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Main results

We start with a brief summary of our main results for experts. The list of my

publications can be found on the last page of this document, page 81.

• We prove a more general version of the following statement. Consider the

natural measure on the usual Sierpi«ski carpet. Although its similarity di-

mension is ¡ 1, its orthogonal projections to lines are singular for a dense Gδ

set of orientations of the line. To see the relevance of this result note that

the projected measure is absolute continuous outside a set of orientations of 0

Hausdor� dimension, which follows from [50] and an argument by Shmerkin

and Solomyak, see the proof of Theorem 1.1.11 for details. This result ap-

peared in the Proceedings of the American Mathematical Society [53].

• Rams and Simon [44] proved that for homogeneous Mandelbrot percolation

sets on R2, if the Hausdor� dimension of the set is ¡ 1, then for almost all

realizations the projections of the set in all directions contain an interval. We

extended this result to higher dimensions. This result appeared in a 15 pages

long conference paper [51].

• We verify that the above mentioned Rams-Simon theorem doesn't hold for

inhomogeneous Mandelbrot percolation sets in general. This result appeared

in a 13 pages long conference paper [52].

• We also investigated two randomly evolving graph models. Most importantly,

we show that the degree distribution of Evolutionary Apollonian networks

converge to the limiting degree distribution of Random Apollonian networks

if the occupation parameter decays properly. This result appeared in the

Advances in Applied Probability [30].

• Beside these I have a paper appeared in PLOS Computational Biology [55],

joint work with Balázs Ujfalussy, and another one related to Internet tra�c

control [39], joint with Sándor Molnár. We chose not to include these in this

thesis to keep the material more homogeneous.





1. Introduction

This Thesis covers two topics. The �rst one is on the geometry of random and

deterministic self-similar fractals (Part I) and it is studied in three of our papers

[52, 53, 51]. Then we investigate randomly evolving complex networks in Part II

based on our paper [30] whose construction is associated to some fractal sets.

The Thesis is organized as follows. We start with an introductory chapter (Chap-

ter 1) which summarizes the main notions and the most important contributions of

the Thesis separately for the two topics (Sections 1.1 and 1.2). Then we give the

detailed presentation with proofs in Part I for fractals and in Part II for Apollonian

networks.

1.1 Projections of self-similar sets and measures

Mandelbrot introduced Fractals to give mathematical description of some phe-

nomena which appears in physics [31, 32], for example, he modeled turbulence using

the fractal- or Mandelbrot-percolation set [32]. These inspired the development of

fractals, started with a seminar paper of Hutchinson [28]. Since then the literature

on fractal geometry grew enormously, the best referenced books are [19, 22, 23]. The

simplest fractals are the self-similar ones (deterministic or random), we investigate

them from the point of view of their projections to subspaces.

1.1.1 General notations, basics

An iterated function system (IFS) in Rd is a �nite set of contractions

F � tϕi : Rd Ñ RduNi�1. (1.1.1)

A classical theorem of Hutchinson [28] states that an IFS has a unique invariant set

which we call attractor, that is:

Theorem 1.1.1 (Hutchinson [28]). Let F � tϕiuNi�1 be an IFS in Rd. Then there

exists a unique nonempty compact set S � Rd such that

S �
N¤
i�1

ϕipSq.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: The �rst four approximations of the Cantor set

Figure 1.2: The �rst three approximations of the Sierpi«ski carpet

The points of S can be labeled with elements of the code space Σ � t1, . . . , NuN
in the following way. For an i � pi1, i2, . . . q P Σ the limit

Πpiq :� lim
nÑ8

ϕi1,...,inp0q (1.1.2)

exists and is in S, as the functions ϕi are contractions, where ϕi1,...,in denotes ϕin �
� � ��ϕi1 . We call Π the natural projection. On the other hand, every point in S can be

obtained this way. Moreover, it is also easy to see that the limit would be the same

if we would apply the functions to an arbitrary x P Rd. As a consequence, attractors

can be easily constructed by applying iteratively the set functionSpAq � �N
i�1 ϕipAq

to an arbitrary compact set A inde�nitely.

We call level-n cylinder sets the sets ϕi1,...,inpSq. In other words, a cylinder

consists of points having the same prescribed initial �nite word in their code.

Two common examples of attractors of IFS-s are the triadic Cantor set and the

Sierpi«ski carpet. The Cantor set (Figure 1.1) is a subset of the interval r0, 1s de�ned
as the attractor of the IFS "

x

3
,
x

3
� 2

3

*
.

To de�ne the Sierpi«ski carpet (Figure 1.2) let t1, . . . , t8 P R2 be the 8 elements

of the set tt0, 1, 2u � t0, 1, 2u z tp1, 1quu in any particular order. Then the Sierpi«ski

carpet is the attractor of the IFS

S :�
"
ϕipx, yq :� 1

3
px, yq � 1

3
ti

*8

i�1

. (1.1.3)
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In the special case when the contractions are linear functions ϕipxq � riOipxq�ti

with 0   ri   1, Oi rotations and ti P R we call the attractor S a self-similar

set, and we refer to the constants ri as the contraction ratios and to the ti as

translations. In this work in almost all of the cases we investigate self-similar sets

without rotations, like the above mentioned triadic Cantor set and Sierpi«ski carpet.

We also investigate self-similar measures on S de�ned in the following way. Given a

probability vector w � pw1, . . . , wNq (that is,
°n
i�1wi � 1 and wi ¥ 0 i � 1, . . . , n)

one can de�ne the in�nite product measure µ � wN on the code space Σ. Its push

forward ν � νw � Π�µ is called a self-similar measure, that is, for Borel sets H � Rd

νpHq � µpΠ�1pHqq. (1.1.4)

Equivalently, ν is the unique compactly supported Radon probability measure with

the property that for all H � Rd Borel sets

νpHq �
m̧

i�1

pi � ν
�
ϕ�1
i pHq� ,

see [23].

To measure the "size" of attractors we introduce several dimension notions. The

box or Minkovski dimension dimB of a bounded set S � R is de�ned by

dimBpSq :� lim
δÑ0�

NδpSq
� log δ

, (1.1.5)

if the limit exists, where NδpSq is the least number of squares of side length δ

needed to cover S. The upper and lower box dimensions �dimB and dimB are de�ned

in the same way with lim inf and lim sup instead of lim, respectively, which therefore

always exist. It is easy to see that the box dimension of simple sets is what one

would expect, for example a section has dimension 1, or a �lled square has dimension

2. More "rough" sets such as self-similar sets can take any other non-negative real

dimensions which are not greater than the dimension of the ambient space. One

inconvenient property of box dimension is that the box dimension of the union of

countably many sets is not the supremum of the individual box dimensions: E.g.,

dimBpQX r0, 1sq is 1, as one needs at least 1{δ sections of length δ to cover this set.

Another notion of dimension is Hausdor� dimension. To de�ne it �rst we intro-

duce the so called s-dimensional Hausdor� content Hs of a bounded set S � Rd:

HspSq :� lim
δÑ0�

Hs
δpSq (1.1.6)

where

Hs
δpSq :� inf

! 8̧

i�1

|Ai|s
��� S � 8¤

i�1

Ai, |Ai|   δ, Ai � Rd
)
,

where |Ai| is the diameter of Ai. Then the Hausdor� dimension dimH of S is de�ned

by

dimH S :� infts | HspSq � 0u � supts | HspSq � 8u.
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We also de�ne the Hausdor� dimension of a measure m on Rd by

dimH m :� inf tdimH A : mpAq ¡ 0, and A is a Borel setu , (1.1.7)

see [23, p. 170] for an equivalent de�nition.

We will use the following de�nition of the packing dimension of a set H � Rd

[23, p. 23.]:

dimP H � inftsup
i

dimBEi : H �
8¤
i�1

Eiu, (1.1.8)

where dimB stands for the upper box dimension. Note that originally the packing

dimension was de�ned in an analogous way to the Hausdor� dimension, but re-

placing the coverings with packings. For convenience we use the above equivalent

formulation. The most important properties of the packing dimension can be found

in [23].

The similarity dimension of a self-similar IFS is the unique s ¡ 0 for which

Ņ

i�1

rsi � 1. (1.1.9)

The similarity dimension of the corresponding self-similar measure ν � νw is de�ned

by

dimSpνq :�

N°
i�1

pi log pi

N°
i�1

pi log ri

. (1.1.10)

For given F it takes its maximum in pi � rsi , and the maximum value is the similarity

dimension s of F . The self-similar measure associated to these weights is called the

natural measure.

The following relations hold between the di�erent dimension notions. For any

set S � Rd

dimH S ¤ �dimBS,

and if S is self-similar, then

dimB S � dimH S ¤ dimS S.

Moreover, additional separation conditions guarantee more. We say that the

strong separation condition (SSC) holds, if

ϕipSq X ϕjpSq � H @i � j.

We say that the open set condition (OSC) holds if there is a nonempty open set V

such that
ϕipV q � V @i, and
ϕipV q X ϕjpV q � H @i � j.
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Figure 1.3: A realization of the �rst three level sets of the fractal percolation set

Clearly self-similar S sets with SSC also satisfy the OSC with V being an open

neighborhood of S. For example, the triadic Cantor set (Figure 1.1) satis�es the

SSC, while for the Sierpi«sky carpet (Figure 1.2) only the OSC holds. The following

theorem of Hutchinson shows that the above dimensions coincide if the OSC holds.

Theorem 1.1.2. [28] Let S be a self-similar set satisfying the OSC. Let s � dimS S.

Then

0   HspSq   8.

Moreover,

dimB S � dimH S � s.

Note that if the SSC holds, then each point in S has a unique code in the code

space Σ.

In this work we also investigate the Mandelbrot percolation set, or fractal perco-

lation set (Figure 1.3), which is a random (statistically) self-similar set de�ned as

follows.

De�nition 1.1.3 (Mandelbrot percolation). Fix an integer M ¥ 2, real numbers

0 ¤ pi,j ¤ 1 for i, j P t0, . . . ,M � 1u and let K � r0, 1s2. The de�nition goes

iteratively. First, subdivide K into small squares Ki,j of side length 1{M , i, j P
t0, . . . ,M � 1u, and retain all small squares Ki,j with probability pi,j independently

of each other. The union of the retained closed squares forms the �rst level set

E1 of the Mandelbrot percolation set. Then repeat the same process on each of

the retained small squares to get the second level set E2, i.e. subdivide the small

squares to M2 smaller squares each, and retain some of them according to the same

probability distribution as before, independently of each other and of the former

events. Repeat the procedure on the smaller and smaller squares ad in�nitum to

obtain the Mandelbrot percolation set

E � E8 �
8£
n�1

En.
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A bit more formal de�nition of d-dimensional fractal percolation can be found

in Section 3.1. Based on a branching process argument it is easy to see that if°M�1
i,j�0 pi,j ¡ 1 then E is non-empty with positive probability. The name fractal

percolation originates from the property that there is a critical probability pc   1 so

that if all pi,j ¡ pc then the set percolates with positive probability [12], i.e. there

is a subset of E which is connected and intersects with both the left and the right

side of the unit square. On the other hand, if all pi,j   pc, then the set is totally

disconnected almost surely (a.s.).

Another well-known property of the fractal percolation set is that conditioned

on non-emptiness the dimension of E8 is a.s. constant [43]:

dimH E � log
°M�1
i,j�0 pi,j

logM
. (1.1.11)

Similarly to deterministic self-similar sets we de�ne the natural measure µ on E

(conditioned on E � H) as the weak limit

µ � lim
nÑ8

L2|En
L2pEnq ,

where L2 is the 2-dimensional Lebesgue measure. Mauldin and Williams [38] proved

that the above limit exists.

Note that the notions of both the de�nition of fractal percolation set and its

natural measure can be extended from the plane to higher dimensions without di�-

culty such that we start with the unit cube and then subdivide it to smaller cubes,

what we de�ne in full detail later in section 3.

The geometry of random and deterministic self-similar sets may be extremely

complex if separation conditions like OSC or SSC do not hold. In such cases it is

often challenging to claim something about the dimension or geometry of a partic-

ular set. Instead, we investigate parametric families of self-similar sets or measures

depending regularly on the parameter and make statements holding for typical sets

or measures of that family, where we mean typical in terms of either measure or

topology.

Let

Fα :�
!
ϕαi pxq :� rα,i � x� t

pαq
i

)m
i�1

, α P A, (1.1.12)

be a one-parameter family of self-similar IFS on R and let µ be a measure on the

symbolic space Σ :� t1, . . . ,muN .We denote the family of its push forward measures

by tναuαPA and by tνα,wuα the parametrized self-similar measure corresponding to

a given probability vector w.

The most common parametric families are linear projections of a given self-

similar set or measure.

De�nition 1.1.4. Fix α P p0, π{2q. We will use the following linear projections (see

Figure 1.4):
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α

Figure 1.4: Πα (left) and projα (right) projections.

• Let Πα be the linear projection mapping from R2 to the x-axis ∆ in angle α,

i.e. parallel to the vector p1, tanαq. Sometimes we identify ∆ with R.

• We also consider projection projα which is the orthogonal projection to the

line going through the origin and making angle α with the x-axis.

Note that in [44] Πα is de�ned in a slightly di�erent way, namely it projects to

the diagonal of the unit square K. Here we modify it to map to the x-axis because it

is easier to generalize it to projections of high dimensional Mandelbrot percolation.

Both the Πα and projα projected images of a planar self-similar set or measure

without rotations are also self-similar on the line with the same contraction ratios,

and this way they form a family parametrized by α.

1.1.2 Problems, main results

In this section we summarize our contribution to the understanding of self-similar

sets and measures based on the papers [52, 53, 51] which are joint work with Károly

Simon. We also review the most relevant related results from the literature clearly

separated by subsection titles ending with Problems, related literature and Our con-

tribution.

Projections of Mandelbrot percolation sets: Problems, related literature

It is natural to expect that if we pick a set of Hausdor� dimension greater than 1,

then its projection to a line, which is 1-dimensional, has to be big. A classical, fun-

damental theorem of Marstrand [34] con�rms this expectation for Lebesgue typical

projection angles. Let L stand for the one dimensional Lebesgue measure.
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Theorem 1.1.5 (Marstrand [34]). Let A � R2 be a Borel set. Then

(i) if dimH A ¤ 1, then dimHpprojαAq � dimHA for L almost all α;

(ii) or if dimH A ¡ 1, then LpprojαAq ¡ 0 for L almost all α.

Later, Mattila [35] extended the results of Marstrand [34] to projections mapping

from Rd to Rk with 1 ¤ k ¤ d � 1. In the last decades, many works investigated

properties of projections of fractal sets, either complementing, or strengthening in

special cases the results of Marstrand. For a review on this topic, see [18]. Here we

shortly highlight the directions of research to which our results contribute, all corre-

sponding to projections of random and deterministic self-similar sets and measures.

The �rst line of research in this work investigates projections of the fractal per-

colation set E. By Marstrand's theorem 1.1.5 and (1.1.11) we know in particular

that a.s., conditioned on E � H for L almost all (a.a.) α P r0, πq:

(i) dimH projαE � s, if s ¤ 1, and

(ii) LpprojαEq ¡ 0 if s ¡ 1,

where s � log
°M�1
i,j�0 pi,j

logM
is the a.s. dimension of E � H. That is, from the point

of view of Lebesgue measure and Hausdor� dimension, Lebesgue typical orthogonal

projections of E are as expected. However, from this result we can not get any

information about projections in any given angle α. A classical result for a �xed

α is due to Falconer and Grimmett [20, 21]. Their result is for linear projections

mapping from dimension d to k, but for simplicity we state it only for the planar

fractal percolation.

Theorem 1.1.6 (Falconer and Grimmett [20]). Suppose that for all i P t0, . . . ,M �
1u

M�1̧

j�0

pi,j ¡ 1.

Then a.s., conditioned on E � H, proj0E have nonempty interior.

On the other hand, if for an i P t0, . . . ,M � 1u we have

M�1̧

j�0

pi,j   1,

then a.s. the interior of proj0E is empty.

Note that for p ¥ pc (the critical probability for percolation is de�ned on the

bottom of page 5) it is not hard to see that a.s. the projection of E has nonempty

interior given E � H. To see this let us denote by p� ¡ 0 the probability that the

set E percolates. By statistical self-similarity every small squares Kin,jn of any level

n percolate with the same positive probability p�, given Kin,jn � H. Moreover,
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events on disjoint small squares are independent of each other. Therefore, a.s.

conditioned on E � H there will be some small squares of the fractal percolation set

that percolate, which results in an interval of proj0E. However, for p in the range

p1{M, pcq the a.s. dimension of E is ¡ 1 but E is still totally disconnected. This

range is non-empty because pc is quite close to 1, e.g., 0.993 ¡ pcpM � 2q ¡ 0.881

and 0.94 ¡ pcpM � 3q ¡ 0.784 as shown in the paper of Don [15].

To handle individual non-coordinate axis directions took more than 20 years.

Recently, Rams and Simon [45, 44] proved the surprising fact that, under mild

conditions, for projections of the fractal percolation set E there is no exceptional

angle in Theorem 1.1.5 at all a.s. if E � H. The result in [44], which corresponds

to part (ii) of Theorem 1.1.5, relies on a condition called Apαq (see De�nitions 2.1.1
and 3.2.1). As they show, this condition holds for all α P p0, π{2q when pi,j � p and

p ¡ 1{M (i.e. homogeneous retaining probabilities and s ¡ 1).

Theorem 1.1.7 (Rams and Simon [44]). Suppose that Condition Apαq holds for all
α P p0, π{2q. Then a.s., simultaneously for all α P p0, π{2q, orthogonal projections
projαpEq have nonempty interior, conditioned on E � H.

Note that the methods used in [44] allow to extend the above theorem relatively

easily to sets D � p0, π{2q of αs to obtain non-empty interior simultaneously for all

α P D, Theorem 1.1.10 below contains this extension.

The authors of [44] also show a non-trivial inhomogeneous example for which

Condition Apαq holds for all α P p0, π{2q. Namely, if M � 3, then even if the

retaining probability of the middle square p1,1 � 0, but for all other pi, jq we have

pi,j ¡ 1{2, then Condition Apαq holds for all α P p0, π{2q, and hence a.s. there is

an interval in all orthogonal projections. Later we refer to sets constructed with

M � 3, p1,1 � 0 and pi,j � p ¡ 0 for pi, jq � p1, 1q as random Sierpi«ski carpets.

Now let us focus on our contributions in this area. Here we only state the main

results, which are investigated in more detail in Sections 2 and 3.

Projections of Mandelbrot percolation sets: Our contribution

First we consider an example of inhomogeneous fractal percolation sets for which

the extension of Theorem 1.1.7 applies for an interval D of directions α. The set

investigated is the Cantor-like random carpet which is constructed with M � 3

and inhomogeneous retaining probability setting p1,j � 0 for all j � 0, . . . , 2 and

pi,j ¡ 1{2 for all other pi, jq.

Theorem 1.1.8 ([52]). Consider the Cantor-like random carpet E constructed as

above. Then Condition Apαq holds for all α P pπ{4, 3π{4q. As a consequence of

Theorem 1.1.7, a.s. if E � H there is an interval in all of the sets projαpEq,
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α P pπ{4, π{2q. On the other hand, proj0pEq contains no intervals as it is contained

in the triadic Cantor set.

