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1 Introduction

1.1 Historical background

Linear optimization (LO) has numerous applications in different fields, such as, economics, logistics,
engineering [40]. The classical method for solving LO problems is the simplex algorithm proposed
by Dantzig [3] in 1947. Klee and Minty [28] proved that the simplex method can perform an expo-
nential number of iterations. Khachiyan [26] published the ellipsoid method in 1979, which was a
polynomial-time algorithm. The result of Karmarkar from 1984 [25] had a great impact on mathe-
matical optimization from both theoretical and practical point of view. He derived a projective scaling
interior-point algorithm (IPA) with better complexity than the ellipsoid algorithm and he claimed that
his algorithm has better pratical performance. The most important results related to IPAs for LO were
summerized in the monographs written by Roos, Terlaky and Vial [35], Wright [42] and Ye [43].

IPAs have been also extended to linear complementarity problems (LCPs), which is an extensively
studied generalization of LO. Key contributions to the field of LCPs were summarized in the mono-
graph of Cottle et al. [2] and Kojima et al. [29]. In general, LCP belongs to the class of NP-complete
problems. However, Kojima et al [29] showed that if the problem’s coefficient matrix has a special
property, called P∗(κ)-property, IPAs for LCP have polynomial iteration complexity in the size of the
problem, the bit size of the data and in the special parameter κ, called the handicap of the problem’s
matrix. These types of LCPs where the matrix has P∗(κ)-property, are called P∗(κ)-LCPs.

The algorithms proposed for solving LO problems have been extended to more general conic op-
timization problems such as symmetric optimization (SO), which includes semidefinite optimization
(SDO) and second-order cone optimization (SOCO). The SO problem is a convex optimization prob-
lem, which minimizes a linear function over the intersection of an affine subspace and a symmetric
cone. Detailed study of symmetric cones can be found in the book of Faraut and Korányi [18].

1.2 Scope of the thesis

The thesis is based on the following papers [6, 7, 9, 11, 14, 16, 33, 34]. There are several other own
publications given in [10, 12, 13, 15, 17, 37, 38], that are in connection with this field, but this work
summarizes only the results appeared in the above mentioned articles.

One of the goals of the thesis is to propose, develop and analyse new IPAs. The possibility of
extending some IPAs from LO to more general problems, such as LCPs and SO problems is also
investigated in the dissertation. The leading thread through this work is the AET technique in the
context of IPAs. The method of AET consists of applying a continuously differentiable and invertible
function on the centering equation of the central path. A novelty of the thesis is that the new function
ϕ(t) = t−

√
t is applied on the centering equation of the system defining the central path. We show

that the barrier associated to the introduced function cannot be derived from a usual kernel function.
Therefore, we introduce a new notion, namely the concept of the positive-asymptotic kernel function
[16, 34]. We also present the relationship of the AET technique to other approaches to determine
search directions. We present four IPAs for solving different types of optimization problems that use
this function in the AET technique in order to determine the new search directions. The first one is a
classical PD algorithm for LO [6, 11]. The second IPA is a predictor-corrector (PC) IPA for solving
LO problems [7]. The third new algorithm is also a PC IPA [9] for solving P∗(κ)-LCPs, which is
a more general class of optimization problems. We also give a unified framework of the Newton
systems and scaled systems in case of PC IPAs for solving P∗(κ)-LCPs [33]. The fourth new IPA
solves SO problems [16]. In all four cases we present the complexity analysis of the proposed IPAs
and we show that the methods retain the best known polynomial iteration complexity.
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2 Interior-point algorithms using the algebraic equivalent transformation method for
determining search directions for linear optimization

2.1 Linear optimization problem

We present the classical LO problem. Let us consider the following primal problem:

min cTx,

Ax = b, (P )
x ≥ 0,

and the dual one:

max bTy,

ATy + s = c, (D)
s ≥ 0,

whereA ∈ Rm×n, b,y ∈ Rm and c ∈ Rn. Note that the vectors are notated with bold letters. Without
loss of generality we assume that rank(A) = m. Consider the primal and dual feasible solution sets:

P = {x ∈ Rn
⊕|Ax = b} and D = {(y, s) ∈ Rm × Rn

⊕|ATy + s = c},

where Rn
⊕ denotes the set of n dimensional nonnegative vectors. Let

P+ = {x ∈ P|x > 0} and D+ = {(y, s) ∈ D|s > 0}

be the sets of the feasible primal and dual interior-points, respectively. Note that the difference bet-
ween the two objective function values is called duality gap.
The set of optimal solutions of the primal-dual pair of LO problems is characterized by

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0, (2.1)
xs = 0,

where xs denotes the componentwise product of the vectors x and s. Consider the sets of primal and
dual optimal solutions:

P∗ = {x∗ ∈ P : cTx∗ ≤ cTx, ∀x ∈ P}

and
D∗ = {(y∗, s∗) ∈ D : bTy∗ ≥ bTy, ∀(y, s) ∈ D}.

In the following subsection we present the central path.

2.2 Central path

IPAs need interior points, so we introduce the interior-point condition (IPC):

Condition 2.2.1 (Interior-point condition) There exists (x0,y0, s0) such that

x0 ∈ P+ and (y0, s0) ∈ D+. (IPC)
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The self-dual embedding model presented by Ye et al. [44], Roos et al. [35] and Terlaky [39] guaran-
tees that the (IPC) can be assumed without loss of generality.
The complementarity condition of system (2.1) is replaced by a parameterized equation:

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0, (2.2)
xs = µe,

where e denotes the n-dimensional all-one vector and µ > 0.
If the (IPC) holds, then for a fixed µ > 0 system (2.2) has unique solution, which is called

µ-center. This unique solution is notated by (x(µ),y(µ), s(µ)), where x(µ) is the µ-center of (P )
and (y(µ), s(µ)) is the µ-center of (D). The µ-centers obtained by the different µ > 0 parameters
determine a continuous curve [22], named central path.

Definition 2.2.2 The set

C = {x(µ) ∈ P+, (y(µ), s(µ)) ∈ D+ : x(µ)s(µ) = µe, µ > 0}

is called the central path of the (P )-(D) problem.

The notion of the central path was introduced independently by Sonnevend [36] and by Megiddo
[30] in 1989.

Theorem 2.2.3 (Güler et al. [20]) Suppose that P 6= ∅, D 6= ∅. Then, the following statements are
equivalent:

i. P+ 6= ∅, D+ 6= ∅;

ii. ∀µ > 0 ∃! (x,y, s) ∈ P+ ×D+, xs = µe.

