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BRIEF SUMMARY 

 

The classical approach to the definition of the minimum required cross section of a masonry arch to 

avoid collapse (labelled as Couplet-Heyman problem) in the literature assumes certain stereotomy 

conditions (mostly radial) and derives the corresponding unique thrust line and minimum thickness 

value based on limit state analysis. Minimum thickness analysis allows the formulation of the problem in 

a geometric manner: it considers a statically determinate problem, but in a parametrized form. The 

equilibrium condition (that the thrust line should be kept everywhere within the boundary of the 

arch) requires the thrust line to be tangent to the intrados at the middle hinge, which depends on 

stereotomy. This results geometrical indeterminacy. For masonry is a material with limited tensile capacity, 

no-tension material model is adopted. The traditional problem set-up is readily turned to an 

optimization problem demonstrated first on the semi-circular arch of constant thickness: By 

considering stereotomy a-priori unknown, a range of minimum thickness values are obtained for fixed loading 

and global geometry conditions. It is shown that feasible assumptions on the stereotomy suffice for 

a well-posed optimization problem. In addition to the formerly known upper bound, an analytic lower 

bound minimum thickness value is derived for the semi-circular arch subject to self-weight. The 

resulting stereotomy is found to have an unrealistic topology from an engineering point of view with 

sections almost parallel to the resultant around the middle hinge, conflicting with the Heymanian 

assumption about no-sliding. Therefore, the angle of friction is introduced as a geometrical constraint, 

which reduces the admissible range of stereotomies in the updated model. It is concluded, that it 

results (for realistic angle of frictions) significantly higher lower bound values.  Through the presented 

methodology, it becomes possible to consider the effect of both stereotomy and a limiting angle of 

friction within the classical framework of minimum thickness analysis.  

Minimum thickness analysis requires the a priori definition of failure modes (within the frame of the 

present study, only rotational collapse modes are considered). The number of hinges and their 

arrangement are subject (among other factors) to the overall geometry of the structure. The scope of 

the study is extended from semi-circular to circular-pointed arches, and is partially generalized for 

symmetric, concave arches of constant thickness.  The maximum number of concurrent hinges is 

analytically determined for circular-pointed arches as 7, whereas a numerical procedure is shown 

which proves that suitable symmetric arch geometry can be constructed which corresponds to an n-

hinge mechanism, where n is an arbitrary integer not smaller than 5. The relation of minimum 

thickness and stereotomy is quantified for circular-pointed arches. The potential of the envelope of 

resultant, as a thrust line leading to bounding value minimum thicknesses is discussed: it is proven 

that it bounds the family of thrust lines, and as such, leads to an upper bound value of minimum 

thickness in case of semi-circular arch. It is shown however that this cannot be generalized for other 

rotational failure modes which occur for circular-pointed arches, the envelope of resultant does not 

necessarily lead to a bounding value of minimum thickness, and even if it does, it can be either an 

upper or a lower bound. However, it is found that the range of minimum thickness values is bounded 

in all possible failure mode types. The necessary conditions are provided for each. 

The application of membrane theory of shells to masonry domes allows for a similar approach as the 

thrust line analysis of arches: a possible equilibrium state of the structure is searched for. As an 

extension to previous results on the ideal form of masonry domes based on membrane theory, a specific 

problem namely a dome with hemispherical middle surface in which no tension occurs is addressed 

here: a thickness function is proposed resulting zero hoop-stresses. The derived geometry is then 

compared to historical examples highlighting the power of the empirical design rules applied by the 

master builders of the past. A classification system is introduced for historical masonry domes based 

on the structural solution applied to avoid or control meridional cracks. 
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1 INTRODUCTION 

 

 

Thrust line analysis has been applied for centuries to 

determine the safety or necessary thickness of 

masonry arches. Geometrical and analytical 

approaches were developed parallel to the ascend of 

engineering mechanics from the 17th century (Figure 1) 

– however the strong geometrical and material non-

linearity involved in the problem leaves open 

questions for contemporary researchers. For masonry 

is a material with limited tensile capacity, a no-tension 

material model is adopted.  Minimum thickness 

analysis is based on the consideration that equilibrium 

of a structure made of no-tension material is only 

achievable if the thrust line /or thrust surface for 3 

dimensional structures e.g. domes, vaults (the way 

compressive forces follow through the structure) does 

not exit its boundaries. It determines the smallest 

possible cross section that can still fully incorporate 

the corresponding thrust line/thrust surface for a 

given loading, considering infinite compressive strength and compares it to the actual thickness 

of the arch or vault.  

