the derivatives from Equation (2.31), they can be inserted in
Equation (2.30), to obtain the widespread second-order SPH differential operator:

h∆Ai i = ∑ 2 Ai − A j
j

 r j − ri
∇W (|ri − r j |, h)Vj ,
| r j − ri | 2

(2.32)
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which has a special variant

h∇bi ∇ Ai i = ∑ (bi + b j ) Ai − A j
j

 r j − ri
∇W (|ri − r j |, h)Vj ,
| r j − ri | 2

(2.33)

to approximate the expression ∇b(r)∇ A(r) with b(r) being an arbitrary function (Violeau 2012). Employing the differential operators Equation (2.27)-Equation (2.33), the
SPH-discretized form of partial differential equations can be constructed.

2.5.1

Modeling fluid flows with SPH

This section briefly presents the most fundamental and conventional fluid flow model
of SPH. Considering the substantial or material time-derivative of any quantity A as
the sum of the local and convective terms
dA
∂A
=
+ v · ∇ A,
dt
∂t

(2.34)

the governing equations of an arbitrary, compressible inviscid fluid can be written in
Lagrangian frame:
dρ
= −ρ∇ · v,
dt
1
f
dv
= − ∇p + g + ,
dt
ρ
ρi

(2.35)

where ρ, p, v and f are the density, pressure, velocity and the sum of the specific
external forces respectively and g is the gravitational acceleration vector. In case of
incompressible flows, the first equation in Equation (2.35) simplifies to ∇v = 0, which
requires further steps to be satisfied by the definition of the kinematic constraining
between the velocity and the pressure fields through the widely used Chorin’s decomposition also known as the projection method (Chorin 1968). SPH models based on
the projection method – thus satisfying true incompressibility – are often referred to as
incompressible SPH or ISPH (Cummins & Rudman 1999; S. Shao & Lo 2003; Khayyer,
Gotoh, & S. D. Shao 2008b; R. Xu, P. Stansby, & Laurence 2009). Nevertheless, in this
work another approach is used to control compressibility with the so-called weakly
compressible variant by defining the equation of state
c2 ρ0
p=
γ



ρ
ρ0

γ

!

−1 ,

(2.36)
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where in case of water, γ = 7 is the specific heat ratio, c is the artificially reduced
speed of sound and ρ0 is the reference density of the fluid (Monaghan 2005). The
speed of sound is usually tuned to keep the density variation below 1% using the
following expression:
c = 10vmax ,

(2.37)

where vmax is the expected maximum velocity magnitude in the specific flow problem.
Alternatively, the continuity equation in Equation (2.35) can be substituted with
the direct mass density computation using the expression
ρi =

∑ m j Wij ,

(2.38)

j

which depends only on the particle distribution. However, this approach is rarely
applied, because it severely underestimates the density values close to the free surface
due to the kernel truncation error presented in section 2.5.3.
Through the SPH discretization process, the PDE system Equation (2.35) is converted into a set of ordinary differential equations (ODE) by substituting the spatial
derivatives with the SPH algebraic representations. Thus, the conventional SPH fluidequations read as
dρi
= −ρi ∑ (v j − vi )Vj ∇Wij ,
dt


pj
dvi
fi
pi
+
= −∑
m
∇
W
+
g
+
,
j
ij
2
2
dt
ρ
ρ
ρ
i
j
i
j

(2.39)

where the subscripts denote particle i and its neighboring particles j, Wij = W (|ri −
r j |, h) and Vj is the volume of particle j (Monaghan 2005). Together the system Equation (2.36) and Equation (2.39) can be solved by numerical integration.

2.5.2

Modeling shallow water flows with SPH

Shallow water bodies such as lakes and rivers often require a significantly different
approach in computational physics. Due to the horizontal extensions of the problem being orders of magnitudes larger than that of the vertical, the detailed threedimensional approach demands very high computational costs. Fortunately, the resolution of the flow in vertical direction is not even necessary in most cases. Thus,
the most prevailing practice in modeling such phenomena is the depth averaging of
the fluid equations leading to the so-called shallow water equations. Depth averaging
is an applicable technique when the pressure distribution is a linear function of the
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depth (also known as the hydrostatic condition), and the vertical velocity component
w is much smaller than either of the horizontal components u and v
w << u

and

w << v.

(2.40)

When the conditions above are fulfilled, we can perform the integration of the fluid
equations in the vertical direction to obtain the continuity and momentum equations
∂b
= −b∇v,
∂t
∂v
= − g∇(b + z) + Sb ,
∂t

(2.41)

which are now expressed in the Lagrangian frame. Here b and z are the water depth
and bed elevation respectively, and Sb denotes the bed friction rate. Considering the
dominant currents significantly stronger than that of induced by free surface waves,
we can express the widespread bed-friction model as
Sb = n2 g

|v|v
,
b4/3

(2.42)

where n is the Manning’s friction coefficient.
Similarly to Equation (2.39), the discretization of Equation (2.41) can be done using
the discrete operators presented in Section 2.5. In the present work, the description
of shallow water flows is based on the well-balanced model introduced by (Xia et al.
2013). Since the volume associated with the particles is assumed to be constant in time,
a uniform smoothing radius would lead to poor spatial sampling in shallow regions
and over-smoothing in deeper regions. To avoid the dependence of the smoothing
ratio on the water depth, the smoothing radii are chosen to be a function of the local
depth of the water. Using variable smoothing length, the number of neighbors can be
kept more or less constant in space and time. The discretized system of the shallow
water equations read as
bi =

Vj

∑ Vj Wij − ∑ bj (zi − z j )Wij ,
j

(2.43)

j

Vj
∂vi
| vi | vi
= − g ∑ Vj ∇Wij − g ∑ (z j − zi )∇Wij − n2 g 4/3
.
∂t
bj
b
j
j

(2.44)

i

Since the depth value is present on both sides of Equation (2.43), the iterative tech-
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nique
bik =

Vj

∑ Vj Wij − ∑ bk−1 (zi − z j )Wij ,
j

j

(2.45)

j

is applied with k denoting the iteration step. The initial value for the iteration can be
chosen as
bi0 =

∑ Vj Wij ,

(2.46)

j

and only a few steps are necessary to provide a sufficiently accurate result. The
smoothing ratio is then computed for each particle as a function of the initial and the
current depth values

h i = h0

b0
bi

1/d
,

(2.47)

where d = 1, 2 is the dimension number and b0 is the initial water depth corresponding to the reference smoothing radius h0 .

2.5.3

Corrections of SPH in modeling fluid flows

Being a fully explicit scheme, the conventional SPH model rarely shows satisfying
accuracy and stability properties. Thus, similarly to most numerical methods, SPH
requires some tuning and corrections to improve such properties and robustness of
the computations. This section lists and briefly introduces the most important and
frequently applied improvements developed during the recent decades.
Kernel deficiency correction
One of the most frequently discussed drawback of the meshless SPH interolant in
Equation (2.23) suffers from a significant integration (summation) error close to the
boundaries due to the lack of contributing particles. As a consequence, the fourth
property in Equation (2.22) will be satisfied only for particles sufficiently far away
from the boundary (2.6).
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Figure 2.6. Completely (a.) and partially (b.) filled kernel influence radius close to the
domain boundary.
The simplest correction of the kernel deficiency is proposed by (Shepard 1968)
through the renormalization expression:
Ai =

∑ j A j Vj Wij
,
∑ j Vj Wij

(2.48)

which exactly restores the normalized property of the interpolant leading to firstorder consistency for both the interior and boundary particles.
Similarly, according to Randles and Libersky (Randles & Libersky 1996), the
derivative of A can also be improved as

∇ Ai = ∑ ( A j − Ai )Li ∇Wij Vj ,
j

"
Li =

∑ (rj − ri ) ⊗ ∇Wij Vj

(2.49)

# −1
,

j

to obtain a first and zeroth-order consistency for interior and boundary particles respectively.
Avoiding particle penetration
In meshless simulations, the spatial distribution of particles often turns into a nonuniform, disordered layout due to the particle motion, especially in the vicinity of
flattening deformations. The consequent undesired penetration of particles and uneven distribution causes the rapid decay of computational accuracy and leads to instability issues. One of the most common and simplest ways to overcome the particle
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penetration while maintaining both the linear and angular momenta is to evolve the
particle positions using a locally averaged velocity term:
dri
= vi + e
dt

∑(vj − vi )Vj Wij ,

(2.50)

j

with 0 < e < 1, often set to e = 0.5. It is important to note that the velocity vi
is not affected; only the positions are corrected by the averaging term on the righthand side. The Equation (2.50) published in (Monaghan 1989) is one of the most
widespread corrections of the SPH scheme in fluid flow modeling and often referred
to as the XSPH variant.
A more sophisticated approach on the improvement of the particle distribution is
the particle shifting technique (PST) introduced for incompressible flow by Lind et al.
(Lind et al. 2012), which implies a small position shifting of the particles in every time
step according to the uneven local particle density. In contrast with the XSPH variant,
PST prevents the formation of voids as well as non-physical particle structures that
otherwise would lead to low accuracy. One of the latest variant of PST (P. N. Sun
et al. 2018) applied for weakly compressible flows also includes the tensile instability
correction and expressead as
ri∗ = ri + δri ,

(2.51)
"

δri = −CFL

Wij
vmax
(2h)2 ∑ 1 + R
c
W (∆x )
j

!n #

∇Wij

mj
,
ρi + ρ j

(2.52)

where CFL = 1.5 and vmax is the maximum velocity magnitude in the flow. Since PST
exerts particles to fill unphysical voids in low pressure regions, in absence of a special
treatment of surface particles, fluids with free surface would suffer from an excessive
increase of volume. Therefore, the divergence of the particle positions computed as

∇ · r = ∑ r ji Vj Wij

(2.53)

j

is used to limit the shifting of surface particles in the direction of the surface normal, while allowing them to move in tangential direction. To perform this limitation,
Equation (2.52) is multiplied by
As = 2(∇ri − A T ),

(2.54)

when ∇ri < A T , with A T being 1.5 and 2.5 in two and three-dimensions respectively
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(Lee et al. 2008; Lind et al. 2012; Mokos, Rogers, & P. K. Stansby 2017).
Artificial diffusion terms
In the absence of dissipation, SPH also requires artificial diffusion of specific quantities to preserve numerical stability. During the past three decades, several models developed to prevent unphysical oscillations while conserving angular momentum as much as possible (Balsara 1995; Morris & Monaghan 1997; Cullen & Dehnen
2010). Most recently, artificial diffusion models have been introduced for the continuity equation in order to enhance the quality of the density evaluation in weakly
compressible flows (Molteni & Colagrossi 2009; Antuono et al. 2010; P. N. Sun et al.
2018).
The most prevalent practice is the application of artificial diffusion terms in both
the continuity and momentum equations:
dρi
= −ρi ∑ (v j − vi )Vj ∇Wij + Dρ (ρi ),
dt


pj
dvi
f
pi
+ 2 m j ∇Wij + g + i + Dv,i (vi ).
= −∑
2
dt
ρi
ρi
ρj
j

(2.55)

The terms Dρ and Dv,i on the right hand side of the equations denote the artificial
diffusion terms:
Dρ (ρi ) = 0.1hc ∑ ψij ∇Wij Vj ,
j

(2.56)

Dv,i (vi ) = 0.1hc ∑ Πij ∇Wij Vj ,
j

where
ψij = 2(ρ j − ρi )

h
i
r ji
L
L
−
h∇
ρ
i
+
h∇
ρ
i
j
i ,
|r ji |2

(v j − vi )r ji
Πij =
,
|r ji |2

(2.57)

including the renormalized gradient formula

h∇ρiiL = ∑ (ρ j − ρi )Li ∇Wij Vj ,
j

"
Li =

∑ (rj − ri ) ⊗ ∇Wij Vj

(2.58)

# −1
.

j
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The artificial diffusion terms play different roles in fluid simulations. Firstly, Dv,i removes the non-physical spurious oscillations in the fluid, while keeping the viscosity
low, and Dρ performs a slight density relaxation in each step to make the pressure distribution artifitially smoother, facilitating the results to become less noisy. The latter
is often referred to as the δ−SPH variant.