Detailed analysis of the existence and uniqueness of the central path and some important concepts
such as the (IPC) and self-dual embedding can be found in [35] and [23].

2.3 Search directions based on the algebraic equivalent transformation technique

In this subsection we present the AET technique which was introduced by Darvay [4] for defining
search directions. Let ϕ : (ξ2,∞) → R be a continuously differentiable and invertible function,
such that ϕ′(t) > 0, ∀t > ξ2, where 0 ≤ ξ < 1. Using the function ϕ and the notation f(x) =
[f(x1), f(x2), . . . , f(xn)]T , we can write (2.2) in the equivalent form

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0, (2.3)

ϕ

(
xs

µ

)
= ϕ(e).

The following functions ϕ have been used in the literature:

ϕ(t) = t in most of the papers related to IPAs
ϕ(t) =

√
t introduced by Darvay [4]

ϕ(t) = t−
√
t introduced by Darvay, Papp, Takács [6, 11]

ϕ(t) =
√
t

2(1+
√
t)

proposed by Kheirfam, Haghighi [27]

Table 2.1: Functions ϕ used in the AET technique.
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Applying Newton’s method to system (2.3), one can determine the search directions. For a strictly
feasible (x,y, s) we want to find the search directions (∆x,∆y,∆s) such that

A(x + ∆x) = b,

AT (∆y + ∆y) + (s + ∆s) = c, (2.4)

ϕ

(
(x + ∆x)(s + ∆s)

µ

)
= ϕ(e).

In the third equation of system we leave out the second-order term ∆x∆s and we use Taylor
expansion. Moreover, we also use that x ∈ P and (y, s) ∈ D. Hence, we obtain

A∆x = 0,

AT∆y + ∆s = 0, (2.5)
s

µ
ϕ′
(

xs

µ

)
∆x +

x

µ
ϕ′
(

xs

µ

)
∆s = ϕ(e)− ϕ

(
xs

µ

)
.

Using the assumption that rank(A) = m, one can easily prove that system (2.5) has a unique solution.
After some calculations we obtain the system

A∆x = 0,

AT∆y + ∆s = 0, (2.6)

s∆x + x∆s = µ
ϕ(e)− ϕ

(
xs
µ

)
ϕ′
(

xs
µ

) .

Let

aϕ = µ
ϕ(e)− ϕ

(
xs
µ

)
ϕ′
(

xs
µ

) . (2.7)

The new iterates are obtained in the following way: (x+,y+, s+) = (x,y, s)+α(∆x,∆y,∆s),where
α > 0. If α = 1, then the new iterates are obtained by using full-Newton steps.

2.4 Scaling and proximity measures

Let v =
√

xs
µ
, and assume that we have x ∈ P+ and (y, s) ∈ D+. Furthermore, let us define

dx = v∆x
x
, and ds = v∆s

s
. Thus, system (2.5) can be written in the form

Ādx = 0,

ĀT∆y + ds = 0, (2.8)
dx + ds = pv,

where Ā = 1
µ
A diag(x

v
), diag(x) is the diagonal matrix formed by the vector x and

pv =
ϕ(e)− ϕ(v2)

vϕ′(v2)
. (2.9)

For different functions ϕ we obtain different values for the vector pv that lead to different search
directions. Table 2.2 summarizes the values of the vectors aϕ and pv for some functions ϕ.
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ϕ aϕ pv

ϕ(t) = t µe− xs v−1 − v

ϕ(t) =
√
t 2(

√
µxs− xs) 2(e− v)

ϕ(t) = t−
√
t

√
µxs

2
√
xs−√µe − xs 2(v−v2)

2v−e

ϕ(t) =
√
t

2(1+
√
t)

√
xs
µ

(µe− xs) e− v2

Table 2.2: The values of the vectors aϕ and pv for some functions ϕ.

We choose the following proximity measure:

δ(v) = δ(x, s, µ) =
1

2
‖pv‖, (2.10)

where ‖ · ‖ denotes the Euclidean norm.

There exist other other approaches for defining search directions in case of IPAs. Peng et al. [32]
proposed the class of self-regular barrier functions in order to define novel directions for IPAs. Beside
this, Haddou et al. [21] introduced a family of smooth concave functions in the frame of the AET
technique which allows to define IPAs with the best known iteration bound.

2.5 Positive-asymptotic kernel function

In the thesis we introduce IPAs that use the following function in the AET:

ϕ :

(
1

4
,∞
)
→ R, ϕ(t) = t−

√
t. (2.11)

Note that this function does not belong to the class of Haddou’s [21] class of smooth concave func-
tions. The corresponding kernel function is

ψ :

(
1

2
,∞
)
→ [0,∞), ψ(t) =

t2

2
− t

2
− 1

4
log(2t− 1). (2.12)

The function given in (2.12) is not a usual kernel function, because it is not defined on the whole
interval (0,∞). That is why we give a new concept, namely the notion of the positive-asymptotic
kernel function and its associated barrier, which was introduced in [16] for SO.

Definition 2.5.1 (Darvay and Takács [16]) Let 0 ≤ ξ < 1 and D = (ξ,+∞) be an open interval.
A function ψ : D → [0,+∞) is called ξ-asymptotic kernel function if it is twice continuously
differentiable and if the following conditions hold:

i. ψ(1) = ψ′(1) = 0;

ii. ψ′′(t) > 0, for all t > ξ;

iii. limt↓ξ ψ(t) = limt→∞ ψ(t) =∞.

Definition 2.5.2 (Darvay and Takács [16]) A function is a positive-asymptotic kernel function iff it is
ξ-asymptotic and 0 < ξ < 1.

The barrier function associated with this type of function is called positive-asymptotic barrier
function [16]. The function given in (2.12) is a positive-asymptotic kernel function, where ξ = 1

2
. It

should be mentioned that the kernel function given in (2.12) does not belong neither to the class of
self-regular functions [32] nor to the class of eligible kernel functions [1].
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3 A new full-Newton step primal-dual interior-point algorithm for linear optimization

We have seen that choosing a proper search direction plays an important role in the analysis of the
resulting IPAs. We have seen in the scaled system (2.8) that for different functions ϕ we obtain
different values for the vector pv that lead to new search directions. Now consider pv as a function of
v. In the literature this function is defined on the whole positive orthant. If the points generated by the
algorithm are perfectly centered, then we have v = e. Hence, our aim is to analyse a case where the
domain of the above mentioned function is a subset of the positive orthant, which contains the vector
e in its interior. These interesting observations motivated us to study the IPAs that are based on the
directions obtained by using the AET technique with the new function ϕ(t) = t −

√
t. The idea of

using this new function, was published in [6].

