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BRIEF SUMMARY

The classical approach to the definition of the minimum required cross section of a masonry arch to
avoid collapse (labelled as Couplet-Heyman problem) in the literature assumes certain stereotomy
conditions (mostly radial) and derives the corresponding unique thrust line and minimum thickness value
based on limit state analysis. Minimum thickness analysis allows the formulation of the problem in a
geometric manner: it considers a statically determinate problem, but in a parametrized form. The
equilibrium condition (that the thrust line should be kept everywhere within the boundary of the arch)
requires the thrust line to be tangent to the intrados at the middle hinge, which depends on stereotomy.
This results geometrical indeterminacy. For masonry is a material with limited tensile capacity, no-tension
material model is adopted. The traditional problem set-up is readily turned to an optimization problem
demonstrated first on the semi-circular arch of constant thickness: By considering stereotomy a-priori
unknown, a range of minimum thickness values are obtained for fixed loading and global geometry
conditions. It is shown, that feasible assumptions on the stereotomy suffice for a well-posed
optimization problem. In addition to the formerly known upper bound, an analytic lower bound
minimum thickness value is derived for the semi-circular arch subject to self-weight. The resulting
stereotomy is found to have an unrealistic topology from an engineering point of view with sections
almost parallel to the resultant around the middle hinge, conflicting with the Heymanian assumption
about no-sliding. Therefore, the angle of friction is introduced as a geometrical constraint, which
reduces the admissible range of stereotomies in the updated model. It is concluded, that it results (for
realistic angle of frictions) significantly higher lower bound values. Through the presented
methodology, it becomes possible to consider the effect of both stereotomy and a limiting angle of
friction within the classical framework of minimum thickness analysis.
Minimum thickness analysis requires the a priori definition of failure modes (within the frame of the
present study, only rotational collapse modes are considered). The number of hinges and their arrangement
are subject (among other factors) to the overall geometry of the structure. The scope of the study is
extended from semi-circular to circular-pointed arches, and is partially generalized for symmetric,
convex arches of constant thickness. The maximum number of concurrent hinges is analytically
determined for circular-pointed arches as 7, whereas a numerical procedure is shown which proves,
that suitable symmetric arch geometry can be constructed which corresponds to an n-hinge mechanism,
where n is an arbitrary integer not smaller than 5. The relation of minimum thickness and stereotomy is
quantified for circular-pointed arches. The potential of the envelope of resultant as a thrust line leading
to bounding value minimum thicknesses is discussed: it is proven that it bounds the family of thrust
lines, and as such leads to an upper bound value of minimum thickness in case of semi-circular arch. It
is shown however, that this cannot be generalized for other rotational failure modes which occur for
circular-pointed arches, the envelope of resultant does not necessarily lead to a bounding value of
minimum thickness, and even if it does, it can be either an upper or a lower bound. However, it is
found that the range of minimum thickness values is bounded in all possible failure mode types. The
necessary conditions are provided for each.
The application of membrane theory of shells to masonry domes allows for a similar approach as the
thrust line analysis of arches: a possible equilibrium state of the structure is searched for. As an
extension to previous results on the ideal form of masonry domes based on membrane theory, a specific
problem namely a dome with hemispherical middle surface in which no tension occurs is addressed
here: a thickness function is proposed resulting zero hoop-stresses. The derived geometry is then
compared to historical examples highlighting the power of the empirical design rules applied by the
master builders of the past. A classification system is introduced for historical masonry domes based
on the structural solution applied to avoid or control meridional cracks.
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ÖSSZEFOGLALÓ

Az irodalom hagyományosan adott (jellemzően radiális) sztereotómiát feltételezve határozza meg tégla
boltívek állékonysághoz szükséges minimális vastagságát (az.ún. Couplet-Heyman probléma): a
képlékenységtan szélsőérték tételeit alkalmazva meghatározza a feltételeknek megfelelő egyetlen lehetséges
nyomásvonalat, mely a szerkezet keresztmetszetébe a határállapotban éppen belefér. A minimális
vastagság vizsgálat lehetővé teszi a probléma geometriai megközelítését: a feladat egy statikailag határozott
tartó parametrikus megoldása. Határállapotban az egyensúly feltétele, hogy a nyomásvonal sehol se
lépjen ki a keresztmetszetből. Ez akkor lehetséges, ha a belső csuklók helyén éppen érinti az ív
határvonalát, ami a sztereotómia függvénye. Ez geometriailag határozatlanná teszi a feladatot. Figyelembe
véve a tégla alacsony húzószilárdságát, húzószilárdság nélküli anyagmodellt alkalmazunk. A
hagyományos megközelítés helyett optimalizációs problémaként vizsgáljuk a kérdést, először állandó
vastagságú félkörívek esetén. A sztereotómiát ismeretlennek feltételezve minimális vastagságok
tartománya válik elérhetővé adott ívgeometria és teher esetén. Igazoljuk, hogy a metszetek irányára
vonatkozó alapvető megkötések elegendők ahhoz, hogy jól definiált optimalizációs feladatot kapjunk.
Analitikus eljárással meghatározzuk a minimális vastagságok tartományának alsó korlátját önsúlyával
terhelt félkörív boltív esetében. A kapott sztereotómia a belső csukló környezetében csaknem körérintő irányú metszeteket eredményez, ami a megcsúszást kizáró Heyman-i feltételezéssel nem
egyeztethető össze. Ezért a modell továbbfejlesztése során a lehetséges sztereotómiák körét tovább
szűkítjük a súrlódási szög, mint geometriai korlát figyelembevételével. Megmutatjuk, hogy a gyakorlat
szempontjából valós súrlódási szöget feltételezve a tartomány alsó korlátja jelentősen nő. Az eljárás
lehetővé teszi, hogy a minimális vastagság vizsgálat keretein belül egyszerre vegyük figyelemebe a
sztereotómia és (korlátozottan) a véges súrlódás hatását.
A minimális vastagság vizsgálat az ív tönkremeneteli mechanizmusát (a dolgozat keretén belül kizárólag
tiszta forgási tönkremenetel) ismertnek feltételezi. A kialakuló képlékeny csuklók száma és elrendezése
(többek között) a szerkezet geometriájának függvénye. Az ívek vizsgálatát a csúcsíves, illetve részben a
szimmetrikus, konvex, állandó vastagságú ívekre is kiterjesztjük. Analitikusan igazoljuk, hogy
körszegmens vezérgörbéjű ívek esetében az egyszerre megjelenő csuklók száma maximum 7.
Ugyanakkor olyan numerikus eljárást mutatunk, mely tetszőleges (>5) csuklószámú, konvex ív
generálására alkalmas. Körszegmens vezérgörbéjű ívek esetében meghatározzuk a sztereotómia hatását
a minimális vastagságra. Erre az ívtípusra megvizsgáljuk továbbá annak a lehetőségét, hogy
általánosítható-e a félkörívek esetében feltárt összefüggés, hogy a burkoló, amennyiben (a sztereotómia
függvényében) egybeesik a nyomásvonallal a minimális vastagságok felső korlátját eredményezi.
Igazoljuk, hogy ez a görbe minden esetben burkolja ugyan a nyomásvonalcsaládot, azonban általános
esetben nem eredményez szélsőértéket, illetve amennyiben igen, az lehet alsó korlát is. Megmutatjuk,
hogy a minimális vastagságok tartománya ettől függetlenül minden ívalakra korlátozott, a korlátokat és
a kialakulásuk feltételét ismertetjük.
Tégla kupolák membránhéjelmélet szerinti vizsgálata analóg az ívek állékonyságának nyomásvonal
alapú ellenőrzésével: mindkét esetben egy lehetséges egyensúlyi állapot meghatározása a cél. A
dolgozatban az ideális kupola alakmeghatározásának egyik ismert problémafelvetésére adott válasz
kiterjesztését és általánosítását mutatjuk be: azt a vastagság-függvényt keressük, amely a félgömb
középfelülettel, mint membránfelülettel rendelkező kupola esetében húzásmentes feszültségeloszlást
eredményez. A kapott alakokat összevetjük a történeti építészet kiemelkedő példáival. A feltárt
hasonlóság igazolja a korabeli építőmesterek empirikus ismereteit a kupola erőjátékáról. Ennek alapján
osztályozási rendszert javaslunk, ami a történeti példákat a húzott zóna csökkentésére irányuló
szerkezeti megoldás(ok) típusa alapján csoportosítja.
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NOMENCLATURE
(only recurring, otherwise according to text)
General Notation
f’(x)

in case of single variable functions means derivative with respect to x (i.e. variable within the brackets)

Lower case Latin letters
c

catenary type thrust line

d

deviation function:= c-r

et, es

eccentricity of thrust line at the top or springing of the arch, respectively. Scaled by half-width, value [-1,1],
positive towards extrados

f

2D section of F

g

stereotomy function (given a-priori) φ- α relation

m

slope of the resultant

mf

slope of the boundary of the friction cone

r

function of the reference line of the arch

s

arc length

t

thickness of the arch

q

function of x under the square root in quadratic formula

x

x-coordinate of arbitrary point in Cartesian system

x0

x-intercept

xe

x-coordinate of an arbitrary point on extrados

xi

x-coordinate of an arbitrary point on intrados

xL

x-coordinate of the thrust line

xU

x-coordinate of the envelope of resultants

xv

x-coordinate of the center of mass

x*

local x coordinate

y

y-coordinate of arbitrary point in Cartesian system

ye

y-coordinate of an arbitrary point on extrados

yi

y-coordinate of an arbitrary point on intrados

yL

y-coordinate of the thrust line

yU

y-coordinate of the envelope of resultants

y0

y-intercept

y*

local y coordinate

Upper case Latin letters
E

resultant force vector

F

implicit function describing the equilibrium of the arch

Fs

implicit function describing the equilibrium of the arch – based on static approach

ix

Fk

implicit function describing the equilibrium of the arch – based on kinematic approach

G

weight of the dome

H

horizontal thrust force

K

perimeter of dome

L

thrust line function

O

point on the reference line

Oe

point on the extrados at the arch corresponding to point O

Oi

point on the intrados at the arch corresponding to point O

N

normal force with respect to section

Nφ

meridional force

Nθ

hoop force

Pr

Intersection of resultant and intrados

Ps

Point where the limiting section touches the intrados

Pf

Intersection of boundary of friction cone and intrados

R

radius of circle (reference line, Chapter 2) // radius of sphere (middle surface, Chapter 3)

S

section function

T

shear force with respect to section

U

envelope of resultant

V

vertical component of thrust/weight of the arch

Lower case Greek letters
α

internal angle from the vertical, parameter of the reference line

α0

internal angle from the vertical, location of point on reference line corresponding to the middle hinge

αt

internal angle from the vertical, eccentricity of y-axis from center of the circle

αs

internal angle from the vertical, eccentricity of x-axis from center of the circle

β

angle to the vertical, stereotomy function

δ

angle of friction cone

ρ

unit weight

σφ

meridional stress

σθ

hoop stress

φ

internal angle to the vertical, parameter of the boundary (intrados or extrados) or stereotomy function
(Chapter 2) / internal angle to the vertical, parameter in polar description of equilibrium of domes (Chapter 3)

φ1

internal angle to the vertical, location of the middle hinge (Chapter 2)// internal angle to the vertical, location
of the inversion angle of domes (Chapter 3)

φe

internal angle to the vertical, making the intersection of section and extrados (Chapter 2 and Appendix)

φr

internal angle to the vertical, marking Pr

φs

internal angle to the vertical, marking Ps

φf

internal angle to the vertical, marking Pf

μ

friction coefficient (μ=tan δ)

x

xi

xii

CHAPTER 1

1

INTRODUCTION

Thrust line analysis has been applied for centuries to
determine the safety or necessary thickness of masonry
arches. Geometrical and analytical approaches were
developed parallel to the ascend of engineering
mechanics from the 17th century (Figure 1.1) however the
strong geometric and material non-linearity involved in
the problem leaves open questions for contemporary
researchers. For masonry is a material with limited
tensile capacity, a no-tension material model is adopted.
Minimum thickness analysis is based on the
consideration that equilibrium of a structure made of a
no-tension material is only achievable if the thrust line
/or thrust surface for three dimensional structures e.g.
domes, vaults (the way compressive forces follow
through the structure) does not exit its boundaries. It
determines the smallest possible cross section that can
still fully incorporate the corresponding thrust
line/thrust surface for a given loading, considering
infinite compressive strength and compares it to the
actual thickness of the arch or vault.

Figure 1.1 Giovanni Poleni’s drawing explaining his
safety assessment on the dome of St. Peters, Rome,
an early example of thrust line analysis (1747)

Thrust line analysis roots in the pre-elastic studies on the failure of masonry arches (a brief but
comprehensive summary can be found in (e.g. Ageno et al, 2004, Kurrer, 2008, Huerta, 2006, Sinopoli et al,
1997). The theoretical framework of present-day minimum thickness analysis of arches was established by
Kooharian (1952) and Heyman (1969), who proposed the application of the lower bound (static) and upper
bound (kinematic) theorem of plasticity to the masonry arch: the collapse of historical masonry arches is
typically due to becoming a mechanism without material failure. Observing the arch on the verge of collapse
(at its limit state, Figure 1.2), the original, hyperstatic problem reduces to pure statics, which allows a
geometric treatment of the problem (Cochetti et al ,2011).
Despite the long tradition of research, the potential of the geometric treatment has still not been thoroughly
investigated. Present research aims to focus on two specific problems: the effect of the overall stereotomy
of the structure on its failure and (not independently from the former) the relation of arch geometry and
corresponding rotational failure mode. The dissertation is concluded with a limited outlook into the threedimensional extension of arch analysis: the ideal geometry of a masonry dome with hemispherical middle
surface is investigated in the frame of membrane theory and the results are compared to the empirical design
rules of architectural history.

1

Figure 1.2 An amply thick arch contains infinitely many admissible thrust lines (left), semi-circular arch loaded solely with its
self-weight at its limit state, considering radial stereotomy (right) just containing a thrust line, forming a 5-hinge mechanism

1.1. Terminology and literature review
Key terminologies are introduced below:
Thrust line: the line that the resultant internal forces follow through the (plane) structure. Subject to the
internal force distribution of the structure, hence geometry, loading and stereotomy. A proper geometric
definition suited for the aims of this research is provided in Section 2. The relevant literature uses various
terms for the same principle, among others ‘the line of resistance’ (Moseley, 1843), the ‘line of thrust’ (e.g.
Heyman ,1969, Huerta, 2006), ‘Druckkurve’ (Milankovitch ,1907).
Envelope of resultants: It bounds the array of resultant internal force vectors, whose lines of action are its
tangents. It is uniquely determined for any statically determinate twodimensional system. The distinction between thrust line and envelope
of resultant was made early on: it is acknowledged by various specific
terms used for it in the literature such as ‘the line of pressure’ (Moseley,
1843), ‘Stützenlinie’ (Milankovitch, 1907). Cecchi’s recent paper (2013)
is specifically useful in understanding the difference between thrust line,
envelope of resultant forces and catenary, see also Figure 1.3.
Catenary type thrust line: labels the special case, when (subject to loading
and stereotomy) the thrust line and the envelope of resultant coincide
– this terminology is introduced in present study
Stereotomy: it describes the brick or stone laying pattern of the structure,
hence it informs about the possible direction of cracks in a failing
structure (it is assumed that cracks develop between the elements, and
not crossing the elements1). The usual assumption of the literature is
that stereotomy is known a-priori. However, the geometric formulation
allows for treating stereotomy as a (function) parameter in the analysis.
This is specifically useful if the stereotomy is unknown (hidden) or the
material model is continuous (e.g. concrete).

Figure 1.3. Difference between line
of resistance (thrust line) and line of
pressure (envelope of resultants),
from Cecchi, 2013 /based on Moseley,
1843/

Section: the contact plane between two (either infinitesimal /’continuous’ / or finite /’discretized’/)
voussoirs. Uniquely determined by stereotomy, but not necessarily perpendicular to the reference line.
In order to highlight the importance of a proper terminology, the following table (Table 1.1) summarizes the
properties of thrust line, envelope of resultant and catenary with reference to the stereotomy. Catenary is
included, as due to Robert Hooke’s expressive analogy2 catenary (the ideal shape of an inverted arch) is the
usually the tensile capacity of mortar is significantly lower than that of brick or stone – not to mention dry connections, see also
in section 2.1
1

Robert Hooke published (Hooke, 1675) his long-lasting concept on the ideal-shape of an arch in the form of an anagram, that was
later interpreted as: „As hangs the flexible line, so but inverted stands the rigid arc”.
2

2

most usual association to the thrust line, even in the case of analysis. The analogy however originated as a
design-strategy, and it has already been shown that as such, it only holds true for special geometries
(Milankovitch, 1907). Note that in present research, the term ‘catenary’ is used in an engineering sense,
hence ‘extended’ or mathematically incorrect way: Osserman (Osserman, 2010) rigorously defines the term
weighted catenary for any structure whose weight distribution is not uniform to unit length (eg. due varying
thickness). For further reading on the subject we refer to the paper of Marano and co-authors (2013) and
that of Nikolić (2019), discussing ideal arch shapes and their relation to catenary.
Table 1. 1 Comparison of properties of the thrust line, envelope of resultant, catenary-type thrust line, catenary
Properties
aspect

thrust line

determined
by

geometry, loading,
stereotomy

geometry, loading

resultant

the resultant force
vector is in general
NOT tangent to
the thrust line

resultant is tangent to
envelope of resultant per
definition

stress
distribution

both normal and
shear
stresses
occur on the
sections (subject
to stereotomy)*
magnitude varies
along
the
thickness

envelope of resultant

not relevant, as envelope of
resultant is not a thrust line in
general – it might even exit the
minimum thickness

catenary type thrust line

catenary**

loading,

geometry (loading is selfweight)

envelope of resultants
(ER) and thrust line
coincide, resultant tangent
to catenary type thrust line,
subject to stereotomy

the resultant force vector is
tangent to the catenary

geometry,
stereotomy

both normal and shear
stresses occur on the
sections
(subject
to
stereotomy)
magnitude varies along the
thickness

only normal stresses occur
on the section (provided
section is normal to the
reference line)
magnitude constant, along
the thickness

*No shear stress is possible, with suitably varying cross-section angles to the reference line. The necessary stereotomy is derived below for illustration for
the semi-circular arch
** the reference line, envelope of resultant and thrust line all coincide by definition, regardless of stereotomy

Row 1 lists the various factors influencing the properties-, and necessary for the unique determination of
the corresponding line type. Row 2 compares the relation of resultant to the thrust line: unlike in case of a
catenary, the resultant is not tangent in general to the thrust line – their relation greatly depends on the
chosen stereotomy. However, the envelope of resultant by definition shares this quality with the catenary –
note though that the envelope of resultant is not necessarily a thrust line. They only coincide for a specific
stereotomy. In case of semi-circular arch of constant thickness, loaded with its self-weight, the necessary
streotomy for catenary-type thrust line is vertical, as discussed in subsection 2.2.2. Row 3 compares the
relation of resultant and section. Resulting stresses on the sections depend on both stereotomy and loading.
Although the classical Heymanian assumptions disregard the effect of shear, many scholars (see subsection
1.1.1) have since studied its possible effect on the collapse mechanism of arches. The last row highlights the
relevance of those studies – since in general (in case of radial stereotomy aswell) both normal and shear
stresses occur on the sections. Stereotomy can be specified as to result shear-free sections. Note that the
resulting thrust line does not coincide with the catenary type thrust line, except for the catenary itself. Figure
2.3 in subsection 2.1.2 provides further illustration for the properties discussed in the table for the case of
semi-circular arch (a-c) and catenary(d).
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1.1.1

Equilibrium studies of the masonry arch

Modelling
Lower bound or static theorem of plasticity aims at finding the highest load that can still correspond to a
statically admissible stress state everywhere in the structure – in case of masonry arches, within the
Heymanian framework (see also Section 2.1), this graphically translates to finding the minimum required
cross section still able to completely incorporate the thrust line. At the limit state, the structure is on the
verge of collapse due to the formulation of plastic hinges, hence this minimum thickness is the highest of
all possible that would result in a mechanism from the view of the kinematic theorem. The lower bound
theorem might be approached by a computationally demanding iterative procedure as suggested by the
maximis-minimis method of Coulomb (his Essai is referenced in Heyman /1969/ and later by Sinpoli
/1997/). In this line of research Nikolić’s (2017) work can also be mentioned from recently. However,
minimum thickness analysis as proposed by Heyman is more analogous to the design methodology of plasticity,
(see also optimal design or plastic hinge distribution method in /Neal, 1952, Kaliszky, 1975/) relying
essentially on the static theorem: (kinematically admissible) hinge arrangement(s) are assumed a-priori and
enforcing the tangency condition of thrust line and boundary curve at the hinges the minimum thickness
can be determined through a geometric formulation, see also Section 2.1.
Geometry and loading
An early example of a rigorous geometric
formulation of the relation of thrust line and
minimum thickness of masonry arch is
presented in the work of Milankovitch (1907).
Beside a study on various arch geometries his
work contains a very precise analytical
derivation of the minimum thickness value of
the circular arch with radial stereotomy prior to
the pivotal work of Heyman (1969) in the
subject. More recently Cocchetti et al (2011)
studies the relevance of the proper definition
of the thrust line, citing the controversies
presented in the classical Heymanian-solution
(Heyman, 1969, Heyman 2009) for the
minimum thickness of radial stereotomy. Their
cited study furthermore compares the effect of
various reference lines (the proposal of
of a voussoir, considering the ‘true’ center of
Heyman, Milankovitch and their own /labelled Figure 1.4. Equilibrium
mass, from (Milankovitch, 1907)
CCR method, see Table 2.1/) on the resulting
minimum thickness value considering radial stereotomy: All approaches are geometrical, all substitutes the
arch with its reference line (as simplified structural model), but while Milankovitch (1907) uses the line that
passes through the centre of mass of each voussoir as a reference line (Figure 1.4), Heyman (1969) and
Cocchetti et al (2011) use the centre line of the arch. Cocchetti and coauthors analyze the effect of various
angles of embrace on the minimum thickness value, however in terms of stereotomy, only radial sections
are considered. Cecchi (2013) analytically derives the general equation of the “curve of pressure” (the
envelope of the resultant forces) for a continuous problem, considering various vertical load cases and
various reference lines. The consecutive articles of Ricci and co-authors (2016 and 2017) attempt to find
suitable numerical procedures for constructing thrust lines for various load cases and arch geometries based
on the Milankovitch-type formulation (using differential equations) of the problem. Varma and co-authors
(2010) proposed a numerical-approach based on FEM analysis (ANSYS) to construct thrust lines,
considering finite compressive strength, limited tensile strength and radial joints. DEM/DDA analysis of
masonry construction is also used to determine the numerical value of minimum thickness for various arch
geometries – considering radial joints (e.g. Ricci, 2014, Simon & Bagi, 2016). Ochsendorf studied the effect
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of various angle of embrace on the minimum thickness considering spreading supports (Ochsendorf, 2006).
The effect of various arch geometries on the minimum thickness was studied with numerical methods in
the works by Sacco (e.g. 2015).
Stereotomy related studies
As shown above, the classical approach (e.g. Heyman, 1969, Cochetti et al, 2011) of minimum thickness
analysis is to assume certain stereotomy (mostly radial) and determine the unique thrust line and/or
minimum thickness value for a fixed loading and geometry. Moseley (Moseley, 1843) however already
suggested, though at instances rather vaguely that this set up can be varied:
“This line [the line of resistance, i.e. thrust line] can be completely determined by the methods of analysis in
respect to a structure of any given geometrical form having its parts in contact by surfaces also of given
geometrical forms. And conversely, the form of this line being assumed, and the direction which it
shall have through any proposed structure, the geometrical form of that structure may be determined,
subject to these conditions; or lastly, certain conditions being assumed both as it regards the
form of the structure and its line of resistance, all that is necessary to the existence of these
assumed conditions may be found.”
The last formulation can be interpreted as assuming certain
geometry and loading conditions, the stereotomy function
might be searched for resulting the lowest minimum
thickness value possible. This will be investigated in the
present research. The significance of stereotomy has
already been highlighted by Alexakis and Makris (2015)
who showed in their paper explicitly that different assumed
rupture angles at the middle hinge result in different
minimum thickness values for semi-circular (and elliptical see
Figure 1.5) arches of constant thickness. They proposed
two formulations of the problem: the geometrical manner
Figure 1.5. Relation of rupture angle and minimum
of their methodology is adopted and extended in this thickness value, identification of the upper bound from
(Alexakis & Makris, 2015)
research, while their novel findings are derived based on
the so-called energy method (Alexakis & Makris, 2015) which is an alternate formulation of the virtual work
principle originally proposed by Ochsendorf (Ochsendorf, 2002) and also suggested by Heyman (1969).
They identify the case of vertical rupture as the upper bound of minimum thickness values which results as
an extrema from their energy-method formulation – however, as will be shown, it can equally be deduced
from the generalized formulation of the geometric approach. The physical explanation of the existence of
the upper bound is not considered in their work. They do not attempt to find a lower bound to the range
of stereotomy related minimum thicknesses. It is shown below that simplifying the role of stereotomy to a
discrete parameter as opposed to a function is only reasonable at the bounding values of minimum
thicknesses.
The effect of global stereotomy on the thrust line itself has only been shown explicitly and analytically for two
specific cases, based on geometric formulation: radial and vertical stereotomy (Makris, Alexakis 2013). They
account for the varying weight distribution and their results are in perfect agreement with Milankovitch

Figure 1.6. Failure mode types of the symmetrical arch according to Monasterio, from (Huerta, 2009)

5

(Milankovitch, 1907) and Cochetti and coauthors(2011) regarding the minimum thickness based on radial
stereotomy. They apply different coordinate systems to each case for ease of calculation though and do not
attempt to generalize. The special feature of the thrust line resulting from vertical cuts, that the resultant is
always tangent to it has been noted by both Makris and Alexakis (2013) and Milankovitch(1907). Yet the
fact, that it results from the thrust line’s coincidence with the envelope of resultants has not been highlighted
(though it is vaguely suggested in Makris and Alexakis/2013/).
Effect of finite friction
Significant number of studies focus on the limitations of the Heymanian assumptions (Heyman, 1969)
regarding material qualities and the possible extension of his proposed constitutive model – in particular,
the assumption of infinite friction is questioned. It is to note here that the Heymanian model has been found
to be rather realistic for the case it was primarily intended for, that of the (semi)-circular arch considering
radial stereotomy. The necessary value of frictional coefficient which suffices to avoid sliding between
voussoirs is about 0.3 (Aita et al 2017, Simon and Bagi, 2014), which is reasonable for masonry material.
The effect of limited friction is of importance for present study, because it considers stereotomies
significantly differing from radial. Relaxing the no-sliding assumption opens up the range of kinematically
admissible mechanisms (eg. Bagi, 2014): beside rotational, sliding and mixed failure modes need also to be
considered. Historically, the failure modes of circular (pointed) arches were subject to interest, notable
examples are the works of eg. Michon, Mascheroni or Monasterio (Sinopoli et al, 1997, Huerta and Foce,
2003). The latest stands out by its attempt to generalize the failure conditions to non-symmetric arches
(Figure 1.6). More recently, Aita et al (2003, 2017 and 2019) discussed the possible collapse modes of arches
based on non-linear elastic beam model and provided an extended list of possible failure modes considering
finite friction (Figure 1.7). In addition, they determined the safe domain in terms of minimum thickness for
circular (pointed) arches considering the effect of various friction coefficient, though only radial stereotomy.

Figure 1. 7. Failue mode types according to Aita and co-authors, from (Aita et al, 2017)
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Rotational failure modes of arches
Even if the Heymanian assumptions are obeyed, the kinematically admissible (rotational) failure modes
(number and arrangement of hinges) vary subject to arch geometry: as it is a vital input in the geometrical
formulation of the problem, the effect of arch geometry on the corresponding pure rotational failure
mechanism is extensively researched3, most notably in the case of pointed circular arches. Romano and
Ochsendorf (2009) compared the collapse modes of semi-circular and pointed arches (see Figure 1.8, left)
by keeping the opening angle fixed and varying the pointiness of the arch, whereas Lengyel (2018) developed
a numerical algorithm which determines the minimum thickness of the gothic arch. Nikolić’s recent rigorous
study (Nikolić, 2017) on the rotational failure modes of pointed arches provided a reportedly inclusive list
of all possible hinge arrangements subject to arch geometry. He defined a unitless parameter ξ measuring
the eccentricity of the axis of symmetry of the pointed arch to that of the semi-circle and searched for the
minimum required thickness subject to ξ through an iterative numerical procedure in which he subsequently
decreased the arch’s thickness until the limit state was reached (Figure 1.8, right). He relied on the arch’s
center line as reference line and calculated the envelope of resultants in each iterative step. By identifying
the regions along the arch’s reference line subject to highest bending step by step, he was able to determine
the number and location of occurring hinges. He only considered radial sections and determined the
eccentricity of the thrust line considering the radial distance of envelope of resultant to the reference line – this
ignores the effect of stereotomy on the thrust line. By varying the opening angle of the arch, he provided a
diagram suggesting a unique relation between arch geometry, rotational failure mode type and minimum
thickness. It will be shown below that while this uniqueness holds for fixed stereotomy conditions,
stereotomy affects both the minimum thickness value and the corresponding failure mode. Nikolić
determined failure modes containing 5 and 6 hinges in accordance with previous results of the literature,
and one, which contains 74 hinges: this is interesting, for at least two reasons: first, 7 hinge is redundant in
the sense that 6 hinge would suffice to turn an arbitrary symmetrical arch into a mechanism (which is
reduced to five, if certain conditions on the arch-geometry are met) and second, he observed that the arch
geometry corresponding to the 7-hinge mechanism resulted in a local minimum of the t/R values for a fixed
opening angle (see Figure 1.8). He provides an intuitively acceptable reasoning as opposed to an explicit proof
that 7 is the maximum number of hinges that can simultaneously formulate in a pointed arch.

Figure 1.8. Rotational failure modes of circular arches, according to and reproduced from (Romano and Ochsendorf, 2006) (left),
(Nikolić, 2017) (right)

note that this line of research distinguishes itself from those discussed above also considering various arch geometries – in those
cases, the kinematically admissible mechanism was not affected by the change of geometry – as is the case, for example, if the
opening angle of the /non-pointed/ circular arch is varied
3

Note that 7 hinges are actually depicted in the work of Romano and Ochsendorf (2006) see Figure 1.8. However, they regard it as
a 5-hinge mechanism – assuming that the hinges at the springing are not activated. This is not further investigated in their article,
but is briefly revisited here in the Discussion of section 2.4. Lengyel (2018) also recognized the 7-hinge mechanism, as an optimum
in his study.
4
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While most of the papers cited above show an academic interest, researches aimed at computer-driven,
effective form-finding methods offer more application oriented side of stereotomy related studies: The socalled funicular analysis of planar and three dimensional masonry structures describes the thrust line analysis
of rigid-block structures: the reversed funicular polygon of the internal forces is the (discretized) ‘thrust
line’, which should be contained within the boundaries of the structure for a compression only structure
(O’Dwyer 1999; Andreu et al, 2007; Block et al, 2006). It is a powerful method, adaptable as an interactive
design-tool for form-finding of compression only structures within CAD-Software (Rippmann et al, 2012).
The outcome of the form-finding can be further optimized by a stereotomy (regarded as a stone-cutting
pattern) that would ensure that primarily normal forces occur on the surface of the elements. The effect of
stereotomy on digital fabrication and construction is extensively studied (e.g.Fallacara, 2006; Frick et al,
2015; Rippmann et al, 2016).