Thrust line analysis roots in the pre-elastic studies on the stability of masonry arches (a brief but 

comprehensive summary can be found in eg.  [Ageno et al, 2004, Kurrer, 2008]. The theoretical 

framework of present-day minimum thickness analysis of arches was established by Kooharian 

[1952] and  Heyman [1969], who latter proposed the application of the lower bound (static) and 

upper bound (kinematic) theorem of plasticity to the masonry arch: the collapse of historical 

masonry arches is typically due to becoming a mechanism without material failure. Observing the 

arch on the verge of collapse (at its limit state, Figure 2), the original, hyperstatic problem reduces 

to pure statics, which allows a completely geometric treatment of the problem [Cochetti et al, 

2011]. 

Despite the long tradition of research, the potential of the geometric treatment has still not been 

thoroughly investigated though. Present research aims to focus on two specific problems: the 

effect of the overall stereotomy of the structure on its stability and (not independently from the 

former) the relation of arch geometry and corresponding rotational failure mode. The dissertation 

is concluded with a limited outlook into the three-dimensional extension of arch analysis: the 

ideal geometry of a masonry dome with hemispherical middle surface is investigated in the frame 

of membrane theory and the results are compared to the empirical design rules of architectural 

history. 

Figure 1. Giovanni Poleni’s  drawing explaining his 
safety assessment on the dome of St. Peters, Rome, 

an early example of thrust line analysis 
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2 BACKGROUND 

 

 

2.1 Geometrical indeterminacy in the equilibrium analysis of masonry arches 

Minimum thickness analysis as proposed by Heyman is analogous to the design methodology of 

plasticity, (see also optimal design or plastic hinge distribution method [Neal, 1952, Kaliszky, 

1975]) relying essentially on the static theorem: (kinematically admissible) hinge arrangement(s) 

are assumed a-priori and enforcing the tangency condition of thrust line and boundary curve at 

the hinges the minimum thickness can be determined through a geometric formulation [eg. 

Milankovitch, 1907, Makris & Alexakis, 2013]. This geometric formulation is followed 

throughout this study. The classical approach [e.g. Heyman, 1969, Cochetti et al, 2011] of 

minimum thickness analysis is to assume certain stereotomy (mostly radial) and determine the 

unique thrust line and/or minimum thickness value for fixed loading and geometry. Moseley 

[Moseley, 1843] however already suggested, though at instances rather vaguely that this set up 

can be varied: 

“This line [the line of resistance, i.e. thrust line] can be completely determined by the methods of analysis in 

respect to a structure of any given geometrical form having its parts in contact by surfaces also of given 

geometrical forms. And conversely, the form of this line being assumed, and the direction which it shall have 

through any proposed structure, the geometrical form of that structure may be determined, subject to these 

conditions; or lastly, certain conditions being assumed both as it regards the form of the structure and its line 

of resistance, all that is necessary to the existence of these assumed conditions may be found.”  

The last formulation can be interpreted that assuming certain geometry and loading conditions, 

the stereotomy function might be searched for resulting the lowest minimum thickness value 

possible. This is investigated in the present research. The significance of stereotomy has been 

already highlighted by Makris and Alexakis (2013) (and [Alexakis & Makris, 2015]) who showed 

in their consecutive papers explicitly based on the energy method (variation of the virtual work 

principle) that different assumed rupture angles at the middle hinge result in different thrust lines  

Figure 2. An amply thick arch contains infinitely many admissible thrust lines (left), semi-circular arch at its limit 
state, considering radial stereotomy (right) just containing a thrust line, forming a 5-hinge mechanism  
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and minimum thickness values (Figure 3) for semi-circular (and elliptical) arches, but failed to 

recognize the importance of treating stereotomy as a function as opposed to a scalar parameter.  

