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1

Introduction

In my dissertation, I am seeking to examine the application of Omega, sigmoid
and quasi sigmoid functions in making decisions related to quality and reliability
management. In the followings, the issues related to the prediction of empirical failure rate time series and the assessment of service quality will be further investigated
due to the fact that according to the state of the art, traditional techniques applied
in these contexts are not able to offer a reliable solution to handle these problems.
Empirical failure rate time series often exhibit a bathtub shape (See Figure 7 as an
example). In the first phase representing the burn-in period, failure rate is declining.
Then, during the period of normal operation, the failure rate time series is almost
constant before turning into its third phase, where the failure rate is increasing as a
result of wear-out (Gnyegyenko et al., 1970; Balogh et al., 1980; Gaál, Kovács, 1994;
Erdei, Kövesi, 2019). Traditional statistical methods, however, do not posses those
important properties that could make them able to predict the turning points and
the last item of the bathtub curve. From a managerial point of view, however, an
adequate prediction of the empirical failure rate time series is crucial since it lays
the foundation for the planning of resources allocated to repair the examined devices
(Chen et al., 2018) as a result of which not only organizational efficiency but also
customer satisfaction could be further improved due to the reduction of time needed
to overhaul a particular device. In my work, empirical failure rate time series are
approximated by quasi sigmoid functions, which are able to describe a wide range
of empirical failure rate time series due to their flexibility (see Figure 7).
The outcomes of modelling empirical failure rate time series with quasi sigmoid
functions can also be utilized to forecast the continuation of incomplete failure rate
time series, that is, if only a fraction of the failure rate time series is known. For
this purpose, the complete failure rate time series of end-of-life products should be
standardized and clustered, which results in the so-called cluster specific standardized
failure rate models. These cluster specific standardized failure rate models will be
fitted to the known segment of a fractional empirical failure rate time series, and after
denormalization, they may be utilized to predict the continuation of the fractional
failure rate time series. The main benefit of the proposed methodology is its ability
to predict both the turning points and the last item of failure rate time series well
in advance. The generalization of this method is discussed in Thesis 4, pointing out
that any bathtub-shaped hazard function defined over a bounded interval may be
applied to describe and then, to predict the empirical failure rate time series. The
research related to Thesis 3 introduces the so-called Omega probability distribution,
the hazard function of which can have a bathtub shape, hence, it can be applied to
model bathtub-shaped empirical failure rate time series.
When applying the traditional Likert scale for assessing service quality, the uncertainty, the subjectivity inherent in the evaluation and the variation of performance
cannot be reliably depicted. In the case of services containing intangible features or
so-called ’soft’ dimensions embodying the essence of the services themselves, however, the customers’ judgment is often related to the performance of a longer period
4
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- like a university lecturer’s performance during the semester. The subjectivity of
the rater when evaluating these primarily intangible dimensions may lead to contrasting perceptions, while the lack of standards may result in the uncertainty of the
respondent. From a managerial point of view, though, the application of methods
that are able to represent the customers’ judgment on the service performance as
precisely as possible, is crucial in order to identify those operational areas where
further performance development is necessary. In my work, I will introduce how a
quasi fuzzy number, which may substitute the values of the traditional Likert scale
in order to get rid of its weaknesses, can be set up by conjuncting a decreasing and
an increasing sigmoid function with Dombi’s intersection operator. In order to overcome the weaknesses associated with traditional evaluation, the points on the Likert
scale, which reduces human perception to a single x number, are replaced by quasi
fuzzy numbers composed of sigmoid functions and representing an ’approximately
x’ value. This approach is beneficial since it does not reduce the rater’s judgment
to one exact number so that the uncertainty, the subjectivity and the variation of
the performance may be better captured. Moreover, applying some principles of
Dombi’s Pliant Arithmetics, descriptive statistical analyses based on these kinds of
evaluations can be conducted more easily than with methods proposed previously in
the literature. Besides that, considering the linguistic terms ’completely dissatisfied’,
’dissatisfied’, ’rather dissatisfied’, ’rather satisfied’, ’satisfied’, ’completely satisfied’
as fuzzy sets, a fuzzy rating scale can be established, which is able to map the
relationship between the satisfaction of customers and organizational performance.
The remaining of my work is structured as follows. Section 2 highlights some
drawbacks of traditional methods utilized to predict empirical failure rate time series
and to collect feedbacks from customers. This section also contains the introduction
of data sources. After that, Section 3 introduces how the sigmoid, quasi sigmoid and
Omega functions can be derived from the so-called Pliant probability distribution
function. Section 4.1 reviews the state-of-the-art on failure rate prediction. The
modelling capability of the hazard function composed of quasi sigmoid functions is
discussed and demonstrated through some examples in Section 4.2, while its applicability to predict the continuation of empirical failure rate time series is discussed
in Section 4.3. The Omega probability distribution and its usefulness in reliability
engineering are studied in Section 4.4. The prediction technique introduced in Section 4.3 is generalized in Section 4.5 pointing out that any bathtub-shaped hazard
function, including the hazard function of the Omega probability distribution, can
be applied for prediction purposes. Section 5.1 reviews some merits and limitations
of traditional Likert scale-based evaluations and highlights the benefits of involving
fuzzy logic into service quality assessment. Section 5.2 explains how a quasi fuzzy
number can be composed of sigmoid membership functions, while the applicability
of these quasi fuzzy numbers to evaluate teaching quality is demonstrated in Section
5.3. Section 5.4 proposes a fuzzy rating scale with the purpose of measuring customer
satisfaction and organizational performance simultaneously. Section 6 summarizes
the managerial implications of the proposed methodologies, while Section 7 outlines
some possible future research directions.
5
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2

Problem setting and research questions

The purpose of my dissertation is to examine those new opportunities that
are provided by the application of soft-computing techniques as well as that of the
sigmoid, quasi sigmoid and Omega functions to facilitate managerial decisions that
according to the relevant literature cannot be exactly modelled or described by traditional, mathematical or statistical methods. Section 3 proves that all of the functions
utilized in my work can de derived from the so-called Pliant probability distribution
function either by utilizing its asymptotic properties or upon appropriate linear
transformations. In my work, the aforementioned functions are used to describe and
then to predict empirical failure rate time series and with the objective of developing
a fuzzy rating scale to ’measure’ customers’ perceptions on service quality.
Despite the fact that according to Kyurkchiev and Nikolov (2019) the sigmoid
function (introduced later in Definition 5) and the so-called quasi sigmoid function
(see Definition 7) are extensively applied in several fields of science [e.g. Godeau
(2017) reviews their application in ecology] and in order to approximate complex
systems [e.g Chen, Cao, 2009; Iliev et al. (2015); Dombi and Jónás (2018) introduce
the quasi sigmoid function as an alternative to the cumulative distribution function
(CDF) of the Gauss distribution], the majority of the studies on these functions
is related to soft-computational applications, like fuzzy theory and artificial neural
networks (Benavente, Vanrell, 2004; Lieng et al., 2011). Unlike engineering applications, in the field of economic and social sciences only a few researchers have already
utilized the favourable properties of these functions. The work of Jónás (2011), in
which the author has applied these functions in order to judge the reliability of business decisions and to measure organizational performance, demonstrates well those
opportunities that can be grabbed with the utilization of these functions within the
field of economics. In a recent study, Mahalingam and Vivek (2016) also employed
the sigmoid function in order to predict financial savings.
In my research, the sigmoid and the quasi sigmoid function, which approximates
the former one provided that the parameters are set properly, are utilized to model
empirical failure rate time series and to establish a fuzzy rating scale with the purpose
of judging service quality in higher education. From the organizational point of
view, in the case of the former application, the main benefit is the proper planning
of resources resulting in an increasing organizational efficiency, while in the case of
the latter utilization, the customers’ judgment on service quality could be captured
more precisely which might serve as a reliable ground for identifying the areas to be
further improved. My work also includes case studies demonstrating the usefulness
of the proposed methods and points out those fields where further research could be
done.

6
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2.1

Forecasting the empirical failure rate time series

Nowadays, the ever increasing competition among suppliers of consumer electronic devices requires more efficient after sales services including the offer of warranty services as well (Kasper, Lemnik, 1989; Rolstadas et al., 2006). In order to
be able to provide these services with high quality, the prediction of the demand
for repair services and consequently, the resources needed to execute these services,
are of high importance for these firms (Chen et al., 2018). In several cases, the
constantly increasing dynamism of product development, however, does not allow
original equipment manufacturers to conduct specific reliability tests after manufacturing. In order to get around the lack of reliability tests after manufacturing,
several approaches used to predict failure rate time series have been developed which
are based on the failure rate time series of similar products instead of that of the
studied products. Forecasting the empirical failure rate time series based on data of
similar devices is advantageous as only historical data, which are already available,
are needed. On the other hand, the accuracy of predictions highly depends on how
similar the reliability properties of the devices, those which are used to forecast the
failure rate time series and the failure rate time series of which is to be predicted, are.
Forecasting the empirical failure rate time series allows repair service provider companies to execute a more effective planning and utilization of resources allocated for
the repair services (Park, Pham, 2012; Chen et al., 2018), that is, the management
of those companies benefits from increasing organizational effectiveness.
The relevant literature offers several methods to model or to predict the empirical
failure rate time series; a universal model, which could be generally applied and be
easily adopted to various conditions, however, has not been found yet. Economou
(2004) reviews the currently used methods to predict failure rate time series and
points out some merits and limitations of them. In the case of a significant part of
electronic devices, the empirical failure rate time series exhibits a bathtub shape1
(Lee, Lee, 2008). The empirical failure rate time series of these products is sharply
decreasing at the early stage, then, during the normal operation or useful life of the
devices it is almost constant before turning into its third, increasing phase caused by
wear-out (Gnyegyenko et al., 1970; Balogh et al., 1980; Gaál, Kovács, 1994; Erdei,
Kövesi, 2019). The prediction of the turning points of the aforementioned bathtub
curve is of high importance for firms offering warranty services for these types of
products since it allows them to avoid excess resources when the failure rate time
series turns from its first to its second phase. Similarly, if one knows exactly when
the failure rate time series starts to increase after having turned into its third phase,
additional resources can be provided in time with which the increasing demand for
repair services can be fulfilled. In addition to that, several authors argue (Deshpande,
Modak, 2002; Csiba et al., 2018; Bognár, 2019) that the applicability of maintenance
strategies also depends on the phase of the bathtub curve in which the failure rate
time series of the investigated device is currently located.
1

Besides that, the upside-down bathtub-curve containing a short, increasing first segment is also
used to model empirical failure rate time series (Dimitrakopoulou et al., 2007).
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Figure 7 demonstrates some bathtub-shaped failure rate time series. The application of traditional mathematical or statistical tools, however, is limited in the field
of reliability engineering due to the fact that they do not have the ability to predict
the turning points or the last item of the bathtub curve (Wang, Yin, 2019). As a
result, managerial decisions cannot be reliably supported by these methods, either.
Some researchers are aiming at the modelling of failure rate time series by utilizing probability theory, either by modifying already known or by defining new random
variables. A remarkable part of these studies is related to the various modifications
of the Weibull distribution including the extension of the applied parameters. On
this subject, Almalki and Nadarajah (2014) provide an extensive review. By contributing to the body of knowledge of the relevant literature in this special field, in
Section 4.4 the Omega probability distribution will be introduced, which can be considered as an alternative to the Weibull distribution. Some researchers are seeking
to modify the Marshall-Olkin Extended Uniform Distribution (Abid, 2015) so that
it can describe the empirical failure rate time series. Others extend the models with
parameters representing the operating circumstances of the products; this approach,
however, requires a series of tests that are sometimes costly, time-consuming or difficult to conduct, and the knowledge of the stress factors the product will operate
along with (Perera, 2006). Despite several advantages of these approaches, some
obstacles might arise in practice when utilizing these models. One of the most serious obstruction is that all these models are sensitive to the probability distribution
of the field data and as a result, they cannot be applied to model the failure rate
time series if it stems from another probability distribution than assumed (Zhang,
Dwight, 2013). Taking into consideration the fact that quite often specific reliability
tests are not conducted after manufacturing, in these cases the management does not
have sufficient knowledge about the failure rate time series’ probability distribution,
either. Another disadvantage is owing to the fact that if the utilization of several
models results in the same accuracy, the management does not have any guideline
which model should be chosen (Almalki, Nadarajah, 2014). Taking more products
into consideration, this problem seems to be multiplied exponentially.
Other methods used to predict the hazard rate function like finite element analysis (FEA) or the design of experiments (DoE) require far more detailed investigations,
experiments, and in addition to that, quite often difficult mathematical formulae to
be dealt with (Economou, 2004). Besides the aforementioned techniques, recently,
soft computational approaches have earned an ever-increasing role in reliability engineering (St. Clair, Sinha, 2012). Particularly in the case of complex systems that
are hard to be modelled by traditional methods, owing to their ability to deal with
these systems, soft computational approaches can offer an alternative way to model
and to predict hazard rate functions. Kutylowska (2015, 2017) for example, predicts
the hazard rate of water-pipe networks utilizing artificial neural networks in Polish
cities. On the other hand, soft-computational approaches demand a high number of
so-called training data, on which the rule base is set up and its accuracy is verified,
which might be a disadvantage if one seeks to utilize them.

8
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In order to get around the previously mentioned disadvantages and limitations
of the aforementioned approaches, the goal of my work is to establish a method that
may be utilized to model and to forecast empirical failure rate time series so that:
- It can be applied to model and to predict failure rate time series regardless
of their probability distribution and the circumstances the product operated
along with;
- It has the ability to indicate the turning points and the last item of failure rate
time series unlike traditional statistical techniques;
- It utilizes the empirical failure rate time series of end-of-life products of the
organization under investigation and is suitable to recognize typical patterns
among these time series as soft-computational approaches do;
- Its application is convenient from the management’s point of view and provides
direct information for resource (Park, Pham, 2012; Chen et al., 2018) and in
the case of renewable items for maintenance planning (Gaál, Kovács, 1994;
Bognár, 2019) thereby increases organizational effectiveness.
The proposed method’s ability to model empirical failure rate time series is discussed in Thesis 1, its forecasting capability in Thesis 2, while its generalization in
Thesis 4, respectively. Thesis 3 summarizes how well the Omega probability distribution can be applied in reliability engineering.

2.2

The merits and limitations of traditional Likert scale-based
evaluations

In my previous Thesis, written during my Master studies, the capability of
the sigmoid and quasi sigmoid functions to evaluate the organizational performance
through customer satisfaction has already been examined through the example of the
suburban railway services around Budapest provided by MÁV-Start (Árva, 2014).
The main aim of applying these functions was to map the relationship between the
customer satisfaction or the organizational utility and the performance delivered by
the organization so that the performance and customer satisfaction with this performance could be separated and the relationship between them may be characterized
as well (Kövesi, 2011; Jónás, 2011) even in cases in which the relationship between
the performance and the satisfaction of customers is highly nonlinear.
Measuring customer satisfaction is most often based on the traditional 5 or 7
point Likert scale, (Hyman, Sierra, 2010) on which the respondent should choose
a single value which seems most likely to express his or her opinion (Joshi et al.,
2015). The majority of the papers dealing with service quality issues in higher educational context also utilizes the Likert scale to assess service quality2 . The main
2

See for example the HEdPERF model developed to measure service quality in higher education
(Abdullah, 2005) or the COURSEQUAL model (Kincsesné et al., 2015) or the framework TEdPERF
(Rodríguez-González and Segarra, 2016).
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benefit of the Likert scale is its simplicity, however, exactly this benefit may lead
to some unfavourable properties. Namely, both the amount of information encoded
in the responses and the analyses that could be carried out on the gained data are
somewhat limited. Since this scale offers only a limited number, though pre-specified
possible answers, the variability, the diversity and the subjectivity associated with
a precise evaluation are usually lost (Gil, González-Rodríguez, 2012). Similarly, the
uncertainty of the respondent cannot be involved in the responses, either. However,
the rater’s judgment on service quality is often quite uncertain (Lin, 2010). Another
problem which seems to be more serious in cases where the rater’s judgment is related to the performance of a longer period (like in the case of the semester-long
performance of a university lecturer) is related to the disability of the traditional
scale to depict the time-related fluctuation of performance, despite the fact that the
respondent’s judgment may change as time goes on (Falk et al., 2010; Tóth et al.,
2017b). One may face similar difficulties if the dimension used to evaluate a particular aspect of service quality contains features on which the rater has contrasting
judgments. Should one be asked to rate the facilities of a hotel room, he or she may
be completely satisfied with the air-conditioning but absolutely dissatisfied with the
bathroom (Hudák, 2018).
Taking all these challenges into consideration, the information that is either lost
or only partly involved in the evaluation process may lead to a situation in which
the traditional Likert scale either exaggerates or on the contrary, depreciates the
differences among several aspects or among several raters’ judgments. As a result
of the distorted information on the Likert scale, the management might be unable
to rank the strengths and weaknesses of the organization in a manner that correctly
represents the customers’ judgment which may lead to flagging competitiveness on
the market (Maruvada, Bellamkonda, 2010). In the case of services containing a
high rate of ’soft’ or intangible elements (such as higher education or healthcare),
the customer judgment is usually uncertain or subjective, while the judgment is
quite often related to the performance of a longer period (e.g to the semester-long
performance of the lecturer). That is, from several service provider companies’ point
of view, the development of a scale which can help to overcome the aforementioned
difficulties is crucial in order to continually understand and meet their customers’
requirements.
Another ’inconvenience’ associated with the traditional kind of evaluation is the
ordinal nature of the scale3 . As such, the differences between the consecutive scale
points cannot be interpreted as differences in their magnitude. Moreover, only statistical conclusions addressed to ordinal data are reliable, that are quite limited
compared to statistical conclusions allowed on an interval or ratio scale (Lubiano et
al., 2016).
3
There is no agreement on whether the Likert scale is an ordinal (Wu, 2007) or an interval scale
(Carifio, Perla, 2007; Brown, 2011). In my work, Likert scales are treated as if they were ordinal
ones. My results demonstrated in Section 5.4.2 also suggest that the customers’ judgment is closer
to a scale on which the consecutive points are distributed not equally apart from each other. That
is, the Likert scale is more likely to possess the features of an ordinal scale.
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In order to get rid all of these problems, a couple of researchers propose the application of fuzzy rating scales (e.g. Hesketh et al., 1988) in the case of evaluating the
service quality in higher education as well (Yu et al., 2016). These researchers usually utilize triangular or trapezoidal membership functions to depict the performance.
The popularity of the most widely used triangular membership function originates
from its simplicity but it should be mentioned, that it has some weaknesses as well
(Hameed, 2011). Liou and Chen (2016) argue that depicting the service quality
by fuzzy numbers represents the human thinking more precisely than the traditional
crisp evaluation does. Utilizing the favourable properties of the sigmoid function and
Dombi’s Pliant Inequality Model (2009), a quasi fuzzy number-based scale can be
established which is not only easy-to-use but able to deal with the subjectivity, uncertainty inherent in the rater’s evaluation and with the variability of the performance
as well. Liu and Guan (2009) argue that respondents prefer to use linguistic terms,
such as ’completely dissatisfied’ or ’satisfied’ instead of numerical values. Considering
these verbal terms as fuzzy sets, a fuzzy rating scale can also be established which
offers the possibility to measure the organizational performance and the satisfaction
of customers with the experienced level of performance simultaneously.
My aim is to establish a fuzzy scale by utilizing quasi fuzzy or Pliant numbers,
which is able to overcome the difficulties associated with the traditional Likert scale,
yet, its application and the elaboration of the data gained with the proposed scale are
straightforward. The proposed methodology may support managerial decisions related to understanding and evaluating customer satisfaction and as a result, areas to
be further improved could be ranked more precisely. The mathematical background
of the suggested method is discussed in Thesis 5, while Thesis 6 demonstrates its
usefulness through the example of evaluating service quality in higher education
context. The research related to Thesis 7 summarizes the establishment of a fuzzy
rating scale, which is proposed to handle the often nonlinear relationship between
the perceived level of performance and the degree of customer satisfaction.

2.3

Data sources

The first part of my dissertation introduces the application of quasi sigmoid
functions to model empirical failure rate time series of electronic products. The
modelling capability of the method is demonstrated based upon the empirical failure
rate time series of 43 (Thesis 1 and 2) and 30 (Thesis 4) end-of-life products of a
company providing repair services for electronic devices. That company provided
the number of still operating, that is, up to time t survived devices. Let the number
of survived devices up to time t be denoted by N (t), where t (t = 0, 1, 2, ..., N )
represents the examined period, in my approach, measured in weeks. Since customer
electronic devices are operated until the first failure occurs, t also represents the
lifetime of one of the studied devices. Knowing the N (0) number of devices that have
been taken into operation initially, the consecutive values of the empirical failure rate
time series can be computed week by week (Gnyegyenko et al., 1970; Balogh et al.,
1980):
11
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b
λ(t)
=

N (t) − N (t + 1)
.
N (t)

(1)

b
The λ(t)
failure rates determined according to (1) serve as a basis for modelling
Henceforth, the empirical failure rate time series defined according to (1) refers to
the empirical failure rate time series of a given product class (e.g. failure rate time
series of a given type of motherboards) consisting several individual items and does
not refer to the empirical failure rate time series of an individual device. It should
be highlighted here, however, that after some minor modifications, the proposed
methodology may be applied to predict the continuation of empirical failure rate
time series of individual devices or can be applied even in the case of renewable
items as well.
For prediction purposes, empirical failure rate time series of similar devices are
utilized. These empirical failure rate time series were not involved into the establishment of the cluster specific empirical failure rate time series, which come from
modelling and clustering the empirical failure rate time series of end-of-life devices
and which will be utilized to forecast the continuation of failure rate time series.
The same company provided the empirical failure rate time series based on which
the applicability of the Omega probability distribution (Thesis 3) is demonstrated. It
should be highlighted here that Okorie and Nadarajah (2019) also investigated how
well the Omega distribution can be applied to model bathtub-shaped empirical failure rate data on a different dataset, which represents the failure rate of air-condition
systems of Boeing 737 aeroplanes.
It is worth mentioning that in several cases, the random variable τ , denoting the
time which elapsed to the first failure of the component or system, is not known.
In these cases, the consecutive values of the empirical failure rate time series are
computed based on the number of items which have been returned from the market
according to (1). It should be highlighted as well that some authors (e.g. Gaál,
Kovács, 1994) distinguish the current and the mean value of the empirical failure
rate time series.
Taking the aforementioned considerations into account, the current failure rate
is defined as:

λ(t) = lim =
∆t→0

F (t + ∆t)
f (t)
=
∆tR(t)
1 − F (t)

(2)

where F (t) is the cumulative distribution function (CDF), f (t) is the probability
density function (PDF) and R(t) is the survival function of the random variable τ
denoting the time elapsed until the first failure occurred.
According to Gaál and Kovács (1994), the mean value of the failure rate in the
interval (t1 ; t2 ) is given by:

λ=

1
t2 − t1

Z t2

λ(t)dt.
t1
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In the aforementioned equations, t either denotes the time which elapsed to
the first failure of the component or the system or the time elapsed between the
consecutive failures. In the case of the former one, the component or system is nonrepairable, in the case of the latter one, the component is considered to be repairable.
The bathtub-shaped empirical failure rate time series may characterize the failure
rate time series of an individual device or the resultant failure rate time series of a
given product class. In the former case, the device under investigation is renewable
and the random variable τ denotes the time between failures. In this case, the
failures are caused by initial weaknesses in the first phase of the bathtub curve, by
randomness in the second phase of the bathtub curve and the failures occurred are
the result of wear-out in the third phase of the bathtub curve. In the latter case, that
is, if the bathtub-shaped empirical failure rate time series is intended to characterize
the resultant failure rate time series of a given product class, the devices are usually
non-renewable, that is, they are operated until the first failure occurs. In this case,
the random variable τ denotes the time elapsed to the first failure, which equals in
this particular case to the lifetime of the equipment as well. Since in this case, the
initially released number of devices of the studied product class is N (0), knowing
the number of devices that survived up to the t−th and t + 1−th period denoted
by N (t) and N (t + 1), respectively, the consecutive values of the empirical failure
rate time series can be computed according to (1). In this case, the t = 0 period
denotes the period when a particular device has been set into operation, while the
period t denotes the life-time of a particular equipment. In this case, some devices
will fail after a relatively short period of time due to initial weaknesses or failures
of manufacturing, whereas some failures will occur later on due to random failures
and the remaining devices fail owing to deterioration or wear-out. As a result of
the various failures occurring through the life-cycle, the resultant failure rate curve
also exhibits a bathtub-shape with its three characteristic segments (Hromádka,
Martinek, 2019).
In my work, empirical failure rate time series of electronic devices are investigated. The components of these devices are usually considered to be non-renewable,
that is, the component is in service as long as the first failure occurs. Since in the
case of electronic devices, original equipment manufacturers usually provide warranty
services, from the customers’ point of view, these products are renewable, since the
broken parts of the devices are replaced by new spare parts (Zhai et al., 2007).
Henceforth, the empirical failure rate time series denotes the resultant failure rate
time series of a given product class. However, the proposed methodologies allows us
to consider the failure rate curve as the hazard rate of an individual device. In addition to that, empirical failure rate time series are considered to be bathtub-shaped
despite the fact that some authors argue that the hazard rate curve does not always
follow a bathtub curve (Wong, 1988; Klutke et al., 2003) by arguing that prior to
the infant mortality period, there exists a relatively short period of time when the
failure rate time series rapidly increases. This phenomenon is usually referred to as
the ’upside-down’ bathtub curve (Dimitrakopoulou et al., 2007).
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In the second part of my dissertation, the application of Pliant numbers, which
will be composed of sigmoid membership functions, for assessing service quality in
higher educational context is introduced. The empirical rates are provided by two
questionnaires. The Faculty of Economic and Social Sciences at the Budapest University of Technology and Economics launched a peer review program4 between the
fall semester 2015 and the spring semester 2017. Students at the Department of
Management and Business Economics have also been asked to fill in a questionnaire
related to their supervisor’s performance since the fall semester 2017. The outcomes
of both surveys are investigated in the followings. In order to gain experience, 5
courses were chosen during the peer review process in the case of which 3 reviewers
were asked to use the fuzzy number-based scale besides the traditional Likert scale.
These evaluations cover only nine specific evaluation dimensions that are related to
the delivery of the lectures. The experience gained during the peer review process
served as the foundation for a questionnaire containing 26 evaluation dimensions5 .
This survey has been launched at the Department of Management and Business Economics in the fall semester 2017 and is applied to judge the supervisors’ performance
by students of Project Work I., II., III. (BA or BSs level), and Modul Project Work
(MSc level) courses. During the first semester, 22 lecturers’ performance were judged
by 214 students, the outcomes of which are also discussed and analysed in my work.
It should be mentioned that besides the evaluations given within the peer review
process students were also provided the opportunity to evaluate the same lecturer’s
performance on traditional Likert scales in the framework of Student Evaluation of
Education (SEE). On the contrary, in the case of evaluating the supervisor’s performance, currently there is no traditional, Likert scale based evaluation, which the
results can be compared to, because project work type courses are currently not
involved in the Student Evaluation of Education program.

4

A detailed overview about the evaluation dimensions and the results are discussed in Tóth Zs.
E., Andor Gy., Árva G. (2017a): Peer review of teaching at Budapest University of Technology and
Economics Faculty of Economic and Social Sciences, International Journal of Quality and Service
Sciences, 9(3/4), 402-424.
5
Principles of establishing this questionnaire do not belong to the aim of my Dissertation, but
can be found in Surman V., Tóth Zs. E. (2019): Developing a service quality framework for a special
type of course, Periodica Polytechnica Social and Management Sciences, 27(1), 66-88.
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3

Methodology - The properties of Pliant, Omega, Sigmoid, Dombi’s Kappa and Quasi Sigmoid functions

In my work, the Omega, the sigmoid and the so-called quasi sigmoid functions
will be utilized to model empirical failure rate time series and to establish a fuzzy
rating scale. It can be proved that all of the aforementioned functions can be derived
from the Pliant probability distribution function which has been introduced in a
recent work by Dombi and Jónás (2020). In the following sections, the connection
between the Omega, sigmoid and quasi sigmoid functions and the pliant Probability
distribution function is to be briefly introduced.

3.1

The Omega function

The Omega function lays the foundation for defining the Pliant probability
distribution function.
(α,β)

Definition 1. The Omega function ωd
(α,β)

ωd

dβ

(x) =

where α, d ∈ R, 0 < d, β ∈ B γ , x ∈



(x) is given by

dβ

d
2 (γ

xβ

+
− xβ

! αdβ
2

,

(4)



− 1), d and γ ∈ {−1, 1}.

The domain B γ of parameter β is given in the following Definition.
Definition 2. The set B γ is given by
1

B γ = {b 2 (γ+1) : b ∈ R+ , γ ∈ {−1, 1}}.

(5)

It is worth mentioning that if γ = 1, then B γ = R+ , and if γ = −1, then
B γ = {1} (Dombi, Jónás, 2020).
The Omega function in Definition 1 can be utilized to define the Pliant probability
distribution function, from which the sigmoid and quasi sigmoid functions can be
derived6 . The sigmoid and the quasi sigmoid functions will be applied to model
empirical failure rate time series and with the purpose of establishing a fuzzy logicbased rating scale to assess service quality. In addition to that, the Omega function
will be utilized later on to define the so-called Omega probability distribution, the
hazard function of which can have a bathtub shape, and as such, the hazard function
of the Omega probability distribution can be utilized to model non-monotonic failure
rate time series.
6
In their recent work, Dombi and Jónás (2020) give a comprehensive review on the application
of the Pliant probability distribution function. The authors introduce that due to its flexibility, the
asymptotic Pliant probability distribution function can coincide with the Weibull-, exponential-,
and logistic probability distributions. Moreover, the proposed distribution may give a simple and
accurate approximation to the standard normal probability distribution.
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3.1.1

Main properties of the Omega function

With the purpose of defining the Pliant probability distribution, the Omega
probability distribution and developing approximations to several well-known functions, the main properties of the Omega function are needed to be summarized
(Dombi, Jónás, 2020).
- Domain: The Omega function is utilized either with the domain x ∈ (0, d) or
with the domain x ∈ (−d, d). This results from the fact that the 
domain B γ 
of
d
parameter β is connected with the domain of x, that is, since x ∈ 2 (γ − 1), d ,
β ∈ B γ and γ ∈ {−1, 1} (See Definition 1), one of the following two cases holds:
- If γ = 1, then x ∈ (0, d) and 0 < β;
- If γ = −1, then x ∈ (−d, d) and β = 1.
It is worth noticing that parameter β can have the value of 1 when x ∈ (0, d)
but β just has the value of 1 when x ∈ (−d, d).
(α,β)

- Differentiability: ωd

(x) is differentiable in the interval
(α,β)

- Monotonicity: The monotonicity of function ωd
of parameter α:
(α,β)

- If 0 < α, then ωd
- If α < 0,



d
2 (γ



− 1), d ;

(x) depends on the value

(x) is strictly monotonously increasing, while;

(α,β)
then ωd (x) is strictly monotonously decreasing;
(α,β)
1, then ωd (x) has a constant value of 1 in

- If
 α =
d
2 (γ − 1), d ;

the interval

- Limits:
- If x ∈ (0, d) and 0 < β, then:
(α,β)

lim ωd

x→0+

(x) = 1

(
(α,β)
lim ωd (x)
−
x→d

∞,
0,

=

(6)

if 0 < α
if α < 0.

(7)

0, if 0 < α
∞, if α < 0.

(8)

∞,
0,

(9)

- If x ∈ (−d, d) and β = 1, then:
(
(α,β)
lim ωd (x)
+
x→−d

=
(

(α,β)
lim ωd (x)
x→d−
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if 0 < α
if α < 0.
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(α,β)

- Shape: It can be shown that if x ∈ (0, d), then the shape of function ωd
in the interval (0, d) is as follows:
– if
2β

d
(α,β)

then ωd

4 β2 − 1
<
, α 6= 0,
α2 β 2


(α,β)

(x) is convex when 0 < α and ωd

– if
2β

d

(x)

(10)

(x) is concave when α < 0;

4 β2 − 1
≥
, α 6= 0,
α2 β 2


(11)

then one can distinguish the following cases:
(α,β)

- if 0 < α and 0 < β < 1, then ωd
to convex at xr ;
(α,β)

- if 0 < α and 1 ≤ β, then ωd

(x) changes its shape from concave

(x) is convex;
(α,β)

- if α < 0, 0 < β ≤ 1 and xr < d, then ωd
convex to concave at xr ;

(x) changes its shape from

(α,β)

- if α < 0, 0 < β ≤ 1 and d ≤ xr , then ωd

(x) is convex;

(α,β)

- if α < 0, 1 < β and xr < d, then ωd (x) changes its shape from
concave to convex at xl and from convex to concave at xr ; and
(α,β)

- if α < 0, 1 < β and d ≤ xr , then ωd
concave to convex at xl ,

(x) changes its shape from

where


xl = 


xr = 

−αβd2β −

q

α2 β 2 d4β − 4(β 2 − 1)d2β
2(β + 1)

−αβd2β +

q

α2 β 2 d4β − 4(β 2 − 1)d2β
2(β + 1)

1/β


,

(12)

.

(13)

1/β


It can also be shown that if x ∈ (−d, d) and β = 1, then the shape of the
(α,β)
function ωd (x) in the interval (−d, d) is as follows:
(α,β)

- If 2 ≤ |α|d, then ωd

(x) is convex;
(α,β)

- If 0 < α and αd < 2, then ωd
2
convex at the locus −αd
2 ;

(x) changes its shape from concave to

(α,β)

- If α < 0 and −2 < αd, then ωd
2
concave at the locus −αd
2 ;
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- Role of parameters: Based on the aforementioned results, the basic semantics of the parameters α, β and d can be summarized as follows. The parameter
(α,β)
d determines the domain of function ωd (x) (either x ∈ (−d, d) or x ∈ (0, d)).
Parameter α is responsible for the monotonicity and steepness of the function
curve, whereas parameter β also affects the steepness of the function curve
(Dombi, Jónás, 2020).
Figure 1 shows some plots of the curve of the Omega function.

Figure 1: Examples of the Omega function curves for various parameter settings
Several approximations that will be introduced later on, are based on the following result.
Theorem 1. For any x ∈



d
2 (γ



− 1), d ,
(α,β)

lim ωd

d→∞

β

(x) = eαx ,

(14)

where α, d ∈ R, 0 < d, β ∈ B γ , and γ ∈ {−1, 1}.
That is, if parameter d of the Omega function is sufficiently large, then the
β
Omega function suitably approximates the exponential function f (x) = eax . For
proof see S10: Dombi et al. (2018). Based on the aforementioned results, Dombi et
al. (2018a) introduced the so-called Epsilon probability distribution, which can be
applied to model constant and increasing empirical failure rate time series. That is,
the Epsilon probability distribution can be applied to describe empirical failure rate
time series in the second, almost constant and the third, increasing segment of the
traditional bathtub curve.
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3.2

The Pliant Probability Distribution Function

The four-parameter probability distribution function called Pliant probability distribution function has the parameters α, β, γ and d, where 0 < α, 0 < d,
γ ∈ {−1, 1} and β ∈ B γ . The Pliant probability distribution is founded on an
auxiliary function called the Omega function (see Definition 1), the appropriate linear transformation of which is the generator function of certain unary operators
is continuous-valued logic (Dombi, 2012b). Making use of the Omega function introduced in Definition 1, the Pliant probability distribution function is defined as
follows:
Definition 3. The Pliant probability distribution function FP (x; α, β, γ, d) is given
by:
FP (x; α, β, γ, d) =



0,



1−

γ
(−α,β)
γωd
(x)





if x ≤ d2 (γ − 1)
,

if



d
2 (γ



− 1) < x < d

(15)

if d ≤ x,

1,

where α, d ∈ R, 0 < α, 0 < d, β ∈ B γ , x ∈



d
2 (γ



− 1), d and γ ∈ {−1, 1}.

Based on the properties of the Omega function, one can prove that the Pliant
probability distribution function FP (x; α, β, γ, d) is in fact a probability distribution
function of a continuous random variable.
Lemma 1. The function FP (x; α, β, γ, d) given by Definition 3 is a probability distribution function.
Proof. The function FP (x; α, β, γ, d) is a probability distribution function if it is:
- Monotonously increasing;
- Left continuous;
-

lim FP (x; α, β, γ, d) = 0 and lim FP (x; α, β, γ, d) = 1.

x→−∞

x→+∞

It can be proved that these properties readily follow from the properties of the Omega
(α,β)
function ωd (x) (Dombi, Jónás, 2020).
From this point, the notation ξ ∼ DP (α, β, γ, d) is used to indicate that the
random variable ξ has a Pliant probability distribution with parameters α, β, γ, d.

3.3

Approximation to the Logistic probability distribution

Due to its flexibility, the Pliant probability distribution can be utilized to approximate the logistic probability distribution.
19
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Definition 4. The 2-parameter probability distribution function FL (x; µ, s) of the
random variable that has a logistic probability distribution function is given by:
FL (x; µ, s) =

1
1 + e−

x−µ
s

,

(16)

where µ, s ∈ R and 0 < s. Parameter µ is usually referred to as the location parameter, while s is the scale parameter of the distribution, respectively (Balakrishnan,
1991; Ghitany et al., 2013).
Let α =

1
s

and µ = 0, so that (16) may be written as

1
,
(17)
1 + e−αx
where α ∈ R and 0 < α. From this point, the logistic probability distribution is
assumed to be given in the latter form and the notation η ∼ L(α) is used to indicate
that the random variable has a logistic probability distribution with parameter 0 < α,
that is, P (η < x) = FL (x, α).
Theorem 2 proves that the Pliant probability distribution function can be used
to approximate the logistic distribution function FL (x, α).
FL (x, α) =

Theorem 2. If ξ ∼ DP (α, β, γ, d), η ∼ L(α) and γ = −1, then for any x ∈ R
lim P (ξ < x) = P (η < x),

d→∞

(18)

where α, d ∈ R and 0 < α, d.
Proof. Since γ = −1 and as a result, β = 1, the Pliant probability distribution
function FP (x; α, β, γ, d) may be written as (See also Proposition 4 in Dombi, Jónás,
2020):


0,
if x ≤ 0



1
, if −d < x < d
FP (x; α, β, γ, d) =
(19)
(−α,β)
1+ωd



1,

(x)

if d ≤ x.

Let x ∈ R be fixed. Utilizing the fact that β = 1 and exploiting Theorem 1 yields
to:
FP (x; α, β, γ, d) =

1
1+

d→∞

(−α,β)
ωd
(x)

−−−−→

1
= FL (x; α).
1 + e−αx

(20)

Based on the above mentioned result,
lim P (ξ < x) = P (η < x).

d→∞

(21)

Based on Theorem 2 it can be stated that the Pliant probability distribution
function FP (x; α, β, γ, d) can be used to approximate the logistic probability distribution function FL (x; α) provided that parameter d is sufficiently large (Dombi,
Jónás, 2020).
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3.3.1

The Sigmoid function

The sigmoid function is derived from the logistic probability distribution function
FL (x; µ, s) in (16) by parameter setting λ = 1s and µ = a.
Definition 5. The sigmoid function with parameters a and λ is given by:
σa(λ) (x) =

1
,
1 + e−λ(x−a)

(22)

where x, a, λ ∈ R, and λ 6= 0.
Based on Theorem 2 and Definition 5 one may conclude that the sigmoid function
can be derived from the Pliant probability distribution function.
(λ)
According to Dombi (2009), the main properties of the sigmoid function σa (x)
are as follows:
(λ)

- Range: The range of σa (x) is the interval (0, 1);
(λ)

- Continuity: The σa (x) function is continuous in R;
(λ)

- Differentiability: The function σa (x) is differentiable at every point in its
domain;
(λ)

- The monotony of function σa (x) is determined by the sign of parameter λ:
(λ)

– If λ < 0, then σa (x) is monotonously decreasing;
(λ)

– While if 0 < λ, then σa (x) is monotonously increasing;
- Limits:

(

lim σ (λ) (x)
x→+∞ a

=
(

lim σa(λ) (x) =

x→−∞

1, if 0 < λ
0, if λ < 0

(23)

0, if 0 < λ
1, if λ < 0

(24)

- Role of parameters:
– Parameter a is the locus at which the function has the value of 0.5, that
(λ)
is, σa (x) = 0.5;
(λ)

– The slope of σa (x) at the locus a is λ/4; that is, parameter λ determines
the gradient of the function curve at the locus a. Moreover, the sign of
parameter λ determines the monotony of the function as well.
(λ)

The following figure shows some examples of σa (x) sigmoid function graphs with
different parameters. A thorough examination of Figure 2 reveals that parameter a
is responsible for the horizontal position of the function curve, while parameter λ
affects the shape of the curve.
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(λ)

Figure 2: Examples of σa (x) sigmoid function graphs for various parameter
settings
In the following sections, the sigmoid function will be utilized to establish quasi
fuzzy numbers with the purpose of assessing service quality in higher education.

3.4

The Kappa and the Quasi Sigmoid function

Besides the sigmoid function, the so-called quasi sigmoid function will also be
employed in the followings owing to its ability to model bathtub-shaped empirical
failure rate time series. The reason for that ability is the property that this function
can have various shapes provided that its parameters are chosen properly.
(λ)

Definition 6. Dombi’s Kappa function κν,ν0 : (0, 1) → (0, 1) is given by
1

κ(λ)
ν,ν0 (x) =
1+

1−ν0
ν0



ν 1−x
1−ν x

λ ,

(25)

where ν, ν0 ∈ (0, 1), x ∈ (0, 1) and λ ∈ R (Dombi, Jónás, 2018).
The main properties of Dombis’ Kappa function in Definition 6 are thoroughly
discussed in Dombi and Jónás (2018). This function is widely used as a unary
operator in fuzzy theory (Dombi, 2012a; Dombi 2012b; Dombi, Jónás, 2018). The
connection between the Sigmoid function given by Definition 5 and Dombi’s Kappa
function given by Definition 6 is discussed in details in Dombi, Jónás (2018). The
following figure depicts the graphs of Dombi’s Kappa function for various parameter
(λ)
settings, based on which one can conclude that function κν,ν0 (x) can have various
shapes.
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Figure 3: Examples for curves of Dombi’s Kappa function
It can also be proved that if γ = −1, then β = 1 and the formula of the Pliant
(α)
probability distribution function given in Definition 3 gives the following κd (x)
function for any x ∈ (−d, d):
1

(α)

κd (x) =
1+



d+x
d−x

 −αd ,

(26)

2

where 0 < d and α ∈ R, that is, parameter α can take on any value on the set of real
numbers. After setting parameter λ = αd
2 , Dombi’s Kappa function in Definition
(6) can be derived upon appropriate linear transformations of function (26). In
their work, Dombi and Jónás (2020) also prove that the Kappa Regression function
derived from 26 can be considered as an alternative of the logistic regression function
if the explanatory variable is defined over a bounded subset of real numbers.
In my work, the so-called quasi sigmoid function will be utilized to model empirical failure rate time series. The definition of quasi sigmoid functions is as follows.
Definition 7. All functions that are derived upon linear transformations or
reparametrization from Dombi’s Kappa function in Definition 6 are called quasi sigmoid functions.
Since the quasi sigmoid function is derived from Dombi’s Kappa function in
Definition 6, the quasi sigmoid function has similar properties as Dombi’s Kappa
function has. That is, depending on its parameters, the quasi sigmoid function can
also exhibit both convex and concave shapes and can change its shape from convex
to concave and vica versa. This feature of the quasi sigmoid functions makes this
function suitable to describe a wide range of empirical failure rate time series as
introduced in Section 4.2.
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Based on the aforementioned results, one can conclude that the Omega function
given in (4) and the Pliant probability distribution function given in (19) are quite
flexible. Theorem 2 confirms that the logistic probability distribution function can
be approximated by the Pliant probability distribution function, whereas Definition
5 claims that the sigmoid function can be derived from the logistic probability distribution function. In addition to that, based on (26) it can also be proved that
Dombi’s Kappa function also can be derived from the Pliant probability distribution
function. According to Definition 7, functions that can be derived from Dombi’s
Kappa function are called quasi sigmoid functions. Based on the aforementioned
results, the following Lemma is proved.
Lemma 2. Both the sigmoid and the quasi sigmoid function can be derived from
the Pliant probability distribution function after reparametrization or by utilizing its
asymptotic properties.
In addition to that, the Omega function given in (4) will be employed to define
the so-called Omega probability distribution, the hazard function of which can have
a bathtub shape and as such, is suitable to model bathtub-shaped empirical failure
rate time series.
Based on these results one can conclude that the Omega probability distribution,
the sigmoid and the quasi sigmoid functions can be derived from the Pliant probability distribution function. That is, the Pliant probability distribution not only
approximates well several other functions (see Dombi and Jónás (2020) for further
details) but the functions derived from this function can be applied in several fields
related to quality or reliability management. Whereas the quasi sigmoid function
and the Omega probability distribution are utilized for describing empirical failure
rate time series and to predict their continuation, the sigmoid function is suitable to
develop a fuzzy logic-based rating scale with the aim of overcoming the weaknesses of
traditional scaling approaches. That is, the functions derived from the Pliant probability distribution could be employed in both manufacturing and service provider
organizations to offer an alternative way to support managerial decisions in areas
where traditional approaches are less useful due to their limitations.
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4

Modeling and predicting empirical failure rate time
series

Empirical failure rate time series (Gnyegyenko et al., 1970; Jónás et al., 2016),
functions and random variables that can describe this time series (e.g. Rajarshi,
Rajarshi, 1988; Almalki, Nadarajah, 2014) and techniques with the capability of
predicting the continuation of the empirical failure rate time series (Dombi et al.,
2018a; Wang, Yin, 2019) are extensively studied in the literature. In the case of
several products (Goel, Graves, 2006; Csiba et al., 2018), empirical failure rate time
series has a bathtub shape: after a decreasing first phase representing the burn-in
period, the period of normal operation or useful life follows, in which empirical failure
rates are quasi constant, which is followed by an increasing third phase caused by
wear-out or deterioration (Gnyegyenko et al., 1970; Erdei, Kövesi, 2019).
Since an accurate prediction of the empirical failure rate time series is crucial
not only to characterize products’ reliability but also to plan the resources needed
to provide the guaranteed warranty services for the studied devices as well (Zhai et
al., 2007), the primary aim of my work is to utilize the quasi sigmoid function (see
Definition 7) to describe and then, to predict empirical failure rate time series. After
reviewing the relevant literature on the descriptive and predictive techniques applied
for empirical failure rate time series in Section 4.1, Section 4.2 proves that owing to
the flexibility of the quasi sigmoid function, it may be utilized to describe bathtubshaped empirical failure rate time series properly. The application of the quasi
sigmoid functions to forecast empirical failure rate time series is discussed in Section
4.3. Section 4.4 introduces the so-called Omega probability distribution, which also
has the capability to describe empirical failure rate time series. The prediction
technique introduced in Section 4.3 may be generalized resulting in the fact that any
function having a bathtub shape and defined over a bounded interval may be applied
to predict empirical failure rate time series. This generalized prediction technique is
further studied in Section 4.5.

