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1 Introduction
Since the beginning of digital communications there has been a contradiction: while the in-
formation at the source and drain is handled and processed as digital, still the channel itself
remained analogous with its analogous properties. Among these analogous properties one of
the most important is the frequency response. For a good communications, therefore, it is nec-
essary to accommodate the digital signal's spectrum to the channel's properties. This can be
carried out by pulse shaping or coding. In many applications where it is impossible or di�cult
to shape the pulse (e.g. digital optical or magnetic recording/transmission) it is important the
spectral shaping of binary data sequence [1, 2, 3]. Moreover, there are additional constraints on
the code, such as the bound of the number of consecutive identical symbols i.e. the run-length
limit (RLL). The run-length upper bound (k constraint) ensures the reliable clock recovery,
while establishing a lower bound (d constraint) diminishes the intersymbol interference [4].

To form the suitable binary channel sequence from the source sequence we should add
some redundancy by a transcoder. This can be carried out by using �xed redundancy blocks
mapping each m bits of the source sequence to an n bit long channel sequence (n > m) [5, 6], or
with some adaptive method when the coder inserts redundant bits according to the momentary
channel state and the applied constraint [10]. Application of block codes results in complex
code constructions, and consequently, in complicated coder structures even for the smoothest
spectral constraints [7], or when the spectral and run-length constraints are mingled. The
adaptive method has a smooth coder structure, which can easily handle multiple constraints,
and, in general, results in a high coding e�ciency [C5], however, it requires input bu�ering,
and is susceptible to error propagation.

In my thesis I introduce a feedback controlled adaptive coder structure, which can perform
a very e�ective and �exible spectrum shaping, and, in addition, if it is required, also controls
the run-length of the output. Its coding method, the bit stu�ng, is smooth, it doesn't require
much computing, and can be realized easily. The �exibility is due to the digital loop �lter,
which can be implemented by some cheap and readily available DSP technique, while the error
propagation can be controlled by the suitable �lter design.
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2 Basic Concepts and Research Objectives
2.1 Generalization of the Charge Concept
The most common application of spectral shaping is coding for AC-coupled channel [15, 2, 16].
Those channels have a low frequency cut-o� causing a slow �uctuation in level at the receiver.
To avoid this �uctuation we should suppress the low frequency code components. It is usually
carried out by charge constrained codes where the running digital sum (RDS) of the channel
sequence Y (Yi∈{−1, +1}, i = 0, 1, . . . ; and Yi<0 = 0), i.e. the accumulated charge is limited:

Cn =
∞∑

i=0

Yn−i and |Cn| ≤ c (n = 0, 1, . . .) (1)

One can see that the RDS is generated by a low-pass �lter:

C(z) =
1

1− z−1
Y (z). (2)

By limiting the RDS, we limit the level at the output of a low-pass �lter. So low frequency
components of the channel sequence enhanced by the �lter will be suppressed. It implies the
idea using �lters with other characteristics to form an RDS like quantity will also shape the
spectrum according to the applied �lter. For this purpose, I generalized the RDS concept by
introducing the weighted running digital sum (WRDS) [C3, Th2.1*] as

Wn =
∞∑

i=0

hi Yn−i (hi ∈ R, n ∈ N), or W (z) = H(z) Y (z).

Those codes with limitedWRDS I will refer to as generalized charge constrained codes [C2,Th2.1].
In my thesis I have studied the properties of two special generalized charge constrained

codes. For the �rst one the WRDS is de�ned by the low pass FIR �lter H(z)=
∑w−1

i=0 z−i :

Wn =
w−1∑

i=0

Yn−i, or W (z) =
1− z−w

1− z
Y (z).

This constraint limits the accumulated charge in a sliding window:
∣∣∣∣∣

w−1∑

i=0

Yn−i

∣∣∣∣∣ ≤ c (n = 0, 1, . . . ; (w−c)mod2 ≡ 0)

and therefore it will be referred to as window-charge, or shortly, (w, c) constraint [Th3.2].
Con�ning bond c on integers mod 2 congruent to w doesn't restrict the generality.

For the second constraint the WRDS is generated by the low pass IIR �lter H(z) =
∑∞

i=0 αiz−i (0 < α < 1):

Wn =
∞∑

i=0

αi Yn−i, or W (z) =
1

1− αz−1
Y (z).

*References Th pertain to the corresponding section of the thesis.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.1
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.1
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.2
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The corresponding
∣∣∣∣∣
∞∑

i=0

αiYn−i

∣∣∣∣∣ < c
(
n = 0, 1, . . . ;

1 + 2α

1 + α
< c <

1

1− α

)

constraint will be referred to as α-charge, or shortly, (α, c) constraint [Th4.1].
Note that both de�nitions, in contrast to (1), use �lter with limited or fading memory. It

makes possible a charge state (WRDS) dependent decoding without in�nite error propagation.
That allows the charge state itself to convey information enhancing the code performance
[Th2.1].

2.2 The Run-Length Limited Channel
A run is a substring of identical symbols. For a process with �nite set of values there can be
de�ned a corresponding run-length process:
Let us de�ne the transition times of the process Y as

ti = min{j > ti−1|Yj 6= Yj−1} and t0 = 0.

Then the run-lengths are given as the di�erences Ti = ti− ti−1, and the process T (Y ) is called
as the run-length process associated with Y .

