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1

Introduction

The purpose of my Dissertation is to examine CDFssome new opportunities that are provided by soft-computing techniques and by the application of
Omega, sigmoid and quasi sigmoid functions to facilitate managerial decisions
that according to relevant literature cannot be handled effectively by traditional,
mathematical or statistical methods. In the followings, further investigated will
be the prediction of empirical failure rate time series and the assessment of service
quality. Though, these fields seem to be different, due to its flexibility, the applied
methodology offers a viable method to handle the above mentioned issues related
to the processes of both manufacturing and service provider organizations.
The empirical failure rate time series often exhibits a bathtub shape as displayed in Figure 1: after a declining first phase, representing the burn-in period,
during the period of normal operation the failure rate time series is almost constant before turning into its third phase, where the failure rate is increasing as
a result of wear-out (Gnyegyenko et al. 1970; Balogh et al., 1980; Gaál, Kovács,
1994). Traditional statistical methods, however, are not able to predict the turning points and the last item of the bathtub curve. From a managerial point of
view, however, an adequate prediction of the empirical failure rate time series is
crucial since it lays the foundation for planning the resources needed to repair
the examined devices as a result of which not only organizational efficiency but
because of the reduction of the time needed to repair a particular device also
customer satisfaction could be further improved (Chen et al., 2018).
In my work, empirical failure rate time series are approximated by quasi sigmoid functions, which are able to describe a wide range of empirical failure rate
time series due to their flexibility (see Figure 1). The outcomes stemming from
modelling empirical failure rate time series by quasi sigmoid functions can also
be utilized to forecast the continuation of failure rate time series that are not
complete yet, that is, if only a fraction of the failure rate time series is known.
The main benefit of the proposed method is its ability to predict both the turning
points and the last item of failure rate time series well in advance even in cases
in which the theoretical distribution of the empirical failure rate time series is not
known. Thesis 1 summarizes how quasi sigmoid functions can be applied to describe empirical failure rate time series, whereas Thesis 2 confirms the suitability
of these functions to predict the empirical failure rate time series.
The generalization of this method is introduced in Section 4.3, by demonstrating a framework which is suitable to describe and then to predict the continuation
of empirical failure rate time series based on any function having a bathtub-shape
and defined over a bounded interval. The research related to this model is summarized in Thesis 4. Section 4.2 introduces the so-called Omega probability distribution, the h(t) hazard function of which is able to describe both each of the
three characteristic phases of the traditional bathtub-shaped empirical failure rate
time series and the whole bathtub curve. Thesis 3 confirms the applicability of
the Omega probability distribution for reliability engineering purposes.
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Supposing that one applies the traditional Likert scale for assessing service
quality, the uncertainty, the subjectivity inherent in the evaluation and the variation of the performance cannot be depicted. In the case of services containing quite
often intangible elements or so-called ’soft’ dimensions, however, the customers’
judgment is often related to the performance of a longer period - like a university
lecturer’s performance during the semester. The subjectivity of the rater when
evaluating these dimensions may lead to similar problems while the lack of standards may result in the uncertainty of the respondent. From the managerial point
of view, though, the application of methods that have the ability to represent the
customers’ judgment on the performance as precisely as possible it is, is crucial in
order to identify the areas of the organization in which the further development
of the performance is necessary (Stefano et al., 2015).
In Section 4.4.1 it will be proved that by conjuncting an increasing and a decreasing sigmoid membership function by Dombi’s operator, a quasi fuzzy or Pliant
number can be established, which is suitable to substitute the consecutive values
on a Likert scale and as such, offers a method to get rid of the weaknesses of traditional Likert-scaling. The essence of the proposed methodology is that the points
on a Likert scale, which reduces the human perception to a single x value, are replaced by quasi fuzzy numbers composed of sigmoid functions and representing an
’approximately x’ value and as such, this scale can handle the weaknesses of traditional scaling approaches. This method is beneficial since it does not reduce the
rater’s judgment to a single number so that the uncertainty, the subjectivity and
the time-related fluctuation of the performance can be captured. Moreover, applying some principles of Dombi’s Pliant Arithmetics, descriptive statistical analyses
with the collected evaluations can be conducted more easily than with methods
proposed previously in the literature. Section 4.4.2 demonstrates the usefulness
of fuzzy number-based evaluation through the example of assessment of teaching
quality. In addition to that, quasi fuzzy numbers stemming from the intersection of two sigmoid functions can be considered as a membership function of the
consecutive values of the linguistic variable which expresses how the customers’
satisfaction depends on the perceived level of the organizational performance. This
rating scale, which is to be introduced in Section 4.4.3, offers the possibility to
measure the organizational performance and the customers’ satisfaction simultaneously. In addition to that, organizations utilizing this type of measurement can
set up the rating scale so that the customers’ expectations are also incorporated
into the establishment of the scale.
Thesis 5 states that quasi fuzzy numbers can be composed of sigmoid functions,
whereas Thesis 6 confirms that these quasi fuzzy numbers are suitable to assess
the quality of teaching. The last Thesis of my research, Thesis 7 demonstrates the
benefits offered by fuzzy rating scales stemming from sigmoid functions.
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2

Problem setting and research questions

The purpose of my dissertation is to examine some new opportunities provided by the application of soft-computing techniques and that of the sigmoid
and quasi sigmoid functions to facilitate managerial decisions that according to
relevant literature cannot be handled effectively by traditional mathematical or
statistical methods. In the followings, the Omega, sigmoid and the so-called quasi
sigmoid functions are utilized to model and to predict empirical failure rate time
series and with the purpose of evaluating particular service quality dimensions
in higher education context. From the organizational point of view, in the case
of the former utilization, the management benefits from increasing organizational
efficiency resulting from a more adequate resource planning, whereas in the case
of the latter utilization, customers’ judgment can be depicted more reliably as a
result of which the areas needed to be further improved can be identified more
precisely.

2.1

Forecasting the empirical failure rate time series

Nowadays, the ever increasing competition among suppliers of consumer electronic devices requires more and more efficient after sales services, including the
provision of warranty services as well. In order to be able to provide these services
with high quality, the prediction of the demand for repair services and based on
this, the resources needed to execute these services are of high importance for
these firms (Kasper, Lemnik, 1989; Chen et al., 2018).
The relevant literature offers several methods developed to model or to predict
the empirical failure rate time series; a universal model, performing in all cases the
best, however, has not been found yet. Economou (2004) points out some merits
and limitations of the currently used methods. In the case of a significant part
of products, the empirical failure rate time series exhibits a bathtub shape (Goel,
Graves, 2006). The empirical failure rate time series of these products is sharply
decreasing at the early stage, then, during the normal operation or useful life of the
devices it is almost constant before turning into its third, increasing phase caused
by wear-out (Gnyegyenko et al., 1970; Balogh et al., 1980; Gaál, Kovács, 1994).
The prediction of the turning points of the aforementioned bathtub curve is of
high importance for firms offering warranty services for this type of products since
it allows them to avoid excess resources when the failure rate time series turns
from its first to its second phase and similarly to this, if one knows exactly when
the failure rate time series starts to increase after turning into its third phase,
additional resources can be provided in time with which the increasing demand
for repair services can be dealt with.
The application of traditional mathematical or statistical tools, though, is quite
limited in the field of reliability engineering due to the fact that these methods do
not have the ability to predict the turning points or the last item of the bathtub
curve (Wang, Yin, 2019). As a result, managerial decisions cannot be reliably
supported by these methods, either.
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Some researchers are aiming at the modeling of failure rate time series by utilizing probability theory, either by modifying already known or by defining new
random variables. A remarkable part of these studies is related to modifications
or to extensions by new parameters of the Weibull distribution on which subject Almalki and Nadarajah (2014) provide an extensive review. In my work, the
Omega probability distribution will be introduced, the hazard function of which
is also suitable to model empirical failure rate time series. Considering the fact
that the hazard function of the Omega probability distribution asymptotically approximates the hazard function of the Weibull distribution, the hazard function of
the proposed Omega distribution can be applied in the same way to describe the
three distinct phases of the bathtub curve as that of the Weibull distribution is employed. In addition to that, by appropriate parameter setting, the Omega hazard
function introduced in Thesis 3 is able to model the whole curve of a bathtubshaped hazard rate as well. Despite several advantages of these approaches, in
practice, some obstacles might arise when utilizing these methods. One of the
most serious obstruction is that all of these models are sensitive to the probability distribution of the field data and as a result, they cannot be applied to
model the failure rate time series if it stems form another probability distribution
than assumed. Taking into account that quite often specific reliability tests are
not conducted after manufacturing, in these cases the management does not have
sufficient knowledge about the failure rate time series’ probability distribution, either. Another disadvantage originates from the fact that if utilizing more than one
model results in the same accuracy, the management does not have any guideline
which model should be chosen (Almalki, Nadarajah, 2014); taking more products
into consideration, this problem seems to be multiplied exponentially.
Other methods used to predict the hazard rate function, like finite element
analysis or the design of experiments require far more detailed investigations,
experiments, and in addition to that, quite often difficult mathematical formulae to
be dealt with (Economou, 2004). Besides the aforementioned techniques, recently,
soft computational approaches have earned an ever-increasing role in reliability
engineering. Particularly in the case of complex systems that are hard to model
by traditional methods, owing to their ability to deal with these systems, soft
computational approaches can offer an alternative way to model and to predict
hazard rate functions (Al-Garni, Jamal, 2011; Kutylowska, 2015). On the other
hand, soft-computational approaches demand a high number of so-called training
data1 , which might be a disadvantage if one seeks to utilize them.
In order to get around the previously mentioned disadvantages and limitations
of the aforementioned techniques, the goal of my Dissertation is to establish a
method that may be utilized to model and to forecast empirical failure rate time
series so that:
- It can be applied to model and to predict empirical failure rate time series
without regard to their probability distribution and the circumstances the
product operated along with;
1

Soft computing techniques in general build up a rule base between known input and output
data pairs. Those known input-output data pairs are called training data sets.
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- It has the ability to indicate the turning points and the last item of failure
rate time series unlike traditional statistical techniques;
- Similarly to soft-computing approaches, it utilizes the empirical failure rate
time series of end-of-life products of the examined organization and is suitable to recognize both the special and the typical patterns among these time
series as soft-computational approaches do;
- Its application is convenient from the management’s point of view and provides direct information for resource planning so that increases organizational efficiency.