Limitations of the Heymanian assumptions 

[Heyman, 1969]– in particular, the validity of the 

assumption of infinite friction is extensively 

studied [e.g. Bagi, 2014]. It is to note here that the 

Heymanian model has been found to be rather 

realistic for the case it was primarily intended for 

that of the (semi)-circular arch considering radial 

stereotomy. The necessary value of frictional 

coefficient which suffices to avoid sliding 

between voussoirs is about 0.35 [Aita et al 2017, 

Lengyel, 2018], which is reasonable for masonry 

material. The effect of limited friction is of 

importance for present study, because it 

considers stereotomies significantly differing 

from radial.  

Even if the Heymanian assumptions are obeyed, 

the kinematically admissible failure modes 

(number and arrangement of hinges) vary subject 

to arch geometry: as it is a vital input in the 

geometrical formulation of the problem, the 

effect of arch geometry on the corresponding 

pure rotational failure mechanism is extensively 

researched [eg. Romano and Ochsendorf, 2009 

Lengyel, 2018], most notably in the case of 

circular-pointed arches. However, these studies 

have (to the author’s knowledge) been carried out 

assuming radial stereotomies, hence the effect of 

stereotomy has not been investigated in a wider class of arches – neither on the minimum 

thickness value nor the rotational failure mode itself. The necessary number (5, or 6 for pointed 

arches) of hinges for arbitrary arch geometries subject to its self-weight has been determined, 

however it has been recently suggested [Nikolić, 2017] that depending on the arch geometry, the 

number of concurrent hinges might be higher (Figure 4). The redundancy of the number of hinges 

at the limit state seems to be structurally advantageous, resulting smaller cross sections. The 

possibility of higher number of hinges is also of theoretical interest, as it manifests itself as a 

function approximation problem: if the reference line of the arch is optimized in order to result 

in the smallest possible cross section, the catenary arch is obtained as a limit. 

  

Figure 3. Relation of rupture angle and minimum 
thickness value, identification of the upper bound 

(reproduced from [Alexakis & Makris, 2015]) 

Figure 4. Failure mode and minimum thickness subject to 
arch geometry for ointed arches (reproduced from [Nikolić, 

2017]) 
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2.2 Optimal geometry of masonry spherical domes 

Spherical masonry domes are attractive elements of architectural heritage. The spherical form is 

advantageous in terms of construction and is considered to deliver a spatial message of 

completeness, eternal power [e.g. Smith, 1949, Mainstone, 1979, Melaragno, 1991]. The often-

recognizable development of cracks in the meridional direction challenged master builders and 

later architects and engineers to understand the structural behavior of domes. Membrane theory 

of shells suggests that due to the low tensile capacity of masonry, cracks at the lower portion of 

the dome are inevitable, for the hoop stresses change sign at the so-called inversion angle (from 

compression to tension) considering a hemispherical dome of constant thickness subject to its 

self-weight if the membrane surface coincides with its middle surface. Disregarding the limited 

tensile capacity of masonry, based on a no-tension material model the corresponding extensive 

literature of the topic offers various theoretical solutions to this problem, which can be classified 

the following way: (a) the geometry of the middle surface can be altered (eg. catenary or elliptical 

paraboloid) or (b) an alternate thrust surface can be obtained still within the dome section, either 

assuming essentially 2D [Heyman 1967, Oppenheim 1997, Levy 1888] or 3D behavior [Cipriani 

&Lau, 2006], or (c) labelled as optimal shape of spherical domes, which retains a spherical middle 

surface as membrane but allows the thickness of the dome to vary [Ziegler, 1969, Rozvany et al 

1980, Nakamura et al 1981]. The cited studies derive the thickness function based on constraints 

of uniform strength along the meridional or the hoop [Ziegler, 1969] direction. Pesciullesi and 

co-authors [1997] contextualizes the problem by comparing the results to a case study 

(Montepulciano cathedral), while offering a discussion and providing an alternate mathematical 

formulation of the above cited results. Their contribution widens the scope of analysis by solving 

the modified Levy-type problem [Levy, 1888] analytically. Levy proposed a graphical solution of 

a dome with two-dimensional thrust surface at the top (‘a membrane surface’) connected to (one- 

dimensional) thrust lines in the cracked lower zone. Levy’s original problem set up allowed the 

thrust lines in the lower portion to move away from the centre line of the lunes, while Pesciullesi 

and co-authors order the reference (membrane) surface to the middle surface in the whole dome. 