2.5.4

Boundary conditions

Since initially, one of the most important motivations of the construction of the SPH
method was the ability to model systems without boundary conditions naturally (e.g.
self-graviting cosmic gasous phases, galaxies), the treatment of boundary conditions
in applications with fluid flows is rather complicated and non-trivial. Although several models have been constructed based on different assumptions and mathematical backgrounds, only the three most popular will be discussed among them in the
present work (Figure 2.7).

𝑎.

𝑏.
Solid boundary

𝑐.

Fluid particles

𝑊"#
𝑖
𝑗

Fixed particles

𝑊"#

𝑊"#
𝑖

𝑗

𝑖

𝑗

Virtual particles

Kernel truncation

Figure 2.7. The most frequently used solid boundaries in SPH. a.: fixed particles representing the solid boundary, b.: virtual boundary particles as mirrored fluid particles
using the local surface normals, c.: repulsive boundary potential. Kernel influence
radii are shown to present how kernel truncation occurs if no boundary particles
applied.
Frozen boundary particles
The simplest and most frequently used method to model solid boundaries is the application of fixed particles covering the solid body uniformly to prevent the penetration
of fluid particles (Randles & Libersky 1996). In such a model, the fixed particles
have all the same properties as the fluid particles, except they are not advanced in
time (v = 0) during the simulation. As it is shown, kernel truncation does not occur
where fixed particles fill the kernel circle of the fluid particles close to the boundary.
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Although this boundary method is easy to implement, it increases the number of particles considerably; furthermore, the no-slip condition is not enforced automatically.
Virtual boundary particles
Another possible implementation is the generation of virtual particles along the solid
boundary as the reflection of the fluid particles using the local surface normals (M.
Liu & G. Liu 2010). Again, the virtual particles are considered to have the same
properties as the fluid particles. This method also avoids kernel truncation and avoids
the application of a large number of fixed particles. However, it is less trivial to
implement and cannot be applied for complicated geometries.
Repulsive boundary potential
Finally, without the application of boundary particles, particlewise repulsive forces
can be computed as a function of the distance from the solid boundary. This is often
based on the Kelvin-Voigt model including an ideal spring and a viscous damping
term
fw = (s · d + k · d˙)nw ,

(2.59)

where s, k, d and nw are the stiffness of the spring, damping coefficient, distance from
the wall and local surface normal of unit length respectively (X. Sun, Sakai, & Yamada
2013). The model can be used for normal as well as tangential forces, which makes
the no-slip condition to be easily enforced.
Another approach is based on the idea of the Lennard-Jones potential (Jones 1924;
Monaghan 2005) given as

 
σ 12  σ 6
−
,
VLJ (r ) = 4e
r
r

(2.60)

where r is the inter-particle distance and σ is the distance at which the inter-particle
potential vanishes. Using the derivative of Equation (2.60) with respect to the interparticle distance, the interaction force can be expressed as
V (r )
F(r) =
dr

r =|r|



48e  σ 12 1  σ 6
= 2
−
r,
r
2 r
|r|

(2.61)

A significant drawback of the model is that in the lack of boundary particles,
kernel truncation error occurs everywhere around the fluid domain.
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2.5.5

Smoothing kernel functions

Numerous smoothing kernel functions with different properties and computational
complexities applied for different purposes. The most popular functions that also
have been implemented in Nauticle listed below (Dehnen & Aly 2012).
Second-order polynomial (quadratic):
W

quadratic



( q ) = CD

3 2 3
3
q − q+
16
4
4


(2.62)

Here C1 = 1/h, C2 = 2/(πh2 ) and C3 = 5/(4πh3 ) and q = |r |/h with the smoothing
distance h. The influence radius of the quadratic kernel equals 2q.
Third-order polynomial (cubic):

1 − 3 q2 + 3 q3 ; if q ≤ 1
2
4
cubic
W
( q ) = CD
 1 (2 − q )3
if 1 < q ≤ 2
4

(2.63)

Here C1 = 2/(3h), C2 = 10/(7πh2 ) and C3 = 1/(πh3 ). The influence radius of the
cubic kernel also equals 2q.
Fifth-order polynomial (quintic):
W

quintic



( q ) = CD

q
1−
2

4

(2q + 1)

(2.64)

Here C1 = 3/(4h), C2 = 7/(4πh2 ) and C3 = 21/(16πh3 ). And again, the influence
radius of the quintic kernel equals 2q.
Gaussian:
W

Gaussian



(q) = CD exp

q2
−
4


(2.65)

√
The normalization coefficients are C1 = 1/(h 2π ), C2 = 1/(2πh2 ) and C3 =
1/(2πh2 )3/2 . The influence radius of the Gaussian kernel is infinite, which makes
this kernel to be rarely used due to the undesired O( N 2 ) computational complexity.

2.5.6

Adaptive particle refinement (APR)

Due to the limited available computational performance, spatially varying resolution plays important role in scientific computing. While the variable resolution is
a more or less straightforward problem in mesh-based methods, it is a challenging
task requiring a more intuitive approach to construct a mathematically correct and
also efficient dynamic resolution technique in Lagrangian particle methods. In prac42

tice, local refinement in the lagrangian description requires the persistent introduction
and deletion of particles in the vicinity of the local refinement area, or the dynamic
changing of smoothing radii. Two of the most significant two-dimensional adaptive
particle refinement techniques are summarized in the subsequent sections.
Dynamic particle splitting and coalescing
One of the earliest APR models in SPH was based on the idea of dynamic particle
replacement by splitting coarse particles to refine the resolution and merging refined
particles to reduce the particle number where no refinement is required. However,
the replacement has to be performed in both cases in such a way that the error caused
by the different local configurations has to be minimal. The particle splitting process
is shown in Figure 2.8. For the sake of simplicity, we can assume that the new daughter particles are identical from both the mass and smoothing radius points of view
(Barcarolo et al. 2014).

ℎ

ℎ

𝜖ℎ
𝛼ℎ
Old particle
New particles
Figure 2.8. Particle splitting by replacement of a coarse particle with smaller ones.
During the splitting, we require the conservation of mass, as well as the linear and
angular momenta. Mass conservation can be satisfied using the relation
md =

mold
,
nd

(2.66)

where md and nd are the mass and the number of the daughter particles, respectively.
In order for the linear and angular momentum to be preserved exactly, the velocities of
the new particles are set to be identical with the old particle’s velocity. The parameters
e = 0.3..0.5 and α = 0.4..0.9 control the daughter particles’ layout and depend on the
average number of neighbors (Vacondio, Rogers, P. K. Stansby, Mignosa, & Feldman
2013; Feldman & Bonet 2007).
Particle splitting itself would lead to an ever-increasing number of particles, which
43

is obviously computationally inefficient and needs to be handled. Once the daughter particles drift away from the high-resolution region, one needs to coalesce them
and replace them by coarser particles. One of the earliest and simplest procedure is
based on the merging of particle pairs (Feldman & Bonet 2007). The idea behind the
error minimization of the merging is that the mass density should remain the same
at the old particles’ position before and after the splitting (Feldman & Bonet 2007).
Intuitively, the merged particle is placed in the center of mass
rp =

m1 r1 + m2 r2
,
m1 + m2

(2.67)

of the pair of old particles, which makes the error computation simpler. The error is
defined as the difference between the old and new mass density at r p :
2

e(r p ) = m p W (0, h p ) − ∑ mi Wip ,

(2.68)

i =1

where m p and h p are the new particle’s mass and smoothing radius and Wip = W (|ri −
r p |, hi ). Vacondio et al. (Vacondio, Rogers, P. K. Stansby, Mignosa, & Feldman 2013)
used the cubic-spline smoothing kernel function to express the unknown smoothing
radius as

s
hp =

mp
10
7π m1 W1p + m2 W2p

(2.69)

The schematic process of the particle coalescing is shown in Figure 2.9.

ℎ&
Old particles
ℎ'

1
ℎ%

2

𝑝
New particle

Figure 2.9. Numerical resolution reduction with particle coalescing.
APR with layers of different resolutions
Another approach in particle refinement is the application of an additional layer of
particles with different resolutions (Barcarolo et al. 2014; Chiron et al. 2018). In this
case, the daughter particles are generated similarly to the splitting technique. How44

ever, the parent particles are not removed from the simulation. Instead, they are
getting marked as passive tracers and moved together with the finer layer of particles
according to the local average velocity. Once they leave the refined region, they are
activated again, and the daughter particles are simply removed when exiting the highresolution area. The benefits of this technique are that there is no need for particle
coalescing procedure, and it is simply applicable for more than two layers of different
resolutions.

𝛼𝑅"
𝑅"

Δ𝑥"

𝑅"

𝜖Δ𝑥"

Figure 2.10. Refinement of coarse particles (green dots) with smaller particles (blue
dots) while the parent particles turned into passive tracers (gray dots).

2.5.7

Numerical integration

In particle-based modeling, the ODEs obtained using either a discretization procedure
or a genuinely discrete system can be solved by means of numerical integration. Since
in a generic case the number of particles is considered to be relatively large, the application of implict numerical integration in closed form is out of question. Although
iterative approaches exist to fully implicit time integration (Hopp-Hirschler & Nieken
2019), particle methods usually – as well as in the present work – deal with explicit
integration.
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CHAPTER

Particle coalescing with angular
momentum conservation
3.1

Motivation

The particle merging process introduced by Vacondio et al. (Vacondio, Rogers, P. K.
Stansby, Mignosa, & Feldman 2013) performs coalescing of particle pairs in such
a way that a candidate particle a and its closest neighbor b are replaced by a new
particle m in the common center of mass of particles a and b. As it has been shown in
(Vacondio, Rogers, P. K. Stansby, Mignosa, & Feldman 2013), the pairwise coalescing
process can be formulated so that mass and linear momentum are exactly preserved.
However, during the merge, the degrees of freedom of the local particle set { a, b} and

{m} is reduced from 4 to 2 in two dimensions. As a result, in case of the velocity
vectors of the original pair of particles are not equal (va 6= vb ), the merge leads to a
complete loss of angular momentum.
𝑐

𝑎

𝐯()
𝑚

𝛽

𝑝
𝛼
𝑏

𝑏

𝐯(*

𝑑

𝑎

Figure 3.1. Coalescing of a particle pair (left) and a triplet (right). The original and
the new particle layout are shown by the empty and shaded circles respectively.
The basic idea behind the proposed resolution reduction technique is that in two
dimensions, the angular momentum can be preserved only if the remaining degrees of
freedom after merging is at least 3. Thus, in the present work, we introduce a modified
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3

particle coalescing technique for two-dimensional simulations in which the particle
merging is performed over particle triplets instead of pairs. The difference between
the two methods is shown in Figure 3.1. After merging, a triplet { a, b, c} is replaced
by a pair of identical particles {α, β}, reducing the initial degrees of freedom from 6
to 4, which is still sufficient to preserve both the local linear and angular momenta of
the original layout. The applicability of the technique to the three-dimensional case is
discussed in section 3.4.