In most applications there is also important to limit the run-length [5, 6]:

• The d constraint constitutes a lower bound on the run-length: T ≥ d+1, i.e. each run
should be d+1 long at least.

• The k constraint imposes an upper bound on the run-length: T ≤ k+1, i.e. no runs can
be longer than k +1.

The k constraint ensures the reliable clock recovery, while the d constraint diminishes the
intersymbol interference. Channels complying with the above constraints are called (d, k)

constrained or run-length limited (RLL) channels.
The (d, k) constrained channel can be described by the run-length graph in Fig. 7. The

labelling of the vertices corresponds to the current run-length. Using the variable length symbol
representation [23, 24], i.e., the edges can correspond to sequences of di�erent length, the state
transition diagram can be reduced into a one-vertex graph (Fig. 8). The state transition graph
with single length transitions in Fig. 7 corresponds to a system of �rst order recurrences, while
its variable length symbol representation corresponds to a single recurrence of k-th order.

In my thesis I used a generalization of the RLL concept too. I call a channel RLL in the
wide sense if the lower and the upper bound of the run-length aren't constant, but they depend
on the channel's history:

Ti ≥ d(T1, T2, . . . , Ti−1) + 1 and Ti ≤ k(T1, T2, . . . , Ti−1) + 1,

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.1
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.1
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or shortly d = d(Y ) and k = k(Y ) [C2, Th5.2].
Since a generalized charge constraint uses the �lter's memory to regulate the channel se-

quence, it also can be taken as a wide-sense RLL constraint. However, the set of generalized
constraints doesn't encompass the all wide-sense RLL constraints, e.g. for d constraint there
is no corresponding generalized charge constraint.

2.3 Coding Biased Sources
When the coder's input sequence X is biased, i.e., the probabilities IP(X = +1) = p and
IP(X =−1) = q aren't equal (or we have no information about it), the input signal has (or
might have) a discrete component in DC proportional to the square of the bias p−q. It should
be avoided in most applications [1]. The usual solution of this problem is the precoding of the
biased source [14, Th5.1]. The precoded signal X ′ is de�ned as

X ′ {−1, +1} : X ′
m = Xm X ′

m−1.

With the mapping +1→ 0 and −1→ 1 one can see that the precoding process is a mod 2
integration: X ′

m = Xm ⊕ X ′
m−1. If the input process is independent and identically dis-

tributed (i.i.d.) the output is a stationary run-length process with geometrical distribution:
IP(T (X ′) = i) = qpi−1, which has really no discrete spectral components. When p = q = 1/2

the statistical properties of the precoded signal are the same as the original one's.

2.4 Research Objectives and Methodology
My aim was to develop a �exible and easily con�gurable coder for spectral shaping of binary
data streams. By generalizing the accumulated charge concept, I have introduced the weighted
running digital sum (WRDS). It establishes a direct relation between the spectral and time
domain features. A corresponding new class of constraint limiting the WRDS, the generalized
charge constraint has been de�ned. I proposed an adaptive coder structure, a feedback con-
trolled bit stu� encoder with loop �lter described in Claim 1.1 for generating WRDS limited
sequences.

In Chapter 2, using some signal processing basics, I have demonstrated the spectral shaping
property, and supplied an approximate formula for the spectral density of the output sequence
in case of binary white noise input (Claims 1.2 and 1.3).

In Chapter 3 I gave a detailed analysis of coders with FIR (�nite impulse response) loop
�lters. The performance of those coders can be described as �nite sate machine (FSM) with
the corresponding discrete Markov model. Using the symmetry properties of the transition
matrix I have supplied formulas for the rate, the related constrained channel's capacity and
the spectral density of the output signal. Section 3.5 deals with the case when both spectral
and RLL constraints are imposed. Using hypergraphs and the corresponding hypermatrices

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.5.2
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.5.1
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter.2
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter.3
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.5
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together with variable length symbol representation, even this relatively hard problem can be
handled, and both the channel capacity and the coder's rate, as well as the spectral density of
the output signal can be calculated.

In Chapter 4 I have applied the IIR low-pass �lter H(z) = 1/(1 − αz−1) as loop �lter.
Since the codomain of WRDS is now an in�nite set, the coder and the corresponding α-charge
constrained channel can not be described as FSM any more, and the process W controlling
the coder will be a Markov process rather than a Markov chain. Therefore I had to use func-
tional equations instead of matrices to describe both the channel and the coder's performance
(Claims 3.1 �3.4 ). These equations can be solved either by successive approximation or by dis-
cretization dividing the function's support into small disjoint sections. In my thesis I choose the
latter one because discretization of a Markov process actually results in a Markov chain which
can be handled with the matrix method applied for studying the window-charge constrained
channel and codes.

For calculating the basic properties as rate, channel capacity and spectral density of window-
and α-charge constrained codes, I prepared Matlab** scripts. It has been made a lot of
measurements too, performed byMatlab simulations, to determine the actual spectral density
of many di�erent generalized charge constrained codes. When it was possible, I plotted these
measurement results against the calculated and estimated ones.

