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Nomenclature
a
a0dyn
aCdyn
aHdyn
ar
A

A
b
beff
br
bx
by
B
c
cp
cx
cx

cθ
D
D∞
D∞,r,bar
D∞,r,beam
D0
D0,d
D0,r
D0d,r
DHd,r
D11
D22
Dk
Dt
D
DK

half length of the bar or beam
maximum acceleration of a plate without torsional stiffness
maximum acceleration of a plate according to the design code
maximum acceleration of a Huber orthotropic plate
constant multiplier in the displacement function (u(x,z,t)) of a soil layer for harmonic
excitation
constant multiplier in the displacement function (u(x,z,t)) of a soil layer for harmonic
excitation
constant multiplier in the transient solution of an axially constrained infinite bar
half width of the foundation resting on the soil layer
effective width of a plate
constant multiplier in the displacement function (u(x,z,t)) of a soil layer for harmonic
excitation
half width of the foundation in the x direction
half width of the foundation in the y direction
constant multiplier in the transient solution of an axially constrained infinite bar
velocity of the traveling wave in a bar
veelocity of the traveling wave in an axially constrained bar
constant damping coefficient for horizontal excitation according to the literature
constant modified damping coefficient for horizontal excitation calculated by matching
the amplitude of the horizontal motion of a soil layer with a foundation and an SDOF
system
constant damping coefficient for rocking excitation according to the literature
dynamic amplification factor
dynamic amplification factor of an axially constrained infinite bar
dynamic amplification factor of an axially constrained infinite bar in the resonance
point
dynamic amplification factor of an infinite beam on elastic foundation in the resonance
point
dynamic amplification factor of a SDOF system
dynamic amplification factor of a SDOF system with damping
dynamic amplification factor of a SDOF system in the resonance point
dynamic amplification factor of a plate withouttorsional stiffness in the resonance point
dynamic amplification factor of a Huber orthotropic plate in the resonance point
bending stiffness of a plate in the x direction
bending stiffness of a plate in the y direction
displacement amplification factor of the kth mode
torsional stiffness of a plate
amplitude of the steady-state solution of an axially constrained half-infinite bar for
force excitation
amplitude of the steady-state solution of an axially constrained half-infinite bar with a
mass at its end for force excitation
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Dr
DKr

D
EA
EI
f
f0
fn
f1
f2
F(t)
F0
F1
F2
G
h
I0
k
k0
ks
kstatic
kx
k x

K
Lx
Ly
L
r0
m
m0
m
M
M0
N
p0
pk
p
p
P0

amplitude of the steady-state solution of an axially constrained half-infinite bar for base
excitation
amplitude of the steady-state solution of an axially constrained half-infinite bar with a
mass at its end for base excitation
stiffness matrix
normal stiffness of a bar
bending stiffness of a beam
excitation frequency
natural frequency of soil layer with foundation
natural frequency of soil layer
real part of an impedance function
complex part of an impedance function
force excitation
amplitude of harmonic force excitation
real part of an impedance function
complex part of an impedance function
shear modulus
thickness of soil layer
moment of inertia of the plane of the foundation
wave number
spring stiffness
static stiffness of a weightless axially constraint infinite bar
static stiffness of a soil-foundation system
constant spring stiffness for horizontal excitation according to the literature
constant modified spring stiffness for horizontal excitation calculated by matching the
amplitude of the horizontal motion of a soil layer with a foundation and an SDOF
system
static stiffness of an axially constrained infinite bar connected parallelly to a massspring system
length in the x direction
length in the y direction
operator matrix
radius of circular foundation
mass of the structure
concentrated mass of a SDOF system
added mass for a SDOF system to match the amplitude of the horizontal motion of a
soil layer with a foundation and an SDOF system
modal mass of a vibrating plate
amplitude of harmonic rocking moment excitation
normal force
amplitude of harmonic distributed force excitation
distributed load of the kth mode
distributed load of the plate
load vector
amplitude of harmonic concentrated force excitation
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t
tmax
T
T0
T1max
u(t)
u2D
ug
ug0
udirect
uini
uk
ur
usimplified
ustat
u
U
U1max
v2D
vini
vs
w
w0dyn
wCdyn
wHdyn
wLstat
w
Z0

time
time, where the maximum of the displacement amplification factor occurs
kinetic energy
amplitude of harmonic torsional moment
maximum of kinetic energy
displacement function
horizontal displacement field of a soil layer (2D case)
base excitation
amplitude of harmonic base excitation
horizontal displacement calculated by the direct method
initial displacement
displacement of the kth mode
relative displacement
horizontal displacement calculated by the simplified method
static displacement
displacement vector
potential energy
maximum of potential energy
horizontal displacement field of a soil layer (2D case)
initial velocity
shear wave velocity
vertical displacement of beam or plate
maximum displacement of a plate without torsional stiffness
maximum displacement of a plate according to the design code
maximum displacement of a Huber orthotropic plate
static response of an Ly wide plate strip
vertical displacement function of a plate
amplitude of impedance function

δu
η

kinematically admissible displacement function
ratio, which shows the contribution of the sub models, for η=0 it gives the mass-spring
system, while for η=1 the axially constrained infinite bar
constant in the differential equation of the plate, which depends on the plate’s torsional
stiffness
stiffness of the axial constraint
variable in the characteristic equation of the plate
distributed mass of a bar or beam
Poisson’s ratio
damping ratio
total mechanical energy
density
function of phase angle of an axially constrained infinite bar
function of phase angle of a SDOF system
function of phase angle of a SDOF system with damping
phase angle of the kth mode
excitation circular frequency

ϑ
κ


μ
ν
ξ
Π
ρ
ϕ∞
ϕ0
ϕ0,d
ϕk
ω
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ω0
ω02
ω03
ωc
ωk
ωn

natural circular frequency of a SDOF system
natural frequency of a subsystem including the concentrated masses and the static
stiffness of the axially constrained infinite bar
natural frequency of a subsystem including the concentrated masses and the spring
stiffness
cut-off circular frequency
eigen circular frequency of the kth mode
natural circular frequency of the simplified model
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1.

Introduction

In the thesis dynamic analysis of different systems is investigated. First, the study of soil-structure
interaction, then the analysis of long rectangular floors is presented. These two systems may seem
entirely different, but their mathematical representation and behaviour are similar. In both cases
radiation damping occurs, which means energy dissipation in the system due to the wave
propagation towards infinity [1]. This phenomenon causes different behaviour than those of
discrete systems, therefore the dynamic response will be significantly different than the response
of simple mass-spring-dashpot models.
Initially, the response of the basic systems are shown, which can be used for the dynamic modelling
of these two cases (response of soil layers and long rectangular floors), then the two cases (SSI and
floor vibration) are analysed separately.
1.1.

Soil-structure interaction

In case of static design fixed foundation can be assumed, however in case of earthquake resistant
design the effect of the soil must be taken into account. The soil influences the response of the
structure in different ways. The seismic event in the absence of the structure causes a free-field
motion in the soil, which is different from the case when the structure is present (kinematic and
inertial interaction [1]). In case of an infinite soil layer the phenomenon of radiation damping
occurs, due to the fact that the strain and kinetic energies are dissipated through wave propagation
towards infinity [2]. The dynamic loading of a finite soil layer can cause resonance, which may
significantly change the response of the structure. Neglecting these effects may result in significant
errors in the analysis.
Soil-structure interaction can be taken into account in different ways (Fig. 1). The deformability of
the soil can be considered by using elastic support (Fig. 1b). There are several formulas in the
literature for the stiffness characteristics of an infinite half-space [3], and the stiffness of a finite
soil layer can be calculated by static finite element method. A more sophisticated method is the
substructure approach [1], where the response of the structure is calculated by superposition. First
the excitation on the free soil surface is determined from the excitation on the bed rock, then the
impedance of the soil-structure system is calculated. The soil-structure interaction is obtained by
superposition; and hence the method is (directly) applicable for linear systems only. In this case
the radiation damping is represented by dashpot elements (Fig. 1c). Finally, the most accurate
9

approach is the direct method (Fig. 1d), where the soil and the structure are modelled together. In
this case nonlinearities can also be considered, however it requires significant computational effort.

a)

b)

c)

d)

Fig. 1 Levels of modelling the effect of soil: a) fixed support, b) elastic support, c)
substructure approach, d) direct approach
The simplified spring-dashpot models are derived from the impedance function of soil with a
weightless foundation [1], where the foundation is excited by a harmonic force (Fig. 2). The ratio
of this force and the displacement of the foundation is the impedance function, which depends on
the excitation frequency. The development of the impedance function is summarized in the
excellent review paper of Kausel [3]. This function consists of an amplitude and a phase angle (the
shift of the force and displacement functions in time). The impedance function can be interpreted
as a frequency dependent spring and dashpot elements (Fig. 3b). Its applicability is rather
complicated in time domain, therefore to simplify the procedure, the frequency dependent
characteristics are often approximated by constant values in practical design [2] (usually the initial
values [3]), a spring and dashpot is used for every direction (Fig. 3c).
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a)

b)

c)

d)

Fig. 2 a) Half-space under concentrated harmonic force, b) half-space with foundation
loaded by vertical harmonic force, c) half-space with foundation loaded by horizontal
harmonic force, d) half-space with foundation loaded by harmonic rocking moment,
e) half-space with foundation loaded by harmonic torsional moment
(F0 is the amplitude of the harmonic force, M0 is the amplitude of the harmonic
rocking excitation, ω is the frequency of excitation, r0 is the radius of foundation, G
is the shear modulus, ν is the Poisson’s ratio and ρ is the density of soil)
The impedance function of the soil half-space for vertical translational force was investigated by
Lamb [4]. He gave a complex analytical function as a solution. Reissner [5] analysed a soil halfspace with a circular foundation, and also gave a complex function as the impedance, he denoted
the real part by F1 and the complex part by F2:

F (t )
 Gr0  F1  iF2  ,
(1)
u (t )
where F is the harmonic force, u is the vertical displacement, G is the shear modulus of the soil
and r0 is the radius of the foundation.
Sung [6] investigated different stress distributions under the foundation. Hsieh [7] derived
frequency dependent spring stiffness and damping values from the complex impedance functions.
These frequency dependent stiffness and damping values are approximated by constant values by
Lysmer and Richart [8] for vertical excitation and by Bycroft [9] for horizontal and rocking motion.
Shah [10] analysed both circular and strip foundations for translational and rocking motions.
Approximate values for spring stiffnesses and damping values are summarized in [11] and [12] for
different motions, foundation shapes for both half-space and finite soil layers.
Most of the methods do not take into account the finite dimensions of the soil, which results
significantly different behaviour than the spring-dashpot systems. For an infinite medium, which
is used in many cases, there are no eigenmodes, however in practical applications the soft soil is
always bounded by rocks. For these cases the soil has eigenmodes and the resonance may influence
considerably the response of the system.
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Fig. 3 The modelling levels of soil effect: a) direct approach, b) impedance function, c) one,
frequency independent spring and dashpot element for all directions, d) more
complex lumped models
The simple spring-dashpot system (with constant characteristics, Fig. 3c) can be applicable in those
cases, when the soil is infinite [2], but also for this case neglecting the frequency dependency may
cause significant errors [13], [14]. When the vertical dimension of the soil is finite the error can be
substantially higher [12],[15].
The infinite soil half space can be approximated with the cone model (Fig. 4a), which gives
constant values for the spring stiffnesses and dashpot characteristics, and an additional mass
element for rocking motion [2]. To approximate the dynamic impedance function of a soil layer
more complex models were also applied (Fig. 3d). Meek and Wolf used a layered cone model and
developed echo constants to take into account the effect of the refracted waves [16]. Wolf also
developed more complex lumped parameter models for the different excitations (for example Fig.
4b) [17], [18], [19], [20]. In these cases, the parameters are calculated with the least square method
to approximate properly the exact impedance function. Saitoh also constructed a more complex
lumped model with frequency independent parameters and suggested a new element type [21]. The
more complex model is used, the better accuracy can be reached (Fig. 4b) [14]. As a possible
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representation of the soil, an axially constrained bar is given in [17], however it is not given, how
it is applicable to model the soil.

a)
b)
Fig. 4 Cone model [2], b) lumped parameter model [20]
1.2.

Dynamic response of floors

Vibration control is a major consideration in the design of light-weight floors [22]. The response
(acceleration or speed) of structures subjected to human- or machine-induced vibration is compared
to the tolerance limit of human comfort [23–26]. Several recent publications deal with the analysis
and design of rectangular plates for both static and dynamic loads [27–30].
In the analysis of floors, both the transient solution (high-frequency systems, impulse loads) and
the steady-state solution (low-frequency systems, periodic loads) may play an important role [31].
In the dissertation, only the steady-state response is investigated for periodic force excitation. Both
numerical and experimental observations show that the response is typically dominated by a single
mode, and the analysis can often be simplified to a single degree of freedom (SDOF) system [32].
Determining the corresponding “modal mass” [33], the OS-RMS90 value [34, 35], or the (rms)
acceleration [31] can be calculated.
The above concept is sometimes applied for rectangular plates, which are long in one direction [36,
37]. However, the longer the plate the higher the modal mass is; thus, for long plates the calculated
response becomes unrealistically low. To overcome this problem, only an effective portion of the
long plate is considered (Fig. 5). A beam with a so-called “effective width” and with the
corresponding modal mass is investigated instead of the long plate [38]. Maximum displacement
and acceleration are obtained by using the modal mass and amplification factors, the latter ones
depend on the damping ratio and on the ratio of the exciting- and eigenfrequencies. Since damping
in floors is usually low, this amplification can be rather high.
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a)
b)
Fig. 5 First eigenmode of a long plate (a) and the concept of effective width (b)
The effective width and corresponding modal mass are determined in such a way that the response
of the SDOF system is similar to that of the floor. For example, for the interior part of steel beam
composite floors, based on measurements, the following expression is recommended [23, 39]:

beff  2 4 D11 D22 Ly , with the upper limit of beff  2 3 Lx , where Ly is the span in the joist (y)
direction, Lx is the span in the x direction, while D11 and D22 are the bending stiffnesses for unit
width in the x and y directions, respectively. Note, however, that in the excellent Review article
[40] the authors state that „the origin of these formulae is not clear, but they mostly appear to be
empirical (from parametric FEA) rather than by first principles and they lack consistency across
the various forms”. If one of the harmonics of the load is in resonance with the floor, the response
acceleration is calculated as a   F / M  / 2 , where F is the concentrated force amplitude in the
corresponding Fourier term, M is the modal mass, and  is the damping ratio. Although this
approach in a certain parameter range is rather accurate and easy to apply, it has an important
shortcoming: in theory  F / M  should be instantaneous acceleration and 1/ 2 is the maximum
dynamic amplification factor; in reality, as it will be discussed in the Chapter 6, the instantaneous
acceleration is usually higher, while the amplification factor is lower.
In other words, long plates (and not long orthotropic rib-stiffened plates) behave in a significantly
different manner than beams or simple SDOF mass–spring–damper systems. As a consequence,
designs based on effective width may lead to 2–4 times higher accelerations than the real values.
In an economic design, this effect must be taken into account.
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Problem statement

2.