2.2

Weaknesses of traditional Likert scale-based evaluations

In my previous Thesis (Árva, 2014), the application of the sigmoid and quasi
sigmoid functions as functions utilized to evaluate the organizational performance
through customers’ satisfaction has been already examined through the example
of the suburban railway services around Budapest provided by MÁV-Start. The
main aim of the functions used to evaluate the performance is that they map the
relationship between the customers’ satisfaction and the performance offered by
the studied organization so that the performance and the customers’ satisfaction
with this performance could be separated and the relationship between them may
be characterized as well (Kövesi, 2011; Jónás, 2011).
Measuring customer satisfaction is most often (as it is in the case of evaluating
service quality in higher education) based on the traditional 5 or 7 point Likert
scale, on which the respondent should choose a single value which seems most
likely to express his or her opinion. The main benefit of this scale is its simplicity, however, this simplicity may lead to some unfavourable properties, namely to
the fact that both the amount of information encoded in the responses and the
analyses carried out on the gained data are somewhat limited. Since this scale
offers only a limited number of pre-specified possible answers, the variability, the
diversity and the subjectivity associated with a precise evaluation are lost (Gil,
González-Rodríguez, 2012). Similarly, the uncertainty of the respondent cannot
be involved in the responses, either, despite the fact that the rater’s judgment on
service quality is often uncertain. Another problem which seems to be more serious in cases where the rater’s judgment is related to the performance of a longer
period, like in the case of the semester-long performance of a university lecturer,
originates from the fact that the traditional Likert scale is unable to depict the
time-related variation of the performance, despite the fact that the respondent’s
judgment is always changing as time goes on (Tóth et al., 2017b). Taking all these
obstacles into consideration, the information that is either lost or only partly involved in the evaluation may lead to the fact that the traditional Likert scale either
exaggerates or on the contrary, depreciates the differences among several aspects
or among several raters’ judgments. As a result of the distorted information on the
Likert scale, the management might be unable to rank the strengths and weak9
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nesses of the organization in a manner that correctly represents the customers’
judgment which may lead to flagging competitiveness on the market. Several
authors confirm (Lupo, 2013; Ardakani et al., 2015) that fuzzy logic-based assessment of service quality is much closer to human thinking than traditional, Likert
scale-based evaluations. In addition to that, Stefano et al. (2015) argue that the
exact representation of the customers’ verbal judgment and its feeding back into
the organizational processes are crucial to strengthen the competitiveness on the
market. That is, from several service provider companies’ point of view, the development of a scale which can help to overcome the aforementioned difficulties is of
utmost importance in order to continually understand and meet their customers’
requirements.
Another obstacle originates from the fact that the Likert scale is just an ordinal scale, that is, the differences between the consecutive scale points cannot be
interpreted as differences in their magnitude. Moreover, only statistical conclusions addressed to ordinal data are reliable – that are quite limited compared to
statistical conclusions allowed on an interval or ratio scale2 (Wu, 2007; Lubiano
et al., 2016).
In order to get rid of the above mentioned problems, a couple of researchers
propose the application of fuzzy rating scales (e. g. Hesketh et al., 1988) in the case
of evaluating the service quality in higher education as well (Yu et al., 2016). Liou
and Chen (2016) confirm that fuzzy linguistic assessment of service quality depicts
more precisely the human thinking than traditional, ’crisp’ ratings. Utilizing the
favourable properties of the sigmoid function and Dombi’s Pliant Inequality Model
(2009), a fuzzy rating scale can be established which is not only easy-to-use but
able to deal with the subjectivity, uncertainty inherent in the rater’s evaluation
and with the variability of the performance as well.
In my work, I am seeking to establish a fuzzy rating scale built on quasi fuzzy
or Pliant numbers, which is able to overcome the difficulties associated with the
traditional Likert scale, yet, its application and the elaboration of the data gained
with the proposed scale are straightforward. The proposed methodology may
support managerial decisions related to understanding and evaluating customers’
satisfaction and as a result, areas to be further improved could be ranked more
precisely. The mathematical background of the proposed method is discussed in
Section 4.4.1, while its application for assessing teaching quality in Higher Education is demonstrated in Section 4.4.2. In Section 4.4.3, a fuzzy rating scale is
introduced, on which the linguistic terms representing the customers’ satisfaction
are considered as fuzzy sets. As such, this scale is able to measure the organizational performance and the satisfaction of customers simultaneously and in
addition to that, the customers’ expectations can also be involved into the establishment of the proposed rating scale. Thesis 5, 6 and 7 confirm the application
of quasi fuzzy numbers for service quality assessment.

2

In the literature, there is no agreement on whether the Likert scale is an ordinal or an
interval scale. Henceforth, the Likert scale is treated as if it were an ordinal scale.
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3

Methodology

In my work, the Omega, the sigmoid and the so-called quasi sigmoid functions
will be utilized to model empirical failure rate time series and to assess service
quality. It can be proved (Dombi, Jónás, 2020) that all of the aforementioned
functions can be derived from the Pliant probability distribution function upon
appropriate linear transformations or by utilizing its asymptotic properties.
Definition 1. The Pliant probability distribution function FP (x; α, β, γ, d) is given
by:



0,
if x ≤ d2 (γ − 1)



γ

(−α,β)
(1)
FP (x; α, β, γ, d) =
1 − γωd
(x) , if d2 (γ − 1) < x < d



1,

if d ≤ x,

where α, d ∈ R, 0 < α, 0 < d, β ∈ B γ , x ∈



d
(γ
2



− 1), d and γ ∈ {−1, 1}.

With the purpose of defining the Pliant probability distribution function, the
Omega function and the domain B γ of parameter β need to be defined:
(α,β)

Definition 2. The Omega function ωd
(α,β)

ωd

(x) is given by

β

d +x
d β − xβ

(x) =

where α, d ∈ R, 0 < d, β ∈ B γ , x ∈



β

d
(γ
2

! αdβ
2

,

(2)



− 1), d and γ ∈ {−1, 1}.

Definition 3. The set B γ is given by
1

B γ = {b 2 (γ+1) : b ∈ R+ , γ ∈ {−1, 1}}.

(3)

It can also be proved that if parameter d tends to infinity, then the Omega
β
function given by (2) converges to the exponential function e−αx . Exploiting
this result, one may also prove that the Omega function approximates quite well
not only the logistic function FL (x; α) = 1+e1−αx but also the so-called sigmoid
function, which is derived from the logistic function.
Definition 4. The sigmoid function with parameters a and λ is given by:
σa(λ) (x) =

1
1+

e−λ(x−a)

,

(4)

where x, a, λ ∈ R, and λ 6= 0.
Dombi and Jónás (2020) also prove that Dombi’s Kappa function can be derived from the Pliant probability distribution function upon linear transformations.
11

Gábor Árva – Thesis book
Definition 5. Dombi’s Kappa function κ(λ)
ν,ν0 : (0, 1) → (0, 1) is given by
κ(λ)
ν,ν0 (x) =

1
1+

1−ν0
ν0



ν 1−x
1−ν x

λ ,

(5)

where ν, ν0 ∈ (0, 1), x ∈ (0, 1) and λ ∈ R (Dombi, Jónás, 2018).
Dombi’s Kappa function (Dombi, Jónás, 2018) is quite flexible and can have
both convex and concave shapes or can even change its shape from convex to
concave (or the other way round). The so-called quasi sigmoid function that
will be utilized thorough my work stems from Dombi’s Kappa function given in
Definition 5.
Definition 6. All functions that are derived upon linear transformations or
reparametrization from Dombi’s Kappa function in Definition 5 are called quasi
sigmoid functions.
Based on the aforementioned results one can prove that the Omega probability
distribution and the sigmoid and quasi sigmoid functions, that will be utilized later
on in my work, can be derived either from the Omega function or from the Pliant
probability distribution function, which is also built on the Omega function, after
appropriate linear transformations or by utilizing their asymptotic properties.

3.1

Data sources

The first part of my Dissertation introduces the application of quasi sigmoid
functions to model empirical failure rate time series of electronic products. The
modeling capability of the method is demonstrated based on empirical failure
rate time series of 43 (Section 4.1.2) and 30 (Section 4.3) products, respectively,
which stem from a company providing repair services for electronic devices. This
company provided also the dataset on which the applicability of the Omega distribution for reliability engineering purposes is studied (See Section 4.2). It is worth
mentioning that in their Note, Okorie and Nadarajah (2019) also investigated the
usefulness of the Omega distribution on a different dataset. They concluded that
the Omega probability distribution indicates better fit to the empirical data than
other random variables proposed previously in the literature.
The aforementioned company provided the number of still operating, that is,
up to time t survived devices, let it denote by N (t), where t (t = 0, 1, 2, ..., N )
represents the life-time of the investigated device as well as the examined period, in
my approach, week by week. Similarly, N (t + 1) is intended to denote the number
of devices that have survived up to the t + 1 − th period. Knowing the N (0)
number of devices that have been taken into operation initially, the consecutive
values of the empirical failure rate time series can be computed week by week
(Gnyegyenko et al., 1970; Balogh et al., 1980):
b
h(t)
=

N (t) − N (t + 1)
.
N (t)
12

(6)
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b
The h(t)
failure rates determined according to Eq. 6 serve as the foundation
of modeling. For prediction purposes, empirical failure rate time series of similar
devices are utilized. These empirical failure rate time series are not involved into
establishing the cluster specific empirical failure rate time series, which stem from
modeling and clustering the empirical failure rate time series of end-of-life devices
and which will be utilized to forecast the continuation of failure rate time series.
In the second part of my Dissertation, the application of Pliant numbers, composed of sigmoid functions, for assessing service quality in higher educational context is introduced. The Faculty of Economic and Social Sciences at Budapest
University of Technology and Economics (BME-GTK) launched a peer review
program3 (according to the Hungarian abbreviation, from this point referred to
as OOV) between the fall semester 2015 and the spring semester 2017, while students at the Department of Management and Business Economics have been asked
to answer a questionnaire related to their supervisor’s performance since the fall
semester 2017. The outcomes of both of these surveys are investigated in my
Dissertation. In order to gain experience, 5 subjects were chosen during the peer
review process, in the case of which 3 reviewers were asked to use besides the traditional Likert scale the fuzzy number-based scale as well. These evaluations cover,
however, only those nine evaluation dimensions that are related to the delivery of
the lectures. The experience gained during the peer review process served as the
foundation for a questionnaire containing 26 evaluation dimensions4 . This survey
was launched at the Department of Management and Business Economics in the
fall semester 2017 and is applied to judge the semester-long performance of the
supervisors by their students of Project Work I., II., III. (BA or BSc level), and
Modul Project Work (MSc level) courses. During the first semester, 22 lecturers’
performance was judged by 214 students, the outcomes of which are also discussed
and analysed in my work. It should be mentioned that besides evaluations given
within the peer review process, students also have the opportunity to evaluate the
same lecturer’s performance on traditional Likert scales utilized for Student Evaluation of Education (SEE). In the case of evaluating the supervisor’s performance,
however, currently there is no traditional, Likert scale-based evaluation, which the
results can be compared to, because of the fact that project work type courses are
currently not involved in the Student Evaluation of Education program.