**A registered trade mark of MathWorks Inc.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter.4
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3 New Results
Claims 1 The Coder's Structure and Performance
Claim 1.1 The adaptive coder structure
For coding WRDS limited channels I have developed the adaptive coder structure in Fig. 1 and
set the necessary and su�cient condition of limited error propagation. [J1, C3, Th2.2]

The adaptive coder is actually a feedback controlled bit stu� encoder. The bit stu� encoder
has two states: either transmits a bit from the input to the output or inserts a redundant bit.
The bit stu�ng is controlled by the feedback loop. Whenever the level at the �lter's output

comparator

encoder

digital filter
)(zH(WRDS)

 bit stuffX { −1,+1}

Y

Y { −1,+1}

W

)sgn( nW−

abs(Wn) ≥ c0

Figure 1. Feedback controlled bit stu� encoder.

reaches a given threshold c0, the bit stu� encoder inserts a bit with opposite sign to the �lter's
output signal:

Yn+1 =





Xm+1, if |Wn| < c0;

−sgn(Wn), if |Wn| ≥ c0,
(3)

where Xi, Yi∈{−1, +1} and Wn =
∑∞

i=0 hi Yn−i. The indices of the input (X) and output (Y )
sequences are di�erent because of the previously stu�ed bits: n = m+Ns(X

m), where Ns(X
m)

stands for the number of stu�ed bits till Xm. For threshold c0 it must hold that

c0 > cm = min
εi
|∑ εi hi| , εi∈{−1, +1}

c0 ≤ cM =
∑ |hi|.

For c0 ≤ cm the rate would be zero (no information could be transmitted), while for c0 > cM the
rate would be 1 (no spectral shaping could be performed). The above structure works actually
as a negative feedback with loop �lter. The coder tries to keep low the output of the �lter
H̃(z) = 1 + z−1H(z). The spectral components enhanced by the �lter will be dominant in the
control of the bit stu� encoder, so the coder's interventions are diminishing their energy. The
decoding can be performed with a similar, but feed-forward structure. The error propagation

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.2
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can be controlled by the suitable �lter design limiting the decoder's memory:
∞∑

i=0

|hi| = cM < ∞.

I proved that the above condition is a necessary and su�cient condition of limited error prop-
agation [C1, ThA].

For the sake of simple implementation, I have integrated the precoder into the bit stu�
encoder by changing the coding rule of �no stu�ng� case using Yn+1 = Xm+1 Yn instead of
Yn+1 =Xm+1 in coding rule (3):

Yn+1 =





Xm+1Yn, if |Wn| < c0;

−sgn(Wn), if |Wn| ≥ c0.
(4)

The new coding rule will continue the current run with probability p (when �+1� inputted),
and will start a new one with probability q (when �−1� inputted) when no stu�ng is applied.

Claim 1.2 Demonstration of the spectral shaping property
I have demonstrated the spectral shaping property of the adaptive coder and showed that it
performs a sigma-delta-like operation. I gave an approximate formula for the spectrum of the
output signal. [J1, C3, Th2.2]

Supposing that the coder's input sequence is a series of i.i.d. random variables, i.e. the input
is a binary white noise. Under this circumstance, as far as the statistical properties of the
output signal is concerned, there is no matter whether the coder inserts a bit or overwrites the
oncoming one, so the following coding rule can be set instead of (3):

Yn+1 = sgn(Xn+1 − 1

c0

Wn) = sgn(Xn+1 − 1

c0

∞∑

i=0

hi Yn−i).

To analyze the corresponding nonlinear system in Fig. 2.a, I have modelled the performance of
the one-bit quantizer by adding the quantization noise Q (Fig. 2.b). On the basis of the �gure

X
Q

Y+

−

)(zH
Wz 1−

c0
W

z−1

z 1−
1/c0

(a)

X Y+ +

−

+

H z( )c0

z−1c0
W

z−1

Q

(b)

Figure 2. The coder's nonlinear equivalent circuitry (a); and its linearization (b).

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter*.2
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.2
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for the output signal I could write:

Y (z) =
X(z) + Q(z)

1 + z−1

c0
H(z)

. (5)

Now, supposing that process Q is an uncorrelated white noise [18], which is more or less satis�ed
while (c0− cm)/(cM − cm) ¿ 1, i.e. when the coder performs de�nitely, for the spectral density
of the output I have got

SY (f) ≈ 1
∣∣∣∣1 + e−j2πf/f0

c0
H(e−j2πf/f0)

∣∣∣∣
2 . (6)

From (5) one can see that the same �ltering is applied both for the input signal X and the
quantization noise Q. Using the notations

F (z) =
1

1 + z−1

c0
H(z)

and X ′(z) =
X(z)

1 + z−1

c0
H(z)

= F (z) X(z),

as well as introducing the re-quantization noise as

Q′(z) = Y (z)−X ′(z) = F (z) Q(z),

I could transform the layout in Fig. 2.a. The feedback quantizer on the right side of the
yielding structure in Fig. 3 is a sigma-delta converter widely used to shape the spectrum of
quantization noise till nowadays [19]. It well demonstrates the coder's performance: the input
binary signal is �ltered according to the spectral requirements, then the resulted signal, in
general with a continuous amplitude distribution, is re-quantized by a quantizer which also
shapes the quantization noise spectrum in the same manner.