1.1.2

Analysis and optimization of the spherical masonry dome

Spherical masonry domes are attractive elements of
architectural heritage. The spherical form is advantageous
in terms of construction and is considered to deliver a
spatial message of completeness, eternal power (e.g. Smith,
1849, Mainstone, 1979, Melaragno, 1991). The oftenrecognizable development of cracks in the meridional
direction challenged master builders and later architects
and engineers to understand the structural behaviour of
domes. Membrane theory of shells suggests that due to the
low tensile capacity of masonry, cracks at the lower portion
of the spherical dome5 are inevitable, for the hoop stresses
change sign at the so-called inversion angle (from
Figure 1.9. Modified thrust surface of a dome, from
compression to tension) considering constant thickness
(Cipriani and Lau, 2006)
and self-weight. Disregarding the limited tensile capacity
of masonry, based on a no-tension material model the corresponding extensive literature of the topic offers
various theoretical solutions to this problem (for a comprehensive study on historical approaches
conceptually related to membrane theory analysis see for example /Paradiso et al, 2003/), which can be
classified the following way: (a) the geometry of the middle surface can be altered (e.g. catenary or elliptical
paraboloid) (Milankovitch 1908, Flügge ,1957) or (b) an alternate thrust surface can be obtained still within
the dome section, either assuming essentially 1D (Heyman 1967, Oppenheim et al, 1989) or 2D behavior
(e.g. Levy 1888, Cipriani &Lau, 2006, see also Figure 1.9), or (c) labelled as optimal shape of spherical domes,
which retains a spherical middle (or else) surface as membrane but allows the thickness of the dome to vary.
‘Optimal’ labels in this context domes whose thickness function is obtained based on the constraint of
uniform strength in either meridional (Ziegler, 1958, Prager and Rozvany, 1980 Nakamura et al, 1981) or
hoop direction (Ziegler, 1958). The cited studies assume the dome middle surface to be spherical and derive
the thickness function considering a certain yield condition (Tresca, modified Tresca or von Mieses). The
corresponding varying thickness function uniquely defines the inversion angle of the hoop stresses, which
determines the largest opening angle of the dome if intended crack free. The effect of various load cases is
investigated on the thickness function and by extension the inversion angle (Prager and Rozvany, 1980,
Nakamura et al 1981). More recently, the paper of Pesciullesi and co-authors (1997) contextualizes the
problem of optimal spherical domes by comparing the results to a case study (Montepulciano cathedral),
while offering a discussion and providing an alternate mathematical formulation of the above cited results.
They also study the case of a dome open at the apex (oculus) with lantern on top, a typical configuration of
historical cupolas. Their contribution widens the scope of analysis by solving the modified Levy-type
problem (Levy, 1888) analytically. Levy proposed a graphical solution of a dome with two-dimensional
thrust surface at the top (‘a membrane surface’) connected to (one-dimensional) thrust lines in the cracked
The membrane surface coincides with the middle surface (we refer to section 3.3 describing the analogy to its planar equivalent,
the catenary i.e. thrust line and reference line coinciding).
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lower zone. Levy’s original problem set up allowed the thrust lines in the lower portion to move away from
the centre line of the lunes, while Pesciullesi and co-authors order the reference (membrane) surface to the
middle surface in the whole dome. They conclude that for a crack-free hemispherical dome the thickness
around the base would grow to infinity (Figure 1.10).

Figure 1.10. Ideal dome with hemsipherical middle surface and varying thickness, distribution of stresses, from
(Pesciullesi et al. 1997)

This dissertation grew out of an attempt to clarify and generalize classical terms (eg. thrust line, stereotomy,
optimal spherical dome) and assumptions (eg. failure mode) of equilibrium analysis of masonry arches and
vaults. Hence it is primarily intended to offer a theoretical extension of previous studies on the subject rather
than readily applicable practical solutions. However, the main issues considered and investigated below are
essentially that of the ideal geometry (both local and global) of arches and vaults, therefor the derived results
might contribute to further studies on the design of optimized masonry structures.
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1.2. Research goals
Even though there are both historical and contemporary studies on the effect of stereotomy on the
minimum thickness of masonry arches, a complete, analytical overview is still lacking. Moreover, following
the concept originated from Moseley (1843, see above) assuming stereotomy a-priori unknown as opposed
to former studies, a novel problem set-up is introduced in Chapter 2. It considers a statically determinate
problem in a parametrized form and the unknown stereotomy results geometrical indeterminacy: the equilibrium
condition (that the thrust line should be kept everywhere within the boundary of the arch) requires the
thrust line to be tangent to the intrados at the middle hinge, which depends on stereotomy. Section 2.1
describes the modelling framework and specifies necessary definitions. Section 2.2 investigates the effect of
stereotomy on the minimum thickness of semi-circular arches loaded with their self-weight. Subsection
2.2.1-2 considers
•

•
•

whether the overall stereotomy of the structure can be substituted with a scalar parameter (e.g. the
rupture angle at the middle hinge) as suggested by the literature? Is there a unique relation between
minimum thickness and rupture angle?
was the range of stereotomy related minimum thicknesses provided by the literature complete? what
is the physical explanation of the existence of its upper bound?
what is the geometrical relation of the envelope of resultant and thrust lines? What is the necessary
stereotomy resulting coinciding envelope of resultant and thrust line considering arbitrary loading?

Results are summarized in Principal Result 1.
•

In subsection 2.2.3 the relation of stereotomy and minimum thickness for the semi-circular arch is
formulated as an optimization problem, and the stereotomy related lower bound of the possible
minimum thickness values is searched for. It is shown, that feasible assumptions on the stereotomy
suffice for a well-posed optimization problem. It is further investigated, whether the lower bound value
is theoretically realizable – for the existence of an admissible stereotomy only provides the necessary
condition, the admissibility of the resulting thrust line needs to be verified.

Results are summarized in Principal result 2.
•

Considering the limits of the no-sliding assumption the literature presents the range of ‘safe’
thickness accounting for pure sliding and mixed collapse mechanisms as well (in addition to pure
rotational), subject to various friction coefficients but only considering radial stereotomy. The
original no-sliding assumption proposed by Heyman is actually feasible from a practical point of
view (i.e. based on the frictional coefficient of masonry) in case of radial stereotomy. However, in
order to derive realistic conclusions for a wider range of stereotomies while still dismissing sliding
between the elements, the constraining effect of finite friction on the range of admissible
stereotomies should be considered. Considering Coulomb-friction law, frictional constraint can be
forced on the system in the same geometrical manner as any other stereotomy related constraint
(see subsection 2.2.3). Subsection 2.2.4 investigates how does a limiting angle of friction influence
the range of admissible stereotomies and if the range of safe thickness could be extended if nonradial stereotomies were also considered.

Results are summarized in Principal result 3.
The investigation on the effect of stereotomy is extended to the case of circular pointed arches in section
2.3. Subject to their geometry, various hinge (number and) arrangement characterizes the failure of circular
pointed arches. These are listed in the literature, though only considering radial stereotomy. In particular,
it is investigated
•

is the dependence of minimum thickness value on stereotomy is valid for all type of rotational
failure modes, furthermore, does stereotomy affect the type of failure mode?
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•

It is relevant to define the stereotomy related bounding value of minimum thickness for each
of the various failure mode types (i.e. arch geometry), if exists. It would simplify the analysis if
there was one specific type of thrust line (i.e. stereotomy), resulting bounding value for all cases.
The catenary type thrust line (linked to vertical stereotomy) results upper bound minimum
thickness and hence provides a safe estimation for the semi-circular arch (5-h1 type) – therefor
it seems a natural candidate.

Results are summarized in Principal result 4.
The focus of present study is shifted from stereotomy to the variation of rotational failure mode types
subject to geometry in section 2.4. Nikolić’s recent paper suggests, without explicit proof, that 7 is the
maximum number of concurrent hinges at the limit state for circular pointed arches. Its occurrence is subject
to arch geometry. Nikolić’s numerical results indicate that the arch geometries corresponding to a 7-hinge
mechanism represent local optimums in terms of minimum thickness values. First, it is investigated
(technically in the previous section, subsection 2.3.1)
•

whether it can be explicitly proven, that 7 is the maximum hinge number that can
simultaneously formulate in a circular pointed arch, if the opening angle is not higher than π/2,
as suggested by the literature?

Results are summarized in Principal result 5.1
The investigation is then is extended to symmetrical, convex arches6. Engineering intuition would suggest,
that higher number of concurrent hinges result lower minimum thickness values, for the reference line of
the arch tends towards the hyperbolic cosine function, or homogenous catenary. This latter can be modelled
in mechanical terms as a mechanism consisting of infinite number of hinges. The following questions can
be formulated:
•
•

is there a theoretical bounding value of the number of concurrent hinges for arbitrary
symmetrical arch?
does higher number of hinges result lower minimum thickness value?

Results are summarized in principal result 5.
Regarding masonry domes, present research offers a new set up for the classical problem of optimal shape
spherical masonry dome based on membrane theory in Chapter 3. The literature acknowledges that for
spherical domes the inversion angle of the hoop forces presents an important constraint (if no-tension
material model is considered). Therefor a novel formulation (i.e. generalization of the modified Levy-type
solution) is presented, which as opposed to the stress distribution along the meridional, constrains the value
of the hoop forces directly, in order to be zero or negative for a given inversion angle. It is assumed, that
dome middle surface is spherical and acting as membrane. The resulting geometry is compared to historical
dome designs.
Results are summarized in Principal result 6.
Other results that extend or support the findings summarized in the principal results are provided in the
Appendix and are referred to in the text.

note that following the terminology of geometry, the arches discussed are convex. However, their reference line, as a function
according to the terminology of analysis is concave.
6
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CHAPTER 2

2

GEOMETRICAL INDETERMINACY
ANALYSIS OF MASONRY ARCHES

2.1

IN

THE

EQUILIBRIUM

Modelling framework

The applied material model is rigid-plastic, furthermore necessary assumptions proposed by Heyman
(Heyman, 1967) regarding the constitutive hypotheses are adopted:
-

the material has no tensile strength – in specific, the joints do not transfer tensile forces

-

the material has infinite compressive strength,

-

no sliding occurs between the elements

The most notable consequence of these assumptions for present research is that only rotational failure mode is
considered
We refer to the definition of minimum thickness analysis, given in the Introduction, which is extended below.
The static approach of limit state analysis is considered in present research. The equilibrium condition is that the
thrust line should not exit the boundaries. The yield condition is determined by the eccentricity of the resultant
force vector (or the ratio of M/N): plastic hinge formulates if it reaches the boundary of the cross section
(note that the location of maximum eccentricity does not necessarily coincide with the maximal moment. It
depends on stereotomy, see Appendix 6.2 for further details). Following Heyman’s proposal (1969) minimum
thickness analysis is treated as a plastic design methodology searching for optimal geometry. The assumed
corresponding rotational failure mode (subject to geometry and loading) determines the arrangement of
(plastic) hinges at the limit state, which allows for a geometric formulation of the equilibrium and yield condition:
at the limit state the thrust line crosses all hinges (yield) and must be tangent to the boundary of the arch at
the internal hinges(equilibrium). In the following, the equilibrium condition is hence denoted tangency condition,
in line with the geometric formulation.
For the definition of a plastic hinge we refer to (Calladine, 1969) (Heyman, 1969) and (Kazinczy, 1915). It is
further assumed that at the location of plastic hinges in case of rotation, no energy is dissipated by the hinges
themselves (frictionless hinges). The necessary number of plastic hinges is four in case of an arch on fixed
supports, whose degree of static indeterminacy is three for the general case (leading to a four-bar-chainmechanism), however, due to the symmetry of the problem it becomes either five (in case hinge formulates
at the top – e.g. semi-circular arch) or six.
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2.1.1

Geometry and loading

The arch is modeled as a planar structure. It is
important to highlight that we assume that it is made of
discrete voussoirs1 which are connected to each other
through the joints– however, since their number and
shape are treated as unknowns, in order to account for
all theoretically possible arrangements, a continuous
model is applied with sections essentially substituting
joints, and infinitesimal voussoirs substituting discrete
voussoirs. Only symmetrical arches are considered, the
analysis is hence carried out on a half-arch and
symmetry is accounted for in the constraints. The arch
is represented by its axis2 (r), as shown on Figure 2.1. In
this research, the centre line is chosen as the reference
line (see /Cochetti et al 2012/, for a discussion on the
effect of various applicable reference lines). Depending
on the problem discussed, the reference line is either
parameterized with respect to the angle to the vertical
Figure 2.1. Notation of geometry
denoted by  in a polar, or by x in a Cartesian
coordinate system. Only twice differentiable (except for the top, e.g. pointed arches) concave functions (see
footnote 6 in Introduction) are considered as r. An internal force vector (E) and a section (s) are assigned to each
point of the reference line.
The direction of the section is characterized by either one of the following:
(a) the cut-angle with respect to the vertical (β).
(b) the internal angle (φ) to the vertical of the intersection of section and intrados/and or extrados
These parameters are related, see Figures 2.1 and 2.2. The relationship for the semi-circular arch is given by:
𝑡
𝑅 sin(𝛼) − (𝑅 − ) sin(𝜑)
2
𝛽 = atan (
).
𝑡
𝑅 cos(𝛼) − (𝑅 − ) cos(𝜑)
2

(2.1)

𝐄 = 𝐍 + 𝐓 = 𝐕 + 𝐇.

(2.2)

The choice between (a), (b) is made for each problem discussed below based on which leads to a simpler
analytical formulation. Note that β or φ uniquely determines the stereotomy itself. E is the resultant internal
force vector (a sliding vector) its direction and magnitude are obtained as (see also Figure 2.3):
N, T denotes normal and shear force (subject to s and α), V and H denotes vertical and horizontal force
(uniquely defined by α, see below) acting on the section, respectively. Its line of action is determined by the
moment equation (M denotes moment, e and 𝐞𝛃 is the eccentricity /vector/ chosen normal3 to E and N,
respectively):
𝐌 = 𝐄 × 𝐞 = 𝐍 × 𝐞𝛃 .

(2.3)

A major simplification of the applied model is that it considers the loading (self-weight) distributed evenly along
the center line, regardless of stereotomy. This simplification makes that the E vector field is independent of
note that in the Introduction it is suggested that the presented continuous model can also be applied to arches made of
homogenous material. We consider it a topic for future research, and do not pursue it further in this study.
1

The representation of a complex structure with its axis, or the assignment of its loads and sections is never straightforward (Gáspár
& Sajtos, 2016) presents case studies on the effect of various modelling assumptions in terms of axis, load distribution and
stereotomy.
2

3

not a necessary condition
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the geometry of the stereotomy and it seems essential
for an analytical study of the problem. A brief
comparison of the numerical results derived based on
this assumption to former results of the literature, where
stereotomy was accounted for in the weight distribution
is provided in the upcoming section (Table 2.2). It is
concluded, that considering the aims of present study,
this simplification is allowable. Nevertheless, based on
the results of this research, the general case with a
stereotomy-dependent vector field should be
investigated, at least numerically.
Though their significance in engineering practice is duly
acknowledged, movement of supports (settlement,
spreading etc) is not considered in the loading of the
arch, neither is any other loading than self-weight (e.g.
horizontal loads).

2.1.2

Figure 2.2. Relation of β and φ

Definitions

The thrust line (L) is the set of points of intersection between lines E and s (see Figure 2.1.). A thrust line is
called admissible, if it does not exit the boundaries of the structure.
Stereotomy is a function that assigns β or φ to the points along the reference line. A stereotomy function is
admissible if it is contained within the admissible range (see subsection 2.2.3), and it is valid, if it results an
admissible thrust line. For a stereotomy to be valid, it must be admissible, but it is not true vice versa
(admissible stereotomies not necessarily result valid thrust lines).
As a result of the definitions above, the term ’geometrical indeterminacy’ in the title can be clarified: while
the interrnal forces of a statically determinate structure are uniquely defined (E) - its thrust line is not, since
it also depends on stereotomy. Another (equivalent) formulation of the problem is that stereotomy is
required to turn the sliding vector E into fixed. It can therefor be readily concluded that a statically determinate
system has infinite number of thrust lines (not all admissible) subject to stereotomy. They are denoted below
family of thrust lines. This statement is illustrated in the upcoming section.
Based on the properly formulated definitions, the terminology of section 1.1 is illustrated below on Figure
2.3.
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envelope of resultant
and thrust line coincide

envelope of resultant and
thrust line coincide

catenary type thrust line for self-weight

envelope of resultant
and thrust line coincide

envelope of resultant
and thrust line coincide

Figure 2.3. Properties of various thrust lines, envelope of resultants for the semi-circular arch and catenary
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2.2

Stereotomy related minimum thickness analysis of the semi-circular arch

The proposed methodology considers the stereotomy function a-priori unknown, which results the
following problem set-up: solving the equilibrium equations provides the necessary condition of the limit
state (i.e. yield, formulation of internal hinge, while thrust line crosses all hinges), and the sufficient condition
is met, if an admissible stereotomy function is found that results a thrust line which fulfils the tangency
condition (the arch is stable if the thrust line does not exit its boundaries). This is demonstrated on the semicircular arch, although it is readily applicable to other geometries as well, which is further investigated in
Section 2.3

2.2.1

Necessary condition of equilibrium

At limit state, the arch is on the verge of collapse hence for a semi-circular arch the symmetrical 5-hinge
mechanism formulates (Figure 2.4). Let t and R denote the thickness of the arch and the radius of its reference
line made of a material with a unit weight . It is shown below that the limit state is defined by only three
scalar parameters: the thickness to radius ratio t/R; location of the middle hinge on the intrados φ1 and
location of its respective point along the reference line α0. (Note that φ1 and α0 uniquely determine the rupture
angle at the middle hinge).

Figure 2.4. Static equilbirium of the arch

As the hinges at  =0 and  =/2 are assigned to the extrados, the global equilibrium equations uniquely
determine (subject to t) the resultant of the internal forces E(α). Note that in the absence of horizontal
loads, the horizontal force is constant as  varies. Hence, following the notations of Figure 2.4, the vertical
and horizontal components of the internal force V(α) and H, and the location of the resultant of the loads,
xV(α) can be expressed as:
𝑉(𝛼) = 𝑅𝜌𝑡𝛼,

𝑥𝑉 (𝛼) =

𝑅(1 − cos(𝛼))
,
𝛼

(2.4)

(2.5)
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𝜋
𝑡
𝜋
𝑉 ( ) (𝑅 + − 𝑥𝑉 ( )) 𝑅 𝜌𝑡 𝜋 (𝑅 + 𝑡 − 2𝑅 )
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2
2
2
2 𝜋 .
𝐻=
=
𝑡
𝑡
𝑅+
𝑅+
2
2

(2.6)

Assuming the middle hinge meets the intrados, (based on the vanishing moment /at intrados/) an implicit
function with three variables is obtained:
𝐹𝑠 (𝛼0 , 𝜑1 , 𝑡) = 𝐻 (𝑅 +

𝑡
𝑡
𝑡
− (𝑅 − ) cos(𝜑1 )) − 𝑉(𝛼1 ) ((𝑅 − ) sin(𝜑1 ) − 𝑥𝑉 (𝛼1 )) = 0.
2
2
2

(2.7)

𝐹𝑠 (𝛼0 , 𝜑1 , 𝑡) characterizes the limit state of the semi-circular arch (i.e. equilibrium state of the 5-hinge

mechanism). Eqs (2.4-6) can be readily substituted. Observe that either R=0 (which has no practical
relevance) or 𝐹𝑠 (𝛼0 , 𝜑1 , 𝑡) can be rescaled to obtain
𝑡
𝐹𝑠 (𝛼0 , 𝜑1 , ) =
𝑅
𝜋
1𝑡 2
1𝑡 𝜋
1𝑡
(1 +
) − ((1 +
) − 1) (1 −
) cos(𝜑1 ) −
2
2𝑅
2𝑅 2
2𝑅
1𝑡
1𝑡
1𝑡
(1 +
) (1 −
) sin(𝜑1 ) 𝛼0 − (1 +
) cos(𝛼0 ) = 0.
2𝑅
2𝑅
2𝑅

(2.8)

The graph of Fs is shown on Figure 2.5.

t/R

α0

φ1

Figure 2.5. Graph of implicit function Fs ( 𝛼0 , 𝜑1 𝑡/𝑅)

The condition of limit state could be similarly derived based on the kinematic approach. Detailed derivation
is to be found in the Appendix 6.1, the resulting implicit function (Fk) is given below for comparison:

18

𝑡
1𝑡
1𝑡 𝜋
𝐹𝑘 (𝛼0 , 𝜑1 , ) = (1 −
) cos(𝜑1 ) ((1 +
) − 1) +
𝑅
2𝑅
2𝑅 2
(1 +

1𝑡
1𝑡
1𝑡
1 𝑡 2𝜋
) 𝛼0 (1 −
) sin(𝜑1 ) + (1 +
) cos(𝛼0 ) − (1 +
) .
2𝑅
2𝑅
2𝑅
2𝑅 2

(2.9)

Note that Fk=Fs, corresponding to the uniqueness theorem of limit state analysis. While Fs constitutes a
lower bound, Fk is an upper bound in terms of t/R values. Hence any arch is stable for 𝐹𝑠 ≥ 0 (above the
surface plotted in Figure 2.5) while an admissible mechanism is found if 𝐹𝑘 ≤ 0 (below the surface plotted in
Figure 2.5). Further on the implicit function expressing the limit state is referred to as F.
It is clear from the diagram on Figure 2.5 that F possesses a global maximum with respect to t/R: Should
t/R be higher than this value (0.1089, analytically derived below), no solution is found, i.e. the middle hinge
does not formulate – the arch is too thick (it is stable, but not at its limit state).

Figure 2.6. Three cases, depending on the relation of envelope of the resultants and arch section. tmax denotes the upper bound
of minimum thickness, R, the radius of the reference line is considered constant

Physical explanation of the existence of upper bound minimum thickness
The physical explanation of the upper bound is given in Figure 2.6: no mechanism (or minimum) thickness
can be defined if no 5th hinge appears – this happens if the arch is too thick (see figure (a) to the left) – the
ultimate maximum value of t/R is defined by the case
of the envelope of the resultants touching, and hence
being tangent to the intrados at the middle hinge
(figure (b) in the middle) – in case of thicker arch, no
thrust line would reach the intrados. Recall that a
thrust line point must lay on a resultant: The
envelope of resultants is a concave function (its
derivative, -V/H is monotonously decreasing (see
eqs. /2.5-6/) which means that should a thrust line
‘cross’ the envelope of resultant, at least one of its
points could not lay on a resultant, contradicting the
definition. This also means, that the envelope of
resultant bounds the family of thrust lines for a given
t/R, as Figure 2.7 demonstrates. Note that for any t/R
value lower than the maximum, the envelope of
resultants would exit the boundaries of the minimum
thickness arch, while the (stereotomy related)
corresponding admissible thrust line would not. This
results multiple possible locations for the middle
Figure 2.7. Envelope of resultant bounds the family of
thrust lines EZ
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hinge, subject to thrust line, i.e stereotomy (indicated in figure (c), to the right on Figure 2.6).
The envelope of the resultant force vectors is independent of stereotomy for a given t/R value. This explains
that the upper bound of minimum thickness values, which depends on the envelope of resultants only, is
uniquely defined by the scalar-parameter based F function, and can be determined by solving the following
system of equations:
𝐹(𝛼0 , 𝜑1 , 𝑡/𝑅) = 0,

(2.10)

𝑑𝐹
1𝑡
= + (1 −
) sin(𝜑1 ) − sin(𝛼0 ) = 0,
𝑑𝛼0
2𝑅

(2.11)

𝑑𝐹
1𝑡 𝜋
1𝑡
= − sin(𝜑1 ) ((1 +
) − 1) + (1 +
) 𝛼 cos(𝜑1 ) = 0.
𝑑𝜑1
2𝑅 2
2𝑅 0

(2.12)

The numerical value obtained is t/R= 0.1089 (α0=0.8835 rad /approx. 50.6 /; φ1=0.9571 rad /approx.
54.8/).

2.2.2

Effect of stereotomy

The effect of stereotomy as a function on the thrust line and by extension on the minimum thickness value
can be highlighted for any t/R value lower than the maximum by the formulation presented below. In eqs.
(2.10-12) 𝛼0 , 𝜑1 , 𝑡/𝑅 were treated as independent variables. If
𝜑(𝛼, 𝑡/𝑅) = 𝐺

(2.13)

describes the stereotomy function (see the definition of 𝜑 in eq. (2.1) on why it depends on t/R) eq. (2.10)
turns into:
𝐹(𝛼, 𝜑(𝛼, 𝑡/𝑅), 𝑡/𝑅) = 0,

(2.14)

while eq. (2.11) yields:
𝑑𝐹
1𝑡
1𝑡 𝜋
= − (1 −
) sin(𝜑(𝛼, 𝑡/𝑅)𝜑′(𝛼, 𝑡/𝑅) ((1 +
) − 1) +
𝑑𝛼
2𝑅
2𝑅 2
1𝑡
1𝑡
1𝑡
(1 +
) (1 −
) (cos(𝜑(𝛼, 𝑡/𝑅)𝜑′(𝛼, 𝑡/𝑅)) + 𝛼sin (𝜑(𝛼, 𝑡/𝑅))) − (1 +
) sin(𝛼) = 0.
2𝑅
2𝑅
2𝑅

(2.15)

which is nothing else but the tangency condition at the middle hinge (note that the derivative with respect
to 𝛼 of the stereotomy function appears in eq. (2.15)).
Both the effect of stereotomy as a function on the minimum thickness value, and the existence of the family
of thrust lines for statically determinate arch of given thickness can be illustrated and demonstrated based
on the diagram of the F function. A given stereotomy function, 𝜑(𝛼, 𝑡/𝑅) = 𝐺 uniquely defines a surface,
which (might) intersect the diagram of F in a 3D curve, which is denoted to g (Figure 2.8 bottom left and
right). The extrema of g results the corresponding minimum thickness value t/R, since for any other t/R
value the stereotomy function would cross F, which would violate the equilibrium condition (The range
bounded by F contains solutions in terms of α and φ that make the thrust line points lay outside the
boundaries of the arch towards the intrados). If a section parallel to the 𝛼 − 𝜑 plane is taken at the height
of the resulting minimum thickness, the normal projection of g (𝜑 (𝛼)) on that plane represents a valid
stereotomy function, which touches the internal range of F (necessary condition of limit state, Figure 2.8
bottom left). Note that infinitely many more valid (and also admissible) stereotomies can be constructed on
the same plane, that touches the internal range, demonstrating the multiplicity of solutions in terms of
stereotomy for the same minimum thickness value, while both location of middle hinge, and rupture angle
can be independently varied (Figure 2.8, top left)
Any stereotomy function that can be drawn on the 𝛼 − 𝜑 plane (regardless of whether it crosses, touches
F or not) corresponds to a unique thrust line of the family of thrust lines of the given thickness statically
determinate arch: illustrating, that infinitely many of them can be constructed.
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As a comparison, Makris and Alexakis implicitly assumed, that while direction of the rupture angle is
arbitrary it determines stereotomy (sections are parallel to the rupture angle). In present terminology this
translates to ‘slicing up’ the F function according to a given rule (note that they neither referred to nor
defined the F function)– in this case, approximately fan-like starting from the origin (illustrated in Figure 2.8,
top right) and taking the maximum of each resulting g function as minimum thickness value. While their
(b)

(a)
g2

g1
G2

Gn
G1

(c)

maximum of Grad, in
terms of t/R = resulting
minimum thickness
(0.1074)
intersection of F
and the plane of
t/R=0.1074

(d)
Grad
intersection of
Grad and F

maximum of Gver (coinciding
with that of F) in terms of
t/R = resulting minimum
thickness (0.1089)
intersection of F
and the plane of
t/R=0.1089
collapses to a
point!

Gver
intersection of
Gver and F

Figure 2.8. (a) multiplicity of solutions for a single t/R value: two (random) admissible stereotomy function (g1 and g2)) for the same
minimum thickness value, it can be seen, that many more could be constructed on the plane marked blue;(b) ‘slicing’ F with various
stereotomy functions (G1,2,n, marked blue)( interpretation of previous attempts of the literature), intersection of G and F is marked
black,(c) example: radial stereotomy (Grad, marked blue) (d): vertical stereotomy (Gver, marked blue), crossing the maximum of F

method resulted the same (complete) range of possible minimum thickness values provided in present
research by F , it suggested a unique relation between the direction of the rupture angle and the minimum
thickness value, which in general does not hold, as demonstrated above.
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Numerical accuracy of the presented model
Table 2. 1 Comparison of numerical results based on stereotomy related-minimum thickness analyses from various authors. The
results in column 2-5 are based on stereotomy-dependent weight distribution (as opposed to present results)

Stereotomy (h)

Present

Cochetti et al
(2012)

Milankovitch
(1907)/

Ochsendorf (2002) /
Makris&Alexakis*

Makris&Alexakis*

(2013)

(2013)(geometrical)

(energy method)

radial

0.1074

0.10742

0.10747

0.10747

vertical

0.1088

-

0.10956*

0.10956*

section normal to resultant

0.1073

-

-

-

The numerical results obtained based on this formulation are presented in Table 2. 1, along with previously
derived results of the literature for comparison. Note that while the tendency is similar, the numerical results
derived based on this simplified model are considerably different to those derived on models that account
for the stereotomy-dependent distribution of different stereotomies. Theoretically it does not affect the
meaning of the research (qualitative assessment of the effect of stereotomy rather than numerical accuracy).
However, in this regard the numerical accuracy of four digits might seem superfluous. Four digits was found
necessary to allow comparison of minimum thickness values within the frame of the present model.

Discussion
The literature defines analytically the equation of the thrust line and the resulting minimum thickness values considering radial
and vertical sections, other stereotomies (by the terminology of present research) were not discussed. Based on the assumption,
that the rupture angle at the middle hinge suffice in determining the minimum thickness values Makris and Alexakis (2015)
derives the (otherwise correct) range of results for the semi-circular arch and determines its upper bound, which latter is identified
as resulting from vertical stereotomy. Their formulation assumes, that the rupture angle at the middle hinge uniquely defines the
location of the middle hinge and consequently the minimum thickness value. According to our knowledge, the physical
explanation of the existence of a stereotomy related upper bound minimum thickness value was missing.
.

Principal result Nr 1
(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017, Gáspár Sajtos, 2016)
I demonstrated that subject to stereotomy it is possible to generate infinitely many
different thrust lines to a statically determinate arch of given geometry and loading (self-weight).
They form a family of thrust lines. Considering a simplified structural model, I showed
explicitly and analytically for the case of the semi-circular arch of constant thickness,
loaded with its self-weight that the value of minimum thickness derived based on thrust
line analysis does depend on the stereotomy function and in general cannot be uniquely
defined by scalar parameters (such as the rupture angle at the middle hinge).
1.1 I introduced implicit function F, which describes the possible limit states of the structure,
considering limit theorems of plasticity. I demonstrated analytically that the upper bound
minimum thickness value is the unique maximum of the F function and explained the physical
meaning of its existence considering the relation of envelope of resultants and thrust lines.
Furthermore, based on the analysis of the F function I demonstrated, that there is no uniqueness
in the relation of minimum thickness, location of middle hinge and rupture angle, which
contradicts former assumptions of the literature.

22

Catenary-type thrust lines
The catenary type thrust line emerges, if the stereotomy condition is met, so that the envelope of resultant
and thrust line coincide. It is a special property of catenary-type thrust line that it is tangent to the resultant
force vector at every point (see Table 1.1 in section 1.1, and also Appendix 6.2).
In case of arches subject to self-load, the necessary stereotomy is vertical for the catenary-type thrust line.
This was suggested by Milankovitch (1907, he used the term Stützenlinie) and later also derived by Makris
and Alexakis (2013, no special terminology) by assuming a-priori vertical stereotomy. They deduced the
special condition of resultant being tangent to the emerging specific thrust line as a result. In order to
generalize the relation of loading and necessary stereotomy for various load-cases, below a novel approach
is shown based on function transformation that considers stereotomy a-priori unknown, and obtains it
based on the constraint that envelope of resultant and thrust line must coincide. Note that for ease of
formulation the stereotomy function is now defined as β(α), see subsection 2.1.1.
In order to determine the necessary stereotomy for a given loading resulting catenary type thrust line, we
consider the following problem: a set of resultants (E (α)) is given, uniquely defining their envelope (U(α)).
Assuming that there exists a stereotomy function β(α) that results in the thrust line L(α) coinciding with
U(α), the aim of the method is to find β(α). As a prerequisite, we refer to the work of Horwitz (Horwitz,
1989) in relation to the uniqueness problem of the envelope – if the set of tangent lines is given, it uniquely
defines their envelope. The method applied4 was published by Steven Butler (Butler, 2003). It reconstructs
the original function (envelope of the resultants) from its array of resultant vectors (the tangent lines of the
envelope). Applying the Butler-method, U(α) for the arch can be readily defined based on the equilibrium
equations from above (subsection 2.2.1). As will be demonstrated, based on the condition that L(α)== U(α),
the necessary stereotomy function β(α) is defined.
The original notation is changed in order to make it more consistent with the rest of the paper.
Given the (unknown) curve U(α )=(xU(α);yU(α)), the slope of its tangent line can be derived as
𝑑𝑦𝑈
= 𝑚(𝛼).
𝑑𝑥𝑈

(2.16)

𝑦𝑈 (𝛼) − 𝑚(𝛼)𝑥𝑈 (𝛼) = 𝑦0 (𝛼).