We emphasize that this set behaves di�erently from homogeneous fractal per-

colations. Almost surely, conditioned on non-emptiness, the projections of the ho-

mogeneous set are totally disconnected if its similarity dimension is   1 or if its

dimension is ¡ 1 then projections in all directions have an interval. In contrast,

the Cantor-like random carpet above has exceptional directions for the existence

of intervals in the projection and also has an interval of directions for which the

projected set has nonempty interior.

In addition, we also provide complementing examples which admit several non-

trivial exceptional directions, i.e. fractal percolation sets with dimH ¡ 1 for which

a.s. the projα projections have empty interior for some α.

Theorem 1.1.9 ([52]). Consider random Sierpi«ski carpets Eε constructed with

M � 3, p1,1 � 0 and pi,j � 3{8 � ε for all other pi, jq with ε ¡ 0. Note that in this

case dimH Eε ¡ 1 a.s. if Eε � H. Then for all α P p0, π{2q such that tanα P Q
there is an ε ¡ 0 such that a.s. projαEε contains no intervals.

As an immediate corollary, for any n natural number we can �nd an ε ¡ 0

and distinct directions α1, . . . , αn such that with pi,j � 3{8 � ε these directions are

exceptional for the existence of intervals in the projection, although the dimension

is ¡ 1.

Finally, we extend the results of [44] to orthogonal projections mapping from Rd

to Rk with 1 ¤ k ¤ d� 1. Let us denote such projections with projα, the same way

as before, although the parameter α is not an angle any more. The range of projα

is denoted by Sα � Rd. Similarly to Theorem 1.1.7 we rely on the high-dimensional

analogue of Condition A, which we show to hold under minimal conditions in case of

homogeneous retaining probabilities, as well as in some non-trivial inhomogeneous

cases.

Theorem 1.1.10. [51] Fix d ¥ 2 and 1 ¤ k   d and suppose that Condition Apαq
holds for all α P D, where D is any set of α such that Sα is not a coordinate plane.

Then for almost all realizations of E such that E � H, simultaneously for all α

orthogonal projections projαpEq have nonempty interior (relative to the topology of

Rk).

Overlapping cylinders: Problems, related literature

A serious challenge in studying projected random or deterministic self-similar sets

lays in the structure of so-called overlaps, i.e., in the structure of the intersections

of cylinder sets. Projections projαS of a self-similar set S to lines when dimH S ¡ 1



1.1. PROJECTIONS OF SELF-SIMILAR SETS AND MEASURES 11

always result in intersections. In some cases intersections are so severe that the

Hausdor� dimension of the projected set drops, i.e. dimHpprojαSq   dimH S ¤ 1, or

dimHpprojαSq   1 although dimH S ¡ 1. This happens, e.g., for projα projections

of the Sierpi«ski carpet with tanα P Q [33]. Therefore, these angles are among the

exceptions allowed by Marstrand's theorem 1.1.5. A key question is than how do

the structure of overlaps in exceptions of Marstrand's theorem look like when we

consider projections of self-similar sets?

We say that there is an exact overlap if we can �nd two distinct i � pi1, . . . , ikq
and j � pj1, . . . , j`q �nite words such that

ϕi1 � � � � � ϕik � ϕj1 � � � � � ϕj` . (1.1.13)

Clearly having exact overlaps is one mechanism that can cause dimension drop. The

following two questions have naturally arisen for a long time (e.g. Question 1 below

appeared as [42, Question 2.6]):

Question 1 Is it true that a self-similar measure on the line has Hausdor� dimen-

sion strictly smaller than the minimum of 1 and its similarity dimension only

if we have exact overlap?

Question 2 Is it true for a self-similar measure ν on the line having similarity

dimension greater than one, that ν is singular only if there is exact overlap?

Most of the experts believe that the answer to Question 1 is positive and it has been

con�rmed in some special cases [26]. On the other hand, a result of Nazarov, Peres

and Shmerkin indicated that the answer to Question 2 should be negative. Namely,

they constructed in [40] a planar self-a�ne set having dimension greater than one,

such that the angle-α projection of its natural measure was singular for a dense Gδ

set of parameters α. However, this was not a family of self-similar measures.

The analogous question in high dimensions turns out to be simple, namely there

are planar self-similar measures with similarity dimension ¡ 2 that are singular

but have no exact overlap (see e.g. [5]), and such a planar example can be easily

extended to any dimensions by taking its cross-product with r0, 1sk.

Overlapping cylinders: Our contribution

In Chapter 4 we answer Question 2 negatively, which is the strongest result of

the Thesis. Here we only state the main result in its simplest, less general form, and

we discuss the topic in more detail with additional results there.

Theorem 1.1.11 ([53]). Consider angle-α projections projα of the Sierpi«ski carpet

S. Let να stand for the natural measure of projαS. Note that dimH S ¡ 1. We obtain

that

tα P p0, π{2q : ναKLebu is a dense Gδ set (1.1.14)
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and

dimH ptα P p0, π{2q : να �! Lebuq � 0. (1.1.15)

Note that for self-similar measures ν we either have ν ! Leb or νKLeb. The

second part, (1.1.15) is basically due to Shmerkin and Solomyak [50] with slight

modi�cations (the so-called non-degeneracy condition of [50, Theorem A] doesn't

hold, for details see the proof of Theorem 1.1.11). Clearly, it also implies that for

the Sierpi«ski carpet the exceptional set of angles in Theorem 1.1.5 is not only of 0

measure, but of 0 Hausdor� dimension as well. On the other hand, (1.1.14) shows

that this set of exceptions is huge in the topological sense.

As we mentioned before, (1.1.14) also answers Question 2 negatively. To see this

note that the set of angles α such that the self-similar set projαS has an exact overlap

must be countable. Actually, if S is the Sierpinsky carpet, projαS can have an exact

overlap only if tanα P Q. However, a dense Gδ set in p0, π{2q is uncountable, hence
there are angles α such that ναKL but it is not caused by exact overlap.

1.2 Degrees of random and evolving Apollonian net-

works

Now let us turn our attention to two randomly evolving graph models belonging

to the class of Apollonian networks. The following results are based on the paper

[30] which is a joint work with István Kolossváry and Júlia Komjáthy.

1.2.1 Background and notations

The construction of deterministic and random Apollonian networks originates

from the problem of Apollonian circle packing: starting with three mutually tangent

circles, we inscribe in the interstice formed by the three initial circles the unique circle

that is tangent to all of them: this fourth circle is known as the inner Soddy-circle.

Iteratively, for each new interstice its inner Soddy-circle is drawn. After in�nite

steps the result is an Apollonian gasket [10, 25].

An Apollonian network (AN) is the resulting graph if we place a vertex in the

center of each circle and connect two vertices if and only if the corresponding circles

are tangent, see Figure 1.5. This model was introduced independently by Andrade

et al. [2] and Doye and Massen [16] as a model for networks arising in real-life such

as the network of internet cables or links, collaboration networks or protein interac-

tion networks. Apollonian networks can serve as a model for these networks since

their main characteristic properties can be observed also in the examples above:

a power-law degree distribution, a high clustering coe�cient, and small distances,
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Figure 1.5: Apollonian circle packing after a few steps with 7 circles and the corre-

sponding Apollonian Network with 7 nodes (circles), straight lines represent edges.

usually referred to as the small-world property. Moreover, by construction, Apollo-

nian networks also show hierarchical structure: a property that is very commonly

observed in e.g. social networks.

It is straightforward to generalize Apollonian packings to arbitrary d ¥ 2 with

mutually tangent d dimensional hyperspheres. Analogously, if each d-hypersphere

corresponds to a vertex and vertices are connected by an edge if the corresponding

d-hyperspheres are tangent, then we obtain a d-dimensional AN (see [57, 58]).

The network arising by this construction is deterministic. Zhou et al. [61]

proposed to randomise the dynamics of the model such that in one step only one

interstice is picked u.a.r. and �lled with a new circle. This construction yields a

d dimensional random Apollonian network (RAN) [59], see Figure 1.6. We give

a detailed de�nition below. Using heuristic and rigorous arguments the results in

[1, 13, 14, 17, 24, 59, 61] show that RANs have the above mentioned main features

of real-life networks.

A di�erent random version of the original Apollonian network was introduced by

Zhang et al. [60], called Evolutionary Apollonian networks (EAN) where in every

step every interstice is picked and �lled independently of each other with probability

q. If an interstice is not �lled in a given step, it can be �lled in the next step again.

We call q the occupation parameter. For q � 1 we get back the deterministic AN

model. It is conjectured in [60] that an EAN with parameter q, as q Ñ 0, should show

similar topological behavior to RANs. To make this statement rigorous, instead of

looking at a sequence of evolving EAN-s with decreasing parameters, we slightly

modify the model and investigate the asymptotic behavior of a single EAN when q

might di�er in each step of the dynamics. That is, we consider a series tqnu8n�1 of

occupation parameters so that qn applies for step n of the dynamics, and assume

that qn tends to 0. In this setting, the interesting question is to determine the correct

rate for qn that achieves the observation that EAN shows similar behavior as RAN

when the parameter tends to zero.
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Figure 1.6: A realization of the �rst few steps of RAN2.

In the followings we give the precise de�nition of the RAN and EAN models and

introduce the necessary notations before we state our main results.

Random Apollonian networks

A random Apollonian network RANdpnq in d dimensions can be constructed as

follows. The graph at step n � 0 consists of d� 2 vertices, embedded in Rd in such

a way that d�1 of them forms a d-dimensional simplex, and the pd�2q-th vertex is

located in the interior of this simplex, connected to all of the vertices of the simplex.

This vertex in the interior forms d�1 d-simplices with the other vertices: initially we

set the status of these d-simplices `active', and call them active cliques. For n ¥ 1,

pick an active clique Cn of RANdpn� 1q uniformly at random (u.a.r.), insert a new

vertex vn in the interior of Cn and connect vn with all the vertices of Cn. The newly

added vertex vn forms new cliques with each possible choice of d vertices of Cn. Set

the status of the clique Cn `inactive', and the status of the newly formed d-simplices

`active'. The resulting graph is RANdpnq. At each step n a RANdpnq has n� d� 2

vertices and nd� d� 1 active cliques.

Evolutionary Apollonian networks

Given a sequence of occupation parameters tqnu8n�1, 0 ¤ qn ¤ 1, an evolutionary

Apollonian network EANdpn, tqnuq � EANdpnq in d dimensions can be constructed
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iteratively as follows. The initial graph is the same as for a RANdp0q and there are d�
1 active cliques. For n ¥ 1, choose each active clique of EANdpn� 1q independently
of each other with probability qn. The set of chosen cliques Cn becomes inactive

(the non-picked active cliques stay active) and for every clique C P Cn we place a

new vertex vnpCq in the interior of C that we connect to all vertices of C. This

new vertex vnpCq together with all possible choices of d vertices from C forms d� 1

new cliques: these cliques are added to the set of active cliques for every C P Cn.
The resulting graph is EANdpnq. The case qn � q was studied in [60] where it was

further suggested that for q Ñ 0 the graph is similar to a RANdpnq. We prove their

conjecture by showing that EANs obey the same power law exponent as RANs if

qn Ñ 0 and
°8
n�0 qn � 8.

Remark 1.2.1. Note that both in the RAN and EAN models, there is a one-to-one

correspondence between cliques and vertices/future vertices: vertex v corresponds to

the clique C that became inactive when v was placed in the interior of the d-simplex

corresponding to C. In this respect, we call vertices that are already present in the

graph inactive vertices, and we refer to active cliques as active vertices : this notation

means that these vertices are not yet present in the graph, but might become present

in the next step of the dynamics.

Additional notations

Let us introduce some additional notation to be able to state our results on the

degree distribution of RANs and EANs.

We de�ne Dvpnq as the degree of vertex v after the n-th step. Let us denote byrNkpnq and rpkpnq the number and the empirical proportion of inactive vertices with

degree k at time n respectively in a RANdpnq, i.e.

rpkpnq :�
rNkpnq

n� d� 2
:� 1

n� d� 2

n�d�2¸
i�1

11tDipnq � ku. (1.2.1)

Analogously, for the graph EANdpn, tqnuq we use the notations Nkpnq and pkpnq
de�ned by

pkpnq :� Nkpnq
Npnq �

1

Npnq
¸

iPV pnq

11tDipnq � ku, (1.2.2)

where V pnq denotes the set of vertices after n steps and Npnq � |V pnq|.
We say that a sequence of events En happens with high probability (whp) if

limn PpEnq � 1. Note that `with high probability' is the same as `asymptotically

almost surely'. We further de�ne for an event A and a σ-algebra F the conditional

probability PpA|Fq � Er11A|Fs, where 11A is the indicator of the event A, i.e., it

takes value 1 if A holds and 0 otherwise. We will sometimes replace F by a list of

random variables, in this case we drop the σ-algebra notation and list the random
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variables in the conditioning, and this means conditional on the σ-algebra generated

by this list of random variables.

1.2.2 Results

All of the results are from [30].

Degree distribution

Our �rst result states that for a RANdpnq the empirical distribution rpkpnq tends
to a proper distribution in the `8-metric:

Theorem 1.2.2 (Degree distribution for RANs). For all d ¥ 2 there exist a proba-

bility distribution tpku8k�d�1 and a constant c for which

lim
nÑ8

P

�
max
k

|rpkpnq � pk| ¥ c

c
log n

n

�
� 0.

Further, pk follows a power law with exponent p2d�1q{pd�1q P p2, 3s, more precisely

pk � d

2d� 1

Γpk � d� 2
d�1

q
Γp1� 2

d�1
q

Γp2� d�2
d�1

q
Γpk � 1� d� d�2

d�1
q � Cpdqk� 2d�1

d�1 p1� okp1qq, (1.2.3)

where okp1q denotes a quantity that tends to zero as k Ñ 8, Cpdq is constant that
depends on d and Γpxq is the Gamma function.

Remark 1.2.3. To get the asymptotic behaviour of pk above we used the property

that Γpt� aq{Γptq � tap1� op1qq.
For the theorem that describes the degree distribution of the graph EANdpn, tqnuq

we need the following additional analytic assumption on the sequence tqnunPN.
Assumption 1.2.4. Assume, as before, that qn Ñ 0 and

°8
i�1 qn Ñ 8. We assume

further that there exist constants c1, C1 (that depend only on the sequence tqnu8n�1)

such that

c1 ¤
°n
i�1 q

2
i

±i
j�1p1� dqjq

qn
±n

j�1p1� dqjq ¤ C1, (1.2.4)

and for every ε ¡ 0,
8̧

n�1

exp
!
�εqned

°n
j�0 qj

)
  8. (1.2.5)

Theorem 1.2.5 (Degree distribution for EANs). Let d ¥ 2 and tqnu8n�0 be proba-

bilities such that Assumption 1.2.4 is satis�ed. Then the degree distribution tends to

the same asymptotic degree distribution tpku8k�d�1 as in the case of RANdpnq given
in (1.2.3). More precisely, there exists a constant C0 ¡ 0 and a random variable

η   8 such that for any k P N

lim
nÑ8

P
�

max
i k

|pipnq � pi| ¥ C0k!ηkqn

	
� 0.
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In particular, the degree distribution converges pointwise for all i   k � kpnq for
any kpnq that satis�es C0k!ηkqn Ñ 0 as nÑ 8.

The following lemma gives classes of sequences tqnunPN that satisfy Assumption

1.2.4.

Lemma 1.2.6 (Regularly varying sequences). Let Lpxq denote a slowly varying

function at in�nity, that is, for every c ¡ 0, limxÑ8 Lpcxq{Lpxq � 1. Then As-

sumption 1.2.4 is satis�ed in the following cases

1. qn � Lpnq{nα, for some α P p0, 1q,

2. qn � pb� opn�δqq{n, with b ¡ 1{d, for some arbitrary δ ¡ 0.

Remark 1.2.7. Clearly, case (2) in Lemma 1.2.6 does not cover all possible regularly

varying functions with α � 1 for which Assumption 1.2.4 holds: one can check that

the assumption holds for other cases as well, e.g., qn � b� b1{ log n with any b ¡ 1{d
and arbitrary b1 P R works. On the other hand, some cases where qn � Lpnq{n and

Lpnq Ñ 8 fail, e.g. qn � b{pn log nq does not satisfy (1.2.4).

The proof of these theorems and Lemma 1.2.6 are given in Sections 5.1 and 5.2.

Next we describe the clustering coe�cient of RANs and EANs.

Clustering coe�cient

The clustering coe�cient of a vertex is the proportion of the number of existing

edges between its neighbors, compared to the number of all possible edges between

those. Here we investigate the clustering coe�cient of the whole graph, which is

the average of clustering coe�cients over the vertices. Since these are direct con-

sequences of the formula for the limiting degree distributions pk, we state them as

corollaries. This corollary is similar to the result in [59, Section 4.2.], but now,

that we have established the degree distribution, it has a rigorous proof. This is

based on the observation that the clustering coe�cient of a vertex with degree k is

deterministic both in RANs and EANs and equals

dp2k � d� 1q
kpk � 1q � 2d

k
.

The reason for this formula is the following: when the degree of vertex v increases

by one by adding a new vertex w in one of the active cliques v is contained in,

then the number of edges between the neighbors of v increases exactly by d, since

the newly added vertex w is connected to the d other vertices in the clique. It was

observed in simulations and heuristically proved in [59], that the average clustering

coe�cient of these networks converges to a strictly positive constant. Our next

corollary determines the exact value of these constants for the two models:



18 CHAPTER 1. INTRODUCTION

Corollary 1.2.8 (Clustering coe�cient). The average clustering coe�cient of RANdpnq
converges to a strictly positive constant as nÑ 8, given by

Cld :�
8̧

k�d�1

dp2k � d� 1q
kpk � 1q pk

�
8̧

k�d�1

dp2k � d� 1q
kpk � 1q � d

2d� 1

Γpk � d� 2
d�1

q
Γp1� 2

d�1
q

Γp1� 2d�1
d�1

q
Γpk � d� 2d�1

d�1
q .

(1.2.6)

Further, the clustering coe�cient of EANdpn, tqnuq converges to the same value as

in (1.2.6) if qn Ñ 0 and
°
nPN qn � 8.

1.2.3 Related literature

Several results related to the asymptotic degree distribution of Apollonian net-

works are known. It is not hard to see that if a vertex belongs to k active cliques,

then the chance for that vertex to get a new edge is proportional to k: this argument

shows that these models belong to the wide class of Preferential attachment models

[3, 8, 9]. As a result, some of the classical methods can be adapted to this model.

Using heuristic arguments, Zhang and his co-authors [59] obtained that the

asymptotic degree exponent should be 2d�1
d�1

P p2, 3s, which is in good agreement

with their simulations. Parallel to writing the paper [30], we noticed that Frieze

and Tsourakakis [24] very recently derived rigorously the exact asymptotic degree

distribution of the two-dimensional RAN. Even though our work is independent

of theirs, the methods are similar: this is coming from the fact that both of the

methods used there and in our work are an adaptation of standard methods given in

[9, 27]. So, to avoid repetition we decided to only sketch some parts of the proof and

include the part that does not overlap with their work, i.e. the degree distribution

of EANs.