Q
Y

+

Q

−

F z( )
X +

−

1 − F z( )

QQ ′−

X'

Figure 3. The equivalent transformation of the coder.
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Claim 1.3 Coding for run-length limited channels
By inserting additional feedback loops to monitor the run-length, I could implement the RLL
constraints along with spectral constraint, and I gave an approximate formula for the spectrum
of simultaneously k and generalized charge constrained code. [J1, C3, Th2.3]

To implement the run-length constraints, I have applied the following coding rule:

Yn+1 =





−sgn(Wn), if |Wn| ≥ c0; (charge constraint)

−Yn, if |∑k
i=0 Yn−i| = k + 1; (k constraint)

Yn, if |∑d
i=0 Yn−i| < d + 1; (d constraint)

Xm+1Yn, (no stu�ng) otherwise.

(7)

Some kind of charge constraints may occasionally clash with one or other run-length con-
straints, i.e. they are forcing the bit stu� encoder inserting bit with di�erent sign in the same
time. It can be either prevented by imposing an auxiliary constraint upon the code or resolved
by setting priorities for the constraints. An example for the former solution is presented in
[Th3.5]. When priorities are set, usually it is advisable to order higher priority to the run-length
constraints since those are more crucial if they are set, and generally the false interventions
will not deteriorate too much the spectrum.

From Fig. 4 one can see that we are using low-pass FIR loop �lters for monitoring the
run-length both for d and k constraints. Moreover, k constraint is implemented with a coding
rule complying with (3), which maintains the WRDS low, similarly to one applied for the
charge constraint. It implies that when only k constraint is applied with charge constraint,

encoder
 bit stuffX { −1,+1}

Y

Y { −1,+1}

comparator #1
c0W c ≥)abs( )(

comparator #2

1)abs( )( +=kW k

comparator #3

)abs( )( < 1+dW d

digital filter #1

)(zH c

)(cW

)(kW

)(dW

)sgn( )(cW−Y− Y

digital filter #2

Σ =
−= k

i
i

k zzH 0)(

digital filter #3

Σ =
−= d

i
i

d zzH 0)(

Figure 4. The implementation of the run-length constraints.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.2.3
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.5
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X
Q

Y+ +
Q

− −

1

1
1

+
Σ +

=
−

k

zk
i

i

c0

z−1

)(zHc

Y

Figure 5. The equivalent circuit of the coder in Fig. 4 for esti-
mating the output spectrum when d=0.

in case of independent binary white noise input, the bit stu� encoder can be replaced with
summing circuits and one-bit quantizers (Fig. 5) � similarly as I did in Claim 1.2 � so the
output spectrum can be estimated as

SY (z) ≈ 1
∣∣∣∣1 + z−1

c0
Hc(z) + z−1

k+1
1−z−(k+1)

1−z−1

∣∣∣∣
2 . (8)

The above formula is less accurate than (6) due to the fact that for k constraint the bit stu�
threshold is set to k+1, i.e. the condition (c0 − cm)/(cM − cm) ¿ 1 is barely satis�ed, and the
loop works at the performance limit.

Claims 2 Coding with FIR Filters
Those coders applying FIR �lters has only �nite internal states so they can be described as
FSM with the corresponding state transition matrix. I render a general mathematical model
to study these coders. The method can be extended for the case when spectral and run-length
constraints are applied simultaneously. As an example, I present an actual coder scheme
with low-pass window �lter H(z) =

∑w−2
i=0 z−i generating window-charge constrained code with

parameters (w, c0−1).

Claim 2.1 The special properties of the transition probability matrix
I proved that the transition matrix of the coder always can be given in a centrosymmetric
form. I have used the symmetry properties in reduceing the state space and modelling the
simultaneously spectral and RLL constrained case. [J1, Th3.1]

Property 1 Let denote N the number of internal states of the coder and S̄i the bitwise
inverse of the state Si. Then with the labelling

S̄i = SN+1−i, (i = 1, 2, . . . , N) (9)

the adaptive coder's transition probability matrix is centrosymmetric:

IP(Si→Sj) = IP(S̄i→ S̄j) = IP(SN+1−i→SN+1−j) (10)

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.1


CODING WITH FIR FILTERS 11

and can be given in the following form [22]:

Q =




Q1 Q2J

JQ2 JQ1J


, where J=



0 1

. . .

1 0


.

Property 2 It is a necessary and su�cient condition for centrosymmetry if the matrix has
two invariant subspaces orthogonal to each other. An even one (E) consisting of ve = [v, vJ]

even vectors:
veQ = [v(Q1 + Q2), v(Q1 + Q2)J] = [vQe, vQeJ]; (11.a)

and an odd one (O) consisting of vo = [v, −vJ] odd vectors:

voQ = [v(Q1 −Q2), −v(Q1 −Q2)J] = [vQo, −vQoJ]. (11.b)

There are two important corollaries of the above properties:

� From (10) one can see that each state can be joined with its inverse, due to the symmetry.
Then the state transition probability matrix reads as Q1 + Q2 = Qe.

� Since a matrix and its any power have the same eigenvectors, if Q is centrosymmetric, Q±n

is alike, and (Q±n)e = Q±n
e and (Q±n)o = Q±n

o .

Property 3 Labelling the states according to the last output bit Yn too as

1 ≤ i ≤ N/2, if Yn = −1;

N/2 < i ≤ N, if Yn = +1;
(12)

matrices Q1 and Q2 have actual physical meaning: Q1 stands for repeating the last input
bit, i.e. continuing the current run, while Q2 stands for adding an inverse bit to the last one
starting a new run with opposite sign.

