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1
Introduction

Semiconducting nanowires have attracted a large research interest in the recent years
due to their flexibility to fabricate various quantum electronic devices. The semicondcuting
nature provide the possibility to tune the electron density by local gate electrodes, which
allow for the definition of quantum dots, small islands for electrons. One of the widely
studied example is the InAs nanowire, which is favored due to its ability to form good
ohmic contact with most of the metals and due to the strong spin-orbit interaction. The
latter one results in large g-factors which lead to large Zeeman splitting in magnetic
fields [1–4]. The spin-orbit interaction also allows for the manipulation of electron spins
by electrically driven spin resonance (EDSR) [5,6], which opens the way to the realization
of the spin-orbit qubits [7–9].
Superconducting hybrid devices have been put forward to realize exotic particles, such
as Majorana fermions [10–28], parafermions [29–31], which may provide a platform of
topologically protected quantum computational architectures. The proposals have strong
requirements on the relative strength of different superconductivity related coupling mechanisms, like the local and the crossed Andreev reflection (LAR and CAR). The former one
gives rise to a subgap state, called Andreev bound state in a quantum dot-superconductor
setup [32–50]. The CAR was studied experimentally in metallic nanostructures [51–54] and
later in the Cooper pair splitter devices, where two quantum dots are weakly tunnel coupled to a superconductor in a dot-superconductor-dot geometry [55–62]. This provides a
natural source of spatially entangled electron pairs by the splitting of Cooper pairs. The
QD–SC–QD setup also serves as the basic building block of artificial topological material
proposals, like the poor man’s Majorana setup [17] and the Majorana chain [63]. Spin-orbit
interaction is also a key ingredient of these proposals.
Magnetic impurities deposited on a superconducting substrate is another possible realization of the Majorana chain. A single magnetic impurity is screened by binding a
quasiparticle with an antiparallel spin, giving rise to the so-called Shiba state [64–79]. If
the distance of the impurities is smaller than the extension of the Shiba state, then the
coupling of the Shiba states results in the formation of Shiba bands. In the presence of spinorbit interaction the ends of a Shiba chain host Majorana fermions [15, 20–26, 63, 80–83].
During my PhD work I have studied spin-orbit interaction-related phenomena and
superconducting subgap states in InAs nanowires experimentally, by low temperature
transport measurements, and theoretically.
7

The thesis is organized as follows. In Chapter 2 the concepts and the theoretical basis
required to interpret the results will be discussed. During this I will introduce the single
and the double quantum dots, the sources and the consequences of the spin-orbit interaction, the superconductivity and the subgap states arising in superconducting hybrid
structures. In Chapter 3 the experimental techniques, the sample fabrication and the low
temperature measurement techniques will be outlined. In Chapter 4 I will discuss my
results obtained by electrical transport measurements regarding the spin-orbit interaction, carried out in InAs nanowires. I will introduce and demonstrate the new topological
structure of magnetic Weyl points in spin-orbit coupled double dot systems (Sec. 4.1 and
published in Ref. [84]). I will present the two-impurity Kondo phase transition measured
in InAs nanowire double quantum dot, and I will explore the effect of a ferromagnetic
contact on the single impurity Kondo effect (Sec. 4.2). And I will demonstrate the tunability of the spin-orbit interaction in side-gated InAs nanowires by weak antilocalization
measurements (Sec. 4.3 and published in Ref. [85]). In Chapter 5 I will discuss my results
regarding the subgap states in superconductor-quantum dot hybrid structure. I will show
that the Shiba state formed in such structure can extend one order of magnitude further in the superconductor than in STM geometries (Sec. 5.1 and published in Ref. [86]).
I will discuss how the presence of the Shiba state influences the Cooper pair splitting
in dot-superconductor-dot setups by non-local transport measurements (Sec. 5.2). I will
propose an experimental scheme to prove the spin singlet character of split Cooper pairs
using the spin qubit toolkit in a dot-superconductor-dot setup (Sec. 5.3 and published
in Ref. [87]). And I discuss the transport signatures of an Andreev molecular state also
in dot-superconductor-dot geometries, which allows for the distinction of the possible
coupling mechanisms (Sec. 5.4 and published in Ref. [88]). Finally in Chapter 6 I will
summarize my findings.

8

2
Theoretical background

During my research I have focused on two major topics in InAs nanowires. First, the
signature and the tunability of the spin-orbit interaction and second, the subgap states in
superconducting hybrid devices. In this chapter I will introduce the theoretical concepts
and models that are necessary to interpret the results in the following. To this end, I will
introduce the basic properties and description of single and double quantum dots. Then
I will discuss the spin-orbit interaction and its fingerprints. After that I will describe the
main properties of the superconductors and the BCS theory of the superconductivity will
be discussed. Finally I will introduce and compare the different subgap states arising in
hybrid superconducting devices.

9
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2.1

Quantum dots

In my research I mainly focused on nanoelectronic hybrid devices hosting quantum
dots, especially double dots. In two experimental works I analyzed the excitation spectrum
of a serial double quantum dot system, while in the others I worked with a so-called Cooper
pair splitter geometry, where the two quantum dots are attached on the opposite sides of
a central superconducting electrode. In this section I will discuss the basic properties of a
quantum dot using the so-called constant interaction model and subsequently I introduce
the single impurity Anderson model which will be used in the following to describe the
quantum dot systems.
Quantum dots are quasi-zero dimensional small islands that can be occupied by a
small number of charge carriers (electrons or holes). In the following I will focus on electron quantum dots. Generally the dots are accompanied by additional electrodes/leads to
manipulate or probe the dots. These can be of two kinds (for schematics see Fig. 2.1a).
Tunnel coupled electrodes serves as reservoirs of electrons, that can jump on to and off
from the quantum dot. To provide a transport through the dot, one needs at least two
tunnel coupled electrodes, which are usually called source and drain. The second type of
electrodes, called gate electrodes, are just capacitively coupled to the quantum dot, no
electron transport is allowed to them. These electrodes serves to tune the electrochemical
potential of the dot.
The electronic properties of the quantum dot is dominated by two phenomena. First
due to the Coulomb repulsion between the electrons and due to the small size (and hence
the small capacitance) of the quantum dot there is an energy cost of adding electrons
to the dot. This energy is called the charging energy. The second phenomenon is the
quantization of the kinetic energy of the electrons, again due to the small size of the
quantum dot.

b)
Eadd=

a)
VSD
Source

QD

U
U+ΔE

μN+1
μN

eVSD

Drain
VG

Source

Drain
VG

Figure 2.1: a) Schematics of a quantum dot device. In a general transport setup the dot is
coupled to two tunnel electrodes, source and drain, and one or more gate electrodes. b) Energy
diagram of a quantum dot showing the chemical potential levels, µN , where N is the electron
number on the dot. Their separation, the addition energy, E add is determined by the charging
energy, U and the level spacing, ∆E. The gate voltage, VG shifts the chemical potential ladder.
The source-drain voltage, VSD shifts the Fermi energy of the leads. Transport is possible through
the level within the bias window.
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2.1.1

Constant interaction model

The basic properties of the quantum dots can be described within the framework of
the constant interaction model [89]. The model has two assumptions. First the interaction
between the quantum dot and its environment can be described solely by constant capacitances. And second that the single-particle energy spectrum is independent of the previous
interaction and correspondingly it is also independent of the number of the electrons on
the dot. The total energy of a quantum dot, hosting N electrons can be expressed as
N

T ot
EN

(−|e|N + CS VS + CD VD + CG VG )2 X
+
En (B),
=
2CΣ
i=1

(2.1)

where CS , CD and CG denotes the capacitances between the quantum dot and the source,
drain and gate electrodes, respectively, CΣ = CS + CD + CG is the total capacitance, VS ,
VD and VG potential is applied on these electrodes and Ei is the single-particle energy,
depending on the details of the confinement.
The electrochemical potential of the quantum dot, µN is the energy cost of adding one
electron, i.e.


U
1
T ot
T ot
U−
(CS VS + CD VD + CG VG ) + EN ,
(2.2)
µN = EN − EN −1 = N −
2
|e|
where U = e2 /2CΣ is the charging energy and EN is the single-particle energy of the
electron in question. If the kinetic excitations are taken into account, the electrochemical potential also depends on the excitation configurations – through EN – besides the
electron number, N (for an example see Fig. 2.3). The series of µN forms the so called
electrochemical potential ladder, an example is shown on Fig. 2.1b and will be discussed
below. Note that µN linearly depends on the voltages applied on the electrodes. Thus
changing the gate voltages simply shifts the electrochemical potential ladder.
The difference of the electrochemical potential of consecutive transitions is called the
addition energy
add
EN
= µN +1 − µN = U + ∆E,
(2.3)

where ∆E is called the level spacing, which can be zero if the electrons are added to the
same, spin-degenerate single-particle level. But for each electron added, one has to pay
the charging energy.
The electrochemical potential ladder provides a simple way to illustrate the transport
through the quantum dot. In the following I assume that temperature is the smallest
energy scale. The ladder is shown on Fig. 2.1b. On the left and right side of the panel
tunnel electrodes are modeled by a Fermi-sea of electrons, that is filled up to the Fermienergy of the lead. The difference of the Fermi-energies is determined by the voltage
applied between the electrodes, VSD = VS − VD , usually called bias voltage. On the figure
the black lines indicate electrochemical potential values corresponding to the ground state
transitions, while the gray ones to the excited states. The energy levels of the quantum
dot below the lower Fermi energy are filled, and ones above the larger are empty. The
ones lying in the bias window – i.e. between the two Fermi-energies are partially filled,
these are the one that can carry current.
To describe the transport through the quantum dot first I assume that only first
order tunneling processes play a role. At zero bias voltage current can flow only there
11
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is an energy level of the dot aligned with the Fermi-energy of the leads (top left panel
of Fig. 2.2a). This is usually called resonance. When there is no such energy level, the
charge on the dot is fixed, hence the current is quenched (bottom left panel of Fig. 2.2a).
This is called Coulomb-blockade effect. Since the gate voltage tunes the electrochemical
potential of the quantum dot, i.e. drives the levels through resonance, a pattern of finite
conductance Coulomb-peaks is measured as the function of the gate voltage (see right
panel of Fig. 2.2a). The shape of the Coulomb-peaks depends on the temperature and the
tunnel coupling, the dominating one determines the width, for details see e.g. Sec. 2.1.2
of Ref. [90]. The alternating distance of Coulomb-peaks is the result of the finite level
spacing and the spin-degeneracy of the energy levels and usually called even-odd effect.

a)

I

VG
b)
VSD

I (a.u.)

VG

Figure 2.2: Transport through a quantum dot. a) Zero-bias transport occurs only when an
energy level is resonant with the Fermi-energy of the leads. The current peaks – as the function
of gate voltage – are called Coulomb-peaks, the zero-current regions between the peaks are
called Coulomb-blockade regime. b) Finite bias transport neglecting the excited states. The
conducting regions widen as the bias voltage is increased, and eventually merge, forming the
Coulomb-diamond pattern. A few exemplary energy diagrams are shown on the left, the blue
polygons mark which points they correspond to.

For the finite bias case first let us neglect the excited states. For VSD 6= 0 there is finite
range of gate voltage, where the energy level of the quantum dot lies between the Fermienergies of the leads, hence the Coulomb-peaks widen to a finite plateau and the Coulombblockaded regions shrinks (see right panel of Fig. 2.2b). Eventually the conducting regions
merge and the Coulomb-blockade is lifted, this happens at VSD = Eiadd . The parallelogramshaped regions with zero current are called Coulomb-diamonds.
12
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ENTot

Tot
EN+1

When the excited states also play a role, additional transport channels open, which
changes the fine structure of the stability diagram. Fig. 2.3 shows a simple example that
explains the effect of the presence of the excited states. Let us consider only two different
possible electron numbers on dot, N and N + 1, as it is indicated by the energy diagram
on panel a. For both cases lets assume that there is a single excited state (ES) above the
ground state (GS). There are three different transitions between the N and N + 1 electron
states, as it is shown by the three different chemical potential values on the ladder diagram
on panel b. The resulting stability diagram is sketched in panel c. In the conducting region
– between the two black lines – additional conduction channel opens as an excited state
is tuned within the bias window. The additional conduction channel generally increases
the current, however in certain cases it can decrease (an example with will be discussed
in Sec. 5.4.4). On the contrary, in Coulomb-blockeded regions the charge on the quantum
dot is frozen, the presence of the excited states does not influence the blockade on the
level of the present assumptions. In Sec. 2.1.4, when higher order tunneling processes will
also be taken into account, we will see that the presence of excited states modifies the
transport even in Coulomb-blockade.

Figure 2.3: Illustration of the effect of the excited state on the transport. a) The energy diagram
of the N and N + 1 electron state assuming one excited state for both configurations. b) the
chemical potential ladder. c) The resulting stability diagram. For detailed explanation see the
text. The figure is adapted from Ref. [89].

Fig. 2.3 also shows that the angles of the edges of the Coulomb diamonds is determined
by the ratio of the capacitances, assuming that the bias is applied on the source and drain
is grounded.
An example of a measured stability diagram is shown on Fig. 2.4, where the conductance G = dI/dVSD is plotted as the function of VG and VSD . In the conductance the
current plateaus become resonances. The regular size of the Coulomb-diamonds indicates
the absence of even-odd effect. The edges of the diamonds are sharper on the right side
of the figure, indicating that the coupling to the leads is weaker. The lines parallel to the
edges of the diamonds are the transport signatures of the excited states.
13
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0.4

2
0

0.2

-2
-4
0.8

G (G0)

VSD (mV)

4

0
0.85

0.9
VG (V)

0.95

1

Figure 2.4: A measured stability diagram, illustrating the Coulomb diamonds and excited
states. The measurement was done in the sample discussed in Sec. 4.1, in an InAs nanowire
quantum dot.

2.1.2

Single impurity Anderson model

Here I will introduce a simple model that is capable to describe the most important
features of a quantum dot, and which I will use in the following. The single impurity
Anderson, or one site Hubbard model assumes a single, spin degenerate orbital, that can
be occupied by 0, 1 or 2 electrons. The Hamiltonian of the quantum dot is
X
εnσ + U n↑ n↓ ,
(2.4)
HQD =
σ

where ε in the on-site energy of the electrons on the dot, U is the on-site Coulomb
repulsion, nσ = d†σ dσ is the particle number operator of spin σ, with d†σ (dσ ) is the creation
(annihilation) operator of an electron with σ spin. In the following I will use the Dirac
notation for the eigenstates: |0i for the empty, |σi = {| ↑i, | ↓i} for the degenerate singly
occupied and | ↑↓i for the doubly occupied states.
Fig. 2.5a shows the energy spectrum of HQD : the energies of the |0i, |σi and | ↑↓i
states are 0, ε and 2ε + U , respectively. In different regions of ε different occupation is the
ground state, for ε < −U it is favorable to fill the dot with 2 electrons, for −U < ε < 0
two two-fold degenerate single electron state is the ground state, finally for 0 < ε the
empty state has the lowest energy. Gray dotted lines mark the transition points between
the different ground states. The role of ε is related to the gate voltage since it tunes the
transition between different ground states.
Transport measurements performed on a quantum dot probe the energy difference
of state differing in one electron. These transitions illustrated on the inset of Fig. 2.5a.
The |0i ↔ | ↑↓i transition is forbidden since the two states differ in two electrons. The
excitation energies are shown on Fig. 2.5b as the function of ε/U . Note that mirroring
the excitation spectrum vertically to the ∆E = 0 axis the obtained pattern resembles to
the Coulomb-diamonds. The coincidence is not accidental, the Coulomb-diamond pattern
indeed corresponds to these excitations.
This model can be generalized to describe more electron states by introducing additional energy levels with possibly different on-site energies.
14
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Figure 2.5: Single impurity Anderson model of a quantum dot. a) Energy levels of HQD of
Eq. (2.4). Gray dotted lines indicate the boundary between the ground states with different
number of electrons, n. (inset) The excitation energies for adding/removing one electron – corresponding to a transport experiment – along the red dashed line. b) The excitation energies
as the function of ε/U , resembling the Coulomb-diamonds. The regions with different ground
states are marked with the number of electrons in the dot.

2.1.3

Effect of the magnetic field

In the presence of magnetic field the energy of the two spin states become different,
which can be described by incorporating the Zeeman-term in the Hamiltonian,
HZ = µB BĝS,

(2.5)

where µB is the Bohr-magneton, B is the magnetic field, S is the spin operator of the
electron and ĝ is the g-tensor. In the simple case of lacking spin-orbit interaction (SOI)
the g-tensor is just a scalar, the spin quantization axis is parallel to the external magnetic
field. However in the presence of SOI the g-tensor is a general, real 3 × 3 matrix. For
further details on the g-tensor see Sec. 2.3.5. Note that the |0i and | ↑↓i states are not
affected by the magnetic field.

2.1.4

Cotunneling

During the description of the transport through a quantum dot previously I assumed
that only single electron tunneling events are allowed. However when the tunnel coupling
between the quantum dot and the leads are increased higher order processes also become
relevant. These are called cotunneling events. We distinguish two different types of cotunneling process: (i) the elastic cotunneling, when total energy of the quantum dot does not
change during the cotunneling, and (ii) the inelastic cotunneling, when the energy of the
dot changes. These processes are illustrated on Fig. 2.6a&b.
In the elastic cotunneling process an electron is transferred from one lead to the other
via an intermediate virtual state, a high energy orbital of the quantum dot (see Fig. 2.6a.
Since this process is allowed at all bias voltages, it gives a finite background to the conductance. This is illustrated on Fig. 2.6c by the zero-bias current, which does not go down
to zero between the Coulomb-peaks, but stays finite.
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Figure 2.6: Illustration of second order tunneling processes contributing to the transport
through the QD. a) Elastic cotunneling. b) Inelastic cotunneling. c) There is a finite current
even in Coulomb-blockade due to the elastic cotunneling processes. d) The inelastic cotunneling
process results in the increase of the current at finite bias, eVSD > ∆E.

In an inelastic cotunneling process one electron leaves dot, and a second one jumps
in onto a different excited state (see Fig. 2.6b). Due to the energy cost the inelastic
cotunneling is only allowed at bias voltages larger than the excitation energy. In the
stability diagram it appears as a finite current within the Coulomb-diamonds for eVSD >
∆E (see Fig. 2.6d). Note that the horizontal lines continue to the finite conduction regions
as the previously discussed signatures of the excited states (see Sec. 2.1.1).

2.1.5

Kondo-effect

If the tunnel coupling between the quantum dot and the leads are even stronger third
or even higher order processes become relevant. An emergent phenomenon of higher order
processes is the so called Kondo-effect [91–93]. The Kondo-effect originally arises at magnetic impurities in metals, where the conduction electrons tend to screen the spin of the
impurity, leading to the formation of a Kondo-singlet state and logarithmic corrections to
the measurable quantities, such as the resistance [94].
In quantum dot systems an unpaired electron on the dot behave as the magnetic
impurity from the point of view of the electrons in the Fermi-sea of the electrodes. The
single electron has an internal degree of freedom, the spin, hence the ground state is
two-fold degenerate, | ↑i, | ↓i in the absence of magnetic field (called doublet). The
conduction electron of the normal leads tend to screen the spin on the quantum dot by
elastic cotunneling processes (e.g. an up spin leaves the dot, while a down spin jumps in).
These higher order tunneling processes lead to the formation of the Kondo-singlet state
and additional density of states (DOS) peak at the Fermi energy of the normal lead (see
Fig. 2.7a&b), which appear in the transport as zero-bias resonance for odd occupation
(see Fig. 2.7b).
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Figure 2.7: Kondo-effect in quantum dots a) elastic cotunneling processes screen the unpaired
spin on the dot, which leads to the formation of the Kondo-singlet state and a DOS peak at
the Fermi-energy. b) An example of the measure Kondo-resonance in the odd valley. The dashes
lines are guide to the eye, marked the edges of the Coulomb-diamond. The white arrow points
to the zero-bias resonance induced by the Kondo-effect. The measurement was done on the
sample discussed in Sec. 4.2. c) Temperature dependence of the zero-bias conductance adapted
form Ref. [92]. Reducing the temperature the conductance increase (decrease) in the odd (even)
valleys. d) In the presence of magnetic field the Kondo-effect is suppressed, however an inelastic
cotunneling process still can change the spin on the QD, leading a finite bias resonance at
eVSD = EZ .
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The formation of the DOS peak can be understood by starting from a tunnel broadened, half-filled energy level and performing a second order perturbation in the on-site
Coulomb interaction (see e.g. Ref. [95]). However the width of the DOS peak in only
obtained properly after summing all orders of the perturbation, which is related to the
Kondo-temperature
1√
ΓU eπε(ε+U )/ΓU ,
(2.6)
TK =
2
ΓR
where Γ = ΓΓLL+Γ
describes the coupling to to normal leads, with ΓL/R is coupling between
R
the quantum dot and the left/right lead. At temperatures below TK the Kondo-singlet
state is always formed.
Since the Kondo-effect arises only if the ground state is degenerate, it appears at odd
filling of the dot. The temperature dependence of the conductance in the even and in the
odd valleys are opposite. At large temperatures T  TK , when the Kondo-correlations
are suppressed, both valleys indicate the Coulomb-blockade. Decreasing the temperature
the Kondo-correlations and the corresponding DOS peak start to develop in the odd
valleys, and henceforth the conductance increases. While for the even valleys at large
temperatures the conductance is dominated by the thermally activated tunneling processes, decreasing the temperature reduces conductance. This is illustrated on Fig. 2.7c
adapted form Ref. [92].
Applying a magnetic field the degeneracy of the two spin states splits, hence an elastic cotunneling process cannot screen the spin anymore. The magnetic field suppresses
Kondo-effect. However at finite bias, being larger than the Zeeman-splitting, inelastic cotunneling processes are capable of screening the spin, hence the Kondo-resonance will split
in magnetic field accordingly to the Zeeman-splitting of spin (see Fig. 2.7d). Generally the
magnitude of the split Kondo-peak is larger than a simple inelastic cotunneling one’s due
to the higher order corrections. Usually these Kondo-related inelastic cotunneling lines in
finite magnetic field are not called Kondo-effect anymore, since the cotunneling process
cannot take place without net transport of electrons.
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2.2

Double quantum dots

Here I will discuss the basic properties of serial double quantum dots. The setup is
illustrated on Fig. 2.8a, each dot is coupled to a reservoir of electrons and the dots are
coupled to each other. Besides both quantum dots have its own gate electrode, denoted
by gL and gR . The ground state occupation of the double dot is governed by voltages
applied on the gates. To determine the ground state occupation of the double dot one
can generalize the the constant interaction model (presented in Sec. 2.1.1) to the present
geometry. Here 5 capacitances has to be taken into account; CS (CD ) between the source
(drain) electrode and QDL (QDR ), CgL , CgL between the QDs and their corresponding gate
electrode, and CLR between the dots. For detailed derivation of the constant interaction
model of double dots see Sec. II.A. of Ref. [96].

a)

VSD

Source

QDL

QDR

VgL

VgR
c)
VgR

CLR→0

VgR

b)

Drain

VgL

VgL

Figure 2.8: a) Schematics of a double quantum dot, b),c) Stability diagram of the double dot,
neglecting the interdot capacitive coupling on panel b), with finite capacitive coupling on panel
c). The numbering indicate the number of electrons on the left and right dot respectively. Panels
b and c are adapted from Ref. [96].

If CLR = 0, the occupation of the quantum dots are independent from the other dot’s.
Hence the boundary of each charge states are horizontal and vertical line on the VgL − VgR
map – usually called stability diagram (see Fig. 2.8b). Along the vertical (horizonal) lines
the ground state of QDL (QDR ) is degenerate. At the crossing points the ground state of
the double dot is four-fold degenerate, the point are called quadruple points.
When CLR is finite, adding an electron to one of quantum dots will result in an effective
negative gate voltage for the other dot, repulsing the electrons there. Hence the quadruple
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points will split into two, three-fold degenerate points – called triple points, forming a
honeycomb-like pattern for the double dot stability diagram (see Fig. 2.8c).
Similarly to the case of the single dot, one can derive the electrochemical potential
ladders for each individual quantum dots, where now µL/R (NL , NR ) depends on the occupation of both quantum dots.
At zero bias voltage, in leading order, transport is only possible through the double,
when both dot’s electrochemical potential is aligned with the Fermi-energy of the leads,
i.e. current can flow only in the triple points. However in the experiments often significant
currents are observed along the charge degeneracy lines (see e.g. Fig. 2.10a). In this
case one tunneling event, e.g source → QDL is energetically allowed, and the electron
is transmitted from QDL to the drain electrode via a cotunneling process.
Up to this point the tunneling between the quantum dots was treated only on the
level of incoherent tunneling. However when the interdot tunnel coupling, tLR becomes
comparable to the difference of the energy levels of the quantum dots, i.e. tLR & |µL −
µR |, then the levels of the dots hybridize, and they form the bonding and antibonding
orbitals. In this region the quantum dot behaves similarly to single dot, tuned by two gate
voltages. The hybridization also has a signature in the stability diagram, the splitting of
the triple points increase further and the honeycomb pattern is smoothed, indicated by
the anticrossing-like dashed lines (see Fig. 2.9).

VgR

VgL
Figure 2.9: Effect of the interdot tunneling on the stability diagram of the double dot by
hybridizing the states of the dots. Due to the hybridization the energy of the bonding states is
decreased close to a charge degeneracy line. This manifest itself in the curving of the boundaries
of the honeycomb pattern, the continuous lines transform into the dashed ones. The insets show
the chemical potential ladder diagrams corresponding to certain points of the stability diagram.
The figure is adapted from Ref. [89]
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A few examples of measured stability diagrams are shown on Figs. 2.10&2.11. Fig. 2.10
shows the typical honeycomb pattern of a double quantum dot is different parameter
regimes. Panel a shows the case of weak tunnel coupling – indicated by the angled resonance lines. The ’horizontal’ lines are more pronounced and broadened, hence the coupling
to the right lead is larger than to the left. Panel b shows region where the coupling to the
left lead is increased (the ’vertical’ lines are more pronounced, and the overall conductance
increased with about a factor of 5). The interdot tunneling is still weak for the charge
states on the left, while it significantly stronger in the middle (see the curved boundaries
of the hexagons). In the left region the conductance in the largest in the triple point, while
in the middle there are no pronounced peaks. Finally panel c shows a stability diagram
with wider range of gate voltages, when in overall the double quantum dot is well-coupled
to both leads. This is a good example to see that coupling parameters can significantly
chance from charge state to charge state. For certain charge states the conductance is
low and sharp hexagonal pattern marks the charge state (marked by yellow rectangle),
while for others the resonances are curved with much stronger conduction (red rectangle).
Fig. 2.11 shows an example of controlled tuning of the interdot tunnel coupling by a third,
middle gate electrode, gM . As the voltage on gM , VgM is decreased the coupling between
the two dots is decreased also. The decrease of the tunnel coupling is indicated by the
shape of the resonance lines, for larger VgM they are curved, while for lower VgM they are
straight. On panel d the shape of the charge states is rather a rectangle than a hexagon,
implying small capacitive coupling too.

2.2.1

Anderson model of the double quantum dot

The single impurity Anderson model of a single quantum dot can be generalized to
describe a double quantum dot also. As a starting point the DQD is the sum of two
independent quantum dots (named left (L) and right (R) in the following), which both
has a single spinful orbital, i.e. the Hamiltonian is
X X
0
HDQD
=
εα nασ + Uα nα↑ nα↓ .
(2.7)
α=L,R

σ

The interaction between the quantum dots can be either tunnel or capacitive coupling.
The corresponding Hamiltonians are


X
T
HDQD
=
tLR d†Lσ dRσ + h.c.
σ
C
HDQD

= ULR

X
σ

nLσ

X

nRσ ,

(2.8)

σ

with tLR being the spin-conserving tunnel coupling between the dots ans ULR is the interdot
Couloumb-repulsion strength. Here the tunneling term is restricted only to spin conserving
processes, however in the presence of spin-orbit interaction spin-rotating terms are also
relevant, which I will discuss is Sec. 2.3.5. In the following I will neglect the interdot
Coulomb-repulsion.
From now on I will use two different notation for the states of the double quantum dot.
First the (m, n) notation, where m (n) denotes the number of electrons on QDL (QDR ),
and second the |i, ji = |iiL ⊗ |jiR Dirac notation, where i, j ∈ [0, ↑, ↓, ↑↓] denotes the spin
state of the electron on QDL/R .
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Figure 2.10: Example of measured double dot stability diagram in different coupling regions.
The coupling to the leads and between the dots was tuned by voltages on additional gate
electrodes between the measurements. a) Weak interdot coupling region, with clear honeycomb
pattern. b) The coupling to the left lead increased, indicated by the more pronounced ’vertical’
resonances. c) The coupling to right lead also increased. See text. The measurements were done
on the sample discussed in Sec. 4.1.
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Figure 2.11: Example of tuning the interdot tunnel coupling by a third, middle gate electrode.
As VgM is tuned to more negative values, the tunnel – and also the capacitive – coupling between
the two dots is decreased. This is indicated by the disappearance of the curvature of the resonance
lines. The measurements were done on the sample discussed in Sec. 4.1.
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Singlet-triplet splitting
In the presence of a tunnel coupling between the dots, their states hybridize into bonding and antibonding states (sometimes called molecular states). An important example
for the hybridization happens in the (1, 1) states. The singlet combination, S(1, 1) =
√1 (| ↑, ↓i − | ↓, ↑i) is coupled to the (2, 0) and (0, 2) states – which are also singlets –
2
by the tunneling, while the three triplet combinations, i.e. T0 (1, 1) = √12 (| ↑, ↓i + | ↓, ↑i),
T+ (1, 1) = | ↑, ↑i and T− (1, 1) = | ↓, ↓i remain uncoupled. Henceforth the energy of the
singlet state is lowered compared to the triplet ones, resulting in the singlet-triplet splitting EST = ET − ES . The tunneling induced splitting is an effective anti-ferromagnetic
coupling between the spins (see Appendix. A.1 for the mapping between the two model
where the spin rotating terms are also incorporated). This singlet-triplet splitting is also
referred as kinetic exchange effect in the field of magnetism.
In the presence of magnetic field the energy of the S(1, 1) and the T0 (1, 1) is unaffected,
however the two spin-polarized triplet splits. For magnetic fields B > EST /gµB the T−
state becomes the ground state. The singlet-triplet degeneracy at B = EST /gµB can also
accompanied by the emergence a Kondo-effect, the so called singlet-triplet Kondo-effect,
since the Fermi-sea of electron in the leads tend to screen the degeneracy [97–101].

24

2.3. Spin-orbit interaction

2.3

Spin-orbit interaction

Up to this point I assumed that spin of the electron is only affected by the external
magnetic field. However in large number of materials, especially with large atomic weight
the motion and the spin of the electrons couple due to the so called spin-orbit interaction
(SOI). The InAs nanowire, on which my experiments are based, is a good example for
a material with SOI. In this section first I introduce the basic concept and the possible
origins of the SOI. Then I will discuss its effect on the transport properties, first in well
conducting wires, resulting in the effect of weak antilocalization, and second in double
quantum dots.
A simple way to understand the SOI is to consider a propagating electron in a homogenous electric field (in the laboratory frame of reference). If the description is changed to
the electron’s frame of reference one has to applying a Lorentz-transformation to the electric field. In a moving frame of reference the electric field transforms into a combination
of an electric and a magnetic fields. The effective or spin-orbit magnetic field is
B SO =

1
E × v,
c2

(2.9)

with v being the velocity of the electron [102]. This effective magnetic field acts on the
spin of the electron via the Zeeman-term, resulting in
HSO =

gµB
(E × v) S.
c2

(2.10)

I.e. the orbital motion of the electron, v is coupled to its spin S.
Despite of using a simple picture the result above is surprisingly good. Making the
weakly relativistic approximation of the Dirac-equation, one obtains a similar term for the
spin-orbit term, with the only difference of a factor of two. The difference is due to the fact
that the simple picture above does not take into account the Thomas-precession [102,103].

2.3.1

Sources of SOI

As we have seen above the SOI arises when the electrons propagate in an electric
field. Here I will discuss the typical sources of the electric field in solid state materials.
Note that the presence of an electric field requires the breaking of the inversion symmetry.
Usually the SOI is discussed in 2-dimensional electron systems, where two different sources
are distinguished. The first type originates from the bulk inversion asymmetry, i.e. when
the lattice of the atoms itself breaks the inversion symmetry. The corresponding spinorbit term is called Dresselhaus SOI [104]. The second type originates from the structural
inversion asymmetry. The 2D electron system are usually defined at an interface of a
multilayer material – the difference of the work functions results in a band bending and in
the formation of a confining potential perpendicular to the layers. If the layer structure,
and so the confining potential is not mirror symmetric, then generally an electric field
arises perpendicular to the layers. The corresponding spin-orbit term is called Rashba
SOI [105].
In a nanowire geometry the Dresselhaus term can be similarly present as in 2D systems,
depending on the crystal structure, however the generalization of the Rashba term is not
straightforward. Usually even in nanowires geometries the 2D Rashba interaction is used,
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assuming that the gate electrodes induce a homogenous electric field penetrating the
whole nanowire [8, 106]. In certain cases this simple model is indeed capable to explain
the experimental findings, however this is not always the case (an example will be shown
in Sec. 4.1). To construct a completely realistic model one has to also take into account the
confining potential – including the surface of the material and potential barriers defining
the quantum dots –, the possible band bending at the surface [107–109], the effect of the
substrate and presence of localized impurities as sources of an additional electric field.
Also generally the gate induced electric fields are not homogenous.
In InAs nanowires – which can crystallize in two different crystal structure, the cubic
zinc-blende and the hexagonal wurtzite – the Dresselhaus interaction is not always present,
it depends on the crystal structure and the grown direction. In zinc-blende wires the typical
growth direction is along the <111> axis, in such wires the Dresselhaus-interaction is
absent. However in the wires with wurtzite structure it is present. In the experiments I
have used nanowires with wurtzite structure.

2.3.2

Spin relaxation mechanisms

The presence of the SOI accompanied by the scattering of the electrons leads to the
relaxation of the spin. Generally two spin-orbit related spin-relaxation phenomena are distinguished in the literature [110–112]. The Elliot-Yafet (EY) [113,114] and the D’yakonovPerel’ (DP) [115] mechanisms are used to describe the spin-relaxation in systems with and
without inversion symmetry, respectively.
If the spatial inversion symmetry in unbroken the presence of a homogenous electric
field and hence the SOI is forbidden by symmetry. However local electric fields originating from the impurities do induce SOI. When the electrons scatter on the impurities,
their momentum changes, and their spin also has a chance to flip. This is illustrated on
Fig. 2.12a. This mechanism results in a spin relaxation process, where the spin relaxation
EY
is proportional to the momentum relaxation time, τe
time, τSO
EY
τSO
∝ τe .

In the absence of inversion symmetry an electric field and the corresponding spinorbit field is present. As the electrons propagate in the momentum dependent spinorbit magnetic field, B SO (k) their spin precess around the field with Larmor-frequency
Ω(k) = (e/m)B SO (k). In a scattering event the momentum of the electron changes, correspondingly the axis of the spin precession and the Larmor-frequency will be different
after the scattering than before. After some scatterings the spin of the electrons is flipped,
as it is illustrated on Fig. 2.12b. In the conventional DP description it is assumed that the
angle of spin-rotation is small between two scattering events. Accordingly the resulting
spin relaxation time in inversely proportional to momentum relaxation time,
DP
∝ τe−1 .
τSO

Although these two process seems to describe all the systems, the theory of the spinrelaxation mechanisms is far from complete. On the one hand deviations were observed
experimentally from both models (for detail see e.g. Ref. [112]), which indicates the need
of a more comprehensive theory. There are attempts to unify the EY and the DP theories
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a)

Elliot-Yafet

b)

D'yakonov-Perel

Figure 2.12: Illustration of spin-relaxation mechanisms. a) Elliot-Yafet: in the presence of
inversion symmetry the electron spin can flip during the scattering on impurities. b) D’yakonovPerel: The spin of the electrons precess around the spin-orbit field. In the scatterings the rotation
axis and speed randomizes, leading to the loss of spin information. The figures are adapted from
Ref. [116].

within the same framework [112, 116]. On the other hand not spin-orbit related spin
relaxation mechanisms, like the Bir-Aronov-Pikus mechanism in p-doped semiconductors,
or the hyperfine effect – the interaction between the spins of the conduction electrons and
the nuclei – also play a role. These phenomena are not be discussed here, for details see
e.g. Ref. [110].

2.3.3

Universal conductance fluctuation and weak (anti)localization

After the short overview of the spin-orbit interaction and spin relaxation mechanisms
I will discuss their effect on the electronic transport properties of a nanowire. Namely
I will discuss the quantum interference based phenomenon of weak antilocalization. To
this end I will introduce the phase evolution of the electrons in solid state media, the
universal conductance fluctuations and the weak localization effect. The electronic transport measurements provide a way to determine important parameters of the nanowires.
For example the conductance fluctuations and weak (anti)localization effects allow for the
determination of the phase coherence length, lφ or the spin-relaxation length, lSO (The
SO index denotes that I am interested only in spin-orbit related spin relaxations). The
former one tells how far an electron propagates before its phase is randomized, and latter
one tells the same for the spin.
The electrons propagating in a medium acquire phase from two different sources.
First the phase of an electron with momentum, k changes as eikr , where r is the spatial
coordinate. This is called dynamic phase. The second, if the
 propagates in the
R electron
e
presence of a magnetic, it acquires an additional exp −i ~ A(r)dr phase, where A(r)
is the vector potential. An important difference between the two contributions is that
while the dynamic phase is symmetric under time-reversal, the other component changes
sign.
In a diffusive sample – the momentum relaxation length, le = vF τe is much smaller
than the size of the sample, L – the phase acquired by each possible electron paths
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are different. To determine the conductance of the sample the contribution of all paths
of propagation have to be summed up. In a phase coherent sample, i.e. L . lφ , the
individual paths interfere with each other. The interference term gives a correction to the
conductance compared to the classical value. The typical magnitude of the correction is
the conductance quantum, G0 = 2e2 /h. The phase acquired on a path is tunable by a
gate voltage – that changes the Fermi-energy, and correspondingly the momentum of the
electrons –, or by a magnetic field. Since the tuning affects each path differently, the total
conductance fluctuates in a random fashion as the function of the gate voltage or the
magnetic field. This is called the universal conductance fluctuation (UCF) [117]. Such a
pattern is shown on Fig. 2.13a as the function of magnetic field. Although the pattern
itself is random, it is well reproduced in a repeated measurement. This because the pattern
is determined by the configuration of the scattering centers.
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Figure 2.13: a) Universal conductance fluctuation as the function of the magnetic field, adapted
from Ref. [118]. b) Time reversed pair of closed electron paths corresponding to the backscattering of the electron. The interference of these paths gives to the weak localization effect. The
figure is taken from Ref. [119]. c) Visualization of the spin-diffusion on the Bloch-sphere in the
presence of SOI, adapted from Ref. [120]. d) WAL correction as the function of the magnetic
field for different spin relaxation lengths, lSO with the phase coherence length of lφ = 200 nm,
and with realistic parameter for a nanowire (see text).

Now lets consider a special class of paths, the closed loops, where an electron returns to
the same point with the opposite momentum as it started. Such a path pair is illustrated
on Fig. 2.13b. As long as the time reversal symmetry is not broken the dynamic phase
28

2.3. Spin-orbit interaction
acquired on a closed loop is independent of the direction of propagation, hence these path
pairs always interfere constructively. Adding up the contribution of all path pairs one
finds a constructive interference for the back scattering of an electron – twice as large as
the classical value –, resulting in a decreased conductance. This is called weak localization
(WL). Note that paths longer that the phase coherence length, lφ do not contribute to the
interference. In a finite magnetic field the time reversal argument does not hold anymore.
The phases acquired during the propagation in the opposite directions along the loops
are different. Each path pairs – since they enclose different areas – have different phase
differences (the trajectories become desphased). Summing up the contribution of all path
pairs one finds an interference correction smaller than in the absence of the magnetic
field. I.e. the magnetic field weakens the robust interference effect of the time reversed
paths, leading to a positive magnetoconductance (see e.g. the bottom-most, brown curve
on Fig. 2.13d).
Taking into account the SOI changes the picture [120–122, 122–125]. During the diffusive motion of the electron its spin also changes, it diffuses on the Bloch-sphere (see
Fig. 2.13c) [120]. The total change of the spin – while the electron propagates through
the loop – corresponds to an SU(2) rotation, R̂
S 0 = R̂ · S,
where S/S 0 denotes the spin at the beginning/end of the propagation on the closed path.
In the absence of a magnetic field the spin diffusion is the opposite for the time reversed
path, i.e.
−1
S 00 = R̂ · S,
where S 00 denotes the spin at the end of the time reversed path. Being the spin taken into
account, the interference term also depends on the spin states of the electron at the end
of the two interfering paths. This introduces the
2

hS 00 |S 0 i = hS|R̂ |Si.

(2.11)

term beside the orbital, constructively interfering one. Now this contributions have be
summed up for all path pairs.
If the SOI is strong enough the spin can end up pointing in any direction with uniform distribution at the end of the scattering processes. Henceforth the summing of the
contribution of different paths corresponds to an averaging of Eq. (2.11), such that R̂ can
describe any rotation on the Bloch-sphere. One can show that results in a -1/2 factor.
Hence the presence of a strong SOI changes the sign of the WL correction, the interference
for the back scattering becomes destructive, therefore the conductance is increased compared to the classical value. This is called weak antilocalization (WAL). Similarly to the
case of WL the magnetic field destroys the destructive nature of the interference terms, the
correction is reduced, leading to a negative magnetoconductance (see e.g. the top-most,
blue curve on Fig. 2.13d). Also similarly to the case of WL the length of the contributing
paths is limited from above by decoherence lengths, more precisely the infimum of the
phase coherence length and the spin relaxation length.
Generally for the description of the WAL correction measured in nanowires the one
dimensional, low field theory is used, which assumes (i) the dirty limit, i.e. the elastic
scattering length, le is much smaller than the wire diameter, (ii) the W << lφ << L
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order for the width, W and the length, L of the nanowire and the phase coherence length,
and (iii) the Fermi-wavelength, λF << W . Furthermore the low field limit
p means that the
cyclotron radius rc = ~kF /eB >> W/2 and the magnetic length lm = ~/eB >> W . In
this limit the WAL correction is given by

!−1/2
!−1/2 
2
1
2e  3 1
4
1 1
1
,
(2.12)
∆G(B) = −
+ 2 + 2
−
+ 2
2
2
hL 2 lφ 3lSO lB
2 lφ lB
where L is the length of the nanowire, lSO is the spin relaxation length and
lB2 =

8~2
√
e2 B 2 W 2 3

is the length scale associated to the magnetic field [121, 123, 124, 126]. The formula of lB
the geometrical factor, W 2 in Refs.
[121, 123] – corresponding to the cross section of a
√
3 3
rectangular wire – is replaced by 8 W 2 , the cross section of a hexagonal wire, following
the idea of Ref. [126]. The correction is plotted on Fig. 2.13d for few values of lSO with
fixed lφ = 200 nm and with a realistic nanowire parameter, i.e. W = 80 nm and L = 1 µm.
When the spin relaxation dominates over the phase decoherence, i.e. lSO < lφ the curve
reflects the WAL signature, the conductance is reduced with magnetic field, while in the
opposite limit, lφ < lSO the conductance increase according to the WL expectations.