3.1 A new full-Newton step primal-dual interior-point algorithm

In this subsection we present our new IPA based on the new search direction, obtained by using the
function ϕ given in (2.11) in the AET technique [11]. From (2.9) we have

pv =
2(v − v2)

2v − e
. (3.1)

Note that the components of the vector pv are defined on a subset of the positive half line, more
precisely on the interval

(
1
2
,+∞

)
. The proximity measure in this case is defined as follows:

δ(x, s, µ) =
‖pv‖

2
=

∥∥∥∥v − v2

2v − e

∥∥∥∥ . (3.2)

Our full-Newton step PD IPA for LO is given in Algorithm 3.1.1.

Algorithm 3.1.1 : PD IPA for LO using the AET technique with ϕ(t) = t −
√
t given in [11]

Let ε > 0 be the accuracy parameter, 0 < θ < 1 the update parameter (default value = 1
27
√
n

) and
0 < τ < 1 the proximity parameter (default value τ = 1

2
). Assume that for (x0,y0, s0) the (IPC)

holds, µ0 = x0T s0

n
, v0 =

√
x0s0

µ0
> e

2
and for δ given in (3.2) we have δ(x0, s0, µ0) < τ .

begin
x := x0; y := y0; s := s0; µ := µ0;
while xT s > ε do begin
µ := (1− θ)µ;
calculate (∆x,∆y,∆s) from (2.6) using ϕ(t) = t−

√
t;

x := x + ∆x;
y := y + ∆y;
s := s + ∆s;

end
end.

3.2 Analysis of the algorithm

Let x+ = x + ∆x, y+ = y + ∆y and s+ = s + ∆s be the vectors obtained after a full-Newton step.
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Lemma 3.2.1 (Lemma 5.1 in [11]) Let x ∈ P+, (y, s) ∈ D+ and assume that v > 1
2
e. Let

δ = δ(x, s, µ) < 1. Then, x+ ∈ P+and (y+, s+) ∈ D+. Thus, we conclude that the full-Newton step
is strictly feasible.

The next lemma shows the quadratic convergence of the Newton process.

Lemma 3.2.2 (Lemma 5.3 in [11]) Let x ∈ P+ and (y, s) ∈ D+ with v > 1
2
e. Suppose that

δ = δ(x, s, µ) < 1
2
. Then, v+ > 1

2
e and δ(x+, s+, µ) < 9−3

√
3

2
δ2 which means that with fixed µ the

full-Newton step ensures local quadratic convergence of the iterates.

The following lemma analyses the effect of the full-Newton step on the duality gap.

Lemma 3.2.3 (Lemma 5.4 in [11]) Let x ∈ P+, (y, s) ∈ D+ and v > 1
2
e. Consider δ = δ(x, s, µ)

and suppose that the feasible vectors x+ and s+ are obtained using a full-Newton step, thus x+ =
x + ∆x and s+ = s + ∆s. We have (x+)T s+ ≤ µ(n+ δ2), and if δ < 1

2
, then (x+)T s+ < µ

(
n+ 1

4

)
.

Lemma 3.2.4 is meant to examine the effect of a Newton step followed by an update of the pa-
rameter µ on the proximity measure. Assume that µ is reduced by (1− θ) at each iterations.

Lemma 3.2.4 (Lemma 5.5 in [11]) Let x ∈ P+ and (y, s) ∈ D+. Let δ = δ(x, s, µ) < 1
2
, v > 1

2
e,

µ+ = (1− θ)µ, v] =
√

x+s+

µ+
and η =

√
1− θ, where 0 < θ < 1. Then, v] > 1

2
e and

δ(x+, s+, µ+) ≤
√

3(θ
√
n+ 3δ2)

−2η3 +
√

3η2 + 3η
.

Moreover, if θ = 1
27
√
n

and n ≥ 4, then we have δ(x+, s+, µ+) < 1
2
.

Lemma 3.2.4 plays an important role in the analysis of the IPA, because it proves that the algorithm
is well defined. More precisely, it shows that the conditions x ∈ P+ and (y, s) ∈ D+, δ(x, s, µ) < 1

2

and v > 1
2
e hold throughout the algorithm.

Lemma 3.2.5 (Lemma 5.6 in [11]) We assume that the pair (x0, s0) is strictly feasible, v > 1
2
e,

θ = 1
27
√
n

, µ0 = (x0)T s0

n
and δ(x0, s0, µ0) < 1

2
. Let xk and sk be the two vectors obtained by Algorithm

3.1.1 after k iterations. Then, for k ≥
⌈

1
θ

log
µ0(n+ 1

4)
ε

⌉
we have (xk)T sk < ε.

We have seen that using the self-dual embedding model we can assume without loss of generality,
that x0 = s0 = e, and we have µ0 = 1. This leads us to the final theorem.

Theorem 3.2.6 (Theorem 5.7 in [11]) Suppose that x0 = s0 = e. If we consider the default values
for θ and τ

(
θ = 1

27
√
n
, τ = 1

2

)
, we obtain that Algorithm 3.1.1 requires no more than

O
(√

n log
n

ε

)
,

interior-point iterations. The resulting vectors satisfy xT s < ε.

Theorem 3.2.6 proves that the proposed IPA for LO has polynomial complexity. It should be
mentioned that we had to ensure that the components of the vector v are greater than 1

2
in each

iteration, because of the used function ϕ(t) = t −
√
t in the AET technique. In spite of this fact we

could prove the polynomiality of the proposed IPA.

In the following section we present a PC IPA for LO. As in the literature it is known, the PC IPAs
are more efficient than the PD IPAs.
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4 Predictor-corrector interior-point algorithm with new search direction for linear
optimization

In this section we propose a PC IPA, which uses the function ϕ(t) = t−
√
t in the AET technique in

order to find the new search directions [7].