3.2

The merging procedure

Besides the criteria of the pre-defined refinement zones, in the present work, a particle
is chosen to be a candidate for coalescing when its mass does not exceed the 90% of
the mass corresponding to the original coarse resolution. Also, similarly to the process
proposed by (Vacondio, Rogers, P. K. Stansby, Mignosa, & Feldman 2013), the triplet
is formed using the two closest neighbors of the candidate particle. To avoid a particle
to be selected for two candidates in the same time step, the selection process excludes
all particles that are already marked for coalescing. The merging of the triplets is
performed only after all candidates have been processed – either found neighbors or
not.

3.2.1

Conservation of mass and linear momentum

Before placing the new particles, the position and velocity of the center of mass of the
particles to be merged need to be computed. Furthermore, by keeping these quantities
the same before and after the merge, the linear momentum is also preserved. As a
result, we require that:
rα m α + r β m β
r a m a + rb m b + rc m c
,
=
m a + mb + mc
mα + m β
vα m α + v β m β
v a m a + vb m b + vc m c
vp =
=
.
m a + mb + mc
mα + m β

rp =

(3.1)

The exact conservation of mass is also enforced by choosing the new masses as
mα = m β = mm =

m a + mb + mc
.
2

(3.2)
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3.2.2

Computation of the smoothing length and the new positions

As it has been pointed out by Feldman and Bonet (Feldman & Bonet 2007), to minimize the influence of the change in the particle layout on the solution, the minimization of the density variation during particle splitting and coalescing is of crucial
importance. In an attempt to minimize the change in the density field, we compute
the density at r p for both the original and coalesced layout, which therefore should be
equal:

hρ p i =

∑

mi W (|r p − ri |, hi ) = (mα + m β )(W (|r p − rα |, hα )) = (mα + m β )Wpα , (3.3)

i = a,b,c

where for the sake of simplicity of the subsequent assumptions, we consider the twodimensional Gaussian smoothing kernel function
1
W (r, h) =
exp
πh2




r2
− 2 .
h

(3.4)

In contrast with (Vacondio, Rogers, P. K. Stansby, Mignosa, & Feldman 2013), the
smoothing radius cannot be computed directly due to r 6= 0 takes place in Equation (3.4). Furthermore, as it is visualized in Figure 3.2, normalized kernels cannot produce arbitrary high values at a given place by varying the smoothing radius,
therefore the distance d = |rα − rβ |/2 should be chosen carefully to avoid infeasible
solutions of Equation (3.3).
3
2.5
2
1.5
1
0.5
0

0

0.5

1

1.5

2

Figure 3.2. Gaussian kernel functions with different smoothing radii (gray solid
curves) and the envelope (black dashed curve) marking the maxima of r for the corresponding values of W (r, h).
To compute the maximum distance rmax = |rα − r p | = |rβ − r p |, at which Equa48

tion (3.3) can be satisfied, Equation (3.4) has been analytically analysed. Firstly, using
the known value of Wpα from Equation (3.3), consider the inverse of the Gaussian
kernel function:
r=h

q

− ln(Wpα πh2 ).

(3.5)

To find its maxima, the derivative with respect to the smoothing length is computed
and constrained to zero as follows
ln(Wpα πh2 ) + 1
∂r
= −q
= 0.
∂h
− ln(W πh2 )

(3.6)

pα

This equation has finite roots only if the numerator is zero, thus the solution of
ln(Wpα πh2 ) = −1

(3.7)

gives
s
hmax = ±

1
,
eπWpα

(3.8)

from which the positive value is the smoothing length corresponding to the maximum value of the distance rmax for a given value of W. Finally, substituting hmax to
Equation (3.5) gives
s
rmax =

1
−
ln
eπWpα



Wpα π
eπWpα

s



=

1
= hmax ,
eπWpα

(3.9)

which yields that x = h is a nullcline of Equation (3.5) for arbitrary W, shown in
Figure 3.3. From Equation (3.9), the envelope Figure 3.2 of the Gaussian kernel can be
expressed as
We =

1
.
eπx2

(3.10)
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Figure 3.3. Isocurves of the Gaussian kernel on the r − h plane (solid lines), and the
r = h nullcline (dashed line).
Although the maximum distance rmax = |rα − r p | can be computed from the simple
expression Equation (3.9), the optimal distance is usually smaller. In the present work,
the new spacing was chosen to be equal to the average distance of the original particles
from r p :
d=η

1
| ri − r p | ,
3 i=∑
a,b,c

(3.11)

where η is a scaling constant, which results a uniform particle distribution when set
between 0.9 and 1, and d limited to rmax only if d ≥ rmax . Otherwise the smoothing
radius hα = h β needs to be computed. Since Equation (3.4) cannot be solved directly
for h, the iterative solution
s
h

n +1

=

1
exp
πWpα



r2
− n 2
(h )


(3.12)

is used, where the superscript denotes the iteration level and h0 = hmax . The iteration
is terminated when the
10−6 >

h n +1 − h n
hn

(3.13)

exiting criterion is satisfied.
After computing the distance d and smoothing radius h, the positions rα and rβ
are obtained using the simple constraint
rα − r β

max(rab , rac , rbc ).

(3.14)
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3.2.3

Conservation of angular momentum

The linear momentum is exactly preserved if the

∑

m i vi = m α v α + m β v β = m m ( v α + v β ) = ( m α + m β ) v p

(3.15)

i = a,b,c

condition is satisfied. Considering the center of mass instead of the origin, Equation (3.15) can be written in relative coordinates, implying that the linear momentum
vanishes in the co-moving frame:

∑

mi v pi = mα v pα + m β v pβ = mm (v pα + v pβ ) = 0,

(3.16)

i = a,b,c

which in turn yields to
v pα = −v pβ ,

(3.17)

where v pα = v p − vα . Thus, compared with (Vacondio, Rogers, P. K. Stansby, Mignosa,
& Feldman 2013), the degrees of freedom additionally implied in our model can be
utilized to carry non-zero velocities without violating the linear momentum conservation.
Similarly to Equation (3.16), the angular momentum conservation can be expressed
in the co-moving frame. Considering that the particle layout and merging process is
being performed in two dimensions, the angular momentum becomes a scalar quantity. Using Equation (3.17), the angular momentum in terms of the local center of
mass reads as

∑

mi (rip × vip )ek = (mα rαp × vαp + m β rβp × vβp )ek = (mα + m β )(rαp × vαp )ek ,

i = a,b,c

(3.18)
which can be directly applied to compute the velocities vαp and vβp , hence the velocities in the global frame can be expressed as
vα = vαp + v p ,
vβ = vβp + v p ,

(3.19)

where the v p velocity of the local center of mass is already known from the unmodified configuration.
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3.3

Results and discussion

3.3.1

Frozen Taylor-Green vortex

A simple case for verification of the angular momentum conservation is the investigatation of a single, high resolution vortex under gradual derefinement without the
presence of physical or artificial dissipation. For the initial layout, we constructed
a 209 × 209 grid of particles in an axis-aligned origin-centered unit square with the
velocity field given by the velocity field of the Taylor-Green vortex sheet
"
v0 =

#

sin(π ( x − 0.5))cos(π (y − 0.5))

−cos(π ( x − 0.5))sin(π (y − 0.5))

.

(3.20)

Without moving the Lagrangian particles in space according to their velocities, the
initial layout has been gradually derefined until the number of particles reached the
order of magnitude of 10, which is considered to be a coarse representation of a vortex. As Figure 3.4 shows, similarly to the conventional particle coalescing techniques,
the uniformity of the particle layout is preserved during the derefinement process.
In turn, presented in Figure 3.5, the merging process based on the particle triplets
preserves the angular momentum exactly. In comparison with pairwise coalescing
techniques, our method reduces the particle number in every derefinement step with
the theoretical maximum rate of 33.3̇% instead of 50%. As it is visible in Figure 3.5,
this moderate reduction rate causes the increment of the required steps (from 20 to 30
in this specific case) until reaching the desired coarse resolution.
|𝐯| [𝑚/𝑠]
𝑛=5

𝑛 = 15

𝑛 = 20

𝑛 = 30

1
0.75
0.5
0.25
0

Figure 3.4. Particle layout during the resolution coarsening with our derefinement
technique. n shows the number of derefinement steps performed from the initial
grid.
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Figure 3.5. Total angular momentum of the vortex as a function of the number of
particles while sequentually merging pairs (blue line with circles) and triplets (red
line with triangles).

3.3.2

Taylor-Green vortex decay

In this section, a two-dimensional Taylor-Green vortex pattern is simulated in an
origin-centered periodic box with unit edge length. Similarly to the frozen TaylorGreen example in the previous section, the initial velocity field is given as
"
v = v0

sin(2πx )cos(2πy)

−cos(2πx )sin(2πy)

#
,

(3.21)

resulting in four vortices in the computational domain, where v0 = 1. The simulations were performed using three different particle configurations yielding a uniformly coarse (L/dx = 50) and uniformly fine resolutions (L/dx = 100) and a multiresolution case with dynamic particle splitting and merging in a pre-defined region
shown in Figure 3.6.
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Figure 3.6. Two-dimensional Taylor-Green vortex pattern in periodic box using dynamic particle refinement in the marked region. Gray lines show the streamlines
corresponding to the initial velocity field with the four vortices.
The particle splitting parameters were chosen so that the refined area meet the
resolution of the uniformly fine configuration. Hence, the number of daughter particles on splitting has been nd = 4, e = 0.3, α = 0.5, and similarly to (Barcarolo et al.
2014), their properties concerning the mass and smoothing ratio were set to be identical. According to Equation (3.21), the maximum velocity is vmax = 1 m/s, which
together with the density ρ = 1000 kg/m3 and kinematic viscosity ν = 0.005 m2 /s
results in Re= vmax L/ν = 200. Due to the model of the current test case implies
physical viscosity, the artificial diffusion term has been neglected in the momentum
Equation (2.56).
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Figure 3.7. The simulation result of the Taylor-Green vortex decay at time instant
tv0
L = 2using a. uniform coarse, b. locally refined, and c. uniform fine resolutions.
Running the simulations to the time instant tv0 /L = 2 shows the results in Figure
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3.7. Confirming that the presented coalescing technique does not affect the flow significantly, the checker-board pattern has preserved its shape in all three cases without
significant distortions. To compare the accuracy of the results, the normalized total
kinetic energy E/E0 was computed for each case in every instant using
E=

1 N
m i | vi | 2 ,
2∑
i

(3.22)

where m is the particle mass and E0 is the kinetic energy of the initial flow. The kinetic energy decay is shown in Figure 3.8. Although the three curves present accurate
evolutions compared to the analytical solution given by Krüger et al. (Krüger, Varnik,
& Raabe 2010), the local refinement made a significant improvement over the coarse
resolution case, which together with the preserved vortex pattern verifies that no significant adverse effects had been produced by our coalescing technique in the system.
The configuration of the Taylor-Green vortex pattern simulation of the uniformly fine
resolution case is listed in A.3.
Uniform coarse
Uniform fine

0.8

Coarse with refinement
Krüger et al. (2010)
𝐸
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𝑡𝑣"
𝐿

Figure 3.8. Decay of the total kinetic energy in case of the three different configurations (blue: uniform coarse, gold: uniform fine, red: coarse resolution with local
refinement) compared to the analytic solution (black solid line)