2.3.4

Spin-orbit interaction in quantum dots

In quantum dots the spin-orbit interaction has an effect only if multiple orbitals are
considered. In case of single quantum dots it means higher energy orbitals, which is not
relevant for my thesis, hence I will not discuss it in detail here. In case of multiple quantum
dots the orbital degree of freedom corresponds to different sites (i.e. dots). I will discuss
the case in the following through the two-site Anderson model.

2.3.5

Anderson model in the presence of SOI

Previously I introduced the Anderson model of a double quantum dot in the absence
of SOI (see Sec. 2.2.1). Let us introduce how the model changes in the presence of SOI.
The SOI appears is two ways in the Anderson model, first in the tunneling term and
second in the Zeeman term. In the presence of SOI the electron spin precesses around the
spin-orbit field during the tunneling. Hence the spin of the electron is not conserved in
the tunneling, a spin-rotating term appears in the Hamiltonian among the spin conserving
one. The most general form of the tunneling Hamiltonian is
X
†
T
(2.13)
=
tLσσ0 d†Lσ dRσ0 + tR
HDQD
σσ 0 dRσ dLσ 0 ,
σσ 0
L/R

where tσσ0 are complex tunneling parameters. Altogether there are 16 parameters in the
present form of the tunneling Hamiltonian, however symmetry considerations reduce the
number of independent parameters to 4. First one requires from the Hamiltonian to be
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hermitian and second in the absence of a magnetic field it has to be invariant under time
reversal [127]. These conditions imply the simplified form of
"
!
#
X
X
j
T
HDQD
=
t0 δσσ0 − i
tj τσ,σ
d†Lσ dRσ0 + h.c. ,
(2.14)
0
σσ 0

j=x,y,z

where τ j are the Pauli-matrices and t0 , tx , ty and tz are real hopping amplitudes. Here
t0 corresponds to the spin conserving tunneling, and t = (tx , ty , tz ) describes the spin
rotating tunneling processes. Note that the spin-rotating part is simply the scalar product
of the real valued hopping amplitudes and the Pauli-matrices, i.e. the t/|t| vector is the
axis around which the spin rotates and the |t|/t0 ratio corresponds to the angle of the
rotation. In the following I will assume that the tunneling parameters are independent of
the magnetic field, hence the same form of the tunneling Hamiltonian stays even in the
presence of a magnetic field.
Note that in the (1, 1) charge state, in case of a large on-site Coulomb interaction, the
Anderson-model can be mapped to an interacting two-spin model, which will be used in
Sec. 4.1. For the mapping see Appendix A.1.
Beside the tunneling the SOI affects the response of the electrons to an external magnetic field. This can be summarized in the generalization of the g-factor. In the presence
of SOI the scalar g-factor is replaced by the g-tensor, a general 3 × 3, real valued matrix.
The resulting Zeeman Hamiltonian of a double dot is
HZ = µB B (ĝ L S L + ĝ R S R ) .

(2.15)

Note the generally the g-tensor have 9 independent components, however usually experimentally it is determined from the magnitude of the Zeeman splitting,
q
(2.16)
EZ = µB B T ĝ T ĝB,
where the ĝ T ĝ expression is always a symmetric matrix corresponding to 6 independent
parameters. I.e. one can only determine the symmetric part of the g-tensor by the measurement of the Zeeman-splitting [128]. The anti-symmetric part requires more elaborate
techniques [128, 129].
Another interesting remark about the g-tensor it that according to the theorem of polar
decomposition it can always be written as the product of an orthogonal and a symmetric
matrix, i.e.
ĝ = O · ĝ sym .
(2.17)
Note that the orthogonal matrix corresponds to a unitary transformation of the local spin
basis.
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2.4

Superconductivity

The first liquefaction of helium in 1908 made possible to carry out low temperature
measurements. In 1911 H. Kamerlingh Onnes discovered that the resistance of mercury
vanishes around 4.2 K. Later the same effect was observed for several other materials.
These are called superconductors (SCs). The temperature at which the superconductivity
takes place is called critical temperature, Tc , ranging typically between 0.1 − 20 K. Here
I will describe the experimental signatures of the superconductivity and later, in the
following subsection I will introduce the famous Bardeen-Cooper-Schrieffer (BCS) theory
of the superconductors.
The superconductivity is more than becoming an ideal conductor. In ideal conductors,
according to the laws of Maxwell the magnetic field has to be stationary – since the
electric field vanishes –, but in superconductors there is an exclusion of magnetic field –
B = 0 inside of the superconductor –, which is called the Meissner-effect. To screen the
external magnetic field a dissipationless, surface current circulates at the surface of the
superconductor, which generates an opposite field to the external one. Similarly to the
temperature, too large magnetic fields destroys the superconductivity. The field at which
the superconductivity disappears is called the critical magnetic field, Bc . The typical
magnitude is 0.1 − 100 mT
Due to the limitations on the current density, the screening of the magnetic field takes
place in a layer with finite thickness. The length on with the magnetic field decays in
called the penetration depth, λ and depends on the material and on the temperature.
The penetration depth is in the 10 − 1000 nm range. Another important length scale of
the superconductors is the coherence length, ξ, which describes the spatial decay of the
superconducting correlations. More precisely it describes the typical spatial extension of
the Cooper pairs – which will be introduced in the following subsection.
According to the behavior in magnetic field we can distinguish two types of the superconductors. In type I superconductors, where ξ > λ the magnetic field is homogeneously
excluded from the whole sample – except the thin surface layer. The superconducting
phase abruptly destroyed at the critical field. In type II superconductors, where ξ < λ it
is energetically favorable to form localized regions – so called vortices – where magnetic
field is penetrates the sample. This inhomogeneous, vortex phase forms at a finite field,
called lower critical field, Bc1 . Each vortex hosts one flux quantum of magnetic field, which
decays again on the length scale of λ. With increasing field the density of the vortices increase and eventually when their distance become comparable to λ the superconductivity
disappears. This happens at the field called higher critical field, Bc2 . The phase diagrams
of type I&II superconductors is shown on Fig. 2.14a&b.
Performing tunneling or microwave spectroscopy on a superconductor one finds that
there is excitation gap in the spectrum. No current and no microwave absorption occurs
for energies below the gap, ∆.
The phase transition with the temperature at Bc is second order, i.e. the gap vanishes
continuously with increasing temperature. This is illustrated on Fig. 2.14c where the
measured gap values are plotted for three different materials, indium, tin and lead. The
dashed line is the predection of the BCS theory, which I will introduce below. The figure
is adapted from [130].
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Figure 2.14: a) Phase diagram of type I superconductors. b) Phase diagram of type II superconductors. c) Temperature dependence of the superconducting gap. Measurement on three
different materials (symbols) and prediction of the BCS theory with dahsed line. Adapted from
Ref. [130]

In bulk superconductors the phase transition with magnetic field is first order, i.e.
the superconducting gap is constant below the critical field, Bc , and disappears with an
abrupt jump at Bc . The scenario is different for thin layer superconductor for in-plane
fields. When the thickness of the sample, d become comparable to the penetration depth,
λ, the magnetic field can penetrate the whole material, weakening the superconducting
order, and reducing the gap. Therefore in thin layer superconductors the gap can vanish
continuously [131, 132]. The magnetic field dependence of the gap is shown on Fig. 2.15.
Panel a shows the gap at the critical
field, ∆ (Bc ) as the function of the sample thickness.
√
For thicker samples, when d > 5λ the gap is still
√ finite at B . Bc and jumps to zero at
the critical field. Below the critical thickness of 5λ the gap goes to zero continuously at
Bc . This is further illustrated on panel b where the magnetic field dependence is shown
for different thicknesses.
Depending on the thickness one can find different functional form of the field dependence of the gap. E.g. in the framework of the Ginzburg-Landau theory it is given by


B2
(2.18)
∆(B) = ∆0 1 − 2 .
Bc
However in Sec. 5.1 I will show a measurement, where the
∆(B) = ∆0 1 − B 2 /Bc2

1/2

(2.19)

describes the field dependence.
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Figure 2.15: Magnetic field dependence of superconducting gap, ∆ of thin layer superconductor.
a) The value of the gap right below the critical field ∆ (B . Bc ). For thin samples the gap goes
to zero continuously, while in thick samples the gap barely decreases and disappears with a
sudden jump at Bc . The figure is adapted from Ref. [131] b) The magnetic field dependence of
the gap for several different thicknesses. The figure is adapted from Ref. [132]
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2.4.1

BCS theory

Here I will introduce the microscopic BCS theory that describes the main properties
of the superconductors. As Bardeen, Cooper and Schieffer showed the superconducting
features can be explained by the presence of bound electron pairs, so called Cooper pairs.
The binding requires the presence of an attractive interaction between the electrons.
In conventional superconductors this originates form the electron-phonon interaction. It
can be shown that close to the Fermi-energy the electron-phonon interaction induced an
effective, attractive electron-electron interaction. A simple picture is that a single attracts
the ions in its close surrounding, polarizes the lattice, inducing a local positive charge
which attracts a second electron.
For simplicity the BCS theory assumes that the Cooper pair are formed by two electrons with opposite spin – that allows for the electrons to occupy the same location –,
and opposite momentum – so the total kinetic energy of the pair is minimal. Besides
the model assumes that the electron-electron interaction only scatters Cooper pairs into
Cooper pairs. These assumptions translates to the following Hamiltonian
X † †
X
(2.20)
cSk↑ cS−k↓ cS−k0 ↓ cSk0 ↑ ,
HSC =
εSk c†Skσ cSkσ − V0
kk0

kσ

(†)

where cSk σ denote the annihilation (creation) operator an electron in the superconductor
with momentum k and spin σ, εSk is dispersion of the electrons and −V0 is the isotropic
(s-wave) attractive interaction.
Generally the solving of Eq. (2.20) is complicated, hence it is treated on a mean-field
level

X
X † †
HSC =
εSk c†Skσ cSkσ +
∆cSk↑ cS−k↓ + h.c. ,
(2.21)
kσ

k

where ∆ = V0 hcS−k↓ cSk↑ i = |∆|eiφ is the complex superconducting order parameter.
From Eq. (2.21) is clear that the mean field description of the superconductor does not
preserve the number of particles (but preserve the parity), hence the ground state is the
superposition of all particle number eigenstates from the same parity sector,

Y
uk + vk c†k↑ c†−k↓ |0i.
|ψBCS i =
(2.22)
k

This wavefunction describe a state in which all (k ↑) − (−k ↓) pairs are either filled or
empty, with |vk |2 and |uk |2 probability, respectively. Accordingly |uk |2 + |vk |2 = 1. The
non-conservation of particle number allows for the presence of the well defined superconducting phase, φ. If only one superconductor is present in the system, the phase of
its order parameter is irrelevant, it can be eliminated by an appropriately chosen gauge
transformation, c†Skσ → c̃†Skσ = e−iφ/2 c†Skσ . Henceforth I assume that ∆ is real.
The BCS Hamiltonian can be diagonalized by a Bogoliubov-transformation,
†
,
cSkσ = uk γkσ + σv−k γ−kσ̄

where
uk
vk



1
=√
2


1/2
εSk
1±
Ek

(2.23)

(2.24)
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p
are the Bogoliubov-amplitudes with Ek = ∆2 + ε2Sk . The diagonalized Hamiltonian is
X
†
HSC =
Ek γkσ
γkσ .
(2.25)
kσ

Note: If εSk is an even function of k, therefore uk and vk are also, hence in Eq. (2.23) one
can use vk instead of v−k .
(†)
The excitations defined by the γkσ operator are called Bogoliubov-quasiparticles or
simply quasiparticles. These are the elementary excitations of a superconductor. Note
that each quasiparticle is the superposition of an electron and a hole like excitation. The
reason is that only the parity is conserved in the superconductor, but the particle number
is not. Hence adding an electron to the system is equivalent to breaking a Cooper pair,
removing one electron and leaving the other in the superconductor.
In Eq. (2.23) cSkσ decreases the total momentum of the system with k, and removes a
spin σ. Note that the two Bogoliubov operators on the right side of the equation does the
same. Although the electron number in not a good quantum number for a superconductor,
the momentum and the spin are
An intuitive picture of superconductivity can obtained by the following picture (for
illustration see Fig. 2.16). First the fermionic degrees of freedom (see panel a), and correspondingly the energy spectrum is doubled (shown on panel b). On one hand we keep
the usual electron-like description (blue line), on the other hand we introduce the hole
operators for the copy of the spectrum (red line). The holes are defined as h†Skσ = cS−kσ̄ ,
i.e. one spin species is described as electrons, and the other as holes – corresponding to the
2×2 Bogoljubov-de Gennes formalism. Adding a hole with positive energy to the system is
equivalent to removing an electron with negative energy, hence hole spectrum is mirrored
vertically around the Fermi-energy, and an empty electron state translates to a filled hole
state. DThe pairing
E interaction can be rewritten in terms of the new degrees of freedom,
†
∆ ∝ hSkσ cSkσ . With this new language applied it is clear that the superconducting
pairing mix the electron and hole degrees of freedom, hence opens an anticrossing in the
doubled excitation spectrum. This is shown on Fig. 2.16c. The underlying single particle
eigenstates behind the spectrum are the previously introduced quasiparticles. The color
of the spectrum codes the ratio of the electron and the hole part of the quasiparticle excitations. Fig. 2.16c indicates that there are excitations with positive and negative energy
also. This is not true. All the excitations have positive energy, since they are defined above
the ground state. However indicating the positive and negative part still make sense. As I
discussed above, on contrary to regular fermionic system the particle number is not a conserved, one can create a quasiparticle by either adding of removing an electron. Hence the
negative part of the spectrum illustrates the excitations, when the energy of the system
is increased by removing an electron and leaving behind a quasiparticle.

2.4.2

Andreev reflection

Up to this point I have described a single superconducting material. However another
interesting question is what happens in hybrid devices i.e. when a superconductor is
attached to an other material. The simplest example is a superconductor-normal metal
(SC–N) interface. since both of them conducts electrically, it is a natural question how
the charge transfer occurs at the interface. The electron number in the normal metal can
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Figure 2.16: Illustration on the formation of the superconducting excitation spectrum. a) A
quadratic, model spectrum. The states below the Fermi-energy are filled (thick line), and above
are empty (thin line). b) Doubling the fermionic degrees of freedom, the original electron-like
spectrum remains (blue line), but simultaneously the hole-like description is introduced (red
curve). The empty electron states translate are filled hole state. c) Superconductivity mix the
electron and hole like excitation, hence opens a anticrossing (and so a gap). The new single
particle excitations are the (Bogoliubov-)quasiparticles. The color of the spectrum lines denotes
amplitude of the electron and hole like part of the quasiparticles (blue: electron-like, red: holelike).
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take any integer value, however the superconductor punishes the odd electron number,
since it cost ∆ energy to host a quasiparticle. Therefore one expects that charge current
is not quantized in one electron charge, but two. Indeed this process is called the Andreev
reflection. The usual phrasing is that when an electron comes in from a normal metal to
the interface, it will be reflected as a time reversed hole. On the langue of electrons this
means that two electrons are transmitted from the normal metal to the superconductor,
where they form a Cooper pair. This process is illustrated on Fig. 2.17a.
If the superconductor is contacted by not one, but at least two normal electrodes,
there is a special form of the Andreev reflection. For an incoming electron the hole can
be reflected to a different normal lead. Or the two electrons of the formed Cooped pair
originates from different leads. This process is called crossed Andreev reflection and is
shown on Fig. 2.17b.

a)

b)

Figure 2.17: a) Andreev reflection at a superconductor (SC) – normal (N) interface. An incoming electron relfects as a hole. b) Crossed Andreev reflection. The reflected hole can go to a
different electrode.

These basic transport processes gives rise to subgap bound states in different superconducting hybrid device, like Andreev bound state or Shiba state. I will introduce them
in the following section.
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2.5

Bound states in superconductors

In the previous section we have seen that there is an excitation gap in a pure superconductor. However, coupling it to non-superconducting materials or impurities may
give rise to sub-gap excitations. In the following I will introduce a few examples of such
bound states, like the Andreev bound state and Yu-Shiba-Rusinov state. Typically the
former one arises in a SC–N–SC junction from the constructive interference of multiple
Andreev reflections. The latter one is the trapping of a single quasiparticle to a magnetic
impurity attached to the superconductor. Subsequently, I will introduce the sub-gap states
formed in a SC–QD hybrid system, where two limiting cases resemble the former two –
qualitatively different – sub-gap states.

2.5.1

Andreev bound state (ABS)

The conventional Andreev bound state is formed in an SC–N–SC junction. Assuming
a ballistic N region, an electron in N with energy E < ∆ propagates in the direction of
one of the superconductors, where it undergoes Andreev reflection, and subsequently, a
hole will propagate backwards. When this hole reaches the other superconductor, it is
reflected as an electron. This is illustrated on Fig. 2.18a. The total phase acquired in such
a cycle is
 
ELN
E
+2
,
(2.26)
Φ = φL − φR + 2arccos
∆
~vF
where the first three terms are the phase acquired in the Andreev reflection and the last
term is the dynamic phase coming from the propagation in the normal part, with LN being
the length of the normal part, and vF being the Fermi-velocity. When the total phase is a
multiple of 2π, i.e. Φ = 2πn all orders of the reflection processes interfere constructively,
forming the sub-gap bound state.
In the short junction limit, LN → 0, the last term becomes negligible, the interference
condition becomes a simple trigonometric equation instead of a transcendent one. The
resonance condition translates to a restriction for the energy of the ABS.
E± = ±∆cos (δφ/2) ,

(2.27)

where δφ = φL − φR . The energy of the ABS is tunable with the phase difference between
the superconductors (e.g. by tuning the magnetic field, when the junction is built in a
superconducting loop), see the blue curve on Fig. 2.18b. At ∆φ = π the excitation gap
always closes.
The usual interpretation of Eq. (2.27) is there an an ABS with negative energy, which is
filled, and there is one with positive energy, which is empty in the ground state. However,
one can use a different interpretation of excitation. In this language there are two independent excitations of the system, – corresponding to the followings in the original language:
one that empties the negative energy ABS, the other that fills the positive one. Both excitations have the same energy, E+ and both correspond to the change of the parity in the
system. This can be detected by e.g. tunnel coupling a normal electrode to the junction,
which serves as a reservoir of single electrons. Carrying out both type of excitations at
the same time will preserve the parity, and it can be achieved by only providing energy
to the system, e.g. by microwave excitation, keeping the electron number fixed [133].
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Figure 2.18: Andreev bound states in SC–N–SC junctions a) Illustration of the elementary
processes of the formation of ABS. An electron (black dot) propagates in one direction, Andreev
reflected at the N–SC interface, propagates backwards as a hole (white dot) and Andreev reflects
again at the other interface. b) Energy spectrum of the ABS as the function of the phase difference
of the SCs, δφ = φL − φR for different values of the transmission of the normal region, τ .

Up to now I have discussed the case when the transmission of the normal section is
perfect. However, in a realistic sample this is not the case, generally the N section has a
transmission amplitude, τ of less than 1. For details see e.g. Ref. [134]. In such a system
the energy of the ABS is
q
E± = ±∆ 1 − τ sin2 (∆φ/2).

(2.28)

An important difference compared to the perfectly transmitting case is that the excitation
energy never goes to zero (see Fig. 2.18b).
Note that a similar bound state can form in a SC–N–I junction, where Andreevreflection occurs at the SC–N interface and normal relfection at the N–I interface. In this
case the first two term of Eq. (2.26) cancel each other, since both the electron-hole and
hole-electron conversion happens at the same interface, and the third term is modified by
a factor of 1/2.

2.5.2

Yu-Shiba-Rusinov state

The conventional Yu-Shiba-Rusinov (or shortly Shiba) state is formed when a magnetic impurity is present in the superconductor [64–67]. There is an exchange interaction
between the spin – usually modeled as a classical one – of the impurity and the spin of
the quasiparticles (see Fig. 2.19a). According to the usual nomenclature the Shiba state is
when a quasiparticle is localized around the spin. Assuming a local, isotropic interaction
with strength J, the energy of the Shiba state is
EShiba = ∆
40
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where S is the length of the classical impurity spin and ρ0 is normal-state DOS at the
Fermi energy. For details see e.g. Sec. VI. B of Ref. [67] or Ref. [78].
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Figure 2.19: Shiba states at magnetic impurities in a superconductor a) Schematics of the
magnetic impurity in the superconductor with the relevant energy scales, taken from Ref. [71].
b) Excitation energy (blue line) as the function of the coupling strength, J. The red shaded
region indicates the quasiparticle continuum. S and D denote the two different ground states,
the singlet and the doublet, respectively.

Lets define Jcrit as Jcrit Sπρ0 /2 = 1. If the coupling is weak enough, J < Jcrit , the
interaction lowers the energy of one quasiparticle state, giving rise to a subgap excitation,
i.e. 0 < EShiba < ∆. However, in this limit the ground state is the bare states of the
classical spin, with no quasiparticles present and excited state is the Shiba state. When
S = 1/2 this phase is called doublet phase (D). In the opposite limit of strong coupling,
i.e. J > Jcrit the Shiba state energy, EShiba becomes negative, the spin binds a quasiparticle
with an antiparallel spin, i.e. the Shiba state is the ground state. In case of S = 1/2 this
phase is called the singlet phase (S), since the quasiparticle screens the impurity spin,
resulting in a spinless ground state. There is a quantum phase transition between the two
limits at Jcrit Sπρ0 /2 = 1 when the energy of the screened and the unscreened state is
equal, EShiba = 0. The phase diagram along with the excitation energy, |EShiba | is shown
on Fig. 2.19b.
One can show that the wavefunction of the Shiba state in the isotropic case is



 r
− d−1
±
+
−
ψ± (r) ∼ (kF r) 2 sin kF r + δ exp − sin δ − δ
.
(2.30)
ξ
where + (−) denotes the electron and hole-like component of the Shiba state and δ ± is a
phase shift (acquired during the scattering on the spin). For the validity conditions and
the details of the derivation see e.g. the Supplementary Information of Ref. [71]. Eq. (2.30)
tells us that the Shiba state oscillates with the Fermi wavevector of the superconductor,
kF and has two different decays with the distance. First, an exponential one on the scale
of the superconducting coherence length, ξ. And second, a spatial dimension dependent
algebraic one, (kF r)−(d−1)/2 . The latter one is responsible for the fast decay of the Shiba
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state in STM measurements – which is the general tool to study the Shiba states –,
it is observed up to 1 nm on 3-dimensional [69, 73] and up to 10 nm on 2-dimensional
superconductor [71,76] . In Sec. 5.1 I will show that the geometric properties of a nanowirebased circuit makes it an effective one-dimensional system, removing the algebraic decay
and allowing for a much larger extension of the Shiba state into the superconductor.

2.5.3

Superconductor-quantum dot hybrids

In the quantum electronics community superconducting-quantum dot hybrid devices
are generally used in the weakly coupled limit, i.e. when the energy spectrum of the individual components are not affected by the presence of other component and the currents
flow by the sequential tunneling of electrons. An important example is the Cooper pair
splitter. On contrary, here I will describe the hybrid devices in the strong (superconductor–
quantum dot) coupling limit, when these components cannot be treated individually, but
they had to be considered as a whole object.
Coupling a single quantum dot to a superconductor results in an even richer physics.
On one hand, besides the gap of the superconductor, ∆ there is an additional energy
scale, the charging energy of the dot, U , penalizing the change of the particle number. On
the other hand the level position of the dot, ε serve as an additional tunable parameter,
which on its own is enough to drive a parity-changing phase transition on the quantum
dot. Depending on the ratio of ∆ and U , different limits are distinguished.
For U  ∆ the filling of the quasiparticle states in the superconductor are completely
forbidden, the only effect of the superconductor is hybridizing the states of the dot whose
electron number differ by 2, by mean of an Andreev reflection. This limit is called ABS
limit or superconducting atomic limit [135]. In the opposite limit, ∆  U changing the
electron number by 2 on the quantum dot is strongly suppressed by the large U . However,
close to the charge degeneracy point of the quantum dot adding (or removing) a single
electron to (from) the dot has low energy cost, i.e. a Cooper pair may split between the
quantum dot and a quasiparticle state of the superconductor [135]. Due to the analogy
– a spinful impurity binding a quasiparticle – this limit is called Shiba limit. Both cases
will be discussed below in detail.
To illustrate the similarities and the differences between the ABS and the Shiba limit it
is useful to use the Anderson model of the QD (see Eq. 2.4) and the standard BCS-model
for the superconductor (see Eq. (2.21)). The tunnel coupling between the two subsystems
is described by

X 
HTS =
tS d†σ cSkσ + c†Skσ dσ ,
(2.31)
kσ
(†)
dσ

(†)

where
is the annihilation (creation) operator acting on the dot and cSkσ are the same
for the superconductor. Using the Bogoliubov transformation for superconducting degree
of freedom, one obtains
 
 i
X h 
†
†
†
HTS =
tS dσ uk γkσ + σvk γ−kσ̄ + uk γkσ + σvk γ−kσ̄ dσ .
(2.32)
kσ

Hence the elementary tunneling has four different processes, it creates/annihilates an
electron on the quantum dot while a quasiparticle is either created or annihilated in the
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superconductor. Creating (annihilating) both the electron and the quasiparticle corresponds to the splitting (creation) a Cooper pair, while the other two tunneling events,
which converts am electron of the normal lead to a quasiparticle, do not change the total
fermion number, they do not involve the Cooper pairs.
ABS limit
Starting from the ground state of the superconductor – no quasiparticles are present,
a single tunneling event creates a quasiparticle. In the U  ∆ limit this state has large
energy, hence it cannot be a stable final state. To describe the effect of the SC it is
enough to perform a quasi-degenerate second order perturbation in the tunneling, restricting the Hamiltonian to the four-dimensional low-energy subspace spanned by the
dot states, {|0i, | ↑i, | ↓i, | ↑↓i}, i.e. states without quasiparticles. For the details of the
calculation see Appendix A.2. The tunnel coupling gives rise to an extra term it the effective Hamiltonian, called local Andreev reflection (LAR), describing a process when a
Cooper pair is transferred from the superconductor to the quantum dot as two electrons
(see Fig. 2.20a)


LAR
Heff
= −ΓLAR d†↑ d†↓ + h.c. ,
(2.33)
where ΓLAR = πt2S ρ0 , and ρ0 is the normal-state DOS of the superconductor, assumed to
be constant.
The LAR coupling hybridizes the |0i and the | ↑↓i states, forming a bonding and
anti-bonding combination,
|−i = u (ε) |0i + v (ε) | ↑↓i
|+i = v (ε) |0i − u (ε) | ↑↓i,

(2.34)

with energies
U
E± = ε + ±
2

s

U
ε+
2

2
+ Γ2LAR

(2.35)

as it is illustrated on Fig. 2.20b. The one-electron states, | ↑i and | ↓i remain unaffected,
their energies are Eσ = ε.
The energy spectrum of the ABS is plotted on Fig. 2.20c, the gray dashed lines are
the same as the blue ones on Fig. 2.5a. Due to LAR an anticrossing opens at ε = −U/2
between the |0i and | ↑↓i states. The charge degeneracy points of the Anderson model
are shifted closer to each other due to the coupling. This can be seen on the figure by
comparing the gray vertical dotted lines at ε ≈ 0 on Figs. 2.5a and 2.20c. At the center
of the figure, i.e. close to ε ≈ −U/2 the doublet states are the ground state, and so this
region is called doublet phase (D), while at the sides the |−i is the ground state. This is
usually called singlet phase (S).
In a usual transport measurement excitations by adding or removing one fermion are
observable. These transitions are
|σi ↔ |−i

and

|σi ↔ |+i,

(2.36)

the corresponding excitation energies are plotted on Fig. 2.20d. The Coulomb diamond
pattern in transformed into an eye-shaped crossing of excitation lines.
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Figure 2.20: Andreev bound states in SC–QD systems a) Illustration of the LAR process, that
transfers a Cooper pair from the superconductor to the quantum dot. b)Left: the LAR coupling
hybridize the |0i and the | ↑↓i states of the dot. Right: allowed single particle transitions. c)
Energy spectrum of the ABS. The dashed lines are the solution of the original Hamiltionian,
whereas the blue lines take into account the hybridization. The red and green dashed lines are
corresponding to the two cases in panel b. d) All allowed excitations by single particle transport.
e) Phase diagram.

44

2.5. Bound states in superconductors
When ΓLAR is increased the phase transition points shift even closer, hence the doublet
region shrinks. For ΓLAR = U/2 the singlet and doublet states are only degenerate in a
single point, at ε = −U/2. For stronger couplings the doublet phase disappears. The
corresponding phase diagram is shown on Fig. 2.20e.
For the details on the transport analysis of the ABS see Sec. 5.4.4.
Shiba limit
In the limit of ∆  U it is more favorable to have a quasiparticle in the superconductor,
than to change the occupation of the quantum dot by 2. Let us discuss this case in the
so-called zero bandwidth approximation (ZBA) of the superconductor [45, 136, 137]. In
the ZBA the superconductor is modeled by a single discrete level at ∆ energy, which
can be occupied by 0, 1 or 2 quasiparticles with momentum
k = 0. The last property
√
determines the Bogoliubov amplitudes to u0 = v0 = 1/ 2. Here, for simplicity I omit the
two-quasiparticle state, but in Sec. 5.2.3 and Appendix A.5 I will compare and the oneand the two-quasiparticle case and we will see that the qualitative behavior is the same.
This simple model is a good approximation to describe the superconductor if the tunnel
coupling is weak, tS  ∆. In case of stronger tunnel coupling more quasiparticles have
to be taken into account, which requires a more sophisticated framework, like numerical
renormalization group (NRG) approach. Nevertheless the ZBA model gives an intuitive
picture about the nature of the Shiba state.
In the ZBA the Hamiltonian of the superconductor simplifies to
X †
ZBA
γ0σ γ0σ
(2.37)
HSC
=∆
σ

and the tunneling Hamiltonian is
ZBA
HTS

 i
 
1 X h †
†
†
tS dσ γ0σ + σγ0σ̄ + γ0σ + σγ0σ̄ dσ .
=√
2 σ

(2.38)

Assuming infinite U and restricting the maximum number of quasiparticles to one,
the relevant states are 0 or 1 electron on the dot (|0iQD , | ↑iQD and | ↓iQD ) and 0 or 1
quasiparticle in the superconductor (|0iSC , | ↑iSC and | ↓iSC ), as illustrated in Fig. 2.21a.
For simplicity below I will use the |n, mi and (n, m) = |niQD ⊗|miSC shortened notations.
This means that we have 9 possible states, out of which 4 is in the (1, 1) sector, 4 in the
(1, 0) − (0, 1) and remaining is the (0, 0). Let us consider the elementary tunneling proZBA
cesses to see the effect of HTS
on the particle number eigenstates (see also the description
after Eq. (2.32)). The first and the last terms of Eq. (2.38) describes a particle number
conserving processes, that converts an electron on the dot to a quasiparticle in the superconductor and vica versa. Correspondingly, it couples the |σ, 0i state to the |0, σi state
(see the right side of Fig. 2.21a). This is the doublet subspace, where the name denotes the
two different spin orientation – that are always degenerate in the absence of a magnetic
field. The two other terms of Eq. (2.38) describes the splitting/creation of a spin singlet
Cooper pair. Accordingly this term coulpes the |0, 0i state to the signlet combination
of the (1, 1) states, i.e. √12 (| ↑iQD | ↓iSC − | ↓iQD | ↑iSC ) (see left side of Fig. 2.21a). This
is the singlet subspace. Note that the three triplet combination of the (1, 1) states are
uncoupled.
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The energy spectrum – in the absence of tunnel coupling is shown on Fig. 2.21b as
the function of ε. The blue lines mark the states without quasiparticles, |0, 0i and |σ, 0i
and red ones with one quasiparticle, |0, σi and |σ, σ 0 i. The red shaded area illustrates the
continuum of the quasiparticles, which is neglected in the model, but is present in the real
system.
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Figure 2.21: Shiba states in SC–QD systems a) Tunnel coupling hybridize the dot states with
the quasiparticle states in the singlet – with even number of particles – (left) and the doublet
– with odd number of particles – (right) sector as well. b) Energy spectrum without tunnel
coupling. Blue (red) lines are the states without (with) quasiparticles. The red shading illustrates
the quasiparticle continuum, that is neglected in the model. c) Energy spectrum with tS = 0.4∆.
Here the blue line denotes the subgap states, formed by the hybridization. The gray dashed lines
energies with tS = 0 (same as on panel b). d) Excitation spectrum for tS = 0.3∆, 0.6∆, 0.9∆.
Blue lines correspond to the transition between the subgap states on panel c.

Turning on the tunnel coupling induces hybridization of the dot and quasiparticle
states accordingly to panel a. The |0, 0i state hybridizes with the |σ, σ̄i states, opening
an anticrossing at ε/∆ ≈ −1. The |σ, 0i states hybridize with the |0, σi states and the
corresponding anticrossing opens at ε/∆ ≈ 1. The resulting energy spectrum is shown
on Fig. 2.21c for tS = 0.4∆. Here the blue lines indicate the different possible ground
states and the red ones are the higher energy states. Note that all of the red lines are in
the shaded regions, hence these are merged into the continuum. The excitation spectrum
is shown on Fig. 2.21d for few different values of tS . The spectrum resembles the one
on Fig. 2.19b, but with the on-site energy, ε as the parameter instead of the coupling
strength. Increasing tS the degeneracy point shifts to a more negative ε value. The reason
is that the |0, 0i state couples to two different states, the | ↑, ↓i and | ↓, ↑i, while the
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|σ, 0i state couples only to |0, σi. Hence the singlet ground state gains more energy with
increasing tS compared to the doublet one.
An important difference of the Shiba limit compared to the ABS limit, that there are
two different excitations in the Shiba limit, first one can add/remove an electron to/from
the quantum dot, which I will call dot-like excitation in the following. And second, one can
add/remove a quasiparticle to/from the superconductor, which I will call quasiparticle-like
excitation.
Using a more realistic description of the superconductor – like keeping the BCS
Hamiltonian and performing a first order perturbation in the tunnel coupling – one can
obtain a similar spatial dependence for the Shiba state in SC–QD systems as for the Shiba
states in the case of magnetic impurities (see Sec. 2.5.2).
Intermediate limit
In a more realistic situation, where both U and ∆ are finite both the double occupation
of the quantum dot and the presence of the quasiparticles has to be taken into account.
I will illustrate this case via the ZBA model, with the only difference compared to the
Shiba limit that the double occuaption of the dot is allowed, i.e. the model is described
by Eqs. (2.37), (2.38) and (2.4). The particle number eigenstates of the dot are |0iQD ,
| ↑iQD , | ↓iQD and | ↑↓iQD and of the superconductor are |0iSC , | ↑iSC and | ↓iSC . I.e.
ZBA
couples them in the following way,
altogether there are 12 states. The tunneling, HTS
obtained similarly as in the Shiba limit: in the singlet subspace
|0, 0i ↔ | ↑, ↓i − | ↓, ↑i ↔ | ↑↓, 0i,

(2.39)

and in the doublet subspace
|0, σi ↔ |σ, 0i ↔ | ↑↓, σi.

(2.40)

These are illustrated on panel a of Fig. 2.22. Similarly as in the Shiba limit, the triplet
combinations of the (1, 1) states remain uncoupled.
The energy spectrum in the absence, presence of tunnel coupling and the excitation
spectrum is plotted on panel b, c and d of Fig. 2.22, respectively, using U = 3.5∆.
Similarly to the ABS limit, the lowest energy excitations form an eye-shaped crossing,
but their energy saturates at ∆. Upon increasing the tunnel coupling the doublet phase
shrinks, similarly as in the ABS limit. One expects a similar, dome-shaped phase diagram
as in the ABS limit, but the disappearance of the doublet phase requires such a strong
coupling, which lies outside of the validity regime of the ZBA. Hence a quantitatively
accurate phase diagram requires a more sophisticated framework.

2.5.4

QD–SC–QD system

Here I discuss the QD–SC–QD system in the large ∆ limit. Coupling an additional
quantum dot to the superconductor enables additional processes, like the splitting of a
Cooper pair between the quantum dots (called crossed Andreev reflection (CAR)) and
the charge transfer between the dots via the so-called elastic cotunneling (EC) process
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Figure 2.22: Subgap state of SC–QD systems in the intermediate regime, with U = 3.5∆ a)
Tunnel coupling hybridizes the dot states with the quasiparticle states. b) Energy spectrum
without tunnel coupling. Blue (red) lines are the states without (with) quasiparticles. The red
shading illustrates the quasiparticle continuum, that is neglected in the model. c) Energy spectrum with tS = 0.4∆. Here the blue line denotes the subgap states, formed by the hybridization.
The gray dashed lines energies with tS = 0 (same as on panel b). d) Excitation spectrum for
tS = 0.2∆, 0.5∆, 0.8∆. Blue lines correspond to the transition between the subgap states on
panel c.
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(see Fig. 2.23a). The QDs are described by Eq. (2.7) and the tunneling Hamiltonian is
extended for both sites,

i
 
h

X X
†
†
+ σvk γ−kσ̄ dασ ,
(2.41)
HTS =
+ uk γkσ
tSα d†ασ uk γkσ + σvk γ−kσ̄
α=L,R kσ

where, for simplicity, I assume that the tunneling to the left and right dot occurs at same
position.
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Figure 2.23: a) Illustration of the CAR and EC processes. b) Two examples of the dependence
of the EC matrix elements on the on-site energies of the QDs.

Using the second-order quasi-degenerate perturbation theory, the tunnel coupling to
the superconductor lead gives rise to two additional terms in the effective Hamiltonian
besides the LAR coupling, the CAR and the EC terms. For the details of the calculation
see Appendix A.2. The CAR coupling can be summarized as


CAR
Heff
= ΓCAR d†R↑ d†L↓ + d†L↑ d†R↓ + h.c. ,
(2.42)
where ΓCAR = −πtSL tSR ρ0 and ρ0 is the normal-state DOS of the superconductor, assumed
to be constant. On the level of the model presented
p here the effective parameters ΓLAR,α
and ΓCAR are related to each other, ΓCAR =
ΓLAR,L · ΓLAR,R (See, e.g., Ref. [138]).
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However, taking into account a finite spatial separation of the quantum dots the CAR
amplitude becomes suppressed by the distance [139] and henceforth one can consider
ΓLAR,α and ΓCAR as independent parameters. The finite separation can be taken into
account by localizing the tunnelings to different points, giving rise to an eikδr factor for
one of the tunneling amplitudes in momentum space in Eq. (2.41).
EC
describes single-electron tunneling between the quantum dots via
The EC term Heff
the superconductor. This term, in contrast to the LAR and CAR coupling, has a strong
dependence on the on-site energies εL , εR of the quantum dots. For example, the EC matrix
element coupling the | ↑, 0i and |0, ↑i states is well approximated by (see Appendix A.2)
 EC 
Heff (0,↑)−(↑,0) = γEC (εL + εR ) ,
(2.43)
whereas the matrix element coupling the | ↑, ↑↓i and | ↑↓, ↑i states is
 EC 
Heff (↑↓,↑)−(↑,↑↓) = −γEC (εL + εR + UL + UR ) ,

(2.44)

where the strength of the EC mechanism is characterized by the dimensionless parameter
γEC = ΓCAR /∆. See Eq. (A.16) for the complete list of the matrix elements.
To illustrate the dependence of these matrix elements on the quantum dots’ on-site
energies, I plot the two matrix elements shown in Eqs. (2.43) and (2.44) in Fig. 2.23b,
using γEC = 0.02. The two matrix elements vanish at εL = −εR and εL + UL = −εR − UR ,
respectively. Of course, if such a contribution vanishes, then higher-order terms neglected
here may actually be important.
Note that certain works using the EC mechanism neglect the energy dependence of
its matrix elements [43, 137, 140–144]. Indeed, introducing a finite distance between the
quantum dots one can construct models in which the EC term is constant in leading order.
However, these contributions are formally equivalent with previously introduced interdot
T
tunnel coupling, HDQD
(see Eq. (2.8)), hence they can be incorporated in to the same
term.
I will discuss the effect of the CAR and EC coupling in the excitation spectrum in
detail in Sec. 5.4.
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Experimental techniques

In this chapter I will shortly introduce the general steps of the sample fabrication and
the common properties of the electrical transport measurements. This chapter serves to
explain the main concepts, the details are given in each results sections separately.

3.1
3.1.1

Sample fabrication
InAs nanowires and wire deposition

Semiconducting materials are favored for quantum electronics experiments due to their
potential to tailor the spatial distribution of the electron density by the means of electrical
gating, e.g. to define quantum dots. InAs, which is a III-V semiconductor has a further
advantage of the capability to form ohmic with most of the metals used as electrodes in
nanodevices, like Au, Al, Nb, NiFe etc.
While the bulk InAs crystallizes in the cubic zinc-blende structure, the nanowires can
be grown both in zinc-blende and the hexagonal wurtzite structure. The results presented
in the thesis were measured on wurtzite nanowires (see inset of Fig. 3.1b). The InAs
semiconducting nanowires are grown by gold catalyst-assisted molecular beam epitaxy
(MBE) growth [145, 146]. To reduce the stacking faults in the wire a two-step growth
method was used [147]. The typical length of the wires is 3 − 5 µm and the diameter is
60 − 80 nm. The nanowires were grown by the group of Jesper Nygård at the University
of Copenhagen.
InAs has a further advantage for spintronic applications, the strong spin-orbit interaction, that allows for the electrical manipulation of the electron spins by electrically
driven spin resonance. The inversion asymmetry of the crystal structure gives rise to the
Dresselhaus SOI, resulting in a bulk g-factor of 15 [148, 149] in zinc-blende structures. In
zinc-blende nanowires the presence of the Dresselhaus SOI depends on growth direction,
e.g. in the <111> direction it is absent [150]. However in wurtzite wires it is present.
In addition, in nanostructures the electronic confinement and gate-induced electric fields
give rise to a Rashba-type SOI.
We have received the wires as-grown on the substrate, similar to a forest (see Fig. 3.1a).
In the first step the nanowires are transferred to a prepatterned substrate, called base
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a)

c)

b)

Figure 3.1: InAs nanowires and deposition. a) SEM image of the grown nanowire forest. b)
TEM image of a single InAs nanowire. Dark regions are stacking faults. Inset: diffraction pattern
indicating the hexagonal, wurtzite structure. Figures are provided by Jesper Nygård. c) The
micromanipulator setup used to deposit the nanowire. The photographs courtesy of Bálint Fülöp,
the developer of the micromanipulator setup at the Physics Department of BME.
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structure. Depending on the requirements of the project the base structure may contain
the followings:
 a global back gate electrode,
 a marker grid, that helps to locate the deposited nanowires,
 Larger parts of electric wirings (with the typical size of 10 − 100 µm),
 Prepatterned local gate electrodes, called bottom gates, covered by a thin insulating
material.