(2.17)

While the y-intercept of the tangent line as
In case of a given set of tangent lines, these values can be derived without the definition of the original
function U(α). Butler defines a transformed curve as UT(α)=(m(α), y0(α)). By applying the same
transformation for a second time, he is able to retrieve (see Appendix, 6.3 for further details) the original
function, reflected about the y-axis. Meaning that
𝑈𝑇𝑇 (𝛼) = (𝑚 𝑇 (𝛼), 𝑦0𝑇 (𝛼))

(2.18)

The Butler-method is first applied below to the general case (arbitrary geometry and loading condition), in
order to generalize the relationship of loading and stereotomy resulting in catenary-type thrust line. It is
demonstrated that the special case of envelope and thrust line coinciding always results from sections parallel
to the distributed load. As a special case, self-load, discussed in the literature (see Introduction) is revisited.
Consider the arbitrary, infinitesimal voussoir AB (Figure 2.9) cut from the arch: the direction of the distributed
load varies along the arch, but it is constant along AB. A local Descartes-coordinate system (x*,y*) is
introduced, for ease of calculation: the y* axis crosses the point A and is set parallel to the distributed load.
The origin is at the locus of pressure point of E0, the resultant from the right hand side part of the arch.
This set up results in the component of (E(x*)) parallel to the x* axis being constant. Note that the problem
is now parametrized by x*. 𝜃(𝛼) describes the direction of the distributed load along AB. The unknown
stereotomy function is, based on eq. (2.1):

4

note that the same problem would have been solvable by classical methods of calculus as well, see for example (Widder, 1947).
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𝛽(𝜃(𝛼)) = atan (

𝑥 ∗ − 𝑥𝐿 (𝑥 ∗ )
)
𝑦 ∗ − 𝑦𝐿 (𝑥 ∗ )

(2.19)

Figure 2.9. Infinitesimal voussoir AB, whose loading is unidirectional
(except at its ends) along its reference line

Following the notation of Figure 2.9:
𝑥∗

𝑉(𝑥

∗)

= ∫ 𝑣(𝜂)𝑑𝜂 ,

(2.20)

0
𝑥∗

𝑥∗

∫ 𝑣(𝜂)𝜂𝑑𝜂 ∫0 𝑣(𝜂)𝜂𝑑𝜂
𝑥𝑣 = 0
= 𝑥∗
.
𝑉(𝑥 ∗ )
∫0 𝑣(𝜂)𝑑𝜂

(2.21)

The tangent of the resultant at x* :
𝑚(𝑥 ∗ ) =

𝐸0𝑦 ∗ − 𝑉(𝑥 ∗ )
.
𝐸0𝑥 ∗

(2.22)

The derivative of m(x*) /with respect to x*, see Notation list/, substituting in V(x*):
𝑚′ (𝑥 ∗ ) =

−𝑉 ′ (𝑥 ∗ )
𝑣(𝑥 ∗ )
=−
.
𝐸0𝑥 ∗
𝐸0𝑥 ∗

(2.23)

The y-intercept from the moment equilibrium equation around the origin:
𝑥∗

𝑥𝑣 𝑉(𝑥 ∗ ) ∫0 𝑣(𝜂)𝜂𝑑𝜂
𝑦0 =
=
.
𝐸0𝑥 ∗
𝐸0𝑥 ∗

(2.24)

The derivative of y0 :
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𝑦0′ (𝑥 ∗ ) =

𝑣(𝑥 ∗ )𝑥 ∗
.
𝐸0𝑥 ∗

(2.25)

The x-coordinate of an arbitrary point of the envelope:
𝑥𝑈 = −

∗)

𝑦0 ′(𝑥
∗
𝑚′(𝑥 )

𝑣(𝑥 ∗ )𝑥 ∗
𝐸0𝑥 ∗
=−
= 𝑥∗.
𝑣(𝑥 ∗ )
−
𝐸0𝑥 ∗

(2.26)

Since the necessary stereotomy is searched for resulting in U(x) == L(x)=> x*= xu==xL
Deriving the stereotomy function, β(α) (note that this can be done regardless of the value of yL):
𝛽 ((𝜃(𝛼))) = atan (

𝑥 ∗ − 𝑥𝐿
𝑥∗ − 𝑥∗
)
=
atan
(
) = atan(0) = 0.
𝑦 ∗ − 𝑦𝐿
𝑦 ∗ − 𝑦𝐿

(2.27)

Eq. (2.27) proves that sections parallel to the loading result in a thrust line coinciding with the envelope of
the resultants.
Transformation of the local coordinates to the global coordinate system xy leads to (see Figure 2.9)
𝛽(𝛼) = atan(tan(𝜃(𝛼)) = 𝜃(𝛼).

(2.28)

Eq. (2.28) gives the necessary condition in terms of stereotomy for a coinciding envelope of resultants and
thrust line for any 𝜗(𝛼) loading. Note that by substituting 𝜗(𝛼) = 0 (vertical loading) into eq. (2.28) the
previously deduced result of 𝛽(𝛼) = 0 is obtained (vertical stereotomy), as this is valid for the case selfload.5

Discussion
It is noted in the literature, that in case of vertical stereotomy the resultant force vector is tangent to the emerging thrust line,
while otherwise this is a property of the envelope of resultant, and does not hold for thrust lines in general (Milankovitch 1907,
Makris and Alexakis, 2013). Cited studies considered the stereotomy a-priori given, and then derived the resulting special
property. The fact, that vertical stereotomy actually results the coincidence of the two lines has not been explicitly expressed.

Principal result 1.2.
Based on the Butler-transformation, I derived the necessary condition in terms of
stereotomy (i.e. sections must be parallel to loading) which results coinciding thrust line
and envelope of resultants, for arbitrary loading and geometry of the arch. In order to
explicitly express this coincidence, I denoted it catenary type thrust line. I demonstrated
that the catenary type thrust line always bounds the family of thrust lines.

For the envelope of resultant bounds the family of thrust lines for a given t/R value reversing the problem
suggests that a minimum thickness analysis based on the catenary type thrust line leads to a bounding value
minimum thickness. This holds for semi-circular arches, with a corresponding rotational failure mode as
shown in Figure 2.4. And furthermore, the analysis based on catenary-type thrust line leads to an upper bound
(see subsection 2.2.1) minimum thickness value. This has practical relevance in the preliminary analysis of
semi-circular arches with unknown stereotomy, providing a safe estimation on the necessary cross section
size. However, whether the catenary-type thrust line results a bounding value of minimum thickness and if
that is a lower or an upper bound relies on the corresponding rotational failure mode of the arch, and hence,
its geometry. This is further discussed in section 2.3, for illustration of the problem see Figure 2.33.

We briefly mention here, without further details that interestingly the pressure-vessel problem can easily be implemented:
considering radial loading, the necessary stereotomy results 𝛽(𝛼) = 𝛼 , i.e radial, with resultants perpendicular to it.
5
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Stereotomy related lower bound minimum thickness value
As discussed in subsection 2.2.1, analyzing the location of the envelope of the resultant force vectors within
the arch geometry for given t/R ratios allows for the distinction between a thin and a thick arch. For thin
arches, i.e. if t/R is smaller than the upper bound of the minimum thickness the envelope exits the
boundaries of the structure towards the intrados (Figure 2.6 c). Multiple E resultants intersect the intrados at
two points (Pr1(α) and Pr2(α), relating to φri1(α)and φri2(α) internal angles (Figure 2.12, right)), leaving a section
of those resultants (laying outside the boundaries) inadequate to be thrust line points. It limits the range of
possible stereotomies for a fixed t/R ratio – for an admissible stereotomy cannot result inadmissible thrust
line points. The inner non-admissible range of stereotomies (labelled 𝜑𝑟1 𝑎𝑛𝑑 𝜑𝑟2 can be explicitly defined
for each t/R value (following the notation of Figure 2.12, right.). Note that the problem investigated below
translates to constructing admissible stereotomies to a horizontal section of the F function (subsection 2.2.1,
Figure 2.8).
The equation of the line of action of the resultant E(α) is (based on the vanishing moment, see also eq 2.46)
𝑚(𝛼)(𝑥 − 𝑥𝑉 (𝛼)) = 1 +

1𝑡
− 𝑦,
2𝑅

(2.29)

where x,y are arbitrary points of E(α) and m(α) =V(α)/H.
At the intersections of E(α) with the intrados, the following relations hold:
𝑥 = (1 −

1𝑡
) sin(φ) ,
2𝑅

(2.30)

𝑦 = (1 −

1𝑡
) cos(φ) .
2𝑅

(2.31)

Substituting eqs. (2.30-31) into the equation of E(α) above, dividing both sides by (R-t/2) and rearranging
leads to
(1 +
𝑚(𝛼) sin(𝜑) =
⏟

1𝑡
+ 𝑚(𝛼)𝑥𝑣 (𝛼))
2𝑅
− cos(𝜑) .
1𝑡
(1 −
)
2𝑅

(2.32)

𝑏(𝛼)

Eq. (2.32) defines a closed curve in the α-φ space, the boundary of the inadmissible range of stereotomies,
for a fixed t/R value. The quadratic equation in cos(φ) has two roots:
𝜑𝑟𝑖1 = acos

2𝑏(𝛼) + √(2𝑏(𝛼))2 − 4(𝑚(𝛼)2 + 1)(𝑏(𝛼)2 − 𝑚(𝛼)2 )
,
2(𝑚(𝛼)2 + 1)

(2.33𝑎)

𝜑𝑟𝑖2 = acos

2𝑏(𝛼) − √(2𝑏(𝛼))2 − 4(𝑚(𝛼)2 + 1)(𝑏(𝛼)2 − 𝑚(𝛼)2 )
.
2(𝑚(𝛼)2 + 1)

(2.33𝑏)

Only real roots in the range of 𝜋/2 ≥ 𝜑 ≥ 0should be considered (Figure 2.12, right), hence the nonnegativity of the expression under the square root yields
4𝑏(𝛼)2 − 4(𝑚(𝛼)2 + 1)(𝑏(𝛼)2 − 𝑚(𝛼)2 ) ≥ 0.

Dividing by 4𝑚(𝛼)2 (note that 𝑚(𝛼)2 ≠ 0 if α>0) and rearranging yields
𝑞(𝛼) = −𝑏(𝛼)2 + 𝑚(𝛼)2 + 1 ≥ 0.

(2.34)

For any t/R value, where the value of eq. (2.34) is negative regardless of the value of α, this constraint does
not provide any bound6 – this means that the arch is too thick, the resultants will not exit the boundaries
6

Note that as a natural consequence, q(α)=0 leads to an alternate (to subsection 2.2.1) analytical derivation of the upper bound.
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towards the intrados (cf. subsection 2.2.1). See Figure 2.32 also, which depicts q(α) for various t/R values.
Based on these considerations, the diagram of F on Figure 2.5. clearly demonstrates that considering solely
limit state analysis, the range of minimum thickness values is not bounded from below (there exists an
admissible range for t/R=0). Even though it is a non-sense in engineering terms, theoretically multiple valid
stereotomies can be constructed for an arch of vanishing thickness and finite self-load and we show below that
they can be admissible too, resulting admissible thrust line.
Figure 2.10 shows an infinitely thin
(t→0) arch, with finite, non-zero
self-load. The line of actions of the
resultant internal force vectors E(α)
are calculated along its axis and are
shown in the figure. Each E(α)
crosses r within the crown and the
spring, hence it is possible to define
a section through each point O
along r that would project the
respective point of the thrust line to
the axis itself (see the relation of
point O(α), section s(α) and thrust
line-point L(α) in Figures 2.1 and
2.10). Without further constraints,
within the modelling framework
(see section 2.1) it leads to the
conclusion that a zero-thickness
semi-circular arch is theoretically
achievable: The stereotomy needed
for such a solution though is rather
unrealistic – the necessary sections
step out of the boundaries before
Figure 2.10. Zero-thickness arch
re-entering, they mutually cross
each other, etc. The result itself
would be conflicting as well. The definition of the middle hinge is not unique, and multiple mechanism is
possible, i.e. hinge location can be anywhere between crown and springing. However, this extreme example
shows explicitly that our theoretical model based on limit state analysis does not yet lead to well-posed
(optimization) problem. A realistic model should introduce some constraints regarding the geometry of the
stereotomy to avoid such pathological results. The above discussed case of zero thickness illustrates the
necessity of stereotomy related constraints (Figure 2.11). In order to keep the results feasible from an engineering
point of view, the following constraints are introduced:
(a) sections should not intersect within the boundaries of the structure,
(b) sections should cross both the extrados and the intrados,
Intersecting sections or sections that do not cross either the extrados or the intrados would seriously conflict with the
proposed weight distribution of the model, moreover their physical reality as stone cutting pattern is also questionable.
In case of intersecting sections, loops might also occur along the thrust line.
(c)the section at the crown is vertical, and at the springing horizontal.
The hinges at the crown and the springing are assigned to the extrados – radial sections are necessary to ensure that
the resultant thrust line crosses those hinges. Furthermore, radial sections at the crown and the springing force the
necessary symmetry in terms of stereotomy on the structure – symmetry of stereotomy is also considered when only half
of the semi-circular arch is analyzed.
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Figure 2.11. Stereotomy related constraints

Stereotomy-related constraints are necessary for a well-posed constrained optimization. In the following,
any stereotomy function is excluded, where constraint b) is violated. This constraint enforces all sections at
most to touch both the extrados and the intrados. The resulted limiting values of the range of admissible
thrust line points for a given O(α) reference point is defined by the points P1s(α) and P2s(α). They are related
to φsi1(α)and φsi2(α) internal angles for each t/R and α values. At these points sections s1(α) and s2(α) are
tangent to the intrados. If 𝜑𝑠1 > 𝜑 or 𝜑𝑟2 < 𝜑 , then the section does not reach the intrados, hence it
produces non-admissible stereotomies. Simple trigonometric considerations lead to (see Figure 2.12, right)
cos(𝛼 − 𝜑𝑠𝑖1 ) =

cos(𝜑𝑠𝑖2 − 𝛼) =

𝑅−
𝑅
𝑅−
𝑅

𝑡
2 ; => 𝜑

𝑠𝑖1

𝑡
2 ; => 𝜑

𝑠𝑖2

= 𝛼 − acos (

= 𝛼 + acos (

𝑅−
𝑅
𝑅−
𝑅

𝑡
2) ,

(2.35𝑎)

𝑡
2) .

(2.35𝑏)

𝜋

For any 0 < 𝛼 < 2 these inequalities need to hold. Note that these constraints can be equally depicted on
the α-φ plane (corresponding to a planar section of F for a given t/R value) as those resulting from the
equilibrium analysis. The diagram describing the relation of the admissible range of stereotomies based on
the equilibrium analysis and the stereotomy-related constraints is shown in Figure 2.12, left. The extent and
relation of the non-admissible ranges bounded by the constraints depends on the t/R value. The evaluation
of these diagrams reveals the values of t/R with a valid minimum thickness value.
An admissible stereotomy must fully be incorporated within the admissible range of the diagram (i.e. the
area marked white in Figure 2.12, left). This means that overlap of non-admissible ranges makes the
construction of an admissible stereotomy impossible – this would happen in case of a very thin arch. Note
that our formulation does not assume the existence of a middle hinge a-priori. An admissible stereotomy
might not form a middle hinge – a counterexample is shown in Figure 2.13, see also subsection 2.2.2. In
order for one middle hinge to be formed, the stereotomy function (φ(α)) must touch the internal nonadmissible range of φr(α) at exactly one point (for φr(α) represents the points of intersection between E and
intrados). Note that this point-wise condition does not guarantee a unique relation between the location of
the middle hinge and the t/R value. We refer to subsection 2.2.2, and 2.2.4 for counterexamples.
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Figure 2.12. Stereotomy and equilibrium related constraints

Based on eqs (2.33,2.35.), the lower bound of minimum thickness value can be readily derived analytically7.
The necessary condition of the existence of an admissible thrust line is that an admissible stereotomy
function exists. An admissible stereotomy can be constructed if the two non-admissible ranges bounded by
φri(α) and φsi(α) do not overlap (Figure 2.12, left). Based on the relation of φri(α) and φsi(α), an admissible
stereotomy function requires one of the following inequalities to hold:
𝜑𝑠𝑖1 < 𝜑 < 𝜑𝑟𝑖1 ,
𝜑𝑟𝑖2 < 𝜑 < 𝜑𝑠𝑖2 .

Figure 2.13. Admissible stereotomy resulting admissible thrust line, yet not a limiting case: no middle hinge formulates, as
φt does not touch either φr

a numerical optimization procedure is included in the Appendix 6.4 for comparison. A stereotomy function is searched for,
resulting the lowest possible minimum thickness value, considering the stereotomy related constraints. While quantitatively the
numerical and analytical lower bound values do not match exactly, the numerical procedure qualitatively is in good agreement with
the analytical results: the stereotomies depicted in Figure A2 and Figure 2.15 are quite similar.
7

29

The lower bound of the minimum thickness value is defined by the minimum t/R value resulting from any
one of the cases (A and B) when either of the above inequalities becomes an equality. Graphically it means
that the inner set of non-admissible points touches one of the outer sets (Figure 2.14 left and right panels).
These situations can be expressed as
𝜑𝑠𝑖2 (𝛼) = 𝜑𝑟𝑖2 (𝛼)and 𝜑𝑠𝑖2 ′(𝛼) = 𝜑𝑟𝑖2 ′(𝛼)for case (A)

(2.36), (2.37)

𝜑𝑠𝑖1 (𝛼) = 𝜑𝑟𝑖1 (𝛼)and 𝜑𝑠𝑖1 ′(𝛼) = 𝜑𝑟𝑖1 ′(𝛼)for case (B)

(2.38), (2.39)

Figure 2.14. case (A) left and (B) right – overlapping non-admissible ranges

In case (A) equations (2.36) and (2.37) yield t/R= 0.0924 (with α0=0.7365, φ1=1.0416). The resulting diagram
is shown on Figure 2.14 left. Further decrease in the value of t/R leads to φsi2(α) >φri2(α) (i.e. violation of the
constraint), but as long as eqs. (2.38) and (2.39) is not fulfilled, admissible stereotomies still can be found
(Figure 2.14, right).
The limiting value of t/R (and the corresponding location of the middle hinge) can be derived by solving
the following system of transcendental equations (2.38-39) (substituting in eqs. (2.35a) and (2.33a),
respectively):
𝜑𝑠𝑖1 (𝛼) = 𝜑𝑟𝑖1 (𝛼) =
𝛼 − acos (1 −

1𝑡
2𝑏(𝛼) + √(2𝑏(𝛼)2 − 4(𝑚(𝛼)2 + 1)(𝑏(𝛼)2 − 𝑚(𝛼)2 )
) = acos
,
2𝑅
2(𝑚(𝛼)2 + 1)

(2.40)

𝜑′𝑠𝑖1 (𝛼) = 𝜑′𝑟𝑖1 (𝛼)=
(𝛼 − acos ((1 −

1𝑡
2𝑏(𝛼) + √(2𝑏(𝛼)2 − 4(𝑚(𝛼)2 + 1)(𝑏(𝛼)2 − 𝑚(𝛼)2 )
))) 𝑑𝛼 = (acos
) 𝑑𝛼.
2𝑅
2(𝑚(𝛼)2 + 1)

(2.41)

The solution in terms of minimum thickness is t/R= 0.0819. The location of the middle hinge is also
uniquely determined: it is at α0=1.3216 (φ1=1.0344), where α0 denotes the solution of the system of equations
above, with respect to α. This yields the ultimate lower bound for the t/R ratio. Note that it is a special
feature of the lower bound minimum thickness value that the location of the middle hinge, and the rupture
30

angle is uniquely determined, as in the case of the upper bound (see subsection 2.2.1). For t/R ratios
between the limit, generally infinitely many combination exists: any point on the perimeter of the inner nonadmissible range can be chosen as location of middle hinge (selecting α0)– which in turn defines the rupture
angle through φ1. See also subsection 2.2.4.
Further decrease of the t/R value would result in an entire overlap of the non-admissible ranges, which
makes the construction of an admissible stereotomy function impossible. Note that this result delivered a
necessary condition for equilibrium with a stereotomy fulfilling the constraint equations. The existence of such a
stereotomy requires to demonstrate at least one solution for the entire structure. This is carried out
numerically (by constructing an admissible stereotomy for t/R=0.0819 resulting admissible thrust line).
Admissible stereotomies are generated by a custom-made script for the desired minimum thickness values.
The stereotomy functions are constructed and presented using the same α – φ coordinate system, as in the
previous subsection. The script runs a numerical optimization based on the fminsearch() function of
MATLAB to detect an admissible stereotomy and admissible thrust line matching the input data.
The script requires the following input:
-

the thickness to radius ratio, t/R
the prescription of the location of the middle hinge α0
an intuitive guess on a roughly suitable stereotomy – referred to as ‘guess-function’ φg(α)

This code minimizes the L2 norm of the difference between a guess function φg(α) (marked by dashed black
in Figure 2.15) and the calculated stereotomy, φt(α)(marked by black) (The logic and structure of the
optimization procedure is the same in the numerical optimization script written for finding the lower bound
minimum thickness value, see Appendix 6.4). Hence, it seeks the minimum of the following functional
𝜋
2

2

min → ∫ (𝜑𝑔 (𝛼) − 𝜑𝑡 (𝛼)) 𝑑𝛼.
𝛼

(2.42)

0

The stereotomy functions are approximated by their Taylor-polynomials up to the pth order:
𝑝

𝜑𝑡 (𝛼) = ∑ 𝑎(𝑗) ∙ 𝛼 𝑗−1 ,

(2.43)

𝑗=1

where the a(j)-s are the coefficients of the polynomial and p≥ 6, since the function needs to meet six
boundary values:
-

-

-

the sections must be radial at the top and the bottom, resulting in:
(c1)
𝜑𝑡 (0) = 0;
(c2)
𝜑𝑡 (𝜋/2) = 𝜋/2;
two additional boundary values are set to speed up the numerical procedure. They are not derived
from the original stereotomy-related constraints (they could have different values):
(c3)
𝜑𝑡 ′(0) = 1;
(c4)
𝜑𝑡 ′(𝜋/2) = 1;
the prescribed location of the middle hinge adds two more internal values:
(c5)
𝜑𝑡 (α0 ) = 𝜑𝑟1 ;
(c6)
𝜑𝑡 ′(α0 ) = 1;*
*see Appendix 6.5 for an explanation on (c6)

The guess-function φg(α) fulfils constraints (c1), (c2),(c5) (at least), stays entirely within the upper and lower
bound of the non-admissible range (𝜑𝑠1 , 𝜑𝑠2 marked blue and magenta dashed in Figure 2.15) and for
simplicity it is the sum of linear functions (a piecewise linear function). The resulting stereotomy function
φt(α) must stay entirely within the admissible range of result shown on the φ- α diagrams deduced above.
The range is defined by the bounds 𝜑𝑟1 , 𝜑𝑟2 , 𝜑𝑠1 , 𝜑𝑠2 described in the previous section – guaranteeing that
no thrust line point shall be outside the arch on the intrados side (𝜑𝑟1 , 𝜑𝑟2 ) and all sections meet the intrados
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(𝜑𝑠1 , 𝜑𝑠2 ). The optimization process, considering the constraints above, automatically generates an
admissible stereotomy. However, it does not guarantee that the resulting thrust line is admissible aswell:
-

the set of constraints only guarantee that the thrust line does not exit the arch towards the intrados
– it might still exit towards the extrados,
the constraint of non-intersecting sections (constraint a) in subsection 2.2.3) is also excluded from
the optimization procedure. In order to avoid intersections of sections towards the intrados, it
suffices to secure that the stereotomy function is monotonic (which is easily fulfilled by choosing a
monotonic guess-function), since it is defined by the internal angle of intersection of section and
intrados. However, intersections might occur towards the extrados side.

Both problems occur during optimization, towards the bottom of the arch. They are resolved within the
script by modifying the stereotomy function φt(α) after optimization, see Appendix 6.6.
Table 2.2 below summarizes the relevant input data of the numerical optimization procedure aiming to find
an admissible stereotomy for a given t/R value
Nr.

t/R

a)
α0 (a)

φ1(a)

b)
c6
(a)

remark

α0 (b)

φ1 (b)

c6
(b)
-

only one possible location of
middle hinge

1

0.0819

1.3215

1.0343

1

-

-

2

0.0924

1.1836

0.9907

1

0.7364

1.0415

1

multiple location possible,
only one shown

3
(a,b)

0.1074

0.9511

0.9511

1

0.8287

0.9732

1

different location, same c6,
different stereotomy

4
(a,b)

0.1089

0.8835

0.9570

1

0.8835

0.9570

1

same location, same
different stereotomy

c6,

Table 2.2. Input data for numerical procedure generating admissible stereotomies for given minimum thickness values and
constraints
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Nr. 1. Case of the lower bound
The generated stereotomy proves the existence of the lower bound (t/R=0.0819) since it results in an
admissible thrust line. The location of the middle hinge (α0=1.3215, φ1=1.0343) and hence the rupture angle
are uniquely defined by eqs.(2.40-41), as discussed above.
This problem required a rather precise guess-function (φg(α)) and a Taylor polynomial with order p=20 –
since the range of possible results is much more limited than in the other cases with a higher t/R ratio (see
below). φg(α)has three piecewise linear sections connected continuously, the middle section ordering φt(α)to
be placed in the middle between the bounds of the admissible range to avoid pathological results – eg. thrust
line coinciding with the intrados – which would result from a stereotomy function oscular to the inner nonadmissible range. The problem of crossing sections toward the extrados around the spring was solved
according to the method described in the Appendix 6.6. The resulting stereotomy function and the thrust
line is shown in Figure 2.15.
The resulting stereotomy has a remarkably similar topology to the one generated by the numerical
optimization procedure (see subsection 2.2.3): however, the numerical optimization procedure resulted in a
significantly higher value of t/R (0.088, with p = 20). A possible explanation might be the restraining effect
of the stereotomy related constraints: while the numerical optimization algorithm for minimum thickness
operates with a reasonably smooth stereotomy function, the intuitively generated resolve for the problem
of intersecting sections (see Appendix 6.6) towards the bottom results a less smooth stereotomy function.
The numerical studies also highlighted that the severe non-linearity in the problem leads to many, local
optima. It is far not trivial how to find a global optimum in such problems. The analytical derivation in the
previous sections clearly shows that this problem possesses a unique global optimum; however that
optimum can be realized with an infinite number of admissible stereotomies.

Figure 2.15. Admissible stereotomy for the lower bound t/R=0.0819
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Nr. 2. Case of the ‘upper’ lower bound
The resulting stereotomy shows a possible and admissible solution for the case, where 𝜑𝑠𝑖2 (𝛼1 ) =
𝜑𝑟𝑖2 (𝛼1 ),while min( 𝜑𝑟𝑖1 (𝛼)) > 𝜑𝑠𝑖1 (𝛼), t/R is deduced from eqs (2.36-37). Note that while the solution of
the system of equations provide α0 and ϕ1 as well (see Type (a), Figure 2.16, top), in this case the location of
the middle hinge is not uniquely determined by the condition of admissibility: it could be chosen along
𝜑𝑟𝑖1 (𝛼) as well. This is demonstrated by Type (b), Figure 2.16, bottom.

Figure 2.16. Admissible stereotomy for the upper-lower bound t/R=0.0924. Type (a) top, type (b) bottom
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Nr. 3. t/R= 0.1074, “Radial stereotomy”
Types (a) and (b) consider the minimum thickness value associated with radial sections (t/R=0.1074): Type
(a) (Figure 2.17, top) returns the stereotomy with radial sections, which verifies the methodology of the code.
Type (b) (Figure 2.17, bottom) starts with an alternate possible location of the middle hinge, and results in a
topology that significantly differs from the previous one, proving that multiple admissible stereotomies
might result in the same minimum thickness value.

Figure 2.17. Admissible stereotomies for t/R=0.1074, radial (type (a)) top, type (b) bottom
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Nr. 4. t/R= 0.1089, upper bound
For the location of the middle hinge is uniquely determined by eqs (2.10-12)– both Type (a) and Type (2b)
(Figure 2.18 top and bottom respectively) considers this constraint – but returns two alternate, yet admissible
stereotomies and the respective thrust lines based on various guess-functions allowing for equally vertical
rupture angle at the middle hinge. These examples demonstrate that even the unique relation of location of
middle hinge and minimum thickness value allows for various stereotomies. This argument is even more
relevant for the upper bound: while the vertical stereotomy associated by the literature with the upper bound
would violate the constraints (see subsection 2.2.3) of the model, both presented stereotomies fulfill them
completely. Note however that neither of the proposed stereotomies results a catenary-type thrust line.

Figure 2.18.. Admissible stereotomies for the upper bound, type (a) top, and type (b) bottom
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Discussion
The resulting stereotomy function in case of the lower bound t/R=0.0819, with almost parallel sections to
the thrust line conflicts in a practical sense with the no sliding assumption of the applied model. For the
sake of argument, the presented stereotomy might be interpreted as a crack pattern of a masonry structure
made of homogenous material, e.g. concrete: in this case, infinite friction along the cracks might result from
the interlocking effect of small pebbles. In the following section, acknowledging that the obtained topology
is rather unrealistic, a limiting angle of friction is introduced as further geometric constraint.
Whereas the upper bound of the stereotomy related minimum thickness values is present in the literature, to our knowledge no
attempt has been made to find the lower bound – i.e. the stone-cutting pattern resulting the thinnest arch possible.

Principal result Nr 2
(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017)
Based on a simplified structural model and the Heymanian assumptions of thrust line
analysis I derived the stereotomy related lower bound minimum thickness value for the
constant thickness semi-circular arch loaded with its self-weight only, based on a novel
analytical method. I demonstrated that feasible geometrical constraints on stereotomy are
necessary for a well-posed optimization problem – and hence, for the existence of a nonzero lower bound value.
2.1 I determined semi-analytically the lower bound minimum thickness value (t/R=0.0819) for
the constant thickness semi-circular arch and verified numerically its existence by generating a
valid stereotomy function.
2.2 I demonstrated that both the lower- and the upper bound minimum thickness values possess
the special property that they are uniquely determined by a discrete numerical parameter (location
of the middle hinge), as opposed to the general case discussed in Principal result Nr 1.
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2.2.3

Derivation of the lower bound considering friction angle as stereotomy-related constraint

The constraint based on a limiting angle of friction is formulated below, applying the notation of Figures
𝐻
1
2.19-20 (𝜔 𝑖s defined to give tan(𝜔) = 𝑉(𝛼) = 𝑚(𝛼), and δ denotes the limiting angle of friction). The slope of
the boundary of the friction cone at 𝛼 based on trigonometric considerations:
1 + 𝑡𝑎𝑛(𝛿) ∗
𝑚𝑓1 (𝛼) = cot(𝜔 − 𝛿) =

𝐻
𝑉(𝛼)

,
𝐻
− tan(𝛿)
𝑉(𝛼)
𝐻
1 − 𝑡𝑎𝑛(𝛿) ∗
𝑉(𝛼)
𝑚𝑓2 (𝛼) = cot(𝜔 + 𝛿) =
.
𝐻
+ tan(𝛿)
𝑉(𝛼)

(2.44𝑎)

(2.44𝑏)

Figure 2.19. Diagram of admissible stereotomies for a given t/R ratio (left) considering a limiting angle of friction, explanation on
the arch (right)

Figure 2.20. The admissible range of sections for a given limiting angle of friction (δ)

Equations of the points Pf1 and Pf2 – (intersection between the boundaries of the friction cone and the
intrados are quadratic equations in terms of cos(𝜑𝑓 ):
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𝑚𝑓1 (𝛼) {(1 −

𝑡
𝑡
) cos(𝜑𝑓1 ) − cos(𝛼)} − (1 − ) sin (𝜑𝑓1 + sin(𝛼) = 0,
2𝑅
2𝑅

(2.45𝑎)

𝑚𝑓2 (𝛼) {(1 −

𝑡
𝑡
) cos(𝜑𝑓2 ) − cos(𝛼)} − (1 − ) sin (𝜑𝑓2 + sin(𝛼) = 0.
2𝑅
2𝑅

(2.45𝑏)

If 𝜑𝑓1 > 𝜑 or 𝜑𝑓2 < 𝜑, the section falls outside the friction cone, and produces non-admissible stereotomies.
Admissible stereotomies exists, considering a limiting angle of friction if at least one of the inequalities below
hold:
𝜑𝑓1 < 𝜑 < 𝜑𝑟𝑖1 ,
𝜑𝑓2 < 𝜑 < 𝜑𝑠𝑖2 .