4.1

Literature review

The relevant literature offers several methods for modelling and predicting empirical failure rate time series. The work of Weibull published in 1951 (Rinne, 2008)
can be considered as an important milestone in reliability engineering. Since then,
the Weibull distribution has been utilized in many studies related to reliability theory owing to its properties resulting in a flexibility which allows the utilization of the
distribution to describe a wide range of field data. By adequate parameter setting,
the hazard function of the Weibull distribution can be used to describe each phase of
the traditional bathtub curve (Rinne, 2008). The next milestone in predicting failure
rate time series was the release of the Military Handbook 217 by the US Navy in
1965. The aforementioned standard served also as a basis for many methods utilized in the electronic sector. Two notable works are the 217Plus(TM) Handbook
of Reliability Prediction Models (Denson, 2006) and the FIDES Guide 2009 (Fides,
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2009). Held and Fritz (2009) studied and evaluated the FIDES Guide 2004 (previous release of FIDES Guide 2009) and RIAC-Handbook-217Plus (2006) models by
comparing their results to field data. They concluded that both models required
system-decomposition and a wide range of known circumstances which represent environmental and operational influences of the studied device. In his work, Klyatis
(2018) reviews some drawbacks of the most widely-used prediction techniques and argues that the application of accelerated reliability testing and accelerated durability
testing may further enhance the usefulness of reliability prediction techniques.
Economou (2004) investigated the merits and the limitations of reliability prediction techniques. He classified the reliability methods into four major categories: reliability predictions, quantitative and qualitative methods and analytic models. Reliability methods are based on database tools, such as the above mentioned US Navy’s
Military Handbook (e.g. MIL-HDBK 2017) or the database of Telcordia SR322.
Qualitative methods involve aggressive testings such as Highly Accelerated Stress
Screening (HASS) or Highly Accelerated Life Test (HALT) or techniques based on
engineers’ previous experience like Failure Mode and Effect Analysis (FMEA). Quantitative methods deal with techniques like Finite Element Analysis (FEA) or Physics
of Failure (PoF). Analytic models are a blend of reliability prediction tools and quantitative tools such as Weibull analysis or life stress distribution (Economou, 2004).
According to the paper of Lee and Lee (2008), there are three different techniques for
prediction: statistical methods, similarity analyses using failure rate databases and
physics-of-failure methods. Goel and Graves (2006) distinguish the empirical-based
and the physic-of-failure methods. Many researchers aim at extending the analytic
models with parameters that refer to the circumstances of usage, production etc.,
since Yi-Kun et al. (2015) argue that properly modelled environmental stress is fundamental of varied environment-oriented reliability predictions. Besides extensions,
modifications or approximations of the exponential (see the Epsilon probability distribution in Dombi et al., 2018a), of the Marshal-Olkin Extended Uniform (see for
example the paper of Abid and Hassan, 2015) or that of the log-normal distribution
(Telang, Mariappan, 2008), modifications of the Weibull distribution have earned an
ever-increasing role in reliability engineering (Almalki, Nadarajah, 2014). Wang and
Yin (2019) extended the Weibull distribution function model with an autoregressive
moving average (ARMA) model to be able to predict the demarcation point of the
bathtub curve as well as to describe the stochastic variation of the hazard rates.
Another approach was followed by Perera (2006), who created a new predictor,
called reliability index to predict the failure rates of cell phones. Despite the fact
that a significant correlation was found between the proposed reliability index and
the failure rate, the method requires a series of different tests. Sun et al. (2015)
proposed a time-dependent failure rate function which can be obtained by applying
accelerated degradation test (ATD) on electronic devices by varying both the test
temperature and the vibration power spectral density of the signal (PSD).
During the past few years, besides adding new parameters to already existing
models or the development of new predictors, soft computing techniques have earned
an increasing popularity in reliability engineering. Nowadays, fuzzy logic, artificial
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neural networks (ANN) and support vector machines are widely used mathematical
tools that offer an alternative way to handle complex systems that are difficult to
be dealt with by traditional statistical approaches. Rajani and Tesfamariam (2006)
fuzzified the inputs of traditional models in order to incorporate vagueness and uncertainties related to the stress factors and the condition of the studied system.
Their method facilitates the decision-making procedures of when to repair, replace
or renew the individual parts within the investigated system. Recently, artificial
neural networks have been used not only in the electronic industry but in several
other fields to predict failure rates. In her works, Kutylowska (2015, 2017) utilized
artificial neural networks to predict the failure rate of water-pipe networks. Pipe failure rates were also investigated by Kalanaki and Kalanaki (2014) who established
a step-wise method for predicting the failure rates of water distribution networks.
Despite reducing the dimension of input data from 5 to 2 by manifold learning techniques, the application of the support vector machine resulted in high accuracy when
forecasting the breakdowns of the investigated system. In a prior study, St. Clair
and Sinha (2012) review the most widely-applied prediction models in the case of
water-pipe networks concluding that soft computing techniques offer a viable way
to deal with these systems. Components of airplanes are also studied extensively in
the literature. Al-Garni et al. (2006) present an ANN utilizing a two-layered feedforward back-propagation algorithm in order to predict the continuously increasing
failure rate of De Havilland Dash-8 tires. They conclude that the neural network
outperforms the traditional Weibull regression model. They point out, however, that
the results cannot be generalized for all cases. Similar conclusions can be drawn if
one investigates the failure rate of Boeing 737 tires (Al-Garni, Jamal, 2011). Owing
to their high accuracy, the presented ANN models can be applied to schedule a preventive maintenance policy for tires replacement corresponding to an optimal level
of tires reliability. Son et al. (2009) presented a soft-computing based technique for
acquiring a proper maintenance plan for individual parts in a complex system. They
used a combination of neural network and evolutionary algorithm to discover the
relationship between individual parts of a complex system to optimize its reliability.
The method proposed in this thesis work can be viewed as a blend of time series analysis and soft computing techniques. The reason for this is the fact that
the empirical failure rate time series are described by a model function but the prediction is based on measuring similarity between the known segment of the failure
rate time series to be predicted and the model functions describing the standardized historical empirical failure rate time series; this feature may be considered as
a special type of rule base7 . Since the parameters of the suggested model function
have a direct geometric interpretation related to the shape of the bathtub curve, this
method may support managerial decisions far better than the majority of soft computing techniques, the rule bases of which relatively often do not have any linguistic
interpretation.
7

Soft-computing techniques usually require a rule base, based on which predictions are given.
This rule base can be established either based on expert knowledge or by utilizing field data.
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4.2

Describing empirical failure rate time series by quasi sigmoid
functions

Functions that can be derived from Dombi’s Kappa function introduced in Definition 6 upon appropriate linear transformations or reparametrization, are called
quasi sigmoid functions (see Definition 7). Henceforth, the possible applications of
this quasi sigmoid function in reliability theory will be discussed.
The hazard function is usually expressed as
h(t) =

f (t)
,
1 − F (t)

(27)

where h(t) denotes the corresponding hazard function, F (t) is the cumulative distribution function (CDF), f (t) is the probability distribution function (PDF) of the
random variable utilized to describe the empirical failure rate time series, respectively. However, if the time elapsed to the first failure of the component or system
is unknown, often the non-parametric estimation of h(t) given by (1) is used.
The relevant literature offers two methods to describe the bathtub curve representing the empirical failure rate time series.
Methods based on probability theory are seeking to define random variables with
hazard functions that are able to model either a segment or the whole curve of
the empirical failure rate time series. An early work about bathtub-shaped hazard
functions is written by Rajarshi and Rajarshi (1988). In reliability theory, the three
distinct phases of the bathtub curve are usually modelled by the Weibull distribution
(Rinne, 2008). Taking into account the fact that the Weibull distribution can be
applied to model the phases of the bathtub curve only one by one (Gaál, Kovács,
1994), several modifications of the Weibull distribution are proposed in the literature.
These modifications extend the h(t) hazard function by some parameters so that
it can describe the whole bathtub curve simultaneously. Almalki and Nadarajah
(2014) carried out an extensive review on these modifications. Despite the fact that
these methods can be applied in several cases with good modelling results, owing to
their limited flexibility, their capability to model empirical failure rate time series
is limited. The reason for this is the fact that these models are often sensitive not
only to the gradient of the first and the third phase of the bathtub curve but also to
the length of the second, quasi constant phase. Another weakness of these methods
is the sensitivity to the theoretical distribution of the investigated empirical failure
rate time series (Almalki, Nadarajah, 2014). From a practical point of view, other
limitation emerges from the need to choose the most appropriate random variable to
describe the investigated empirical failure rate time series. Zhang and Dwight (2013)
propose a graphical approach based on the Weibull probability plot to identify the
random variable which indicates the best fit to the empirical dataset. Their method,
though, requires additional computational effort.
Besides probability theory, several methods originating from the approximation of
the empirical failure rate time series have been evolved as well. Since these methods
do not require the knowledge of the type of the random variable describing the failure
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rate time series, they can be applied to model a wide range of empirical failure rate
time series with good modelling results, which explains their popularity. In a very
recent study, Wang and Yin (2019) propose a model by incorporating the benefits
of the probabilistic approach and that of the time-series analysis.
In my work, a parametric function will be applied to model the empirical failure
rate time series8 . The introduced function is derived from Dombi’s Kappa function
(Dombi, 2012a; Dombi 2012b; Dombi, Jónás, 2018; Dombi, Jónás, 2020) after appropriate linear transformations as introduced in Section 3. The introduced method
is built on the premise that the investigated failure rate time series are bathtubshaped with all the three characteristic parts of the traditional bathtub curve: the
first, decreasing phase, the second quasi constant phase, and a third, increasing one
as shown in Figure 5. Should the discussed method be applied not only for modelling but also for forecasting purposes, in addition to that we will assume that all
the studied devices belong to the same, well-defined product category and they have
similar reliability properties (including the similar shapes of their bathtub-curves).
The latter assumption, however, is both empirically and theoretically justified (Lee,
Lee, 2008).
Let us assume that we have the λi,t0 , λi,t1 , . . . , λi,tni time series (i = 1, 2, . . . , m),
each of which represents the complete empirical failure rate curve of an end-of-life
product. Since these failure rates are time-dependent, they can be considered as time
series. The λi,t0 , λi,t1 , . . . , λi,tn values denote the failure rates of the i-th product
week by week computed according to Eq. 1, based on field data. Henceforth, the
simplified λi,0 , λi,1 , . . . , λi,ni notation is used for time series λi,t0 , λi,t1 , . . . , λi,tni . It
should be highlighted here that the proposed method requires only the knowledge of
the consecutive values of the failure rate time series λi,t0 , λi,t1 , . . . , λi,tni . These values
can be computed according to Eq. 1 based on the number of items that have survived
up to time t and t + 1, respectively. That is, the discussed method does not demand
that one knows the type of the random variable τ describing the time that elapsed till
the first failure occurred as for example the method proposed by Cohen (1965) does
to estimate the parameters of the Weibull distribution9 by applying the MaximumLikelihood method10 . This property of the introduced method is beneficial since the
8

It should be highlighted here, that the proposed function is not considered as the hazard function
f (t)
of a particular random variable, that is, it is not given in the form of h(t) = 1−F
. For this reason,
(t)
the introduced method should be considered as one approximating the empirical failure rate time
series but not offering a random variable describing the studied empirical failure rate time series.
9
In reliability engineering, the three distinct phases of the bathtub-shaped hazard rate function
are usually assumed to be random variables that can be modelled by the Weibull distribution (Cohen,
1965 or Rinne, 2008). This assumption, however, should be checked by a goodness-of-fit test before
one estimates its parameters.
10
If one conducts a reliability test based either on complete, on a singly censored or on a progressively (multiple) censored sample on the time to the first failure, the density function and the
CDF can be easily obtained, based on which the hazard rate function can be computed. In this
case, the Maximum-Likelihood estimation provides a reliable method to estimate the parameters of
the random variable (e.g. that of a Weibull-distribution) describing the time to the first failure. It
should be mentioned here, that the Maximum-Likelihood function has not been found yet for all
functions applied to model failure rate time series. In reality, however, usually only the field returns
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time to the first failure is seldom known if the devices have been already released for
commercial usage. In other words, the time to the first failure denoted by τ is easy
to obtain if reliability tests are conducted after manufacturing, but usually unknown
if the devices are returned from the market after the consumer realized the failure.
Field returns, however, are processed by service provider companies (or even, by
original equipment manufacturers), so that the consecutive values of the failure rate
time series λi,t0 , λi,t1 , . . . , λi,tni can be computed easily based on field data (Chen et
al., 2018). As introduced previously, the λi,0 , λi,1 , . . . , λi,ni time series are intended
to characterize the resultant failure rate time series of a given product class, however,
empirical failure rate time series of individual, renewable items can be described in
the same way.
Then, we apply a parametric function as the model of each λi,0 , λi,1 , . . . , λi,ni
historical failure rate time series of end-of-life products (i = 1, . . . , m).
The model function is derived from the following gµ,ω : [0, 1] → [0, 1], x 7→ gµ,ω (x)
function:

gµ,ω (x) =




0,







1+






 1,

1



 ,
µ 1−x ω
1−µ x

if (x = 0 and 0 < ω)
or (x = 1 and ω < 0)
if 0 < x < 1, ω 6= 0

(28)

if (x = 0 and ω < 0)
or (x = 1 and 0 < ω),

where 0 < µ < 1. Function gµ,ω (x) is derived from Dombi’s Kappa function in
Definition 6 (Dombi, 2012a; Dombi 2012b; Dombi, Jónás, 2020) with parameter
settings ν0 = 0.5, ν = µ and λ = ω, respectively, and as such can be considered as a
quasi sigmoid function.
It can be proved that function gµ,ω (x) is monotonously increasing from 0 to 1
if the parameter ω is positive, and it is monotonously decreasing from 1 to 0 if ω
is negative. Moreover, the parameter ω determines the slope of the function curve
in the (µ, 0.5) point. The function has the value of 0.5 in the locus µ. That is, the
parameter ω has the same meaning as the parameter λ in the case of the sigmoid
function, while the interpretation of parameter µ in the case of the investigated
function corresponds to the role of parameter a of the sigmoid function defined
previously. If |ω| 6= 1, then the function curve has an inflection point in the (0, 1)
interval. If |ω| = 1, then gµ,ω (x) is either convex, or concave, or a line in the (0, 1)
interval, depending on the value of µ. If ω = 0, then gµ,ω (x) is constant with the
value of 0.5. Some examples of the curve of function gµ,ω (x) are displayed in Figure
4, while the main properties, including the monotony and the shape of function
gµ,ω (x) are summarized in Table 1.
are known, based on which only the hazard function can be obtained directly, while the density
function and the CDF should be computed based on the hazard rate function.
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Figure 4: Examples for curves of function gµ,ω (x)

Table 1: Main properties of function gµ,ω (x)
ω
0<ω<1
ω=1
ω=1
ω=1
1<ω
−1 < ω < 0
ω = −1
ω = −1
ω = −1
ω < −1

µ
0<µ<1
0 < µ < 0.5
µ = 0.5
0.5 < µ < 1
0<µ<1
0<µ<1
0 < µ < 0.5
µ = 0.5
0.5 < µ < 1
0<µ<1

monotony
increasing
increasing
increasing
increasing
increasing
decreasing
decreasing
decreasing
decreasing
decreasing

shape in (0, 1)
turns from concave to convex
concave
line
convex
turns from convex to concave
turns from convex to concave
convex
line
concave
turns from concave to convex

The following h(t) hazard rate function is derived from the above mentioned
gµ,ω (x) function upon appropriate linear transformations and has the same properties
regarding its monotony and shape (see Table 1) as the function gµ,ω (x).
The introduced h(t) hazard function is applied for describing the empirical failure
rate time series and consists of three parts, each of them representing a particular
phase of the bathtub curve11 :
- l(t) represents the first, decreasing phase,
- λc depicts the second, quasi constant phase, while
- the third, increasing phase is modelled by r(t).

11

Wang and Yin (2019) propose a different approach based on the cubic spline function to determine the demarcation points separating the consecutive segments of the bathtub curve.
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That is, the proposed h(t) hazard rate function can be written as follows:

h(t) =



λl ,


 l(t),





if
if
λc ,
if
r(t), if

t=0
0 < t < te,l
te,l ≤ t ≤ ts,r
ts,r < t ≤ te,r ,

where

1

l(t) = λc + (λl − λc )
1+
r(t) = λc + (λr − λc )



,

ta,l
te,l −t −ωl
te,l −ta,l
t
1

1+



 .
ta,r −ts,r te,r −t ωr
te,r −ta,r t−ts,r

(29)

(30)

(31)

Depending on the sign of parameter ω, the introduced hazard function is able
to describe both the first and the third phase of the bathtub curve, as if ω < 0
the function decreases as does the failure rate time series in the first segment of the
traditional bathtub curve, while for 0 < ω, the function goes up, and as such, it
is able to follow the increasing pattern of the failure rate time series in the third
characteristic phase of the bathtub curve. It can be seen as well that the functions
l(t) and r(t) are quasi sigmoid functions the features of which are extensively studied in the work written by Jónás (2011) and Dombi et al. (2018b). Examining the
properties of Dombi’s Kappa function it can also be proved that the function curve
can exhibit convex and concave shapes and can even change its shape from convex
to concave and vice versa (see Figure 3). Taking into consideration that the quasi
sigmoid function is derived from Dombi’s Kappa function, the proposed hazard function, which stems from the quasi sigmoid function, has the same properties. That is,
depending on the sign of parameter ω, the functions l(t) and r(t) can exhibit both
increasing and decreasing patterns, can have either a convex or a concave shape or
can change their shape from convex to concave or the other way round. As a result
of the former property, the functions can be applied to describe both the first phase
(if the function is decreasing, that is, the parameter ω is negative) and the third
phase (if parameter 0 < ω) of the traditional bathtub curve. The latter property
of the proposed hazard function results in its capability to follow the trend of empirical failure rate time series within the first and third phase of the bathtub curve
quite well. Owing to this flexibility, the proposed hazard function may be utilized
to describe a wide range of empirical failure rate time series without taking into
consideration their probability distribution. Moreover, the geometric interpretation
of the function parameters generates valuable information for the management, since
it allows the adequate planning of resources needed to execute repair services. This
geometric interpretation of the function curve will be introduced in details in the
followings.
Due to its flexibility, the hazard function composed of quasi sigmoid functions
and referenced in Eq. (29) may be applied to describe empirical data on failure rate
time series as Hypothesis 1 states.
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Hypothesis 1. By appropriate parameter setting the hazard function composed of
quasi sigmoid functions is able to describe both each section and the whole curve of
bathtub-shaped empirical failure rate time series so that all the function parameters
have a geometric interpretation related to the shape of the hazard rate curve.
In order to demonstrate the ability of function h(t) to describe empirical failure
rate time series, let λ0 , λ1 , . . . , λn be the complete historical failure rate time series
of an end-of-life product. The parameters of the proposed h(t) function can be
determined by fitting the function to the empirical dataset and by minimizing the
n
X

(h(t) − λi )2 → min

(32)

i=0

Squared Error (SE) between the model function and the empirical data. The curve
fitting problem described in Eq. (32) can be solved by applying either the Interior
Point Algorithm proposed by Bazaraa et al. (2006) or the GLOBAL method12
(Csendes, 1988; Csendes et al., 2008).
Having identified the parameters of the model function by solving the minimization problem referenced in (32), each of the parameters may be interpreted as ones
having a geometric interpretation related to the shape of the bathtub curve as follows:
- λl : The function value at the locus of t = 0 is λl , that is, h(0) = λl 13 ;
c
- ta,l : The locus where l(t) has the value of l(t) = λl +λ
2 , that is, the mean value
of the highest and the lowest function value within the first phase;

- te,l denotes the end of the first, declining phase, that is, the locus where the
hazard function turns from its first to its second, constant phase;
- ωl is related to the gradient of function at the locus ta,l ;
- λc : The value of the second, constant phase, which is equal both to the last
value of the first and to the first value of the third phase;
- ts,r denotes the lower boundary of the domain of the function r(t) describing
the third, increasing phase of the bathtub curve. This is the locus where the
hazard function turns to its third, increasing phase while the second, quasi
constant phase ends;
12

Though, built-in procedures in MS Excel may also be utilized for finding the solution of the
curve fitting (Chandrakantha, 2014), this method may not be able to solve the minimization problem
with 8 parameters particularly due to the existence of local minima. The GLOBAL method or the
Interior Point Algorithm, on the contrary, are expected to deliver an appropriate solution.
13
The function value at the point t = 0 is not necessarily equal to the first item of the empirical
failure rate time series, since by identifying the parameters of the function h(t) the best fit over the
interval (0,te,l ) is to be found.
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c
- ta,r : The locus where the increasing r(t) function has the value of r(t) = λr +λ
2 ,
that is, similarly to ta,l , ta,r is the mean value of the highest and lowest function
value within the third phase;

- te,r : The last point of the domain of the r(t) function, which is equal to the
time-wise length of the examined empirical failure rate time series, that is
te,r = N ;
- λr : The last value of function r(t), that is, the end value of the third segment
of the bathtub curve14 ;
- ωr : The gradient of the function at the locus ta,r is proportional to ωr .
The following figure (Figure 5) depicts the geometric interpretation of the function parameters and how well the proposed hazard function (denoted by the blue
line) can be utilized to describe the empirical failure rate time series15 (argy coloured
dataset). Based on this figure, one may conclude that the proposed h(t) hazard function is able to follow the pattern of empirical failure rate time series appropriately.
The Squared Error between the fitted model function and the field data is displayed
in Figure 6, based on which one may conclude that the proposed h(t) hazard function
approximates quite well the empirical dataset in the first and the third phase of the
bathtub curve.

Figure 5: Geometric interpretation of parameters of the proposed h(t) function
14

Similarly to λl , λr is not necessarily equal to the last item of the empirical failure rate time
series.
15
The examined empirical failure rate time series belongs to a particular type of motherboards.
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Figure 6: Squared Error between the fitted h(t) function and the empirical dataset
An important property of the proposed h(t) hazard function is that it does not
require the knowledge of the type of the random variable τ describing the empirical
failure rate time series. That is, the introduced model function can be applied to
describe each bathtub-shaped failure rate time series without analysing or knowing
its probability distribution. This feature further enhances its applicability. If one
seeks to utilize a random variable to describe the empirical failure rate time series,
not only the parameters should be estimated but a goodness-of-fit test has to be
conducted in order to justify that the failure rate time series follows the probability distribution that the researcher assumed. Goodness-of-fit tests, however, usually
require parameter estimation. Krit (2014) provides an extensive review and comparison on the goodness-of-fits tests widely applied in reliability engineering. Should
the nullhypotheses about the type of the random variable τ describing the operational time until the failure occurred be rejected, however, the researcher should
choose another probability distribution to describe the field data. That is, applying
a random variable to describe field data is (at least in some cases) an iterative procedure of parameter estimation and execution of goodness-of-fit tests (Zhang, Dwight,
2013). Moreover, the Weibull distribution, which is most often applied to describe
the failure rate time series, cannot model all the three phases of the bathtub-curve
simultaneously. Instead, each of the phases of the bathtub curve should be modelled
separately resulting in the fact that three Weibull distributions (Erdei, Kövesi, 2019),
having altogether 6 parameters16 are needed to model a bathtub-shaped empirical
failure rate time series. In addition to that, as already mentioned before, these
estimations usually require the knowledge of the random variable τ describing the
16

Two more parameters are needed, however, to split the failure rate curve into the three distinct
phases over which the Weibull distributions are applied. In a recent study, Wang and Yin (2019)
studied how the demarcation points of the bathtub curve can be identified.
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operational time to the first failure. It can be concluded that our method demands
neither the information about the type of the random variable describing the failure
rate time series nor the knowledge of the time which elapsed till the failures. This
feature further enhances the applicability of the proposed methodology.
The aforementioned geometric interpretation of the function parameters generates added information to resource planning since the resources needed to execute
repair services are proportional to the values of the empirical failure rate time series
(Chen et al., 2018). Since the failure rate time series is computed based on field data
as follows

b
λ(t)
=

N (t) − N (t + 1)
,
N (t)

(33)

the expected number of devices needed to be repaired in the period t + 1 can be
expressed as
b
N (t) − N (t + 1) = λ(t)
· N (t),

(34)

where N (t) − N (t + 1) denotes the number of devices that will fail within the next
b
period, λ(t)
is the value of the empirical failure rate time series in the given, t−th
period, N (t) is the number of items survived up to time t, while N (t + 1) is the
number of devices still operating at time t + 1.
That is, based on the failure rate time series, a rough estimation of the number
of items to be repaired can be given as well17 . If repair service provider companies
know the expected number of devices that will be needed to be repaired, they can
determine the amount of resources and the inventory of spare parts needed to execute
these repair services (Zhai et al., 2007). It should be mentioned, however, that the
resources and the spare parts needed depend on the type of the failure that cannot
17

In their recent work, Chen et al. (2018) proposed a more detailed approach to predict both
the failure rate time series and the inventory of spare parts. Combining the features of the bathtub
curve with a Markov Decision Process, their method enables a dynamic failure rate forecasting to
support service provider companies to effectively forecast the demand for service parts and thereby to
mitigate risk impacts of over- or under-stocking of service parts. Despite the fact that the proposed
method performs quite well and significantly reduces inventory costs, its application is limited to
the period of normal operation due to the fact that only the second, quasi constant phase of the
bathtub curve is involved in the predictions. The authors argue that the assumption of constant
failure rate during the period of useful life increases inventory costs. In order to acquire a more
reliable prediction of failure rate time series, the actual values of the failure rate time series are
adjusted based on some factors representing the current market demand and the actual level of
inventory of spare parts. Since the authors imply that the warranty period of the studied devices
fall completely into the second phase of the bathtub curve, however, a priori prediction for the length
of this phase is crucial in order to be able to determine the length of the granted warranty period.
The proposed method has another limitation as predictions based on the proposed methodology
can be given only for the next period. That is, despite being very accurate on the short run, the
proposed methodology is not able to deal with issues related to the medium- or long-term resource
planning. In spite of these limitations, the application of the methodology proposed by Chen et al.
(2018) may be further studied.
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be predicted directly based on the failure rate time series. In addition to that,
the management of repair service provider companies should take into account the
demand for repair services for other devices (e.g. Hahn et al. (2012) review the
applicability of a stochastic queuing models that can handle the research-allocation
problem in the case if several different products are to be repaired) as well as the
expectations of the management concerning the desired service quality (Koltai, 2006)
when planning the resources needed to execute repair services.
That is, from the resource manager’s point of view, the curve of the proposed
hazard function has the following interpretation:
- In the period [0, te,l ] the failure rate time series decreases resulting in a constantly declining demand for repair services;
- In the period [te,l , ts,r ] the failure rate time series is almost constant resulting
in a permanent demand for repair services;
- From ts,r the failure rate curve will increase and so does the demand for repair
services as well. That is, in the period [ts,r , te,r ], management should provide
additional resources in order to be able to cope with the rising demand for
repair services. At the period given by te,r , however, the provision of repair or
warranty services can be terminated since the product will reach the end of its
life-cycle.
Besides supporting managerial decisions related to resource planning and thereby
mitigating the risk of over or understocking spare parts, the knowledge on the typical
pattern of the empirical failure rate time series lays the foundation of various decisions related to the applicable maintenance strategies if the empirical failure rate
time series represents the hazard rate of a renewable plan equipment18 . Lie and
Chun (1986), in the case of railway rolling stock Csiba et al. (2018) or in general, in
a more recent study, Bognár (2019) argue that the applicable maintenance strategies depend on in which phase of the bathtub curve the empirical failure rate time
series is currently located. That is, management needs information on the future
pattern of empirical failure rate time series if an effective maintenance strategy is to
be established.

18
Though, in my work, resultant empirical failure rate time series of a given product class are
investigated, the applicability of the proposed methodology is not restricted to those empirical failure
rate time series. Bathtub-shaped hazard rates of renewable plan equipment can also be modelled
by the proposed hazard function in the same way if the consecutive values of the empirical failure
rate time series denote the failure rate of such an equipment.
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4.2.1

A demonstrative example

In order to demonstrate the modelling capacity of the introduced method, altogether 12 empirical failure rate time series of motherboards were approximated by
the proposed hazard function. Despite the fact that all the examined empirical failure rate time series are bathtub-shaped, they appear to be different in their length
or in the gradient of the first and third phase. Examining Figure 7 reveals that
TS5, TS9, TS11 and TS12 may have a non-typical failure rate pattern. In the case
of TS5, the second, quasi constant phase is relatively short, whereas in the case of
TS11 and TS12, the second turning point, where the failure rate time series turns
into its third segment, is hard to identify since in these cases, the first phase is rather
followed by a slightly and then, by a sharply increasing segment. In the case of TS9,
on the contrary, the first segment appears to be different than the ’usual’ shape of
the bathtub curve in the first segment, since the failure rate starts to decrease relatively slowly, then, one can experience a sharp decrease in the values of the studied
empirical failure rate time series. Yet, the proposed hazard function follows fairly
well the pattern of the empirical failure rate time series. The following table (Table
2) contains the Mean Absolute Percentage Error (MAPE) and the Mean Squared
Error (MSE) values resulting from modelling results depicted in Figure 7. It can be
concluded that describing the examined empirical failure rate time series results in
18 % Mean Absolute Percentage Error on the average and Mean Squared Error of
magnitude of E-04. Based on Figure 7 it can be seen as well that the proposed quasi
sigmoid functions are able to approximate the empirical failure rate time series quite
well regardless to its specific shape.

Figure 7: Describing empirical failure rate time series (gray coloured curves) by the
proposed hazard function (blue curves) composed of quasi sigmoid functions
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Table 2: Mean Absolute Percentage Error and Mean Squared Error values resulting
from modelling empirical failure rate time series by quasi sigmoid functions
Time series
TS1
TS2
TS3
TS4
TS5
TS6
Average

MAPE
0.2133
0.1449
0.1319
0.1100
0.1913
0.1037
0.1856

MSE
1.51E-05
1.61E-05
1.32E-05
1.55E-05
1.48E-05
1.36E-05
1.03E-04

Time series
TS7
TS8
TS9
TS10
TS11
TS12

MAPE
0.2075
0.1756
0.1643
0.1775
0.3750
0.2322

MSE
1.22E-04
3.83E-04
2.44E-04
3.47E-04
2.89E-05
2.22E-05

It can be concluded that the proposed methodology is not only able to describe a
wide range of failure rate time series without regard to its probability distribution19 ,
but due to the geometric meaning or interpretation of the function parameters, it
offers additional information to service provider companies for resource planning.
The latter property of the introduced method may further increase organizational
efficiency (Park, Pham, 2012).
The following Thesis summarizes how the quasi sigmoid function can be applied
to model empirical failure rate time series.
Thesis 1. By appropriate parameter setting, a h(t) hazard function can
be constructed from quasi sigmoid functions so that it is able to model
both a particular phase and the whole curve of the bathtub curve representing empirical failure rate time series. Owing to this capability, quasi
sigmoid functions can be applied to model empirical or experimental data
on failure rate time series. The main benefit of the proposed h(t) hazard
function, which consists of quasi sigmoid functions, is its ability to approximate well the empirical failure rate time series even in cases when
its probability distribution is not known or if the failure rate time series
has a non-typical pattern. Besides that, all the function parameters have
a geometric interpretation related to the shape of the empirical failure
rate time series, which might offer added information to the management related to resource planning decisions.
Related publications: S1, S2, S4, S6, S12.

19
The hazard rates denoted by TS11 and TS12 follow a GWF distribution (See Section 4.5),
the probability distribution of the remaining time series is not known. The both failure rate time
series having the GWF distribution have been involved into the modelling with the purpose of
demonstrating the ability of the proposed function to describe a wide range of empirical failure rate
curves.
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4.3

Forecasting empirical failure rate time series by quasi sigmoid
functions

Thesis 1 proves that a hazard function can be composed of quasi sigmoid functions so that it is able to describe a wide range of empirical failure rate time series
that are bathtub-shaped (see Figure 7). Having described the studied empirical
failure rate time series, by utilizing historical data, a forecasting technique can be
developed which is able to predict the continuation of empirical failure rate time
series of active products in the case of which only a fraction of the empirical failure
rate time series is known.
For prediction purposes, the empirical failure rate time series of end-of-life products20 are described by the hazard function introduced in Eq. 29. Then, the identified hazard functions are clustered, which results in the so-called typical standardized
failure rate curve models. These models represent typical patterns of the empirical
failure rate time series within the given product category. The knowledge embedded
in the typical standardized failure rate curve models (SFCMs) will be utilized to
predict the continuation of empirical failure rate time series of active devices. In
order to do that, the typical SFCMs are fitted to the known part of the empirical
failure rate time series of an active device. After denormalizing the typical standardized failure rate curve models, function p(x), which will be used to forecast the
continuation of empirical failure rate time series, can be determined. Function p(x)
is computed as the linear combination of the typical standardized failure rate curve
models where each typical standardized failure rate curve model is weighted with the
corresponding weight wr expressing how well a particular typical standardized failure
rate curve model is able to describe the known fraction of the empirical failure rate
time series the continuation of which is to be predicted. Based on empirical results,
the proposed method results in a good forecasting capability owing to the fact that
it is able to predict both the turning points and the last item of the bathtub curve
well in advance, while traditional statistical techniques do not have such a capability.

20

Similarly to the previous sections, the studied empirical failure rate time series are considered
as the resultant failure rate time series of a given product class and not as the failure rate time series
of an individual device. However, the method to be introduced can be applied even in cases when
the empirical failure rate time series represents the hazard rate of a single device due to the fact
that the proposed methodology demands only that the reliability properties of end-of-life products
and active products are the same. That is, if the end-of-life failure rate time series represent the
hazard rate of an individual, renewable item, then the prediction can be carried out for a similar
device.
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4.3.1

Data preparation

Let us assume that we have the λi,0 , λi,1 , . . . , λi,ni time series (i = 1, 2, . . . , m),
each of them representing the complete empirical failure rate curve of an end-of-life
product21 . The λi,0 , λi,1 , . . . , λi,ni values denote the failure rates of the i-th product
week by week based on field data according to Eq. 1. All of the studied empirical
failure rate time series are assumed to be bathtub-shaped representing the empirical
failure rate time series of devices belonging to the same, well-defined product category (e.g. motherboards). Moreover, products in the same product category are
assumed to have similar reliability properties. This assumption, however, is justified
both empirically and theoretically (Lee, Lee, 2008) and lays the foundation of several
prediction techniques used in reliability engineering22 .
The hazard function introduced in Eq. 29 will be applied as a model of each
λi,0 , λi,1 , . . . , λi,ni failure rate time series. The parameters of function h(t) introduced
in Eq. 29 are determined by solving the minimization problem described in Eq. 32.
That is, for each λi,0 , λi,1 , . . . , λi,ni empirical failure rate time series, the function h(t)
describing the studied empirical failure rate time series with the least Mean Squared
Error is determined. From this point, the function h(t) is applied to describe the
empirical failure rate time series λi,0 , λi,1 , . . . , λi,ni . Each h(t) hazard function has
10 parameters, namely, λl , λc , ta,l , te,l , ωl , λr , ts,r , ta,r , te,r and ωr .
Once the parameters of h(t) for a particular failure rate time series
λi,0 , λi,1 , . . . , λi,ni have been identified, the h(t) hazard function can be standardized
to the s : [0, 1] → [0, 1], x → s(x) function by applying the following transformation:
t
,
(35)
n
where n denotes the time-wise length of the studied empirical failure rate time series. The function values will be standardized by applying the following min-max
standardization:
x=

s(x) =

f (nx) − λc
.
max (λl , λr ) − λc

(36)

Applying the transformations given by Eq. 35 and 36 to the hazard function
h(t) results in the s(x) standardized failure rate curve model function, which has the
parameters summarized in Table 3.
21

Similarly to the previous section, the consecutive values of the studied empirical failure rate
time series represent the resultant empirical failure rate time series of a given product computed
based on failure rate data of all of the devices belonging to the studied product class.
22
Failure rate databases, for instance (either private or generic databases) are widely used techniques to determine the failure rate of similar products or plan equipment. These databases are built
on the assumption that similar equipment has similar reliability properties at least in the second,
quasi constant phase of the bathtub curve. Keren et al. (2003) propose a method to improve process safety in the chemical industry. They utilized both failure rate databases [which is listed in the
paper written by Lees (1986) in the case of the studied equipment] and process safety measurement
in order to determine the reliability of a chemical reactor with a cooling system. Klyatis (2018) also
discusses the methods based on failure rate databases.
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Table 3: Parameters of function h(t) and the corresponding standardized
parameters of function s(x)
Parameter of function h(t)
λl
λc
ts,l
ta,l
ωl
te,l
λr
ts,r
ta,r
ωr
te,r

Standardized parameter of function s(x)
λl −λc
yl = max(λ
l ,λr )−λc
yc = 0
t
xs,l = s,l
n =0
t
xa,l = a,l
n
ωl
t
xe,l = e,l
n
λr −λc
yr = max(λ
l ,λr )−λc
t
xs,r = s,r
n
t
xa,r = a,r
n
ωr
t
xe,r = e,r
n =1

Since the transformations given by Eq. 35 and 36 do not modify the parameters
ωl and ωr (see Table 3), function s(x), the domain of which is the interval [0, 1], can
be written as follows:


yl ,


 s (x),
l
s(x) =

0,




if
if
if
sr (x), if

where

x=0
0 < x < xe,l
xe,l ≤ x ≤ xs,r
xs,r < x ≤ 1,
1

sl (x) = yl
1+
sr (x) = yr



,

xa,l
xe,l −x −ωl
xe,l −xa,l
x
1

1+



ωr .
xa,r −xs,r 1−x
1−xa,r x−xs,r

(37)

(38)

(39)

It is worth mentioning that due to the min-max standardization applied to f (nx),
the value of either yl (if λr < λl ) or yr (if λl < λr ) is 1, while if λr = λl , then
yl = yr = 1. Each standardized failure rate curve model has eight parameters,
namely,
yl , xa,l , xe,l , ωl , yr , xa,r , xs,r , ωr
and similarly to the parameters of the hazard function h(t) which were discussed
in section 4.2 each parameter has a geometric interpretation related to the shape of
the bathtub curve. This semantics of model parameters is an important property of
the standardized failure rate functions because it allows us to cluster them based on
their parameters. Moreover, this geometric interpretation of the function parameters
42

Gábor Árva – Dissertation
generates added information if the planing of resources is needed for repairing the
devices that will fail in the next period(s).
If all h(t) hazard functions describing the empirical failure rate time series are
standardized, they will be clustered. The main aim of clustering is to enhance
the generalization capability of the proposed methodology. Let spi (x) denote the
standardized failure rate curve model for the empirical failure rate time series
λi,0 , λi,1 , . . . , λi,ni , (i = 1, 2, . . . m), where the parameter vector pi contains the 8
parameters of the typical standardized failure rate models (see Table 3), that is
pi = (yl,i , xa,l,i , xe,l,i , ωl,i , yr,i , xa,r,i , xs,r,i , ωr,i ).

(40)

In order to identify the typical standardized failure rate curve models, the spi (x)
models are clustered based on their parameter vectors pi by applying the fuzzy Cmeans clustering method23 (Bezdek, 1981; Chiu, 1994). The optimal number of
clusters can be determined by computing the Improved Partition Coefficient proposed by Chun Sheng (2011)24 .
Let us assume that the C1 , C2 , . . . , CN clusters (N ≤ m) of the standardized
failure rate curve models are formed, where N denotes the optimal number of clusters. Let Ir be the index set of standardized failure rate curve models spi (x) that
belong to cluster Cr (r ∈ 1, 2, . . . , N ), that is,
Ir = {i : pi ∈ Cr , i ∈ {1, 2, . . . , m}}

(41)

and let cr be the centroid of pi vectors in cluster Cr . Vector cr contains the 8
parameters of the cluster characteristic standardized failure rate curve model scr (x).
It is worth mentioning that clustering the standardized failure rate models is not
necessary for the application of the proposed methodology. One may utilize all the
standardized failure rate models for prediction purposes. The drawback of using all
the identified SFCMs is an increase in the time needed to carry out the prediction
and this approach might bring about a worse generalization capability.
The sc1 (x), sc2 (x), . . . , scN (x) functions represent the typical standardized failure
rate curve models and as such can be taken as representative models of the empirical
failure rate time series λi,0 , λi,1 , . . . , λi,ni (i = 1, 2, . . . m). The typical SFCMs are
generated from complete historical failure rate time series of a consumer electronic
commodity, that is, they represent historical knowledge on the typical pattern of the
failure rate curves of the studied product category. That is, typical SFCMs can be
considered as a special ’rule base’ expressing the typical shape of the bathtub curve
among the studied devices. The knowledge incorporated in the typical standardized
failure rate curve models can be used to predict the unknown continuation of failure
23

Other clustering techniques may be utilized as well.
Several other methods are also proposed in the literature to judge the goodness of clustering and
to determine the optimal number of clusters. The applicability of the proposed method, however,
does not depend on which clustering method is chosen and which statistic is used to evaluate the
goodness of the method applied for clustering the failure rate curve models. The typical SFCMs
formed, however, may be slightly influenced by the choice of the clustering method.
24
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rates of active products, in the case of which the empirical failure rate time series
are incomplete.
Since the transformations given by Eq. 35 and 36 do not modify the shape of the
hazard function, the typical SFCMs are all bathtub-shaped, while traditional statistical prediction techniques are not founded on bathtub-shaped prediction formulae,
the following hypothesis might be stated.
Hypothesis 2. The forecasting method of empirical failure rate time series based
on quasi sigmoid functions is able to indicate the turning points of the bathtub curve
in advance, while the traditional statistical forecasting techniques either do not have
this ability or this capability is limited.
The reason for the assumption that the forecasting method based on sigmoid
functions is able to indicate the turning points of the bathtub curve is the fact that
the prediction function itself has a bathtub shape. On the other hand, traditional
prediction methods are based on functions that do not exhibit a bathtub shape and
as a result, their ability to indicate the turning points of the bathtub curve should
be limited as well.
4.3.2

The prediction function

After the empirical failure rate time series of end-of-life products have been
modelled by the proposed h(t) hazard function and the h(t) functions have been
standardized and clustered, the previously identified typical SFCMs may be utilized
for prediction purposes. The knowledge on the typical pattern of the empirical
failure rate time series, which is embedded in the typical standardized failure rate
models, that is, in cluster specific failure rate curves, will be utilized to predict
the continuation of empirical failure rate time series of active products. In our
approach, active products are defined as ones having an incomplete empirical failure
rate time series. That is, in the case of active products, only a fraction of the
empirical failure rate time series is known. We may assume that products in the
same product category have similar reliability properties. This assumption, which
is both empirically and theoretically justified [see for example Lee, Lee (2008) or
Klyatis (2018)] lays the foundation of utilizing the identified typical standardized
failure rate models to forecast the unknown continuation of the empirical failure
rate time series of the studied active device.
Let us assume that the typical standardized failure rate models have been established as introduced in Section 4.3.1. Let λF,0 , λF,1 , . . . λF,M be a fractional failure
rate time series of an active device containing the first M weekly failure rate time
series of the device under investigation. Then, each typical SFCM will be fitted to
the known segment of the fractional failure rate time series of the examined active
device so that the Squared Error between the fractional failure rate time series of
the studied active device and the model function is the least. Note, that the typical
SFCMs are defined over the interval [0, 1] and they take values over the interval [0, 1]
as well, so it is necessary to denormalize them. The parameters M ≤ αr , 0 ≤ βr
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and 0 ≤ γr will be used to denormalize each typical SFCM. That is, for each typical
SFCM, the parameters M ≤ αr , 0 ≤ βr and 0 ≤ γr are identified so that
gr : [0, αr ] → R+ ∪ {0},


gr (t) = γr scr

dr =

M
X

t
αr

(42)



+ βr ,

(gr (i) − λF,i )2 → min .

(43)

(44)

i=0

Solution for each fitting problem described by (42), (43) and (44) can be found by
applying the same Interior Point Algorithm (Bazaraa et al., 2006) or the GLOBAL
method (Csendes, 1988; Csendes et al., 2008) referenced previously. As already
discussed, the parameters αr , βr and γr are responsible for the denormalization of
the typical SFCMs, and have the following roles:
- αr is responsible for the stretching of the function along the horizontal (x or
t) axis; the domain of the function after denormalization is [0, αr ];
- βr modifies the vertical position of the function, while
- γr stretches the function along the vertical y axis.
After each typical SFCM has been fitted to the known segment of the empirical
failure rate time series of the active device examined and has been denormalized by
the parameter triple αr , βr and γr , a dr measure of dissimilarity can be defined. This
dr distance measures the dissimilarity between gr (t) and the fractional failure rate
time series λF,0 , λF,1 , . . . λF,M ; the higher the value of dr is, the worse the fit between
the fractional failure rate time series and the function gr (t) is. The normalized dissimilarity d∗r is derived from dr by applying the following min-max standardization:
d∗r =

dr − min(dr )
, if min(dr ) < max(dr )
max(dr ) − min(dd )

0,
if max(dr ) = min(dr ).