In my case the base structures are made of a degenerately doped Si wafer, whose top
300 − 400 nm thick layer is thermally oxidized. The doped Si layer serves as the global
back gate. The markers, the electrodes and the local gates are made by e-beam lithograpy
and e-beam evaporation of typically 5-10/30-40 nm Ti/Au layers. For a few examples see
Fig. 3.2

a)

c)

b)

d)

Nanowires

Markers

20 μm

Figure 3.2: Examples of base structures. a) An SEM image on the overview of a finished, bonded
sample. b) A dark field optical image of a sample without predefined local gate electrodes.
Markers and deposited nanowires are indicated. c) An overview SEM image of a predefined
bottom gate structure. d) A zoom-in of the bottom gate structure with a deposited nanowire.
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I have used three different materials as an insulating layer between the bottom gate
electrodes and the nanowires. In Sec. 4.1 an exfoliated hBN crystal deposited by a transfer
microscope 1 , in Sec. 4.2 an atomic layer deposition-grown HfO layer 2 and in Secs. 5.1&5.2
plasma-enhanced chemical vapor deposition grown SiNx 3 served as the insulating layer.
The wires were deposited by two different methods. First, the wires are dispersed in
2-propanol and deposited by a micropipette to the base structure. With this method the
wires are positioned randomly, it works well if there are no prepatterned local electrodes.
However, in certain cases more precise positioning or alignment is needed. In these cases
I used a micromanipulator setup, where the wires are deposited by a thin glass tip (the
tip is ∼ 100 nm narrow) directly from the forest (for detail see e.g. Sec. 3.2.3 of Ref. [90]).
This method allows for a < 1 µm precision in position and < 30◦ in alignment. In both
cases the localization of the wires (optical or SEM) is needed before defining the electrical
contacts in further lithography steps.

3.1.2

Electron beam lithography

Electron beam lithography (EBL) is a mask preparation technique which is capable to
reach ∼ 10 nm alignment precision and defining structures down to a size of 30 nm. The
sample is spin-coated by a few hundred nm thick polymer layer, called resist, typically
PMMA. High energy electron-irradiation (5 − 30 keV) breaks the chemical bonds of the
polymer, making it more soluble. The irradiated regions are dissolved by the developer
solution (e.g. MIBK:IPA 1:3 solution for PMMA), and the polymer structure serves as a
mask. PMMA is called a positive resist, since the irradiated regions are easier to dissolve,
but there exists are other polymers which behave oppositely, those are called negative
resists. These steps are illustrated on the first 4 panels of Fig. 3.3.

3.1.3

Thin layer metal deposition techniques

We have two options of thin layer metal deposition, both are done in the (ultra high
vacuum) UHV chamber of the same AJA ATC-2200 system, shown on Fig. 3.4. The first
is e-beam evaporation, when the metal target is heated to the point of evaporation by
a high-energy electron beam. The metal vapor condenses on the surface of the sample.
The second option is sputtering, in which the deposition is driven by an Ar plasma.
The Ar ions are accelerated by an electric field, hitting the metal target and knocking
out individual atoms upon the impact. Similarly to the evaporation, the metal atoms fly
towards the sample and condense on its surface. The typical thickness of a deposited layer
is 10 − 100 nm in case of nanowire applications.
After the metal deposition the excess metal – on top of the resist mask – is removed
by dissolving the resist, e.g. acetone in case of PMMA. This step is called lift-off. See also
Fig. 3.3.
Prior to the deposition the native oxide layer from the surface of the nanowire has to
be removed to provide a good electrical contact. This can be done by Ar ion milling in
the loading chamber of the evaporator. The milling gives a further shaping option during
1

sample was prepared by Gyöngy Frank.
The base structure and the HfO layer was made by Attila Márton at the University of Copenhagen.
3
sample was made by Gergő Fülöp at the University of Basel.
2
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1

2

4

5

3

Figure 3.3: Steps of the electron beam lithography and metal deposition. The sample is spin
coated with an electron beam-sensitive polymer. The exposed region becomes more soluble.
After the development the unexposed polymer serves as a mask during metal deposition. The
unwanted layers are removed in the step of the lift-off. The figure is adapted from Ref. [90].

Figure 3.4: The thin layer deposition system equipped with a five-packet e-gun and five sputter
gun. The ultra high vacuum is provided by a combination of a turbomolecular and a cryo pump.
Ar ion milling is available is the load lock.
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the sample preparation. Using longer etching times a part of nanowire can be removed in
the whole cross section. Such an example is shown in Sec. 4.2, where a plain surface was
needed for a ferromagnetic electrode to ensure a homogeneous magnetization.
After the fabrication, as a last step, the chips are glued in standard chip carriers by
silver paint – to provide an electrical contact for the back gate – and the devices are wire
bonded.

3.2

Measurement techniques

In this section I will introduce the general concept of the electric transport measurements and describe the cryostat options to carry out low-temperature measurements.

3.2.1

Transport measurements

The electrical transport measurements were carried out by voltage-biased lock-in technique, which uses an AC excitation and time integration to reduce the noise. The excitation
applied on the sample is Vbias (t) = VAC sin(ωt), where ω = 2πf is the frequency of the AC
excitation. The current response of the sample is I(t) = I0 sin(ωt + α), where α is the
phase shift. To determine the in-phase and out-of-phase component of the response the
measured current is numerically integrated with the reference signal, and with its phase
shifted version, i.e.
Z Tmax
I(t) sin(ωt)dt
Iin-phase =
0
Z Tmax
I(t) sin(ωt + π/2)dt,
Iout-of-phase =
0

where Tmax is the integration time, typically ≈ 10 · f1 . The typical frequencies used are in
the range if 70 − 250 Hz, where the upper limit is given by the restriction that the samples
response is almost purely resistive, i.e |α| < 10◦ . At higher frequencies the phase shift
increases, indicating a partially capacitive response, due to the filterings and parasitic
capacitances. The typical amplitude of the AC signal applied on the sample is linked to
the temperature to ensure that the smearing effect of the temperature dominates over the
one originating from the AC signal, i.e. eVAC . kB T . At liquid helium temperatures the
typical excitation is 100 µV and in the dilution refrigerator 10 µV is used.
The currents are amplified by home-built I/V converters, with 107 amplification, which
have an option to apply a DC bias on the sample. Besides, the additional control parameters in the experiments are the gate voltages – provided by DC power supplies –, the
magnetic field and the temperature.

3.2.2

Low-temperature equipments

The phenomena that I have studied during my PhD are only observable at low temperatures, hence the transport measurement were carried out in cryostats. In our lab we
have two conceptually different system to reach low temperatures. The first one is a liquid
helium cryostat where temperature is set by the liquid helium itself to 4.2 K. The cryostat
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is equipped with an 8 T superconducting magnet and has the option of a variable temperature insert (VTI), which allows for the different temperatures than 4.2 K. On one hand,
by pumping the helium from the VTI temperatures down to 1.5 K can be reached. On
the other hand, applying heating on the sample allows for higher temperatures, even up
to room temperature. I have used this system for the weak antilocalization measurements
(see Sec. 4.3).

a)

b)

c)

Figure 3.5: Low temperature equipments. a) Removing the VTI and the magnet from the
liquid helium vessel. b) The inside of the dilution refrigerator unit. The photo was taken at the
factory. c) Cold head of the dilution refrigerators main probe.

The other option is the Leiden Cryogenics CF-400 cryo-free top-loading dilution refrigerator with base temperatures of 7 mK with two probes. The system is equipped
57

3.2. Measurement techniques
with a 9+3 T 2-axis vector magnet for the main probe and a 2 T magnet for the side
probe. The cryo-free closed circuit pulse tube system precools the cryostat to about 3.5 K.
Lower temperatures are reached by the constant circulation of a He3-He4 mixture (see
e.g. Ref. [151]). The base lattice temperature of the probes are 35 mK, while the electronic
temperatures are in the range of 70 − 100 mK (For details see Ref. [152]). To reach low
electronic temperatures a proper filtering is required. In the cold head of the main probe
3 stage of filters are used: a feed-through capacitor, VLFX-80 filters and on-board RC
filters (see Fig. 3.5c). I have used this setup for the measurements presented in Secs. 4.1,
4.2, 5.1 and 5.2.
A common step in all the measurements is that the devices were pumped to vacuum for
at least 12 hours prior to the cool down to remove the water contamination from the surface
of the nanowires and to ensure better stability and better conduction properties [119].
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4
Spin-orbit interaction in InAs nanowire devices

As I discussed in the introduction, Chapter 1 the spin orbit interaction is an important
component of the proposals to realize exotic particles. Therefore, it is essential to understand the details and the origin of the spin-orbit interaction in nanoelectronic devices.
As a next step, gaining control over the spin-orbit interaction gives another experimental
knob to design the experiments. In this chapter I will investigated spin-orbit interaction
related phenomena in InAs nanowire based devices.
In Sec. 4.1 I will introduce and demonstrate the presence of topologically protected
degeneracy points, the magnetic Weyl points, in the magnetic spectrum of a spin-orbitcoupled double quantum dot. The detailed characterization of the device allows us to
determine the spin-orbit-related transport parameters, like the g-tensors of the dots and
the spin rotating hopping terms.
In Sec. 4.2 I will present the phase transition of the two-impurity Kondo problem
realized a two-electron double dot. Also I investigate the effect of a ferromagnetic electrode
on the single-impurity Kondo correlation, and I will demonstrate a quantum dot-mediated
exchange effect.
In Sec. 4.3 I will present the tunability of the spin-orbit interaction by external electric
field in a multigated InAs nanowire. The strength of the spin-orbit interaction is extracted
from the weak antilocalization signal. The experimental finding are compared with a
simple electrostatic model, which gives a good agreement.
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4.1

Magnetic Weyl points in a two-electron double
quantum dot

Coupled spin system are widely studied in the literature for many decades. Generally
the complexity of these problems does not allow for analytical solutions, only approximate,
numeric results can be obtained. Here I will show that using the toolkit of topology one
can formulate statements for the ground state of a coupled spin system. More precisely,
topology predicts the existence of degeneracy points in the magnetic spectrum. These
degeneracy points are topologically protected in the sense that they cannot be split by
a small perturbation, they only become shifted in the parameter space – in this case
the magnetic field space. These topologically protected degeneracy points have a close
relation to the Weyl points of Weyl semimetals, where the degeneracies are present in the
band structure of a material – hence the underlying parameter space is the momentum
space [153–155]. Using this analogy I will call the degeneracies of a spin system magnetic
Weyl points.
After the prediction of the magnetic Weyl points I realize a spin-orbit-coupled twospin system in an InAs nanowire-based nanocircuit and experimentally demonstrate the
existence of the degeneracy points. Furthermore, I will show that the experimental findings
can be described by a two-site Hubbard model, and I will present numerical results, using
the Hubbard model, to explore the possible degeneracy configurations.

4.1.1

Degeneracies in spin systems

First let us consider a few simple examples for spin systems and analyze them regarding
the question of ground state degeneracies. The simplest one is a single spin-1/2 placed in
magnetic field, shown in Fig. 4.1a-c. This is described by a simple Zeeman Hamiltonian
H = µB gB · S,

(4.1)

where g is the scalar g-factor. In zero magnetic field the two states of the spin are
degenerate, and they have different energies at any finite fields, as shown in panel b.
Correspondingly, there is a single degeneracy point at the origin of the magnetic field
space, indicated by the red dot in panel c. Such a degeneracy is the prototype of a Weyl
point, no small perturbation can remove the degeneracy, it can only be shifted to a finite
field. The protection will be further supported later by topological arguments.
The second example is the system of two exchange-coupled S = 1/2 spin, first neglecting the spin-orbit interaction, described by
H = µB gB · (S L + S R ) + JS L · S R .

(4.2)

The system is illustrated in Fig. 4.1d-f. In the absence of SOI, the g-factor and the
exchange interaction strength, J are just scalars, therefore the two-spin system is isotropic
in the magnetic field space. Assuming an antiferromagnetic coupling J > 0 the ground
state is a singlet state, and there is a three-fold degenerate triplet excited state at zero
magnetic field. In finite magnetic field the energy of the triplet state splits, one of them
has a decreasing energy, while the energy of the singlet state is constant. At the magnetic
field of B = J/ (µB g) the two states become degenerate. The spectrum is shown in panel
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Figure 4.1: Simple examples of spin systems. a-c) Single spin-1/2 in magnetic field. d-f) Two
exchange-coupled spin-1/2, assuming isotropic antiferromagnetic coupling. g-i) Two exchangecoupled spin-1/2 in the presence of spin-orbit coupling. b,e,h) The energy spectrum of the
systems as the function of magnetic field. c,f,i) The degeneracy point configurations.

e. Due to the isotropy of the system the degeneracy points form a closed sphere in the
magnetic field space, illustrated in panel f.
Generally, in case of finite spin-orbit interaction both the g-factors and the exchange
coupling have to be replaced by tensorial quantities, furthermore the g-tensors can differ
on the two dots, resulting in the Hamiltonian of
H = µB Bĝ L S L + µB Bĝ R S R + S L Ĵ S R .

(4.3)

This system is illustrated in Fig. 4.1g-i. According to the naive expectations the spin-orbit
interaction mixes the singlet and triplet states, hence opens an anticrossing in the energy
spectrum and completely removes the degeneracy (see panel h). However, the question
may arise: does it happen for any type of spin-orbit interaction and for all magnetic field
directions? As we will see the topology helps to answer this question. But first let me give
a brief introduction to the toolkit of topology.

4.1.2

Topology

Let us take a family of Hamiltonians, H(B), parametrized by B, the magnetic field
[156]. Denote the ground state of the Hamiltonains with ψ0 (B) for each magnetic field
value. Assuming that ψ0 (B) is differentiable, one can define the Berry connection vector
field A = (Ax , Ay , Az ) as:
A(B) ≡ ihψ0 (B)|∇B |ψ0 (B)i.

(4.4)
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Note that A(B) is not defined if the ground state is degenerate. The Berry curvature,
B = (Bx , By , Bz ) is the rotation of the Berry connection,
B(B) = ∇B × A(B).

(4.5)

Note that while A(B) is gauge dependent, B(B) is not. Integrating the Berry curvature
on a closed surface – where the ground state is unique in all points of the surface, to
ensure that both A(B) and B(B) are well-defined and exist – yields to a quantized value.
Normalizing it to integers one obtains the Chern number,
I
1
C(S) =
ds · B.
(4.6)
2π S
Note the close analogy between the Berry connection/curvature and the vector potential/magnetic field of electromagnetism. Accordingly, the Chern number would correspond to
a magnetic monopole, the source of the magnetic field. Usually, it is practical to evaluate
the Chern number on a sphere around the origin. To obtain the total Chern number of
spin system, C∞ , one should increase the radius of the sphere to ∞.
Application of topology to the simple spin systems
In case of a single spin-1/2 one can obtain the ground state Berry curvature as B =
B/ (2µB gB 2 ) in a straightforward calculation (see Ref. [156]). Note that this function is
well-defined for all magnetic field values, except the B = 0 point, indicating the ground
state degeneracy in the origin. Integrating B on any closed surface enclosing the origin
– practically it is the easiest to perform the integration on a sphere, S0 centered around
the origin – one obtains the ground state Chern number, C(S0 ) = 1. Performing the
integration on any closed surface excluding the origin one would obtain C(S) = 0. These
results are in agreement with the expectation that a single degeneracy point is present
in the origin. The finite Chern number, associated with the degeneracy, indicates the
topological nature and the protection of the degeneracy.
If the spin is associated with a non-trivial g-tensor, the previous result is generalized
to
C(S) = sign det(ĝ).
(4.7)
This result can be seen easily after following the next argument. On the one hand, if
well-defined, the Chern number has to take an integer value. On the other hand, it is a
continuous function of the system parameters, so for any infinitesimal transformations,
the Chern number has to change infinitesimally. From these it follows, that if the transformation does not drive the ground state through a degeneracy point – in the following I
will call such a transformation continuous –, then the Chern number has to stay constant.
All g-tensors with positive determinants can be generated by continuous transformations
from the trivial case above. For the case of negative determinants one can repeat the
procedure starting from ĝ = diag(1, 1, −1), corresponding to C = −1. Note that if the
determinant of the g-tensor is zero, then it has a vanishing principal value and the ground
state is degenerate everywhere along the corresponding principal axis.
In case of multiple spins the Chern number is simply the sum of the Chern numbers of
the individual spins. The statement is trivial for uncoupled spins, however, one can show
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that the same holds for the case of coupled spins as well, if the exchange interaction is
independent of the magnetic field. Due to the linearity of the Schrödinger equation one
can rescale Eq. (4.3) with B, then increasing the radius of the surface of the integration
would results in the decrease of the exchange term. In the B → ∞ limit, one obtains the
same Chern number as without the exchange interaction.
Accordingly, if the sign of the determinant of the g-tensors are equal, the Chern number
is non-zero |C∞ | = 2, for a two-spin system, ensuring the existence of degeneracy points
in the magnetic spectrum. The naive expectation would be that there are solely 2 discrete
degeneracy points. As we will see in the following, this is the general scenario, about in 98%
of random spin Hamiltonian, however, there are ∼ 2% of cases with different degeneracy
point configurations. One can use arguments based on time-reversal symmetry to show
that Weyl points come in time reversed pairs1 .
In the sign of the g-tensors determinants are opposite, the Chern number is zero, C∞ =
0. Accordingly the topology does not ensure the existence of ground state degeneracies.
This case will be further discussed at the end of the section.
In the following first I will describe the sample used for the realization of the two-spin
system, then I will present the transport measurement demonstrating the existence of
magnetic Weyl points.

4.1.3

Sample geometry

The spin-orbit-coupled two-spin system was implemented in an InAs nanowire based
nanocircuit, where the spins are realized by two electrons trapped in a double quantum
dot. The schematics and the cross section of the sample is shown in Fig. 4.2. Below the
nanowire an array of bottom gates serves to locally tune the electron density in the wire
and to form and to manipulate the quantum dots. The nanowire is contacted by two
normal leads, NL and NR to carry out electrical transport measurements. 2
Details of the sample geometry:
First an array of Cr/Au (5/25 nm thick) bottom gates with a period of 100 nm was
defined by e-beam lithography and e-beam evaporation. The width of the gate electrodes
is 40 nm. Altogether 12 bottom gates electrodes were contacted, from which 3 on each
side of the nanowire, below the normal contacts, were used as a single gate (g1 and g8 ).
The remaining 6 gates in-between were used to tune the electron density, g2 , g4 and g6
were used to define the potential barriers defining the quantum dots, while g3 = gL and
g5 = gR were the plunger gates of QDL and QDR .
To electrically isolate the bottom gates from the nanowire, an exfoliated hexagonal
boron-nitirde (hBN) flake, with a thickness of about 20 nm was placed on top of the gates
by a transfer microscope. The InAs nanowire with a diameter of 80 nm was positioned
on top of the hBN flake, almost perpendicular to the gates by a micromanipulator setup.
The 10/80 nm thick Ti/Au normal contacts (NL and NR ) were defined in a further e-beam
lithography and evaporation step.
The measurements were carried out in the Leiden dilution refrigerator with the base
temperature of 60-300 mK (see Sec. 3.2.2). The cryostat is equipped with a 2-axis vector
magnet, which was used to scan the polar angle of the magnetic field (see Fig. 4.2a for
1
2

For details see Methods of [84]
The sample was fabricated by György Frank.
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Figure 4.2: a) Schematics and b) the cross section of the measured sample. The double quantum
dot was defined in an InAs nanowire by an array of bottom gate electrodes. The excitation
spectrum was probed by low-temperature transport measurements. The scale bar is 300 nm.
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the frame of reference). To carry out the measurement at different azimuthal angles – φ in
the x − y plane –, the sample holder probe was rotated. At different orientations different
base temperatures were achieved due to the different thermal contact. The differential
conductance of the nanowire was measured by lock-in technique at 237 Hz with 10 µV
AC excitation, using a home-built I/V converter.

4.1.4

Experimental observation of magnetic Weyl points

To experimentally demonstrate the existence of magnetic Weyl points I have carried
out a low-temperature transport characterization of the nanowire. I used the bottom gate
electrodes to form a double quantum dot in the nanowire, and subsequently fine tune the
couplings between the dots and between the leads and the dots, (i) to develop Kondo correlations in the odd charge states on both quantum dots, and (ii) to achieve a measurable
singlet-triplet splitting in the odd-odd charge state of the double dot. Condition (i) is
needed to ensure the visibility of the inelastic cotunneling excitation lines and condition
(ii) provides the strong coupling between the spins.
Fig. 4.3 summarizes the experimental findings. Panel a shows the zero bias charge
stability diagram of the double dot as the function of the plunger gate voltages, VgL and
VgR . The spacing between the resonances shows a well-resolved even-odd effect for both
quantum dots, allowing to identify to parity of the electrons in each charge states. The
numberings on the charge states indicate the number of electrons in the dots above a
closed shell. In (n, m) n (m) denotes the number of electrons on QDL (QDR ).
A finite bias spectroscopy is shown in Fig. 4.3b measured along the horizontal dotted
line in panel a. In the even-odd charge states the zero-bias conductance peaks are the
signatures of the Kondo effect, and will be used later to characterize the dots. In the (1, 1)
charge state, between VgL ≈ 0.52 and 0.535 V, two horizontal resonance lines are present
at Vbias ≈ ±55µV = ∆E/e. For this charge state, which realizes the exchange-coupled
spin-1/2 system, the ground state is a singlet and there are triplets as excited states. The
two horizontal resonances are the inelastic cotunneling lines corresponding to the singlettriplet excitation. The white curve, a line-cut along the dotted line at VgL = 0.526, further
illustrates the cotunneling peaks. The asymmetry with respect to the bias is presumably
induced by the asymmetry of coupling to the leads.
In the absence of SOI one would expect that the singlet-triplet excitation energy
goes to zero, and eventually, changes sign, with increasing magnetic field regardless of
its direction. However in the presence of SOI, on the one hand, the singlet-triplet mixing
effect should lift the degeneracy, on the other hand, the topology predicts the presence
of degeneracies. To verify the prediction of topology I have studied the magnetic field
dependence of the singlet-triplet excitation energy for different directions of the field.
Two examples are shown in Fig. 4.3c&d for two different directions of the magnetic field.
In panel c, where the magnetic field was applied in the θ = 60◦ and φ = 90◦ direction
– for the reference frame see Fig. 4.2a – the inelastic cotunneling lines are getting apart
with increasing magnetic field. This is in agreement with the naive expectation that the
SOI mixes the singlet and triplet states. However, for a different direction of magnetic
field – θ = 130◦ and φ = 90◦ – the excitation energy decreases and reaches zero close to
B ≈ 70 mT. This degeneracy point is the magnetic Weyl point.
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Figure 4.3: Experimental demonstration of magnetic Weyl points. a) Zero-bias stability diagram of the double dot. The brackets denote the electron number on the dots above a closed
shell. b) Finite-bias characterization along the horizontal dotted line in panel a. The white curve
is a vertical line cut at the center of the (1, 1) charge state, illustrating further the singlet-triplet
splitting. c-e) Magnetic field dependence of the singlet-triplet excitation energy, is a generic direction in panel c) and in the special direction of the Weyl points in panel d). Panel e shows
the angle dependence at B = 75 mT. f) Zero-bias magnetoconductance for different directions
of the magnetic field. The sole peak close to θ = 130◦ and φ = 90◦ indicates the presence of a
single Weyl point pair.
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To further analyze the direction dependence of the singlet-triplet splitting I have measured the excitation spectrum in a fixed field of B = 75 mT as the function of the polar
angle, θ at fixed azimuthal angle, φ = 90◦ . This is shown in Fig. 4.3e. The excitation
energy goes to zero at two points close to θ ≈ 130◦ and θ ≈ 310◦ , but remains finite otherwise. These two angles correspond to opposite magnetic field directions, in agreement
with the expectations that Weyl points come in time-reversed pairs. The gray lines in
panel c-e of Fig. 4.3 are not just guides to the eye, but fits with a two-site Hubbard model
(see below).
In Fig. 4.3f I plot the zero-bias magnetoconductance, ∆G(B) = G(B) − G(B = 0)
as the function of the magnitude, B and the polar angle, θ of the magnetic field for
four different azimuthal angles φ ∈ {−45◦ , 0◦ , 45◦ , 90◦ }. The presence of a single large
conduction peak, close to θ = 130◦ and φ = 90◦ indicates that there are no further ground
state degeneracies besides the previously discussed Weyl point pair.
Let us recall what we have studied about the basics of spin-orbit interaction. As I have
discussed in Sec. 2.3.1 in the simplest, Rashba-like model the spin-orbit interaction can
be considered as a homogenous effective magnetic field, B SO , around which the spin of
the electron precesses during the propagation. Note that if the magnetic field is applied
parallel to B SO , the spin mixing effect, described above does not take place. In this case
the electron precess around the quantization axis, hence the singlet state coupled only
to the T0 triplet – which does not cross the singlet –, but not the T− – which crosses
the singlet. I.e. the two lowest energy states cross at a finite magnetic field. Usually, this
argument is used to explain the singlet-triplet degeneracies of the double dot’s spectrum in
spin-orbit-coupled materials [8]. However, as we will see one can construct systems, where
different degeneracy point configurations than 2 Weyl points are found, which cannot be
explained by the simple Rashba picture.

4.1.5

Modeling

To further support the experimental findings I have used a two-site Hubbard model to
fit the experimentally measured magnetic field dependence of the singlet-triplet splitting.
The double dot is described by the following Hamiltonian terms,

X
X
tσσ0 d†Lσ dRσ0 + h.c.
H0 =
(εα nα + Uα nα,↑ nα,↓ ) +
α=L,R

HZ = µB B · (ĝ L S L + ĝ R S R ) ,

σσ 0

(4.8)

where the first term of H0 is the same as Eq. (2.7), describing the uncoupled double
dot. The second P
term describes the spin-rotating hopping between the two dots, with
j
j
tσσ0 = t0 δσσ0 − i j=x,y,z tj τσσ
0 hopping amplitudes, where τ -s are the Pauli matrices
and t0 , tx , ty , tz are real-valued hopping amplitudes – and t0 describes the spin-conserving
hopping and tx , ty , tz describes the spin rotation along the x, y, z axes, respectively [127]
j
(for details see Sec. 2.3.5). HZ is the Zeeman term with general g-tensors with SL/R
=
P
†
j
σσ 0 dL/Rσ τσσ 0 dL/Rσ 0 . For the connection of the two-site Hubbard model and two-spin
exchange model see Appendix. A.1.
To fit the singlet-triplet splitting first one has to determine the parameters of the
model from the measurements.
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Due to the strong coupling to the leads Kondo effect is developed in the even-odd and
odd-even charge states (see the zero bias peaks in Fig. 4.3b). The splitting of the Kondo
resonance in magnetic field allows for the determination of the g-tensor parameters. I
have measured the spitting of the Kondo peak at center of the (0, 1) and (1, 0) charge
states as the function of magnetic field for different directions θ ∈ {0◦ , 10◦ , . . . , 180◦ }
and φ ∈ {0◦ , 45◦ , 90◦ }. Two examples are shown in Fig. 4.4a&b for the directions of
θ = 40◦ , φ = 90◦ and θ = 160◦ , φ = 90◦ measured in the (0, 1) charge state. The two
panels show the splitting of the resonance with clearly different slopes. The black lines
are results of the fitting procedure, in good agreement with the experiment.
I have determined the effective g-factors, i.e. |ĝB|/B from the maxima and the minima
of dG(Vbias , B)/dVbias [157] for all measured directions, and for both QDL and QDR . These
values are plotted in Fig. 4.4c&d as dots, for the two dots separately. The figures show a
clear angle dependence of the effective g-factors, and the large values reaching up to 20
and 15 indicate a presence of a strong SOI. The data sets on each panel were fitted by the
Zeeman Hamiltonian, HZ of Eq. (4.8), assuming symmetric g-tensors, yielding 6 fitting
parameters. The obtained g-tensors are


2.136 −1.089 0.443
(4.9)
ĝ L = −1.089 11.696 −5.315 ,
0.443 −5.315 6.617


8.739 −1.703 5.835
ĝ R = −1.703 8.637 1.532  .
(4.10)
5.835
1.532 14.713
The color-coded lines in panels c and d are the fitted angle dependence of the effective
g-factors, being in reasonable agreement with the datasets. The g-tensors are illustrated
in panels e and f of Fig. 4.4 in two different ways, in yellow/blue for QDL/R . Panel e
shows the magnitude of the Zeeman splitting for unit magnetic field – i.e. the effective
g-factor, |ĝB|/B as the function of the direction of the magnetic field, and panel f shows
the effective magnetic field, ĝB/B. Note that the directions of the principal axes of the
g-tensors are not related to the sample geometry, presumably, it is purely determined by
the electrical confinement.
The on-site Coulomb interactions were determined from the finite-bias measurement,
by reading the size of the Coulomb diamonds, yielding UL ≈ 1 meV and UR ≈ 0.6 meV.
During the measurement of the singlet-triplet splitting the plunger gates were fixed to
the center of the (1, 1) charge state corresponding to εL = −UL /2 and εR = −UR /2.
After fixing these parameters the only free parameters of the model are the four hopping
amplitudes, t0 , tx , ty and tz . One can invoke two more considerations to fix three of the
hopping parameter: (i) fix the zero-field splitting ∆E(B = 0) = 8(t20 + t2 )/(UL + UR ) =
◦
55 µeV, and (ii) the two lowest energy eigenstate should cross for
p the θ = 130 and
φ = 90◦ direction of the magnetic field. The first condition yields t20 + t2 = 105 µeV,
and the second one fixes two more hopping parameters, leaving only one free parameter. I
have generated the fits for the whole dataset for a few values of the one fitting parameter
and I have chosen the parameter giving the best overall fit. This procedure yields t0 =
0.0525 meV, tx = −0.0151 meV, ty = 0.0565 meV, tz = −0.0697 meV. The gray lines in
Fig. 4.3c-e are fits with the two-site Hubbard model using the parameters listed above,
giving a good agreement.
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Figure 4.4: Determination of the g-tensor parameters. a-b) Splitting of the Kondo resonance
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Remark: in the fitting procedure I have assumed symmetric g-tensors, as the asymmetric part cannot be determined simply from the Zeeman-splitting (for details see Sec. 2.3.5).
It looks like an arbitrary choice, however, one can do it without the loss of generality.
According to the polar decomposition of the g-tensor (see Eq. (2.17)), the orthogonal part
corresponds to a unitary transformation of the local spin basis, which can be translated
to the hopping amplitudes. I.e. the assumption on the form of the g-tensor fixes the spin
basis used on the dots, and accordingly, fixes the basis in which the hopping amplitudes
are defined.

4.1.6

Two-electron Kondo effect

The ground-state degeneracy of the magnetic Weyl point is accompanied by a twoelectron Kondo effect, indicated by the enhanced zero-bias conductance (see the white
curve in Fig. 4.3d) [97–101]. The presence of the Kondo effect further supports the degeneracy of ground state. To probe the Kondo correlations and determine the Kondo
temperature I have measured the temperature dependence of the Kondo peak, shown in
Fig. 4.5. Panel a shows the temperature dependence of the Kondo peak as the function
of the bias voltage, measured between 130 and 600 mK. Similarly to the usual, single
electron Kondo effect, the conductance increases with decreasing temperature. The inset
of panel a shows the scaling of the Kondo peak with temperature, using
−0.21

T2
+ Goffset ,
G(T ) = Gpeak 1 + 2
TK

(4.11)

where TK = 0.95 K is the Kondo temperature and Goffset = 0.054 G0 as fitting parameters
[158, 159].
Panel b shows the temperature dependence of the zero-bias conductance measured
between 145 mK and 1 K along the diagonal dotted line in Fig. 4.3a, i.e. through the
(2, 0) − (1, 1) − (0, 2) charge states. As it is expected, the zero-bias conductance increase
in the (1, 1) charge state with decreasing temperature according the Kondo effect, while
the trend is the opposite in the two other charge states. The conductance decreases with
decreasing temperature, being in good agreement with the thermally activated transport
picture.

4.1.7

Numeric simulations

The topological considerations predict the existence of degeneracy points in the magnetic spectrum of the two-spin system, The easiest way to fulfill the C∞ = 2 criterion is
having two discrete degeneracy points with Chern number 1. This case was identified in
the experiment. However, is it possible to construct different degeneracy configurations,
e.g. not point-like but extended 1 or 2 dimensional degeneracy lines/surfaces, or by having
a degeneracy point with zero Chern number, or more than two degeneracy points with
different Chern numbers? We will see that indeed there are more possible configurations.
To analyze the possible degeneracy configurations of the two-spin system placed in
a magnetic field I have used the two-site Hubbard model of Eq. (4.8) with randomly
distributed parameters, and determined the ground-state degeneracy configurations for
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Figure 4.5: Two-electron Kondo effect in the magnetic Weyl-point. a) Temperature dependence
at the center of the (1, 1) charge state. Inset: scaling of the Kondo peak with the temperature
[158, 159], yielding a Kondo temperature of TK = 0.95 K. b) Temperature dependence of the
zero bias conductance along the diagonal dotted line in Fig. 4.3a

each parameter set. The parameters were uniformly drawn from the following intervals,
gα=L/R,i ∈ [1, 5],

J ∈ [0.1, 5],

{αL , γL } ∈ [−π, π], and cos(βL ) ∈ [−1, 1],(4.12)

where gα=L/R,i are the principal values of the g-tensors, αL , βL , and γL denote Euler angles
describing the rotated g-tensor of QDL using the ZYZ convention, Euler angles of ĝ R was
chosen to αR = βR = γR = 0. The hopping parameters,
p t0 , tx , ty and tz were chosen
from the [−0.2, 0.2] interval, but they were disregarded if t20 + t2 was larger than 0.2 or
smaller than 0.01.
The degeneracies were identified by searching for the minima of the gap between the
two lowest energy eigenstates of Eq. (4.8) on a discretized lattice of the magnetic field.
The resolution of the grid was increased iteratively close to the obtained minima to better
locate them. The statistics obtained after 2000 runs is shown in Table. 4.1, about 99.5%
of the cases gave 2 Weyl points, while there are about 0.5% of cases with 6 Weyl points.
# of Weyl points
2
6
10+

count
1989
11
0

Table 4.1: Statistics of the number of Weyl points for 2000 random Hamiltonian configurations.

Later György Frank performed a larger statistics of 1000000 samples using a different
algorithm, yielding a statistics of 2 Weyl points in 97.5% of the cases and 6 Weyl points in
about 2.5%. The difference between the two statistics may arise from the fact that different
intervals were used for the principal values of the g-tensors, in the latter statistics they
where drawn from the [0, 1] interval. Compared to the previous [1, 5] interval the second
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parameter set indeed allows for more elongated g-tensors, which increases the probability
of finding 6 Weyl points [160].
The question of the Chern number distribution still has to be discussed. In case of 2
Weyl points one finds the trivial distribution of each degeneracy point having a Chern
number 1. In case of 6 Weyl points one finds 4 degeneracy point with Chern number 1
and 2 with -1, which also sums up to 2, as it is required by the topology.
The results of the numerical simulations predict two different degeneracy configuration with 2 and 6 Weyl points, however, one can easily tell at least one more different
configuration, the trivial, isotropic case where the degeneracy points form a closed surface
in the magnetic field space. In a followup work of my colleagues, Ref. [161] they show
that there are 6 possible degeneracy configurations if the sign of g-tensors’ determinants
are equal. However, they show that only the 2- and the 6-point configurations are stable
in the sense that these are the only ones with finite probability, i.e. no fine tuning of the
parameters is required.
Their work also revealed that there can be degeneracy points even if C∞ = 0. Similarly
to the non-trivial case, where 4 additional points can appear, also in the trivial case there
are two stable configurations with 0 and 4 Weyl points respectively.
Note that the presence of different number of Weyl points than two cannot be explained
in the simple, Rashba-like model of the SOI (see Sec. 2.3.1), where the degeneracies appear
in the direction of the effective spin-orbit field.

4.1.8

Conclusion

In summary the existence of degeneracy points have been predicted in the magnetic
spectrum of exchange-coupled two-spin system with the help of the toolbox of topology.
These degeneracies – called magnetic Weyl points – are topologically protected, they are
robust against perturbations. I have experimentally demonstrated the presence of Weyl
points in the magnetic spectrum of a spin-orbit-coupled double dot system, realized in an
InAs nanowire. The measured spectrum was fitted by a two-site Hubbard model giving
a reasonable agreement with the experiments. The degeneracy was accompanied by a
two-electron Kondo-effect. Furthermore, I have analyzed the possible degeneracy point
configurations with numerical simulations using a two-site Hubbard model with randomly
drawn parameters.
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4.2

Measurement of the phase transition of two-impurity
Kondo system and quantum dot-mediated exchange field

A magnetic impurity placed in a Fermi sea of electrons is screened by the Kondo
effect at low temperatures leading to logarithmic corrections in the observables, e.g. the
resistance. A special example of a Kondo system is a quantum dot hosting odd number
of electrons. The spin of the unpaired electron acts as the magnetic impurity and it is
screened by the Fermi sea of electrons of the leads via elastic cotunneling processes. The
screening effect gives rise to a finite DOS at the Fermi energy, which manifests itself in
the transport as a zero bias peak (see Sec. 2.1.5 for details).
A more interesting phenomenon arises if not one but two impurities are placed in the
Fermi sea. On the one hand, the Fermi sea tends to screen the impurities, on the other
hand, the two spins interact via an exchange coupling. In bulk metals the interaction is
RKKY-type, which is antiferromagnetic for short distances, and has an oscillating sign
for longer distances. The antiferromagnetic exchange coupling favors a spinless, singlet
ground state of the two-spin system, which is not screened. Correspondingly, the twoimpurity Kondo problem is a competition of the Kondo screening and the exchange coupling, characterized by the Kondo temperature, TK and the exchange coupling strength,
J respectively. For weak coupling, J  TK the ground state is a Kondo singlet, in which
both spins are screened independently, as it is illustrated on the left side of Fig. 4.6a. In
the opposite limit of strong coupling, TK  J, the ground state is an antiferromagnetic
singlet state of the two-spin system (see the right side of Fig. 4.6a). The two phases are
separated by a quantum phase transition.
The two-impurity Kondo problem was investigated in STM geometries, with magnetic
adatoms deposited on a metallic surface [101, 162], and in double quantum dots, where
each dot hosts one electron [99,100]. The advantage of the latter setup is that it allows for
a better control over the parameters, since both the Kondo temperature and the exchange
coupling are determined by the tunnel couplings (see Eqs. (2.6) and (A.3)), henceforth they
can be tuned by gate voltages. The different phases of the two-impurity Kondo system are
illustrated on Fig. 4.6b. In the independent spin limit, when the interdot tunneling, tLR →
0, the spins are independently screened by the Fermi sea of the neighboring electrode. In
a transport experiment the two DOS peaks pinned to the Fermi energies of the leads
give rise to a zero bias peak. In the opposite limit, the exchange coupling gives rise to a
singlet-triplet splitting (see Sec. 2.2.1), and the singlet ground state does not allow for the
Kondo screening. The lowest-energy transport channel is the elastic cotunneling process
corresponding to the singlet-triplet excitation. On contrary to the better general tunability,
the phase transition has not been observed yet in quantum dot geometries. Here I present
the observation of the complete phase transition of the two-impurity Kondo problem,
measured in an InAs nanowire double quantum dot.

4.2.1

Device geometry

The schematics of the device is shown on Fig. 4.7a. An array of bottom gate electrodes
with 100 nm period serves to tune the electrostatic potential in the nanowire, which is
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Figure 4.6: a) Phase diagram of the two-impurity Kondo problem. If the Kondo temperature,
TK dominates over the exchange coupling, J, the ground state is a Kondo singlet, while in the
opposite limit it is an antiferromagnetic singlet state of the two-spin. The boundary is a quantum
phase transition (QPT). b) illustration of the two-impurity Kondo problem in double dots. The
strength of the exchange coupling is tuned by the interdot tunneling, tLR . Left, weak interdot
coupling: Two independent Kondo screening cloud allowing for a zero bias conductance. Right,
strong interdot coupling: antiferromagnetic coupling, resulting in a singlet-triplet splitting. The
lowest-energy transport channel is the inelastic cotunneling corresponding to the singlet-triplet
excitation.

positioned above the bottom gates and is separated by an ALD-grown HfO layer. The
nanowire was contacted in a two-step lithography and thin layer metal deposition process.
In the first step it is contacted by an e-beam evaporated 10/80 nm thick Ti/Au contact and
in the second step a 40 nm thick (400 nm wide and 10 µm long) permalloy (NiFe 20/80%)
contact was deposited by sputtering. Prior to the second deposition step the nanowire
was cut by Ar ion beam etching to provide a smooth surface for the ferromagnetic contact
and to ensure the homogeneity of the magnetization, defined by the shape anisotropy of
the electrode. The bottom gate electrodes are used to define and tune a double quantum
dot in the wire. The gL/R serves as the plunger gate of QDL/R and gB tunes the tunnel
coupling between the dots. I find that the ferromagnetic nature of the electrode does not
play any role in the exploration of the two-impurity Kondo problem.