What is entirely new in [30] is that we study the EAN model rigorously. For the

degree distribution of EANs only heuristic arguments were known before. Zhang,

Rong and Zhou [60] studied the graph series EANdpnq with (�xed) occupation pa-

rameter q. They derived the asymptotic degree exponent using heuristic arguments,

and the result �ts well with the simulations. They also suggested that as q Ñ 0 the

model EANdpnq converges to RANdpnq in some sense. We con�rm their claim by

deriving the asymptotic degree distribution of EANdpn, tqnuq with tqnu such that

qn Ñ 0 and
°8
n�0 qn � 8, obtaining the same degree distribution. This way we can

give an analytic proof of the idea of Zhang and his co-authors.



Part I

Projections of self-similar sets and

measures

19





2. Projections of the planar Mandel-

brot percolation set, existence of

intervals

2.1 Related literature

The results of this section strongly rely on the notions and results of [44], there-

fore we discuss these here in a bit more detail, together with [20, 21]. Recall the

de�nitions of Mandelbrot percolation set E and projection Πα (De�nitions 1.1.3 and

1.1.4). Orthogonal projections of fractal percolation sets parallel to coordinate axes

were investigated by Falconer and Grimmett [20, 21]. They obtained su�cient and

necessary conditions for the a.s. existence of interior points of the projected set,

given E � H. The summary of their argument is as follows:

• Consider a planar Mandelbrot percolation such that
°
j pi,j ¡ 1 for every i.

Suppose we project orthogonally to the x-axis and consider vertical lines `pxq
going through px, 0q. Then for any given x P r0, 1s the number of level-n re-

tained small squares (forming En) intersecting `pxq is a super-critical branching
process in n and therefore has exponential expected growth.

• If for x, y P r0, 1s the slices `pxq and `pyq intersect the same level-n small

squares, then the corresponding branching processes evolve identically up to

generation n.

• Based on these, using a large-deviation estimate it can be shown that

Ppall of the above branching processes survive simultaneouslyq ¡ 0.

• Finally, using the statistical self-similarity and independence of steps in the

construction of the Mandelbrot percolation set it can be seen that the previous

point implies that a.s. for su�ciently large n there will be a level-n square so

that its projection is maximal, given E � H. Therefore

Ppthe projection of E contains an interval | E � Hq � 1.

21



22 CHAPTER 2. PROJECTED FRACTAL PERCOLATION SET

supp(ψα,2,1)

K2,1

xψα,2,1(x)

ϕ2,1

Πα

K2,1

Figure 2.1: (a): Support of ψα,2,1. (b): Three examples of Πα � ϕ2,1

Extending these results to projections Πα in all directions raises several prob-

lems, let us point out a few of these here. Let `αpxq stand for the line going through

px, 0q and making angle α with the x-axis. One di�culty is that if we wanted to

investigate the intersection of `αpxq with the level-n retained squares as a branching

process, then squares that are intersected by `αpxq close to a corner will have less

than 1 o�spring on average. In addition, for di�erent x these slices are di�erent,

therefore the corresponding branching processes have di�erent distribution. More-

over, obtaining the a.s. result simultaneously for all α requires to handle several

directions together, although `αpxq X En slices for di�erent α are fairly di�erent.

Nevertheless, the authors of [44] managed to overcome all these di�culties with the

help of the notion of Condition Apαq, which we de�ne here after some preparation.

Let ϕin,jn : R2 Ñ R2, in, jn P t0, . . . ,M � 1un be de�ned by

ϕin,jnpxq �
1

Mn
x�

ņ

l�1

1

M l
pil, jlq.

The ϕin,jn image of the unit square is a shifted and scaled square of size 1{Mn, what

we denote by Kin,jn
, i.e.

Kin,jn
� ϕin,jnpKq.

In addition we introduce the function ψα,in,jn : R � ΠαpKin,jn
q Ñ ΠαpKq � R

which is the inverse of Πα � ϕin,jn . Note that Πα � ϕin,jn is one to one from ΠαpKq
to ΠαpKin,jn

q, therefore ψα,in,jn is well de�ned. The support ΠαpKin,jn
q of ψα,in,jn

and examples of Πα � ϕin,jn are illustrated on Figure 2.1.

The following operator is de�ned on functions from R to non-negative reals by

Fαgpxq �
¸
i,jPI

pi,j � g � ψα,i,jpxq, (2.1.1)
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where I � t0, . . . ,M � 1u. It is easy to see that the n-th iterate of Fα equals

F n
α gpxq �

¸
in,jnPI

n

pin,jn � g � ψα,in,jnpxq,

where pin,jn �
±n

k�1 pik,jk .

Now we introduce condition Apαq of [44]. We use the notation ∆α � ΠαpKq � R.

De�nition 2.1.1 ([44], Condition Apαq). We say that condition Apαq holds if there
exist closed intervals Iα1 , I

α
2 � ∆α and a positive integer rα such that

(i) Iα1 � intpIα2 q, Iα2 � intp∆αq,
(ii) F rα

α 11Iα1 ¥ 2 � 11Iα2 .

It is a simple observation thatApαq is an open condition (ifApα0q holds thenApαq
holds for all α su�ciently close to α0, and what is more with the same parameters

Iα1 , I
α
2 and rα, which is called robustness in [44]). In some cases (for example when

E is homogeneous in probabilities) instead of Condition Apαq it is more convenient

to check the following stronger condition:

De�nition 2.1.2 ([44], Condition Bpαq). We say that the percolation satis�es con-

dition Bpαq if there exists a function gα such that gα : ∆α Ñ R and

(i) gα is continuous,

(ii) gαpxq ¡ 0 for x P intpΠαpKqq,
(iii) gαpxq � 0 for x R intpΠαpKqq and
(iv) there exists ε ¡ 0 such that for every x P intpΠαpKqq we have

Fαgαpxq ¡ p1� εqgαpxq.

For the proof of the following Lemma we refer to [44].

Lemma 2.1.3 ([44]). For all α, Condition Bpαq implies Condition Apαq.

In [44] it was shown that if the planar Mandelbrot percolation was constructed

with homogeneous probabilities, i.e., all pi,j � p then for Condition Bpαq to hold for

all α we only need p ¡ 1{M (which means that the a.s. dimension in (1.1.11) has

to be ¡ 1), and it also holds in some inhomogeneous cases. Condition Apαq implies

a uniform exponential expected growth of the number of small squares intersecting

each `αpxq for α-s with the same parameters Iα1 , I
α
2 and rα. This exponential growth

and the robustness of Condition Apαq combined with a large-deviation estimate

yields Theorem (1.1.7). A complete proof in the more general high dimensional case

can be found in Section 3.

In the following sections we review our contribution regarding the existence of

intervals in sets ΠαpEq. In Section 2.2 we discuss an inhomogeneous positive ex-

ample where we check Condition Bpαq in a new way. Then in Section 2.3 we show
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counterexamples among inhomogeneous Fractal percolations where, although the

a.s. dimension (1.1.11) is ¡ 1, but a.s. ΠαE contains no intervals for many α direc-

tions. Our �nal contribution in this area is interpreted in Section 3, where we extend

the results of [44] to d-dimensional fractal percolation sets and for projections from

d- to k-dimensions, d ¡ k ¥ 1.

2.2 A Cantor-like random carpet

In this Section we prove Theorem 1.1.8 following [52]. Combining Theorem

1.1.7 and Lemma 2.1.3 we obtain that it is enough to �nd a function gα which

satis�es Condition Bpαq (De�nition 2.1.2), i.e., a continuous function supported on

intpΠαpKqq that is uniformly increased by Fα (see (2.1.1)). It is easy to see that

Fα increases every function on average if dimH E ¡ 1: If
³
xPΠαpKq

gαpxqdx � 1, then³
xPΠαpKq

Fαgαpxqdx �
°

iPI pi{M , which is greater than 1 if and only if the expected

dimension of E is greater than 1. A natural candidate function for gα in condition

Bpαq is the eigenfunction fα of Fα corresponding to the eigenvalue
°

iPI pi{M :

Fαfαpxq �
¸
iPI
pi � fα � ψα,ipxq �

°
iPI pi
M

� fαpxq (2.2.1)

if such a function fα exists and if it satis�es conditions of De�nition 2.1.2. We can

characterize this function fα also in the following way: Consider the homogeneous

self-similar IFS on ΠαpKq with common contraction ratio 1{M :

Ψα :�  
ψ�1
α,ipxq

(
iPI with weights qi � pi{

¸
iPI
pi. (2.2.2)

It follows from the change of variables formula and (2.2.1) that if there exists an

L1 function fα with fα ¥ 0 and
³
ΠαpQq

fαpxqdx � 1 which satis�es (2.2.1) then this

function fα is the density function of the IFS Ψα with weights tqiuiPI . Consequently,
fα is the density function of the measure να � Πα � ν. This implies that

Lemma 2.2.1. If the deterministic self-similar measure corresponding to the IFS

Ψα and weights tqiuiPI (de�ned in (2.2.1)) is absolute continuous with a continuous

density function which is positive at x if and only if x P intpΠαpQqq then Condition

Bpαq holds.

In the following we consider an example which satis�es the assumptions of

Lemma 2.2.1 with a density which is an a�ne transform of the Devil' staircase

function.

Example 2.2.2. Consider the random Sierpi«ski-like carpet E de�ned by d � 2,

M � 3 and $&%p1,j � 0 for all j,

pi,j � p ¡ 1{2 for all j and all i � 1.
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cot(α) 0 1− cot(α) 1

α

-0.4-0.2 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

Figure 2.2: (a): The approximation of the density of the deterministic measure

de�ned by the IFS and weights in (2.2.2), corresponding to the Cantor-like random

carpet. (b): The function de�ned in (2.2.3) with cotpαq � 0.5.

Clearly, E is not simply the product of a random Cantor set and the unit interval,

as the retention of squares of the same row is independent. However, as we noted

earlier, the eigenfunction fα of Fα can be characterized as the probability density

function of the corresponding projected deterministic self-similar measure, that is

the projection of the natural measure on the product of the unit interval and triadic

Cantor set.

To give a formula for fα let us denote the usual Cantor function (or Devil'

staircase function) by

Cpxq � µpr0, xqq,

where µ is the natural measure of the deterministic triadic Cantor set on r0, 1s. It
is well known that Cpxq is Hölder-continuous and grows monotonically from 0 to 1.

Let us identify ΠαpKq with r� cotpαq, 1s for α P pπ{4, π{2q (on the x-axis).

We show that for α P pπ{4, π{2q the eigenfunction fα of Fα is supported on the

whole interval p� cotpαq, 1q and is given by (up to a normalizing constant)

fαpxq �

$'''&'''%
C
�px� cotpαqq{ cotpαq�, if x P r� cotpαq, 0q,

1, if x P r0, 1� cotpαqq,
C
�p�x� 1q{ cotpαq�, if x P r1� cotpαq, 1s,

(2.2.3)

for an illustration see Figure 2.2(b).

As for a proof of it, we refer to Figure 2.2(a): since the slices between the two

dashed lines on Figure 2.2(a) are identical, hence fαpxq is constant on r0, 1�cotpαqs,
and that constant is �nite and positive because fα is a probability density, see

Figure 2.2(b). On the other hand, to see what happens for x P r� cotpαq, 0s let
us approximate the deterministic 2-dimensional measure ν the usual way, i.e. with

the normalized Lebesgue measure on the level-n cylinder set (gray stripes on Figure

2.2(a)). Then clearly the angle α projection of its density fα,npxq on r� cotpαq, 0s
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is the n-th approximation of the Cantor function rescaled to that interval. Thus, in

the limit n Ñ 8 we receive (2.2.3). The interval r1 � cotpαq, 1s can be handled by

symmetry.

Since fαpxq is positive and continuous on p� cotpαq, 1q, hence it satis�es Con-

dition B and therefore almost surely, if E � H, ΠαE contains an interval for all

α P pπ{4, π{2q, and by symmetry a.s. for all α P pπ{4, π{2q Y pπ{2, 3π{4q. Moreover,

according to Theorem 1.1.6, Ππ{2pEq too contains an interval if E � H, almost

surely.

On the other hand, Π0pEq is a subset of the triadic Cantor set and in particular

contains no intervals, which completes the proof of Theorem 1.1.8.

2.3 Randomized Sierpi«ski carpet: exceptional di-

rections for the existence of intervals

In this Section we follow [52] and prove Theorem 1.1.9. Consider the following

random Sierpi«ski carpet:

Example 2.3.1. Let En be the n-th approximation of the fractal percolation set

E � Epd,M,pq constructed with d � 2, M � 3 and probabilities$&%p1,1 � 0,

pi,j � p ¡ 3{8 for pi, jq � p1, 1q.
By (1.1.11) we have dimH E ¡ 1 a.s. given E � H. In this subsection we

investigate both the Sierpi«ski carpet Λ, which is a deterministic set, and the random

percolation set E de�ned in Example 2.3.1. In addition, let Λn stand for the n-th

approximation of Λ. The results of this section are based on the paper of Manning

and Simon [33]. For x P r� cotpαq, 1s let Λα,x stand for the slice of Λ in direction α

through x, that is

Λα,x � ΛX `αpxq,
where, as we already mentioned, `αpxq is the line making angle α with the x-axis,

and going through x.

Theorem 2.3.2. [33, Theorem 9] For any �xed α P r0, π{2s such that tanpαq P Q
and for Lebesgue almost all x P r� cotpαq, 1s we have

dimB Λα,x � dα   log 8

log 3
� 1,

where dimB stands for the box dimension and dα is a constant not depending on x.

Proposition 2.3.3. For any α P r0, π{2s such that tanα P Q there exists a pα ¡ 3{8
such that for p P �3

8
, pα

�
the projected percolation set ΠαE has empty interior almost

surely.



2.3. RANDOMIZED SIERPI�SKI CARPET 27

Clearly, Proposition 2.3.3 implies Theorem 1.1.9.

Proof of Proposition 2.3.3. We show that almost surely on a dense set of points x

we have `αpxq X E � H. By Theorem 2.3.2 for L1 almost all x we have

dimB Λα,x �
log

�p8{3qp1� εαq
�

log 3
(2.3.1)

with an εα ¡ 0, so now on we suppose that x has this property. Let

Λα,x,n �
!
pin, jnq P

 t0, 1, 2u2zp1, 1q(n : `αpxq XKin,jn
X Λ � H

)
,

In addition, let Nα,x,n � #Λα,x,n and Eα,x,n � En X Λα,x,n.

Fact 2.3.4. E
�
Eα,x,n

�Ñ 0 as nÑ 8.

Proof of the Fact. Using (2.3.1), there exists n1 � n1pα, xq such that for n ¡ n1 we

have
logNα,x,n

log 3n
  log

�p8{3qp1� εαqp1� εαq
�

log 3
,

that is

Nα,x,n  
�

8

3


n �
1� ε2

α

	n
.

Using this and the de�nitions above, we obtain

E
�
#Eα,x,n

�   Nα,x,np
n Ñ 0,

if p   pα :� 3
8

1
1�ε2α

.

To conclude the proof of the proposition we use Markov's inequality and write

P
�
#Eα,x,n ¡ 0

� � P
�
#Eα,x,n ¥ 1

� ¤ E
�
#Eα,x,n

�Ñ 0.

Hence

P
�
E X `αpxq � H� � 0.

This holds for all x satisfying (2.3.1), and also simultaneously for a dense countable

set of such x.

Remark 2.3.5. Bárány and Rams [4, Theorem 1.2 and Proposition 2.1] proved the

analogue of Theorem 2.3.2 for generalized Sierpi«ski-like carpets under a light non-

resonance assumption. Therefore the conclusion of Theorem 2.3.3 holds for all such

carpets as well.
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3. Projections of high-dimensional Man-

delbrot percolation, existence of in-

terior points

The main goal of this section is to prove Theorem 1.1.10. To this end we ex-

tend Conditions Apαq and Bpαq - together with many other necessary notions - to

projections mapping from d to k dimension. We follow [51].

3.1 Notations

To de�ne the fractal percolation in r0, 1sd, �rst we label the M�n-mesh cubes by

d� n matrices chosen from

An � t0, . . . ,M � 1ud�n,

where the 1 ¤ k ¤ n-th column corresponds to the level k contribution. We explain

this on a simple example with the help of Figure 3.1. Namely, in this example we

assume that d � 2,M � 2, n � 3 and A � p 1 1 0
1 0 1 q. Then the �rst column p 1

1 q of A
corresponds to the right top square of K with side length 1{2. The second column

p 1
0 q then corresponds to the right bottom smaller square of the previous square and

K( 01 )

K( 10 )
K( 00 )

K( 1 0
1 0 )

K( 1 0
1 1 )

K( 1 1
1 1 )

K( 1 1 0
1 0 1 )

Figure 3.1: In dimension d � 2, if M � 2, then the indices are 2 � n matrices with

entries from t0, 1u, for example the shaded level 3 square is Kp 1 1 0
1 0 1 q.

29
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the third column p 0
1 q refers to the left top level 3 square of its ancestor, which is the

shaded square on Figure 3.1. Then the left bottom corner of this square is just

1

2
�
�

1

1

�
� 1

22
�
�

1

0

�
� 1

23
�
�

0

1

�
.

In general, for an A P An let KA be the corresponding level-n cube. Then the

homothety which maps the unit cube K onto KA is

ϕApxq � 1

Mn
x�A

����
M�1

...

M�n

���.
We denote the d-dimensional Mandelbrot percolation in the unit cube K with

retaining probabilities tpAuAPA1 by E � Epωq. That is for n ¥ 0 integers let

En � An be the random set de�ned inductively in the following way. Put E0 � H. If

for A P An we have A R En then for any C P A1 and for B � �
A C

� P An�1 we

haveB R En�1 as well. On the other hand, ifA P En thenB � �
A C

� P An�1 with

probability pC. The n-th approximation En of E is the subset of K corresponding

to En:
En �

¤
APEn

KA.

Then E is de�ned by

E �
8£
n�1

En.

Now we turn our attention to the projections. Fix 1 ¤ k ¤ d�1. Let ap1q, . . . , apkq

be an orthonormal set of vectors in Rd, put α �  
ap1q, . . . , apkq

(
and let Sα be the

linear subspace spanned by the vectors in α:

Sα � spantap1q, . . . , apkqu. (3.1.1)

We denote by projα the orthogonal projections of E to a k-dimensional plane Sα.

It will be useful to handle projections parallel to some sides of the unite cube

separately from other directions. Write epiq for the vector with all 0 entries ex-

cept for the i-th, which is 1. We call Sα a coordinate plane if there exist distinct

j1, . . . , jk P rds such that Sα � spantej1 , . . . , ejku. The case of orthogonal projec-

tions to coordinate planes is fully covered by the paper of Falconer and Grimmett

[20]. Concerning orthogonal projections to non-coordinate planes we prove Theorem

1.1.10 in Section 3.2.

In addition, we consider radial and co-radial projections as well.

De�nition 3.1.1 (Radial and co-radial projection). Given t P Rd:

• the radial projection with center t of set E is denoted by ProjtpEq and is

de�ned as the set of unit vectors under which points of Ezttu are visible from
t. In particular, Projt maps to the d� 1-sphere Sd�1.
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• the co-radial projection with center t of set E is denoted by CProjtpEq and
is de�ned as the set of distances between t and points from E. In particular,

CProjt maps to R�.