As it was stated in the Introduction in practical earthquake design to take into account the effect of
SSI, usually simple spring-dashpot elements are used. The spring-dashpot element (chosen for
example according to the cone-model [2]) with constant characteristics are applicable to the halfspace, but when the soil layer is finite in the vertical direction, the layer has resonance points,
therefore its dynamic response is significantly different than the response of a spring-dashpot
element. According to this, the following questions arise:


what is the significance and effect of the resonance of the layer,



what is the maximum error, which can occur by neglecting it,



in what soil-parameter range can a single spring-dashpot model be used, and in what range
it cannot.

After we detect the range where the simple constant-parameter model cannot be used, the goal is
to develop a simplified model, which is based on the real physical behaviour (and not on the
numerical fitting of parameters) and works in this range. First the problem of a 2D case, a regular
soil layer with strip foundation is analysed, for this case we wish to develop a simple model:


which physically behaves similarly to the soil layer,



its response is able to produce the same phenomenon (like the presence of cut-off
frequency),



is based on the physical representation of the system,



its parameters can be calculated by simple formulas.

The simple physical model, which is an axially constrained infinite bar connected parallelly to a
mass-spring system is analysed further. The model can be easily used to represent a regular,
horizontally infinite, vertically finite soil layer with the derived formulas. Furthermore, the model
is extended for irregular cases, several soil layers and 3D cases. The independent parameters of the
model are only three, the static stiffness of the system, the cut-off frequency and the ratio which
shows the contributions of the sub models (axially constrained infinite bar and mass-spring system.
To identify these and to be able to give the simple model for irregular and 3D cases, we wish to
give an identification process, which based on the impedance function of the system can determine
the model parameters.
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In case of the vibration of long rectangular floors similar phenomena occurs then in case of a
horizontally infinite soil layers. Low-frequency floors are considered, where the harmonic response
should be considered in the design. We wish to:


analyse the harmonic response of long rectangular floors (in case of orthotropic plates the
plate can be mechanically long, even if the ratio of its sides is not much bigger than one),



give the mathematical (physical) representation of the system, which includes the radiation
damping,



compare the solution to the currently available design guides (which are based on the
response of an SDOF system using an effective width model).
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3.

Approach

To analyse the problems both analytical and numerical solutions are performed. These approaches
are presented in the beginning of every chapter.
The finite element models are built in ANSYS 14.00 Mechanical APDL software. Both transient
and harmonic analysis are performed.
In case of the 1D models BEAM188 elements are used for the bar, the springs are modelled by
COMBIN14 elements, the masses by MASS21 elements. The 2D soil models contain PLANE183,
the 3D models SOLID185 elements. In case of the floor vibration analysis SHELL181 elements
are used.
In case of the infinite layers and bars the length is chosen high enough, that the solution is not
sensitive to the variation of the length (see Eq. (13) and Appendix A).
In case of harmonic analysis the damping ratio (ξ) is given directly, for transient analysis Rayleigh
damping is used.
The material model is linearly elastic in all cases.
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4.

Dynamic response of the analysed systems

In this chapter the dynamic response of four different systems are presented. First the solution of a
SDOF system is presented, which is well-known. After that, infinite systems are investigated. To
understand the behaviour of infinite systems, first the solution of an infinite bar is given, based on
this the response of an axially constrained infinite bar and an infinite beam on elastic foundation is
given.
4.1.
4.1.1.

SDOF system
SDOF system without damping

The solution of an SDOF system is well-known, the response and impedance of the system is given
without explanation, see e.g. [41]. The mass-spring system is shown in Fig. 6, the spring stiffness
is k0 and the mass is m0. Its natural circular frequency is:

k0
.
m0

n 

(2)

The impedance relates the applied sinusoidal force F0 sin(t ) to the steady state response
displacement u0 sin t    , where ϕ is the phase angle:
(3)
F0 sin(t )  u0 sin(t   ).
The amplification factor (which is the amplitude of the inverse impedance multiplied with the
spring stiffness) and the phase angle are presented in Fig. 7. The inverse of the impedance is the
following:

u0 D0 1


F0 k0 k0

1

1  

2





2 2
n

,

if   0 0  0,
if   0 0  180.

Fig. 6 Mass-spring system
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(4)

Fig. 7 Displacement amplification and phase angle of mass-spring system
4.1.2.

SDOF system with damping

The inverse of the impedance of an SDOF system with damping (ξ) is the following [41]:

u0 D0,d 1


F0
k0
k0

1

1   2 n2    2  n 
2

2

 2  n 
, 0,d  tan 1 
.
2
2 
1




n 

(5)

The amplification factor and the phase angle are shown in Fig. 8.
The maximum value of the amplification factor (for the small ξ values, which are used in the design
of buildings and bridges) is:

D0,r 

1
,
2

where r refers to the resonance point.
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(6)

Fig. 8 Displacement amplification and phase angle of SDOF system with damping, ξ=2%
4.2.

Infinite bar

To understand the infinite systems with different constraints first the behaviour of an infinite bar
is presented. The partial differential equation of an infinite bar is well-known [42].

a)

b)

Fig. 9 Behaviour of an infinite bar: a) for a half sine pulse, b) for a harmonic excitation
When an infinite bar is subjected to a half sine pulse displacement at the end, the pulse will travel
on the bar with a speed of c  EA  (see Fig. 9a). If the end is subjected to a harmonic excitation,
the front of the waves will travel with the same speed, c (Fig. 9b). It can be shown that the behaviour
of the bar excited at the end is analogous to the response of a simple dashpot, where the damping
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coefficient is calculated as C  c  EA . The steady-state solution of the bar (or dashpot)
subjected to harmonic excitation as a function of the circular frequency (called impedance function)
is shown in Fig. 10 On the top we show u0 F0 , where u0 is the amplitude of the applied harmonic
displacement and F0 is the amplitude of the steady-state, harmonic force at the end. The phase
angle between the force and the displacement is   90 , i.e. there is an energy dissipation in the
system, which is called radiation damping.

Fig. 10 Impedance of an infinite bar (equivalent to the impedance of a dashpot)
4.3.
4.3.1.

Axially constrained infinite bar
Axially constrained bar without damping

The differential equation of the axially constrained bar is the following:
 EA

 2u
 2u


u


 p,
x 2
t 2

(7)

where EA is the stiffness of the bar, κ is the parameter of the axial constraint, μ is the mass per unit
length of the bar, p is the load of the bar (Fig. 11). In the following only the half of the bar is
considered.

21

Fig. 11 Axially constrained infinite bar
For latter use first we give the solution for a weightless bar (μ=0). The differential equation
simplifies to EAu   u  0. Its displacement for an end load F(t) is:

u ( x, t ) 

F (t )

 EA

e x

 EA

, u (0, t ) 

F (t )

 EA

.

(8)

Fig. 12 Equivalent model of a weightless axially constrained infinite bar
The second expression is equivalent to the response of a spring with the replacement spring
stiffness:

ks   EA .

(9)

When the bar has weight (μ≠0), the response for harmonic excitation depends on the stiffness of
the foundation, or for a given foundation on the frequency of the end displacement. The frequency
which separates the two behaviour is the so-called cut-off frequency [42] and it is defined as:

c 


.


(10)

When the frequency of excitation is above the cut-off frequency,   c , the bar behaves similarly
as a bar without foundation (Fig. 13 a), but the speed of the front is: cP  c

1  c2  2 .

When   c the behaviour changes considerably. For this case, even for an excitation, which is
applied infinitely long, only a finite length of the bar will be affected, as shown in Fig. 13 b.
In Fig. 14 the steady-state solution is given as a function of the frequency  . For   c the phase
angle is   90 , and there is energy dissipation, while for   c ,   0 , and there is no energy
dissipation. Note that at   c the response is singular.
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a)

b)

Fig. 13 Behaviour of an axially constrained infinite bar: a)    2  , b)    2 
The impedance curve can be given with the help of the amplification factor, the left and right parts
of the right curve in Fig. 14 are [43]:

u0 D 1
u
D
1
1
1


, 0  
.
(11)
2
2
2
F0 ks ks 1   c F0 ks ks  c2  1
𝐷∞ is the dynamic displacement amplification factor, which differs from u0/F0 only in a multiplier,
which is equal to the static stiffness (Eq. (9)).
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Fig. 14 Amplification factor and phase angle of an axially constrained infinite bar (  is the
excitation frequency and c    is the cut-off frequency)
The derivation of a damped, axially constrained long bar can be given with the help of Fourier
series expansion, therefore we introduce this solution in case of the undamped bar too. The
differential equation of an axially constrained bar is given in Eq. (7) [42].
The undamped infinitely long system has an infinite number of eigenmodes and eigenfrequencies.
For example function ((12)):

 k x 
u ( x, t )  cos 
 sin t  ,
 2a 
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(12)

Fig. 15 The displacement functions in Eq. (12)
for any choice of k and a satisfies the boundary condition at x=0 and also the homogeneous
differential equation, when   k . Here

 k  EA
k  c 1   
2
 2  a
2

(13)

is an eigenfrequency, and c is given by Eq. (10)). We choose k  1,3,5... and a is set equal to
such a high value that the solutions presented below are not sensitive to the variation of a

 a  150

EA / 

.
1

The undamped bar is subjected to a concentrated force p0 sin(t ) at x=0. It is replaced by its
Fourier (eigenmode) series expansion as:

p( x, t ) 

2 p0
 k x 
pk cos 
,
 sin t  , pk 
a
 2a 
k 1,3,5...




(14)

where each term contains a distributed load along the bar.
The displacement function is assumed to be in the form of the following series:

u ( x, t ) 

 k x 
uk cos 
 sin t  k  ,
 2a 
k 1,3,5...




(15)

where uk and k are the yet unknown coefficients and phase angles. Introducing Eq. (14) and (15)
into Eq. (7) each term can be solved separately, and the classical solution of the one degree of
freedom systems is obtained for the undamped system [41]:

uk 

pk
1

Dk , Dk 
, k  0, k 
.
2
2
k
1  k
k

(16)

With this chosen value of a, ω1=1.00011ωc, ω2=1.00044ωc, ω3=1.00099ωc, and as a consequence by multiplying
a by a factor or two, the maximum displacement changes only by 0.001%.
1
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4.3.2.

Axially constrained bar with damping

The damped system is investigated below, where damping is represented by the damping ratio  .
Again, the bar is subjected to a concentrated force at the end, which is replaced by its Fourier series
expansion (Eq. (14)). The classical solution of the one degree of freedom systems can be directly
used [41]. Thus the displacement at x=0 can be given as:


u (0, t ) 



k 1,3,5...

uk sin t  k  



2 p0 Dk
sin t  k  ,
2
k 1,3,5... a k



(17)

where

uk 

pk
D , Dk 
k2 k

1

1  k2    2k 
2

2

 2 k 

, k  tan 1 
,


.

k
2
1



k 
k


Eqs. (13), (17) and (18) yield:

u (0, t )  p0

sin t  k 



2

k 1,3,5...

 k  EA
1  
2
 2  a



2

1      2 
2 2
k

,
2

(18)

(19)

k

u is a function of t. Its maximum value divided by the static displacement is the dynamic
displacement amplification factor:

D 

max u  t  
ustat

, ustat 

p0
p0

,
ks
 EA

(20)

where ks is given by Eq. (9). From the t value where maximum occurs ( tmax ) we obtain the phase
angle of the system:

  tmax   2 .

(21)

The impedance of a damped, axially constrained infinite bar can be seen in Fig. 16. The peak value
of the amplification factor can be determined numerically, the amplification factor at the resonance
point is:

D,r,bar 

1
.
2

(22)

Eq. (22) is applicable for small damping ratios, which are usually used in practical design. The
comparison of the analytical solution and Eq. (22) is shown in Fig. 17 , when ξ<0.2 the difference
between the approximate formula and the analytical solution is less than 3%.
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Fig. 16 Amplification factor and phase angle of axially constrained infinite bar, ξ=2%
The comparison of a SDOF system and an axially constrained infinite bar without damping is
presented in Section 4.5.1.

Eq. (22);

analytical solution (Eq. (20));
difference between the analytical
solution and Eq. (22)
Fig. 17 Comparison of Eq. (22) and the analytical solution

4.4.
4.4.1.

Infinite beam on elastic foundation
Beam on elastic foundation without damping

The infinite beam on elastic foundation behaves similarly to the axially constrained infinite bar.
The details are shown in [44]. In Section 6.1 the analytical solution of a plate is shown, the beam
on elastic foundation is a submodel of a plate, therefore the same derivation can be applied for this
case, which is not presented.
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Fig. 18 Infinite beam on elastic foundation
The differential equation is the following:
EI

4w
2w


w

m
 p,
x 4
t 2

(23)

where EI is the bending stiffness, w is the vertical displacement and  is the coefficient of the
foundation (Fig. 18).
The displacement amplification factor and the phase angle of the system are shown in Fig. 19.

Fig. 19 Amplification factor and phase angle of infinite beam on elastic foundation
4.4.2.

Beam on elastic foundation with damping

The beam can be solved similarly to the axially constrained bar with the help of Fourier series
expansion. The amplification factor and phase angle in case of ξ=2% damping are shown in Fig.
20. The amplification factor at the resonance point is:

D,r,beam 

1

 2 
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0.75

.

(24)

Fig. 20 Amplification factor and phase angle of infinite beam on elastic foundation, ξ=2%
Eq. (24) is applicable for small damping ratios, which are usually used in practical design. The
comparison of the analytical solution and Eq. (24) is shown in Fig. 21, when ξ<0.2 the difference
between the approximate formula and the analytical solution is less than 4%.