4.1 Introducing the predictor-corrector interior-point algorithm

Firstly, recall system (2.8). In this system we use the function ϕ(t) = t−
√
t given in (2.11), hence in

our case we obtain the vector pv given in (3.1). We use the norm-based proximity measure δ(x, s, µ)
given in (3.2). In order to define the PC IPA we define the τ -neighbourhood of the central path in the
following way: N2(τ, µ) := {(x,y, s) ∈ P+ × D+, δ(x, s, µ) ≤ τ}, where 0 < τ < 1 and µ > 0.
At the beginning of the algorithm we set µ = xT s

n
. We assume that (x0,y0, s0) ∈ N2(τ, µ). The

proposed PC IPA is given in Algorithm 4.1.1.

Algorithm 4.1.1 : PC IPA for LO using the AET technique with ϕ(t) = t −
√
t given in [7]

Let ε > 0 be the accuracy parameter, 0 < θ < 1
2

the update parameter (default value θ = 1
5
√
n

) and
0 < τ < 1 the proximity parameter (default value τ = 1

4
). We assume that for (x0,y0, s0) the (IPC)

holds, µ0 = x0T s0

n
, v0 =

√
x0s0

µ0
> e

2
and for δ given in (3.2) we have δ(x0, s0, µ0) < τ .

begin
x := x0; y := y0; s := s0; µ := µ0;
while xT s > ε do

begin
solve (4.1) and set (xc,yc, sc) := (x,y, s) + (∆cx,∆cy,∆cs);
solve (4.2) and set (xp,yp, sp) := (xc,yc, sc) + θ(∆px,∆py,∆ps);
µp := (1− 2θ)µ;
x := xp, y := yp, s := sp, µ := µp;

end
end.

In the corrector step, we define v =
√

xs
µ

, Ā = 1
µ
A diag(x

v
) and obtain the scaled corrector search

directions dcx and dcs by solving (2.8) with pv given in (3.1), namely

Ādcx = 0,
ĀT∆cy + dcs = 0,

dcx + dcs = 2(v−v2)
2v−e .

(4.1)

The Newton directions ∆cx = x
v
dcx,∆

cs = s
v
dcs can be expressed easily and the corrector iterate is

obtained by a full-Newton step as follows: (xc,yc, sc) = (x,y, s) + (∆cx,∆cy,∆cs).
We obtain the predictor search directions dpx and dps by solving the system

Ā+dpx = 0,
ĀT+∆py + dps = 0,

dpx + dps = −2vc,
(4.2)
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where vc =
√

xcsc

µ
, Ā+ = A diag

(
xc

vc

)
. It should be mentioned that the right-hand side of the system

(4.2) is inspired by the predictor step given in [5]. Note that in the predictor step the target µ is zero.
Similarly to ∆cx and ∆cs, we define ∆px = xc

vc d
p
x,∆

ps = sc

vc d
p
s and the predictor iterate is

obtained by (xp,yp, sp) = (xc,yc, sc) + θ(∆px,∆py,∆ps), where θ ∈
(
0, 1

2

)
and also the new value

of µ will be µp = (1− 2θ)µ. In the following subsection we analyse the introduced PC IPA.

4.2 Analysis of the algorithm

4.2.1 The corrector step

Note again that the PC IPA given in Algorithm 4.1.1 performs a full-Newton step as a corrector step.
This can be achieved in the same way as the one given in the primal-dual IPA of Darvay et al. [11].
This means that we can use Lemmas 5.1, 5.3 and 5.4 from [11] in the analysis of the corrector step.

4.2.2 The predictor step

In the following lemma we prove the strict feasibility after a predictor step.

Lemma 4.2.1 (Lemma 3 in [7]) Let xc ∈ P+ and (yc, sc) ∈ D+ be primal-dual strictly feasible
solutions obtained after a corrector step and µ > 0. Furthermore, let 0 < θ < 1

2
, and xp = xc+θ∆px,

sp = sc + θ∆ps denote the iterates after a predictor step. Then, xp ∈ P+ and (yp, sp) ∈ D+ is a
primal-dual feasible solution if

ū(δc, θ, n) :=
[1

2
+

1

4ρ(δc)

]2

−
√

2θ2n

1− 2θ

[1

2
+ ρ(δc)

]2

> 0, (4.3)

where δc := δ(xc, sc, µ) and ρ(δc) = δc +
√

1
4

+ (δc)2.

4.2.3 Iteration bound

In the next lemma we give an upper bound for the gap after performing an iteration of the algorithm.

Lemma 4.2.2 (Lemma 8 in [7]) Suppose that δ := δ(x, s, µ) < 1
2

and v ≥ 1
2
e. Moreover, let

0 < θ < 1
2
. Then, (xp)T sp ≤ µp

(
n+ 1

4

)
.

The following lemma gives an upper bound for the number of iterations of the PC IPA.

Lemma 4.2.3 (Lemma 9 in [7]) Let x0 and s0 be strictly feasible primal-dual solutions, µ0 =
(x0)

T
s0

n

and δ(x0, s0, µ0) ≤ τ . Moreover, let xk and sk be the iterates obtained after k iterations. Then,(
xk
)T

sk ≤ ε for k ≥ 1 +

⌈
1
2θ

log
5(x0)

T
s0

4ε

⌉
.

One can easily deduce the following result.

Theorem 4.2.4 (Theorem 1 in [7]) Let τ = 1
4

and θ = 1
5
√
n

. Then, the PC IPA given in Algorithm
4.1.1 is well defined and the algorithm requires at most

O
(√

n log
(x0)T s0

ε

)
iterations. The output is a strictly feasible primal-dual solution pair (x, s) satisfying xT s ≤ ε.

In the following section we present the class of P∗(κ)-LCP, and introduce a PC IPA for solving
P∗(κ)-LCPs.
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5 New predictor-corrector interior-point algorithm for P∗(κ)-linear complementarity
problems

First, we present the LCP problem. Given M ∈ Rn×n and q ∈ Rn, we need to find vectors x, s ∈ Rn

that satisfy the constraints
−Mx + s = q, xs = 0, x, s ≥ 0. (LCP)

We use the following notations in this section to denote the feasible region of (LCP), its interior and
the solutions set of (LCP):

F := {(x, s) ∈ Rn
⊕ × Rn

⊕ : −Mx + s = q},

F+ := {(x, s) ∈ Rn
+ × Rn

+ : −Mx + s = q},

F∗ := {(x, s) ∈ F : xs = 0}.

We present a new feasible PC IPA for solving LCPs with P∗(κ)-matrices [9]. A short-step PD
version of this IPA was presented in [14] for horizontal LCPs. We provide a unified framework of the
Newton systems and scaled systems in case of PC IPAs [9, 33].