3.3.3

Two-dimensional dam-break

In the third test case, the applicability of the proposed method is demonstrated by a
two-dimensional dam-break simulation. The applied initial geometrical layout shown
in Figure 3.9 is identical with the case experimentally investigated by Lobovský et al.
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(Lobovský et al. 2014). Using spatially fixed fluid particles, the walls of the tank were
built up as a uniform grid. For the spatially varying resolution, a rectangular region
with a higher desired resolution was considered in the bottom right corner. Similarly
to the boundary particles, fluid particles entering this region had been split up to nd =
4 refined or daughter particles following the pattern presented in (Feldman & Bonet
2007). The separation parameter and smoothing ratio were set in case of both particle
√
types to e = 0.4 and α = 1/ nd = 0.5 respectively. Also, during the replacement,
the pattern of the small particles is rotated randomly in the fluid, but kept constant
to form a uniform grid in the rigid wall. According to the merging algorithm, once a
refined particle leaves and moves apart from the region farther than the initial coarse
interparticle distance dx, it is marked as a candidate for coalescing and potentially
merged with two of the closest particles in the neighborhood. It is important to
note that new particles do not participate in further coalescing in the same time step.
During the sequence of the derefinement steps, small particles gradually restore the
original coarse spatial resolution. Coloring the particles according to their pressure
values, six different time instants of the simulation results with the locally increased
resolution are visible in Figure 3.10.
Besides the computation with the dynamic resolution, two further simulations
were performed using uniformly coarse (H = 81dx) and fine resolutions (H = 161dx)
as well. For comparison, the time series of the pressure had been evaluated at the
probe p1 on the right side of the tank marked with a yellow dot in Figure 3.9. To
eliminate non-physical numerical oscillations, a fixed size (∆ = 0.02 s) renormalized
Gaussian low-pass filter was applied on the pressure time series for each simulation
result. The pressure probe time series of the three cases are shown in Figure 3.11.
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Figure 3.9. Initial condition of the two-dimensional dam-break problem. Highresolution region is visualized with the light red rectangle in the right corner, while
the yellow dot marks a pressure probe.
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Figure 3.10. Different time instants of the dam-break simulation with dynamic splitting and conservative merging. The figure shows the bottom right corner incorporating the zone with the local refinement in different time instants.
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Figure 3.11. Dam-break pressure series for different resolutions (blue solid line: uniform coarse, yellow dotted line: uniform fine, red dashed line: coarse with lical refinement) evaluated at the p1 probe. a. pressure time series at p1 , b. Quadratic deviation
of the uniform coarse and multi-resolution cases from the uniform fine resolution.

3.4

Applicability of the proposed technique in three dimensions

The extension of the introduced coalescing technique to thee dimensions is also possible but probably not completely straighforward. In case of a three-dimensional com57

putation, the local particle layout has 9 and 6 degrees of freedom, before and after
the coalescing respectively, which is still sufficient to preserve the angular momentum of the local configuration. Therefore there is no need to change the number of
involved particles either in the initial or the merged layout. Moreover, since any three
particles occupy a common plane in higher dimensions as well as in two dimensions,
the presented replacement process is expected to be a proper choice. However, some
difficulties might arise in cases when the local angular momentum vector is nearly
parallel with the line between the merged particles. Although it is improbable for
those to be exaclty parallel, the conservation of the angular momentum would result
unphysically high local velocity magnitudes of the new particles.
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CHAPTER

Simulation of solitary waves with SPH
4.1

Solitary waves

A solitary wave is a wave propagating with a constant group velocity while also
maintaining its size and shape for infinite distances. Such waves have a single peak
and decaying altitude far away from the peak. If a nonlinear solitary wave preserves
its structure even after colliding with another solitary wave, we often refer to it as a
soliton.
The first known observation of a free surface solitary wave was reported by Scott
Russell in 1834 (Drazin & Johnson 1989). He studied the behavior of the solitary
waves in the laboratory while the first theoretical model explaining them appeared in
1895 by Korteweg and de Vries (Korteweg & Vries 1895). The idea of the Kortewegde Vries (KdV) theory is based on slightly dispersive shallow water waves whose
dispersion is balanced by nonlinear effects so that the wave preserves its amplitude
and shape during the propagation on arbitrary distances. Although the KdV theory
can be considered to be a first-order approximation and its solution describes real
solitary waves well, higher-order approximations can also be constituted. In (Halász
2009) Halász introduced an iterative, successive approximation model with arbitrarily
order. The model reproduces the KdV-theory in the first iteration step; nevertheless,
a higher-order investigation requires a numerical approach.
In shallow water, the zeroth-order approximation of the free surface wave propagation
speed can be described by the linear wave propagation equation and is given by the
well-known formula
c0 =

p

gH,

(4.1)

where g is the gravitational acceleration, and H is the depth of the ambient water.
This relation gives a rough approximation on solitary wave propagation but neglects
some particular features of the phenomenon like the actual amplitude and width of
the wave and is valid only if the wave amplitude is negligible compared with the
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4

ambient water depth. The linear wave propagation equation has no solitary wave
solutions.

A η(x)
H

y

x

c

Figure 4.1. Notations of the solitary wave: H is the ambient depth, c is the speed of
the soliton, A is the amplitude and η ( x, t) is the shape of the surface. Note that in
comoving frame η ( x, t) does not depend on time.
The KdV equation (Korteweg & Vries 1895)


∂η
H 2 ∂3 η
3η ∂η
∂η
+c
+
+
= 0,
∂t
∂x
6 ∂x3 2H ∂x

(4.2)

is suitable for the construction of free surface soliton shapes with different geometrical
configurations. Here η ( x, t) denotes the surface elevation at a given location x. Figure
4.1 shows a soliton propagating from right to left with the corresponding notations.
The exact solution of the KdV equation for a single free surface solitary wave in a
comoving coordinate system is given by the shape of the wave
η ( x ) = Acosh−2 (k ( x − a)),

(4.3)

where A is the amplitude, a = 0 is the horizontal displacement of the soliton and
r
k=

3A
4H 3

(4.4)

is the effective wave number. The wave propagation speed related to the first-order
solitary wave solution is
c1 =

p



A
gH 1 +
2H


.

(4.5)

The second-order wave speed including the corrections described by Halász is given
as
c2 =

p

A
3A2
gH 1 +
−
2H 20H 2



.

(4.6)

Halász (Halász 2009) has shown that the second-order approximation describes well
the laboratory results for the solitary wave speed and that the third-order theory
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differs only by a small amount that is usually not resolvable due to experimental
uncertainty error.

4.2

Governing equations

In fluid mechanics, the Euler and the continuity equations are widely used simultaneously to describe inviscid fluid motion. In the Lagrangian frame of reference these
partial differential equations are expressed in terms of material coordinates where the
local and convective fluxes are wrapped in the Lagrangian total derivative as
∂A
dA
=
+ v · ∇ A,
dt
∂t

(4.7)

where A denotes an arbitrary scalar or vector field. By employing the differential
operator (4.7) the inviscid hydrodynamic equations become
dv
1
= − ∇ p + g,
dt
ρ
dρ
= −ρ∇ · v,
dt

(4.8)

where v, ρ, p, ν, g are the velocity, density, pressure, kinematic viscosity, and gravitational acceleration, respectively (Monaghan 2005). For weakly compressible flows an
additional barotropic equation of state
p = p ( ρ ),

(4.9)

is required to define a constraint between pressure and density.
Although there exist numerous analytic solutions of restricted variants of the system
(4.8), including the wave propagation equations shown before, the exact solution in
the generic case is still unknown and usually approximated by suitable numerical
methods. However, these approximating schemes often suffer from unfavorable numerical properties, whereupon their generality is often limited and possess restricted
robustness and applicability. Considering laminar inviscid flows, the difficulties of
modeling complex turbulent hydrodynamic behavior are avoided in the present work.
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4.3
4.3.1

Numerical scheme
Boundary and initial conditions

A remarkable benefit of the SPH scheme (at least in modeling fluid flows) is the
treatment of free surfaces of arbitrary shape as natural boundaries without any
additional computational effort. Furthermore, if the fluid domain is simply connected, the air can be entirely left out from the computational domain because of its
constant pressure and negligible density compared with water. Note that in case of
complex flows such as breaking waves (see more examples in (Colagrossi & Landrini
2003)), the air phase might play an important role; thus, it should not be ignored
unconditionally. In the present work, we modeled only the water phase.
In this work, two different types of boundary conditions of SPH were applied.
One of them formed the rigid boundaries of the channel wall and bottom, while
the other one was a periodic boundary, which allows one to perform more general
calculations in an infinite domain.
Here periodic boundaries were essential by forming a 2δ width domain (within
parallel planes) in spanwise direction to approximate a planar flow with the threedimensional numerical solver described in the next section.
The models of solid boundaries in SPH have several fundamentally distinct variants
with different assets and limitations (Violeau 2012). In the present work, a penalty
force-based boundary condition was applied presented by Sun et al. in (X. Sun,
Sakai, & Yamada 2013). The boundary model is based on the Voigt model with ideal
spring and viscous damping. We applied the particle-wall interaction forces (elastic
and viscous) only in the normal direction to achieve the exact free-slip condition.
A further benefit of the model is its computational efficiency due to the lack of
additional wall-particles.
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4.4

Test cases
d
L
H

x

y

H’

Figure 4.2. The whole channel layout (L = 10m, d = 0.13m, H = 0.103m and H 0 is
0.17m or 0.24m depending on the simulation case).
We have simulated the propagation of a single solitary wave in an infinitely wide
channel, as appearing in a wet bed dam-break experiment, reproducing the conditions investigated in (Halász 2009). Halász performed several measurements of single
solitary waves in a channel layout introduced in Figure 4.2 with hydrostatic initial
conditions. By removing the flat plate at the water column on the right-hand side of
the channel at instant t0 = 0 s, the collapse of the water column forms a solitary wave
propagating from right to left. As Halász pointed out, a solitary wave travels through
the channel without significant dissipation until it reaches the vertical wall at the end
of the channel.
Based on the measurement layouts in (Halász 2009), we performed simulations
of six independent configurations: three sizes of particle support radii, with two different initial water column heights. The influence radii of the particles, the initial
water column height, and the number of particles for the different computations are
summarised in Table 4.1. The average interparticle distance is given as
r
dx =

3

4∆3 π
,
3N

(4.10)

where the average number of neighbors N was chosen to 70 in this work showing the
mean interparticle distance dx = 1.173h. As a result of the ratio δ/dx, the number of
particles initially generated across the uniform grid is 5 in the spanwise direction.
The evaluation of the propagation speed of the simulated solitary wave along the
channel required a free surface tracking algorithm that reliably identifies the position
of the wave peak in each investigated simulation frame. Since, in our case, only the
vertical positions need to be determined, we logged the highest particle’s altitude
above the uniform δ-sized grid laying on the plane of the channel bottom in each time
instant. This procedure can be considered as a zeroth-order interpolation of the parti63

Table 4.1. Summary of simulation cases
Case
a
b
c
d
e
f

δ[mm]
2.5
2.5
3.75
3.75
5.0
5.0

dx [mm]
0.978
0.978
1.47
1.47
1.96
1.96

H/dx
105.3
105.3
70.22
70.22
52.67
52.67

H 0 [m] Particles
0.17
5.48M
0.24
5.54M
0.17
2.45M
0.24
2.47M
0.17
1.38M
0.24
1.39M

cles’ elevation to the uniform grid. Due to the discrete convolution Equation (2.23) the
free surface boundary covering a set of particles is not sharp and needs to be tuned
carefully. Here the surface was shifted from the layer of the surface particles by the
average interparticle distance dx.
The velocity-time series of the wave peaks were calculated by applying a moving average filter to the raw position-time series with a filter size ∆t = 20ts , and the temporal
derivative was calculated with a first-order central finite differencing scheme. The
smooth velocity data series was resampled on a uniform ∆t-sized grid. By means of
the introduced procedure, the velocity data was constructed in the 5m width window
between 4m and 9m measured from the right-hand side of the channel.
1.22
1.2