(45)

After that, each normalized dissimilarity d∗r is turned to similarity wr as follows
(Tan et al., 2006):
∗

wr =

e−dr

N
P
e−d∗u

.

(46)

u=1

Similarity wr can be taken as a weight that expresses how well each typical
standardized failure rate model scr (x) can be used as a model of the fractional
failure rate time series λF,0 , . . . , λF,M . That is, the better the fit that the function
gr (t) to the fractional failure rate time series indicates, the higher the value of weight
45

Application of soft-computing techniques for management purposes
wr is25 . The information represented by the typical SFCMs and and the weights wr
will be involved into establishing the prediction model p(x). Based on the above
mentioned considerations, the prediction model p(x) for the fractional failure rate
time series λF,0 , . . . , λF,M is defined as the linear combination of typical SFCMs and
the corresponding wr weights as follows:
p(x) =

N
X

wr scr (x).

(47)

r=1

Since function p(x) is defined over the interval [0, 1] and takes values over the
same interval, the parameters M ≤ α, 0 ≤ β and 0 ≤ γ are to be identified in order
to denormalize the prediction function p(x) so that
F : [0, α] → R+ ∪ {0},
t
α

(48)

 

F (t) = γp
M
X

+ β,

(F (i) − λF,i )2 → min .

(49)

(50)

i=0

Solution for the fitting problem given by (48), (49) and (50) can be found by
applying the same Interior Point Algorithm or the GLOBAL method referenced in
section 4.2. The parameters α, β and γ have the same role as the parameters αr , βr
and γr , that is:
- α stretches the function along the horizontal (x or t) axis, that is, parameter
α determines the upper boundary of the domain over which the denormalized
prediction function F (t) is defined;
- β modifies the vertical position of function F (t) and;
- γ is responsible for the stretching of function F (t) along the vertical y axis.
Since M ≤ α, the F (i) values for M ≤ i ≤ bαc can be taken as predictions of
the unknown λF,M +1 , . . . , λF,bαc future values, that is, the λF,M +1 , . . . , λF,bαc series
can be taken as a possible continuation of the λF,0 , . . . , λF,M fractional failure rate
time series. Another important feature of the proposed methodology is the fact
25

Fuzzy inference systems are based on a rule base containing ’IF-THEN-rules’ and the output is
computed according to the level of activation of the rules embedded in the rule base. In the case of
the proposed methodology, one may consider the SFCMs as the rule base containing the continuation
of the empirical failure rate time series, whereas weight wr expresses the level of activation of the
’rule base’ by expressing how well a particular SFCM can be applied to model the known segment
of the studied hazard rate curve. As such, the recommended prediction technique can be considered
as a hybrid technique affiliating the favourable properties of time series analysis and soft-computing
techniques.
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that the parameter α determines the upper boundary of the interval over which
the prediction function F (t) is defined. Therefore, one may consider the end of
the domain [0, α] as the last item of the failure rate time series as well, resulting
in the proposed methodology’s ability to forecast the period when the failure rate
time series is expected to end. Traditional statistical techniques, on the contrary,
are defined over an unbounded interval, which means that these techniques do not
have the capability of predicting the end of the failure rate time series. It can be
concluded that from the managerial point of view, the knowledge on the estimated
end of the failure rate time series is a crucial factor if one aims at adequate resource
planning.
This feature is summarized in the following Hypothesis:
Hypothesis 3. Predictions based on the utilization of quasi sigmoid functions are
able to indicate the period when the failure rate time series is expected to end; traditional statistical forecasting techniques, however, do not have this ability.
A short overview of the prediction method proposed is as follows:
- Complete empirical failure rate time series of end-of-life products are described
by the hazard function introduced in Eq. 29 and composed of quasi sigmoid
functions as introduced in Thesis 1.
- Utilizing the geometric interpretation of the function parameters, those can
be standardized by applying min–max standardization method, the purpose of
which is to improve the generalization capability of the method.
- The standardized failure rate models are clustered by applying the fuzzy Cmeans clustering method. The optimal number of clusters may be determined
by computing the Improved Partition Coefficient proposed in Chun Sheng’s
paper (2011). This process results in the so-called cluster specific standardized
failure rate models. Since these cluster specific standardized failure rate models
represent historical knowledge on the typical pattern of the hazard rate curve
in the studied product category, they could be utilized to forecast empirical
failure rate time series.
- Then, in the case of all cluster specific standardized failure rate models, the
parameters M ≤ αr , 0 ≤ βr , 0 ≤ γr used to denormalize each of the cluster
specific standardized failure rate models are identified so that the squared error
between the cluster specific standardized failure rate model and the known
fraction of the examined empirical failure rate time series is the least.
- The dissimilarity originating from the difference between each of the cluster
specific standardized failure rate models and the empirical failure rate time
series to be predicted is turned into the similarity wr . Similarity wr expresses
how well the studied cluster characteristic standardized failure rate model is
able to describe the known part of the empirical failure rate time series of an
active device.
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- Each cluster characteristic standardized failure rate model is weighted with the
corresponding similarity wr , based on which the prediction function p(x) can
be determined.
- In order to denormalize the function p(x), which will be used to forecast the
continuation of the empirical failure rate time series, the parameters M ≤ α,
0 ≤ β, 0 ≤ γ are identified along with the function F (t) indicates the least
squared error, that is, the best fit to the known segment of the empirical failure
rate time series the continuation of which is to be forecasted.
- Since M ≤ α, the M ≤ i ≤ bαc values of function F (t) might be taken as a
possible continuation of the already known empirical failure rate time series.
The proposed methodology can be applied to a wide range of empirical failure
rate time series, even if the probability distribution of the empirical failure rate time
series is not known. The reason for this favourable property is the flexibility of quasi
sigmoid functions demonstrated in Thesis 1. The introduced method has two limitations that should be highlighted at this point: the empirical failure rate time series
should exhibit a bathtub shape and the reliability properties including the shape
of the bathtub curve of active products should be similar to that of the end-of-life
products (Lee, Lee, 2008). This feature of the proposed methodology allows the prediction of both the resultant empirical failure rate time series of a given product class
or the empirical failure rate time series of an individual, repairable plan equipment26 .
Since the proposed prediction function itself has a bathtub shape and it is defined
over a bounded interval, the prediction technique introduced previously should have
the ability to predict both the turning points and the last item of bathtub-shaped
empirical failure rate time series while traditional statistical prediction methods lack
this ability as demonstrated in the next section.

26
The cluster typical standardized failure rate curve models, however, are needed to be established
based on data of similar products. That is, if resultant failure rates of a given product class are
to be predicted, the hazard rate of end-of-life products should also represent resultant failure rates,
and similarly, if hazard rate curves of individual, renewable items are to be forecasted, the empirical
failure rate curves of end-of-life products should stem from data on failures of similar equipment.
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4.3.3

Case study

In order to demonstrate the forecasting capability of the introduced prediction
technique, the proposed methodology has been applied to predict real-life empirical
failure rate time series. 43 complete empirical failure rate time series of motherboards (all of them belonging to the same commodity) have been involved into the
establishment of the typical standardized failure rate models. Each complete empirical failure rate time series represents weekly failure rates of the product based
on field data computed according to Equation 1. These empirical failure rate time
series were described by the hazard function introduced in Eq. 29. Having identified
the parameters of the hazard function referenced in Eq. 29, the parameters of the
hazard function were standardized as introduced in Eq. 35 and Eq. 36, respectively, resulting in the 8 parameters of the standardized failure rate curve models,
the parameters of which are listed in Eq. 40. These standardized failure rate curve
models were clustered based on the Fuzzy C-Means method (Bezdek, 1980; Chiu,
1994) where the optimal number of clusters was determined based on the Improved
Partition Coefficient (Chun Sheng, 2011).
In the case of the examined electronic commodity, the 43 empirical failure rate
time series of the studied devices were clustered into 12 clusters, that is, 12 typical
SFCMs were identified and utilized later on to predict the continuation of empirical
failure rate time series of the examined active device. That is, one may say that
12 typical patterns of empirical failure rate time series exist among the studied
devices. Figure 8 depicts the individual standardized failure rate models belonging
to a given cluster (gray coloured curves) and the cluster characteristic (that is, the
typical) standardized failure rate models (indicated by the blue curves) while Table
4 contains the parameters of the 12 typical SFCMs.

Figure 8: Clustered standardized failure rate curve models
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Table 4: Parameters of the cluster characteristic failure rate curve models
cluster
1
2
3
4
5
6
7
8
9
10
11
12

yl
0.7904
0.9047
1.0000
1.0000
1.0000
0.4686
0.4369
0.7751
0.4705
0.9290
0.6771
0.9902

xa,l
0.2232
0.1898
0.1965
0.1167
0.0973
0.0616
0.0840
0.1210
0.1053
0.2258
0.1342
0.1223

xe,l
0.3297
0.3185
0.4129
0.3153
0.1933
0.4130
0.1077
0.2330
0.2184
0.9540
0.2971
0.2334

ωl
0.7426
3.5168
1.5842
2.7837
0.9909
3.5978
8.0754
1.1132
0.9736
4.6764
1.7623
0.9709

yr
0.9652
1.0000
0.7932
0.7023
0.5487
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
0.9255

xa,r
0.8311
0.8631
0.8959
0.7501
0.8503
0.8363
0.8993
0.8193
0.8595
0.9809
0.8448
0.8417

xs,r
0.3535
0.3185
0.6406
0.7279
0.6901
0.6821
0.7112
0.6377
0.7039
0.9497
0.6432
0.6553

ωr
4.6672
3.1601
0.9354
1.8343
1.0315
1.1576
1.7103
0.9918
1.0257
0.2577
1.3206
0.9751

An empirical failure rate time series of a device belonging to the same product category was selected to demonstrate the forecasting capability of the proposed
methodology. This empirical failure rate time series contains 176 weekly failure rate
data and had not been involved into establishing the typical standardized failure
rate curve models. The predictions based on the cluster characteristic SFCMs were
compared to four widely applied statistical forecasting methods (Koltai, 2006): the
Holt-method, which is a special case of exponential smoothing, the linear regression
and the Autoregressive Moving Average (ARIMA) methods were utilized as well to
carry out predictions. In addition to that, in the second, almost constant phase of
the bathtub curve, the moving average could also be utilized for prediction purposes,
however, its applicability is restricted to the quasi constant segment of the bathtub
curve. In the case of the Holt-method, the default weights for the smoothing constants α and γ were computed by fitting an ARIMA (0,1,1) model to the dataset
and back-casting was utilized to compute the initial smoothed value. The number of autoregressive terms (p), nonseasonal differences needed for the stationary of
the model (d) and the lagged forecast errors (q) were indicated for the best fitting
ARIMA model in all forecasting cases. All computations related to the application
of traditional statistical techniques were done in MINITAB software.
The periods when a forecast is given can be determined either based on the past
experience of management, or based on continuously monitoring the tracking signal.
In the former case, the predictions were assigned to week 30, 80 and 130 based on
data of similar end-of-life products and all the predictions are carried out for the
next 50 weeks. That is, forecasts are given for the next year ahead. Besides that, it
is also possible to carry out a new forecast after each period, that is, when getting
to know a new element of the dataset.
In the first forecasting case, predictions are given for the period from week 30 to
79 based on data of the period from week 0 to 29. In this case, the known part of
the empirical failure rate time series is completely in its first, declining phase of the
bathtub curve, while during the period of prediction, around week 50, it turns to its
second, almost constant phase. Figure 9 depicts the forecasting results based on the
first 30 weekly data.
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Figure 9: Forecasts after 30 weeks given based on quasi sigmoid functions,
exponential smoothing, linear regression and ARIMA methods
In this case, the linear regression indicates the best fit to the known segment of
the empirical failure rate time series, the accuracy of its prediction, however, drops
sharply in efficiency from week 50, when the empirical failure rate time series turns
into its second, almost constant phase. The reason for this is the fact that the
forecast given based on the linear regression is not able to indicate the turning point
of the bathtub curve at week 50. One may draw the same conclusion if examining
the predictions given based on the Holt-method and that of the ARIMA (1,1,1).
These methods are relatively accurate as long as the empirical failure rate time
series remains in its first, declining phase, from which the dataset based on which
the prediction is given, comes from. On the other hand, beginning from week 45, both
methods indicate a further decreasing trend for the empirical failure rate time series
despite the fact that the empirical failure rate time series turns into its second, quasi
constant phase around week 50. The lack of the ability to predict the turning point
around week 50 results in that Linear Regression, Holt-method and ARIMA (1,1,1)
method-based predictions significantly underestimate the actual values beginning
from week 45.
Unlike traditional statistical methods, the forecast based on the proposed
methodology is able to indicate the turning point of the bathtub curve around week
50 and gives a constant forecast for the period beginning at week 50 and ending
at week 115. Despite the slight overestimation of the actual values in the second
phase of the bathtub curve (As Figure 12 confirms, the tracking signal, which may
be applied to evaluate the accuracy of predictions, violates the control limit 6 after
week 41), the prediction based on function F (t) seems to be the most accurate (See
the MSE and MAPE values listed in Table 5). Besides indicating the turning point
of the bathtub curve around week 45, function F (t) also indicates that the failure
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rate time series will turn into its third, increasing section around week 115 and the
actual failure rate time series is expected to end at week 161. Based on traditional
statistical techniques, neither the turning point around week 115, nor the end of the
failure rate time series could be predicted. This property of traditional statistical
techniques results relatively often in weak forecast accuracy over the long run.
The second forecast for the period from week 80 to 129 was carried out based
on the knowledge of the first 80 weekly data. In this case, approximately half of
the known fraction of the empirical failure rate time series is in the first, decreasing,
while the other half is in the second, quasi constant phase of the bathtub curve.
Since in this case, the failure rate time series exhibits an almost constant pattern, the
moving average with a spam of 5 has also been utilized to give predictions, though,
its applicability is restricted to this phase of the bathtub curve. The prediction
results based on data of week 0 to 79 are plotted in Figure 10.

Figure 10: Forecasts after 80 weeks given based on quasi sigmoid functions, moving
average, exponential smoothing, linear regression and ARIMA methods
Based on the first 80 weekly failure rate data, the linear regression and the
ARIMA (1,1,1) indicate a further decreasing trend of the failure rate time series
resulting in one order of magnitude worse forecast accuracy in terms of MSE (see
Table 5) than the other three methods27 . For the period beginning from week 80 up
to 115, the function F (t), the moving average and the Holt-method result in similar
forecast results and follow quite accurately the actual failure rate time series up to
week 115, when the actual failure rate time series turns into the third, increasing
27
Both the linear regression and the ARIMA were fitted to the first 80 weekly data. If these
functions are fitted to the constant segment of the failure rate time series, that is, if one does not
take into account the data stemming from the first phase of the bathtub curve, both method result
in an almost constant forecast without being able to indicate the turning point of the bathtub curve
around week 115. See Section 4.3.5 for further details.
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phase of the bathtub curve. It is important to point out that the function F (t) based
forecast is the only one among the five studied methods which is able to indicate the
turning point of the bathtub curve. As Figure 10 indicates, the investigated failure
rate time series starts to increase around week 115. Due to the fact that function
F (t) suggests that the failure rate time series turns into its third, increasing segment
around week 120, function F (t) starts to increase a little bit later than does the
actual failure rate time series. As a result, function F (t) slightly underestimates the
current values of the studied hazard rate curve after week 115. In the second forecast
case, parameter α of function F (t) is α = 176.2402, which indicates quite precisely
the end of the failure rate time series.
Based on the first 130 weekly data, the last forecast was carried out after week
130 for the next 50 weeks. In the case of the function F (t) based forecast, predictions
can be given only for the next 31 weeks. The reason for this is that the domain of
function F (t) is the interval [0, α], so that the proposed methodology is not able to
give forecast for weeks that have indices greater than α. In this last forecast case,
the actual failure rate time series of the studied product contains all the three characteristic segments of the bathtub curve, since from week 115, the current failure
rate time series exhibits an increasing trend. In order to enhance the accuracy of
the forecasts, the Holt-method, the linear regression and the ARIMA (0,2,3) methods were fitted only to the increasing segment of the failure rate time series to be
predicted. That is, in order to achieve more precise forecasts, data stemming from
the first 115 weeks were not taken into account when the forecast is given based on
traditional methods. In spite of the fact that the current failure rate time series has
a constantly increasing trend in its third phase to which the traditional techniques
were fitted, among these methods, only the linear regression is able to capture the
trend of the investigated failure rate time series. The other two statistical methods
result in poor forecast accuracy; while the Holt-method underestimate the actual
values, the ARIMA (0,2,3) method suggests a more sharply increasing trend of the
failure rate time series. In contrast with the results of traditional approaches, the
function F (t) based prediction is able to follow quite well the trend of the failure
rate time series of the active device so that it was fitted to the first 130 weekly data,
that is, all the already known data were involved into the prediction. A shortcoming
of the proposed methodology is that the end of the forecast period is determined
by the parameter α of function F (t). Since in our case, bαc = 160, the proposed
methodology is not able to give predictions for weeks that have index greater than
160 which means that for the last 16 weeks of the current failure rate time series, no
predictions can be given based on the proposed methodology as long as only the first
130 weekly failure rate is known, which feature may be considered as a limitation of
the applicability of the introduced methodology28 . The results of the third forecast
after 130 weeks are displayed in Figure 11.
28

If one might wish to continue the forecast, function F (t) could be fitted to the data of the first
160 weeks, and a new prediction function could be determined. Besides that, one may manipulate
the parameter α artificially (e.g. setting a lower boundary for its value) so that the domain of the
function is equal to the time-wise length of the period for which one seeks to carry out the prediction.

53

Application of soft-computing techniques for management purposes

Figure 11: Forecasts after 130 weeks given based on quasi sigmoid functions,
exponential smoothing, linear regression and ARIMA methods
The forecasting results in terms of Mean Squared Error (MSE) and Mean Absolute Percentage Error (MAPE) are listed in Table 5. As Table 5 confirms, the
prediction given based on function F (t) results in several cases in one order of magnitude better forecasting accuracy in terms of MSE than the predictions carried out
based on traditional approaches. Besides that, based on Figure 9-11 and Table 5 it
can be concluded that the proposed methodology not only indicates well the turning
points of the bathtub curve but also estimates relatively accurately the last item
of the bathtub curve with an acceptable error of cca. 10 %. Traditional statistical
methods, on the contrary, do not have the capability of indicating the turning points
or the last item of the bathtub-shaped empirical failure rate time series under investigation. Wang and Yin (2019) also arrived at the same conclusion even in the case
of more sophisticated methods widely applied in time-series analysis. They combined the traditional Weibull-analysis with an ARMA model to obtain an accurate
prediction of bathtub-shaped empirical failure rate time series.
Table 5: MSE and MAPE values for predictions when the forecasts are given in
periods determined in advance
Prediction
First 30 weeks
First 80 weeks
First 130 weeks
Method
MSE
MAPE
MSE
MAPE
MSE
MAPE
Function F (t)
4.281E-05
0.2672
3.420E-05
0.1619
1.284E-05
0.0593
MA(5)
–
–
3.878E-05
0.1755
–
–
EXP. S.
8.048E-05
0.2986
7.919E-05
0.2177
1.156E-04
0.1483
Lin. Reg.
1.095E-04
0.3534
3.103E-04
0.7629
1.032E-05
0.4537
ARIMA*
1.073E-04
0.3494
2.910E-04
0.5021
4.948E-05
0.0400
* based on the first 30 and 80 weekly data, the best fitting ARIMA is ARIMA(1,1,1),
based on the first 130 weekly data, ARIMA(0,2,3), respectively.

54

Gábor Árva – Dissertation
Besides determining in advance the periods when a forecast has to be given, one
may continuously monitor the tracking signal to determine the period when a new
forecast is needed (Koltai, 2006). The control limits were chosen to be ±6, that is,
if the tracking signal is less than −6 or greater than +6, the reconsideration of the
prediction is needed29 . In this case, the first forecast was given based on the first
30 weekly data. From week 30 till week 41, the proposed hazard function slightly
overestimates the actual values, before, at week 41 the tracking signal indicates that
a new forecast is needed. After carrying out the new forecast after week 41, this
prediction is accurate enough till week 66, where the tracking signal calls for a new
prediction due to underestimation of the current values. The prediction given at
week 66 could be applied up to week 128, even though, the tracking signal indicates
a slight overestimation of the actual failure rate time series. As a result of the fact
that after week 115, when the failure rate time series turns into the third phase of
the bathtub curve, the ongoing prediction underestimates the failure rate time series
to be predicted, at week 128 the predictions are reconsidered. After week 128, the
prediction function matches quite well the increasing trend of the studied empirical
failure rate time series, the end of forecast periods, however, is limited to week 162
owing to the current value of parameter α. The predictions and the corresponding
graph of the tracking signal are displayed in Figure 12. If predictions are given
based on monitoring the current value of the tracking signal, the MSE is 1.926E-05,
while the MAPE is 12,92%, respectively. On the contrary, if predictions are assigned
a priori to week 30, 80 and 130, respectively, the MSE is 3.243E-05, whereas the
MAPE is 17.78%.

Figure 12: Forecasts given based on the continuous monitoring of the tracking signal
29

Some authors propose tighter control limits, i.e. control limits=±3.75 (Koltai, 2006). In the case
of long-term forecasts, however, these boundaries seem to be to rigorous resulting in the modification
of the prediction function too often.
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4.3.4

Discussion of results and managerial implications

As the case study demonstrates, the application of the widely-used, traditional
forecasting techniques utilized in time series analysis, including the moving average,
the Holt-method, which can be viewed as a special case of exponential smoothing,
linear regression and Autoregressive Integrated Moving Average (ARIMA) is quite
limited in the field of reliability engineering due to the fact that these methods are
unable to predict the turning points of the bathtub curve. The predictions given by
these methods are relatively accurate as long as the continuation of the empirical
failure rate time series is located in the same segment of the bathtub curve where
the forecast has been carried out. On the contrary, the predictions drop in efficiency
sharply as soon as the empirical failure rate time series turns into the forthcoming
phase of the bathtub curve. Taking into consideration the fact that these methods
are unable to indicate the turning points of the bathtub curve, predictions based
on the aforementioned techniques are rather uncertain in the cases of medium- or
long-term predictions. On the contrary, owing to the fact that function F (t), which
is suggested to predict the failure rate time series, has a bathtub shape, the proposed
methodology, which is built on quasi sigmoid functions, is able to indicate the turning
points of the bathtub curve well in advance as Table 5 and Figure 9-11 confirm. From
a managerial point of view, this is of high importance due to the fact that it allows
a more precise resource planning (Park, Pham, 2012; Chen et al., 2018). If the
management accurately knows when the failure rate time series turns from its first
into its second phase, excess resources can be avoided and similarly to this, knowing
when the failure rate time series turns to its third, increasing phase, the additional
resources needed to execute the rising demand for repair services can be provided in
proper time.
Another disadvantage of the traditional statistical techniques is the lack of ability
to indicate the period when the failure rate time series ends. Unlike those traditional
statistical techniques, the predictions based on quasi sigmoid functions can predict
the last item of the bathtub curve with high accuracy well in advance. The reason for
this is that the function utilized to predict the hazard rate is defined over a bounded
interval as well: based on equations (29)-(31) it can be proved that the function applied to model the failure rate time series is defined over the interval [0; te,l ], which
is equal to the time-wise length of the failure rate time series examined. The prediction function p(x) stemming from the aforementioned function is denormalized by
the parameter α which is responsible for stretching the function along the horizontal
(x or the time-axis t) axis, that is, the parameter α will determine the domain [0; α],
over which the denormalized prediction function F (t) is defined. All the function
values for which M ≤ i ≤ bαc holds may be considered as predictions of the unknown continuation of the empirical failure rate time series. This property allows
us to consider the upper boundary of the domain of the prediction function as the
last item of the empirical failure rate time series as well, resulting in the ability of
the prediction method to indicate the last item of the hazard rate curve. The only
drawback of the introduced methodology which should be highlighted here is the
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fact that the end of periods that can be predicted is determined by the parameter α
of function F (t). Due to this restriction the proposed methodology is unable to give
predictions for periods that have indices greater than parameter α.
If one aims at the utilization of the predictions to plan the resources that are
needed for offering repair or warranty services for the examined devices, the model
parameters contain the following information for the managers being responsible for
resource planning:
- In the period [0, te,l ] the failure rate time series decreases which means that
the amount of resources needed to repair the broken devices declines as well;
- The period of normal operation or useful life of the examined device falls into
the interval [te,l , ts,r ], where the average number of products to be repaired can
be determined based on parameter λc ;
- From the period indicated by the function parameter ts,r , the failure rate time
series starts to increase and so does the demand for repair services and spare
parts as well;
- Since parameter α or te,r determines the period when the failure rate time
series is expected to end, no further resources are needed after this period.
The geometric interpretation of the model parameters further enhances the applicability of the introduced methodology. As from a managerial and from an economical point of view, the prediction of both the turning points and the last item of
the bathtub curve are crucial, one may conclude that the proposed methodology offers several benefits when it is compared to traditional methods. Besides the already
proved limitations to indicate the turning points of the bathtub curve, the traditional
techniques often utilize only the data of a particular segment of the bathtub curve
and in order to be more accurate, do not take into consideration the data of the
previous segment(s). The proposed method, however, can be applied in each phase
of the bathtub curve so that it utilizes all the already known data.
My following Thesis summarizes the main benefits and the application of the
proposed methodology.
Thesis 2. Based on quasi sigmoid functions and historical empirical failure rate time series, a prediction method can be developed with the capability of forecasting the continuation of empirical failure rate time series
of active devices having only a fractional failure rate time series. The
forecasting capability of this method is far better than that of the traditional statistical methods over the medium- and the long-term. The
reason for this is the ability of the proposed method to predict both the
turning points and the last item of the bathtub curve owing to the fact that
the prediction function itself is bathtub-shaped and defined over a bounded
interval. The aforementioned capability in the case of traditional statistical methods, however, is lacking or quite limited.
Related publications: S1, S2, S4, S6, S12.
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4.3.5

Some additional weaknesses of traditional prediction techniques

In Section 4.3, the usefulness of the proposed prediction technique to forecast
empirical failure rate time series has already been discussed thoroughly. Besides the
lacking capability of predicting the turning points and the last item of a bathtubshaped empirical failure rate time series, traditional prediction techniques usually do
not utilize all the available data. In the followings, some additional issues concerning the applicability of traditional forecasting techniques to predict bathtub-shaped
hazard rate curves are highlighted.
Examining the results plotted in Figure (9)-(11) reveals that the proposed prediction technique results in all cases in a bathtub-shaped prediction function so that
both the turning points and the last items of the examined failure rate curve can be
predicted. Traditional prediction techniques, on the other hand, result in a forecast
having a particular trend (decreasing, constant or increasing) without indicating the
turning points of the hazard rate curve. The trend exhibited by the predictions of
traditional techniques, though, matches the empirical failure rate time series if and
only if both of the following conditions are satisfied:
- The data based on which the prediction is conducted stem only from one of
the particular segments of the bathtub curve;
- The data based on which the predictions are given and the period for which the
forecast is to be given are located in the same segment of the bathtub curve.
Since the hazard rate curve represents the empirical failure rate time series of a
given product over its life-cycle, one may expect that the more data become available,
the more accurate the prediction will be. As opposed to this expectations, if the
predictions are given based on data of more than a single segment, the predictions
given based on traditional methods drop sharply in efficiency as Figure 13 confirms
it in the case of a linear regression-based forecast. As Figure 13 reveals, if the data
on the first 80 weekly failure rate time series are involved into the prediction, the
linear regression gives a sharply decreasing prediction since approximately half of
the data on which the prediction is given stems from the first, decreasing segment of
the bathtub curve, while the other half from the second, almost constant phase. As
a result, the fitted linear regression model will indicate a further decreasing trend. If
the data on the first 50 weekly failure rate time series are not taken into account when
fitting the linear regression model to the dataset, the known segment of the empirical
failure rate time series between week 50 and 80, based on which the prediction is to
be given, is in the second, almost constant phase of the bathtub curve yielding to a
sightly decreasing prediction, which does not follow the trend of the actual failure rate
time series, either. Provided that the predictions are given based only on the data
of week 65 to week 80, the linear regression yields to an almost constant prediction
of the failure rate time series. Although this prediction is accurate for the period
from week 80 to approximately week 115, the prediction function cannot indicate
the turning point of the bathtub curve around week 115 as noted earlier. That is,
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one may conclude that involving all the data which are available into the prediction
may significantly reduce the accuracy of the forecasts. Instead of utilizing all of the
available data, the accuracy of the predictions is enhanced if the predictions are given
based on the most recent data due to the fact that in these cases the predictions
match better the pattern of the empirical failure rate time series under investigation.

Figure 13: Forecasting results after week 80 with linear regression if the regression
line is fitted to the most recent 15, 30 and 80 weekly data
A close examination of Figure 10 reveals that the ARIMA-based predictions are
subjected to the same problem. In the case of the Holt-method, the prediction given
after week 80 decreases less sharply than the ARIMA and linear regression-based
predictions. Koltai (2006) points out that in the case of the exponential smoothing
one can determine the smoothing constants α and γ so that the prediction function
indicates the best fit to the known dataset. MINITAB provides a built-in procedure
to determine the smoothing constants. Fitted to the first 80 weekly data, the optimal
values of the smoothing constants are α = 0.784 and γ = 0.028. Small values of the
smoothing constants result in a relatively stable prediction without paying particular
attention to the random deviations of the dataset. Small values of the smoothing
constants also mean that the weights with which the data stemming from periods
preceding the last period remain significant. On the contrary, values of the smoothing
constants close to 1 yield to a prediction which follows the random deviations of the
dataset but takes into consideration the past data with a significantly lower weight.
The smoothing constant α = 0.784 indicate that the data of the first segment of
the bathtub curve do not play an important role in the prediction, whereas that of
γ = 0.028 suggests a stable prediction concerning the gradient of the failure rate time
series. Based on these considerations, the Holt method delivers a forecast which is
based mainly on data stemming from the second phase of the bathtub curve and as
a result, the prediction function possesses a slightly decreasing trend. That is, in the
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case of Holt-method-based predictions, one may choose the smoothing constants so
that the prediction considers primarily the data of the more recent periods, which
will yield to a prediction which follows relatively well the trend of the time series as
long as the empirical failure rate time series turns into the forthcoming phase of the
bathtub curve. A word of caution is in order, though, since the Holt-method-based
prediction cannot predict the turning point of the bathtub curve, either.
Based on the aforementioned considerations, one may conclude that traditional
prediction techniques are more accurate if the predictions are based on the most
recent data instead of utilizing all of the data being available since this approach
ensures that both the data based on which the prediction is given and the period
for which the forecast is to be given stem from the same segment of the bathtub
curve. Developing the predictions based on the most recent data, however, raises the
question how many periods are needed to be involved into the prediction. Based on
the previous results, one may be tempted to conclude that decreasing the number of
periods increases the accuracy of predictions to some extent. On the contrary, if the
number of periods utilized to give a prediction is restricted to the most recent data,
the prediction will be more sensitive to the random deviations in the dataset which
feature will lead to significant changes in the pattern of the prediction function as
time goes on. This property may be an advantage in short-term forecasting (Koltai,
2006), but does not support the managerial decisions if the primary interest is on
medium or long-term forecasting. Figure 14 depicts the prediction results based on
a linear regression utilizing the most recent 10 weekly data for a prediction, along
with the quasi sigmoid function-based prediction given at week 80 and at week 90,
respectively.

Figure 14: Forecasting results after week 80 and 90 in the case of the linear
regression fitted to the data of the most recent 10 weeks and in the case of the quasi
sigmoid function-based forecasting technique
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As Figure 14 demonstrates the two linear-regression predictions30 deviate to a
considerable extent due to some random deviation in the original dataset. That
is, the prediction based on the traditional methods not only lacks the capability of
delivering more accurate predictions if more data become available but the considerable variation in the predictions as time goes on causes additional uncertainty if one
seeks to utilize the predictions to support managerial decisions related to long-term
planning. On the contrary, the quasi sigmoid function-based predictions do not differ significantly, though, a slight increase in their accuracy can be seen. It is worth
pinpointing that the quasi sigmoid function-based prediction is given based on data
of the first 80 and 90 weeks, respectively. While the former property is beneficial
from the point of view that long-term predictions can be more reliably supported by
forecasting techniques that are less sensitive to short-term deviations in the dataset,
the latter property facilitates managerial decisions since management does not have
to decide on the number of periods to be involved into the predictions.
Based on the above demonstrated limitations, it can be concluded that traditional
prediction techniques have two notable limitations when one aims at forecasting the
continuation of empirical failure rate time series that have a bathtub shape. On
the one hand, these techniques are more accurate if both the data utilized to carry
out the forecast and the periods for which predictions are needed are located in
the same segment of the bathtub curve. Decreasing the number of periods utilized
to initialize the predictions may result in that the prediction matches better the
pattern of the investigated hazard rate time series, however, traditional techniques
are only able to follow the trend of empirical failure rate time series but they cannot
predict in advance the turning points of the bathtub curve. On the other hand, if
the predictions are conducted based on data of only a few periods, the predictions
become more sensitive to the random variation of the original dataset resulting in
predictions that considerably deviate even over the short run. For the medium and
long-term planning, however, relatively stable predictions are more useful.
As opposed to the studied traditional statistical techniques, the proposed prediction technique utilizes all of the available data so that management is not forced
to decide on the number of periods used to give predictions. In addition to that,
the prediction technique developed results either in relatively stable predictions over
time or in an increasing accuracy of the forecasts, provided that the reliability properties of active devices are similar to that of the end-of-life products. It is worth
noticing that the relevant literature offers a couple of other methods developed for
analysing and predicting time series, that have not been thoroughly examined in
my work. The majority of these techniques, though, requires enormous computation
efforts and the dataset concerned should also satisfy some conditions. In addition to
that, these techniques have been proposed in other fields so that they are not always
suitable to be applied in the field of reliability engineering. The monograph written
by Chatfield (2001) is an excellent source on this subject.
30

Although not demonstrated here, but one may face similar obstacles in the case of other, traditional techniques, as well. Wand and Yin (2019) also drew the same conclusion.
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4.4

The Omega probability distribution

In the last 60 years, the Weibull distribution has become a widely-applied probability distribution in reliability engineering. The primary reason for its popularity
is the fact that the h(t) hazard function of the Weibull distribution can be applied to
model each phase of the traditional bathtub-shaped failure rate time series (Rinne,
2008; Erdei, Kövesi, 2019). The h(t) hazard function of the Weibull distribution is
usually written in the following form:
β

αβtβ−1 e−αt
h(t) =
= αβtβ−1 ,
(51)
e−αtβ
where α is the scale and β is the shape parameter of the distribution, respectively.
A comprehensive comparative study on the estimation of the scale- and shape parameters can be found in a recent study written by Sadani et al. (2019). It can
be proved that the h(t) hazard function in (51) decreases if β < 1 and increases if
1 < β, while for β = 1, the hazard function is constant with the value of α. That
is, if β < 1, the Weibull distribution is able to describe the first, declining phase
of the bathtub curve, if β = 1, its hazard function is constant and can be applied
to model the second, almost constant phase of the bathtub curve and in order to
follow the increasing trend of the failure rate time series in the third phase of the
bathtub curve, parameter β should be set as 1 < β (Gaál, Kovács, 1994; Rinne,
2008; Erdei, Kövesi, 2019). Despite its flexibility, the hazard function of the Weibull
distribution is not able to exhibit a bathtub shape, that is, it cannot be applied to
model all the three characteristic phases of the bathtub curve simultaneously. This
is the reason for the abundant number of studies which have been carried out with
the purpose of modifying the Weibull distribution so that its hazard function can
exhibit a bathtub shape. Almalki and Nadarajah (2014) review several discrete and
continuous modifications of the Weibull distribution, which have been proposed in
the literature to model the whole curve of bathtub-shaped failure rate time series
simultaneously.
In this section of my work, as a contribution to the body of knowledge in this
special field, the so-called Omega probability distribution will be introduced. Besides
the fact that the hazard function of the Omega probability distribution can exhibit a
bathtub-shape, the proposed function can approximate the Weibull distribution quite
well, since it can be proved that the asymptotic Omega probability distribution is
just the Weibull probability distribution. These features allow us to apply the Omega
probability distribution for life-time analyses related to reliability engineering.
4.4.1

The Omega probability distribution

In Section 3, the Omega function has already been introduced. Based on the
Omega function given in (4), one may define the Omega probability distribution and
the corresponding CDF and PDF as well.
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The CDF and the corresponding PDF of the Omega probability distribution with
parameters α, β and d can be written as follows.
(α,β)

Definition 8. The CDF Fd

(α,β)
Fd
(x)

=

(x) of the Omega distribution is given by



0,

if x ≤ 0

1−

(−α,β)
ωd
(x),



1,

where
(−α,β)

ωd

(x) =

dβ + xβ
dβ − xβ

(52)

if 0 < x < d
if d ≤ x,
! −αdβ
2

,

(53)

and α, β, d ∈ R, 0 < β, d, x ∈ (0, d).
Computing the first derivative of the CDF in (52) yields to the PDF.
(α,β)

Lemma 3. The PDF fd

(α,β)
fd
(x)

=

(x) of the Omega distribution is given by




0,

αβxβ−1



0,

if x ≤ 0
(−α,β)
d2β
ω
(x),
d2β −x2β d

(54)

if 0 < x < d
if d ≤ x,

where α, β, d ∈ R, 0 < β, d, x ∈ (0, d).
(α,β)

In our paper (S10: Dombi et al., 2018) it is proved that function fd
duced in Eq. 54 is in fact a probability density function.
4.4.2

(x) intro-

Connections between the Omega and Weibull distributions

An interesting feature of the Omega function is that it can approximate the
Weibull distribution if the parameters are set properly. This property will lay the
foundation for utilizing the Omega probability distribution for reliability engineering
purposes. Besides that, the asymptotic properties of the Omega distribution are
utilized to define the main characteristics, like the mean, variance etc. of the Omega
distribution.
Based on Theorem 1, one may conclude that if parameter d of the Omega function tends to infinity, then the Omega function converges to the exponential function
β
f (x) = eax . It should be highlighted here that as it has been already introduced in
Section 3, the aforementioned property of the Omega function allows the approximation of several other functions as well.
Let us assume that the random variable η has a two parameter Weibull distribution with the parameters 0 < α, β. In this case, the probability density function of
η is given by (Ramesh, Krishnan, 2017):
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(

f

(α,β)

(x) =

0,
if x ≤ 0
β
β−1
−αx
αβx
e
, if 0 < x.

(55)

In this case it can be proved that
Lemma 4. For any x ∈ R, x ∈ (0, d) and 0 < α, β, if d → ∞, then
(α,β)

fd

(x) → f (α,β) (x).

(56)

Lemma 4 suggests as well that the goodness of approximation improves as parameter d of the Omega function increases. The proof of Lemma 4 can be found in S10:
Dombi et al. (2018). Similarly to this, if a random variable η has a two-parameter
Weibull distribution with the parameters 0 < α, β, the probability distribution function F (α,β) (x) of η is given by
(

F

(α,β)

(x) =

0,
if x ≤ 0
β
−ax
1−e
, if 0 < x.

(57)

Theorem 3. For any x ∈ (0, d) and 0 < α, β, d, if the random variable ξ has an
Omega probability distribution with the parameters α, β, d and the random variable
η has a Weibull probability distribution with parameters α, β, then
lim P (ξ < x) = P (η < x).

d→∞

(58)

(α,β)

Proof. Since Fd
(x) = P (ξ < x) and F (α,β) (x) = P (η < x) for any x ∈ R, using
(α,β)
the definitions of Fd
(x) and F (α,β) (x), this theorem follows from Theorem 1.
Lemma 4 and Theorem 3 explain how the Omega distribution is connected to
the two-parameter Weibull distribution. Based on Theorem 3, it can be stated that
the asymptotic Omega probability distribution is just the Weibull probability distribution. Thus, in practical applications, the Weibull probability distribution with
parameters 0 < α, β might be substituted with the Omega probability distribution
that has the parameters 0 < α, β, d, provided that x  d. Note that even for 5 ≤ d,
the Omega probability distribution approximates quite well the Weibull probability
distribution31 .
It is worth mentioning that while the Weibull probability distribution function
is a transcendental function, the Omega probability distribution function is a power
function. From a computational point of view, this means that the Omega probability distribution function is more convenient to be dealt with than the Weibull
probability distribution function. This feature of the Omega probability distribution
further enhances its applicability in analyses where computation time is a critical
factor.
31

In our paper (S10: Dombi et al., 2018) the connection between the Omega and the Weibull
distribution is further studied.
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4.4.3

Asymptotic properties of the Omega probability distribution

Based on Theorem 3, if d → ∞, then P (ξ < x) = P (η < x), where the
random variable ξ has an Omega distribution with the parameters 0 < α, β, d, and
the random variable η has a Weibull distribution with the parameters 0 < α, β,
respectively. That is, if d → ∞, then the Omega probability distribution converges
in distribution to the Weibull probability distribution.
By utilizing these results and the characteristics of the Weibull probability distribution (Rinne, 2008), the following asymptotic properties concerning the main
characteristics of the Omega probability distribution can be proved:
lim E(ξ) = α

− β1

d→∞

Γ1 ,



1
 − β1 β−1 β
α
,
β
lim M o(ξ) =

d→∞

if 1 < β

− β1

d→∞

lim V ar(ξ) = α

− β2



d→∞

lim mn = α
− β1

d→∞

lim γ1 =

d→∞

(61)



(62)

−n
β

(63)

Γn ,



ln

1
1−p

1

2Γ31 − 3Γ1 Γ2 + Γ3

d→∞

lim γ2 =

1

(ln 2) β ,

Γ2 − Γ21 ,

d→∞

lim F −1 (p) = α

(60)

if 0 < β ≤ 1,

0,

lim M e(ξ) = α

(59)

Γ2 − Γ21

3

β

,

,

(64)

(65)

2

−6Γ41 + 12Γ21 Γ2 − 3Γ22 − 4Γ1 Γ3 + Γ4
,
(Γ2 − Γ1 )2

(66)

where E(ξ), M o(ξ), M e(ξ), V ar(ξ), mn , F −1 (p), γ1 and γ2 are the expected value,
mode, median, variance, n−th raw moment, quantile function, skewness and kurtosis
excess of the random variable ξ, respectively, and
i
Γi = Γ 1 +
β




.

(67)

Here, 0 < p < 1, and Γ denotes Euler’s Gamma function. Since in practical reliability engineering issues the Omega probability distribution is typically employed with
a value of parameter d which is sufficiently large to utilize the asymptotic properties
of the Omega distribution, the asymptotic values listed in equations (59)-(66) can
be used instead of their exact values. Nevertheless, the exact values of the expected
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value, mode, median, variance, n − th raw moment, quantile function, skewness and
kurtosis excess can be determined as well, these calculations lead to formulae that
are difficult to be dealt with. That is, for practical reasons it is more convenient to
substitute the exact values of the characteristics with the corresponding asymptotic
values. It should be mentioned here that in their note, Okorie and Nadarajah (2019)
developed other formulae to identify the r-th moment, the mean, the variance, the
quantile function and the median, and the skewness and kurtosis excess of a random variable having the Omega probability distribution. The proposed formulae,
however, require the utilization of the Beta function and the Gauss hypergeometric
function. In spite of the fact that both the Beta function and the Gauss hypergeometric function can be computed only numerically, the authors argue that built-in
procedures in most mathematical and statistical software packages provide a convenient way to deal with the expressions derived. Further details are provided in
Okorie and Nadarajah (2019).
The aforementioned asymptotic properties of the Omega distribution allows us
to consider parameter α as a scale, parameter β as a shape parameter. That is,
parameter α determines the maximum value of the density function, while parameter
β affects the shape of the density function in the following way:
(α,β)

- If 0 < β < 1, fd
(x) is strictly monotonously decreasing for any 0 < x and
(α,β)
lim fd
(x) = ∞;
x→0+

(α,β)

- If β = 1, fd
(α,β)
fd
(0) = α;

(α,β)

- If 1 < β, fd

(x) is strictly monotonously decreasing for any 0 < x and

(x) has a maximum at x ≈ α

− β1



β−1
β

1

β

.
(α,β)

Parameter d may be interpreted as one specifying the support of fd
(x), since
(α,β)
fd
(x) is positive only if x ∈ (0, d).
It can be proved as well that the log-likelihood function of the Omega probability
distribution32 is identical with that of the Weibull distribution if d → ∞.
4.4.4

Application of the Omega distribution in reliability engineering

In the previous sections the connection between the Weibull and the Omega
distribution has been introduced and it could be stated that the latter one approximates quite well the former one if parameter d is sufficiently large. Besides the
already proved connections between these two functions, there is a connection between the hazard function of the Omega (which is to be introduced later on) and the
Weibull distribution. This property suggests that the hazard function of the Omega
32

It should be highlighted here that there is no closed form for the minimization problem with
which the log-likelihood function of the Omega distribution could be solved. For further details see
our paper S10: Dombi et al., (2018).
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distribution can be applied to model each phase of the traditional bathtub-shaped
failure rate time series.
Hypothesis 4. The hazard function of the Omega distribution may be applied to
model each of the three characteristic phases of the traditional, bathtub-shaped failure
rate curve if parameter d is sufficiently large.
Let us assume that τ denotes the time which elapsed to the first failure of the
(α,β)
component or a system. In this case, the hazard function hd (t) of τ , which will
be referred to as the Omega hazard function, is
(α,β)

(α,β)
hd (t)

fd

=

1−

2β

(t)

(α,β)
Fd
(t)

=

= αβtβ−1

(−α,β)

αβtβ−1 d2βd−t2β ωd

(t)

(−α,β)
ωd
(t)

d2β
d2β − t2β

=
(68)

,

where 0 < α, β, d.
The hazard function of the Weibull distribution can be written as:
h(α,β) (t) = αβtβ−1 .