We will prove the following theorem in Section 3.3.

Theorem 3.1.2. Fix d ¥ 2.

1. Fix k � d� 1 and suppose that Condition Apαq holds for all α such that Sα is

not a coordinate plane. Then for almost all realizations of E such that E � H,

simultaneously for all t radial projections ProjtpEq have nonempty interior.

2. Fix k � 1 and suppose that Condition Apαq holds for all α such that Sα is

not a coordinate plane. Then for almost all realizations of E such that E �
H, simultaneously for all t co-radial projections CProjtpEq have nonempty

interior.

In Section 3.2.2 we de�ne Condition Apαq for high dimensional fractal percola-

tions. As in the plane, we will see that if pA ¡ M�pd�kq for all A P A1 (e.g., if the

a.s. dimension of the homogeneous E is ¡ k), then Condition Apαq holds for all α.

3.2 Orthogonal projections

Since the range of the projection projα is di�erent for di�erent α it is more

convenient to substitute projα with a projection Πα to some coordinate plane.

3.2.1 Skewed projection to coordinate axes

Let γα be an arbitrary orthonormal basis of SKα . Put
�
rds
k

�
for the k element

subsets of rds. For I � ti1, . . . , iku P
�
rds
k

�
let SI stand for the coordinate-plane

spanned by the unit vectors corresponding to I:

SI :� span
!
epi1q, . . . , epikq

)
. (3.2.1)

Then Πα,I is the linear projection to SI in direction γα, that is for x P Rd

Πα,Ipxq �
!
spantcp1q, . . . , cpd�kqu � x

)
X SI , (3.2.2)

where cp1q, . . . , cpn�kq are the vectors of γα. We will see soon that if we choose a

suitable I, then the right-hand side of (3.2.2) is a single point.

To describe the projection in (3.2.2) by matrix operations we introduce C � Cα

as the d� pd� kq matrix whose column vectors are c1, . . . , cd�k:

C �
�

cp1q . . . cpd�kq
	
.
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Let Ic :� rdszI and let i1   � � �   ik and ik�1   � � �   id be the elements of I and

Ic respectively. We de�ne the d� d matrix MpIq �MαpIq by

MpIq :�
�
I �C

1

0 �C
2

�
, (3.2.3)

where I is the k � k identity matrix; 0 is a pd� kq � k matrix with all zero entries;

C
1
� Cα

1
is a k � pd� kq matrix whose `-th row is the i`-th row of C; and C

2
� Cα

2

is a pd� kq � pd� kq matrix whose `-th row is the ik�`-th row of C.

Using the Cauchy-Binet formula [11, Section 4.6, page 208-214] we obtain that

1 � det
�
CTC

	
�

¸
IPprdsk q

�
det

�
C

2
pIq

	
2

.

Therefore there exists I 1 P �rds
k

�
such that detpMpI 1qq � � detpC

2
pI 1qq � 0. We use

the notation M � Mα :� MαpI 1q. In order to �nd a formula for Πα,I1pxq �x an

x P Rd and let

h :� pMαq�1x.

Then it is easy to see that

Πα,I1pxq �
ķ

j�1

hje
pijq �

ḑ

j�k�1

hjc
pj�kq � x. (3.2.4)

By symmetry, without any loss of generality we may assume that

I 1 � t1, . . . , ku

and restrict the set of directions α to

AI1 �
#
α

����� ���det�C2pI 1q
	��� ¡ 1

2
b�

d
k

�
+
. (3.2.5)

We remark that in (3.2.5) the matrix C2pI 1q depends on α. Let Πα be the projection

to SI1 for α P AI1 . For later computations we write (3.2.4) in a more tractable form.

For y P Rd let y1 P Rk and y2 P Rd�k be the vectors formed by the �rst k and last

d� k elements of y respectively. Then for x P Rd

Παpxq � x1 � C
1
C�1

2
x2. (3.2.6)

It is clear that for any α, inttprojαEu � H i� inttΠαEu � H. In addition,

ΠαE lays in the same plane for all α, which will be useful when considering several

directions at once, e.g. when considering nonlinear projections. Now we introduce

the high-dimensional analogue of the notation in Section 2.1.
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3.2.2 Conditions A and B

Let us denote by ∆α the Πα projection of the unit cube K. For A P An we

introduce the function ψα,A : ∆α Ñ ∆α as the inverse of Πα � ϕA.

The following operators are de�ned on functions from ∆α to nonnegative reals,

vanishing on the boundary of ∆α:

Gα,nfpxq �
¸

APEn:xPΠαpKAq

f � ψα,Apxq.

and given Gα,n we de�ne Fα,n as

Fα,n � E
�
Gα,n

�
.

That is, for n � 1

Fαfpxq :� Fα,1fpxq �
¸

APA1:xPΠαpKAq

pA � f � ψα,Apxq.

It is easy to see that Fα,n equals to the n-th iterate of Fα:

Fα,nfpxq � F n
α fpxq �

¸
APAn:xPΠαpKAq

pA � f � ψα,Apxq,

where for A �
�

ap1q . . . apnq
	
P An we write pA �±n

j�1 papjq .

Now we present the higher dimensional analogue of Conditions A and B.

De�nition 3.2.1 (Condition A). We say that Condition Apαq holds if there exist

Iα1 , I
α
2 � ∆α homothetic copyes of ∆α with homoteties having the same centre as

∆α, and there exists a positive integer r � rα such that

piqIα1 � inttIα2 u, Iα2 � intt∆αu,
piiqF r

α11Iα1 ¥ 2 � 11Iα2 .
De�nition 3.2.2 (Condition B). We say that Condition Bpαq holds if there exists
a nonnegative continuous function f : ∆α Ñ R such that f vanishes exactly on the

boundaries of ∆α and Dε ¡ 0:

Fαf ¥ p1� εqf. (3.2.7)

This is the place where the geometrical complexity of the problem di�ers from

that of the original case in [44]: If d � 2 and k � 1, then ∆α is simply a line segment.

However, if, for example d � 3 and k � 2, then ∆α is a hexagon, which carries some

extra technical di�culties in the proof in the next section. Figure 3.2(a) shows the

mutual position of ∆α, Iα2 and Iα1 for a �xed α and for d � 3, k � 2.

In the following sections we show that Condition B implies Condition A, which

implies that inttΠαEu � H conditioned on E � H, and for certain choice of the

parameters tpAuAPA1 we show some functions f satisfying Condition Bpαq for all α.
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3.2.3 Condition B implies Condition A

Proposition 3.2.3. Condition Bpαq implies condition Apαq whenever Sα is not a

coordinate plane.

In order to verify Proposition 3.2.3, �rst we state Lemma 3.2.4. Then we prove

Proposition 3.2.3 using Lemma 3.2.4. Finally we prove Lemma 3.2.4.

Lemma 3.2.4. Suppose that condition Bpαq holds for some α such that Sα is not a

coordinate plane. Then there exists an integer n ¡ 0 and there exist sets Iα1 , I
α
2 � ∆α

with the same properties as in the de�nition of Condition A except piiq is replaced
with pii�q:

pii�q@x P Iα2 F n
α g1pxq ¥ p1� εq g2pxq,

where g1 � f |Iα1 , g2 � f |Iα2 .

Proof of Proposition 3.2.3. Using Lemma 3.2.4, Condition A holds with the smallest

multiple r of n satisfying

p1� εqr{n ¥ 2
maxxPIα1 g1pxq
minxPIα2 g2pxq .

(a) (b)

Figure 3.2: We project from d � 3 to k � 2 dimension. (a) ∆α(continuous),

Iα2 (dashed) and I
α
1 (dotted). (b) Wn with n � 1, M � 3. The big bold faced green

contour is W0. The blue and the red small contours correspond to cubes Kr3,1,1sT

andKr3,3,2sT , respectively. As their coordinates show, these cubes are separated from

each other, however after projection their top and bottom faces intersect. Hence we

have at least two rational classes (see the de�nition in the proof of Lemma 3.2.4):

the sides on the top and on the bottom.
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To prove Lemma 3.2.4 we need the following de�nitions. Recall that we de�ned

∆α � ΠαpKq, where K � r0, 1sd. Since by assumption Sα is not a coordinate

plane, the Πα image of the k � 1-dimensional faces of the boundary of K are k � 1-

dimensional. Then the boundary W0 of ∆α is the union of k � 1-dimensional faces.

The set of these k � 1-dimensional faces (whose union form W0) is denoted by F0.

In the special case shown on Figure 3.2(b) the boldfaced (green) hexagon is W0 and

the collection of the six sides is F0. Let K 1 be a level-n cube. We de�ne WK1 and

FK1 analogously. Let Wn and Fn be the union of WK1 and FK1 for all level n cubes

K 1.

Sketch of the proof of Lemma 3.2.4: Basically we would like to follow the idea of

the proof of [44, Lemma 8], but since the projection onto the k-dimensional plane

is geometrically more complicated, now we explain how the proof is carried out.

The main di�erence is that while the proof of case d � 2, k � 1 uses the fact that

the sets W0 and WnzW0 are separated, the same is not true if k ¡ 1. Namely,

the boldfaced (green) line on Figure 3.2(b) is not separated from the union of the

black (not boldfaced) lines. This di�culty is handled by dividing the sides of W0

to rational and irrational classes. For some α it is possible that there exist both

rational and irrational sides. For rational classes some kind of periodicity occurs,

while for irrational classes there is a separation similar to that of case k � 1 and

therefore we can use the continuity of function f .

Proof of Lemma 3.2.4. We order the faces of
�8
n�0Fn into equivalence classes in the

following way. Every equivalence class can be identi�ed with a face of F0. That is

every face v0 P F0 determines an equivalence class. Let v1 P Fn for an n ¥ 1. Then

there exists a unique level n cube K 1 such that v1 is a k � 1-dimensional face of

ΠαpK 1q. Let v0 P F0 be the corresponding k � 1-dimensional face of ΠαpKq. That
is the relative position of v1 to ΠαpK 1q is the same as the relative position of v0 to

ΠαpKq. Then v1 is equivalent to v0.

Note that since most of the k�1-dimensional faces may belong to many di�erent

cubes, hence some di�erent faces of the same level geometrically coincide, but it not

causes any inconvenience.

Throughout this proof we use more tractable indices to denote the level n cubes.

For n ¥ 1 let

Bn � t0, . . . ,Mn � 1ud.
For i � pi1, . . . , idq P Bn let

Ki �M�nri1, i1 � 1s � � � � � rid, id � 1s.

In this proof two types of classes are handled separately which are called rational

and irrational. To de�ne these consider the level n cube Ki. Let v be one of the

k � 1-dimensional faces of ΠαpKiq. Its equivalence class is denoted by v̂0, where
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v0 P F0. We write Qv̂0
i for the k� 1 dimensional plane which is spanned by v (which

is uniquely determined by i and v̂0). We say that the class v̂0 is rational if there

exists n ¥ 1 and i, j P Bn such that

Qv̂0
i � Qv̂0

j , but i � j.

The other classes are called irrational. An example of rational classes is shown on

Figure 3.2(b) in the case d � 3, k � 2 andM � 3: for n � 1 there exist two di�erent

cubes, the red and the blue ones, such that after projection the line of their top (and

bottom) faces coincide.

First we discuss rational classes. We write Bρpxq for the ball centered at x P Rd

with radius ρ. We show that there exists ϑ1, η1 ¡ 0 such that for all n ¥ 1, for all

η1 ¡ η ¡ 0 and for all x P ∆αzBη{MpW0q

#
!
i P Bn

��� x P Πα pKiq & dist
�
x ; Qv̂0

i

� ¡ η{Mn for all rational classes v̂0

)
¥

¥ ϑ1 �#
!
i P Bn

��� x P Πα pKiq
)
,

(3.2.8)

where distp . ; . q is the usual distance in Rd. Now we verify the following Fact

which asserts a kind of translation invariance.

Fact 3.2.5. There exist ĵ P Zd such that for all rational class v̂0, for all level n, for

all i P Bn and for all k P Z satisfying i� k ĵ P Bn we have

dist
�
x ; Qv̂0

i

� � dist
�
x ; Qv̂0

i�k ĵ

	
. (3.2.9)

Proof of the Fact. Fix a rational class v̂0. Suppose that Q
v̂0
î
� Qv̂0

ri for some î,ri P Bm,
m ¥ 1. Then for any n ¥ 1 and for any i P Bn

Qv̂0
i � Qv̂0

i�kpri�îq

for any k P Z as long as i� kpri� îq P Bn. Hence for all x P ∆α and for any indices i

dist
�
x ; Qv̂0

i

� � dist
�
x ; Qv̂0

i�kpri�îq

	
holds since the planes are the same. It is easy to see that the same is true while

considering all rational classes at once.

Now we continue the proof of Lemma 3.2.4.

In order to show that the set in the �rst line of (3.2.8) is nonempty we prove the

following Fact:

Fact 3.2.6. There exist a constant η1 ¡ 0 such that the following holds:

Let x P ∆αzBη1{MpW0q and n ¥ 1. Let Ki be an arbitrary level-n cube such that

x P ΠαpKiq. Then at least one of the neighbors Ki1 of Ki satis�es that

Bη1pxq � ΠαpKi1q,
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(a) (b)

Figure 3.3: We project from d � 3 to k � 2 dimension. (a) The covering of

ΠαpK0q(continuous) with the open sets Vi(dotted), i � 0, . . . , 6. (b) The gray

contour of the inner border is I2 XBη{Mn1 pWn1q.

where the level-n cubes Ki and K 1
i are neighbors if they share a common d � 1-

dimensional face.

Proof of the Fact. For notational simplicity we write K0 :� Ki and we denote the

neighbors of K0 by K1, . . . , K2d. Further, we denote by Vi, i � 0, . . . , 2d the open

shadows of these cubes, i.e.

Vi � int ΠαpKiq.

Using that Sα is not a coordinate plane it is easy to see that the union of the sets

Vi cover ΠαpK0q. Figure 3.3(a) shows ΠαpK0q and the covering for d � 3 and k � 2.

Hence we can choose η1 to be smaller than Mn times the Lebesgue number of

the �nite open covering tViu2d
i�0, which is always positive [56, Theorem 0.20], and

by similarity proportional to M�n. For the de�nition of the Lebesgue number of

a covering, see [56]. Note that if one of the cubes Ki, i � 1, . . . , 2d is out of the

unit cube, then we don't need that cube for the cover, since our goal is to cover

K0zBη1{MpW0q. Another note is that the same argument remains valid for any η

such that η1 ¡ η ¡ 0 holds.

Now we are able to handle rational classes. By the de�nition of η1 for all x P
∆αzBη1{MpW0q and for all n ¥ 1 there exists i P Bn such that

Bη1{Mnpxq � ΠαpKiq.

In addition, using the periodicity described in (3.2.9), cubes with such property

follow each other periodically with the period independent of x and independent of

n. Hence we conclude that the assertion in (3.2.8) holds: There exists ϑ ¡ 0 such
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that for any η1 ¡ η ¡ 0, for any level n ¥ 1 and for all x P ∆αzBη{MpW0q

#
!
i P Bn

��� x P Πα pKiq & dist
�
x ; Qv̂0

i

� ¡ η{Mn @ rational classes v̂0

)
¥

¥ ϑ#
!
i P Bn

��� x P Πα pKiq
)
.

Note that ϑ does not depend on η1, only the length of a period has e�ect on it. This

equation will be su�cient to handle rational classes.

To handle irrational classes as well let us denote by C2 the number of these

classes. By the assumption of the lemma, for α �xed Condition Bpαq holds for some

function f and ε ¡ 0. It is clear that there exists an integer n1 ¥ 1 such that

ϑp1� εqn1 � C2 ¡ 1� ε, (3.2.10)

where ε was de�ned in Condition Bpαq. Choose η2 ¡ 0 to be smaller than the half

of the smallest distance between any two level n1 faces falling in the same irrational

class and to have

inf
xP∆αzBη2{M pW0q

fpxq ¥ sup
xPB

η2{M
n1 pW0q

fpxq, (3.2.11)

which can be easily achieved by the continuity of f . Setting η � mintη1, η2u, we
de�ne the sets wanted in Condition A by

I1 :� ∆αzBηpW0q and by I2 :� ∆αzBη{MpW0q.

When we verify that the assertion of the lemma holds we distinguish two cases:

�rst we show it for those x P I2 which are separated from the inner bordersWn1 , and

then for those which are "close" to them, see Figure 3.3(b). The �rst case is obvious.

However, in the second case we have to handle the following di�culty: When x is

close to W0, then fpxq is close to zero. However, for �xed x P I2, both in case of

rational and irrational faces, we have bounds on the number of level n1 small cubes

such that x is close to a face of that cube. Namely,

• In the �rst case when x P I2zBη{Mn1 pWn1q, we use the de�nition of Fα and

(3.2.7) to obtain

F n1

α g1pxq � F n1

α fpxq ¥ p1� εqn1fpxq ¡ p1� εq g2pxq.

• In the second case x P I2 X Bη{Mn1 pWn1q. This is the place where we use all

the former preparations. Putting together the de�nition of η and (3.2.8) we

obtain that from one irrational class at most one cube can cover x close to its

boundary we get

#
!
i P Bn1

��� x P Πα pϕi pBηpW0qqq
)
¤

¤ p1� ϑq#
!
i P Bn1

��� x P Πα pKiq
)
� C2.
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Putting this together with (3.2.11) and with the de�nition of Fα we obtain

F n1

α g1pxq ¥ F n1

α fpxq � p1� ϑqF n1

α fpxq � C2fpxq
� ϑF n1

α fpxq � C2fpxq @x P ∆α.
(3.2.12)

Then by (3.2.12), (3.2.7) and (3.2.10) we have

F n1

α g1pxq ¥ p1� εq fpxq �
�
ϑp1� εqn1 � 1� ε� C2

	
fpxq ¥ p1� εq g2pxq.

3.2.4 Examples

In this section we show three examples when Condition B(α) can be checked.

Ex. 1 The case of equal probabilities can be handled as in [44]: Suppose that pA �
p ¡ 1{Md�k for all A P A1. Then let us de�ne the function f : ∆α Ñ R� that

we can use in Condition Bpαq by

fpxq � ��ψ�1
α pxq XK

�� , (3.2.13)

where |.| denotes the d�k-dimensional Lebesgue measure. Clearly, f vanishes

continuously on the borders of ∆α, and strictly positive inside. In addition, it

is obvious that

Fαf �Md�kp � f.
Therefore the requirements of Condition Bpαq are satis�ed for all α and hence

we can apply Theorem 3.1.2. Moreover, the above example is sharp, because

for p   1{Md�k we have dimH E   k.

Ex. 2 We give another example, when the function de�ned in (3.2.13) satis�es Con-

dition Bpαq. We divide the 3-dimensional unit cube into 27 congruent cubes

of sides 1{3. Then we remove the small cube in the very center of the unit

cube with some probability p, and the remaining 26 small cubes are retained

with probability q. Finally, we project it to planes. Namely, let d � 3, M � 3

and k � 2. Let

ppi,j,kqT �
$&%p, if i � j � k � 1,

q otherwise.