√c

gH

1.18
1.16
a)
b)
c)
d)
e)
f)

1.14
1.12
1.1
1.08
1.06
1.04
0.1

A/H
0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Figure 4.3. Dimensionless soliton wave speed as a function of dimensionless amplitude. Dashed and solid curves are the first and second-order approximations respectively. The details of the simulation cases listed from a) to f ) are described in Table
4.1.
Implementing the channel layout introduced by (Halász 2009) in the numerical
model has two important advantages. On the one hand, the calculation results are
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suitable for direct comparison with the measurements, on the other hand, the velocity
field below the solitary wave does not have to be prescribed by the initial conditions
of the simulations. The main numerical drawback is that it is inevitable to update
each particle in the entire tank in every simulated time step; however, the region of
interest is small in comparison with the whole channel.
In Figure 4.3, we see the wave propagating speed-amplitude relations of the first
and second-order theories against our simulation results. For each point, the instantaneous amplitude and propagation speed were extracted from the reconstructed
surface history to plot instantaneous normalized propagation speed against instantaneous relative amplitude.
It is visible that along the investigated section of the channel (from 4m to 9m) the solitary wave speed and amplitude diminished considerably, governed by a continuous
dispersion. Nevertheless, the simulation results seem to more or less follow the line
of the second-order approximation, as if the solitary wave would be an ideal soliton
in each time instant. Apparently, in all simulation cases, the second-order theory is
closer to the simulation results than the first-order theory.

0.012

σ𝐼𝐼
0.01

0.008

0.006

0.004

H! = 0.17m
H! = 0.24m

0.002

δ[m]
0.0025

0.00375

0.005

Figure 4.4. RMS of the deviation of the six simulation cases to the second-order
approximation.
The effect of the resolution represented by the particle influence radius δ was
investigated through the root mean square (RMS) error
s
σI I =

1 1
n c20

n

∑ (ck − c2 ( Ak /H ))

2

(4.11)

k =1
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of the instantaneous simulation results ck compared with the second-order theory
c2 ( Ak /H ) given by (4.6). Here n is the number of evaluated instantaneous wave
velocities introduced in Figure 4.3. As Figure 4.4 shows, reducing the influence radius
δ, the values of the RMS σ are decreasing considerably.

4.4.1

Surface evolution

Figure 4.5. Space-time plot of the case a) (left) and b) (right).
The evolution of the free surface in time along the channel during the solitary wave
propagation, as captured by the simulations with the finest resolution is presented
in the space-time plots of Figure 4.5. The dark diagonal stripes are indicating the
solitary waves traveling at a nearly constant speed through the channel, followed by
a significantly slower wave pattern with small amplitudes compared with the solitary
wave. This wave pattern is observable in the channel during measurements as well.
Furthermore, a marked depression is present behind the solitary wave in case a) while
this phenomenon does not occur in case b). Note that the noisy surface immediately
after the launch of the wave in case b) was caused by the slight break of the wave peak
along the first few meters in the simulations, reported in laboratory measurements as
well.

66

4.4.2

Solitary wave shape

a)

b)
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Figure 4.6. SPH soliton shapes (solid lines) of the six simulation cases compared with
the exact solution of the KdV-equation (dashed lines) at the same time instant t = 6.6
s.
Besides the solitary wave propagation speed, the shape of the free surface was
compared with the first-order soliton shapes obtained from the analytical solution of
the KdV equation. The comparison is shown in Figure 4.6; the waves propagate from
right to left. The exact solutions (4.3) were fitted to the given SPH results using the
evaluated amplitudes and peak positions, defining together the effective wavenumber
(4.4).
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The wave shapes are in very good agreement with the exact solutions of the KdV
equation even in case of coarser resolutions, apart from the depression, which appears
close in the tail of the solitons with smaller amplitudes in case a), c) and e) likewise to
Figure 4.5. As shown in Figure 4.7, the existence of this trailing depression has been
verified experimentally for the transient flow investigated.
0.16

0.16

y [m]

y [m]

0.14

0.14

0.12

0.12

0.1

0.1

−1.5 −1 −0.5

0

0.5

1

1.5

t [s]

−1.5 −1 −0.5

0

0.5

1

1.5

t [s]

Figure 4.7. Comparison of measurements (dashed lines) with SPH simulations (solid
lines) in case of H 0 = 0.17m (right) and H 0 = 0.24m (left) at x = 4m.
During the measurements, the surface level was observed in fixed positions along
the channel then the extracted time-series were compared with the corresponding
simulation results. In Figure 4.7 typical time-series are shown for both initial configurations (H 0 = 0.17m and 0.24m). In both cases the time series were extracted at
x = 4m and shifted in time to set the wave peak to t = 0s. The significant depression,
also seen in Figure 4.5 and 4.6 is visible in the tail of the ’small’ solitary wave.
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CHAPTER

Modeling wind induced currents in
shallow lakes with SPH
5.1

Solution of the Riemann-problem with SWE-SPH

Since the shallow water equations are formally identical with the governing equations
of a compressible gas, it is convenient to validate the numerical implementation of the
model with the one-dimensional Riemann-problem, for which the solution is wellknown and available in the literature.
Similarly, as they were presented in section 2.5.2, the SPH discretization of the
one-dimensional shallow water equations can be written as
bi =

Vj

∑ Vj Wij − ∑ bj (zi − z j )Wij ,
j

(5.1)

j

2
Vj
∂vi
2 vi
= − g ∑ Vj ∇Wij − g ∑ (z j − zi )∇Wij − n g 4/3 + Dv,i ,
∂t
bj
b
j
j

(5.2)

i

where Dv,i denotes the artificial diffusion term
Dv,i = 0.1ch ∑
j

Vj
(v j − vi )r ji
∇
W
,
ij
bj
r2ji

(5.3)

required to preserve numerical stability in the lack of physical viscosity.
The selected problem for the validation of the model is the one-dimensional wetbed dam-break problem with the initial condition shown in Figure 5.1.
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Figure 5.1. The initial condition of the one-dimensional wet-bed dam-break problem.
Since the initial conditions contain a jump in the depth field, a slope-limiter is
required to approximate the gradients without overshooting accurately. Therefore the
MUSCL scheme (Van Leer 1979; S.-q. Chen, Liao, & Huang 2016) is applied here in
the SWE-SPH model.
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Figure 5.2. Solution of the one-dimensional wet-bed dam-break problem at t = 0.1
s with a different number of particles (red, green, and blue dots) compared with the
FVM solution (solid black line). On the left: instantaneous velocity distribution; on
the right: instantaneous water depth.
After running the simulation, the shock and the rarefaction wave propagation can
be plotted, as shown in Figure 5.2. The results of the SWE-SPH model are visualized
in case of different resolutions and compared with the reference results obtained by
the finite volume method. The results show a good agreement with the mesh-based
solution even in case of low resolution.
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5.2

Implication of wind shear stress

An efficient simplification of the complete fluid equations to shallow water flows is
provided by the depth averaging of the flow field in a vertical direction. This process
reduces the three-dimensional incompressible free-surface flow to a two-dimensional
compressible flow problem, which is significantly easier to be handled from both
mathematical and computational points of view. It is worth to mention here that the
effect of turbulent viscosity is omitted here, the numerical stability is achieved by
artificial diffusion applied to the momentum equation.
Although the source of the large scale currents is considered to be the wind shear
stress over the surface of the shallow water body, another condition or conditions
have to be satisfied (Józsa 2014) to induce such currents. The sources of the vorticity
could be the gradient of the bathymetry (Simons 1980), the vegetation along the shore
(Sarkkula, Józsa, & Bakonyi 1991; Józsa, Sarkkula, & Krámer 1999), or even the nonuniform wind shear stress (Józsa, Sarkkula, & Tamsalu 1990; Curto et al. 2006). Due to
the large inertia of water bodies, permanent wind strength and direction are required
for the large-scale currents to be formed; hence we assume both to be constant in each
simulation.
Although the shallow water currents are already investigated numerically using
the mesh-based finite volume (FVM) and finite element methods, according to the
knowledge of the author of the present work, the effect of wind shear stress has not
been investigated using meshless methods or SPH in particular. In the present section,
a new source term Sw is introduced in the SPH-discretization of the shallow water
equations presented in section 5.1, implying the wind shear stress. The equations
now can be written as
bi =

Vj

∑ Vj Wij − ∑ bj (zi − z j )Wij ,
j

(5.4)

j

Vj
∂vi
| vi | vi
= − g ∑ Vj ∇Wij − g ∑ (z j − zi )∇Wij − n2 g 4/3
+ Sw,i + Dv,i .
∂t
bj
b
j
j

(5.5)

i

According to (Dean & Dalrymple 1991), the source term Sw,i due to the wind shear
stress yields
Sw,i =

kv =

k v |w|w
bi



1.2 · 10−6


−
6
−
6
1.2 · 10 + 2.25 · 10
1−

5.6
|w|

(5.6)

2

if |w| < 5.6 ms ,
if |w| ≥ 5.6 ms .

(5.7)
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Here, the spatially and temporally constant wind speed |w| is considered to be 14.14
m/s on 10 meters above the surface of the water, and the Manning’s friction coefficient
n has been set to 0.02 which is correspondig to a smooth bed surface. Finally, since we
do not model turbulent stresses, an artificial diffusive term Dv,i is required to preserve
numerical stability:
Dv,i = 0.1ci h ∑
j

where ci =

p

(v j − vi )r ji
Vj
,
∇
W
ij
bj
|r ji |2

(5.8)

gbi denotes the wave propagation speed, g = 9.81m/s2 and h is the

variable smothing length of the kernel functions.

5.3

Results and discussion

The first case constists of three different square-shaped lakes with different bathymetries shown in Figure 5.3. The bathymetry shapes are given according to the expression
z( x, y) = −2 −

α
| x − β · 10−3 |,
β

(5.9)

where the parameters α and β have been chosen as summarized in Table 5.1
Case
1a
1b
1c

α
0
1
1

β
1
1
2

Table 5.1. Bathymetries of the different square-shaped lakes.
Since the mere vorticity source of the system is the gradient of the bathymetry,
according to the expectations, the different geometries result in different flow fields.
More specifically, in the first case, we cannot expect to see any currents in the lake,
since the bed gradient is zero everywhere. Due to the gradients in the second and the
third cases, a single and a double gyre should be generated, respectively.
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1c. 3 m

2m

3m

Figure 5.3. The cross-sections of the three square-shaped lakes with different
bathymetries.
Since SPH is an explicit method, the simulation is time-dependent, and it has to be
run until the solution is converged to the steady-state sufficiently. The initial particle
distribution has been chosen on an equidistant rectilinear grid, and in order for the
particles to be of the same volume, the depth was set to constant, which requires some
computational time to form the flat water surface. However, the experiences show that
the formation of the large-scale currents takes significantly more time, hence the dissipation of the initial waves does not require additional action. After running the
simulations, the flow fields shown in Figure 5.4 are obtained after 25 hours in simulation time. In the Case 1a, the initial condition is preserved as the trivial solution,
hence no vorticity source present in the system. According to the expectations, the
Cases 1b and 1c resulted in a single and a double circulating pattern with the highest
velocity magnitude vmax ≈ 0.2 m/s. To eliminate the velocity fluctuations of the solutions, the results are computed as the temporal averaging of the velocity in the last 2
hours.
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1a.