5.1 P∗(κ)-linear complementarity problems

Kojima et al. [29] introduced the notion of P∗(κ)-matrices.

Definition 5.1.1 (Kojima et al. [29]) Let κ ≥ 0 be a nonnegative real number. A matrix M ∈ Rn×n

is a P∗(κ)-matrix if (1 + 4κ)
∑

i∈I+(x) xi(Mx)i +
∑

i∈I−(x) xi(Mx)i ≥ 0,∀x ∈ Rn, where I+(x) =

{1 ≤ i ≤ n : xi(Mx)i > 0} and I−(x) = {1 ≤ i ≤ n : xi(Mx)i < 0}.

Consider the (LCP). We assume that F+ 6= ∅, there is an initial point (x0, s0) ∈ F+, and M is a
P∗(κ)-matrix. The central path problem for problem (LCP) is given as the solution set of

−Mx + s = q,

x, s > 0, (5.1)
xs = µe,

where µ > 0. Kojima et al. [29] proved that the set {(x(µ), s(µ)) | µ > 0} of solutions of the central
path problems parametrised by µ > 0 approach the solution set F∗ of the (LCP) as µ → 0. The
following theorem proves the existence and uniqueness of the central path.

Theorem 5.1.2 (T. Illés et al. [24]) Let an LCP with a P∗(κ)-matrix M be given. Then, the following
statements are equivalent:

1. F+ 6= ∅;

2. ∀w ∈ Rn
+,∃!(x, s) ∈ F+ : xs = w;

3. ∀µ > 0, ∃!(x, s) ∈ F+ : xs = µe.

The last statement implies that if F+ 6= ∅, then the central path exists and it is unique.

The following result shows that the Newton system has unique solution.
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Corollary 5.1.3 (Kojima et al. [29]) Let M ∈ Rn×n be a P∗(κ)-matrix, x, s ∈ Rn
+. Then, for all

a ∈ Rn the system

−M∆x + ∆s = 0

S∆x +X∆s = a

has a unique solution (∆x,∆s), where X = diag(x) and S = diag(s).

In the following subsection we deal with the determination of the search directions for PC IPAs.

5.2 Search directions in case of predictor-corrector interior-point algorithms

We present the AET technique introduced in [4] for LO problem, in case of P∗(κ)-LCPs. Let ϕ :
(ξ2,∞) → R be a continuously differentiable and invertible function, such that ϕ′(t) > 0, ∀t > ξ2,
where 0 ≤ ξ < 1.

We have seen that AET acts only on the complementarity condition xs = µe, hence if we consider
the third equation of system (2.6), for LCP we obtain the transformed Newton system:

−M∆x + ∆s = 0,

S∆x +X∆s = µ
ϕ(e)− ϕ

(
xs
µ

)
ϕ′
(

xs
µ

) , (5.2)

where the right hand side of the second equation is the expression aϕ given in (2.7).

5.2.1 General framework for defining search directions

Let

v =

√
x s

µ
, d =

√
x

s
, dx =

d−1 ∆x
√
µ

=
v ∆x

x
, ds =

d ∆s
√
µ

=
v ∆s

s
. (5.3)

Using these notations we obtain ∆x = xdx

v
and ∆s = s ds

v
. The scaled corrector system can be

written in the following way:

− M̄dx + ds = 0,

dx + ds = pv, (5.4)

where M̄ = DMD, D = diag(d) and pv = ϕ(e)−ϕ(v2)
vϕ′(v2)

. Note that system (5.4) has a unique solution:

dcx = (I + M̄)−1pv,d
c
s = M̄(I + M̄)−1pv.

From ∆cx = xdc
x

v
and ∆cs = s dc

s

v
the search directions ∆cx and ∆cs can be calculated easily.

We decompose aϕ in the transformed Newton system (5.2) in the following way in order to obtain
the scaled predictor system: aϕ = f̄(x, s, µ) + ḡ(x, s), where f : Rn

+ × Rn
+ × R⊕ → Rn with

f(x, s, 0) = 0 and g : Rn
+ × Rn

+ → Rn. We set µ = 0 in this decomposition, as we would like to
make the predictor step as greedy as possible. Hence, we get:

−M∆x + ∆s = 0,

S∆x +X∆s = g(x, s). (5.5)

11



Using the scaling notations, after some reductions, we obtain the scaled predictor system

−M̄dx + ds = 0,

dx + ds =
vg(x, s)

xs
, (5.6)

where M̄ = DMD. System (5.6) has a unique solution:

dpx = (I + M̄)−1 vg(x, s)

xs
,dps = M̄(I + M̄)−1 vg(x, s)

xs
.

From ∆px = xdp
x

v
and ∆ps = s dp

s

v
the search directions ∆px and ∆ps can be calculated easily.

5.3 New predictor-corrector interior-point algorithm

We introduce a PC IPA for solving P∗(κ)-LCPs based on the directions obtained by using the function
ϕ(t) = t −

√
t introduced in [11]. In this case we obtain aϕ =

√
µxs

2
√
xs−√µe − xs, hence f̄(x, s, µ) =

√
µxs

2
√
xs−√µe , which satisfies the condition f̄(x, s, 0) = 0 and ḡ(x, s) = −xs. We use the same prox-

imity measure as given in (3.2). Applying this, we define the τ -neighbourhood of the central path
as N̄2(τ, µ) := {(x, s) ∈ F+ : δ(x, s, µ) ≤ τ}, where 0 < τ < 1 is a threshold parameter. At the
beginning we set µ = xT s

n
and we assume that (x0, s0) ∈ N̄2(τ, µ). The new PC IPA is given in

Algorithm 5.3.1.

Algorithm 5.3.1 : PC IPA for P∗(κ)-LCPs using the AET technique with ϕ(t) = t −
√
t [9]

Let ε > 0 be the accuracy parameter, 0 < θ < 1 the update parameter (default θ = 1
5(1+2κ)

√
n
) and

0 < τ < 1 the proximity parameter (default τ = 1
2(3+4κ)

). Assume that (x0, s0) ∈ F+, (x0)
T

s0 =

nµ0, µ0 > 0, v0 > 1
2
e and for δ given in (3.2) we have δ(x0, s0, µ0) ≤ τ .

begin
x := x0; s := s0; µ := µ0;
while xT s > ε do begin

calculate (∆cx,∆cs) and let xc = x + ∆cx, sc = s + ∆cs;
calculate (∆px,∆ps) and let xp = xc + θ∆px, sp = sc + θ∆ps;
µp = (1− θ)µ;
x := xp, s := sp, µ := µp;

end
end.