(69)

The hazard function in (69) is decreasing if 0 < β < 1, has a constant value of
α if β = 1 and increases if 1 < β. Utilizing the fact that the hazard function of the
Weibull distribution can be written as given in Eq. 69, the hazard function of the
Omega distribution given in (68) may be written in the following form:
(α,β)

hd

(β)

(t) = h(α,β) (t)gd (t),

where
(β)

gd (t) =

(70)

d2β
,
d2β − t2β

(71)

and 0 < α, β, d, t ∈ (0, d). That is, the Omega hazard function may be viewed as the
(β)
Weibull hazard function multiplied by the corrector function gd (t). This property
allows us to apply the hazard function of the Omega distribution as an alternative
to that of the Weibull distribution as Lemma 5 states:
(α,β)

Lemma 5. For any t ∈ (0, d), if d → ∞, then hd
α, 0 < β, 0 < d.

(t) → h(α,β) (t), where 0 <

(β)

Proof. If t ∈ (0, d) is fixed and d → ∞, then gd (t) → 1 and so
(α,β)

hd

(β)

(t) = h(α,β) (t)gd (t) → h(α,β) (t).

(72)

Lemma 5 provides the theoretical background for utilizing the hazard function
of the Omega distribution to model bathtub-shaped failure rate curves. Since the
hazard function of the Weibull distribution is widely applied as a model for each
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phase of a bathtub-shaped failure rate curve (Gaál, Kovács, 1994; Rinne, 2008;
(α,β)
Erdei, Kövesi, 2019) and hd (t) ≈ h(α,β) (t), if t is small compared to d, the Omega
hazard function can also model each phase of the same bathtub-shaped failure rate
curve provided that parameter d is sufficiently large. An important practical result
of this property is the fact that the Omega hazard function as an alternative to the
Weibull hazard function can be utilized as a phase-by-phase or piecewise model of
a bathtub-shaped failure rate curve as Figure 15 demonstrates. The Mean Squared
Error (MSE) of the approximation is 4.97E-06, 3.41E-06 and 2.68E-06, while the
Mean Absolute Percentage Error (MAPE) is 4.39%, 1.33% and 0.62 % in the first,
second and the third phase of the bathtub curve, respectively.

Figure 15: Plots of Omega and Weibull hazard function curves in the three distinct
phases of the bathtub curve
It should be highlighted here that the Omega probability distribution with the
parameter setting β = 1 is the so-called Epsilon probability distribution, which
has been proposed by Dombi et al. (2018a) to model the second and the third
phases of bathtub-shaped hazard rate curves and can be employed to approximate
the exponential probability distribution as well.
The Weibull hazard function h(α,β) (t) in (69) is either monotonic or constant, but
it cannot posses a bathtub-shaped curve. However, life-time datasets of a component
or system typically require non-monotonic shapes. Several authors (see for example
the work of Gnyegyenko et al., 1970; Almalki, Nadarajah, 2014; Erdei, Kövesi, 2019)
argue that the empirical failure rate time series is often bathtub-shaped33 , the typical
33

Besides bathtub-shaped failure rate time series, the so-called unimodal or upside-down bathtub
curve is also widely applied to model empirical failure rate time series (Dimitrakopoulou et al., 2007;
Almalki, Nadarajah, 2014). Some modifications of the Weibull distribution can be applied to model
both the traditional bathtub-shaped and the uspide-down bathtub-shaped failure rate curves.
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pattern of which, however, cannot be modeled by a single Weibull hazard function.
By adequate parameter setting, if 0 < β < 1, the hazard function of the Omega
distribution can have a bathtub shape. This property of the proposed Omega distribution results in its ability to describe the whole curve of bathtub-shaped failure
rate time series simultaneously.
Hypothesis 5. If 0 < β < 1, the hazard function of the Omega distribution is
bathtub-shaped and therefore, it might be applied as a model of bathtub-shaped empirical failure rate time series.
Lemma 6 provides the theoretical background for the utilization of the Omega
probability distribution to model bathtub-shaped hazard curves.
(α,β)

Lemma 6. If 0 < β < 1, then hd
(α,β)
hd (t) has its minimum at

(t) is strictly convex in the interval (0, d) and

1−β
t0 = d
1+β




1
2β

.

(73)

Proof. The lemma follows from the elementary properties of the Omega function
(α,β)
hd (t) by using its first and second derivatives. Namely,
(α,β)

dhd

dt

(t)

=

(β)
g (t)
(α,β)
hd (t) d

t

!

t2β
(β + 1) 2β + (β − 1)
d

(74)

(α,β)

and recalling that 0 < hd (t), 0 < β, d, t and t ∈ (0, d), if 0 < β < 1, then the
first derivative in (74) changes its sign from negative to positive at t0 . That is, if
(α,β)
0 < β < 1, then hd (t) has its single minimum point at t0 . Next, it can be shown
that
(α,β)

(β)

d2 hd (t)
g (t)
(α,β)
= hd (t) d
2
dt
t


+ 6β 2 − 4

 t2β

d2β

!2



(β + 1) (β + 2)

+ (β − 1) (β − 2)

t4β
+
d4β

(75)



is positive for any t ∈ (0, d), if 0 < β < 1; that is, the Omega hazard function is
strictly convex in the interval (0, d).
(α,β)

Figure 16 shows some demonstrative examples of bathtub-shaped hd (t) functions, that is, Omega hazard functions with parameter setting 0 < β < 1.
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Figure 16: Examples of bathtub-shaped Omega hazard functions
Based on Lemma 6 and Figure 16 one may conclude that the Omega hazard
function is able to exhibit a bathtub shape. This property allows us to apply the
hazard function of the Omega probability distribution as a model of the entire curve
of bathtub-shaped empirical failure rate time series.
Based on the aforementioned results, the Omega probability distribution offers
two possibilities to describe the probability distribution of the random variable τ
denoting the time elapsed to the first failure of the component under investigation.
Namely, either each phase of the bathtub curve is described by an Omega hazard
function (piecewise modelling, see Figure 15) or one Omega hazard function is applied
with the parameter setting 0 < β < 1 so that it can model the whole curve of
the bathtub-shaped empirical failure rate time series simultaneously as Figure 16
confirms.
In order to demonstrate the applicability of the Omega probability distribution
to model bathtub-shaped hazard rate curves, the empirical failure rate time series of a laptop motherboard with a 295 week-long lifetime was described by the
Omega hazard function. In this case, the initially released number of components
was N (0) = 21000, while the N (t) values were available on a weekly basis. That
is, N (i) represents the number of motherboards that have survived up to the end
of week i = 0, 1, 2, ..., 295. Based on the N (i) values, the empirical CDF could be
calculated as:
Fb = 1 −

N (i)
.
N (0)

(76)

Utilizing the life time method [see for example the paper of Saunders, (2007)] the
b
empirical h(t)
hazard function can be computed according to Eq. 1. After computing
(α,β)
the empirical CDF Fb based on field data as given in (76), the Omega CDF Fd
(t)
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in (52) was fitted to the empirical CDF in order to estimate the parameters α, β and
d of the Omega probability distribution. The difference between the empirical CDF
(α,β)
Fb and the theoretical CDF Fd
(t) could also serve the purpose of assessing the
goodness-of-fit by computing Kolmogorov-Smirnov’s test statistic (Sachs, Hedderich,
2006).
In order to identify the parameters of the Omega CDF in (52), the minimization
problem
S(α, β, d) =

n 
X
(α,β)

Fd

(i) − Fb (i)

2

→ min

(77)

i=1

is to be solved, which could be done by utilizing the GLOBAL method proposed by
Csendes (1988) and further studied by Csendes et al. (2008).
Considering the properties of the Omega CDF and that of the empirical data,
the following parameter constraints have been set:
0 < β < 1,
n
< d < 2n,
2
1
1
hl e− 2 < α < 4nhu e− 2 ,

(78)

where n is the length of the examined failure rate time series, hl is the lowest, hu
is the highest empirical value of the studied time series, respectively. A detailed
explanation for the parameter constraints in (78) can be found in our paper (S10:
Dombi et al., 2018). Taking into account the characteristics of the field data, hl
and hu could be set as hl = 0.01 and hu = 0.02, and since n = 295, the following
parameter constraints could be identified:
0 < β < 1,
295
≤ d ≤ 590,
2
0.0061 < α < 14.3141.

(79)

Solving the minimization problem referenced in (77) results in the following optimal values of the Omega probability distribution:
αopt = 0.06924,
βopt = 0.674587,

(80)

dopt = 304.12.
Fitting the Omega CDF to the empirical CDF results in 3.22703E-05 Mean
Squared Error and 0.62 % Mean Absolute Percentage Error. Kolmogorov-Smirnov’s
test statistic is Dmax = 0.01295 with Dcrit = 0.01329 indicating a proper fit of the
theoretical CDF to the empirical CDF. Figure 17 shows the fitted Omega CDF and
the empirical CDF, while Figure 18 depicts the empirical failure rate time series
and the Omega hazard function with parameter settings listed in (80). It should
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be noted here that the hazard function of the Omega distribution may be fitted to
the empirical failure rate time series as well. Despite the fact that the Omega CDF
was fitted to the empirical CDF, the Omega hazard function still exhibits a bathtub
shape and it can be concluded that the Omega hazard function describes well not
only the empirical CDF (see Figure 17), but also the empirical failure rate time series
(see Figure 18).

Figure 17: Empirical and fitted Omega CDF

Figure 18: Omega HF with the parameters that have been identified when fitting the
Omega CDF to the empirical CDF
Having identified the parameters of the Omega CDF, a sensitivity analysis was
carried out with the purpose of assessing how the MSE is affected by changing the
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parameter values of αopt , βopt and dopt . Figure 19 depicts the three-dimensional
surfaces of projections of the MSE function M SE(α, β, d) = S(α, β, d)/n, in which
one of the three parameters is always assumed to be fixed at its optimal value along
with the projections of the global minimum of M SE(α, β, d).

Figure 19: Sensitivity analysis of the fitted Omega CDF in terms of MSE

Based on Figure 19 the MSE function of the fitted Omega CDF is much less
sensitive to the value of parameter d than to the values of parameters α or β, while
if parameter d is fixed at its optimal value dopt , the MSE function is more sensitive
to the value of parameter α than to the value of parameter β.
Besides examining how the values of parameters α, β and d affect the MSE of
the fitted Omega CDF, the proposed Omega probability distribution was compared
to some three-parameter modifications of the Weibull distribution. Since the hazard
function of the Modified Weibull (MW) distribution (Lai et al., 2003), the Exponentiated Weibull (EW) distribution (Modholkar, Srivastava, 1993), the Generalized Weibull Family (GWF) distribution (Mudholkar, Kollia, 1994), the Generalized
Power Weibull (GPW) distribution (Nikulin, Haghighi, 2006), the Modified Weibull
Extension (MWEX) distribution (Xie et al., 2002), the Odd-Weibull (ODDW) distribution (Cooray, 2006) and that of the Reduced New Modified Weibull (RNMW)
Distribution (Almalki, 2013) can exhibit a bathtub shape with adequate parameter
settings, the CDFs of the aforementioned probability distributions were also fitted
to the studied empirical CDF. Table 6 and 7 contain the CDFs and the HFs (with
the same parameter notations that Almalki and Nadarajah (2014) applied in their
paper) of the studied three-parameter modifications of the Weibull-distribution, respectively. Figure A1 in the Appendix shows the typical shapes of the hazard curves
of the examined distributions.
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Table 6: CDF of the examined three-parameter modifications of the Weibull
distribution
Model
Omega

CDF
F (t) =

Parameter domains




1−



1,



dβ +t
dβ −tβ



GWF
GPW

e

−αtθ

0 < α, θ, λ

θ 1/λ



F (t) = 1 − 1 − αλt
θ 1/λ
F (t) = 1 − e1−(1+αt )
F (t) = 1 − e

RNMW



αtθ

F (t) = 1 − 1 + e
F (t) = 1 − e−α

√

t−β

√

0 < α, θ, −∞ < λ < ∞
0 < α, θ, λ

λα−1/θ 1−eαt


ODDW

0 < α, β, d
0 < β, 0 ≤ γ, λ

λ

θ

MWEX

if 0 < t < d

γ λt

F (t) = 1 − e

EW

,

if d ≤ t.

F (t) = 1 − e−βt

MW

β
 −αd
β
2



−1

0 < α, θ, λ

λ −1

teλt

0 < α, θ, λ
0 < α, β, λ

0 < t; for the GWF model if 0 < λ, then t ∈ (0, (αλ)−1/θ ).

Table 7: Hazard functions of the examined three-parameter modifications of the
Weibull Distribution
Model

Hazard function

Omega
MW
EW
GWF
GPW
MWEX
ODDW
RNMW

h(t) = αβtβ−1 d2βd−t2β
h(t) = β(γ + λt)tγ−1 eλt
θ
θ
h(t) = αθλtθ−1 e−αt (1 − e−αt )−1
θ−1
θ −1
h(t) = αθt
(1 − αλt )
h(t) = αθλ−1 (1 + αtθ )1/λ−1
θ
h(t) = λα((θ−1)/θ) tθ−1 eαt
θ
θ
θ
h(t) = αθλtθ−1 eαt (eαt − 1)λ−1 (1 + (eαt − 1)λ )−1
1
h(t) = 2√
(α + β(1 + 2λt)eλt )
t

2β

Restriction of parameters
if h(t) is bathtub-shaped
0<β<1
0<θ<1
1 < θ; θλ < 1
θ < 1; 0 < λ
0<λ<θ<1
θ<1
1 < θ; θλ < 1

0 < t; for the GWF model if 0 < λ, then t ∈ (0, (αλ)−1/θ ).

The parameters of each of these distributions can be identified like those of the
Omega distribution; that is, the sum of squared errors between the parametric CDF
and the empirical CDF in (77) was minimized by utilizing the GLOBAL method.
The MSE and MAPE values are listed in Table 8.
The CDF fitting results show that the examined CDFs match the empirical CDF
quite well34 . The goodness-of-fit of the fitted CDFs has been evaluated based on
Kolmogorov-Smirnov’s test statistic sup|Fe (x) − F (x)|, where Fe (x) is the empirical
x

CDF and F (x) is the theoretical CDF of the corresponding probability distribution
34

During the first 40 weekly periods, however, almost all of the examined parametric CDFs overestimate the studied empirical CDF. After week 40, as t increases, the error of approximation
decreases, that is, the parametric CDFs are able to describe more and more accurately the empirical
CDF.
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listed in Table 6, respectively (Sachs, Hedderich, 2006; Stephens, 2016). The critical
value (with α = 0.05 level of significance) is Dcrit = 0.01329. The values of the test
statistic of Kolmogorov-Smirnov’s goodness-of-fit test are listed along with the MSE
and MAPE values in Table 8.
Table 8: CDF fitting results in terms of MSE and MAPE values as well as the
goodness-of-fit results in the case of the examined probability distributions
Function
Omega
MW
EW
GWF
GPW
MWEX
ODDW
RNMW

MSE
3.22703e-05
3.86417e-05
4.78888e-05
3.34385e-05
4.50262e-05
4.45713e-05
4.57777e-05
1.25777e-04

MAPE [%]
0.621
0.812
0.989
0.754
0.954
0.921
0.843
1.73

Dmax
0.01295
0.01211
0.01061
0.01263
0.01094
0.01048
0.01174
0.02074

As Table 8 confirms, the MSE values of the fitted parametric CDFs all have order
of magnitude of E-05 and MAPE values being less than 1 %, excluding the RNMW
distribution, which has an order of magnitude worse MSE and MAPE values than the
other models. The applied Kolmogorov-Smirnov goodness-of-fit test also confirms
that the RNMW distribution is not a suitable model to describe the investigated
empirical dataset since in this case, Dcrit < Dmax and as such, the applicability of
the RNMW distribution to describe the studied dataset cannot be verified. Overall,
it may be said based on the MSE values, which are listed in Table 8, that the Omega
CDF accounts for the best fitting results in terms of MSE and MAPE values, however
the GWF CDF has quite similar fitting result.
The parameters of the fitted CDFs are listed in Table 9, while Figure 20 depicts
the plots of the empirical CDF Fb (t) and the fitted parametric CDF F (t) for each of
the studied three-parameter probability distributions. A sensitivity analysis for each
of the fitted CDFs can be found in the Appendix. The three-dimensional surfaces
of the projections of the MSE of fit as function of the model parameters and the
optimal model parameter values are shown in Figures A2-A8 in the Appendix.
Table 9: Optimal parameter settings of the examined probability distributions
Function
Omega
MW
EW
GWF
GPW
MWEX
ODDW
RNMW

α = 0.069240
β = 0.078857
α = 2.045e-03
α = 0.077903
α = 1.33e-04
α = 0.072205
α = 0.020835
α = 1e-05

Parameters
β = 0.674587
γ = 0.618880
θ = 1.326312
θ = 0.607756
θ = 0.534145
θ = 0.550252
θ = 1.027860
β = 0.113847
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d = 304.121895
λ = 2.153e-03
λ = 0.396102
λ = 0.343967
λ = 1.571e-03
λ = 9.651e-03
λ = 0.657597
λ = 3.727e-03
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Figure 20: Empirical and fitted parametric CDFs of the studied three-parameter
Weibull modifications

Based on the optimal parameter values identified by fitting the parametric CDFs
(See Table 9) to the empirical CDF as described in (77), the corresponding hazard
functions were also calculated. These parametric hazard functions were applied to
model the same empirical failure rate time series the empirical CDF of which was
modelled by the parametric CDFs previously.
The MSE and MAPE values of describing the empirical failure rate time series
by the parametric hazard functions are listed in Table 10, while the plots of the
empirical failure rate time series and the parametric hazard functions are displayed
in Figure 2135 .

Table 10: MSE and MAPE values in the case of describing the empirical hazard
function by the parametric h(t) functions
Function
Omega
MW
EW
GWF

MSE
3.1467e-03
5.5703e-03
5.9736e-03
4.8451e-03

MAPE [%]
68.56
66.88
99.69
68.53

Function
GPW
MWEX
ODDW
RNMW

35

MSE
5.1622e-03
4.9139e-03
5.2294e-03
4.8474e-03

MAPE [%]
71.03
138.53
69.48
72.06

It should be highlighted here that fitting the parametric hazard function to the empirical failure
rate time series would lead to a little bit more accurate fit to the empirical failure rate dataset.
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Figure 21: The examined empirical failure rate time series and the hazard
functions of the studied three-parameter modifications of the Weibull distribution

Despite the fact that the CDFs of the examined probability distributions indicate
a relatively proper fit to the empirical CDF (see the MSE, MAPE values and the
Kolmogorov-Smirnov test statistic in Table 8), the majority of the examined hazard
functions does not exhibit a bathtub shape. It can be seen in Figure 21 that only
the hazard functions of the Omega, GWF and RNMW36 distributions turn into the
increasing phase during the examined time period, that is, during the life-cycle of
the examined device. On the contrary, the hazard functions of the other examined
distributions match only the first, decreasing and the second, almost constant phase
of the bathtub curve. It is worth mentioning that the hazard functions of the GWF
and RNMW distributions just slightly increase in the third phase of the bathtub
curve, while the hazard function of the proposed Omega probability distribution is
able to follow the rapidly increasing trend of the empirical failure rate time series
very well. The reason for the aforementioned property is that neither the CDF nor
the hazard function of the Omega distribution contain any exponential term, since
these functions are composed of power terms. Since the exponential function tends
to infinity over an unbounded domain, whereas the Omega function does so over the
bounded interval (0, d), provided that 0 < d, the Omega function can more appropriately follow sudden changes resulting in more flexibility when one seeks to describe
empirical failure rate time series. Similar results can be obtained if one examines
the fit of the GWF distribution, which, similarly to the introduced Omega function,
lacks exponential terms and the application of which results in similarly encouraging
36

It should be pointed out, however, that based on the results of Kolmogorov-Smirnov’s test, the
RNMW distribution is not a suitable model to describe the investigated empirical failure rate time
series.
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modelling capabilities37 . It should be highlighted here that in their note, Okorie and
Nadarajah (2019) also investigated the applicability of the Omega probability distribution to model failure rate data of air-conditioning systems of Boeing airplanes.
They concluded that the Omega probability distribution exhibits the most proper
fit both in terms of MSE and based on the p-values of the Kolmogorov-Smirnov
goodness-of-fit test to the empirical data.
The aforementioned results are in line with the findings stemming from Almalki
and Nadarajah (2014), who carried out an excellent review of the literature on the
modifications of the Weibull distribution. In their work, the possible shapes of
the functions are analysed with various parameter settings. Like their figures, the
previously discussed outcomes suggest as well that the majority of the proposed
probability distributions is not able to follow a bathtub shape if the second, almost
constant phase of the bathtub curve is not long enough.
The previously demonstrated favourable properties of the proposed Omega distribution for reliability engineering purposes can be summarized as follows.
Thesis 3. If its parameters are chosen properly, the Omega hazard function can be applied not only to describe the probability distribution of the
random variable τ describing the time-to-the-first-failure in each phase
of the bathtub curve but this hazard function can also be utilized to model
the whole curve of bathtub-shaped failure rate time series simultaneously.
Considering the fact that the Weibull HF is widely applied to model
the three distinct phases of the traditional bathtub curve, and for any
(α,β)
t ∈ (0, d), if d → ∞, the Omega HF hd
(t) tends to the Weibull HF,
the Omega HF can also be applied to model the three characteristic segments of bathtub-shaped empirical failure rate time series. It can also be
(α,β)
proven that if 0 < β < 1, the curve of the Omega hazard function hd
(t)
exhibits a bathtub shape, which will allow the application of this hazard
function as a suitable model of bathtub-shaped empirical failure rate time
series.
Related publication: S10.

37
After examining the properties of the aforementioned functions in Almaki and Nadarajah’s work
(2014) and Figure A1 in the Appendix, one may conclude that while the Omega, GWF and RNMW
distributions have a hazard function with a rapidly decreasing first and a steeply increasing third
segment, the hazard function of the EW, MW, GPW, MWEx and ODDW distributions has a steeply
decreasing first segment followed by a slightly increasing segment.
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4.5

A generalized model to predict failure rate time series

Thesis 2 states that the forecasting technique built on quasi sigmoid functions is
able to predict both the turning points and the last item of bathtub-shaped empirical
failure rate time series. The reason for this favourable property is the fact that for
prediction purposes, functions having a bathtub-shape and defined over a bounded
interval are utilized. Hence, if bathtub-shaped functions are applied for forecasting
purposes and these functions are defined over a bounded interval, these functions
might predict the turning points of the bathtub curve, while the upper boundary of
the domain of the function can be considered as the last item of the empirical failure
rate time series as well.
Hypothesis 6. The hazard function composed of quasi sigmoid functions utilized
in the prediction technique introduced in Thesis 2, may be substituted by any hazard function having a bathtub-shape and defined over a bounded interval so that the
favourable properties introduced in Hypothesis 2 and Hypothesis 3 will hold. That
is, if bathtub-shaped functions are utilized for prediction purposes and these functions are defined over a bounded interval, the proposed forecasting technique is able
to predict the turning points and the last item of the bathtub curve as well.
The essence of the prediction method introduced in Thesis 2 is that historical
empirical failure rate time series are modelled by a particular function, then, by
clustering these functions, the cluster characteristic hazard rate models can be identified. The cluster characteristic hazard functions represent historical knowledge on
the typical pattern of the empirical failure rate time series, that is, they can be
considered as a special type of rule base describing the shape of the bathtub curve
among the investigated devices. These cluster characteristic hazard rate functions
will be fitted to the known segment of the hazard rate of an active product in order to
predict the continuation of the empirical failure rate time series under investigation.
Describing the empirical failure rate time series, however, is possible not only based
on quasi sigmoid functions; any function having a bathtub-shape might be utilized.
Almalki and Nadarajah (2014) provide an extensive review on the modifications of
the Weibull distribution, the h(t) hazard function of which can exhibit a bathtub
shape if the parameters are chosen properly. The functions discussed in their paper
are all suitable to model and then to predict the empirical failure rate time series.
Besides that, Thesis 3 demonstrates the applicability of the so-called Omega hazard
function with parameter setting 0 < β < 1 to describe bathtub-shaped empirical
failure rate time series. The advantage of applying these functions to model the hazard function is that they offer an approach based on probability theory to forecast
the failure rate time series. On the other hand, the application of these functions
is restricted to those empirical failure rate time series that can be described by the
examined probability distribution, whereas the quasi sigmoid function-based prediction technique introduced in Section 4.3 can be applied to each bathtub-shaped
empirical failure rate time series regardless its probability distribution.
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4.5.1

The hazard function of the Generalized Weibull Familiy

In the following section of my work, the prediction technique introduced in Thesis 2 will be generalized. The purpose of this section is to prove that any hazard
function having a bathtub shape and defined over a bounded interval could be utilized to forecast bathtub-shaped empirical failure rate time series, provided that the
examined empirical failure rate time series can be described by the studied probability distribution. The application of the proposed methodology will be demonstrated
through the example of the Generalized Weibull Distribution (Mudhollkar, Kollia,
1994; Mudhollkar et al., 1996), it should be highlighted, however, that other bathtubshaped hazard functions including the Omega hazard function defined in (68) could
be utilized in the same way38 .
The Generalized Weibull Distribution (from this point referred to as GWF) was
first introduced by Mudhollkar and Kollia (1994) and further studied by Mudhollkar et al. (1996). Let τ denote the time which elapsed to the first failure of the
investigated equipment. The CDF of the GWF distribution can be given as:
h

F (t) = 1 − 1 − αλtθ

i1

λ

,

(81)

where 0 < t, 0 < αθ and −∞ < λ < ∞. The domain of the CDF is (0, ∞), if λ ≤ 0
−1
or the interval (0, (αλ) θ ), if 0 < λ.
The corresponding probability density function is as follows:
h

f (t) = αθtθ−1 1 − αλtθ

i 1 −1
λ

(82)

for any 0 < t.
The hazard function of the GWF distribution is usually written in the following
form:
h

h(t) = αθtθ−1 · 1 − αλtθ

i−1

.

(83)

The hazard function can have the following shapes:
- Increasing if 1 ≤ θ and 0 < λ;
- Decreasing if θ ≤ 1 and λ ≤ 0;
- Bathtub-shaped if θ < 1 and 0 < λ;
- Unimodal-shaped39 if 1 < θ and λ < 0.
38

It should be highlighted that these functions are less flexible than the quasi sigmoid function
introduced in Section 4.2 and as a result, these functions are not always suitable to describe well the
studied empirical failure rate time series. The majority of these functions cannot exhibit a concave
shape, either.
39
If an increasing segment of the empirical failure rate time series is followed by a slowly decreasing
segment. This shape of the bathtub curve is sometimes called the ’upside-down’ bathtub curve. Some
authors argue that the hazard rate curve follows an upside-down bathtub curve in the case of several
products (Dimitrakopoulou et al., 2011).
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It should be highlighted here that similarly to Section 4.3, the consecutive values
of the empirical failure rate time series are considered as time series and not as a
random variable, since the random variable τ representing the time elapsed to the
first failure of the component is unknown. That is, the consecutive values of the
empirical failure rate time series are estimated based on field data according to (1)
and these values are modelled by the hazard function of the GWF distribution in
(84) or by other bathtub-shaped hazard functions.
Since the hazard function defined in (83) exhibits a bathtub shape only if θ < 1
−1
and 0 < λ, and for 0 < λ the domain of the CDF is (0, (αλ) θ ), for reliability
−1
engineering purposes, the interval (0, (αλ) θ ) should be considered as the domain of
the function (Almalki, Nadarajah, 2014).
−1
Let d = (αλ) θ , which results in the following form of the hazard function:
θ
h(t) =
·
λt

 θ
t

d

·

1
1−


t θ
d

,

(84)

where the domain of the function is the interval t ∈ (0, d). It can be proved that if
the assumptions stated above for the√parameters are met, the function has a single
minimum point at the locus t0 = d · θ 1 − θ. This property allows the utilization of
the hazard function in (84) with parameter setting θ < 1 and 0 < λ as a suitable
model of bathtub-shaped empirical failure rate time series. Figure 22 shows some
examples of the GWF hazard function introduced in (84).

Figure 22: Plots of bathtub-shaped GWF hazard functions
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4.5.2

Data preparation

Let us assume that we have the λi,0 , λi,1 , . . . , λi,ni time series (i = 1, 2, . . . , m),
each of them representing the complete empirical failure rate curve of an end-of-life
product and denoting the failure rates of the i-th product week by week based on field
data according to Eq. 1. Besides that, all of the empirical failure rate time series
are assumed to be bathtub-shaped and all of the examined devices are presumed
to belong to the same, well-defined product category and as a consequence, these
products have similar reliability properties as well (Lee, Lee, 2008). The applicability
of the GWF distribution can be checked by applying a goodness-of-fit test before
one conducts the forecasts.
The GWF hazard function introduced in (84) will be applied to describe the
λi,0 , λi,1 , . . . , λi,ni empirical failure rate time series. As the parameters of function
(84) have no direct geometrical interpretation related to the shape of the bathtub
curve, the parameters of the hazard function cannot be standardized directly. Instead, before fitting the (84) function to the empirical failure rate time series, the
values of the empirical failure rate time series need to be standardized40 .
Let λi,0 , λi,1 , . . . , λi,ni be the complete historical empirical failure rate time series
of an end-of-life product. Before describing this empirical failure rate time series by
the GWF hazard function in (84), the λi,0 , λi,1 , . . . , λi,ni values are transformed to
the domain [0, 1] by applying the following min-max standardization:
λST D,i,j =

λi,j − min(λi,0 , λi,1 , . . . , λi,ni )
.
max(λi,0 , λi,1 , . . . , λi,ni ) − min(λi,0 , λi,1 , . . . , λi,ni )

(85)

Since the empirical failure rate time series of the i−th product contains ni weekly
failure rate data, the following transformation is applied:
tST D,i,j =

ti,j
.
ni

(86)

After the execution of the transformations given by (85) and (86), both the
values and the time-wise length of the empirical failure rate time series have been
transformed to the domain [0, 1]. Applying the above mentioned transformations
yields to the so-called Standardized Empirical Failure Rate Time Series (SEFRTS)
λST D,i,1 , λST D,i,2 , ..., λST D,i,ni .
After that, the GWF hazard function in (84) is fitted to the SEFRTS values by
minimizing the
ni
X

(λST D,i,j − h(t))2 → min

(87)

j=1
40
Similarly, the majority of the well-known modifications of the Weibull distribution has parameters that have no direct geometric interpretation related to the shape of the bathtub curve. This
property does not allow us to standardize the parameters of the hazard function after fitting it to
the empirical dataset as it was done in the case of the hazard function composed of quasi sigmoid
functions.
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quantity, which measures the distance between the SEFRTS values and the fitted
hazard function. Its should be highlighted here that any bathtub-shaped hazard
function, including the previously introduced Omega hazard function, could be utilized to describe the standardized empirical failure rate time series. Some threeparameter hazard functions which can exhibit a bathtub shape are listed in Table 7,
while several other hazard functions with four or five parameters can be found in the
paper written by Almalki and Nadarajah (2014). The GWF hazard rate function
was chosen due to its relatively proper fit to the previously studied empirical dataset
(see Table 8 and Figure 20).
The minimization problem in (87) can be solved by applying either the Interior Point Algorithm (Byrd et al., 1999; Bazaraa et al., 2006) or the GLOBAL
method (Csendes et al., 2008). Fitting the model function to the empirical dataset
results in the three parameters of the standardized GWF hazard rate model function
hST D,t,i (tST D ): (0, 1] → [0, 1], namely λST D,i , θST D,i and dST D,i .
Let hST D,t,i (tST D ) denote the standardized GWF hazard rate model function
for the standardized empirical failure rate time series λST D,i,1 , λST D,i,2 , ..., λST D,i,ni
(i = 1, 2, ..., m), where the parameter vector pi contains the parameters of the
standardized GWF hazard rate model function hST D,t,i (tST D ), that is, pi =
(λST D,i , θST D,i , dST D,i ). In order to identify the typical patterns of empirical failure
rate time series among the studied devices, the standardized GWF hazard rate functions hST D,t,i (tST D ) are clustered based on their parameter vectors pi . Clustering
the parameter vectors pi can be executed by applying the Fuzzy-C-means method
(Bezdek, 1981) in the case of which the optimal number of clusters can be determined
by computing the Improved Partition Coefficient proposed by Chun Sheng (2011).
Let us assume that the C1 , C2 , ..., CN clusters of the standardized GWF hazard
rate model functions have been formed (N ≤ m). Let Ir be the index set of the
standardized GWF hazard rate model functions hST D,t,i (tST D ) which belong to the
cluster Cr (r ∈ 1, 2, ..., N ). That is,
Ir = {i : pi ∈ Cr , i ∈ {1, 2, . . . , m}}

(88)

and let cr be the centroid of pi vectors in cluster Cr . Vector cr contains
the parameters of the cluster characteristic GWF hazard rate model functions
hC1 (tST D ), hC2 (tST D ), ..., hCN (tST D ). Since the cluster characteristic standardized
GWF hazard rate functions hC1 (tST D ), hC2 (tST D ), ..., hCN (tST D ) represent the typical patterns of the λi,t1 , λi,t2 , ..., λi,tn empirical failure rate time series, they can
be considered as representative models of the λi,t1 , λi,t2 , ..., λi,tn empirical failure
rate time series of end-of-life products. The knowledge on the typical patterns
of the λi,t1 , λi,t2 , ..., λi,tn empirical failure rate time series of end-of-life products,
which is embedded in the cluster characteristic GWF hazard rate model functions
hC1 (tST D ), hC2 (tST D ), ..., hCN (tST D ), can be utilized to predict the unknown continuation of empirical failure rate time series of active products in the case of which
only a fraction of the empirical failure rate time series is known.
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4.5.3

Predicting failure rate time series of active products

Similarly to the prediction technique which is built on quasi sigmoid functions
(See Section 4.3), products which have an incomplete failure rate time series are considered to be active products. That is, in the case of active products, only a fraction
of the empirical failure rate time series is known, and the identified cluster characteristic GWF hazard rate model functions will be utilized to predict the continuation
of the fractional empirical failure rate time series. Since the cluster characteristic
GWF hazard rate model functions contain the information on the typical shapes of
failure rate curves in the studied product category and similar devices have usually
similar reliability characteristics (Lee, Lee, 2008), the cluster characteristic GWF
hazard rate model functions may also be utilized for prediction purposes.
Let λF,1 , λF,2 , ..., λF,M be the fractional failure rate time series of an active product containing the first M weekly failure rate data (1 ≤ M ). For each cluster characteristic GWF hazard rate model function, the 0 < αr , 0 < βr and M ≤ yr ≤ dr,max
parameters are identified so that:


+

gr : (0, yr ] → R ∪ {0}; gr (t) = αr hcr

lr =

s
X

tST D
yr



+ βr ,

(gr,i (t) − λF,i )2 → min,

(89)

(90)

i=1

where dr,max denotes the maximum of d parameters of the GWF hazard rate model
functions which belong to the r−th cluster. Solution for the fitting problem described
in (90) can be found by applying the previously referenced Interior Point Algorithm
or the GLOBAL method. The purpose of the transformation in (89) is to denormalize
the cluster characteristic GWF hazard rate model functions. Note that each of
the hCr (tST D ) functions is defined over the interval (0, 1] and takes values over
the interval [0, 1] as well, and as such it should be denormalized according to (89)
in order to describe well the empirical failure rate time series λF,1 , λF,2 , ..., λF,M .
The lr distance in (90) measures the level of dissimilarity between gr (t) and the
fractional failure rate time series λF,1 , λF,2 , ..., λF,M (r = 1, 2, ..., N ). The normalized
dissimilarity lr∗ is derived from similarity lr by applying the following transformation:
lr∗ =

lr − min(lr )
, if min(lr ) < max(lr )
max(lr ) − min(lr )

0,
if max(lr ) = min(lr ).



(91)

After that, each normalized dissimilarity lr∗ is turned into similarity wr as follows:
∗

e−lr
wr = PN
.
−l∗
u=1 e u

(92)

Similarity wr can be considered as a weight expressing how well each of the
cluster characteristic GWF hazard rate model functions hCr (tST D ) can be used to
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describe the fractional failure rate time series λF,1 , λF,2 , · · · , λF,M (r = 1, 2, · · · , N ).
Based on this, the prediction model p(t) is defined as:
p(t) =

N
X

wr gr (t).

(93)

r=1

Since the parameters of the cluster characteristic GWF hazard rate model function cannot be weighted and aggregated in the same way as described in (93), the
parameters λp , θp and dp of the prediction model P (t) are identified so that
s
X

(p(t) − P (t))2 → min

(94)

i=1

by applying the Interior Point Algorithm or GLOBAL method already referenced.
After that, the prediction model P (t), which is defined over the interval (0, 1], could
be denormalized based on the previously identified 0 < αr , 0 < βr and M ≤ yr
parameters as follows:
F : (0, y] → R ∪ {0}; F (t) = αP

α=

t
y

 

+

N
X

+ β,

(95)

wr α r ,

(96)

wr βr ,

(97)

wr yr ,

(98)

r=1

β=

N
X
r=1

y=

N
X
r=1

where the parameter α stretches the function along the vertical y axis, parameter β modifies the vertical position of the function and parameter y is responsible
for the stretching of the function along the horizontal (x or t) axis. In addition
to that, parameter y will specify the domain (0, y] over which the prediction function F (t) is defined. As M < y, the F (i) values for M < i ≤ byc can be taken
as predictions of the unknown λF,M +1 , λF,M +2 , ..., λF,byc future values, that is, the
λF,M +1 , λF,M +2 , ..., λF,byc values may be considered as a possible continuation of the
already known λF,1 , λF,2 , ..., λF,M fractional failure rate time series.
As the prediction function F (t) is derived from the bathtub-shaped hazard function of the GWF distribution in (83) upon appropriate linear transformations and it
is defined over the bounded interval (0, y], the generalized prediction technique introduced in this section has similar favourable properties as the prediction technique
built on quasi sigmoid functions, which was introduced in Section 4.3, has. That is,
the proposed prediction technique is able to estimate both the turning points and
the last item of the bathtub curve in advance.
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4.5.4

Case study

In order to demonstrate the benefits of the proposed forecasting technique, the
method discussed so far has been applied to predict two real life empirical failure rate
time series. As in the case of the previous investigations, empirical failure rate time
series are considered to be the resultant failure rate time series of a given product
class containing data on the failures of several devices. One of the empirical failure
rate time series the continuation of which is to be predicted is meant to demonstrate
the favourable properties, the other one some limitations of the proposed prediction technique. Devices belonging to the same product category are henceforward
assumed to have similar reliability characteristics. The suitability of the GWF distribution to model the empirical dataset will be verified by Kolmogorov-Smirnov’s
goodness-of-fit test before predictions are given41 .
30 empirical failure rate time series of end-of-life motherboards, the typical lifetime of which is between 4 and 6 years and the failure rate datasets of which are
available on a weekly basis, have been used to establish the standardized empirical
failure rate time series. The standardized empirical failure rate time series of the examined devices were described by the GWF hazard function in (84). The parameters
of the standardized GWF hazard rate model functions were clustered by utilizing
the Fuzzy C-Means method (Bezdek, 1981; Chiu, 1994). The Improved Partition
Coefficient (Chun Sheng, 2011) suggests that the optimal number of clusters is 12,
that is, 12 cluster characteristic GWF hazard rate model functions were identified,
the curves of which can be seen on Figure 23 and the parameters of which are listed
in Table 11, respectively.

Figure 23: Plots of cluster characteristic GWF hazard rate model functions
41

Though, since in the case of active devices, only a fraction of the empirical failure rate time
series is known, only a fraction of the empirical CDF and the theoretical CDF can be compared.
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Table 11: Parameters of cluster characteristic GWF hazard rate model functions
Cluster
1
2
3
4
5
6

λ
27.6578
8.7786
18.8542
15.9003
22.0497
30.3879

θ
0.1769
0.4323
0.2906
0.2469
0.1771
0.1926

d
1.1117
1.1950
1.2219
1.0764
1.0706
1.0499

Cluster
7
8
9
10
11
12

λ
19.8776
24.5498
12.7750
18.2480
16.2969
15.2492

θ
0.1796
0.2264
0.3961
0.2827
0.3299
0.3317

d
1.0582
1.0471
1.0925
1.0707
1.0628
1.0839

Based on previous knowledge on the reliability characteristics of devices within
the investigated product category, the predictions were assigned to week 30 and 150,
while the period of the last forecast is dependent on the length of the studied empirical failure rate time series. The predictions carried out based on the suggested
methodology were compared to the results of traditional prediction techniques, that
is, the Holt-method, the linear regression and the ARIMA method, and in the second
phase of the bathtub curve, the moving average were also utilized to give predictions.
All of these methods are employed with the same considerations which have already
been thoroughly discussed in Section 4.3.3. It should be highlighted here that the
proposed prediction technique can be applied if and only if the empirical failure rate
time series can be described by the proposed probability distribution. This feature
restricts the applicability of the proposed methodology compared to the quasi sigmoid function-based prediction (See Section 4.3), which can be employed regardless
the probability distribution of the inspected empirical failure rate time series. On
the other hand, while the quasi sigmoid function-based prediction requires 8 parameters, the GWF hazard rate function-based prediction is built on only 3 parameters.
With the purpose of assessing whether the GWF distribution is a suitable model of
the empirical failure rate time series the continuation of which is to be predicted,
Kolmogorov-Smirnov’s (Boyerinas, 2016) goodness-of-fit test has been applied to the
studied dataset before carrying out the predictions42 . Since Kolmogorov-Smirnov’s
test examines the difference between the empirical and the theoretical CDF, based
on the empirical failure rate time series, the empirical CDF has been computed according to (76), while the theoretical CDF under H0 has been computed as given in
(81) by utilizing the parameters which have been identified when fitting the hazard
function to the empirical failure rate time series. Since the hazard rate of first examined product class contains data on 15000 devices, with α = 5% level of significance,
the corresponding critical value is Dcrit = 0.0133. Similarly to the quasi sigmoid
function-based predictions, it is also possible to monitor the tracking signal and to
carry out a new prediction as soon as the tracking signal violates the control limits.
Since this approach does not yield to significantly more accurate predictions, in this
section, only the predictions are to be introduced in the case of which the forecasting
periods are determined in advance.

42

Similarly, a GoF has been applied when establishing the cluster characteristic GWF hazard rate
model functions to verify that the GWF distribution is a suitable model of the investigated dataset.
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In the case of the first product with 240 week-long lifetime, the first forecast was
given after week 30 for the next 120 weeks. Based on Kolmogorov-Smirnov’s test,
Dmax = 0.0043 so that the goodness-of-fit test confirms that the GWF distribution
is a suitable model of the inspected dataset. In this case, the Holt-method and the
linear regression give a decreasing forecast which results in relatively weak forecasting
accuracy as the current empirical failure rate time series turns into its second, almost
constant phase around week 30. By contrast, the ARIMA methods indicates a
slightly increasing trend for the continuation of the empirical failure rate time series
and as such, this method slightly overestimates the empirical failure rate time series.
The GWF hazard rate function-based forecast not only follows well the curve of
the investigated failure rate time series but also indicates that the failure rate curve
turns into its third, increasing phase around week 200.
In the second forecast case, predictions are given based on the first 150 weekly
data for the next 120 weeks. The value of the test statistic for the goodness-of-fit is
Dmax = 0.0042 indicating a proper fit of the theoretical CDF to the empirical CDF.
As the predictions delivered based on moving average, ARIMA and linear regression
are not able to indicate the turning point of the bathtub curve, these methods yield
to poor forecasting accuracy. Taking the MSE values into consideration (see Table
12), the Holt-method delivers the most accurate prediction in this case. However,
beginning from week 225, even this method underestimates significantly the current
values of the studied empirical failure rate time series. In addition to that, none
of the traditional statistical techniques is able to indicate that the failure rate time
series ends at week 240, as does the proposed prediction technique, which indicates
that the investigated failure rate time series is about to end at week 234. In spite
of the fact that the failure rate time series ends at week 240 in reality and the
predictions of the suggested methodology are somewhat biased upwards from week
200, one may conclude that this prediction seems to be the most accurate.
In the third forecast case, predictions were given based on data of the first 200
weeks. Kolmogorov-Smirnov’s test indicates with Dmax = 0.0042 that the GWF distribution is able to model the dataset under investigation appropriately. Since from
week 180 the empirical failure rate time series exhibits a slightly increasing trend,
the Holt-method, the ARIMA and the linear regression deliver a slightly increasing
forecast. Besides the fact that the aforementioned techniques result in one order of
magnitude worse forecast accuracy than the GWF hazard rate function-based technique, none of the traditional statistical techniques indicates the end of the studied
empirical failure rate time series. On the contrary, fitted to the first 200 weekly
data, the recommended prediction technique has a superior forecasting accuracy: it
follows not only very well the increasing trend of the examined failure rate curve,
but indicates the end of the empirical failure rate time series at week 241, only one
week later than in reality. One may also conclude that involving more data in the
predictions increases the accuracy of the prediction, whereas in the case of the traditional statistical techniques, one cannot experience any increase in the accuracy of
the predictions as more data become available.
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Figure 24 depicts outcomes of the forecasts, while the prediction results in terms
of MSE and MAPE values are listed in Table 12.