If we project it orthogonally to a coordinate-plane, then by Theorem 1.1.6 we

know that if p � 2q   1 or 3q   1, then almost surely there is no interval in

the projected fractal. On the other hand, if both p� 2q ¡ 1 and 3q ¡ 1 hold,

then it is easy to see that the function f in (3.2.13) satis�es Condition B(α)

for all α, and hence almost surely we have an interval in the projected fractal

in all directions, conditioned on E � H.
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3.2.5 Condition A implies nonempty interior

To handle all directions at once we show that the robustness property described

in [44, Section 4.3] holds in the higher dimensional case as well. Suppose that

condition Apαq holds for some α �  
ap1q, . . . , apkq

(
with Iα1 , I

α
2 and r � rα. Let δ

be the Hausdor� distance between Iα1 and Iα2 and let I 11 be the δ{2 neighborhood of

Iα1 . In what follows we show that condition Apαq also holds in some neighborhood

of α. First we de�ne an equivalence relation on the set of directions as follows: for

an rα �  rap1q, . . . ,rapkq( P Rd�k we have

α � rαô Sα � Srα,

where the plane Sα was de�ned in (3.1.1). The space of directions α with this

equivalence is called the Grassmannian manifold, let us denote it by Gpd, kq. To

have a metric on this space we de�ne a distance between α and β �  
bp1q, . . . ,bpkq

(
by

dpα, βq � min
rα�αrβ�β

max
i�1,...,k

���rapiq � rbpiq���
2
. (3.2.14)

The Grassmannian manifold is discussed in more detail in [36, Section 3]. The metric

(3.2.14) is slightly di�erent from the one in [36] but de�nes the same topology, we

use (3.2.14) for convenience.

Proposition 3.2.7. Robustness. There exists a constant 0   CR   8 such that for

all ε ¡ 0 if dpα, βq   CR � ε, then

}Παx� Πβx}2   ε for all x P K.

Proof. Recall that Παx was de�ned by formulas in (3.2.6). Thus

���Παx� Πβx
���

2
¤
���Cα

1

�
Cα

2

��1 � Cβ

1

�
Cβ

2

��1
��� }x}2 , (3.2.15)

where }.} denotes the induced norm of }.}2. The key observation in the following

computations is that the determinants of Cα

2
and Cβ

2
are separated from zero.

Clearly }x}2 ¤
?
d. To give a bound on the norm of the matrix on the right-hand

side of (3.2.15) we divide it into two parts:

���Cα

1

�
Cα

2

��1 � Cβ

1

�
Cβ

2

��1
��� ¤ ���Cα

1

�
Cα

2

��1 � Cα

1

�
Cβ

2

��1
���

�
���Cα

1

�
Cβ

2

��1 � Cβ

1

�
Cβ

2

��1
��� . (3.2.16)
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Regarding the �rst part of the right-hand side of (3.2.16) we have�����Cβ

2

��1 � �
Cα

2

��1

���� �
�����adjpC

β

2
q

detpCβ

2
q �

adjpCα

2
q

detpCα

2
q

�����
¤
�����adjpC

β

2
q

detpCβ

2
q �

adjpCα

2
q

detpCβ

2
q

������
�����adjpC

α

2
q

detpCβ

2
q �

adjpCα

2
q

detpCα

2
q

�����
� 1���detCβ

2

���
���adjpCα

2
q � adjpCβ

2
q
����

���adjpCα

2
q
������detpCα

2
qdetpCβ

2
q
���
���detpCα

2
q � detpCβ

2
q
��� .

(3.2.17)

It is easy to see that if dpα, βq   ε, then the elements of the matrices Cα

2
and Cβ

2

di�er from each other by at most constant times ε. Therefore, there exist constants

c1, c2 such that���detCα

2
� detCβ

2

���   c1ε and
���adjpCα

2
q � adjpCβ

2
q
���   c2ε.

In addition, by (3.2.5) the determinants are uniformly separated from zero, and the

matrices Cα

2
and Cβ

2
have entries in r0, 1s, which enables us to give a uniform (for

all α) upper bound for
���adjpCα

2
q
���. Hence if dpα, βq   CR � ε with CR small enough,

then we have ����Cβ

2

��1 � �
Cα

2

��1
��� ¤ ε

2
?
d
. (3.2.18)

Similarly the second part of the right-hand side of (3.2.16) is small as well:���Cα

1
pCβ

2
q�1 � Cβ

1
pCβ

2
q�1

��� ¤ ���pCβ

2
q�1

��� ���Cα

1
� Cβ

1

��� ¤ ε

2
?
d
, (3.2.19)

if CR is small enough. Putting together (3.2.15), (3.2.16), (3.2.18) and (3.2.19)

concludes the proof.

Recall (3.2.5). For a k-dimensional coordinate plane spanned by vectors I 1 we
denote by AI1 the set of directions α for which Πα maps onto I 1.

Corollary 3.2.8. Setting ε �M�nrδ{2 yields that if

dpα, βq   CRM
�nrδ{4,

then

}Παx� Πβx}2  M�nrδ{4 for all x P K,
and hence for any A P Anr

Πβ � ϕApIβ1 q � Πβ � ϕApI 11q.

In particular the n � 1 case implies that Condition A holds for all directions in

J � BCRM�rδ{2pαq X AI1

with the same I 11, I
α
2 and r.
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To prove Theorem 1.1.10 we �rst restrict ourselves to a range J like above (in

Lemma 3.2.9). The proof follows the line of the proof in [44, Section 5]. Note

that it is enough to prove that the nonempty interior in Theorem 1.1.10 exists with

positive probability. Indeed, let us assume that the nonempty interior in Theorem

1.1.10 exists with probability greater than p0 ¡ 0, and show that it implies that for

any ε ¡ 0 the interior is nonempty with probability greater than 1� ε, conditioned

on E � H. Conditioned on E � H, for any N there exists n such that there

are at least N retained level n cubes which will not vanish totally. In addition,

events happening in di�erent cubes are independent and statistically similar. Hence

the interior of all orthogonal projections in these level-n cubes are nonempty with

probability greater than p0. Therefore the probability that the projections of the

original cube have nonempty interior is greater than 1� p1� p0qN , which is greater

than 1� ε if N is big enough.

Lemma 3.2.9. Fix d ¥ 2 and 1 ¤ k   d and suppose that there is an open

neighborhood J of α such that Condition Apα1q holds for all α1 P J with the same

parameters I1, I2 and r and such that Sα1 is not a coordinate plane and such that for

all α1 P J , Πα1 maps to the same coordinate plane. Then for almost all realizations of

E such that E � H, simultaneously for all α1 P J orthogonal projections projα1pEq
have nonempty interior.

We remark that we will apply Lemma 3.2.9 as follows. First we chose an α for

which Condition Apαq holds. Then by Corollary 3.2.8 there is an open neighborhood

J of α with the properties required in Lemma 3.2.9.

Proof of Lemma 3.2.9. Let us write δ for the Hausdor� distance of I1 and I2. As-

sume x,y P ∆α, }x� y}2   δM�nr{4, and that for α, β P J

dpα, βq   CRM
�nrδ{4.

Then from Corollary 3.2.8 by triangle inequality it follows that }Παpxq � Πβpyq}2  
δM�nr{2, and hence for any A P Anr

Gr
β11I2pψApxqq ¥ Gr

α11I1pψApyqq. (3.2.20)

For given n let Xn be a δM�nr{4 dense subset of I1 and Yn be a CRM�nrδ{4 dense

subset of J such that

#pXn � Ynq ¤ cM2kdnr,

with some constant c. For any px, θq P I 11 � J we de�ne a sequence of random

variables

Vnpx, θq � #
!
A P Enr

�� x P Πθ � ϕApI2q
)
,



3.2. ORTHOGONAL PROJECTIONS 43

where En � Enpωq stands for the set of retained level n cubes. We prove that with

positive probability Vnpx, θq ¥ p3{2qn for all n,x, θ. Let us use induction on n and

note that the n � 0 case is obvious. For py, κq P Xn�1 � Yn�1 let

Zpy, κq �
!
px, θq P I 11 � J

��� }x� y}2   δM�pn�1qr{4 & dpθ � κq   CRM
�pn�1qr{4

)
.

Clearly the sets Zpy, κq cover I 11 � J .

By the inductive hypothesis with positive probability Vnpx, θq ¥ p3{2qn. For

each level nr cube KA in Vnpx, θq the number of its sub-cubes in Vn�1px, θq is

given by Gr
θ11I2pψApxqq, which by (3.2.20) can be bounded from below uniformly in

px, θq P Zpy, κq by
Gr
θ11I2pψApxqq ¥ Gr

κ11I1pψApyqq.
The expected value of this random variable is 2, and it is bounded below by 0,

above by Mdr. Moreover, random variables coming from di�erent level nr cubes are

independent. Hence, by Azuma-Hoe�ding inequality

P

���� ¸
APEnr:

xPΠθ�ϕApI2q

Gr
κ11I1pψApyqq ¥

�
3

2


n�1
����� Vnpy, κq ¥

�
3

2


n

���¥ 1� ρp3{2q
n

,

where 0   ρ   1 is �xed. Hence using the notation

En �
#
p@x P Xnqp@θ P Ynq Vnpx, θq ¥

�
3

2


n
+

we have

P
�
En�1

�� En	 ¥ �
1� ρp3{2q

n
	cM2kdnr

.

From here it is easy to see that P
��8

n�0En
� ¡ 0: The sum

°8
n�1 ρ

p3{2qncM2kdnr

converges, which implies that
±8

n�1

�
1� ρp3{2q

n�cM2kdnr ¡ 0. Hence we conclude

that for any tpAuAPA1 satisfying Condition B, a.s. ΠαpEpωqq has nonempty interior

for all α such that Sα is not a coordinate plane, conditioned on E � H.

Now the proof of Theorem 1.1.10 follows relatively easily.

Proof of Theorem 1.1.10. From Corollary 3.2.8 we know that if Condition Apαq
holds for an α then it holds in an open ball J around it as well with the same

parameters I1, I2 and r so that for all α P J , Πα maps onto the same coordinate

plane. We can choose a smaller ball J 1 � J with center of rational coordinates and

rational radius that still contains α. Then for all α1 P J 1 Condition Apα1q holds
with the same parameters because J 1 � J , and clearly all Πα1 maps onto the same

coordinate plane.

This way we can cover D with countably many neighborhoods J 1 as above (since

the set of balls with rational parameters is countable), therefore the probability of
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having an α P D for which projαpEq has no interior points is 0, conditioned on

E � H. We explain this last statement in more detail in the followings.

Let B � tBnu8n�1 be the collection of open balls in Gpd, kq (the Grassmannian

manifold) with rational radius and center of rational coordinates. Let

Gk � tω | @β P Bk, pprojβpEpωqqq� � Hu,

where p. . . q� denotes interior. In the rest of the proof we restrict the set of real-

izations ω of the fractal percolation set E to tE � Hu both when talking about

probabilities and when taking the complement of events. By Lemma 3.2.9, for all

α P D there is a Jα open neighborhood of it such that there are sets Rα of realiza-

tions with PpRαq � 0 such that for all ω P Rc
α, simultaneously for all β P Jα we have

pprojβpEpωqqq� � H. Let npαq P N such that α P Bnpαq � Jα. Then

PpGnpαqq ¥ PpRc
αq � 1.

Let G � �
npαq: αPDGnpαq, which is a countable intersection. Then clearly

PpGq � 1.

Then for all ω P G (hence a.s. given E � H) and for all α P D there is an npαq such
that α P Bnpαq, and since ω P G � Gnpαq hence pprojαpEpωqqq� � H.

3.3 Radial and co-radial projections

In this section we consider radial and co-radial projections ProjtpEq and CProjtpEq
with center t P Rd of E. Recall that ProjtpEq is the set of vectors under which points

of Ezttu are visible from t and CProjtpEq is the set of distances between t and points

from E, see De�nition 3.1.1. Our goal is to prove Theorem 3.1.2. We do this as it is

done in [44] for the 2-dimensional case: We introduce a notion called Almost linear

family of projections for which, using the robustness property, it is easy to show

that almost surely for all member of the family the interior of the projection of the

percolation fractal is nonempty. Then we show that radial and co-radial projections

can be viewed as Almost linear families of projections.

3.3.1 Almost linear family of projections

We �x the dimensions d and k and recall that At1,...,ku was de�ned in (3.2.5).

Consider a parametrized family of projections

Stpxq : K Ñ
¤

αPAt1,...,ku

∆α � spantep1q, . . . , epkqu, (3.3.1)

t P T . For all x P K let αtpxq be such that

Stpxq � Παtpxqpxq. (3.3.2)
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Note that spantαtpxqu � Sαtpxq is not always well de�ned, since the only restriction

on it is to have pStpxq � xq P Pαtpxq and αtpxq P At1,...,ku. We suppose that αtpxq is
such that Sαtpxq is not a coordinate plane.

De�nition 3.3.1 (Almost linear family of projections). We say that a family tStutPT
(St satis�es (3.3.1)) is an almost linear family of projections if we can choose αtpxq
(according to (3.3.2)) in such a way that the following properties are satis�ed. We

set J as the range of vectors for which Condition Apαq is satis�ed with the same

I1, I2 and r. We denote by δ the Hausdor� distance between I1 and I2.

i) αtpxq P J for all t P T and x P K.

ii) αtpxq is a Lipschitz function of x, with the Lipschitz constant not greater than

CRpJqδ{4. This guarantees in particular that StpKAq is connected for any n

and A P An.

iii) For any n we can divide T into subsets Zpnq
i such that whenever t, s P Zpnq

i and

x,y P KA, A P An, we have

}αtpxq � αspyq} ¤ CRpJqM�nrδ{4.

Moreover, we can do that in such a way that #tZpnq
i u grows only exponentially

fast with n.

In the following we show that:

Theorem 3.3.2. Suppose that Condition Apαq holds for all α P J . Then for an

almost linear family of projections tStutPT almost surely StpEq has nonempty interior
for all t conditioned on E � H.

The proof follows the derivation of [44, Theorem 14] and is a modi�ed version of

the proof of Theorem 1.1.10.

Proof. Let

Vnpx, tq � #
!
A P Enr

�� x P St � ϕApI2q
)
.

We prove inductively that with positive probability Vnpx, θq ¥ p3{2qn for all n,x, θ.

The n � 0 case is obvious, a.s. V0px, θq � 1 for all x, θ. For given n let Xn be a

δM�nr{4 dense subset of I1. Then we can cover I1 � T with at most exponentially

many sets of the form BδM�pn�1qr{2pxiq � Z
pn�1qr
j , xi P Xn�1.

By the inductive hypothesis with positive probability Vnpx, tq ¥ p3{2qn. For

each level nr cube KA in Vnpx, tq the number of its sub-cubes in Vn�1px, tq can be

bounded from below by

Gr
αtpXAq

11I1pψApxiqq,
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where XA is the center of KA and t P Zpn�1qr
j is arbitrary. Note that now αtpXAq

is �xed, i.e. we approximate with a linear projection, so we can apply Condition

ApαtpXAqq.
The expected value of this random variable is 2, and it is bounded below by 0,

above by Mdr. Moreover, random variables coming from di�erent level nr cubes are

independent. So we can apply Azuma-Hoe�ding inequality as above in the proof of

Theorem 1.1.10.

3.3.2 Mandelbrot umbrella

Proof of Theorem 3.1.2. It is easy to see that instead of the radial projection Projt,

it is equivalent to consider the projection Rt de�ned by

Rtpxq � Linept,xq X spantep1q, . . . , epkqu,

where Linept,xq is the line through t and x. Similarly, instead of CProjt, it is

equivalent to consider the projection rRt de�ned by

rRtpxq � Spherepx� tq X spantep1qu�,

where Spherepx � tq is the sphere around the origin and through x � t, and we

intersect it with the positive half axis.

As explained in [44, Section 3], by statistical self-similarity, we only need to con-

sider radial and co-radial projections with center separated from parallel directions

and arbitrary big distance from K. This ensures that conditions iiq and iiiq of Def-
inition 3.3.1 hold. Condition iq also holds if we subdivide the family of centers to

at most countably many subfamilies. Hence we can apply Theorem 3.3.2 and thus

Theorem 3.1.2 holds.



4. Parametrized families of self-similar

measures: singularity not caused

by exact overlaps

In this section, following [53], we prove Theorem 1.1.11. In addition, we point

out that the conclusion of that theorem holds for many other families of self-similar

measures as well (see Proposition 4.7.2 and Corollary 4.7.3).

4.1 Introduction

Recall from Section 1.1.2 that we are investigating the Projα projections of the

Sierpi«ski carpet S ((1.1.3), Figure 1.2). The basic idea behind the proof of Theorem

1.1.11 is quite simple. There are two ingredients of our argument:

(i) The fact that the set of parameters of singularity is a Gδ set in any reasonable

one-parameter family of self-similar measures on the line.

(ii) And that the natural self-similar measures on ProjαS has similarity dimension

greater than one (for all parameters α) with a dense set of parameters where

the measure is singular.

It turned out that both of these ingredients have been available for a while in the

literature. Although in an earlier version of this note the authors had their longer

proof for (i), we learned from B. Solomyak that (i) has already been proved in [41,

Proposition 8.1] in the special case of in�nite Bernoulli convolutions. Actually, the

authors of [41] acknowledged that the short and elegant proof of [41, Proposition

8.1] is due to Elon Lindenstrauss. We extend the scope of [41, Proposition 8.1] to

a more general case. Then following the supposition of the anonymous referee of

[53] we �nally got a very general case. So, to prove (i), we will present here a more

detailed and very general extension of the proof of [41, Proposition 8.1].

On the other hand (ii) was proved in [33].

47
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4.2 Notations

Recall the de�nitions of self-similar measure (1.1.4), various notions of dimension

of self-similar sets and measures (1.1.5)-(1.1.10), projected and other parametrized

self-similar measures (De�nition 1.1.4 and (1.1.12)) from Chapter 1.1.1. In addition,

the set of parameters of singularity and the set of parameters of absolute continuity

with Lq-density are denoted by

SingpFα, µq :� tα P A : ναKLebu . (4.2.1)

and

ContQpFα, µq :� tα : να ! Leb with Lq density for a q ¡ 1u . (4.2.2)

De�nition 4.2.1. We say that the family tναuαPA is antagonistic if both of the

two conditions below hold:

dimH SingpFα, µq � dimH pContQpFα, µqqc � 0 (4.2.3)

and

SingpFα, µq is a dense Gδ subset of A. (4.2.4)

Clearly, Sing � pContQqc. Our aim is to prove that the angle-α projections of the

natural measure of the Sierpi«ski-carpet is an antagonistic family. This implies that

in Shmerkin-Solomyak's Theorem, [50, Theorem A] (this is Theorem 4.4.5 below)

the exceptional set has packing dimension 1.

4.3 Regularity properties of Fα
Whenever we say that tναuαPA is a one-parameter family of self-similar IFS we

always mean that tναuαPA is constructed from a pair pFα, µq as in (1.1.12), for a

µ � wN, where w � pw1, . . . , wmq is a probability vector.

Principal assumption 1. Throughout this note, we always assume that the one-

parameter family of self-similar IFS tFαuαPA satis�es properties P1-P4 below:

P1 The parameter domain is a non-empty, proper open interval A.