We determine the corrector search directions using system (5.4) using that pv is the same as in
(3.1) due to the used function ϕ(t) = t−

√
t in the AET technique. Let xc = x + ∆cx, sc = s + ∆cs

be the point after a corrector step. The predictor search direction can be calculated from system
(5.5) using that g(x, s) = −xs in our case. The iterate after a predictor step is xp = xc + θ∆px,
sp = sc + θ∆ps, µp = (1 − θ)µ, where θ ∈ (0, 1) and the new value of µ will be µp = (1 − θ)µ. In
the following subsection we present the complexity analysis of the proposed PC IPA.

5.4 Analysis of the algorithm

We introduce the wide neighbourhood D(β, µ) = {(x, s) ∈ F+ : xs ≥ βµe}, where 0 < β < 1 and
µ > 0. Note that the algorithm given in Figure 5.3.1 works in a neighbourhood which is obtained by
the intersection of N̄2(τ, µ) and D

(
1
4
, µ
)
.
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5.4.1 The corrector step

The corrector part of the PC IPA is similar to the classical small-update IPAs. This means, the follow-
ing lemmas related to the corrector steps can be easily derived from the results given in [8, 12].

Lemma 5.4.1 (cf. Lemma 5.3 in [12]) If δ := δ(x, s, µ) < 1√
1+4κ

and v > 1
2
e, then x+ > 0 and

s+ > 0.
Lemma 5.4.2 (cf. Lemma 5.6 in [12]) Let δ = δ(x, s, µ) < 1

2
√

1+4κ
and v > 1

2
e. Then, v+ > 1

2
e and

δ+ := δ(x+, s+, µ) < 3−
√

3
2

(3 + 4κ)δ2.

Note that Theorem 5.4.2 shows that (xc, sc) ∈ D
(

1
4
, µ+

)
. The next lemma gives an upper bound

for the duality gap after a full-Newton step.

Lemma 5.4.3 (cf. Lemma 3.2 in [8] and cf. Lemma 5.8 in [12]) We assume that we obtained xc and
sc after a full-Newton step. Then, (xc)T sc ≤ (n + 2δ2)µ. Furthermore, if δ < 1

2(1+4κ)
and n ≥ 4,

then (xc)T sc < 9
8
nµ.

In the following subsection we analyse the predictor step.

5.4.2 The predictor step

We give a sufficient condition for the strict feasibility of the predictor step.

Lemma 5.4.4 (Lemma 5.3 in [9]) Let (xc, sc) ∈ F+, 0 < θ < 1 and µ > 0 such that δc :=
δ(xc, sc, µ) < 1

2
. Let xp = xc + θ∆px, sp = sc + θ∆ps be the iterates after a predictor step. Then,

(xp, sp) ∈ F+ if u(δc, θ, n) > 0, where u(δc, θ, n) := (1− 2δc)2 − n(1+2κ)θ2(1+2δc)2

2(1−θ) .

Considering the notations used in (5.3), let vp =
√

xpsp

µp
, where µp = (1 − θ)µ. The next lemma

analyses the effect of a predictor step and the update of µ on the proximity measure.

Lemma 5.4.5 (Lemma 5.4 in [9]) Let (xc, sc) ∈ F+ and δc := δ(xc, sc, µ) < 1
2
, µp = (1− θ)µ, where

0 < θ < 1, u(δc, θ, n) > 1
4
. Furthermore, let xp and sp denote the iterates after a predictor step.

Then, vp > 1
2
e and δp := δ(xp, sp, µp) ≤

√
u(δc,θ,n)((3+4κ)δ2+(1−2δc)2−u(δc,θ,n))

2u(δc,θ,n)+
√
u(δc,θ,n)−1

, where δ := δ(x, s, µ).

Note that Lemma 5.4.5 yields (xp, sp) ∈ D
(

1
4
, µp
)
.

5.4.3 Complexity bound

The next lemma gives an upper bound for the duality gap after a main iteration.

Lemma 5.4.6 (Lemma 5.8 in [9]) Let (xc, sc) ∈ F+ such that δc := δ(xc, sc, µ) < 1
2

and 0 < θ < 1.
If δ < 1

2(1+4κ)
and xp and sp are the iterates obtained after the predictor step, then

(xp)T sp ≤
(

1− θ +
θ2

2

)
(xc)T sc ≤

(
1− θ

2

)
(xc)T sc <

9nµp

8(1− θ)
.

Theorem 5.4.7 (Theorem 5.10 in [9]) Let (x0, s0) ∈ F+. Furthermore, consider τ = 1
2(3+4κ)

and θ = 1
5(1+2κ)

√
n

. Then, Algorithm 5.3.1 is well defined and the algorithm requires at most

O
(

(1 + 2κ)
√
n log nµ0

ε

)
iterations. The output is a pair (x, s) ∈ F+ satisfying xT s ≤ ε.

In the following section we present a PD IPA for solving SO problems.
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6 Extension of the primal-dual interior-point algorithm for linear optimization over
symmetric optimization

In this section we propose a new full-Newton step IPA for SO [16] based on the functionϕ(t) = t−
√
t.

An infeasible version of this IPA for SO was introduced in [34]. Before presenting the SO problem,
we give some main aspects of the theory of the Euclidean Jordan algebras and symmetric cones. A
more detailed study of this subject can be found in the monograph of Faraut and Korányi [18]. Note
that the elements of the Jordan algebras are not notated with bold letters, because they can denote
vectors or matrices as well.

6.1 Euclidean Jordan algebras and symmetric cones

Consider an n-dimensional vector space V over R and the bilinear map: ◦ : (x, y) → x ◦ y ∈ V .
Then, (V , ◦) is called a Jordan algebra iff for all x, y ∈ V: x ◦ y = y ◦ x; x ◦ (x2 ◦ y) = x2 ◦ (x ◦ y),
where x2 = x ◦x. Suppose that there exists an identity element e such that x ◦ e = e ◦x = x,∀x ∈ V .
A Jordan algebra is called Euclidean if there exists an associative inner product. If r is the smallest
integer such that e, x, . . . , xr is linearly dependent, then r is called the degree of x. This is denoted
by deg(x). The rank of V is the largest deg(x), for all x ∈ V and it is denoted as rank(V). We will
assume that V is a Euclidean Jordan algebra with rank r and we will denote it by V .