3

A detailed overview about the evaluation dimensions and the results are discussed in Tóth Zs.
E., Andor Gy., Árva G. (2017a): Peer review of teaching at Budapest University of Technology
and Economics Faculty of Economic and Social Sciences, International Journal of Quality and
Service Sciences, 9(3/4), 402-424.
4
Principles of establishing this questionnaire do not belong to the aim of my Dissertation,
but can be found in Surman V., Tóth Zs. E. (2019): Developing a service quality framework for
a special type of course, Periodica Polytechnica Social and Management Sciences, 27(1), 66-88.
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4

The Theses of my research

Thesis 1 and Thesis 2 introduce how the quasi sigmoid function can be utilized to model and to predict empirical failure rate time series having a bathtub
shape. The main benefit of the proposed methodology is that it can be applied to
model a wide range of empirical failure rate time series. In addition to that, the
proposed technique is able to indicate both the turning points and the last item of
the bathtub curve well in advance, while traditional statistical methods lack this
capability. In Thesis 4, the proposed method will be generalized and it will be
proved that any function including the hazard function of the Omega distribution,
which will be further studied in Thesis 3, having a bathtub shape and defined over
a bounded interval could be applied to predict empirical failure rate time series.

4.1
4.1.1

Quasi sigmoid functions in reliability engineering
Describing empirical failure rate time series by quasi sigmoid
functions

Functions that can be derived from Dombi’s Kappa function introduced in
Definition 5 upon appropriate linear transformations or reparametrization, are
called quasi sigmoid functions (Dombi, Jónás, 2018).
Hypothesis 1. By appropriate parameter setting the hazard function composed of
quasi sigmoid functions is able to describe both each section and the whole curve of
bathtub-shaped empirical failure rate time series so that all the function parameters
have a geometric interpretation related to the shape of the hazard rate curve.
In my dissertation, the following h(t) hazard rate function, which is stemming
from Dombi’s Kappa function (2012a, 2012b), is applied to describe empirical
failure rate time series.






λl ,
l(t),
h(t) = 
λc ,



r(t),

if
if
if
if

t=0
0 < t < te,l
te,l ≤ t ≤ ts,r
ts,r < t ≤ te,r ,

where

1

l(t) = λc + (λl − λc )
1+
r(t) = λc + (λr − λc )



,

ta,l
te,l −t −ωl
te,l −ta,l
t
1

1+

14



 .
ta,r −ts,r te,r −t ωr
te,r −ta,r t−ts,r

(7)

(8)

(9)
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The introduced h(t) hazard function consists of three parts each of them representing a particular phase of the bathtub curve: l(t) represents the first, decreasing phase, λc depicts the second, quasi constant phase, while the third, increasing
phase is modelled by r(t). In addition to that, each of the function parameters
have a geometric interpretation related to the shape of the bathtub curve (See
Figure 5 in the Dissertation).
The parameters of the proposed h(t) function can be determined by fitting the
proposed h(t) function to the empirical dataset by minimizing the mean squared
error.
n
(h(t) − λi )2 → min

X

(10)

i=0

Depending on the sign of parameter ω, the introduced hazard function is able
to describe both the decreasing first and the increasing third phase of the bathtub
curve. Examining the properties of Dombi’s Kappa function in Definition 5, it can
be proved as well that the function curve can exhibit convex and concave shapes
and can even change its shape from convex to concave and vice versa. Considering
that the proposed h(t) function used to approximate the failure rate time series has
been derived from Dombi’s Kappa function (Dombi, 2012a, 2012b; Dombi, Jónás,
2018) upon appropriate linear transformations, the suggested hazard rate function
has the same properties. Owing to this flexibility, the proposed hazard function
may be utilized to describe a wide range of empirical failure rate time series without
knowing or taking into consideration their probability distribution. Moreover, the
geometric interpretation of the function parameters generates added but valuable
information for the management, since it allows the adequate planning of resources
needed to execute repair services. This feature not only enhances the efficiency
of resource management, but reduces the inventory costs and the time needed to
repair the broken devices as well, which is beneficial also from the customers’ point
of view.
Figure 1 demonstrates how well the proposed h(t) function can be applied to
model a wide range of empirical failure rate time series having a bathtub shape.
Figure 1 confirms that the proposed hazard function follows well the pattern of the
studied empirical failure rate times series without regard to their specific shape.
Describing the empirical failure rate time series displayed in Figure 1 by quasi
sigmoid functions results in 18.5% Mean Absolute Percentage Error and Mean
Squared Error on the order of E−04.
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Figure 1: Describing empirical failure rate time series (gray coloured curves) by the proposed hazard function (blue curves)
composed of quasi sigmoid functions
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The following Thesis summarizes how the quasi sigmoid function can be applied
to model empirical failure rate time series.
Thesis 1. By appropriate parameter setting, a h(t) hazard function
can be constructed from quasi sigmoid functions so that it is able to
model both a particular phase and the whole curve of the bathtub curve
representing empirical failure rate time series. Owing to this capability, quasi sigmoid functions can be applied to model empirical or
experimental data on failure rate time series. The main benefit of the
proposed h(t) hazard function, which consists of quasi sigmoid functions, is its ability to approximate well the empirical failure rate time
series even in cases when its probability distribution is not known or
if the failure rate time series has a non-typical pattern. Besides that,
all the function parameters have a geometric interpretation related to
the shape of the empirical failure rate time series, which might offer
added information to the management related to resource planning
decisions.
Related publications: S1, S2, S4, S6, S12.
4.1.2

Forecasting empirical failure rate time series by quasi sigmoid
functions

Thesis 1 proves that quasi sigmoid functions are able to describe a wide
range of empirical failure rate time series, without regard to their probability
distribution. After that, based on historical data, a forecasting technique can be
established which is able to predict the continuation of empirical failure rate time
series of active products, in the case of which only a fraction of the empirical failure
rate time series is known. This technique results in good forecasting capability
owing to its ability to predict both the turning points and the last item of the
bathtub curve. The proposed forecasting method contains the following steps:
- Complete empirical failure rate time series of end-of-life products are described by quasi sigmoid functions as introduced in Thesis 1;
- Utilizing the geometric interpretation of the function parameters, each of
the function parameters can be standardized by applying min–max standardization method, the purpose of which is to improve the generalization
capability of the method;
- The standardized failure rate models are clustered by applying the fuzzy Cmeans clustering method. This process results in the so-called cluster specific
standardized failure rate models. Since these cluster specific standardized
failure rate models represent historical knowledge on the typical pattern of
the hazard rate curve in the studied product category, they could be utilized
to forecast empirical failure rate time series;
- In the case of all the cluster specific standardized failure rate models, the
parameters M ≤ αr , 0 ≤ βr , 0 ≤ γr used to denormalize each of the cluster
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specific standardized failure rate models are identified so that the squared
error between the fitted cluster specific standardized failure rate model and
the known segment of the examined empirical failure rate time series containing data on the first M weekly failure rates is the least;
- The dissimilarity originating from the difference between each of the cluster
specific standardized failure rate models and the empirical failure rate time
series to be predicted is turned into the similarity wr , which expresses how
well the studied cluster characteristic standardized failure rate model is able
to describe the known part of the empirical failure rate time series of an
active device;
- Each cluster characteristic standardized failure rate model is weighted with
the corresponding similarity wr based on which the prediction function p(x)
can be determined;
- In order to denormalize the function p(x) used to forecast the continuation
of the empirical failure rate time series, the parameters M ≤ α, 0 ≤ β, 0 ≤ γ
are identified with which the function p(x) indicates the least squared error,
that is, the best fit to the known segment of the empirical failure rate time
series that one may wish to predict;
- Since M ≤ α, the M ≤ i ≤ bαc values of the denormalized form of the
function p(x) might be taken as a possible continuation of the hazard rate
time series.
The proposed methodology can be applied to a wide range of empirical failure
rate time series, even if the probability distribution of the empirical failure rate
time series is not known; the reason for which is the flexibility of quasi sigmoid
functions demonstrated previously in Thesis 1. The introduced method has two
limitations that should be highlighted here: the empirical failure rate time series
should exhibit a bathtub shape and the reliability properties including the shape
of the bathtub curve of the active products should be similar to that of the endof-life products. In the case of similar products, however, the latter assumption is
both empirically and theoretically justified (Lee, Lee, 2008).
The following hypotheses highlight the benefits of the proposed methodology.
Hypothesis 2. The forecasting method of empirical failure rate time series based
on quasi sigmoid functions is able to indicate the turning points of the bathtub
curve in advance, while the traditional statistical forecasting techniques either do
not have this ability or this capability is limited.
In reliability engineering, the application of the widely-used, traditional forecasting techniques (Koltai, 2006) utilized in time series analysis, like the moving
average, the Holt-method, which can be considered as a modification of exponential smoothing, linear regression and Autoregressive Integrated Moving Average
(ARIMA) is quite limited due to the fact that these methods are unable to predict the turning points of the bathtub curve (Wang, Yin, 2019). The predictions
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given by these methods are relatively accurate as long as the continuation of the
empirical failure rate time series is located in the same segment of the bathtub
curve where the forecast has been carried out. On the other hand, the prediction
drops in efficiency sharply as soon as the empirical failure rate time series turns
into the next phase of the bathtub curve. Taking into consideration that these
methods are unable to indicate the turning points of the bathtub curve, predictions given based on the aforementioned techniques are rather uncertain over the
medium- or the long-term. On the contrary, since the function utilized to predict
the failure rate time series has a bathtub shape, the proposed methodology built
on quasi sigmoid functions is able to indicate the turning points of the bathtub
curve well in advance as Figure 2 confirms. From a managerial point of view,
this is of high importance due to the fact that it allows a more adequate resource
planning (Chen et al., 2018). If the management exactly knows when the failure
rate time series turns from its first into its second phase, excess resources can be
avoided and similarly to this, knowing when the failure rate time series turns to
its third, increasing phase, the additional resources needed to execute the rising
demand for repair services can be provided in time.

Hypothesis 3. Predictions based on the utilization of quasi sigmoid functions are
able to indicate the period when the failure rate time series is expected to end;
traditional statistical forecasting techniques, however, do not have this ability.