Eq. (24);

4.5.
4.5.1.

analytical solution;

difference between the analytical solution and Eq.
(24)
Fig. 21 Comparison of Eq. (24) and the analytical solution

Comparison of the presented systems
Systems without damping

The presented systems behave significantly differently as a consequence of radiation damping. The
amplification factors and phase angles of the SDOF model, the axially constraint infinite bar and
the infinite beam on elastic foundation can be seen in Fig. 22. The function of the amplification
factor (Fig. 22a) differs in the three cases, but all of them have singularity at the resonance point
(ω=ωc). The phase angle (Fig. 22b) shows the presence of energy dissipation in the systems, in
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case of the SDOF model there is none, while the energy dissipation of an axially constrained
infinite bar equals with the energy dissipation of a dashpot element when the excitation frequency
is bigger than the cut-off frequency. The phase angle of the infinite beam on elastic foundation is
between the two other systems.

a)

b)

Fig. 22 Amplification factor (a) and phase angle (b) of the SDOF system, axially
constrained infinite bar and beam on elastic foundation without damping
4.5.2.

Systems with damping

In case of damping the differences between the systems are more significant. The maximum value
of the amplification factor is given by Eqs. (6), (22) and (24) for the different systems, Table 1
shows these values for different damping values. In case of 1% damping the amplification factor
of an SDOF system is more than 7 times bigger, than the amplification factor of an axially
constrained infinite bar. The amplification factor and phase angle of the three systems is given in
Fig. 23 for ξ=2%.
In soil-structure interaction and also in floor design, usually SDOF systems or other lumped
parameter models are used for dynamic analysis. Note however the behaviour of these systems are
significantly closer to the behaviour of the infinite systems, as it will be discussed in the further
chapters.
The main contributions of the thesis can be found in Chapter 8. The main contributions of this
chapter are number one and two.
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Table 1 Maximum values of the amplification factors for the three systems in case of different
damping values
Damping
ξ=1% ξ=2% ξ=3% ξ=5%
SDOF, D0,r  1 2
50
25
16.7
10
Infinite beam on elastic foundation, D,r,beam  1  2 
Axially constrained infinite bar, D,r,bar  1  2 

0.5

0.75

18.8

11.1

8.2

5.6

7.1

5

4.1

3.2

a)
b)
Fig. 23 Amplification factor (a) and phase angle (b) of the SDOF system, axially
constrained infinite bar and beam on elastic foundation with damping, ξ=2%
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5.

Soil-structure interaction

In soil-structure interaction (SSI) there are several modelling methods. For the earthquake resistant
design of structures, usually simple mass-spring-dashpot models are used. In this chapter first the
effect of resonance of finite soil layers is analysed, and after that the feasibility of the simple SDOF
models is discussed. In the parameter range, where the simple SDOF model is not applicable, a
new model is necessary. According to the physical behaviour of a soil layer and a shallow
foundation a new model, based on the axially constrained infinite bar is derived.
5.1.

Significance of infinite dimensions and resonance in case of SSI

In case of practical earthquake resistant design the applicability of frequency dependent impedance
function is very limited, because its complexity. Rather, engineers are applying constant spring
stiffnesses and damping values according to one of the formulas in the literature [11] which are
based on the impedance function of a soil half-space, or to calculate a constant spring stiffness by
static finite element analysis. None of these are taking into account the possible resonance which
may occur in case of the dynamic loading of a finite soil layer.
In this chapter we investigate the significance of the effect of resonance, and to determine the
maximum error, which may occur neglecting it in the design process.
A finite soil layer with a rigid foundation (Fig. 24a and b) and the simplified (spring-dashpot)
models (Fig. 24c) are analysed numerically to determine the effect of resonance. The analyses are
limited to horizontal and rocking motion of the foundation. The numerical analysis was performed
by the ANSYS computer code. Harmonic and time-history analyses were executed, and different
signals were investigated (harmonic excitation, real and artificial earthquake records).
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a)

b)

c)
Fig. 24 a) Finite soil layer with thickness h and rigid foundation, b) finite soil layer with
side-boundaries, c) simplified model with constant spring stiffness and dashpot
element
5.1.1.

Modelling of SSI

As it was stated in the Introduction the modelling of soil-structure interaction can be achieved by
different methods. In the following sections the direct approach and different simplified models
are discussed.
In the direct approach the structure and the soil have to be modelled together (Fig. 1d) and analysed
in a single step with a numerical method such as the finite element analysis. 2D models were built
to analyse soil layers with strip foundations with the aid of the 14.5 release of ANSYS Mechanical
APDL.
In the literature there are several solutions for the impedance functions of a half space with circular
or strip foundation [9], [10]. As it was mentioned in the Introduction, the impedance can be given
by a complex function. In case of the inverse impedance ( Z  u(t ) F (t )   f1  if 2  Gr0 ) f1
represents the real part and f2 the complex part of the function. These can be also given as an
amplitude and a phase angle:
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Z0 

1
Gr0

f12  f 22 ,   tan 1  f 2 f1  .

(25)

Furthermore, the function can also be given as frequency dependent spring stiffness and damping
[7]:
k ( )  Gr0

Gr  f
f1
, c( )  0 2 2 2 .
2
f  f2
 f1  f 2
2
1

(26)

In the simplified model, these frequency dependent functions are approximated by constant values
(Fig. 3c, Fig. 25). In this case the model is stiffer, but the damping is lower.

Fig. 25 Approximation of the spring stiffness and damping with constant values [45]
The constant spring stiffness and damping values for strip foundation in case of horizontal
excitation are [11]:
kx 

2.24
G , cx  2b G ,
2 

(27)

where G is the shear modulus, ν is the Poisson’s ratio of the soil and b is the half width of the strip
foundation.
The approximate constant spring stiffness and damping values for rocking excitation [11]:

k 

2
3.4 G 
8Gb2   ln(3  4 )  
1

I ,
 
  , c 
2 1    

 1   0
 

(28)

where I0 is the moment of inertia of the plane of foundation to the axis of symmetry and the line
between the foundation and soil.
5.1.2.

Effect of resonance of the finite soil layer

In the following the horizontal and rocking motion of a finite soil layer (Fig. 24a) is investigated.
In case of soil-structure interaction the impedance function is the ratio of the harmonic force
excitation of the weightless foundation and the steady-state solution of the displacement for
different excitation frequencies. Therefore, the peaks of the function show the resonant points, i.e.
the eigenfrequencies of the soil layer. To determine the impedance function of a finite soil layer,
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harmonic analysis is performed. For this the mode superposition method of the harmonic analysis
in ANSYS is used. The frequency step is set to 10-4 1/s and the solution is clustered about the
system’s natural frequency to accurately tracing the response curve. The material damping is
ξ=0.05 in every analysis.
The nth resonant frequency of a free soil layer can be approximated by the nth resonant frequency
of a sheared beam [46]:
fn 

vs 
1
 n   , n  1, 2,3...
2h 
2

(29)

where vs is the shear wave velocity in the soil, h is the thickness of the soil layer. The shear wave
velocity of the soil represents the stiffness of the soil (G   vs2 ) [47].
The natural frequency of a soil layer with a weightless foundation will be different, since this
formula is based on a 1D model, but in the case of a rigid (strip) foundation the displacements will
be 2D and in case of a circular foundation 3D.
In Fig. 26, Fig. 27 and Fig. 29 the inverse of the impedance functions of soil layers with different
parameters are presented. The inverse of the impedance functions calculated for a finite soil layer
(Fig. 24a) by FE are given on two diagrams (Z=u(t)/F(t)), the first one shows the amplitude, the
second one shows the phase angle, which is the shift between the force and displacement. (This
shift represents the presence of energy dissipation of the system, e.g. when only a mass-dashpot
system is considered, the phase angle in the impedance function is 90°, while for zero shift the
energy dissipation is zero.)
Fig. 26 shows the impedance function for different soil layer thicknesses (h). As it can be seen the
bigger the value of h is, the smaller the first natural frequency is (as in Eq. (29)). This means that
the effect of the resonance for the amplitude of the displacement will be smaller for thicker soil
layers. The curves are overlapping with each other, if on the horizontal axis the frequency is
multiplied with the thickness of the soil layer (h) and the amplitude is normalized with the static
stiffness. The normalized diagram is showed in Fig. 28.

35

Fig. 26 Horizontal inverse impedance function of soil layer for different soil thicknesses (h)
(vs=100 m/s, ν=0.3, ρ=1800 kg/m3, ξ=0.05, b/h=1/2)
In Fig. 27 the effect of the shear wave velocity (i.e. stiffness of the soil) is shown. The diagram of
the amplitude shows that in case of soft soils (small vs) the effect of the resonance is much more
dominant than in case of stiffer soils. Similarly to the previous case, the curves are overlapping, if
the horizontal axis is divided by the shear wave velocity (vs) and the vertical axis is normalized
with the initial value of the amplitude (1/kstatic). The normalized diagram is given in Fig. 28.

Fig. 27 Horizontal inverse impedance function of soil layer for different shear wave
velocities (vs) (ν=0.3, ρ=1800 kg/m3, ξ=0.05, b/h=1/2)
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Fig. 28 Horizontal normalized inverse impedance function of soil layer (ν=0.3, ρ=1800
kg/m3, ξ=0.05, b/h=1/2)
Fig. 29 shows the impedance for different Poisson ratios. In this case the curves for the amplitude
and phase angle are almost on the top of each other, for smaller ν, the amplitude is slightly bigger.

Fig. 29 Horizontal inverse impedance function of soil layer for different Poisson ratios (ν)
(vs =100 m/s, ρ=1800 kg/m3, ξ=0.05, b/h=1/2)
The inverse impedance function of a spring-dashpot system (in case of unit force) as an amplitude
and phase angle are given in Fig. 30:
Z0 

c 
1
,   arctan  x  .
2 2
c
 kx 
kx  x 2
kx

(30)

If we compare the functions in Fig. 26, Fig. 27 and Fig. 29 to the function in Fig. 30, the difference
between the amplitude is extremely high, and the phase angle is also different in this frequency
range.
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A common method in practical earthquake resistant design is to consider the effect of the soil by
calculating a constant spring stiffness (kstatic, which can be different than the kx spring stiffness
given in the literature) with the aid of a static finite element calculation. In that case the amplitude
of the inverse impedance function is 1/ kstatic ( 2.32 108 m N for the same parameters as in Fig.
30).

Fig. 30 Horizontal inverse impedance function of spring-dashpot system calculated by Eq.
(27) and Eq. (30) (vs=100 m/s, ρ=1800 kg/m3)
The inverse impedance function of a finite soil layer with strip foundation (Fig. 24a) is summarized
in Fig. 31. The amplitude is normalized with the initial (static) value of the amplitude (1/kstatic), and
it is given in the function of a dimensionless frequency parameter (hf/vs) for different b/h ratios,
where b is the half width of the foundation.

Fig. 31 Normalized inverse impedance function for horizontal motion and for different b/h
ratios
Fig. 32 shows the ratio of the inverse horizontal impedance amplitude function for different b/h
ratios, when the function is bigger than one the approximation is not conservative, when it is
smaller than one it is conservative. It can be seen that b/h =10 the amplitude in case of the soil layer
can be 7 times bigger than the amplitude of the spring-dashpot model, because of the first natural
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frequency of the soil layer, while for small b/h value the ratio of the amplitudes is around 2. The
maximum difference would occur, when b/h→∞, in this case for ξ=0.05, the ratio at the resonance
point would be 10 (which is the dynamic amplification factor of a SDOF system presented in Table
1). The right diagram of Fig. 32 shows the difference between the phase angles. In case of small
b/h =1/10 the difference is about 20°, while for bigger b/h ratios the maximum difference is 140°.

Fig. 32 Ratio (Z0direct/Z0simplified) of the inverse horizontal impedance amplitude of the soil
layer (Fig. 24a) and the simplified spring-dashpot model (Fig. 24c) (deviation from
unity shows the error of the simplified model) and the difference between the phase
angles (φdirect-φsimplified)
For rocking excitation similar inverse impedance functions can be calculated by FE for a finite soil
layer (Fig. 24a). The effect of the different soil parameters are shown in Fig. 33 and Fig. 34.
Fig. 33 shows the amplitude and phase angle of the rocking inverse impedance function for
different soil layer thicknesses. It can be observed, that in case of rocking motion not only the value
of the natural frequencies are different in case of the different h values, but the amplitude is also
changing. For larger soil layer thicknesses the peaks are disappearing.
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Fig. 33 Rocking inverse impedance function of soil layer for different soil thicknesses (h)
(vs=100 m/s, ν=0.3, ρ=1800 kg/m3, ξ=0.05, b/h=1/2)
The effect of the soil stiffness to the impedance function can be observed in Fig. 34. Similarly to
the horizontal motion, the effect of resonance is more significant in case of soft soils. For stiffer
soils (vs=600m/s) the peaks are smaller in both the amplitude and phase angle curves.

Fig. 34 Rocking inverse impedance function of soil layer for different shear wave velocities
(vs) (h=40 m, ν=0.3, ρ=1800 kg/m3, ξ=0.05, b/h=1/2)
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Fig. 35 Rocking normalized inverse impedance function of soil layer (ν=0.3, ρ=1800 kg/m3,
ξ=0.05, b/h=1/2)
Similarly to the horizontal case, the curves of Fig. 33 and Fig. 34 are overlapping when the
horizontal axis is multiplied by the thickness of the soil layer (h), divided by the shear wave velocity
(vs) and the vertical axis is normalized by the static stiffness. In this case one curve belongs to all
of the h and vs values (Fig. 35), but different curves belong to different b/h ratios (because this
normalization does not include the effect of the width of the foundation), as it can be seen in Fig.
36. For high b/h ratios the peaks are significant, while for small b/h ratios the peaks are
disappearing.

Fig. 36 Normalized inverse impedance function for rocking motion and for different b/h
ratios
To evaluate the difference between the rocking of a weightless strip foundation on a soil layer (Fig.
24a) and the simplified spring dashpot model (Fig. 24c), the ratios of the amplitude and phase angle
of the rocking inverse impedances are given in Fig. 37. The ratios show that for big b/h ratio the
rocking in case of the soil layer can be 3 times bigger than in case of the spring-dashpot model. For
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small b/h values the ratio of the amplitudes and phase angle of the two models are close to one,
which means the simplified model gives a good approximation.

Fig. 37 Ratio of the inverse, rocking impedance function of the soil layer (Fig. 24a) and the
simplified spring-dashpot model (Fig. 24c) (deviation from unity shows the error of
the simplified model) and the difference between the phase angles (φdirect-φsimplified)
5.1.3.