P2 0   rmin :� inf
αPA,i¤m

|rα,i| ¤ sup
αPA,i¤m

|rα,i| �: rmax   1.

P3 t�max :� sup
αPA,i¤m

|tpαqi |   8.

P4 Both of the functions α ÞÑ t
pαq
i and α ÞÑ rα, α P A, can be extended to A (the

closure of A) such that these extensions are both continuous.
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Note that P4 implies P3. It follows from properties P2 and P3 that there exists

a big ξ P R� such that

sptpναq � p�ξ, ξq, @α P A. (4.3.1)

We always con�ne ourselves to this interval p�ξ, ξq. In particular, whenever we write
Hc for a set H � R we mean p�ξ, ξqzH. It will be our goal to prove that additionally

the following properties also hold for some of the families under consideration:

P5A SingpFα, µq is dense in A.

P5B SingpFα, µq is a Gδ dense subset of A.

We will prove below that Properties P5A and P5B are equivalent. Our moti-

vating example, where all of these properties hold is as follows.

4.3.1 Motivating example

Our most important example is the family of angle-α projection of the natural

measure of the usual Sierpi«ski carpet. We will see that the set of angles of singu-

larity is a dense Gδ set which has Hausdor� dimension zero and packing dimension

1.

Example 4.3.1 (Motivating example). Let S be the IFS given in (1.1.3). Let

µ :� �
1
8
, . . . , 1

8

�N
be the uniform distribution measure on the symbolic space Σ :�

t1, . . . , 8uN. Recall that we write Π for the natural projection from Σ to the attractor

Λ. Let ν :� Π�µ. Let `α � R2 be the line having angle α with the positive half of

the x-axis (see Figure 4.1). As before, let projα be the orthogonal projection from

R2 to the x-axis. For each α, identifying `α with the x-axis, projα de�nes a one

parameter family of self-similar IFS on the x-axis:

Sα :�
!
ϕ
pαq
i

)8

i�1
,

where α P A :� p0, πq and ϕ
pαq
i pxq � rα,ix � t

pαq
i with rα,i � 1{3 and t

pαq
i �

ti � pcospαq, sinpαqq. The natural invariant measure for Sα is να :� pprojα � Πq�µ.
Obviously, να � pprojαq�ν.
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`
α

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

α

να

Figure 4.1: The projected system

The fact that Property P5A holds for the special case in the example was proved

in [33, p.216]. It follows from the proof of Bárány and Rams [4, Theorem 1.2 ] that

property P5A holds also for the projected family of the natural measure for most

of those self-similar carpets, which have dimension greater than one.

Remark 4.3.2 (The cardinality of parameters of exact overlaps). It is obvious that in

the case of the angle-α projections of a general self-similar carpet, exact overlap can

happen only for countably many parameters. However, this is not true in general.

To see this, we follow the ideas in the paper of Cs. Sándor [47] and construct the

one parameter family of self-similar IFS
!
S
puq
i

)3

i�1
, u P U , where Spuqi :� λ

puq
i px� 1q

and pλpuq1 , λ
puq
2 , λ

puq
3 q � �

u
1�ε

, u, u� ε
�
, further U :� �

1
3
� ε

3
, 1

3
� η � ε

�
for su�ciently

small η ¡ 0 and 0   ε   3
4
η. Then for all u P U we have:

(a) there is an exact overlap, namely: Spuq132 � S
puq
213,

(b) the similarity dimension of the attractor is greater than 1,

(c) the Hausdor� dimension of the attractor is smaller than 1.

4.4 Theorems we use from the literature

For the ease of the reader here we collect those theorems we refer to in this note.

The theorems below are more general as stated here. We con�ne ourselves to the

generality that matters for us.
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4.4.1 Hochman Theorems

Theorem 4.4.1. [26, Theorems 1.7, Theorems 1.8] Given the one-parameter family

tFαuαPA in the form as in (1.1.12). For i, j P Σn :� t1, . . . ,mun we de�ne

∆i,jpαq :� ϕαi p0q � ϕαj p0q and ∆npαq :� min
i,jPΣn

i�j

t|∆i,jpαq|u . (4.4.1)

Moreover, we de�ne the exceptional set of parameters E � A

E :�
£
ε¡0

8¤
N�1

£
n¡N

∆�1
n p�εn, εnq . (4.4.2)

Then for an α P Ec and for every probability vector w the Hausdor� dimension

of the corresponding self-similar measure να,w is

dimHpνα,wq � min t1, dimSpνα,wqu (4.4.3)

The following Condition will also be important:

De�nition 4.4.2. We say that for an α P A, Fα satis�es Condition H if

Dρ � ρpαq ¡ 0, Dnk � nkpαq Ò 8, ∆nkpαq ¡ ρnk . (4.4.4)

Observe that α P Ec if and only if Fα satis�es Condition H.

De�nition 4.4.3. We say that the Non-Degeneracy Condition holds if

@i, j P Σ, i � j, Dα P A s.t. projα � Πpiq � projα � Πpjq. (4.4.5)

Theorem 4.4.4. [26, , Theorems 1.7, Theorems 1.8] Assume that the Non-Degeneracy

Condition holds and the following functions are real analytic:

α ÞÑ rα,i, i � 1, . . . ,m and α ÞÑ t
pαq
i . (4.4.6)

Then

dimH E � dimP E � 0. (4.4.7)

4.4.2 Shmerkin-Solomyak Theorem

Theorem 4.4.5. [50, Theorem A] We assume that the conditions of Theorem 4.4.4

hold. Here we con�ne ourselves to homogeneous self-similar IFS on the line of the

form

Fα :�
!
ϕαi pxq :� rα � x� t

pαq
i

)m
i�1

, α P A. (4.4.8)

Then there exists an exceptional set E � A with dimHE � 0 such that for any

α P Ec and for any probability vector w � pw1, . . . , wmq with dimSpνα,wq ¡ 1 we

have

να,w ! Leb with Lq density, for some q ¡ 1.
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4.4.3 An extension of Bárány-Rams Theorem

Lídia Torma realized in her Master's Thesis [54] that the proof of Bárány and

Rams [4, Theorem 1.2], related to the projections of general self-similar carpets,

works in a much more general setup, without any essential change.

Theorem 4.4.6 (Extended version of Bárány-Rams Theorem). Given an a P Rz t0u.
Let T � tn � aunPZ be the corresponding lattice on R. Moreover, given the self-similar

IFS on the line of the form:

S :�
"
Sipxq :� 1

L
� x� ti

*m
i�1

, (4.4.9)

where L P N, L ¥ 2 and ti P T for all i P t1, . . . ,mu. We are also given a probability

vector w � pw1, . . . , wmq with rational weights wi � pi{qi, pi, qi P Nzt0u satisfying

L - Q :� lcm tq1, . . . , qmu , s �: dimS ν �
�

m°
i�1

wi logwi

logL
¡ 1, (4.4.10)

where ν is the self-similar measure corresponding to the weights w. That is ν �
m°
i�1

wi � ν � S�1
i . Then we have

dimH ν   1. (4.4.11)

4.5 SingpFα, µq is a Gδ set

As we have already mentioned the following result appeared as [41, Proposition

8.1] in the special case when the family of self-similar measures is the Bernoulli

convolution measures. We extend the original proof of [41, Proposition 8.1] to the

following much more general situation.

Theorem 4.5.1. Let R � Rd be a non-empty bounded open set. Let U be a metric

space (the parameter domain). Let λ be a �nite Radon measure with sptpλq � R

(the reference measure). For every α we are given a probability Radon measure να

such that sptpναq � R. Let

CR :� tf : RÑ r0, 1s : f is continuous u . (4.5.1)

For every f P CR we de�ne Φf : U Ñ R

Φf pαq :�
»
R

fpxqdναpxq. (4.5.2)

Finally, we de�ne

Singλ ptναuαPUq :� tα P U : να K λu . (4.5.3)

If α ÞÑ Φf pαq is lower semi-continuous for all f P CR then Singλ ptναuαPUq is a Gδ

set.
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Proof. Recall that να is a probability measure for all α. Note that without loss of

generality we may assume that λ is also a probability measure on R. For every ε ¡ 0

we de�ne

Aε :�
"
f P CR :

»
fpxqdλpxq   ε

*
.

We follow the proof of [41, Proposition 8.1] and a suggestion of an unknown referee.

First we �x an arbitrary sequence εn Ó 0 and then de�ne

SK :�
8£
n�1

¤
fPAεn

tα P U : Φf pαq ¡ 1� εnu .

Since we assumed that α ÞÑ Φf pαq is lower semi-continuous, the set tα P U : Φf pαq ¡ 1� εnu
is open. That is SK is a Gδ set. Hence it is enough to prove that

Singλ ptναuαPUq � SK. (4.5.4)

First we prove thatSingλ ptναuαPUq � SK. Let β P Singλ ptναuαPUq. Fix an arbitrary
ε ¡ 0. Then by de�nition we can �nd a T � R such that

νβpT q � 1, λpT q � 0. (4.5.5)

Recall that both λ and νβ are Radon probability measures. So we can choose a

compact Cε � T such that

νβpCεq ¡ 1� ε, λpCεq � 0. (4.5.6)

Using that λ is a Radon measure, we can choose an open set Vε � R such that

Cε � Vε and λpVεq   ε. We can choose an fε P CR such that sptpfεq � Vε and

fε|Cε � 1 (see [46, p. 39]).

Then
³
fεdλpxq ¤ λpVεq   ε (that is fε P Aε) and

³
fεpxqdνβpxq ¥ νβpCεq ¡ 1�ε.

Since ε ¡ 0 was arbitrary we obtain that β P SK.
Now we prove that SK � Singλ ptναuαPUq . Let β P SK. Then for every n there

exists an fn P CR such that»
fnpxqdνβpxq ¡ 1� εn and

»
fndλpxq   εn. (4.5.7)

Let Cβ :� sptpνβq. Clearly, Cβ is compact and Cβ � R. We de�ne

gn :� fn11Cβ , and g :� 11Cβ .

Clearly, 0 ¤ gnpxq ¤ gpxq for all x P Cβ and»
gpxqdνβpxq � 1,

»
gnpxqdνβpxq ¡ 1� εn and

»
gndλpxq   εn.

Hence,

gn
L1pνβqÝÑ g.
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Thus, we can select a subsequence gnk such that gnkpxq Ñ gpxq for νβ- almost all

x P Cβ. Let
Dβ :� tx P Cβ : gnkpxq Ñ gpxqu .

Then on the one hand we have

νβpDβq � 1. (4.5.8)

On the other hand using the Lebesgue Dominated Convergence Theorem:

λpDβq �
»
Dβ

gpxqdλpxq �
»
Dβ

lim
kÑ8

gnkpxqdλpxq

� lim
kÑ8

»
Dβ

gnkpxqdλpxq ¤ lim
kÑ8

εnk � 0. (4.5.9)

Putting together (4.5.8) and (4.5.9) we obtain that β P Singλ ptναuαPUq.

Theorem 4.5.2. We consider one-parameter families of measures να on Rd for

some d ¥ 1, which are constructed as follows: The parameter space U is a non-

empty compact metric space. We are given a continuous mapping

Π : U � Ω Ñ R � Rd, (4.5.10)

where R is an open ball in Rd and Ω is a compact metric space (in our applications

U is a compact interval, Ω � Σ and projα �Π is the natural projection corresponding

to the parameter α). Moreover let µ be a probability Radon measure on Ω. (In our

applications µ is Bernoulli measure on Σ.) For every α P U we de�ne

να :� pprojα � Πq�µ. (4.5.11)

Clearly, να is a Radon measure whose support is contained in R. Finally let λ be a

Radon (reference) measure whose support is also contained in R. (In our applications

λ is the Lebesgue measure Lebd restricted to R.)

Then the set of parameters of singularity

Singλpprojα � Π, µq :� tα P U : ναKλu (4.5.12)

is a Gδ set.

Proof. This theorem immediately follows from Theorem 4.5.1 if we prove that for

every f P CR the function Φf p�q is continuous. To see this we set ψ : U � Ω Ñ R,

ψpα, ωq � fpprojα � Πpωqq, then Φf pαq :�
»
fpxqdναpxq �

»
ψpα, ωqdµpωq,

where the last equality follows from the change of variables formula. By compact-

ness, ψ is uniformly continuous. Hence for every ε ¡ 0 we can choose δ ¡ 0 such

that whenever dist ppα1, ωq, pα2, ωqq   δ then |ψ pα1, ωq � ψ pα2, ωq |   ε, where

distppα1, ωq, pα2, ωqq :� max tdistUpα1, α2q, distΩpω1, ω2qu. Using that µ is a proba-

bility measure, we obtain that |Φf pα1q�Φf pα2q|   ε whenever distUpα1, α2q   δ.
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Corollary 4.5.3. Using the notation of Section 4.2 and assuming our Principal

Assumption (de�ned on page 48) we obtain that the set of parameters of singularity

SingpFα, µq is a Gδ set.

The proof is obvious since our Principal Assumptions imply that the conditions

of Theorem 4.5.2 hold.

To derive another corollary we need the following fact. It is well known, but we

could not look it up in the literature, therefore we include its proof here.

Fact 4.5.4. Let H � Rd be a Gδ set which is not a nowhere dense set. Then

dimPH � d.

Proof. Since H is not a nowhere dense set, there exist a ball B such that B � H.

That is V :� B XH is a dense Gδ set in B, that is by Banach's Theorem V is not

a set of �rst category. So, if V � Y8
i�1Ei then there exists an i such that Ei is not

nowhere dense in B. That is there exists a ball B1 � B such that B1 � Ei. Then

dimBEi � d. Hence by (1.1.8) we have dimPH ¥ dimP V � d. On the other hand,

dimPH ¤ d always holds.

Applying this for SingpFα, µq we obtain that

Corollary 4.5.5. Under the conditions of Theorem 4.5.2, for the set of parameters

of singularity SingpFα, µq the following holds:

(i) Either SingpFα, µq is nowhere dense or

(ii) dimP pSingpFα, µqq � d.

Henna Koivusalo called the attention of the authors for the following immediate

corollary of Theorem 4.5.2:

Remark 4.5.6. Let µ be a compactly supported Borel measure on R2 with dimH µ ¡
1. Let να :� pprojαq�µ. Then Theorem 4.5.2 immediately implies that either the

singularity set

SingLeb

�
tναuαPr0,πq

	
� tα P r0, πq : να K Leb1u .

or its complement is big in topological sense. More precisely,

(a) Either SingLeb

�
tναuαPr0,πq

	
is a residual subset of r0, πq or

(b)
�
SingLeb

�
tναuαPr0,πq

		c
contains an interval.

We remind the reader that a set is called residual if is its complement is a set of �rst

category and residual sets are considered as "big" in topological sense.

In contrast we recall that by Kaufman's Theorem (see e.g. [37, Theorem 9.7])

we have

να ! Leb1 for Leb1 almost all α P r0, πq. (4.5.13)
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The following theorem shows that there are reasons other than exact overlaps

for the singularity of self-similar measures having similarity dimension greater than

one.

Theorem 4.5.7. Using the notation of our Example 4.3.1 (angle-α projections of

the Sierpi«ski carpet), we obtain that

SingpSα, µq � tα P A : ναKLebu is a dense Gδ set (4.5.14)

and

dimH pContQpSα, µqcq � 0. (4.5.15)

That is pSα, µq is antagonistic in the sense of De�nition 4.2.1.

Proof. The �rst part follows from Corollary 4.5.3 and from the fact that property

P5A holds for the projections of the Sierpi«ski-carpet. This was proved in [33].

Now we turn to the proof of the second part of the Theorem. This assertion

would immediately follow from Shmerkin and Solomyak [50, Theorem A] if we could

guarantee that the Non-Degeneracy Condition holds. Unfortunately in this case

it does not hold. Still it is possible to gain the same conclusion not from the

assertion of [50, Theorem A] but from its proof, combined with [50, Lemma 5.4] as

it was explained by P. Shmerkin to us [48]. For completeness we point out the only

two steps of the original proof of [50, Theorem A] where we have to make slight

modi�cations.

Let P be the set of probability Borel measures on the line. We write

D :�  
µ P P : |pµpξq| � Oµ �|ξ|�σ� for some σ ¡ 0

(
. (4.5.16)

The elements of D are the probability measures on the line with power Fourier-decay.

Let
!
ϕ
pαq
i

)8

i�1
be the IFS de�ned in Example 4.3.1. Now we write the projected self-

similar natural measure να of the Sierpi«ski carpet in the in�nite convolution form.

That is we consider να as the distribution of the following in�nite random sum:

να �
8̧

n�1

p1{3qn�1An,

where An are independent Bernoulli random variables with PpAn � ϕ
pαq
i p0qq � 1{8.

For k ¥ 2 integers we decompose the random sum on the right hand side as

να �
8̧

n�1
k-n

p1{3qn�1An �
8̧

n�1
k|n

p1{3qn�1An.

Writing η1α,k and η2α,k for the distribution of the �rst and the second random sum,

respectively, we get να � η1α,k � η2α,k. Our goal is to show that with appropriately
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chosen k we can apply [50, Corollary 5.5] to η1α,k and η
2
α,k which would conclude the

proof. To this end it is enough to show that on the one hand

dimH η
1
α,k � 1 for every k large enough (4.5.17)

and on the other hand we have

η2α,k P D, @k ¥ 2. (4.5.18)

This is the �rst place where we depart from the proof of [50, Theorem A]. Ac-

cording to [49, Theorem 5.3] if dimS η
1
α,k ¡ 1 (which holds if k is big enough), then

there exists a countable set E 1
k such that dimH η

1
α,k � 1 for all α R E 1

k. Note that

the original proof at this point relies on the non-degeneracy condition, what we do

not use here.

To get the Fourier decay of η2α,k we follow the proof of [50, Theorem A]. In our

special case, we may choose the function f in the middle of page 5147 in [50] as

fpαq � projα
�

2
3
, 0
�� projα

�
1
3
, 2

3

�
projα

�
0, 2

3

�� projα
�

1
3
, 2

3

� � 2 tanpαq � 1.

Clearly f is non-constant and f�1 preserves the Hausdor� dimension. Hence by [50,

Lemma 6.2 and Proposition 3.1] there is a set E2
k of Hausdor� dimension 0 such that

η2α,k has power Fourier-decay for all α R E2
k . Altogether, setting the 0-dimensional

exceptional set of parameters E � �8
k�2E

1
kYE2

k , by [50, Corollary 5.5] we have that

να is absolutely continuous with an Lq density for some q ¡ 1 for all α R E exactly

as in the proof of [50, Theorem A] with no further modi�cations.

In Theorem 4.5.7 we have proved that the family of the angle-α projection of the

Sierpi«ski-carpet is antagonistic in the sense of De�nition 4.2.1. In the rest of this

note we prove that there are many antagonistic families.

4.6 An equi-homogeneous family for which the Non-

Degeneracy Condition holds

First of all we remark that the Non-Degeneracy Condition does not hold for all

families. For example let

Fα :�
"

1

2
� x� t

pαq
i

*m
i�1

, m ¥ 2. (4.6.1)

Then for every α, projα � Πpiq � projα � Πpjq for i � p1, 2, . . . , 2, . . . q and j �
p2, 1, . . . , 1, . . . q. So, the non-degeneracy condition does not hold.