1b.

1c.
0,2 m/s
𝑤 = 14,14 m/s

Figure 5.4. Large-scale currents in the square-shaped lakes. The color scales show
the local bed elevation, while black arrows show the velocity fields. In the lack of
vorticity source, there is no depth averaged velocity induced in case 1a. The linear 1b.
and bi-linear 1c. bed shapes result in a single and double circulating velocity fields
respectively.
The final test case (Case 2) was an elliptic lake with the minor and major axes
being R1 = 1.4 km and R2 = 2.5 km respectively, and the bathymetry is given as
6

z( x, y) = 2 · 10



2



x +

y2
2



− 2.

(5.10)

Similarly, the water was initially at rest, and after roughly 25 hours of simulation
time, the result with the same temporal averaging technique visualized in Figure 5.5.
Since the water depth is lower in the vicinity of the shore, the opposite gradient of the
bathymetry compels the formation of the double gyre. Since the wind shear stress is
constant on the surface of the water, in equilibrium, the surface of the lake needs to
be inclined, which resulted in an 0.2..0.25 meter deviation from the ambient surface.
Although the results show a good qualitative agreement with the literature, from both
the flow field and the inclination point of view, the SWE-SPH model underestimates
the velocities with roughly 40% compared with the FVM computations. The reason
of the significant deviation is twofold. Firstly, for the sake of simplicity, the turbulent
flow conditions are neglected, instead, a simple artificial diffusion has been applied.
On the other hand, in case of flows with very slow particle velocities, metastable
crystallic particle layout can be formed, which requires additional energy to be broken
in order to result in a smooth velocity field. This effect could be reduced by increasing
the particle number, or the smoothing coefficient n in
h = n · dx,

(5.11)

where dx is the local particle spacing.
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Figure 5.5. Currents in the elliptic lake left: according to the literature (Curto et al.
2006), right: the SWE-SPH result.
The Lagrangian particle-based approach holds out numerous possible improvements over mesh-based techniques in the description of shallow water dynamics. Benefits could be the natural approach in the investigation of contamination spreading,
efficient parallelization, and the complete lack of cumbersome generation of numerical mesh.
The numerical simulation tool presented in Section 2 has been successfully validated as a one-dimensional approximate Riemann solver. According to the flexible
configuration of the solver, the shallow water equations have been extended with the
wind-shear stress over the free surface. Prescribing different bathymetries and lake
shapes, the induced currents have been investigated and shown that, on the one hand,
the results are in a good qualitative agreement with finite-volume computations.
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CHAPTER

Dynamics of spatially coupled phase
oscillators
6.1

The phase-oscillator model

6.1.1

Coupled oscillators with inertia

Also known as the damped driven pendulum model, the system of coupled oscillators
with the inertial term extension has been introduced and numerically investigated by
(Tanaka, Lichtenberg, & Oishi 1997). The system with N mutually coupled oscillators
reads as follows:
mθ̈i + θ̇i = Ωi +

K
N

N

∑ sin(θ j − θi )

i = 1, .., N,

(6.1)

j =1

where θi (t) and Ωi are the phase and natural frequency of the ith oscillator respectively, K is the coupling strength parameter expressing how quickly an oscillator can
adapt to (the resultant of the) external stimuli, and m is the inertial constant.
The global synchronization of the system of oscillators can be characterized by the
complex order parameter
ReiΦ =

N

∑ eθ j i ,

(6.2)

j =1

where magnitude of the complex parameter R – hereinafter referred to as order parameter – describes the level of synchronization, Φ = 1/N ∑ j θ j is the arithmetic mean
of the θ’s. Using (6.2), R = 1 corresponds to the complete synchronization (Φ = θ j )
and R = 0 corresponds to an incoherent state of the oscillators.
Varying the coupling strength K in the system leads to a hysteretic behavior in the
model. For small K values, the phases of the oscillators are incoherently distributed
and R ≈ 0. Increasing K leads to the appearance of phase-locked oscillators and even-
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6

tually the system reaches a coherent state. However, decreasing K from a completely
synchronized state results in a higher level of synchronization for smaller K values.

6.1.2

Coupling with spatial collocation

The second term on the right-hand side of Eq.

(6.1) represents the Kuramoto-

synchronization term, which is often modified with the adjacency matrix Aij so that
K
N

N

∑ Aij sin(θ j − θi ),

(6.3)

j =1

where the value of Aij is 1 if and only if the ith and jth oscillators are coupled,
and 0 otherwise (J. Li et al. 2015). In case Aij 6= 1 ∀ i, j, the system is diluted. It is
known, that some diluted systems exhibit a hysteretic behavior similar to the fully
coupled case. The hysteretic dynamics of randomly diluted systems has recently
been investigated (Olmi et al. 2014). However, even in case of the modified model Eq.
(6.3), former investigations neglect the effect of spatial distribution on the hysteretic
phase-synchronization dynamics.
As a generalization of the mean in Eqs. (6.1) and (6.3), we propose a spatial
averaging technique for the computation of pairwise coupling strength as a function
of internodal distances and local neighborhoods. Systems with spatially distributed
phase-oscillators may require special treatment depending on the spatial distribution.
Recently (Breakspear, Heitmann, & Daffertshofer 2010) and (Cenedese & Favaretto
2015) investigated the phase-oscillator model without inertial term using wavelet-like
and bell-shaped kernel functions, respectively. Both works consider the kernel as a
function of the internodal distances for the weighting of the coupling strength.
We consider a set of N spatially distributed nodes on the plane with positions ri
with internodal Euclidean distances dij = |rij | = |ri − r j |. Using the nodal positions,
we define the phase assigned to each node as
θ i = θ ( ri ) .

(6.4)

In order for the pairwise coupling strength to be scaled as a function of the distances,
we define a spherically symmetric kernel-function Wij = W (dij , ∆) with (finite or
infinite) smoothing radius ∆ and construct the weighted average for the Kuramoto
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phase-synchronizer term as
ni

K ∑ sin(θ j − θi )Ŵij ,

(6.5)

j =1

Ŵij =

Wij
,
ni
∑ j=1 Wij

(6.6)

where ni is the number of neighbors within the kernel radius ∆ around the ith node.
The jth oscillator is a neighbor of the jth oscillator if it is in the ∆ neighborhood of
the ith oscillator, i.e. if dij ≤ ∆. The normalization (6.6) is also known as Shepard’s
correction of the weighted summation (Shepard 1968). As a result, instead of Eq. (6.1)
we consider the following equation
ni

θ̈i m + θ̇i = Ωi + K ∑ sin(θ j − θi )Ŵij

i = 1, .., N,

(6.7)

j =1

where K is the coupling parameter. Note, that in Eq. (6.7), the coupling parameter
of the ith and jth oscillator is weighted with the kernel function, therefore the actual
coupling strength between the oscillators is varying.
The model described by Eq. (6.7) is a generalization of Eq. (6.1). Choosing Wij = 1,
n

in the ∆ → ∞ limit we have ∑ j=i 1 Wij = N and Eq. (6.7) reproduces the conventional
Kuramoto model. Consequently, we keep the definition of the order parameter R (Eq.
(6.2)) to describe the level of synchronization of the spatially coupled system.

6.2

Simulations

Although the proposed model is suitable for arbitrary spatial distribution of the oscillators, as an initial study, unless stated otherwise, we investigate N = n2 coupled
phase oscillators placed on a two-dimensional equidistant square-grid with grid cell
size ∆x and of edge length L = (n − 1)∆x. Consequently, the position vector of an oscillator is r jk = (( j − 1)∆x, (k − 1)∆x ), where j, k = 1, ..., n. Each oscillator is assigned
with a scalar index parameter i, such that i = (k − 1)n + j.
Following (Tanaka, Lichtenberg, & Oishi 1997), we chose an evenly spaced natural
frequency distribution on the interval of [−Ω M , Ω M ] such that
Ωi = − Ω M +

2( i − 1) Ω M
,
N−1

(6.8)

where Ω M is a constant. We considered two types of initial conditions of Eq. (6.7),
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the uniformly diffused (IC 1) taking
θi (t = 0) = 2π

i
,
N

(6.9)

θ̇i (t = 0) = Ωi ,
and the perfectly synchronized (IC 2), where
θi (t = 0) = 0,

(6.10)

θ̇i (t = 0) = 0.

In the present work we performed the simulations with two different, finite width
spatial kernel-functions with a kernel radius ∆. The zeroth order kernel-function is
constant in the neighborhood of the ith oscillator
Wij0 =




1

if

dij ≤ ∆,



0

if

dij > ∆,

(6.11)

and the first order kernel-function depends linearly on the distance between the ith
and jth oscillators
Wij1

=




1−

dij
∆,



0,

if

if

dij ≤ ∆,

dij > ∆,

(6.12)

consequently it is maximal at the center and decreases toward the boundary of the
neighborhood.
During the solution we applied the classic fourth order Runge-Kutta scheme for
numerical integration of the system defined by Eq. (6.7). We fixed the time step size
∆t = 0.1 in all simulations. On the one hand, to let the value of R reach a developed
state, we run all cases for 500 in simulation time and in order to eliminate the oscillations of R in time, we computed the temporal average of the order parameter R̄ of the
last 2000 steps. Also, an extended simulation of 10000 steps had been performed to
check if the results sufficiently converged but no significant changes were observed.

6.3

Results and discussion

Since the hysteretic behavior of the fully coupled system of oscillators with inertia
was studied in (Tanaka, Lichtenberg, & Oishi 1997), it is known that the temporal development of the order parameter R may strongly depend on the initial conditions. In
this section we present our numerical investigation in terms of the effects of the finite
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width spatial covering on the synchronization of the spatially distributed oscillators.
We kept Ω M = 5 and the inertia m = 0.85 constant in all simulation cases and varied
the kernel radii and the spatial distribution.
As a measure of the distance-based dilution we introduce a dimensionless parameter q, the relative kernel radius
q :=

∆
dijmax

(6.13)

expressing the ratio between the kernel radius and dijmax the maximal Euclidean distance between two oscillators of the system. In case of the zeroth order kernel-function
Wij0 and q ≥ 1, i.e. ∆ > L the numerical setup reproduces the fully coupled secondorder model (Eq. (6.1)).