Effect of the eigenfrequency of the soil-structure system

The effect of the resonance of the soil-structure system is also investigated. A rigid structure with
mass M on a finite soil layer is considered. First harmonic analyses are performed, then the
horizontal displacement of the foundation is calculated from base excitation (Fig. 38). The base
excitation is ug(t), the horizontal displacement of the structure is udirect(t) in case of the analysis of
the finite soil layer (Fig. 38a) and usimplified(t) for the simplified model (Fig. 38b).

a)

b)

Fig. 38 a) Finite soil layer with thickness of h and rigid foundation with mass M, b)
simplified model, K and C are calculated according to Eq. (27)
First the two models (Fig. 38) for trigonometrical excitation are analyzed. Fig. 39 shows the
difference between the horizontal displacement of the direct and simplified model and also for the
case, when the spring stiffness is calculated by static FEM.
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direct (Fig. 38a);

direct (Fig. 38a);

simplified (Fig. 38b);

simplified (Fig. 38b)

Fig. 39 Horizontal displacement of the foundation for harmonic excitation (vs=100 m/s,
ρ=1800 kg/m3, b=5 m, h=40 m, M=106 kg, ξ=0.05)
The left diagram of Fig. 39 shows the steady-state solution for f=0.4 Hz sine excitation, as it can
be seen the maximum horizontal displacement of the direct model 5 times bigger than the
displacement in case of the simplified model. The right diagram of Fig. 39 shows the amplitude for
different frequencies, the difference between the models can be even higher for the frequencies
close to the resonant point. The resonant frequency of the two models are also different, in this case
f0= 0.46 Hz for the direct model, f0=0.7 Hz for the simplified model (K=2.016  107 N/m, C=1.8 
106 Ns/m, M=106 kg).
To determine the effect of the resonance in the design process a soil layer with a rigid strip
foundation and the simplified model is analysed for earthquake excitation. To investigate the effect
of resonance the parameters are chosen in such a way that the dominant frequency of the record is
close to the soil-structure system’s first natural frequency. The natural frequency of the simplified
model is different, therefore in this way the maximum of the possible error is presented.
In order to be able to compare the methods with each other artificial records are used, the
accelerograms are generated from Eurocode response spectra [48]. To calculate the horizontal
displacement of the structure resting on a soft soil layer the bedrock under the soil is excited, and
a record generated for curve A of EC 8 [49] is used. Fig. 40a shows the difference between the
horizontal displacement of the structure resting on a finite soil layer (Fig. 38a) and the simplified
model (Fig. 38b) for the artificial earthquake excitation generated for curve A. The horizontal
displacement of the structure resting on a soil layer is 20 times larger than the horizontal
displacement of the simplified model.
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Note however that the common design process in case of the simplified modelling is to use the
curve of the analysed soil type (in this case curve D [49]), to consider the amplification of the soil
layer. In Fig. 40b the artificial record generated for curve A is used for the structure resting on a
soil layer, while the record generated for curve D is used for the simplified model. In this case the
horizontal displacement of the structure on a soil layer is 10 times higher than the horizontal
displacement of the simplified model.

udirect, EC-soil A (Fig. 38a);
usimplified, EC-soil A (Fig. 38b)
udirect,max=0.021 m, usimplified,max=0.001 m
a)

udirect, EC-soil A (Fig. 38a);
usimplified, EC-soil D (Fig. 38b)
udirect,max=0.021 m, usimplified,max=0.003 m
b)
Fig. 40 Horizontal displacement of the foundation for earthquake excitation a) usimplified is
calculated by an artificial earthquake generated for EC curve A, b) usimplified is
calculated by an artificial earthquake generated for EC curve D (vs=100 m/s, ρ=1800
kg/m3, b=20 m, h=40 m, M=105 kg, ξ=0.05)
As it was shown significant error can be made by using the simplified model, when the dominant
frequency of the earthquake is close to the first eigenfrequency of the soil-structure system. The
frequency content of typical earthquakes (analysing the 44 far-field record of [50]) is in the range
of 0.45 Hz<f<2.82 Hz. Fig. 41 shows the resonance-sensitive zones according to the dominant
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frequency content of the analysed records of the h and vs parameters of the soil for different masses
(M). It can be observed that in case of bigger masses the softer soils are not affected. The diagram
is almost linear for small M values; the explanation of this phenomenon will be presented in Section
5.2.3.

a)

b)
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c)
Fig. 41 Parameter range (vs and h), where the natural frequency of the system is in the range
of the dominant frequency of earthquakes, a) M=10t, b) M=1000t, c) M=5000t
The effect of the length of the soil layer is summarized in Appendix A.
The diagrams showed in Fig. 41 can be represented in one figure (Fig. 42), the lower border is
when the foundation has no mass, the upper boundaries are belonging to the cases, where the
foundation has mass. In case of the lower boundary, ωl=2π  2.82 Hz≈15 Hz, for the upper
boundaries ωu=2π  0.45 Hz≈3 Hz was used in Fig. 42.

Fig. 42 Critical domain (grey area), where resonance may occur for different masses
5.1.4.

Conclusions

The possible errors were investigated due to the different modelling of soil structure interaction.
Some of the applied soil models, which are extensively used in practical design, the soil
substructure has no eigenfrequency, which may lead to significant error and to a not conservative
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design. For harmonic excitation the error of using the simplified model can be an order of
magnitude (Fig. 39), and for earthquakes, where the eigenfrequency of the soil-structure system is
close to the dominant frequency of the earthquakes, the predicted maximum displacement of the
simplified model can be 10 times smaller than that calculated with the more sophisticated models.
Furthermore the effect of the finite length of the layer can also enhance the motion (Appendix A).
The numerical analyses showed that two cases have to be investigated to determine the effect of
resonance, the natural frequency of the soil layer and the natural frequency of the soil layer –
structure system. The effect of the resonance in case of the soil layer are shown in Fig. 32 and Fig.
37. The difference between the impedances of the soil layer (Fig. 24a) and the simplified model
(Fig. 24c) occurs at the first natural frequency. For big b/h ratios the error is more significant than
for small b/h ratios.
The first eigenfrequency of the system (soil layer and the foundation with the weight of the rigid
structure), can also result in resonance. Fig. 40 shows that the horizontal displacement of the soilstructure model (Fig. 38a) can be 10 times bigger than the horizontal displacement of the simplified
model (Fig. 38b). This significant error occurs in that case, when the first natural frequency of the
soil layer is close to the dominant frequency of the earthquake. Fig. 41 shows the parameter range
of h and vs, where these two frequencies collide.
The details of this chapter are also presented in [51], [52], [53] and [54]. The main contributions
of this chapter is number three (see Chapter 8).
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5.2.

New simple model in SSI to take into account the radiation damping and resonance

In this chapter a rigid object resting on the surface of the ground is considered. The object is infinite
in one (y) direction (e.g. strip foundation). The dimension of the soil in the vertical direction is
finite, the height is denoted by h while it can be infinite or finite (l) in the x direction (Fig. 43). The
rock under the soil is excited by earthquakes on lines z=0 and x=±l/2. The slip between the rigid
foundation and the soil layer and between the soil and the rock is neglected.

Fig. 43 The analysed 2D problem with a finite soil layer and a strip foundation
We wish:


to understand the response of the structure including the possible resonance and the overlap
with the so called cut-off frequency [17],



to develop a simplified model which can follow the above phenomena (resonance, effect of
the cut-off frequency) by reasonable accuracy,



to analyse under which circumstances these phenomena occur in case of real structures.

In this chapter the analyses are limited to 2D problems, and for flat objects undergoes dominantly
horizontal motion. Note however, as presented in the Introduction [55] rocking structures on finite
soil layer behaves similarly.
It will be assumed that the soil behaves in a linearly elastic manner, which will enable us to develop
a simple model; but it is noted that the introduced phenomena are important for more realistic soil
models as well.
To analyse the 2D problem (Fig. 43) commercially available FE programs (e.g. ANSYS) or
analytical tools, or approximate solutions e.g. the Rayleigh-Ritz method can be used.
To analyse the effect of an earthquake both the direct method (time-history analysis), and the
harmonic analysis can be applied. (In the latter case the rock is excited by sine waves).
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a)

b)

c)

Fig. 44 Methods of analysis: a) Reality, b) approximate solution (Rayleigh-Ritz), c) Solution
of a simplified model
The FE method will be used for the analysis of the 2D problem (Fig. 44a), while the Rayleigh-Ritz
method to reach an approximate solution (Fig. 44b) of the 2D problem, and to derive a simplified
(1D) model (Fig. 44c). The latter one will be analysed by directly solving its differential equation
(DE). The results of our approximate model will be verified by 2D FE analyses (direct approach).
As will be shown in this chapter, this model of an axially constraint infinite bar (containing a few
parameters only) is capable to capture the basic behaviour of structures resting on finite depth soil
layers.
5.2.1.

Horizontal excitation of rigid structures on a finite soil layer

To obtain a simplified model (Fig. 44 c) first the case, when there is no object on the soil is
considered. Then it is extended, and an object with finite size is also taken into account.
The equations of a layer (under plane strain condition) are summarized in Table 1 [56]. In the last
row the total mechanical energy of the system is given. In Section 5.1.2 it was observed, that the
effect of the Poisson’s ratio is small, therefore in the following it is set to be 0. According to the
Rayleigh-Ritz method the displacement field (for zero Poisson’s ratio, ν=0) is assumed in the
following form:
z 
u2D ( x, z, t )  u ( x, t ) sin 
,
 2h 
v2D ( x, z, t )  0,

(31)

where u ( x, t ) is the displacement function in the x direction, and h is the thickness of the soil layer.
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Table 2 Energy and parameters of a 2D soil layer (ν=0)
Load
Displacement
Stiffness matrix

 p ( x, z ) 
p x

 p z ( x, z ) 

 u ( x, z , t ) 
u   2D

 v2D ( x, z, t ) 



1 0 0 


D  E 0 1 0 

1
0 0


2

Operator
 

 x 0 


 

L 0

z 




 z x 

1
1
 u  u
dA
Energy:  (u, t )   (Lu)T D(Lu)dA   u TpdA    

2A
2 A  t  t
A
T

E: elastic modulus, h: thickness, ρ: density
Substituting Eq.(31) into the last row of Table 2, after straightforward mathematical manipulations
we obtain (assuming v2D ( x, z, t )  0 ):
Gh  du 
G 2 2
 h  du 
dx

u dx 
 
  dx ,


2 x  dx 
16h x
4 x  dt 
2

(u ( x, t )) 

2

(32)

where G is the shear modulus ( G   vs2 , vs is the shear wave velocity), h is the thickness and ρ is
the density of the soil layer.
The differential equation of the problem can be derived mathematically as the Euler-Lagrange
equation of the stationary condition   stac. (see Eq.(32)). The derivation is given in Appendix
B, the result is given in the second column of Table 3.
Now we recall that the DE of a bar with continuous elastic support in the direction of the bar axis
is  EAu   u  u  0 (Eq. (7)), where EA is the normal stiffness of the bar,  is the stiffness of
the elastic foundation and  is the mass per unit length of the bar. It may be observed that this
equation is equivalent to the DE of the approximation of the 2D problem (Table 3) provided that:
EA  Gh ;  

G 2
h
;
8h
2

(33)

With these replacements the natural frequency of an axially constrained bar is identical to that of
the soil layer.
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Table 3 The differential equation and natural circular frequency of the 2D system and the
simplified model ( G=ρvs2)

Differential equation

Natural frequency

Parameters

Ghu 

n2 

G 2
h
u u 0
8h
2

 EAu   u  u  0

2G  1 1 

  8h2 l 2 
2

EA  Gh ;  

n2 

  EA


2
l2

G 2
h
; 
8h
2

Now we investigate the problem when there is an object on the top of the layer with a total mass
of 2m. First we consider the case when 2b<<h (approximately b/h<5, as it will be shown later, see
in Fig. 48), i.e. the foundation width is negligible. For this case we may consider only the half of
the problem, as shown in Fig. 45c: the simplified model is a half infinite bar, with a concentrated
mass (m) at the end. When the size 2b is finite Rayleigh’s method must be reconsidered. We assume
that the displacement field is uniform with respect to x, under the object:

u( x,z, t )  u(b,z, t ) if 0  x  b.
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(34)

c)

a)
b)
d)
Fig. 45 Simplified models of a soil layer with an object, a) reality, b) 2D model, c) 1D
model if 2b<<h, d) 1D model if 2b<<h
Introducing Eq. (34) into the expression of the potential energy (Eq.(32)), and determining the
Euler-Lagrange equation, we obtain an axially constrained bar, however there is a replacement
spring and mass at the end (Fig. 45 c):
k0 

G 2b
,
8h

m0 

h
2

b,

(35)
(36)

both are proportional to the size b.
This model will be verified in the next sections. The behaviour of an axially constrained infinite
bar is summarized in Chapter 4.3, according to that the solution of these models can be given.
5.2.2.

Solution of the model − small foundation size (2b<<h)

Now we consider the model shown in Fig. 45c, which is subjected to a harmonic force excitation
(Fig. 46a). The differential equation is given by Eq. (7), the mass and force must be taken into
account in the boundary conditions. Although the solution requires some mathematical
background, it can be obtained in a straightforward manner (Appendix C). We derived the steadystate solution as:

u  Dei ( kxt ) ,
where k  

 

 
1 
 is the wave number, and D is:
EA   2 
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(37)

D  u ( x  0,  ) 

F0 (m 2 )

02
2
1

1
2
c2

,

(38)

where c is the cut-off frequency (Eq. (10)) and 0 is defined as:

0  ks m .

(39)

The natural frequency of the system is obtained from the condition that the denominator of D
(Eq. (38)) is zero, which results in:
2

n  0

 2 
2
1   02   02 .
 2c  2c

(40)

The corresponding impedance curve is (Fig. 46b):

Z0 

Z0 

1 (m 2 )

02
2
1 2 1
2
c
1 (m 2 )

02  2
1 1
 2 c2

, if   c
(41)

, if   c

a)
b)
Fig. 46 Infinite bar on an elastic foundation with an end mass (a) and the corresponding
impedance curve (b)
The transient solution is:
u( x  0, t )  A sin(n t )  B cos(n t ),

(42)

where n is the natural circular frequency of the system and the constants A and B are the
following:

A

vini   D

n
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, B  uini .