However, if the contraction ratio is the same λ P �0, 1
2

�
for all maps of all IFS in

the family (the family is equi-homogeneous) and the translations are independent

real-analytic functions then the Non-Degeneracy Condition holds:
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Proposition 4.6.1. Given

Fα :�
!
λ � x� t

pαq
i

)m
i�1

, m ¥ 2, α P A, (4.6.2)

where

(a) λ P �0, 1
2

�
and

(b) For ` � 1, . . . ,m, the functions α ÞÑ t
pαq
` �

8°
k�0

a`,k � αk, are independent real-

analytic functions:

@α P A,
m̧

i�1

γi � tpαqi � 0 i� γ1 � � � � � γm � 0. (4.6.3)

Then tFαuαPA satis�es the Non-Degeneracy Condition.

Proof. Fix two distinct i, j P Σ. For every ` � 1, . . . ,m , de�ne q` :� q`pi, jq by

q` :�
¸

tk:ik�`u

λpk�1q �
¸

tk:jk�`u

λpk�1q. (4.6.4)

Then

projα � Πpiq � projα � Πpjq �
8̧

k�0

αk � bk, (4.6.5)

where

bk :�
m̧

`�1

a`,k � q` (4.6.6)

for all k P N�, where N� :� Nz t0u. Observe that for b :� pb0, b1, . . . q and @` �
1, . . . ,m for a` :� pa`,0, a`,1, a`,2, . . . a`,k, . . . q we have that (4.6.6) can be written as

m̧

`�1

q` � a` � b. (4.6.7)

Assume that

@α P A, projα � Πpiq � projα � Πpjq � 0. (4.6.8)

To complete the proof it is enough to verify that i � j. Using (4.6.5), we obtain from

(4.6.8) that bk � 0 for all k P N�. Note that (4.6.3) states that the vectors ta`um`�1

are independent. So, from b � 0 and from (4.6.7) we get that q1 � � � � � qm � 0.

This and λ P �0, 1
2

�
implies that i � j.

4.7 Antagonistic families of Self-similar IFS

Here we prove the following assertion: The collection of one-parameter families

of IFS and self-similar measures are dense in the collection of equi-homogeneous IFS

having contraction ratio 1{L (L P N�) equipped with invariant measures with simi-

larity dimension greater than one. To state this precisely, we need some de�nitions:
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De�nition 4.7.1. First we consider collections of equi-homogeneous self-similar

IFS having at least 4 functions.

(i) Let FLFLFL be the collection of all pairs pFα, µq satisfying the conditions below:

• tFαuαPA is of the form:

Fα :�
"
ϕ
pαq
i pxq :� 1

L
� x� t

pαq
i

*m
i�1

, α P A, (4.7.1)

where m ¥ 4, A � R is a proper interval (A is compact) and

L P N, 3 ¤ L ¤ m� 1. (4.7.2)

Moreover, the functions α ÞÑ tα` are continuous on A for all ` � 1, . . . ,m.

• Let µ be an in�nite product measure µ :� pw1, . . . , wmqN on Σ :� t1, . . . ,muN
satisfying:

s :�
�

m°
i�1

wi logwi

logL
¡ 1, (4.7.3)

(ii) Now we de�ne a rational coe�cient sub-collection FL,racFL,racFL,rac � FLFLFL satisfying a non-

resonance like condition (4.7.4) below:

• α ÞÑ t
pαq
i are polynomials of rational coe�cients. We assume that

!
t
pαq
i

)m
i�1

are independent, that is (4.6.3) holds. Moreover,

• The weights wi are rational: twiumi�1, wi � ri{qi, with ri, qi P Nz t0u
satisfying:

L - lcm tq1, . . . , qmu , (4.7.4)

where lcm is the least common multiple. Let να :� pprojα � Πq�µ.

Proposition 4.7.2.

(a) All elements tναu of FL,racFL,racFL,rac are antagonistic.

(b) FL,racFL,racFL,rac is dense in FLFLFL in the sup norm.

Proof. (a) It follows from Proposition 4.6.1 that we can apply Shmerkin-Solomyak

Theorem (Theorem 4.4.5). This yield that ContQ (de�ned in (4.2.2)) satis�es dimHpContQpFα, µqqc �
0. On the other hand, for every rational parameter α, pFα, µq satis�es the conditions
of Theorem 4.4.6. So, for every α P Q we have dimH να   1. Using this and Corollary

4.5.3 we get that SingpFα, µq is a dense Gδ set. So, tνauαPA is antagonistic.

(b) Let p rFα, rµq P FLFLFL, with rFα :�
!
ϕ
pαq
i pxq :� 1

L
� x� rtpαqi

)m
i�1

and rµ � p rw1, . . . , rwmqN.
Fix an ε ¡ 0. We can �nd independent polynomials α ÞÑ t

pαq
i i � 1, . . . ,m of rational

coe�cients such that }rtpαqi � t
pαq
i }   ε for all α P A and i � 1, . . . ,m. Moreover, we

can �nd a product measure µ � pw1, . . . , wmqN such that for w � pw1, . . . , wmq we
have }w � rw}   ε and w has rational coe�cients wi � pi{qi satisfying (4.7.4).
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Corollary 4.7.3. Let pFα, µq P FL,racFL,racFL,rac Then

dimP pSingpFα, µqq � 1. (4.7.5)

Proof. From Solomyak-Shemerkin Theorem, we obtain that SingpFα, µq is dense.
Then the assertion follows from Corollary 4.5.5.



Part II

Apollonian networks
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5. Proofs

In this section we prove the results related to the degree distribution and cluster-

ing coe�cient of random Apollonian networks (RAN) and Evolutionary Apollonian

networks (EAN). We start with an elementary claim:

Claim 5.0.1. The series pk given in (1.2.3) is a probability distribution.

Proof of Claim 5.0.1. Clearly pk ¥ 0. Combining the formula for pk in (1.2.3) with

an elementary rewrite of the fraction of the Gamma-functions inside the sum yields

8̧

k�d�1

pk � d

2d� 1

Γ
�
1� 2d�1

d�1

�
Γ
�
1� 2

d�1

� 8̧

k�d�1

Γ
�
k�d� 2

d�1

�
Γ
�
k�d� 2d�1

d�1

�
� d

2d�1

Γ
�
1� 2d�1

d�1

�
Γ
�
1� 2

d�1

� �
8̧

k�d�1

d�1

d

�
Γ
�
k�d� 2

d�1

�
Γ
�
k�1�d� 2d�1

d�1

� � Γ
�
k�1�d� 2

d�1

�
Γ
�
k�d� 2d�1

d�1

� �
� 1,

since the last sum is telescopic.

We proceed by analysing RANs �rst.

5.1 Degree distribution of RANs: sketch of proof

The proof of Theorem 1.2.2 determining the degree distribution of RANs consist

of two main steps that are described in Lemmas 5.1.1 and 5.1.2. Recall the de�nition

of rNkpnq and Nkpnq from (1.2.1) and (1.2.2). The �rst lemma shows that rNkpnq
converges to its expectation uniformly in k as n Ñ 8. The method we describe

here is an adaptation of the standard martingale method and similar to that in

[7, 9, 27]. Parallel to our work, Frieze and Tsourakakis [24] applied this method to

show Lemmas 5.1.1 and 5.1.2 for two dimension and their proof can be generalized

to higher dimensions without any di�culty, hence we only give a sketch of proof

here.

Lemma 5.1.1. Frieze and Tsourakakis [24] Fix d ¥ 2 and c1 ¡
?

8pd� 1q. Then

lim
nÑ8

P
�

max
k

��� rNkpnq � E
� rNkpnq

���� ¥ c1

a
n log n

	
� 0.

This lemma tells us that rNkpnq concentrates around its expected value. From

this we immediately get the concentration of rpkpnq � rNkpnq{pn � d � 2q around

63
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its expected value. The second lemma approximates the di�erence between this

expected value and pk, the stationary distribution.

Lemma 5.1.2. Frieze and Tsourakakis [24] There exists a probability distribution

tpku8k�d�1 for which for any n ¥ 0 and for any k ¥ d� 1���Er rNkpnqs � pkpn� d� 2q
��� ¤ c2

a
n log n

with some constant c2. The distribution tpkukPN is determined in (5.2.19) and it has

a power-law asymptotic decay with exponent 2d�1
d�1

P p2, 3s for d ¥ 2.

As mentioned above, we do not give the proof of these lemmas here. The methods

however are similar to the ones used in the proof of Lemma 5.2.1, 5.2.2 for the EAN

below. Given Lemmas 5.2.1, 5.2.2, the proof of Theorem 1.2.2 is immediate:

Proof of Theorem 1.2.2. By triangle inequality Theorem 1.2.2 follows from Lemmas

5.1.1 and 5.1.2 with c � c1 � c2.

5.2 Degree distribution of EANs

We prove Theorem 1.2.5 about the degree distribution of EANs again in two

main steps, as in the case of RANs. Recall the de�nition pkpnq from (1.2.2). We

denote the total minus the initial number of inactive vertices after n steps by N�pnq,
that is N�pnq � Npnq�d�2. Note that N�pnq is random (and does not necessarily

concentrate), hence, any statement about the degree distribution is more accurate

when stated conditional on N�pnq, (rather than in terms of its mean, say): Let us

denote the σ-algebra generated by tN�p1q, . . . , N�pnqu by Gn. The following lemma

tells us that the empirical proportion of degree k inactive vertices concentrates

around its Gn-conditional mean:

Lemma 5.2.1. Fix the dimension d ¥ 2, a constant c� ¡ ?
24pd�1q, and a sequence

of vertex arrival probabilities tqnu8n�1 such that N�pnq Ñ 8 a.s. as n Ñ 8. Then

there exists ε � εpc�q ¡ 0 such that whp

P

�
max
k

��pkpnq � E
�
Nkpnq|Gn

�{N�pnq�� ¥ c�

d
logN�pnq
N�pnq

���N�pnq
�
� opN�pnq�εpc�qq.

(5.2.1)

The next lemma tells us that the Gn-conditional mean of the proportion of degree

k inactive vertices tends to pk, (de�ned in (1.2.3)):

Lemma 5.2.2. Let d ¥ 2 and let us assume that tqnu8n�1 is a sequence that satis�es

Assumption 1.2.4. Then for any k ¥ d � 1 there exists a random variable ηk   8
such that whp ��E�Nkpnq|Gn

�{N�pnq � pk
�� ¤ ηkqnp1� onp1qq,
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where the distribution tpkukPN is the same as the asymptotic degree distribution of

RANd given in (1.2.3). Further, the random sequence tηku can be chosen to be

nondecreasing with ηk ¤ C0k!ηk for a constant C0 and a random variable η   8.

The random variable η will be explicitely de�ned at the end of the proof of

Lemma 5.2.2. We need one additional statement to be able to prove Theorem 1.2.5.

Claim 5.2.3 (The order of magnitude of N�pnq). There exists a random variable

ξ ¥ d� 1 such that

lim
nÑ8

N�pnq
n�1¹
i�0

p1� dqiq�1 Ñ ξ a.s., (5.2.2)

where q0 :� 1.

Proof. When a new vertex is added to the graph, then the number of active cliques

increases by d� 1� 1 � d, thus at time n there are

Apnq � dN�pnq � d� 1 (5.2.3)

active cliques given N�pnq. Similarly, a vertex with degree d�1 is contained in d�1

cliques, and when the degree of a vertex v increases by 1, then the number of cliques

containing v increases by d� 1, thus a vertex with degree k ¥ d� 1 is contained in

exactly

Qk � 2� pk � dqpd� 1q (5.2.4)

active cliques. This means that the inactive vertex v is connected to exactly Qk

many active vertices with an edge.

Since each clique that is active at step n turns into an inactive clique (inactive

vertex) with probability qn at step n, the number of new inactive vertices after

the n � 1th step satis�es N�pn � 1q � N�pnq � BinpdN�pnq � d � 1, qnq, with
N�p1q :� Binpd�1, q1q. As a result, ErN�pn�1q|N�pnqs � N�pnqp1�dqnq�pd�1qqn,
with q0 :� 1, it is elementary to show that the process

M 1
n � N�pnq

n�1¹
i�0

p1� dqiq�1 � pd� 1q
n�1̧

i�0

�
qi

i¹
j�0

p1� dqjq�1
	

(5.2.5)

is a square integrable martingale if
°
nPN qn � 8 and so there exists a random

variable M 1
8 ¥ 0 such that M 1

n Ñ M 1
8 a.s.. Then (5.2.2) would follow with

ξ :� M 1
8 � d � 1 �K if we showed that

°8
i�1

�
qi
±i

j�0p1 � dqjq�1
	
converged to a

constant K ¥ 0. For this, since 1{p1� dxq ¤ e�x as long as x ¤ 1,

8̧

i�1

�
qi

i¹
j�0

p1� dqjq�1
	
¤

8̧

i�1

qie
�
°i
j�1 qj .

The right hand side converges since
°8
n�1 qn Ñ 8.
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Proof of Theorem 1.2.5. Recall c� and εpc�q from Lemma 5.2.1, and ηk from Lemma

5.2.2. Claim 5.2.3 implies that N�pnq � Θp±n�1
i�0 p1 � dqiqq a.s., hence for each

�xed k there exists a random integer n0pkq such that for all n ¡ n0pkq we have

c�
a

logN�pnq{N�pnq   ηkqn. Since the sequence ηi is nondecreasing, by triangle

inequality and union bound, for all n ¡ n0pkq

P
�

max
i¤k

|pipnq � pi| ¥ 3ηkqn



¤ P

�
max
i¤k

��pipnq � E
�
Nipnq|Gn

�{N�pnq�� ¥ ηkqn



� P

�
max
i¤k

��E�Nipnq|Gn
�{N�pnq � pi

�� ¥ 2ηkqn



.

By Lemmas 5.2.1 and 5.2.2 both terms on the rhs tend to 0, hence the statement of

Theorem 1.2.5 follows.

Now we prove Lemmas 5.2.1 and 5.2.2. To do this, the following observations

will be useful. In a similar way as we derived (5.2.3) one can show that an inactive

vertex with degree k ¥ d� 1 is contained in exactly

Qk � 2� pk � dqpd� 1q (5.2.6)

active cliques.

Proof of Lemma 5.2.1. We prove Lemma 5.2.1 using the Azuma �Hoe�ding inequal-

ity in an elaborate way. Let us use the notation Kpnq :� a
N�pnq logN�pnq, and

recall the σ-algebra Gn. We aim to show that there exist a constant c ¡ 0 such that

P
�
max
k

��Nkpnq � E
�
Nkpnq|Gn

��� ¥ cKpnq
��� Gn� � opN�pnq�εq, (5.2.7)

Taking conditional expectation w.r.t. N�pnq of both sides immediately gives Lemma

5.2.1. First note that at step n the maximal degree of any inactive vertex is N�pnq�
d� 3. Thus the left hand side of (5.2.7) is at most

N�pnq�d�3¸
k�d�1

P p|Nkpnq � ErNkpnq|Gns| ¥ cKpnq | Gnq .

Since there are N�pnq � d� 3 summables, it is enough to prove that uniformly in k

with d� 1 ¤ k ¤ N�pnq � d� 3

P
�
|Nkpnq � ErNkpnq|Gns| ¥ c�Kpnq

	
� o

�
N�pnq�p1�εq� . (5.2.8)

For a �xed time step r, let us �x an ordering of the active cliques of the graph

EANdpr, tqnuq. Clearly, the number of active cliques Aprq   pd � 1qr. To get

EANdpr � 1q we draw an independent Bernoulli(qr�1) random variable for every

active clique in EANdpr, tqnuq. Hence, for 1 ¤ r ¤ n and 0 ¤ s ¤ Aprq, it is

reasonable to introduce Fr,s, the σ-algebra generated by: Gn and the graph at time

r� 1 and the �rst s coin �ips at step r. It is straightforward that Gn � F1,0 � � � � �
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F1,d�1 � F2,0 � � � � � Fn,Apnq. With this �ltration, let us introduce the following

Doob-martingale:

Mr,s � E rNkpnq | Fr,ss ,
where k is �xed. Clearly M1,0 � E rNkpnq | Gns, and Mn,Apnq � Nkpnq. Now, we

would like to estimate the di�erence between Mr,s and Mr,s�1. We will see that

|Mr,s �Mr,s�1| ¤ 2pd� 1q @ r P t1, . . . , nu, @ 1 ¤ s   Aprq ¤ pd� 1qr. (5.2.9)

From the de�nition of Mr,s, we see that the di�erence is caused by the extra infor-

mation whether the s-th coin �ip raises a new vertex or not. Let us consider the two

di�erent realizations, i.e. in EANpr, sqa a new vertex vr,s is added to the graph at the

s-th coin �ip and in EANpr, sqb not. Note that the number N�pr�1q�N�prq of new
vertices at time r is included in the σ-algebra and therefore there must be an s1 with

s s1 Aprq that at the s1th coin �ip a new vertex vr,s1 will be added in EANpr, sqb
but not in EANpr, sqa. Hence the graphs EANpr � 1, 0qa and EANpr � 1, 0qb might

be coupled in such a way that the number of inactive vertices are the same and

every vertex has the same degree except for the d� 1 neighbors of vr,s in EANpr, sqa
and the d� 1 neighbors of vr,s1 in EANpr, sqb. Since the degree of vertices that were
added later than r are not a�ected by what happens before time r, we can extend

this coupling up to time n such that there are at most 2pd � 1q inactive vertices

with di�erent degrees. Thus, taking expectation with respect to Fr,s�1 conserves

this di�erence, which implies (5.2.9).1

We have just proved that the martingale Mr,s has bounded increments. Observe

that every new vertex will create d � 1 new active cliques and then induce d � 1

coin �ips. Thus there are at most pd � 1qN�pnq coin �ips until time n and so

|Mr,s �Mr,s�1| � 0 only at most pd � 1qN�pnq times (and the number of non-zero

coin-�ips is measurable w.r.t. Gn). Hence the Azuma �Hoe�ding inequality gives

that for any a ¡ 0

P
�
|Nkpnq � E

�
Nkpnq|Gn

�| ¥ a
��� Gn	 ¤ 2 exp

!
� a2

8N�pnqpd� 1q3
)
.

(Note that both side are random variables and the statement holds a.s., Gn contains
N�pnq.) Now set a � c�Kpnq, c� ¡ ?

24pd�1q (and therefore c� ¡ ?
24pd�1qp1�εq1{2

for some ε ¡ 0):

P
����Nkpnq � E

�
Nkpnq|Gn

����¥c�Kpnq | Gn
¤ 2N�pnq�
pc�q2

24pd�1q2¤ o
�
N�pnq�p1�εq� .

Note that this bound is uniform in k, hence (5.2.8) and (5.2.7) follows.

For the proof of Lemma 5.2.2, we use the following proposition:

1This argument is somewhat similar to [27, Lemma 8.5], except here a somewhat di�erent

conditioning is needed.
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Proposition 5.2.4. Let us introduce the nth empirical occupation parameter:

q̂n :� N�pn� 1q �N�pnq
dN�pnq � d� 1

� 1

Apnq
Apnq̧

i�1

11tthe ith active vertex at step n becomes inactiveu.