The limiting conditions for arbitrary δ can be derived in the same manner as described by eqs (2.36-39) in
section 2.2. Note that for masonry the dry friction coefficient (μ) ranges 0.5 and 0.7 and for traditional
structural materials does not exceed 0.8. As a case study, the global minimum value in terms of t/R is
obtained for δ=π/4 (μ =1) by solving:
𝜑𝑓1 (𝛼) = 𝜑𝑟𝑖1 (𝛼) and 𝜑𝑓1 ′(𝛼) = 𝜑𝑟𝑖1 ′(𝛼) .

(2.46, 2.47)

It yields t/R=0.1044 (α0 = 1.0204, φ1 = 0.9632). A stereotomy (φt) for an admissible thrust line is constructed
numerically and is shown in Figure 2.21, right. In order to further illustrate the effect of a limiting angle of
friction on the stability and possible failure mode of a semi-circular arch (for further reading on nonHeymanian collapse modes see eg. Bagi, 2014, Aita et al. 2017, Lengyel, 2018), the resulting range of values
of t/R are presented below (Figure 2.22 with respect to δ, for 0<δ<π/2 (from zero to infinite friction). The
range where a hinge mechanism can formulate (light grey on Figure 2.22) is constrained from below by
t/R=0.0819, deduced in subsection 2.2.3 and from above by t/R=0.1089, the upper bound of minimum

f
f

Figure 2.21. Lower bound minimum thickness value considering δ=π/4. Diagram of admissible range of stereotomies (left),
numerically obtained valid stereotomy (right)
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thickness values (see subsection 2.2.1). The bounding functions marked by red and blue are derived from
eqs(2.46-47), and
𝜑𝑓2 (𝛼) = 𝜑𝑟𝑖2 (𝛼)and 𝜑′𝑓2 (𝛼) = 𝜑′𝑟𝑖2 (𝛼),

(2.48, 2.49)

respectively. Eqs. (2.48-49) describe the situation if the left-hand-side non-admissible range due to friction
completely overlap those due to equilibrium (Figure 2.23, left). This happens for relatively thick arches, and
result in pure sliding failure (if any) hence the new conditions formed in Eqs. (2.48-29). Below the red line,
no equilibrium solution is possible, above the blue line only sliding can cause failure but within the light grey
range, both sliding and hinge mechanism can occur-subject to stereotomy. For δ =0 the necessary minimum
thcikness value is 0.1073, this is a limiting case, where eqs. (2.46-47) and (2.48-49) yields the same result.
Note that δ=π/2 is assimptotic to the red line: Hence theoretically any t/R value is achievable consdering
infinte friction (any other constraint disregarded). The theoretical minimal value obtained by the constraints
of the previous subsection (t/R=0.0819) is actually achievable considering (though extreme), but finite
friction.
Some remarks are necessary based on the diagram: the red line marks the boundary of the stereotomy related
necessary minimum thickness values – arches in the light grey, and grey zones can, but not necessarily will be
stable, it depends on the stereotomy. Unfavorable stereotomy conditions shall render a t/R value within the
‘possibly stable’ range unstable. First, consider the deduced value of 0.1073 which should theoretically be
possible for zero friction. The friction-related constraints are depicted on the α-φ plane (Figure 2.23, left),
note that the admissible stereotomy ‘range’ is collapsed to a single line coinciding with the concurring
boundaries produced by eqs.(2.45 a and b). It is easy to see from a mechanical point of view that the so
emerging necessary stereotomy function results normal sections to the envelope of resultants at every point
– hence the shear force is zero on every section (the stereotomy function corresponding to this latter
assumption is also marked on the figure, black – note that it perfectly coincides with the boundary

(b)
(a)

Figure 2.22. The effect of friction on the possible failure mode and range of minimum thickness values, see Figure 2.23 which
depicts points (a) and (b) respectively on the α-φ plane
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Figure 2.23. case (a), left and (b), right, on the α-φ plane

conditions). Note that the t/R value discussed is exactly the same as deduced by enforcing this (stereotomy)
condition on the minimum thickness analysis a-priori, see Table 2.1 (subsection 2.2.1).
The literature discusses the problem of arch failure if sliding is also possible (see also Introduction), based
on different premises. Aita and her coauthors (2019) deduced a ‘safe domain’ (meaning neither rotational,
nor sliding or mixed mechanism can formulate) for semi-circular arches of constant thickness, assuming
radial stereotomy. Only self-load was accounted for. Their Figure 7 is reproduced below (Figure 2.24. After
the necessary conversion, Figure 2.22 and 2.24 can be merged (Figure 2.25. Note that from Figure 2.24 a
further boundary value can be obtained (in addition to those deduced by the presented methodology): the
lower bound minimum thickness is 0.1074. This, as will be shown, is the direct result of Aita and coauthors
(2019) not considering any other stereotomy. They derive the necessary μmin = 0.38 for a safe arch. A similar
value was suggested by Lengyel (2018) with μmin = 0.34, based on similar assumptions. Both results are in
fair agreement with the conclusions of present study, if the assumption of radial sections is accounted for.
This can be explained based on Figure 2.26 which depicts the problem in the α-φ plane. The t/R ratio is
0.1074, the stereotomy function corresponding radial sections is marked black. The constraints based on
limiting angle of friction are marked green. Note that the diagram suggests that in case of e.g. δ =0.2
(constraint green dashed), an
admissible stereotomy is possible
(there is a range for it), but it is not
radial, this goes for δ =0, albeit the
resulting range is collapsed to a
single curve (see necessary minimum
thickness for zero friction above).
For radial stereotomy to be admissible,
δmin can be obtained based on eq
(2.45 a), it is found to be: δmin
=0.3658 (constraint green dotted)
which results μmin=0.383.

Figure 2.24. h/L denotes t/2R, the are marked green is the safe domain for the
semi-circular arch, based on the assumption of radial stereotomy. Reproduced from
(Aita et al. 2019)
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(c)

Figure 2.25. see also Figure 2.26. which depicts the point (c) on the α-φ plane

Figure 2.26. Comparing radial stereotomy (bold black), to various admissible ranges, depending on the limiting angle of
friction (φf= 0; 0.2; 0.36 rad)

Discussion
The comparative study depicted on Figure 2.25 highlights both the merits and shortcomings of the presented
formulation. It underlines the significance of stereotomy-related studies, for the ‘safe’ domain in terms of
pure rotational mechanisms can and should theoretically be altered accordingly (there are possible lower t/R
values admissible depending on stereotomy, whereas a restrictive stereotomy-rule results a smaller safe
domain). It only considers though a hinge arrangement corresponding to rotational failure mode (5-hinge),
whereas does not investigate those corresponding to mixed-type failure or pure sliding. Though it is in line
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with the modelling constraints of present research, it is also contradictory in the presence of finite friction.
This explains, why the presented method wrongfully predicts pure sliding mechanism in case of t/R higher
than 0.1089, while Aita and coauthors (2019) suggest a mixed collapse mode until t/R reaches approx. 0.2.
Valid safety assessment of a structure based on the equilibrium approach requires the superponated analysis
of all kinematically admissible failure mechanisms. Hence it must be emphasized that the only conclusion
possible to draw based on the diagrams above, is whether a pure rotational mechanism can formulate for
the given friction coefficient.
Considering the limits of the no-sliding assumption the literature presents the range of ‘safe’ thickness accounting for pure sliding
and mixed collapse mechanisms as well (in addition to pure rotational), subject to various friction coefficients but only considering
radial stereotomy. The original no-sliding assumption proposed by Heyman is actually feasible from a practical point of view
(i.e. based on the frictional coefficient of masonry) in case of radial stereotomy. However, in order to derive realistic conclusions
for a wider range of stereotomies while still dismissing sliding between the elements, the constraining effect of finite friction on the
range of admissible stereotomies should be considered.

Principal result Nr 3
(Gáspár, Sipos, Sajtos, 2018 /II/)
I proposed a geometrical method, based on the approach discussed in Principal result 2
which determines the range of admissible stereotomies if the friction coefficient is a given
finite value for the constant thickness semi-circular arch loaded with its self-weight. I
demonstrated that considering realistic (form a practical point of view) friction
coefficients, the range of admissible stereotomies is significantly reduced as opposed to
that assuming infinite friction, and consequently the lower bound minimum thickness
value is increased.
3.1 I determined semi-analytically the lower bound minimum thickness value for the constant
thickness semi-circular arch assuming that the frictional coefficient is μ=1 and verified numerically
its existence by generating a valid stereotomy function.
3.2 The range of safe minimum thickness values is determined in the literature considering a radial
stereotomy, and the effect of finite friction. I showed that even if the range of admissible
stereotomies is constrained by a realistic frictional coefficient, the safe range of minimum
thickness values can be extended.
The following conclusion can be drawn based on Principal result 2 and 3: the effect of stereotomy is limited
in practical problems in terms of the resulting minimum thickness value (note that radial stereotomy results
0.1074 t/R, and the value derived based on the assumption of μ =1 is only 3% lower /0.1044/). Within the
frame of the applied model, for the very simple load case discussed, its effect is negligible.
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2.2.4

Summary

The subsection studied the effect of stereotomy on the minimum thickness value of a semi-circular arch of
constant thickness, loaded by its self-weight. The applied simple structural and material model allowed for
the geometric formulation of the problem, resulting in a semi-analytical method applicable to the entire
range of equilibrium solutions. The proposed model, which widens the scope of previous studies, treats
stereotomy as a continuous function instead of representing it by the location and the rupture angle at the
middle hinge. In particular,
• the term family of thrust lines is introduced, labelling the infinite many thrust lines that can be
obtained for a statically determinate arch of given thickness, subject to stereotomy. We show that the
envelope of resultant bounds the family of thrust lines
• based on function transformation we derive the necessary stereotomy condition (parallel to the
distributed load) for thrust line and envelope of resultant to coincide. It is labelled catenary-type
thrust line. Its potential application in preliminary analysis of arches is discussed.
• it is demonstrated that considering plausible constraints on the stereotomy, the minimum thickness
values (in addition to the already known upper bound) are bounded from below, we show that as
opposed to previous studies, no a-priori assumption regarding the stereotomy or the location and
the rupture angle at the middle hinge is necessary to find the bounds of minimum thickness values
(either lower or upper),
• based on the feasible constraints of stereotomy a lower bound of the thickness to radius ratio can
be derived analytically, its value is found to be t/R=0.0819, its existence is demonstrated, by a
numerically generated stereotomy function that results an admissible thrust line (that is kept wholly
within the boundaries of the structure)
• for the resulting topology of the stereotomy is rather unrealistic from an engineering point of view
with sections almost parallel to the tangent of the intrados (conflicting with the no-sliding
assumption applied), further constraint based on the limiting angle of friction is introduced in the
same geometrical manner. It is concluded that considering a realistic frictional coefficient value, the
range of admissible minimum thickness values is significantly reduced
• compared to previous approaches of the literature where the no-sliding assumption was relaxed,
considering stereotomy as a parameter widens the scope of analysis even if a realistic frictional
coefficient constrains the admissible range of stereotomies
The possibilities and limitations of generating admissible thrust lines for given t/R ratios within the
applicable range of minimum thickness values are also studied both analytically and numerically. In
particular,
• it is proven analytically that in general, multiple stereotomies are possible for a single minimum
thickness value. There is no unique relation between either the location of the middle hinge and the
t/R value or the stereotomy function and the t/R value. This statement is demonstrated by
numerically generated stereotomies for various minimum thickness values,
• for the bounding values of minimum thickness (both upper and lower), the minimum thickness
value itself (not the overall stereotomy, which might still vary) is uniquely determined by the
location of the middle hinge and the rupture angle at that point. This observation partially justifies
the common approach of previous studies of minimum thickness analysis, namely that they focus
solely on the location of the middle hinge and the rupture angle there,
• despite the theoretical approach of the paper, it might be interesting even in the engineering sense,
that based on the presented findings the traditional dominance of radial stereotomy (with a
minimum thickness value of t/R = 0.1074) in both built examples and scholarly studies might not
necessarily reflect a structurally optimal solution.
Limitation of the model, in particular that it does not take the varying weight distribution resulting from
various stereotomies into consideration, can and shall be addressed in the future, although most likely
numerically. It is important to highlight that not all stereotomy-related constraints were necessary to deduce
the lower bound value of minimum thicknesses: in case of a semi-circular arch, the constraint ordering all
sections to at most touch both the extrados and the intrados sufficed. It would be interesting to see, whether
the minimum thickness values of other arch geometries were bounded by the same constraint, or the
constraint excluding intersections between sections could play a more significant role.
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2.3

Definition of the rotational collapse mode and minimum thickness of circular pointed arches
considering the effect of stereotomy

The investigations of the previous section
(2.2) is extended to circular arches. The
methodology is simplified as constraints on
the direction of sections are neglected,
however the investigated problem itself is
more complex, as the arrangement and
number of hinges vary depending on the
overall geometry, according to the literature
(see Introduction) – as opposed to the single
5-hinge mechanism in case of semi-circular
arches. Nikolić’s recent study (2017) based on
an iterative numerical procedure suggested
that there is a specific relation of arch
geometry, minimum thickness and failure
mode and introduced a novel, 7-hinge type
mechanism. In the following, the case of
constant-thickness circular-pointed arches
subject to their own weight is investigated,
with a limited outlook to the more general
problem of symmetrical arches. The
following problems are treated consecutively
(the last one considered in section 2.4)
-

-

-

does stereotomy-related variation in
minimum thickness values exist in
Figure 2.27. Notation of circular arches
case of circular arches aswell?
is it possible to define the rotational
failure mode of arches based on the geometry of the arch (more specifically, its r(x) function?) Does
stereotomy affect this relation? if so, how?
does catenary type thrust line result a bounding value of minimum thickness for a given geometry
and failure mode type, as it does in case of semi-circular arches?
is the list of failure modes provided by Nikolić complete?
does a theoretical upper bound of hinge numbers exist for symmetrical arches of otherwise arbitrary
geometry?

The geometry of the circular-pointed arches is described with eccentricity parameters xe and ye, see Figure
2.27, defining their ‘pointiness’ and opening angle. If not specified otherwise, the catenary type thrust line
is considered, resulting from vertical stereotomy – however, in order to keep the results from various
stereotomies comparable, the section at the top is defined as vertical, and at the springing horizontal (this is
the same assumption as adopted in subsection 2.2.3). This theoretically modifies the reference line (r(x)),
extrados, intrados as depicted in Figure 2.27. However, in the numerical calculations, for simplicity, this was
only partially accounted for: it was considered in the global equilibrium of the structure when defining the
boundaries of the problem (y0 and xmax), however, the load was only distributed along the center line (as
opposed to the straight sections from center towards extrados and intrados at top and bottom).
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Rotational collapse modes of circular-pointed arches

Figure 2.28. Rotational collapse modes of circular arches, based on (Nikolić, 2017)

Nikolić, considering radial stereotomy, identifies 5-types of failure modes in his paper, see Figure 2.28. In
addition to the 5-hinge type (1) and (2a and b) also a 6-hinge and 7-hinge. For Nikolić only provides an
intuitively acceptable reasoning as opposed to explicit proof, in order to asses, if the list he provided is
complete, we show analytically that at the limit state in a circular pointed arch no more than 7 hinges might
formulate simultaneously (note that it is not investigated whether all hinges would be ‘activated’ during
failure at this stage, see Discussion in subsection 2.3.3). We consider unit radius circular arches (xe, ye є
[0,1])(Figure 2.27), in order to comply with the general modelling assumption of the study that r(x) is convex.
We define a deviation function (d(x)) as the difference between the center line r(x) and the catenary-type
thrust line c(x):
𝑑(𝑥): = 𝑟(𝑥) − 𝑐(𝑥).

(2.50)

Recall that the equation of the envelope of resultants (or the catenary-type thrust line) is obtained based on
the vanishing moment (at the intrados) as, see eq (2.29):
𝑚(𝑥)

⏞
𝑉(𝑥)
𝑐(𝑥) = 𝑦0 −
(𝑥 − 𝑥𝑉 (𝑥)),
𝐻

(2.51)

where y0 denotes the y-intercept of H at the top, and xV the x-coordinate of the center of mass. We rely on
the concavity of the c(x) function below, which is more clearly illustrated by an alternate formulation:
𝑥 𝜉

𝜌
𝑐(𝑥) = 𝑦0 − ∫ ∫ 𝑠 ′ (𝜂) 𝑑𝜂𝑑𝜉 ,
𝐻

(2.52)

𝑠′(𝑥) = √(1 + 𝑟′(𝑥)2

(2.53)

0 0

where

𝑥

is the arc length formula. Note that 𝑉(𝑥) = 𝜌 ∫0 𝑠′(𝜂)𝑑𝜂 , where 𝜌 is the unit weight.
Let n be a positive integer. If there are n local extrema of the deviation function (possible locations of the
hinges), there must be (n-1) points of inflection between them. Hence, the number of hinges k≤2*(n)+p,
where p is the number of hinges at the top and springing, for in general, they do not correspond to local
extrema of d(x) (see Figure 2.29). The number of inflection points is simply the number of points at which
the second derivative vanishes, hence we aim to determine the zeros of the following equation (we implicitly
assumed that both r(x) and c(x) is twice differentiable, for x ϵ [0,xmax], which is true, except for r(0), if xe ≠0,
where it is singular.)
𝑑 ′′ (𝑥) = 𝑟 ′′ (𝑥) − 𝑐 ′′ (𝑥) = 0.

(2.54)

The equation of the reference line for a pointed arch, made of unit circle is,
𝑟(𝑥) = √1 − (𝑥 + 𝑥𝑒 )2 − 𝑦𝑒 ,

(2.55)
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where xe and ye denotes the shift of the vertical and horizontal symmetry line respectively from the axis of
the circle (see Figure 2.27). Eq (2.54) can then be formulated as (based on the first and second derivatives of
eqs. (2.52) and (2.55)):
−

𝜌 𝜌
1 − − (𝑥 + 𝑥𝑒 )2
𝐻 𝐻
(
) = 0,
1 − (𝑥 + 𝑥𝑒 )2
√1 − (𝑥 + 𝑥𝑒 )2
⏟
1

(2.56)

=0

hence it follows that
𝜌
1−
𝐻 −𝑥 .
𝑒
𝜌
𝐻
⏟

𝑥 = ±√

(2.57)

ℎ

For xe is a non-negative scalar, eq. (2.57) results maximum one positive root 1(n-1≤1, or alternatively n≤2)
There are no positive roots, hence no points of inflection if ℎ < 𝑥𝑒 . There are no solutions even in the
presence of a positive root, if x> xmax (see Figure 2.27). This happens for highly pointed arches (the inflection
point of d(x) lies out of range). Based on these considerations, three cases can be distinguished (see Figure
2.29):

Figure 2.29. Number and location of inflection points on d(x) for circular arches, three cases

Case (a)
n=2, p=[2;3], resulting k≤2*2+3 =7. This proves that in a circular, convex arch, maximum 7 hinge can
formulate. Note that the most typical (‘typical’ is further discussed in the next section) arrangement of case
(a) however is either the 6-hinge mechanism, when at the top the thrust line does not reach intrados, or 5hinge type (2a), when the hinge at the top is at the intrados, but the thrust line does not reach either boundary
at the springing.

Case (b)
n=2, but one of the local maxima is located at the top, hence the formula for k modifies to k=2*n+p-1=5,
(p=2) for the hinge at the top was counted twice. This leads to 5-hinge mechanism type (1). This is only
possible, if in addition to c(x), r(x) is also (twice) differentiable at the top, hence if xe=0 (non-pointed circular
arches of arbitrary opening angle).

note that if the condition of r(x) being a concave function (guaranteed by a bounded range of xe [0,1]) is relaxed, the theoretical
possibility of hinge number up to 9-hinges would open up (in case of ’m’ shaped arches) – this maximum number can also be derived
by simple parameter analysis of the problem. This is not further investigated in the present study.
1
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Case (c)
n=1, p=3 k= 2*1+3=5, leading to 5-hinge mechanism type (2b) (with thrust line reaching intrados both at
the top and the springing).
Note that technically case (b) and (c) can be treated as special case of case (a) – stating that n=2 for all of
them, but k differs for the multiplicity of solutions in case (b) and for the solution being out of range for
case (c).

2.3.1

Classification of circular pointed arch geometries based on the corresponding failure mode

Arch geometries are classified
according to their corresponding
rotational
failure
mode,
considering the catenary typethrust line. The results are
depicted in a diagram in the xe-ye
plane (Figure 2.30). The relation of
stereotomy and failure mode is
discussed in the next section, but
it is stated in advance that the
uniqueness relation between geometry
and failure mode only holds for given
stereotomy. For a given value of ye,
the transformation of rotational
arch failure modes subject to
increase in xe can be traced as
follows: It is straightforward from
the previous section that 5-hinge
5-h1
type 1 failure mode is only
possible, if xe=0. If xe ≠0, thrust
Figure 2.30. Rotational failure modes of circular pointed arches, subject to their
line cannot touch extrados: it
geometry, considering vertical stereotomy (catenary type thrust line)
moves towards intrados (for r’(x)
<0 and c’(0)=0 by definition,
enforcing symmetry on the problem). Thrust line’s eccentricity at the top from r(x) is denoted et, [-1,1] – it
is a unitless dimension, scaled by t/2R, half-thickness to radius ratio of the arch. The initial 5-hinge type (1)
mechanism then turns into a 6-hinge mechanism, with the value of et decreasing, until reaching et=-1 (thrust
line touching intrados at the top). At that instant, 7-hinge mechanism evolves (see Figure 2.28). For pointier
arches (larger xe values), thrust line can only be kept within the boundaries (since it cannot start below
intrados at the top), if it moves towards intrados at the springing. Its eccentricity from r(x) at the springing
is labelled es [-1,1], analogously to et (see also Figure 2.31). Decrease of es value results a 5-hinge type 2a, and
ultimately with es=-1 a 5-hinge type 2b mechanism. Based on these considerations, the diagram on the xe-ye
plane can be constructed (Figure 2.30)
The range of admissible pair of xe-ye values is bounded by the function (red continuous line):
𝑦𝑒 = √1 − (𝑥𝑒 )2 .

(2.58)

The unique values of xe can be determined for each ye resulting 7-hinge mechanisms, constituting the border
curve between regions of 6-hinge and 5-hinge type 2a failure modes. Similarly, a uniqueness in terms of xe
holds for the border between 5-hinge type 2a and b: Definition of the border curves is possible by solving
the following system of non-linear equations, describing equilibrium and admissibility of the structure (the
geometrical constraints guarantee that thrust line does not exit the boundaries of the structure):
𝑑(𝑥1 ) = 𝑐(𝑥1 ) − 𝑟(𝑥1 ) = 𝑡/2
𝑑′(𝑥1 ) = 𝑐′(𝑥1 ) − 𝑟′(𝑥1 ) = 0
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𝑑(𝑥2 ) = 𝑐(𝑥2 ) − 𝑟(𝑥2 ) = −𝑡/2
𝑑′(𝑥2 ) = 𝑐(𝑥2 ) − 𝑟(𝑥2 ) = 0

(2.59 − 62)

With x1 and x2 denoting the x-coordinate of the internal hinges. The problem of finding 7-hinge mechanism
contains the following independent unknowns for given ye:
xe, x1,x2, t/R,
while the lower limit in terms of xe for 5-hinge type 2b:
xe, x1,and t/R.
Note that xe and t/R here directly define x2, as that is by definition the hinge at the springing, where the
thrust line must be tangent to the intrados – hence eq. (2.61) is no longer independent either, resulting 3
equations and 3 unknowns for the latter problem. Uniqueness of solution (if exists) is guaranteed for both
cases, since the equations describe statically determinate problems. The system of eqs. (2.59-62) is solved
using the inbuilt fsolve module of MATLAB.
For fixed stereotomy condition, the corresponding t/R is also uniquely defined for each point on the xe-ye plane.
Note that in the cited article (Nikolić 2017), Nikolić presents a figure displaying the relation of eccentricity
and minimum thickness for varying arch openings, which can be interpreted as parallel cuts to the t/R-xe
plane (normal to the here presented xe-ye plane), projected normally to a reference plane. In the following
section, the effect of varying stereotomy is investigated: it is shown that stereotomy related variation of
minimum thickness, and even rotational failure mode, is possible. This requires a further “dimension” (that
of stereotomy, in addition to t/R, xe and ye) to be considered.
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2.3.2

Stereotomy related minimum thickness bounds for each failure mode

As discussed in section 2.2 it is possible to map the admissible stereotomies for a single minimum thickness
value for mechanisms 5-hinge type (1). This will be generalized below for the rest of the failure modes, in
order to discuss for each of them whether and what kind of stereotomy related bounding value (lower or upper)
of minimum thickness value emerges considering catenary type thrust line. Admissibility of stereotomies
will only be discussed below based on equilibrium2.
There are two major differences in the problem statement compared to the case of semi-circular arch:
(a) the general equation of the resultant depends on xe and ye and the eccentricities et and es of c(x) from
r(x) at the top or bottom (as parameters)
(b) middle hinge might formulate at the extrados (as well)
In order for the results to be readily comparable with those of section 2.2, a similar formulation is adopted,
the reference line is parametrized by arc length (α), hence instead of xe and ye, internal angle to the vertical
αt and αs, respectively are used to quantify eccentricity from the center of the circle (refer to Figure 2.27 and
2.31 for their relation). The resulting diagrams are similarly depicted in the α-φ plane, where φ denotes the
internal angle to the vertical of intersection of section and intrados.
There are also major differences in the treatment of the problem:
As opposed to the direct approach applied in section 2.2, we treat the stereotomy-related minimum
thickness problem indirectly below. First, we assume that the catenary type thrust line results bounding value
minimum thickness for all type of rotational collapse modes, hence we start each analysis of an arch with
given r(x) reference line by determining the minimum thickness and the corresponding α-φ diagram
depicting the admissible range of stereotomies based on it. Then, we modify the thickness along with the et
and es parameters (see above, and Figure 2.31. Note that r(x) is unaffected!), if applicable and observe the effect
on the range of admissible stereotomies (essentially the /modified/ α-φ diagram). Since the equilibrium
related constraints are required, we derive the envelope of resultant for each new combination (see also section
2.2).
We start with the simpler case (5-hinge type 2b (case (c), in Figure 2.29), which, as is demonstrated below
works like the 5-hinge type 1 (case (b) in Figure 2.29, discussed in section 2.2), with the distinction that the
internal hinge is at the extrados. Then we consider consecutively the 6-hinge, 5-hinge type 2a and 7-hinge
(case (a), in Figure 2.29) which differ considerably, as they contain two internal hinges (as opposed to one).
It is important to highlight that we only aim to prove that other stereotomies (and hence minimum
thicknesses) are possible, but we do not pursue to derive them for illustration (the numerical procedure of
the previous section could be readily implemented). This also holds for the bounding value minimum
thicknesses: we only intend to find the combination that results them (in terms of et and/or es) and not the
corresponding stereotomy (unless, the bounding value is based on the catenary type thrust line).
In order to adapt the equilibrium related constraint for the case of internal hinge at the extrados eqs. (2.6),
and (2.29-2.34) from the previous section are reformulated accordingly. The horizontal thrust H for circular
pointed arches in general is defined as
𝐻=

𝑉(𝛼𝑠 )(𝑥𝑚𝑎𝑥 − 𝑥𝑉 (𝛼𝑠 ))
𝑦0

(2.63)

where, following the notation of Figure 2.31
𝑡
2𝑅
𝑡
𝑦0 = cos(𝛼𝑡 ) − cos(𝛼𝑠 ) + 𝑒𝑡
2𝑅

𝑥𝑚𝑎𝑥 = sin(𝛼𝑠 ) − sin(𝛼𝑡 ) + 𝑒𝑠

2

(2.64)
(2.65)

The feasibility of stereotomies is not considered here (see subsection 2.2.3)
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Figure 2.31. Notation of collapse modes 6-hinge(left) and 5-hinge type (2a) (right)

whereas E(α) becomes (see also eqs. (2.29) (2.51))
𝑚(𝛼(𝑥))(𝑥 − 𝑥𝑉 (𝛼)) = 𝑦0 − 𝑦

(2.66)

Similarly to the methodology described in subsection 2.2.3, the non-admissible range of stereotomies for
hinges at the extrados (labelled 𝜑1 𝑎𝑛𝑑 𝜑2 ) can be explicitly defined for each t/R value the following way:
At the intersections of E(α) with the extrados, the following relations hold:
𝑥 = (1 +

1𝑡
) sin(φ𝑒 ) − sin (𝛼𝑡 )
2𝑅

(2.67)

𝑦 = (1 +

1𝑡
) cos(φ𝑒 ) − cos (𝛼𝑠 )
2𝑅

(2.68)

φ𝑒 denotes the internal angle to the vertical of intersection extrados and resultant3. This can be conveniently
converted to φ , (in order for a consistent diagram in the α-φ plane even in case of two internal hinges):
1𝑡
2 𝑅 sin(φ ))
𝜑 = asin (
𝑒
1𝑡
1−
2𝑅
1+

(2.69)

Substituting eqs. (2.67-68) into the equation of E(α) above, dividing both sides by (R+t/2) and rearranging
leads to
𝑚(𝛼) sin(φ𝑒 ) =

(𝑦0 + cos(𝛼𝑠 ) + 𝑚(𝛼)(𝑥𝑣 (𝛼) + sin(𝛼𝑡 )))
− cos(φ𝑒 )
1𝑡
(1
+
)
⏟
2𝑅

(2.70)

𝑏𝑒 (𝛼)

Equations or system of equations are solved below by the roots and fsolve inbuilt solvers of MATLAB.

note that the envelope of resultant coincides catenary type thrust line for vertical stereotomy if the loading is self-weight. Hence the
intersection at the extrados is projected vertically to the intrados.
3
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5-hinge type (2b)
(Case c, Figure 2.29)4
As opposed to the hinge at the intrados, eq. (2.70) defines open boundaries for fixed t/R value (see Figure
2.32-33). The quadratic equation in cos(φe) has two roots, the form is exactly that obtained in eqs. (2.33a-b)
The resulting boundaries are depicted in Figure 2.33 right column from top to bottom for fixed geometry
(corresponding to a 5-hinge mechanism type (2b)), but different t/R values in an ascending order. Based on
similar considerations as in subsection 2.2.3, non-intersecting ranges are obtained, if eq. (2.34) holds, recall:
𝑞𝑒 (𝑥) = −𝑏𝑒 (𝛼(𝑥))2 + 𝑚(𝛼(𝑥))2 + 1 ≥ 0

The limiting case is obtained at 𝑞𝑒 (𝛼) = 0 (coinciding roots). Figure 2.32 depicts the 𝑞𝑒 (𝛼) function. Note
that the limiting case is now represents a lower limit: admissible stereotomy-related solutions are possible
for higher t/R values only. As discussed before, this limiting case results from minimum thickness analysis
based on catenary type thrust line, as it bounds the family of thrust lines.
t/R=0.
03

t/R=0.
1

qe(x)

qi(x)

x

x

t/R=0.0
41

t/R=0.1089

qe(x)

qi(x)

x

x

t/R=0.0
5

t/R=0.12

qe(x)

qi(x)

x

x

Figure 2.32. left: qe(x) functions for failure mode 5 hinge type (2b) (αt=0.45 αs=1.27) for various t/R in
ascending order from top to bottom, right: q(x) functions for failure mode 5 hinge type (1) (αt=0 αs=1.57) for
various t/R in ascending order from top to bottom

4

Note that 5-hinge type (1) (case (b)) is not considered here, as it was discussed in detail in section 2.2
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(2b)

Figure 2.33. Effect of stereotomy on the minimum thickness value of circular arches derived considering the catenary-type thrust
line for 5-hinge type(1), 7-hinge, and 5-hinge type(2b) failure modes. The minimum thickness correspoding to the catenary type
thrust line is shown in the middle, the effect of raising or reducing the thickness is depicted above and below, respectively. Green
frame marks the admissible solutions.φt denotes the thrust line, φr is the function that bounds the admissible range
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6-7-5-hinge type (2a)
(Case a, Figure 2.29)
For 6-7 and 5 hinge type (2a) as well two inner hinges appear: one at intrados, one at extrados. Both eqs.
(2.32 and 2.70) produces boundaries, limiting case is achieved (in case of catenary type thrust line), if both
𝑞𝑒 (𝑥) and 𝑞𝑖 (𝑥) is 0 and has a local extremum. This results the following set of non-linear equations (which
is nothing else but alternate formulation of eqs. (2.59-62), better suited for comparison with the case of
semi-circular arch):
𝑞𝑒 (𝑥1 ) = 0
𝑞𝑒 ′(𝑥1 ) = 0
𝑞𝑖 (𝑥2 ) = 0
𝑞𝑖′ (𝑥2 ) = 0

(2.71 − 74)

which can be solved numerically. Results for selected arch geometries and their corresponding φ-α diagrams
are depicted in Figures 2.34 and 2.35, second row, left. Analyzing the cited diagrams of case (a) in Figures 2.34
and 2.35, it becomes reasonable to assume that should the t/R value be higher, hinge at the intrados would
disappear5, while for lower t/R values, the ranges corresponding to inadmissible points towards the extrados
would intersect (hence no admissible stereotomy can be constructed) therefor no stereotomy-related
variation in terms of t/R exists, see Figure 2.34 and 2.35, first row, middle and right. It is however shown
below that due to their ‘geometrical indeterminacy6’ (parameter ‘et or es’ influencing the location of the array
of resultants) in case of 6-hinge and 5-hinge type (2a) mechanisms stereotomy related variation still exists:
multiple minimum thickness values can be derived for the same geometry and moreover the minimum thickness
value derived based on catenary-type thrust line does not provide a bound.