Another disadvantage of traditional statistical techniques is the lack of ability
to indicate the period when the failure rate time series is expected to end. As
opposed to the traditional approaches, predictions that are given based on quasi
sigmoid functions can predict the last item of the bathtub curve with high accuracy
well in advance. The reason for this is the fact that the functions utilized to predict
the hazard rate are defined over a bounded interval as well: based on equations (7)(9) it can be proved that the function applied to model the failure rate time series
is defined over the interval [0; te,l ], which is equal to the time-wise length of the
examined failure rate time series. The prediction function p(x) derived from the
aforementioned function is denormalized by the parameter α which is responsible
for the stretching of the function along the horizontal (x or the time-axis t) axis,
that is, parameter α will determine the domain [0; α], over which the prediction
function F (i) is defined. All the function values for which M ≤ i ≤ bαc holds
may be considered as predictions of the unknown continuation of the empirical
failure rate time series. This property allows us to consider the upper boundary of
the domain of the prediction function as the last item of the empirical failure rate
time series as well, resulting in the ability of the prediction method to indicate
the last item of the hazard rate curve.
Since from a managerial and from an economical point of view the prediction of
both the turning points and the last item of the bathtub curve are crucial, one may
conclude that the proposed methodology offers several benefits when it is compared to traditional methods. In order to demonstrate the favourable properties
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stated in Hypothesis 2 and Hypothesis 3, the following figure (Figure 2) demonstrates predictions given based on moving average5 , Holt-method originating from
exponential smoothing, linear regression, ARIMA and the proposed method. All
the predictions are carried out for the next 50 weeks, assuming that the first 30,
80 and 130 weekly failure rate time series is known, respectively. Based on Figure
2, one may conclude that all the traditional methods are accurate if and only if
both the data on which the prediction is given and the period one seeks to forecast stem from the same phase of the bathtub curve. Besides the already proved
limitations to indicate the turning points of the bathtub curve, the traditional
techniques often utilize only the data of a particular segment of the bathtub curve
and in order to be more accurate do not take into consideration the data of the
previous segment(s). The proposed method, on the other hand, can be applied in
each phase of the bathtub curve so that it utilizes all the already known data.
It can also be concluded that the proposed prediction technique yields to the
smallest Mean Squared Error and Mean Absolute Percentage Error values.
It should be highlighted here that the periods when a new forecast is needed
can be determined as well if one continuously monitors the tracking signal. In
the case of the previously examined failure rate time series, if one carries out
the predictions based on the proposed technique, the tracking signal demands the
predictions to be reconsidered only 3 times during the 176 week-long life-cycle of
the device.
My following Thesis summarizes the main benefits and the application of the
proposed methodology.
Thesis 2. Based on quasi sigmoid functions and historical empirical
failure rate time series, a prediction method can be developed with
the capability of forecasting the continuation of empirical failure rate
time series of active devices having only a fractional failure rate time
series. The forecasting capability of this method is far better than
that of the traditional statistical methods over the medium- and the
long-term. The reason for this is the ability of the proposed method to
predict both the turning points and the last item of the bathtub curve
owing to the fact that the prediction function itself is bathtub-shaped
and defined over a bounded interval. The aforementioned capability
in the case of traditional statistical methods, however, is lacking or
quite limited.
Related publications: S1, S2, S4, S6, S12.

5

Since the moving average is capable to predict constant time series only (Koltai, 2006),
predictions based on moving average are given only in the case of the second, almost constant
phase of the bathtub curve.
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Figure 2: Forecasts given based on quasi sigmoid functions, exponential smoothing, linear regression and ARIMA methods and in
the case of the second, almost constant phase of the bathtub curve, based on moving average
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4.2

The Omega probability distribution and its application
in reliability theory

In the last 60 years, the Weibull distribution has become one of the most
widely-applied probability distribution for reliability engineering purposes. The
reason for its popularity is the fact that the depending on the value of the shape
parameter β, the h(t) hazard function of the Weibull distribution can be applied
to model each phase of the traditional bathtub-shaped failure rate time series
(Rinne, 2008). In spite of its flexibility, the h(t) hazard function of the Weibull
distribution cannot be parametrized so that it possesses a bathtub shape, that
is, it cannot model the whole bathtub-shaped empirical failure rate time series
simultaneously. This is the reason for the abundant number of studies which have
been carried out with the object of modifying the Weibull distribution so that
its hazard function can exhibit a bathtub shape by certain parameter settings.
Almalki and Nadarajah (2014) carried out an excellent review on these random
variables.
Based on the Omega function given in Definition 2 in Section 3, one can define
the Omega probability distribution and the corresponding cumulative distribution
function (CDF).
(α,β)

Definition 7. The CDF Fd
β and d is written as:

(α,β)
Fd (x)

=

(x) of the Omega distribution with parameters α,




0,




1−
1,

(−α,β)
ωd
(x),

where
(−α,β)

ωd

(x) =

dβ + x β
d β − xβ

if x ≤ 0
if 0 < x < d
if d ≤ x,

(11)

! −αdβ
2

(12)

and α, β, d ∈ R, 0 < β, d, x ∈ (0, d).
An important property of the Omega distribution is that for certain parameter
settings, it approximates well both the exponential and the Weibull distribution.
This feature will lay the foundation for utilizing the Omega probability distribution
for reliability engineering purposes.
Lemma 1. For any x ∈ R and 0 < α, β, if d → ∞, then,
(α,β)

fd

(x) → f (α,β) (x),

(13)

(α,β)

where fd (x) is the PDF of the Omega, f (α,β) (x) is the PDF of the Weibull
distribution, respectively.
Utilizing Lemma 1 and the Omega CDF given in (11), the following Theorem
can be proved.
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Theorem 1. For any x ∈ (0, d), 0 < x ∈ R, 0 < α, β, d, if the random variable ξ
has an Omega probability distribution with the parameters α, β, d and the random
variable η has a Weibull probability distribution with parameters α, β, then
lim P (ξ < x) = P (η < x).

(14)

d→∞

Theorem 1 has an important practical implication, namely, in practical applications, the Weibull probability distribution with parameters 0 < α, β might
be substituted by the Omega probability distribution that has the parameters
0 < α, β, d, provided that x  d. Based on these results, one may also define
the asymptotic mean, mode, median, variance, n-th raw moment, skewness and
kurtosis excess of a random variable having the Omega probability distribution.
Considering the connection between the Weibull and the Omega distribution
(see Theorem 1), the following hypothesis might be stated.
Hypothesis 4. The hazard function of the Omega distribution may be applied
to model each of the three characteristic phases of the traditional, bathtub-shaped
failure rate curve if parameter d is sufficiently large.
Let us assume that τ denotes the time which elapsed to the first failure of the
(α,β)
component or a system. In this case, the hazard function hd (t) of τ , which will
be referred to as the Omega hazard function, is
(α,β)

(α,β)
hd (t)

=

fd

(t)

(α,β)

1 − Fd

(t)

2β

=

(−α,β)

αβtβ−1 d2βd−t2β ωd
(−α,β)

ωd

(t)

(t)

= αβtβ−1

d2β
,
d2β − t2β

(15)

where 0 < α, β, d.
Based on (15) it can be concluded that the Omega hazard function may be
viewed as the Weibull hazard function h(α,β) (t) = αβtβ−1 multiplied by the correc2β
(β)
tor function gd (t) = d2βd−t2β . This property allows us to apply the hazard function
of the Omega distribution as an alternative to that of the Weibull distribution as
Lemma 2 states.
(α,β)

Lemma 2. For any t ∈ (0, d), if d → ∞, then hd
α, 0 < β, 0 < d.

(t) → h(α,β) (t), where 0 <

Lemma 2 suggests that the hazard function of the Omega distribution can be
applied in the same way as that of the Weibull distribution if one seeks to model
each of the three characteristic phases of the bathtub curve. Examining the hazard
function of the Omega distribution, one may also prove that for parameter setting
0 < β < 1, the hazard function of the Omega distribution is bathtub-shaped.
Therefore, the Omega hazard function may also be applied to model the whole
bathtub-shaped hazard rate curve.
Hypothesis 5. If 0 < β < 1, the hazard function of the Omega distribution
is bathtub-shaped and therefore, it might be applied as a model of bathtub-shaped
empirical failure rate time series.
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The proof of the following Lemma (Lemma 3) confirms that for 0 < β < 1,
the hα,β
d (t) hazard function of the Omega distribution is bathtub-shaped over the
interval (0, d).
(α,β)

Lemma 3. If 0 < β < 1, then hd
(α,β)
hd (t) has its minimum at

(t) is strictly convex in the interval (0, d) and

1−β
t0 = d
1+β

!

1
2β

(16)

.

With the purpose of demonstrating the applicability of the Omega distribution
for reliability engineering purposes, an empirical failure rate time series of an electronic device has been described by the hazard function of the Omega distribution
and by the hazard functions of the modifications of the Weibull distribution having three parameters6 , listed in Almalki and Nadarajah (2014). The parameters of
the Omega distribution and the corresponding CDF in (11) and that of the other
studied distributions have been identified by fitting the parametric CDF to the
empirical CDF by applying the GLOBAL (Csendes, 1988; Csendes et al., 2008)
method to minimize the
n 
X

2

F (i) − Fb (i)

→ min

(17)

i=1

quantity, which measures the distance between the fitted parametric CDF F (i)
and the empirical CDF Fb (i). Table 1 contains the Mean Squared Error (MSE) and
the Mean Absolute Percentage Error (MAPE) values used to asses to goodnessof-fit along with the Dmax values of Kolmogorov-Smirnov’s goodness-of-fit test
statistic7 .
Table 1: CDF fitting results in terms of MSE and MAPE values and the
corresponding test statistic of Kolmogorov-Smirnov’s goodness-of-fit test in the
case of the examined probability distributions
Function
Omega
MW
EW
GWF
GPW
MWEX
ODDW
RNMW

MSE
3.22703e-05
3.86417e-05
4.78888e-05
3.34385e-05
4.50262e-05
4.45713e-05
4.57777e-05
1.25777e-04

MAPE [%]
0.621
0.812
0.989
0.754
0.954
0.921
0.843
1.73

6

Dmax
0.01295
0.01211
0.01061
0.01263
0.01094
0.01048
0.01174
0.02074

MW: Modified Weibull Distribution; EW: Exponentiated Weibull Distribution; GWF: Generalized Weibull Distribution; GPW: Generalized Power Weibull Distribution; MWEX: Modified
Weibull Extension; ODDW: Odd Weibull Distribution; RNMW: Reduced New Modified Weibull
Distribution.
7
With α = 0.05% level of significance, Dcrit = 0.01329.
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As Table 1 confirms, describing the empirical dataset by the Omega hazard
function yields to the smallest MSE and MAPE values. It should be noted here
that in their Note, Okorie and Nadarajah (2019) also investigated the Omega
probability distribution and the aforementioned three-parametric modifications of
the Weibull distribution. On a different field dataset, they also arrived at the
conclusion that the Omega hazard function accounts for the most proper fit.
Based on the optimal parameter values identified by fitting the parametric
CDFs to the empirical CDF as described in (17), the corresponding hazard functions were also calculated. These parametric hazard functions were applied to
model the same empirical failure rate time series the empirical CDFs of which was
modelled by the parametric CDF previously. These results are displayed in Figure
3.
A close examination of Figure 3 reveals that while the Omega hazard function
follows quite well the pattern of the studied empirical failure rate time series, the
majority of the other hazard functions either does not turn into the third phase
of the bathtub curve or this turning point is located significantly later than in
reality.
The previously demonstrated favourable properties of the Omega distribution
for reliability engineering purposes can be summarized as follows.
Thesis 3. If its parameters are chosen properly, the Omega hazard
function can be applied not only to describe the probability distribution of the random variable τ describing the time-to-the-first-failure
in each phase of the bathtub curve but this hazard function can also
be utilized to model the whole curve of bathtub-shaped failure rate
time series simultaneously. Considering the fact that the Weibull
HF is widely applied to model the three distinct phases of the traditional bathtub curve, and for any t ∈ (0, d), if d → ∞, the Omega HF
(α,β)
hd (t) tends to the Weibull HF, the Omega HF can also be applied
to model the three characteristic segments of bathtub-shaped empirical
failure rate time series. It can also be proven that if 0 < β < 1, the
(α,β)
curve of the Omega hazard function hd (t) exhibits a bathtub shape,
which will allow the application of this hazard function as a suitable
model of bathtub-shaped empirical failure rate time series.
Related publication: S10.
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Figure 3: The examined empirical failure rate time series and the hazard functions of the studied modifications of the Weibull
distribution