Figure 24: Forecasting results in the case of the first examined device

Table 12: Mean Squared Error (MSE) and Mean Absolute Percentage Error
(MAPE) values in the case of forecasts given based on the h(t) function of the
GWF distribution, moving average, Holt-method, linear regression and ARIMA
methods for the first investigated device
Prediction
Method
GWF
MA
EXP. S.
Lin. Reg.
ARIMA

First 30 weeks
MSE
MAPE
3.121E-06
0.0960
–
–
8.282E-05
0.5267
1.224E-04
0.6341
7.883E-06
0.1622

First 150 weeks
MSE
MAPE
1.150E-05
0.1202
2.588E-05
0.1615
9.202E-06
0.1164
3.510E-05
0.1992
1.882E-05
0.1413

First 200 weeks
MSE
MAPE
6.462E-06
0.0826
–
–
1.847E-05
0.1219
2.870E-05
0.1548
1.414E-05
0.1077

The second investigated empirical failure rate time series belongs to a product
with a 328 week-long lifetime. This empirical failure rate time series is meant to
demonstrate some limitations of the proposed methodology. Since only 4 out of the
30 empirical failure rate time series used to establish the cluster characteristic GWF
model functions were longer than 328 weeks, this product may be considered as one
which has a non-typical failure rate pattern. That is, the life-time of this product
is longer than the usual life-time in the studied product category and as such, this
product violates to some extent the assumption that active devices have the same
reliability properties as end-of-life products. Since 8000 devices have been released,
the empirical failure rate time series of the product category is computed based on
data of these 8000 devices. In this case, the critical value of the Kolmogorov-Smirnov
test equals to Dcrit = 0.0152.
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Based on the first 30 weekly failure rate data, Kolmogorov-Smirnov’s test indicates a proper fit of the GWF distribution to the empirical data since Dmax = 0.0129.
In this case, the known part of the empirical failure rate time series stems completely
from the first, decreasing phase of the bathtub curve. In this case, the GWF-based
prediction and the ARIMA methods yield similar forecasting results. Similarly to
the previously studied device, the linear regression and the Holt-method indicate a
further decreasing pattern of the empirical failure rate time series so they are not
able to follow well the trend of the investigated empirical failure rate time series,
which turns into the second, almost constant phase around week 40.
120 weeks later, when the forthcoming forecast is conducted, the empirical failure
rate time series is in its quasi constant phase. Since Dmax = 0.016, one may query the
applicability of the GWF distribution to model the dataset. In this forecasting case,
the moving average, the Holt-method, the ARIMA and the GWF-based predictions
have similar forecasting accuracy, while the linear regression underestimates the
failure rate curve as it indicates a further decreasing trend for the failure rate time
series. Despite the similar forecasting capabilities of the studied methods, only the
GWF-based method is able to indicate the turning point of the hazard rate curve
around week 260, while all of the other methods follow a slightly increasing trend.
The third forecast was carried out at week 270, after the failure rate curve had
turned into its third, increasing phase. In this forecasting case neither of the studied
methods is able to deliver an accurate forecast as all of them underestimate the current values of the failure rate time series. Since in this case the Kolmogorov-Smirnov
test statistic is Dmax = 0.0186, the null hypothesis concerning the applicability of
the GWF distribution to model the empirical data should be rejected. That is, in
this forecasting case, one cannot verify that the GWF distribution can be applied
to describe the empirical dataset. Yet, the forecast with the least MSE belongs to
the GWF-based prediction. The non-typical length of the studied failure rate time
series, however, results in the fact that the GWF function underestimates the failure
rate curve and it is not able to indicate the end of the failure rate time series as accurately as did it in the case of the previously examined device. One may conclude
that the the proposed prediction technique drops in accuracy if the continuation
of empirical failure rate time series is to be predicted that differ significantly from
the empirical failure rate time series based on which the cluster characteristic hazard
rate curves were established. This feature should be considered as a limitation of the
proposed methodology and of machine learning techniques in general, as well. The
reason for this is the utilization of the rule base for prediction purposes. In the case
of the proposed methodology, the cluster characteristic GWF model functions could
be considered as a special type of rule base containing the typical pattern of the empirical failure rate curve within the investigated product category. If a non-typical
empirical failure rate time series, which has either a non-typical shape or length, is
to be predicted, the rule base usually does not contain sufficient information to be
so accurate as it was in the case of products having a typical hazard rate curve.
Despite its limitations, the GWF function-based prediction turned out to be the
most accurate owing to its ability to predict the turning points of the bathtub curve
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in advance. The other four methods neither follow the increasing trend of the failure
rate time series, nor indicate the end of the failure rate curve. These prediction
techniques, however, are less sensitive to untypical failure rate curves.
In the case of the second investigated device, the corresponding plots of the
predictions are displayed in Figure 25, while the MSE and MAPE values are listed
in Table 13. Besides that, our paper (S8: Jónás, Árva, 2018) contains a third
demonstrative example in the case of which similar conclusions can be drawn as in
the case of the previously demonstrated first device.

Figure 25: Forecasting results in the case of the second examined device

Table 13: Mean Squared Error (MSE) and Mean Absolute Percentage Error
(MAPE) values in the case of forecasts given based on the h(t) function of the
GWF distribution, moving average, Holt-method, linear regression and ARIMA
methods in the case of the second studied device
Prediction
Method
GWF
MA
EXP. S.
Lin. Reg.
ARIMA

First 30 weeks
MSE
MAPE
5.1E-06
0.2864
–
–
4.99E-05
0.9954
6.37E-05
0.7209
5.87E-06
0.2079

First 150 weeks
MSE
MAPE
2.52E-06
0.1783
3.11E-06
0.2012
2.66E-06
0.1839
1.04E-05
0.3091
4.33E-06
0.2418

First 270 weeks
MSE
MAPE
1.148E-05
0.1981
–
–
4.435E-05
0.3755
3.269E-05
0.3234
2.544E-05
0.2830

It should be mentioned here that any function defined over a bounded interval
and having a bathtub shape may be applied in the same way. In Section 4.4 the
so-called Omega probability distribution has been introduced and it has been proved
that the hazard function of the Omega distribution is defined over a bounded interval
and can have a bathtub shape. As such, the Omega hazard function in (68) can also
be applied to predict empirical failure rate time series in the same way.
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In general, the following Thesis highlights the application of the proposed prediction technique.
Thesis 4. The prediction technique introduced in Thesis 2 used for forecasting empirical failure rate time series can be applied after some minor
modifications for predicting empirical failure rate time series based on
any function defined over a bounded interval and having a bathtub shape.
As a result, forecasting the empirical failure rate time series is possible
by utilizing methods both of time-series analysis and probability theory.
Related publications: S8, S12.
The results stated in Thesis 2 and Thesis 4 can be summarized as follows:
- Due to its flexibility, the quasi sigmoid function is very accurate in describing
and forecasting a wide range of failure rate time series, since it does not require
the knowledge of the probability distribution of the examined failure rate time
series; it is suitable for modeling and forecasting purposes without regard to
the failure rate’s probability distribution.
- The prediction technique introduced in Thesis 2 may be applied based on any
function, including the hazard function of the Omega probability distribution,
defined over a bounded interval and having a bathtub shape, allowing both the
approximation of time series and the application of the probability theory to
model the studied empirical failure rate time series and then also to predict
their continuation.
- The advantage of applying bathtub-shaped functions defined over a bounded
interval for prediction purposes is that these functions allow the prediction of
the turning points as well as the last item of the studied empirical failure rate
time series well in advance, while traditional statistical techniques do not bear
this ability. Though, some variability in the accuracy of the predictions can
be experienced, the proposed methodology always yields to a bathtub-shaped
prediction function allowing a prognosis concerning the turning points and the
last item of the bathtub curve as well. Traditional statistical techniques, on
the other hand, are highly sensitive to the data involved into the prediction
and are not always suitable to follow the changes in the trends of the bathtub
curve, either. Moreover, based on the results of Section 4.3.5, utilizing more
data to carry out the predictions does not necessarily increase the accuracy of
traditional prediction techniques.
- From a managerial point of view, an accurate prediction of the continuation
of the empirical failure rate time series lays the foundation for planning the
resources and spare parts (Koltai, 2006; Chen et al., 2018), which will be
needed to offer repair services for the studied devices. Besides that, in the
case of renewable items, the knowledge of the continuation of the failure rate
is crucial as well if one seeks to establish an effective preventive maintenance
strategy (Gaál, Kovács, 1994; Bognár, 2019).
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5

Applying sigmoid functions with the purpose of measuring customer satisfaction

Achieving customer satisfaction is one of the most important aims of any quality management system (Topár, 2014). Traditional Likert scales are commonly used
to measure customer satisfaction, however, these scales are not always suitable to
represent customer perceptions precisely (Joshi et al., 2015). The following Thesis 5
summarizes how quasi fuzzy numbers can be composed based on two sigmoid membership functions, while their application based on examples of higher educational
context is discussed in Thesis 6. The main benefit of the proposed methodology is
its ability to deal with the uncertainty and the subjectivity inherent in the raters’
evaluation as well as with the variation of performance as time goes on. Thesis 7
introduces the establishment of a fuzzy rating scale, which is able to measure the
satisfaction and the organizational performance simultaneously and thereby is capable to characterize the often nonlinear relationship between them. By citing an
early work written by Hölder (1901), Michell (2002, p. 100) calls attention to the
phenomenon that ’the attributes that psychologists aspire to measure are not open to
direct observations in the way that some physical attributes are. Thus, in psychology,
evidence for underlying quantitative structure is inevitably indirect’. Service quality,
due to several intangible or ’soft’ factors, has the same characteristics. Considering
that traditional Likert scale-based evaluation forces the rater to reduce his or her
opinion to a single value, the information on the subjectivity, the uncertainty and
the time-related fluctuation of the performance are lost if one utilizes the traditional
approaches to evaluate the performance of a service provider. Unlike traditional
Likert scaling, the suggested methodology is able to involve the vagueness of human
rating evaluations and as a result, it may support more reliably the identification of
organizational strengths and weaknesses than traditional approaches do.
Since Stevens (1946) introduced the theory of scales of measurement as early as
in the 1940s, there has been a hot debate on the topic whether the Likert scale should
be considered as an ordinal or as an interval scale (Michell, 2002). In an early work,
Baggaley and Hull (1983), then Carifio and Perla (2007) and in a more recent study,
Brown (2011) argue that Likert-scales are interval ones. Kerlinger (1964, p. 425)
argues that ’Mostly nominal and ordinal scales are used, thought the probability is
good that many scales and tests used in psychological and educational measurement
approximate interval measurements’. Guilford (1954, p. 15) also asserted that ’psychological practices often approach the condition of equal units’. As opposed to the
aforementioned authors, Coombs (1960), Wu (2007) or Gil and González-Rodríguez
(2012) consider Likert scales as ordinal ones. Accepting the latter train of thought,
henceforth, the Likert scale is considered to be an ordinal one. Thought, the applicability of the proposed method is not dependent on whether one considers Likert
scales as an ordinal or interval scale and the primary aim of the research to be introduced is to pinpoint those new opportunities that can be grabbed by the utilization
of fuzzy-logic in service quality assessment.
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5.1

Literature review

Boone and Boone (2012) and Joshi et al. (2015) argue that Likert scales are
applied as one of the most fundamental and frequently used psychometric tools in
studies related to educational or social sciences. In their paper, they review some
relevant aspects of establishing Likert or Likert-type scales43 . The authors also point
out that these scales are subjected to a lot of debates and controversies in regards
with the analysis and inclusion of points on this scale.
Recently, two major concerns related to the application of classical Likert scales
have emerged, that will be introduced in more details in the followings: some researchers (Chen, 2001; Hodge, Gillipse, 2007; Gil, González-Rodríguez, 2012; Li,
2013; Ardakani et al., 2015) argue that Likert scales are unable to model human
thinking and judgment precisely, others (Wu, 2007; Maruvada, Bellamkonda, 2010;
Lubiano et al., 2016) point out that Likert-type scales are ordinal ones, on which
the applicable statistical analyses are quite limited compared to those that can be
executed on an interval or ratio scale. Liu and Guan (2009) criticized Likert-type
questionnaires and argue that respondents prefer to use linguistic terms like ’very
good’ or ’quite satisfied’ instead of numerical values. Stoklasa et al. (2018, p. 169)
call attention to the fact that ’the meaning of the linguistic labels can be context
dependent (hence, the distances between them expressed in numerical level can differ)’. Moreover, Zerényi (2016) presents some evidence supporting the phenomenon
that raters prefer to choose the ’values’ on the left-hand side of the scale. Besides
that, the response-order effect (choosing the first available option; Chan, 1991), the
donkey-vote effect (the same response for all questions; Ray, 1990) and the central
tendency-effect (choosing the ’neutral’ response; Brown, 2001) may further distort
the reliability of Likert scale-based surveys. In their study, Mardani et al. (2015)
provide a systematic review of the literature on multiple-criteria decision making
approaches used to assess service quality. However, Stoklasa et al. (2018) point out
that the distribution of linguistic labels along the underlying evaluation scale is not
uniform and as such, traditional Likert-scaling may distort the information if the
judgment on service quality contains several dimensions to be evaluated. Similarly,
Likert scales cannot handle the contrasting perceptions of the rater if a dimension
used to assess service quality contains several factors that the respondent takes into
account when evaluating the performance of the service provider.
43

The denominations Likert scale and Liker-type scale are often confused in the literature. Joshi
et al. (2015) argue that the construction of Likert or Likert-type scales is rooted into the aim of the
research. If the ultimate goal of the research is to understand about the opinions or perceptions of
participants with a single latent variable, then the ’latent’ variable may be manifested by several,
inter-related items in a questionnaire. The analyses of such data are executed so that the scores of
all items are combined (summed) to generate a composite score. On the contrary, if the aim of the
research is to ’to capture feelings, actions and pragmatic opinion of the participants about mutually
exclusive issues around the phenomenons under study’ (p. 398), then the appropriate choice is
a Likert-type scale. The authors argue that while Likert-scales are considered as interval scales,
Likert-type scales are ordinal ones. In reality, the majority of the studies carried out in the field
of economic and social sciences covers several aspects so that a Likert-type scale is applied. In the
followings, the term ’Likert scale’ is used without regard to which phenomenon is investigated.
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5.1.1

Weaknesses of traditional Likert-type scales

One of the major obstacles of Likert scaling is the built-in limitations of these
scales. Due to its close-response format, raters are forced to make a choice from
given opinions that not necessarily match their own perceptions which may lead to
an information distortion problem (Li, 2013). Increasing the number of possible
answers might eliminate this problem to some extent. Russel and Bobko (1992)
and Chang (1994) proposed the increase of scale points on a Likert scale arguing
that the more scale points are provided, the closer a Likert scale can approximate
a continuous measure and thus, more information may be captured. On the other
hand, respondents may have difficulties to accurately reflect their perceptions in
more scale categories that may actually increase measurement errors because of
confusion. According to the well-known work by Miller (1956), the human mind can
distinguish 7 categories at the same time, that is, increasing the scale points may
have a contradictory effect resulting in the distortion of the reliability of the survey.
On the contrary, Sowa (2013) explains that the language and as a result, human
thinking is at least to some extent vague. As such, fuzzy logic-based evaluation
might deliver far better results than traditional approaches do if human ratings are
in the focus of a research.
Gil and González-Rodríguez (2012) point out that the number of different potential values of the attribute on a Likert scale is usually small, and as such, this
scale is not able to reflect subjectiveness and imprecision. They also argue that
the nature of most attributes concerning either opinions, ratings or judgments involve a certain level of subjectiveness and imprecision. Lupo (2013) considers the
incompleteness and the inconsistency of human rating as an additional problem with
which traditional rating scales are unable to deal with. Maruvada and Bellamkonda
(2010) point out that the questionnaire itself is a subjective tool, the results of which
are often affected by daily variables. Ardakani et al. (2015) conclude that most of
the quality aspects of service provider organizations are descriptive and are stated
using linguistic expressions, which lead to data measured on an ordinal scale. They
also argue that evaluation of perceptions and expectations regarding service quality
based on crispy or traditional evaluations ignores the ambiguity inherent in human
judgments. Chen et al. (2010) also state that a single crisp value is usually unable
to describe the degree of customers’ perception in a precise manner as a result of
fuzzy and subjective nature of services. Simone and Tutz (2018) argue that every
decision-making process is inherently accompanied by a certain amount of inaccuracy. Besides the inherent vagueness, the attitude of the respondent towards the
rated items may further distort the reliability of the survey resulting in responses
that are biased. Moreover, Garland (1991) claims that the inclusion or the omission
of the ’midpoint’ of a Likert scale significantly affects the obtained results.
Lin (2010) also argues that if the fuzziness of human judgment is not taken
into account, the obtained results can be misleading. In addition to that, scoring
approaches described subjectively using linguistic terms do not consider the multipossibility of individual judgment, and a significant influence of the subjective judg96
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ment of evaluators may exist on the methods (Ardakani et al., 2015). Another
challenge may emerge from the fact that according to Falk et al. (2010), the qualitysatisfaction link is quite often nonlinear; traditional techniques, however, are not
able to deal with this issue. Another obstruction emerges from the fact that Likert
response categories are usually coded by consecutive integer values with the purpose
of facilitating statistical data analysis. Wu (2007) criticized this approach for not being realistic, because it does not reflect the differences between the scale categories.
He also states that applying parametric procedures (mainly methods of statistical inferences) to Likert scale data analyses is still conveniently practiced by researchers.
Parametric procedures, such as ANOVA or regression, however, require that the
dataset concerned should satisfy some statistical assumptions. Among others, these
techniques rely on the assumption that the sample data has an approximate normal
distribution. Such assumptions, however, are generally not met if one carries out
a survey based on a traditional Likert scale, and as a result, the gained results are
unfeasible. In order to get rid of this problem, the author suggested a method based
on Snell’s scaling procedure with the purpose of assigning numerical values to the
’scale points’ of the Likert scale. He points out, however, that this procedure does
not guarantee that the transformed scale will satisfy the assumption of normality,
either. Chen et al. (2010) consider Likert scale as unreal due to the lack of flexibility.
Furthermore, the differences between every two levels in Likert scales are all equal
to one unit. Moreover, average scores are often thought to hide the real situation,
that is, the performance of the rated item (Kuzmanovic et al., 2013).
With the purpose of coping with the aforementioned issues, some authors incorporates the uncertainty and the vagueness into traditional statistical methods.
Conrad et al. (2003) studied how the uncertainties can be involved into the establishment of confidence intervals. Analytic Hierarchy Process (AHP) is also believed
to handle the uncertainty to some extent. Zayed et al. (2008) demonstrated how
a properly designed AHP can deal with the assessment of risk and uncertainties in
the case of highway projects in China. In a prior study, Beynon (2001) extended
the AHP procedure with the Dempster–Shafer theory in order to allow judgments
on groups of decision alternatives (DA) to be made as well as to measure the uncertainty in the final results obtained. On the other hand, he also points out that the
five point-scale is not expressive enough to ’catch’ the uncertainty. D’Elia and Piccolo (2005) examined the effects of attitude towards the rated item and uncertainty.
They defined a mixture distribution called CUB model composed of a shifted binomial variable assessing the attitude and a discrete uniform distribution expressing
the uncertainty. This model has been extended by Simone and Tutz (2018) by Combining the Adjusted Uniform and the shifted Binomial distribution (CAUB model)
to extract the response-style effect, in particular for middle or extreme categories.
A drawback of the proposed methodology is the enormous computation effort.
Besides the extension of traditional approaches, soft-computing approaches also
offer the possibility to handle and model the uncertainty inherent in the evaluations
since fuzzy sets theory is developed based on ’weakly-defined’ measurements (Bede,
2013).
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5.1.2

Applying fuzzy sets and fuzzy logic to evaluate service quality

Recently, fuzzy logic has become a widely used tool to handle the problems associated with crisp evaluations. After having gained an important role in industrial
applications (Piros, Farkas44 , 2012; Piros, Tatatvári, 2017; Wang, 2019), fuzzy logic
has gained an important role in measuring service quality due to the fact that service
quality by its nature is difficult to measure precisely as a result of intangibility, heterogeneity, perishability and inseparability (Chen et al., 2010). Since maintaining
high levels of customer satisfaction is of utmost importance, service provider companies seek to utilize effective mechanisms to collect feedbacks from customers. Lupo
(2013) pinpoints the fact that quality-oriented service delivery requires excellence not
only in the design, planning and executing phase of service delivery, but the service
evaluation method utilized is also needed to be excellent. Measuring consumers’
expectations and perceptions usually involves linguistic terms such as ’completely
dissatisfied’, ’somewhat satisfied’ and so on. Ardakani et al. (2015) point out, however, that these terms are indicators of personal judgments and as such, are highly
subjective. Maruvada and Bellamkonda (2010) also confirm that the utilization of
fuzzy sets theory in the service evaluation process is be able to reduce the ambiguity,
the subjectivity and the vagueness inherent in these evaluations.
Hesketh et al. (1988) as pioneers proposed the fuzzy rating scale, on which respondents are not constrained to choose among a few, pre-specified answers. Gil and
González-Rodríguez (2012) introduced a free fuzzy number-based response format
to collect feedbacks from students attending a summer school. They also review
some techniques which can be applied to carry out statistical inferences with the
data collected. The introduced fuzzy scale is believed to be expressive enough to
find a value in it fitting appropriately to the valuation, opinion, judgment involving subjective perceptions in most real life situations. Several authors confirm (e.g.
Gil, González-Rodríguez, 2012; Calcagní, Lombardi, 2014; Gil et al., 2015) that this
type of scale has the ability to ’capture’ and model the imprecision of human rating
evaluations and then to formalize them mathematically by ’precisitating’ them in
a continuous way and as a result, to develop computations with them. Maruvada
and Bellamkonda (2010, p. 478) also utilized fuzzy logic to ’reduce subjectivity and
ambiguity of passengers’ judgment of service quality’.
In the service quality literature several studies have been carried out which utilize the favourable properties of fuzzy logic. Liou and Chen (2006) arrived at the
conclusion that fuzzy linguistic assessment of service quality is much closer to human thinking and judgment than traditional evaluation techniques. In a more recent
study, Lin (2010) also discusses the benefits of incorporating fuzzy sets theory into
service quality measurements, and points out that if the fuzziness of human rating
is not taken into account, the obtained results could be easily misleading. Maruvada and Bellamkonda (2010) have drawn the same conclusion while arguing that
fuzzy logic offers a more realistic way to handle linguistic assessment than numerical
44

Piros and Farkas (2012), for instance, evaluated the performance of an engine-transmission
combination by means of corrected fuzzy means.

98

Gábor Árva – Dissertation
values and thereby, fuzzy assessment of service quality helps researchers to avoid
misleading results and their wrong interpretation. Fuzzy ServQual approaches (for
example, Suprihatin and Hidayat (2018) applied fuzzy ServQual in the banking industry, while Behdioğlu et al. (2019) in a physiotherapy and rehabilitation hospital)
help to identify the ’gap’ between the expected and the perceived level of performance. With the same purpose, Chien and Tsai (2000) computed the intersection
area of two triangular fuzzy numbers. The satisfaction of patients and employees
of healthcare institutions is examined in the work written by Tóth et al. (2018)
by proposing flexible fuzzy numbers to handle the contrasting perceptions of the
respondents.
Besides offering a viable method to express customers’ judgment on the perceived
performance, fuzzy logic has been used extensively in several other service-quality
related problems as well. Since decision makers quite often should base their decisions on incomplete or uncertain information and knowledge, fuzzy logic has been
incorporated into Multi-Criteria Decision Making procedures (MCDM), such as Analytic Hierarchy Process (AHP) or Technique for Order Performance by Similarity
to Ideal Solution (TOPSIS) models. In their paper, Mardani et al. (2015) carry
out an excellent review of the literature concerning the applications of these methods, while Nãdãban et al. (2016) give a general review on these techniques. Tsaur
et al. (2002) utilized the fuzzy MCDM method to evaluate the service quality of
an airline. Urban transportation systems are investigated in the work written by
Awasthi et al. (2011) arguing that applying the ServQual approach and the fuzzy
TOPSIS technique support the managerial decisions even under partial or lack of
quantitative information. Esztergár-Kiss and Csiszár (2016) developed a fuzzy AHP
procedure in order to identify the most important features of a travel planner software. They conclude that traditional AHP and fuzzy AHP lead to similar results
concerning the weights with which the expectations should be taken into account,
yet, the application of the fuzzy AHP is more convenient from the respondent’s point
of view. Basaran et al. (2011) combined traditional Content Analysis with fuzzyrule-based systems with the purpose of evaluating teaching performance. Involving
fuzzy logic into the evaluations allowed the researchers to understand interactions
between various verbal statements. Kása and Réti (2017) introduce how fuzzy inference systems (FIS) can be applied in the field of social sciences by demonstrating
a FIS measuring the effectiveness of innovation. A more sophisticated method has
been developed by Wei et al. (2015) with the purpose of assessing the quality of
hotels based on online comments by applying fuzzy comprehensive evaluation and
fuzzy cognitive map. Since Quality Function Deployment (QFD) is usually built
on verbal assessment of importance, performance and correlation scores, Bevilacqua
et al. (2006) developed a fuzzy number-based QFD which facilitates the selection
among competitive vendors.
Based on the above mentioned benefits offered by fuzzy logic, the goal of my research is to establish a fuzzy rating scale, which can help to overcome the weaknesses
of Likert-type-based evaluations, yet, its application is convenient in practice.
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5.2

Constructing fuzzy numbers based on sigmoid functions

In order to overcome the weaknesses of traditional Likert scale-based evaluations,
the relevant literature proposes several methods built on fuzzy numbers (Dubois,
Prade, 1987) to measure and analyse customers’ satisfaction. Stefano et al. (2015)
utilize fuzzy numbers in the case of guest satisfaction at hotels in Brazil, while Tsaur
et al. (2002) evaluated the performance of an airline by this method. The quite
difficult methods proposed to analyse the data, however, may be an obstacle in some
cases (Frühwirth-Schnatter, 1992).
The following section introduces how a quasi fuzzy number can be composed
as an intersection of two sigmoid membership functions. Since the parameters of
the proposed functions can be determined based on customers’ perceptions and in
addition to that, Dombi’s Pliant Arithmetrics allows a convenient computation of
the basic descriptive statistical indices, the application of the suggested methodology
is easier than that of the majority of methods proposed previously in the literature.
Definition 9. Consider a fuzzy subset of the real line u : R → [0, 1]. Then u is a
fuzzy number if it satisfies the following properties (Bede, 2013, p. 51):
(1) u is normal, i.e. ∃x0 ∈ R with u(x0 ) = 1;
(2) u is fuzzy convex, i.e. u(tx + (1 − t)y) ≥ min [u(x), u(y)] , ∀t ∈ [0, 1], x, y ∈ R;
(3) u is upper semicontinuous on R;
(4) u is compactly supported.
The membership function is denoted by u(x) in Definition 9, however, several
authors use the notation µ(x) to represent the membership function of fuzzy sets.
From this point, the membership function of a particular fuzzy number or fuzzy set
is denoted by µ(x). Bede (2013) points out that in some cases, to have a compact
support is not important for practical applications45 . Besides that, in some cases
such membership functions are utilized that do not take the value of 1, since 1 is
only the limit of these functions. In these cases one may consider fuzzy sets that are
not fuzzy numbers in the proper sense of the word, but they are very simple and
useful in applications.
Based on these considerations, one may define the quasi fuzzy numbers as follows.
Definition 10. Fuzzy sets the membership function of which is only asymptotically
tends to 1, that is, does not take the value of 1 as stated in requirement (1) in
Definition 9, or the support of which is the set of real numbers, i.e. the support of
which is not compact and as such, do not satisfy the requirement (4) of Definition
9, are considered as quasi fuzzy numbers. In practical applications, however, these
quasi fuzzy numbers can be utilized in the same way as fuzzy numbers are used.
45

In this case, the membership function µ(x) is usually defined on the system of real numbers and
not on a bounded interval.
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Most often lines or Gauss functions are used to represent the membership function; in the case of the former approach triangular (if only a single point has membership value of 1) or trapezoidal (if there is an interval containing more than a
single point with membership value of 1), in the case of the latter one, Gauss fuzzy
numbers are considered (Bede, 2013). Besides that, several other (e.g. exponential)
membership functions also exist. Tóth et al. (2018) propose flexible fuzzy numbers
to handle the weaknesses of traditional Likert scaling.
The membership functions of the above mentioned fuzzy numbers are as follows
(Bede, 2013, pp. 60-63):
For triangular membership functions:

µtriangular (x) =



0,
if x ≤ a



x
−
a



, if a < x ≤ b

b−a

c−x


,



c−b

 0,
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if b < x ≤ c
if c < x,

where a, b, c ∈ R, and a ≤ b ≤ c.
For fuzzy numbers having a trapezoidal membership function:

µtrapezodial (x) =


0,
if x ≤ a




x
−
a


, if a < x ≤ b


 b−a

if b < x ≤ c

1,



d−x



,



 d−c

0,
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if c < x ≤ d
if d < x,

where a, b, c, d ∈ R, and a ≤ b < c ≤ d.
Gauss membership functions are given by:

µGaussian (x) =



0,



if x < µ − aσ

(x−µ)2
−
2σ 2

e


 0,

, µ − aσ ≤ x ≤ µ + aσ
if µ + aσ < x,

(101)

where µ, σ ∈ R and 0 < σ.
In Equation 101 0 < a is a tolerance value. In practical applications (for example
in the case of fuzzy control systems), the membership function in (101) is employed
(x−µ)2

with a → ∞; so that the membership function is written as µGaussian (x) = e− 2σ2 .
In this case, the fuzzy set is not a fuzzy number since it fails to have a compact
support, however, this quasi fuzzy number is very useful and widely applied in fuzzy
control systems46 .
46

For example, Watanabe et al. (1996) used this function in order to control a mobile robot in a
Fuzzy-Gaussian Neural Network. In a prior study, which belongs to the first applications of fuzzy
control systems, Wang and Mendel (1992a) utilized Gaussian membership functions in a ball and
beam control system.
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It is worth mentioning, that these functions may exhibit both symmetric and
asymmetric shapes47 (Poulsen, 2009).
Figure 26 shows an example for triangular, trapezoidal, Gauss and sigmoidshaped (to be introduced later on) membership functions given by (99)-(101), respectively.

Figure 26: Triangular, trapezoid, Gaussian and sigmoid-shaped membership
functions
From practical aspects, triangular numbers are easy to be dealt with, however,
according to Hameed (2011) they are not always suitable to represent the respondent’s opinion exactly. The reason for this is the fact that the rater’s judgment
changes very slowly not only around the points representing his/her best or worst
judgment but also around the point which is most likely to express his/her opinion
or judgment (Jónás, 2011). Fuzzy numbers having Gauss membership functions are
able to represent the rater’s opinion more precisely, but are difficult to be dealt with
mathematically.
By conjuncting an increasing and a decreasing sigmoid function by Dombi’s intersection operator (Dombi, 2009), however, a quasi fuzzy number can be established,
which may incorporate the benefits of both of the aforementioned and most widelyused triangular and Gauss membership functions: since the gradient of the function
is not constant, this quasi fuzzy number can depict the rater’s opinion more precisely,
yet, it is easy to be dealt with if further analysis is needed.
Figure 27 shows an example for a sigmoid-shaped membership function of a fuzzy
set that can be considered as a quasi fuzzy number.
47

For Gaussian membership functions, however, an additional parameter is needed so that even
this function can have an asymmetric shape. In this case, instead of parameter σ, the function has
the parameters σl , and σr , respectively. See Bede (2013) for more details.
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Figure 27: Sigmoid-shaped membership function of a given fuzzy set
Hypothesis 7. By conjuncting two sigmoid membership functions by Dombi’s conjunction operator, a quasi fuzzy or Pliant number might be established, which might
substitute the traditional scale points on the Likert scale.
Dombi’s Pliant Inequality Model (Dombi, 2009) lays the foundation of establishing quasi fuzzy numbers based on sigmoid functions. From this point, the indices l
and r stand for ’left’ and ’right’, respectively and these indices will denote the left
hand side and the right hand side components of fuzzy numbers.
Lemma 7. The soft inequality (al <(λl ) x) is given by the following sigmoid function:
(al <(λl ) x) = σa(λl l ) (x) =

1
1+

e−λl (x−al )

,

(102)

where al , λl ∈ R and 0 < λl .
The soft inequality (al <(λl ) x) given by Lemma 7 represents the truth of the
inequality al < x. This truth value is in the interval (0, 1) and depends on the
value of parameter λl . Since 0 < λl , the greater the variable x is, the higher the
truth of the inequality al < x is. It is worth mentioning that the parameter λl is
responsible for the ’sharpness’ of the soft inequality (al <(λl ) x). It can be proved
that if λl → ∞, then (al <(λl ) x) → 1, that is, the truth of the relation al < x
tends to 1, and as follows, al < x holds in the traditional, ’crispy’ manner. Based
on these considerations, the soft inequality (al <(λl ) x) can be considered as the
generalization of the crisp inequality al < x.
Similarly, one may define the soft inequality (x <(λr ) ar ) as follows.
Lemma 8. The soft inequality (x <(λr ) ar ) is given by the sigmoid function:
(x <(λr ) ar ) = σa(λr r ) (x) =
103

1
1+

e−λr (x−ar )

,

(103)
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where ar , λr ∈ R and λr < 0.
Based on the aforementioned considerations, the soft inequality (x <(λr ) ar ) can
be viewed as the generalization of the ’crisp’ inequality x < ar .
The soft inequalities given by Lemma 7 and 8 allow us to express how much
we consider a particular value of x being greater than al or less than ar . The
previously introduced soft inequalities represent fuzzy sets with the membership
(λ )
(λ )
(λ )
(λ )
functions σal l (x) and σar r (x). As a result, for any x, σal l (x) and σar r (x) can be
viewed as the membership values of x in the fuzzy sets which contain the numbers
being greater than al and less than ar , respectively. As such, the conjunction of
these two fuzzy sets represents the soft interval (al <(λl ) x <(λr ) ar ) (Dombi et al.,
2018b).
The Dombi intersection of two fuzzy sets can be defined as follows (Dombi, 2008).
Definition 11. The Dombi intersection of the two fuzzy sets A1 and A2 given by
the increasing membership function µA1 (x) and the decreasing membership function
µA2 (x), respectively, is the fuzzy set with the membership function µA1 ∩A2 (x)
1

µA1 ∩A2 (x) = µA1 (x) ∗(D) µA2 (x) =
1+




1−µA1 (x) α
µA1 (x)

+

 1−µ

A2 (x)

α  α1

,

(104)

µA2 (x)

where µA1 (x), µA2 (x) ∈ (0, 1), α ∈ R, 0 < α and ∗(D) denotes the Dombi-conjunction
operator.
If Dombi’s intersection operator is applied with α = 1 to the two fuzzy sets in
Lemma 7 and 8, one may get:
1

(al <(λl ) x <(λr ) ar ) = σa(λl l ) (x) ∗(D) σa(λr r ) (x) =
1+

(λl)
1−σal (x)
(λ )
σal l (x)

.

(105)

(λ )

+

1−σarr (x)
(λ )

σarr (x)

Utilizing Lemma 7 and Lemma 8 yields to:
(al <(λl ) x <(λr ) ar ) = σa(λl l ) (x) ∗(D) σa(λr r ) (x) =

1
1+

e−λl (x−al )

+ e−λr (x−ar )

. (106)

That is, the Dombi intersection with α = 1 of an increasing sigmoid membership
function given by µAl (x) and a decreasing sigmoid membership function which is
denoted by µAr (x) is:
µAl (x) ∗(D) µAr (x) =

1

,
(107)
1+
+ e−λr (x−ar )
where 0 < λl and al are the parameters of the increasing sigmoid function given by
µAl (x) and similarly to this, λr < 0 and ar are the both parameters of the decreasing
sigmoid function given by µAr (x) according to Equation 5.
e−λl (x−al )
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Definition 12. Fuzzy sets resulting from Dombi’s intersection (with α = 1) of two
fuzzy sets having sigmoid-shaped membership functions are called Pliant numbers.
Henceforth, the Pliant numbers are established as Dombi’s intersection of an
increasing and a decreasing sigmoid-shaped membership function as given in (107).
(λ)
The parameters a and λ of the sigmoid function σa can be given by determining
two points of the function curve. Since the sigmoid function neither takes the values
0 or 1, which are only its limits (see the main properties of the sigmoid function in
Section 3.3.1), for practical reasons, two points should be chosen where the function
value is close to one or zero. Let ε be a small positive number and
y0 = ε,

(108)

y1 = 1 − ε.

(109)

(λ)

If we wish σa to take the values of y0 and y1 at x0 and x1 , respectively, the
parameters a and λ need to be set as follows:
a=

x0 ln



1−y1
y1



− x1 ln

ln



1−y1
y1



− ln







ln
λ=−

1−y0
y0

x0 − a



1−y0
y0

1−y0
y0





,

,
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(111)

where x0 6= a (Dombi et al., 2018b).
Based on these results, the following Theorem can be stated.
Theorem 4. Let l, m, r be three ’crisp’ values, where l < m < r. For any ε ∈ (0; 0.5)
if the λl , al and the λr , ar parameters are set as follows
l+m
,
2


2
1−ε
λl =
ln
,
m−l
ε
al =

and

r+m
,
2


2
1−ε
λr =
ln
,
m−r
ε
ar =

(λ )

(112)
(113)

(114)
(115)

then the function σal l (x) takes at the locus l the value ε, while at the point m the
(λ )
function value is 1 − ε, whereas the function σar r (x) takes the value 1 − ε at the
point m and the value ε at the locus r.
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Theorem 4 has an important practical implication if one seeks to utilize Pliant
numbers to evaluate a particular quality aspect. Let
- l be the worst possible value that the rater would give when evaluating a
particular quality aspect;
- m be the value which seems most likely to express the respondent’s judgment
in the case of the examined quality dimension;
- r denote the value which represents the best possible value that the rater would
give when evaluating a certain quality aspect.
The values l, m, and r can be surveyed in a questionnaire in the same way as the
Likert-type evaluation is applied. After that, based on Theorem 4, the parameters
(λ )
(λ )
of the functions σal l (x) and σar r (x) can be given and then, these two functions can
be conjuncted by (107). This feature of the proposed Pliant numbers is beneficial
from the rater’s point of view, since he or she could express his or her opinion in
a convenient manner by choosing appropriate values for the variables l, m, and r.
That is, from the respondent’s viewpoint, no additional calculations or efforts are
needed for the application of Pliant number-based evaluations.
Generating Dombi’s intersection of the increasing sigmoid fuzzy membership
(λ )
(λ )
function σal l (x) and the decreasing sigmoid fuzzy membership function σar r (x)
with the parameters listed in Theorem 4 results in the following membership function:
1

µ(x; l, m, r) =

2
− m−l
ln( 1−ε
x− l+m
ε )(
2 )

1+e

2

+ e− m−r ln(

1−ε
ε

)(x− r+m
2 )

,

(116)

which may also be given in the following form:
1

µ(x; l, m, r) =

2
− m−l
(x− l+m
2 )

1 + [(1 − ε)/ε]

2

+ [(1 − ε)/ε]− m−r (x−

r+m
2

)

.

(117)

Then, one may prove that the function given in Eq. 117 has a single maximum
point at:
(m − l)(r − m)ln
c=
2(r − l)ln





1−ε
ε

r−m
m−l





+ m.

(118)

Furthermore, as µ(l; l, m, r) = µ(r; l, m, r) = ε, the function µ(x; l, m, r) can be
considered as the membership function of the quasi fuzzy number ’approximately c’.
Moreover, one may also prove that
(m − l)(r − m)ln
lim =

ε→0

2(r − l)ln
106





1−


r−m
m−l





= 0,

(119)
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and as a result, if ε is close to 0, then c ≈ m. Since ε is assumed to be a small
positive number48 (e. g. ε = 0.001), the membership function µ(x; l, m, r) of a
Pliant number approximates quite well the fuzzy number ’approximately m’, and
as such, the membership function µ(x; l, m, r) can be considered as a membership
function of a quasi fuzzy number (Dombi et al., 2018b). Based on these results, the
following Lemma is proved.
Lemma 9. Any Pliant number is a quasi fuzzy number.
Proof. The Lemma immediately follows from the definition of quasi fuzzy numbers
(See Definition 10) and the properties of Pliant numbers.
The aforementioned Pliant number must be considered as a quasi fuzzy number
because of the fact that its membership function does not comply with statement
(1) referenced in Definition 9, since it does not take the value of 1, which is only
its limit. It should be mentioned as well that the closure of the Pliant numbers is
the system of real numbers, that is, they do not fulfil statement (4) of the definition
of fuzzy numbers introduced in Definition 9, either. Since in practical applications,
quasi fuzzy numbers can be utilized in the same way as fuzzy numbers are used, the
proposed Pliant number is able to represent the consecutive ’values’ on a Likert-type
rating scale, where Pliant numbers represent an ’approximately x’ value.
Since the application of fuzzy logic is not restricted to service quality management, the proposed Pliant fuzzy set composed of two sigmoid membership functions
can be applied in several other fields where membership functions of certain fuzzy
sets are needed for further computations. Primarily in the case of fuzzy inference
systems and fuzzy logic-based control systems49 , the possible application of Pliant
fuzzy sets may be further investigated. This field of possible application, however,
does not belong to the scope of my work.

48

See the considerations related to Equations 110 and 111.
Wang (2019) proposes a fuzzy controller for automatic train driving. He utilized Gauss functions
and lines as a membership function of the controller, which may be substituted by sigmoid-shaped
membership functions.
49
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5.2.1

A possibilistic interpretation of the perceived performance

It has been proved that for any x, the function µ(x; l, m, r) approximates quite
well the truth of the (x = m) soft equality so that the equality (x = m) may be
represented by the function µ(x; l, m, r). Since for any x, µ(x; l, m, r) ∈ (0, 1) and for
x < c µ(x; l, m, r) is strictly monotonously increasing while if c < x, µ(x; l, m, r) is
(a)
strictly monotonously decreasing, there exist exactly two points, denoted by xl and
(a)
xr , respectively, where the function value of the membership function µ(x; l, m, r)
is α, where α ∈ (0, 1). Thus, the so-called α-cut (Dutta et al., 2011; Bede, 2013) of
(a) (a)
function µ(x; l, m, r) is the interval [xl , xr ]50 . That is,
(a)

[xl , x(a)
r ] = {x : x ∈ R, α ≤ µ(x; l, m, r)}.

(120)

Owing to the construction of the function µ(x; l, m, r), the approximate values of
(a)
and xr can be identified from the left-hand side and right-hand side components
of µ(x; l, m, r) as follows:

(a)
xl

(a)
xl

=−

1
2
m−l ln




1−ε
ε

 ln

1−α
α



1−α
α



+

l+m
,
2

(121)

+

r+m
.
2

(122)

and similarly
x(a)
r =−

1
2
m−r ln




1−ε
ε

 ln

Figure 28: α-cut (α = 0.8) of a Pliant number representing the performance value
’approximately m’
50

(a)

(a)

The ’strong’ α-cut is the interval (xl , xr ) = {x : x ∈ R, α < µ(x; l, m, r)} (Dutta et al., 2011).
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(a)

(a)

The left and right ends of the α-cut interval of µ(x; l, m, r), that is, xl and xr
have an important practical interpretation. Namely, if the perceived performance
is evaluated by the ’approximately m’ Pliant or quasi-fuzzy number, which has the
membership function µ(x; l, m, r) and provided that the perceived performance is
(a)
(a)
between xl and xr , then the truth level of the statement that the performance is
’approximately m’ is at least α.
5.2.2

Arithmetic Operations over Pliant numbers and defuzzification of
Pliant numbers

Dombi’s Pliant Inequality Model (Dombi, 2009) lays the foundation of computing
the mean value of Pliant numbers. This model allows us a convenient computation
of the basic, descriptive statistical indices.
Hypothesis 8. The basic, descriptive statistical analyses of Pliant or quasi fuzzy
numbers, composed of sigmoid functions by applying Dombi’s conjunction operator
to them, are easy to be dealt with.
The following Theorem demonstrates some favourable properties of the soft inequalities given by sigmoid functions.
Theorem 5. For any α ∈ (0, 1) α-cuts, if x1 , x2 , ..., xn ∈ R, 0 < w1 , w2 , ..., wn ,
0 < λ1 , λ2 , ..., λn , and
(a1 <(λ1 ) x1 ) = (a2 <(λ2 ) x2 ) = ... = (an <(λn ) xn ) = α,

(123)

(a <(λ) w1 x1 + w2 x2 + ... + xn wn ) = α,

(124)

then
where

n
X

wi ai ,

(125)

n
1 X
wi
=
.
λ i=1 λi

(126)

a=

i=1

Proof. According to Lemma 7:
(ai <(λi ) x) = σa(λi i ) (x) =

1
,
1 + e−λi (x−ai )

(127)

where 0 < λi (i = 1, 2, ..., n). According to the assumptions of the Theorem, (ai <(λi )
xi ) = α, therefore, for any i ∈ (1, 2, ..., n):
1
1+

e−λi (xi −ai )
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(128)
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holds by definition. Since the function given by (128) is a strictly monotonously
increasing sigmoid function, it takes the value of α at:
xi = −

1
1−α
ln
+ ai .
λi
α

(129)

As a result, one may get
n
X

wi xi = − ln

i=1

n
n
wi X
1−αX
+
wi a i .
α i=1 λi i=1

Let
a=

n
X

(130)

wi ai

(131)

n
wi
1 X
,
=
λ i=1 λi

(132)

1 1−α
wi xi = − ln
+ α.
λ
α
i=1

(133)

i=1

and

so that Eq. 130 can be written as:
n
X

Expressing α from this equation yields to:
1

α=
1+e

−λ(

Pn
i=1

wi xi −a)

.