If one (per side) intermediate hinge would dissapear, due to the symmetry of the problem even the (originally) 6-hinge mechanism
would no longer be a potential mechanism as a 4-hinge symmetrical arch cannot collapse considering only rotational failure (the 5hinge mechanism turns into a 3-hinge arch, which is statically determinate).
5

6 the term geometrical indeterminacy with reference to et and es might

be confusing: however, note that it also stems form stereotomy,

hence, essentially denotes the same principle as in section 2.2.
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Figure 2.34. φ-α diagrams of αb=0.1 αt=1.27 arches, corresponding to 6-hinge mechanism, see also Figure
2.39 for the location of (a), (b) and (c) in the t/R -xe plane
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Figure 2.35. φ-α diagrams of αb=0.3 αt=1.27 arches, corresponding to 5-hinge type 2(a) mechanism, see also Figure 2.39 for the
location of (a), (b) and (c) in the t/R -xe plane
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6-hinge
Recall, in the case of a 6-hinge mechanism we have 4 independent unknowns for a given geometry (fixed αt
and αs): t/R, et, and the location of internal hinges, α1 and α2 in the polar system applied here. Consequently,
if vertical stereotomy is considered (equivalently: catenary type thrust line), solving eqs. (2.71-74), results a
unique ‘et’ value in addition to the location of hinges and t/R value for a given geometry. However, relaxing
the boundary conditions of the minimum thickness analysis still based on catenary-type thrust line (by
instead of eqs. (2.71) and (2.73) forcing only the following inequalities on the problem:
𝑞𝑖 (𝑥) ≥ 0

(2.75)

𝑞𝑒 (𝑥) ≥ 0

(2.76)

respectively, opens up a range of admissible values of ‘et’, and allows for stereotomy related variation of
minimum thicknesses for the same geometry. Geometrically, condition (2.75) means that we allow the
catenary type thrust line to cross the boundary towards the intrados, while condition (2.76) means it might
not even touch extrados (see Figure 2.34-2.35 second row, middle, left). Observe that if both is fulfilled
simultaneously alternate admissible stereotomies might exists, as all other members of the thrust line family
is ‘above’ the catenary-type – i.e. one can be found that touches both extrados and intrados. The following
questions should then be investigated:
- what is the admissible range of ‘et’,
- whether an analysis based on the catenary-type thrust line results a bounding minimum thickness value

Figure 2.36. left: d(x) function subject to eccentrictiy for αb=0.1, αt=1.47, t/R=0.043 (6-hinge), right: d(x) function subject to
eccentricty for αb=0.5, αt=1.37 t/R=0.041 (5-hinge type (2a))

The deviation function d(x)7 introduced earlier provides an illustrative tool well suited to investigate these
questions:
𝑟(𝑥)

⏞
2
𝑑(𝑥) = 𝑦
⏟0 − 𝑚(𝛼(𝑥)) (𝑥 − 𝑥𝑉 (𝛼(𝑥))) − √1 − (𝑥𝑒 − 𝑥) .

(2.77)

𝑐(𝑥)

for catenary type thrust line results from vertical stereotomy, d(x) is rather convieniently defined, the conversion from
the polar system back and forth is straightforward. Depicting d(x) corresponds to vertical projection of c(x) and r(x).
7
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r(x) depends only on the geometry, hence any changes of the value t/R or e only affects c(x). x, xv are also
independent of these parameters. In order to highlight the effect of any change in these parameters, the
following formulation is obtained, based on eqs. (2.63, 2.65)
𝒚𝟎

𝑟(𝑥)

⏞
𝒕
𝑉(𝛼(𝑥))
⏞
𝑑(𝑥) = (𝒚𝜶𝒕 − 𝒚𝜶𝒃 + 𝒆𝒕
)(1 −
(𝑥 − 𝑥𝑉 (𝛼(𝑥))) − √1 − (𝑥𝑒 − 𝑥)2 .
𝟐𝑹
)(𝒙
(𝒕)
(𝛼
))
𝑉(𝛼
−
𝑥
⏟
𝑏
𝒎𝒂𝒙
𝑉
𝑏

(2.78)

𝑐(𝑥)

Note that ‘et’ only affects (directly) the value of y0. From this formulation it is obvious that for a given t/R
value reducing the value of ‘et’ results lower d(x) values. Hence the admissible range of ‘et’ is found to be:
𝑒0𝑡 > 𝑒𝑡 > −1,

(2.79)

where e0t denotes the eccentricity calculated during the determination of minimum thickness considering
catenary type thrust line. For illustration see Figure 2.36, left: it depicts the case of αb=0.1, αt=1.47: d(x),
continuous black, is depicted considering t/R=0.043 and e0t=0.82 value resulting from minimum thickness
analysis based on catenary type thrust line. d2(x), continuous blue, resulted for the same geometry by
considering et =-1. Note that the decrease of d(x) means that it moves towards intrados, for a given t/R.
Hence, it is theoretically possible, to construct arches (by finding admissible stereotomies) for both higher
and lower t/R values than that defined based on the catenary type thrust line: the corresponding lower and
upper bound minimum thickness values can be found based on the assumption that et =-1:
t/R can be increased as long as min(d(x)) ≤t/2R), whereas it can be reduced as long as max(d(x)) ≤t/2R) –
meaning that the envelope of resultant at least touches the intrados, and at most touches the extrados. The
extremities of the range of minimum thickness values hence can be found by solving
𝑞𝑒 (𝑥1 ) = 0 ; 𝑞 ′ 𝑒 (𝑥1 ) = 0; 𝑞𝑖 (𝑥2 ) = 0 𝑤ℎ𝑖𝑙𝑒 𝑒𝑡 = −1

(2.80)

𝑞𝑖 (𝑥2 ) = 0 ; 𝑞 ′ 𝑖 (𝑥2 ) = 0; 𝑞𝑒 (𝑥1 ) = 0 𝑤ℎ𝑖𝑙𝑒 𝑒𝑡 = −1

(2.81)

or
The former resulting lower, the latter the upper bound. Note that the case of e = -1 turns the originally
6-hinge mechanism into a 7-hinge mechanism (see Figure 2.37, far left and left).

Figure 2.37. Hinge arrangement and catenary tpy thrust line in corresponding limit thickness arches (admissible stereotomy can
exist, since all other members of the thrust line family lay above the catenary type thrust line)

Up to this point it has been implicitly assumed that the failure mode is not subject to stereotomy – i.e. only
6-hinge (or in the limit, 7-hinge) mechanisms has been considered. This kept the value of es fixed, at 1.
However, this is not a necessary condition. Decrease in the value of es has a similar, reducing effect on d(x)
(see below), and it can be activated, if the limit in terms of et is achieved (ie. hinge at the top is at the intrados).
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This turns the 6-hinge mechanism into a 5-hinge type (2a) or even (b). This is further discussed at the end
of this section.

5-hinge type (2a)
The problem of the 5-hinge mechanism type (2a) is very similar to the above discussed 6-hinge mechanism,
except that at the top the thrust line is required to touch intrados (hinge), while hinge at the springing is not
a necessary condition, hence ‘es’ becomes a parameter. Therefor eq. (2.77) turns into:
𝑟(𝑥)

𝑑(𝑥) = (𝑦0(𝑡) )(1 −

𝑉(𝛼(𝑥))
𝑉(𝛼𝑏 ) (𝒙
⏟𝜶𝒃 − 𝒙𝜶𝒕 + 𝒆

⏟

⏞
(𝑥 − 𝑥𝑉 (𝛼(𝑥))) − √1 − (𝑥𝑒 − 𝑥)2

(2.82)

𝒕
− 𝑥𝑉 (𝛼𝑏 ))
𝟐𝑹

𝒙𝒎𝒂𝒙
𝑐(𝑥)

Clearly, the ‘es’ parameter only affects the value of xmax. Note that reducing the value of ‘es’ results similarly
to above lower d(x) values for arbitrary x (for given t/R value, see Figure 2.36, right). Following the same
argument (see Figure 2.37 right and far right) as for the case of 6-hinge it is deductible that a minimum
thickness analysis based on catenary type thrust lines does not provide any bound for 5 hinge mechanism type
(2a) either (either lower or upper). The admissible range of ‘e’ is analogously:
𝑒0𝑠 > 𝑒 > −1

(2.83)

The extremities of the range of minimum thickness values can be found by solving
𝑞𝑒 (𝑥1 ) = 0 ; 𝑞 ′ 𝑒 (𝑥1 ) = 0; 𝑞𝑖 (𝑥2 ) = 0 while 𝑒𝑠 = 𝑒𝑠𝑚𝑖𝑛

(2.84)

𝑞𝑖 (𝑥2 ) = 0 ; 𝑞 ′ 𝑖 (𝑥2 ) = 0; 𝑞𝑒 (𝑥1 ) = 0 while 𝑒𝑠 = −1

(2.85)

or
The former resulting lower, the latter the upper bound. Note that the case of e = -1 turns the originally
5-hinge type (2)a mechanism into a 5-hinge type (2b) mechanism (Figure 2.37). Also note that 5-hinge
type (2b) mechanism is not achievable for αt=0, since for that, the slope of the resultant had to be infinite
(tangent of semi-circle at the springing).

7-hinge
In case of 7-hinge mechanism, the value of ‘et and es’ are both prescribed (-1 and 1, respectively), which does
not allow for geometrical adjustment for the same xe-ye pairs, in the manner done above for 6-hinge and 5hinge type (2a). Stereotomy related variation of minimum thickness value is not possible that would result a
7-hinge mechanism (the diagram of admissible stereotomies would look as on Figure 2.33, middle column)–
however, the 7-hinge mechanism is redundant in the sense that it contains more potential hinge locations
than necessary (5 or 6) for collapse: as hinted at the end of the study of the 6-hinge mechanism, stereotomy
related minimum thickness variation is very much possible, if an alternate failure mode is considered, in this
case 5-hinge type (2b). This is achieved by reducing the value of es. From here on, similar argument follows
in defining lower and upper boundaries in terms of minimum thickness as done for 5-hinge type (2a) above.
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Discussion
The most important conclusion of the study above, is that eminently geometry of the circular pointed arch
determines the failure mode, however, it can be modified by stereotomy if the failure mode had geometrical
indeterminacy (6-hinge, 5-hinge-type (2a), see also subsection 2.3.3 ) and/or redundancy (7-hinge).
Furthermore, determination of bounding value of minimum thickness for any geometry is possible if the
geometrical indeterminacy, or the redundancy is resolved.
Table 2.3 below summarizes the bounds in terms of minimum thickness that equilibrium analysis provides
for various failure modes. Nikolić’s study suggests that there are ‘ideal’ arch geometries (xe-ye pairs), in the
sense that they correspond to the lowest minimum thickness values. In case of minimum thickness analysis
based on c(x), for given ye values, the xe corresponding to the 7-hinge mechanism results in a local minimum,
this is also verified by present study, see Figure 2.38 below. However, it is interesting to discuss, how
stereotomy affects this result: Figure 2.38 depicts the admissible minimum thickness ranges for given ye
values (see also Figure 2.30). It is clearly demonstrated that while 7-hinge mechanism marks a local minima
on the t/R(xe) function, marked bold red, if the effect of stereotomy is accounted for, the geometry
corresponding to 7-hinge mechanism no longer marks any local minima. Instead, the observation can be
made that lower bound minimum thickness value is defined based on the assumption of 5-hinge type (2b)
failure mode. It is important to highlight though that the bounding value minimum thickness (and hence,
failure modes) would require unrealistic stereotomies.
failure mode

failure
mode
without
geometrical
indeterminacy/redundancy

lower bound provided

upper bound provided

(based on modified c(x))

(based on modified c(x))

5-hinge type(1)

same

no

qi=0, qi’=0

6-hinge

7 hinge, et=-1

qe=0, qe’=0 qi=0

qi=0, qi’=0 qe=0

7-hinge

5-hinge type 2(b) es=-1

qe=0, qe’=0 qi=0

qi=0, qi’=0 qe=0

5-hinge type (2a)

5-hinge type 2(b) es=-1

qe=0, qe’=0 qi=0

qi=0, qi’=0 qe=0

5-hinge type (2b)

same

qe=0, qe’=0

no

(based on c(x))

Table 2.3. Summary of conditions for stereotomy related lower-and upper bound minimum thickness values for the different
rotational failure modes

Figure 2.39. repeats enlarged the diagram for ye=0.3 for demonstrative purposes. It depicts an arch which
according to the analysis based on catenary type thrust line would correspond to a 6-hinge mechanism, but
depending on stereotomy, could turn into 5-hinge type (2a). It is demonstrated through this example that
the latter failure mode is indeed possible. Detailed φ-α diagrams and corresponding arches are depicted in
Figures 2.34-2.35 for points marked with (a)-(e) here, further illustrating the effect of varying eccentricity.
It was stated in subsection 2.3.2 that for a given ye value only one (if any) 7-hinge mechanism can be found
(see Figure 2.30 as well). However, as pointed out, this statement only holds for fixed stereotomy conditions.
It is very much possible, to find 7-hinge mechanism considering other stereotomies, eg. radial – see bold
black function t/R(xe), which considers radial stereotomy. Note, how this latter runs below the red line in
the range of 6-hinge mechanisms, and above it for 5-hinge mechanisms. This suggests a very important
conclusion for realistic stereotomies: minimum thickness analysis based on catenary-type thrust line provides
an upper bound for 6-hinge mechanisms, and a lower bound for 5-hinge mechanisms. Moreover, the two
functions (bold black and red) run very close to each other: this inspired a numerical code found in the
Appendix, 6.7 that predicts the likely failure mode of pointed arches of realistic stereotomies by evaluating
the relation of the envelope of resultant and reference line. The term ‘realistic’ is left rather vague here,
labelling a mere observation requiring further studies in the future. The aim of present discussion was indeed
to underline the significance of the effect of stereotomy in minimum thickness analysis with special emphasis
on its effect on the corresponding failure mode.
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Figure 2.38. Range of minimum thickness for various ye values and the corresponding rotational failure mechanisms, see Figure 2.30 as well
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Figure 2.39. Range of minimum thickness values for ye=0.3 and the corresponding rotational failure mechanisms, see also Figures
2.34-2.35.
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2.3.3

Summary

The study on the effect of stereotomy on the minimum thickness analysis of arches is extended to pointedcircular arches in section 2.3. The Heymanian assumptions regarding material qualities are once again
obeyed, in particular, the effect of shear is disregarded. Pointed arches constitute a more complex problem,
than semi-circular arches for multiple possible rotational failure modes must be considered (as opposed to
one). The methodology of section 2.2 is adapted to the possibility of multiple internal hinges as opposed to
one. The study is once again inspired by the desire to simplify the analysis of standing structures with
unknown stereotomy: the main question investigated is hence, if there would be one distinguished thrust
line (i.e. stereotomy), resulting bounding values for all cases. The envelope of resultants (linked to vertical
stereotomy) results upper bound minimum thickness and hence provides a safe estimation for the semicircular arch (5-hinge type (1)) – therefor it seems a natural candidate.
• first the completeness of the list found in the literature of potential rotational failure modes is
verified analytically, in particular it is shown that 7 is the maximum number of hinges that can
simultaneously formulate in a rotational mechanism of regular pointed-circular arches.
• considering the catenary-type thrust line, a classification of arch-geometries based on the
corresponding failure modes is presented.
• the effect of stereotomy on the resulting minimum thickness values is investigated in the manner
of section 2.2 for each failure mode:
- it is concluded (as expected based on section 2.2) that the minimum thickness value is not
uniquely defined by arch geometry, stereotomy also influences it, moreover multiplicity in
terms of admissible stereotomies is once again demonstrated for single minimum thickness
values
- the intuitively acceptable assumption that catenary-type thrust line (for it bounds the family of
thrust lines) leads to a bounding value minimum thickness in case of any failure mode is proven
to be false in general, however, it holds for 5-hinge type (1) (resulting upper bound) and 5hinge type (2b) (lower bound).
- bounding values of stereotomy related minimum thicknesses are derived though based on
equilibrium analysis for each failure mode type, and the necessary conditions are presented
• it is also demonstrated that stereotomy affects the rotational failure mode itself, hence no
uniqueness relation holds between arch geometry and failure mode without explicitly defining
stereotomy
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The possible failure mechanisms and the corresponding minimum thickness values of constant thickness circular pointed arches
loaded with self-weight at their limit state are determined and to be found in the literature, but only considering radial stereotomy.
The stereotomy-related studies on minimum thickness values is extended to constant thickness pointed circular arches,
maintaining, among the other Heymanian assumptions the no-sliding assumption, hence only rotational failure is considered.
Based on the findings of the previous section, the validity of the intuitively acceptable conjecture is investigated, whether the
catenary type thrust line would lead to any kind of bounding value minimum thickness.

Principal result Nr 4
(Gáspár, Sajtos, Sipos, 2019)
I adapted the method introduced in Principal result 2 to the case of multiple internal
hinges. I demonstrated that the resulting minimum thickness value does depend on the
stereotomy function regardless of the number and arrangement of concurrent hinges
(among those possible). Furthermore, I showed that opposed to the practice of the
literature, the geometry of the arch’s reference line is not enough in determining the type
of the rotational failure mode, because stereotomy also influences it.
4.1 I demonstrated that it is possible to determine and derive the stereotomy-related bounding
minimum thickness values for a given circular arch geometry. I specified these bounding values
and the corresponding geometrical parameters. I showed that the catenary type thrust line
generally does not result in bounding value minimum thickness for circular pointed arches, even
though it bounds the family of thrust lines.
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2.4

Definition of arch geometries corresponding to multi-hinge rotational mechanisms

It is of theoretical interest that while the necessary number (5, or 6 for pointed arches) of hinges for arbitrary
arch geometries subject to its self-weight has been determined, it has been recently suggested (Nikolić, 2017)
and also considered in the previous section that depending on the arch geometry, the number of concurrent
hinges might be higher. The redundancy of the number of hinges at the limit state seems to be structurally
advantageous, resulting smaller cross sections. The possibility of higher number of hinges is also of
theoretical interest, as it manifests as a function approximation problem. If the reference line of the arch is
optimized in order to result in the smallest possible cross section, the catenary arch is obtained as a limit.
This section offers a systematic investigation of this problem from a geometrical point of view8: it is
concluded that depending on arch geometry, arbitrary number of concurrent hinges might formulate –
though they represent rare and special cases. A numerical procedure is introduced that generates arch
geometries of finite minimum thickness value, in which at the limit state n-hinge might simultaneously
formulate, where n≥5 is an arbitrary integer. It is shown for this class of arches that higher number of
concurrent hinges result a lower minimum thickness value. While this result conforms to the engineering
intuition, it is discussed that higher number of hinges is not a necessary condition for lower minimum
thickness values: the catenary arch can be infinitesimally approximated by any arbitrary n-hinge mechanism.
In the following, the catenary-type thrust line is considered when determining the t/R value. This allows for
a simple formulation in the Descartes-coordinate system. Opposed to the terminology of the literature and
the previous sections of this study, but more suitable for present purposes – thickness is defined parallel to
the stereotomy9 (vertical, in this case). This allows a semi-analytical approach, whereas the case of constant
thickness in its usual meaning (measured normal to the reference line) can theoretically be investigated
similarly, most likely though only with numerical methods. It will be illustrated below that if the opening
angle of the arch is not too close to π/2 this does not cause much difference. For the problem is symmetrical,
only half of the arch is considered, r(x) of the arch is required to be a monotonous, concave function,
whereas the catenary type thrust line, c(x) is strictly monotonous and concave. The research goal in
engineering terms can be summarized as to determine the closeness of c(x) to the catenary curve for arbitrary
geometry.

2.4.1

Rotational failure mode of arches with fixed geometry

The necessity of the 6 (btw 5-h2a type) of mechanism is briefly demonstrated below using a formulation
coherent with the rest of this study, underlining that it is the typical rotational failure mode of arbitrary,
concave symmetrical arch. Consider an arch with a given reference line, r(x), over the closed interval [0,
xmax], see also Figure 2.40. Recall that according to eq. (2.52) the equation of the catenary type thrust line is:
𝑥 𝜉

𝜌
𝑐(𝑥) = 𝑦0 − ∫ ∫ 𝑠 ′ (𝜂) 𝑑𝜂𝑑𝜉 ,
𝐻
0 0

where s(x) denotes the arch length of r(x) see eq. (2.53) Figure 2.40. left and right depict the conditions
provided by a 5h-2a and 6h-type mechanisms, respectively. They both provide 6 constraints:
(1)
(2)
(3)
(4)
(5)
(6)

c’(0) = 0;
c(0)= r(0) ± t/2R or c(x) = r(x) ± t/2R
c(x1) = r(x1) ± t/2R
c’(x1) = r’(x1)
c(x2) = r(x2) ± t/2R
c’(x2) = r’(x2)

8

it is not investigated at this point whether all hinges would be activated at collapse (see Discussion)

9

Hence the term constant thickness does not refer to simple offsetting of r(x).
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Figure 2.40. Notation and typical arrangement of rotational failure modes 5-hinge type 2a and 6-hinge

Whereas the number of unknowns for the solution of the problem is also 6:
t/R, es or et, x1, x2, d1 and d2 (constant of integrations).
Note that y0 and ρ/H are uniquely determined if these are set, see also eqs. (2.63), (2.65). Furthermore, it
can be quickly derived that both d1 and d2 are zero for both cases, deductible from constraint (1) and the
consideration that c(0) = y0 by definition. If r(x) is fixed, this problem set up results a determinate problem,
no more constraint can be forced on the system: an additional internal hinge would result two more
constraints versus one more unknown. This does not rule out the existence of more simultaneous hinge
at the limit state: they might ‘incidentally’ formulate in case of a favorable r(x). Such favorable r(x) however
can be constructed, which is also suggested by the above formulation: if r(x) is suitably parametrized,
arbitrary number of constraints can be set.

2.4.2

Numerical construction of arch geometries corresponding to n-hinge failure mode

Instead of treating r(x) directly, the deviation function, d(x) is reintroduced. Recall:
𝑑(𝑥): = 𝑟(𝑥) − 𝑐(𝑥),

constraints (1-6) can be formulated accordingly as:
d’(0) = 0;
d(0) = ± t/2R or d(xmax) = ± t/2R
and
d(xk) = ± t/2R;
d’(xk) = 0;
for k=1:n
d(x) is chosen to fulfil these constraints automatically, moreover, it is chosen to result hinges at both extrados
and intrados hence simultaneously fulfils d(0) = ± t/2R and d(xmax) = ± t/2R, let:
𝑑 (𝑥) =

𝑡
𝑛−1 𝑥
cos (𝜋
).
2𝑅
𝑥𝑚𝑎𝑥 𝑥𝑚𝑎𝑥

(2.86)

r(x) is determined by solving the following differential equation:
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𝑑 ′′ (𝑥) = 𝑟 ′′ (𝑥) − 𝑐 ′′ (𝑥)

(2.87)

substituting eqs, (2.86), (2.52) and (2.53) yields:
0 = 𝑟 ′′ (𝑥) +

𝜌
√(1 + 𝑟 ′ (𝑥)2 +
𝐻

𝑡
𝑛−1
𝜋
𝑥
𝑛−1 2
𝑥
2𝑅 (𝜋
) 𝑐𝑜 𝑠 ( 𝑚𝑎𝑥 )
2
𝑥𝑚𝑎𝑥
𝑥𝑚𝑎𝑥

; 𝑟(0) = 1, 𝑟 ′ (0) = 0.

(2.88)

The differential equation is solved as an initial value problem via the inbuilt solver ode45 in MATLAB.
Resulting arch geometries are depicted in Figure 2.41 top and bottom for n=9 and 13, respectively.
Furthermore function ch(x) is defined as:
𝑐ℎ(𝑥): = 𝑔 − 𝑐𝑜𝑠ℎ(𝑥),

where g is a scalar. Note that ch(x) (an inverted catenary) is the general solution of the differential equation
0 = 𝑟 ′′ (𝑥) − 𝑐 ′′ (𝑥).

(2.89)

It is included in both diagrams of Figure 2.41 (denoted green continuous) in order to illustrate the closeness
of the resulting r(x) to the catenary curve.

Figure 2.41. Numerically generated minimum thickness arches corresponding to multi-hinge mechanisms based
on suitably chosen d(x) function: n=9 (top), n=13 (bottom)
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2.4.3

Correlation of minimum thickness value and number of concurrent hinges

It is easily shown that for any r(x) defined based on eqs.(2.86-87), higher number (n) of concurrent hinges
result lower t/R value.
Substituting eq. (2.86) into constraint (1) yields:
𝑑 ′′ (0) =

𝑡
𝑛−1 2
(𝜋
) cos(0) .
2𝑅 𝑥𝑚𝑎𝑥 2

(2.90)

Furthermore, for both c’(0) and d’(0) is zero by definition, it holds that
𝑟 ′ (0) = 0.

(2.91)

𝑟 ′′ (0) < 0.

(2.92)

Since r(x) is concave, necessarily
Eq. (2.91) turns eq. (2.88) into:
𝑟 ′′ (0) = −𝑏 +

𝑡
𝑛−1 2
(𝜋
) ,
2𝑅 𝑥𝑚𝑎𝑥 2

(2.93)

substituting it into inequality (2.92)
𝑡
𝑥𝑚𝑎𝑥 2 2
< 2𝑏(
)
(𝒏 − 𝟏)𝜋
𝑅

(2.94)

which completes the proof.
In order to show that higher hinge number is not a necessary condition for lower t/R value generally, we
show below that the catenary can be approximated infinitesimally with arbitrary n-hinge mechanism. The
r(x) function is treated again as unknown below: The theoretical background of the procedure is to use
regular perturbation of the cosh(x) function in approximating r(x) and observe the number of solutions for
eq. (2.54) – as briefly discussed in Section 2.3 it gives an upper bound for the number of concurrent hinges.
Below we assume that r(x) is continuous and twice differentiable for every x∈ 𝑅+ {0,1}.
eq. (2.54) can be rewritten in the following form:
𝑟(𝑥)′′ = 𝑏√1 + (𝑟(𝑥)′ )2 .

(2.95)

Consider ε>0, infinitesimally small. The unknown r(x) is searched in the following form
(2.96)

𝑟(𝑥) = 𝑓(𝑥, 𝜀) + 𝛿(𝑥, 𝜀),

where 𝑓(𝑥, 𝜀) is the infinite perturbation series
𝑓(𝑥, 𝜀) = 𝑓0 (𝑥) + 𝜀𝑓1 (𝑥) + 𝜀 2 𝑓2 (𝑥) + ⋯,

where 𝑓0 (𝑥) = ℎ + cosh (𝑥) and 𝛿(𝑥, 𝜀) is a polynomial
𝛿(𝑥, 𝜀) = 𝜀(𝑥 − 𝑎1 )(𝑥 − 𝑎2 ) … .,

the right-hand side of eq. (2.95) is expanded into the infinite series around 𝜀 = 0 based on the generalized
binomial theorem:
𝑏√1 + (𝑟(𝑥)′ )2 = 𝑏√1 + (𝑓0 (𝑥)′ )2 + 𝜀

𝑓0 (𝑥)′ (𝑓1 (𝑥)′ + 𝛿(𝑥)′ )
√1 + (𝑓0 (𝑥)′)2

1
𝐹(𝑓0 (𝑥)′ , 𝑓1 (𝑥)′ , 𝑓2 (𝑥)′ , 𝛿(𝑥)′ )
+ 𝜀2 ∗
+ ⋯.
3
2
√1 + (𝑓 (𝑥)′)2
0

the left-hand size of the eq. (2.95) turns into (while 𝜀 → 0, 𝑛 ∈ 𝑁):
𝑟(𝑥)′′ = 𝑓(𝑥, 𝜀)′′ + 𝛿𝑛2 (𝑥, 𝜀)′′ = [𝑓0 (𝑥)′′ + 𝜀𝑓1 (𝑥)′′ + 𝜀 2 𝑓2 (𝑥)′′ + ⋯ ] + 𝛿𝑘 (𝑥, 𝜀)′′

the problem of solving eq. (2.95) can then be linearized by making each element multiplied by the same
order of 𝜀 of the two side of the equation equal step-by-step. First
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𝑓0 (𝑥)′′ = 𝑏√1 + (𝑓0 (𝑥)′ )2 ,

which necessarily holds true, see above. Then
𝜀𝑓1 (𝑥)′′ = 𝜀

𝑓0 (𝑥)′ (𝑓1 (𝑥)′ + 𝛿(𝑥)′ )
√1 + (𝑓0 (𝑥)′)2

turns into a linear ordinary second order differential equation for 𝑓1 (𝑥) , where uniqueness and existence of
solution holds, therefore
1 𝐹(𝑓0 (𝑥)′ , 𝑓1 (𝑥)′ , 𝑓2 (𝑥)′ , 𝛿(𝑥)′ )
𝜀 2 𝑓2 (𝑥)′′ = 𝜀 2
3
2
√1 + (𝑓 (𝑥)′)2
0

similarly turns into a linear ordinary second order differential equation for 𝑓2 (𝑥). The algorithm can be
repeated for arbitrary terms, resulting in the condition of
𝛿𝑘 (𝑥, 𝜀)′′ = 0

for solving the original equation. 𝛿𝑘 (𝑥, 𝜀)′′ is a polynomial, which has a maximum number of zeros equal to
its order, in this case k-2. This proves that it is possible to infinitesimally approximate the catenary with a
finite, arbitrary (maximum) number of hinges, with the condition of k≥3.