4.2.2

Phase transition of two-impurity Kondo system

A stability diagram of the double dot – presenting the usual honeycomb-like pattern
– is shown in Fig. 4.7b as the function of the plunger gate voltages, VgL and VgR for
fixed VgB = −0.22 V. The numbering on the figure indicates the electron number of the
quantum dots above an unknown number of closed shells. The dots are weakly coupled to
each other, indicated by the straight boundaries between the charge states. And they are
well coupled to the leads, which is indicated by smeared edges of the Coulomb diamonds
and the zero-bias Kondo resonances measured in the finite bias spectroscopy of the (1, 2)
and (2, 1) states, shown on Fig. 4.7c&d, respectively. The color coded lines on panel b
mark the gate voltage settings where the finite bias measurements have been performed.
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Figure 4.7: a) Schematics of the measured device. The InAs nanowire is contacted by a normal
(N) and a ferromagnetic lead (NiFe). An array of bottom gates is used to define a double dot in
the wire. b) Stability diagram of the double dot as a function of the voltages on the two plunger
gates, VgL and VgR measured at VB = −0.22 V. The numbering indicates the electron occupation
of the dots above a closed shell. c-d) Finite bias measurements along the color coded lines on
panel b, in the (1, 2) and (2, 1) charge states, showing the Kondo-related zero-bias peaks in the
odd states. The gray dashed lines indicate the edges of the Coulomb diamonds.
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The summary of the tuning of the interdot tunnel coupling is shown on Fig. 4.8. The
left column shows the stability diagram as the function the plunger gate voltages, VgL
and VgR . The middle column shows the finite bias spectroscopy along the cut through the
(0, 2) − (1, 1) − (2, 0) states, indicated by the gray dashed lines in the left column. Finally,
the right column shows the magnetic field dependence of the finite-bias conductance at
the center of the (1, 1) charge state, measured along the gray dashed lines in the middle
column. The interdot tunnel coupling is increased from row to row by increasing the
voltage on gB . Note that the single-impurity Kondo effect, similar to the results shown on
Fig. 4.7c&d, is present in the even-odd and odd-even charge states for all values of VgB
presented here (not shown).
For weak tunnel coupling, with VgB = −0.22 V the stability diagram shows the usual
honeycomb pattern. The top left panel of Fig. 4.8 is the same as Fig. 4.7b. The finite bias
spectroscopy measured through the two electron states shows a zero-bias Kondo resonance
in the (1, 1) charge state. For weak interdot coupling the quantum dots individually form a
Kondo singlet state with their neighboring electrode. In the transport through the system
the interdot barrier serves as a tunnel contact, therefore the Kondo resonances probe each
other. At finite bias the voltage mostly drops on the interdot barrier, while the Kondo
singlets are pinned to the Fermi energy of the normal leads, and therefore they are not
in resonance. Hence a single zero-bias resonance is present in the transport in the (1, 1)
charge state (see left panel of Fig. 4.6b for the illustration).
Increasing VgB , the overall conductance significantly increases (see the second and the
third row of Fig. 4.8 with VgB = −0.2 and -0.18 V, respectively). A significant difference
between the top left panel and the two below is that the conductance is strongly increased
in the whole (1, 1) charge state. Correspondingly, the Kondo resonance of the (1, 1) charge
state is more pronounced (see middle column). With increasing VgB the barrier between
the dots is lowered, and hence a larger current flows.
Upon increasing the tunnel coupling further (see the fourth row of Fig. 4.8 with VgB =
−0.118 V) the states of QDL and QDR hybridize, and form the bonding and anti-bonding
combinations, indicated by the curvy edges of the charge states. In the (1, 1) charge sector
the singlet combination hybridizes with the (2, 0) and (0, 2), and gains energy compared to
the triplets (see Sec. 2.2.1). Since this antiferromagnetic singlet ground state of the double
dot is unique, no Kondo correlation can develop in equilibrium. Correspondingly, in the
stability diagram the conductance drops within the (1, 1) charge state and in the finite bias
measurement instead of a single zero-bias peak, two peaks are present at VSD ≈ ±80 µV
(indicated by white arrows). Sometimes this phenomenon is called the splitting of a Kondo
resonance. However, the emergent finite-bias resonances are not Kondo peaks anymore,
but the inelastic cotunneling lines corresponding to the singlet-triplet excitation, whose
amplitudes are enhanced by the strong coupling to the normal leads.
For even stronger interdot tunnel coupling the hybridization of dot states and singlettriplet spitting increase further (see the last row of Fig. 4.8).
To further illustrate the transition from the Kondo singlet ground state to the exchange
coupled singlet state, bias-dependent line cuts at the center of the (1, 1) charge state are
shown in Fig. 4.9a. For low coupling a single zero-bias peak is present, which splits for
voltages VgB > −0.13 V. The Kondo temperatures, TK and the singlet-triplet splittings,
∆EST are determined from the curves as the FWHM of the zero-bias peaks and the
peak-to-peak distances of the split peaks, respectively. They are plotted in Fig. 4.9b as
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Figure 4.8: Transport through the 2IK system at different interdot tunnel couplings. Left
column: stability diagrams as the function of the plunger gate voltages. Middle column: finite
bias spectroscopy along the dashed line in the left. Right column: Magnetic field dependence of
the conductance along the dashed line in the middle column. The interdot coupling is increased
from row to row by the more positive VB voltage. For detailed description see the text.
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black squares and red dots. While the singlet-triplet splitting has a clear dependence
on VgB , in accordance with the expectation of the increased splitting at more positive
voltages, the Kondo temperature only weakly depends on it. The small increase of the
Kondo temperature with increasing VgB is presumably due to broadening induced by the
increasing interdot tunnel coupling. The exchange splitting allows for the determination
of the interdot tunnel coupling, tLR with the ∆EST = 8t2LR /(UL +UR ) relation for the zerofield singlet triplet splitting (see Sec. 4.1.5). The on-site Coulomb energies, UL ≈ 3 meV
and UR ≈ 1 meV are determined from finite bias measurement in the even-odd charge
sectors (see the gray dashed lines in Figs. 4.6c&d). The obtained tLR values are plotted
in Fig. 4.9b as blue triangles.
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Figure 4.9: Phase transition of the 2IK system. a) Bias dependence at the center of the (1, 1)
charge state or different values of VgB . At low interdot couplings a single zero-bias peak is
observed, while for large couplings, VgB > −0.13 V, the peak splits. b) The Kondo temperature,
TK , the singlet-triplet splitting, ∆EST and the interdot tunnel coupling, tLR determined from
the curves on panel a.

The magnetic field is another efficient tool to study the ground state of the double dot.
As I will show, in some sense it is more sensitive than the zero-field spectroscopy. At weak
couplings the splitting of the Kondo peak in magnetic field is linear (see top right panel
of Fig. 4.8). The slope of splitting corresponds to a g-factor of g ≈ 2.5. The g-factors of
the dots were measured by the splitting of the Kondo resonances in the (1, 2) and (2, 1)
charge states, giving gL ≈ 2.5 and gR ≈ 3, respectively (not shown here). These values
are consistent with the splitting in the (1, 1) charge state, but one has to keep in mind
that the g-factors can depend on the charge state. Upon increasing the interdot tunnel
coupling the resonance becomes more pronounced (second panel in the right column), but
similarly to the weaker coupling case, the splitting in magnetic field is linear with a similar
slope.
In the opposite limit of strong coupling, when the ground state is the antiferromagnetic
singlet, the magnetoconductance is strikingly different (see the two bottom panels in
the right column). Due to the singlet-triplet splitting two finite bias resonance lines are
present, which at first get closer at low fields and finally get apart. Note that on the bottom
panel only the positive bias resonance is well-pronounced. This no-crossing behavior is
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consistent with the results presented in the previous section for double dots with strong
spin-orbit interaction (see Fig. 4.3c).
Now let us turn to the intermediate coupling regime (middle row) with VgB = −0.18 V.
In the zero-field finite-bias spectroscopy no singlet-triplet splitting is observed, only a
zero-bias peak is present, but in finite magnetic field the splitting is not linear, instead,
resembling the strong coupling limit, it is quadratic-like. The zero-bias peak persists up to
0.5 T. Presence of the zero-bias peak indicates a strong Kondo correlation on the dot, but
the non-linear behavior in magnetic field is a signature of the antiferromagnetic singlet
ground state.
To sum up, I have presented the observation of the two-impurity Kondo phase transition measured in a double quantum dot in an InAs nanowire.

4.2.3

Signatures of ferromagnetic correlations

As I discussed above, one of the electrodes is ferromagnetic. It is interesting to examine whether this has an effect on the magnetic spectrum of the double dot. Here I will
investigate the magnetic field dependence of the single-impurity Kondo resonances, being
present in the even-odd and odd-even states. I will show that an exchange field is always
present on QDL , i.e. the dot next to the ferromagnetic lead, and for a certain parameter
regime an exchange splitting is observed on the right dot as well.
The electrode is made of permalloy (NiFe), which has a strong shape anisotropy, i.e.
its remanent magnetization is close to the saturation value. The ferromagnetic electrode
was designed to maximize the effect of shape anisotropy. A detailed characterization of
the magnetic properties on the geometry was made by H. Aurich in Ref. [163] (see also
Ref. [164]). A single magnetic domain behavior was found for thicknesses less than 50 nm
and for an aspect ratio larger than 10, i.e. the length of the stripe should be at least
10 times as large as the width. To satisfy these constraints I designed the stripes for
10 µm long and 400 nm wide and deposited a thickness of 40 nm. Another crucial point
is the nanowire–ferromagnet contact. If the 40 nm thick contact is simply deposited on
the 80 nm thick wire, it has an irregular shape, and the magnetic structure breaks into
domains when it goes above the wire. To resolve this issue I have etched the nanowire
below the ferromagnetic contact with Ar ion milling prior to the metal deposition and
formed a side contact this way [165]. This way a smooth surface is provided for the
ferromagnetic contact.
The ferromagnetic electrode can affect the dots in different ways, from which I discuss
two effects here. First, due to the large remanent magnetization it acts as an additional
source of magnetic field, usually called stray field. And second, due to the spin imbalance
of the lead the tunnel coupling between the electrode and the dot leads to a spin splitting
of the electron states on the dot. This is called exchange effect [166]. On contrary to the
stray field, the exchange effect depends on the microscopic details, hence the preferred
spin direction can be either parallel or anti-parallel to the direction of the magnetization.
The Kondo resonance of the left dot has an X-like shape, as it is shown on Fig. 4.10,
measured along a line through the (2, 2) − (2, 1) − (2, 0) charge states. It is a simple zerobias peak at the center of the odd charge state, but has a finite splitting close to the edge of
the charge state (see the gray dotted lines as guides to the eye). The cuts along the colorcoded lines on panel a) are shown on panel b) of Fig. 4.10, illustrating the gate-dependent
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splitting further. The X-like splitting was observed for the whole range of VgB used here.
This X-like splitting of the Kondo resonance in the presence of a ferromagnetic electrode
was already observed in carbon nanotube and InAs nanowire quantum dots [167, 168].
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Figure 4.10: Zero-field splitting of the Kondo resonances in the even-odd charge states. a) Xlike splitting for QDL , shown for VgB = −0.18 V and being present for all values of VgB . The gray
dotted lines are guides to the eye for the X-shaped splitting. The left dot is doubly occupied.
b) Color coded line cuts from panel a). c) Splitting of the Kondo peak for QDR , observed only
for the intermediate coupling regime. The white curve is a line cut at the center of the odd
charge state. The gray dashed lines are guides to the eye to illustrate the edges of the Coulomb
diamond. The right dot is doubly occupied. d) Magnetic field dependence of this split Kondo
for a slightly different VgB as on panel c). The gray dashed lines are guides to the eye.

The splitting of the Kondo resonance comes from the spin-dependent renormalization
of the energy levels of the dot due to the charge fluctuations. Close to the empty state
(ε . 0 in Eq. (2.4)) the ground state is having one electron on the dot, but the charge
fluctuations involve the empty state also. Due to the spin imbalance in the lead, electrons
with the minority spin leave more easily, accordingly, the energy of this spin state decreases
more and it becomes the ground state. In the opposite side of the charge state, ε & −U
the fluctuations mostly occur via the doubly occupied state, hence the majority spin state
gains more energy. Alternatively one can use the same argument as for the ε . 0 limit,
but with holes. Therefore, at the two side of the odd charge state, the quantum dot is in
a ground state with opposite spin alignment. At the center, ε ≈ −U/2 the electron- and
hole-like processes have the same weight, the energy correction of the two spin species is
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the same, hence the ground state is degenerate. These effects result in the X-like splitting
of the Kondo resonance [169, 170], similarly as the Kondo splits in magnetic field (see
Sec. 2.1.5).
The Kondo resonance of the right dot, presented in Fig. 4.7d has a regular behavior,
without any splitting in the absence of magnetic field. However, changing VgB to the
intermediate coupling regime, ∼ [−0.19, −0.16] V, strikingly, a significant splitting appears
all over the odd charge state, see Fig. 4.10c. The white line is a cut along the gray dotted
line to the illustrate the splitting more clearly. As VgB is increased further to the strongly
coupled double dot regime the splitting vanishes (not shown).
To determine the origin of the splitting on the right dot I have examined the effect
of the magnetic field on it. It is shown in Fig. 4.10d for a down sweep of the field for
VgB = −0.19 V at the center of the odd charge state. The gray dashed lines are guides to
the eye. At high field the resonance is split. Upon lowering the field, the resonance lines
get closer, around B ≈ 0.2 T the gap reaches zero. For even lower fields the gap reopens
and increases up to 0 T. At opposite sign of the field another closing and reopening of
the gap is observed. Around B ≈ −50 mT the peaks’ amplitude reduce and the splitting
is not resolved.
The fact that the magnetic field dependence is symmetric except in the low field region,
and that the position of the anomaly is consistent with the typical switching field of a
permalloy stripe implies that the zero-field splitting is related to the ferromagnet. Indeed,
the observed dependence is consistent with a simple model, where the exchange field is
antiparallel to the magnetization of the ferromagnet and, stronger than the switching
field. See panel e) of Fig. A.2 for the modeled Zeeman splitting and Appendix A.3 for the
details of the model. A comparison with the model implies that the gap closes when the
external magnetic field is equal to the exchange field, i.e. the latter is ∼ 200 mT.
An important point regarding the splitting presented here is that there is an additional
quantum dot placed in between the ferromagnetic electrode and the investigated dot.
Thus, the exchange effect observed here is mediated by a quantum dot, which may serve
as an experimental knob to tune the exchange effects. The further (theoretical) analysis
of such a quantum dot-mediated exchange effect is beyond the scope of this thesis.

4.2.4

Summary

In conclusion, I have presented the complete phase transition of the 2IK problem measured in an InAs nanowire double quantum dot by zero- and finite-field bias spectroscopy.
In the weak interdot coupling regime the individual Kondo singlets probe each other,
while for strong coupling an antiferromagnetic singlet state forms on the dots, indicated
by the singlet-triplet splitting. In the intermediate coupling regime, where the zero-field
splitting is not resolved, the magnetic field dependence already deviates from the linear
splitting.
Furthermore, I have presented a significant exchange splitting of the single-impurity
Kondo resonance in zero field on both dots. The X-like splitting of the left dot is consistent
with the previously reported observations. The splitting on the right dot implies the first
observation of a quantum-dot mediate exchange effect.
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4.3
4.3.1

Electrical tuning of Rashba spin-orbit interaction
in multigated InAs nanowires
Introduction

Strong SOI is a key ingredient of the Majorana wires [10–14, 17–19]. The models
assume a Rashba-type SOI (see Sec. 2.3.1), which in combination with a magnetic field,
leads to the essential locking of the spin and the momentum in the 1D band structure.
Several groups have reported the signature of these elusive particles [80, 171–176] as a
presence of a zero bias anomaly. Since the experimental conditions needed to reach this
topological superconducting state are challenging, it would be highly desirable to have
further experimental control parameters to analyze and tune the Majorana wires, e.g. a
tunable Rashba SOI strength could give a better insight.
In this section I demonstrate the tunability of the Rashba SOI strength by means
of local gating. I have fabricated InAs nanowire devices with pairs of local side gates
(SGs) (see Fig. 4.11a&b). By applying voltages with opposite sign on these two SGs an
electrostatic field can be generated. The influence of the electrostatic field on the strength
of the SOI is studied via weak anti-localization (WAL) measurements.
As I have discussed in Sec. 2.3.3 WAL arises from interference effects [120–122, 122–
125], where the time-reversed electron path pairs interfere destructively in zero magnetic
field leading to an enhanced conductance. Breaking the time-reversal symmetry of the system, i.e. by applying a magnetic field, suppresses the interference term of the conductance,
resulting in a negative magnetoconductance (MC).
If the spin relaxation is faster than the phase decoherence, the WAL provides a tool
to study the former effect. The electrons propagating in the presence of an electric field
(E) sense a wavenumber (k) dependent effective magnetic field, B SO (k) ∝ E × k as
well, around which the spins of the electrons precess. During each elastic scattering the
wavenumber of the electron and so the effective magnetic field randomly changes, leading
to a random-like walk of the spin on the surface of the Bloch-sphere [125]. The characteristic length after which the spin becomes fully randomized is defined as the spin relaxation
length [110]. Here I will assume that the SOI induced spin relaxation dominates the other
spin relaxation processes, so the WAL is a measure of the SOI.
The WAL has been used to extract the strength of the SOI in InAs and InSb NWs
[106, 109, 126, 150, 177–181]. In most of the studies the WAL signal has been investigated
in field effect transistor (FET) configuration, where a global back gate (BG) electrode is
placed under a silicon oxide layer, which changes the electron density and the electrostatic
field in the nanowire at the same time [109, 126, 150, 177–179]. Other studies introduced
a top gate, besides the back gate, separated from the nanowire by a solid electrolyte,
PMMA [180] or a HfO2 layer [106]. The recent work of Iorio et al. used a similar geometry
as I did here [181].
The strength of the SOI was also studied in self assembled InAs quantum dots [182,
183], and in quantum dots defined in InAs nanowires [2, 5, 7, 8, 184] by measuring the
splitting of the anti-crossings of the quantum dot levels in magnetic field and by studying
the dynamics of electrically driven spin resonance.
In the presented geometry, where two side gates are added besides the back gate, one
can independently tune the electron density in the nanowire and electric field. Similar
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to the FET structure the electron density is changed by the back gate, while side gates
allow for the applying a transverse electric field on the wire by applying opposite voltages
without changing the overall electron density.
I will show that the total SOI strength can be enhanced by a factor of 2, only by
applying an electric field in the nanowire. Furthermore a simple electrostatic model is
introduced which shows that this tuning is consistent with the external field-induced
Rashba-type SOI.

4.3.2

Device and Methods

A false color SEM image of the measured device is shown on Fig. 4.11a. The InAs
nanowire is contacted by two normal electrodes, the source (S) and drain (D), being
separated by L = 1 µm. Two additional side gate electrodes (SG1 and SG2), separated
by 220 nm, serves to induce an electric field in the nanowire. The diameter of the NW
is W = 77 nm. Fig. 4.11b shows the cross section of the device perpendicular to the
nanowire at the center of the side gate electrodes on Fig. 4.11a.
In contrast to previously used top gated geometries, an important advantage of the
side gated sample is that the gate electrodes are not in direct contact with the nanowire.
This way the formation of charge traps at the interface of the nanowire and the top gate
electrode is prevented. A further advantage is that an electric field can be induced in the
nanowire without significant change of the conductance by applying opposite voltages on
the side gates.
Details on sample fabrication: The nanowires deposited onto a thermally oxidized,
degenerately doped n-Si substrate from a 2-propanol dispersion. The thickness of the SiO2
layer is 400 nm and the underlying doped Si layer serves as the global back gate electrode.
The source (S), drain (D) and SG (SG1&2) electrodes were defined in a two step e-beam
lithography process and were deposited by UHV e-beam evaporation (Ti/Au 10/90 nm),
after an Ar ion beam etching to remove the native oxide from the surface of the nanowire.
Low-temperature transport measurements were performed in a liquid helium cryostat with
variable temperature insert system which is equipped with a superconducting magnet.
Prior to cool-down, sample was pumped overnight at room temperature to remove the
water contamination from the surface of the nanowire.
The conductance of the nanowire, G follows a typical n-type FET characteristics, as it
is shown on Fig. 4.11c measured at T = 50 K. Both the side gates and the back gate can
individually increase the conductance up to 1.5 G0 (G0 = 2e2 /h is the conductance quantum), with a saturation-like tendency, and can completely deplete the nanowire, i.e. quench
the conductance, while the other gates are kept at zero potential. The transconductance
curves measured as a function of VSG1 and VSG2 (black and red curves on Fig. 4.11c) are
practically overlapping, which indicates that the capacitive coupling between the nanowire
the side gates are almost equal. The side gates have a 4 times stronger effect than the
back gate due to the closer spacing to the nanowire (70 nm, 400 nm respectively). Note
that different horizontal axes are used for the backgate and the side gate traces.
To determine the strength of the spin relaxation, the magnetoconductance of the device
was measured in various gate settings at T = 4.2 K. The magnetic field was perpendicular
to the substrate (see Fig. 4.11b). In the used gate geometry with 70 nm spacing between
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the nanowire and the side gate electrodes, side gate voltages (VSGi ) up to 20 V and
difference of 30 V between VSG1 and VSG2 could be applied without an electric breakdown.
Changes of the magnetoconductance in low magnetic fields contains the WAL signal
related to the spin relaxation, therefore I focus on the variation of the conductance from
its value in zero magnetic field, i.e. ∆G = G(B) − G(B = 0 T). Fig. 4.11d&e show a
typical set of measurements of ∆G as a function of B and asymmetric side gate voltages,
panel e shows individual line cuts from panel d. The magnetoconductance curves show
two general features, first, every curve has a local maximum around zero magnetic field,
which is the signature of WAL. Second, at higher magnetic fields (B > 0.1 T), further
oscillations appear in ∆G, which depend on the gate voltages in a random fashion. This
random fluctuation (called universal conductance fluctuation, UCF) appears due to the
variation of the interference condition of coherent electron paths as B or the gate voltage
is changed (for details see Sec. 2.3.3).
The WAL signal allows us to extract important transport parameters, like the phase
coherence length, lφ and the spin relaxation length, lSO [121, 123]. To remove the UCF
from the WAL signal the magnetoconductance curves were averaged for the gate voltage
in a moving window [179] with a width of 10 V. Three averaged magnetoconductance
curves are shown in Fig. 4.11f, the corresponding gate voltage windows are indicated with
color coded bars in Fig. 4.11d, above the upper horizontal axis. Due to the averaging the
strongly varying features at high magnetic fields disappear and only a characteristic peak
around B = 0 T remains with a dip and a monotonic increase towards higher B fields.
This line shape is a characteristic WAL signal (cf. Fig. 2.13d).
The averaged magnetoconductance curves are fitted with the theoretical formula of the
WAL of Eq. (2.12) in one dimensional systems [121, 123, 124, 126]. The formula is valid in
the dirty limit, i.e. the elastic scattering length,
p le is much smaller than the wire diameter,
and in the low magnetic field limit, i.e. lm = ~/eB >> W . Our sample is close to fulfill
the first condition, since the diameter of the NW is W = 77 nm, and the elastic scattering
length is le ≈ 10 − 20 nm, determined from transconductance measurements [126, 185].
The second inequality implies a |B| < 0.1 T condition for the fitting. The MC curves were
fitted in the 0 < B < 0.3 T interval, since it is needed to contain the minimum of the WAL
curves for a reliable fitting. The formula has two fitting parameters, the phase coherence
length (lφ ) and the spin relaxation length (lSO ). Assuming that the SOI dominates the
spin relaxation, lSO can be used to measure the strength of the SOI [122, 186]. According
to Eq. (2.12) and Fig. 2.13d a signature of an enhanced SOI (i.e. reduced lSO ) is the shift
of the minimum of the WAL curve to higher B values.
The three experimental curves presented in Fig. 4.11f show a clear shift of the minimum
of the WAL signal as the asymmetric side gate voltages are increased. It is in agreement
with the expected enhancement of the SOI as higher electric fields are induced by larger
gate voltages. In order to extract lφ and lSO these curves were fitted by Eq. (2.12). The
fitted curves are shown with red lines in Fig. 4.11f. There is a reasonable agreement between the measured and the fitted curves, even though the magnetic field window used for
the fit is somewhat wider than the validity of the model. The extracted lSO parameters for
the three plotted measurements are 175, 144 and 92 nm (from top to bottom), showing an
enhancement of the SOI in increasing electrostatic fields. In the following, using the fitting
procedure described above, lφ and lSO are extracted from averaged magnetoconductance
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Figure 4.11: a) False color SEM image of a representative device. b) Cross section of the
device, perpendicular to the nanowire (NW) axis. Two side gates (SG1&2) and a back gate
(BG) electrode can be used to apply an electric field on the NW. In addition a magnetic field
perpendicular to the substrate and NW was used. c) The conductance of the NW as a function of
different gate voltages at T = 50 K. Note that the horizontal axis for the BG and the SG curves
are different. d) Variation of the magnetoconductance (MC) i.e. ∆G(B) = G(B)−G(B = 0) as a
function of the asymmetric SG voltage. For the value of α see Eq. (4.13). e) Typical MC curves,
vertical cuts from panel d). All curves show a peak around zero magnetic field due to the weak
anti-localization (WAL) and oscillations at higher B fields due to the universal conductance
fluctuation (UCF). f) Averaged MC curves in a 10 V-wide gate voltage window. Here < . >
indicates the gate range of averaging. As stronger SG-induced electric fields are applied, the
minimum of the WAL curve shifts to higher B field values and decreases, which indicates a
shorter lSO , stronger SOI. Red curves are fits with theory of the WAL (see Eq. (2.12)).
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traces measured at different gate settings. The results presented here were measured on
one particular device, but similar effects were observed on several other devices.

4.3.3

Results

In the geometry (see Fig. 4.11a&b) there are 3 gate electrodes which can induce an
electric field inside the nanowire. In the following, the influence of two different electric
field profiles on lSO is studied. In the first case an asymmetric potential is applied on the
side gates, while the VBG is fixed. In the second case a finite voltage is applied only on
the back gate, while the side gates are grounded. In this section, I show that the applied
external electric fields can strongly enhance the SOI in both cases.
Tuning with in-plane electric fields
In the standard FET geometry the back gate voltage can be used to induce an electric
field in the nanowire, however VBG changes the strength of the electric field and the electron
density at the same time (see Fig. 4.11c). The main advantage of the 3-gate-configuration
is that it allows to generate an electrostatic field, without changing the conductance and
the average electron density in the nanowire, by applying opposite voltages on the two
side gates (see Fig. 4.12a inset). This asymmetric gating induces an electric field parallel
to the substrate plane, perpendicular to the nanowire axis.
In order to keep the conductance of the nanowire constant while the electrostatic
field was increased, the asymmetric side gate voltages were swept in the following way:
VSG1 = −αVSG2 , where
(
0.7
if VSG2 > 0 V
,
(4.13)
α=
1/0.7 if VSG2 < 0 V
i.e. on the negatively charged side gate electrode a voltage smaller by a factor of 0.7 was
applied because of the non-linear gate-dependance of the conductance (see Fig. 4.11c).
In the measurement, shown on Fig. 4.12a&b VSG1 was swept between -16 and 15 V,
but on the voltage axis the data is plotted in the [-11 V, 10 V] interval, since it was
averaged in a window of 10 V. The backgate voltage was fixed at 15 V to maintain the
conductance above 0.5 G0 , which ensures the visibility of the WAL signal. Fig. 4.12b shows
the conductance at B = 0 T extracted from averaged magnetoconductance measurements
as a function of the asymmetric side gate voltages applied according to Eq. (4.13). The
conductance was kept close to constant within 0.2 G0 .
On the main panel of Fig. 4.12a lφ and lSO , determined by fitting the averaged magnetoconductance curves with Eq. 2.12, are shown. At zero side gate voltages the spin relaxation
length is about 170 nm, which is comparable with earlier results [150, 177, 179, 180]. By
applying the asymmetric voltage on the side gates, and thus generating an electric field
perpendicular to the nanowire, lSO can be significantly reduced to ∼ 90 nm. The data
shown in Fig. 4.11d,e&f also correspond to this measurement.
The conductance also varied slightly with the applied side gate voltages. However
plotting lφ and lSO as a function of the conductance (Fig. 4.12b inset), no clear trend is
visible, which refers to the lack of correlation between the conductance and the fitting
parameters. It indicates that the reduction of lSO is not the result of the change of the
conductance.
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indicates the tuning of the SOI with a factor of 2, which is due to the electric field across the
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of the conductance and the fitting parameters indicates that the tuning is not the result of the
change of the conductance. c),d) Same as a)&b) for the back gate (BG) tuned measurement. At
high positive BG voltages the electric field results in the reduction of lSO by a factor of 2, while
the conductance and so the electron density is strongly increased.
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The phase coherence length is reduced for large asymmetric side gate voltages (see
the black curve in Fig. 4.12a), but similarly to lSO its trend is not correlated with the
conductance. One can attribute the reduction of lφ to an increased scattering which can
be induced by the surface-roughness of the nanowire or residual contamination, as the
electron density is dominantly pushed to the surface of the nanowire (see Sec. 4.3.4).
Investigating other devices the highest reduction factor of lSO was 3 for VSG1 = 18 V.
Tuning with perpendicular electric fields
Previously it was shown that lSO can be strongly tuned by an in-plane electric field
generated by asymmetric side gate voltages. In order to have a comparison, in a second
set of measurements the back gate was used as the source of the electric field, while the
side gate electrodes were grounded. This setting is similar to the standard FET-like gating [109, 126, 150, 177–179]. The main difference compared to the case of asymmetric side
gate voltages is that in addition to the strength of the electrostatic field, the electron
density also changes with VBG , resulting in the change of the conductance, as it is shown
in Fig. 4.12d. Note that the conductance here is extracted from the averaged magnetoconductance data. Also note that the transconductance curve is shifted to higher VBG
values compared to the blue curve on Fig. 4.11c, since the high back gate voltages (up to
60 V), required to achieve high electrostatic fields across the nanowire, caused the filling
of charge traps in the SiO2 in the close proximity of the nanowire, which screens the effect
of the back gate. The rearrangement of these static charges results in a difference between
the extracted physical quantities at the same gate configuration for the two different sets
of measurements.
The corresponding fitted lφ and lSO parameters are plotted in Fig. 4.12c. lSO shows a
clear tendency as a function of VBG . At small gate voltage values lSO is around 150 nm,
while for larger VBG and thereby enhanced electrostatic field lSO monotonically decreases.
Applying a backgate voltage of more than 60 V, lSO is reduced even to 70 nm.
In some of the previous studies investigating the SOI via WAL in standard FET
geometry in InAs and InSb NWs no tuning was observed [179], while in others a tuning
effect up to 30% was reported [150, 177]. All of these studies used smaller gate voltage
ranges than us. A strong tuning, comparable with our results has only been observed in
devices using a top gate [106] or an electrolyte gate [180]. Our measured lSO values at low
gate voltage values are in a good agreement with these studies.
The change of the phase coherence length is not significant, as in the used range of back
gate voltage lφ increases less than 20% from 180 nm to 220 nm. Interestingly its tendency
is just opposite to the case of asymmetric side gates (see Fig. 4.12a). The enhancement
induced by VBG can be explained with the reduction of electron-electron interaction at
higher carrier densities (higher conductance).

4.3.4

Simulation

In the previous section it was shown that by applying an electric field on the nanowire
with gate electrodes, the SOI can be enhanced by a factor of 2. In this section a simple
electrostatic model is introduced, which is employed to calculate the electrostatic field
(E(r)) profile inside the nanowire, and to estimate the electric field-induced Rashba SOI.
88

4.3. Electrical tuning of Rashba spin-orbit interaction in multigated InAs nanowires
A good agreement was found between the numerical results for lSO and the measured
values presented in the previous section.
For simplification, the measured device is modeled with its 2-dimensional cross section
shown in Fig. 4.11b and discussed in Sec. 4.3.2. The nanowire is modeled by a hexagon
with edge length of 40 nm (which corresponds to W = 80 nm). The thickness of the
side gate electrodes is 100 nm, their separation is 220 nm. The thickness of the oxide
layer is 400 nm. The boundary of the geometry is defined by a 1 µm × 1 µm square,
whose lower edge corresponds to the back gate. The potential of the upper edge is fixed
at zero potential. The potential of the right and the left edges below (above) the side gate
electrodes are defined by a linear interpolation between the potential of the back gate
and side gates (side gates and upper edge). A square grid with 5 nm resolution is used
in the simulations. From an electrostatic viewpoint a single conduction band is assumed
with parabolic dispersion, along with a hard-wall confinement potential. The Fermi level
pinning at the surface of the nanowire gives rise to a band bending [107–109], which for
simplicity is neglected in the presented model. Furthermore the Fermi energy is fixed at
the edge of the conduction band for zero gate voltages.
In the simulation the electric potential, V (r) was calculated by solving the Poissonequation,
en(r)
,
(4.14)
∆V (r) = −
0 ir
2
= 15.15), 0 is
= 3.9, InAs
where, ir is the relative dielectric constant of medium i (SiO
r
r
the vacuum permittivity, and n(r) is the electron density, which is only non-zero within
the nanowire. Using the bulk 3-dimensional density of states (DOS) of the InAs
(

1
2m∗ 3/2 √
ε if ε ≥ 0
2
2
~
ρ(ε) = 2π
,
(4.15)
0
if ε < 0

at zero temperature the electron density is given by
 ∗ 3/2
Z ∞
3
2m
ρ(ε)f (ε)dε = 2
n(r) =
[eV (r)]3/2 ,
2
4π
~
0

(4.16)

where e is the electron charge, ~ = h/2π is the Planck constant, m∗ = 0.023me is the effective mass of the electrons in the conduction band, and me is the free electron mass and
f (ε), the Fermi-function was approximated with its zero temperature form, the Heaviside
step-function. In the simulation Eq. (4.14)&(4.16) are solved self-consistently in an iterative manner. To assure the convergence of the algorithm for both the electron density
and the potential, the weighted average of the last two iteration step was used as the new
value, i.e.
n(i) → (1 − ηn )n(i−1) + ηn n(i)
V (i) → (1 − ηV )V (i−1) + ηV V (i) .

(4.17)

In the simulations ηn = ηV = 0.2 was used.
The calculated electric potential and the DOS at the Fermi energy for the two types of
measurements are shown in Fig. 4.13a-b&d-e. The black lines represent the NW/SiO2 /vacuum
interfaces, the scale is shown in Fig. 4.13a. The side gate and back gate electrodes are not
89

4.3. Electrical tuning of Rashba spin-orbit interaction in multigated InAs nanowires
shown on the graphs, the SG1 (SG2) is on the left (right) 70 nm away from the edge of
the nanowire, the back gate is 400 nm below the NW/SiO2 interface.
Fig. 4.13a&b correspond to the asymmetric side gate measurement with gate voltage
values of VSG1 = 11 V, VSG2 = −7.7 V and VBG = 15 V. The electron density (calculated
in Eq. (4.16)) is concentrated to the left side of the nanowire, as a result of the attractive
force of the positively charged SG1 electrode. For this gate configuration the numerical
calculation yields an average electric field of 20 mV/nm inside the nanowire.
Fig. 4.13d&e correspond to the back gate measurement with grounded side gate electrodes with VSG1 = VSG2 = 0 V and VBG = 58 V gate voltage values. The electron density
is concentrated to the bottom part of the nanowire. The average electric field within the
nanowire is about 25 mV/nm for this gate configuration.
The small areas of low DOS values at the surface of the nanowire in Fig. 4.13b&e are
artifacts arising from the grid of the simulation (5 nm).
The spin relaxation length associated to the external field-induced Rashba SOI, assuming D’yakonov-Perel spinrelaxation, can be calculated from the magnitude of the electric
field supplied by the simulation with the following formula [105]:
~2
,
m∗ α0 e hEi

(4.18)

d2 r|E(r)|ρ(eV (r))
R
d2 rρ(eV (r))

(4.19)

lSO,R =
where α0 = 1.17 nm2 for InAs, and
R
hEi =

is the spatially averaged electric field within the nanowire3 . Since only electrons at the
Fermi-surface contribute to the conductance, the electric field is averaged with respect to
the DOS at the Fermi-level. Eq. 4.18 connects the strength of the SOI, αR = α0 e hEi,
with the spin relaxation length, which is the distance covered by the electron, while its
phase changes by unity due the SOI.
In the measurements, lSO was finite at zero gate voltages, which indicates that other
sources of spin relaxation are present. To take them into account, I introduce the built-in
spin relaxation length, lSO,Bi . The built-in spin relaxation processes may originate from
breaking the inversion symmetry of the system by the crystal structure – and the corresponding Dresselhaus SOI –, the confinement potential, or scattering centers. For the
sake of simplicity I assume that these processes are independent from the external gate
voltages. For the different spin relaxation contributions the following sum rule was used:
−2
−2
−2
= lSO,Bi
+ lSO,R
lSO

(4.20)

The value of lSO,Bi was chosen such that the measured and the calculated lSO values coincide with each other at zero asymmetric side gate/back gate voltage in the two demonstrated measurements. The simulation contains no further fitting parameters.
3

One can obtain similar formulas for the spin precession length in ballistic environment and for the
spin relaxation length in√a diffusive one. The former is lsp = vF τsp , where τsp is the spin precession time.
−1
The latter one is lSO = Dτsr , where D = 12 vF2 τe [187] and τsr
= Ω2av τe [110], with τe being the elastic
scattering time, τsr is the spinrelaxation time and Ωav is the average Larmor frequency.
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The measured and the simulated lSO curves are shown in Fig. 4.13c&f for the two different electrostatic field profiles. The measured lSO curves are the same as in Fig. 4.12a&c.
In both cases the simulated curves reproduce well the main findings of the measurement,
i.e. the SOI is enhanced by increasing electric fields. Furthermore, despite the simplicity
of the model and the low number of model parameters fairly good quantitative agreement
was found.
In both cases lSO tends to saturate at gate higher voltages, which is the result of
electrostatic screening by electrons. As it can be seen from the DOS graphs in Fig. 4.13b&e,
the electron density can reach high values in the nanowire close to the positively charged
gate electrode. At higher electron densities the screening is more efficient, in agreement
with the static screening theory, which leads to the decreasing enhancement of the SOI as
the gate voltages are further increased. To quantify the screening effect we estimate the
screening length in the framework of the Thomas-Fermi model [188]. In this model the
screening length is given by
−1/2
 2
e ρ(εF )
.
rTF =
0 r
With a typical value of DOS at the Fermi level, ρ(εF ) = 1 · 1031 eV−1 cm−3 , for InAs
= 15.15) the screening length is rTF ≈ 10 nm, which is consistent with the simulated
(InAs
r
electric potential profiles (see Fig. 4.13a&d).
I have shown that the introduced electrostatic model can explain our experimental
results with an external field-induced Rashba SOI, assuming another, constant source of
spin relaxation.
Comparing the obtained values of lSO with previous measurements on InAs quantum
dots, one finds comparable values (100-170 nm) [2,5,184], although the electronic confinement is different in case of quantum dots. Other studies describe the strength of the SOI
with the energy splitting of different spin states due to the SOI. They report values in the
range of ∆SO = 50-200 µeV [182–184], although its value depends on e.g. the orientation
of the magnetic field (see e.g. Fig. 4.3c&d of Sec. 4.1). In Ref. [184] the authors calculated
an lSO of 127 nm from ∆SO = 230 µeV.
Following the standard framework of the WAL [150] I assume that the SOI is the main
mechanism of the spin relaxation and the measured spin relaxation length gives a good
measure of the strength of the SOI. Using Eq. (4.18) and the measured lSO values, one can
estimate the strength of the SOI, αR = ~2 /m∗ lSO , which is reasonable at high external
fields, when the induced Rashba SOI dominates the built-in contribution. Tuning lSO from
150 to 70 nm corresponds to αR ≈ 2 · 10−11 eVm and 4.3 · 10−11 eVm, respectively.
In the work of van Weperen et al. (see Ref. [106]) a more realistic model of the WAL
theory is presented, which takes the 3D structure of the NW into account more precisely
and allows us to extract the spin-orbit induced spin relaxation length, lSO,R and the Rashba
spin-orbit coupling parameter, αR more accurately. However, the parameter range of the
model does not cover the condition of these measurements since for my sample W/le is
around 4 − 8. Additional model calculation would be desired in order to give an accurate
estimation of the SOI strength αR , which goes beyond some simplifications: As the source
of the spin relaxation mechanism most models consider a simple Rashba type SOI induced
by a uniform electrostatic field in the entire nanowire. In the device the electrostatic field
is not uniform, and in addition other SOI terms, such as the Dresselhaus has to be taken
into account due to the lack of inversion symmetry of the wurtzite nanowire structure.
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Nevertheless it does not influence the finding that lSO can be tuned by the gate voltages
even if the conductance and the average electron density is kept constant.

4.3.5

Conclusion

I have studied the SOI of InAs nanowires by WAL measurements in a side gated
geometry. I have shown that the strength of the SOI can be enhanced by up to a factor of
2 by applying an electric field across the nanowire. The tuning has been demonstrated at
a nearly constant conductance with asymmetric voltages applied on opposite side gates.
Furthermore, a similarly large tuning was observed applying a high back gate voltage,
which strongly changed the electron density as well.
An electrostatic model has been introduced to calculate the strength of the Rashba
SOI induced by the external electric fields. A good agreement has been found between
experiments and numerical calculations. It supports the claim that the Rashba SOI is
the origin of the gate-induced changes of the WAL signal. The possibility to tune the
Rashba SOI strength in-situ without changing the electron density of the device is highly
promising for various quantum electronic devices.
In order to gain a better insight into the SOI in nanowires, a more realistic model
calculation would be desired which takes into account the inhomogeneous electrostatic
field in the nanowire, the presence of the confinement potential, the band bending at
the interface, the SOI term caused by the internal inversion asymmetry of the wurtzite
crystal structure, the quantized conductance channels of the nanowires and the significant
Zeeman splitting due to the large g-factor of the semiconducting nanowires [189]. Such a
more realistic theory could shine light on the limits of the validity of the simple 1D Rashba
SOI Hamiltonian for the description of the spin physics in semiconductor nanowires.
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Figure 4.13: Results of the numerical simulation. a),b) The electric potential and the density of
states (DOS) at the Fermi energy, respectively, in the vicinity of the nanowire (NW), for VSG1 =
11 V, VSG2 = −7.7 V, VBG = 15 V. The black lines mark the NW/SiOx /vacuum boundaries. The
low DOS values at the surface of the NW is the result of the relatively coarse resolution of the grid
(5 nm). c) The spin relaxation length in the asymmetric side gate configuration, the measurement
data is the same as in Fig. 4.12a (black squares), and the result of the numerical calculation
(red curve). d),e) Same as a) and b), for the BG-tuned measurement with VSG1 = VSG2 = 0 V,
VBG = 58 V. f) Same as c), for tuning with BG.
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5
Proximitized quantum dots

A future step in quantum information processing is to construct fault-tolerant computational architectures. Topologically protected exotic states arising in superconducting
hybrid structures provide a platform to implement partially or fully fault-tolerant architectures. The fault-tolerance means that the computational basis states are always
degenerate, hence the system is insensitive to external noises. The protected operations
are preformed by moving around the these particles, called braiding.
A roadmap to implement a fully fault-tolerant architecture follows the utilization of
the following particles: Majorana fermions [11–17,20–28], parafermions [29–31], Fibonacci
anyons [190]. In this series more and more logical gates are performable in a protected
way. The current step is to realize the Majorana fermion-based platform. These particles
were already reported in different systems, like in semiconducting nanowire-based setups
[171, 176] or in chains of magnetic adatoms on superconducting surfaces [80, 81].
Besides the usual proposals, where the Kiteav model is realized by a microscopic
Hamiltonian, there are ideas to construct artificial topological platforms. Such a system
was investigated theoretically by Sau et al. in Ref. [63], where the Kiteav model is realized
by alternating chain of quantum dots and superconducting islands (see Fig. 5.1). In the
Majorana chain the neighboring sites – dots – are coupled in two different ways, implementing the two different coupling mechanism of the original proposal of Kitaev. First is
the direct tunnel coupling between the dots and second the crossed Andreev reflection,
which creates (annihilates) electrons on two neighboring sites.