26

Application of soft-computing techniques for management purposes

4.3

A generalized model to predict failure rate time series

Hypothesis 6. The hazard function composed of quasi sigmoid functions utilized
in the prediction technique introduced in Thesis 2, may be substituted by any hazard function having a bathtub-shape and defined over a bounded interval so that
the favourable properties introduced in Hypothesis 2 and Hypothesis 3 will hold.
That is, if bathtub-shaped functions are utilized for prediction purposes and these
functions are defined over a bounded interval, the proposed forecasting technique
is able to predict the turning points and the last item of the bathtub curve as well.
The substance of the prediction method introduced in Thesis 2 is that historical empirical failure rate time series are modelled by a particular function,
then, by clustering these functions, the cluster characteristic hazard rate models
can be identified which will be fitted to the known part of the failure rate time
series of an active product in order to predict the continuation of the empirical
failure rate time series examined. Describing the empirical failure rate time series,
however, is possible not only based on quasi sigmoid functions; any function having a bathtub-shape, including the previously introduced hazard function of the
Omega distribution, might be utilized. The advantage of applying these functions
to model the hazard function is that they offer an approach based on probability
theory to forecast the failure rate time series. On the other hand, the application
of these functions is restricted to those empirical failure rate time series that can
be described by the examined probability distribution.
The Generalized Weibull Distribution (from this point referred to as GWF)
was first introduced by Mudhollkar and Kollia (1994) and further studied by Mudhollkar et al. (1996). The hazard function of the GWF distribution can also be
given in the following form:
 θ

θ
t
·
h(t) =
λt
d

1

·
1−

 θ ,
t

(18)

d

where the domain of the function is the interval t ∈ (0, d). It can
√ be proved that
the function has a single minimum point at the locus t0 = d · θ 1 − θ. Similarly
to the hazard function composed of quasi sigmoid functions, the GWF hazard
function in (18) may be applied to model and forecast the hazard rate time series
as stated in Thesis 2.
Acknowledging the fact that the parameters of function (18) have no direct geometrical interpretation related to the shape of the bathtub curve, the parameters
of the hazard function cannot be standardized directly. Instead, before fitting the
(18) function to the empirical failure rate time series, the values of the empirical
failure rate time series should be standardized by applying min-max standardization to the field dataset. After fitting the (18) hazard function to the standardized
empirical failure rate time series and then, clustering the fitted functions’ parameters, the cluster specific hazard rate models can be identified. These function
are fitted to the known segment of the empirical failure rate time series to be
predicted as introduced previously in Thesis 2. Based on the parameters 0 ≤ αr ,
0 ≤ βr , M ≤ yr used to denormalize the cluster specific failure rate models and
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the wr weights, measuring the similarity between each of the cluster characteristic
failure rate models and the known part of the empirical failure rate time series, the
function used for prediction can be identified and then, it may be denormalized
based on the weighted average of parameters αr , βr , yr .
Taking into consideration the fact that the function applied for prediction itself
has a bathtub-shape and it is defined over a bounded interval, the assumptions
stated previously in Hypothesis 2 and 3 still hold. That is, based on the GWF
hazard function in (18), both the turning points and the last item of the failure
rate time series can be predicted.
With the purpose of confirming Hypothesis 5, Figure 4 demonstrates the predictions given based on the GWF hazard function in (18) and based on the traditional methods. Based on Figure 4, the hazard function in (18) follows well the
bathtub-shaped failure rate curve and indicates quite properly the end of the failure rate time series, while traditional, statistical methods are unable to follow the
pattern of the hazard rate curve. It should be highlighted here that any bathtubshaped function which is defined over a bounded interval could be applied in the
same way, so that the hazard function of the Omega distribution introduced in
Thesis 3 is also suitable for predicting empirical failure rate time series. Thesis 4
highlights the benefits of the proposed prediction technique.
Thesis 4. The prediction technique introduced in Thesis 2 used for
forecasting empirical failure rate time series can be applied after some
minor modifications for predicting empirical failure rate time series
based on any function defined over a bounded interval and having a
bathtub shape. As a result, forecasting the empirical failure rate time
series is possible by utilizing methods both of time-series analysis and
probability theory.
Related publications: S8, S12.
The results stated in Thesis 2 and Thesis 4 and the practical usefulness of the
proposed prediction technique are summarized as follows.
- The advantage of applying bathtub-shaped functions defined over a bounded
interval is that these functions allow the prediction of the turning points and
the last item of the studied empirical failure rate time series well in advance,
while traditional statistical techniques do not possess this ability. That is,
the proposed methodology is able to predict more than a single segment of
the bathtub curve and its applicability does not depend on the fact in which
phase of the bathtub curve the forecast is conducted, either.
- From a managerial point of view, an accurate prediction of the continuation
of the empirical failure rate time series lays the foundation for planning the
resources (Koltai, 2006; Chen et al., 2018), which will be needed to offer
repair services for the studied devices. Besides that, the knowledge of the
continuation of the failure rate time series is crucial as well if one seeks to
establish an effective preventive maintenance strategy (Gaál, Kovács, 1994;
Bognár, 2019).
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Figure 4: Predictions based on the h(t) hazard function of the GWF distribution, exponential smoothing, linear regression and
ARIMA methods and in the case of the second, almost constant phase of the bathtub curve based on moving average
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4.4

Applying sigmoid functions with the purpose of measuring customer satisfaction

Achieving customer satisfaction is one of the most important aims of any
quality management system. Traditional Likert scales used commonly to measure
customer satisfaction, however, are not always suitable to represent the customer’s
perceptions precisely. Thesis 5 introduces how quasi fuzzy numbers can be composed based on two sigmoid functions, while their application based on examples
of higher educational context is discussed in Thesis 6. The research related to
Thesis 7 introduces a fuzzy rating scale, which is able to measure the organizational performance and the customers’ satisfaction with the perceived level of
performance simultaneously by considering the consecutive values of the linguistic variable representing customer satisfaction as fuzzy sets. The main benefit
of the proposed methodology is that it is able to deal with the uncertainty and
the subjectivity both inherent in the raters’ evaluation if ’soft’ dimensions are to
be evaluated. Moreover, the fluctuation of the performance as time goes on can
be captured as well. Due to the fact that the traditional Likert scale reduces
the human perception or judgment to a single value, all this information cannot
be depicted on the traditional Likert scale, that is, the suggested methodology
may contain more information than the traditional approaches so that it supports
far better the identification of strengths and weaknesses of an organization than
traditional approaches do.
4.4.1

Constructing quasi fuzzy numbers based on sigmoid functions

In order to overcome the weaknesses of traditional Likert scales, the relevant
literature proposes several methods built on fuzzy numbers (Dubois, Prade, 1987)
to measure and analyse customers’ satisfaction. Stefano et al. (2015) utilize fuzzy
numbers in the case of guests’ satisfaction at hotels while Tsaur et al. (2002)
evaluated the performance of an airline by this method. The quite difficult methods proposed to analyse the data, however, may be an obstacle in some cases
(Frühwirth-Schnatter, 1992).
By conjuncting an increasing and a decreasing sigmoid function by Dombi’s
intersection operator (Dombi, 2008), however, a quasi fuzzy number can be established, which may incorporate the benefits of the two, most-widely applied
membership functions (lines and Gauss functions): since the gradient of the function is not constant, it represents more precisely the raters’ judgment, yet, its
application is convenient in practice.
Hypothesis 7. By conjuncting two sigmoid membership functions by Dombi’s
conjunction operator, a quasi fuzzy or Pliant number might be established, which
might substitute the traditional scale points on the Likert scale.
Let us assume that according to (4) we have an increasing sigmoid membership
function given by µAl (x) and a decreasing sigmoid membership function which is
denoted by µAr (x). If we apply Dombi’s intersection operator to these membership
functions with α = 1, we get (Dombi, 2008):
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1

µAl (x) ∗(D) µAr (x) =

,
(19)
1+
+ e−λr (x−ar )
where 0 < λl and al are the parameters of the increasing sigmoid function given
by µAl (x) and similarly to this, λr < 0 and ar are the both parameters of the
decreasing sigmoid function given by µAr (x) according to (4). Since the sigmoid
function neither takes the values 0 or 1, which are only its limits, for practical
reasons, two points should be chosen where the function value is close to one or
zero. Let ε be a small positive number and yo = ε, while y1 = 1 − ε, respectively.
Assuming that the sigmoid function takes the value y0 at the point x0 and the value
y1 at the point x1 , the so-called Pliant number composed of the Dombi intersection
of two sigmoid functions may be considered as an approximation to fuzzy numbers,
that is, as a quasi fuzzy number. This quasi fuzzy number, representing the
’approximately x’ value, is suitable to represent the consecutive values of the
Likert scale. The aforementioned Pliant number must be considered as a quasi
fuzzy number since it does not take on the value of 1, which is only its limit and the
closure of Pliant numbers is the set of real numbers so that these Pliant numbers do
not fulfil the requirements of fuzzy numbers (Bede, 2013). Should Pliant-numbers
be utilized for practical purposes, however, these shortages of them do not cause
any trouble.
e−λl (x−al )

Hypothesis 8. The basic, descriptive statistical analyses of Pliant or quasi fuzzy
numbers, composed of sigmoid functions by applying Dombi’s conjunction operator
to them, are easy to be dealt with.
The basic, descriptive statistical analyses of the aforementioned Pliant numbers, composed of Dombi’s intersection of two sigmoid functions, are based on
Dombi’s Pliant Arithmetics (Dombi, 2009), which allows a simple computation of
the average of Pliant numbers by computing the arithmetic and harmonic mean
of the parameters. As a result of Theorem 2, the application of the introduced
Pliant- or quasi fuzzy numbers built on sigmoid functions is quite easy in practice.
Theorem 2. Let l, m, r be three ’crisp’ values, where l < m < r. For any ε ∈
(0; 0, 5) if the λl , al and the λr , ar parameters are set as follows
l+m
,
2