Commonly, applying an order r FIR loop �lter, the most plausible labelling satisfying both
(9) and (12) is the lexicographical ordering of the �lter's states:

i = 1 +
r∑

k=0

(1 + Yn−k) 2r−k−1,

i.e. S1 = [−1, . . . ,−1], . . . , S2r+1 = [+1, . . . , +1].

Claim 2.2 Rate and channel capacity
I determined the rate of coders with FIR loop �lters and the capacity of the corresponding
constrained channel. I supplied a closed form formula for the error propagation of window-
charge constrained code. [J1, Th3.3]

The coder's rate can be calculated from the stu�ng probability Pstuff :

R = 1− Pstuff .

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.3
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The stu�ng probability is given by the sum of stationary probabilities of states where stu�ng
is applied:

Pstuff =
∑

|WRDS(Si)|≥c0, i≤N
2

πi,

where πi is the stationary probability of state Si, i.e., the element of eigenvector πe of Qe

associated with the maximal eigenvalue 1. (Due to the symmetry the stationary distribution
π of Q must be element of E : π = 1

2
[πe,πeJ]; so it is determined by Qe only.)

The capacity of a constrained channel is given as the base 2 logarithm of the maximal eigen-
value λmax of the channel's adjacency matrix [13, 1]: C = log2 λmax. If the coding algorithm
is greedy, i.e., it can generate all the possible sequences obeying the given constraint, one can
get the constrained channel's adjacency matrix from the coder's transition probability matrix
by substituting ones in places of its nonzero elements:*** A = [Q 6= 0]. Since A is centrosym-
metric too, and Ae = [Qe 6= 0] is non-negative, so it comes into the maximal eigenvalue λmax

of A, which determines the channel capacity.

Claim 2.3 The spectral density of the output signal
I have derived formula for the spectral density of the output signal of coders with FIR loop
�lters. [J1, Th3.4]

The spectral density of a Markov chain is de�ned as the Fourier transform of the autocor-
relation:

S(f) =
∞∑

k=−∞
R(k)e−j2πkf/f0 (13)

So, to get the spectral density, �rst I calculated the autocorrelation RY (k) = IE(Yn Yn+k). Using
that the coder's states are ordered such a manner that Yn =+1 for S1 . . . SN

2
and Yn =−1 for

SN
2 +1 . . . SN , and moreover, the symmetry of the stationary distribution π, the autocorrelation

can be written as
RY (k) =

1

2
[πe,−πeJ] Q|k|

[
1

−1

]
,

where 1 denotes the full-of-one vector [1, 1, . . . , 1]∗. Since the vector on the left is the element
of O, according to (11.b), the autocorrelation can be expressed with Qo:

RY (k) =
1

2
[πeQ

|k|
o , −πeQ

|k|
o J]

[
1

−1

]
= πeQ

|k|
o 1. (14)

Substituting (14) into (13), for the spectrum I have got:

SY (z) = πe[(I− zQo)
−1 + (I− z−1Qo)

−1 − I]1.

*** Here and later on I will use the �==� and the � 6=� relational operators with vector and matrix operands.
Those are considered elementwise, and they result in a vector/matrix with 0 and 1 elements, 1 when the
relation holds, and 0 when doesn't.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.4
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Figure 6. The spectra of window-charge constrained codes generated with an order 13 �lter. The
rate and the channel capacity are R=0.53 and C =0.63 for c=1; and R=0.83 and C =0.89 for c=3.

Claim 2.4 The capacity of the �nite-state run-length limited channel
I gave a method to build up the adjacency matrix of the simultaneously spectral and RLL
constrained channel calculated its capacity. [J1, Th3.5]

To describe the simultaneously generalized charge and (d, k) constrained channel, I set out
from the state transition graph of the RLL channel in Fig. 7. The labelling of the vertices
corresponds to the current run-length. Taking into account the generalized charge constraint,
I have used a hyper graph:
Each vertex contains a set of states with same length of closing run represented by vectors,
and each edge corresponds to an edge adjacency matrix describing the connection between the
state vectors of neighboring vertices. There are two kinds of edge matrices: A1 which continues
the current run, and A2 which closes it, starting a new run with opposite sign, as Q1 and Q2

do. So, those can be derived from the original state transition probability matrix Q by puttingd+21 2 d d+1 k k+1A1 A2A1 A1 A1 A1 A1A2 A2 A2
Figure 7. The state transition graph of (d, k) constrained channel.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.5
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Figure 8. The variable length graph of the simultaneously generalized charge and (d, k) constrained channel.

ones in place of nonzero elements of Q1 and Q2 respectively:

A1 = [Q1 6= 0] (the run is continuing);
A2 = [Q2 6= 0] (a new run is starting).

Using the variable length symbol representation [23, 24], i.e. the edges can correspond to se-
quences of di�erent length, the state transition diagram can be reduced into a one-vertex graph
(Fig. 8), which is described with the following adjacency matrix:

Ad,k(z) =
k∑

i=d

z−(i+1)Ai
1A2.

Then the channel capacity is given as the base two logarithm of the largest root of the charac-
teristic polynomial det[Ad,k(z)− I] [13, 23].