Figure 5.1: The proposed Majorana chain of Sau et al.. The Kitev chain is realized by a series
of quantum dots (green) coupled by superconducting islands (blue). The tunability is provided
by local gate electrodes (red). The figure is adapted from Ref. [63].
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In this chapter I will investigate different building blocks of the Majorana chain to
examine the feasibility of the model.
In a strongly coupled superconductor – quantum dot hybrid structures subgap Shiba
states arise by the hybridization of the states of the dot and the superconductor (see
Sec. 2.5.3). These states extend into the superconductor to a finite distance. The key to
implement the couplings between the neighboring quantum dots of the Majorana chain lies
in the overlap of the Shiba states hosted by the dots. With the state-of-the-art fabrication
techniques the achievable closest spacing of the dots is 80 − 100 nm. However, both the
theory of Shiba systems and the STM experiment preformed on Shiba states indicates
that the extension is limited to few nanometers [69,71,73,76] (also see Sec. 2.5.2), making
the implementation of the Majorana chain proposal elusive.
In Sec. 5.1 I will investigate the spatial extension of a Shiba state formed in the
InAs nanowire-based superconductor-quantum dot hybrid device by non-local transport
measurements. The tunnel electrode the probes the Shiba state is placed at a distance of
100 − 200 nm from the quantum dot. The signatures of the Shiba states in the current
implies that it extends to a much larger distance in the presented system compared to
previous reports on STM setups. I will show that the key to the much larger extension
lies in the geometrical properties of the setup, which makes it effectively one-dimensional,
and removes the fast decay implied by the higher spatial dimensions.
Regarding the complexity the next building block to analyze is the QD–SC–QD subsystem. In the remaining of the my thesis I will focus on that. This block was widely
investigated previously by Cooper pair splitter measurement, where the dots were only
weakly coupled to the superconductor to filter the flow of the electrons [55–62]. To provide
a significant coupling between the dots of the Majorana chain, they have to be strongly
coupled to the superconductor. In Sec. 5.2 I will investigate how the presence of the Shiba
state modifies the operation of a Cooper pair splitter. We will see that the Shiba state
gives similar signatures as the Cooper pair splitting signal, but this is present even when
the splitting is prohibited by the blockage of the current in one arm. The results tell us
that one has to be careful during the analyzes the splitting effect, since it is mimiced by
the Shiba state.
In Sec. 5.3 I will give a proposal to experimentally prove the spin singlet character of
the individual split Cooper pairs in the QD–SC–QD system. The proposed experiments
is based on the state-of-the-art spin qubit toolkit. After introducing the experimental
scheme, the material related non-idealities will be discussed, how they limits the proposed
experiment, and they can by overcame.
Finally in Sec. 5.4 I will analyze the the different coupling mechanisms arising the
QD–SC–QD system starting from a microscopic Hamiltonian. I will show that besides the
usually used local and crossed Andreev processes there a third, superconductivity related
coupling of the dot states, the elastic cotunneling. Subsequently, I will investigate in detail
the ground state properties and the excitation spectrum of the QD–SC–QD system with
different coupling strengths and I will show that the detailed transport characterization
allows for the identification of the dominant coupling mechanism.
These works are important steps on the way to realize the Majorana chain and to
understand the building blocks of it.
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5.1

Magnetic field enhancement of non-local Shiba
signal

As I discussed in the theory background chapter there are two different platforms
which can host Shiba states formed around magnetic impurities in superconductors (see
Sec. 2.5). First, when magnetic atoms are deposited on superconducting substrates and
second, when quantum dots are attached to a superconducting electrode. The first setup
is widely studied by STM groups and it was found that the Shiba state decays on a very
short length scale in the superconductor: it extends up to 1 nm on 3-dimensional [69, 73]
and up to 10 nm on 2D superconductors [71, 76]. In quantum dot-based geometries the
spatial extension of the Shiba states has not been addressed yet.
In this section I will show that the Shiba state formed around a quantum dot can
extend into the superconductor to a distance one order of magnitude larger than in STM
geometries. I have studied the extension of the Shiba by measuring the non-local current
in a tunnel probe attached to the superconductor about 100 nm away from the dot.
Surprisingly, I have found a resonance-like increase in the differential conductance of the
tunnel probe when the Shiba state was tuned on resonance, indicating that the Shiba
wavefunction has a finite weight at the tunnel probe. Furthermore, I will show that in
finite magnetic field the extension of the Shiba state is increased significantly further,
indicated by the strong increase of the conductance enhancement. Finally, I will compare
my experimental findings with numerical renormalization group (NRG) calculations.1
The results presented here opens the way to the realization of artificial topological
devices, like the Majorana chain [63], which realizes the famous Kiteav model in a chainlike structure formed of the alternating series of quantum dots and superconductors. With
the state-of-the-art fabrication techniques the currently available closest spacing of the
dots is about 100 nm, comparable to the extension of the Shiba state. This suggests that
coupling the neighboring dots via the superconductor is indeed feasible.

5.1.1

Device geometry

The schematics of the setup is shown Fig. 5.2a. A narrow superconducting stripe (SC
in red) is strongly tunnel coupled to a quantum dot (QD, gray) on one side, forming a
sub-gap Shiba state by hybridizing the quasiparticle states of the superconductor with
the states of the quantum dot (see Sec. 2.5.3). A tunnel electrode (N) is attached to the
superconductor on the other side, allowing to analyze the DOS of the SC–QD hybrid at a
finite distance, xT from the quantum dot. Another normal electrode, NQD is attached to
the quantum dot – with tunable coupling strength – allowing for the direct characterization
of dot. After the initial characterization, in most of the measurements presented here NQD
was electrically isolated from the quantum dot. Finally, a magnetic field parallel to the
superconducting stripe is applied.
The setup was realized in an InAs nanowire-based nanocircuit. A false color SEM image
and the schematics of the cross section of the measured device is shown on Fig. 5.2b&c.
The nanowire (in gray) is contacted by two normal (N and NQD in yellow) and one
superconducting contact (SC in red). The electron density in the nanowire is tuned by an
1

The NRG calculations were made by Cătălin Paşcu Moca and Gergely Zaránd.
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Figure 5.2: a) The schematics of the setup; The strongly coupled superconductor (SC) and
quantum dot (QD) gives rise to the Shiba state, which extends into the SC. A tunnel probe (N)
measures the density of states of the QD–SC system at a distance of xT = 50 − 250 nm. An
additional normal electrode (NQD ) is present next to the QD, but it can be electrically isolated
by gate voltages. b) False color SEM micrograph of the device and c) the schematics of the crosssection of the device based on an InAs nanowire positioned an array of bottom gate electrodes
and contacted by two normal (N and NQD ) and one superconducting (SC) lead. The magnetic
field is applied in-plane, perpendicular to the axis of the nanowire.
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array of bottom gates. The wire was cut by focused ion beam (FIB) prior to the deposition
of 250 nm wide Pb superconducting contact to suppress the direct tunnel coupling between
the two arms [191, 192]. The width of the FIB cut is 50 − 60 nm. The former one gives
the upper and the latter one gives the lower bound for the separation of the quantum dot
and the tunnel probe, xT . The quantum dot is formed in the right arm of the device and
is tuned by the VP voltage applied on the gP plunger gate. The tunnel coupling to the
right normal lead can be turned on and off by the VB voltage applied on the gB barrier
gate. The left arm of the device serves as the tunnel probe. An in-plane magnetic field is
applied perpendicular to the axis of the nanowire. The superconducting coherence length
of the bulk Pb is ξ0bulk = 80 nm, however, in evaporated, disordered thin layer it can be
considerably reduced to ξ0 = 30 − 50 nm due to the limited mean free path [193, 194].
Details of the sample fabrication and the geometry.2 First, 9 bottom gate electrodes
were defined by electron beam lithography and evaporation of 4 nm Ti and 18 nm Pt. Two
1.3 µm wide gates were used below the normal contacts and one, 250 nm wide below the
superconductor. The remaining 3+3 bottom gates are 30 nm wide with 100 nm period.
The gates were covered by 25 nm SiNx , using plasma-enhanced chemical vapor deposition,
to serve as an insulating layer [191]. The SiNx was removed at the end of bottom gate
electrodes by reactive ion etching with CHF3 /O2 [195], to contact the gate electrodes. The
InAs nanowire, with a diameter of d = 70 nm was deposited using a micro-manipulator
onto the SiNx layer, approximately perpendicular to the bottom gates. The normal (NL
and NR ), Ti/Au (4.5/100 nm) and superconducting (SC), Pd/Pb/In (4.5/110/20 nm)
contacts were defined in further e-beam lithography and evaporation steps [194]. The
latter has a width of 250 nm. Prior to the evaporation, the nanowire was passivated in an
ammonium sulfide solution to remove the native oxide from the surface [196].

5.1.2

Non-local detection of the Shiba state

Presence of a non-local signal
The differential conductance of the tunnel probe, GT is shown on Fig. 5.3a-c as the
function of VB and VP for three different values of the magnetic fields, 0 mT on panel a,
150 mT on panel b and 250 mT on panel c. The conductance of the right arm, GQD is
quenched in the whole gate range. In the absence of magnetic field (panel a) two pairs
of parallel resonance lines are present on top of a smooth background of about 0.1 G0
conductance (G0 = 2e2 /h is the conductance quantum). As I will discuss in the following,
the enhanced conductance lines are the non-local transport signatures of the Shiba state
formed on the quantum dot. In zero magnetic field the conductance enhancement is about
0.005 G0 .
Upon applying an in-plane magnetic field smaller than critical field of the superconductor the signal is significantly increased (see Fig. 5.3b measured in 150 mT). The largest
peak is close to 0.1 G0 , corresponding to a 20 times enhancement compared to the zerofield value.
In 250 mT magnetic field, above the critical field of the superconductor, Bc = 230 mT
the conductance enhancement vanishes (see Fig. 5.3c). This indicates that the origin of
the additional resonance lines is indeed superconductivity-related.
2

The sample was fabricated at the University of Basel by Gergő Fülöp.
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Figure 5.3: Conductance of the tunnel probe as the function of VB and VP gate voltages
measured in c) B = 0 mT, d) B = 150 mT, e) B = 250 mT. The two pair of parallel resonance
lines are non-local transport signatures of the Shiba state. The magnitude of the conductance
enhancement significantly increases with magnetic field (panel b), and vanishes above the critical
field, Bc = 230 mT of the superconductor (panel c). Note that the same color scale is used for
the three panel for better comparison. On panel c the conductance barely changes in the used
gate voltage range, it follows the homogenous, yellow color. The line cuts at VB = −1.497 V,
shown in panels a-c), further illustrate the strong dependence of the conductance enhancement
on the magnetic field.

Line cuts made at VB = −1.497 V shown on each panels of Fig. 5.3 further illustrates
the strong dependence of the conductance enhancement on the magnetic field. From now
on I will focus on the resonance pair marked by a circle and a triangle.
In the following I will prove that the conductance enhancement in GT is indeed the
signature of the Shiba state, when it is tuned to zero energy, by carrying out a simultaneous
measurement of the current in leads N and NQD after opening up the barrier between the
dot and NQD .
Direct characterization of the Shiba state
Increasing VB to more positive values opens up the barrier to NQD and allows for the
direct transport characterization of the quantum dot. Fig. 5.4a&b shows the conductance
of the tunnel probe GT and the dot, GQD , respectively, in a larger gate voltage window
for B = 0 mT. Let us follow the marked resonance lines to more positive VB values. In
GT the resonance are preserved, and above above VB ≈ −1.1 V GQD also sets in. The
similarities of the conductance enhancement in GT and the resonances of GQD implies
that the enhancement of GT is related to the level structure of the quantum dot.
Note 1: the magnitude of the non-local signal is increased when GQD is increased, which
I will discuss in the following section.
Note 2: Analyzing the fine structure of GQD reveals that right arm of the nanowire hosts
not one but two quantum dots. The slope of the second dot’s resonances – being almost
vertical, indicated by the gray line on Fig. 5.4b – implies that this dot is situated further
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Figure 5.4: Conductance of the tunnel probe, GT (on panel a) and the quantum dot, GQD
(on panel b) in a larger gate voltage range, in zero magnetic field. The white dashed rectangle
marks the gate voltage region already presented on Fig. 5.3a. For more positive VB values GQD
is restored, while the conductance enhancement persists in GT . The similarities between the
conductance lines on panel a and b indicate that the tunnel probe measures the level structure
of the quantum dot non-locally. c) Finite-bias direct characterization of the quantum dot along
the dashed line on panel b. The eye-shaped crossing is the usual signature of the Shiba state.
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from the superconducting lead. Accordingly, these resonances are not observable in GT .
Note 3: the sudden jumps of the conductance values of GT is attributed to an instability
of the tunnel probe. Apart from the magnitude of the background conductance it does
not influence the Shiba state-related non-local signal.
To have further insight into the level structure of the quantum dot the stability diagram, i.e. finite-bias transport spectrum was measured along the white dashed line on
panel b of Fig. 5.4 and is shown on Fig. 5.4c. The eye-shaped crossing of the conductance
lines are the usual fingerprint of the Shiba state formed in a SC–QD hybrid (see e.g.
Fig. 2.22). The presence of the Shiba states indicates the strong coupling between the
superconductor and the dot, which hybridizes the states of the two.
The previously shown resonance lines of GQD on Fig. 5.4b correspond to the Shiba
state, when its energy is tuned to zero by VP plunger gate voltage. As I already mentioned
above, comparing panel a and b of Fig. 5.4 reveals that the conductance enhancement of
GT coincides with the resonances of GQD , when the latter is unquenched. Furthermore,
the conductance enhancement persists even for low VB region, where GQD is quenched.
From these similarities one can conclude that the conductance enhancement of GT sets is
when the Shiba state of the dot is tuned to zero energy.
Note that in the presented device the tunnel probe is 50 − 250 nm away from the
quantum, much further, than the typical extension of a Shiba state in STM geometries,
hence the presence of the strong non-local signal is surprising.
Effect of magnetic field
A detailed analysis of the finite magnetic field behavior is shown Fig. 5.5. Panel a
shows the reduction of superconducting gap with the magnetic field measured on the
quantum dot at VP = −0.7 V and VB = −0.6 V.
 according to the Ginzburg Although
B2
Landau theory the gap is reduced as ∆(B) = ∆0 1 − B 2 in magnetic field, I have found
c
a somewhat different functional form,
1/2
∆(B) = ∆0 1 − B 2 /Bc2
,
(5.1)
in agreement with observations in thin layer superconductors [193,197]. The white dashed
line is a fit of the superconducting gap with zero-field gap, ∆0 = 250 µeV and the critical
field, Bc = 230 mT. Note that the here measured induced gap is smaller than the 0.4 −
1 meV in Refs. [47, 194] and than the bulk gap of 1.1 meV in Ref. [198].
Fig. 5.5b shows the detailed evolution of the non-local signal with the magnetic field
measured along the dashed line on Fig. 5.4a at VB = −1.25 V and at zero bias. While
close to B = 0 the resonance peaks are barely visible, they are strongly enhanced with
increasing magnetic field, particularly between 100 and 200 mT. The dotted lines are guide
to the eye. Note that the increasing separation of the conductance lines with magnetic
field is in line with the expectations of the Zeeman splitting of the Shiba state. The singlet
is unaffected by the magnetic field, but the doublet states split. Due to the decreasing
energy of the doublet ground state in magnetic field, the degeneracy points move apart.
For details see e.g. Ref. [44].
The contribution of the Shiba state to the tunnel current is quantified by integrating
the conductance enhancement peak shown on Fig. 5.5b. In detail, first I subtracted the VP independent background conductance for each magnetic field value, then I have integrated
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Figure 5.5: a) Reduction of the superconducting gap with magnetic field. The dahsed line is a
fit with Eq. (5.1) b) Evolution of the non-local signal with magnetic field along the dashed line
on Fig. 5.4a. The gray dotted lines are guide to the eye. c) The magnetic field evolution excess
current attributed to the Shiba state, evaluated from the data on panel b (for the procedure see
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the peaks along the VP axis and converted the gate voltage value to energy by using the
lever arm of 57.5 estimated from the stability diagram shown on Fig. 5.4c. In the following
I will call the obtained quantity excess current, which is shown on Fig. 5.5c to further
illustrate the strong dependence of the non-local signal on the magnetic field. Here it is
more clear that for low fields, below 150 mT the excess current has a strong upturn, is
maximal around 180 mT, above that it gets strongly suppressed and finally vanishes at
Bc = 230 mT.

5.1.3

The model

To understand the overall behavior of the excess current with the magnetic field it
is sufficient to consider the minimal model of a classical spin in a superconductor. The
current in the tunnel probe is given by
Cl
=
IShiba

e
gNS (|uS (xT )|2 + |vS (xT )|2 ) / %S ,
h

(5.2)

where gNS is the dimensionless conductance (in units of 2e2 /h) of the N–SC contact, uS
and vS are the electron and hole-like parts of the Shiba wavefunction (recall Eq. (2.30)),
xT is position of the tunnel electrode and %S is the DOS of the superconductor.3 Assuming
a spherical Fermi surface the weights of the Shiba wavefunction can be computed, and
the current can be written as
vF −2xT /(πξ)
Cl
IShiba
= e gNS
e
|A(xT )|2 ,
(5.3)
2πξ
where ξ = ξ(B) = ~vF /π∆(B) is the magnetic field-dependent superconducting coherence
length and A(xT ) is a geometry, position and dimension dependent amplitude. Eq. (5.3)
along with Eq. (5.1) is capable to capture the main features of the experimental findings.
In Eq. (5.3) the magnetic field appear in two ways, both through ξ. First in the
exponential, which is responsible for the upturn of the current at low fields, and second,
in the denominator inducing the strong cutoff of the excess current just below Bc .
The simple model above captures well the main observations, but cannot take into
account e.g. the charge fluctuations close to the charge degeneracy point of the quantum
dot. 4 To take this into account Cătălin Paşcu Moca and Gergely Zaránd have set up a
theoretical framework to compute the current in a N–SC–QD geometry by NRG approach,
where the artificial impurity, the dot is modeled by the single impurity Anderson model
(for the details of the model see Ref. [86]). The obtained excess current curves as the
function of the magnetic field are shown on Fig. 5.5d for different ratios of xT and ξ0 . The
overall behavior again resembles the experimental data on Fig. 5.5c.
The comparison of the classical spin model and NRG approach is shown on Fig. 5.6.
The two models give qualitatively similar curves for the magnetic field dependence of the
excess current. The small quantitative differences may originate from the fact that the
classical model does not account for the charge fluctuations close to the charge degeneracy
point of the quantum dot.
3

The derivation of the current formula was done by Cătălin Paşcu Moca And Gergely Zaránd, for
detail see the Methods of Ref. [86]
4
The simple model well approximates the Kondo regime, but the measurements were done in the
mixed valence regime.
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Figure 5.6: Comparison of the classical spin calculations (in Eq. (5.3)) and the NRG simulation
of the Shiba current as the function of magnetic field for different ratios of xT /ξ0 .

5.1.4

Discussion

In the following I will compare my findings with the ones of the STM measurements,
pointing out the differences originating from the geometry, and discuss the deviations of
the experiment and the simulations.
First let us compare the experimental findings presented here with a typical STM
measurement. The spatial behavior of the Shiba state was already investigated in several works. When the magnetic impurity was positioned on top of a 3-dimensional superconductor, the experiments revealed a fast decay of the Shiba state on the length
of shorter than 1 nm [69, 73]. Recently, with the development of various 2-dimensional
materials, STM measurements on 2D superconductors became feasible. In such a geometry one can observe the oscillations of the Shiba state up to a distance of 10 nm from
the impurity [71, 76]. Recalling the theory (see Eq. (2.30) for the Shiba wavefunction)
one finds that the probability of finding the Shiba state at xT decays and oscillates as
−(d−1)
|A(xT )|2 sin2 (kF xT ) ∼ xT
with the distance in good agreement with the previous
experiments. In the quantum dot-based measurements presented here I could observe the
Shiba state up to a distance of 50 − 250 nm and I did not find a signature of oscillations.
To understand why the Shiba state extends much further into the superconductor in
the quantum dot-based setup, one has to take into account the geometrical differences
of the two setups. In an STM measurement the tunnel probe is atomicly sharp, it has a
point-like contact. In contrast, here the tunnel probe is the nanowire itself, therefore the
tunneling area – ∼ d2 , where d = 70 nm is diameter of the nanowire – is much larger.
The large tunneling area counteracts the fast decay of the Shiba state, which is ∼ x−2
T .
As long as the distance from the interface is comparable to d the setup is similar to an
effectively one-dimensional geometry, d2 x−2
T ≈ 1.
Regarding the oscillations there is a crucial difference between an STM measurements
and the presented work. While in the former case the tunnel electrode scans the sample,
here the distance of the tunnel probe and quantum dot is fixed. Correspondingly, the
spatial oscillations cannot be orserved. However, these oscillations still can affect the
measurement. As the tunneling area is large, ∼ d2 , the Shiba state is probed on a large
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surface. One expects that integrating the oscillating wavefunction for the plane of the
tunnel region, the total amplitude would be strongly suppressed. However, this is not the
case here. The explanation is based on the fact that I carried out the measurements close
to zero bias, i.e. on zero-energy Shiba states. In STM measurements, where generally the
Shiba state is measured at finite energy, it was found that the electron- and hole-like parts
oscillates in different phase (see Fig. 3d of Ref. [71]. Measuring the Shiba state at zero
energy corresponds to the sum of the electron- and hole-like contribution. The sum of
two contribution is free of any oscillating term (for details of the derivation see Ref. [86]).
Therefore integrating for a large area does not suppress the total contribution.
Now let us turn to the comparison of the experiment and the theory. The classical model predicts that the excess current, IShiba is maximal at the magnetic field
value where xT = πξ(B)/2, determined by differentiating Eq. (5.3) with respect to
xT . Using B = 180 mT of the experimental maximum (see Fig. 5.5c) and the ξ(B) =
−1/2
ξ0 (1 − B 2 /Bc2 )
∼ ∆−1 (B) relation, one obtains xT /ξ0 ≈ 3. Note that both the classical and the quantum model slightly overestimates the magnetic field value corresponding
to the excess current maximum, and hence underestimates the xT /ξ0 ratio. This difference
in the position of the maxima may originate from the fact that both models idealize the
setup, they neglect the contribution of quasiparticles and the possibly finite subgap DOS.
Keeping this difference in mind one finds that the geometrical parameters, i.e. the zerofield coherence length of a ballistic superconductor, ξ0 = 30 − 50 nm and the separation of
the tunnel electrode and the dot, xT = 50 − 250 nm is comparable to the obtained ratio.
Finally, let us compare the presented results with the studies made on the Cooper pair
splitter, where the current measurements were carried out in a similar geometry as here,
but contrary to my measurements the currents were flowing to both normal leads from
the superconductor simultaneously through single quantum dots defined in both arms. In
those measurements positive current correlations were found when both dots were tuned
on resonance due to the splitting of Cooper pairs [55–58,60]. On the one hand, a similarity
between those experiments and mine is that electronic correlations were found over the
distance of 100 nm. On the other hand, a significant difference is that the excess current
attributed to the Shiba state strongly increased in magnetic field while the Cooper pair
splitting signal is suppressed [199].

5.1.5

Summary

In summary I have studied the spatial extension of a Shiba state in a quantum dotbased setup. I have found significant current enhancement in a tunnel probe attached
to the superconductor at a remarkable distance of 50 − 250 nm, when the Shiba state
was tuned on resonance, indicating that the Shiba state extends over such distances.
Furthermore, in finite magnetic field the extension increased further, signaled by the
strong increase of the excess current. The experimental findings are further supported
by NRG calculations, being in a reasonable agreement with the experiments. The large
extension of the Shiba state is very promising towards the fabrication of Majorana chains.
Since quantum dots with a distance of 80 − 100 nm, separated by a superconducting
electrode can easily be fabricated. The Shiba state still has a significant amplitude over
such distances to enable the hybridization of the dot’s states.
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5.2

Tunneling dependence of the currents probing
the Shiba state

In the previous section I have shown that the Shiba state formed in a superconductorquantum dot hybrid can extend into the superconductor to a much larger distance than
in an STM setup, indicated by a conductance enhancement in the tunnel electrode attached to the superconductor at a finite distance. Here I will show that the conductance
enhancement increases further when the tunnel barrier between the quantum dot and its
neighboring normal lead, NQD is lowered. Allowing the transport to both normal electrodes
the device is formally equivalent to the widely studied Cooper pair splitter. Using a simple
rate equation model I will show that the dependence of the non-local signal on the barrier
height is the result of a bottleneck effect. Subsequently, I will introduce a microscopic
models to derive the transition rates appearing in the master equation and qualitatively
describe the microscopic origin of the bottleneck effect. I will use this microscopic model
to show that the generally used concept of Cooper pair splitting efficiency overestimates
the real splitting contribution, since the Shiba-related non-local signal is not purely due
to the splitting of Cooper pairs.

5.2.1

Experimental signatures

The schematics of the setup is shown in Fig. 5.7a. Similarly to the previous section, the
Shiba state is formed in the strongly coupled quantum dot (QD, gray) and superconductor
(SC, red) hybrid, and the normal tunnel electrode, N probes non-locally the Shiba state. A
difference compared to the previous case is that the tunnel coupling between the quantum
dot and the NQD lead, tQD is continuously increased by lowering the barrier with the VB
barrier gate voltage. For the detailed description of the device see Sec. 5.1.1.
Figs. 5.7b&c show the simultaneously measured conductance of the tunnel probe, GT
and the conductance of the quantum dot, GQD , respectively as the function of the VP
plunger and VB barrier gate voltage. The data partially overlaps with the one presented in
Figs. 5.4a&b. The parallel line pairs are again the transport signature of the zero energy
Shiba state formed around the quantum dot. In the following I will focus on the line pair
marked with the circle and the triangle.
For low VB values, where GQD is quenched, the conductance enhancement of GT is
about 0.005 G0 . With increasing VB , the tunnel barrier between the quantum dot and
the NQD lead is lowered and GQD also sets in. At the same time the amplitude of the
conductance enhancement in GT increases. This is illustrated on panel d of Fig. 5.7. The
left (right) part of panel d shows several line cuts of GT (GQD ) along the color coded
lines on panel b and c. These ∆GT curves are generated by subtracting the background
conductance from panel b – defined by linear interpolation in a VP window close to the
resonances under investigation – for each VB value independently. The examined window
is indicated by the length of the color coded line on panel b and c. The curve pairs on
panel d imply that there is positive correlation between ∆GT and GQD .
To analyze further this correlation, I have repeated the procedure for all VB values
and took the maxima from both ∆GT and GQD along the two resonances separately.
These maxima are plotted in Fig. 5.7e as a scatter plot. The circle and triangle markings are in accordance with the previous notations of the resonances. Panel e reveals a
107

5.2. Tunneling dependence of the currents probing the Shiba state

a)
N

SC

QD

Shiba

IT

IQD

gP
0.16

0.12

VB (V)

0.02

0.05

0.01
0
-0.02 0

e)

0.1

ΔVB (V)

0

0
0.02

GQD (G0)

ΔGT (G0)

d)

-1

0.1

-0.55
-0.6
-1.5

ΔGTmax (G0)

VP (V)

-0.55

-0.5
GT (G0)

0.14

0.2

VB (V)

-1

GQD (G0)

-0.5

gB

c)
VP (V)

b)

-0.6
-1.5

NQD
tQD

0

0.02
0.01
0.00
0.00

0.05
0.10
(G0)

max
GQD

Figure 5.7: a) Schematics of the setup. The Shiba state is formed in the strongly coupled SC–
QD hybrid and is probed by two electrodes: by a tunnel electrode N, and by a normal electrode,
NQD coupled directly to the QD with a tunable barrier, tQD . b-c) The measured conductance of
the tunnel probe, GT and of the QD, GQD as the function of the gate voltages, VP and VB . GT
has a resonant-like increase when the QD is tuned to the charge degeneracy points. d) Several
color coded line cuts made on panels b and c to illustrate the correlation of the non-local signal
in GT and GQD . e) The conductance increment of the tunnel probe, ∆GT along the resonance
lines as the function of GQD . The non-local signal is finite even for GQD = 0, and it is enhanced
with increasing GQD and tends to saturate.
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clear correlation between the two conductance maxima values. When GQD is quenched,
the conductance enhancement is restricted to below 0.01 G0 , but as the former one is
restored, the latter one increases monotonously.
Note 1: As I have discussed in the previous section the right arm of the device hosts two
quantum dots in series. Here the analysis is restricted for the region, where this additional
dot is off-resonance to ensure that tQD is also weak enough. In this case the current is
carried by elastic cotunneling processes through the second dot. Hence only those data
points are taken into account, for which Gmax
QD < 0.1 G0 .
Note 2: Due to the presence of the additional quantum dot both GQD and ∆GT change
in a random fashion with VB , therefore I am focusing only on the correlation between the
two conductances, and disregard the underlying gate voltage values. Furthermore, this
the reason why the maxima plotted on Fig. 5.7d are not a monotonous function of VB .
Note 3: A similar non-local signal was investigated by J. Schindele et al. in Ref. [43], however they could not tune the coupling between their quantum dot and the neighboring
normal electrode. They used the language of the Andreev limit (see Sec. 2.5.3) and attributed the non-local signal to crossed Andreev and elastic cotunneling processes. Since
the quasiparticles are traced out in the Andreev limit the non-local processes also contain
the dot operators’ matrix elements, i.e. they are dot-like. As we will see the explanation of
the present results requires the distinction of the quasiparticle-like and dot-like processes.
In the following I will use the basic properties of a Shiba state, detailed in Sec. 2.5.3
to construct a simple rate equation model that is capable to describe the experimental
findings. That is, on the one hand, the non-local signal of the Shiba state is observed in
GT for GQD = 0, on the other hand, the non-local signal is the signature of the Cooper
pair splitting GQD = 0.1 G0 . The model describes the transition between the two limits.
Subsequently, I will introduce a microscopic model to derive the parameters appearing in
the rate equation model and to further support the findings.

5.2.2

Rate equation model

As I discussed previously, when a Shiba state is formed, the eigenstates of a quantum
dot are hybridized with the quasiparticle states of the superconductor (see Sec. 2.5.3). In
the low energy region only 3 relevant states are present, a singlet-like state, |Si with even
particles and two, spinful states with odd number of particles, generally called doublet
states, |Di = {| ↑i, | ↓i}. In the presence of time reversal symmetry the spinful states are
necessarily degenerate. The above presented resonances in the conductances corresponds
to the case, when the energy of Shiba state is tuned to zero, i.e. when the singlet and
doublet states are degenerate.
When the Shiba state is probed by transport measurements, single electron tunneling
events flip the parity of the Shiba state from singlet to doublet and backwards. As long as
the tunnel coupling to the normal electrodes is weak enough, higher order processes can
be safely neglected. Such transitions can be described by the Wfαβ
i transition rates, where
α = T, QD denotes which normal lead is involved in the tunneling, β = +, − denotes the
direction of the tunneling, + (−) corresponding to the process where an electron tunnels
to (from) the normal lead, and the i, f = S, D indices stand for the initial/final state,
which can be either singlet (S) or doublet (D). The transition rates can be decomposed
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as
αβ
Wfαβ
i = Γα Mf i ,

(5.4)

where Γα describes the coupling strength to the normal leads and Mfαβ
i is the transition
matrix element, depending only on the SC–QD subsystem (see below for further details).
Generally the quasiparticle-like excitations – tunneling from the superconductor to N –
and the dot-like excitation – tunneling from the quantum dot to NQD – have different
QDβ
transition matrix elements, i.e. MfNβ
.
i 6= Mf i
Note 1: in the presence of time reversal symmetry the transition rates and matrix elements
do not depend on the spin, hence I will not distinguish between them and only use the D
index for the doublet states.
Note 2: I will restrict my analysis to only one direction of the current, when a small
positive bias is applied on the normal leads, i.e. the electrons are flowing from the SC–QD
system to the normal leads, and in the following the β index will be omitted.
Altogether four tunneling events govern the time evolution of the Shiba state during
the transport. These processes are illustrated on Fig. 5.8 for two cases, first when the
tunneling to NQD is prohibited – and correspondingly only two rates are finite – on panel
a, and second, when it is allowed, shown in panel b. The width of the arrows illustrates
the magnitude of the tunneling rates.
a) tQD = 0

b) tQD ≠ 0

T
W SD
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W DS
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W DS
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Figure 5.8: Schematics of underlying transitions driving the dynamics during the transport in
the absence (presence) of finite coupling to the right lead on panel a (b). The width of the arrow
illustrates the magnitude of the transition rates. The transition rates are taken from the below
defined single quasiparticle ZBA model at tS /∆ = 2.5, assuming ΓT ≈ ΓQD see Fig. A.4c.

The time evolution is described by a master equation,
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(5.5)

where PSP
, Pσ denotes the occupation probabilities of the singlet and doublet states. Using
the PS + σ Pσ = 1 normalization condition the stationary solution of the master equation
is
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The currents in the normal leads can be expressed as
X

T
T
IT =
WDS
PS + WSD
Pσ
σ

IQD =

X


QD
QD
WDS
PS + WSD
Pσ .

(5.7)

σ

Note that in the low bias regime, where the measurements were carried out, the currents and the differential conductances are related, i.e. Iα = Gα VAC , where VAC denotes
the small AC excitation. Henceforth one can directly compare the above defined current
formulas with conductance data of the experiments. As in the experiment both GT and
GQD depend, on VB , in the theory IT and IQD depend on ΓQD – through WfQD
i . To perform the comparison, one should express the IT (IQD ) function by eliminating ΓQD from
Eq. (5.7). The obtained IT (IQD ) function is parametrized by ΓQD (and it is determined
by VB in the experiment). The IT (IQD ) function can be either used to simulate the experiment (which I will do after the introduction of the microscopic model), or to fit the
experimental data. For the latter it is instructive to take a closer look, and determine the
relevant, independent variables.
QD
QD
T
T
At first glance one would find six variables, ΓT , ΓQD , MDS
, MSD
, MDS
and MSD
, but
they are not independent.
 First, ΓT and MfTi only appears as their product, i.e. WfTi , which eliminates one
variable.
 Second, ΓQD was eliminated to obtain the closed IT (IQD ) form, leaving four variables.
QD
QD
 And third, changing MDS
and MSD
together would not affect the overall behavior, it
would only rescale the range of ΓQD that is necessary to parametrize the whole curve.
QD
QD
Henceforth instead of the two matrix elements, only their ratio, η = MDS
/MSD
is
5
an independent variable.
T
,
Taking these considerations into account, only three independent variables remain, WDS
T
WSD and η. Remark: The functional form of IT (IQD ) indeed depends on these three
variables, but in the following we will see that in the experimentally relevant parameter
regime the numeric values are insensitive to one specific combination of the three variables.
After determining the independent variables one can try to fit the experimental data of
Fig. 5.7e with the IT (IQD ) function. Several of the obtained fits are plotted on Fig. 5.9 for
the two resonance lines on separate panels. Depending on the initial condition of the fit,
significantly different fitting parameters are obtained (see Table 5.1 for the parameters),
however, the produced curves fall on each other. For the four parameter sets shown in
T
Table 5.1 the final values of WDS
are comparable to their initial values, but the fitted values
T
T
of WSD are almost the same for all fits, and η is proportional to WDS
. The reason of this
unusual fitting behavior is the previously mentioned insensitivity on one combination of
the three variables. The analysis is detailed in Appendix A.4, where I also show that one
can obtain significantly different fitting parameters.
QD
QD
Let us consider a simple example: if one doubles the value of both MDS
and MSD
, than half of the
QD
ΓQD range gives the same curve, since the currents are determined by Wf i = ΓQD · MfQD
i .
5
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Init. cond.
T
WSD
η
0.01 1e-3 0.1
0.05 3e-3
1
0.05 3e-3 10
0.5
2e-3 0.2

T
WDS

Fit param.
T
WSD
0.0325 2.476e-3
0.0903 2.426e-3
0.1739 2.412e-3
0.4017 2.402e-3
T
WDS

Error
η
1.287
4.334
8.746
20.76

2.162e-4
2.146e-4
2.143e-4
2.141e-4

Table 5.1: Obtained fitting parameters for a few different initial conditions and the error of the
QD
QD
fit. In the table η = MDS
/MSD
. The curves are shown on Fig. 5.9.

a)

■

(G0)
ΔGmax
T

0.015

■
■
■■
■ ■■ ■ ■
■
■
■

0.010 ■■
0.005

■ ■■■
■
■
■ ■

■
■
■■■■ ■■
■
■
■
■■■
■■
■■
■
■
■
■
■■
■■
■
■
■
■
■
■
■

■

■

■
■
■

■

■

■

(G0)
ΔGmax
T

0.000
0.00 0.02 0.04 0.06 0.08 0.10
Gmax
QD (G0)
b) 0.030
▲ ▲
▲
▲
0.025
▲
▲
▲ ▲
▲
▲
▲
▲
▲
0.020
▲
▲
▲
▲
▲
▲
▲
▲▲
▲▲
0.015
▲
▲
▲
▲
▲
▲
▲
▲▲ ▲
0.010 ▲
▲
▲
▲
▲
▲▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
0.005 ▲
▲
▲
▲
▲
0.000
0.00 0.02 0.04 0.06 0.08 0.10
Gmax
QD (G0)

Figure 5.9: a) Rate equation fits of the black data points shown on Fig. 5.7e with four different
fitted curve, the parameters are listed in Table 5.1. b) An exemplary fit of the red data set of
T = 0.3191, W T = 2.832e-3 and η = 10.39.
Fig. 5.7e, with WDS
SD
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T
T
For all the obtained fits WSD
is much smaller than WDS
. When GQD is quenched, i.e.
ΓQD = 0, a stationary current can flow via the consecutive tunneling processes described
T
T
by the WSD
and the WDS
rates. Hence the total current is limited by the lower rate,
resulting in a bottleneck effect. However, lowering the barrier opens up another, better
conducting channel for the S → D transition and hence resolves the bottleneck, and leads
to an increase in the tunnel current.
A simple, handwaving, although not entirely correct picture can be given for bottleneck effect, using the conventional concepts of the Cooper pair splitters. Let us consider
a normal lead – superconductor – quantum dot – normal lead setup. First, a Cooper of
the superconductor is split between the left normal lead and the dot. If the right lead is
isolated, then the electron has to leave to the left lead through the superconductor via an
elastic cotunneling process, before another Cooper pair can be split. If the elastic cotunneling has a small amplitude, the total current is suppressed. However, if the tunneling is
allowed to the right lead, than the second electron my leave to there and open the way
for the next Cooper pair to split. I.e. allowing for the second electron to leave to the right
can result in the net increase of the current in the left lead.
In the following I will present a microscopic model to derive the matrix elements used
above (as fitting parameters).

5.2.3

Zero bandwidth approximation

In the previous subsection I showed that the tunneling dependence of the currents
can be explained by a rate equation model assuming two different transition channels between the two states. Here I will introduce a simple microscopic model to determine the
transition matrix elements, Mfαi and subsequently simulate the experiments. Knowing the
transition rates allows for the calculation of the local pair tunneling and Cooper pair splitting contribution of the currents, providing a different interpretation of the experiments
in close relation to the Cooper pair splitters. Following the calculation of the currents, I
will discuss the experiments from the point of view of the Cooper pair splitting efficiency
in the next subsection.
To describe the SC–QD system I will use the model introduced in Sec. 2.5.3, i.e. the
quantum dot is treated on the level of the single impurity Anderson model (see Eq. (2.4)),
assuming infinite changing energy, U → ∞, and the superconductor is described by the
zero bandwidth approximation (ZBA) [45, 136, 137]. As a reminder, the latter models the
superconductor with a discrete level at ∆ energy, which can be occupied by zero, one
or two quasiparticles. For the superconductor and SC–QD tunneling Hamiltonians in the
ZBA see Eqs. (2.37) and (2.38). The assumption of the low quasiparticle number is a good
approximation in the weak tunnel coupling limit.
In the following I will use the model in two cases to calculate transition matrix elements. First, when only a single quasiparticle is allowed in the superconductor. In this limit
the model can be solved analytically. And second, when two quasiparticles are allowed. I
will use the obtained matrix elements and substitute them in the previously introduced
master equation, Eq. (5.7) to determine the currents and compare them with the experiments. We will find qualitative agreement between the model and the experiment,
however, the quantitative agreement would require tS /∆ > 1 values, which lies out of the
parameter regime where the ZBA is a good approximation of the system. Nevertheless,
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comparing the two cases reveals that an increasing number of quasiparticles requires lower
tS /∆ values for the quantitative fit.
The proper description of the system would require more elaborate techniques, like
the NRG, however, to the best of my knowledge there is no method developed in the
literature that can take into account both the quasiparticle-like and dot-like excitations
of the Shiba state.
Calculation of the transition matrix elements and the currents
ZBA
ZBA
(see Eqs. (2.4),
+HTS
Since the Hamiltonian of the SC–QD system, H = HQD +HSC
(2.37) and (2.38)) preserves the parity, the solutions can be obtained separately for the
singlet and doublet subspace. Allowing for a single quasiparticle in the superconductor,
the Hamiltonian translates to the following matrices in the singlet and doublet subspace,
respectively.
√ 
√

0√
tS / 2 −tS / 2
HS =  tS / √2 ε + ∆
0 
−tS / 2
0
ε+∆
√ 

ε√ tS / 2
HD =
,
(5.8)
tS / 2
∆

where the {|0, 0i, | ↑, ↓i, | ↓, ↑i} [{|σ, 0i, |0, σi}] basis was used for the singlet [doublet]
subspace. In the |n, mi = |miSC ⊗ |niQD notation n denotes the particle number and spin
state of the electrons on the dot, and m stands similarly for the quasiparticles in the
superconductor. Recall that the time reversal symmetry ensures that the doublet states
with opposite spins behave the same way.
Solving the eigenvalue problem reveals that the ground states of the singlet subspace,
|Si and the one of the doublet subspace, |σi are degenerate at ε = −t2S /∆, in agreement
with the shift of the degeneracy point to the doublet side, as I discussed it in Sec. 2.5.3.
In the degeneracy points the only independent variable of the model is the tS /∆ ratio.
The ground states of HS and HD can be expressed as
X
vS σ|σ, σ̄i
|Si = uS |0, 0i +
σ

|σi = uD |σ, 0i + vD |0, σi.