(134)

Then, recalling Lemma 7, Eq. 134 can be written as:
(a <(λ) w1 x1 + w2 x2 + ... + xn wn ) = α,

(135)

so that Theorem 5 is proved (Dombi et al., 2018b).
Theorem 5 is interpreted as follows. According to the traditional, ’crispy’ interpretation, if each of the inequalities
a1 < x1 , a2 < x2 , ..., an < xn

(136)

holds (is true), and 0 < w1 , w2 , ..., wn , then
w1 a1 + w2 a2 + ... + wn an < w1 x1 + w2 x2 + ... + wn xn

(137)

also holds. Theorem 5 suggests that if each of the soft inequalities
(a1 <(λ1 ) x1 ) = (a2 <(λ2 ) x2 ) = ... = (an <(λn ) xn )
has the truth level of α, and 0 < w1 , w2 , ..., wn , then
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(w1 a1 + w2 a2 + ... + wn an <(λ) w1 x1 + w2 x2 + ... + wn xn )

(139)

has also the truth level α (α ∈ (0, 1)), where
n
1 X
wi
.
=
λ i=1 λi

(140)

Theorem 5 has an important practical consequence, namely, the linear combination of soft inequalities can also be given by a sigmoid function, provided that each
of the soft inequalities ’a is less than x’ is given by a sigmoid function (Dombi et al.,
2018b).

Figure 29: Sum of two soft inequalities ’a is less than x’ given by sigmoid functions
Similarly to the proof of Theorem 5, it can be proved as well that the linear
combination of soft inequalities ’a is greater than x’ represented by sigmoid functions
can be computed in the same way and can also be represented by a sigmoid function.
Theorem 6. For any α ∈ (0, 1) α-cuts, if x1 , x2 , ..., xn ∈ R, 0 < w1 , w2 , ..., wn ,
λ1 , λ2 , ..., λn < 0, and
(x1 <(λ1 ) a1 ) = (x2 <(λ2 ) a2 ) = ... = (xn <(λn ) an ) = α,

(141)

(w1 x1 + w2 x2 + ... + xn wn <(λ) a) = α,

(142)

then
where
a=

n
X

wi ai ,

i=1
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n
1 X
wi
.
=
λ i=1 λi

(144)

Exploiting the results of Theorem 5 and Theorem 6 yields to the following Theorem, which will be used to aggregate sigmoid-shaped quasi fuzzy numbers.
Theorem 7. If A1 , A2 , ..., An are fuzzy sets given by the sigmoid membership
(λ )
(λ )
(λ )
functions σa1 1 (x), σa2 2 (x), ..., σann (x), respectively, all of them are defined over the
same X domain and sgn(λ1 ) = sgn(λ2 ) = ... = sgn(λn ), while the fuzzy set A is
given by the linear combination:
A=

n
X

wi Ai ,

(145)

i=1

where 0 < w1 , w2 , ..., wn and ni=1 wi = 1. Then, A is also sigmoid shaped with the
(λ)
membership function σa (x) where the parameters of the membership function are
as follows:
P

a=

n
X

wi ai

(146)

i=1

and

n
1
1 X
wi .
=
λ i=1 λi

(147)

Proof. The statements of Theorem 5 and Theorem 6 hold for any α ∈ (0, 1) α-cuts,
and two fuzzy sets are equal if their α-cuts coincide for any α ∈ (0, 1), hence, the
Theorem is proved.
An important practical consequence of Theorem 7 that it leads to a simple computation of the mean of fuzzy numbers. Therefore, the application and the basic,
descriptive statistical analyses of Pliant numbers are quite easy in practice. Based
on Theorem 7 and Dombi’s intersection operator (with α = 1) in (107) one may
define the mean value of Pliant numbers.
Corollary 1. Let A1 , A2 , ..., An be Pliant numbers composed of sigmoid functions
having the parameters al,i , λl,i , ar,i and λr,i (i = 1, 2, ..., n), respectively. The mean
of these Pliant numbers is the Pliant number A given by the following membership
function
1
µmean (x) =
,
(148)
−λ
(x−a
l,mean ) + e−λr,mean (x−ar,mean )
1 + e l,mean
where
n
X
1
al,i ,
(149)
al,mean =
n
i=1
1
λl,mean

=

n
X
1 1
i=1
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ar,mean =

n
X
1
i=1

and
1
λr,mean

=

ar,i ,

n

n
X
1 1
i=1

n λr,i

(151)

.

(152)

Dombi (2009) also proves that the sigmoid function can be multiplied by a scalar
(denoted by c) as follows:
(λ0 )

σa(λ) (x) = σa0 (x),

c

(153)

where
λ
,
c

(154)

a0 = ca.

(155)

λ0 =

It can be also proved that addition, subtraction (and as a result, the range of the
quasi fuzzy or Pliant numbers) and multiplication by scalar are closed over Pliant
inequalities if the membership function of the fuzzy set is either a sigmoid function
or a line. Multiplication of two sigmoid functions, their nth power and the division
of two sigmoid functions, however, are not closed over Pliant inequalities and yield
to functions that are not sigmoid-shaped. Thus, the following approximations may
be utilized (See Dombi (2009) for proof):




1
1
4 a1 + a2
λ1 λ2
a1 a2

σa(λ1 1 ) ⊗ σa(λ2 2 ) ≈ σ


σa(λ)
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σa(λ2 2 ) ≈ σ a1

,
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a2

Besides applying the aforementioned operators, in some cases it could be necessary to convert the Pliant numbers into a ’crisp’ value. If one seeks to turn the
evaluation given by a Pliant number into a single, ’crisp’ value denoted by yb, Dombi
et al. (2017) propose the following formula for defuzzification of the above mentioned
fuzzy sets:

yb =

|λr |
1
λl
· al +
· ar +
· {ln(λl ) − ln(|λr |)}.
λl + |λr |
λl + |λr |
λl + |λr |
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5.2.3

Practical application of Pliant numbers

Based on reviewing the relevant literature in Section 5.1, one may conclude that
fuzzy numbers can depict more precisely the raters’ judgment than traditional, Likert
scale-based evaluation methods. Pliant numbers may be applied in the same way
as fuzzy numbers are utilized. The main benefit of Pliant number-based evaluation
lies in its simplicity, that is, Pliant numbers can be applied for evaluation purposes
similarly to traditional approaches. In this section, the practical application of Pliant
number-based evaluations is summarized.
Pliant number-based evaluation of quality is based on the assumption that the
performance is judged by an ’approximately x’ value instead of a crisp x value, which
will allow us to take the uncertainty, the subjectivity arising from the rater’s personal
judgment and the variation of the performance into consideration.
This ’approximately x’ value on the fuzzy Likert scale can be computed as follows:
- The respondent chooses the three crisp values l, m, r on the scale used to measure some quality characteristics. The meaning of the aforementioned values
is as follows:
– l represents the worst possible value that the rater would give when rating
the performance related to a given statement;
– The value m depicts the value which is most likely to express the rater’s
judgment, that is, how the respondent would generally rate the performance. The value m also depicts the rating which is given if the traditional
Likert scale-based evaluation is applied;
– The best possible value with which the rater may express his or her opinion
on the performance is denoted by r. The values of l, m and r needed to
be chosen so that the difference between them are proportional to the
perceived subjectivity, uncertainty of the judgment or to the experienced
time-related variability of the performance.
- According to Theorem 4, the parameters al and λl of the left-hand side (increasing) sigmoid function can be determined based on the points l and m,
while in the case of the right-hand side function (decreasing), the parameters
ar and λr are computed based on the points m and r, respectively;
- According to Equation 107, the two sigmoid functions are conjuncted by
Dombi’s intersection operator;
(a)

(a)

- Based on (121)-(122) one may identify the boundaries xl and xr , between
which the truth level of the statement ’the performance is approximately x’ is
at least α for any α ∈ (0, 1);
- Should more dimensions to be evaluated, or more respondents rate the same
dimension, the mean of the evaluations can be computed according to Theorem
7 based on Corollary 1;
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- Equation 159 can be utilized if the Pliant number is to be turned into a single,
’crisp’ value.
Since instead of a single value, which is given on the traditional Likert scale, the
respondent is requested only to choose three values, namely l, m and r on the rating
scale, the application of the proposed methodology is quite easy from the rater’s point
of view. Another favourable property of the introduced methodology is the simple
computation of average evaluations. That is, the introduced Pliant number-based
evaluation is able to ’capture’ human thinking far more precisely than traditional
approaches, yet, its application is convenient from a practical point of view. The only
disadvantage of the proposed methodology is the lack of well-developed techniques
that could be used for statistical inferences51 .
Figure 30 depicts how quasi fuzzy numbers can be established by applying
Dombi’s conjunction operator to two sigmoid-shaped membership functions.

Figure 30: Quasi fuzzy or Pliant number resulting from conjuncting two sigmoid
membership functions by Dombi’s intersection operator
My following Thesis states that quasi fuzzy or Pliant numbers can be established
based on sigmoid membership functions.
Thesis 5. By conjuncting two, an increasing and a decreasing sigmoid
membership function by Dombi’s intersection operator, a quasi fuzzy
number can be established. The introduced quasi fuzzy or Pliant number is suitable for substituting traditional crisp values on a Likert scale.
Moreover, the basic, descriptive statistical analyses of the data represented by the proposed Pliant numbers are easy to conduct.
Related publications: S5, S7, S9, S13, S14.
51

The majority of the proposed techniques is suitable only for fuzzy numbers having triangular membership function. Besides that, these methods require remarkable computational efforts
(Frühwirth-Schnatter, 1992).
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5.3

Evaluating teaching quality by quasi fuzzy numbers

Recently, higher educational institutions (HEI) have started to pay more attention to quality issues and organizational excellence (Asif, Searcy, 2014) due to
increasing forces of marketization (Bunce et al., 2017). Lupo (2013) argues that adequate measurement and appropriate comprehension of students’ expectations and
perceptions are fundamental if HEIs seek approaches to evaluate the quality of their
services and to ascertain reliably whether the expectations of the stakeholders, primarily that of the students are met.
The relevant literature offers a couple of methods developed to evaluate teaching
quality; Berk (2005) and Surman and Tóth (2018) give an overview on this subject.
The majority of these methods utilizes the traditional 5 or 7 point Likert scale, as do
the HEdPERF (Abdullah, 2005), the COURSEQUAL proposed by Kincsesné et al.
(2015) or the TEdPERF model found in Rodríguez-González and Segarra’s (2016)
paper. Section 5.1 proves that the traditional Likert scale used commonly to assess
service quality in higher educational context lacks the ability of reliably representing
the rater’s judgments. In the following section of my work, the usefulness of fuzzylogic-based evaluation of teaching quality is to be introduced through the examples
of the peer review process and the evaluation of the supervisors’ work at Budapest
University of Technology and Economics.
5.3.1

Applying a fuzzy questionnaire in a peer review process

Historically, student ratings and feedbacks have dominated the measurement of
teaching quality. The university under investigation has launched an end-of-semester
questionnaire in 1999 with the purpose of collecting feedback from students (Tóth
et al., 2013). Despite their popularity, student feedbacks are often criticized in
the relevant literature. King et al. (1999) query if students have the necessary
competencies to fill in such questionnaires, while Rowley (2003) calls attention to the
influence of numerous variables, such as course, lecturer, and student characteristics
on the evaluations given. In order to have a more balanced picture about teaching
quality, over the past decades, there has been a trend towards fostering ratings with
different data sources to broaden the evidence base used to evaluate courses and
assess the quality of teaching (Arreola, 2000; Shao et al., 2007; Akiki, 2014).
The surveys utilized to collect feedbacks from students are frequently accompanied by peer review processes (Shortland, 2004) to involve other data sources into the
identification of organizational strengths and weaknesses. Pagani (2002) considers
peer review as a tool for change since it allows faculty members to help each other to
improve and to ensure compliance to the standards as well as to identify and share
best practices. Cox and Ingleby (1997) conclude that an effective peer review framework may contribute to individual development, the identification and dissemination
of good practices in teaching and to review the introduction of new teaching materials. Ward Griffin and Brown (1992) and Leamon and Fields (2005) prove that in
some aspects, such as the lecturer’s knowledge of content, selection of instructional
materials and the teaching strategies used in the delivery of that knowledge, peers
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are a more reliable source of information than students and as such, peer review
of teaching quality further enhances the reliability of service quality assessment in
a HEI. Blackmore (2005) summarizes the ’ingredients’ of an effective peer review
framework, while Washer (2006) carries out an extensive review on the literature on
observation of teaching in higher educational context. Klopper and Drew (2015) also
discuss several issues related to peer reviewing of teaching in higher education.
Based on the benefits that a peer review program may offer, in the academic year
2015/2016, the Faculty of Economic and Social Sciences at Budapest University of
Technology and Economics has launched a peer review program to continuously monitor and assess its teaching quality. The establishment of the evaluation framework
and the development of the surveys utilized to collect feedback do not belong to the
scope of this paper, but can be found in S17: Tóth et al. (2017).
Peer review evaluations cover the following aspects:
- Observation of lectures and consultation opportunities by peer reviewers;
- Assessment of midterm tests and/or exams both by peer reviewers and students;
- Assessment of the semester-long performance of the observed lecturer.
For each of the above mentioned aspects, a detailed questionnaire has been established, in the case of which most of the quality aspects are assessed on a traditional,
5 point Likert scale. Besides that, narrative comments are also involved in the questionnaires allowing peer reviewers to share their comments or recommendations as
well.
During the semester-long evaluation of teaching quality, one may distinguish the
following stages of peer review evaluations:
- Initial feedback stage: Peer reviewers are asked to give immediate oral and
written feedbacks (by applying the relevant questionnaire) in 48 hours after
observing the reviewee’s lecture;
- Final feedback stage: Peer reviewers evaluate the semester-long performance
of the reviewed lecturer. After that, the relevant issues are discussed in person
with the purpose of fostering the identification of good practices, strengths and
improvement opportunities;
- Dissemination phase: The collected evaluations are summarized and analysed
The vice dean responsible for quality improvement informs various Faculty
Committees. As soon as student course evaluations become available, the
results are triangulated with students’ feedbacks.
A lecturer is observed by at least 5 colleagues who belong basically to another
professional field in order to enhance the objectivity of peer reviewing. Observers
include lecturers with more and less teaching experience as well. In order to get a
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more balanced picture, all of the observers should attend at least three classes plus
at least one occasion when student performances are evaluated.
Based on the first year of application, however, one could identify some difficulties
that affect the reliability of the peer review framework. Examining these weaknesses,
one may conclude that these problems arise mainly from the application of traditional
Likert scale-based evaluations.
The four major constraints which emerged during the first year of application
are:
- Uncertainty of the reviewer and ambiguity inherent among evaluations;
- Fluctuation of the observed lecturer’s performance during a single lecture as
well as during the semester;
- Lack of methods available to compare different raters’ narrative evaluations;
- Traditional Likert scaling is not expressive enough to distinguish various lecturers’ performance and as a result, this scale diminishes differences among the
performance of the observed lecturers.
Since the Likert scale forces the rater to choose a single value which seems most
likely to express his or her judgment, this scale is unable to involve the uncertainty
of the reviewer. In order to foster the dissemination of good teaching practices
and to enhance the objectivity of peer reviewing, lecturers are observed by peer
reviewers who basically belong to another professional field. Although the evaluation
dimensions are not intended to cover the professional content of the lecture, several
reviewers complained that without having a proper professional knowledge on the
content, they were somewhat unsure of their judgments. However, on the other
hand, the goal of involving primarily non-professionals of a given field was to provide
a special aspect to the peer-review process that is somehow similar to the student’s
viewpoint. Besides that, several other factors (for example, some lecturers give
only seminar-type classes for 20-30 students but are asked to evaluate a theater-type
course with hundreds of students or the other way round) may lead to the uncertainty
of the reviewer.
As evaluations are given at the end of the lecture, these evaluations are more
likely to represent an ’average’ performance during the whole class, whereas the
time-related fluctuation of the performance during the same class cannot be captured on a Likert scale due to the fact that only one ’value’ can be chosen. Based
on narrative feedbacks, however, one can conclude that the performance of several
lecturers shows a significant variability as time goes on. Moreover, the retrospective
statistics including the mean, the range, the median or the standard deviation of
the overall evaluations given at the end of the semester are more likely to reflect the
differences among various reviewers’ judgment than the variability of the reviewed
lecturers’ performance.
In spite of the fact that the primary aim of peer reviewing was to share good
practices among the Faculty members and to augment student ratings with different data sources, students were also involved into the evaluation of midterm tests
118

Gábor Árva – Dissertation
and exams. That is, students were asked during midterm tests or exams to provide
feedback on the lecturers’ performance concerning student performance evaluations.
During the first year of peer reviewing, 29 subjects were observed so that data on
29 different subjects are available. Since the framework Student Evaluation of Education (SEE) also contains questions related to student performance evaluations,
comparing the data stemming from the peer review process and the SEE framework
allows a comparison of the evaluations given during the semester within the peer
review framework and the evaluations given at the end of the semester. Since two
statements related to the supporting teaching materials provided by the lecturer (denoted by PRS5 in the case of evaluations given within the peer review framework and
SEE1 in the case of end-of-semester evaluations, respectively) and to the suitability
of midterm tests or exams to evaluate students’ performance (denoted by PRS5 and
SEE8, respectively) have been applied both in the peer review and the SEE questionnaire, the average evaluations of the subjects52 concerning these two statement
could have been compared53 . Since based on the results of the Anderson-Darling test
(Yap, Sim, 2011) one could verify that the average evaluations are at least approximately normally distributed54 (the corresponding p−values are 0.061, 0.109, 0.677
and 0.172 for SEE1, PRS1, SEE8 and PRS5, respectively), a paired t−test has been
applied with the purpose of comparing the mean of evaluations given during and
at the end of the semester. It should be highlighted here, that in the case of the
majority of the subjects, the mean of evaluations stems for several hundred students’
individual evaluations which explains that the data follow an approximate normal
distribution despite the application of Likert-scales. The results of the paired t−test
are summarized in Table 14, it should be highlighted here, however, that even the
non-parametric Wilcoxon signed-rank test indicates a significant difference between
the evaluations given right after the midterm test and at the end of the semester.
Table 14: Mean values of the examined dimensions and the corresponding test
statistic and p−values
Variable 1
SEE1
SEE8

Mean
3.864
3.811

St. dev.
0.5261
0.492

Variable 2
PRS1
PRS5

Mean
4.296
4.298

52

St. dev.
0.464
0.384

Test statistic
-7.06
-8.55

p−value
0.000
0.000

The average evaluations given by students for the aforementioned dimension are listed for each
subject in Table A1 in the Appendix.
53
For a comprehensive review of the student evaluation of education framework utilized at the
University under investigation, see Bedzsula, Kövesi (2006): Feedback of student course evaluation
measurements to the budgeting process of a faculty. Case study of the Budapest University of Technology and Economics Faculty of Economic and Social Sciences. In: Su Mi Dahlgaard-Park, Jens J
Dahlgaard (Eds.) 19th QMOD-ICQSS Conference International Conference on Quality and Service
Sciences. Rome, Italy, 2016.09.21-2016.09.23. Lund: Lund University Library Press, 216-228.
54
See the MINITAB outputs in Figure A9-A12 in the Appendix. The tails of the distributions,
however, deviate to some extent from that of the normal distribution.
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Based on the results summarized in Table 14, one can conclude that students’
judgment on the same aspect show a significant variation during the semester and the
scores given after midterm tests are significantly higher than those given at the final
evaluations. The reason for this could be the fact that peer review evaluations reflect
the instantaneous judgment (dimensions denoted by PRS1 and PRS5), while final
course evaluations are more likely to depict the ‘average’ performance of the lecturer
during the whole semester (SEE1 and SEE8). Overall, examining the evaluations
given during the semester and after the semester, it can be concluded that the
performance of the instructors is rated worse at the end of the semester. Based
on the aforementioned results, one may conclude that there exists a time-related
fluctuation of performance or at least, the performance concerning the same service
quality aspect is judged differently over time. In addition to that, evaluations given
at the end of the semester are subjected to higher variation in the responses so
that one may conclude that the longer the period over which the performance is to
be judged, the higher the variation in the responses is. Traditional Likert scales,
however, cannot depict the time-related fluctuation of the performance and as such,
the information on the variability of the performance as time goes on cannot be
depicted. Falk et al. (2010) also point out that the maturity of the partnership
between the partners influences the judgment on service quality issues.
The following figure shows the box-plot diagram of the average performance in
each of the evaluation dimensions of the 33 lecturers who were evaluated during the
first year of peer-reviewing. On each box, the central mark indicates the median,
and the bottom and top edges of the box indicate the 25th and 75th percentiles,
respectively. The whiskers extend to the most extreme data points not considered
outliers, while the outliers are plotted individually using the 0 +0 symbol.

Figure 31: Boxplot diagram of the performance of the 33 lecturers evaluated during
the first year of the peer review program
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A close examination of Figure 31 reveals that the majority of the lecturers’ performance falls within 4.25 and 4.75, while the average falls below 4.00 only in the
case of two lecturers. That is, in the case of the majority of the evaluations given,
one is not able to distinguish the performance of the lecturers55 . Based on the narrative feedbacks, on the contrary, it turned out that there exist significant differences
among the examined lecturers’ performance. As opposed to the narrative comments,
based on the evaluations given on the traditional Likert scale, only the lecturers having either an extremely good or poor performance could be distinguished. It should
be highlighted here that examining the evaluations given by students at the end of
the semester indicates a significantly higher amount of variation among the lecturers’
performance.
Narrative comments are of high importance and kindly welcomed from the reviewee’s point of view, since these narrative feedbacks can support and explain the
evaluations given and allow reviewers deeper and more nuanced assessments. These
narrative evaluations are also utilized to reflect the uncertainty of the reviewer or the
variation of the performance. After the first year of application, one may conclude
that the amount of narrative feedbacks has grown significantly. The lack of simple
methods to handle linguistic assessment, on the other hand, does not allow faculty
committees to analyse this type of feedbacks. This leads to an insufficient elaboration of the information gained during the evaluation process. That is, by comparing
and evaluating different lecturers’ performance solely on the numerical assessment
given on the Likert scale, a remarkable part of the information is either lost or not
taken into account, which may not serve the purpose of the faculty as a whole.
The above mentioned problems are in line with the findings of the relevant literature (Gil, González-Rodríguez, 2012), that is, due to the limited number of possible
answers, the traditional Likert scale is not expressive enough to ’capture’ the subjectivity, uncertainty or the variation of the performance as time goes on. As a result,
traditional Likert-scaling may diminish the differences among various evaluators’
judgments.
Since several authors argue (e.g. Chen, 2001; Hodge, Gillipse, 2007; Gil,
González-Rodríguez, 2012; Li, 2013; Ardakani et al., 2015) that fuzzy assessment
of service quality is much closer to human thinking due to its ability to represent
diversity, uncertainty or the time-related variation of performance, the Pliant numbers introduced in Section 5.2 may handle the problems associated with traditional,
Likert scale-based evaluation.
Hypothesis 9. Evaluating teaching quality by quasi fuzzy or Pliant numbers might
be able to deal with the uncertainty and subjectivity of the raters as well as to depict
the variation of the performance as time goes on.

55

The Kruskal-Wallis test does not indicate any significant differences for the evaluations of the
observed lecturers whose average score falls between 4.25 and 4.75. Note that these evaluations are
based on feedbacks of a few peer reviewers only, so that the normality assumption concerning the
evaluations given could not be verified.
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Since Pliant number-based evaluation of teaching quality is based on the assumption that the performance is judged by an ’approximately x’ value instead of
the crisp x value which can be given on traditional scales, this type of evaluation
is able to cope with the uncertainty, and the diversity inherent in the evaluation or
with the fluctuation of the performance during the lecture or the semester. Based
on the favourable properties of fuzzy assessment of teaching quality, some aspects
of the peer review process have been evaluated by using a Pliant number-based
evaluation parallel to the traditional Likert scale-based ratings. Based on various
feedbacks from the reviewers, nine specific evaluation dimensions related to the delivery of the lectures turned out to be the most difficult to evaluate on a traditional
scale. These nine evaluation dimensions including ’Volume, intonation’, ’Grammar,
intelligibility, speech rate’, ’Learning, explaining the methodology’, ’Maintaining students’ attention’, ’Choosing the proper presentation technique’, ’Quality of the slide
show’, ’Consonance of the slide show with verbal communication’, ’Logical structure
of the lecture and presentation’ are intended to measure the performance of the reviewee during the whole, 90-minute-long lecture. As such, these aspects are surely
subjected to the fluctuation of the performance (at least, to some extent). Besides
that, the majority of these aspects may contain several factors that one should take
into account when judging a particular dimension. For instance, the quality of the
slideshow may refer to the size of the letters, to the quality of graphs and figures,
to the colours used, etc., which may result in the uncertainty of the reviewer or
in some cases, in contrasting perceptions regarding the evaluated dimension. The
proposed methodology is beneficial from the point of view that it does not force the
rater to reduce his/her opinion to a single value. By choosing appropriate values for
the parameters l and r of a Pliant number, the respondent can express his or her
uncertainty, subjectivity and the perceived performance variation over the examined
period as well. Namely, the higher the uncertainty associated with the rating is or
the more variability is perceived related to the performance, the more spread out
the Pliant number, that is, the higher will be the difference between its l and m
or m and r parameters. This feature allows a more detailed evaluation of teaching
quality owing to the fact that a higher amount of information could be encoded in
the responses.
In order to gain experience with the application of the proposed Pliant numberbased evaluations, during the fall semester 2016, 5 lecturers have been chosen, the
lectures of whom have been evaluated by 3 reviewers not only on the traditional, but
on the fuzzy-scale as well. The scale has been applied with a division of 0.25 units
so that it allowed reviewers to express their reflections more precisely. At the end
of the semester, altogether 135 fuzzy evaluations have been collected representing
the three reviewers’ opinion concerning the 5 selected lecturers’ performance in the
above mentioned nine evaluation dimensions.
The following figure (Figure 32) demonstrates the Pliant numbers (represented
by the blue curves) used to evaluate the performance of Lecturer 1 by each reviewer
as well as the average evaluation computed according to Theorem 7 (denoted by the
red curve) in the dimension entitled ’Learning, explaining the terminology’.
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Figure 32: Pliant number-based evaluation of the performance of Lecturer 1 in the
case of the evaluation dimension entitled ’Learning, explaining the terminology’
Examining the traditional, Likert scale-based evaluations and the narrative comments reveals that both Reviewer 1 and Reviewer 2 experienced some fluctuation
in the performance during the visited lectures due to the fact that according to
the reviewers’ opinion, some new material was not supported enough with practical examples, whereas in the case of some other theoretical issues, several practical
examples were provided by the lecturer. This variability of the evaluated lecturer’s
performance is clear to see in Figure 32. Reviewer 3, on the contrary, considers the
evaluated lecturer’s performance as one being very stable over the visited lectures,
and as such, his or her evaluation shows a significantly lower amount of variability.
It should be highlighted here that in the case of the traditional Likert scale-based
questionnaire, all of the reviewers evaluated the performance as 5; that is, in this
case one is not able to distinguish the evaluations given by these three reviewers
and the variability of the performance cannot be incorporated into the evaluations,
either. In the case of the traditional evaluation, the average is x̄ = 4.75, while the
standard deviation is s∗ = 0.463. As such, the 95% confidence interval56 for the
56

It is worth mentioning that these scores are based on the feedbacks of the reviewers. Since
5-8 reviewers were assigned to each subject and each reviewer visits three lectures, the sample size
is not large enough to provide an approximate normal distribution of the evaluations. As such,
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population’s expected value is 4.363 < µ < 5.137. It can be concluded that the
mean of the crisp evaluations and the center of the Pliant number as well as the l
value of the Pliant number and the lower boundary of the confidence interval do not
differ significantly57 . Yet, the Pliant number-based evaluation is able to ’capture’
the variation of the reviewed lecturer’s performance in a quantitative way, whereas
Likert scale-based evaluation is not able to incorporate this information into the
evaluations.
The average evaluations of Lecturer 1’s performance associated with the other
evaluation dimensions are computed in the same way. The average performance of
Lecturer 1 in the nine evaluation dimensions (blue curves) as well as his or her average performance taking all of the aspects into consideration are depicted in Figure
33 along with the average performance of the five examined lecturers (red curves)
and the crisp average scores (vertical dashed lines). A close examination of Figure 33
reveals that the center of the fuzzy numbers and the average crisp scores do not differ
significantly. Examining the relative position of the Pliant numbers unveils as well
that in the case of the evaluation dimensions ’Explanatory capability’, ’Choosing the
proper presentation technique’ and ’Quality of the slide show’ Lecturer 1 has a better
performance than the average performance of the 5 examined lecturers. His or her
’Volume, intonation’, on the other hand, is somewhat worse than the average performance. Based on Figure 33 one may conclude that in the case of the majority of the
dimensions, the Pliant number-based evaluations exhibit a significant diversity. That
is, the performance of the observed lecturers are somewhat unbalanced and reviewers
also have different perceptions on their performance. In the case of the evaluation
dimensions including ’Consonance of the slide show with verbal communication’ and
’Logical structure of the lecture and presentation’, on the other hand, the performance
is believed to be quite balanced. Despite the fact that the Pliant numbers do not
differ more than a half unit, the information encoded in the responses supports well
the identification of areas need to be improved. Moreover, the evaluation dimension
which turned out to be more unbalanced were also downgraded by students, further
emphasizing the need for improvement in these areas. Having investigated the evaluation dimensions in the case of which Pliant numbers indicate a greater diversity
and taking the corresponding narrative feedbacks into consideration as well, one may
conclude that in most cases, the fluctuation of the observed lecturer’s performance
results in the unbalanced evaluations. That is, the quasi fuzzy numbers are spread
out to a higher extent in those areas in which narrative comments indicate a more
unbalanced performance.
the confidence interval is only a crude estimation of the population’s expected value. In the case
of student evaluations demonstrated previously in Table 14, on the contrary, the evaluations stem
from hundreds of students and as a result of the Central Limit Theorem, the average evaluations
given for each subject are approximately normally distributed.
57
It should be emphasized however, that there is no mathematical connection between the confidence interval and fuzzy numbers owing to the fact that the former one is a probabilistic, the
latter one is a possibilistic approach. Some authors argue (Conrad et al., 2013), however, that the
uncertainty can be incorporated into the establishment of confidence intervals.
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Figure 33: Lecturer 1’s performance (blue curve), the average fuzzy performance (red curve) and the mean of the crisp
evaluations (vertical dashed lines) in the evaluation dimensions listed previously
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Besides examining the lecturers’ performance in each dimension, it is also possible
to compare different lecturers’ average performance as Figure 34 demonstrates.

Figure 34: Pliant number-based evaluation of the performance of the 5 lecturers
involved in the peer review program and their average performance

Examining Figure 34 reveals that the parameter m of the fuzzy numbers expressing the performance of Lecturer 3 and 4, as well as that of Lecturer 2 and 5,
respectively, are the same. It can be seen, however, that Lecturer 2 has a more unbalanced performance than Lecturer 5, and similarly, Lecturer 3’s performance exhibits
more diversity than that of Lecturer 4. Narrative feedbacks in the case of Lecturer 2
and 3 uncover that the performance of both lecturers is getting worse as the lecture
goes on. Besides that, Lecturer 2 gives lectures in a specific field, which the majority
of the reviewers is not familiar with, resulting in the uncertainty of the reviewers
when judging the performance of this lecturer. On traditional Likert scales, however,
only the value which seems most likely to express the respondent’s judgment can be
given; this is exactly the parameter m in the case of quasi fuzzy numbers. That
is, if one examines the performance of these two lecturers on a traditional Likert
scale, the differences originating from the variation of the performance and the uncertainty of the reviewer cannot be captured and as a result, the performances of
the two lecturers do not differ significantly.
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5.3.2

Fuzzy numbers-based evaluation of the supervisors’ work

Based on the favourable properties that the fuzzy logic-based evaluation offered during the peer review process, the Department of Management and Business
Economics decided to utilize the Pliant number-based evaluation for assessing the
performance of the supervisors. As already mentioned before, Budapest University of
Technology and Economics has launched an end-of-semester course evaluation framework, called Student Evaluation of Education (SEE) since 1999 (Bedzsula, Topár,
2014). The evaluation framework is based on a student questionnaire focusing on the
quality of lecturers’ classroom performance. Since then, the SEE has become a basic
system of quality assurance (Bedzsula, Kövesi, 2016). Project work-type courses, on
the contrary, are not involved in these evaluations due to their special features.
In the case of Bachelor programs, there are 2 or 3 levels of project work courses,
while in the case of Master programs, one semester-long project work is to be accomplished before writing the final Thesis. The ultimate goal of these courses is
to provide students the opportunity to utilize the previously acquired knowledge by
solving real-life problems by taking part in relevant organizational projects. During
these semesters, students work under the guidance of a supervisor. The role of the supervisor is to offer a partnership by assisting the students through the flow of project
works and the final Thesis with suggestions and recommendations by regularly discussing the different steps. That is, students are provided individual attention during
these semesters as they work in tight cooperation with the supervisor. In addition to
that, for each student, individual tasks are set. Since these courses are a significant
part of the curriculum in a given program and they are intended to lay the foundation of the final Thesis, these courses are of high importance from the students’ point
of view. In addition to that, the Thesis may serve as a basis for choosing a specific
career and finding a job. Besides mastering the necessary professional knowledge,
students can acquire and strengthen those inevitable ’soft skills’ that are needed to
be successful in the labour market. Based on the above mentioned considerations,
one may conclude that these project work-type courses cannot be involved into the
traditional forms of student satisfaction surveys owing to their special features. Their
high importance for students in their future career, though, calls for an assessment of
these courses with the purpose of identifying those areas where further improvement
is needed to maintain a high level of student satisfaction.
With the goal of assessing the supervisors’ work, Surman and Tóth (2019) developed a special evaluation framework based on the ServQual approach, which replaced
the formerly applied questionnaire at the Department of Management and Business
Economics. This survey has been utilized at the investigated Department since the
fall semester 2017. The questionnaire is primarily built on the work of Oldfield and
Baron (2000), Yousapronpaiboon (2014) and Kincsesné et al. (2015). This questionnaire contains 26 statements related to the supervisors’ performance and its filling
in is mandatory after students have finished and presented their project works. The
detailed explanation of the survey development does not belong to the scope of my
research but can be found in the work written by Surman and Tóth (2019).
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The evaluation dimensions are listed in Table 15.
Table 15: Evaluation dimensions used to assess the performance of supervisors
Source: Surman, Tóth, 2019
S1: The guidelines related to the content requirements of the project work are clear and can be
well used.
S2: The guidelines related to formatting requirements are clear and can be well used.
S3: Consultant feedbacks on the different phases of the project work are provided both in an
interpretable way and form.
S4: The consultant offers appropriate, suitable consultation opportunities.
S5: The consultant uses up-to-date tools and methods during consultation and when giving
feedbacks.
S6: Consultations take place in an undisturbed environment with appropriate conditions.
S7: The consultant keeps the jointly agreed deadlines which supports the continuous
progress of project work.
S8: The consultant is ready to help with the problems arising from the student.
S9: During the consultations the consultant shows his/her willingness to share his/her
knowledge in an appropriate and understandable way.
S10: The consultant pays attention to the student’s interest related to the topic of the
project work.
S11: The consultant is available at the agreed dates.
S12: The consultant is willing to answer the emerging questions and requests during
consultation opportunities.
S13: The number and the frequency of consultations during the semester are sufficient.
S14: The consultant’s response time to requests is appropriate.
S15: The consultant’s recommendations and expectations are consistent with the guidelines
related to the content of project work.
S16: The student is given enough help when doing research on the relevant literature.
S17: The student is given enough help related to the appropriateness of the form and
content of references.
S18: The student is given enough help related to the style and professional knowledge.
S19: The consultant professionally supports the preparation for the oral presentation
of the project work.
S20: The consultant is polite, responsive, attentive.
S21: The consultant is familiar with the administration process of project works.
S22: The student trusts the consultant and relies on his/her professional knowledge.
S23: The content requirements of the project work are fulfilled due to the continuous
cooperation between the student and the consultant.
S24: There is a clear communication between the consultant and the student.
S25: There is a partnership between the student and the consultant.
S26: During the semester the student is given personal attention.

Based on the previously utilized questionnaire at the Department, however, similar problems arose with which the Faculty had already faced when evaluating its
teaching performance during the peer review of education. The former survey was
based on a 5 point Likert scale, which turned out not to be expressive enough to
accurately reflect the students’ judgment. In particular, several students argued
that both the attitude and the performance of the supervisor changed during the
semester. Since an accurate reflection of students’ judgment was in the forefront
of the Department to improve its reputation from the students’ point of view, the
questionnaire has been extended with the utilization of the previously introduced
Pliant number-based evaluation.
During the first semester of application, altogether 214 fuzzy evaluations could
be collected and analysed. In the evaluation dimensions listed in Table 15, students
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should express the performance of their supervisors by the parameter triplet l, m
and r, where:
- l represents the worst possible score with which the student would rate his or
her supervisor’s performance;
- m is the score which seems most likely to express the performance of the
supervisor;
- r is the highest possible score with which the student would express his or her
supervisor’s performance.
In addition to that, a single crisp importance score is also assigned to each dimension. Based on these scores, the Pliant numbers representing the supervisors’
performance in each evaluation dimension can be established as introduced in Section
5.2.3, while the average supervisor performance is computed according to Theorem
7. Figure 35 shows the average evaluations of students in each dimension (blue
curve), the grand average (red curve) and the crisp importance score of the studied
dimension (vertical dashed line). Figure 35 reveals that students cannot reduce their
perception to a single value since the evaluation which seems most likely to express
their judgment (where the membership function is close to 1) is more likely an interval than a single point. It can be seen as well that in most of the aspects evaluated,
the performance exhibits a significant variability during the semester. In addition to
that, the difference between the worst possible evaluation and the evaluation which
is most likely to express the rater’s judgment is usually higher than that of between
the best possible evaluation and the center of the fuzzy number. This indicates that
students tend to more often realize that the supervisor’s performance is weaker than
expected. Based on the traditional, crisp evaluations, Surman and Tóth (2019) carried out an importance-performance analysis in order to identify those areas where a
significant gap is likely to exist between the expectations and perceptions. Based on
their results, the evaluation dimensions S4, S5, S6, S13, S20 and S24 turned out to
be those dimensions, where the performance is below the average, whereas the importance is above the mean. Examining the fuzzy-logic-based evaluations in Figure
35 contradicts to some extent to these results, since in these dimensions, the importance scores fall either to the increasing part of the fuzzy numbers or to the segment
where its membership function is close to 1. Based on these findings, one may arrive
at the conclusion that there is no significant difference between the importance and
performance scores. The reason for the inconsistent results of traditional and fuzzy
evaluations is the fact that Likert scales force the rater to reduce his or her opinion
to a single value. As several authors argue, however, it is impossible to reduce the
human perceptions to a single value due to imprecision, vagueness and contrasting
perceptions. As a result, if raters are forced to choose a single value, depending on
which value is chosen, the ones depicting the worst or the best performance, or the
one expressing an ’overall’ perception, the differences can be smaller or greater than
in reality. Moreover, the choice among these values also depends on the attitude of
the student.
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Figure 35: Average evaluations (blue lines) and importance scores (vertical lines) in each dimension used to evaluate the
supervisors’ performance as well as the average performance of supervisors (red curves). The evaluation dimensions are
listed in Table 15
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As Figure 35 reveals, students tend to perceive more often if the performance is
lower than expected. As a result, one may be tempted to conclude that if only a single
value can be chosen, they also tend to choose the value which depicts their worst
experiences, which lead to the fact that the difference between the importance and
performance could be higher than in reality. That is, the traditional Likert scaling
might exaggerate the differences between various evaluation aspects as a result of
the distortion of real experiences.
Since Falk et al. (2010) argue that the maturity of the relationship between
the partners influences the customers’ perceptions, the gathered data have been
segmented based on the level of the project work course, in the case of which the
Kruscal-Wallis test indicates a significant (α = 5%) difference in the case of evaluation aspects S7, S12 and S15 (Surman, Tóth, 2019). The fuzzy logic-based evaluations of these dimensions segmented according to the various project work course
levels are depicted in Figure 36 (see the following page).
A close examination of Figure 36 reveals that the difference between the Pliant
numbers l and r values decreases as the student attends higher levels of project
work courses. That is, the more experience the students gain, the less uncertainty or
variation of the performance are perceived. On the contrary, students of project work
III. courses (these students are writing parallelly their Final Thesis as well) underevaluate their consultants’ work. Besides the evaluation aspect ’The consultant keeps
the jointly agreed deadlines’, however, their expectations are met. An interesting fact
is that in the case of S7, the expectations of Project Work III. students, in the case of
S12 and S15, the requirements of Project Work I. (both in Bachelor and Master level)
and that of the Project Work II. students are not met. These findings further support
the assumption that the level of students’ perceptions depends on the maturity of
the partnership between them and their consultants.
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Figure 36: Average evaluations of the supervisors’ performance at the Department BME-MVT stemming from students
attending different project work levels
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5.3.3

Benefits of involving fuzzy theory into the evaluation of teaching
quality

Based on the results discussed in Section 5.3.1 and 5.3.2, one may conclude that
Pliant numbers offer several benefits when one seeks to evaluate teaching quality.
Since teaching quality is a highly subjective phenomenon, the ambiguity and the
uncertainty are surely inherent in the raters’ evaluation. Besides that, the performance evaluation is usually carried out after the semester and as such, refers to the
semester-long performance of the instructors. During a longer period, however, the
performance fluctuates resulting in contrasting perceptions of the assessor. Taking
into account the fact that traditional Likert scaling allows the rater to choose only
a single value to assess the quality of teaching, the traditional Likert scale is unable to handle the contrasting perceptions or ambiguity. Another problem emerges
from the fact that depending on his or her attitude, some raters prefer to choose
the ’best possible value’ (as it was in the case of the peer review evaluations, in the
case of which the majority of the reviewers gave only the ’good’ marks 4 and 5),
while others tend to choose the ’worst possible’ judgment (in the case of evaluation
of the supervisors’ performance, it has been concluded that students realize more
often that the performance is weaker than expected) which may lead to the fact
that the traditional Likert scale either unduly diminishes or exaggerates the differences between various quality aspects. That is, utilizing traditional Likert scales to
judge the quality of teaching may result in the distortion of information and as a result, managerial decisions related to further service improvement cannot be reliably
supported, either.
Incorporating fuzzy logic into the evaluations, as opposed to the traditional approach, is able to cope with the contrasting perceptions, with the uncertainty or
ambiguity of the assessor as well as to express the fluctuation of the performance
during the examined period. This feature of fuzzy number-based evaluation not only
reflects more precisely the judgment of students but also allows managers to draw
more reliable conclusions related to service quality improvement actions.
The benefits of Pliant number-based evaluation of teaching quality are as follows.
Thesis 6. Pliant or quasi fuzzy numbers established as introduced in Thesis 5, are able to deal with several problems associated with the evaluation
of teaching quality, such as the evaluator’s subjectivity, the uncertainty
and the time-related fluctuation of performance, provided that the parameters l and r of the Pliant number are chosen so that they are proportional to the perceived uncertainty, subjectivity or variability of the
performance. As a result, Pliant number-based evaluation of teaching
quality contains more information than traditional approaches do, which
offers added information to higher education institutions utilizing this
type of measurement.
Related publications: S3, S5, S7, S9, S13, S14.
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5.4

Fuzzy Likert scale-based evaluation of teaching quality

The quasi fuzzy number-based evaluation of teaching quality introduced in Section 5.3 offers several benefits compared to traditional Likert scale-based evaluation
due to its ability of reflecting human judgment more precisely. In their study, Liou
and Chen (2006) also confirm that fuzzy linguistic assessment of service quality is
much closer to human thinking and judgment than the evaluation methods based on
crispy numbers. Lin (2010) also discusses the benefits of involving fuzzy set theory
into service quality measurements and argues that if the fuzziness and vagueness
of human judgment are not taken into account, the obtained results could be misleading. The previously introduced quasi fuzzy number-based evaluation of teaching
(or in more general terms, evaluation of service) quality may be further developed
by linking the perceived performance level to the satisfaction of customers with
the experienced level of performance. As a result, organizational performance and
customers’ satisfaction can be measured simultaneously, which generates added information on organizational strengths and weaknesses to managers utilizing this type
of measurement.
5.4.1

Establishing a fuzzy Likert scale

With the purpose of overcoming the difficulties associated with traditional Likert
scale-based evaluations, on the proposed fuzzy rating scale, the consecutive values
‘completely dissatisfied’, ‘dissatisfied’, ‘rather dissatisfied’, ‘rather satisfied’, ‘satisfied’, ‘completely satisfied’ of the linguistic variable describing the satisfaction of customers with the organizational performance are considered to be fuzzy sets, and they
are linked to the perceived performance level. As a result, a fuzzy Likert scale could
be established, which is not only able to map the relationship between satisfaction
and organizational performance but also incorporates the benefits of fuzzy numberbased evaluation of service quality. From a managerial point of view, the knowledge
on how customer satisfaction depends on the perceived level of service quality and an
accurate reflection of these judgments are essential if one aims at identifying those
areas where further improvement of service quality is urgently needed.
Hypothesis 10. Considering that the consecutive values ‘completely dissatisfied’,
‘dissatisfied’, ‘rather dissatisfied’, ‘rather satisfied’, ‘satisfied’, ‘completely satisfied’
of the linguistic variable describing the satisfaction of the customers with the experienced performance of an organization are fuzzy sets, a fuzzy Likert scale could be
established. This fuzzy Likert scale is able to represent the often nonlinear relationship between the experienced level of performance and the customer satisfaction with
the perceived level of performance. Fuzzy Likert scale-based evaluation of teaching
quality is much closer to human thinking than traditional, crisp evaluations and as
such, supports managerial decisions related to further service quality improvement
far better than traditional approaches do.
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The membership functions of the fuzzy sets representing the customers’ judgment
are composed of two sigmoid functions, which are conjuncted by Dombi’s intersection operator as described previously in Section 5.2. In our approach, each possible
value of the linguistic variable is represented by a sigmoid-shaped membership function, the parameters of which are determined based on customers’ expectations. It
has been proved in section 5.2 that the sigmoid-shaped membership functions can be
unambiguously given by determining their parameters based on the l, m and r values.
In order to establish the fuzzy Likert scale, the following considerations are taken
into account:
- To each possible value of the linguistic variable, a sigmoid-shaped membership
function is assigned;
- To the value ‘completely dissatisfied’, a membership function with l = −∞,
and similarly, to the value ‘completely satisfied’, a membership function with
r = ∞ is assigned;
- In each point of the scale, two linguistic terms are defined with a membership
value being greater than ε;
- The value m of a certain membership function is assumed to be equal to the
value of r of the previous membership function and to the value of l of the
forthcoming membership function. This consideration reduces the computation
effort and facilitates the application of the proposed scale owing to the fact
that only the value of m of each of the possible values of the linguistic variable
should be asked in a questionnaire.
Unlike several studies in the literature (e.g. Benítez et al., 2007; Hu et al., 2010;
du Plessis et al., 2018), the proposed methodology does not require the parameters
l, m and r to be determined by the researcher. Instead, these values stem from
customers’ expectations, which allows the researcher to take the customers’ requirements regarding the expected performance level into account as well. Since the main
aim of the discussed methodology is to map the relationship between the performance provided by an organization and the customers’ judgment on the perceived
level of performance, during the ’calibration phase’ of the scale, some customers are
asked to answer the following questions in each of the dimensions to be evaluated:
Assuming that the performance of an organization is measured on a scale between 0 and 100:
- What is the performance level (m1 ) under which you would be ‘completely dissatisfied’ with
the performance of the organization?
- What is the performance level (m2 ) which seems most likely to express the performance if you
are ‘dissatisfied’ with the performance of the organization?
- What is the performance level (m3 ) which seems most likely to express the performance if you
are ‘rather dissatisfied’ with the performance of the organization?
- What is the performance level (m4 ) which seems most likely to express the performance if you
are ‘rather satisfied’ with the performance of the organization?
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- What is the performance level (m5 ) which seems most likely to express the performance if you
are ‘satisfied’ with the performance of the organization?
- What is the performance level (m6 ) above which you would be ‘completely satisfied’ with the
performance of the organization?