Claim 2.5 Properties of adaptively generated �nite-state RLL codes
Using the variable length symbol representation, I gave a general method to calculate the rate
and the spectral density of adaptively generated �nite-state run-length limited codes. [J1, Th3.5]

The state transition diagram of a coder for simultaneously generalized charge and (d, k) con-
strained channel can be seen in Fig. 9, which is a hyper graph too. The edge matrix Q̃1

stands for continuing the current run, while Q̃2 stands for closing it by inserting d+1 bits
with opposite sign, so Q̃2 = Q2A

d
1. To get Q̃1, we should slightly modify Q1 since Q̃1 + Q̃2

must be stochastic at any way. Using that for stochastic matrices the row sum vector Q1

is always 1, and both for Q1 and Q2 have at most one nonzero element per row, for Q̃1 we
have: Q̃1 = diag(1 − Q̃21)A1. This formula is actually the implementation of the auxiliary
constraint mentioned in Claim 1.3. As an example, for window-charge constrained channel it

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.3.5
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Figure 9. The state transition diagram of the coder.

reads as
Yn+1 = Yn, if Yn ·

w−d−2∑

i=0

Yn−i ≤ d− c0.

It has to be added to coding rule (7) in order to avoid the collision of generalized charge and
d constraints after short runs, forcing the coder to lengthen the current run.

On the basis of Fig. 9 I could construct the variable length transition matrix of the coder:

Qd,k(z) =
k−d−1∑

i=0

zd+1+i Q̃i
1Q̃2 + zk+1 Q̃k−d

1 A2A
d
1

Let πd,k =πd,kQd,k(1) the stationary distribution vector for vertex �d + 1�, i.e. the stationary
distribution under the condition that a new run has started. Then the generating function of
the distribution of run-length can be given as

g(z) = πd,kQd,k(z)1. (15)

To get the coder's rate �rst, I determined the average run-length at the output:

Nout = g′(1) = πd,k

[
k−d−1∑

i=0

(d + 1 + i) Q̃i
1Q̃2 + (k + 1) Q̃k−d

1 A2A
d
1

]
1.

Introducing the indicator vector i = 1 − [Q̃11 == 1] − [Q̃21 == 1], which selects the states
when no stu�ng is applied and the coder gets a bit from the input, the average number of
input bits during an output run reads as

N in = πd,k

k−d−1∑

i=0

Q̃i
1 i.

Then the rate is given as R = N in/Nout.
The spectral density of the output signal can be calculated as well with the help of gener-

ating function (15) by the formula published in [25]:

SY (z) =
4

Nout |1− z|2 πd,k[(I + Qd,k(z))−1 + (I + Qd,k(z
−1))−1 − I]1.
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Figure 10. The spectrum of a simultaneously window-charge and k constrained code.
The rate and the channel capacity are R = 0.54 and C = 0.63.

Claims 3 Coding with IIR Filters

In general, those coders with IIR �lters and the corresponding channels can not be described as
�nite state machines any more. The state space become in�nite, and the corresponding Markov
chain unstable, so we can not use the discrete Markov model to analyze the system. Rather I
should use functional equations for the description, what are much less powerful tools than the
transition matrix. Therefore, I didn't take up to present a general mathematical model and
solution as I did with coders with FIR �lters, but I have scrutinized only one speci�c constraint
the α-charge constrained channel as case study.

To ease the analysis, I have de�ned the concept of recti�ed weighted running digital sum
(RWRDS) [Th4.1], which is the WRDS multiplied by the sign of the current run:

Ŵn = Yn Wn = Yn

∞∑

i=0

hi Yn−i.

It is convenient to rectify WRDS since RWRDS is always increasing during a run, so it is
enough to bind upward its value.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.1
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Claim 3.1 The capacity of α-charge constrained channel
I have determined the capacity of the α-charge constrained channel. [J1, Th4.1]

To study the α-charge constrained channel, I have considered the set An of n dimensional
binary vectors: [a1, a2, . . . , an], ai ∈ {−1, +1}. Then the RWRDS on the elements of An is
given as

Ŵi = ai

i−1∑

j=0

αjai−j = 1 +
ai

ai−1

α Ŵi−1; (i = 2, . . . , n) and Ŵ1 = 1, (16)

Now let us consider the subset An
c of An, in which RWRDS is limited: Ŵ1, . . . , Ŵn < c. From

(16) one can see that RWRDS of an α-charge constrained code is bound downward as well:
c′ = 1−αc < Ŵ < c. Let S(n) denote the number of elements in An

c and Fn(x) the distribution
of Ŵn on the set: Fn(x) = IP(Ŵn <x). Then, on the basis of (16), we can write:

S(n) Fn(x) = S(n− 1) Fn−1(
x−1
α

) + S(n− 1) [1− Fn−1(−x−1
α

)]. (17)

The term Fn−1(
x−1
α

) in the above equation refers to the case when the current run is continued,
while 1−Fn−1(−x−1

α
) is standing for starting a new run, and the arguments are the values of

RWRDS of the step before. Specially, for x=c: Fn(c)=1, while, since the value of the second
argument (1 − c)/α is always below c′, the probability Fn−1(− c−1

α
) is zero. Thus, for x = c

(17) reads as
S(n) = S(n− 1) [1 + Fn−1(

c−1
α

)]. (18)

Combining (17) and (18), the function Fn(x) can be given recurrently:

Fn(x) =
Fn−1(

x−1
α

) + [1− Fn−1(−x−1
α

)]

1 + Fn−1(
c−1
α

)
.