(43)

Here u0 and v0 are the displacement and velocity of the bar end at t=0.
Now a simplified expression is also presented for the natural frequency with Dunkerley’s
expression [57]:
1



2
n



1



2
1



1

22

,

(44)

where 1 is the natural frequency when m is equal to zero i.e. 1  c , while 2 is the natural
frequency of a weightless bar (   0 ) with a mass at the end. Since the replacement spring stiffness
for   0 is k s (Eq. (9)), we have 2  0 (see Eq. (39)).
Eq. (44) results in:

n 

1
1

c2



1

02



c202
.
02  c2

(45)

To verify the derived expressions and to investigate the accuracy of Dunkerley’s approach for three
different masses the first natural frequencies were calculated by Eqs. (40) and (45), and also by
finite element analysis (ANSYS). The results are shown in Table 3.
Table 4 Comparison of the natural frequencies calculated by Eqs. (40) and (45), and finite
element analysis
Natural frequency f [1/s]
Error of
Mass (t)
Dunkerley’s
Dunkerley’s
Analytical
Numerical
approach [%]
approximation
1800
0.406
0.408
0.364
12
9000
0.224
0.225
0.214
5.2
18000
0.163
0.164
0.159
3.1
It can be observed that the analytical and numerical solutions are practically identical, and
Dunkerley’s approach underestimates the natural frequency.
Now we consider the case when the system is subjected to a harmonic base excitation (Fig. 47).
The differential equation (Eq. (7)) will be slightly different:

 EAur   ur  ur   ug 0 sin(t ),

(46)

where ug0 is the amplitude of base excitation, and ur is the relative displacement. The amplitude of
the steady-state solution ( ur  Dr ei ( kx t ) ) can be derived similarly as Eq. (38) and is given below:
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1
1

Dr  ur ( x  0,  )  
 1 u g 0
.
2
2
2


0
 2 1  2 1  1  2


c
c



(47)

Fig. 47 Base excitation of the system
5.2.3.

Solution of the model – not negligible foundation size 2b  h

As we stated in Section 5.2.1 (Fig. 45) the only difference between the two models that in the
second one at the bar end an equivalent mass (m0) and spring (k0) defined by Eqs. (35) and (36)
must be considered. As a consequence, the differential equations presented in section 5.2.2. are
valid, only the boundary conditions must be modified. Without giving the mathematical details of
the derivation the amplitude of the steady-state solution ( u  DK ei ( kx t ) ) for force excitation is:

DK 

F0  2 (m  m0 )

022
032
2
1


1

2
c2
2

,

(48)

where 02  ks (m  m0 ) and 03  k0 (m  m0 ) .
The natural frequency is as follows:
2

 4

4
n   022  032   022  032   034  024  .
2c
 2c


(49)

The last expression (Eq.(49)) was verified by a 2D finite element solution (Fig. 48), the maximum
difference is 8%. Despite of the major simplifications the frequencies of the model (Eq. (49)) and
that of the 2D problem are close to each other.
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numerical solution of 2D model

analytical solution Eq. (49)

Fig. 48 Natural frequency of the simplified model (Eq. (49)) and 2D model
The solution for base excitation ( ug  ug 0 sin(t ) ) was also derived, the result is:



032


1 2
1


DKr  ur ( x  0,  )  
 1 u g 0
.
2
2
2
2



02
03
1 2
 2 1  2  2 1 


c


c



(50)

The derived expressions were verified by finite element solutions. The numerical and analytical
solution of an axially constrained bar is given below in Fig. 49.

numerical solution
analytical solution
Fig. 49 Verification of the derived expression (Eq. (37), (13), (17), (18) )
( EA  18106 N ,   55.5 103

5.2.4.

N
kg
,   1800 , m  72267 kg , F0  1,   4.712 Hz, u0  0, v0  0)
2
m
m

Significance of the model

In the previous section we derived an expression for the displacement of the structure subjected to
a harmonic base excitation. The amplitude of the steady-state solution is given by Eq.(50). It is an
important observation that there are two singular points in the resonance curve. One belongs to the
eigenfrequency (when the denominator of the first fraction in Eq. (50) becomes zero), while the
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second one to the cut-off frequency ( c ) when the denominator of the second part of Eq. (50) is
zero.
Although for real cases, when we have a material damping, and the duration of an earthquake is
finite there are no singular points, but definitely there are high peaks on the resonance curve. When
the dominant frequency of an earthquake is close to the eigenfrequency or to the cut-off frequency
it is expected that the response displacement will be very high. Now we investigate the realistic
range of the cut-off frequency and natural frequency.
When the frequency is below the cut-off frequency the phase angle is   0 , and there is no energy
dissipation in the system, while for higher frequency   90 , there is a loss in energy. If we try to
model this behaviour with springs, masses and dashpots, we must face the following contradictions.
For   c no dashpot is needed, while for   c a dashpot must be applied. If we choose one of
these, for the other case our modelling will be inadequate.
The importance of the above contradiction of the energy dissipation will be treated in the numerical
example.
5.2.5.

Numerical example

We present three numerical examples and the results of our model will be compared to simple
spring, mass, (dashpot) systems.
We consider a flat, rigid structure. The total mass is 2m=720 t, the width is 2b=20 m, and it is
resting on a soil layer with a total thickness of h=50 m and shear wave velocity vs=100 m/s2 and
density ρ=1800 kg/m3 (Fig. 50a).
The parameters of our replacement model for one meter width are calculated by Eqs. (33), (35) and
(36) which results in:

EA  900 106 N,   45000

kg
N
N
,   444132 2 , m0  900 103 kg, k0  8882643 . (51)
m
m
m

If the cone model is used, which was developed originally for infinite thickness, it gives zero
concentrated mass [2]. The spring stiffness is determined here in such a way that the static response
of the 2D structure and the model is identical. First, for simplicity, the damping is neglected.
Comparisons on the impedance curve are given in Fig. 51. Since the resonance frequency of the
spring-dashpot model is different from the real case, the error of the simple spring-dashpot model
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close to the resonance is enormous. Also note that our model (axially constrained bar) – using the
simple replacement stiffnesses – and the 2D solution give similar answers.
Now we chose a spring-mass model, where the mass was determined to match the resonance
frequency. We obtained m’=1771214 kg.
For this model (together with the 2D and our model) the impedance curves are given in Fig. 52.
We may observe that although for zero frequency the curves are identical and the resonance points
are at the same location the spring model for low frequency overestimates the response while for
high frequency underestimates it. More importantly the phase angle is very different. Our model is
much better than the spring model (note however that the higher resonances cannot be handled.)
To further show the essential differences between the models two time-history analyses are given
for two different harmonic excitations (Fig. 53), one below and one above the cut-off frequency.
The results in Fig. 53 clearly show that although our model and the spring-mass model has the
same static stiffness and resonance point, their responses are strongly different.
Now the resonance for an earthquake record [50] was calculated, the results are shown in Fig. 54.
We may have similar conclusions as for harmonic excitation: our new model gives a reasonable
response, while the spring model, in spite of matching the static response and the resonance
frequency is inaccurate.

a)

c)

b)

d)
e)
Fig. 50 Models analysed for base excitation
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f)

FE model (Fig. 50a)
present model (Fig. 50b)
spring (Fig. 50c)
Fig. 51 Impedance curve (steady-state solution) of the different models without damping

FE model (Fig. 50a)
present model (Fig. 50b)
spring (Fig. 50e)
Fig. 52 Impedance curve (steady-state solution) of the different models without damping

numerical solution of FE model (Fig. 50a)
analytical solution of present model
(Fig. 50b)
solution of spring model (Fig. 50e)
Fig. 53 a) Full solution of the models (ω=4.71 Hz>ωn=3.09 Hz), b) full solution of the
models (ω=2.5Hz<ωn=3.09 Hz)
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FE model (Fig. 50a)
present model (Fig. 50b)
spring (Fig. 50e)
Fig. 54 Solution of the different models for an earthquake record ([50] record no. 32)
In Fig. 55 the impedance curves of the different models with damping can be seen. For the 2D
model and our 1D model 5% material damping is used. With dashed line the impedance of the
spring-dashpot model (Fig. 50d) is showed, but to reach a similar amplitude curve, 12% damping
(c’x=1878331 Ns/m) had to be used. The dashed-dot line shows the results of a spring-dashpot
model (Fig. 50e), where the parameters are calculated by formulas in the literature [11]. For the
models showed in Fig. 50a, b and f the amplitude curves of the impedance function are similar, but
the phase angle for the spring-dashpot model is quite different.
The differences in the models are also presented by time-history analysis for an earthquake record
[50] in Fig. 56.

FE model (Fig. 50a)
present model (Fig. 50b)
spring-dashpot model (Fig.
50f)
spring-dashpot (Fig. 50d)[58]
Fig. 55 Impedances with damping
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FE model (Fig. 50a)
present model (Fig. 50b)
spring-dashpot model (Fig.
50f)
spring-dashpot (Fig. 50d) [58]
Fig. 56 Solution of the different models for an earthquake record ([50] record no. 32)
5.2.6.

Conclusions

A rigid structure resting on a finite depth soil layer was investigated. The size of the object resting
on the soil influences the behaviour of the layer, their interaction was investigated. When the
structure is long in one direction the 2D problem can be reasonably well modelled by an axially
constrained bar (Fig. 46), where the bar stiffness ( EA ), mass per unit length (  ) and the
coefficient of elastic foundation (  ) depend on the soil parameters and on the stiffness of the soil
layer. In the model a spring (k0) and a concentrated mass (m0) must be taken into account, which
depend on the size of the foundation. The concentrated mass can be interpreted as the soil which
directly moves together with the object. The recommended model can be considered as two sub
models connected parallelly: a spring-mass system and a beam on elastic foundation.
The above simplified model subjected to base excitation can be and was solved analytically and
the response of the system was analysed. When the frequency of a harmonic excitation is above
the so called cut-off frequency there is a high radiation damping, while when it is below, the
radiation damping vanishes. Note that this phenomenon can not be observed on single springdashpot systems.
It is recommended that in modelling the soil structure interaction by FE the effect of the soil should
be taken into account by the presented model (with a reasonable damping ratio to account for the
material damping). This model contains both the possible resonance of the soil-structure system
and the cut-off frequency which determines the role of the radiation damping. These phenomena
61

are significant part of the behaviour; their negligence (e.g. by using single spring-dashpot supports)
may lead to unacceptable errors during earthquake design.
When more complex models (such as the lumped model, Fig. 4) are used, to achieve proper
accuracy with a reasonably low number of parameters it is recommended that one of the sub models
is an axially constrained bar.
The presented model takes into account two resonant points between the rigid structure and the
supporting soil, the first natural frequency and the cut-off frequency. In the 2D solution there are
further resonance points, since in the soil layer higher modes can develop (Fig. 57). These might
be taken into account by the combination (serial or parallel) of our simple model, however this is
also not the task of this thesis.

Fig. 57 Higher modes of the soil layer
In case of long rectangular floors the harmonic response of the system was analysed, both the
amplification factor and phase angle of the problem is given. The maximum of the amplification
factor is given for infinitely long plates, which can be used for long or not long orthotropic plates.
The response is compared to the formulas in the currently valid design guides, which only give
proper results for plates with zero torsional stiffness and damping ratio ξ=2% and for the case of
resonance. Effective width and amplification factor for the resonance point is determined for long
plates, also in case of the plate has no torsional stiffness and for Huber orthotropy.
The details are also presented in [43] and [59]. The main contributions of this chapter is number
four (see Chapter 8).
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5.3.

Identification of model parameters of the new model in SSI

In this chapter, again, a rigid object resting on the surface of the ground is investigated. Both 2D
(e.g. strip foundations) and 3D problems (e.g. shallow foundations) are considered. The depth of
the soil above the rock is finite and may vary with the horizontal coordinates, while the horizontal
dimensions can be infinite or finite (Fig. 58). The rock under the soil is excited by earthquakes and
the horizontal response of the structure is investigated. Our hypothesis is that the soil can be
reasonably well represented by the simple model, which was derived for regular 2D problems (Fig.
58), i.e. an axially constrained infinite bar connected parallelly to a mass-spring system. The
advantage of using this model is that it contains only very few parameters and results in a 1D
problem instead of a 3D one. In this chapter we wish to validate this hypothesis. It will be also
shown that the number of the independent parameters of the model is three:


the static stiffness of the model K,



the eigen (cut-off) frequency ωc,



the ratio η which shows the contribution of the sub models. (For η=0 it gives the massspring system, while for η=1 the axially constrained infinite bar.)

Furthermore a simple identification method is developed to determine the parameters of the model.

Fig. 58 Examples of 2D and 3D problems, and the model (the model parameters are: K, ωc,
η)
The analyses are limited to flat objects which undergo dominantly horizontal motion. Note,
however, as presented in [55] that rocking structures on finite soil layer behaves similarly; thus the
simplified model might be generalized for these kinds of problems.
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Elastic structures can be represented by the impedance curves. The basic idea, similarly to those of
[18], [20], [19] is that the model must be chosen in such a way that its impedance – at least in the
important frequency range – is close to that of the real problem. First, in the next chapter, the
impedance curve of the simple model will be investigated, then it will be discussed, how the model
parameters can be identified.
In the following sections it is assumed that the soil behaves in a linearly elastic manner, damping
is taken into account.
5.3.1. Impedance curve of the simplified model
The impedance relates the applied sinusoidal force F0 sin(t ) to the steady state response
displacement u0 sin t    (Fig. 59), where ϕ is the phase angle:
(52)
F0 sin(t )  u0 sin(t   ).
The impedance curves contain the u0/F0 ratio and the phase angle as a function of the exciting
circular frequency. Recall that the dynamic displacement amplification factor is defined as

u0
,
F0 / k
where 𝑘 is the static stiffness and F0/k is the static displacement.
D

(53)

Fig. 59 Steady state response of an object resting on the soil subjected to a trigonometrical
force excitation
The model of an axially constrained infinitely long bar contains three parameters: the tensile
stiffness of the bar, EA ; the mass of the bar per unit length, μ; and the coefficient of the elastic
foundation, κ. The behaviour of the bar, however, depends on two parameters only: if we change
the parameters in such a way that  EA and κ/μ are kept constant, the response of the bar does not
change. Here we chose the following two independent parameters: ks   EA (Eq. (9)), and

c   /  (Eq. (10)).
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The reason of the choice is that both have physical meaning: ks is the static stiffness of the axially
constrained bar subjected to a concentrated force at the end, while ωc is the cut-off frequency [17].
With these new parameters the impedance curves in case of no damping are shown in Fig. 14, the
corresponding formula is given by Eq. (11).
The impedance curves of a simple mass-spring system are given in Fig. 7, they depend on two
parameters, the spring stiffness k0 and the mass m0. Its eigen circular frequency is n  k0 m0
(Eq. (2)). The dynamic displacement amplification factor (D0) and the phase angle (ϕ0) are given
in Fig. 7 and by Eq. (4).
Comparing the phase angles of the two models (in both cases the damping is zero) it is clearly seen
that while for the mass-spring system there is no energy dissipation, for the axially constrained
infinitely long bar there is no energy dissipation only when   c , however (due to radiation
damping) there is energy dissipation for   c .
In the developed simple model (Fig. 58) the eigenfrequency of the mass-spring system is identical
to the cut off frequency of the axially constrained bar ( n  c ), hence there are only three
independent parameters in our model: ks, ωc and k0 (since m0  k0 c2 ). Instead of ks and k0 the
total static stiffness and the dimensionless parameter η will be used, which are defined as:

ks
.
K
In summary, we have the following three parameters: η, K and ωc.
K  k0  ks ,  