By answering the above listed questions, the values of m can be determined for
each membership function. Since the value m of a certain membership function
is assumed to be equal to the value r of the previous and to the value l of the
following membership functions, for each possible value of the linguistic variable, the
corresponding membership function can be established unambiguously by utilizing
the results of Theorem 4 and Dombi’s intersection operator in (107). Figure 37
depicts a fuzzy rating scale and the values addressed by a questionnaire.

Figure 37: Example of fuzzy Likert scale-based evaluation of teaching quality. The
upper x-axis denotes the values which should be asked in a questionnaire
5.4.2

Fuzzy rating scale-based evaluation of supervisors’ performance

Based on the favourable properties of quasi fuzzy number-based evaluation of
teaching performance, a novel evaluation framework has been launched at the Department of Management and Business Economics at Budapest University of Technology and Economics with the purpose of evaluating the supervisors’ performance
during project work courses. The usefulness of this type of evaluation is introduced
in Section 5.3, demonstrated through some examples in Section 5.3.2, whereas Thesis
6 summarizes the main benefits of the introduced methodology. The questionnaire
utilized to collect feedbacks on the supervisors’ performance after students have finished their project works consists of 26 statements, each of which is evaluated by
a sigmoid-shaped quasi fuzzy number, and in addition to that, a crisp importance
score is given for each statement as well (Surman, Tóth, 2019).
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In spite of the encouraging results, the previously introduced quasi fuzzy numberbased evaluation allows students to express only the performance of the supervisors,
while their satisfaction with the perceived level of performance cannot be taken
directly into account. Acknowledging this limitation, the ultimate goal of fuzzy
Likert scale-based evaluation is to overcome the lack of connection between the
supervisors’ performance and the satisfaction of students with the experienced level
of performance.
Since during the ’calibration’ phase, the above listed 6 questions needed to be
answered in each evaluation dimension, the establishment of the fuzzy rating scale
was limited to those dimensions which had the highest importance scores during the
previous semesters. According to Tóth and Surman (2018), based on the first year of
application, the following five statements turned out to have the highest importance
scores given by students:
Table 16: Evaluation dimensions involved into the establishment of the fuzzy rating
scale, their importance scores and the corresponding weights
Statement
The consultant is ready to help with the problems
arising from the student.
The consultant is willing to answer the emerging
questions and requests during consultation opportunities.
Consultants’ feedbacks on the different phases of the project
work are provided both in an interpretable way and form.
The consultant is available at agreed dates.
The student trusts the consultant and relies on his/her
professional knowledge.

Importance score

Weight

6.606

0.203

6.587

0.201

6.518
6.516

0.199
0.199

6.477

0.198

With the purpose of determining the membership functions of the fuzzy sets representing the consecutive ’values’ on the fuzzy Likert scale, some students were asked
to give the performance level under which he or she would be completely dissatisfied
with the consultant’s performance and similarly, to address the performance level
above which he/she would be completely satisfied with his or her supervisor’s performance for each statement listed in Table 16. The ’scale points’ located in the
middle of the scale are determined by asking students to give the performance level
which seems most likely to express the performance of the supervisor if they are ’dissatisfied’, ’rather dissatisfied’, ’rather satisfied’ and ’satisfied’ with the experienced
level of performance, respectively. In light of the fact that students could answer the
previously mentioned questions for each of the evaluated dimensions separately, the
different expectations related to the supervisors’ performance among the investigated
aspects could be taken into account as well.
Figure 38 depicts the supervisors’ performance (on the x-axis) and the membership functions of the consecutive values of the linguistic variable describing the
students’ satisfaction assigned to the performance level in each investigated dimension.
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Figure 38: Membership functions of the consecutive values of the linguistic variable assigned to the supervisors’ performance
in the investigated dimensions
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Figure 38 suggests that the linguistic terms representing the students’ (or in more
general, the customers’) satisfaction depend on which aspect of teaching quality is to
be evaluated. For instance, in the evaluation dimension ’The consultant is ready to
help with the problems arising from the student’, the supervisors’ performance should
be higher than 58.4 if they seek to avoid completely dissatisfied students and should
achieve as high performance as 96.5 to completely satisfy their students. On the contrary, in the case of the dimension ’Consultants’ feedbacks on the different phases of
the project work are provided both in an interpretable way and form’, a performance
level of 37.3 is considered to be enough to avoid completely dissatisfied students,
while the performance of 93.1 is already thought to be enough to fully satisfy students. The different positions of the fuzzy sets representing students’ satisfaction
indicate that various expectations exist regarding the acceptable performance level
among the investigated dimensions. Stokalsa et al. (2018) (p. 169) also point out
that ’the meaning of the linguistic labels can be context dependent’. One may say, the
higher the importance of a particular quality aspect is, the higher the requirements
related to the performance level are. While in the case of the supervisor’s readiness
to help, which has the highest importance score from the students’ point of view, a
performance level of 55 is ’completely dissatisfying’, the same performance level is
considered to be somewhere between ’dissatisfying’ and ’rather dissatisfying’ if the
supervisor’s availability at agreed dates is examined, which statement turned out to
be less important.
A close examination of Figure 38 also reveals that the distance between the
consecutive ’scale points’ is not constant. Investigating the evaluations given in the
dimension ’The student trusts the consultant and relies on his or her professional
knowledge’, the distance between the ’scale points’ which seem most likely to express
the performance if students are ’dissatisfied’ and ’rather dissatisfied’, respectively,
is 13.8 units, whereas the consecutive scale point is only 6.1 units away. Figure 38
also unveils that up to the one-third, in some cases up to the half of the performance
scale, students are usually ’completely dissatisfied’ with their supervisor’s work. On
the contrary, on a traditional Likert scale, a performance level around the one-third
of the performance scale is usually considered as the second or the third linguistic
term representing customer satisfaction, while the midpoint of the scale corresponds
somehow to the neutral judgment.
An additional weakness of the traditional Likert scale-based evaluations is the
assumption of ’crisp’ boundaries among the consecutive ’values’ representing the
assessor’s judgment. In reality, however, due to vagueness, imprecision and uncertainty, the boundaries separating the consecutive levels of customer satisfaction are
vague. Lin (2010) also argues that if the fuzzy nature of human judgment is not
taken into account, the evaluation of service quality and as a consequence, the managerial conclusions drawn could be misleading. The proposed methodology is able
to deal with these issues since a particular level of performance may belong to two
different linguistic terms representing the customers’ judgment on the given performance level. This feature of the introduced fuzzy rating scale also allows us to take
into account that the same performance might be judged differently if more than
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one rater is asked to evaluate the service quality or if the rater is unsure of his or
her judgment. For example, if the supervisor’s willingness to answer is studied, a
performance around 90 is judged by some students as ’satisfying’, while others are
already ’completely satisfied’ with the same level of performance. Traditional approaches, however, are always built on the premise that there is a crisp boundary
among the consecutive levels of customer satisfaction. In his work, Jónás (2011) also
confirms that presuming a crisp boundary between the successive levels of customer
satisfaction is not consistent with human thinking.
In addition to that, the performance may vary as time goes on without influencing
the judgment on this performance. Tóth, Surman and Árva (2017b) argue that the
students’ perception on the same aspect of teaching quality may exhibit a significant
difference during and after the semester (See Table 14). While traditional approaches
cannot deal with these issues, the suggested methodology is able to capture and
precisely ’measure’ the variation of performance since a particular linguistic term is
assigned instead of a single point to a wider interval on the performance scale.
Based on Theorem 7, the previously introduced fuzzy sets (see Figure 38) can
be aggregated into an ’average’ fuzzy set. The corresponding weights stem from the
importance scores of the investigated dimensions and are listed in Table 16. The
rating scale shown in Figure 39 depicts the overall judgment on the supervisors’
performance, where each of the previously studied dimensions are taken with the
corresponding weights into account. The upper x-axis on Figure 39 belongs to a
scale on which the consecutive values ’completely dissatisfied (0)’, ’dissatisfied (20)’,
’rather dissatisfied (40)’, ’rather satisfied (60)’, ’satisfied (80)’, ’completely satisfied
(100)’ of the linguistic term are distributed equally apart from each other, exactly
as often practiced when one carries out a Likert scale-based evaluation.

Figure 39: Membership functions of the linguistic terms representing the overall
performance of the supervisor
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Based on Figure 39 one may arrive at the conclusion that this assumption does
not match the real expectations of customers, exactly as Chen et al. (2010) argue.
That is, traditional Likert scaling not only lacks the ability to involve uncertainty,
vagueness, imprecision into the evaluations or to take the variation of performance
into account (Gil, González-Rodríguez, 2012), but the assumption of the same ’distance’ between the consecutive scale points58 is not consistent with human judgment. Furthermore, the relationship between organizational performance and the
satisfaction of consumers is highly nonlinear59 (Falk et al., 2010). Besides that, the
proposed methodology allows the researcher to ’calibrate’ the scale points according
to the expectations of the customers, that is, the expectations of customers can be
incorporated into the establishment of the proposed rating scale. Traditional Likerttype evaluations, on the contrary, lack this flexibility (Chen et al., 2010). As a result
of the limitations of the Likert scale-based evaluation, either the performance or the
satisfaction is improperly evaluated, which may lead to weakly supported managerial
decisions and as a consequence, may set the organizational competitiveness back as
well.
After ’calibrating’ the proposed fuzzy rating scale, this scale may be applied
in two different ways: either the performance is surveyed and based on this, the
organization determines the satisfaction levels of its customers, or customers are
asked to express how satisfied they are with the experienced level of performance
and based on this, the level of performance can be characterized. If needed, Eq. 159
can be utilized to turn the sigmoid-shaped fuzzy sets into a single, crispy value.
There are two notable limitations that should be highlighted here. One of the
disadvantages of the proposed methodology is the need to answer six questions during the ‘calibration phase’ of the scale in each of the service quality aspects to be
evaluated, which was the reason for reducing the application of the proposed fuzzy
Likert scale to those five evaluation dimensions that were believed to have the highest importance for students. Besides that, as Lubiano et al. (2016) also pinpoint,
respondents need a special training or a detailed explanation before one could apply
fuzzy rating scales.
Since an accurate and balanced picture of student satisfaction is urgently needed
to improve service quality and thereby to increase student loyalty, the proposed fuzzy
rating scale offers a more reliable and a more balanced picture to the supervisors
on their strengths and weaknesses. Based on feedbacks provided by the application
of fuzzy rating scales, individuals and managers being responsible for improvement
can rank more precisely the areas where further improvement is urgently needed
58
It should be highlighted here, that theoretically, Likert scales are considered as ordinal scales.
On an ordinal scale, the ’distance’ between the scale points is not known and has no further meaning.
In practice, several authors handle the Likert scale as if it were an interval scale by presuming the
same distance between its values (Lubiano et al., 2016). Wu (2007) also argues that the consecutive
values on a Likert scale are not located equally apart from each other. His results are in line with
my findings.
59
Falk et al. (2010) point out that customers’ satisfaction with the same quality aspect depends
on how mature the relationship with the customer is. In their work, a nonlinear structural equation
modeling-based procedure is employed to deal with these issues.
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to achieve or to maintain a higher level of student satisfaction and organizational
excellence.
In addition to that, the applicability of the proposed scale is not limited merely
to the assessment of student satisfaction. Several other fields in which the evaluation is subjective in nature may be investigated by the proposed methodology; for
instance, Hudák (2018) investigated the applicability of the proposed methodology
in the hotel industry, while Matiszkó (2019) in the case of Hungarian music festivals.
Besides involving other areas of teaching quality into the questionnaire, or examining the stakeholders’ expectations in higher educational context (e.g. policy makers’
expectations, employee satisfaction), the introduced methodology may support managerial decisions in a couple of other areas where evaluation of service quality and
based on this, the improvement of service quality is at the forefront of organizational
excellence. Based on the previously discussed favourable properties, one may say
that the fuzzy rating scale introduced in this paper offers a viable alternative technique for these evaluation goals. Among others, examining the quality of healthcare
institutions (Dénes, 2015) and the satisfaction of patients with the experienced level
of performance can be done in the same way and this investigation leads to the same
results concerning the benefits of the proposed fuzzy rating scale which have been
already discussed previously60 . Results of the study concerning the applicability of
the proposed methodology in a healthcare context are depicted in Figure A13-A14
in the Appendix.
The following Thesis summarizes both the establishment and the main benefits
of the introduced methodology.
Thesis 7. The consecutive ’values’ of the linguistic variable expressing
the satisfaction of the customers with the experienced level of the organizational performance can be assigned to each level of the performance
of an organization so that these linguistic terms are able to represent
customers’ judgment on the examined level of performance. Considering
the possible values of the linguistic variable as fuzzy sets, an evaluation
framework could be established which is able take into account the fact
that the customers’ judgment may depend on which aspect of the organizational performance is to be evaluated. Applying the intersection of
two sigmoid functions as the membership function of the aforementioned
fuzzy sets allows this evaluation framework to be established completely
based on customers’ expectations. This property of the fuzzy rating scale
makes it possible to describe the relationship between the experienced level
of organizational performance and the satisfaction of consumers with this
level of performance by mathematical functions by taking customers’ expectations into account as well.
Related publications: S11, S15.
60

In our paper (S15: Tóth et al., 2019) the applicability of the proposed methodology to evaluate
out-patient services is investigated. Regarding the benefits of the proposed methodology, one may
can draw the same conclusions that are thoroughly discussed above.
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6

Conclusion and managerial implications

In my work, the possible applications of Omega, sigmoid and quasi sigmoid
functions have been introduced for quality and reliability engineering purposes. It
can be concluded that all of the aforementioned functions can be derived from the
Pliant probability distribution Function and due to their flexibility, these functions
offer the possibility to model both the empirical failure rate time series and the
human judgment more precisely than the majority of traditional approaches does.
An important practical benefit of these functions is that they can be parametrized
so that each of the function parameters has a direct meaning.

6.1

Practical application of failure rate prediction techniques

Despite being critized by some authors (Wong, 1988; Klutke et al., 2003), the
bathtub curve (Gnyegyenko et al. 1970; Balogh et al., 1980; Gaál, Kovács, 1994;
Almalki, Nadarajah, 2014; Csiba et al., 2018) is still widely employed to model the
hazard rate of a component or system. Though, the relevant literature proposes
several random variables the hazard function of which can be employed to model
bathtub-shaped hazard rates (Rajarshi, Rajarshi, 1988; Almalki, Nadarajah, 2014),
in some cases, choosing the most appropriate model requires additional computational effort (Zhang, Dwight, 2013). Moreover, conducting specific reliability tests
after manufacturing is not a common practice anymore and as a result, the management of original equipment manufacturer or service provider companies does not
have sufficient knowledge to identify the probability distribution with which empirical failure rate time series could be described.
Owing to their flexibility, the hazard functions composed of quasi sigmoid functions are able to model a wide range of empirical failure rate time series without
regard to their specific shape. The reason for this is the fact that the proposed hazard function can be considered as one offering an approximation to the time series of
the empirical failure rate time series and as such, it does not require the knowledge of
the random variable τ describing the time elapsed to the first failure of the component
or system. That is, quasi sigmoid functions can be applied to model bathtub-shaped
empirical failure rate time series even in cases when the probability distribution of
the empirical failure rate time series is not known. The geometric interpretation of
the function parameters generates added information to the management related to
the applicable maintenance strategies or to resource planning.
Having described the empirical failure rate time series of end-of-life products by
the proposed hazard function, by applying standardization and clustering methods,
one may identify the typical patterns of the empirical failure rate time series among
the investigated devices. This knowledge may be utilized for prediction purposes
since reliability characteristics of end-of-life products and active devices are usually
quite similar (Lee, Lee, 2008). Measuring the similarity between the fractional failure rate time series of an active device and the cluster characteristic standardized
failure rate curves allows us to predict the continuation of an incomplete failure rate
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time series as well. Since for prediction purposes bathtub-shaped hazard models
are utilized and these functions are defined over a bounded interval, the proposed
prediction technique is able to predict both the turning points and the last item
of the bathtub curve, whereas traditional, statistical prediction techniques lack this
ability. In Section 4.5 it has been concluded that after some minor modifications,
any bathtub-shaped hazard function defined over a bounded interval can be applied
for forecasting purposes in the same way as quasi sigmoid functions are utilized.
Forecasting the continuation of empirical failure rate time series supports primarily the managerial decisions of repair service provider companies related to resource
planning over the medium- and the long term. Knowing which trend the failure rate
time series follows in the future, the demand for particular repair services can be
prognosed with high accuracy resulting in a more adequate resource planning concerning financial, human and physical resources. Chen et al. (2018) and in a prior
study, Park and Pham (2012) also pinpoint that the prediction of the failure rate
as well as the demand for repair services are crucial in today’s highly competitive
environment to achieve loyal customers and organizational excellence. The proposed
methodology is accurate enough to predict both the turning points and the last item
of the bathtub curve well in advance which can be considered as the main benefit of
the method discussed. From a managerial point of view, this property is beneficial
since excess resources can be avoided when the bathtub curve turns from its first
into its second phase and similarly, knowing when the failure rate time series turns
to its increasing third phase, additional resources can be provided in time. Adequate
resource planning based on the proposed methodology not only enhances the organization’s efficiency by mitigating the risk of over or understocking spare parts, but
increases customer satisfaction as well due to the fact that an accurate prediction
of the demand for particular repair services can help to shorten the time needed to
execute these repair services (Kasper, Lemnik, 1989). Besides that, financial benefits
can be achieved as well. Original equipment manufacturers designing and producing the examined devices can conclude on typical reliability characteristics of their
products. This knowledge may support both technological and financial decisions.
Besides enhancing the reliability of their products, original equipment manufacturers
can utilize the knowledge originating from the proposed methodology to estimate the
amount of money needed later on to provide warranty services, to create provisions
or to work out the level and type of after sales services.
While in the case of consumer electronic devices or other commonly used equipment the provision of warranty services is in the forefront of several organizations,
in the case of industrial applications, developing the maintenance strategies for renewable plan equipment lays the cornerstone of competitiveness. Deshpande and
Modak (2002) conclude that the theory of bathtub curve has been incorporated into
Preventive Maintenance Strategies as early as in the 1960s. Subsequently, due to
the introduction of just-in-time systems downtime has came in sharper focus, which
requires a more accurate prediction of the failures. Kwon et al. (2010) developed
a model to identify the optimal burn-in period and replacement policy for products
having a bathtub-shaped failure rate function. In a more recent study, Shafiee and
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Asgharizadeh (2011) propose a mathematical model to derive the optimal burn-in
period, the optimal number of preventive maintenance interventions as well as the
corresponding maintenance level so that the total mean servicing cost of the product with a bathtub-shaped failure rate function is minimized. An essential part of
the proposed methodology is, however, that one should know the consecutive values of the hazard rate to identify the best strategy to burn in and maintain the
investigated devices. In his work, Bognár (2019) also argues that the applicability
of various maintenance policies depends on in which phase of the bathtub curve the
empirical failure rate time series is currently located. That is, decisions related to
the maintenance strategies or warranty strategies often require a priori estimation
of the empirical failure rate time series, which may be supported by the proposed
prediction techniques. An optimal maintenance strategy not only decreases downtime of the equipment and costs but yields to increasing productivity. In their work,
Takata et al. (2004) also confirm the ever increasing role of maintenance during
the product life-cycle. That is, an accurate prediction of the empirical failure rate
time series may lay the foundation of planning the maintenance strategies. Some
possible future research directions related to the above mentioned utilization of the
prediction technique are discussed in Section 7.
In Section 4.4 the applicability of the Omega probability distribution has been
introduced. Due to its flexibility, the Omega hazard function can also be applied to
model bathtub-shaped empirical failure rate time series. Besides my research, the
study carried out by Okorie and Nadarajah (2019) also confirms that the Omega
hazard function is able to describe empirical failure rate data more accurately than
other random variables proposed in the literature do.

6.2

Application of fuzzy logic-based evaluation of teaching quality

Boone and Boone (2012) and Joshi et al. (2015) argue that Likert scales are
applied as one of the most fundamental and frequently used psychometric tools in
studies related to educational or social sciences. Due to their limitations, however,
these scales are subjected to a lot of criticism. Since the Likert scale offers a limited,
though pre-specified set of possible answers, the subjectivity, the diversity, the contrasting perceptions and the fluctuation of the performance cannot be incorporated
into Likert scale-based evaluations (Gil, González-Rodríguez, 2012).
By utilizing some principles of Dombi’s Pliant Inequality Model (Dombi, 2009),
based on two sigmoid functions, a quasi fuzzy number can be set up. These Pliant
or quasi fuzzy-numbers are suitable to handle the weaknesses of traditional Likert
scales due to their ability to reflect the imprecision, ambiguity and the variation
of the performance. The proposed Pliant number-based evaluation has two notable
benefits which should be highlighted here. First, the Pliant number-based evaluation
does not differ from the traditional form of evaluation in the sense that the rater could
express his or her opinion about the performance on a simple rating scale. Instead
of choosing a single value which seems most likely to express his or her judgment,
however, the respondent chooses two additional values, one of them expressing the
145

Application of soft-computing techniques for management purposes
worst, the other one the best experience of the rater. Second, the basic descriptive
statistical analyses of Pliant number-based responses are easy to conduct.
Since teaching quality is a highly subjective matter and the evaluations are usually given at the end of the semester, to some extent, these evaluations are subjected
to contrasting perceptions and to the variation of the performance as time goes on.
On the grounds that Pliant numbers are able to incorporate the subjective elements
of teaching quality as well as the fluctuation of the performance and the contrasting
perceptions into the evaluations, this type of evaluation results in a more balanced
picture on teaching quality. In the case of the peer review program, Pliant numbers
could help the Faculty to reduce the amount of narrative comments and thereby
to foster further statistical analyses. By virtue of the higher amount of information embedded in the evaluations, the proposed methodology allows a more detailed
comparison of different lecturers’ performance and as such, supports the identification of strengths and weaknesses as well as the dissemination of good teaching
practices. Recognizing those aspects where further improvement is needed is urgent
if the university under investigation seeks to further develop its teaching practices
and thereby to gain a competitive advantage in the market. In the case of the
feedbacks related to the supervisors’ work, one may say that the proposed Pliant
number-based evaluation is able to ’capture’ the always changing judgment of the
students on their supervisors’ performance. As Falk et al. (2010) point out, the
maturity of the customer-supplier relationship highly influences the customer’s perceptions on a particular quality aspect. Pliant numbers involve these alterations in
the evaluations given and as such, yield to a more precise reflection of the supervisors’
performance. The evaluations may serve as a foundation for establishing standards
related to consultation opportunities with the purpose of maintaining high levels of
student satisfaction. Besides that, supervisors can identify those areas in which their
students would expect or appreciate more support.
In Section 5.4, the Pliant number based-evaluation has been further developed
with the aim of measuring the perceptions and the satisfaction simultaneously. This
fuzzy rating scale is established completely based on students’ expectations regarding
the desired level of performance. That is, the proposed rating scale not only characterizes the often nonlinear relationship between the organizational performance
and the satisfaction of its consumers with the perceived level of performance, but
assimilates the expectations of customers into the establishment of the rating scale
as well. In addition to that, the proposed rating scale is able to handle the different expectations in various service quality-related dimensions. That is, besides the
already discussed benefits of Pliant number-based evaluations, this rating scale is
flexible enough to indicate how the satisfaction of students depends on the perceived
level of performance. This feature allows managers being responsible for quality
improvement to predict how the level of customer satisfaction might react to an improvement of performance. Because of the fact that universities are operating under
strong financial pressure and continuously growing competition among institutions,
recognizing the linkage between the performance and the satisfaction may grant the
competitive advantage in the marketplace.
146

Gábor Árva – Dissertation

7

Further research plans

As Section 6 confirms the proposed prediction technique can be utilized for various purposes during the product life-cycle, while the Pliant number-based evaluation
of teaching quality is able to incorporate the subjective elements of the assessment as
well as the variation of the performance into the evaluations given. In this section,
some further research plans are demonstrated with which the applicability of the
proposed methodologies may be further improved.
The introduced forecasting technique may be further developed by application of
machine learning techniques (like artificial neural networks, fuzzy inference systems
or fuzzy-neuro algorithms). The components of the hazard function in Eq. (29) might
be considered as known input-output data pairs utilized to train a machine learning
system: knowing the function l(t) describing the first phase of the bathtub curve, the
continuation of the empirical failure rate time series is given by λc and function r(t).
Based on enough known input-output data pairs, a rule base could be established
(Wang, Mendel, 1992b; Guillaume, 2001) which is able to predict the continuation
of the failure rate time series described by λc and the function r(t), provided that
the parameters of function l(t), representing the first phase of the bathtub curve,
are known. Machine learning techniques may also be utilized if the hazard rate of a
component or systems is modeled by the Omega probability distribution. In addition
to that, the Omega probability distribution may be incorporated into the decision
model proposed by Zhang and Dwight (2013) so that one can identify those cases in
which the Omega probability distribution offers the most accurate fit to an empirical
dataset.
Since the spare parts needed to repair the broken devices is proportional to the
current value of the hazard rate time series, the prediction technique may be extended
so that it is able to predict not only the consecutive values of the failure rate time
series but also the demand for spare parts. Besides that, the linkage between the
failure rate curve and the applicable maintenance strategies may be further studied
as well. Supporting managerial decisions related to the life-cycle of a product may
be considered as another possible application of the proposed methodology, since
there are several factors along the product life-cycle that follow a pattern which is
similar to the inverse of the bathtub curve: an increasing first phase (introduction)
is followed by a second, almost constant phase (maturity) and then, there is a third,
declining phase. Examples include the number of sold items (Kaldasch, 2015) or the
marketing expenses (Catry, Chevalier, 1974). If one might wish to deal with these
issues, the cluster specific functions can be established based on empirical data on
sold items, marketing expenses or so and then, the method can be applied in the
same way as I did previously. That is, the introduced prediction technique has a
broad field of possible application not only in quality or reliability engineering issues,
but in other, service-related functions of an organization as well.
In my work, two methods have been introduced to describe bathtub-shaped empirical failure rate time series; the quasi sigmoid function-based hazard function requires 8 parameters, while the hazard function of the Omega probability distribution
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only 3 parameters to model the bathtub curve. Besides these methods, the relevant
literature (Almalki, Nadarajah, 2014) proposes several other bathtub-shaped hazard
functions with 2-5 parameters to model the hazard rate. After computing the Akaike
Information Criterion (Akaike, 1987), one may be able to compare different models,
that is, to determine, whether the involvement of additional variables into the model
of the bathtub curve significantly enhances the accuracy of the models.
In all cases where the time-related variation of performance, the subjectivity or
the uncertainty of the respondent emerge, or a given dimension is used to rate more
aspects on which the rater might have contrasting perceptions, the fuzzy ratingscale is able to deal with these problems as it has been demonstrated through the
example of evaluating teaching quality. It can be concluded that these problems
arise not only in the case of evaluating teaching quality but in the case of almost
all services containing ’soft’ dimensions to be judged. That is, the application of
fuzzy rating scales is not limited to higher educational issues at all; in the future, I
am seeking to utilize the benefits offered by fuzzy logic-based evaluation in the case
of railway services as well. Since the quality of railway services plays an important
role in competitiveness, (Beck, 2011; Tanner, 2012) but this sector lacks the welldeveloped method to evaluate its service quality (Klein, 2007), the proposed fuzzy
rating scale may offer a method to continuously asses the service quality. In addition
to that, the EU-Norm DIN-EN 13816 also requires that service provider companies
identify the linkage between the expected and the perceived level of performance
(Kövesné, Debreczeni, 2010), for the purpose of which the proposed fuzzy rating
scale offers a viable solution.
While examining the feedbacks on the supervisors’ performance, Surman and
Tóth (2019) found that the importance scores are relatively high for almost all of the
evaluation dimensions listed in Table 15 and as such, one is not able to identify which
dimensions have the highest importance from the students’ point of view. In order
to handle this problem, fuzzy logic may be incorporated into the importance scores
as well by applying a fuzzy Analytic Hierarchy Process (see Nãdãban et al. (2016)
for an overview on this technique) to identify those areas which have the greatest
impact on students’ judgment. An other possible research area to identify the most
important aspects of service quality is to examine the relationship between particular
evaluation dimensions and the final satisfaction of customers. For this purpose, either
fuzzy regression (Yabuuchi, 2015) or soft computational approaches, more precisely
inference techniques, like fuzzy inference systems or artificial neural networks can be
utilized. These methods could serve the purpose of mapping the complex, often nonlinear relationship between these aspects. Having identified the areas where further
improvement is needed, the traditional, ’soft’ techniques of quality management,
like brainstorming, cause-and-effect diagram or Quality Function Deployment can
be applied to further develop the service offered (Bedzsula, Topár, 2014).
Based on the aforementioned considerations, one may arrive at the conclusion
that the proposed techniques offer several benefits for managers being responsible for
quality and reliability management, while the possible developments of the suggested
methodologies extend their applicability to other fields of organizational operation.
148

Gábor Árva – Dissertation

8

List of references and own publications

References
Abdullah, F. (2005): HEdPERF versus SERVPERF: The quest for ideal measuring instrument
of service quality in higher education sector. Quality Assurance in Education, 13(4), 305-328.
https://doi.org/10.1108/09684880510626584
Abid, S. H., Hassan, H. A. (2015): Some additive failure rate models related with MOEU distribution. Americal Journal of System Science, 4(1), 1-10. DOI: 10.5923/j.ajss.20150401.01
Akaike, H. (1987): Factor analysis and AIC. Psychometrika, 52. https://doi.org/10.1007/978-14612-1694-0_29
Akiki, T. K. (2014): A review on effective teaching and learning in higher education. European
Scientific Journal, 1, 159-164. DOI:10.21427/D7K15Q
Al-Garni, A. Z., Jamal, A., Ahmad, A. M., Al-Garni, A. M., Tozan, M. (2006): Neural networkbased failure rate prediction for De Havilland Dash-8 tires. Engineering Applications of Artificial
Intelligence, 19(6), 681-691. DOI: 10.1016/j.engappai.2006.01.005
Al-Garni, A. Z., Jamal, A. (2011): Artificial neural network application of modeling failure rate for Boeing 737 tires. Quality and Reliability Engineering International, 27, 209–219.
https://doi.org/10.1002/qre.1114
Almalki, S. J. (2013): A reduced new modified Weibull Distribution, ArXiv e-prints.
https://doi.org/10.1080/03610926.2013.857416
Almalki, S. J., Nadarajah, S. (2014): Modifications of the Weibull distribution: A review. Reliability Engineering & System Safety, 124, 32-55. DOI: 10.1016/j.ress.2013.11.010
Ardakani, S. S., Nejatian, M., Farhangnejad, M. A., Nejati, M. (2015): A fuzzy approach to service quality diagnosis. Marketing Intelligence & Planning, 33(1), 103-119.
http://dx.doi.org/10.1108/MIP-02-2013-0035
Arreola, R. (2000): Developing a comprehensive faculty evaluation system: A handbook for college
faculty and administrators on designing and operating a comprehensive faculty evaluation System,
Anker, Bolton, MA.
Árva, G. (2014): A budapesti elővárosi vasúti közlekedés fejlesztési lehetőségeinek elemzése. Thesis,
Budapesti Műszaki és Gazdaságtudományi Egyetem.
Asif, M., Searcy, C. (2014): Determining the key capabilities required for performance excellence in higher education. Total Quality Management & Business Excellence, 25(1/2), 22-35.
https://doi.org/10.1080/14783363.2013.807676
Awasthi, A., Chauhan, S. C., Omrani, H., Panahi, H. (2011): A hybrid approach based on
SERVQUAL and fuzzy TOPSIS for evaluating transportation service quality. Computers & Industrial Engineering, 61(3), 637-646. https://doi.org/10.1016/j.cie.2011.04.019
Baggaley, A., Hull, A. (1983): The effect of nonlinear transformations on a Likert scale. Evaluation
& the Health Professions, 6, 483-491. https://doi.org/10.1177%2F016327878300600408
Balakrishnan, N. (1991): Handbook of the Logistic Distribution. Statistics: A Series of Textbooks
and Monographs, Taylor&Francis, Boca Raton.

149

Application of soft-computing techniques for management purposes

Balogh, A., Dukáti, F., Sallay, L. (1980): Megbízhatóság. Minőségellenőrzés és Megbízhatóság,
Műszaki Könyvkiadó, Budapest.
Basaran, M. A., Kalayci, N., Atay, M. T. (2011): A novel hybrid method for better evaluation: Evaluating university instructors teaching performance by combining conventional content analysis with fuzzy rule based systems. Expert Systems with Applications, 38, 12565-12568.
http://dx.doi.org/10.1016/j.eswa.2011.04.043
Bazaraa, M. S., Sherali, H. D., Shetty, C. M. (2006): Nonlinear programming: Theory and algorithms, 3rd Edition, Wiley, New Jersey.
Beck, A. (2011): Barriers to entry in railway passenger services: Empirical evidence for tendering in Germany. European Journal of Transport and Infrastructure Research, 11(1), 20-41.
https://doi.org/10.18757/ejtir.2011.11.1.2908
Bede, B. (2013):
Fuzzy numbers, Springer
https://doi.org/10.1007/978-3-642-35221-8_4

Berlin

Heidelberg,

Berlin,

Heidelberg.

Bedzsula, B., Topár, J. (2014): Minőségmenedzsment szemlélet és eszközök szerepe a felsőoktatás
fejlesztésében. Magyar Minőség, 23(3), 34-47.
Bedzsula, B., Kövesi, J. (2016): Feedback of student course evaluation measurements to the budgeting process of a faculty. Case study of the Budapest University of Technology and Economics
Faculty of Economic and Social Sciences. In: Dahlgaard-Park, S. M., Dahlgaard, J. J. (Eds.): 19th
QMOD-ICQSS Conference International Conference on Quality and Service Sciences. Rome, Italy,
21.-23. September, Lund: Lund University Library Press, 216-228.
Behdioğlu, S., Acar, E., Arda Burhan, H. (2019): Evaluating service quality by fuzzy SERVQUAL:
A case study in a physiotherapy and rehabilitation hospital. Total Quality Management & Business
Excellence, 30(3/4), 301-319. https://doi.org/10.1080/14783363.2017.1302796
Benavente, R., Vanrell, M. (2004): Fuzzy colour naming based on sigmoid membership functions,
European Conference on Colour in Graphics, Imaging and Vision (CGIV’04), 5-6. April, 135-139.
Benítez, J. M., Martín, J. C., Román, C. (2007):
Using fuzzy number for measuring quality of service in the hotel industry. Tourism Management, 28(2), 544–555.
https://doi.org/10.1016/j.tourman.2006.04.018
Berk, R. A. (2005): Survey of 12 strategies to measure teaching effectiveness. International Journal
of Teaching and Learning in Higher Education, 17(1), 48-62. DOI: 10.1.1.454.3400
Bevilacqua, M., Ciarapica, F. E., Giacchetta, G. (2006):
A fuzzy-QFD approach
to supplier selection. Journal of Purchasing & Supply Management, 12, 14-27.
https://doi.org/10.1016/j.pursup.2006.02.001
Beynon, M. (2001): DS/AHP method: A mathematical analysis, including an understanding of uncertainty. European Journal of Operational Research, 140, 148-164. https://doi.org/10.1016/S03772217(01)00230-2
Bezdek, J. C. (1981): Pattern recognition with fuzzy objective function algorithms, Plenum Press,
New York. DOI: 10.1007/978-1-4757-0450-1
Blackmore, J. A. (2005): A critical evaluation of peer review via teaching observation
within higher education. International Journal of Educational Management, 19(3), 218-232.
https://doi.org/10.1108/09513540510591002
Bognár, F. (2019): Karbantartási stratégiák és rendszerek. In: Bognár, F. (Ed.): Karbantartásmenedzsment, Veszprémi Egyetemi Kiadó, Veszprém.

150

Gábor Árva – Dissertation

Boone, H. N., Boone, D. (2012): Analyzing Likert data. Journal of Extension, 50(2).
Boyerinas, B. M. (2016): Determining the statistical power of the Kolmogorov-Smirnov and
Anderson-Darling Goodness-of-Fit tests via Monte Carlo Simulation.
Brown, J. D. (2001): Using surveys in language programs, Cambridge University Press.
Brown, J. D. (2011): Likert items and scales of measurement. SHIKEN: JALT Testing & Evaluation
SIG Newsletter, 15(1), 10-14.
Bunce, L., Baird, A., Jones, S. E. (2017): The student-as-consumer approach in higher education and its effects on academic performance. Studies in Higher Education, 42(11), 1958-1978.
https://doi.org/10.1080/03075079.2015.1127908
Byrd, R. H., Hribar, M. E., Nocedal, J. (1999): An interior point algorithm for large-scale nonlinear
programming. SIAM Journal on Optimization, 9(4), 877–900. DOI: 10.1137/090747634
Calcagnì, A., Lombardi, L. (2014): Dynamic fuzzy rating tracker (DYFRAT): a novel methodology
for modeling real-time dynamic cognitive processes in rating scales. Applied Soft Computing, 24,
948-961. https://doi.org/10.1016/j.asoc.2014.08.049
Carifio, J., Perla, R. J. (2007): Ten common misunderstandings, misconceptions, persistent myths
and urban legends about Likert scales and Likert response formats and their antidotes. Journal of
Social Sciences, 3(3), 106-116. https://https.doi.org/10.3844/jssp.2007.106.116
Catry, B., Chevalier, M. (1974): Market share strategy and the product life cycle. Journal of
Marketing, 38(4), 29-34.
Chandrakantha, L. (2013): Using Excel Solver in minimization problems.
Chang, L. (1994): A psychometric evaluation of 4-point and 6-point Likert-type scales
in relation to reliability and validity. Applied Psychological Measurement, 18(3), 205-215.
DOI:10.1177/014662169401800302
Chan, J. C. (1991): Response-order effects in Likert-type scales. Educational and Psychological
Measurement, 51(3), 531-540. https://doi.org/10.1177%2F0013164491513002
Chatfield, C. (2001): Time-series forecasting. Chapman & Hall/CRC. CRC Press, Boca Raton.
Chen, C. C., Lai, C. M., Liu, H. S. (2010): Fuzzy measures for service quality of fuzzy numbers. 2010
IEEE International Conference on Industrial Engineering and Engineering Management, Macao,
2010, 415-418. DOI: 10.1109/IEEM.2010.5674477
Chen, T. C. (2001): Applying linguistic decision-making method to deal with service evaluation
problems. International Journal of Uncertainty, Fuzziness and Knowledge Based Systems, 9(1),
103-114. https://doi.org/10.1142/S0218488501001022
Chen, T. Y., Lin, W. T., Sheu, C. (2018): A dynamic failure rate forecasting model for service
parts inventory. Sustainability, 10(7), 2408. https://doi.org/10.3390/su10072408
Chen, Z., Cao, F. (2009): The approximation operators with sigmoidal functions. Computers &
Mathematics with Applications, 58(4), 758-765. https://doi.org/10.1016/j.camwa.2009.05.001
Chien, C. J., Tsai, H. H. (2000): Using fuzzy numbers to evaluate perceived service quality. Fuzzy
Sets and Systems, 116, 289-300. https://doi.org/10.1016/S0165-0114(98)00239-5
Chiu, S. L. (1994): Fuzzy model identification based on cluster estimation. Journal of Intelligent
& Fuzzy Systems, 2(3), 267–278. DOI: 10.3233/IFS-1994-2306

151

Application of soft-computing techniques for management purposes

Chun Sheng, L. (2011): The Improved Partition Coefficient. Procedia Engineering, 24, 534-538.
https://doi.org/10.1016/j.proeng.2011.11.2.691
Cohen, A. C. (1965):
Maximum Likelihood estimation in the Weibull distribution
based on complete and on censored samples. Technometrics, 7(4), 579-588. DOI:
10.1080/00401706.1965.10490300
Conrad, J., Botner, O., Hallgren, A., Pérez de los Heros, C. (2003): Including systematic uncertainties in confidence interval construction for Poisson statistics. Physical Review D, 67(1).
https://doi.org/10.1103/PhysRevD.67.012002
Coombs, C. H. (1960): A theory of data. Psychological Review, 67, 143-159. DOI: 10.1037/h0047773
Cooray, K. (2006): Generalization of the Weibull distribution: The odd Weibull family. Statistical
Modelling, 6(3), 265–277. DOI: 10.1191/1471082X06st116oa.
Cox, B., Ingleby, A. (1997): Practical pointers for quality assessment, Kogan Page, London.
Csendes, T. (1988): Nonlinear parameter estimation by GLOBAL optimization - Efficiency and
reliability. Acta Cybernetica, 8(4), 361-372.
Csendes, T., Pál, L., Sendin, J. O. H., Banga, J. R. (2008): The GLOBAL optimization method
revisited. Optimization Letters, 2(4), 445-454. https://doi.org/10.1007/s11590-007-0072-3
Csiba, J., Kiss, Cs., Malatinszky, S. (2018): Kihívások és tendenciák a vasúti járművek karbantartásával kapcsolatban. In: Magyar, L., Bognár, F. (eds.): A karbantartás menedzsmentje Válogatott tanulmányok Gaál Zoltán 70. születésnapjára, 1. Kötet, Veszprémi Egyetemi Kiadó,
Veszprém.
D’Elia, A., Piccolo, D. (2005): A mixture model for preference data analysis. Computational
Statistics and Data Analysis, 49, 917-934. https://doi.org/10.1016/j.csda.2004.06.012
Dénes, R. V. (2015): Minőség indikátorok az egészségügyi intézmények minőségfejlesztésében.
Magyar Minőség, 24(8/9), 21-27.
Denson, W. (2006): Handbook of 217Plus Reliability Prediction Models, Reliability Information
Analysis Center.
Deshpande, V. S., Modak, J. P. (2002): Application of RCM to a medium scale industry. Reliability
Engineering and System Safety, 77, 31-43. https://doi.org/10.1016/S0951-8320(02)00011-X
Dimitrakopoulou, T., Adamidis, K., Loukas, S. (2007): A Lifetime Distribution with an upsidedown bathtub-shaped hazard function. IEEE Transactions on Reliability, 56(2), 308-311. DOI:
10.1109/TR.2007.895304
DIN EN 13816:2002 (2002): Transport - Logistik und Dienstleistungen - Öffentlicher Personenverkehr; Definition, Festlegung von Leistungszielen und Messung der Servicequalität.
Dombi, J. (2008): Towards a general class of operators for fuzzy systems. IEEE Transactions on
fuzzy Systems, 16(2), 477–484. https://doi.org/10.1109/TFUZZ.2007.905910
Dombi, J. (2009): Pliant Arithmetics and Pliant Arithmetic Operations. Acta Polytechnica Hungarica, 6(5), 19–49.
Dombi, J. (2012a): Modalities. Advances in Intelligent and Soft Computing, 107, 53–65. DOI:
10.1007/978-3-642-24001-0_7

152

Gábor Árva – Dissertation

Dombi, J. (2012b): On a certain type of unary operators. In: Proceedings of 2012 IEEE International Conference on Fuzzy Systems, Brisbane, QLD, June, 10-15, 2012., 1 – 7. DOI:
10.1109/FUZZ-IEEE.2012.625134
Dombi, J., Jónás, T., Tóth, Zs. E. (2017): A Pliant Arithmetic-based fuzzy time series model. In:
Rojas, I., Joya, G., Catala, A. (Eds.): Advances in Computational Intelligence, IWANN 2017, Lecture Notes in Computer Science, vol 10306, 129-141, Springer, Cham. https://doi.org/10.1007/9783-319-59147-6_12
Dombi, J., Jónás, T. (2018): Approximations to the normal probability distribution function
using operators of continuous-valued logic. Acta Cybernetica, 23(3), 829-852. DOI: 10.14232/actacyb.23.3.2018.7
Dombi, J., Jónás, T., Tóth, Zs. E. (2018a): The Epsilon probability distribution and
its application in reliability theory. Acta Polytechnica Hungarica, 15(1), 197-216. DOI:
10.12700/APH.15.1.2018.1.12
Dombi, J., Jónás, T., Tóth, Zs. E. (2018b): Time Series Models Using Pliant- and Asymptotically
Pliant Arithmetic-Based Inference. Neural Process Letters. https://doi.org/10.1007/s11063-0189927-0
Dombi, J., Jónás, T. (2020): On an alternative to four notable distribution functions with applications in engineering and the business sciences. Acta Polytechnica Hungarica, 17(1), 231-252. DOI:
10.12700/APH.17.1.2020.1.13
Dubois, D., Prade, H. (1987): The mean value of a fuzzy number. Fuzzy Sets and Systems, 24,
279-300. https://doi.org/10.1016/0165-0114(87)90028-5
Du Plessis, E., Martin, J. C., Roman, C., Slabbert, E. (2018):
Fuzzy logic
to assess service quality at arts festivals. Event Management, 22(4), 501-516.
https://doi.org/10.3727/152599518X15264726192442
Dutta, P., Boruah, H., Ali, T. (2011): Fuzzy arithmetic with and without using α-cut method: A
comparative study. International Journal of Latest Trends in Computing, 2(1), 99-107.
Economou, M. (2004):
The merits and limitations of reliability
liability and Maintainability Symposium (RAMS), 26-29 Jan,
https://doi.org/10.1109/RAMS.2004.1285474

predictions. Re2004,
352-357.