2
1−ε
λl =
ln
,
m−l
ε
al =

and

r+m
,
2


2
1−ε
λr =
ln
,
m−r
ε
ar =

(20)
(21)
(22)
(23)

then the function σa(λl l ) (x) takes at the locus l the value ε, while at the point m the
function value is 1 − ε, while the function σa(λr r ) (x) takes the value 1 − ε at the point
m and the value ε at the locus r.
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According to Theorem 2, the quasi fuzzy or Pliant-numbers representing the
’approximately x’ values on the fuzzy Likert scale can be computed as follows:
- The respondent chooses three crisp values, namely l, m, r on a rating scale.
The meaning of these three values is as follows:
– l represents the worst possible value that the rater would give when
rating the performance related to a given statement;
– The value m depicts the value which is most likely to express the rater’s
judgment, that is, how the respondent would generally rate the performance;
– The best possible value with which the rater may express his or her
opinion on the performance is denoted by r.
- According to Theorem 2, the parameters al and λl of the left-hand side
(increasing) sigmoid function can be determined based on the points l and m,
while in the case of the right-hand side function (decreasing), the parameters
ar and λr are computed based on the points m and r, respectively.
- The two sigmoid functions are conjuncted by Dombi’s intersection operator
in (19);
- The parameters of the sigmoid function representing the average evaluation
P
P
can be computed as a = ni=1 n1 ai and λ1 = ni=1 n1 λ1i .
Since the respondent is asked only to choose three values on the scale used to
measure the performance instead of a single value, which is given on the traditional
Likert scale, the application of the proposed methodology is quite easy from the
rater’s point of view.
Thesis 5 summarizes how quasi fuzzy or Pliant numbers can be composed of
two sigmoid functions.
Thesis 5. By conjuncting two, an increasing and a decreasing sigmoid membership function by Dombi’s intersection operator, a quasi
fuzzy number can be established. The introduced quasi fuzzy or Pliant
number is suitable for substituting traditional crisp values on a Likert
scale. Moreover, the basic, descriptive statistical analyses of the data
represented by the proposed Pliant numbers are easy to conduct.
Related publications: S5, S7, S9, S13, S14.
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4.4.2

Evaluating teaching quality by quasi fuzzy numbers

The relevant literature offers a couple of methods developed to evaluate teaching quality. The majority of these methods utilizes the traditional 5 or 7 point
Likert scale to assess teaching quality, as do the HEdPERF (Abdullah, 2005), the
COURSEQUAL proposed by Kincsesné et al. (2015) or the TEdPERF model
found in Rodríguez-González and Segarra’s paper (2016). Rating items in a questionnaire can be considered as a complex task as raters make multiple decisions
under uncertainty (Lubiano et al., 2016). Since the number of ’potential values’
to choose from is small in the case of a particular aspect, the diversity, the subjectivity as well as the variability of the performance associated with and needed for
an accurate rating are usually lost. Tóth et al. (2017b) argue that students’ judgment on teaching quality significantly changes during the semester, this diversity,
however, cannot be dealt with or be represented by a traditional Likert-type scale.
The fluctuation of the performance as time goes on is a common feature in several
cases when the rater’s judgment is related to the performance of a longer period.
One may face similar obstacles if the dimension used to evaluate a particular aspect
of service quality contains features on which the rater has contrasting perceptions
(Hudák, 2018). Since Likert-type scales are not suitable to depict this variation in
the performance, the information related to these contrasting perceptions is lost.
Another disadvantage originates from the fact that when values are encoded
by their relative position in accordance with a certain ranking, according to the
features of ordinal-type scales, the differences between codes cannot be interpreted
as differences in their magnitude. It means that only statistical analyses and
conclusions addressed to ordinal data can be reliable, that is, the elaboration of
the gained date is quite limited (Wu, 2007), and as a result, relevant information
can be lost (Lubiano et al., 2016). In several cases, evaluations constrained to one
single value, on the other hand, may unduly exaggerate the differences between
particular aspects or evaluation dimensions.
Hypothesis 9. Evaluating teaching quality by quasi fuzzy or Pliant numbers might
be able to deal with the uncertainty and subjectivity of the raters as well as to depict
the variation of the performance as time goes on.
Let us assume that we have some quasi fuzzy numbers established as introduced in Thesis 5 representing the judgment of a particular rater (either a student
attending the course or a peer reviewer who is asked to evaluate another lecturer’s
performance within the peer-review program) in a given aspect of teaching quality.
Since the proposed methodology does not force the rater to reduce his/her opinion
to a single value, the respondent can express his or her uncertainty, subjectivity
and the perceived variation of the performance over the examined period by choosing appropriate values for the parameters l and r of a Pliant number. The higher
the uncertainty associated with the rating is or the more variability is perceived
related to the performance, the more ’spread out’ the Pliant number, that is, the
higher will be the difference between its l and m or m and r parameters as Figure
5 demonstrates. This feature allows a more detailed evaluation of teaching quality
both from the lecturers’ and from the students’ point of view by virtue of the fact
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that a higher amount of information can be encoded in the responses.
Based on the first year of application of the peer review framework (See Section 3.1), one may conclude that the traditional Likert scale-based evaluation is
unsuitable to precisely reflect the performance as a result of:
- The uncertainty of the reviewer. With the purpose of enhancing the objectivity of peer reviewing and facilitating the dissemination of good teaching
practices, reviewers usually stem from other Departments and as such, in
some cases do not have the professional knowledge on the content;
- In several cases, the performance of the observed lecturers fluctuates significantly during the observed lecture as well as during the semester;
- Traditional Likert scaling is not expressive enough to distinguish various
lecturers’ performance and as a result, this scale diminishes the differences
among the performance of the observed lecturers.
One may conclude that the aforementioned obstacles are in line with the findings of the relevant literature related to the weaknesses of traditional Likert scalebased assessment. Fuzzy logic, on the other hand, is believed to offer an alternative
solution to deal with the above mentioned weaknesses.
In order to demonstrate the usefulness of the proposed methodology, Figure 5
displays the average performance of the five lecturers evaluated during the peer
review process. Examining Figure 5 reveals that the parameter m of the fuzzy
numbers expressing the performance of Lecturer 3 and 4, as well as that of Lecturer
2 and 5, respectively, are the same, namely 4.518 and 4.333. It can be seen as well,
however, that the performance of Lecturer 2 exhibits a significantly higher amount
of variability than that of Lecturer 5, due to the fact that based on the narrative
feedbacks, Lecturer 2’s performance fluctuates as time goes on. In addition to that,
Lecturer 2 gives lectures in a specific field, which the majority of the reviewers
is not familiar with, resulting in the uncertainty of the reviewers when judging
his or her performance. On traditional Likert scales, however, only the value
which seems most likely to express the respondent’s judgment can be given; this
is exactly the parameter m in the case of quasi fuzzy numbers. That is, if one
examines the performance of these two lecturers on a traditional Likert scale, the
differences originating from the variation of the performance cannot be captured
and as a result, the performances of the two lecturers do not differ significantly.
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Figure 5: Pliant number-based evaluation of the performance of the 5 lecturers involved in the peer review program and their
average performance
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Based on the encouraging results gained during the peer review framework,
the Department of Management and Business Economics has also extended the
survey utilized to collect feedbacks about the supervisors’ performance (Surman,
Tóth, 2019) with a fuzzy scale. Figure 6 demonstrates the evaluations given in
those three dimensions in the case of which the traditional approaches indicate
a significant difference among the evaluations stemming from students attending
various project work courses (Project I., II., III. in the case of BA/BSc students
and Project I. in the case of Master students). Figure 6 reveals that the difference
between the Pliant numbers l and r values decreases as the student attends higher
levels of project work courses. That is, the more experience the students gain,
the less uncertainty or variation of the performance are perceived. In addition to
that, one may say that the difference between the l and m values of the quasi
fuzzy numbers is usually higher than that of between the m and r values. Based
on this, one may be tempted to conclude that students more often perceive if
the supervisor’s performance is weaker than expected. Moreover, it can be seen
as well that the value which seems most likely to express the students’ judgment
(where the membership function is close to one) is more likely an interval than
a single point. That is, students cannot reduce their judgment related to the
consultant’s performance to a single value, as it is necessary on traditional Likert
scales. The vagueness of the rating, on the other hand, leads to the fact that depending on which value is chosen, the one depicting an overall performance or the
ones expressing the worst or the best experiences; the choice among which is also
influenced by the attitude of the student, the difference between the importance
and performance scores can be greater than in reality.
That is, evaluating teaching quality based on Pliant numbers contains more
information than Likert scale-based evaluations, which forces the rater to reduce
his or her opinion to a single value leading to the the distortion of the information.
Thesis 6. Pliant or quasi fuzzy numbers established as introduced in
Thesis 5, are able to deal with several problems associated with the
evaluation of teaching quality, such as the evaluator’s subjectivity,
the uncertainty and the time-related fluctuation of performance, provided that the parameters l and r of the Pliant number are chosen so
that they are proportional to the perceived uncertainty, subjectivity or
variability of the performance. As a result, Pliant number-based evaluation of teaching quality contains more information than traditional
approaches do, which offers added information to higher education
institutions utilizing this type of measurement.
Related publications: S5, S7, S9, S13, S14.
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Figure 6: Average evaluations of the supervisors’ performance at the Department BME-MVT stemming from students attending
different project work levels
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4.4.3