(5.9)

The uS/D and vS/D wavefunction amplitudes are plotted on panels a and b of Fig. A.4.
Generally the tunneling between the N lead and superconductor and between the
quantum dot and the NQD lead is given by

X  †
0
HT,SC–N =
tT cTkσ cSk σ + h.c.
kk0 σ

HT,QD–N =

X


tQD d†σ cQDkσ + h.c. ,

(5.10)

kσ
(†)

where cT/QDkσ annihilates (creates) an electron in lead N/NQD . Using the Bogoljubov
transformation for the electron operators in the superconductor, Eq. (2.23) and the zero114
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bias approximation HT,SC–N transforms to

i
1 X h † 
†
ZBA
+ h.c. .
HT,SC–N
=√
tT cTkσ γ0σ + σγ0σ̄
2 kσ

(5.11)

Note that ΓT/QD = πt2T/QD ρT/QD , where ρT/QD is the DOS in the N/NQD lead at the
Fermi-energy. In the weak tunneling limit the transition rates can be calculated by the
Fermi’s golden rule.
Assuming that the currents flow towards the normal leads the transition matrix elements can be calculated as e.g.
1
†
hσ̄|γ0σ + σγ0σ̄
|Si
2
= |hσ̄|dσ |Si|2 .

T
MDS
=
QD
MDS

2

(5.12)

These matrix elements are plotted on Fig. A.4c.
The knowledge of the transition matrix elements allows for the calculation of the currents by the master equation in Eq. (5.7). The obtained currents are plotted on Fig. 5.10a
for different tS /∆ ratios with ΓT = 0.02. The curves are parametrized by ΓQD . All curves
show a linear increase of IT for low ΓQD (i.e. low IQD ) and a saturating tendency in
the opposite limit. For tS /∆ < 1 ratios the non-local signal is almost negligible in the
IQD = 0 limit and only becomes observable above the ratio of 1. Further details are given
in Appendix A.5
This procedure can be repeated for the model with two quasiparticles, with the only
difference that no analytical results can be obtained due to the higher dimension of the
Hilbert space. For the details of the calculation see Fig. A.4d-f of Appendix. A.5. The
obtained currents are plotted on Fig. 5.10b for the same tS /∆ ratios as for the singlequasiparticle model. The qualitative trend is similar to the previous case, the main difference is that the non-local signal becomes significant at lower tS /∆ ratios. E.g. the
tS /∆ = 0.9 curve (red on panel b) starts form about 0.002 similarly as the tS /∆ = 1.5
one for the single-quasiparticle case (purple on panel a).
Fig. 5.10c shows the comparison of the models with experiments. Within the ZBA
models the overall shape of the curves is defined by only two parameters, tS /∆ and ΓT .
One further parameter is the maximum of the ΓQD range, but that does not influence
the shape of the IT (IQD ) curve. The ZBA-generated curves are shown in blue for the
single-quasiparticle case, with tS /∆ = 2.55 and ΓT = 0.02 and in green for the twoquasiparticle case, with tS /∆ = 1.5 and ΓT = 0.0158. These parameters can be translated
T
T
to the independent parameters of rate equation giving WDS
= 0.0111, WSD
= 2.709e-3
T
T
and η = 0.159 for the single-quasiparticle case and to WDS = 0.0122, WSD = 2.517e-3
and η = 0.207 for the two-quasiparticle case. These values are in good agreement with
the results of the fitting (see Table 5.1). The figure also shows a fit with the rate equation
model in red as a comparison, giving a quantitatively similar result to the ZBA-generated
curves. An advantage of the ZBA model – compared to the fitting with the master-equation
– is that the fitting fixes all independent parameters of the model. We should note that
the tS /∆ values obtained above are in the range, where the validity of the ZBA model
is questionable, but the comparison of the two fits indicates that the increasing number
of quasiparticles requires lower tS /∆ ratios, where the validity of the approximations is
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Figure 5.10: a,b) Current calculated from the ZBA model as ΓR is increased from 0, for different
values of tS /∆ with ΓL = 0.02 with one quasiparticle on panel a) and with two quasiparticles
on panel b). The right legend shows the corresponding colors of tS /∆ values. Inset of panel a):
zoom up on the window marked by dashed rectangle. c) Comparison to the experimental data,
the fit with the rate equation model (first line of Table 5.1 plotted with red line) and curves
generated by the ZBA model. The blue curve is generated by assuming only one quasiparticle
with tS /∆ = 2.55, ΓT = 0.02 and ΓQD = 0 − 0.7. The green curve assumes two quasiparticles,
the parameters are: tS /∆ = 1.5, ΓT = 0.0158 and ΓQD = 0 − 0.9.
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better. Nevertheless, it would be good to compare the results obtained here with the
simple ZBA model, with the ones of an elaborate NRG calculation.
In the remaining of the section I will analyze my results from the viewpoint of the
Cooper pair splitter community and I will discuss the validity of the method generally
used to evaluate the splitting efficiency after calculating it within the framework of the
ZBA model.
Cooper pair splitting
With the barrier between the quantum dot and the NQD lead opened up, the measurements presented here strongly resembles the ones done on Cooper pair splitters, where
the current flows from a central superconducting electrode to two spatially separated normal electrodes, and measured separately there [55–62]. These currents are the sum of
two contributions, first the so-called local pair tunneling (LPT), when both electrons of a
Cooper pair leaves to the same normal lead, and second, the Cooper pair splitting (CPS),
when the electrons end up in different normal leads. To enhance the contribution of the
former one, generally quantum dots are introduced in both arms between the superconducting and the normal electrodes. The large charging energy of the dot suppresses the
local pair tunneling processes, since in them either the dot should be doubly occupied, or
an unpaired electron has to stay in the superconductor as a quasiparticle.
The Cooper pair splitter devices are generally characterized by the efficiency, the ratio
of the CPS signal and the total current, using the definitaion of Ref. [58].6 The former
one is defined as the non-local current enhancement in one of the normal leads, when
the quantum dot in the opposite arm is tuned on resonance, i.e. in this case it is ∆GT .
The latter one is simply the total current is the same arm, i.e. GT . In the presented
measurement the total conductance of the tunnel lead is about GT ≈ 0.12 − 0.16 G0 (see
Fig. 5.7b), from which the non-local signal goes up to ∆GT ≈ 0.02 G0 (see Fig. 5.7e).
Correspondingly the efficiency is ∆GT /GT = 12 − 17%.
Let us consider now the region at more negative VB values. On the one hand, using
the previous argument of efficiency would result ∆GT /GT ≈ 0.005 G0 /0.12 G0 ≈ 4%, on
the other hand in this parameter region GQD is quenched, accordingly the CPS process is
forbidden. This arises the questions that i) how can one interpret this non-local signal in
the language of the Cooper pair splitters, and ii) In what parameter range is the efficiency
defined above valid?
To answer these questions I will use the ZBA model. Knowing the tunneling matrix
elements one can directly compute the contribution of the CPS and the LPT processes. To
this end first we have to define which processes are called CPS and which are called LPT.
Fig. 5.11 serves to help us in this definition, by plotting the possible tunneling processes in
detail. To say that a Cooper pair is removed from the superconductor, two electrons should
appear in the normal leads with opposite spin. Accordingly, we have to identify pairs in the
sequence of tunneling events, when two electrons tunnel with opposite spins. It is easy to
see that if one starts from the singlet ground state, after every second tunneling event also
ends up there. In the first tunneling an electron with arbitrary spin is removed from the
superconductor, leaving the Shiba state in a spinful state. In the second tunneling event
the system has to go back to original singlet state, and correspondingly, this extra spin
6

In the literature other definitions are also used, see e.g. Sec. 6.4 of Ref. [200]
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has to be removed. This argument tells us that the whole tunneling sequence can be split
into consecutive pairs, where each pair corresponds to the removal of Cooper pair from
the superconductor. Let us now consider an example of a LPT through the quantum dot.
The initial state is the singlet, S, first an electron with up spin leaves to NQD lead, leaving
QD
the Shiba state is | ↓i state, described by the W↓S
rate. Second, another electron with
down spin leaves also to NQD , returning the Shiba to the singlet state. This is described
QD
by WS↓
. These processes are highlighted in Fig. 5.11.
QD
W S↑

QD
W ↓S

T
W S↑

T
W ↓S

↑

↓

S
T
W ↑S

T
W S↓

QD
W ↑S

QD
W S↓

Figure 5.11: Illustration of the elementary tunneling processes taking into account the spins.
The highlighted processes illustrate a local pair tunneling to NQD lead.

Now we should define which of these pairs are called CPS and which LPT. If the two
tunneling events involve the same normal lead, then the Cooper pair ends up in the same
electrode, therefore a LPT occurred. If the two electrons end up in different electrodes
then the process is a CPS. Mathematically this translates to7
X
T
T
ILPT,T ∝
WSσ
WσS
σ

ILPT,QD ∝
ICPS ∝

X

QD
QD
WSσ
WσS

σ

X


QD
QD
T
T
WSσ
WσS
+ WSσ
WσS
.

(5.13)

σ

Using this partitioning, the current in the tunneling electrode, IT and through the quantum dot, IQD can be expressed as,
IT = 2ILPT,T + ICPS
IQD = 2ILPT,QD + ICPS ,

(5.14)

where the factor of 2 arises from the fact that in a LPT process both electrons are transmitted to the same lead. Note that by substituting Eq. (5.6) to Eq. (5.7) one obtains
similar formulas as above, determined from an intuitive picture.
The formulas above allow for the calculation of the LPT and CPS contribution of the
currents separately. They have been calculated using the single-particle ZBA model with
7

α
α
Note that in the absence of magnetic field the rates are independent of the spin, i.e. e.g. WS↑
= WS↓
,
α
for which previously I used the WSD notation.
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the same parameters, which were used to fit the experimental data on panel c of Fig. 5.10,
i.e. tS /∆ = 2.55, ΓT = 0.02 and ΓQD = 0 − 0.7. The division of the tunnel current is shown
on Fig. 5.12 as the function of IQD , i.e. the tunnel coupling between the quantum dot and
the NQD lead. When the dot is isolated from NQD the total current (purple) purely comes
from the LPT processes (blue) and the CPS process is forbidden (red). Upon increasing
the tunnel coupling the LPT contribution decreases and the CPS one sets in, and strongly
increases. When the ΓQD coupling is strong enough, e.g. IQD & 0.05 the LPT contribution
is almost negligible compared to the CPS, i.e. one can safely say that the total current
enhancement comes from the splitting of Cooper pairs. However in the weak coupling
limit, when IQD < 0.03 a significant amount of the tunnel current enhancement comes
from the LPT processes (the region is indicated by the blue shading), e.g. at IQD = 0.018
the ratio is ILPT,T /ICPS ≈ 0.2 and at IQD = 0.03 it is ILPT,T /ICPS ≈ 0.1. In this region
the usual definition of the efficiency overestimates the contribution of the CPS processes.

I (a.u.)

0.015
0.010

ILPT,T
ICPS
IT

0.005
0.000
0.00 0.02 0.04 0.06 0.08 0.10
IQD (a.u.)

Figure 5.12: The LPT and CPS contribution of tunneling current, IT calculated from the
single-particle ZBA model. The blue shading indicates the region, where the LPT tunneling is
not negligible compared to the CPS, i.e. the usual definition of the splitting efficiency is delusive.
The parameters are the same as in Fig. 5.10c, i.e. tS /∆ = 2.55, ΓT = 0.02 and ΓQD = 0 − 0.7.

Note that the ZBA model does not account for the background conductance, which
comes from LPT processes directly from the superconductor to the tunnel electrode, not
involving the Shiba state.
To conclude, here I have shown that the non-local signal does not always come from
purely Cooper pair splitting processes, but if a Shiba state is present, the current enhancement has a local pair tunneling contribution also, making the generally used efficiency
delusive.

5.2.4

Summary

To summarize, I have shown how the local and non-local currents induced by the
Shiba state of the coupled SC–QD system changes when the tunnel coupling between the
dot is increased. I have shown that the observed tendency can be explained by a simple
rate equation model, which reveals the underlying bottleneck effect. I introduced a microscopic model to the describe the system, which is sufficient to qualitatively understand the
underlying processes of the experiment, however, the obtained parameters lie somewhat
outside of the model’s validity regime. Furthermore, I showed that my measurements can
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be analyzed from the viewpoint of the Cooper pair splitters, and I showed that the generally used splitting efficiency overestimates the real splitting contribution in a wide range
of parameters.
The theoretical results presented here give a good agreement with the experiments,
despite the questionable validity of the model. Nevertheless, the proper description of the
system would require more elaborate techniques, such as an NRG calculation. To the best
of my knowledge even the conventional NRG method is incapable to simulate this system,
since it takes into account how the superconductor modifies the properties of the quantum
dot, but does not capture the opposite effect. Consequently, such a model cannot distinguish between the dot-like and the quasiparticle-like excitations of Shiba state. Therefore,
the accurate modeling of this problem stands as a challenge for theoreticians to develop
an RG machinery.
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5.3

Probing individual split Cooper pairs using the
spin qubit toolkit

Generation and control over entangled quantum states is a first step towards the
development of future quantum machines. The electron spin is a promising candidate
to represent quantum information in such systems [201]. A superconductor is a natural
source of spin entangled electron pairs, since in the BCS ground state electrons form
Cooper pairs, which are entangled spin singlet pairs.
With the extraction of individual Cooper pairs and separation of the consisting electrons to two normal leads, two streams of mobile entangled electrons could be generated [202]. This principle is implemented in the so-called Cooper pair splitter device
(CPS), which contains quantum dots (QDs) at the interface of the superconductor (SC)
and the two normal leads [203], being similar to the device investigated in the previous
section. Due to Coulomb repulsion on the dots, the two electrons of a Cooper pair cannot
enter the same dot, thereby the desired spatial separation of the electron pairs can be
achieved.
The original scheme of Recher et al. [203] motivated intensive theoretical [138,139,204–
217] and experimental [55–61,218] efforts to analyze the Cooper-pair splitting process. The
first CPS devices were fabricated recently based on semiconductor nanowires (NWs) [55,
218] and carbon nanotubes (CNTs) [56]. The Cooper-pair splitting process was analysed
at finite bias condition [57] and was demonstrated even in current cross correlation [58,59].
Furthermore, splitting efficiency up to 90% has also been demonstrated [60].
So far the performed measurements focused on the charge correlation of the two outputs of the CPS device. The natural next step is to address the spin character and the
level of entanglement of the spatially separated electron pairs. Theoretical proposals exist
for such tests, like adding ferromagnetic detectors [204] at the outputs of the CPS, combining it with a beam mixer unit [219] or place the CPS in a cavity [208]. However their
experimental realization is quite challenging, since e.g. the first scheme requires highly
spin polarized and rotatable ferromagnetic contacts, while the other two are based on
demanding sample geometry.
In this section, I propose a novel way to confirm the spin-singlet character of individual
split Cooper pairs based on the toolkit of spin qubits [89], i.e., on experimental techniques
developed in the past decade to coherently manipulate and read out localized electronic
spins in solids. In the proposed experiment, the spin character is tested directly on the
two quantum dots of the CPS. First, one electron is placed in each dot, and their spins
are prepared in known quantum states. Then a Cooper pair is forced to split from the
superconductor to the quantum dots. Due to Pauli’s exclusion principle, the probability
of a successful splitting event is determined by the spin state of the prepared electrons
as well as on the spin state of the split Cooper pair. This probability can be measured
by charge readout on the quantum dots at the end of the procedure. By performing this
measurement for various initial spin states of the electrons on the dots, the spin-singlet
character of the split Cooper pairs can be confirmed. The building blocks of the proposed
scheme were all demonstrated before, therefore the proposal can be realized with stateof-the-art experimental techniques.
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5.3.1

Setup

The proposed device geometry is shown in Fig. 5.13. From the normal CPS geometry
I focus on the superconducting electrode and two neighboring quantum dots (QDL and
QDR ). The charge occupation of each dot can be measured by a nearby charge sensor (CS).
The charge sensors can be realized by, e.g., quantum point contacts or additional quantum
dots, which are capacitively coupled to QDL and QDR [220]. In the present proposal, the
tunneling from the quantum dots to the normal leads (N) is switched off and the normal
leads are not used. The level positions of the quantum dots can be manipulated with
the voltages applied on the gate electrodes (gL and gR ). Independent manipulation of
the spins residing in the two dots can be performed via electrically driven spin resonance
(EDSR) [221, 222], by applying a microwave signal on the gate electrodes [2, 7].

CS

CS

N

QDL
GL

SC

QDR

N

GR

Figure 5.13: The proposed Cooper-pair splitter geometry. The main part is the superconducting
electrode (SC) tunnel coupled to two, separated quantum dots, QDL and QDR . The energy levels
of the electrons of the QDs are manipulated with the voltage of the gate electrodes, gL and gR .
Independent manipulation of the electron spins can be performed via electrically driven spin
resonance. The charge state of the dots is measured by capacitively coupled charge sensors (CS).
Note that normal leads (N, dashed) of the usual Cooper-pair splitter geometry have no role in
the proposed measurement.

EDSR is an important ingredient in the proposed experiment outlined in the following.
This mechanism of coherent single-spin control has been experimentally demonstrated,
among other systems, in quantum dots in semiconductor nanowires [2, 7, 223, 224] and
carbon nanotubes [225, 226], both being important platforms for Cooper pair splitters. In
these materials, coherent Rabi oscillations with Rabi frequencies up to 100 MHz, corresponding to spin-flop times of the order of 10 ns, have been measured under electrical
excitation. As discussed below, local addressability of the spin qubits is required in the
present proposal, which is relatively easily satisfied by EDSR where the spins are controlled via AC voltages applied to local gates. Besides the experimental advances, the
theoretical understanding of the microscopic mechanisms underlying EDSR in quantum
dots is also developing rapidly [221,222,227–232]. It seems certain that in semiconductors,
a strong spin-orbit interaction is beneficial for fast EDSR. As a combined effect of the
electrical drive and spin-orbit interaction, the spin qubit feels an effective AC magnetic
field ~Ω(t) that induces Rabi oscillations. The orientation of the effective AC magnetic
field might be linked to a certain crystallographic direction of the crystal lattice, but it
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can also be influenced by the sample design and the electrostatic potential landscape used
to form the quantum dot [2, 3].
In summary, the ingredients of the proposed device geometry, like coupling quantum
dots on the two sides of a superconductor [55, 56], performing EDSR on the spin state of
quantum dots [7, 233] and readout the charge state of the dots with the charge sensors
[234, 235] have been all demonstrated in semiconductor nanowires or carbon nanotubes
based devices.

5.3.2

The model

I model the quantum dots with the two site Anderson model (see Eq. (2.7)) assuming
that the on-site energies of the two dots εL and εR are tuned simultaneously, εL = εR = ε
and the Coulomb energies are the same, UL = UR = U . The central superconducting
electrode effectively screens the Coulomb interaction between the dots, hence I neglect
it. Furthermore I assume weak tunneling between the superconductor and the quantum
dots, tS  ∆, U , where ∆ is the energy gap of the superconductor.
With these assumptions and taking into account that the proposal focuses on the
states with even total number of electron on the dots, only the quasiparticle-free (0, 0),
(1, 1) and (2, 2) states are relevant.8 In the large gap limit the quasiparticles can be filled
only virtually, giving rise to additional terms in the low energy effective Hamiltonian, for
details see Sec. 2.5.3&2.5.4. Here the only relevant term is the crossed Andreev coupling
(CAR), resulting in
Heff = 0 · |0, 0ih0, 0| + 2ε
+

√

X
σ

|σ(1, 1)ihσ(1, 1)| + (4ε + 2U ) |2, 2ih2, 2|

2ΓCAR (|S(1, 1)ih0, 0| − |S(1, 1)ih2, 2| + h.c.) ,

(5.15)

where σ ∈ (S, T+ , T0 , T− ). Note that taking into account the local Andreev pairing and
elastic cotunneling terms would couple the (0, 0), (1, 1) and (2, 2) states to the (0, 2) and
(2, 0) charge configurations, which have ∼ U higher energy than relevant states. As long
as tS  U the (0, 2) and (2, 0) states can be safely neglected. However, the interplay of
the LAR and EC coupling may influence the magnitude of the anticrossings – introduced
below – at the (0, 0) − (1, 1) and (1, 1) − (2, 2) hybridizations, i.e. ε ≈ 0 and ε ≈ −U ,
respectively (see Sec. 5.4.2 for details). Since the effective Hamiltonian preserves the parity
of the electrons on the dots, the states with total even number of electrons does not couple
to the states with total odd number of electrons, hence the odd states can also be ignored.
The states of the (1, 1) charge configuration are sensitive to the presence of real or
effective magnetic fields. These interactions are described by the Zeeman Hamiltonian
X
HZ =
[Bα + ~Ωα (t)] · S α ,
(5.16)
α=L,R

where Bα is the time-independent field and ~Ωα (t) is the AC field, both having the
dimension of energy, and S α is the spin vector operator of the electrons in QDα . The DC
effective magnetic field Bα incorporates the effects of the static external magnetic field
8

Here |m, ni and (m, n) denote the states of the left and right dot, i.e. they stand for |miL ⊗ |niR .
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B ext and the Overhauser-field BN,α induced by the nuclear spins residing in QDα :
Bα = µB ĝ α B ext + BN,α ,

(5.17)

The g-tensors ĝ α might differ on the two dots. The AC effective magnetic field ~Ωα (t)
arise from the AC electrical excitation via EDSR [7, 221, 222, 233]. For clarity, first I treat
the simple, idealized case of ĝ L = ĝ R and BN,α = 0, and then the effect of deviations from
this idealized case will be discussed in Sec. 5.3.4.
Fig. 5.14a summarizes the effect of the SC–QD tunnel coupling on the QDs energy
levels in the presence of a static external magnetic field. Due to the Zeeman effect, the
T+ , S, T0 , and T− levels split, while the SC–QD tunnel coupling induces an anticrossing of
the S(1, 1) and (0, 0) (and (2, 2)) states at ε ≈ 0 (ε ≈ −U ). The triplet subspace remains
uncoupled to the (0, 0) − S(1, 1) − (2, 2) subspace. The hybridization of the S(1, 1) and
(0, 0) at ε ≈ 0 implies that if the two quantum dots are prepared in the (0, 0) charge
configuration (ε > 0) and the level positions of the dots are lowered adiabatically e.g.
to ε ≈ −U/2 the system ends up in the S(1, 1) state. This gate voltage sweep results
in the extraction of a single Cooper pair from the superconductor. In the following, a
measurement scheme is described which uses the other anticrossing (at ε ≈ −U ) to address
the spin character of an individual split Cooper pair.

5.3.3

The proposed experiment

In this subsection, I outline the proposed experiment that allows the demonstration
of the spin-singlet character of the Cooper pairs extracted from the superconductor. First
lets assume the idealized case where unwanted perturbations influencing spin dynamics
are absent. Effects of such perturbations (such as hyperfine interaction and the different
g-tensors on the two quantum dots) are discussed in the following subsections.
Figs. 5.14d-f show the steps of the detection scheme. A finite, static magnetic field B ext
induces a Zeeman spin splitting in both quantum dots. As a starting point, the common
on-site energy ε of the dots is set at an initial position in the vicinity of ε = −U/2, where
the S(1, 1) and T0 (1, 1) are (approximately) degenerate. Waiting longer than the spin
relaxation time, T1 of the quantum dots, the system relaxes to the T− state (Fig. 5.14d).
Since the SC–QD tunnel coupling tS is weak compared to U and ∆, the level structure of the (1, 1) sector is almost unaffected by the tunnel coupling at ε ≈ −U/2 (see
Fig. 5.14a), i.e. the | ↑, ↓i and | ↓, ↑i are almost degenerate, there hybridization to S(1, 1)
and T0 (1, 1) can be neglected. Therefore the spin state of the two quantum dots can be
manipulated independently. By applying EDSR pulses on QDL and QDR , an arbitrary
non-entangled spin state of the two electrons can be prepared (see Fig. 5.14e). This prepared state is denoted as |θL , φL (t); θR , φR (t)i, where θα and φα are the polar and azimuth
angles of the electron spin on QDα on the Bloch sphere with respect to B ext . Due to
the Larmor-precession around the external field, this state evolves in time, but as the
magnetic fields are the same on the two quantum dots, the speed of Larmor-precession is
equal, hence the difference of the azimuth angles φL (t) − φR (t) is steady in time.
In general, the state |θL , φL (t); θR , φR (t)i contains contribution from all four spin states
of the (1, 1) charge configuration. This prepared state serves to detect the spin character
of an individual split Cooper pair. Adiabatically lowering the level positions to ε < −U ,
a Cooper pair tries to tunnel from the superconductor to the quantum dots. According
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Figure 5.14: a) Energy spectrum of the tunnel coupled QD–SC–QD system as a function of
the level position of the QDs, ε, with µB gBext = 2.5ΓCAR and U = 10ΓCAR . The levels T+ and
T− are split from S and T0 due to the Zeeman effect induced by the external B field. Due to the
tunnel-coupling at ε = 0 [ε = −U ], the states (0, 0) [(2, 2)] and the singlet state S hybridizes.
b) Gate voltage sequence for the proposed detection scheme. c) Energy levels of the QDs and
the SC electrode, where U is the charging energy, ∆ is the SC gap, Bα represents the Zeeman
splitting, εα is the level position of QDα , α = L, R. Charge configuration (2, 1) is shown. The
black/gray color of the dots’ energy levels code the actual/other possible configurations. d-f)
Schematic representations of the steps of the measurement scheme. The corresponding points
are marked on the a) and b) subfigures.
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to Fig. 5.14a the (2, 2) state hybridizes only with S(1, 1), therefore the Cooper pair can
only leave the superconductor if the prepared (1, 1) state has singlet contribution. Thus
at the end of the sequence, the probability to find the quantum dots in the (2, 2) charge
configuration, P2,2 is equal to
P2,2 = |hS(1, 1) | θL , φL (t); θR , φR (t)i|2 .

(5.18)

(Note that P2,2 is not time dependent.) When a single sequence is finished, the charge
state of the quantum dots is read out by the charge sensors, which show either the (1, 1)
or the (2, 2) charge configurations. Then the quantum dots are set back to ε ≈ −U/2, and
the whole sequence is repeated several times to determine P2,2 .
The result of Eq. (5.18) can also be interpreted as a direct consequence of Pauliexclusion principle and spin conservation during the tunneling events: In the (2, 2) state
both ↑ and ↓ spin state are occupied on both quantum dots, thus the total spin of the
four electrons is zero. The magnitude of the spin of the extracted Cooper pair is also
zero, therefore the quantum dots can absorb the Cooper pair only if the prepared (1, 1)
state has zero spin as well. The probability P2,2 corresponds to those cases; otherwise, the
tunneling of the Cooper pair is blocked. This mechanism is similar to the conventional
Pauli-blockade effect in double dot systems [236], however, in the present case the spin
state of two separated quantum dots has to match with the spin state of two outcoming
electrons, thus the Pauli principle has to be fulfilled simultaneously on both dots of the
CPS.
As long as the AC effective magnetic field pulses ΩL (t) and ΩR (t) are parallel, in
phase, and started synchronously, the relation
φL (t) = φR (t)

(5.19)

holds. For this case, the probability P2,2 to find the system in the (2, 2) charge state at
the end of the measurement sequence is shown in Fig. 5.15. P2,2 is plotted as a function
of θL and θR , i.e., the polar rotation angles of the EDSR pulses on the two quantum dots.
The value of P2,2 varies between 0 and 0.5. P2,2 takes its maximum when |θL − θR | = π,
e.g. at θL = 0 and θR = π the prepared (1, 1) state is | ↓, ↑i, on which a single Cooper pair
state can tunnel out with probability of 1/2. P2,2 has its minimum along the diagonal,
i.e. when θL = θR . For these angles, the prepared spins on the two quantum dots are
parallel, therefore these states have a pure triplet character, hence the extraction of the
Cooper pair is blocked (see Eq. (5.18)). The zero probability along the diagonal line is a
benchmark of the singlet character of the split Cooper pair.
In conclusion a spin sensitive manipulation sequence was outlined to analyze the spin
character of split Cooper pairs. First the spin state of the quantum dots is prepared by
EDSR, then the dots energy levels are lowered adiabatically, finally the charge state of the
dots is read out. At the end of the sequence, the probability of finding both quantum dots
doubly occupied, P2,2 , as a function of the rotation angles θL and θR shows a characteristic
pattern, which is a direct consequence of the singlet character of Cooper pairs.

5.3.4

Effect of non-idealities

In the previous subsection, I discussed the proposed experiment in an idealized case
with the following simplifications:
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1. nuclear spins are absent, BN,α = 0,
2. the g-factors are identical on the two quantum dots, gL = gR ,
3. the gate voltage sweep between the preparation, measurement points is adiabatic,
4. the AC effective magnetic fields are parallel, ΩL k ΩR , and
5. the microwave pulses for spin control are well synchronized.
In a real experiment, at least some of these conditions are relaxed, potentially leading to
important differences in the result with respect to the idealized case. In this subsection, I
discuss such differences: after a brief account of the role of 4. and 5., I discuss 1., 2., and
3. in detail.
4. In practice, the directions of the effective AC fields ΩL and ΩR driving the Rabi
oscillations depend on the electrostatic potential landscape of the quantum dots as well
as on the details of spin-orbit interaction in the material. As the two quantum dots in a
CPS device are not necessarily identical, the directions of the corresponding effective AC
fields might also differ.
Lets consider a specific example to illustrate the effect of different AC field directions.
Assume the directions of ΩL and ΩR are known, and that the DC magnetic field vectors
are the same on the two dots. In the rotating frame, the spin rotation axis corresponding
to the Rabi oscillation in each dot is determined by (i) the direction of the projections
of the AC field vectors to the plane transversal to the DC field, and (ii) the phase of the
microwave voltage pulse driving the spin rotation. If the phases of the microwaves are the
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Figure 5.15: The probability P2,2 of detecting (2, 2) charge configuration at the end of the
manipulation sequence as a function of θL and θR polar rotation angles. The azimuth angles φL
and φR are assumed to be equal.
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same in the two dots, then the misalignment between the transversal projection of ΩL
and ΩR implies misaligned Rabi rotation axes in the rotating frame, which translates to a
finite relative phase difference of the Larmor precession of the two spins (in the lab frame).
Hence Eq. (5.19) does not hold, therefore the outcome of the measurement of P2,2 will be
different from the pattern shown in Fig. 5.15. However, since the misalignment angle of ΩL
and ΩR is known, an appropriate phase difference in the microwave pulses can be applied
in order to align the Rabi rotation axes of the two spins in the rotating frame, hence to
bring the Larmor precession of the two spins back in phase (i.e., to restore Eq. (5.19)),
and thereby to allow for the observation of the pattern of P2,2 shown in Fig. 5.15.
5. Perfect timing of the spin-controlling microwave voltage pulses is probably impossible. If the typical random uncertainty in the start time of the pulses is δt, then the
typical phase lag of the Larmor precession of the two spins is δφ = gµB Bext δt/~. The condition δφ  1 should hold in order to observe the pattern of Fig. 5.15. For a g-factor of
g = 2 and magnetic field Bext = 50 mT, the latter condition approximately translates to
δt  100 ps. Note that the effect of a deterministic, reproducible lag between the starting
time of the pulses can be compensated by adjusting the phase of one of the pulses.
Nuclear spins
If the material hosting the quantum dots has nuclear spins, then hyperfine interaction is present, giving rise to two random and independent effective magnetic fields
(‘Overhauser fields’) for the electrons in the two dots. The Overhauser field in QDα , in
energy units, is denoted by BN,α , see Eq. (5.17). Although these fields average to zero,
their standard deviations are finite and they induce different Zeeman-type splittings on
the two dots with values of BN,α , and therefore they influence the corresponding Larmor
precession frequencies. Thus this random contribution of magnetic field causes a finite
inhomogeneous spin dephasing time T2∗ , which is of the order of 10 ns for InAs [7] and
InSb [223] nanowire quantum dots. Here I assume that the standard deviations of the
Overhauser-field components in the two dots are identical. The standard deviation of the
Overhauser-field component parallel to the external magnetic field, expressed in energy
units, is denoted
√ by BN . The latter quantity is related to the inhomogeneous dephasing
∗
time as T2 = 2~/BN [89].
Consider the case when, the g-tensors are isotropic and equal, the EDSR drive frequency is set to the nominal resonance frequency (~ω = gµB Bext ), and the rotating wave
approximation holds (gµB Bext  ~ΩL , ~ΩR ). If the EDSR Rabi frequency exceeds the
hyperfine-induced Zeeman splitting (~ΩL , ~ΩR  BN ), the idealized picture outline above
will hold. This latter condition has two consequences. The first one is that the EDSR pulse
induces complete Rabi oscillations for practically any value of the Overhauser field; the
second one is that the Overhauser field is unable to induce a significant Larmor-phase
difference between the two spins during a Rabi cycle. Right after the spin manipulation
is completed, a sufficiently fast sweep of ε towards the measurement point (red points in
Fig. 5.14a) switches off the hyperfine-induced dephasing, hence the measurement result is
expected to be close to the ideal case shown in of Fig. 5.15.
In a material with many nuclear spins, it is possible that the hyperfine-induced Zeeman
splitting exceeds the EDSR Rabi frequency, BN  ~Ω. In this case, the resonance frequency is strongly shifted by the instantaneous value of the Overhauser field, therefore
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driving at the frequency matching the nominal Zeeman splitting (~ω = gµB Bext ) is unlikely to cause Rabi oscillations. Accordingly the initialized state is dominantly T− and
P2,2 is strongly suppressed. (Numerical results for P2,2 and their explanations for the intermediate regime BN ∼ ~ΩL , ~ΩR can be found in Appendix A.6.) As a consequence,
materials with weak hyperfine interaction, or devices with large effective AC fields are
preferred for our proposed experiment.
Taking the example of a semiconductor nanowire based n-type QD [223], the manipulation time of a 2π rotation of θ is possible within ∼ 10 ns. This time scale is comparable
to the T2∗ time, therefore the experimental observation of the main features of the pattern
shown in Fig. 5.15 seems only feasible in III-V NW devices if the dephasing time can be
prolonged or the spin-flip time can be decreased. Considering systems with weaker hyperfine interaction, such as hole-based QDs with p-type wave function or nuclear-spin free
systems, such as isotopically purified Si/Ge nanowires or carbon based QDs, T2∗ might
be further increased [237, 238], potentially allowing for the observation of the ideal-case
result of P2,2 shown in Fig. 5.15.
Different g-tensors on the two QDs
In typical semiconducting nanowire or carbon nanotube quantum dots, the g-tensor is
anisotropic [2, 239]. As the g-tensor can be strongly influenced by the local electrostatic
potential landscape via spin-orbit coupling, the two g-tensors in a double quantum dot
might differ significantly (see e.g. Fig. 4.4e-f). Hence, in a general case, for a given B ext ,
the magnitude and the direction of the effective fields Bα = µB ĝ α B ext are different on the
two dots. In the following, the expected outcome of the proposed experiment is discussed
for two cases: a) when the effective fields are parallel, but their magnitudes are different;
b) when the magnitudes of the effective fields are the same, but their direction encloses
an angle.
a) A large g-factor difference of the two dots usually implies different Zeeman splittings,
making it necessary to independently tune the frequencies of the microwave pulses driving
EDSR in the two quantum dots.
Furthermore the g-factor difference of the dots generates different Larmor precession.
For instance taking a typical tburst ≈ 5 ns and gL − gR = 2 at Bext = 50 mT a large
phase difference ∆φ = tburst µB (gL − gR )Bext /~ ≈ 15π accumulates between the azimuthal
angle of the two spins during the preparation. A fix ∆φ is not a problem for the proposed
measurement sequence, since its influence can be taken into account upon calculating P2,2 .
However, even a small uncertainty of the pulse length smears the characteristic features
of P2,2 . If the uncertainty of ∆φ reaches ≈ π, then the relative weights of the S and T0
components of the prepared (1, 1) state become randomized. Therefore the scheme loses
its ability to identify the singlet character of the Cooper pairs. Accordingly one should
try for reducing the difference of the g-factors.
b) The anisotropic nature of the g-tensors can help to reduce the unwanted difference
of the Zeeman splittings on the two quantum dots. As described in Appendix A.7.1, if the
surfaces corresponding to the g-tensors of the two quantum dots have an intersection, the
direction of the external magnetic field can be chosen so that the Zeeman-splitting is the
same for the two dots, i.e. |BL | = |BR |. For instance in the nanowire double-dot sample
used in Ref. [2], the Zeeman splittings in the two dots can be tuned equal (see intersection
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Figure 5.16: Different g-tensors in the two dots: pulse sequence and simulation results. a)
Schematic representation of the pulse sequence used in the simulation of the proposed experiment. b,c) Simulation results (for details, see Appendix A.7.2) for the probability map
P2,2 (θL , θR ), in the case of different g-tensors in the two dots. Zeeman splittings in the two
dots are equal, but there is a finite angle β = 32◦ enclosed by the effective dc magnetic fields in
the two dots. b) P2,2 map for twait = 23 ps. c) P2,2 maps averaged for twait for one Larmor period,
twait ∈ [0, 42] ps. Results b) and c) should be compared to the ideal-case result of Fig. 5.15.
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of surfaces in Fig. A.7e). In this situation, the same Larmor frequency is set for the spins
in the two dots, but the Larmor precession takes place around the two different axes,
defined by the directions of BL and BR , enclosing an angle β.
Due to the different Larmor-precession axes, the angle between the spin polarization
vectors of the two quantum dots changes periodically in time with the Larmor period. This
implies that the singlet component of the prepared spin state, and hence the measurement
outcome P2,2 , will depend on the protocol of the spin preparation, e.g., on the length and
the strength of the applied Rabi pulses. This is in contrast to the ideal-case scenario
detailed in Sec. 5.3.3, where P2,2 depends only on the spin rotation angles θL and θR , and
is insensitive to any other detail of the spin manipulation protocol.
It is natural to expect that for β  1, the P2,2 probability map obtained at the end of
our scheme is very similar to the ideal-case (β = 0) result shown in Fig. 5.15, irrespective
of the parameters specifying the Rabi pulses. Here, a numerical simulation is used to
demonstrate that even for a relatively large angle, up to β . π/6 ≡ 30◦ , the features of
the P2,2 probability map show strong similarities to the ideal-case result of Fig. 5.15.
The parameter values used in our numerical simulations are given in Table A.1, and the
methodological details can be found in Appendix A.7.2. In the example discussed below,
the angle enclosed by the DC effective magnetic fields BL and BR is β = 32◦ , and the
Rabi-frequencies (i.e., the amplitudes of the AC effective magnetic fields) are set to the
same value in the two quantum dots. The pulse sequence considered in the simulations
is shown in Fig. 5.16a. To achieve different spin rotation angles θL and θR in the two
quantum dots, different Rabi-pulse lengths, tburst,L and tburst,R , are applied. In Fig. 5.16a,
tburst,2π denotes the pulse length corresponding to a 2π spin rotation. The Rabi pulses are
started simultaneously on the two quantum dots, and their lengths are adjusted to the
desired spin rotation angles θα according to tburst,α = tburst,2π · θα /2π. The ε-sweep towards
the charge measurement point is started simultaneously on the two dots, once the time
tburst,2π + twait elapsed after the switch-on moment of the Rabi pulses.
Figure 5.16b shows the P2,2 map resulting from the numerical simulation, for the
parameter values given in Table A.1 and twait = 23 ps, when the asymmetry is significant.
Deviations from the ideal-case result of Fig. 5.15, i.e., an enhanced [a suppressed] P2,2
around (θL , θR ) = (3π/2, π/2) [around (θL , θR ) = (π/2, 3π/2)] are relatively small, though
clearly visible.
As mentioned above, the P2,2 probability map depends on twait as the Larmor-precession
axes of the two spins are different. Deviations of the P2,2 map from the ideal-case results
can be reduced by averaging the probability map for twait in a single Larmor period.
Figure 5.16c shows such a twait -averaged P2,2 map which is obtained numerically using
the same parameters as for 5.16b, but averaged for twait ∈ [0 ps, 42 ps]. The qualitative
features of this result are the same as those of the ideal-case result (Fig. 5.15); even the
mirror symmetry of the latter with respect to the θL = θR diagonal line is retained.
Performing the simulation for smaller β values, the P2,2 map approaches the result of
the idealized ĝ L = ĝ R case. Therefore the angle β should be minimized by choosing an
optimized B field orientation within the range allowed by the requirement of equal Zeeman
splittings. For the InAs nanowire double quantum dot of Ref. [2], β can be tuned below 4
degrees. In this case, the expected result P2,2 is almost identical to the ideal case shown
in Fig. 5.15. Note that since the g-tensor in a nanowire quantum dot strongly depends on
the electrostatic confinement potential defining the dot [2, 3, 7], the former can be tuned
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in situ by reshaping the latter by tuning the gate voltages. This can be a helpful feature
for optimizing the effective Zeeman fields in the two dots, i.e., to achieve equal Zeeman
splittings and parallel effective B fields.
In conclusion the proposed method could work even if the two quantum dots have
different and anisotropic g-tensors. If the two Zeeman splittings can be tuned equal,
and β . 30◦ , then the singlet character of the Cooper pair is reflected in the measured P2,2 (θL , θR ), similar to the ideal case. Based on the available experimental data on
nanowire quantum dots [2], these conditions can be fulfilled.
Note that the anisotropy of the g-tensor might also serve as a resource in identifying the
spin state of the split Cooper pair. By varying the direction of B ext along the intersection
of the surfaces associated to the two g-tensors (see Appendix A.7.1), the value of the
angle β enclosed by the local effective fields can be varied. By optimizing the relative
orientation of the two g-tensors (e.g. by defining the quantum dots in a bent carbon
nanotube [231, 240]), the range in which β can be varied can be maximized. The in situ
tunability of β with confinement gates and varying the direction of the external field B ext
suggests the possibility of Bell-type tests or tomography of the spin state of individual
split Cooper pairs. A related idea of a Bell-type test based on DC transport was explored
in detail by Braunecker et al. [241].
Adiabaticity
As discussed in Sec. 5.3.3, the purpose of the proposed experiment demands that
the sweep of the on-site energy ε between the preparation point (ε ≈ −U/2) and the
measurement point (ε < −U , see Fig. 5.14a) should be adiabatic: a S(1, 1) initial state
in the preparation point should evolve during the sweep along the lower branch of the
S(1, 1) − (2, 2) anticrossing in Fig. 5.14a, and end up in the (2, 2) state when ε arrives to
the measurement point.
Assuming a constant sweep rate α = dε/dt, the probability Pd of the diabatic S(1, 1) 7→
(2, 2) transition at the anticrossing ε = −U can be approximated by the Landau-Zener
formula [242, 243]:
P d = e−

4π|ΓCAR |2
~α

.