They arrive at the conclusion that for a crack-free hemispherical dome the thickness around the 

base would grow to infinity (Figure 5). Cited studies acknowledge that for spherical domes the 

inversion angle of the hoop forces present an important constraint (if no-tension material model 

is considered). Therefor below a novel formulation is presented, which as opposed to the stress 

distribution along the meridional, constrains the value of the hoop forces directly, in order for 

them to be zero or negative for a given inversion angle.  

Figure 5. Ideal dome with hemsipherical middle surface and varying thickness. Distribution of stresses. (reproduced from 
[Pesciullesi et al. 1997]) 
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3 RESEARCH GOALS  

 

 

Even though there are both historical and contemporary studies on the effect of stereotomy on 

the minimum thickness of masonry arches, a complete, analytical overview is still lacking. 

Moreover, assuming stereotomy a-priori unknown as opposed to former studies, a novel problem 

set-up is introduced. In specific, for semi-circular masonry arches loaded with their self-weight 

present research investigates 

• whether the overall stereotomy of the structure can be substituted with a scalar 

parameter (e.g. the rupture angle at the middle hinge) as suggested by the literature? 

• what is the geometrical relation of the envelope of resultant and thrust lines within 

the family of thrust lines? Is it possible to generalize the necessary condition in terms 

of stereotomy considering arbitrary loading for catenary type thrust line? Results are 

summarized in Principal Result 1. 

 

• The relation of stereotomy and minimum thickness for the semi-circular arch is 

formulated as an optimization problem, and the stereotomy related lower bound of the 

possible minimum thickness values is searched for.  It is shown that feasible assumptions 

on the stereotomy suffice for a well-posed optimization problem (Figure 6). It is further 

investigated, whether the lower bound value is theoretically realizable – for the existence 

of a valid stereotomy only provides the necessary condition, the admissibility of the 

resulting thrust line needs to be verified. Results are summarized in Principal result 2. 

 

• Considering Coulomb-friction law, frictional constraint can be forced on the system in 

the same geometrical manner as any other stereotomy related constraint. How does a 

limiting angle of friction influence the range of admissible stereotomies? Results are 

summarized in Principal result 3. 

Figure 6. Stereotomy and equilibrium related constraints 
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The investigation on the effect of stereotomy is extended to the case of circular pointed arches. 

The possible hinge arrangements (kinematically admissible failure modes, Figure 7 and 8) are 

studied with special emphasis, as they are necessary to the proper definition of the equilibrium 

conditions. The studies on the relation of arch geometry and number of concurrent hinges are 

then further extended to symmetric, convex arches. It is investigated 

• whether it can be explicitly proven that 7 is the maximum hinge number that can 

simultaneously formulate in a circular pointed arch, if the opening angle is not higher 

than π/2. 

• is there a theoretical bounding value of the number of concurrent hinges for arbitrary 

symmetrical arch? 

• is the dependence of minimum thickness value on stereotomy is valid for all type of 

rotational failure modes, furthermore, does stereotomy affect the type of failure 

mode? 

It is relevant to define the stereotomy related bounding value of minimum thickness for each of 

the various failure mode types (i.e. arch geometry), if exists. It would simplify the analysis if there 

was one specific type of thrust line (i.e. stereotomy), resulting bounding value for all cases. The 

catenary type thrust line (linked to vertical stereotomy) results upper bound minimum thickness 

and hence provides a safe estimation for the semi-circular arch (5-h1 type) – therefor it seems a 

natural candidate. These problems are investigated for circular-pointed arches and the results are 

summarized in Principal results 4-5. 

Regarding masonry domes, present research offers 

a new set up for the classical problem of optimal 

shape spherical masonry dome, in specific, it 

generalizes the modified Levy-type problem based 

on membrane theory: the thickness function is 

searched for assuming the dome middle surface to 

be spherical and acting as membrane, which 

guarantees (1) zero hoop or (2) non-positive 

stresses for a given inversion angle. The resulting 

geometry is compared to historical dome designs. 