(54)

The solution in case of damping, characterized by the damping ratio ξ (<1), is given in Section 4.1
for SDOF systems and in Section 4.3 for axially constrained infinite bars. The calculated dynamic
displacement amplification factors and phase angles for ξ=0.05 are shown in Fig. 60. The curves
due to the mass-spring stiffness is identified by η=1, while those of the infinite bar by η =0.
Now the impedance curves are derived for the parallel connection of the above two models.
Since the displacements of the two connected systems are identical, from unit periodic
displacement (u0sin(ωt), u0=1) the forces are

ks
k
sin(t   )  0 sin(t  0 ).
D
D0
Mathematically the sum of two harmonic functions can be replaced by a single sine function:
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(55)

ks
k
sin(t   )  0 sin(t  0 )  F0 sin(t   )
D
D0

(56)

where:



  tan 1 




ks
k

sin    0 sin 0  
D
D0
,
ks
k0
cos    cos 0  
D
D0

2

(57)

2

 k
  k

k
k
F0   s cos    0 cos 0     s sin    0 sin 0   ,
D0
D0
 D
  D


(58)

ϕ is the phase angle of the impedance curve. The dynamic amplification factor is (Eq. (53), (since
u0=1):

a)
b)
Fig. 60 Amplification factor and phase angle for ξ=0.05 damping ratio (k0/ks=1)

K
.
(59)
F0 K F0
The resulting curve, calculated by Eqs. (5), (20), (21) and (57)-(59) is given in Fig. 60a by a
D

1



continuous line.
An approximate formula can be obtained by assuming identical phase angles:   0 . With this
substitution Eqs. (54)-(59) result in:
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D

1
.
1
1
(1   )  
D0
D

(60)

The corresponding curve is given in Fig. 60 by dashed line. This summation is accurate, when the
phase angles are the same, and it gives a lower bound, when the phase angles are different, as it
can be seen in Fig. 60a by dashed line. In the following only the peak of the curve will be relevant,
therefore this approximation can be used.
The value of D0 at resonance (ω=ωc) is equal to 1/2ξ [41], which is close to the maximum value.
The maximum of D was investigated numerically, we obtained, as a very accurate approximation

1

2 . With these approximations Eq. (60) results in:

Dmax 

1
(1   )2   2

.

(61)

5.3.2. Identification of the model parameters
It is important to mention that the harmonic analysis of a complex problem (using a FE code) is
considerably simpler than the time history analysis. By performing the harmonic analysis the
impedance curves (u0/F0 and ϕ) are obtained.
Now the question arises, if the impedance curves are known (from a FE calculation or from
experiments), how should the model parameters (K, ωc and η) be determined? A complicated
numerical identification process must be avoided, and, if possible, explicit expressions should be
derived. Due to the three model parameters, at least three representative parameters of the curves
must be chosen.
Two choices seem to be obvious: the static stiffness, i.e. the inverse of the impedance curve (u0/F0)
at zero frequency and the resonance frequency ωc, i.e. roughly the position of the maximum value
of the impedance curve. To find the third representative parameter several options were
investigated: the curvature of the impedance curve at zero frequency, its value at high frequency,
the shape of the phase angle curve, etc. None of those were satisfactory: either the resulting
equations were sensitive to small variations of the input parameters or the solution procedure was
too complicated. Finally, it was found that – for a given damping ratio – a reasonable choice is the
maximum value of the impedance (u0/F0) curve (Fig. 61). As a result, the parameters of the
simplified model can be calculated from the impedance curves in three steps:
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Step 1: ωc is obtained directly from the impedance curve. (In case of a FE calculation, to obtain an
accurate value it is recommended to use a low value for the damping ratio e.g. ξ=0.001, when the
peak without and with damping is close to each other.)
Step 2: The A and B ordinates (Fig. 61) of the impedance curve are determined. (For this calculation
a more realistic, higher damping ratio can be applied.) From Eq. (61), we obtain:

2  1 Dmax
B
, Dmax  .
A
2  2

(62)

1
, k0  K (1   ), ks  K.
A

(63)


Step 3: The stiffnesses are (Eq. (54)):

K

Fig. 61 Three representative parameters of the impedance curve (A is the inverse of the
static stiffness: A  1/ K  1  k0  ks  )
5.3.3. Validation of the model
To validate our hypothesis four examples shown in Fig. 62 and Fig. 66 were investigated.
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a)

b)

c)
Fig. 62 Investigated cases a) horizontally infinite soil layer with uniform thickness, b)
finite length soil layer with uniform thickness, c) two irregular soil layers
h=50 m, b=20 m, vs=100 m/s, ρ=1800 kg/m3, L=200 m, vs1 =100 m/s, ρ1=1800
kg/m3, vs2 =250 m/s, ρ2=1950 kg/m3
First the 2D example investigated in [43] is presented, which is an object resting on a uniform
thickness, horizontally infinite soil layer. In [43] the parameters of the model were directly
calculated, in this case ωc=3.142 1/s, A=1/K=2.65×10-8 m/N.
Now the impedance curves are calculated first (solid lines in Fig. 63). The following parameters
are obtained from the left curve:

1
c  0.49  2  3.135 , A  2.8 108 m/N, B  9.1108 m/N,
s

(64)

which are very close to the values calculated in [15]. The model parameters are (Eq. (63)):

ks  3.43 107 N m, k0 1.39 106 N m,   3.49 106 kg m, m0  1.41105 kg,
which are also given in Table 5.
Table 5 Model parameters of the three problems in Fig. 62 and the problem in
Example 1
Example 2
Example 3
Example 4
(Fig. 62a)
(Fig. 62b)
(Fig. 62c)
(Fig. 66)
η
ks (×107 N/m)
k0 (×106 N/m)
μ (×106 kg/m)
m0 (×105 kg)

0.96
3.43
1.39
3.49
1.41

0.76
2.43
7.67
2.32
7.31
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0.79
3.52
9.10
1.16
3.01

0.98
412
62.0
336
50.7

(65)

Now the 1D problem of our simple model is investigated which depends on the parameters given
by Eq. (65). The impedance curves are given by dotted lines in Fig. 63. The neighbourhood of the
resonance point of the curves are close to each other. It is worthwhile to mention that in the
simplified model there is only one resonance point.

direct method
present model (Fig. 58)
Fig. 63 Impedance curves of case shown in Fig. 62a
Our second example differs from the first one only in the horizontal dimension, which is equal to
200 m Fig. 62b). The impedance curve is given by solid lines in Fig. 64, while the identified
parameters are listed in Table 1. The impedance curve of the simple model is given by dotted lines
(Fig. 64). Observe – since η was decreased – that the role of the mass-spring sub model was
increased.

direct method
present model (Fig. 58)
Fig. 64 Impedance curves of case shown in Fig. 62b
In the third example (Fig. 62c) the soil under the foundation is irregular. Again, the impedance
curves (Fig. 65, solid lines), the model parameters (Table 5), and the impedance of our model (Fig.
65, dotted line) are calculated.
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direct method
present model (Fig. 58)
Fig. 65 Impedance curves of case shown in Fig. 62c
In the fourth example the method can be extended to 3D problems with shallow foundation. The
problem shown in Fig. 66 is analysed, where the shallow foundation is rectangular.

Fig. 66 Analysed 3D model with shallow foundation
h=50 m, bx=20 m, by=40 m, vs=100 m/s, ρ=1800 kg/m3, Lx=1400 m, Ly=200 m
The impedance function of the 3D problem is calculated for the horizontal x direction, the
identification process can be done similarly, the model parameters are presented in Table 5. The
impedance function of the 3D case and the simple model are shown in Fig. 67.
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3D
present model (Fig. 58)
Fig. 67 Horizontal impedance of a 3D model (Fig. 66) and the presented model (Fig. 58)
5.3.4. Numerical example
In the previous section it was shown that the impedance curves of 2D problems of foundations
resting on finite soil layers can be reasonably well approximated by those of our simple model.
Now it is demonstrated that the time history analysis of real problems and that of our simple model
give similar results. The finite element calculation was performed by the 14.5 release of ANSYS
Mechanical APDL. For the direct method a 2D model was built, transient analysis was completed
in both cases.
The problem given in Fig. 62c is investigated, where the weight of the object is 200 t, and it is
subjected to earthquake record no. 32 of [50]. The resulting horizontal displacements obtained by
the direct approach are given by solid lines. The time-history analysis of the simple model (Table
5, fourth column) was also performed and shown by a dashed line. It can be seen that the present
model can reasonably approximate the results of the direct 2D analysis.
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Fig. 68 Horizontal displacement of the foundation under earthquake no. 32 [50] shown in
Fig. 62c
5.3.5. Conclusions
Although our numerical examples are not all conclusive, it can be stated that in characterizing the
response of the soil in SSI by a simple model the parallel connection of two sub models are needed:
a mass-spring system and an axially constrained infinitely long bar. This model depends on three
parameters: the static stiffness K , the resonance frequency c , and the “weight”  of the axially
constrained infinitely long bar in the overall model. For   0 the model is equivalent to the massspring system, while for   1 it is identical to an axially constrained bar. Note that the two submodels behave significantly differently: the spring-mass system has the maximum amplification
D0  1 2 , while the infinitely long bar D  1

2 , furthermore only the second model contains

radiation damping.
This model was derived in [43] for regular 2D problems which undergo dominantly horizontal
motion, assuming uniform depth (and horizontally infinite) soil layer. In this chapter the model
was extended to irregular and 3D problems.
Although the analyses were presented for horizontally vibrating structures, there are strong
arguments [55] that similar models should be applied for rocking structures.
The details are also presented in [60]. The main contributions of this chapter is number five (see
Chapter 8).
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6.

Harmonic response of long rectangular plates

In the dynamic analysis of long plates similar phenomenon can be observed and similar
mathematical derivation can be performed, as in case of the response of infinite soil layers. In this
chapter the harmonic response of long (and of not long, orthotropic) plates is analysed and
compared to the formulas of the currently valid design guides.
Rectangular orthotropic plates are considered, which are significantly “longer” in the x direction
than perpendicular to it. (For orthotropic plates Lx  4 D11 D22 Ly [37].) The edges parallel to the
x coordinate are simply supported. The damping of the structure is characterized by the damping
ratio,  . The plate is subjected to either a sinusoidal line load or to a concentrated load (Fig. 69).
The load is periodic, and it is represented in time by its Fourier series expansion [61]. We wish to
determine the steady-state response of the floor, the maximum displacement and acceleration, and
investigate the applicability of the concept of effective width.

a)
b)
Fig. 69 Long plate subjected to a trigonometrical line load (a) and to a concentrated load (b)
To solve the above problem for the trigonometrical load an analytical solution, while for the
concentrated load the FE analysis is applied.
The sinusoidal load can be considered as a one term Fourier series expansion of the concentrated
load ( p0  2P0 Ly ), and hence the response due to the two loads are expected to be similar.
Although the sinusoidal load is not realistic, it has the important advantage that for this case an
analytical solution can be derived.
6.1.

Analytical solution – Plates subjected to sine line loads

An orthotropic plate is considered, where the governing partial differential equation is given by

D11

4w
x 4

bending in x direction

 2 Dt

4w

x 2y 2
torsion

D22

4w
y 4

bending in y direction
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m

2w
 p,
t 2

(66)

where w is the displacement perpendicular to the mid plane, D11 and D22 are the bending
stiffnesses, Dt is the torsional stiffness, m is the mass per unit area and p is the distributed load
of the plate. For isotropic plates and for Huber orthotropy [38] the torsional stiffness is

Dt  D11D22 . For rib stiffened plates the torsional stiffness is smaller than this value, in many
cases significantly smaller. The middle line of the plate (x=0) is loaded by a line load
p0 sin( y Ly )sin(t ) (Fig. 70a), or the half of the plate is loaded by the line load (Fig. 70b):

 y 
p0
sin 
sin t ,
 L   
2
 y 

(67)

the rest of the plate is unloaded. For the half plate there is a symmetry condition at x=0 i.e. the
slope in the x direction is zero.

a)
b)
Fig. 70 Long plate subjected to a trigonometrical line load (a) and the corresponding half
plate (b)
6.1.1. Levy’s solution and analogy with beams on elastic foundation
Since the load varies with sine in the y direction, and the two edges parallel to the x axis are simply
supported, following Levy’s approach [38] the displacement is assumed to be in the form of:

 y 
w( x, y, t )  w( x, t )sin 
.
 L 
y


Introducing Eq.(68) into Eq.(66) we obtain the following ordinary differential equation:
D11

4w
 2 2w
4
2w

2
D

D
w

m
 p,
t
22
x 4
L2y x 2
L4y
t 2

(68)

(69)

or
D11

4w
2w
2w




w

m
 p,
x 4
x 2
t 2

  2 Dt

2
L2y

,   D22

4
L4y

.