6.3.1

The effect of spatial coupling

In order to present the local synchronization effects, we solved the equation for IC 1
and IC 2 for three different values of q and both zeroth and first order kernel-functions
(Eqs. (6.11) and (6.12), respectively).
If q is large enough (Figs. 6.1A-D), the spatially coupled model exhibits similar
hysteretic behavior as the fully-coupled model. However, spatial coupling leads to the
appearance of a transitional state of the system (Fig. 6.1). Starting from an incoherent
state (IC 1) and a small coupling parameter K, the average order parameter R̄ stays
near zero. As K is increased, at a critical point KC1 the synchronization begins, i.e. R̄
start to increase. Further increasing K leads to R̄ reaching a maximum and it stays
constant for a range of K. However it decreases before transitioning to the globally
coherent state by starting to increase again at a critical value of the coupling parameter
KC2 . Therefore in case of IC 1, the globally coherent state is reached through two
critical points KC1 and KC2 , the beginning of the local and global synchronization,
respectively. In case of IC 2, i.e. starting from a coherent state and decreasing the value
of K, the system either jumps into an incoherent state (Fig. 6.1A) or the transitional
state corresponding to locally locked clusters (Fig. 6.1B-D) at a bifurcation point KC3 .
For K < KC3 there is almost no difference between IC 1 and IC 2. In particular, if the
maximal coupling strength is small enough, the local behavior dominates.
Under a critical value of the relative kernel radius q, the local and global behavior
are separated and the system exhibits no hysteresis (Figs. 6.1E-F), i.e. there is almost
no difference between IC 1 and IC 2. Moreover, there is no constant part of the R̄ − K
diagram. Decreasing q increases KC2 and KC3 and decreases KC1 . For q ≈ 0.14 (Figs.
6.1E-F) the synchronization starts near K ≈ 0.
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There is no qualitative difference between the results calculated with the applied
kernel-functions. However, for constant ∆, Wij1 leads to a higher level of dilution
compared with Wij0 . As a result, having the same kernel radii, the range of the partial
synchronization (i.e. KC1 ≤ K ≥ KC2 ) is always larger when using a first order than
a zeroth order kernel-function. Interestingly, the average order parameter always
decreased before the global synchronization began at KC2 in all of our simulations.
The transitional state of the system is a result of the spatial coupling and the natural frequency distribution. Spatial coupling was also considered for 2D lattices by
(Ódor & B. Hartmann 2018) taking randomly distributed natural frequency values.
While the system showed hysteresis there was no drop in the order parameter. Nevertheless, they observed no hysteresis for large system sizes, which is analogous with
our results in Fig. 6.1e and f. Similar results was also reported in (Tumash, Olmi,
& Schöll 2018) for randomly diluted systems, showing that increasing dilution decreases the hysteretic region while increasing the mass leads to the opposite. In Fig.
6.1 KC2 − KC3 decreases for decreasing q and eventually it reaches zero.
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Figure 6.1. Comparison of the hysteretic loops of synchronization in case of different
kernel radii. Results with zeroth and first order kernel-functions are shown on the
left and right, respectively.
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Figure 6.2. States of a system of spatially coupled oscillators depending on the coupling parameter K. The relative kernel radius is q ≈ 0.46, taking ∆ = 0.6 and
∆x = 0.05, N = 400 applying first order kernel-function. a) Time series of the order parameter R for different values of K calculated for IC 1. For KC1 < K < KC2 , R
has an oscillatory nature. b) Final phases of the oscillators in polar form at t = 500s
illustrating the different states of the system calculated for IC 1. c) States of the system
and the time average R̄ of the order parameter depending on the coupling parameter
K.
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Figure 6.3. Average frequency θ̇¯ in the function of the oscillator index i and the
coupling strength K.

6.3.2

States of the system

We analyzed the states of the spatially coupled model depending on the coupling
parameter K in case q is large enough for the system to exhibit the hysteretic behavior.
Analysis of the solutions of Eq. 6.7 in time was carried out by taking uniformly
diffused initial conditions (IC 1) and first order kernel-function Wij1 with fixed kernel
radius ∆ = 0.6 (q ≈ 0.46) and ∆x = 0.05. By examining the time evolution of the
order parameter R (Fig. 6.2A) and the phases of the individual oscillators (Fig. 6.2B),
three states of the system in the R̄ − K diagram (Fig. 6.2C) was found. 6.2B is only a
visualization of the data and the distances measured on the circle are independent of
the strength of the interactions. Fig. 6.3 illustrates the different states by showing the
average frequency in the function of the oscillator index and the coupling strength.
Fig. 6.4 shows the average frequency in the function of the oscillator index reordered
for increasing frequency values for K values corresponding to the different states.
Starting from the incoherent state, the system goes through transitional states with
locally locked oscillators until it reaches a globally locked state. The transitional state
is further divided into three parts characterized by different frequency distribution
patterns (Fig. 6.4). Note, that the states of the system strongly depend on the natural
frequency distribution (Eq. 6.8) which in this case induces a correlation between the
index i and θ̇i .
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Figure 6.4. Average frequency θ̇¯ of the oscillators for different K values, ordered
for increasing frequency values. j is the oscillator index after reordering for each K
values. For small K values, the system is in an unsynchronized state (K = 1), then for
increasing K locally locked clusters develop and merge (K = 4 and K = 5) until there
are only two separated clusters (K = 11) which start to merge (K = 14) and finally
there is only one cluster (K = 18).
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If 0 < K < KC1 , the system is in the incoherent state. Since we keep the natural
frequency distribution defined by Eq. (6.8) and it is a dominant part of the equation,
there are two sub-populations in the initial configuration (Ωi < 0 and Ωi ≥ 0). The
order parameter R varies in time in a random-like manner, but it remains close to
zero (Fig. 6.2A, K = 2) and the phases of the oscillators are heterogeneous (Fig.
6.2B K = 2). The fluctuations of R in time can be attributed to the finite number of
oscillators in the system. The average frequency of the oscillators is different for each
oscillators (Fig. 6.3). Increasing K, the average order parameter R̄ stays near zero until
reaching a KC1 value. Above KC1 , the degree of synchronization gradually increases.
If KC1 < K < KC2 locally locked clusters develop and the system start to transition
to the globally locked state. Increasing K from KC1 , the locally locked clusters grow
and merge. This process continues, until two well separable locally locked clusters
develop at a KT1 value. This state of the system corresponds to a travelling wave.
Between KT1 and KT2 , the average order parameter reaches a maximum max ( RC ) and
it stays constant while R oscillates in time (Fig. 6.2A, K = 8). This state is a standing
wave and it remains until KC2 . Note, that the overlap of the clusters neither result in
their interaction nor global synchronization. Above a KT2 > KT1 value, the clusters
start to affect each other leading to their merge (Fig. 6.2B, K = 14) but the system
still corresponds to a standing wave. While R is still oscillating in time (Fig. 6.2A,
K = 14), the merging of the local clusters is indicated by a decrease in the maximal
value of the order parameter. Further increasing K, the system rapidly jumps into a
globally locked state in a bifurcation point, at a KC2 value. At this point, the clusters
merge as one of them take over the domination and the average frequency becomes
zero (Fig. 6.3).
If KC2 < K, there is only one cluster, the system is in a globally locked state
(Fig. 6.2B, K = 20) and R is constant in time (Fig. 6.2A, K = 20). As K is further
increased, the synchronization and R̄ gradually increases (Fig. 6.2A-B, K = 200) and
the system seemingly reaches the globally coherent state at a large value of K. In
contrast to the fully coupled model, where R ≈ 1 is reached at moderate K, here the
results imply, that R̄ → 1 asymptotically. Accordingly, spatial coupling can hinder full
synchronization for large system sizes in case the coupling strength of the individual
oscillators is limited.
We also checked the solutions of the model for IC 2. For 0 ≤ K ≥ KC3 , the system
has the same states as for IC 1. Above KC3 , there is one globally locked cluster with
constant R in time.
Due to the initial condition regarding the natural frequency distribution, it is worth
to handle the sub-populations corresponding to Ωi < 0 and Ωi ≥ 0 separately. Figs.
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Figure 6.6. Average frequency in the function of the coupling strength for the subpopulations corresponding to Ωi < 0 (θ̇¯i -) and Ωi ≥ 0 (θ̇¯i +) for IC 1 taking the same
parameters as in Fig. 6.2c.
6.5 and 6.6 illustrate the order parameter and the average frequency for the different
sub-populations. According to the diagrams, the two sub-populations behave symmetric as K is increased.

6.3.3

Effect of the relative kernel radius

In Fig. 6.1, ∆ and q were varied simultaneously in the different simulations. The
diagrams show varying values of KC1 , KC2 , KC3 and different max ( RC ) in the locally
locked state. To examine the effect of the parameters separately, we calculated R̄ versus K for both IC 1 and IC 2 keeping either the number of oscillators in a neighborhood of a general point constant (i.e. keeping ∆ and ∆x constant) or the relative kernel
radius q fixed. Since, there is no qualitative difference between the first and zeroth or87

der kernel-functions, we applied Wij1 in all cases. First, we considered three systems
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Figure 6.7. Average order parameter R̄ versus the coupling parameter K calculated
for IC 1 and IC 2 fixing the kernel radius ∆ = 0.5 and varying the domain size
L1 = 0.5, L2 = 0.75, L3 = 1 (q1 ≈ 0.7, q2 ≈ 0.47, q3 ≈ 0.35), applying the first order
kernel Wij1 .
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Figure 6.8. Average order parameter R̄ versus the coupling parameter K calculated for
for IC 1 and IC 2, fixing q ≈ 0.7, and changing both the kernel radius and the domain
size: ∆1 = L1 = 0.5, ∆2 = L2 = 0.75, ∆3 = L3 = 1, applying the first order kernel Wij1 .
of oscillators with different domain sizes, but the same number of particles in a neighborhood of a general point of the domain. The domain sizes and the particle numbers
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were chosen to be L1 = 0.5, N1 = 100, L2 = 0.75, N2 = 225 and L3 = 1, N3 = 400.
The grid cell size and the kernel radius were ∆x = 0.05 and ∆ = 0.5 in all systems.
Accordingly, the relative kernel radii were q1 ≈ 0.7, q2 ≈ 0.47, q3 ≈ 0.35. As we can see
in Fig. 6.7, although the number of oscillators in a general in-domain neighborhood
is the same in all cases, both the local and global parts of the diagram are affected.
In case of a smaller relative kernel radius, the local synchronization starts at smaller
values of K and a larger K is necessary for the onset of the global synchronization.
Furthermore, the maximal order max ( RC ) of the system in the locally synchronized
state is higher for q2 . Smaller relative kernel radius q results in a larger range of K
corresponding to the locally synchronized states (i.e. |KC1 − KC2 | increases), but it
also requires a larger value of KC3 for the global synchronization.
Next, we fixed q and ∆x = 0.05 by choosing L1 = ∆1 = 0.5, N1 = 100,
L2 = ∆2 = 0.75, L3 = ∆3 = 1, N3 = 400 (q1 = q2 = q3 =≈ 0.7). Fig. 6.8 shows,
that there is only a small difference between the locations of KC1 and KC3 , but the
transitional state is not affected. The onset of the local synchronization requires larger
K as the system size is increased, but the global synchronization can be maintained
for smaller values of K. Similar dependencies on the system size were reported in
(Tanaka, Lichtenberg, & Oishi 1997; Olmi et al. 2014) for the fully coupled and diluted
systems, respectively. These results suggest, that the R̄ − K diagram is characterized
by q and the local behavior is not affected by the system size. The maximal order
max ( RC ) of the system in the locally synchronized state was also independent of the
system size in our simulations.
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Figure 6.9. Maximum of the average order parameter in the locally locked state
max ( RC ) depending on q fixing L = 1, ∆x = 0.05, N = 400, applying first order
kernel-function. For the simplicity, the diagram was computed assuming IC 1.
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Finally, we computed the maximal value of the order parameter in the locally
locked state max( RC ) for KC1 < K < KC2 depending on q, keeping L = 1, ∆x =
0.05, N = 400 fixed and applying first order kernel-function. According to Fig. 6.9,
the max ( RC )(q) function has a maximum. Consequently, there is an optimal value
of the relative kernel radius in terms of the local synchronization. If q is too large,
the local behavior dominates and if the kernel radius is too small compared with the
domain size, the local synchronization is hindered.
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CHAPTER