Results are summarized in Principal result 6. 

  

Figure 7. Rotational collapse modes of circular arches 

Figure 8. Rotational failure mode of circular arches, 
subject to their geometry, considering vertical 

stereotomy (catenary type thrust line) 
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4 TERMINOLOGY AND MODELLING 

 

 

Key terminologies referred to in the principal results are introduced below: 

Thrust line: the line that the compressive forces follow through the (plane) structure. Subject to 

the internal force distribution of the structure, hence geometry, loading and stereotomy: the thrust 

line (L) is the set of points of intersection between lines E and s (see Figure 9). A thrust line is 

admissible, if it does not exit the boundaries of the structure. Note that a statically determinate system 

has infinite number of thrust lines, subject to stereotomy, forming a family of thrust lines. 

Envelope of resultants: It bounds the array of resultant internal force vectors, which are its tangents. 

It is uniquely determined for any statically determinate two-dimensional system. It only coincides 

with the thrust line if the necessary stereotomy condition is provided (vertical for self-load), then 

it is called catenary type thrust line. 

Stereotomy: it describes the brick or stone laying pattern of the structure hence it informs about 

the possible direction of cracks in a failing structure (it is assumed that cracks develop between 

the elements, and not crossing the elements). The geometric formulation allows for treating 

stereotomy as a (function) parameter in the analysis. This is specifically useful if the stereotomy 

is unknown (hidden) or the material model is continuous (e.g. concrete), hence the following 

formal definition is introduced: Stereotomy is a function that orders the direction of section to each 

point along the reference line. A stereotomy function is admissible, if it results an admissible thrust 

line. Section is the contact plane (line) between two (either infinitesimal /’continuous’ / or finite 

/’discretized’/) voussoirs. Uniquely determined by stereotomy. 

Figure 9. Notation, static equilbirium of the arch 
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The static approach of the limit state analysis of arches is considered in present research. The 

yield condition is determined by the eccentricity of the resultant force vector (or the ratio of 

M/N): plastic hinge formulates if it reaches the boundary of the arch. The equilibrium condition 

is that the thrust line should not exit the boundaries. The applied material model is rigid-plastic, 

furthermore necessary assumptions proposed by Heyman [Heyman, 1969] regarding the 

constitutive hypotheses are adopted. The most notable consequence of these assumptions for 

present research is that only rotational failure mode is considered. It is further assumed that at 

the location of plastic hinges if movement occurs, no energy is dissipated by the hinges 

themselves. Movement of supports (settlement, spreading etc) is not considered in the loading 

of the arch. Only symmetrical arches of constant thickness are considered, the analysis is hence 

carried out on a half-arch and symmetry is accounted for in the constraints. The arch is 

represented by its axis (r) (Figure 9). In this research, the centre line is chosen as the reference 

line. Only twice differentiable (except for the top, i.e. pointed arches) concave functions are 

considered as r. A major simplification of the applied model is that it considers the loading (self-

weight) distributed evenly along the center line, regardless of stereotomy. This simplification means 

that the E vector field is independent of the geometry of the stereotomy and it seems essential 

for an analytical study of the problem. 

In terms of Principal results 4 and 5, the catenary-type thrust line is considered when determining 

the t/R value. This allows for a simple formulation in the Descartes-coordinate system. Opposed 

to the terminology of the literature and the rest of the dissertation, constant thickness is defined 

parallel to the (vertical) stereotomy (hence the term ‘constant’ thickness does not refer to simple 

offsetting of r(x)). This allows a semi-analytical approach. 

In terms of Principal result 6, membrane theory analysis observes the hemispherical dome as an 

elliptical shell of revolution. The spherical middle surface with radius R of the dome is treated as 

the reference surface, accommodating the applied loading (self-weight) and the generated 

membrane forces. Because of rotational symmetry, the membrane forces are calculated only 

along the meridional and the hoop direction (membrane shear forces are zero), applying a polar 

coordinate system (Figure 10). It is assumed that the material is homogenous, its compressive 

strength is infinite, has unit weight ρ and is distributed symmetrically subject to the middle 

surface. The thickness function (t) varies with respect to the meridional angle, φ. In accordance 

with the adopted no-tension material model, the dome is considered crack free, if no tensile force 

occurs.   