(70)

Since there is no distributed load on the plate, p is zero: p=0. Note that when  is set equal to zero,
Eq.(70) is identical to the equation of a beam on elastic foundation (Eq. (23), Fig. 18 ). The solution
of this system is presented in Section 4.4.
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Also note that when D11 is set equal to zero, Eq.(70) is identical to the equation of an axially
loaded, axially constrained bar (Eq. (7), Fig. 11). The behaviour of an axially constrained infinite
bar is shown in Section 4.3.
When beams or bars are infinitely long they behave in a significantly different way than finite
structures. The cut-off frequency separates two different kinds of behaviour (Eq. (10)), as shown
in Section 4.3.
When the undamped beam or bar is loaded by a trigonometrical edge load (Eq.(67)) at x=0; for

  c the steady-state solution shows no energy dissipation and the displacements vanish far
from the edge, while for   c there is energy dissipation (due to the so called “radiation
damping”) and the displacement propagates far from the edge [42]. Since both models (Fig. 11,
Fig. 18, Eqs. (7) and (23)) show this behaviour, the complex structure (see Eq.(70)) also behaves
this way.
6.1.2. Effective width and dynamic amplification factor
First, the static problem is solved ( sin(t ) is replaced by unity in Eq.(67)). The displacement in
Eq.(70) is assumed to be in the form of w  e  x , which, introducing into the homogeneous form
of Eq.(70) gives the following characteristic equation:
(71)
D11 4   2    0.
Assuming an infinitely long plate, and assuming symmetry boundary condition at x=0 (zero slope
in the x direction), after a lengthy but straightforward algebraic manipulation we obtain at x=0:

wstat  p0 A ,

A

1
2   2  3 D11

,

(72)

while the displacements vanish far from x=0.
Now an effective width is determined from the condition [38] that the maximum deflection of the
plate at x=0 and that of a beam with width beff for the same total load are identical (Fig. 71):

wstat  p0 A  p0

L4y

 D22beff
4
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 p0

1
.
 beff

(73)

Fig. 71 Methodology to determine the effective width
Eqs.(72), (73) and (70) give:

beff  2 Ly

Ly
D
D11
D


2

2
2 t  2 11 .
2
4
 Ly
 Ly

D22
D22

(74)

This equation for isotropic plates ( D11  D22  Dt ) simplifies to: beff  (4  ) Ly  1.27 Ly , while for
Huber orthotropy ( Dt  D11D22 ) : beff  (4  ) 4 D11 D22 Ly  1.27 4 D11 D22 Ly . When there is no
torsional stiffness ( Dt  0) : beff  (2 2  ) 4 D11 D22 Ly  0.90 4 D11 D22 Ly .
Harmonic analysis. In this case the solution can be derived similarly to the damped axially
constrained bar (Section 4.3). The undamped infinitely long system has an infinite number of
eigenmodes and eigenfrequencies, the function can be given as in Eq. (12), the function is shown
in Fig. 15:

 k x 
w( x, t )  cos 
 sin t  ,
 2a 

(75)

for any choice of k and a satisfies the symmetry condition at x=0 and also the homogeneous
differential equation (Eq.(70)), when   k . Here

 k    k  D11
k  c 1   
 
(76)
2
4
 2  a  2  a
is an eigenfrequency, ( c is given by Eq. (10)). Here we choose k  1,3,5... and a is set equal to
2

4

such a high value that the solutions presented below are not sensitive to the variation of a . The
load p0 sin(t ) / 2 at the edge is replaced by its Fourier series expansion as in Eq. (14), where each
term contains a distributed load along the plate.
The displacement function is assumed to be in the form of the following series (similarly to Eq.
(15)):
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 k x 
wk cos 
(77)
 sin t  k  ,
 2a 
k 1,3,5...
where wk and k are the yet unknown coefficients and phase angles. Introducing Eq. (14) and (77)
w( x, t ) 





into Eq. (70) each term can be solved separately. The classical solution of the one degree of freedom
systems is obtained for the undamped system [62] from Eq. (16).
The damped system is investigated below, where damping is represented by the damping ratio  .
Again, the classical solution of the one degree of freedom systems can be directly used [62], it is
presented in Eq. (18).
The displacement at x=0 can be given as (Eqs.(77), (16) and (18)):




w(0, t ) 

k 1,3,5...

wk sin t  k  





k 1,3,5...

p0 D k
sin t  k  .
a mk2

(78)

Eqs.(72), (76) and (78) yield:

w(0, t )  p0 A

sin t  k 

2   2  3 D11





.
(79)
2
2 2
D
k


k




 11 1   k    2 k 
1 



2
4
 2  a  2  a
w is a function of t. Its maximum value divided by the static displacement is the dynamic
2

k 1,3,5...

4

displacement amplification factor (similarly to Eq. (20)):

Dd 

max  w  t  
wstat



max  w  t  
p0 A

,

(80)

and from the t value where maximum occurs ( tmax ) we obtain the phase angle of the system:

  tmax   2 .

(81)

The steady state acceleration and the dynamic acceleration amplification factor are:

adyn

p0
2
2
 wstat Dd  wstat 2 Dd 
Da , Da  2 Dd .
c
mbeff
c
2

2
c

(82)

Dd and  can be calculated from Eqs.(79)-(81). An example for an isotropic plate with   1% is
given in Fig. 72. For a finite system the value of the amplification factor at the resonance point is

D0,r  50 for   1% (Eq. (6)). Note that in this example, due to the fact that the plate is infinitely
long, the maximum value is significantly smaller: Dd,r  9.94 . (This result was also verified by the
harmonic analysis of the ANSYS software.)
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a)
b)
Fig. 72 Displacement amplification factor (a) and phase angle (b) of an infinitely long
isotropic plate subjected to a trigonometrical line load
Numerically we determined the peak values for several cases and a curve was fitted for the interval

1%    5% . It was found that for a beam on an elastic foundation (   0 , Eq. (23)) the
amplification factor at resonance is 1/(2ξ)0.75 (Eq. (24), while for a bar on an elastic foundation
( D11  0 ) it’s 1/(2ξ)0.5 (Eq. (7)).
For a plate without torsional stiffness and for a Huber orthotropic (or isotropic) plate the
amplification factors at resonance can be approximated as:
0
Dd,r


1

 2 

0.75

,

H
Dd,r


1

 2 

0.6

.

(83)

Eq. (83) is applicable for small damping ratios, which are usually used in practical design. The
comparison of the analytical solution and Eq. (83) is shown in Fig. 21, for plates without torsional
stiffness and in Fig. 73 for Huber orthotropic plates. When ξ<0.2 the difference between the
approximate formula and the analytical solution is less than 5%.
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Eq. (83);

analytical solution (Eq. (80));
difference between the analytical
solution and Eq. (83)
Fig. 73 Comparison of Eq. (83) and the analytical solution

The dynamic response of a long plate at resonance are (Eqs.(73) and (83)):
0
dyn

w

p0 L3y

p0 L3y
D22
D22 1
1
H
4
4
wdyn  4
 4
,
0.75 ,
 D22 0.90 D11  2 
 D221.27 D11  2 0.6
wstat

(84)

wstat

where the first expression is valid for a plate without torsional stiffness, while the second one for
a plate with Huber orthotropy (and for an isotropic plate). To obtain the maximum accelerations
the above expressions must be multiplied by  2 which at the maximum equals c2  D22 4 mL4y :
0
adyn


p0

1

0.90 4 D11 / D22 Ly m  2 

0.75

H
, adyn 

p0

1

1.27 4 D11 / D22 Ly m  2 

0.6

.

(85)

beff

beff

6.1.3. Plates with finite length
Infinitely long plates were considered above. Now it is investigated, how the amplification factor
and the phase angle depend on the aspect ratio of the plate. In Fig. 74 the static and the dynamic
responses are given as a function of the plate length. Two extreme cases of the torsional stiffness
are considered, the dashed lines belong to Dt  D11D22 , while the continuous lines to Dt  0 .
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a)

b)

c)
Fig. 74 a) Static displacement, b) dynamic displacement of the steady-state solution of a
plate excited by ( p0 / 2)sin  y / Ly sin ct  , c) dynamic amplification factor as a





function of the plate aspect ratio (the displacements are normalized by the static
L
3
4
displacement of an Ly wide plate strip: wstat  p0 Ly  D22 ). Eq.(84) is given in (b)
by dotted lines. The result of the numerical example (of Section 6.3) is shown by an
asterisk in (c).
As it is expected the static displacement slightly changes if the aspect ratio is above three
( Lx 4 D22 D11 Ly  3 ). The dynamic response shakes down only above the aspect ratio 6-10. The
dynamic displacement has a maximum about Lx 4 D22 D11 Ly  1.7 for plates with torsional
stiffness, and about Lx 4 D22 D11 Ly  1.3 for plates without torsional stiffness. Eq.(84) is given in
Fig. 74b by dotted lines. The phase angle is shown in Fig. 75 for Dt  D11D22 .
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Fig. 75 Phase angle of plates with finite length subjected to a trigonometrical line load
(  1%,    4 N m3 ,  2 2 N m, D11   1 m4 , c  1 1 s)
6.2.

Numerical solution – Plates subjected to concentrated loads

Now the plate is loaded by a concentrated load P0 sin(t ) at the middle (Fig. 76a), or half of the
plate is loaded by the concentrated load (Fig. 76b):
P0
(86)
sin t  ,
2
the rest of the plate is unloaded. The analysis was carried out with the ANSYS FE software. In the

finite element model SHELL181 4-node elements and linear, orthotropic material model and
simply supported boundary conditions were used. For the calculation of the infinitely long plate,
the length of the plate was chosen high enough that the solution is not sensitive to the variation of
the length. At least 300 elements were used along the width of the plate and the results were also
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verified by the benchmark solutions of the literature [38]. The aspect ratio of the elements was set
to one.
First using a static analysis the maximum deflection and the effective width are determined from
the condition that the maximum deflection of the plate at x=0 and that of a beam with width beff
for the same total load are identical:
wstat  P0

L3y
48D22beff

.

(87)

a)
b)
Fig. 76 Long plate subjected to a concentrated load (a) and the corresponding half plate (b)
(Note that the one term Fourier approximation of the concentrated load, p0  2P0 Ly gives the
constant  4 / 2  48.7 instead of 48.) For isotropic plates ( D11  D22  Dt ) we obtained
numerically: beff  1.23Ly , while for Huber orthotropy ( Dt  D11D22 ) : beff  1.23 4 D11 D22 Ly .
These results are identical to the classical solution [38]. When there is no torsional stiffness

( Dt  0) : beff  0.88 4 D11 D22 Ly . These values are less than 4 % lower than those given for
sinusoidal loads.
Harmonic analysis. The dynamic problem of the plate subjected to a concentrated load applying
the harmonic analysis of the ANSYS software was solved; the results are shown in Fig. 77. Note
that the plate subjected to a line (sine) load was presented in Fig. 72; the maximum difference is
only 2.7 %.
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Fig. 77 Displacement amplification factor and phase angle of an infinitely long isotropic
plate subjected to a concentrated load (Dd,r=9.67)
The dynamic response of a long plate at resonance can be approximated as (Eqs.(83) and (87) ):
0
wdyn


P0 L2y

2

P0 Ly
D22
D22 1
1
H
4
wdyn

,
0.75 ,
48D22 0.88 D11  2 
48D221.23 D11  2 0.6
4

wstat

(88)

wstat

where the first expression is valid for a plate without torsional stiffness, while the second one for
a plate with Huber orthotropy. To obtain the maximum accelerations the above expressions must
be multiplied by c2  D22 4 mL4y :
0
adyn


P0
P0
1
1
H
,
a

.
dyn
0.75
0.6
0.5  0.88 4 D11 / D22 L2y m  2 
0.5 1.23 4 D11 / D22 L2y m  2 
beff Ly

6.3.

(89)

beff Ly

Numerical example

The roof of a swimming pool is examined, which is designed in Budapest, and will be built in the
coming year. The slab is made of prefabricated, prestressed RC beams of height 1.5 m and an RC
slab with 200 mm thickness, which are connected by steel shear connectors. The sizes of the floor
are Lx  63m and Ly  38.3m , the mass of the floor is m=1830 kg/m2, and the bending stiffnesses
are D11  24.2MNm, D22  6216MNm . The damping ratio is   2% . The geometry of the slab
is shown in Fig. 78. The FE model of the floor is built in ANSYS, the SHELL181 elements are
used for the slab, BEAM188 elements for the beams and MPC184 elements for the connection
between the slab and beams (Fig. 79a). The vibration calculation is performed in a load level when
the materials are linear, therefore only the stiffnesses and density of the materials are set. The
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concrete is assumed to be uncracked for the calculation. The slab is supported in vertical direction
under the walls and columns, and supported by springs in x and y directions under the columns.
The slab is currently under design, experiments, measurements haven’t been performed yet. In the
project several load and movement types were considered ([31], [26]), here only one example is
presented, when one person is jumping on the middle of the floor.

Fig. 78 Geometry of the analysed floor
The first eigenfrequency of the floor is 1.97 Hz (Fig. 79b), which is very close to the frequency of
walking, this means resonance will occur in case of human activity. The floor was investigated for
the rhythmic activity of a group of people, here only the harmonic analysis is presented for one
concentrated harmonic force (P0=1.8×746 N, first harmonic of one jumping person) at the middle
of the floor. The amplitude of vertical displacement and the phase angle is shown in Fig. 80.

a)
b)
Fig. 79 a) FE model of the analysed slab, b) first eigenshape of the slab f0=1.97 Hz
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Fig. 80 Dynamic response of the analysed slab for a concentrated force excitation
The second eigenfrequency is very close to the first one, because the floor can be considered long
(see Eq. (13) and footnote 1).
The dynamic amplification is Dd,r = 10.65, the phase angle is 126° (Fig. 80) at the resonance
frequency. Although the aspect ratio of the floor is Lx / Ly  1.64 , due to the orthotropy we have

Lx 4 D22 D11 / Ly  6.61 . The dynamic displacement and acceleration are 0.32 mm, 1.28 mm/s2.
The result of the numerical example is shown in Fig. 74c by an asterisk. We may observe that due
to the high anisotropy the floor can be considered to be infinitely long, and the dynamic
amplification factor is significantly smaller than 1/2ξ=25. When – as an approximation – the
torsional stiffness is neglected, Eqs.(88) and (89) result in:
0
dyn

w



P0 L2y

D22
1
 0.336 mm,
48D22 0.88 D11  2 0.75
4

(90)

wstat
0
adyn


P0

1

0.5  0.88 4 D11 / D22 L m  2 
2
y

0.75

 1.308

mm
.
s2

(91)

which are close to the above numerical values.
6.4.

Comparison of the response of long plates to SDOF systems

It was shown that the dynamic amplification factors at resonance of long plates (and long beams
on an elastic foundation) are significantly smaller than 1/ 2 , which belongs to a SDOF structure.
The same statement is true for not long rib stiffened plates, which are highly orthotropic. The reason
for this is that long plates have several closely spaced eigenvalues and although the individual
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modes behave analogously to a 1DOF structure, in the overall response those of several modes
must be added together. Thus the effect of damping is magnified. This might be explained also by
the role of radiation damping.
In Fig. 81 the dynamic amplification factor of an infinitely long orthotropic plate without torsional
stiffness subjected to a trigonometrical line load is given by a solid line, and compared to the
response of a SDOF system which belongs to a beam with the effective width given by Eq. (74),
see the upper dashed line. In both models the damping ratio is   2% . The two lines are close to
each other for low exciting frequency, but there are huge differences close to resonance.
A possible remedy for the difference at the peak value is that that the effective width is increased
in such a way that the dynamic response of a SDOF system (using 1 2 ) at resonance becomes
identical to that of the floor. The corresponding curve is given by the lower dashed line in Fig. 81.
It can be observed that the differences are huge everywhere except close to resonance. (In this case
the dynamic displacement is normalized by the accurate static displacement.)