Conclusion and principal results
7.1

Summary

In the present dissertation, a novel algorithm and particle-based numerical simulation
tool has been introduced. Motivated by general-purpose finite element libraries, the
design follows the most modern approach in scientific computing. As such, the solver
Nauticle is completely lack of mathematical models; instead, the governing equations
are allowed to be defined as free-form equations without any programming effort.
The provided flexibility allows the application of the solver in a wide range of engineering as well as fundamental research areas. It was not earlier than the past few
years that the general-purpose computing approach has appeared in particle-based
modeling and Nauticle is one of the first tools that allow the application of SPH as a
generic numerical method for the solution of arbitrary equations.
A two-dimensional adaptive particle refinement (APR) technique has been implemented in the solver. Motivated by the deficiency of the former APR techniques in the
literature, a novel approach has been introduced, which allows the particle coalescing
in SPH simulations with the exact preservation of local angular momentum without
violating formerly satisfied conservation properties. We investigated our technique
with three different test cases and showed that not only the angular momentum conservation is enforced, but the resulting particle distribution is sufficiently uniform as
well. We compared the results of the simulation cases with either analytical or experimental results found in the literature. Since the proposed robust technique can
be easily implemented, does not require significant additional computational performance, it provides an efficient improvement over the former models.
The investigation of free surface solitary waves has been performed using numerical computations and experimental measurements. The space-time plot of the free
surface elevation has been visualized in each case; moreover, the wave shapes and
propagation speeds are evaluated and compared with either measurements or analytical approximations. We performed the simulations with three different resolutions
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to investigate the convergence of the model to the second-order theory.
With a simple re-configuration of Nauticle, the shallow water equations can be
defined and solved using the SPH discretization. To validate the implementation, the
one-dimensional Riemann-problem has been investigated, and the results have been
compared with finite volume computations. In order for the gradients in the vicinity of sharp changes in the field to be described without overshooting, we utilized
the SPH implementation of the widespread standard MUSCL (Monotone Upstreamcentered Scheme for Conservation Laws) slope-limiter. Nevertheless, assuming that
the water surface of the lake is smooth enough, during the modeling of wind-induced
currents in square and elliptic shaped shallow lakes, the slope-limiter has been omitted. The effect of the constant wind-shear has been investigated using different
bathymetries, and the results have been compared with the literature.
Finally, using the implemented SPH interpolant in Nauticle, the dynamics of spatially coupled Kuramoto phase-oscillators have been investigated under different circumstances. Using zeroth- and first-order smoothing kernel functions, the dynamics
of local and global synchronization and breakup have been tested.

7.2

Principal results

PRINCIPAL RESULT 1.
(Havasi-Tóth 2020a; Tóth & Szabó 2014)
Although the highly flexible mesh-based finite element modeling algorithms became
remarkably successful in many areas, a similar approach has not been identified in
meshfree particle-based modeling until the most recent years.
Utilizing the similarities among meshfree Lagrangian numerical techniques, I have
defined a general formulation of ordinary differential equations describing the dynamics of interacting material points. By defining arbitrary functions over a spatially
distributed material point set, the general formulation potentially covers both a wide
range of meshfree collocation schemes and models of genuinely discrete phases as
well by considering them as combinations of nodal interaction laws.

PRINCIPAL RESULT 2.
(Havasi-Tóth 2020b)
I have elaborated a correction of the existing varying resolution SPH particle coalescing schemes that exactly preserves the local angular momentum. I have shown
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that
2.1 the loss of angular momentum due to the coalescing of particle pairs can be eliminated by involving particle triplets in the original configuration.
2.2 in case of merging the particle triplets to pairs, the smoothing radii of the new
particles can be computed iteratively using the smoothing kernel function values
obtained from the density scatter formulation,
2.3 by setting the spatial separation parameter η to 0.9 the proposed technique results
in a sufficiently uniform particle distribution in the coarsed configuration.

PRINCIPAL RESULT 3.
(Tóth 2017),(Tóth 2018)
As a practical verification of Nauticle, I solved two different hydraulical problems
using the SPH method. Firstly, I have investigated the wave shape and propagation
speed of free surface solitary waves with different amplitudes running in a straight
channel. I have compared the high-resolution three-dimensional weakly compressible
SPH results with the experiments and with first and second-order approximations of
the solitary wave solutions. I have shown the followings:
3.1 by increasing the numerical resolution, the SPH results converge to the theoretical
second-order approximation,
3.2 the propagating and diffusing SPH solitary waves march through a series of stationary solitary wave solutions,
3.3 the SPH solitary wave shapes are in a good agreement with the KdV solutions as
well as the measured wave shapes.
Then, by the reconfiguration of the mathematical model passed to Nauticle, I modelled the wind induced circulating flow in shallow lakes with simplified geometries.
3.4 I have extended the SPH discretization of the shallow water equations with the
constant wind shear force. I showed that the SPH method is suitable for the qualitative description of wind induced flows in shallow lakes: the model predicts
the water surface inclination accurately, but underestimates the depth averaged
flow velocities.
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PRINCIPAL RESULT 4.
(Fehér, Havasi-Tóth, & Kalmár-Nagy 2020)
I have investigated the dynamics of diluted spatially coupled phase oscillators. Using
zeroth and first order kernel functions for the determination of pairwise coupling
strengths, different cases have been investigated in terms of the influence radii, the
number of oscillators and the spacing between the oscillators. I have shown that
4.1 due to the dilution based on the spatial kernel functions, local synchronization
groups have been formed in various ranges depending on the coupling strength
value K,
4.2 increasing the coupling strength, the local groups have been broken in such a way
that both the global and local synchronization suffered from a temporary but
significant drop before the globally synchronized state occurs,
4.3 within the investigated range, the qualitative behavior of the synchronization dynamics depends merely on the value of the relative kernel radius q.
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APPENDIX

Appendix
A.1

Implementation of the Lennard-Jones interaction

In section 2.4, the implementation of pairwise interaction laws is discussed in detail through the
Lennard-Jones model, which can be considered here as a minimal example. The following code
presents the implementation of the Lennard-Jones interaction law in Nauticle.
pmTensor MD_interact::evaluate( int const& i,
size_t const& level=0) const
{
size_t dimension = this->psys.lock()->\
get_particle_space()->get_domain().get_dimensions();
// Get operands
double eps = this->operand[0]->evaluate(i,level)[0];
double sigma = this->operand[1]->evaluate(i,level)[0];
double R = this->operand[2]->evaluate(i,level)[0];
// Implement interaction law inside a lambda function
auto contribute = [&](pmTensor const& rel_pos,
int const& i,
int const& j,
pmTensor const& cell_size,
pmTensor const& guide)->pmTensor{
pmTensor contribution{(int)dimension,1,0.0};
double d_ji = rel_pos.norm();
if(d_ji > NAUTICLE_EPS && d_ji < R) {
double s6 = std::pow(sigma/d_ji,6);
contribution -= 48.0*eps/d_ji/d_ji*(s6*s6-0.5*s6)*rel_pos;
}
return contribution;
};
// Use the law to perform interaction and return the result.
return this->interact(i, contribute);
}
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A

A.2

Configuration of the Taylor-Green vortex pattern
simulation

simulation:
case:
workspace:
constants:
- L: 1
- dx: L/100
- csize: L/2/floor(L/2/(dx*2.1))
- rho0: 1000
- c: 20
- h: csize/2
- mass: dx^2*rho0
variables:
- dt: 0.0001
particle_system:
domain:
cell_size: csize|csize
minimum: -L/2/csize|-L/2/csize
maximum: L/2/csize|L/2/csize
boundary: periodic|periodic
grid:
gid: 0
gpos: -L/2|-L/2
gsize: L|L
goffset: 0|0
gip_dist: dx|dx
fields:
- a: 0|0
- x: elem(r,0,0)
- y: elem(r,1,0)
- v: sin(2*pi*x)*cos(2*pi*y)|-cos(2*pi*x)*sin(2*pi*y)
- rho: rho0
- rho_dot: 0
- p: 0
- dC: 0|0
- delta_r: 0|0
equations:
- cont: rho_dot=-rho*sph_D00(v,mass,rho,Wp52220,2*h)
- irho0: rho=euler(rho,rho_dot,dt)
- EOS0: p=c^2*(rho-rho0)+1000
- acc0: a=-1/rho*sph_G11(p,mass,rho,Wp52220,2*h)
- acc1: a=a+0.005*sph_L0(v,mass,rho,Wp52220,2*h)
- dC0: dC=sph_G(1,mass,2*rho,Wp32220,2*h)
- dC1: dC=dC+sph_T(h,-0.5,mass/rho,1,Wp32220,2*h)
- delta_r: delta_r=-0.1/c*2*h^2*dC
- vel0: v=euler(v,a,dt)
- pos0: r=euler(r,v,dt)+delta_r
- new_dt: dt=0.2*min(sqrt(fmin(h/(magnitude(a)+0.001))),fmin(h/c))
parameter_space:
simulated_time: 2
print_interval: 0.05
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The configuration file consists of two main blocks, the workspace and the list of equations. The
workspace contains all constants, variables as well as the particle system including the domain with
the initial particle layout. Field variables are also listed in the worskspace assigning values to each of
the particle in the particle system. The second block lists all the equations required for the modeling
of the viscous weakly compressible two-dimensional flow (cf. section 3.3.2).

A.3

Discussion on the tools SYMPLER and Aboria

As it has been presented in section 1.5, there are existing open-source numerical simulation tools
for meshfree general-purpose scientific computing. In the following paragraphs, we summarize and
compare the properties of these tools and emphasize the most important advantages and drawbacks
of each. Neither of the following tools provide any sort of graphical user interface, instead they are
configured from text-based configuration files or C++ codes.
The first appearance of such a tool was the SYMPLER package (Kauzlaric et al. 2014). SYMPLER
has been implemented in C++ and allows the definition of completely free-form equations with almost
arbitrary pairwise interaction laws without any programming tasks. The details of the interaction laws
need to be defined in XML configuration files and the solver computes the superposition of all the
applied pairwise interactions. However, it is required to build lengthy, slightly hard-to-read and nontrivial XML-documents because the configuration file follows the C++ structure of the code instead
of the intuition. As a result, the definition of a mathematical model is not all that straightforward,
making one suspect that learning to construct such an XML-document might appear to be almost as
complicated as simply constructing them in C++ using the SYMPLER library. The interaction laws
need to be partially pre-defined in C++, therefore similarly to Nauticle, the applicability is limited by
the collection of built-in numerical methods. It is an advantage of SYMPLER that the mathematical
model defined in the configuration file is compiled at run-time, which allows high-performance computations and utilizing parallel devices, even though the current version provides a highly inefficient
parallelization using the OpenMP package.
Another general-purpose and more recently available tool is called Aboria (Robinson & Bruna
2017). This is a lightweight C++ library that does not provide a text-based user interface as SYMPLER
and Nauticle, instead, the simulations can be built in C++ using a domain specific language (DSL)
designed to allow a simple and efficient definition of mathematical models. The Aboria library uses
the most modern programming abstraction and features of the C++ standard, hence the resulting code
is compact and relatively easily readable. Although the most important drawback still seems to be
the requirement of programming and a comprehensive knowledge of the structure of the library, it is
still a significant step towards an efficiently usable general-purpuse simulation tool. Since the model
definition occurs in C++, the computational performance of the code is the highest among these three
tools.
Similarly to the Nauticle package, both tools SYMPLER and Aboria generate portable result files
using the open-source VTK (visualization toolkit) format.
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