 

Figure 10. Equilibrium of membrane shell a) polar coordinate system and 
membarne forces b) vertical equilibrium of the spherical cap 
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5 PRINCIPAL RESULTS 

 

 

The literature defines analytically the equation of the thrust line and the resulting minimum thickness values 

considering radial and vertical sections, other stereotomies (by the terminology of present research) were not discussed. 

Based on the assumption, that the rupture angle at the middle hinge suffice in determining the minimum thickness 

values Makris and Alexakis (2015) derives the (otherwise correct) range of results for the semi-circular arch and 

determines its upper bound, which latter is identified as resulting from vertical stereotomy. Their formulation 

assumes, that the rupture angle at the middle hinge uniquely defines the location of the middle hinge and 

consequently the minimum thickness value. According to our knowledge, the physical explanation of the existence 

of a stereotomy related upper bound minimum thickness value was missing. The fact, that vertical stereotomy results 

the coincidence of thrust line and envelope of resultant if only self-weight is considered has not been explicitly 

expressed previously.  

Principal result Nr 1 

(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017, Gáspár Sajtos, 2016) 

I demonstrated that subject to stereotomy it is possible to generate infinitely many 

different thrust lines to a statically determinate arch of given geometry and loading (self-

weight). They form a family of thrust lines. Considering a simplified structural model, I 

showed explicitly and analytically for the case of the semi-circular arch of constant 

thickness, loaded with its self-weight that the value of minimum thickness derived 

based on thrust line analysis does depend on the stereotomy function and in general 

cannot be uniquely defined by scalar parameters (such as the rupture angle at the 

middle hinge). 

1.1 I introduced implicit function F, which 

describes the possible limit states of the 

structure, considering limit theorems of 

plasticity. I demonstrated analytically that the 

upper bound minimum thickness value is the 

unique maximum of the F function and 

explained the physical meaning of its existence 

considering the relation of envelope of 

resultants and thrust lines. Furthermore, based 

on the analysis of the F function I 

demonstrated that there is no uniqueness in 

the relation of minimum thickness, location of 

middle hinge and rupture angle, which 

contradicts former assumptions of the 

literature. 

1.2 Based on the Butler-transformation, I derived the necessary condition in terms of 

stereotomy (i.e. sections must be parallel to loading) which results coinciding thrust line and 

envelope of resultants, for arbitrary loading and geometry of the arch. In order to explicitly 

express this coincidence, I denoted it catenary type thrust line. I demonstrated that the catenary 

type thrust line always bounds the family of thrust lines. 

Figure P1. Graph of implicit function F 

(𝛼 , 𝜑 , 𝑡/𝑅)   

t

φ

1 

α

0 
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Whereas the upper bound of the stereotomy related minimum thickness values is present in the literature, to our 

knowledge no attempt has been made to find the lower bound – i.e. the stone-cutting pattern resulting the thinnest 

arch possible. 

Principal result Nr 2 

(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017) 

Based on a simplified structural model and the Heymanian assumptions of 

thrust line analysis I derived the stereotomy related lower bound minimum 

thickness value for the constant thickness semi-circular arch loaded with its self-

weight only, based on a novel analytical method. I demonstrated that feasible 

geometrical constraints on stereotomy are necessary for a well-posed 

optimization problem – and hence, for the existence of a non-zero lower bound 

value. 

2.1 I determined semi-analytically the lower bound minimum thickness value 

(t/R=0.0819) for the constant thickness semi-circular arch and verified numerically its 

existence by generating a valid stereotomy function. 

2.2 I demonstrated that both the lower- and the upper bound minimum thickness values 

possess the special property that they are uniquely determined by a discrete numerical 

parameter (location of the middle hinge), as opposed to the general case discussed in 

Principal result Nr 1. 