Fig. 81 Displacement amplification factor of an infinitely long orthotropic plate (   2% )
without torsional stiffness subjected to a trigonometrical line load (solid line); and
those of 1DOF systems: dashed lines give the response calculated for two different
effective widths (   2% ), while the dotted line is obtained from a replacement
damping ratio repl  4.3% .
It seems a reasonable approximation that the effective width is calculated for the static response
(Eq.(73)), but the damping is increased (due to the „radiation damping”) to match the peak values:
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Dd,r  11.6 ,

case

(92)
the

replacement

damping

ratio

is

repl  1  2 11.6   4.3%. The corresponding curve of the SDOF is given by a dotted line (Fig.
81). Note that although the peak value and the static response are accurate, the response curve of
the SDOF structure differs from that of the floor.
6.5.

Comments on the current design recommendations

Let us investigate now the concept of replacement beams with an effective width given in [37] and
in the design recommendation [39]. The effective width (for long plates) is given by the expression
C
beff
 2 4 D11 D22 Ly [39], which results in the following displacement and acceleration at

resonance:
C
dyn

w



P0 L2y

D22 1
,
48D22  2 D11 2
4

C
adyn
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1
,
0.5  2 4 D11 / D22 L2y m 2

(93)

where C refers to code.
For shorter floors, according to [39] the limit value of the effective width must be applied:
C
beff
 2 3 Lx . By using this expression, we obtain:

P0 L3y

1
.
(94)
48D22  2 3 Lx 2
In Fig. 82 the “accurate” plate displacements at resonance are given by solid lines, while Eq.(93)
C
dyn

w



by dashed horizontal lines. For no torsional stiffness, which is a reasonable approximation for steel
beam composite floors, the results for high aspect ratios are reasonable, for   2% they are
practically accurate. (Note that this replacement width is valid only for the dynamic response at
resonance, see the lower dashed line in Fig. 81.) However in case of other damping ratios and plates
with torsional stiffness, the formulas of the codes give very inaccurate results.
Our results (Eq.(84)) are also given in Fig. 82 by dotted lines, which are very accurate for high
aspect ratios.
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a)

b)

c)

d)

e)

f)
Eq. (88)
exact solution
Eq. (93) and Eq. (94)
Fig. 82 Dynamic displacements of a plate subjected to a concentrated load at resonance. The
displacements are normalized by the static response of a Ly wide plate strip
L
wstat
 P0 L2y 48D22 and by the ratio of the stiffnesses

4

D22 D11 . On the left: the plate

has no torsional stiffness while on the right Dt  D11D22 . The three rows
correspond to ξ=1, 2, 5% damping ratios. The accurate solution is given by black
continuous lines, while Eqs.(93) and (94) by dashed lines, Eq.(88) by dotted lines.
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6.6.

Conclusions

The major finding in this chapter is that rectangular orthotropic floors with realistic dimensions
may behave in a significantly different way than SDOF structures, and their maximum
amplification factor is much lower than 1 2 (Fig. 74). In an economic design, to avoid
unnecessary damping enhancement this effect must be taken into account. To prove this an
analytical derivation is performed for a sine line load, and FE analysis is made for a concentrated
load. The main steps of the derivation are presented by Eqs. (71)-(85). Our suggestion is that the
amplification factor (for long plates without torsional stiffness and for long isotropic plates) can be
calculated according to Eq.(83) instead of 1 2 . The maximum displacement and acceleration are
given by Eqs. (84) and (85) for sine line loads and by Eqs. (88) and (89) for concentrated loads.
Both sinusoidal and concentrated loads were investigated and it was found that the corresponding
effective widths, amplification factors and phase angles are close to each other and the effect of
damping is magnified, which can be explained by the role of radiation damping. The effect of the
enhanced damping and thus the reduction in the dynamic amplification factor must be taken into
account in the design of floors.
It was shown that the results based on the effective width defined by the design specification [39],
and based purely on experiments, can be obtained also numerically by the model of an orthotropic
plate without torsional stiffness. Note however, that this design specification is only valid for plates
with no torsional stiffness. In this design recommendation two parts of the problem (the effective
width and the amplification factor) are incorrect, calculating the displacement or acceleration the
formula, containing both the effective width and amplification factor is close to the exact solution
(in case of ξ=2%), but this is only true for the case of resonance.
The details are also presented in [44] and [63]. The main contributions of this chapter is number
six (see Chapter 8).
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7.

Summary

In the thesis two different problems (soil-structure interaction in earthquake design and harmonic
response of long plates) are investigated, which are connected by their mathematical
representations. The two cases have similar phenomenon, in both cases radiation damping occurs,
which causes an entirely different behaviour than that of a SDOF system. First the basic systems
are analysed, an axially constrained infinite bar, which can be used in the modelling of a soil layer,
and an infinite beam on elastic foundation, the behaviour of which is identical to the long
rectangular floors without torsional stiffness.
In case of SSI, to represent the soil layer the most simple method is to use a spring-dashpot model
with constant characteristic. By analysing the difference between the response of a spring-dashpot
model and soil layers we determined the error, which may occur by using this model, and in which
parameter range it cannot be used. Multiple diagrams are given, where this parameter range is
showed for realistic soil parameters.
A simple new model is derived for the strip foundation resting on regular soil layer (axially
constrained infinite bar and the spring-dashpot model connected parallelly), which is based on the
physical behaviour of the soil layer. To calculate the model parameters simple formulas are given,
when the soil layer is regular, and there is a strip foundation on it.
The model is extended to irregular and 3D cases by a simple identification process, which takes
into account that the simple model depends only on three independent parameters.
One may argue that the soil cannot be modelled by elastic material laws, not even with high
damping coefficient, since their stress-strain curve is highly nonlinear and the hysteretic behaviour
depends strongly on the size of the strains. We fully agree with these statements, strictly speaking,
the above modelling valid only for low strains, where the stresses and strains are in the linear part
of the stress-strain curve. Nevertheless, even if we wish to have a reasonable model for higher
strains, the model should contain the important phenomena discussed above. To reach both goals,
i.e. a model which contains the cut-off frequency (and resonance) and also the nonlinear soil
characteristics it seems a good solution if in the above model the stiffness characteristics ( EA and
 ) are not uniform and the material laws N  EA and p   u are not linear (Fig. 45). To develop

these material models is not part of this dissertation.
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An analytical solution is presented for the harmonic vibration of long floors. According to this the
peak value of the dynamic amplification factor in the function of the damping ratio and an effective
width is given for Huber orthotropic plates and for plates without torsional stiffness.
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8.

Main contributions

[42] investigated the transverse vibration of an infinite string on elastic foundation without
damping, and derived its complex impedance function. Mathematically this solution is equivalent
to the longitudinal harmonic vibration of an axially constrained undamped infinite bar. This is
presented in [17].
Main contribution 1
I derived the longitudinal response of an axially constrained infinite bar subjected to
harmonic force excitation at a point of the bar taking into account the effect of damping. I
showed numerically that at resonance the dynamic amplification factor can be approximated
by 1

2 , where ξ is the damping ratio.

Related publication: [P1]
Performing a literature survey no results were found for the impedance function of infinite bars on
elastic foundation.
Main contribution 2
I derived the transverse response of an infinite bar on elastic foundation subjected to vertical
harmonic force excitation at a point of the beam with and without damping. I showed
numerically that at resonance the dynamic amplification factor can be approximated by
1  2 

0.75

where ξ is the damping ratio.

Related publications: [P4], [P6]
In the literature, usually simple spring-dashpot models are used [2] to take into account the effect
of soil-structure interaction (SSI). It is observed that these models can be inaccurate [14], however
it is not given in which parameter range it must not be used.
Main contribution 3
I made a sensitivity analysis for the impedance function of horizontally infinite, vertically
finite soil layers with strip foundation on it, and determined the parameter range, where the
simplified spring-dashpot model must not be used for earthquake resistant design.
The corresponding diagrams are given in Fig. 41 and Fig. 42.
Related publications: [P3], [P9], [P10], [P11]
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There are models in the literature to consider SSI in finite and infinite soil layers (lumped
parameter models, echo constants), but they depend on several parameters, often without direct
physical meaning and the application of these models is rather complex. Although [17] in his book
on SSI presents the mechanical model of an axially constrained bar, no recommendation is given,
how it could be used for SSI calculation.
Main contribution 4
I derived a new simple model based on the physical representation of the horizontally infinite,
vertically finite soil layer with strip foundation on it (2D problem): an axially constrained
infinite bar connected to a mass-spring system parallelly.
4.1.

I derived the differential equation (DE) of the new model by the Rayleigh-Ritz
method.

4.2.

I derived explicit expressions for the calculation of the model parameters.

4.3.

I derived the solution of the DE of the model for harmonic force excitation.

4.4.

I derived the solution of the DE of the model for harmonic base excitation.

The derived formulas are given in Section 5.2.1 (Eqs. (38), (47), (48), (50)).
Related publications: [P2], [P7], [P8]
Main contribution 5
I extended my simple model for 3D problems and for irregular soil layers. I proved that the
model consists only three independent parameters, ωc cut-off frequency, K static stiffness
and ratio η, which shows the contribution of the mass-spring system and the axially
constrained infinite bar. I gave a simple identification procedure to determine the model
parameters of the axially constrained infinite bar connected parallelly to a mass spring system
based on the impedance curve of the soil layers.
Related publications: [P1]
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According to the literature [31] and design guides [39] the harmonic analysis of floors should be
performed based on a SDOF system. This is not valid for long floors, therefore to obtain a close
response to the measurements at the resonance point, [39] give an empirical formula for the
effective width, which has no physical meaning [40].
Main contribution 6
I determined the response of long floors subjected to harmonic excitation.
6.1.

I derived an analytical solution for floors subjected to a sine line load.

6.2.

I derived the impedance curve and showed numerically that at resonance the
dynamic amplification factor can be approximated by 1  2 
without torsional stiffness and by 1  2 

0.6

0.75

for long floors

for long floors with Huber

orthotropy, where ξ is the damping ratio.
6.3.

I extended the results for concentrated loads using finite element analysis.

Related publications: [P4], [P6]
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Appendix A: Effect of finite length of soil layer
In the previous sections the effect of the resonance of a soil layer with finite thickness, and infinite
horizontal dimensions is investigated. In reality there also may be vertical boundaries in the soil,
e.g. there can be stiffer soil layers near the softer one.
To determine the natural frequency of a soil layer with the thickness h and length l (Fig. 83) the
Rayleigh-Ritz method is used. The horizontal displacement is assumed in the following form:
1 z
ux ( x, z, t )  u ( x) A sin 
 ar cos(0t )  br sin(0t ) ,
2 h 

(A1)

where u ( x) is the displacement function in the x direction, h is the thickness of the soil layer, 0
is the natural circular frequency of the layer, A, ar and br are constants.

Fig. 83 Soil layer and the assumed shape of horizontal displacement with thickness h, length
l
To obtain the natural frequency the kinetic (T) and potential energy (U) should be calculated. Fig.
29 shows that the effect of Poisson’s ratio on the natural frequency is negligible, therefore in the
derivation ν=0 is assumed. The kinetic and the potential energy can be calculated from Eq. (A1) in
a straightforward manner:
T (u ( x)) 

U (u ( x)) 

h
4

02  u 2 ( x)dx ,

(A2)

x

Eh du 2 ( x)
E 2
dx

u 2 ( x)dx,


4 x dx
32h x

(A3)

where E is the elastic modulus, h is the thickness and ρ is the density of the soil layer.
The total mechanical energy (sum of kinetic and potential energy) is constant during free vibration.
When the kinetic energy is maximal, the potential energy is zero, and vice versa. Therefore, the
maximum potential and kinetic energy are equal to each other:
T1max  U1max 

 A2 hl
8

02 

where l is the length of the soil layer Fig. 83.
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EA2 h 2 EA2 2l

,
8l
16h

(A4)

The natural circular frequency of the soil layer with finite thickness and length is obtained from
Eq. (A4) :

0 

E 2  1
1
 2  2 .
  8h l 

(A6)

It can be observed that when the length is infinite Eq. (A6) is identical to Eq. (29). Fig. 84 shows
the change in the natural frequency as a function of the length-thickness ratio (l/h) of the soil layer.

x FEM

Eq.

sheared beam Eq. (29)

Fig. 84 Natural frequency of soil layer with thickness h, length l and shear wave velocity vs
Fig. 85 shows the inverse impedance function for soil layers with finite length and thickness for
two l/h ratios (l/h =2 and l/h =20). The response is calculated by the 2D model of the soil layer with
finite length and thickness (Fig. 83). It can be observed that not only the value of the first natural
frequency is different (as it is shown in Fig. 84), but there is also significant difference in the phase
angle. Obviously, the phase angle is also different; when the l/h ratio is small, the phase angle
around the first natural frequency is closer to zero, which means that the damping is much smaller.
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l/h=20

l/h=2

Fig. 85 Impedance of soil layer with finite thickness (h) and length (l)
Appendix B: Euler-Lagrange equation of a soil layer
The assumed displacement field is given by Eq. (31), the potential energy of the system is defined
by Eq. (32). The Euler-Lagrange differential equation of the system can be derived from the
stationary condition   stationary . Accordingly, a small variation of the function will not change
the value of potential energy:

u  u   u 

d (u   u )
 0,
d
 0

(B1)

where  u is a kinematically admissible function, which is zero at the boundaries,  is a small
number.
The variation of the potential energy:

Gh 2
G 2 2
u  2u u   2 u2  
u  2u u   2 u 2  
2
16h
x

 (u   u )  

h
  u 2  2u u   2 u 2  dx .
4

(B2)

The stationary condition is the following (the  u function is zero at the boundaries, therefore the
first term of the partial integration vanishes):

d (u   u )
Gh  
2
  



u

2
u

u  u  dx.
 
2

d
2 x  
4h
G  
 0

This must be satisfied for any  u function, hence we may write:
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(B3)

G 2
h
Ghu 
u  u  0.
8h
2

(B4)

Eq. (B4) is the Euler-Lagrange equation of Eq. (32).
Appendix C: Solution of the differential equation of the axially constrained bar with an end
mass
The differential equation is given by Eq. (7). The general solution can be given as in Eq. (37). The
parameter D can be derived from the boundary conditions:

N ( x  0, t )  F  mu,
where N is the normal force at the end of the bar.

(C1)

Substituting the material law N  EA , and the geometric equation   u into Eq. (C1) results
in:

EAu(0, t )  F  mu(0, t ).
The parameter can be determined by performing the derivations:

EAik D  F0  m 2 D, D 
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F0
.
EAik  m 2

(C2)

(C3)