Fuzzy Likert scale-based evaluation of teaching quality

The main benefit of the previously introduced quasi fuzzy or Pliant numberbased evaluation of teaching quality is its ability to represent the uncertainty or the
subjectivity of the rater as well as the time-related fluctuation of the performance.
Quasi fuzzy numbers stemming from the intersection of two sigmoid functions
are also suitable for establishing a rating scale which is able to characterize the
relationship between the organizational performance and the satisfaction of the
customers.
Hypothesis 10. Considering that the consecutive values ‘completely dissatisfied’,
‘dissatisfied’, ‘rather dissatisfied’, ‘rather satisfied’, ‘satisfied’, ‘completely satisfied’ of the linguistic variable describing the satisfaction of the customers with the
experienced performance of an organization are fuzzy sets, a fuzzy Likert scale
could be established. This fuzzy Likert scale is able to represent the often nonlinear relationship between the experienced level of performance and the customer
satisfaction with the perceived level of performance. Fuzzy Likert scale-based evaluation of teaching quality is much closer to human thinking than traditional, crisp
evaluations and as such, supports managerial decisions related to further service
quality improvement far better than traditional approaches do.
With the purpose of mapping the relationship between the organizational performance and the satisfaction of the customers, the consecutive values ‘completely
dissatisfied’, ‘dissatisfied’, ‘rather dissatisfied’, ‘rather satisfied’, ‘satisfied’, ‘completely satisfied’ of the linguistic variable describing the satisfaction of consumers
with the organizational performance are considered as fuzzy sets. The membership functions of these fuzzy sets are composed of sigmoid functions by applying
Dombi’s intersection operator to them as introduced in Section 4.4.1. The membership function value expresses the truth of the statement that a certain level
of performance belongs to a given fuzzy set, which depicts the customers’ verbal
judgment on the performance. These fuzzy sets make possible to turn the verbal
statements of customers into numerical data and to assign the degree of satisfaction
to a given level of performance. This approach provides a more detailed understanding of customers’ judgment since according to Stefano et al., (2015), turning
the verbal feedbacks of customers into numerical form significantly enhances the
competitiveness of an organization.
With the purpose of establishing the fuzzy Likert scale, the following considerations are taken into account:
- To each possible value of the linguistic variable, a sigmoid-shaped membership function is assigned;
- To the value ‘completely dissatisfied’, a membership function with l = −∞,
and similarly, to the value ‘completely satisfied’, a membership function with
r = ∞ is assigned;
- In each point of the performance scale, two linguistic terms are defined with
a membership value being greater than ε;
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- The value m of a certain membership function is assumed to be equal to the
value of r of the previous membership function and to the value of l of the
forthcoming membership function.
As opposed to several studies in the literature (e.g. Benítez et al., 2007; Du
Plessis et al., 2018), the proposed methodology does not require the parameters
l, m and r to be determined by the researcher. Instead, these values stem from
customers’ expectations to foster the understanding of customers’ requirements.
During the ’calibration phase’ of the scale, a group of customers is asked to answer
the following questions in each of the dimensions to be evaluated:
Assuming that the performance of an organization is measured on a scale between 0 and 100:
- What is the performance level under which you would be ‘completely dissatisfied’ with the performance of the organization?
- What is the performance level which seems most likely to express the performance if you are ‘dissatisfied’ with the performance of the organization?
- What is the performance level which seems most likely to express the performance if you are ‘rather dissatisfied’ with the performance of the organization?
- What is the performance level which seems most likely to express the performance if you are ‘rather satisfied’ with the performance of the organization?
- What is the performance level which seems most likely to express the performance if you are ‘satisfied’ with the performance of the organization?
- What is the performance level above which you would be ‘completely satisfied’
with the performance of the organization?
By answering the above listed questions, the values of m can be determined
for each membership function. Since the value m of a certain membership function is assumed to be equal to the value r of the previous and to the value l of
the following membership functions, for each linguistic term, the corresponding
membership function can be established unambiguously as introduced in Section
4.4.1. Determining the membership functions of the possible values of the linguistic variable in this way offers two benefits. First, this scale is suitable to map the
relationship between the perceived level of performance and the satisfaction of the
customers. In addition to that, the expectations of the customers regarding the
desired level of performance can also be incorporated into the establishment of the
rating scale.
Henceforth, the x ∈ [0, 100] variable represents the level of the performance of
the organization, whereas the membership functions of the fuzzy sets express the
degree to which a particular level of performance belongs to a certain fuzzy set
representing the customers judgment. This type of measurement not only offers
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the possibility to numerically handle the often nonlinear relationships between
the organizational performance and customer satisfaction, but also involves the
inherent uncertainty, the subjectivity and the time-dependent fluctuation of the
performance into the evaluation of the ’soft’ factors. The suggested methodology is
also advantageous from that point of view that the linguistic variables are assigned
to the performance level completely based on the expectations of the consumers.
The scope of the proposed rating scale was the evaluation of the supervisors’
performance at the Department BME-GTK-MVT. The first results of the application of the aforementioned questionnaire along with the establishment of the
survey are thoroughly discussed in the paper written by Surman and Tóth (2019).
Calibrating the rating scale has been executed based on the answers stemming
from 42 students of 2 supervisors in the 5 evaluation dimensions which had been
given the highest importance scores in the previous semesters. Figure 7 depicts
the supervisors’ performance (on the x-axis) and the membership functions of the
values of the linguistic variable assigned to the performance level and expressing
the satisfaction of students in each of the five investigated dimensions.
Figure 7 suggests that the linguistic terms representing the students’ satisfaction highly depend on which aspect of teaching quality is to be evaluated. For
instance, in the evaluation dimension ’The consultant is ready to help with the
problems arising from the student’, the supervisors’ performance should be higher
than 58.4 if supervisors seek to avoid completely dissatisfied students. On the contrary, in the case of the dimension ’Consultants’ feedbacks on the different phases
of the project work are provided both in an interpretable way and form’, a performance level of 37.3 is considered to be enough to avoid completely dissatisfied
students. As a result, the same performance may be judged differently in various
evaluation dimensions: while in the case of the evaluation dimension ’The consultant is ready to help with the problems arising from the student’, the performance
level of 55 is considered to be ’completely dissatisfying’, the same performance
level is considered to be somewhere between ’dissatisfying’ and ’rather dissatisfying’ if the supervisor’s availability at agreed dates is examined. Furthermore,
it can be seen as well that the distance between the consecutive ’scale points’
is not constant as often assumed on Likert scales. Investigating the evaluations
given in the dimension ’The student trusts the consultant and relies on his or her
professional knowledge’, the distance between the ’scale points’ which seem most
likely to express the performance if students are ’dissatisfied’ and ’rather dissatisfied’, respectively, is 13.8 units, whereas the consecutive scale point is only 6.1
units away. Figure 7 also unveils that up to the one-third, in some cases up to
the midpoint of the performance scale, students are usually ’completely dissatisfied’ with their supervisor’s work, the reason for which is the highly nonlinear
relationship between the performance and the satisfaction (Jónás, 2011). On the
contrary, on a traditional Likert scale, a performance level around the one-third
of the performance scale is usually considered as the second or the third linguistic term representing the customers’ satisfaction, while the midpoint of the scale
corresponds to the neutral judgment.
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Figure 7: Membership functions of the linguistic terms assigned to the supervisors’ performance in the investigated dimensions
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An additional weakness of the traditional Likert scale-based evaluations is the
assumption of ’crisp’ boundaries among the consecutive ’values’ representing the
assessor’s judgment. In reality, however, due to vagueness, imprecision and uncertainty, the boundaries separating the consecutive levels of customers’ satisfaction
are vague. This vagueness is incorporated into the suggested methodology, whereas
traditional Likert scaling is not able to handle this issue.
It can be concluded that the fuzzy rating scale established based on the students’ (or in more general, based on the consumers’) expectations provides a more
balanced picture about the relationship between the organizational performance
and the satisfaction of the consumers. As a result, managers utilizing this type of
measurement can rank far more precisely the areas where further improvement of
service quality is needed.
The following Thesis summarizes the main benefits of the suggested rating
scale.
Thesis 7. The consecutive ’values’ of the linguistic variable expressing the satisfaction of the customers with the experienced level of the
organizational performance can be assigned to each level of the performance of an organization so that these linguistic terms are able
to represent customers’ judgment on the examined level of performance. Considering the possible values of the linguistic variable as
fuzzy sets, an evaluation framework could be established which is able
take into account the fact that the customers’ judgment may depend
on which aspect of the organizational performance is to be evaluated.
Applying the intersection of two sigmoid functions as the membership function of the aforementioned fuzzy sets allows this evaluation
framework to be established completely based on customers’ expectations. This property of the fuzzy rating scale makes it possible to
describe the relationship between the experienced level of organizational performance and the satisfaction of consumers with this level
of performance by mathematical functions by taking customers’ expectations into account as well.
Related publications: S11, S15.
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5

Managerial implications and further research
plans

Forecasting the continuation of empirical failure rate time series supports primarily the managerial decisions of repair service provider companies related to
the medium- and long-term resource and spare parts planning. Knowing which
trend the failure rate time series follows in the future, the demand for particular
repair services can be prognosed with high accuracy resulting in a more adequate
resource planning concerning financial, human and physical resources. The proposed methodology is accurate enough to predict both the turning points and the
last item of the bathtub curve well in advance which can be considered as the main
benefit of the method discussed. From a managerial point of view, this property
is beneficial since excess resources can be avoided when the bathtub curve turns
from its first in its second phase and similarly, knowing when the failure rate time
series turns to its third section, additional resources can be provided in time. Adequate resource planning based on the proposed methodology not only enhances
the organization’s efficiency but increases customer satisfaction as well due to the
fact that an accurate prediction of the demand for particular repair services can
help to shorten the time needed to execute these repair services (Kasper, Lemnik, 1989; Chen et al., 2018). Besides that, financial benefits can be achieved
as well. Original equipment manufacturers designing and producing the examined devices can conclude on typical reliability characteristics of their products,
which may support both technological and financial decisions. Besides enhancing
the reliability of their products, original equipment manufacturers can utilize the
knowledge originating from the proposed methodology to estimate the amount of
money needed later on to provide warranty services, to create provisions or to
work out the level and type of after sales services. Besides supporting resource
planning, the knowledge of the future trend of the failure rate time series lays
the foundation of working out the maintenance strategies (Shafiee, Asgharizadeh,
2011) on the grounds that the applicable maintenance strategies also depend on in
which phase of the bathtub curve the empirical failure rate time series is currently
located (Bognár, 2019).
The introduced methodology may be further developed by the application
of machine learning techniques (like artificial neural networks, fuzzy inference
systems or fuzzy-neuro algorithms). The components of the hazard function in
Eq. 7 might be considered as known input-output data pairs utilized to train a
machine learning system: knowing the function l(t) describing the first phase of
the bathtub curve, the continuation of the empirical failure rate time series is given
by λc and function r(t). Based on sufficient known input-output data pairs, a rule
base could be established which is able to predict the continuation of the failure
rate time series described by λc and function r(t), provided that the parameters
of function l(t), representing the first phase of the bathtub curve, are known.
Supporting managerial decisions related to the life-cycle of a product may be
considered as another possible application of the proposed methodology, since
there are several factors (e.g. the number of sold items) along the product life43
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cycle that follow a pattern which is similar to the inverse of the bathtub curve:
an increasing first phase (introduction) is followed by a second, almost constant
phase (maturity) and then, there is a third, declining phase (Kaldasch, 2015). If
one seeks to deal with these issues, the cluster specific functions can be established
based on empirical data on sold items, and then, the method can be applied in the
same way as I did previously. In a recent work, Chen et al. (2018) investigated
how the number of spare parts needed to repair the broken devices depends on
the current value of the hazard rate. Their research, however, is restricted to the
second, almost constant phase of the bathtub curve. Thus, further investigating
this area may further develop organizational efficiency.
In all cases where the time-related fluctuation of the performance, the subjectivity or the uncertainty of the respondent emerge, or a given dimension is used
to rate more aspects on which the rater might have contrasting perceptions, fuzzy
Likert scales are able to deal with these problems as it was in the case of evaluating
the quality of services offered by higher education institutions. It can be concluded
that these problems arise not only in the case of evaluating teaching quality but
in the case of almost all services containing ’soft’ dimensions to be judged. That
is, the application of fuzzy rating scales is not limited to higher educational issues
at all; in healthcare context (Dénes, 2015) or in hospitality services (Hudák, 2018)
it offers the same benefits related to the understanding and the measurement of
customers’ expectations and their satisfaction. That is, the proposed methodology
may support decisions related not only to quality but also to marketing management resulting in a wide range of possible utilization in service management. In
my work, I utilized the beneficial properties of fuzzy rating scales to identify areas
needed to be improved in higher educational context. Since the studied method is
able to depict the opinion of students far more precisely than does the traditional
Likert scale, it offers a more reasoned picture about the evaluated lecturers’ performance. The main aim of these evaluations is to further develop teaching practices
by identifying areas where further improvement is needed by supporting the learning from others’ strengths and by the dissemination of good teaching practices.
For this purpose, classical methods of quality management, like brainstorming,
cause and effect analysis and so on, can be utilized as well.
With the object of determining the weights with which each of the evaluation
dimensions should be taken into account, the possible application of the fuzzy
AHP (Analytic Hierarchy Process) method may be further studied.
Another possible research area is to examine the relationship between particular evaluation dimensions and the final satisfaction of customers. For this purpose,
soft computational approaches, more precisely inference techniques, like fuzzy inference systems or artificial neural networks could be utilized. These methods
allow us to map the complex, often non-linear relationship between these aspects.
From the managerial point of view, the benefit is that those dimensions can be
identified which have the greatest impact on customer satisfaction. This feature
allows the management to focus their improvement efforts on those dimensions
which have the highest influence on the ultimate satisfaction of consumers.
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6