A set of primitive idempotents {c1, . . . , cr} is named Jordan frame iff for all primitive idempotents
ci the following hold: ci ◦ cj = 0, i 6= j and

∑r
i=1 ci = e. The following theorem plays an important

role in the theory of the Euclidean Jordan algebras.

Theorem 6.1.1 (Spectral decomposition, Theorem III.1.2, Faraut and Korányi [18])
Let x ∈ V . Then there exists a Jordan frame {c1, . . . , cr} and the real numbers λ1(x), . . . , λr(x) such
that x =

∑r
i=1 λi(x)ci. The numbers λi(x) are the eigenvalues of x.

Theorem 6.1.1 gives the possibility of extending the definition of any real-valued univariate con-
tinuous function to elements of Euclidean Jordan algebras using eigenvalues. Let us introduce the
vector-valued function using the function ϕ, which is a real-valued univariate function defined on the
interval (ξ2,+∞) and differentiable on the interval (ξ2,+∞) such that ϕ′(t) > 0,∀t > ξ2, where
0 ≤ ξ < 1. Let x =

∑r
i=1 λi(x)ci, where {c1, . . . , cr} is the corresponding Jordan frame. The

vector-valued function ϕ is defined in the following way: ϕ(x) := ϕ(λ1(x))c1 + . . .+ ϕ(λr(x))cr.
Consider the following notions:

– the trace: tr(x) :=
∑r

i=1 λi(x);

– the square: x2 :=
∑r

i=1 λi(x)2ci;

– the square root: x
1
2 :=

∑r
i=1

√
λi(x)ci, wherever all λi(x) ≥ 0;

– the inverse: x−1 :=
∑r

i=1 λi(x)−1ci, wherever all λi 6= 0.

We say that x is invertible, if x−1 is defined. Let us consider the trace inner product 〈x, s〉 := tr(x◦s),
where x, s ∈ V . The Frobenius norm, ‖ · ‖F , is defined by ‖x‖F :=

√
〈x, x〉. Furthermore, let us

denote the largest and the smallest eigenvalue of x by λmax(x) and λmin(x).
Let us introduce the cone of squares K = {x2 : x ∈ V}. We have x ∈ K ⇔ λi(x) ≥ 0, i = 1, . . . , r
and x ∈ int(K) ⇔ λi(x) > 0, i = 1, . . . , r, where int(K) denotes the interior of K. Let us introduce
the following notations:

x �K 0 ⇔ x ∈ K and x �K 0 ⇔ x ∈ int(K).
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In the next subsection we present the SO problem.

6.2 Symmetric optimization problem

Consider the following primal problem:

min 〈c, x〉,
Ax = b, (SOP )
x �K 0,

and it’s dual problem:

max bTy,

ATy + s = c, (SOD)
s �K 0,

where c ∈ V , b,y ∈ Rm andAx = b denotes 〈ai, x〉 = bi, where ai ∈ V . Suppose that rank(A) = m.
Without loss of generality we can assume that there exists (x0, y0, s0) so that:

Ax0 = b, x0 �K 0,

ATy0 + s0 = c, s0 �K 0.
(IPCSYM )

The system defining the central path is

Ax = b, x �K 0,

ATy + s = c, s �K 0, (6.1)
x ◦ s = µe,

where µ > 0.
Note that if V = Rn, then (6.1) becomes (2.2). If the (IPCSYM ) holds, then for a fixed µ > 0

system (6.1) has unique solution, see e.g., Faybusovich [19]. If µ tends to zero, then the central path
converges to a solution in the relative interior of the set of the optimal solutions of the problem (SOP )
and (SOD).

6.3 Algebraic equivalent transformation technique for symmetric optimization

We present the generalization of the AET technique to SO (cf. [41]). Let us consider the vector-
valued function ϕ, which is induced by the real-valued univariate function ϕ : (ξ2,+∞)→ R, where
0 ≤ ξ < 1 and ϕ′(t) > 0 for all t > ξ2. Suppose that during the whole process of the algorithm
λmin

(
x◦s
µ

)
> ξ2. The third equation of system (6.1) can be written as

ϕ

(
x ◦ s
µ

)
= ϕ(e). (6.2)

Using [41], for the strictly feasible x ∈ int(K) and s ∈ int(K) we want to find the search directions
(∆x,∆y,∆s) so that

A∆x = 0,

AT∆y + ∆s = 0, (6.3)

x ◦∆s+ s ◦∆x = µ

(
ϕ′
(
x ◦ s
µ

))−1

◦
(
ϕ(e)− ϕ

(
x ◦ s
µ

))
.
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We will use the NT-scaling scheme [31]. Consider u = w−
1
2 , where w is the NT-scaling point of

x and s. Moreover,

v :=
P (w)−

1
2x

√
µ

[
=
P (w)

1
2 s

√
µ

]
(6.4)

and

Ā :=
1
√
µ
AP (w)

1
2 , dx :=

P (w)−
1
2 ∆x

√
µ

, ds :=
P (w)

1
2 ∆s

√
µ

. (6.5)

We assume that λmin(v) > ξ2. After some reductions, we get the scaled system:

Ādx = 0,

ĀT∆y + ds = 0, (6.6)
dx + ds = pv,

where pv = v−1 ◦ (ϕ′(v ◦ v))−1 ◦ (ϕ(e)− ϕ(v ◦ v)). In the next subsection we introduce the PD IPA
for SO.

6.4 New primal-dual interior-point algorithm for symmetric optimization

As we have already mentioned, we use the function given in (2.11) in the AET technique. In this case
we obtain pv = 2(v − v ◦ v) ◦ (2v − e)−1, which corresponds to (3.1) in case of LO.
We choose a proximity measure analogous to (3.2) in case of LO:

δ(v) = δ(x, s, µ) :=
‖pv‖F

2
= ‖(v − v ◦ v) ◦ (2v − e)−1‖F . (6.7)

Let x+ = x + ∆x, y+ = y + ∆y and s+ = s + ∆s be the new iterates. The IPA for SO is given in
Algorithm 6.4.1.