(5.20)

To keep Pd below a certain small threshold Pdmax  1, the sweep rate α should be kept
below
4π|ΓCAR |2
αmax =
.
(5.21)
~(− log Pdmax )
Denoting the distance between the preparation and measurement points by ∆ε, the shortmax
est time period tmin
can be estimated as
sweep to meet the required threshold Pd
∆ε ~(− log Pdmax )
.
(5.22)
4π|ΓCAR |2
√
√
For 2ΓCAR = 50 µeV, sweep range ∆ε = 10 2ΓCAR , diabatic transition probability
min
threshold Pdmax = 0.1, we find tmin
sweep ≈ 50 ps. A sweep time longer than tsweep implies
max
smaller diabatic transition probability than Pd .
In the presence of nuclear spins or different g-tensors on the two quantum dots, an
anticrossing might open at the level crossing of T− (1, 1) and the low-energy hybrid state
tmin
sweep ≈
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formed by S(1, 1) and (2, 2). We refer to the value of ε corresponding to this level crossing
as ε− (see ε− at the x axis of Fig. 5.14a). If the charge measurement is carried out at a
point ε < ε− , as shown in Fig. 5.14a, then it is required to pass through the anticrossing
at ε = ε− diabatically during the gate voltage sweep. This requirement together with
an expected minimal diabatic transition probability Pdmin ≈ 1 imposes an explicit lower
bound αmin on the sweep rate α via the Landau-Zener formula. If a time-independent
sweep rate is applied between the preparation and manipulation points, then it has to
fulfill both requirements, which is possible only if αmax > αmin . In terms of the size of
the Hamiltonian matrix element δ causing the anticrossing at ε− , the latter condition
translates to
s
√
log Pdmin
|δ| < | 2ΓCAR |
.
(5.23)
log Pdmax
√
Note that this requirement is stronger than |δ| < | 2ΓCAR |. Alternatively, ‘tailored’ gate
voltage pulses with time-dependent sweep rates [244, 245] might also be used, or, if the
Zeeman splitting exceeds ΓCAR , the charge measurement can be carried out at an ε between
the two anticrossings, ε− < ε < −U .
Even for a relatively large angle β = π/6, the condition (5.23) can be fulfilled. To
demonstrate this with a numerical example, lets consider the diabatic transition thresholds
Pdmin = 0.9 and Pdmax = 0.1. With these
choices, Eq. (5.23) translates to |δ| < 0.3|ΓCAR |.
√
Consider the case of |µB ĝ α B ext | > 2ΓCAR , which ensures that the matrix element opening the anticrossing at − is well approximated by the matrix element between (2, 2) and
the ground state of the (1, 1) sector. The latter matrix element is δ = ΓCAR sin(β/2), as
can be shown within the framework outlined in Sec. 5.3.2, after incorporating the effect
of different anisotropic g-tensors in Eq. (5.17). In the case β = π/6, this is δ ≈ 0.25ΓCAR .
This fulfills the above requirement, ensuring the possibility to use a constant sweep rate
between the preparation and the measurement points and still respect both diabatic probability thresholds.
Note that the above discussion on the gate voltage sweep process is based on a simplified model of two independent Landau-Zener processes. This approach is reliable if
either |δ|  |ΓCAR | or if the two anticrossings are well separated along the ε axis, i.e., if
|ε− + U |  |ΓCAR |, |δ|.

5.3.5

Conclusion

A novel detection method is proposed to demonstrate the singlet character of individual
split Cooper pairs. The quantum dots coupled to the superconducting lead are used as
detector of the spin character. First the spin state of the electrons is prepared by EDSR
technique in the (1, 1) charge configuration of the quantum dots, and then a Cooper
pair is tried to be extracted from the superconductor adiabatically. The Pauli principle
sets a constraint whether the system could evolve to the (2, 2) charge configuration. By
measuring the probability of finding the system in the (2, 2) configuration at the end of
the procedure for different initial spin settings, signature of the singlet character of the
split Cooper pair can be demonstrated.
The effect of material parameters were also discussed. It was shown that the proposed
experiment can be also carried out in case of strong g-factor anisotropy of the quantum
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dots, if the effective magnetic field can be set to the same absolute value on the two
dots. However, the presence of strong hyperfine interaction does not allow to demonstrate
the singlet character. The ingredients of the detection method, like the required device
geometry, the steps of the manipulation scheme, or the way of the measurement were all
demonstrated before, which makes the realization of the proposal feasible with state-ofthe-art experimental techniques.
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Transport signatures of an Andreev molecule in
a quantum dot – superconductor – quantum dot
setup

In this section I will introduce a model to describe a strongly coupled QD–SC–QD
setup, assuming that the superconducting gap is the largest energy scale. In this case
the strong tunnel coupling between the superconductor and quantum dot leads to the
formation of Andreev bound states (ABSs) [32–50] via local Andreev-reflection (LAR).
Due to the charging energy on the dots, the QD–SC–QD geometry prefers CAR process
over the LAR and leads to the expectation that CAR hybridizes the states of the two
quantum dots, generating the so-called Andreev molecular state [138, 246–248]. The first
experimental work towards the realization of such state is already reported [249]. However,
CAR is not the only coupling mechanism between the QDs. Electrons can be transmitted
from one of the quantum dots to the other via virtual intermediate quasiparticle states,
by the so-called elastic cotunneling (EC) process [250–253]. Furthermore, if there is direct
tunnel coupling between the dots, as in certain experimental realizations [191, 192], then
this interdot coupling (IT) also influences the spectrum and the dynamics.
Several previous works on similar systems completely neglect the possibility of the
EC processes [138, 203, 246, 247, 254, 255]. In other works the EC coupling is taken into
account [43, 137, 140–144], but in most of the cases it is defined as a constant coupling
term, which is equivalent to the IT coupling used here, therefore they can be incorporated
to the same term. However, as I demonstrate below, in certain models the EC term is
not constant, but it can depend on the on-site energies of the quantum dots. To keep the
generality, I treat the energy dependent EC and the independent IT term separately.
In an experimental realization of a QD–SC–QD setup, any of the three non-local coupling mechanisms (CAR, EC or IT) could dominate. In this section I calculate measurable
quantities and explore differences between the individual fingerprints of the three non-local
processes, which allow to identify and quantify the dominant non-local term. In particular,
I describe the ground-state properties (phase diagram, average electron occupation) of the
system, the zero-bias conductance describing electron transport through the device in the
presence of tunnel-coupled normal leads, and the excitation spectrum that is accessible
via finite-bias transport measurements.

5.4.1

Model

Throughout this section, I study a standard Cooper pair splitter geometry. The setup
is shown in Fig. 5.17a. It consists of two quantum dots, each of them tunnel-coupled to its
own normal (NL and NR ) lead, and a common superconducting lead (SC). First lets recall
the Hamiltonians of the system, which I have already introduced in the second chapter of
the thesis (see Secs. 2.2, 2.4.1 and 2.5.3). The Hamiltonian of the system is:
H = HQD + HSC + HT,SC + HIT + HN + HT,N .

(5.24)

We assume that the level spacings of the dots are large, i.e. each quantum dot has a single
spinful orbital, which can be occupied by 0, 1 or 2 electrons, hence the QDs are described
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Figure 5.17: Coherent hybridization between a superconductor and two quantum dots in a
Cooper pair splitter. a) Schematics of the Cooper pair splitter setup. b) Invariant subspaces
of the effective Hamiltonian Heff describing the QD–SC–QD setup, also showing the couplings
between the basis states. The highlighted processes are illustrated in panel c. c) Examples of the
coupling processes encoded in the effective Hamiltonian Heff . LAR couples, e.g., state |0, 0i to
state |0, ↑↓i by transferring a Cooper pair from SC to QDR . CAR splits a Cooper pair by filling
both QDs with one electron with opposite spins. EC transfers an electron from one QD to the
other via a virtual intermediate quasiparticle state in SC. IT transfers an electron from one QD
to the other without any interaction with SC.

by two copies of the single impurity Anderson model,
!
HQD =

X

X

α=L,R

σ=↑,↓

εα d†ασ dασ

+ Uα nα↑ nα↓

.

(5.25)

Note that the interdot Coulomb repulsion in neglected here, since the superconducting
lead between the quantum dots screens this interaction. In the following, I assume identical
Coulomb repulsion energies in the two dots, and use this energy scale U = UL = UR as
the unit of energy.
The SC lead is described by the standard mean-field Bardeen-Cooper-Schrieffer (BCS)
Hamiltonian
X
†
HSC =
Ek γkσ
γkσ .
(5.26)
kσ
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The Hamiltonian of the normal leads is
X
HN =
εαk c†αkσ cαkσ .

(5.27)

αkσ

Tunneling between the leads and the two dots is described by the following terms:

X
†
HT,SC =
tSα cSkσ dασ + h.c. ,
αkσ

HT,N =

X


tN α c†αkσ dασ + h.c. .

(5.28)

αkσ

Finally,
HIT = tLR

X


d†Lσ dRσ + h.c.

(5.29)

σ

describes interdot tunneling (IT), i.e., direct tunneling between the quantum dots, with
an amplitude tLR .
The complete Hamiltonian H specified above is infinite-dimensional. However, if the
temperature T is low and the superconducting gap ∆ is large, then one may simplify
the Hamiltonian by eliminating the superconducting quasiparticles from the description.
Technically, this is done by integrating out the quasiparticles using second-order perturbation theory in the SC–QD tunneling term HT,SC . This procedure yields a 16-dimensional
low-energy effective Hamiltonian for the double dot, which describes the superconducting
proximity effect on the double quantum dot. Here, I describe this effective Hamiltonian
and the procedure to obtain it.
For this, I consider the Hamiltonian without the N leads, HQD + HSC + HT,SC + HIT .
(I will take into account the N leads later to describe transport.) Assuming ∆  U and
further neglecting the QD–SC tunneling HT,SC , the 16-dimensional quasiparticle-free lowenergy subspace is energetically well-separated from other states containing a finite number of quasiparticles. The low-energy subspace is spanned by the product basis, the products of particle-number eigenstates of each quantum dot, namely, (|0iL , | ↑iL , | ↓iL , | ↑↓iL )⊗
(|0iR , | ↑iR , | ↓iR , | ↑↓iR ), where the arrows denote the spin states of the electrons. In the
following I will use the notation |i, ji = |iiL ⊗|jiR . I perform second-order Schrieffer-Wolff
perturbation theory in the tunneling term HT,SC to obtain the effective Hamiltonian for
the 16-dimensional low-energy subspace. See Appendix A.2 for the derivation and the validity conditions. As a result of this procedure, one finds that the QD–SC tunneling HT,SC
generates three coupling terms in the effective Hamiltonian: (i) a local (single-dot) pairing
term, called local Andreev reflection (LAR), (ii) a non-local (interdot) pairing term, called
crossed Andreev reflection (CAR), and (iii) an effective interdot tunneling term, called
elastic cotunneling (EC):
LAR
CAR
EC
Heff = HQD + Heff
+ Heff
+ Heff
+ HIT ,

(5.30)

In Heff , the second and third terms read as


X
LAR
Heff
= −
ΓLAR,α d†α↑ d†α↓ + h.c.
α

CAR
Heff



= ΓCAR d†R↑ d†L↓ + d†L↑ d†R↓ + h.c. .

(5.31)
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Lets remind ourselves that effective parameters ΓLAR,α and ΓCAR are related to each
other on the level of the presented model, i.e. neglecting the spatial separation of the
quantum dots. (See, e.g., Ref. [138] and Appendix A.2). However in the rest of this work,
I will consider ΓLAR,α and ΓCAR as independent parameters, since the CAR mechanism is
expected to be suppressed, when a finite distance between the QDs is introduced [139].
The fourth term describes of Heff describes the EC process, for two exemplary matrix
elements see Eqs. (2.43) and (2.44). Similarly to HIT , the EC term describes the tunneling event of an electron between the dots, but via an intermediate state, when a single
quasiparticle is present in the superconductor. As I discussed it in Sec. 2.5.4 the matrix
EC
have a strong dependence on the on-site energies of the quantum dots,
elements of Heff
εL and εR and hence it has to be distinguished from the IT term.
Importantly, fermion parity and spin are conserved in this effective model. This implies
that the 16-dimensional effective Hamiltonian has a block structure; more precisely, there
are 6 orthogonal subspaces that are not mixed by the effective Hamiltonian. These invariant subspaces are shown in Fig. 5.17b. The first invariant subspace (Singlet - S, top panel
of Fig. 5.17b) contains the five spin-singlet states with even number of electrons on the
qunatum dots: the empty and the doubly occupied states (|0, 0i,|0, ↑↓i,| ↑↓, 0i,| ↑↓, ↑↓i),
and the spin-singlet combination of the (1, 1) states, |S(1, 1)i = √12 (| ↑, ↓i − | ↓, ↑i). The
second and third invariant subspaces (Doublet - D, middle panel of Fig. 5.17b) contain
the states with odd number of electrons. Since the magnetic field is not taken into account
here, these 8 states are decomposed into two invariant subspaces with different total spin
z component [(| ↑, 0i, |0, ↑i, | ↑, ↑↓i, | ↑↓, ↑i) and (| ↓, 0i, |0, ↓i, | ↓, ↑↓i, | ↑↓, ↓i)]. Each energy eigenvalue in one Doublet subspace has an equal partner in the spectrum of the other
Doublet subspace. The three spin-triplet combinations of the (1, 1) states, i.e. | ↑, ↑i, | ↓, ↓i
and |T0 (1, 1)i = √12 (| ↑, ↓i + | ↓, ↑i) remain uncoupled from each other and from the other
invariant subspaces, and these three states have the same energy eigenvalue.
In Fig. 5.17b, the arrows visualize the tunneling-induced matrix elements coupling the
basis states of the effective Hamiltonian. Note that in Fig. 5.17b, I use the singlet-triplet
basis instead of the product basis. The tunneling processes giving rise to the coupling
matrix elements indicated by red arrows on Fig. 5.17b, are illustrated in Fig. 5.17c. E.g.,
one of the LAR matrix elements corresponds to transferring a Cooper pair from the superconductor to QDR through a virtual intermediate state, in which one electron occupies
QDR and one quasiparticle is present in the superconductor. The analogous CAR matrix
element corresponds, again, to extracting a Cooper pair from the superconductor, but in
this case the electrons end up in different quantum dots. Both the EC and the IT matrix
elements correspond to the transfer of an electron from one quantum dot to the other.
In the case of EC, there is an intermediate virtual state with one quasiparticle in the
superconductor, but in the case of IT, the tunneling is direct. The difference between EC
and IT processes results an important difference of their matrix elements: for EC, they
depend on the on-site energies [see, e.g., Eqs. (2.43) and (2.43)], while for IT they do not.
[see Eq. (5.29)].
In what follows, I will rely on the numerically obtained eigenvalues Eχ and eigenstates
|χi of the effective Hamiltonian Heff of Eq. (5.30). Furthermore, I will use U = UL = UR as
the energy unit, ΓLAR,L = ΓLAR,R = 0.25U , and will focus on the parameter range ΓCAR ∈
[0, 0.1]U , γEC ∈ [0, 0.15], tLR ∈ [0, 0.1]U . To convert the results here to physical units,
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one can use, e.g., U = 1 meV; then the above numbers correspond to an experimentally
realistic parameter set.

5.4.2

Ground-state properties

Here I analyze the ground-state properties of the effective Hamiltonian Heff , namely,
the ground-state degeneracy, the fermion parity and the average electron occupations of
the quantum dots, as functions of the on-site energies εL and εR , for different values of
the non-local coupling terms CAR, EC and IT (see Fig. 5.18a-e). First I analyze the
fingerprints of the three non-local coupling mechanisms, one-by-one, and finally I show an
example where all coupling terms are finite. I show that although CAR and EC couple
different states (see Fig. 5.17b), they produce rather similar phase diagrams, but IT can
be clearly distinguished from the previous two. In an experimental situation when one
of these mechanisms is dominant, these results can be used to identify that dominant
mechanism. Also note that in an actual experiment, it is challenging to effectively tune
the ratio of these parameters.
The left column of Fig. 5.18 shows the phase diagram, the middle column shows the
zero-bias conductance of QDL , and the right column shows the average electron occupation
of QDL for different ΓCAR , γEC and tLR values. Note that for all cases the local pairing
term is finite, ΓLAR,L = ΓLAR,R = 0.25U . In this subsection, I discuss the phase diagram
and the average electron occupation, and return to the zero-bias conductance results later,
after introducing the transport model.
The phase diagrams of the QD–SC–QD system display the dependence of two groundstate properties on the on-site energies εL and εR : (i) the degree of degeneracy of the
ground state, and (ii) the fermion parity of the ground state. For example, Fig. 5.18a
shows the phase diagram without non-local couplings, i.e., ΓCAR = γEC = tLR = 0.
Different colors correspond to different ground-state degeneracies: yellow denotes a twofold degenerate ground state, dark blue denotes a non-degenerate ground state, and light
blue denotes a four-fold degenerate ground state. The ground state has even (odd) fermion
parity in the dark blue and light blue (yellow) regions. Note that such a phase diagram
should be regarded as the generalization of the stability diagrams of non-superconducting
double dots, see, e.g., panel b and c of Fig. 2.8.
In Fig. 5.18a, where non-local couplings are absent, the two quantum dots are independent, thus the phase boundaries are vertical and horizontal lines. (Recall that interdot
Coulomb repulsion is neglected.) The dark blue regions correspond to a Singlet (S), unique
ground state, where both quantum dots are in the bonding combination of the states |0iα
and | ↑↓iα . Note that in the absence of non-local couplings, the state |S(1, 1)i remains uncoupled from the other four states in the Singlet subspace, and degenerate with the three
triplets |T0 (1, 1)i, |(↑, ↑)i, and |(↓, ↓)i. As a consequence, the ground-state degeneracy in
the central, light blue region is four-fold. The two ground states of the yellow regions are
drawn from the Doublet (D) subspace of Fig. 5.17b [34]. In this case both quantum dots
host ABSs, which was discussed in detail in Sec. 2.5.3.
In general, if a non-local coupling is turned on, then the light blue regions (four-fold
degenerate ground state) disappear, see Fig. 5.18b-e. The reason for that is as follows.
Due to the non-local coupling, the state |S(1, 1)i couples to the other four Singlet states
(|0, 0i, |0, ↑↓i, | ↑↓, 0i, | ↑↓, ↑↓i). Therefore, the energy of the lowest-energy Singlet eigen139
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Figure 5.18: Phase diagram and related measurable quantities of the QD–SC–QD system.
Phase diagram (left column), zero-bias conductance GL of the left lead NL (middle column),
and average electron occupation hnL i of QDL (right column) are shown, for different non-local
coupling configurations: a) without non-local couplings, b) only CAR, c) only EC, d) only IT,
e) all three. In the phase diagrams dark blue/yellow denote the Singlet (S) and Doublet (D)
regions, Light blue corresponds to the regions, where the ground state is four-fold degenerate,
including a Singlet and there Triplet (T) states.
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state will be lower than the energy of the triplets. This mechanism leaves two possibilities
for the ground state: non-degenerate Singlet, or a two-fold degenerate Doublet. The only
exception is a line, when EC is the only finite non-local mechanism, where the four-fold
degeneracy is preserved, which will be discussed below.
The case of finite CAR coupling is presented in Fig. 5.18b with ΓCAR = 0.1U . Besides
the disappearance of the four-fold degenerate light blue region, another difference compared to Fig. 5.18a is the merging of the Singlet phase regions along the diagonal (i.e.,
the εL = εR line) and the merging of the Doublet phase regions parallel to the diagonal.
These features are consequences of the CAR coupling, and can be understood via simple
perturbative arguments.
For example, consider the top left quadruple point in the phase diagram of Fig. 5.18a.
The ground states of different parity sectors contain all particle number eigenstates of
that subspace, but here I will consider only the ones with the largest amplitudes. In the
quadruple point, the most relevant Doublet states are | ↑↓, σi and |σ, 0i. These states
are coupled directly by CAR, as shown in Fig. 5.17b; as a consequence, the bonding
combination of these will form the Doublet ground state, with an energy lowered by
∼ ΓCAR due to the non-local coupling. On the other hand, the most relevant Singlet
states are | ↑↓, 0i and S(1, 1), which are not coupled directly by CAR, see Fig. 5.17b. In
conclusion, the Doublet ground state will have a lower energy than the Singlet ground
state in the top left quadruple point, explaining the merging of the Doublet phase parallel
to the diagonal in Fig. 5.18b. Similar considerations apply to the other three quadruple
points of Fig. 5.18a.
Consider now the case when the only non-local coupling mechanism in the setup
is EC. For this case, we can infer the ground-state character from a perturbative consideration similar to the one above. This consideration yields the expectation that the
Singlet (Doublet) phases would merge along (parallel to) the skew diagonal (i.e., the line
εR = U − εL ) of the phase diagram, in contrast to the case of CAR. However, the numerically evaluated phase diagram for this case (γEC = 0.15), plotted in Fig. 5.18c, shows
that the phase diagram is actually very similar to Fig. 5.18b.
To understand this surprising feature, one has to (i) go beyond the previous first-order
perturbative analysis, and (ii) go beyond the qualitative arguments based on the selection
rules of Fig. 5.17b, i.e., taking into account the on-site energy dependence of the EC coupling matrix elements, exemplified in Eqs. (2.43) and (2.44). For example, consider the top
right quadruple point in Fig. 5.18a. Here, the lowest-energy states are dominantly |0, 0i,
|0, σi, |σ, 0i and |σ, σ 0 i, from which the Doublet states |0, σi and |σ, 0i should
be coupled
 EC
directly by EC (see Fig. 5.17b), but the corresponding matrix elements Heff
(0,σ)−(σ,0)
are proportional to εL + εR (see Eq. (2.43)), and hence are strongly suppressed. On the
other hand, the two other states, |0, 0i and |σ, σ 0 i are coupled by LAR and EC in second
order via intermediate states, by (cf. Fig. 5.17b)
LAR

EC

|0, 0i ↔ | ↑↓, 0i, |0, ↑↓i ↔ |S(1, 1)i
 EC 
which includes the Heff
matrix element, which is not suppressed. Hence, at the
(0,↑↓)−(σ,σ̄)
top right quadruple point, this second-order hybridization results in a lowered energy of
the Singlet ground state. Similar considerations explain the features of the phase diagram
in Fig. 5.18c at all four quadruple points.
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A difference between Fig. 5.18b and 5.18c is the presence of a light blue skew diagonal
 EC  line at the central region of Fig. 5.18c. Along this line, the EC matrix element
Heff (0,↑↓)−(σ,σ̄) vanishes (see Eq. (A.16)), and therefore the state |S(1, 1)i is decoupled
from the other Singlet states, and remain degenerate with the triplets, preserving the
four-fold degeneracy.
Fig. 5.18d shows the phase diagram for the case when the only non-local coupling
mechanism is IT, for tLR = 0.1U . Here, the Singlet and Doublet phases merge parallel
to the skew-diagonal. This is explained by arguments analogous to the first-order perturbative considerations outlined above, keeping in mind that the non-local coupling matrix
elements of IT do not depend on the quantum dot on-site energies.
As I discussed in the introduction the nature of the EC coupling is model dependent,
in certain cases it has no dependence on the on-site energies, hence it is indistinguishable
from IT coupling. In such cases the phase diagram is sufficient to distinguish between the
CAR and the EC/IT couplings.
In conclusion, if one assumes that only one non-local coupling mechanism is present,
then CAR and EC produce rather similar phase diagrams, but they can be clearly distinguished from the case of IT.
All phase diagrams a-d of Fig. 5.18 are symmetric in two ways: (i) for the transformation (εL , εR ) 7→ (εR , εL ), and (ii) for the transformation (εL , εR ) 7→ (−UL − εL , −UR − εR ).
The property (i), which is called the left-right symmetry, originates from the symmetric
choice of local parameters, i.e., UL = UR , ΓLAR,L = ΓLAR,R . The property (ii) is the result
of a particle-hole symmetry of the system, as discussed in the following.
A particle-hole transformation converts the filled electron states to empty ones and
vica versa, i.e. exchange the role of creation and annihilation operators. Eight different
particle-hole transformations are introduced and discussed in Appendix A.8. One example
is the transformation (iv) in Table A.3, corresponding to the mapping d†Lσ → (−1)σ dLσ ,
d†Rσ → − (−1)σ dRσ . Each transformation can be represented as a unitary transformation W on the 16 dimensional Fock space. For each Hamiltonian terms H(εL , εR ), these
transformations connect the inverted points of the phase diagram (see Appendix A.8 for
details), namely
W H(εL , εR ; UL , UR )W † ∝ H(−εL − UL , −εR − UR ; UL , UR )

(5.32)

In this sense, these transformations correspond to an inversion in the phase diagram
to the central point (εL , εR ) = (−UL /2, −UR /2), usually called particle-hole symmetric
point. The transformation W is the particle-hole symmetry of the Hamiltonian term H, if
LAR
CAR
EC
Eq. (5.32) is an equality. All coupling Hamiltonians Heff
, Heff
, Heff
and HIT have a few
such particle-hole symmetries, but each term has a different set of those, see Table A.3.
If there exists a single particle-hole transformation that is a particle-hole symmetry of all
coupling terms forming the Hamiltonian, then the phase diagram (along with other quantities) reflects the particle-hole symmetry. For example, the phase diagram in Fig. 5.18d,
where IT is the only non-local coupling mechanism, shows particle-hole symmetry, since
transformation (iv) in Table A.3 is a particle-hole symmetry of the Hamiltonian from
CAR
EC
which Heff
and Heff
are omitted.
Finally, consider the general case, having all non-local couplings finite, ΓCAR = tLR =
0.1U and γEC = 0.02. The phase diagram for this case is shown in Fig. 5.18e. First, the leftright symmetry is apparent, and it is still a consequence of the left-right symmetric choice
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of the parameter values. Second, the particle-hole symmetry is absent in Fig. 5.18e. That
is consistent with the fact that none of the particle-hole transformations is a particle-hole
symmetry of all terms in this general Hamiltonian (see Table A.3).
The phase boundaries between ground states of different fermion parities can be
mapped by low-energy transport [96]. The expected zero-bias conductance of the left
dot, with peaks following the even-odd phase boundaries, is illustrated by the middle
column of Fig. 5.18, and will be discussed in more detail below. A drawback of transport
analysis is that the coupling to the electrodes lead to the broadening of conductance peaks
(which effect is neglected from the model presented here). One may reduce broadening by
decreasing the coupling at the price of decreasing the currents too.
Charge sensing [256, 257] is another method to map out the boundaries of the phase
diagram, as it is illustrated in the right column of Fig. 5.18. A charge sensor is usually
engineered to be mostly sensitive to the average electron occupation of one of the quantum dots, say, QDL . Compared to the conductance measurement through the QD–SC–QD
system, charge sensing has the advantage of conceptual simplicity, and the measurability without additional N leads attached to the QD–SC–QD system; but might have the
disadvantage of a more complex device design, since the charge sensor is an additional
device element. Similar methods, yielding information related to average electron occupation, are based on reflectometry with electromagnetic radiofrequency signals [258, 259] or
microwave resonators [5, 260]; which I will not discuss further.
E
DP
†
d
d
The ground-state average electron occupation in QDL is expressed as hnL i =
σ Lσ Lσ .
I plot hnL i as the function of the on-site energies εL and εR in the right column of Fig. 5.18,
for the parameter values providing the previously discussed phase diagrams.
In the absence of non-local couplings (Fig. 5.18a), the QDs are independent, therefore
hnL i does not depend on εR . I emphasize, since it is not apparent in the hnL i density plot
in Fig. 5.18a, that values of hnL i are not restricted to the integer values 0, 1 and 2: this
is because the LAR mechanism provides coherent coupling within a given fermion-parity
sector between states with different electron numbers, see Fig. 5.17b. In fact, hnL i as a
function of εL slightly decreases in the yellow (hnL i ≈ 2) and black (hnL i ≈ 0) regions in
the right panel of Fig. 5.18a, its value is strictly hnL i = 1 in the green region, and jumps
abruptly at the boundaries.
The non-local couplings are switched on in Figs. 5.18b-e. Similarly to Fig. 5.18a, the
average electron occupation hnL i decreases as εL is increased, and the jump locations
in hnL i follow the phase boundaries. The jumps are more pronounced along the vertical
phase boundaries, i.e. in a charge sensing experiment the measurement of QDL maps out
the vertical phase boundary lines more efficiently. Due to the finite non-local couplings,
the variation of the average electron occupation within a given fermion-parity sector is
smooth, as shown in Fig. 5.18b-e.
Due to the left-right symmetry, for all cases presented here, the average electron occupation of QDR , that is, hnR i, can be obtained by mirroring hnL i to the diagonal. Therefore,
in the hnR i map the horizontal phase boundary lines are more pronounced. This allows
for the measurement of the phase boundaries by measuring the occupation of the two
quantum dots independently.
In this subsection, I have shown that on contrary to the naive expectations, the CAR
and the EC mechanisms produce rather similar phase diagrams as the function of εL and
εR , but IT can be clearly distinguished from the previous two mechanisms. Furthermore,
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the measurement of the average electron occupation of the QDs allows for determining
the phase boundaries, even in the absence of normal electrodes tunnel-coupled to the
QD–SC–QD system.

5.4.3

Transport calculation

As pointed out earlier, a charge-sensing measurement is demanding, since the addition of the charge sensor complicates device fabrication. However, the ground-state phase
diagrams discussed above can also be explored experimentally by electronic transport
measurements, utilizing two additional N leads besides the superconducting lead (see
Fig. 5.17a) and low bias voltages. I will demonstrate this using the results shown in the
middle column of Fig. 5.18. In addition, transport measurements using a sufficiently large
bias voltage allow to determine energy gaps above the ground state. I will show (see
Fig. 5.20) that such finite-bias measurements can distinguish the CAR-dominated and
EC-dominated cases, i.e., the two cases that are not distinguished by the ground-state
properties shown in Figs. 5.18b,c.
The transport setup I will describe is shown in Fig. 5.17a. Throughout this work, I
assume that the superconducting lead is grounded, µSC = 0, and the two N leads are
biased symmetrically, µN L = µN R = µN , with the convention that for positive (negative)
µN , the electrons tend to flow into (out from) the superconducting lead.
The transport model is based on the effective Hamiltonian Heff of Eq. (5.30) describing
the QD–SC–QD system. In addition, here I also take into account the N-lead Hamiltonians
and the lead-QD tunneling Hamiltonians, that is, HN + HT,N . The electronic transport is
described in this device using a classical master equation, where the tunnel rates between
the N leads and the QD–SC–QD system are obtained perturbatively, from Fermi’s golden
rule.
The classical master equation describes the time evolution of the occupation probabilities Pχ (t) of the 16 energy eigenstates |χi of Heff , and reads
X
dPχ
=
(Wχχ0 Pχ0 − Wχ0 χ Pχ ) ,
dt
χ0 6=χ
with the normalization condition

P

Wχχ0 =

X

χ

(5.33)

Pχ = 1. The transition rates


Wχχ0 d†ασ + Wχχ0 (dασ )

(5.34)

ασ

are obtained from the leading-order term in Fermi’s golden rule as
Wχχ0 d†ασ



2

= ΓN α hχ|d†ασ |χ0 i f (Eχ − Eχ0 − µN α ) ,
2

Wχχ0 (dασ ) = ΓN α |hχ|dασ |χ0 i| f (Eχ − Eχ0 + µN α ) ,

(5.35)

where α ∈ {L, R} is the lead index, ΓN α = πρN α t2N α is a characteristic tunneling rate
between the normal lead Nα and the SC–QD–SC system, ρN
 α is the density of states at
the Fermi-energy in the lead Nα , and f (x) = 1/ ex/kB T + 1 is the Fermi-function.
I calculate the stationary (dPχ /dt = 0) solution of Eq. (5.33) to obtain the steadystate occupation probabilities Pχ , and use the latter to evaluate the steady-state current
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in lead Nα via
Iα =


eX
Wχ0 χ (dασ ) − Wχ0 χ d†ασ Pχ .
~ χχ0 σ

(5.36)

Since a leading-order Fermi’s golden rule is used, each non-zero transition rate corresponds
to the tunneling of a single electron between a lead and the QD–SC–QD system, therefore
connects states with different fermion parities. The differential conductance of lead Nα
is calculated by numerically differentiating the current by the chemical potential of the
dIα
normal leads, i.e. Gα = e dµ
. I plot the conductance in the units of the conductance
N
2
quantum G0 = 2e /h.
In the following, I will use ΓN L = ΓN R = ΓN = 0.005U and kB T = 0.005U . If the
energy unit is U = 1 meV, then ΓN = 5 µeV. Note that in the model, the currents and
differential conductances are simple linear functions of ΓN , since a leading-order Fermi’s
golden rule is used. Furthermore, the broadening of the conductance resonances in the
results is caused only by the finite temperature of kB T = 0.005U ≈ kB · 60 mK, since the
presented model neglects the life-time broadening. Experimentally, life-time broadening
of the conductance resonances might be dominant over the thermal broadening; in that
case, the linewidth can be reduced by decreasing the tunnel coupling to the N leads, at
the price of suppressing the currents.

5.4.4

Results of the transport simulation

Here, I present the results obtained from the transport model of the previous section.
First, I discuss how to experimentally map the phase boundaries using zero-bias conductance measurements, as presented in Fig. 5.18. Second, I demonstrate that finite-bias
differential conductance measurements provide a means to distinguish a system dominated
by CAR from one dominated by EC. Third, we demonstrate and analyze the appearance
of negative differential conductance in the setup, which is often attributed to the triplet
blockade [138, 246] and the CAR mechanism; here I show that not only CAR but any of
the three non-local coupling mechanism can result in triplet blockade and a corresponding
negative differential conductance.
Zero-bias conductance
The zero-bias conductance of lead NL , GL is shown in the middle column of Fig. 5.18,
for the five previously discussed cases, i.e. in the absence of non-local couplings (a), having
only one of them turned on (b,c,d), and in a general case of having all three finite (e).
For all five cases, GL shows a resonant enhancement along the phase boundaries. The
conductance in Fig. 5.18b-e shows further enhancement in the vicinities of the quadruple
points seen in the left panel of Fig. 5.18a.
Due to the left-right symmetric choice of the parameter values, similarly to the average
electron occupation, the conductance GR of QDR can be obtained from GL by mirroring
the latter to the diagonal εL = εR line.
In conclusion, the zero-bias measurement is a sufficient tool to locate the phase boundaries in the εL − εR plane, and to determine whether the interaction between the dots is
due to the proximity of the superconductor (CAR or EC dominates over IT), or not (IT
dominated).
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Figure 5.19: Hybridization of the two quantum dots of the Cooper-pair splitter due to the nonlocal coupling mechanisms. Differential conductances GL and GR of the Cooper-pair splitter are
shown in the left and right panels, respectively, for UL = UR = U , ΓLAR,L = ΓLAR,R = 0.25U ,
and fixed εR = −1.2U , as a function of εL and bias voltage µN . a) Without non-local couplings.
Differential conductance shows the single-dot Andreev bound states formed on the dots. b) With
non-local couplings. Their presence leads to the hybridization of the Andreev bound states on
the dots, indicated by the appearance of anticrossings marked with arrows. Parameters: ΓCAR =
0.1U , γEC = 0.02, tLR = 0.1U . For better visibility, different color scales were used for different
panels. The white circle denotes a triplet-blockade-related negative differential conductance line.

Finite-bias conductance
Here, first I show how the presence non-local couplings affect the finite-bias transport
for a general case, then I show that CAR and EC provide different fingerprints, and
therefore these measurements can distinguish between a CAR-dominated setup and an
EC-dominated setup.
Fig. 5.19a shows the finite-bias conductances GL and GR of the two leads, in the
absence of non-local couplings, for a fixed value εR = −1.2U , as the function of εL and
the bias voltage µN . Fig. 5.19b shows the same quantities, for a general case when all
three non-local couplings are switched on.
Without non-local couplings (Fig. 5.19a), Andreev bound states (ABSs) are formed
on each quantum dot due to the coupling to the superconductor (see Sec. 2.5.3). The
ABSs on the two quandum dots are independent. In Fig. 5.19a, the conductance GL
in the left panel shows an eye-shaped resonance with two crossing points at zero bias.
This characteristic resonance is the usual fingerprint of an ABS in a single quantum dot
(see e.g. [34]). The resonance maps the excitation energy between the two lowest-energy
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eigenstates of the QDL -SC subsystem: the bonding linear combination of the singlet-like
state, |−iL = α− |0iL +β− | ↑↓iL , and the doublets, |σiL . In the central region, the doublets
are the ground states, while on the sides, the ground state is the singlet |−iL . Note that the
higher-energy antibonding singlet state, |+iL = α+ |0iL + β+ | ↑↓iL , can be accessed from
the doublet states, but the corresponding conductance resonance lies out of the energy
window used here. Note also that in the model, transitions between the two singlet states
are forbidden, since these two states both have even fermion parity.
As noted earlier, the positive µN sides of the finite-bias conductance plots of Fig. 5.19
correspond to transport by adding electrons from the NL to QDL , while the negative µN
sides represent the opposite processes. Although the finite-bias conductance plots are not
symmetric to the zero-bias axis, the conductance lines are positioned symmetrically, since
(i) the spectrum does not depend on µN and (ii) transition between the eigenstates with
different fermion parity is possible either by adding or by removing one electron. Generally,
the tunnel rate for adding an electron is different from the tunnel rate for removing an
electron, therefore the heights of the conductance resonances at positive and negative bias
are different.
A complete transport cycle constitutes of the transport of two electrons, e. g., for
positive bias, the first electron enters the QD with positive energy, bringing it to an
excited state, while the second electron enters with negative energy, making the system
relax back to its ground state. These two electrons, which reside in the leads at the
beginning of the cycle, are absorbed by the superconductor as a Cooper pair by the end
of the cycle. Analogously, for negative bias, the first (second) electron leaves the quantum
dot with negative (positive) energy.
The finite-bias conductance plots in the absence of non-local couplings (Fig. 5.19a)
have an inversion symmetry,
GL (εL , µN ) = GL (−UL − εL , −µN ) .

(5.37)

I attribute this to the particle-hole symmetry discussed above, with an extension of the
particle-hole transformations to the lead electrons. In the presence of non-local couplings,
if the Hamiltonian is particle-hole symmetric, then the inversion symmetry
GL (εL , εR , µN ) = GL (−UL − εL , −UR − εR , −µN )

(5.38)

would be reflected in the finite-bias conductance plots (not shown).
In the finite-bias conductance plot of QDR only two horizontal lines are present (see
the right panel in Fig. 5.19a). This is due to the independence of the quantum dots: εL
has no effect on the transport via QDR . The position and the amplitude of the lines is the
same as the ones in the left panel of Fig. 5.19a, at εL = −1.2U .
When the non-local couplings are switched on, they induce a crosstalk between the
two QDs, resulting in a strong modification of the finite-bias conductance plots. This is
shown in Fig. 5.19b, for a general case with all three non-local couplings being finite,
ΓCAR = 0.1U , γEC = 0.02 and tLR = 0.06U . The previously discussed features, i.e., the
eye-shaped resonances in GL and the horizontal lines in GR , appear in both finite-bias conductance plots of Fig. 5.19b. In addition, anticrossings between conductance resonances
are openened by the non-local couplings wherever the excitation energies of the two uncoupled dots would coincide. The two most pronounced anticrossings are marked with arrows
in the left panel of Fig. 5.19b, open at εL = εR = −1.2U and εL = −U − εR = 0.2U .
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Figure 5.20: Differential conductance as a fingerprint of the non-local coupling mechanism.
Differential conductance of the QD–SC–QD system is shown, for the previously used parameters
UL = UR = U and ΓLAR,L = ΓLAR,R = 0.25U , along the skew-diagonal line εR = −U − εL . Only
one non-local coupling mechanism is non-zero for each panel. a) ΓCAR = 0.1U , b) γEC = 0.15
c) tLR = 0.1U . The dependence of the splitting on εL is qualitatively different in a) and b),
implying that experimental conductance data can be used to determine whether CAR or EC is
the dominant non-local coupling mechanism.