On the basis of the above recurrence, for the stationary distribution F (x)= lim
n→∞Fn(x) I have

got the following functional equation:

F (x) =





0, if x ≤ 1− αc = c′ ;

1 + F (x−1
α

)− F (−x−1
α

)

1 + F ( c−1
α

)
, if c′ < x ≤ c;

1, if x > c.

(19)

From (18) one can see that the number S(n) of elements in An
c increases exponentially for large

n's:
S(n) ³ [1 + F ( c−1

α
)]n,

thus the channel capacity is given as

C = lim
n→∞

log2 S(n)

n
= log2 [1 + F ( c−1

α
)] = log2 [1 + F (c0)].

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.1
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Claim 3.2 The coder's rate
I have determined the rate of the adaptively generated α-charge constrained code. [J1, Th4.1]

Using the recti�ed WRDS, the coding rule of the α-charge constrained channel with threshold
c0 = (c− 1)/α will be the following:

Yn+1 =





−Yn, if Ŵn ≥ c0;

Xm+1Yn, if Ŵn < c0.

Supposing that the input process is i.i.d. with IP(X = +1) = p and IP(X = −1) = q ,
for the stationary distribution G(x) = lim

n→∞IP(Ŵn <x) I have got a functional equation similar
to (19):

G(x) =





0, if x ≤ 1− αc = c′;

1−G(−x−1
α

), if c′ < x ≤ 1− αc0 = 2− c ;

pG(x−1
α

) + q [1−G(−x−1
α

)] + p [1−G(c0)], if 2− c < x ≤ c ;

1, if x > c.

(20)

Then the coder's rate can be expressed by the stu�ng probability Pstuff :

R = 1− Pstuff = 1− IP(Ŵ ≥ c0) = G(c0).

Claim 3.3 The capacity of the RLL α-charge constrained channel
I have determined the capacity of the simultaneously run-length limited and α-charge con-
strained channel. [Th4.2]

To get the channel capacity of the simultaneously (α, c) and (d, k) constrained channel I have
considered the subset An

d,k,c of An in which not only the WRDS but the run-length is also
limited:

|
i−1∑

j=0

αj ai−j| < c, (i = 1, 2, . . . , n);

|
k+1∑

j=0

ai−j| ≤ k + 1, (i = k + 2, k + 3, . . . , n);

|
d∑

j=0

ai−j| = d + 1, if ai = ai−d, (i = d + 1, d + 2, . . . , n).





Taking into account that during a run of length i the RWRDS is changing as

x′ =
1− αi

1− α
− αix, (21)

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.1
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.2
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and the shortest run-length is d+1, the RWRDS of a full An
d,k,c sequence is bound on the

interval
c′ =

1− αd+1

1− α
− αd+1c < Ŵn < c.

Let Sd,k(n) denote the number of elements in An
d,k,c and F d,k

n (x) the distribution of Ŵn on
the set. The elements of An

d,k,c can be generated from the elements of An−d−1
d,k,c , An−d−2

d,k,c ,

. . . ,An−k−1
d,k,c by adding the sequences −1d+1,−1d+2, . . . ,−1k+1 to the elements closed by +1,

and +1d+1, +1d+2, . . . , +1k+1 to the elements closed by −1 respectively. It implies that Sd,k(n)

can be given recurrently. For the number of sequences with RWRDS smaller than x I have

Sd,k(n) F d,k
n (x) =

k+1∑

i=d+1

Sd,k(n− i)
[
1− F d,k

n−i

(
−α−ix− 1−α−i

1−α

)]
.

The argument of F d,k
n (.) on the right side is the inverse of (21), and gives the RWRDS at

the end of the previous run when a run of length i was transmitted. With the notation
z = lim

n→∞Sd,k(n + 1)/Sd,k(n) for n→∞ the above recurrence results in a functional equation
for the limit distribution of RWRDS:

F d,k(x) =





0, if x ≤ xmin ;

k+1∑

i=d+1

1

zi

[
1− F d,k

(
−α−ix− 1−α−i

1−α

)]
, if xmin < x ≤ c;

1, if x > c.

(22)

From the condition F d,k(c) = 1 I have got the following characteristic polynomial for z:

1−
k+1∑

i=d+1

1

zi

[
1− F d,k

(
−α−ic− 1−α−i

1−α

)]
= 0.

Then the channel capacity reads as the base two logarithm of the root with maximal modulus
of the above equation: C = log2 zmax.

Claim 3.4 A coding theorem of RLL channels
I have generalized the RLL concept and proved a theorem for the rate of bit stu� encoders
coding such channels. The theorem renders a good estimation for the channel capacity, and
it gives an easy way to calculate the rate of the simultaneously RLL and α-charge constrained
code. [J2, C2, Th5.2, Th4.2]

I call a channel RLL in the wide sense if the allowed maximum and the minimum value of
the run-length depend on the history of the channel: Tmax = k(Y )+1 and Tmin = d(Y )+1 .
( 0 ≤ d(Y ) ≤ k(Y ) is always required.) Due to the dependence on channel history, a wide-sense
RLL channel is especially suitable for applying the adaptive coder structure with bit stu�ng.