(5.2.10)

Then, q̂n{qn Ñ 1 almost surely as long as (1.2.5) of Assumption 1.2.4 is satis�ed.

Proof. Indeed, q̂n is the empirical occupation parameter of a BinpApnq, qnq distri-
bution, so it is reasonable to assume that if n is large enough, q̂n shall tend to the

true parameter, qn. Let us introduce the event Enpεq :� t|q̂n{qn � 1| ¥ εu. We can

prove q̂n{qn Ñ 1 a.s. if we can show that for every ε ¡ 0, Enpεq happens only for

�nitely many n. For this, we use a Cherno�-bound conditional on Apnq (see e.g.

[27, Theorem 2.21]):

P pEnpεq|Apnqq � Pp|BinpApnq, qnq � Apnqqn| ¡ εqnApnq|Apnqq
¤ exp

 �Apnqqnε2{2( , (5.2.11)

Note that by Claim 5.2.3, Apnq is of order exptd°n
i�1 qiu a.s., hence the rhs is

summable for any ε ¡ 0 if and only if (1.2.5) of Assumption 1.2.4 is satis�ed. Hence

by the Borel-Cantelli-lemma, in these cases we get that q̂n{qn Ñ 1 a.s.

Proof of Lemma 5.2.2. We aim to write a recursion for ErNkpnq|Gns. Note that

Apn� 1q, the number of active vertices (by (5.2.3)) and the number of new inactive

vertices at step n, N�pn� 1q �N�pnq are both measurable w.r.t. Gn�1.

Given that there are N�pn � 1q � N�pnq successes in Apnq Bernoulli trials, the
places of these successful trials are distributed u.a.r. To compute ErNkpn� 1q|Gn�1s
in terms of ErNkpnq|Gns we have to take into account the following three events that
results in a vertex of degree k at n� 1:

(i) A degree of an inactive vertex can increase to k. An inactive vertex with

degree k � `, ` � 1, . . . , d�1
d
k is contained in Qk�` many active cliques, hence,

conditioned on N�pn� 1q �N�pnq, Apnq P Gn, the indicators which are 1 form

a uniform subset of all Apnq active cliques. Then, the probability that out of

Qk�` many cliques exactly ` become inactive and the rest do not, is given by

the hypergeometric distribution�
Qk�`

`



�
`�1¹
i�0

N�pn� 1q �N�pnq � i

Apnq � i
�
Qk�`�`�1¹

j�0

Apnq � pN�pn� 1q �N�pnqq � j

Apnq � `� j

¤
�
Qk�`

`



q̂`np1� q̂nqQk�`�`p1� onp1qq,

(5.2.12)

as long as Apnq Ñ 8, which is true again by Claim 5.2.3 and
°8
n�1 qn Ñ 8.

Further, the inequality can be replaced by equality for ` � 1, since in these

cases N�pn� 1q �N�pnq � i cannot become zero for any i in the �rst product
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of (5.2.12) and Apnq Ñ 8. For ` ¥ 2, 0 serves as a lower bound on the left

hand side.

(ii) An inactive vertex with degree k at n can conserve its degree. Since an inactive

vertex with degree k is contained in Qk active cliques (see (5.2.6)) the degree

stays k from step n to n � 1 with Gn-conditional probability that is given by

setting ` � 0 in (5.2.12), which is p1� q̂nqQkp1� onp1qq.

(iii) When k � d � 1, Nd�1pnq grows by the number of new vetrices N�pn � 1q �
N�pnq.

Note that the factor p1 � onp1qq in (5.2.12) also depends on k and `. However, one

can show that for all k ¥ d � 1 and all ` � 1, . . . , d�1
d
k this term is bounded from

above by ψ�k pnq :�
�

1� 2Qk
Apnq

	Qk
, and for ` � 0 it is bounded above by 1. Hence we

can write the following conditional recursion as an upper bound:

ErNkpn� 1q|Gn�1s ¤ ErNkpnq|Gns p1� q̂nqQk

� ψ�k pnq
�
ErNk�1pnq|GnsQk�1q̂np1� q̂nqQk�1�1

�
pd�1qk{d¸
`�2

ErNk�`pnq|Gns
�
Qk�`

`



q̂`np1� q̂nqQk�`�`

�
� 11tk�d�1upN�pn� 1q �N�pnqq.

(5.2.13)

A similar lower bound can also be given as follows:

ErNkpn� 1q|Gn�1s ¥ ψ�k pnqErNkpnq|Gns p1� q̂nqQk

� ErNk�1pnq|GnsQk�1q̂np1� q̂nqQk�1�1

� 11tk�d�1upN�pn� 1q �N�pnqq,
(5.2.14)

where ψ�k pnq �
�

1� Qk
Apnq�pN�pn�1q�N�pnqq

	Qk
. Now, we �rst �nd the `stationary

solution' of this recursion in the form ErNkpnq|Gns � pkN
�pnq. Recall that q̂n Ñ 0,

so series expansion in the �rst term on the right hand side yields that the limiting

distribution pk should satisfy:

pkpN�pn� 1q �N�pnqq ¤ �pkN�pnqQkq̂n � pk�1N
�pnqq̂nQk�1 �O

�
N�pnqq̂2

npQ2
k �Qk�1q

�
�

pd�1qk{d¸
`�2

pk�`N
�pnqq̂n

�
Qk�`

`



q̂`�1
n � 11tk�d�1upN�pn� 1q �N�pnqq.

(5.2.15)

Multiply both sides by pN�pnqq̂nq�1, and use that N�pn� 1q �N�pnq � q̂nApnq:

pk
Apnq
N�pnq � �pkQk � pk�1Qk�1 � 11tk�d�1u

Apnq
N�pnq �OpCkq̂nq, (5.2.16)

where Ck   k2d2 by (5.2.6), and it estimates the smaller order terms. Note that the

inequality became an equality since similar analysis on the lower bound in (5.2.14)
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yields the same right hand side. By Proposition 5.2.4, we can write q̂n � qnp1 �
op1qq Ñ 0 as n Ñ 0. This combined with limnÑ8Apnq{N�pnq � d (by (5.2.3)) we

obtain that the limiting distribution pk should satisfy

pkpd�Qkq � pk�1Qk�1 � d11tk�d�1u. (5.2.17)

Using the formula for Qk in (5.2.4) we equivalently have

pk � pk�1
pk � 1qpd� 1q � d2 � d� 2

kpd� 1q � d2 � 2d� 2
� 11tk�d�1u

d

2d� 1
. (5.2.18)

The solution of this recursion is

pk � pd�1

k¹
`�d�2

`� 1� d� 2
d�1

`� d� d�2
d�1

� d

2d� 1

Γpk � d� 2
d�1

q
Γp1� 2

d�1
q

Γp2� d�2
d�1

q
Γpk � 1� d� d�2

d�1
q ,

(5.2.19)

and hence by the properties of Gamma-function we obtain that

pk � const � k� 2d�1
d�1 ,

i.e., the `stationary solution' has a power-law decay with exponent in p2, 3s for d ¥ 2.

Next we analyse the convergence of ErNkpnq|Gns{N�pnq to pk. For this, we need
to show that

εkpnq :� ErNkpnq|Gns � pkN
�pnq (5.2.20)

is of the order claimed in Lemma 5.2.2 (as n Ñ 8), conditionally on Gn. Using

(5.2.13) and (5.2.17) it is elementary to check that the following recursion holds for

the error terms de�ned in (5.2.20):

εkpn� 1q ¤ εkpnqp1� q̂nqQk � εk�1pnqQk�1q̂np1� q̂nqQk�1�1ψ�k pnq
� pk

�
N�pn� 1q �N�pnqp1� q̂nqQk � pd�Qkqq̂nN�pnq�

� pk�1N
�pnqQk�1q̂n

�
1� p1� q̂nqQk�1�1ψ�k pnq

�
� 11tk�d�1upApnq � dN�pnqqq̂n

� ψ�k pnq
d�1
d
k¸

`�2

ErNk�`pnq|Gns
�
Qk�`

`



q̂`np1� q̂nqQk�`�`,

(5.2.21)

Let us denote by ∆�
k pnq the absolute value of the sum of all terms but the �rst one

on the rhs of (5.2.21). Analogously, we denote by ∆�
k pnq the absolute value of the

sum of all terms but the �rst and last one. To estimate εkpnq we use induction in

k. Suppose that for all `, n such that ` ¤ k � 1 we have

|ε`pnq| ¤ η`N
�pnqq̂n (5.2.22)

with random variables η`   8 that shall be de�ned at the end of the proof. The

induction clearly starts for ` � d since εdpnq � 0 for all n. To advance the induction,

observe that

εkpn� 1q ¤ |εkpnq| �∆�
k pnq.
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This inequality holds since when εkpnq ¤ 0, then by (5.2.21) we have εkpn � 1q ¤
∆�
k pnq. Otherwise, when εkpn�1q ¤ εkpnq, then the inequality is immediate. There

remains the case εkpn � 1q ¡ εkpnq ¥ 0. In this case the inequality follows from

p1 � q̂nqQkψ�k pnq ¤ 1 for large enough n, since q̂n " 2Qk{Apnq. Similarly, it is easy

to see that the lower bound εkpn� 1q ¥ �|εkpnq| �∆�
k pnq holds. Therefore

|εkpn� 1q| ¤ |εkp0q| �
ņ

i�1

∆kpiq, (5.2.23)

where ∆kpiq � maxt∆�
k piq,∆�

k piqu.
With series expansion in the second, third and fourth term in (5.2.21), and using

that N�pn � 1q � N�pnq � q̂nApnq and the identity Apnq � dN�pnq � d � 1 yields

the upper bound

∆�
k pnq ¤

����q̂n�εk�1pnqQk�1ψ
�
k pnq � pd� 1qp11tk�d�1u � pkq � pk�1Qk�12Q2

k{d
	

� q̂2
nN

�pnq
�
pkQ

2
k � pk�1Q

2
k�1 �Opq̂nq �

d�1
d
k¸

`�2

p̄k�`pnq
�
Qk�`

`



q̂`�2
n p1� onp1qq

	����,
(5.2.24)

where we used that ErNkpnq|Gns{N�pnq � p̄k�`pnqp1 � onp1qq, with the de�nition

p̄kpnq :� ErNkpnq|Gns{pN�pnq � d� 2q, that sums up to 1 in k.

A similar inequality holds for ∆�
k pnq (without the last sum on the rhs of (5.2.24)

so we arrive at

∆kpnq ¤ ψ�k pnq
�
ck,1q̂n|εk�1pnq| � ck,2q̂n � ck,3q̂

2
nN

�pnq� , (5.2.25)

with ck,1 :� Qk�1, ck,2 :� ppk � 11tk�d�1uqpd � 1q � pk�1Qk�12Q2
k{d, ck,3 :� pkQ

2
k �

pk�1Q
2
k�1 � 2Qk .

The next inequality is an easy corollary of Assumption 1.2.4 and Claim 5.2.3:

There exist strictly positive random variables ξ1, ξ2 such that

ξ1 ¤
°n�1
i�1 N

�piqq̂2
i

q̂nN�pnq ¤ ξ2 ¤ 17ξ2. (5.2.26)

holds almost surely. Indeed, from Claim 5.2.3 we obtain that there exists a random

constant K such that for all i ¡ K, N�piq{±i
j�0p1 � dqjq P pξ{2, 2ξq and q̂i{qi P

p1{2, 2q (the latter holds a.s. by Assumption 1.2.4 and the argument below (5.2.11)).

As a result,°n�1
i�K N

�piqq̂2
i°n�1

i�K q
2
i

±i
j�1p1� dqjq

P rξ{4, 4ξs, N�pnqq̂n
qn

±n
j�1p1� dqjq P rξ{4, 4ξs (5.2.27)

holds for all n ¥ K. The statement of (5.2.26) then follows by noting that the sum

of the terms indexed by j between 1 and K is a constant (we obtained the 17ξ2 as

an upper bound on ξ2 by possibly taking n even larger.)
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The estimate in (5.2.26) is strong enough to �nish the induction step of the

proof of Lemma 5.2.2: the induction hypothesis in (5.2.22) together with (5.2.23)

and (5.2.25) yields

εkpnq ¤ |εkp0q| �
n�1̧

i�1

ψ�k piq
�
ck,1ηk�1q̂

2
iN

�piq � ck,2q̂i � ck,3q̂
2
iN

�piq
	

¤ |εkp0q| � C �
n�1̧

i�1

2
�
ck,1ηk�1q̂

2
iN

�piq � ck,2q̂i � ck,3q̂
2
iN

�piq
	
,

where we used that ψ�k piq ¤ 2 if n is su�ciently large. Next, we can apply the upper

bound in the inequality (5.2.26) on the sum of the �rst and third term to obtain

that for n large enough,

εkpnq ¤ p2ck,1ηk�1 � ck,3qξ2q̂nN
�pnq � 2ck,2

n�1̧

i�1

q̂i � |εkp0q|.

We can advance the induction by noting that |εkp0q| ¤ d � 2, while
°n�1
i�1 q̂i �

o pN�pnqqnq follows from the second statement in (5.2.27). Further, by (5.2.26)

and the de�nitions of ck,i, we see that ηk can be chosen to satisfy the recursion

ηk � ξ2p2Qk�1ηk�1�2kpd�1q�1�2q. Using that Qk   kpd�1q and pk � c �kp2d�1q{pd�1q

(and also using that we can chose ηd � 0), we obtain that ηk ¤ k!ηk for η :� 2pd�1qξ2

and k ¡ k0, where k0 is deterministic. Therefore ηk ¤ C0k!ηk holds for all k for

some C0 large enough.

In the proof of Lemma 1.2.6, we will repeatedly use the following theorem, see

[29], [6, Proposition 1.5.8].

Theorem 5.2.5 (Karamata's theorem, direct half). Let Lpxq be a slowly varying

function at in�nity and let β ¡ 0. Then for any �xed x0 ¡ 0

lim
xÑ8

1

xβLpxq
» x

x0

Lptq
t1�β

dt � lim
xÑ8

1

x�βLpxq
» 8

x

Lptq
tβ�1

dt � 1

β
(5.2.28)

Further, the function rLpxq :� ³x
x0
Lptq{t dt is slowly varying at in�nity and

lim
xÑ8

1

Lpxq
» x

x0

Lptq
t

dt � 8 (5.2.29)

Proof of Lemma 1.2.6. We start with case (a), α � 1, with showing that (1.2.4)

holds. In this proof, C denotes a generic constant with value that might change even

along lines, but only depends on the sequence tqnunPN and nothing else. Further, the

Landau-symbol Θ has its usual meaning, i.e., for two sequences an, bn, we say that

an � Θpbnq if there exists constants 0   c, C   8 such that for all n, cbn   an   Cbn.

Using the inequalities x� x2{2 ¤ logp1� xq ¤ x� x2{2 we get that

i¹
j�1

p1� dqjq � exp
! i̧

j�1

logp1� dqjq
)
� exp

!
d

i̧

j�1

qj � p1� oip1qq
)
, (5.2.30)
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where we used that Theorem 5.2.5 gives that
°i
j�1 qj � Θpi1�αLpiqq, while°i

j�1 q
2
j �

Θpi1�2αL2piqq if α P p0, 1{2q, slowly varying if α � 1{2 and summable if α P p1{2, 1q,
and hence the sum of the second order error terms can be put in the oip1q term in

(5.2.30). This estimate implies that

q2
i

i¹
j�1

p1� dqjq � Lpiq2
i2α

exp
 
Θpi1�αLpiqq(Ñ 8,

and hence the sum of the �rst tn{2u terms add only at most a constant factor to the

total sum below:

n�1̧

i�1

q2
i

i¹
j�1

p1� dqjq ¤ C
n�1̧

i�rn{2s

q2
i

i¹
j�1

p1� dqjq

¤ Cqn

n�1̧

i�rn{2s

qi

i¹
j�1

p1� dqjq,
(5.2.31)

where, to obtain the second inequality we used for all j P trn{2s, . . . nu that we have
qj � Lpjq{jα ¤ cLpnq{nα � Cqn for some C ¡ 0, since Lp�q is slowly varying (this

statement follows from a usual Potter's bound, see [6, Theorem 1.5.6]). It is left to

study the following sum:

n�1̧

i�rn{2s

qi

i¹
j�1

p1� dqjq �
n�1̧

i�n{2

qi exp
!
d

i̧

j�1

qj � p1� oip1qq
)

Let qpxq be a continuous function so that qpnq � qn, and approximate the sum with

the integral: we see that the right hand side is at most

C

» n

n{2

exp
!
d

» x

1

qpyqdyp1� oxp1qq
)
qpxqdx. (5.2.32)

From Theorem 5.2.5 and the argument below (5.2.30) follows that the term hidden

in oxp1q � Θpx�αLpxqq when α � 1{2 and rLpxq{x1{2 for some other slowly varying

function rLpxq when α � 1{2. Hence, it is not hard to see (by e.g. estimating with

two di�erent constant factors in the exponent) that the p1 � oxp1qq factor can be

neglected and we get that the integral in (5.2.32) can be bounded from above by

C exp
�
d

» n

1

qpyqdy
	
¤ C

n¹
i�1

p1� dqiq,

where in the last step we moved back from the integral to the sum again, similarly

as before. (Note that we used the fact that
°n�1
i�1 qi Ñ 8 as well, which follows

trivially when α P p0, 1q). The lower bound can be worked out in a similar manner.

For the second statement, (1.2.5), a simple application of Theorem 5.2.5 is su�cient,

8̧

n�1

exp
!
�εqned

°n
j�0 qj

)
�

8̧

n�1

exp

"
�εLpnq

nα
edLpnqn

1�α

*
,
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which is summable for very ε ¡ 0 since 1� α ¡ 0.

Next we continue with case (b). We show the upper bound in (1.2.4). The lower

bound can be worked out in a similar manner. The same argument than that around

(5.2.30) can be repeated and since
°8
j�1 b

2{j2   C, we have

q2
i

i¹
j�1

p1� dqjq ¤ pb� opi�δqq2
i2

exp
!
db log i� C

)
¤ C � idb�2, (5.2.33)

where we also used that the error term
°i
j�1 opn�1�δq   C for some constant C ¡ 0

that depends on the sequence tqnunPN only. Finally, summing (5.2.33) in i, the �rst

i0 terms contribute as a constant, and the rest

n�1̧

i�1

q2
i

i¹
j�1

p1� dqjq ¤ C
n�1̧

i�i0

idb�2 ¤ C � ndb�1, (5.2.34)

since db ¡ 1. On the other hand, the denominator in (1.2.4) can be estimated from

below as

qn

n¹
j�1

p1� dqjq ¥ b� opn�δq
n

exptd
ņ

j�1

b� opj�εq
j

� Cu ¥ C � ndb�1. (5.2.35)

Combining the estimates in (5.2.34) and (5.2.35) yields the upper bound in (1.2.4).

The lower bound can be shown analogously and is left to the reader. As for (1.2.5),

we can use the lower bound (5.2.35) to get the following upper bound

exp
!
�εqned

°n
j�1 qj

)
¤ expt�εCndb�1u,

which is summable since db� 1 ¡ 0.
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