Erdei, J., Kövesi, J. (2019): A műszaki megbízhatóság értelmezése és jelentősége a karbantartási
menedzsmentben. In: Bognár, F. (Ed.): Karbantartás-menedzsment, Veszprémi Egyetemi Kiadó,
Veszprém.
Esztergár-Kiss, D., Csiszár, Cs. (2016): Utazástervezõ rendszerek értékelési szempontjaihoz tartozó
súlyszámok meghatározása Fuzzy AHP alapú módszerrel. Közlekedéstudományi Szemle, 66(6), 3544.
Falk, T., Hammerschimdt, M., Schepers, J. J. L. (2010): The service quality-satisfaction link
revisited: exploring asymmetries and dynamics. Journal of the Academy of Marketing Science,
38(3), 288-302. https://doi.org/10.1007/s11747-009-0152-2
Fides Guide (2009): FIDES GUIDE 2009: Reliability Methodology for Electronic Systems, Airbus
France-Eurocopter Nexter Electronics-MBDA France-Thales Systems Aeroports.
Frühwirth-Schnatter, S. (1992): On statistical inference for fuzzy data with applications to descriptive statistics. Fuzzy Sets and Systems, 50, 143-165. https://doi.org/10.1016/0165-0114(92)90213-N

153

Application of soft-computing techniques for management purposes

Gaál, Z., Kovács, Z. (1994): Megbízhatóság, Karbantartás, Veszprémi Egyetem, Kiadói Iroda,
Veszprém.
Garland, R. (1991): The mid-point on a ratings-scale. Is it desirable? Marketing Bulletin, 2, 66-70.
Ghitany, M., Al-Mutairi, D., Balakrishnan, N., Al-Enezi, L. (2013): Power Lindley distribution and associated inference. Computational Statistics & Data Analysis, 64, 20-33.
https://doi.org/10.1016/j.csda.2013.02.026
Gil, M. Á., González-Rodríguez, G. (2012): Fuzzy vs. Likert scale in statistics. In: Trillas, E.,
Bonissone, P. P., Magdalena, L., Kacprzyk, J. (Eds.): Combining Experimentation and Theory,
Springer, Berlin Heidelberg, 407-420. DOI: 10.1007/978-3-642-24666-1-27
Gil, M. Á., Lubiano, M. A., De Sáa, S. D. L. R., Sinova, B. (2015): Analyzing data
from a fuzzy rating scale-based questionnaire: A case study. Psicothema, 27(2), 182-191.
http://dx.doi.org/10.7334/psicothema2014.268
Gnyegyenko, B., Beljajev, J. K., Szolovjev, A. (1970): A megbízhatóságelmélet matematikai módszerei, Műszaki Könyvkiadó, Budapest.
Godeau, U. (2017): Sigmoid functions in ecology: Where are we where should we go? 4th Young
Natural History Scientists’ Meeting, Paris, 7-11 Febr. DOI: 10.13140/RG.2.2.29547.95528
Goel, A., Graves, R. J. (2006): Electronic system reliability: Collating prediction models. IEEE
Transactions on Device and Materials Reliability, 6, 258–265. DOI: 10.1109/TDMR.2006.876570
Guilford, J. P. (1954): Psychometric Methods. McGraw-Hill, New York.
Guillaume, S. (2001): Designing fuzzy inference systems from data: An interpretability-oriented
review. IEEE Transactions on Systems, 9(3), 426-443. https://doi.org/10.1109/91.928739
Hahn, G. J., Kaiser, C., Kuhn, H., Perdu, L., Vandaele, N. (2012): Enhancing aggregate production
planning with an integrated stochastic queuing model. In: Albu, A., Zubov, V., Klatte, D., Lüthi,
H. J., Schmedders K. (Eds.): Operations Research Proceedings 2011: Selected Papers of the
International Conference on Operations Research (OR 2011), August 30 - September 2, 2011,
Zurich, Switzerland, 451-456.
Hameed, I. A. (2011): Using Gaussian membership functions for improving the reliability and
robustness of students’ evaluation systems. Expert Systems with Applications, 38, 135-7142.
https://doi.org/10.1016/j.eswa.2010.12.048
Held, M., Fritz, K. (2009): Comparison and evaluation of newest failure rate prediction models: FIDES and RIAC 217Plus. Microelectronics Reliability, 49(9), 967–971. DOI:
10.1016/j.microrel.2009.07.031
Hesketh, B., Pryor, R., Gleitzman, M., Hesketh, T. (1988): Practical applications and psychometric
evaluation of a computerized fuzzy graphic rating scale. Advances in Psychology, 56, 425-454.
https://doi.org/10.1016/S0166-4115(08)60493-8
Hodge, D. R., Gillespie, D. F. (2007): Phrase completion scales: a better measurement approach than Likert scales?
Journal of Social Service Research, 33(4), 1-12.
https://doi.org/10.1300/J079v33n04_01
Hölder, O. (1901): Die Axiome der Qualität und die Lehre vom Mass. Berichte über die Verhandlungen der Königlich Sächsischen Gesellschaft der Wissenschaften zu Leipzig, 53, 1-46.

154

Gábor Árva – Dissertation

Hromádka, A., Martinek, Z. (2019): Usability assessment of mathematical models of the bathtub
curve. In: Proceedings of 20th International Scientific Conference on Electric Power Engineering
(EPE). DOI: 10.1109/EPE.2019.8778149
Hudák, B. (2018): Vevői elégedettségmérés fejlesztése a szállodaiparban. Thesis, Budapesti Műszaki
és Gazdaságtudományi Egyetem.
Hu, H. Y., Lee, C. H., Yen, T. M. (2010): Service quality gaps analysis based on Fuzzy linguistic
SERVQUAL with a case study in hospital out-patient services. The TQM Journal, 22(5), 499-515.
https://doi.org/10.1108/17542731011072847
Hyman, M., Sierra, J. (2010): Likert scales: Design issues. NMSU Business Outlook.
Iliev, A., Kyurchiev, N., Markov, S. (2015): On the approximation of the cut and step functions by
logistic and gompertz functions. Biomath, 4(15), 1-12. http://dx.doi.org/10.11145/j.biomath.2015
Jónás, T. (2011): Üzleti folyamatok megbízhatóságának modellezése, PhD Dissertation, Budapesti
Műszaki és Gazdaságtudományi Egyetem, Gazdaság és Társadalomtudományi Kar, Vezetés és
Szervezéstudományi Doktori Iskola.
Jónás, T., Tóth, Zs. E., Dombi, J. (2016): Modeling failure rate time series by a fuzzy
arithmetic-based inference system. In: Proceedings of the IEEE 17th International Symposium
on Computational Intelligence and Informatics (CINTI), Budapest, Hungary, Nov. 2016, 93-98.
https://doi.org/10.1109/CINTI.2016.7846385
Joshi, A., Kale, S., Chandel, S., Pal, D. K. (2015): Likert scale: Explored and explained. British
Journal of Applied Science & Technology, 7(4), 396-403. DOI: 10.9734/BJAST/2015/14975
Kalanaki, M., Kalanaki, M (2014): The use of hybrid manifold learning and support vector machines in the pipe failure rates prediction dataset, 7th International Symposium on Telecommunications, 09-11. Sept., Tehran.
Kaldasch, J. (2015): The product life cycle of durable goods. British Journal of Economics, Management & Trade, 10(2), 1-17. DOI: 10.9734/BJEMT/2015/20395
Kása, R., Réthi, G. (2017): Fuzzy logikán alapuló modellezési módszerek gazdálkodástudományi alkalmazásának episztemológiai megközelítése. Vezetéstudomány, 48(4), 84-99.
https://doi.org/10.14267/VEZTUD.2017.04.10
Kasper, H., Lemmink, J. (1989): After sales service quality: Views between industrial customers and service Managers. Industrial Marketing Management, 18 (3), 199-208.
https://doi.org/10.1016/0019-8501(89)90036-9
Keren, N., West, H. H., Rogers, W. J., Gupta, J. P., Mannan, M. S. (2003): Use of failure rate
databases and process safety performance measurements to improve process safety. Journal of
Hazardous Materials, 104, 75-93. https://doi.org/10.1016/S0304-3894(03)00236-X
Kerlinger, F. N. (1964): Foundations of behavioural research: Educational and psychological inquiry. Holt, Rinehart & Winston, New York.
Kincsesné, V. B., Farkas, G., Málovics, É. (2015): Student evaluations of training and lecture
courses: Development of the COURSEQUAL method. International Review on Public and Nonprofit Marketing, 12, 79-88. https://doi.org/10.1007/s12208-015-0127-6
King, M., Morrison, I., Reed, G., Stachow, G. (1999): Student feedback systems in
the business school: A departmental model. Quality Assurance in Education, 7(2), 90-100.
https://doi.org/10.1108/09684889910269588

155

Application of soft-computing techniques for management purposes

Klein, A. (2007): Qualitätssicherung im ÖPNV. Der Nahverkehr, 9, 31-36.
Klopper, C., Drew, S. (Eds.) (2015): Teaching for Learning and Learning for Teaching. Sence
Publishers, Rotterdam.
Klutke, G., Kiessler, P. C., Wortmanm, M. A. (2003): A critical look at the bathub curve. IEEE
Transactions on Reliability, 52(1), 125-129. DOI: 10.1109/TR.2002.804492
Klyatis, L. M. (2018): Analysis of current practices in reliability prediction. Reliability prediction
and resting Textbook, John Wiley & Sons, Hoboken.
Koltai, T. (2006): Termelésmenedzsment, Typotex Kiadó, Budapest.
Kövesi, J. (Ed.) (2011): Minőség és megbízhatóság a menedzsmentben, Typotex Kiadó, Budapest.
Kövesné, G., Debreczeni, G. (2010): A közösségi közlekedés szolgáltatási kritériumrendszerének
elméleti keretei. Közlekedéstudományi Szemle, 60(4), 25-30.
Krit, M. (2014): Goodness-of-fit tests in reliability: Weibull distribution and imperfect maintenance
models, PhD Thesis, General Mathematics [math.GM], Université de Grenoble.
Kutylowska, M. (2015): Neural network approach for failure rate prediction. Engineering Failure
Analyses, 47, 41–48. https://doi.org/10.1016/j.engfailanal.2014.10.007
Kutylowska, M. (2017): Prediction of failure frequency of water-pipe network in the selected city.
Periodica Polytechnica Civil Engineering, 61(3), 548-553. https://doi.org/10.3311/PPci.9997
Kuzmanovic, M., Savic, G., Popovic, M., Martic, M. (2013): A new approach to evaluation of
university teaching considering heterogeneity of students’ preferences. Higher Education, 6(2),
153-171. https://doi.org/10.1016/j.sbspro.2012.11.047
Kwon, Y. M., Wilson, R., Na, M. H. (2010): Optimal burn-in for maximizing reliability
of repairable non-series systems. Journal of Korean Statistical Socitey, 39(2), 245-249. DOI:
10.1016/j.ejor.2007.10.037
Kyurkchiev, N., Nikolov, G. (2019): Comments on some new classes of Sigmoidal and activation functions. Applications. Dynamic Systems and Applications, 28(4), 789-808. DOI:
10.12732/dsa.v28i4.1
Lai, C. D., Xie, M., Murthy, N. D. P. (2003): A modified Weibull distribution. IEEE Transactions
on Reliability, 52(1), 33-37. https://doi.org/10.1109/TR.2002.805788
Leamon, M., Fields, L. (2005): Measuring teaching effectiveness on a pre-clinical multi instructor
course. Teaching and Learning in Medicine, 17(2), 119-129. DOI: 10.1207/s15328015tlm1702_5
Lee, S. W., Lee, H. K. (2008): Reliability prediction system based on the failure rate models
of electronics components. Journal of Mechanical Science and Technology, 22, 957–964. DOI:
10.1007/s12206-008-0212-4
Lees, F. P. (1986): Loss prevention in the Process Industries, vol 1., Butterworths, London.
Liang, X., Zhang, J., Yue, J., Wu, L. (2011): Sigmoid fuzzy neural network-based motion control
for mini underwater robots. International Journal on Information, 14(3), 899-904.
Lie, C. H., Chun, Y. H. (1986): An algorithm for preventive maintenance policy. IEEE Transactions
on Reliability, 35(1), 71-75. https://doi.org/10.1109/TR.1986.4335352

156

Gábor Árva – Dissertation

Lin, H. T. (2010): Fuzzy application in service quality analysis: An empirical study. Expert Systems
with Applications, 37(1), 517-526. https://doi.org/10.1016/j.eswa.2009.05.030
Liou, T. S., Chen, C. W. (2006): Subjective appraisal of service quality using fuzzy linguistic assessment. International Journal of Quality & Reliability Management, 23(8), 928-943.
https://doi.org/10.1108/02656710610688149
Li, Q. (2013): A novel Likert scale based on fuzzy sets theory. Expert Systems with Applications,
40(5), 1609-1618. https://doi.org/10.1016/j.eswa.2012.09.015
Liu, P., Guan, Z. (2009): Evaluation research on the quality of the railway passenger service based
on the linguistic variables and the improved PROMETHEE-method. Journal of Computers, 4(3),
265-270. https://doi.org/10.4304/jcp.4.3.265-270
Lubiano, M. A., de Sáa, S. D. L. R., Montenegro, M., Sinova, B., Gil, M. Á. (2016.): Descriptive
analysis of responses to items in questionnaires. Why not using a fuzzy rating scale? Information
Sciences, 360, 131-148. https://doi.org/10.1016/j.ins.2016.04.029
Lupo, T. (2013): A Fuzzy ServQual based method for reliable measurements of education
quality in Italian higher education area. Expert Systems with Applications, 40, 7096-7110.
https://doi.org/10.1016/j.eswa.2013.06.045
Mahalingam, P. R., Vivek, S. (2016):
Predicting financial savings decisions using
sigmoid function and information gain ratio. Procedia Computer Science, 93, 19-25.
https://doi.org/10.1016/j.procs.2016.07.176
Mardani, A., Josuh, A., Zavadskas, E. K., Khalifah, Z., Nor, K. M. (2015): Application of multiplecriteria decision-making techniques and approaches to evaluating of service quality: a systematic review of the literature. Journal of Business Economics and Management, 16(5), 1034-1068.
https://doi.org/10.3846/16111699.2015.1095233
Maruvada, D. P., Bellamkonda, R. S. (2010): Analyzing the passenger service quality of the Indian
Railways using RAILQUAL: Examining the applicability of Fuzzy logic. International Journal of
Innovation, Management and Technology, 1(5), 478-482.
Matiszkó, A. E. (2019): Fuzzy értékelőskála használata a fesztiválminőség értékelésére. Thesis,
Budapesti Műszaki és Gazdaságtudományi Egyetem.
Michell, J. (2002): Steven’s theory of scales of measurement and its place in modern psychology.
Australian Journal of Psychology, 54(2), 99-104. DOI: 10.1080/00049530210001706563
Miller, G. A. (1956): The magical number seven, plus or minus two: Some limits on our capacity
for processing information. The Psychological Review, 63, 81-97. DOI: 10.1037/h0043158
Mudholkar, G. S., Srivastava, D. K. (1993): Exponentiated Weibull Family for analyzing bathtub
failure-rate data. IEEE Transactions on Reliability, 42(2), 299-302. DOI: 10.1109/24.229504
Mudholkar, G. S., Kollia, G. D. (1994): Generalized Weibull family: A structural analysis. Common Stat Theory Methods, 23, 1149–1171. DOI: 10.1080/03610929408831309
Mudholkar, G. S., Srivastava, D. K., Kollia, G. D. (1996): A generalization of the Weibull distribution with application to the analysis of survival data. Journal of the American Statistical
Association, 91, 1575–1583. DOI:10.1080/01621459.1996.10476725
Nãdãban, S., Dzitac, S., Dzitac, I. (2016): Fuzzy TOPSIS: A general view. Procedia Computer
Science, 91, 823-831. https://doi.org/10.1016/j.procs.2016.07.088

157

Application of soft-computing techniques for management purposes

Nikulin, M., Haghighi, F. (2006): A Chi-squared test for the generalized power Weibull family
for the head-and-neck cancer censored data. Journal of Mathematical Sciences, 133(3), 1333–1341.
https://doi.org/10.1007/s10958-006-0043-8
Okorie, I. E., Nadarajah, S. (2019): On the Omega Probability Distribution. Quality and Reliability
Engineering International. https://doi.org/10.1002/qre.2462
Oldfield, B., Baron, S. (2000): Student perceptions of service quality in a UK university business and management faculty. Quality Assurance in Education, 8(2), 85–95.
https://doi.org/10.1108/09684880010325600
Pagani, F. (2002): Peer review: a tool for global co-operation and change, Observer, No. 235.
Park, M., Pham, H. (2012): A new warranty policy with failure times and warranty servicing times.
IEEE Transactions on Reliability, 61(3), 822-831. https://doi.org/10.1109/TR.2012.2208298
Perera, U. D. (2006): Reliability Index-A method to predict failure rate and monitor maturity of
mobile phones. Reliability and Maintainability Symposium (RAMS), 23-26. Jan, 2006, 234–238.
DOI: 10.1109/RAMS.2006.1677380
Piros, A., Farkas, Z. (2012): Fuzzy based evaluation of a specific drive train. Advances in Mechanical Engineering, 4(1), 1-7. https://doi.org/10.1155%2F2012%2F763171
Piros, A., Tataváry, K. (2017): Fuzzy logika az agrár- és környezetkutatásokban. Agrokémia és
Talajtan, 66(1), 201-222. DOI: 10.1556/0088.2017.66.1.12
Poulsen, J. R. (2009): Fuzzy time series forecasting. Developing a new forecasting model based on
high order fuzzy time series. Thesis work, Aalborg University Esbjerg.
Rajani, B., Tesfamariam, S. (2006): Estimating time to failure of cast-iron mains. Proceedings of
the Institution of Civil Engineers, 160(2), 83-88. https://doi.org/10.1680/wama.2007.160.2.83
Rajarshi, S., Rajarshi, M. B. (1988): Bathtub distributions: A review. Communications in Statistics - Theory and Methods, 17(8), 2597-2621. https://doi.org/10.1080/03610928808829761
Ramesh, A. K., Krishnan, V. (2017): A Study on system reliability in Weibull distribution. International Journal of Innovative Research in Electrical, Electronics, Instrumentation and Control
Engineering, 5(3), 38-41. DOI: 10.17148/IJIREEICE.2017.5308
Ray, J. J. (1990): Acquiescence and problems with forced-choice scales. The Journal of Social
Psychology, 130(3), 397-399. https://doi.org/10.1080/00224545.1990.9924595
Rinne, H. (2008): The Weibull Distribution: A Handbook, CRC Press, Boca Raton.
Rodríguez-González, F. G., Segarra, P. (2016): Measuring academic service performance
for competitive advantage in tertiary education institutions: the development of the TEdPERF scale. International Review on Public and Nonprofit Marketing, 13(2), 171–183.
https://doi.org/10.1007/s12208-016-0159-6
Rolstadas, A., Asbjorn, H. H., Falster, P. (2006): Review of After-Sales Service Concepts. Lean
Business Systems and Beyond, 257, 383-391. DOI: 10.1007/978-0-387-77249-3_40
Rowley, J. (2003): Designing student feedback questionnaires. Quality Assurance in Education,
11(3), 142-149. https://doi.org/10.1108/09684880310488454
Russell, C. J., Bobko, P. (1992): Moderated regression analysis and Likert scales: Too coarse for
comfort. Journal of Applied Psychology, 77(3), 336. http://dx.doi.org/10.1037/0021-9010.77.3.336

158

Gábor Árva – Dissertation

Sachs, L., Hedderich, J. (2006): Angewandte Statistik. 12., vollständig überarbeitete und erweiterte
Auflage. Springer, Berlin/ Heidelberg, ISBN 978-3-540-32161-3
Sadani, S., Abdollahnezhad, K., Teimouri, M., Ranjbar, V. (2019): A new estimator for
Weibull distribution parameters: Comprehensive comparative study for Weibull distribution,
arXiv:1902.05658v1.
Saunders, S. C. (2007): Reliability, Life Testing and the Prediction of Service Lives: For Engineers
and Scientists, Springer Science & Business Media, New York.
Shafiee, M., Asgharizadeh, E. (2011): Optimal burn-in time and imperfect maintenance strategy
for a warranted product with bathtub shaped failure rate. International Journal of Collaborative
Enterprise, 2(4), 263-274. https://doi.org/10.1504/IJCENT.2011.043825
Shao, L. P., Anderson, L. P., Newsome, M. (2007): Evaluating teaching effectiveness: where
we are and where we should be. Assessment & Evaluation in Higher Education, 32(3), 355-371.
https://doi.org/10.1080/02602930600801886
Shortland, S. (2004): Peer observation: a tool for staff development or compliance? Journal of
Further and Higher Education, 28(2), 219-227. https://doi.org/10.1080/0309877042000206778
Simone, R., Tutz, G. (2018): Modeling uncertainty and response stlyes in ordinal data. Statistica
Neerlandica, 72(2), 1-22. DOI: 10.1111/stan.12129
Son, Y. T., Kim, B. Y., Park, K. J., Lee, H. Y., Kim, H. J., Suh, M. W. (2009): Study of RCMbased maintenance planning for complex structures using soft computing-technique. International
Journal of Automotive Technology, 10, 635–644. https://doi.org/10.1007/s12239-009-0075-4
Sowa, J. F. (2013), What is the source of fuzziness? In: Seiging, R., Trillas, E., Moraga, C.,
Termini, S. (Eds.): On Fuzziness, Springer Berlin, Heidelberg, 645-652.
St. Clair, A. M., Sinha, S. (2012): State-of-the-technology review on water pipe condition, deterioration and failure rate prediction models! Urban Water Journal, 9(2), 85-112.
https://doi.org/10.1080/1573062X.2011.644566
Stefano, N. M., Casarotto Filho, N., Barichello, R., Sohn, A. P. (2015): A fuzzy SERVQUAL based
method for evaluated of service quality in the hotel industry. 7th Industrial Product-Service System
Conference, Procedia CIRP 30, 433-438. DOI: 10.1016/j.procir.2015.02.140
Stephens, M. (2016): Kolmogorov-Smirnov Tests of Fit. Wiley StatsRef: Statistics Reference Online. https://doi.org/10.1002/9781118445112.stat01632.pub2
Stevens, S. S. (1946): On the theory of scales of measurement. Science, New Series, 103(2684),
677-680.
Stoklasa, J., Talášek, T., Luukla, P. (2018): Fuzzified Likert scales in group multiple-criteria
evaluation. In: Collan, M., Kacprzyk, J. (Eds): Soft Computing Applications for Group Decisionmaking and Consensus Modeling, Studies in Fuzziness and Soft Computing, 357, Springer, Cham,
165-185. https://doi.org/10.1007/978-3-319-60207-3_11
Sun, B., Ye, T., Fang, Y. (2015): A novel method of failure rate prediction for circular electrical
connectors. Journal of Shanghai Jiaotong University, 20(4), 472-476. DOI: 10.1007/s12204-0151652-5
Suprihatin, E., Hidayat, R. (2018): Fuzzy evaluation of service quality in the banking. International
Conference on Science and Technology (ICST 2018), 625-629. https://dx.doi.org/10.2991/icst18.2018.128

159

Application of soft-computing techniques for management purposes

Surman, V., Tóth, Zs. E. (2018): Service quality measurements in higher education - A literature
review and the development of a service quality framework for a special course. In: Dahlgaard-Park,
S. M., Dahlgaard, J. J. (Eds.): Proceedings 21st QMOD Conference - International Conference on
Quality and Service Sciences, Cardiff, UK, 22-24. August, Lund: Lund University Library Press,
187-198.
Surman, V., Tóth, Zs. E. (2019): Developing a service quality framework for a special type of course. Periodica Polytechnica Social and Management Sciences, 27(1), 66–86.
https://doi.org/10.3311/PPso.12201
Takata, S., Kirnura, F., van Houten, F. J. A. M., Westkamper, E., Shpitalni, M., Ceglarek, D., Lee,
J. (2004): Maintenance: Changing role in life cycle management. CIRP Annals, 53(2), 643-655.
https://doi.org/10.1016/S0007-8506(07)60033-X
Tan, P. N., Steinbach, M., Kumar, V. (2006): Introduction to Data Mining, 1st Edition, AddisonWesley, Boston.
Tanner, A. (2012): Ausschreibungswettbewerb im Schienenpersonennahverkehr: Potenzial und
Empfehlungen für die Schweiz anhand von Erfahrungen as Deutschland, Bachelorarbeit, Universität Bern, Bern.
Telang, A. D., Mariappan, V. (2008): Hazard rate of lognormal distribution: An investigation.
International Journal of Performability Engineering, 4(2), 103-108.
Topár, J. (2014): Minőségmenedzsment rendszerek szerepe a szervezetek működésében (lehetőségek
és gondok). Magyar Minőség, 23(3), 11-19.
Tóth, Zs. E., Jónás, T., Bérces, R., Bedzsula, B. (2013):
Course evaluation by
importance-performance analysis and improving actions at the Budapest University of Technology and Economics. International Journal of Quality and Service Sciences, 5(1), 66-85.
https://doi.org/10.1108/17566691311316257
Tóth, Zs. E., Andor, Gy., Árva, G. (2017a): Peer review of teaching at Budapest University of
Technology and Economics Faculty of Economic and Social Sciences. International Journal of
Quality and Service Sciences, 9(3/4), 402-424. https://doi.org/10.1108/IJQSS-02-2017-0014
Tóth, Zs. E., Surman, V., Árva, G. (2017b): Challenges in course evaluations at Budapest University of Technology and Economics. In: Zafer, B., Melis, Y. M., Roslind, X. T. (Eds.): 8th ICEEPSY
- International Conference on Education and Educational Psychology. Porto, Portugal, 11-14. Oct,
Future Academy, 629-64. https://doi.org/10.15405/epsbs.2017.10.60
Tóth, Zs. E., Surman, V. (2018): Student evaluation of project work courses: Development of a service quality measuring and evaluating framework and the first results of adaptation. In: DahlgaardPark, S. M., Dahlgaard J. J. (Eds.): Proceedings 21st QMOD Conference - International Conference on Quality and Service Sciences, Lund University Library Press, 176-186.
Tóth, Zs. E., Jónás, T., Dénes, R. V. (2018): Service quality evaluations in healthcare based on
flexible fuzzy numbers - Patients and employees in the focus. In: Dahlgaard-Park, S. M., Dahlgaard
J. J. (Eds.): Proceedings 21st QMOD Conference - International Conference on Quality and Service
Sciences, Lund University Library Press, 972-983.
Tsaur, S. H., Chang, T. Y., Yen, C. H. (2002): The evaluation of airline service quality by fuzzy
MCDM. Tourism Management, 23, 107-115. https://doi.org/10.1016/S0261-5177(01)00050-4
Wang, L. X., Mendel, J. M. (1992a): Fuzzy basis functions, universal approximation, and
orthogonal least-squares learning. IEEE Transactions on Neural Networks, 3(5), 804-814.
https://doi.org/10.1109/72.159070

160

Gábor Árva – Dissertation

Wang, L. X., Mendel, J. M. (1992b):
Generating fuzzy rules by learning from
examples. IEEE Transactions on Systems, Man, and Cybernetics 22(6), 1414-1427.
https://doi.org/10.1109/21.199466
Wang, J., Yin, H. (2019):
Failure rate prediction model of substation equipment
based on Weibull distribution and time series analysis. IEEE Access, 7, 85298-85308.
https://doi.org/10.1109/ACCESS.2019.2926159
Wang, S. (2019): Design and simulation of a fuzzy controller for automatic train driving based
on Multi-swarm optimization. Journal Européen des Systèmes Automatisés, 52, 277-282. DOI:
10.18280/jesa.520308
Ward Griffin, C., Brown, B. (1992): Evaluation of teaching: a review of the literature. Journal of
Advanced Nursing, 17(12), 1408-1414. https://doi.org/10.1111/j.1365-2648.1992.tb02811.x
Washer, P. (2006): Designing a system for observation of teaching. Quality Assurance in Education,
14(3), 243-250. https://doi.org/10.1108/09684880610678559
Watanabe, K., Tang, J., Nakamura, M., Koga, S., Fukuda, T. (1996): A fuzzy-Gaussian neural network and its application to mobile robot control. IEEE Transactions on Control Systems
Technology, 4(2), 193-199. https://doi.org/10.1109/87.486346
Wei, X., Luo, X., Li, Q., Zhang, J., Xu, Z. (2015): Online comment-based hotel quality automatic assessment using improved fuzzy comprehensive evaluation and fuzzy cognitive map. IEEE
Transactions on Fuzzy Systems, 23(1), 72-84. https://doi.org/10.1109/TFUZZ.2015.2390226
Wong, K. L. (1988): The bathtub does not hold water any more. Quality and Reliability Engineering
International, 4, 279-282. https://doi.org/10.1002/qre.4680040311
Wu, C. (2007): An empirical study on the transformation of Likert-scale data to numerical scores.
Applied Mathematical Sciences, 1(58), 2851-2862.
Xie, M., Tang, Y., Goh, T. N. (2002): A modified Weibull extension with bathtubshaped failure rate function. Reliability Engineering & System Safety, 76(3), 279 – 285.
http://dx.doi.org/10.1016/S0951-8320(02)00022-4
Yabuuchi, Y. (2015): Centroid-based fuzzy regression model. ICIC Express Letters, 9(12), 32993306. https://doi.org/10.1109/IFSA-SCIS.2017.8023222
Yap, B. W., Sim, C. H. (2011):
Comparisons of various types of normality tests. Journal of Statistical Computation and Simulation, 81(12), 2141-2155.
https://doi.org/10.1080/00949655.2010.520163
Yi-kun, C., Wei, D., Xiao-bing, M., Yu, Z. (2015): Reliability prediction method with field environment variation. Reliability and Maintainability Symposium (RAMS), 26-29. Jan, 2015, 1–7.
https://doi.org/10.1109/RAMS.2015.7105152
Yousapronpaiboon,
K. (2014):
SERVQUAL: Measuring higher education service
quality in Thailand. Procedia – Social and Behavioral Sciences, 116, 1088–1095.
https://doi.org/10.1016/j.sbspro.2014.01.350
Yu, C. M., Tsang, H. T., Chen, K. S. (2016): Developing a performance evaluation matrix to
enhance the learner satisfaction of an e-learning system. Total Quality Management & Business
Excellence, Published online 19 Sept 2016. http://dx.doi.org/10.1080/14783363.2016.1233809, 119.

161

Application of soft-computing techniques for management purposes

Zayed, T., Amer, M., Pan, J. (2008): Assessing risk and uncertainty inherent in Chinese
highway projects using AHP. International Journal of Project Management, 26(4), 408-419.
https://doi.org/10.1016/j.ijproman.2007.05.012
Zerényi, K. (2016): A Likert-skála adta lehetőségek és korlátok. Opus et Educatio, 3(4) 470-478.
Zhai, E., Shi, Y., Gregory, M. (2007): The growth and capability development of electronics
manufacturing service (EMS) companies. International Journal of Production Economics, 107(1),
1-19. https://doi.org/10.1016/j.ijpe.2006.03.009
Zhang, T., Dwight, R. (2013):
Choosing an optimal model for failure data analysis by graphical approach. Reliability Engineering and System Safety, 115, 111-123.
http://dx.doi.org/10.1016/j.ress.2013.02.004

162

Gábor Árva – Dissertation

Own publications related to new scientific results stated in Theses
S1: Jónás, T., Árva, G. (2016): Forecasting bathtub-shaped failure rate curves of electronic goods
by using soft computational techniques. In: Valenzuela, O., Rojas, F., Ruiz, G., Pomares, H.,
Rojas, I. (Eds.): Proceedings of International work-conference on Time Series, ITISE 2016,
Granada, Spain, 27-29. June, 415-426.
S2: Jónás, T., Árva, G. (2016): Elektronikai termékek hibaráta függvényeinek előrejelzése.
Minőség és Megbízhatóság, 50(5), 341-352.
S3: Tóth, Zs. E., Árva, G., Surman, V. (2017): Enhancing the reliability of measurements and evaluations based on service quality models. In: Bekirogullari, Z., Minas, M.
Y., Thambusamy, R. X. (Eds.): 8th ICEEPSY - International Conference on Education and Educational Psychology, Porto, Portugal, 11-14. Oct, Future Academy, 642-653.
http://dx.doi.org/10.15405/epsbs(2357-1330).2017.10
S4: Jónás, T., Tóth, Zs. E., Árva, G. (2017): Forecasting failure rates of electronic goods by using
decomposition and fuzzy clustering of empirical failure rate curves. Periodica Polytechnica–
Social and Management Sciences, 26(1), 10-18. https://doi.org/10.3311/PPso.9026
S5: Jónás, T., Tóth, Zs. E., Árva, G. (2017): Application of a Pliant Arithmetic - based fuzzy
questionnaire to evaluate lecturers’ performance. In: Dahlgaard-Park, S. M., Dahlgaard, J.
J. (Eds.): Challenges and Opportunities of Quality and Sustainability in the 4th Industrial
Revolution: 20th QMOD-ICQSS Conference International Conference on Quality and Service
Sciences, Elsinore, Denmark, 05-07. August, Lund: Lund University Library Press, Paper
B24-4.
S6: Jónás, T., Árva, G. (2017): A soft computational approach to long term forecasting of failure
rate curves. In: Rojas, I., Pomares, H., Valenzuela, O. (Eds.): Advances in Time Series
Analysis and Forecasting: Selected Contributions from ITISE 2016, Springer International
Publishing, 329-342. https://doi.org/10.1007/978-3-319-55789-2_23
S7: Jónás, T., Tóth, Zs. E., Árva, G. (2018): Applying a fuzzy questionnaire in a peer
review process. Total Quality Management & Business Excellence, 29(9/10), 1228-1245.
doi.org/10.1080/14783363.2018.1487616
S8: Árva, G., Jónás, T. (2018): Forecasting empirical failure rate time series using the Generalized
Weibull Distribution. In: Dahlgaard-Park, S. M., Dahlgaard, J. J. (Eds.): Proceedings 21st
QMOD Conference - International Conference on Quality and Service Sciences, Cardiff, UK,
22-24. August, Lund: Lund University Library Press, 272-281.
S9: Tóth, Zs. E., Jónás, T., Árva, G., Surman, V. (2018): Utilizing fuzzy rating scales to enhance
the reliability of Likert scale based evaluations in higher education - The example of project
work type courses. In: Dahlgaard-Park, S. M., Dahlgaard, J. J. (Eds.): Proceedings 21st
QMOD Conference - International Conference on Quality and Service Sciences, Cardiff, UK,
22-24. August, Lund: Lund University Library Press, 405-419.
S10: Dombi, J., Jónás, T., Tóth, Zs. E., Árva, G. (2018): The Omega probability distribution
and its applications in reliability theory. Quality and Reliability Engineering International,
35(2), 600-626. https://doi.org/10.1002/qre.2425.
S11: Árva, G., Tóth, Zs. E., Jónás, T., Surman, V. (2019): Will the Likert scale pass the final
exam? A novel, fuzzy-number-based evaluation of supervisors’ performance. In: Šimurina, J.,
Načinović Braje, I., Pavić, I. (Eds.): Proceedings of FEB Zagreb 10th International Odyssey
Conference on Economics and Business, Zagreb, Croatia, 13-16. June, 300-316.
S12: Árva, G., Jónás, T. (2019): Lágy számítási módszerek a meghibásodási ráta előrejelzésére.
In: Szentes, B. (Ed.): A Karbantartás az idő és a tudás szórításában nemzetközi konferencia
kiadvány, 165-184.
S13: Tóth, Zs. E., Jónás, T., Árva, G., Surman, V. (2019): Fuzzy Likert skála alkalmazásának
előnyei egy felsőoktatási példán keresztül. Szigma, 50(1/2), 59-88.

163

Application of soft-computing techniques for management purposes

S14: Tóth, Zs. E., Surman, V., Árva, G. (2019): A Hallgatók szerepe az oktatási szolgáltatásminőség értékelésében. Minőség és Megbízhatóság, 53(1), 26-45.
S15 Tóth, Zs. E., Árva, G., Dénes, R. V. (2019): Are the ‘illnesses’ of traditional Likert scales
treatable? – Methodological issues based on fuzzy numbers through a healthcare example. In:
Dahlgaard-Park, S. M., Dahlgaard, J. J. (Eds.): Proceedings 22nd QMOD Conference International Conference on Quality and Service Sciences, Kraków, Poland, 13-15. October,
Lund: Lund University Library Press, p. Zsuzsanna Eszter Tóth 3, Hungary.

Other own publications
S16: Tóth, Zs. E., Andor, Gy., Árva, G. (2016): Peer review of teaching at Budapest University of
Technology and Economics - Faculty of Economic and Social Sciences. In: Dahlgaard-Park,
S. M., Dahlgaard, J. J. (Eds.): 19th QMOD-ICQSS International Conference on Quality and
Service Sciences, Rome, Italy, 21-23. Sept., Lund: Lund University Library Press, 1766-1779.
S17: Jónás, T., Árva, G. (2016): Application of fuzzy inference systems built from data for quality
and service management purposes. In: Dahlgaard-Park, S. M., Dahlgaard, J. J. (Eds.): 19th
QMOD-ICQSS International Conference on Quality and Service Sciences, Rome, Italy, 21-23.
Sept., Lund: Lund University Library Press, 519-534.
S18: Tóth, Zs. E., Andor, Gy., Árva, G. (2017): Peer review of teaching at Budapest University of
Technology and Economics Faculty of Economic and Social Sciences. International Journal of
Quality and Service Sciences, 9(3/4), 402-424. https://doi.org/10.1108/IJQSS-02-2017-0014
S19 Tóth, Zs. E., Surman, V., Árva, G. (2017): Challenges in course evaluations at Budapest University of Technology and Economics. In: Bekirogullari, Z., Minas, M. Y., Thambusamy, R.
X. (Eds.): The European Proceedings of Social & Behavioural Sciences EpSBS: 8th ICEEPSY
- International Conference on Education and Educational Psychology. Porto, Portugal, 11-14.
Oct., London: Future Academy, 629-641. https://doi.org/10.15405/epsbs.2017.10.60
S20 Tóth, Zs. E., Andor, Gy., Árva, G. (2017): Peer review of teaching at Budapest University of
Technology and Economics - Faculty of Economic and Social Sciences. In: Batten, J., Demir,
E. (Eds.): 21st EBES CONFERENCE: Program and abstract book, Budapest, Hungary, 1214. Jan., Istanbul: Eurasia Business and Economics Society (EBES), 244-255.
S21 Andor, Gy., Tóth, Zs. E., Árva, G. (2018): Critical to quality aspects of university teaching
from the students’ point of view – Experience of a university peer review of teaching program.
In: Chova, L. G., Martínez, A. L., Torres, I. C. (Eds.): EDULEARN18 Proceedings: 10th
International Conference on Education and New Learning Technologies, Palma de Mallorca,
Spain, 02-04 July, Palma de Mallorca: International Association of Technology, Education
and Development (IATED), 4344-4352.
S22: Andor, Gy., Tóth, Zs. E., Árva, G. (2018): Critical to quality aspects of university teaching
from the students’ point of view - Experiences of a peer review of teaching program. In:
Groenewoud, G. (Eds.): Full Articles of the European Higher Education Society 40th Annual
Forum, Leiden, The Netherlands, 26-29. August, 1-9.
S23: Kövesi, J., Árva, G. (2018): Kvantitatív Módszerek - Példatár megoldásokkal, BME Menedzsment és Vállalatgazdaságtan Tanszék.
S24: Tóth, Zs. E., Andor, Gy., Árva G. (2018): Experiences of a university peer review of teaching
program. In: Central European Higher Education Cooperation (CEHEC) 4th Conference:
Higher Education in Central and Eastern Europe: National, Regional and European Trajectories: Book of Abstracts, Budapest, Hungary, 12-13. April, 1-12.

164

Gábor Árva – Dissertation

A
A.1

Appendix
Application of the modifications of the Weibull distribution in
reliability engineering

Typical shapes of the hazard functions of the studied 3-parameter Weibull modifications

Figure A1: Typical shapes of the hazard functions of the studied 3-parameter
modifications of the Weibull distribution. The Omega, GWF and RNMW hazard
functions (plotted by the blue lines) have a sharply decreasing and a sharply
increasing segment, wheres the hazard functions of the MW, GPW, EW, MWEX
and ODDW distributions have a sharply decreasing first segment followed by a
slightly increasing phase.
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Sensitivity analyses of the fitted CDFs of the studied 3-parameter Weibull modifications

Figure A2: Sensitivity analysis of the fitted CDF of the Modified Weibull
distribution in terms of MSE

Figure A3: Sensitivity analysis of the fitted CDF of the Exponentiated Weibull
distribution in terms of MSE
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Figure A4: Sensitivity analysis of the fitted CDF of the Generalized Weibull Family
in terms of MSE

Figure A5: Sensitivity analysis of the fitted CDF of the Generalized Power Weibull
distribution in terms of MSE
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Figure A6: Sensitivity analysis of the fitted CDF of the Modified Weibull Extension
distribution in terms of MSE

Figure A7: Sensitivity analysis of the fitted CDF of the Odd-Weibull Extension
distribution in terms of MSE
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Figure A8: Sensitivity analysis of the fitted CDF of the Reduced New Modified
Weibull distribution in terms of MSE
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A.2

Evaluating teaching quality by quasi fuzzy numbers

Goodness-of-fit tests applied to verify the normality of student evaluations

Figure A9: Results of Anderson Darling’s goodness-of-fit test for the variable SEE1

Figure A10: Results of Anderson Darling’s goodness-of-fit test for the variable
PRS1
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Figure A11: Results of Anderson Darling’s goodness-of-fit test for the variable
SEE8

Figure A12: Results of Anderson Darling’s goodness-of-fit test for the variable
PRS5
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Average evaluations given by students during and after the semester

Table A1: Mean values of the evaluations given by students in the dimension
’supporting teaching materials provided by the lecturer’ denoted by SEE1 in the case
of the Student Evaluation of Education and PRS1 in the case of the peer review
program as well as in the dimension ’suitability of midterm tests or exams to
evaluate students’ performance’ denoted by SEE8 in the case of the Student
Evaluation of Education and PRS5 in the case of the peer review program
Subject
S1
S2
S3
S4
S5
S6
S7
S8
S9
S10
S11
S12
S13
S14
S15
S16
S17
S18
S19
S20
S21
S22
S23
S24
S25
S26
S27
S28
S29

SEE 1
3.965
4.327
4.374
3.320
3.299
4.401
3.536
4.344
3.875
4.352
3.353
3.353
4.242
3.465
3.073
4.133
3.170
4.326
4.869
3.353
4.100
3.408
3.121
3.927
4.222
4.939
4.000
3.661
3.502

PRS1
4.481
4.725
4.442
3.567
4.386
4.585
4.288
4.421
4.750
4.581
3.914
3.564
4.746
3.393
3.676
4.365
3.365
4.652
4.967
3.962
4.742
4.344
4.162
4.593
4.186
4.955
4.800
3.876
4.089
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SEE8
3.858
4.076
3.582
3.582
3.390
4.182
3.581
4.348
3.643
4.236
3.061
3.061
4.195
3.560
3.115
4.333
3.438
4.505
4.580
3.546
4.000
3.260
3.061
3.981
3.811
4.844
3.796
3.708
3.418

PRS5
4.354
4.697
4.450
3.786
3.893
4.264
4.526
4.474
4.677
4.267
3.588
3.923
4.635
4.603
3.785
4.484
3.898
4.775
4.950
4.155
4.613
3.922
3.921
4.329
4.000
4.893
4.767
4.228
3.787
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A.3

Fuzzy Likert scale based evaluation of healthcare institutions

Fuzzy rating scale developed to asses the performance of healthcare institutions

Figure A13: Membership functions of the consecutive values of the linguistic
variable describing the patients’ satisfaction with the performance of a healthcare
institution

Figure A14: Membership functions of the consecutive values of the linguistic
variable describing the patients’ satisfaction with the performance of a healthcare
institution
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