Algorithm 6.4.1 : PD IPA for SO using the AET technique with ϕ(t) = t −
√
t given in [16]

Let ε > 0 be the accuracy parameter, 0 < θ < 1 the update parameter (default θ = 1
4
√
r
) and

0 < τ < 1 the proximity parameter (τ = 1
3
). Assume that for (x0, y0, s0) the (IPCSYM ) holds and

µ0 = 〈x0,s0〉
r

. Suppose that for δ given in (6.7) we have δ(x0, s0, µ0) < τ and λmin

(
x0◦s0
µ

)
> 1

4
.

begin
x := x0; y := y0; s := s0; µ := µ0;
while 〈x, s〉 ≥ ε do begin

calculate (∆x,∆y,∆s) from system (6.6) via (6.5) using ϕ(t) = t−
√
t;

x+ := x+ ∆x;
y+ := y + ∆y;
s+ := s+ ∆s;
µ := (1− θ)µ;

end
end.
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6.5 Analysis of the algorithm

In the next lemma we prove the strict feasibility of the full-Newton step. It should be mentioned that
this lemma is a generalization of Lemma 3.2.1 to SO.

Lemma 6.5.1 (Lemma 7.2 in [16]) If δ := δ(x, s, µ) < 1 and λmin(v) > 1
2
, then x+ �K 0 and

s+ �K 0.

The following lemma is a technical one which is used in the analysis of the IPA.

Lemma 6.5.2 (Lemma 7.4 in [16]) Let f : D → (0,+∞) be a decreasing function, where D =
[d,+∞), d > 0. Furthermore, let us consider the vector v ∈ K such that λmin(v) > d and let η > 0.
Then,

‖f(v) ◦ (η2e− v ◦ v)‖F ≤ f(λmin(v)) · ‖η2e− v ◦ v‖F ≤ f(d) · ‖η2e− v ◦ v‖F .

The following lemma proves the local quadratic convergence of the full-Newton step.

Lemma 6.5.3 (Lemma 7.5 in [16]) Let δ = δ(x, s, µ) < 1
3

and λmin(v) > 1
2
. Then, we have

λmin(v+) > 1
2

and

δ(x+, s+, µ) <
216− 126

√
2

23
δ2.

In the following lemma we give an upper bound for the duality gap 〈x, s〉 after a full-Newton step.
This lemma is a generalization of Lemma 3.2.3.

Lemma 6.5.4 (Lemma 7.6 in [16]) We assume that we obtained x+ and s+ after a full-Newton step.
If δ < 1

3
and r ≥ 4, then 〈x+, s+〉 < 37

36
µr.

In the following lemma we analyse the effect of the full-Newton step on the proximity measure
after reducing the value of µ.

Lemma 6.5.5 (Lemma 7.7 in [16]) Let δ = δ(x, s, µ) < 1
3

and µ+ = (1 − θ)µ, where 0 < θ < 1.
Let us define η =

√
1− θ and v] = 1

η
v+. Then, λmin(v]) >

1
2
. Moreover, if θ = 1

4
√
r

and r ≥ 4, then
δ(x+, s+, µ+) < 1

3
.

In the following lemma we give an upper bound for the number of iterations of the algorithm.

Lemma 6.5.6 (Lemma 7.8 in [16]) Suppose that (x0, s0) is a strictly feasible pair, µ0 = 〈x0,s0〉
r

and

δ(x0, s0, µ0) < 1
3
. Let xk and sk be the vectors obtained after k iterations. If k ≥

[
1
θ

log 37〈x0,s0〉
36ε

]
,

then we have 〈xk, sk〉 < ε.

Theorem 6.5.7 (Theorem 7.9 in [16]) Let θ = 1
4
√
r
. Then, Algorithm 6.4.1 requires no more than

4
√
r log 37〈x0,s0〉

36ε
interior-point iterations to reach a solution with 〈x, s〉 < ε.

Corollary 6.5.8 (Corollary 7.10 in [16]) If x0 = s0 = e, then Algorithm 6.4.1 requires no more than

O
(√

r log
r

ε

)
interior-point iterations.

In the following section concluding remarks and further research plans are presented.
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7 Conclusions and directions for further research

In the PhD thesis we presented interior-point algorithms for solving different optimization problems,
such as linear optimization, linear complementarity problems and symmetric optimization, respec-
tively. The main similarity between these interior-point algorithms is that they determine the search
directions by using the function ϕ(t) = t −

√
t in the algebraic equivalent transformation technique.

One reason of choosing this function was that in this case the corresponding kernel function is not
a usual one in the sense that it is not defined on the whole interval (0,∞). That is why we intro-
duced the notion of the positive-asymptotic kernel function. The kernel associated to the function
ϕ(t) = t −

√
t is a 1

2
-asymptotic kernel function. Furthermore, the interior-point algorithms that use

the function ϕ(t) = t−
√
t in the algebraic equivalent transformation technique work in a neighbour-

hood which is the intersection of a small and a wide neighbourhood.
First, we presented the linear optimization problem and the algebraic equivalent transformation

technique for finding search directions in case of interior-point algorithms. We introduced the notion
of the positive-asymptotic kernel function. We highlighted the relation of the algebraic equivalent
transformation technique to approaches for determining search directions. We showed that the kernel
function corresponding to ϕ(t) = t−

√
t does not belong neither to the class of self-regular functions

nor to the class of eligible kernel functions.
After that, we proposed four new interior-point algorithms that use the function ϕ(t) = t −

√
t

in the algebraic equivalent transformation technique in order to define the search directions. The first
one is a primal-dual interior-point algorithm for linear optimization. The second one is a predictor-
corrector interior-point algorithm for solving linear optimization problems. The third one is also a
predictor-corrector interior-point algorithm for solving P∗(κ)-linear complementarity problems. In
this case we also presented a new unification of the Newton-systems and scaled systems in case of
predictor-corrector interior-point algorithms for P∗(κ)-linear complementarity problems. The last
method is the generalization of the primal-dual interior-point algorithm for linear optimization to
symmetric optimization problems. In all cases we presented the complexity analysis of the proposed
algorithms and we showed that the methods retain the best known polynomial iteration complexity.

Several questions remain open for future work. It would be very interesting task to find a gen-
eral class of functions ϕ used in the algebraic equivalent transformation technique which includes the
function ϕ(t) = t−

√
t and which gives interior-point algorithms with the best known complexity re-

sults. Furthermore, we would like to extend our predictor-corrector interior-point algorithms to more
general problems, such as the general linear complementarity problems in the existentially polytime-
sense and to sufficient linear complementarity problems over Cartesian product of symmetric cones.
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