Discussion
The redundancy of multi-hinge mechanism (that the number of concurrent hinges at the limit state is higher
than necessary) was already mentioned in the previous section. This is an interesting property, since it is not
straightforward that all hinges are activated at the limit state. As cited in the Introduction, Romano and
Ochsendorf (2010) depicts the exact geometry of a pointed circular arch resulting 7-hinge mechanism (in
their Figure 5, prior to Nikolić’s cited study (2017)), but they consider it another 5-hinge type (2a), as if the
hinges at the springing were not being activated. It is briefly demonstrated in the Appendix, 6.8 that the
uniqueness theorem holds for 7 (and higher number) hinge mechanisms aswell (i.e. static equilibrium results
zero external work based on the virtual work principle), in agreement with the conclusion of subsection
2.2.1. We highlight that the multi-hinge mechanisms are linear combinations of (at least) one 5-and 6 hinge
mechanism and moreover, as opposed to them, they are kinematically indeterminate (i.e. a combination of
movement /regardless of hinge arrangement/can be forced on the system resulting positive external work).
These observations confirm that multi-hinge mechanisms are indeed admissible.
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2.4.4

Summary

The necessary (from a kinematical point of view) number of concurrent hinges (5 or 6) and their various
arrangements has been widely discussed for typical (flat, circular, pointed, elliptical) arch geometries in the
literature. Nikolić’s cited study on the rotational failure mode of pointed arches observed that there are
special arch geometries within the range that correspond to multi-hinge (more than 6, in case of pointed
arches, 7) mechanism: he found that they result local minima in terms of minimum thickness. This suggests
that the ‘better’ the geometry of the arch is, the smaller its cross sections is, while the number of concurrent
hinges at failure is also increasing. This conforms to the engineering intuition again, as the ideal arch is a
catenary, which can be modeled as being infinitely thin, a bar mechanism consisting of infinitely many
hinges. This phenomenon is investigated in section 2.4, considering concave, symmetric arches of constant
thickness. When determining the minimum thickness, the catenary type thrust line is considered, for its
definition is (formally) simple in the applied coordinate system. The choice of a thrust line does not affect
the qualitative nature of the statements in the section.
• first, an analytical formulation based on constraint analysis is provided that confirms that for a fixed
arch geometry 5 or 6-hinge mechanism can be assumed
• it is then demonstrated by an empirically chosen suitable d(x) function that arch geometries can be
constructed that correspond to n-hinge mechanisms, where n is an arbitrary integer. For this specific
class of arches, the correlation of higher hinge number-lower thickness is easily proven
• however, it is also shown by applying a perturbed cosh(x) function as the arch’s reference line that
lower thickness does not require higher hinge number, the catenary-curve can be infinitesimally
approximated by any n-hinge mechanism

The literature describes the necessary condition of rotational failure of a convex, symmetric arch of constant thickness as the
development of 5 or 6 hinges, if the Heymanian assumptions regarding material qualities and the limit theorems of plasticity
are considered. However recent studies showed that in case of circular pointed arches, 7 concurrent hinges are possible and the
correlation of lower minimum thickness value with higher hinge number was suggested. It was not yet investigated, whether
higher number of concurrent hinges would be possible, either for circular pointed arches or other symmetric arch geometries. I
formulated a conjecture in agreement with engineering intuition: Higher number of concurrent hinges result lower minimum
thickness values, for the reference line of the arch tends towards the hyperbolic cosine function, or homogenous catenary. This
latter can be modelled in mechanical terms as a mechanism consisting of infinite number of hinges

Principal result Nr 5
Based on minimum thickness analysis and the static theorem of plasticity, I analysed
numerically the possible number of concurrent hinges at the limit state considering the
catenary type thrust line (i.e. given stereotomy) and rotational mechanism, for arbitrary,
symmetric, convex arches. I proposed a numerical method which results a specific arch
geometry corresponding to an n-hinge mechanism at its limit state, where n is an arbitrary
positive integer. This demonstrates that there is no upper limit of the number of concurrent
hinges if the geometry of the arch is chosen accordingly. I showed analytically for the specific
arch geometries resulting from the construction technique proposed that higher number of
hinges result lower minimum thickness values.
5.1 I showed analytically that the maximum number of concurrent hinges for circular (or elliptical)
pointed arches is 7.
5.2 I showed explicitly that the hyperbolic cosine function (resulting theoretically zero-thickness arch
even if non-zero self-weight is considered) can be infinitesimally approximated by another (set of)
function(s), which, as reference line of an arch corresponds to n-hinge mechanism at its limit state,
where n ≥ 5. Hence, it was demonstrated that higher number of hinges are not necessary for lower
minimum thickness values.
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2.5

Outlook

Considering the possible practical relevance of the above presented results, the following key areas of
development are identified: It was highlighted above that the structural model applied was intentionally
simplified in order to allow an analytical formulation of the problem. Numerical verification of the results
however can and should follow.
It was emphasized in the study that the arch is considered to be made of rigid voussoirs. The formulation
of the problem (i.e. continuous stereotomy function) theoretically makes it applicable to arches made of
homogenous material aswell (i.e. concrete). The capability of the above described stereotomy related studies
in predicting the arrangement and propagation of cracks in (unreinforced) concrete arches is one of our
main future interests.
In terms of theoretical investigations, the stereotomy related studies constrained by finite friction coefficient
highlighted for us the difficulties of incorporating the effect of friction into limit state analysis and design.
A brief account of the corresponding literature was given in the Introduction. Though it was out of the
scope of present study, in order to assess other (mixed or purely frictional) collapse modes of arches, the
further development of the theoretical framework seems essential.
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CHAPTER 3

3

OPTIMAL GEOMETRY OF MASONRY SPHERICAL DOMES

The hanging models of Antoni Gaudi, Heinz Isler or the optimal domical form derived by Milankovitch
(1908) confirm that Robert Hooke’s powerful analogy on the ideal form of an arch (see Introduction and
Chapter 2) can be interpreted as a form finding method for ‘ideal’, or effective two dimensional structures
as well. The hemispherical dome, which is not a structurally optimized form though, remained in favor with
architects since the antiquity: Domes are more than sole structures, their effect on the perception of the
space they cover is often more important. The choice of the form of a hemisphere despite its structural
shortcomings is partially based on constructional and even structural considerations (Mainstone, 1975),
however the more abstract formal associations might not be neglected either. Where wood was scarce, the
advantages of masonry domical construction as a substitute for wooden slabs was relatively early discovered.
The durability of masonry was a favorable quality considering the symbolical significance of domes: the
association of stone - or masonry in general - with eternity1 inspired the choice of masonry for many domes
from the Romans to the Baroque. Masonry has very limited tensile capacity, therefor it cracks if it encounters
tension. Even if there might be regional and probably temporal differences2 due to the mixture of the mortar
used, the type of bonding applied and the vaulting technique, most built examples do have a crack pattern
that would support this conservative approach. We will briefly discuss the formal development3 of historical
hemispherical domes, in order to shed light on some empirical design strategies followed by a theoretical
extension of previous results of the literature of optimal spherical domes: Based on membrane theory,
thickness functions are derived analytically resulting non-positive hoop stresses for arbitrary inversion angle.

3.1

Historical approaches of controlling the development of cracks in masonry domes

It is difficult to trace the origins of the hemispherical form. Smith (1949) argues that the formal associations
(as for example heaven) regarding a sphere or dome are so deeply rooted in the human mind that it called
for the structural form, and that the form in question and its realisation is so complex and even complicated
that the builders must have had a clear vision of what they aimed for – Mainstone and Mark ) point out that
it was indeed practical to cover a place of living in a manner that resembles a dome, and through this
archetypical form of construction, came the elevated association with the form, dome (domus, house etc.).
Mainstone ) furthermore suggests that the Romans did not appreciate the features of a doubly curved surface
in a structural sense (as opposed to a ‘clear vision’), instead they understood a dome as a rotation of semicircular arches. His argument is supported by the fact that the thickness of an ancient dome (Heyman, 1977)
approximates an arch with the same span rather than that of a shell. It seems that abstract ideas and practical
considerations both promoted the domical form and there here were clear constructional advantages of the
hemispherical form in particular that led to its widespread application. Hemispherical intrados made the
falsework simpler. It allowed the builders to use easily constructed forms such as a circle or a semicircle for
centering.
The association between material and timeliness has a long-standing tradition : obvious examples are the Pyramids in Egypt built
in stone with the intention to keep the memory of the deceased till eternity (Melaragno, 1991).
1

2 as suggested by for example Karaesmen and Ünay (1988)
3 A more thorough discussion of the history of domes is to be found for example in (Melaragno, 1991).
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3.1.1

Dome design strategies and their effect on the crack pattern

There are numerous ways to come around the implied incompatibility between form and material. We only
focus on the qualitative assessment of various dome-geometries, focusing on how it affects the force pattern
suggested by the membrane theory analysis – the cited emblematic, and hence in the literature widely studied
examples are hence rather referred to as illustrations than case studies. It is not always possible to distinguish
certain trends on built examples, since the master builders usually merged more of what we call here
‘archetype’. Yet, there are some original solutions worth to discuss. We deliberately left out from the list
below (only very briefly mentioned) a prevalent solution, the application of tension rings made of iron,
partly because they were introduced relatively late, but mostly because they compensate for the missing
tensile capacity of the masonry, hence making the discussion about the necessity for a compression-only
geometry rather superfluous. The interlocking effect of bricks (due to friction between the units), which can
also result tensile capacity in the ring direction has also been disregarded for similar reasons (the interested
reader is referred to /e.g. D’Ayala and Casapulla, 2001/).
Incomplete or complete hemispherical domes with additional loading around the base
Hemispherical masonry domes do crack around the base, which means, that they generate outward thrust–
in contrast to the theoretical behaviour of a complete hemispherical membrane, where tensile hoop forces
can occur. The cracks can be avoided by building incomplete spherical domes (see section 3.3 also), but they
also generate greater outward thrust4.
This results robust supporting structures in a masonry
construction, heavy walls and buttresses. Alternatively,
additional loading can be added around the base of the dome,
which reduces the angle of inclination of the support reaction
forces, allowing the designer to reduce the thickness of the
supports. For stresses in historical structures due to their
significant thickness is relatively low (e.g Heyman, 1967)
additional weight around the base is structurally not critical.
The Sta. Costanza in Rome (4th century AD) and the
Mausoleum of Galla Placidia in Ravenna (5th century AD) for
example prove (Figure 3.1) that the positive effect of heavy
walls rising above the springing of the dome, or filling around
the base was appreciated and the resulting formal variation
skilfully applied by the Romans already. It must also be noted
that even these early examples clearly show the effort to
address the problem of the missing hoop forces: the builders
applied ‘tension rings’ made of for example longer stone slabs
with metal connectors around the equator of the dome. This
sometimes leaves its mark on the architecture of the building,
as is the case with the Temple of Vesta in Tivoli (1st century
BC), where the ‘tension rings’ became characteristic elements
of the façade (Figure 3.2).

Figure 3.1. Additional vertical load around the base:
section of the mausoleum of Galla Placidia, Ravenna
(top) and Sta. Costanza, Rome (bottom)

Theoretically, complete hemispherical shells would cause zero outward thrust around the base, since the resulting thrust is strictly
vertical. However, this could never be the case with masonry domes. Apart from the fact that membrane theory considers ideal
supporting conditions which in practice never exist, the membrane theory takes the hoop forces (tension) into account, which for
masonry cannot occur in the lower portion of the dome due to cracks. The magnitude of the generated outward thrust is however
still relative small, which makes a complete hemisphere a favourable choice compared to shallower domes.
4
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Domes with varying thickness
In this case, either the middle surface, or more often the
intrados (see constructional considerations) of the dome is
kept as a hemisphere. The thickness is increased from top
towards the base more or less continuously in case of
monolithic masonry (e.g. Roman concrete) or in a few
distinct steps in case of brick or stone masonry. The same
effect can be achieved through the use of hollow elements
in the upper part of the structure, or coffering. Due to the
different distribution of self-weight, according to
membrane theory analysis the inversion angle grows (see
subsection 3.3.3 also), hence the area affected by the
meridional cracks lowers towards the base. The Roman
Pantheon (2nd century AD, Figure 3.3), whose crack pattern
is well documented (Mark and Hutchinson, 1986), is
probably the most trivial example of this phenomenon.
The increased outward thrust around its base is
compensated for with the application of additional loading
in the form of the cylindrical wall, elevated above the
springing level of the dome.

Figure 3.2 Early example of tension rings:
section of Temple of Vesta in Tivoli, Rome

Domes with oculus
One of the most important questions for domical structures
is the lighting: the vaulting technic had made the covering
of large spans possible, but it resulted poorly lid spaces in
the heart of the building. The oculus, as a natural source of
light at the apex not only resolves this problem, but creates
a sublime, elevated atmosphere. Structurally, the oculus
translates as a sensible way to lighten the structure and
therefore again, reduces the height of the cracked zone
around the base of the dome (see subsection 3.3.4). The
oculus was already widely used by the Romans, the early
surviving examples being baths (e.g. Bath of Hadrian in
Tivoli (2nd century AD) or Temple of Mercury in Baia (5th
century BC, Figure 3.4).

Figure 3.3. Varying thickness, coffering: Pantheon ,
Rome

The effect of a lantern built over the dome at its top, which
also serves daylighting, is controversial. For the additional
weight of the lantern around at the top generates tension in
the hoop direction a dome with a lantern over an oculus is
structurally less favourable than the same with oculus only,
however, the former might still perform better than a dome
without oculus (and lantern). This is further discussed, with
quantitative results in subsection 3.3.4.

Figure 3.4. Varying thickness and oculus: Temple of
Mercury in Baia (bottom)
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Changing the geometry
As it was briefly discussed in the Introduction, if the dome
geometry differs from that of a hemisphere, cracks can be
elliminated (or the area affected reduced)5. Pointed domes6
for example are preserving some of the benefits of the simply
constructed centering of hemispherical domes, while also
significantly reducing the height of the affected area around
the base of the dome, where tension occurs7. They were also
found more appealing aesthetically from the Renaissance on,
considering the effect of the perspective viewpoint on the
building envelope. It is especially exciting in this regard to
follow the formal development of the proposals for the dome
of St. Peter’s in Rome (Bruschi, 1988) (16-17th century)
(Figure 3.5). The original plan, that of Bramante’s, envisaged
a perfect hemispherical dome, while the finally executed
version of Sangallo (the Young) is the pointed dome we see
today. Structurally, it is about the power of form: we have
briefly referred to the structural problems of the final version
analysed by Poleni in section 2.3, but the structural analysis
(Robinson, 1988) of the version by Michelangelo, which was
closely related to the original proposal by Bramante suggests
that it might not have been stable at all.
The typologies discussed above are summarized and depicted
in Figure 3.6. As it is briefly highlighted above, the master
builders of the past centuries were indeed able to control and
even reduce the cracked zone of masonry domes. The
question naturally arises if it would be possible to completely Figure 3.5. Sections of different design phases of the
dome of St. Peter’s, Rome: version credited to
eliminate cracks, hence creating an ideal hemispherical dome Michelangelo (top),final executed version of Sangallo
geometry for masonry. Analytical solutions based on
(the Young)
membrane theory of such geometries for masonry dome with
hemispherical middle surface are presented and compared to
previous result of the literature below.

Not all shells of revolution generate tensile stresses in the hoop direction: in conical shells for instance compression occurs in
both principal directions. A notable example of a conical dome is the load-bearing middle of the triple dome of St. Paul’s, London,
designed by Sir Christopher Wren in 1675, presumably being inspired by the observations of Hooke on ideal arch geometry.
5

6 The analysis of other dome geometries outreaches the extents of the present paper, but extended literature on the topic can be
found, for example (Márkus, 1964).
7 A structural comparison between hemispherical and pointed domes are to be found in (Oppenheim, 1989).
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Figure 3.6. Structural typologies of spherical domes: different approaches of reducing the cracked zone

3.2

Modelling framework

Membrane theory analysis observes the hemispherical dome as an elliptical shell of revolution. A shell
according to membrane theory is thin8 (the thickness is relatively small compared to the radius of curvature)
and the loading, type of support and geometry is such that no bending occurs9. The applied loading is
equilibrated by membrane forces only, acting in the chosen reference plane of the shell. A historical masonry
dome is hardly thin, but the fact that it cannot accommodate tensile stresses limits the possibility of bending
so much that membrane theory does indeed serves as a useful tool in the analysis of masonry structures.
The spherical middle surface10 with radius R of the dome is treated as the reference surface, accommodating
the applied loading (self-weight) and the generated membrane forces. Because of rotational symmetry, the
membrane forces are calculated only along the meridional and the hoop direction (membrane shear forces
are zero), applying a polar coordinate system (Figure 3.7). Since the reference surface and the membrane
surface coincides in the applied model, stereotomy can be disregarded (we refer to Table 1.1 in section 1.1
for a one-dimensional analogy, the catenary, resulting from thrust line and reference line coinciding).
It is assumed that the material is homogenous, has unit weight ρ and is distributed symmetrically subject to
the middle surface. The thickness function (t) varies with respect to the meridional angle, φ. In accordance
with the adopted no-tension material model, the dome is considered crack free, if no tensile force occurs.
For the compressive strength of the material is considered infinite (for further details of the constitutive
model we refer to section 2.1 and in specific the Heymanian assumptions), the ratio t/R is freely set, for
illustrative purposes min(t)/R is chosen to be 1/20 in the upcoming subsections. Results are (if not stated
otherwise) scaled by ρ.
8 The significant thickness of historical masonry domes makes possible the development of other internal force system, differing
from the one suggested by membrane theory.
9 We have given a rather simplified description of the assumptions of membrane theory, for a proper definition we refer to (Flügge,
1957, Heyman, 1977, Csonka, 1981).
Throughout this paper we treat hemispherical domes as if they had hemispherical middle surface, a simplification suitable for
basic structural analysis. In most cases, however, (as we later point it out again) historical structures have a hemispherical intrados
instead – defined by the formwork.
10
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3.3

Crack-free spherical domes

Considering assumptions as described in section 3.2, based on membrane theory, the following two
equations describe the equilibrium of the spherical cap, according to the notation of Figure 3.7:

Figure 3.7 Equilibrium of membrane shell a) polar coordinate system and membarne forces b)
vertical equilibrium of the spherical cap

Equilibrium of the forces in the vertical direction:
𝐺(𝜑) + 𝐾(𝜑)𝑁𝜑 (𝜑) sin(𝜑) = 0,

(3.1)

with G(φ) denoting the self-weight of the spherical cap and K(φ) denoting its perimeter. The equilibrium of
forces normal to the membrane surface:
𝑁𝜑 (𝜑) 𝑁𝜃 (𝜑)
+
+ 𝜌𝑡(𝜑) cos(𝜑) = 0.
𝑅
𝑅

(3.2)

Calculating the change of self-weight for infinitesimal dφ establishes the following relationship between t(φ)
and G(φ):
d𝐺
= 𝐺 ′ (𝜑) = 𝜌𝑡(𝜑)𝑅𝐾(𝜑).
d𝜑

(3.3)

For constant thickness spherical domes (𝑡(𝜑) = 𝑡0 ), as referred to in the Introduction as well, the hoop
force changes sign at the inversion angle, denoted below φ1. The value of φ1 can be obtained by solving:
1
𝑁𝜃 (φ1 ) = 0 = 𝜌𝑅𝑡0 (
− cos(φ1 )) ,
1 + cos(φ1 )

(3.4)

which results φ1=0.905 radians ~ 51.84° (see also e.g. /Flügge 1957, Márkus, 1964, Heyman, 1967/). In
order for a masonry dome to be crack free, Nφ and Nθ ≤ 0 must hold, for any φ. The former holds generally
according to eq. (3.1) (considering t(φ)≥0, as specified in section 3.2), while the latter condition of nonpositive hoop forces is adopted as a constraint in deriving specific dome geometries below.

3.3.1

Thickness function for zero hoop force

Let us consider first the case, if hoop forces are expected to be zero everywhere in the dome (referred to
below as the zero-hoop-force dome). Based on eqs. (3.1-2) the following first order, homogenous ordinary
differential equation is obtained, treating 𝐺𝑧 (𝜑), the weight function of the zero hoop force dome as
unknown:
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𝑁𝑧𝜃 (𝜑) =

𝐺𝑧 (𝜑)
𝐺𝑧 ′ (𝜑) cos(𝜑)
−
= 0.
𝐾(𝜑) sin(𝜑)
𝐾(𝜑)

(3.5)

The general solution is:
𝐺𝑧 (𝜑) = 𝑐1 tan(𝜑) ,

(3.6)

where 𝑐1 is a constant of integration. Substituting eq. (3.6) into eq. (3.3), the corresponding thickness
function is found to be:
𝑡𝑧 (𝜑) =

𝐺𝑧 ′(𝜑)
𝑐1
=
.
𝑅𝐾(𝜑) 𝑅𝐾(𝜑)cos(φ)2

(3.7)

The meridional force, and the stress σφ then becomes:
𝑁𝑧𝜑 (𝜑) = −

𝑁𝑧𝜑 (𝜑)
𝐺𝑧 (𝜑)
𝑐1
=−
, 𝜎𝑧𝜑 (𝜑) =
= 𝑅𝑐𝑜𝑠(𝜑).
𝐾(𝜑) sin(𝜑)
𝐾(𝜑) cos(𝜑)
𝑡𝑧 (𝜑)

(3.8)

Figure 3.8. Zero hoop force dome (left), compression only dome with constant thickness in the upper calotte (right)

Gz(φ) (a), tz(φ) (b) and (d), Nzφ, Nzθ, (e) and σzφ, σzθ (c) are depicted over the interval φ ϵ [0,π/2] on Figure 3.8,
left, c1 is set to 1. Note that while Nzφ runs to infinity at both apex and springing, σzφ maintains a finite
(maximum) value at apex and goes to zero at the springing (see eq. (3.8) also). The thickness function also
runs to infinity at both apex and springing11. This seems an unfeasible result from a practical point of view,
but it can be readily turned to a realistic geometrical configuration, considering the singular parts ’cut-off’.
Note that the solution presented in above results a dome which basically works as a series of arches, much
alike the orange-slice model suggested by Poleni (see Appendix 6.7). Omitting the hoop forces reduces the
two dimensional structure into one dimensional: at the apex of the dome, Nφ and Nθ (which latter is zero)
do not have the same value, as it would be the case according to eq. (3.2) for a shell of finite thickness.
Therefore, comparing the deduced results with that of the previously (e.g. Osserman, 2010/II/, Williams,
2014) obtained ideal form (resulting weighted catenary) of an arch with circular centre line is both relevant
and enlightening. Recall that the above derived thickness function (eq. (3.7)) for Nθ=0 is:
𝑡𝑧 (𝜑) =

𝑐1
,
𝐾(𝜑) ∗ 𝑅 (cos 𝜑)2

The necessary condition of finite thickness at the top is (eq. 3.7) that the second derivative of the weight function should be the
first non-zero element in its Taylor expansion around zero, which does not hold for tan(𝜑) function. The same holds for finite
value of meridian force. A detailed proof and the possible conclusions regarding the limit values of the corresponding functions at
φ=0 is to be found in the Appendix 6.11
11
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where K(φ) denotes the perimeter, or in this regard, ‘depth’ of the dome at 𝜑. Whereas the thickness function
required for an arch with circular centre line in order to result a weighted catenary is (the notation is changed
to be consistent with present paper) according to the above cited papers:
𝑡(𝜑) =

𝑐1
,
R(cos 𝜑)2

which is the same as eq. (3.7), considering that the latter has uniform depth. Observe that the cited equation
above in fact has a finite (minimum) value at φ=0 (t0), while eq. (3.7) goes to infinity, as discussed above.
The difference results from the fact that while a unit-depth arch has a finite contact area at the top to transfer
the normal force, the cross section of finite-thickness orange slice arch would shrink to zero there

3.3.2

Compression only dome geometries

It is rather straightforward from eq. (3.7) that if the opening angle of the dome is less than π/2, the thickness
at the springing can obtain a finite value. It is demonstrated below that the singular part of the thickness
function at the apex can also be cut-off12, as suggested above. At first, the following problem is investigated:
The previously derived thickness function of the zero hoop force dome is changed as follows: thickness is
defined by (a) 𝑡̂(𝜑)=t0 in the upper calotte φϵ [0,φ1] and (b) 𝑡̂(𝜑) = 𝑡𝑧 (𝜑) (see eq, (3.7)) in the lower part φϵ
[φ1,π/2] . The constant upper part touches tz at its minimum, hence furthermore: (c) 𝑡𝑧 ′ (𝜑1 ) = 0, which
means (since t0’=0 per definition) that 𝑡̂(𝜑)𝑖𝑠 C1 continuous in 𝜑1 13. It is intuitively expected that the
resulting dome geometry is ‘right’, for the weight of the upper portion is reduced (this is a direct consequence
̂𝜃 at 𝜑1 :
of the definition of 𝑡̂(𝜑)). This expectation is supported by a quick evaluation of 𝑁
<𝐺𝑧 (𝜑1 )

𝐺𝑧 ′(𝜑1 )

⏞
⏞
̂ (𝜑1 )
𝐺
𝐺̂ ′ (𝜑1 ) cos(𝜑1 )
̂𝜃 (𝜑1 ) =
𝑁
−
< 0,
𝐾(𝜑1 ) sin(𝜑1 )
𝐾(𝜑1 )

(3.9)

which means that the newly defined geometry results compression in the hoop direction at 𝜑1 – and as it is
demonstrated below, everywhere else as well. The value of 𝜑1 is derived, based on eq. (3.7) and condition
(c)
′
𝑐1
1
1
1
𝑡𝑧 ′ (𝜑1 ) = 0 = (
) = 𝑎(
(
−
)) ,
2
𝑅𝐾(𝜑1 ) cos(𝜑1 )
cos(𝜑1 ) cos 2 (𝜑1 ) 2(1 − cos 2 (𝜑1 ))

(3.10)

where a=c1/2π R2, which leads to
2
𝜑1 = acos (√ ) = 0.615𝑟𝑎𝑑(35,2°) < 0.904𝑟𝑎𝑑(51.84°).
3

(3.11)

The upper calotte is hence compression only, for 𝜑1 is smaller than the inversion angle of the constant
thickness spherical dome. Based on condition (b) and eqs. (3.7), (3.11) the value of c1 is readily determined:
𝑐1 = 𝑡0 ∗ 𝑅 ∗ 𝐾(𝜑1 ) ∗ cos(𝜑1 ) .

(3.12)

Denoting 𝐺𝑐 (𝜑1 ) the weight of the upper calotte at 𝜑1 , the equation of the hoop force in the lower portion
can be obtained as:
̂𝜃 (𝜑) =
𝑁

12

𝐺𝑧 (𝜑) − (𝐺𝑧 (𝜑1 ) − 𝐺𝑐 (𝜑1 )) 𝐺𝑧 ′ (𝜑) ∗ cos(𝜑)
𝐺𝑧 (𝜑1 ) − 𝐺𝑐 (𝜑1 )
𝜋
−
=−
for𝜑 ∈ [𝜑1 , ] .
𝐾(𝜑) sin(𝜑)
𝐾(𝜑)
𝐾(𝜑) sin(𝜑)
2

(3.13)

Note that the effect of oculus – a more radical ’cut-off’(t=0) is studied in detail in subsection 3.3.4.

Note that C1 continuity of 𝑡̂ is not a necessary condition for a crack free dome. As a counterexample 𝑡̂ is modified accordingly:
φ1 is defined as the inversion angle of the constant thickness spherical dome (see section 3.3), and the results are depicted on Figure
̂𝜃 (𝜑1 ) = 0, the
A10, included in the Appendix 6.9. Note that t0 exceeds tmin, but eqs (3.14-16) hold (see below). However, for 𝑁
hoop force is constant zero in the lower portion.
13
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̂𝜃 (𝜑)<0 everywhere (𝐺𝑧 (𝜑1 ) − 𝐺𝑐 (𝜑1 ) > 0, since t0≤tz in the
It is straightforward from eq. (3.13) that 𝑁
upper calotte). Results are depicted in Figure 3.8 (right), continuous line represents present solution, while
the zero hoop force dome with c1 according to eq. (3.12) is marked dashed (included for comparison).

Based on this example, a more general statement can be made:
I extended the modified Levy-type solution by demonstrating, that based on membrane
theory arbitrary thickness variation at the upper calotte can result a no-tension dome with
hemispherical middle surface, as long as it is continued with 𝑡𝑧 (𝜑)(eq. /3.7/), the thickness
function of the zero hoop force dome (at most) from the inversion angle.
The condition regarding the internal angle 𝜑1 (marking the boundary of the upper calotte) can be formulated
as:
̂𝜃 (𝜑1 ) ≤ 0,
𝑁

(3.14)

𝐺̂ (𝜑1 ) ≤ 𝐺(𝜑1 )(𝑎𝑙𝑠𝑜𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑦),

(3.15)

̂ (𝜑1 ) = 𝑡(𝜑1 )
𝐺̂ ′ (𝜑1 ) =  𝐺 ′ (𝜑1 )𝑖. 𝑒. 𝑡

(3.16)

for which the sufficient14 conditions are:

if inequality (3.14) becomes equality, 𝜑1 is the inversion angle, below which the hoop force is zero (the lower
portion acts as series of lunes supporting the cap), else the dome is compression only, as is the case in the
upper example. The statement is directly deductible from eq. (3.13) if both eqs. (3.15-16) holds.
̂𝜃 (𝜑1 ) = 0)the weight function (𝐺̂ (𝜑)) touches
It is worth highlighting that if 𝜑1 is the inversion angle (𝑁
the (appropriately scaled) weight function (Gz(φ), eq.(3.6)) of the zero-hoop force dome (see also footnote 13
and Figure A10 in the Appendix 6.9). This can be explained by considering it a special case of eq. (3.13),
with 𝐺𝑐 (𝜑1 ) = 0.It is straightforward that if c1 is chosen to be (in order to result the required scaling)
𝑐1 =

𝐺̂ (𝜑1 )
,
tan(𝜑1 )

(3.17)

eq. (3.15) is fulfilled as an equality, which in turn guarantees based on eq. (3.13) that eq. (3.16) also holds,
hence proving the original statement. As briefly referred to in the Introduction Pesciullesi et al (1997)
presented a solution for a specific case of the modified Levy-type problem: the inversion angle (𝜑1 ) was
defined based on the assumption of uniform stress distribution in the meridional direction in the upper
calotte. They searched for a thickness function that resulted zero hoop forces for the lower portion and
arrived at the same result as derived in eq. (3.7) above. However, they did not attempt to generalize the
result: the main novelty of the present study is that it proves that the thickness function of the zero hoop
force dome is an ‘all-rounder’ in the sense that either in itself or in a combination of other suitable thickness
functions (obeying eqs. (3.14-16)) results no-tension domes with spherical middle surface.
The problem of creating compression only domes can also be tackled directly and generally, based on the
formulation given in eq. (3.5) as opposed to the additive, somewhat intuitive approach of the presented
example. Let us consider instead of eq. (3.5) the following inhomogeneous differential equation:
𝐺̌ (𝜑)
𝐺̌ ′ (𝜑) cos(𝜑)
−
+ 𝐻(𝜑) = 0.
𝐾(𝜑) sin(𝜑)
𝐾(𝜑)

(3.18)

𝜋

Where H(φ) ≥ 0 for ϕ∈ [0, 2 ] is such that the equation has a unique solution in terms of 𝐺(𝜑), it results a
compression only dome, with
̌𝜃 (𝜑) = −𝐻(𝜑).
𝑁

(3.19)

𝜑

A solution is presented for 𝐻(𝜑) = cos( 2 ): the solution of eq.(3.18) is the weight function
̂ ), but it does
that 𝐺̂ ′ (𝜑1 ) ≤  𝐺 ′ (𝜑1 )would also be possible, suggesting a discrete step of thickness (losing C 0 continuity of𝑡
not affect the argument
14Note
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ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠

𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟

⏞
𝜑
𝐺̌ (𝜑) = ⏞
𝑐1 tan(𝜑) + 4 ∗ 𝜋 tan(𝜑) sin ( ) .
2

(3.20)

The resulting dome geometry and corresponding stress distribution can be analogously derived as in eqs.
(3.7-8). They are depicted on Figure 3.9, left. The value of c1 is set to 1 (note that it can have any arbitrary
non-negative value). Note that the thickness function and correspondingly the meridional force goes to
infinity at both apex and springing (in agreement with footnote 11), while the stresses are finite. Furthermore,
it is to observe that since the shell is singular at the top, neither normal forces nor stresses have the same
value in the meridional and hoop direction. In order to avoid the singularity at the top, c1 is set to zero for
the updated weight function (evidently also solves eq. (3.20), hence eq. (3.19) remains unaffected15, the dome
is compression only):
𝜑
𝐺̃ (𝜑) = 4𝜋 tan(𝜑) sin ( ) ,
2
𝑡̃(𝜑) = 2 (

𝜑
sin( 2 )
2
cos (𝜑) sin(𝜑)

(3.21)

𝜑

+

cos( 2 )
2 cos(𝜑)

).