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.5.2
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#section.4.2
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To set the coding rule, I have de�ned the function run(Yn), which keeps trace of the momentary
length of the current output run:

run(Yn) =





0, if Yn 6= Yn−1;

run(Yn−1)+1, if Yn = Yn−1,
(23)

Then the coding rule reads as

Yn+1 =





−Yn, if run(Yn) = k(Y );

Yn, if run(Yn) < d(Y );

Xm+1 Yn, (no stu�ng) otherwise.

(24)

About the input process I suppose that it is i.i.d. but not necessarily unbiased: IP(X = +1) = p

and IP(X = −1) = q. Hence, taking the precoding into account, we are coding an i.i.d. run-
length process with geometric distribution. Then for the rate of the adaptive coder de�ned by
(23) and (24) it holds the following theorem:

Theorem The rate of an adaptive coder coding an i.i.d. source for a wide-sense RLL channel
can be expressed by the expected value of d over the run-length process T and by the probability
s of that a run is closed by stu�ng:

R =
1− s

1 + qIE[d(T )]− ps
, (25)

Using (25), I have got a lower bound for the channel capacity:

C ≥ max
p

h(p)R(p) ≥ h(1
2
) R(1

2
) =

2 [1− s(1
2
)]

2 + IE[d(T )]− s(1
2
)
.

It is a good example for the practical application of the above theorem to determine the
rate of the adaptively generated simultaneously (α, c) and (d, k) constrained code. Setting
threshold c0 to (c− 1)/α, the coding rule will be the following:

Yn+1 =





−Yn, if |∑∞
i=0 αi Yn−i| ≥ c0;

−Yn, if |∑k
i=0 Yn−i| = k + 1;

Yn, if |∑d
i=0 Yn−i| < d + 1;

Xm+1Yn, (no stu�ng) otherwise.

For the stationary distribution of recti�ed WRDS I have deduced a functional equation
similar to (20) and (22):
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Gd,k(x) =





0, if x ≤ −αd+1c + 1−αd+1

1−α
= c′;

1−
k∑

i=d+1

qpi−(d+1) Gd,k
(
−α−ix− 1−α−i

1−α

)
−

− pk−d Gd,k
(
−α−(k+1)x− 1−α−(k+1)

1−α

)
,





if c′ < x ≤ c0;

1−
k+1∑

i=d+1

pi−(d+1) Gd,k
(
−α−ix− 1−α−i

1−α

)
+

+
k∑

i=d+1

pi−d Gd,k
(
−α−ic0 − 1−α−i

1−α

)
,





if c0 < x ≤ c;

1, if x > c.

The run-length's lower bound is constant: IE[d(T )] = d, while for the stu�ng probability we
can write:

s = 1−Gd,k(c0) + pk−d
[
1−Gd,k

(
−α−(k+1)c0 − 1−α−(k+1)

1−α

)]
.

Then the rate can be computed with the help of (25).
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Figure 11. The spectrum of an only α-charge constrained code and with additional run-
length constraint. The rate and the channel capacity are R = 0.81 and C = 0.89 for the
simple case, and R = 0.47 and C = 0.5 for the (d, k) constrained one.
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4 Applications

The spectral shaping coding can be applied everywhere in digital data transmission and storage
to match the digital signal's spectrum to the physical properties of the channel. In optical
systems (e.g. CD, DVD [1], optical �ber transmission [2, 3]), due to the lack of an e�ective
optical pulse shaping device, the coding is the only means to manipulate the spectrum of the
digital signal.

One of the most important applications of spectral shaping is coding for AC-coupled channel
[15, 2, 16]. Those channels have a low frequency cut-o�, causing a slow �uctuation in level at
the receiver. To avoid or rather diminish this �uctuation, the coded sequence should be poor in
low frequency spectral components. Applying low-pass �lter as loop �lter in the adaptive coder,
according to (6), the spectrum of the resulting channel sequence will meat this requirement. In
Chapter 3 and 4 of the Thesis I used low-pass FIR and IIR �lters to generate DC-suppressed
sequences. I have presented a detailed analysis of the coder's performance for both cases and
gave the most important code parameters.

An other current application is forming a notch in the code spectrum to accommodate
auxiliary information in spectrum [9], e.g., pilot tracking tone for head positioning mechanism
of digital magnetic and optical recorders [1]. Applying a notch at f0/2 will suppress the power
around the half of the symbol rate rendering protection against band-edge �lter distortion.
Such code spectrum can be reached by applying loop �lter which sets bandpass characteristics
to the denominator of (6). In Chapter 6 several bandstop-like code spectra are presented, even
combined with suppression around DC, realized by di�erent type loop �lters.

Usually run-length constraints are also prescribed for the channel sequence to ensure the
reliable clock recovery and diminish the intersymbol interference [5, 6]. As it is demonstrated
in Claim 1.3, the adaptive coder provides a uniquely easy way to generate sequences satisfying
both spectral and run-length constraints simultaneously.

Beside the communications, the measuring technique is an ample application �eld of adap-
tive spectrum shaping in generating test sequences with prescribed spectral properties [27].

http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter.3
http://alpha.tmit.bme.hu/~vamos/Thesis.pdf#chapter.4
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