Figure P2. Admissible stereotomy for the lower bound t/R=0.0819 
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Considering the limits of the no-sliding assumption the literature presents the range of ‘safe’ thickness accounting 

for pure sliding and mixed collapse mechanisms as well (in addition to pure rotational), subject to various friction 

coefficients but only considering radial stereotomy. The original no-sliding assumption proposed by Heyman is 

actually feasible from a practical point of view (i.e. based on the frictional coefficient of masonry) in case of radial 

stereotomy. However, in order to derive realistic conclusions for a wider range of stereotomies while still dismissing 

sliding between the elements, the constraining effect of finite friction on the range of admissible stereotomies should 

be considered. 

Principal result Nr 3 

(Gáspár, Sipos, Sajtos, 2018 /II/) 

I proposed a geometrical method, based on the approach discussed in Principal 

result 2 which determines the range of admissible stereotomies if the friction 

coefficient is a given finite value for the constant thickness semi-circular arch 

loaded with its self-weight. I demonstrated that considering realistic (form a 

practical point of view) friction coefficients, the range of admissible stereotomies 

is significantly reduced as opposed to that assuming infinite friction, and 

consequently the lower bound minimum thickness value is increased.  

3.1 I determined semi-analytically the lower bound minimum thickness value for the 

constant thickness semi-circular arch if the frictional coefficient is μ=1 and verified 

numerically its existence by generating a valid stereotomy function. 

3.2 The range of safe minimum thickness values is determined in the literature 

considering a radial stereotomy, and the effect of finite friction. I showed that even if 

the range of admissible stereotomies is constrained by a realistic frictional coefficient, 

the safe range of minimum thickness values can be extended (Figure P3b).  

The following conclusion can be drawn based on Principal result 2 and 3: the effect of stereotomy 

is limited in practical problems in terms of the resulting minimum thickness value (note that radial 

stereotomy results 0.1074 t/R, and the value derived based on the assumption of μ =1 is only 3% 

lower /0.1044/). Within the frame of the applied model, for the very simple load case discussed, 

its effect is negligible.  

Figure P3a. Constraining effect of limited angle of friction on the 
admissible range of stereotomies 

Figure P3b. Joint effect of 
stereotomy and limited angle of 

friction on the range of admissible 
minimum thickness values 
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The possible failure mechanisms and the corresponding minimum thickness values of constant thickness circular 

pointed arches loaded with self-weight at their limit state are determined and to be found in the literature, but only 

considering radial stereotomy. The stereotomy-related studies on minimum thickness values is extended to constant 

thickness pointed circular arches, maintaining, among the other Heymanian assumptions the no-sliding 

assumption, hence only rotational failure is considered.  Based on the findings of the previous section, the validity 

of the intuitively acceptable conjecture is investigated, whether the catenary type thrust line would lead to any kind 

of bounding value minimum thickness. 

Principal result Nr 4 

(Gáspár, Sajtos, Sipos, 2019) 

I adapted the method introduced in Principal result 2 to the case of multiple 

internal hinges. I demonstrated that the resulting minimum thickness value does 

depend on the stereotomy function regardless of the number and arrangement 

of concurrent hinges (among those possible). Furthermore, I showed that 

opposed to the practice of the literature, the geometry of the arch’s reference line 

is not enough in determining the type of the rotational failure mode, because 

stereotomy also influences it.  

4.1 I demonstrated that it is possible to determine and derive the stereotomy-related 

bounding minimum thickness values for a given circular arch geometry. I specified these 

bounding values and the corresponding geometrical parameters. I showed that the 

catenary type thrust line generally does not result in bounding value minimum thickness 

for circular pointed arches, even though it bounds the family of thrust lines (Figure P4b). 