Theses of the research both in English and
Hungarian

Thesis 1. By appropriate parameter setting, a h(t) hazard function can be
constructed from quasi sigmoid functions so that it is able to model both
a particular phase and the whole curve of the bathtub curve representing
empirical failure rate time series. Owing to this capability, quasi sigmoid
functions can be applied to model empirical or experimental data on failure
rate time series. The main benefit of the proposed h(t) hazard function,
which consists of quasi sigmoid functions, is its ability to approximate well
the empirical failure rate time series even in cases when its probability distribution is not known or if the failure rate time series has a non-typical
pattern. Besides that, all the function parameters have a geometric interpretation related to the shape of the empirical failure rate time series, which
might offer added information to the management related to resource planning decisions.
1. Tézis. A paraméterek megfelelő megválasztásával, kvázi szigmoid függvények segítségével előállítható egy olyan h(t) függvény, amely az empirikus
meghibásodási ráta idősorának, az úgynevezett kádgörbének mind egy-egy
szakaszát, mind egészét jól képes modellezni. Ezen tulajdonságuknak köszönhetően a kvázi szigmoid függvények alkalmasak arra, hogy a meghibásodási
ráta idősorának tapasztalati vagy kísérleti adatait modellezzük segítségükkel.
A kvázi szigmoid függvényekből előállítható h(t) hibaráta függvény előnye,
hogy a vizsgált meghibásodási ráta valószínűség-eloszlásától függetlenül, annak ismerete nélkül is jól közelíti az empirikus meghibásodási ráta idősort,
még abban az esetben is, ha annak mintázata nem tipikus. A függvény
paramétereinek mindegyike a vizsgált meghibásodási ráta idősor alakjához
kapcsolódó geometriai jelentéssel bír, amely további fontos információkat
nyújthat az erőforrás-tervezéshez köthető menedzsment döntésekben.
Related publications (Kapcsolódó publikációk) : S1, S2, S4, S6, S12.
Thesis 2. Based on quasi sigmoid functions and historical empirical failure
rate time series, a prediction method can be developed with the capability of
forecasting the continuation of empirical failure rate time series of active
devices having only a fractional failure rate time series. The forecasting
capability of this method is far better than that of the traditional statistical
methods over the medium- and the long-term. The reason for this is the
ability of the proposed method to predict both the turning points and the last
item of the bathtub curve owing to the fact that the prediction function itself
is bathtub-shaped and defined over a bounded interval. The aforementioned
capability in the case of traditional statistical methods, however, is lacking
or quite limited.
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2. Tézis. Kvázi szigmoid függvények és múltbeli empirikus meghibásodási
ráta idősorok segítségével felépíthető egy olyan előrejelzési módszer, amely a
jelenleg forgalomban lévő, azaz nem teljes meghibásodási ráta idősorral rendelkező termékek meghibásodási ráta idősorának folytatását a hagyományos
előrejelzési módszereknél pontosabban, közép- és hosszútávon is képes előrejelezni. Ennek magyarázata az, hogy a javasolt módszer, köszönhetően annak, hogy az előrejelzésre használt függvény maga is kádgörbe alakú és egy
korlátos tartományon értelmezett, mind a meghibásodási ráta idősorának
fordulópontjait, mind annak utolsó elemét képes előrejelezni, míg a hagyományos, matematikai-statisztikai módszerek erre nem, vagy csak korlátozottan képesek.
Related publications (Kapcsolódó publikációk): S1, S2, S4, S6, S12.
Thesis 3. If its parameters are chosen properly, the Omega hazard function
can be applied not only to describe the probability distribution of the random
variable τ describing the time-to-the-first-failure in each phase of the bathtub
curve but this hazard function can also be utilized to model the whole curve
of bathtub-shaped failure rate time series simultaneously. Considering the
fact that the Weibull HF is widely applied to model the three distinct phases
of the traditional bathtub curve, and for any t ∈ (0, d), if d → ∞, the Omega
(α,β)
HF hd
(t) tends to the Weibull HF, the Omega HF can also be applied to
model the three characteristic segments of bathtub-shaped empirical failure
rate time series. It can also be proven that if 0 < β < 1, the curve of the
(α,β)
Omega hazard function hd
(t) exhibits a bathtub shape, which will allow
the application of this hazard function as a suitable model of bathtub-shaped
empirical failure rate time series.
3. Tézis. Paraméterei megfelelő megválasztásával az Omega hibaráta függvény a termék első meghibásodásáig eltelt időt leíró τ valószínűségi változót
nem csak a kádgörbe minden egyes szakaszában, külön-külön képes modellezni, hanem a kádgörbe egészét egyben is képes leírni. Tekintve, hogy
a Weibull-eloszlás hibaráta függvénye széleskörűen alkalmazott a kádgörbe
(α,β)
egyes szakaszainak modellezésére és a hd
(t) Omega hibaráta függvény
minden t ∈ (0, d)-re, d → ∞ esetén tart a Weibull eloszlás hibaráta függvényhez, az Omega hibaráta függvény szintén alkalmazható a kádgörbe
egyes szakaszaiban az empirikus meghibásodási ráta modellezésére. Az is
(α,β)
bizonyítható, hogy 0 < β < 1 paraméterértékek esetén a hd
(t) Omega hibaráta függvény kádgörbe alakot ölt, így az jól alkalmazható kádgörbe-jellegű
empirikus meghibásodási ráta idősorok egészének modellezésére.
Related publication (Kapcsolódó publikáció): S10.
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Thesis 4. The prediction technique introduced in Thesis 2 used for forecasting empirical failure rate time series can be applied after some minor
modifications for predicting empirical failure rate time series based on any
function defined over a bounded interval and having a bathtub shape. As a
result, forecasting the empirical failure rate time series is possible by utilizing methods both of time-series analysis and probability theory.
4. Tézis. A 2. Tézisben bemutatott, a meghibásodási ráta idősor előrejelzésére használt módszer bármely más, kádgörbe alakú és korlátos intervallumon értelmezett függvény segítségével – csekély módosítások után –
használható a meghibásodási ráta idősor előrejelzésére. Ez lehetővé teszi
a meghibásodási ráta idősor előrejelzését nem csak idősor-közelítő, hanem
valószínűségelméleti módszerekkel is.
Related publications (Kapcsolódó publikációk): S8, S12.
Thesis 5. By conjuncting two, an increasing and a decreasing sigmoid membership function by Dombi’s intersection operator, a quasi fuzzy number can
be established. The introduced quasi fuzzy or Pliant number is suitable for
substituting traditional crisp values on a Likert scale. Moreover, the basic,
descriptive statistical analyses of the data represented by the proposed Pliant
numbers are easy to conduct.
5. Tézis. Két, egy növekvő és egy csökkenő szigmoid tagsági függvény Dombiféle metszetét képezve, előállítható egy olyan kvázi fuzzy szám, amelynek
segítségével gyűjtött adatok alapvető, leíró statisztikai elemzése, például a
számtani átlag meghatározása egyszerűen elvégezhető. Az így előállított kvázi
fuzzy szám vagy Pliant szám alkalmas a hagyományos Likert skála értékeit
helyettesíteni.
Related publications (Kapcsolódó publikációk): S5, S7, S9, S13, S14.
Thesis 6. Pliant or quasi fuzzy numbers established as introduced in Thesis 5, are able to deal with several problems associated with the evaluation
of teaching quality, such as the evaluator’s subjectivity, the uncertainty and
the time-related fluctuation of performance, provided that the parameters l
and r of the Pliant number are chosen so that they are proportional to the
perceived uncertainty, subjectivity or variability of the performance. As a
result, Pliant number-based evaluation of teaching quality contains more information than traditional approaches do, which offers added information
to higher education institutions utilizing this type of measurement.
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6. Tézis. Az 5. Tézis alapján, a szigmoid tagsági függvényekből előállított
Pliant szám vagy kvázi fuzzy szám alkalmas arra, hogy az oktatásminőség
értékelése során felmerülő problémákat, mint az értékelő szubjektivitása,
az értékelésben fellépő bizonytalanság és a teljesítmény időbeli ingadozása,
kezelje. Ehhez a kvázi fuzzy vagy Pliant szám l és r értékeit úgy kell
megválasztani, hogy az az észlelt bizonytalansággal, szubjektivitással, vagy a
teljesítmény időbeli ingadozásával összhangban legyen. Ezáltal a Pliant szám
alapú oktatásminőség-értékelés a hagyományos Likert skálás értékelésnél
több információt nyújt az azt alkalmazó felsőoktatási intézmények számára.
Related publications (Kapcsolódó publikációk): S3, S5, S7, S9, S13, S14.
Thesis 7. The consecutive ’values’ of the linguistic variable expressing the
satisfaction of the customers with the experienced level of the organizational
performance can be assigned to each level of the performance of an organization so that these linguistic terms are able to represent customers’ judgment
on the examined level of performance. Considering the possible values of
the linguistic variable as fuzzy sets, an evaluation framework could be established which is able take into account the fact that the customers’ judgment
may depend on which aspect of the organizational performance is to be evaluated. Applying the intersection of two sigmoid functions as the membership
function of the aforementioned fuzzy sets allows this evaluation framework
to be established completely based on customers’ expectations. This property
of the fuzzy rating scale makes it possible to describe the relationship between
the experienced level of organizational performance and the satisfaction of
consumers with this level of performance by mathematical functions by taking customers’ expectations into account as well.
7.
Tézis.
A szervezeti teljesítmény minden szintjéhez hozzárendelhetőek olyan fuzzy halmazok, amely a szervezeti teljesítménnyel való vevői
elégedettség, mint nyelvi változó lehetséges értékeit reprezentálják, továbbá
amelyek a szolgáltatást igénybe vevő értékítéletét reprezentálják az adott teljesítményszintről. Így egy olyan értékelőrendszer alakítható ki, amely figyelembe veszi azt a tényt, hogy a vevői értékítélet függ attól, hogy a szervezeti teljesítmény mely aspektusa kerül értékelésre. A fuzzy halmazok
tagsági függvényeit két, szigmoid függvény metszeteként képezve lehetőség
van arra, hogy ezen értékelőskála teljes mértékben a vevői elvárások alapján
kerüljön kialakításra. A fuzzy értékelőskála e tulajdonsága lehetővé teszi
a szervezeti teljesítmény és az azzal való vevői elégedettség közötti kapcsolat egyértelmű, a vevők tényleges elvárásait is figyelembe vevő matematikai
modellezését.
Related publications (Kapcsololódó publikációk): S11, S15.
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