(3.22)

Note that 𝑡̃(0)=2. The resulting dome geometry and corresponding stresses are depicted for comparison
on Figure 3.9, right: the normal forces and stresses do have the same value at the top, as expected for finite
thickness.

Figure 3.9. Compression only dome, considering H=cos(φ/2), c1=1, left (resulting infinite thickness top and bottom) c1=0, right
(with finite thickness at the top)

3.3.3

Solution for thickness function resulting arbitrary inversion angle

It was stated above that if the opening angle of the dome was smaller than π/2, even the zero-hoop-force
dome would obtain a finite thickness value at the springing. The generalized problem of the reduced opening
angle dome can be posed as follows:
̂𝜃 (𝜑1 ) = 0. Which
̂ (𝜑) is searched for resulting 𝑁
The opening angle of the dome is set to φ1, φ1 ≤ π/2. 𝑡
means that the inversion angle must coincide with the opening angle. In order for the result to be feasible,
the following conditions must be met:

(1)
(2)
(3)

̂ (𝜑) monotonous increasing
̂ (0) = 𝑡0 ≥ 0 – note that this automatically results 𝐺
𝑡
̂ (0) = 0,
𝐺
̂ (𝜑) ≥ 0.
𝑡

Similarly to the intuitive approach adopted a
Note that this highlights a further interesting property of the zero-hoop-force dome’s weight function: if added to any arbitrary
other weight function, it does not modify the value of the hoop forces, only the meridionals
15
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t first in the previous section let us consider the thickness function
̂ (𝜑) = 𝑡0 𝑒 𝑏𝜑 ,
𝑡

(3.23)

where t0 is the thickness at the apex, and b is a constant scalar, which automatically fulfils (1). Based on eq.
(3.7) the corresponding weight function is found to be:
𝜑

̂ (𝜑) = 2𝑅2 𝜋𝑡0 ∫ 𝑒 𝛾𝑏 𝑠𝑖𝑛𝛾𝑑𝛾 = 2𝑅2 𝜋𝑡0 [
𝐺
0

𝑏2

1
𝑒 𝑏𝜑 (𝑏𝑠𝑖𝑛𝜑 − 𝑐𝑜𝑠𝜑) + 𝐶] ,
+1

(3.24)

where C is a constant of integration. Its value can be determined based on condition (2), i.e.:
̂ (0) = 0 =
𝐺

−1
1
+ 𝐶, ℎ𝑒𝑛𝑐𝑒𝐶 = 2
,
+1
𝑏 +1

𝑏2

(3.25)

now the value of b can be uniquely determined for arbitrary 𝜑1 , based on the condition of vanishing hoop
force, by solving (if valid solution exists, see below) the following non-linear equation (substituting 𝜑1 ,
̂ (𝜑) into eq. (3.5).
̂ (𝜑)𝑎𝑛𝑑𝐺
𝑡
1
𝑏𝜑1 (𝑏𝑠𝑖𝑛𝜑
1 − 𝑐𝑜𝑠𝜑1 ) + 1)
2 + 1 (𝑒
𝑏
̂𝜃 (𝜑1 ) = 0 = 𝑅𝑡0 [
𝑁
− 𝑒 𝑏𝜑1 𝑐𝑜𝑠𝜑1 ] .
2
𝑠𝑖𝑛 𝜑1

(3.26)

Figure 3.10. Results of exponential thickness variation for φ1=1.1 rad, G0 denotes the
thickness function of the zero-hoop-force dome
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Results in terms of b for various 𝜑1 values are tabularized in Table 3.1 (in brackets), while Figure 3.10, depicts
the solutions for 𝜑1 =1,1 rad. b uniquely determines the ratio of maximum and minimum thickness, which
is calculated for each solution, and is denoted with tr (for the discussed exponential thickness variation tr=e^
(bπ/2)). Based on its value, the feasibility (from a practical point of view) of the result can be evaluated. It is
to observe here that 𝜑1 >1.2 radian (~70°) is not very realistic for an exponential thickness variation, since
it results tr in the range of 25. For clarity, the values of tr as a function of 𝜑1 are depicted on Figure 3.11. The
̂ (𝜑) in increasing the inversion angle (compared to constant-thickness
‘effectivity’ of various type of 𝑡
spherical dome, see beginning of section 3.3) can be quantified in a similar manner as described above by
̂ (𝜑) =
deriving the corresponding tr( 𝜑1 ) functions. Further examples based on (a) linear, 𝑡
𝜑
𝜑 2
̂ (𝜑) = 𝑡0 [1 + (𝑡𝑟 − 1)( ) ] thickness functions (see also Márkus,
𝑡0 [1 + (𝑡𝑟 − 1) ] and (b) square, 𝑡
𝜋/2
𝜋/2

Figure 3.11. Comparison of the effectivity of different thickness variations in increasing the inversion angle, right., enlarged section
for φ1=[0.904, 1.2], left

1964 for the guiding equations16) are included in Figure 3.11 while the resulting dome geometries are depicted
alongside the results based on eqs. (3.23-26) in Figure 3.12 for comparison. Table 3.1 tabularizes the ratio of
minimum and maximum meridional stresses subject to the value of the inversion angle (𝜑1 )for the three
type of thickness variation in order to allow a direct comparison to the ‘optimal’ dome geometries discussed
in the literature (based on the constraint of uniform stress distribution). The observation can be made that
the more ‘effective’ thickness functions result lower ratios – closer to the uniform distribution, but the ratio
starts to decrease as the value of tr runs to infinity (this is to be expected based on the behaviour of the zerohoop-force dome, where σφmin=0, at the springing).
Table 3.1 t/R ratio followed by the ratio of minimum and maximum meridional stresses for a given inversion angle (φ1):
comparison between different type of thickness variations

φ1
0,904
0,930
0,950
0,970
1,000
1,100
1,200
1,400

linear
thickness
function
1 (0,50)
1.25 (0,53
1.5 (0,56)
1.81 (0,58)
2.5 (0,60)
73 (0,55)
-

tr (σφmin/ σφmax)
squared
thickness
function
1 (0,50)
1. 27 (0,56)
1.5 (0,61)
1.75 (0,65)
2.2 (0,70)
4.9 (0,76)
60 (0,6)
-

exponential
thickness
function
1 (0,50)
1.24 (0,54)
1.5 (0,57)
1.8 (0,6)
2.4 (0,65)
6.7 (0,78)
25 (0,72)
6700 (0,35)

their presence in the cited book (Márkus, 1964) which contains detailed calculations of various membrane shells attest to their
practical relevance – although for a different context than historical masonry construction, i.e. reinforced concrete shells
16
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Figure 3.12. Comparison of the effectivity of different thickness variations in increasing the inversion angle, left: linear, centre:
squared, right: exponential variation

Observing Figure 3.11 it becomes visible that the latter two (linear and squared) parametrized thickness
functions cannot result arbitrary inversion angle, since they have an upper limit (see Appendix, 6.10 for
further details). The exponential thickness variation on the other hand proved to be a successful intuitive
𝜋
guess, as it is suitable for arbitrary φ1∈ [0, 2 ]17. It is also possible to provide a straightforward solution though
in the manner of the previous subsection, by modifying the solution proposed there. Recall that the
differential equation in eq. (3.18) has the form:
𝐺̌ (𝜑)
𝐺̌ ′(𝜑) cos(𝜑)
−
+ 𝐻(𝜑) = 0.
𝐾(𝜑) sin(𝜑)
𝐾(𝜑)

If H(φ) is such that it changes sign at φ1 from positive to negative, the solution in terms of 𝐺̌ (𝜑) results a
dome with inversion angle at φ1 , exactly what we are looking for. This can easily be achieved by scaling H:
𝐻(𝜑) = cos(𝑛𝜑) ,

(3.27)

where n is a real parameter, which can be determined according to the chosen inversion angle based on the
following formula
𝑛=

𝜋
.
2𝜑1

(3.28)

In order to obtain finite thickness at the top, c1 in eq. (3.20) is again set to zero (see also subsection 3.3.2),
hence 𝐺̌ (𝜑) becomes:
𝐺̌ (𝜑) =

2𝜋
(tan(𝜑) sin(𝑛𝜑)).
𝑛

(3.29)

The resulting dome geometry, along with the corresponding stress distribution is presented in Figure 3.13
for various inversion angles18 .

17

based on numerical assessment

The values within brackets in the caption are not shown on the diagram of 𝐺̌ and on the polar representation of the thickness
and stress functions for clarity.
18
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Figure 3.13. Weight-and thickness function of spherical dome (top, left and right) resulting inversion angle φ1 =1,
(1.1),1.2,(1.3),1.4,(1.5), and corresponding normal forces and stresses (bottom, left and right)

3.3.4

Dome with oculus

An oculus can be interpreted within the framework of present study as a radical ‘cut-off’ at the top of the
dome: with the thickness function set to zero. The general remarks made in the previous subsections apply
here: weight reduction in the upper calotte is advantageous, it reduces the hoop force and hence increases
the inversion angle. Illustrating the effect of the oculus on various arch geometries the constant thickness
dome and the zero-hoop-force dome is compared below. The weight function of the constant thickness
dome with an oculus of opening angle denoted by φ0 is
𝐺𝑐𝑜 (𝜑) = 2𝜋𝑅 2 𝑡0 (cos(𝜑0 ) − cos(𝜑)),

(3.30)

its hoop force (based on eq. (3.2)):
𝑁𝜃𝑐𝑜 (𝜑) = −𝑅𝑡0 cos(𝜑) −
Whereas for the zero-hoop-force dome:

𝐺𝑐𝑜 (𝜑)
.
𝐾(𝜑) sin(𝜑)

𝐺𝑧𝑜 (𝜑) = 𝑐1 (tan(𝜑) − tan(𝜑0 )),

(3.31)

(3.32)

the corresponding hoop force based on eq. (3.2)
𝑁𝜃𝑧𝑜 (𝜑) =

𝐺𝑧𝑜 (𝜑)
𝐺 ′ 𝑧𝑜 cos(𝜑)
𝑐1 tan(𝜑0 )
−
=−
.
𝐾(𝜑) sin(𝜑)
𝐾(𝜑)
𝐾(𝜑) sin(𝜑)

(3.33)
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oculus opening
angle φ0 (deg)
0
2,5
5
10
15
30

Inversion angle (Nθ=0)
φ1 (rad)
0,904
0,906
0,910
0,925
0,951
1,055

φ1 (deg)
51,8
51,9
52,1
53,0
54,5
60,5

Figure 3.14. The effect of the size of the oculus on the inversion angle for a constant thickness dome

The resulting dome geometries and corresponding stresses are depicted on Figure 3.16, left and right,
respectively. In order to quantify the effect of the size of the oculus on the inversion angle (φ1) for constant
thickness dome the resulting φ1 values subject to φ0 are tabularized in Figure 3.14 (right). Note, how the
inclusion of an oculus turned the zero-hoop-force dome into compression only (Figure 3.16, right and eq.
(3.31)). Pesciullesi and co-authors (1997), in agreement with the conclusions possible to drawn here for the
constant thickness dome based on Figure 3.14 observes that in order for the effect of an oculus on the
inversion angle to be significant, the opening angle of the oculus should
be relatively large. They consider it unlikely. While this generally holds
for classical domical constructions from the Roman to the early
Renaissance (see the figures in section 3.1), the Dome of the Invalides
in Paris (1678, Figure 3.15) is cited here as a built example where the
theory manifests itself. Large ‘oculi’ are not unusual, for multi-layer
domes: as the cited example shows, the internal (often hemispherical)
dome opens up with a large opening towards the outer dome.
The lantern can be implemented in the model as additional weight
distributed evenly according to arc length around the oculus (Pesciullesi
et al, 1997). It is straightforward and has been discussed in the literature
before that a lantern increases the value of the weight function,
compared to a dome with oculus only, hence, the value of the hoop
force is also increased at every point. From the formulation presented
here it becomes clear that the thickness function, or derivative of the
weight function is not affected by the additional weight. This allows the
following conclusion: a lantern carried over the oculus does not have
any effect on the value of the inversion angle, φ1, as long as its weight is
less than G(φ1) - GO_φ0(φ1). G denoting the weight of the cap without and
G_o with oculus, considering the same thickness variation (see eq.
(3.30)).

Figure 3.15. Typical example of large
oculus: Dome of the Invalides, Paris
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Figure 3.16. Effect of oculus on the internal stress distribution of (originally) zero hoop force dome (left) and constant thickness
dome (right) respectively, considering opening angles 5° (right) and 30 °(left)

3.3.5

Discussion

The obtained result, ie. that the thickness function of a compression only dome with complete hemispherical
middle surface goes to infinity around its base can be explained based on the analysis of the equilibrium
equation of a membrane shell normal to its surface (eq.3.2), presented below suitably rearranged:
𝑁𝜃 (𝜑)
𝑅

𝑁𝜑 (𝜑)
𝑅

+

= −𝜌𝑡(𝜑) cos(𝜑).

For the load case considered, on the left side (𝑁_𝜑(𝜑))/𝑅 is strictly negative, hence in order for the hoop
force to remain non-positive t (π/2)=inf is required, otherwise the right side turns zero.
It is also important to note that ultimately the weight distribution of the dome determines the internal force
distribution. The thickness functions derived above are based on the assumption that the density of the
dome’s material is constant. Similar results could be obtained by considering varying density, instead of
varying thickness – or the combination of the two. The Roman Pantheon can be cited here (again) as an
emblematic built example of this complex approach: the hollow elements integrated in the upper part of the
dome reduce the weight (i.e. density) of the cap, whereas the potential of thickness variation as a tool to
control weight distribution is also exploited.
The difference between minimum thickness required for the stability of arches and present results for analysis
of existing structures should very much be highlighted: it is not to be expected that if a thickness variation
corresponding to a crack-free dome could be inscribed into the cross section of a dome, then the hoop
forces would be less than or equal to zero. Typically on the contrary: additional thickness in the upper calotte
reduces the inversion angle (by resulting higher 𝑁𝜃 values in the upper calotte), should this result 𝑁𝜃 (𝜑1 ) >
0, it does not matter if the lower portion does correspond to tz(φ), tension will occur in the hoop direction
̂𝜃 (𝜑2 ) = 0 (𝜑2 < 𝜑1 ). It is to be emphasized that comparing the thickness of
everywhere below 𝜑2 where 𝑁
an ideal and the analysed arch at discrete points reveals very little on its stability (regardless of scaling), the
actual change of thickness matters.
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3.4

Summary

The theoretical conditions necessary for a crack-free spherical dome made of no-tension material are
investigated in this chapter. The results are compared to historical examples: section 3.1 starts with a brief
classification of typical architectural solutions responding to the structural problem (avoiding cracks) of
spherical domes. Though it does not always coincide with architectural terminology, the term spherical
refers to domes with spherical middle surface in the subsequent, theoretical part of the chapter (subsections
3.2 and 3.3). The analysis is based on membrane theory, treating the middle surface as membrane surface.
The Heymanian assumptions regarding material qualities (see section 2.1) are adopted, in particular the
compressive strength of the material is considered infinite. It is established in the literature that the variation
of the thickness function affects the so-called inversion angle of the dome (where the thickness function
changes sign), which is further investigated in the present study with special emphasis on the comparison
of the theoretical results to the typical solutions of historical dome architecture. The here presented results
can be interpreted as extensions of the modified Levy-type solution of the crack free dome. In particular it
is found that
•

•

it is possible to analytically define a thickness function that result constant zero-hoop forces for a
complete hemispherical dome. The resulting thickness function is singular at both top and springing
(runs to infinity). In order to derive results feasible from a practical point of view, the problem set
up is changed:
the case of compression only spherical dome (both open and closed at the top), and a dome with a
given inversion angle (i.e reduced opening angle) are discussed by modifying the constraint of the
original (zero hoop force) dome. It is found that thickness functions resulting no-tension domes
are plentiful, finite thickness at the top is achievable, however, a complete, crack free dome with
hemispherical middle surface is only possible if the thickness at the springing runs to infinity.

The theoretical results confirm the general trends of the intuitive approaches of the master builders of past
centuries.
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A specific problem set up of optimal dome geometry based on membrane theory analysis considers the reference surface of the
dome given and attempts to find a suitable (subject to the predefined constraints) thickness variation. Due to their
architectural significance and their limited tensile capacity masonry hemispherical domes are of special interest. The so-called
Levy-type solution described in the literature results a no-tension dome, however the resulting membrane surface is not
spherical below the inversion angle. Pesciullesi and co-authors (1997) presented a modified solution based on Levy’s, which
maintains the spherical middle surface as membrane surface. The thickness variation of the upper calotte was such, as to
result constant meridional stresses, whereas below the inversion angle the necessary thickness function was derived based on the
constraint of zero hoop forces. It was not investigated, whether further solutions resulting no-tension hemispherical domes
existed.
If the hoop force is reduced to zero, the behaviour of the structure becomes essentially 1D. The problem of defining the thickness
variation of a catenary arch with hemispherical centre line is considered and solved in the literature, yet the relation of the two
solutions (dome vs arch) has not yet been explicitly defined.

Principal result Nr 6.
(Sajtos, Gáspár, Sipos, 2019)
Considering membrane theory and infinite compressive strength, I extended and generalized
the modified Levy-type solution resulting no-tension domes. I demonstrated, that there are
multiple possible solutions in terms of thickness function if the dome’s hemispherical middle
surface is treated as membrane surface. I found that the derived theoretical results are
qualitatively in good agreement with the general trends of structural solutions applied in
historical spherical masonry domes.
6.1 I derived analytically the thickness function which results zero hoop force at every point of a
hemispherical dome. I showed that the solution is the 2D extension of the thickness function of an
inhomogeneous catenary arch with semi-circular centre line. Furthermore, I demonstrated that the
method is readily applicable to the problem of (open or closed) compression-only hemispherical domes
or spherical domes with a given inversion angle if the constraints are modified accordingly.
6.2 I proposed a classification system for historical domes that considers their approach of reducing
the height of the cracked zone. The general trends are illustrated by well-known examples of historical
architecture.
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3.5

Outlook

The analogy describing the catenary as the planar equivalent of the membrane surface has been presented
in this study. This can be further extended including the concept of thrust line: if the reference surface and
membrane surface do not coincide (analogously to the general relation of thrust line and reference line),
equilibrium analysis of domes is still possible based on membrane theory. The promising nature of this line
of research is supported by for example the briefly discussed results of Lau and Cipriani (2006), who
developed a numerical process that searches for the so-called modified thrust surface (see Introduction).
Based on the findings of Chapter 2, if the membrane surface and reference surface do not coincide, the
stereotomy of the masonry domes needs to be accounted for. Considering the intricate voussoir patterns
applied in historical domical masonry construction, this seems to be an exciting and challenging task.
In terms of the structural development of historical masonry construction, the admittedly limited selection
of examples was only sufficient to illustrate certain trends and strategies in dome design. However, it was
demonstrated that for the specific problem discussed here, very elementary (i.e. overall geometry of the
dome) data can already be enough to assess the soundness of the design. This can be usually derived from
simplified sections and floor plans, therefor building a database from a significantly larger collection of
historical structures is realistic. This would allow us to follow the evolution of the dome design strategies
and possibly identify the key elements of development.
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CHAPTER 5

5

PRINCIPAL RESULTS

The literature defines analytically the equation of the thrust line and the resulting minimum thickness values considering radial
and vertical sections, other stereotomies (by the terminology of present research) were not discussed. Based on the assumption,
that the rupture angle at the middle hinge suffice in determining the minimum thickness values Makris and Alexakis (2015)
derives the (otherwise correct) range of results for the semi-circular arch and determines its upper bound, which latter is identified
as resulting from vertical stereotomy. Their formulation assumes, that the rupture angle at the middle hinge uniquely defines the
location of the middle hinge and consequently the minimum thickness value. According to our knowledge, the physical
explanation of the existence of a stereotomy related upper bound minimum thickness value was missing. The fact, that vertical
stereotomy results the coincidence of thrust line and envelope of resultant if only self-weight is considered has not been explicitly
expressed previously.

Principal result Nr 1
(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017, Gáspár Sajtos, 2016)
I demonstrated that subject to stereotomy it is possible to generate infinitely many
different thrust lines to a statically determinate arch of given geometry and loading (self-weight).
They form a family of thrust lines. Considering a simplified structural model, I showed
explicitly and analytically for the case of the semi-circular arch of constant thickness,
loaded with its self-weight that the value of minimum thickness derived based on thrust
line analysis does depend on the stereotomy function and in general cannot be uniquely
defined by scalar parameters (such as the rupture angle at the middle hinge).
1.1 I introduced implicit function F, which describes the possible limit states of the structure,
considering limit theorems of plasticity. I demonstrated analytically that the upper bound
minimum thickness value is the unique maximum of the F function and explained the physical
meaning of its existence considering the relation of envelope of resultants and thrust lines.
Furthermore, based on the analysis of the F function I demonstrated, that there is no uniqueness
in the relation of minimum thickness, location of middle hinge and rupture angle, which
contradicts former assumptions of the literature.
1.2 Based on the Butler-transformation, I derived the necessary condition in terms of
stereotomy (i.e. sections must be parallel to loading) which results coinciding thrust line and
envelope of resultants, for arbitrary loading and geometry of the arch. In order to explicitly express
this coincidence, I denoted it catenary type thrust line. I demonstrated that the catenary type thrust
line always bounds the family of thrust lines.
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Whereas the upper bound of the stereotomy related minimum thickness values is present in the literature, to our
knowledge no attempt has been made to find the lower bound – i.e. the stone-cutting pattern resulting the thinnest
arch possible.

Principal result Nr 2
(Gáspár, Sipos, Sajtos, 2018/I/, Gáspár, Sajtos, 2017)
Based on a simplified structural model and the Heymanian assumptions of thrust line
analysis I derived the stereotomy related lower bound minimum thickness value for
the constant thickness semi-circular arch loaded with its self-weight only, based on a
novel analytical method. I demonstrated that feasible geometrical constraints on
stereotomy are necessary for a well-posed optimization problem – and hence, for the
existence of a non-zero lower bound value.
2.1 I determined semi-analytically the lower bound minimum thickness value (t/R=0.0819)
for the constant thickness semi-circular arch and verified numerically its existence by
generating a valid stereotomy function.
2.2 I demonstrated that both the lower- and the upper bound minimum thickness values
possess the special property that they are uniquely determined by a discrete numerical
parameter (location of the middle hinge), as opposed to the general case discussed in Principal
result Nr 1.
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Considering the limits of the no-sliding assumption the literature presents the range of ‘safe’ thickness accounting for pure sliding
and mixed collapse mechanisms as well (in addition to pure rotational), subject to various friction coefficients but only considering
radial stereotomy. The original no-sliding assumption proposed by Heyman is actually feasible from a practical point of view
(i.e. based on the frictional coefficient of masonry) in case of radial stereotomy. However, in order to derive realistic conclusions
for a wider range of stereotomies while still dismissing sliding between the elements, the constraining effect of finite friction on the
range of admissible stereotomies should be considered.

Principal result Nr 3
(Gáspár, Sipos, Sajtos, 2018 /II/)
I proposed a geometrical method, based on the approach discussed in Principal result 2
which determines the range of admissible stereotomies if the friction coefficient is a given
finite value for the constant thickness semi-circular arch loaded with its self-weight. I
demonstrated that considering realistic (form a practical point of view) friction
coefficients, the range of admissible stereotomies is significantly reduced as opposed to
that assuming infinite friction, and consequently the lower bound minimum thickness
value is increased.
3.1 I determined semi-analytically the lower bound minimum thickness value for the constant
thickness semi-circular arch if the frictional coefficient is μ=1 and verified numerically its existence
by generating a valid stereotomy function.
3.2 The range of safe minimum thickness values is determined in the literature considering a radial
stereotomy, and the effect of finite friction. I showed that even if the range of admissible
stereotomies is constrained by a realistic frictional coefficient, the safe range of minimum
thickness values can be extended.

The following conclusion can be drawn based on Principal result 2 and 3: the effect of stereotomy is limited
in practical problems in terms of the resulting minimum thickness value (note that radial stereotomy results
0.1074 t/R, and the value derived based on the assumption of μ =1 is only 3% lower /0.1044/). Within the
frame of the applied model, for the very simple load case discussed, its effect is negligible.
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The possible failure mechanisms and the corresponding minimum thickness values of constant thickness circular pointed arches
loaded with self-weight at their limit state are determined and to be found in the literature, but only considering radial stereotomy.
The stereotomy-related studies on minimum thickness values is extended to constant thickness pointed circular arches,
maintaining, among the other Heymanian assumptions the no-sliding assumption, hence only rotational failure is considered.
Based on the findings of the previous section, the validity of the intuitively acceptable conjecture is investigated, whether the
catenary type thrust line would lead to any kind of bounding value minimum thickness.

Principal result Nr 4
(Gáspár, Sajtos, Sipos, 2019)
I adapted the method introduced in Principal result 2 to the case of multiple internal
hinges. I demonstrated that the resulting minimum thickness value does depend on the
stereotomy function regardless of the number and arrangement of concurrent hinges
(among those possible). Furthermore, I showed that opposed to the practice of the
literature, the geometry of the arch’s reference line is not enough in determining the type
of the rotational failure mode, because stereotomy also influences it.
4.1 I demonstrated that it is possible to determine and derive the stereotomy-related bounding
minimum thickness values for a given circular arch geometry. I specified these bounding values
and the corresponding geometrical parameters. I showed that the catenary type thrust line
generally does not result in bounding value minimum thickness for circular pointed arches, even
though it bounds the family of thrust lines.
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The literature describes the necessary condition of rotational failure of a convex, symmetric arch of constant thickness as the
development of 5 or 6 hinges, if the Heymanian assumptions regarding material qualities and the limit theorems of plasticity
are considered. However recent studies showed that in case of circular pointed arches, 7 concurrent hinges are possible and the
correlation of lower minimum thickness value with higher hinge number was suggested. It was not yet investigated, whether
higher number of concurrent hinges would be possible, either for circular pointed arches or other symmetric arch geometries. I
formulated a conjecture in agreement with engineering intuition: Higher number of concurrent hinges result lower minimum
thickness values, for the reference line of the arch tends towards the hyperbolic cosine function, or homogenous catenary. This
latter can be modelled in mechanical terms as a mechanism consisting of infinite number of hinges

Principal result Nr 5
Based on minimum thickness analysis and the static theorem of plasticity, I analysed
numerically the possible number of concurrent hinges at the limit state considering the
catenary type thrust line (i.e. given stereotomy) and rotational mechanism, for arbitrary,
symmetric, convex arches. I proposed a numerical method which results a specific arch
geometry corresponding to an n-hinge mechanism at its limit state, where n is an arbitrary
positive integer. This demonstrates that there is no upper limit of the number of concurrent
hinges if the geometry of the arch is chosen accordingly. I showed analytically for the specific
arch geometries resulting from the construction technique proposed that higher number of
hinges result lower minimum thickness values.
5.1 I showed analytically that the maximum number of concurrent hinges for circular (or elliptical)
pointed arches is 7.
5.2 I showed explicitly that the hyperbolic cosine function (resulting theoretically zero-thickness arch
even if non-zero self-weight is considered) can be infinitesimally approximated by another (set of)
function(s), which, as reference line of an arch corresponds to n-hinge mechanism at its limit state,
where n ≥ 5. Hence, it was demonstrated that higher number of hinges are not necessary for lower
minimum thickness values.
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A specific problem set up of optimal dome geometry based on membrane theory analysis considers the reference surface of the
dome given and attempts to find a suitable (subject to the predefined constraints) thickness variation. Due to their architectural
significance and their limited tensile capacity masonry hemispherical domes are of special interest. The so-called Levy-type
solution described in the literature results a no-tension dome, however the resulting membrane surface is not spherical below the
inversion angle. Pesciullesi and co-authors (1997) presented a modified solution based on Levy’s, which maintains the spherical
middle surface as membrane surface. The thickness variation of the upper calotte was such, as to result constant meridional
stresses, whereas below the inversion angle the necessary thickness function was derived based on the constraint of zero hoop
forces. It was not investigated, whether further solutions resulting no-tension hemispherical domes existed.
If the hoop force is reduced to zero, the behaviour of the structure becomes essentially 1D. The problem of defining the thickness
variation of a catenary arch with hemispherical centre line is considered and solved in the literature, yet the relation of the two
solutions (dome vs arch) has not yet been explicitly defined.

Principal result Nr 6.
(Sajtos, Gáspár, Sipos, 2019)
Considering membrane theory and infinite compressive strength, I extended and generalized
the modified Levy-type solution resulting no-tension domes. I demonstrated, that there are
multiple possible solutions in terms of thickness function if the dome’s hemispherical middle
surface is treated as membrane surface. I found that the derived theoretical results are
qualitatively in good agreement with the general trends of structural solutions applied in
historical spherical masonry domes.
6.1 I derived analytically the thickness function which results zero hoop force at every point of a
hemispherical dome. I showed that the solution is the 2D extension of the thickness function of an
inhomogeneous catenary arch with semi-circular centre line. Furthermore, I demonstrated that the
method is readily applicable to the problem of (open or closed) compression-only hemispherical domes
or spherical domes with a given inversion angle if the constraints are modified accordingly.
6.2 I proposed a classification system for historical domes that considers their approach of reducing
the height of the cracked zone. The general trends are illustrated by well-known examples of historical
architecture.
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CHAPTER 6

6

APPENDICES

6.1

Derivation of necessary condition of equilibrium based on the kinematic approach

Figure A1. Kinematics of the arch

Figure A1 depicts the set-up of limit state analysis based on the kinematic approach. Infinitesimal rotations
(tan δ~ δ) and a symmetrical deformation are considered. The kinematical equations below describe the total
work of the external forces (self-load) during the mechanically admissible, infinitesimal rotation of the
hinges: in order for the system to be in equilibrium, the sum of the work of the self-load must be zero (since
the internal energy dissipation is zero at the hinges per definition). We refer to the previously cited work of
Cocchetti and coworkers, (Cocchetti el at, 2011) who considered the theory and potential of kinematical
approach in their study, publishing a similar figure of the problem (to Figure A11), without the detailed
derivation of the resulting equations. Detailed description of the construction of the diagram of movements
1

the diagram of horizontal movements is omitted, since due to the symmetry of the problem the total work of the thrust force
is zero.
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/for higher number of bar-chains as well, see Appendix 6.8/ is to be found in (Roller and Árvay, 1979).
Following the notation of Figure A1, the angle of rotation at the middle hinge:
𝑡
2
𝜗0 = 𝛿 (
).
𝑡
𝑡
𝑅 + − (𝑅 − ) cos 𝜑1
2
2
𝑅+

(𝑎1)

External work I (from springing to middle hinge)
𝜋
2

𝑒

∫ −𝛿𝜌𝑡(𝑅 + 𝑡/2 − 𝑥) 𝑑𝑠 = ∫ −𝛿𝜌𝑡𝑅(𝑅 + 𝑡/2 − 𝑅sin 𝛼)𝑑𝛼 =
𝑥0

𝛼0

𝑡 𝜋
𝑡
𝛿𝜌𝑡𝑅 (− (𝑅 + ) − 0 + (𝑅 + ) 𝛼0 + 𝑅 cos 𝛼0 ) .
2 2
2

(𝑎2)

External work II (from middle hinge to top)
𝑥0

∫ 𝜌𝑡[−𝛿(𝑒𝑥 − 𝑥) + 𝜗0 (𝑥0 − 𝑥)] 𝑑𝑠 =
0

𝛼0

∫
0

𝑡
𝑡
𝜌𝑡𝑅 [−𝛿 (𝑅 + − 𝑅 sin 𝛼) + 𝜗0 ((𝑅 − ) sin 𝜑1 − 𝑅 sin 𝛼)] 𝑑𝛼,
2
2

(𝑎3)

substituting into eq. (a1) yields
𝑡
𝑅+
𝑡
2
(− (𝑅 + ) 𝛼0 − 𝑅 cos 𝛼0 + 0 + 𝑅) + (
)∗
𝑡
𝑡
2
𝑅
+
−
(𝑅
−
)
cos
𝜑
1
𝛿𝜌𝑡𝑅
,
2
2
𝑡
((𝑅 − ) (𝛼0 sin 𝜑1 ) + 𝑅 cos 𝛼0 − 0 − 𝑅)
2
{
}

(𝑎4)

and the sum of the external work, eqs.(a2)+(a4)
𝑡
𝑡
𝑡 𝜋
2
𝛿𝜌𝑡𝑅 {𝑅 + (
) ((𝑅 − ) 𝛼0 sin 𝜑1 + 𝑅 cos 𝛼0 − 𝑅) − (𝑅 + ) } .
𝑡
𝑡
2
2
2
𝑅 + − (𝑅 − ) cos 𝜑1
2
2
𝑅+

(𝑎5)

In order for equilibrium, the expression above needs to be zero, regardless of the value of 𝛿. Hence, the
expression within the brackets, denoted Fk(α0, φ1, t/R) needs to be zero (R, t and 𝜌 are considered positive
scalars as in the case of static analysis). Hence the implicit function describing equilibrium, Fk can be written
𝑡

in the following form, rescaled by

𝑡

𝑅+2−(𝑅−2) cos 𝜑1
𝑅

:

𝑡
1𝑡
1𝑡 𝜋
𝐹𝑘 (𝛼0 , 𝜑1 , ) = (1 −
) cos(𝜑1 ) ((1 +
) − 1) +
𝑅
2𝑅
2𝑅 2
(1 +

1𝑡
1𝑡
1𝑡
1 𝑡 2𝜋
) 𝛼0 (1 −
) sin(𝜑1 ) + (1 +
) cos(𝛼0 ) − (1 +
) .
2𝑅
2𝑅
2𝑅
2𝑅 2

(𝑎6)

Note that Fk=Fs, corresponding to the uniqueness theorem of limit state analysis. While Fs constitutes a
lower bound, Fk is an upper bound in terms of t/R values.
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6.2

Relation of the catenary type thrust line and the moment diagram

As stated in the definition of plastic hinge, the yield condition is defined by the maximum eccentricity, which
does not necessarily coincide with the maximal bending moment. From another point of view it means that
though the thrust line is a moment free line, it is not equivalent to the (inverted) moment diagram in general.
Their relation is subject to stereotomy and loading. Another important property of catenary type thrust line
should therefore be highlighted. It is demonstrated below that the catenary-type thrust line is indeed the
affine pair of the bending moment diagram if the loading is self-weight only (this can be extended to parallel
loading). The relation of bending moment(M) and eccentricity(e) is defined by the normal force (N) (using
Cartesian coordinates):
𝑀(𝑥) = 𝑁(𝑥) ∗ 𝑒(𝑥)

(𝑎7)

In subsection 2.2.2 the necessary stereotomy for catenary-type thrust line c(x) is deduced. It was shown that
sections must be parallel to the loading. Note that this results N(x) =Nc, constant for unidirectional loads
(as self-load). It results the following (linear) affine transformation:
𝑀(𝑥) = 𝑁𝑐 ∗ 𝑐(𝑥)

(𝑎8)

proving the initial statement true. For further reading on the subject we refer to Fuller (1875) and Heyman
(1969). We thank Tamás Baranyai for a mutually enlightening discussion on this matter.
Remark: Note that eq. (a8) holds piecewise for structures subject to non-unidirectional loads as well (section
2.2.2): (if there are parts subject to parallel loads) due to different scaling though, the moment diagram of
the whole structure and its catenary type thrust line would differ.