  

Figure P4b. Range of minimum thickness values for ye=0.3 and the corresponding rotational failure 
mechanisms  

Figure P4a. φ-α diagrams of αb=0.1 αt=1.27 arches, corresponding to 6-hinge mechanism, for various 
t/R and et values 
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The literature describes the necessary condition of rotational failure of a convex, symmetric arch of constant 

thickness as the development of 5 or 6 hinges, if the Heymanian assumptions regarding material qualities and the 

limit theorems of plasticity are considered. However recent studies showed that in case of circular pointed arches, 7 

concurrent hinges are possible and the correlation of lower minimum thickness value with higher hinge number was 

suggested.  It was not yet investigated, whether higher number of concurrent hinges would be possible, either for 

circular pointed arches or other symmetric arch geometries. I formulated a conjecture in agreement with engineering 

intuition: Higher number of concurrent hinges result lower minimum thickness values, for the reference line of the 

arch tends towards the hyperbolic cosine function, or homogenous catenary. This latter can be modelled in mechanical 

terms as a mechanism consisting of infinite number of hinges 

Principal result Nr 5 

Based on minimum thickness analysis and the static theorem of plasticity, I 

analysed numerically the possible number of concurrent hinges at the limit state 

considering the catenary type thrust line (i.e. given stereotomy) and rotational 

mechanism, for arbitrary, symmetric, convex arches. I proposed a numerical 

method which results a specific arch geometry corresponding to an n-hinge 

mechanism at its limit state, where n is an arbitrary positive integer. This 

demonstrates that there is no upper limit of the number of concurrent hinges if the 

geometry of the arch is chosen accordingly. I showed analytically for the specific 

arch geometries resulting from the construction technique proposed that higher 

number of hinges result lower minimum thickness values. 

 

5.1 I showed analytically that the maximum number of concurrent hinges for circular (or 

elliptical) pointed arches is 7. 

5.2 I showed explicitly that the hyperbolic cosine function (resulting theoretically zero-

thickness arch even if non-zero self-weight is considered) can be infinitesimally 

approximated by another (set of) function(s), which, as reference line of an arch 

corresponds to n-hinge mechanism at its limit state, where n ≥ 5. Hence, it was 

demonstrated that higher number of hinges are not necessary for lower minimum thickness 

values (Figure P5). 

Figure P5. Numerically generated minimum thickness arches corresponding to multi-hinge 
mechanisms based on suitably chosen d(x) function: n=9 (top), n=13 (bottom) 
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A specific problem set up of optimal dome geometry based on membrane theory analysis considers the reference 

surface of the dome given and attempts to find a suitable (subject to the predefined constraints) thickness variation. 

Due to their architectural significance and their limited tensile capacity masonry hemispherical domes are of special 

interest. The so-called Levy-type solution described in the literature results a no-tension dome, however the resulting 

membrane surface is not spherical below the inversion angle. Pesciullesi and co-authors (1997) presented a modified 

solution based on Levy’s, which maintains the spherical middle surface as membrane surface. The thickness 

variation of the upper calotte was such, as to result constant meridional stresses, whereas below the inversion angle 

the necessary thickness function was derived based on the constraint of zero hoop forces. It was not investigated, 

whether further solutions resulting no-tension hemispherical domes existed.  

If the hoop force is reduced to zero, the behaviour of the structure becomes essentially 1D. The problem of defining 

the thickness variation of a catenary arch with hemispherical centre line is considered and solved in the literature, 

yet the relation of the two solutions has not yet been explicitly defined. 

Principal result Nr 6. 

(Sajtos, Gáspár, Sipos, 2019) 

Considering membrane theory and infinite compressive strength, I extended and 

generalized the modified Levy-type solution resulting no-tension domes. I 

demonstrated that there are multiple possible solutions in terms of thickness 

function if the dome’s hemispherical middle surface is treated as membrane 

surface. I found that the derived theoretical results are qualitatively in good 

agreement with the general trends of structural solutions applied in historical 

spherical masonry domes. 

6.1 I derived analytically the thickness function which results zero hoop force at every point 

of a hemispherical dome. I showed that the solution is the 2D extension of the thickness 

function of an inhomogeneous catenary arch with semi-circular centre line. Furthermore, 

I demonstrated that the method is readily applicable to the problem of (open or closed) 

compression-only hemispherical domes or spherical domes with a given inversion angle if the 

constraints are modified accordingly. 

6.2 I proposed a classification system for historical domes that considers their approach of 

reducing the height of the cracked zone. The general trends are illustrated by well-known 

examples of historical architecture.  

Figure P6. Zero hoop force dome (left), compression only dome with constant thickness in the upper calotte (right) 
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