6.3

Derivation of the Butler-method

Since Butler only refers to its general applicability, authors briefly show that it holds true generally – as long
as U(α) is continuous and twice differentiable. Only the derivation of the ‘x’ coordinate is discussed in detail:
Deriving eq. (2.16) (subsection 2.2.2 – note that the subscript U is omitted):
𝑚′(𝛼) =

𝑦′′(𝛼)𝑥′(𝛼) − x′′(𝛼)𝑦′(𝛼)
𝑥′(𝛼)2

(𝑎9)

Deriving eq. (2.17):
𝑦0 ′(𝛼) = 𝑦′(𝛼) − 𝑚′(𝛼)𝑥(𝛼) −

𝑦′(𝛼)
𝑥′(𝛼) = −𝑚′(𝛼)𝑥(𝛼)
𝑥′(𝛼)

(𝑎10)

This means that the ‘x’ coordinate of UTT(α) can be written as:
𝑚 𝑇 (𝛼) = (

𝑦0 ′(𝛼)
−𝑚′(𝛼)𝑥(𝛼)
) = (−
) = −𝑥(𝛼)
𝑚′(𝛼)
−𝑚′(𝛼)

(𝑎11)

Which proves the initial statement true.

6.3.1

Notes on alternate calculus-based derivation of the envelope of resultants

The function transformation of the Butler-method leads to the same equations as the classical solution
present in calculus-books, see below:
parameterized equation of resultant (with y0):
𝑦 = −𝑚(𝛼)𝑥 + 𝑦0 (𝛼)

(𝑎12)

derivative according to α
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(𝑎13)

0 = 𝑦0 ′(𝛼) − 𝑚′(𝛼)𝑥(𝛼)

solution for x:
𝑥=

𝑦0 ′(𝛼)
𝑚′(𝛼)

(𝑎14)

𝑦0 ′(𝛼)
+ 𝑦0 (𝛼)
𝑚′(𝛼)

(𝑎15)

solution for y:
𝑦 = −𝑚(𝛼)

and from here on exactly as with the Butler-method.

6.4

Numerical optimization of the stereotomy based on the lower bound theorem

The scope of the developed optimization procedure was to determine a suitable overall stereotomy of the
arch that would result in the lowest possible minimum thickness value belonging to a statically admissible
state. A constrained single-objective numerical optimization was carried out, based on the analytically
derived, parametrical equation of the thrust line (based on eqs. 2.4-2.6). Recall that by definition a thrust
line point (L) is the intersection of the corresponding E and S.
Recall that the equation of the resultant (based on the vanishing moment) is (eq. 2.29, subsection 2.2.3)
𝑦 = 𝑚(𝛼)(𝑥𝑉 (𝛼) − 𝑥) + 1 +

The equation of the section s(α)is formulated as

1𝑡

(𝑎16)

2R

(a17)

𝑥 = tan(𝛽(𝛼)) (𝑦 − sin(𝛼)) + cos(𝛼)

where β(α) is the stereotomy function (note that for ease of formulation β is used instead of φ and (x,y) is an
arbitrary point along the line of the section. Eqs. (a16-17) form a linear system of equations in two
unknowns. The (xL(α), yL(α)) coordinates of the thrust line (L(α)) is found to be
𝑥𝐿 (𝛼) =

(1 +

1𝑡
) tan 𝛽(𝛼) − tan 𝛽(𝛼) cos(𝛼) + sin(𝛼) + tan 𝛽(𝛼) 𝑚(𝛼)𝑥𝑣 (𝛼)
2R
1 + 𝑚(𝛼) tan 𝛽(𝛼)

𝑦𝐿 (𝛼) =

𝑚(𝛼)(𝑥𝑉 (𝛼) + tan 𝛽(𝛼) cos(𝛼) − sin(𝛼)) − (1 +
1 + 𝑚(𝛼) tan 𝛽(𝛼)

1𝑡
)
2R

(a18)

(a19)

The range of results is constrained by the conditions relating to stereotomy described in subsection 2.2.3.
The objective was to minimize the L2 norm between the thrust line (given by the coordinates (xL(α), yL(α)))
and the axis, which was implemented as the following functional:
𝜋
2

min(∫ (((𝑦𝐿 − cos(𝛼))2 + (𝑥𝐿 − sin(α))2 )𝑑𝛼)

(a20)

0

The optimization procedure is written in MATLAB. The arch is discretized with respect to arch length of
the axis e.g. angle of embrace (α(n)), α(n)=n∙π/(2N) where N= number of voussoirs for a given arch-length.
The stereotomy function β(α) is approximated with a Taylor-polynomial of the following form:
𝑗=𝑝

𝛽(𝛼(𝑛)) = ∑ 𝑎(𝑗)𝑠(𝑛) 𝑗−1

(a21)

𝑗=1

whereas a(j) denotes the coefficients of the polynomial, s(n) denotes the arch length belonging to the angle
of embrace α(n), hence s(n)=α(n)R, R is the radius of the axis. The optimization algorithm, applying the
fminsearch () (MATLAB) command (based on the simplex-method) minimizes the function value by
calculating the coefficient of eq. (a21).
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The resulting t/R value is updated at each iterative step, by calculating the minimum thickness
corresponding to the stereotomy function. For that, the tangency condition at the middle hinge is also
implemented as:
′
1𝑡
𝑑𝑦𝐿 (𝛼0 )
𝑑𝑦𝑖 (𝛼0 ) (cos(𝛼0 ) − 2 R ∗ cos(𝛽(𝛼0 )))
= 
=
′
𝑑𝑥𝐿 (𝛼0 )
𝑑𝑥𝑖 (𝛼0 )
1𝑡
(sin(𝛼0 ) +
∗ sin(𝛽(𝛼0 )))
2R

(𝑎22)

The procedure is stable and converges to a value of t/R of approx. 0.0880 smoothly: the value of p however
does influence the numerical value. As a tendency, higher value of p results a lower value of t/R, but it is
only true if the other input parameters are unchanged (see Table a1). The discussion after the analytical
derivation of the lower bound highlights the reason for the difficulties in finding one global optima with the
numerical procedure. The resulting stereotomy is shown in Figure A2.

1.
2.
3.
4.
5.

N

p

fu0

t/R0

t/R

500
50
500
500
500

13
13
13
15
20

15
15
5
15
15

1.2
1.2
0.8
1.2
1.2

0.0882
0.0876
0.0894
0.0878
0.0880

Table a1. Input parameters and resulting t/R values for the optimization process

Figure A2. Result of numerical optimization with corresponding β(α) stereotomy function

6.5

Constraint (c6) for the definition of a stereotomy function for the numerical process

In general, for minimum thickness values higher than the lower bound (t/R=0.0819) 𝜑′(𝛼0 )might take on
various values at the middle hinge, since the location of the middle hinge is not limited to one single point.
It could be chosen freely on the bound of the inner-non-admissible range (φr1 and φr2, marked blue and
magenta on Figure 2.15, subsection 2.2.4)– however, the location of the middle hinge does determine
uniquely 𝜑′(𝛼0 ):
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𝜑𝑡 ′(𝛼0 ) = 𝜑r2 ′(𝛼0 )

(𝑎23)

𝜑r2 ′(𝛼0 ) is the tangent of the bound of the inner non-admissible range at 𝛼0

At t/R=0.0819, per definition the location of the middle hinge is determined, hence𝛼0 is such that

6.6

𝜑𝑡 (𝛼0 ) = 𝜑r2 (α0 ) = 𝜑s2 (𝛼0 )

(𝑎24)

𝜑𝑡 ′(𝛼0 ) = 𝜑r2 ′(𝛼0 ) = 𝜑s2 ′(𝛼0 ) = 1

(𝑎25)

Local resolve for the stereotomy function for the numerical process

The stereotomy function is modified after optimization
between points M2 and the bottom, see Figure A3. M2
marks the location of the lower point, where the thrust
line crosses the reference line. Note that the location of
these points (M1 and M2) is determined by the value of
t/R alone and does not depend on the stereotomy itself.
Hence any modification of stereotomy between M2 and
the bottom can be made independently of the rest of the
arch – provided that the thrust line remains continuous.
The function φe(α) (marked by green in Figure 2.15,
subsection 2.2.4 is defined: φe(α) calculates the internal
angle (φe) of the intersection of section s(α) and the
extrados to the α internal angle of the reference point
O(α). It is included in the Figures to provide visual
feedback: if φe(α) is contained within the boundaries
φs1(α) and φs2(α), the problem of intersecting sections has
been avoided or resolved (see below).

Figure A3. Location of M2, moment free (lower) point on
reference line, relation of tangent section across M2 and
E(M2) shown, along with Ps2, Pe2.

The problem of intersecting sections towards the extrados at the bottom arouses from the conflicting
constraints of radial section at the springing, and a monotonic φt(α) function. If the section at M2 is rather
steep (a result of a stereotomy function φt(α) running close to the stereotomy-related bound (φs(α)), the
upcoming sections might cross the extrados below the springing, whereas the last section must run radial
between the springing point of intrados and extrados, which unavoidably causes sections to cross each other.
However, it can be shown that the section of M2, even if it is tangent to the intrados (limiting case), crosses
the extrados above the springing – see Figure A4 for values deduced for 0.0819<t/R<0.10891. This means
that an admissible stereotomy can be constructed, as follows.
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Figure A4. Internal angle of M2 (left) from the vertical and y-coordinate (right) of the intersection of the limiting, tangent (to the
intrados) section s(M2) and the extrados (the intersection is above the spring if y/R>0).

The original stereotomy function is generated through the optimization process, the intersection of s(M2)
and extrados, denoted Ps2 (Figure A3), is calculated. Any section below s(M2) is rearranged, considering Ps2 a
turning point: φt(α) is recalculated for the problematic segment based on the new tangent of its respective
section. Depending on the location of Ps2, the method might generate sections, where φt(α)>π/2, meaning
that it would cross the intrados below the springing, generating crossing sections towards the intrados side.
Following a similar logic, the springing point at the intrados is defined as a turning point as well (Ps1),
successfully avoiding intersecting sections. The proposed fix does result in a modified, but still monotonic
φt(α) function (no chance of intersecting sections towards the intrados) and keeps the thrust line continuous
(as both φt(α) and φe(α) remain continuous).
Finally, it is shown that the proposed solution is
admissible. The envelope of the resultants is a
monotonic function, running between points M2 and
Spe, (the springing point at the extrados, Figure A3 and
its tangent, V/H is monotonically increasing. The
intersection of E(M2) < E(α) < E(π/2) and the
extrados is below Pe2(the intersection of E(M2) and
above Pe3. Authors refer to Figure A5 for the relation
of Pe2 and Ps2 (Pe2 is always lower, than Ps2), for various
values of t/R (location of Pe2 is analytically calculated
based on the geometry and the equilibrium equations
in section 2.2. This leads to the conclusion that the
applied method does provide an admissible thrust line,
the intersection of section and resultant will remain
within the boundaries of the arch.

Figure A5. Relation of Pe2 and Ps2 for various t/R values.
For the lower bound, the y-coordinate of Pe2 = 0.0101,
while that of Ps2 = 0.013.
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6.7

Numerical procedure for the prediction of the failure mode of symmetrical arches
of constant thickness

Figure A6. Function scheme of the proposed algorithm

The numerical procedure displayed below is capable of predicting the rotational failure mode of symmetrical
arches of constant thickness, considering the geometrical relation between their reference line and catenarytype thrust line. In accordance with the discussion at the end of section 2.3, even though the catenary typethrust line does not provide a boundary in terms of minimum thickness values for the general case, it predicts
the corresponding failure mode reasonably well for realistic stereotomies.

Figure A7. Hinge number and arrangement prediction –the derived results are in good agreement to those in (Nikolic, 2017)

The prediction of the location of the plastic hinges is implemented in MATLAB, the schematic steps of the
algorithm are summarized below, see Figure A6 also. The procedure is built around the analysis of the d(x)
function (see section 2.3). It accepts the r(x) function as input arch geometry. Note that the initial, hyperstatic
problem is substituted with a 3-hinge arch. Hinges are assigned to the reference line at the top and the
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springing, for their true location is not known a-priori the definition of the failure mode. This results an
approximation, which is accounted for at the evaluation of the results by the feedback-parameter ‘devhinge’
(ranging from 0 to 1), the larger devhinge is, the more reliable the result. The prediction is optimized and
verified for circular-pointed arches, but the framework is readily applicable to other arch geometries. Steps
of the analysis are summarized on Figure A6. Based on the predicted failure mode, minimum thickness
analysis is carried out, selected results are shown on Figure A7.
Note that the left branch of the algorithm offers an important insight, which is rather easily generalized for
arbitrary geometry. If c(x) does not cross r(x) at all, the failure mode can be determined with certainty, should
d(x) be positive, it is 5-hinge type (1), else type (2b). Its significance can be highlighted by briefly revisiting
Giovanni Poleni’s famous analysis of the dome of St. Peter’s, Rome.
The beginning of thrust line analysis of masonry structures
(in the modern engineering sense) is marked by Giovanni
Poleni’s analysis (Heyman, 1967) on the stability of the
dome of St. Peter’s in Rome. Considering that masonry
primarily acts in compression, his study was based on
Robert Hooke’s principle regarding the ideal form of an
arch. He compared the geometry of a proportionally loaded
hanging chain to the (inverted) section of the dome. By
proving that the catenary would fit within the boundaries
of the structure he concluded that the structure was safe, as
the thrusting forces would be able to find their way to the
supports. Catenary type thrust line corresponds to vertical
stereotomy. Observing the geometry of the voussoirs on
Figure A8 it is evident that the actual stereotomy of the
dome St. Peter’s is different, which would result in a
different thrust line and a different minimum thickness
value from the same assumed presets. The rotational failure
mode is essential, based on the findings of section 2.3, to
asses, whether it was a safe estimation or not. The relation Figure A8. Reworked cross section of the dome of St.
Peters, Rome, Note that c(x) (red dashed) is below r(x)
of catenary-type thrust line (c(x), red) and reference line
(blue)
(r(x), blue) suggests a 5-hinge type (1) failure mode (without the need to explicitly define the arch geometry
– which is neither circular nor pointed), since d(x) is positive. In this case, the minimum thickness analysis
based on catenary-type thrust line results an upper bound, proving Poleni’s intuition.
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6.8

Demonstration of the admissibility of the 7-hinge mechanism

The studied half of the seven hinge mechanism is twice
indeterminate kinematically, hence two parameters can be
adjusted independently. We chose absolute center of
rotation of bar Nr 3 (marked point Nr 3, Figure A9), and
the angle of rotation δ at the springing (at point Nr 1). Point
Nr 3 is chosen to lay on the line of action of V3 (resultant
of weight of bar Nr 3). Considering the rules of
construction detailed eg. in (Roller and Árvay, 1979) the
resulting diagram of vertical and horizontal displacements
is readily obtained (Figure A9). Below we demonstrate
based on the principle of virtual work considering
infinitesimal displacements (tan δ~ δ) that if 7-hinge
mechanism is statically admissible, then the sum of the
external work is zero, regardless of the value of δ – ie. it is
in its limit state. Following the notation of Figure A9, the
necessary condition of zero external work is that
h1V1=h2V2, (note that the chosen location of point Nr 3
guarantees that the work of V3 is zero). Note that h1 and h2
are necessarily of different sign if both rod Nr 1 and Nr 2
are in equilibrium, and the arch is convex. The reasoning
is based on the slope of resultants vs bar axis. The
condition of zero external work is reformulated as:

Figure A9. Statics and kinematics of the 7-hinge arch

𝛿𝑥𝑣1 𝑉1 = 𝛾(𝑥2 − 𝑥𝑣2 − 𝑥2𝑎 )𝑉2

(𝑎26)

the geometry of the construction, and the chosen location of point Nr 3 results the following relations:
𝛾
𝑦1
=
𝛿 𝑦2𝑎

(𝑎27)

𝑥1 𝑥2𝑎
=
𝑦1 𝑦2𝑎

(𝑎28)

𝑉3 𝑦2𝑏
=
𝐻 𝑥2𝑏

(𝑎29)

Equilibrium of the upper and lower parts (based on vanishing moment to internal hinge 1,2)
(𝑥2 − 𝑥𝑣2 )𝑉2 = 𝐻𝑦2 − 𝑉3 𝑥2

(𝑎30)

𝑥𝑣1 𝑉1 = 𝐻𝑦1 − (𝑉2 + 𝑉3 )𝑥1

(𝑎31)

Substituting eqs (a27), (a28) and the right hand side of eqs. (a30) and (a31) into eq. (a26)
𝛿(𝐻𝑦1 − (𝑉2 + 𝑉3 )𝑥1 ) = 𝛿(

𝑦1
(𝐻𝑦2 − 𝑉3 𝑥2 ) − 𝑉2 𝑥1 )
𝑦2𝑎

(𝑎32)

finally, considering that y2=y2a+y2b and x2=x2a+x2b and substituting in eq. (a29) it turns into:
𝛿(𝐻𝑦1 − (𝑉2 + 𝑉3 )𝑥1 ) = 𝛿(𝐻𝑦1 − 𝑉2 𝑥1 − 𝑉3 𝑥1 )

(𝑎33)

demonstrating that the external work is zero, regardless of the value of 𝛿 . Note that this is readily applicable
for higher number of concurrent hinges (assuming symmetry and concavity of the reference line of the
arch), since the center of rotation for any other bar than the two closest to the springing can be freely
assigned.
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6.9

Alternate thickness function resulting non-positive hoop stresses

Thickness is constant at the upper calotte, and the function is continued with tz from the inversion angle of
the constant thickness dome that is φ1=0.904 rad (51,8º)

Figure A10. Alternate thickness function based on the modified Levy-type solution: the upper calotte is constant thickness,
which is continued by the zero-hoop force dome geometry form 51,8º

6.10 Derivation of the limits of the inversion angle for linear and squared variation of the
thickness function
Based on the thickness functions given in subsection 3.3.2, the equation of the hoop force at the inversion
angle (𝜑1 )can be derived. For linear variation it results:
𝑁𝜃1 = 0 =

(𝑏 − 1)
(𝑏 − 1)
𝑅𝜌
{1 − [1 +
𝜑1 ] ∗ cos(𝜑1 ) (1 + 𝑠𝑖𝑛2 (𝜑1 )) +
sin(𝜑1 )}
𝜋
𝜋
𝑠𝑖𝑛2 (𝜑1 )
2
2

(𝑎34)

Rearranged and simplified:
cos(𝜑1 ) (1 + 𝑠𝑖𝑛2 (𝜑1 )) − 1
sin(𝜑1 ) − 𝜑1 cos(𝜑1 ) (1 + 1 + 𝑠𝑖𝑛2 (𝜑1 ))

=

(𝑏 − 1)
𝜋
2

(𝑎35)

The function in the nominator (denoted nlin(φ1)) and denominator (denoted dlin(φ1)) are depicted in Figure
A11. Note that the nominator changes sign at φ1=0.904 (the inversion angle of constant thickness dome,
resulting b=1 if substituted in eq. (a34), as expected), form positive to negative. The denominator reaches
zero at φ1=1.104 (with b running to infinity), but for higher values is becomes positive, hence their ratio, if
(𝑏−1)
φ1>1.104 is negative, contradicting our initial condition of 𝜋 >0 (would result negative thickness values).
2

This explain the upper bound of inversion angle for linear thickness variation. A similar argument can be
made for the squared thickness variation, resulting an upper bound inversion angle value 𝜑1 = 1.209. The
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corresponding equations are given below, the resulting nominator and denominator functions (denoted
nsq(φ1), dsq(φ1) respectively) are depicted in Figure A11 (note that nsq(φ1)= nlin(φ1)).
𝑁𝜃1 = 0 =

𝑅𝜌
𝑏−1
𝑏−1
{1 − cos(𝜑1 ) + 𝜋 [(2 − 𝜑 2 ) cos(𝜑1 ) + 2𝜑1 sin(𝜑1 ) − 2] − cos(𝜑1 ) 𝑠𝑖𝑛2 (𝜑1 ) [1 + 𝜋 𝜑1 2 ]} (𝑎36)
2
𝑠𝑖𝑛2 (𝜑1 )
( )
( )2
2
2
(𝑏 − 1)
cos(𝜑1 ) (1 + 𝑠𝑖𝑛2 (𝜑1 )) − 1
= 𝜋
2
2
2
(2 − 𝜑 ) cos(𝜑1 ) + 2𝜑1 sin(𝜑1 ) − 2 − cos(𝜑1 ) 𝑠𝑖𝑛 (𝜑1 )𝜑1
( )2
2

(𝑎37)

nlin=nsq
dlin
dsq

n-d

φ
Figure A11. Upper bound values of φ1 considering linear and squared thickness variation

6.11 Limit of the meridional and hoop forces at the top subject to the weight function
We briefly prove the relation of weight function and the limit of the thickness and internal forces at the top,
summarized in footnote 11, Chapter 3. Consider an arbitrary, at least three times differentiable weight
function, G(𝜑) that is consistent with the conditions given in subsection 3.3.3.
The limit of the thickness function at 0 is, (scaled by 2R2πρ) based on eq.(3.3) (section 3.3):
𝐺 ′ (𝜑)
𝜑→+0 sin(𝜑)

lim 𝑡(𝜑) = lim

𝜑→+0

(𝑎38)

if (a) 𝐺 ′ (0) ≠ 0𝑡ℎ𝑒𝑛𝑡ℎ𝑒𝑙𝑖𝑚𝑖𝑡𝑖𝑠 + ∞
if (b) 𝐺 ′ (0) = 0, 𝑏𝑢𝑡𝐺 ′′ (0) ≠ 0 the limit is obtained considering L’Hopital’s rule:
𝐺 ′ (𝜑)
𝐺′′ (𝜑)
𝐺 ′′ (0)
= lim
=
= 𝐺 ′′ (0)
𝜑→+0 sin(𝜑)
𝜑→+0 sin′(𝜑)
cos(0)
lim

(𝑎39)

which is a finite scalar value.
if (c) 𝐺 ′ (0)𝑎𝑛𝑑𝐺 ′′ (0)=0 eq. (a39) applies again, with the thickness function resulting zero.
Next we obtain the limit of the meridional force, considering eq. (3.1) (section 3.3) scaled by 2R2πρ, by
L’Hopital’s rule) (note that G(0) =0):
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lim 𝑁𝜑 (𝜑) = lim −

𝜑→+0

𝜑→+0

𝐺(𝜑)
𝐺 ′ (𝜑)
𝐺 ′ (𝜑)
𝐺 ′ (0)
=
lim
−
=
−
=
−
sin2 (𝜑) 𝜑→+0 (sin2 )′(𝜑)
sin(2𝜑)
sin(2 ∗ 0)

(𝑎40)

if (a) 𝐺 ′ (0) ≠ 0𝑡ℎ𝑒𝑛𝑡ℎ𝑒𝑙𝑖𝑚𝑒𝑠𝑖𝑠 + ∞
if (b) 𝐺 ′ (0) = 0, 𝑏𝑢𝑡𝐺 ′′ (0) ≠ 0 the limit is obtained:
lim −

𝜑→+0

𝐺 ′ (𝜑)
𝐺 ′′ (𝜑)
𝐺 ′′ (𝜑)
𝐺 ′′ (0)
=
lim
−
=
−
=
−
(sin2 )′(𝜑) 𝜑→+0 sin′ (2𝜑)
2cos(2𝜑)
2

(𝑎41)

which is a finite scalar value.
if (c) 𝐺 ′ (0)𝑎𝑛𝑑𝐺 ′′ (0)=0, 𝑏𝑢𝑡𝐺 ′′ ′(0) ≠ 0 eq. (a41) applies again, with the meridional force also resulting
zero.
At last, the hoop force is discussed (eq. (3.2), section 3.3), applicably scaled (see above), considering L’Hopital’s
rule (note that only the second derivative results scalar value, regardless of G’(0))
0

0

sin(2𝜑)
2

𝐺(𝜑) −

lim 𝑁𝜃 (0) = lim

𝜑→+0

⏞− cos(2𝜑)) − 𝐺
𝐺 ′ (𝜑) (1
𝐺 ′ (𝜑) sin(2𝜑)
2
= lim
𝜑→+0
sin2 (𝜑)
sin(2𝜑)

′′ (𝜑) ⏞

𝜑→+0
0

= lim

𝜑→+0

0

0

⏞− cos(2𝜑)) + 𝐺 ′ (𝜑)2 sin(2𝜑)
⏞
𝐺 ′′ (𝜑) (1
− 𝐺 ′′ (𝜑) cos(2𝜑) −

𝐺 ′′′ (𝜑) ⏞
sin(2𝜑)
2
=−

2 ∗ cos(2𝜑)

𝐺 ′′ (0)
2

(𝑎42)

it is straightforward from the derived formula that the value of the hoop force at the top only depends on
the second derivative of the weight function (the first does not influence the result). Hence only two cases
can be distinguished: either G’’(0) is zero, or not.
Let us see compare above derived results to the examples discussed in Chapter 3:
zero hoop force dome (subsection 3.3.1):
𝐺𝑧 (𝜑) = 𝑐1 tan(𝜑)
𝐺′𝑧 (0) =

𝑐1
= 𝑐1
cos(0)2

𝐺′′𝑧 (0) =

2𝑐1 sin(0)
=0
cos(0)3
𝐺 ′′ 𝑧 (0)

since 𝐺′𝑧 (0)≠0, tz(0) and Nzφ (0) shall run to infinity, while Nzθ(0)=
3.8 (section 3.3), left.

2

= 0, exactly as depicted in Figure

The corresponding stresses can also be obtained following the above formulation:
𝐺(𝜑)
𝐺(𝜑)
sin2 (𝜑)
𝜎𝜑 (𝜑) = − ′
=− ′
𝐺 (𝜑)
𝐺 (𝜑) sin(𝜑)
sin(𝜑)

(𝑎43)

Its limit at 0 can be obtained based on L’Hopital’s rule (note that in this case 𝐺 ′ (0) ≠ 0)
lim −

𝜑→+0

𝐺(𝜑)
𝐺 ′ (𝜑)
𝐺 ′ (0)
=
lim
−
=
−
= −1
𝐺 ′ (𝜑) sin(𝜑) 𝜑→+0 𝐺 ′′ (𝜑) sin(𝜑) + 𝐺 ′ (𝜑) cos(𝜑)
𝐺 ′ (0) cos(0)

(𝑎44)

Based on eq. (3.2) (section 3.3) the following relation is established between the principal stresses
𝜎𝜑 (𝜑) + 𝜎𝜃 (𝜑) + cos(𝜑) = 0

(𝑎45)
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therefore 𝜎𝜃 (0) = 0 for the zero hoop force some, in complete agreement with the results in subsection
3.3.1.
Compression only dome (3.3.2) (H=cos(φ/2))
𝐺𝑧 (𝜑) = 4𝜋 tan(𝜑)sin( 𝜑/2)
0
2sin( )
0
2 =0
𝐺′𝑧 (0) = 2𝜋(cos ( ) ∗ tan(0) +
2
cos(0)2
0
cos ( )
0
8
2 )=𝜋
𝐺′′𝑧 (0) = 𝜋 (sin ( ) (
− 1) tan(0) +
2 cos(0)2
cos(0)2

since 𝐺′𝑧 (0)=0, tz(0) =1 and Nφ (0) = Nθ(0)= -1/2 (scaled by π), exactly as depicted in Figure 3.9, right (section
3.3)
Case (c) above (resulting zero thickness and membrane forces at the top) is not considered in the main body
of the text. A trivial and simple example can be created is based on the thickness function
𝑡(𝜑) = 𝜑

(𝑎46)

resulting 𝐺 ′ (𝜑) = 𝜑sin(𝜑) and 𝐺(𝜑) = sin(𝜑) − 𝜑cos(𝜑)
which corresponds to our initial conditions. Then it is possible to obtain:
𝐺 ′ (0) = 0 sin(0) = 0
𝐺 ′′ (0) = sin(0) + 0 cos(0) = 0

(𝐺 ′′′ (0) = 2 cos(0) − 0sin(0) = 2)
the corresponding initial values of Nφ (0) = Nθ(0)=0 (based on eq (a36) and (a37)). Figure A12 is included
below to illustrates this example. Note that since this shell is also singular at the top, discrepancy occurs,
though on the level of stresses (similar to the example of zero hoop force dome), they do not have the same
value at the top:
Based on eq. (a43), the limit of the meridional stress results (note that this time the third derivative is the
first non-zero, hence):
lim 𝜎𝜑 (𝜑) = lim −

𝜑→+0

𝜑→+0

based on eq (a44)

𝐺 ′′′ (𝜑)
𝐺 ′′′ (𝜑) cos(𝜑) + 𝐺 𝐼𝑉 (𝜑) sin(𝜑) + 2𝐺 ′′′ cos(𝜑) − 2𝐺 ′′ (𝜑) sin(𝜑) − 𝐺 ′′ (𝜑) sin(𝜑) − 𝐺 ′ (𝜑) cos(𝜑)
𝐺 ′′′ (0)
1
=
= − (𝑎47)
3𝐺 ′′′ (0) cos(0)
3

𝜎𝜃 (0) = −

2
3

in complete agreement with the results depicted in Figure A12.
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Figure A12. Spherical dome geometry resulting zero membrane forces at the top (t(φ)= φ)
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