The analysis of the conductance resonances as functions of the on-site energies allows
one to distinguish between the coupling terms. This is shown in Fig. 5.20, where the finitebias conductance along the skew diagonal εR = −U − εL of the phase diagram is shown,
for only one finite non-local coupling. Note that along this skew diagonal GL = GR . Panel
a), b) and c) shows the case of CAR, EC and IT coupling, with ΓCAR = 0.1U , γEC = 0.15
and tLR = 0.1U , respectively. The conductance resonances in Fig. 5.20a and Fig. 5.20b
show an appreciable splitting, which is absent in the right panel. The size of the splitting
is constant for CAR, while for EC it is the largest at the particle-hole symmetric point,
εL = εR = −U/2 and decreases further from it. This difference between the finite-bias
conductance can used to identify whether the dominant non-local coupling mechanism is
CAR or EC. As expected from the qualitatively different nature of the phase diagrams
of Fig. 5.18 (b and c versus d), the case of IT is also qualitatively different in terms of
finite-bias conductance (Fig. 5.20a and b versus c).
Further finite bias data and discussion on the features of Figs. 5.19&5.20 is provided
in Appendix A.9.
Triplet Blockade
In certain cases, the finite-bias conductance plots show line-shaped regions of negative
differential conductance (NDC). Examples, marked with white circles, are shown in the
right panel of Fig. 5.19b and in Fig. 5.21. Further examples are shown on Fig. A.9&A.10.
The NDC lines appear when a so-called blocking state becomes energetically available
as µN reaches its excitation energy. The blocking state starts to be populated, but the rates
of transitions out of this state are small, therefore the population is accumulating in the
blocking state, reducing the current. When the blocking states are spin-triplets, then this
effect is called the triplet blockade. The triplet blockade is often referred to as a hallmark
of the CAR coupling in the literature: it is argued that the spin incompatibility of the
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triplet state in the quantum dots and the spin-singlet Cooper pairs in the superconductor
prohibit CAR coupling of the dots [138, 246]. Here, we show that the presence of NDC
lines is not exclusive for the CAR, but they can appear for all three non-local couplings.
Fig. 5.21a shows an example of triplet-blockade-related NDC lines in the CAR coupled
case, for ΓCAR = 0.1U and εR = −U/2. Let us focus on the εL = 0.1U cut, marked with
the dashed orange vertical line. For these parameter values, I show the relevant energy
levels in the left panel of Fig. 5.21b. The ground state is a Doublet, |Di = 0.096|σ, 0i ±
0.959|0, σi + 0.196| ↑↓, σi ± 0.179|σ, ↑↓i, and the first excited state is a Singlet, |Si =
0.632|S(1, 1)i − 0.4|0, 0i − 0.193|0, ↑↓i − 0.054| ↑↓, 0i + 0.039| ↑↓, ↑↓i, with a dominant
|S(1, 1)i contribution. The second excited level is the threefold degenerate triplet level. All
excited states are reachable from the ground state via electron tunneling, but tunneling
transitions between two different excited states are forbidden, as both states have even
fermion parity.
In the left panel of Fig. 5.21b, I illustrate the tunneling transitions (arrows) relevant for
electron transport at this parameter point. If the bias voltage is sufficiently large to induce
a transition to the Singlet excited state, then a well-conducting transport channel opens
up, characterized by the uphill rate WSD and the downhill rate WDS . In this transport
d†

Lσ̄
|S(1, 1)i process,
cycle, the uphill transition, |Di → |Si, is dominated by the |0, σi →

d†

d†

Rσ
Rσ
while the downhill transition, |Si → |Di, is dominated by |0, 0i →
|0, σi and |σ, σ̄i →
|σ, ↑↓i processes. Here, WSD = 0.383 ΓN and WDS = 0.297 ΓN are the relevant transition
rates.
When the bias voltage is further increased, then the triplet states are also populated,
see Fig. 5.21b. In this case, the uphill transition from the ground state to the triplet

d†Lσ/σ̄

is dominated by the |0, σi → |T (1, 1)i process, with the rate WT D = 0.465 ΓN rate.
The downhill transitions from the triplets are possible, and their rates are dominated by
d†Lσ/σ̄

d†Rσ/σ̄

the |T (1, 1)i → | ↑↓, σi and |T (1, 1)i → |σ, ↑↓i processes, but these rates are small,
WDT = 0.019 ΓN , more than an order of magnitude smaller than the other transition rates.
This small downhill transition rate results in the accumulation of the population in the
triplet states, and the reduction the Singlet and Doublet populations that would provide
efficient conduction. Therefore, the net effect of the triplet states becoming available
upon increasing the bias voltage is the reduction of the current, and as a consequence, the
appearance of the NDC lines in the differential conductivity.
I show the level diagram and the transitions, in the absence of CAR coupling, in the
right panel of Fig. 5.21b. In this case, due to the absence of CAR, the |σ, ↑↓i component
is missing from the ground states, and the |0, 0i is missing from the excited states, which
are parts of the two main downhill processes enabling the |Si → |Di transition, as we
have seen above. Therefore all four, now degenerate, (1, 1) states block the transport, as
illustrated on the right panel of Fig. 5.21b.
The comparison of the two cases is shown in Fig. 5.21c, where the current IL in the
left lead is plotted as the function the bias voltage µN with blue (orange) line without
non-local coupling (with ΓCAR = 0.1U ) for the same εL = 0.1U and εR = −U/2 as
above. In the presence of finite CAR coupling, as the bias voltage is increased from zero,
first a well conducting channel opens around µN ≈ 0.1 U , and the current jumps down at
µN ≈ 0.17 U due to the triplet blockade. In contrast, in the absence of non-local couplings,
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Figure 5.21: Triplet blockade and negative differential conductance in the Cooper-pair splitter.
a) Finite-bias differential conductances GL and GR for ΓCAR = 0.1U , γEC = 0, tLR = 0, at εR =
−U/2. b) Levels and transitions taking part in triplet blockade. c) Current-voltage dependence in
lead NL with (orange) and without (blue) CAR coupling, along the dotted vertical line in panel
a). Introducing a non-local coupling mixes the states, hence a well conducting channel is opened.
d-f) On-site-energy regions where triplet-blockade-induced negative differential conductance is
present (black) d) ΓCAR = 0.1U , e) γEC = 0.15, f) tLR = 0.1U .
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above µN ≈ 0.15 U the current is comparably small as in the blockaded case. Note that in
the presence of CAR coupling, the triplet excitation is shifted to somewhat higher energy,
since the energy of the ground state is lowered due to the non-local coupling.
The orange line in Fig. 5.21c indicates a negative differential conductance. However,
the current does not drop to zero but forms a finite plateau for µ > 0.17 U , i.e., the triplet
blockade is ‘incomplete’, and there is a finite ‘leakage current’. As discussed by Trocha
and Weymann in Ref. [246], this leakage current is due to the fact that double occupancy
of the quantum dots is allowed in this model. In contrast, in models neglecting double
occupancy, e.g., by assuming infinite on-site Coulomb repulsion U → ∞, this leakage
current vanishes exactly [138].
As we have seen, the presence of the high current due to the well-conducting SingletDoublet channel requires that (i) the Singlet energy is brought below the energy of the
triplets, and (ii) the |S(1, 1)i state is mixed with the empty or double occupied states.
Importantly, these conditions can be induced not only by CAR, but by any of the three
non-local couplings described here. Therefore, for all the three cases, triplet-blockadeinduced NDC lines can appear. In Fig. 5c-e I map the on-site energy regions where the
triplet blockade is present for the three different couplings. I have marked with black those
(εL , εR ) values where there exists a bias voltage, at which the absolute value of the current
IL decreases, and the triplet occupation of the QD–SC–QD system increases by at least
0.25, simultaneously. The black regions of Fig. 5.21d-f are not symmetric for mirroring
to the diagonal εL = εR line, therefore the NDC lines are present in somewhat different
(εL , εR ) regions for QDL and QDR . Note that due to the left-right symmetry the NDC
map calculated from IR would be the same as the presented ones mirrored to the diagonal.
In the setup, NDC can also appear in cases where it is not caused by triplet blockade.
Here, I have been focusing on triplet-blockade-induced NDC, but an example for nontriplet-induced NDC is show in Fig. A.9b.
In conclusion, I have shown that the triplet blockade is not exclusive for CAR, but
can appear also in the presence of any of the three non-local coupling mechanisms. In
fact, a blockade can arise even in the absence of non-local couplings, even though the
Singlet state is also blocking in that case. The presence of a non-local coupling makes the
Singlet state well conducting, and makes the triplet blockade effect easily observable in a
transport experiment by the appearance of NDC lines.

5.4.5

Summary

I have analyzed the spectrum of a QD–SC–QD system in the presence of different
non-local coupling mechanisms: CAR, EC and IT. My aim was to calculate the effects of
these on measurable quantities (phase diagrams, average electron occupations, zero-bias
and finite-bias conductance), with the goal of identifying features that are characteristic
for each non-local coupling mechanism.
The phase diagram of the system can be mapped via charge-sensing or zero-bias conductance measurements. One finds that that CAR and EC produces very similar phase
diagrams, thus measuring the phase diagram alone would not allow to distinguish between
these two non-local coupling mechanisms. However, IT produces a qualitatively different
phase diagram, and hence it should be straightforward to identify if the non-local couplings are dominated by IT in a device. Furthermore, I have demonstrated that finite-bias
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measurements could be used to distinguish between the cases when CAR or EC dominates
the non-local couplings.
In the literature, triplet blockade is often linked to the presence of the CAR mechanism.
Here I have shown that the suppression of the current due to the population of the triplet
states is not specific to CAR coupling. In fact, such a current suppression can appear
even without any non-local mechanism present in the device. In the presence of nonlocal processes, the current suppression can be interpreted as a triplet blockade, and it is
observed via NDC lines, and this effect is not unique for CAR, but EC and IT can also
generate it.
I expect that the results presented here will facilitate the accurate characterization
of hybrid superconductor - quantum dot devices, which are likely to be used as building
blocks of future conventional and topological quantum-information schemes, such as the
Majorana-chain outlined at the beginning of the chapter.
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6
Conclusions

In this thesis I have investigated spin-orbit interaction and superconductivity related
phenomena in InAs nanowires. The interplay of these effects is a key ingredient to the
realization of exotic particles, like Majorana- or parafermions, that are good candidates
for topologically protected quantum architectures.
I have shown that the topology ensures the existence of degeneracy points in the
magnetic spectrum of coupled spin systems. Beyond the special, fine-tuned configurations
the degeneracies appear in discrete points, which were named as magnetic Weyl points,
based on their analogy with the band degeneracies of Weyl semimetals. The coupled
two-spin system was implemented in a spin-orbit coupled double quantum dot defined
in an InAs nanowire. The low temperature transport measurements demonstrated the
existence of the magnetic Weyl points. The experimental findings are in good agreement
with a two-site Hubbard model of the double dot. Furthermore, numerical analysis of
the two-site Hubbard model with random parameters revealed that there are two typical
configurations with 2 and 6 magnetic Weyl points, respectively. Also, I pointed out that
the 6-point configuration is inconsistent with the simple Rashba model of the spin-orbit
interaction which is frequently used for nanowire geometries.
I have used a similar double quantum dot system defined in an InAs nanowire to implement a two-impurity Kondo system. The strong coupling to the leads ensured the Kondo
correlations on both of the dots and the two-impurity problem is realized by the unpaired
electrons of the dots in the odd-odd charge state. The complete phase transition from two
independent Kondo singlet state to an antiferromagnetic singlet state was observed as the
interdot tunnel coupling was increased.
I have investigated the tunability of the spin-orbit interaction in a multigated InAs
nanowire by weak-antilocalization measurements. While in the usual back gated geometries the gate voltage changes the electron density and the electric field in the nanowire
simultaneously, in the presented geometry they can be tuned independently. Similarly,
the back gate serves to tune the electron density, but an additional electric field can be
induced in the nanowire by applying opposite voltages on the side gates placed on the
opposite sides of the wire. I have shown that the strength of the spin-orbit interaction
can be considerably increased, with about a factor of 2, with either the back gate or the
side gates, indicated by the reduction of the spin relaxation length. Furthermore, a simple
electrostatic model was developed to calculate the electric fields and resulting spin-orbit
interaction under the experimental conditions. After determining the single fitting param153

eter, the strength of the built-in spin-orbit interaction, the model gave a good agreement
with the experiment.
I have studied the spatial extension of a Shiba state formed around a quantum dot
– in an InAs nanowire – coupled to a superconductor by non-local transport measurements. I have found that the Shiba state extends one order of magnitude further in the
superconductor than in STM geometries indicated by a large current enhancement in the
tunnel electrode placed 50 − 250 nm away from the dot when the Shiba state was tuned
to zero energy. The larger extension of the Shiba state was explained by the geometrical
properties of the device: the diameter of the nanowire is comparable to the separation
of the dot and the tunnel electrodes, which makes the setup effectively one-dimensional.
Furthermore, the effect of the magnetic field on the current enhancement was investigated
and a large one order of magnitude enhancement was found, indicating the increased extension of the Shiba state. This is consistent with increased superconducting coherence
length as the gap is reduced in magnetic field. The experimental findings were compared
with NRG simulations and reasonable agreement was found.
I have studied the effect of the Shiba on the performance of a Cooper pair splitter in
the same device, which was used to study the extension of the Shiba state. Continuously
lowering the barrier between the dot and the neighboring normal lead interpolates between
the non-local probing of the Shiba state and Cooper pair splitting measurements. First, a
significant enhancement of the non-local signal was found as the current through the dot
sets in. This increase was explained by a bottleneck effect by fitting with a master-equation
and withing the framework of the zero-bandwidth approximation for the superconductor.
The latter model allows for the distinction of the local pair tunneling processes and the
Cooper pair splitting on the language of the Shiba state. This showed that in the presence
of the Shiba state the non-local signal only partially comes from the splitting of Cooper
pairs, hence the frequently used splitting efficiency overestimates the real contribution of
the splitting processes.
I have proposed an experimental scheme that is capable to prove spin singlet character
of the split Cooper pairs in a quantum dot – superconductor – quantum dot setup. Single
electron spins trapped in the dots serve as detectors. Their spin state is prepared by
EDSR pulses in finite magnetic field. A gate sweep tries to extract a Cooper pair from the
superconductor. The success probability depends on the prepared spin state of the detector
and the spin state of the split Cooper pair and it is determined by the measurement of the
charge on the dots at the end of the sequence. The scheme only requires operations that
are already presented in state-of-the-art spin qubit experiments. I have investigated the
performance of the detection scheme in the presence of non-idealities, like the hyperfine
interaction, the anisotropy of the quantum dot’s g-tensors and timing and tailoring issues
of the EDSR pulses. The analytical and numerical analysis with experimentally relevant
parameters revealed that the letter three issues can be overcame by the careful designing
of the experiment, however, materials with weak hyperfine effect is required for a reliable
experiment.
I have investigated the possible non-local coupling mechanisms, like the crossed Andreev
coupling, the elastic cotunneling and the interdot tunneling in the Andreev molecular
setup and their effect on the observables. I have discussed that the elastic cotunneling
that is usually neglected in the literature, can have a strong dependence on the dots’
on-site energy and accordingly, it has to be considered and distinguished among the other
154

coupling mechanisms. The phase diagram and charge occupation of the quantum dot –
superconductor – quantum dot setup allows for the distinction of the interdot tunneling from the other two, superconductivity-related coupling mechanisms. The finite bias
transport analysis of the Andreev molecule setup allows us to determine the dominant
coupling. Furthermore, I have shown that the triplet blockade effect – which is usually
attributed to the interplay of the crossed Andreev coupling and incompatibility of the
triplet electrons and the singlet Cooper pairs – is not uniquely connected to the crossed
Andreev reflection. The blocked is present even in the absence of non-local couplings,
and the presence of any of them only reveals the blockade by the appearance of negative
differential conductance lines.
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A
Appendix

A.1

Mapping the two site Hubbard model to an exchange model

Here I will show how the two-site Hubbard model of Eq. 4.8, can be mapped to an
interacting two-spin system, i.e. an effective exchange model, in the two electron regime.
In the limit of strong on-site Coulomb-interaction and deep in the (1, 1) charge state the
charge fluctuations are suppressed, the other two 2-electron state ((0, 2) and (2, 0)) mixes
into the eigenstates only with small amplitudes. With these conditions being fulfilled one
can perform a second order perturbation in the tunneling to obtain an effective low energy
Hamiltonian, where the charge degrees of freedom are frozen.
In the two-electron subspace, the Hubbard Hamiltonian of the double dot can be
written as:


2εL + UL −itx + ty −t0 + itz t0 + itz itx + ty
0
 itx + ty
εL + εR
0
0
0
itx + ty 


 −t0 − itz
0
εL + εR
0
0
−t0 − itz 
 ,

(A.1)
H6×6 = 

t
−
it
0
0
ε
+
ε
0
t
−
it
0
z
L
R
0
z


−itx + ty
0
0
0
εL + εR −itx + ty 
0
−itx + ty −t0 + itz t0 + itz itx + ty 2εR + UR
where the | ↑↓, 0i, | ↑, ↑i, | ↑, ↓i, | ↓, ↑i, | ↓, ↓i, and |0, ↑↓i basis was used during the
construction of the Hamiltonian matrix. Performing a second order Schrieffer-Wolff transformation (see Eq. (A.4)) one obtains the following low energy Hamiltonian in the 4
dimensional subspace of the (1, 1) occupation:
(t20 + t2x + t2y + t2z )(UL + UR )
+ S L Ĵ S R ,
H4×4 =
(UL + εL − εR )(UR + εR − εL )
P
j
j
where the spin operators of the dots, SL/R
= σσ0 d†L/Rσ τσσ
0 dL/Rσ 0 were
exchange coupling is given by
2
t0 + t2x − t2y − t2z 2(tx ty + t0 tz )
UL + UR
 2(tx ty − t0 tz ) t20 − t2x + t2y − t2z
Ĵ =
(UL + εL − εR )(UR + εR − εL )
2(tx tz + t0 ty )
2(ty tz − t0 tx )

(A.2)
introduced. The

2(tx tz − t0 ty )
2(ty tz + t0 tx )  .
2
t0 − t2x − t2y + t2z
(A.3)
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A few remarks about results above:
(i) In the absence of SOI, when tx = ty = tz = 0, the Hubbard model maps to an isotropic,
Heisenberg-type antiferromagneticly coupled exchange model.
(ii) The first term of Eq. (A.2) is just a constant energy shift.
(iii) The exchange matrix of Eq. (A.3) looks quite generic, but in reality it is not. While
a fully general Ĵ is parametrized by 9 independent real numbers, Eq. (A.3) have only 4
independent parameters, a global scaling factor depending on UL/R , εL/R and t0 , and a
three-dimensional vector t/t0 . The former one determines the strength of the interaction
and the latter one describes the preferred relative orientation of the spins.
(iv) Due to the limited degrees of freedom for all parameters H4×4 has a unique ground
state and three-fold degenerate excited state.
(v) In the presence of SOI the eigenstates of H4×4 are not the usual spin-singlet and spin
triplet states anymore. Generally all four states contain all four basis states. However their
degrees of freedom remains, hence even in the presence of SOI these states will be referred
as singlet and triplet states.

A.2

Effective Hamiltonian of the quantum dot – superconductor – quantum dot system

In Sec. 2.5.3&2.5.4 I used a low-energy effective Hamiltonian to describe the tunnel
coupled quantum dot – superconductor – quantum dot (QD–SC–QD) setup, being valid
in the limit of large superconducting gap, ∆, when the quasiparticle states of the superconductor can only be filled virtually. The effective Hamiltonian can be derived using
second order quasi-degenerate perturbation theory (see e.g. Appendix B of Ref. [261]), by
integrating out the quasiparticle states. The unperturbed Hamiltonian is HQD + HSC , the
perturbation is HT,SC , and the effective Hamiltonian is expressed via
!
h
i
1
1
1X
(2)
[HT,SC ]il [HT,SC ]lj
+ (0)
.
(A.4)
Heff
=
(0)
(0)
(0)
2 l
i,j
Ei − El
Ej − El
Here, the summation index l runs over unperturbed energy eigenstates containing one
quasiparticle, the i and j indices run over the 16 low-energy quasiparticle-free unperturbed
(0)
energy eigenstates, and Ei are the corresponding energy eigenvalues. To ensure the
validity of the perturbative treatment, the relevant, quasiparticle-free, states must have
lower energy than the virtual ones with a single quasiparticle. For the on-site energy
window used in the main text, namely, −1.5U < εL , εR < 0.5U , this requirement translates
to ∆ > 3.5U .
The tunneling coupling gives rise to three terms in Heff . The first term is called local
Andreev reflection (LAR). It represents processes where the electron number in one of the
quantum dots is changed by 2 (e.g. hybridizes |0, 0i and |0, ↑↓i), because two electrons
forming a Cooper pair in the superconductor are transferred to the same dot. The second
term is called crossed Andreev reflection (CAR). It represents processes where the number
of electrons on both quantum dots change by 1 (e.g., |0, 0i ↔ | ↑, ↓i), because a Cooper
pair is split between the two dots. The third term is called elastic cotunneling (EC). It
represents processes where the total number of electrons on the quantum dots remains
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the same, but one electron tunnels between the dots via the superconductor (e.g., |0, ↑
i ↔ | ↑, 0i).

A.2.1

LAR matrix elements

Here, I derive an exemplary matrix element for the LAR, coupling the |0, 0i and | ↑↓, 0i
states, in detail. The first tunneling event splits a Cooper pair in the superconductor, one
of the electrons tunnels to QDL , while the other electron stays in the superconductor
as a quasiparticle. The second tunneling event brings the system back to the low-energy
subspace by annihilating the quasiparticle and creating a second electron on QDL . The
corresponding matrix element is


1
1 2 X
1
+
,
(A.5)
[Heff ](0,0),(↑↓,0) = tSL
uk vk
2
0
−
ε
2ε
L − Ek
L + UL − εL − Ek
kσ
(0)

(0)

where E(0,0) = 0, E(↑↓,0) = 2εL + UL , and the energy of the intermediate virtual state is
εL + Ek . The sum for the momentum k can be written as an energy integral,
!
Z D
1
1 2
1
∆
p
p
−
[Heff ](0,0),(↑↓,0) = tSL ρ0
,
dεS p
2
∆2 + ε2S εL + UL − ∆2 + ε2S εL + ∆2 + ε2S
−D
(A.6)
where ρ0 is the normal density of states of the superconductor, assumed to be constant
and D is the bandwidth, and the definitions of the Bogoliubov-amplitudes (see Eq. (2.23))
were used. In the large ∆ limit, the typical εL and UL values are small compared to
the quasiparticle energy, therefore they can be neglected in the denominators. Then, the
integration results in
 
Z D
D D→∞
∆
2
2
→ −πt2SL ρ0 =: ΓLAR,L .
= −2tSL ρ0 arctan
[Heff ](0,0),(↑↓,0) = −tSL ρ0
dS 2
2
∆ + εS
∆
−D
(A.7)
With the above approximation, all other matrix elements of the LAR have the same
form, i.e. ΓLAR,α = −πt2Sα ρ0 , which can be summarized as


X
†
†
LAR
Heff = −
ΓLAR,α dα↑ dα↓ + h.c. .
(A.8)
α

Note: To check the validity of the approximation applied between Eqs. (A.6) and
(A.7), we have numerically integrated Eq. (A.6), and found that the difference between
the numerical and approximate values of the matrix element is less than 10% for ∆ > 5UL ,
and the variation of the matrix element is less than 3% in the −1.5U < εL < 0.5U window
(see Fig. A.1).

A.2.2

CAR matrix elements

The CAR mechanism is similar to the LAR, with a difference that the second electron
is transferred to the opposite quantum dot as the first one. Therefore, the matrix elements have a similar form, the difference is that both tunneling amplitudes appear in the
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Figure A.1: Dependence of ΓLAR matrix element on ε and ∆ assuming infinite bandwidth and
constant density of states, obtained by numeric integration of Eq. (A.6).

result. Following a derivation similar to the previous one, we find that the CAR effective
Hamiltonian can be written as


†
†
†
†
CAR
Heff = ΓCAR dR↑ dL↓ + dL↑ dR↓ + h.c. ,
(A.9)
where ΓCAR = −πtSL tSR ρ0 .
Note that there is a similar ε-dependence of the CAR-matrix elements as the one
presented on Fig. A.1 for the LAR coupling, which I will neglect in the following.
Within the framework this model, where the spatial separation of the p
qunatum dots is
neglected ΓCAR is linked to the strength of the LAR couplings, i.e. ΓCAR = ΓLAR,L · ΓLAR,R .
However taking into account the finite separation of the dots ΓCAR becomes suppressed
by the distance (see e.g. Ref. [203]), hence they can be treated as independent parameters.

A.2.3

EC matrix elements

The EC mechanism transfers one electron from one of the quantum dots to the other
through a quasiparticle state in the superconductor. Here we show the derivation of the
|0, ↑i ↔ | ↑, 0i matrix element, noting that further terms can be obtained similarly. There
are two different sequences of underlying processes that build up the EC mechanism. In the
first sequence, the electron tunnels from QDR to the supercondcutor, where it occupies
a quasiparticle state, and then tunnels out to QDL . In the second sequence, a Cooper
pair is split, the up-spin part tunneling out to QDL , while the down-spin remains in the
superconductor as a quasiparticle, and then in the second tunneling event the quasiparticle
in annihilated by the electron from QDR as they together form a Cooper-pair in the SC.
Having two processes leads to the doubling of terms in the matrix element:

X  u2
 EC 
u2k
vk2
vk2
1
k
+
+
+
(A.10)
Heff (0,↑)−(↑,0) = tSL tSR
2
εL − Ek εR − Ek εL + Ek εR + Ek
k
Using the same approximations as previously, i.e. neglecting εL/R next to Ek , the matrix
element vanishes:
Z D
X u2 − v 2
 EC 
εS
k
k
Heff (0,↑)−(↑,0) = −tSL tSR
= −tSL tSR ρ0
dεS 2
≡0
(A.11)
2
E
∆
+
ε
k
−D
S
k
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As this approximation led to a vanishing result, we do the calculation without the approximation. In fact, the sum in Eq. (A.10) can be converted into an integral which can
be performed analytically, resulting in
"
 EC 
Heff (0,↑)−(↑,0) = 2tSL tSR ρ0 arctan

!

D
p
∆2 − ε2L

εL

D

!

εL

εR

p
+p
∆2 − ε2L
∆2 − ε2R

!
.

(A.13)

One can further simplify the formula by neglecting εα next to ∆ in the denominators,
yielding
 EC 
εL + εR
εL + εR
Heff (0,↑)−(↑,0) ≈ πtSL tSR ρ0
= ΓCAR
.
(A.14)
∆
∆
The main difference compared to the LAR, CAR and interdot (IT) mechanisms (for
the latter see Eq. 2.8) is the dependence of the matrix element on the on-site energies. On
the εL = −εR line, this EC matrix element vanishes; it is possible that methods using less
approximations (e.g., higher-order perturbation theory) yield non-vanishing contributions.
Eq. A.14 implies that the strengths of CAR and EC mechanisms are not independent.
I introduce the dimensionless quantity
γEC = ΓCAR /∆,

(A.15)

to characterize the strength of the EC mechanism. Even though in this model, and most
probably also in an actual experiment, the strengths of CAR and EC are linked, in the
main text I treat ΓCAR and γEC as independent parameters to analyze their effect separately.
With derivations similar to the previous one, the list of the non-zero matrix elements
of the EC term of the effective Hamiltonian are as follows:
 EC 
Heff (0,↑)−(↑,0)
 EC 
Heff (0,↓)−(↓,0)
 EC 
Heff (↑,↓)−(0,↑↓)
 EC 
Heff (↓,↑)−(0,↑↓)
 EC 
Heff (0,↑↓)−(↑,↓)
 EC 
Heff (0,↑↓)−(↓,↑)
 EC 
Heff (↑,↑↓)−(↑↓,↑)
 EC 
Heff (↓,↑↓)−(↑↓,↓)

= γEC (εL + εR )
= γEC (εL + εR )
= γEC (εL + εR + UR )
= −γEC (εL + εR + UR )
= γEC (εL + εR + UL )
= −γEC (εL + εR + UL )
= −γEC (εL + εR + UL + UR )
= −γEC (εL + εR + UL + UR ) .

#

p
p
.
∆2 − ε2R
∆2 − ε2R
(A.12)

p
+ arctan
∆2 − ε2L

Taking the infinite-bandwidth limit, D → ∞, this result simplifies to
 EC 
Heff (0,↑)−(↑,0) = πtSL tSR ρ0

εR

(A.16)
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A.3

Zeeman splitting in the presence of an exchange
field

In Sec. 4.2 I have investigated the energy spectrum of a double quantum dot coupled
to a ferromagnetic and a normal electrode. The presence of the ferromagnet can affect
the dot’s state in two ways. First via the stray field originating from the net magnetic
moment. This field is always antiparallel to the direction of the magnetization. And second
via the exchange effect. The relation between the magnetization and the exchange field
sensed by the electron on the quantum dot depends on the microscopic details, such as the
orbital character of the wavefunction. Here I will show, how the exchange effect modifies
the energy levels of the electron in magnetic field.
First an electron is affected by the external magnetic field, B via the Zeeman-effect,
the two spin states splits linearly with the magnetic field (see Eq. (2.5)). Here I assume
that the g-tensor is isotropic.
As a second component, it is important to know, how the ferromagnet behaves in
magnetic field, assuming that magnetic field is parallel with the easy axis of the electrode.
For large fields the magnetization, M is parallel to B. In the experiment I have used a
permalloy electrode which has a strong shape anisotropy, hence once being polarized, the
electrode preserves its magnetization even in the absence of the external field. With other
words, the permalloy’s remanent magnetization is close to the saturation value. Applying
a magnetic field antiparallel to the magnetization is energetically not preferable, at a
certain field, called switching field, Bsw the magnetization flips. This can be summarized
as
M (B) /Msat = −1 + 2Θ (B + Bsw ) ,
(A.17)
for a down-sweep of the magnetic field, where Θ is the Heaviside-function. This magnetic
field dependence of the magnetization is illustrated on the inset of Fig. A.2a. For an
up-sweep of B the switching would occur at positive fields.
As a third component the magnetization acts on the electron as an effective magnetic
field, the exchange field Bex being either parallel or anti-parallel, with the magnetization
Bex = ±γM.
Altogether the Zeeman energy of the electron is


M (B)
.
EZ = gµB B ± γ
Mmax

(A.18)

(A.19)

The Zeeman splitting for a down-sweep of B is plotted on Fig. A.2 for six different
cases, i.e. the exchange field being parallel/antiparallel to the magnetization, and being
weaker, equal and stronger than the switching field.
In all of the cases the high field behavior is linear splitting, where the effective field is
the sum/difference of the external field and the exchange field, depending on the relative
orientation of the magnetism and the exchange field. This is also indicated by the different
direction of the jump at Bsw The main difference appears at low fields. The number and
the position of the crossing points are the main indicators, which case is realized in an
experiment.
Note that the splitting presented on Fig. 4.10d resemble the one on panel e) of Fig. A.2,
since this is the only case where two crossing points are present out of the switching region.
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Figure A.2: Effect of an exchange field on the Zeeman splitting of electron. Inset of panel a):
the magnetic field dependence of the ferromagnet’s magnetization.
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A.4

Fitting with the rate equation model

In Sec. 5.2 I have analyzed the Shiba state formed in a SC–QD system, probed by two
normal electrodes, a tunnel electrode, N coupled to the superconductor at a finite distance
from the dot, and one, directly coupled to the dot (NQD ) with a tunable barrier. In Sec. 5.1
we have seen that the resonance of the current measured in the tunnel electrode, IT is the
non-local signature of the Shiba state. In Sec. 5.2 I have showed that the non-local signal
significantly increases as the barrier between the dot and the NQD lead is decreased.
I have used a simple rate equation model to explain the experimental findings, but I
obtained significantly different fitting parameters in different runs. Here I will provide
further details of the fitting procedure and I will explain the origin of the uncertainty of
the fitting parameters.
In Sec. 5.2.2 I have derived a closed from of the IT (IQD ) function depending on there
QD
QD
T
T
independent variables, WDS
, WSD
and η = MDS
/MSD
. I performed the fitting with 525
different initial condition drawn from the following list
T
WDS
∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1}
T
WSD ∈ {1e-3, 1.5e-3, 2e-3, 2.5e-3, 3e-3}
η ∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10, 20, 50, 100, 200, 500}.

The resulting fitting parameters scattered a lot, but all of them gave very similar curves
for the current. We will see that the problem comes from the fact that the fit is insensitive
to one certain combination of the three variables. To see this, lets try to identify which
properties of the experimental dataset determine the result of the fitting.
Naively one can find two of such properties:
1. When the current through the quantum dot is quenched the average of the conductance increment in tunnel probe is about 0.005 G0 . The corresponding current
formula, derived from the master equation is
IT (ΓQD = 0) =

T
T
WDS
4WSD
≈ 0.005.
T
T
+ 2WDS
WSD

(A.20)

2. For large IQD the conductance enhancement saturates around 0.02 G0 . The formula

T
T
2 WDS
+ ηWSD
IT (ΓQD → ∞) =
≈ 0.02.
(A.21)
1 + 2η
The question is whether one can identify a third restriction or not. To provide an answer first I compare Eqs. (A.20)&(A.21) with the obtained fitting parameters. Fig. A.3a
shows the contour lines of Eq. (A.20) for a few values of IT (ΓQD = 0) close to the experimentally determined 0.005. The red dots are the determined fitting parameters. They
T
nicely follow the IT (ΓQD = 0) = 0.00479 contour line. These fits restrict the value of WSD
in a very narrow range, ≈ 0.242e-3.
Using the previously determined IT (ΓQD = 0) = 0.00479 restriction I plotted the
contour lines of Eq. (A.21) on Fig. A.3b for a few values of IT (ΓQD → ∞) close to 0.02.
Again there is single curve, with the value of IT (ΓQD → ∞) = 0.0212 on which all of
166

A.4. Fitting with the rate equation model
the fits fall. Up to this point we can conclude that all fittings fulfill the conditions of
Eqs. (A.20)&(A.21), and at the same time we have determined the two current limits.
In a second step one should examine how the IT (IQD ) curve depend on the single
remaining free variable. To this end I have substituted the two obtained restrictions in
T
the current formula, and left WDS
as the single variable. I plotted IT as the function of
this parameter for a few values of IQD on Fig. A.3c. From this figure one can draw two
T
conclusions, i) in a wide range of the WDS
parameter the curves are flat, i.e. the fit is
T
rather insensitive to this parameter, and ii) For low WDS
values the current curves have
an upturn, which indicates that generally IT (IQD ) indeed has three independent variables.
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Figure A.3: a,b) Comparison of the obtained fit parameters with the restrictions imposed by
Eqs. (A.20)&(A.21). c) Dependence of IT on the third fitting parameter. d) A fit in a different
T = 1.212e-3, W T = 0.2328 and η = 0.0435.
region of parameters, with WDS
SD

Up to point I have artificially restricted the fits to the horizontal branch of the contour lines of Eq. (A.20) (see Fig. A.3a). Using different initial conditions one can obtain
qualitatively different results, which fall on the vertical branch of the contour line. Such
T
T
an example is shown on Fig. A.3d with WDS
= 1.212e-3, WSD
= 0.2328 and η = 0.0435.
T
Note that for these fits – contrary to the previous case – the value of WDS
is restricted in a
T
very narrow range. One can notice that this value differs from the previous WSD
≈ 2.42e-3
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in a factor of 2. The reason is that former parameter range is the particle-hole symmetry
pair of the previous one, i.e. describes the opposite direction of the current. And the factor
of two difference come from the degree of degeneracy of the singlet and doublet states.

A.5

Zero bandwidth approximation of tunnel coupled superconductor – quantum dot system

In Sec. 5.2 I have used the zero bandwidth approximation (ZBA) for the description
of a SC–QD system to understand why the non-local signal of the Shiba depends on the
tunnel coupling between the quantum dot and the NQD normal lead. Here I will provide
the details on the calculations outlined in Sec. 5.2.3.
As a reminder the quantum dot is described by the single impurity Anderson model (see
Eq. 2.4) and the superconductor is treated on the level of the ZBA (see Eq. 2.37). Tunnel
ZBA
ZBA
coupling between the two is Eq. 2.38. Since H = HQD +HSC
+HTS
preserves the overall
parity the eigenproblem can be separated to the singlet and doublet invariant subspaces.
Assuming single quasiparticle the resulting Hamiltonians’ matrix representations are
√ 
√

0√
tS / 2 −tS / 2
HS =  tS / √2 ε + ∆
0 
−tS / 2
0
ε+∆
√ 

ε√ tS / 2
HD =
,
(A.22)
∆
tS / 2
where the (|0, 0i, | ↑, ↓i, | ↓, ↑i) [(|σ, 0i, |0, σi)] basis was used for the singlet [doublet] subspace.
Solving the eigenproblem reveals that the ground state of the two subspaces is degent2S
line. This draws the boundary between the singlet and doublet
erate along the ε = − 2∆
phases of the Shiba state. Restricting the analysis to the phase boundary leave tS /∆ as
the only independent variable. The ground states of each subspace can be summarized as
|Si = uS |0, 0i + vS | ↑, ↓i − vS | ↓, ↑i
|σi = uD |σ, 0i + vD |0, σi.

(A.23)

The wavefunction amplitudes, uS/D and vS/D are plotted on Fig. A.4a&b. In the limit of
tS → 0 the grounds states are purely the particle number eigenstates of the quantum dot.
With increasing coupling in the singlet subspace the original |0, 0i contribution decreases
monotonously and the |σ, σ̄i contributions increase. The opposite sign of the | ↑, ↓i and
| ↓, ↑i part indicates that indeed their singlet combination hybridize with the empty dot
state. On contrary in the doublet subspace (panel b) the trend in not monotonous with
the coupling strength.
From the ground state wavefunction the transition matrix elements are obtained as it
is outlined in Eq. (5.12). They are plotted on panel c of Fig. A.4.
T
T
In a large region of parameter MDS
 MSD
(see the orange and the red curve) which
results in the bottleneck effect in the ΓQD = 0 limit, outlined in the main text. The
QD
presence of the MSD
transition resolves the bottleneck effect as ΓQD is increased from 0.
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Figure A.4: a,b,d,e) Composition of the singlet and doublet eigenstates for 1 quasiparticlce on
panel a) and b), and for 2 quasiparticle on panel d) and e). c,f) Transition matrix elements in
the zero bandwidth approximation model with 1 quasiparticle on panel c), with 2 quasiparticles
on panel f).
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Given the transition matrix elements one could use the master equation (5.6) to calculate the currents, IT and IQD . For simplicity I have fixed ΓT to 0.02, leaving tS /∆ and
ΓQD as variables. Fig. A.5 shown the obtain current curves. For tS = 0 both current
are quenched, since in this case the quasiparticle states are not mixed into the ’Shiba’
state, hence current cannot flow from the superconductor to lead N and the dot states are
pure particle number eigenstates, therefore there is no reservoir of electrons to provide
a stationary current. For small tS both current increase quadratically with tS . At larger
couplings they have a maximum and start to decrease for even stronger couplings. This
former region lies outside of the validity range of the ZBA model.
As the function of ΓQD the tunnel current, IT increase linearly in the low coupling
limit and saturates for large couplings, while IQD is linear with ΓQD for both small and
large coupling limit, just with different slopes.
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Figure A.5: The currents in the tunnel electrode, IT and through the quantum dot, IQD as the
function of tS /∆ and ΓQD with ΓT = 0.02 in the case of only one quasiparticle.

Allowing for two quasiparticles in the superconductor the dimension of the Hamiltonian
increase, leaving the numerical solution as a sole option. The matrix representation of the
Hamiltonians are
√
√


0√
tS / 2 −tS / 2
0√
 tS / 2 ε + ∆
0
tS / √2 

√
HS = 
−tS / 2
0√
ε +√
∆ −tS / 2
0
tS / 2 −tS / 2
2∆
√


ε√
tS / 2
0√
HD = tS / 2
(A.24)
∆√ −tS / 2 ,
0
−tS / 2 ε + ∆
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where the (|0, 0i, | ↑, ↓i, | ↓, ↑i, |0, ↑↓i) [(|σ, 0i, |0, σi, |σ, ↑↓i)] basis is used for the singlet
[doublet] subspace. Similarly as in the single quasiparticle case I will restrict my analysis
to the ground state degeneracy line (determined numerically).
The ground states can be expressed as,
|Si = uS |0, 0i + vS | ↑, ↓i − vS | ↓, ↑i + zS |0, ↑↓i
|σi = uD |σ, 0i + vD |0, σi + zD |σ, ↑↓i,

(A.25)

where the difference compared to Eq. (A.23) is that the two-quasiparticle states also
appear with zS and zD amplitude. The wavefunction amplitudes are plotted on panels d
and e of Fig. A.4. The overall trend is similar to the one in case of single quasiparticle.
The transiton matrix elements are shown on Fig. A.4f. The calculated current also behave
similarly as in case of a single quasiparticle model (not shown here), the main difference
is the cut-off of the currents in the large tS /∆ region is much stronger.
The corresponding transition matrix elements are plotted on Fig. A.4f. The currents
behave similarly as for one quasiparticle (not shown here), with the only difference that
the reduction of the currents for large tS is stronger. For a comparison of the currents for
the one and two quasiparticle case see Fig. 5.10.

A.6

Effect of nuclear spins on Cooper pair splitter
proposal

Here I describe the effect of hyperfine interaction on the measurement scheme proposed
in Sec. 5.3 via numerical simulations. First I provide the details of the simulations, then I
discuss the results of the simulations. The results presented here extend those of Sec. 5.3.4.

A.6.1

Simulation

Here I consider the case of isotropic g-tensors that are identical on the two dots; they
are characterized by a single g-factor to be denoted by g. The reference frame is chosen
such that the external magnetic field is applied along the z direction, which also coincides
with the spin quantization axis. The simulations are performed in a 6-dimensional Hilbert
space spanned by the states of the (0, 0), (1, 1) and (2, 2) charge configurations. The basis
used is {|(0, 0)i, | ↑↑i, | ↑↓i, | ↓↑i, | ↓↓i, |(2, 2)i}.
In this basis, the Hamiltonian used in the simulations is expressed as


0
0
−ΓCAR
ΓCAR
0
0
BL +BR

 0
+ 2ε(t)
~ΩR (t)
~ΩL (t)
0
0
2


B
−B
L
R
−ΓCAR
~ΩR (t)
+ 2ε(t)
0
~ΩL (t)
ΓCAR 
2
.

H=
BL −BR

Γ
~Ω
(t)
0
−
+
2ε(t)
~Ω
(t)
−Γ
CAR
L
R
CAR


2
B
+B
 0

0
~ΩL (t)
~ΩR (t)
− L 2 R + 2ε(t)
0
0
0
ΓCAR
−ΓCAR
0
4ε(t) + 2U
(A.26)
In Eq. (A.26), Bα = µB gBext +BN,α,z (α = L, R). This provides an accurate description
of the DC effective magnetic field as long as gµB Bext  BN , since then the leading-order
expansion of Eq. (5.17) in the small quantity BN /gµB Bext is Bα = gµB Bext ẑ + BN,α ≈
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gµB Bext ẑ + BN,α,z ẑ, with ẑ being the unit vector pointing in the z direction (i.e., along
the external B field).
The matrix elements proportional to ΓCAR are obtained from Eq. (5.15) after transforming from the singlet-triplet basis used in Sec. 5.3.2 to the product-state basis used
here.
In the simulation, the on-site energy ε(t) of the qunatum dots is parked at −U/2 for
the spin preparation, and swept linearly in time to the measurement point at −3U/2:

2π
U
if 0 ≤ t < ΩRabi

− 2
2π
2π
(A.27)
ε(t) = − U2 − αt if ΩRabi
≤ t < ΩRabi
+ Uα ,

 3U
2π
U
−2
if ΩRabi + α ≤ t.
The EDSR pulse applied for the spin preparation is assumed to be on resonance with
the Zeeman splitting induced by the external magnetic field, and also assumed to create
an effective AC magnetic field along the x axis, Ωα (t) = Ωα (t)x̂, and its effect is included
in the simulation via
(
θα
ΩRabi cos (µB gBext t/~) if 0 < t ≤ ΩRabi
(A.28)
Ωα (t) =
0
otherwise.
and α = R, L.
Numerical values of the parameters used in the simulation are given in Table A.1.
Note that the matrix elements that are proportional to ΓCAR in Eq. (A.26) are εdependent (see Appendix A.2). However, I disregard this ε-dependence in the simulations,
because this extra feature does not lead to qualitative differences in the results.
In the simulations, the initial state is the ground state of the (1, 1) charge sector, i.e.,
| ↓, ↓i. The time evolution of the initial state, governed by the Hamiltonian of Eq. (A.26),
2π
+ Uα , cf. Eq. (A.27). For each run, the
is computed numerically up to t = tf ≡ ΩRabi
z component of the Overhauser field, BN,α,z is assumed to be frozen. The occupation
probability P2,2 corresponding to the charge measurement is derived from the final state
ψ(tf ) as P2,2 = |h(2, 2)|ψ(tf )i|2 . The resulting P2,2 depends on the values of the Overhauser
fields BN,L,z and BN,R,z . I account for the random nature of the Overhauser fields by
averaging for those assuming a Gaussian distribution with standard deviation of BN ,
resulting in
Z ∞
Z ∞
+B2
B2
− N,L,z 2 N,R,z
1
2B
N
P 2,2 =
dBN,L,z
dBN,R,z e
P2,2 (BN,L,z , BN,R,z ).
(A.29)
2
2πBN
−∞
−∞
This integral is estimated numerically, based on the rectangle rule, using a grid for
(BN,L,z , BN,R,z ) in the range [−4BN , 4BN ] × [−4BN , 4BN ] with a resolution of BN /5 ×
BN /5.
The P2,2 probabilities and the P 2,2 averages were computed on an 11×11 grid of (θL , θR )
in the region [0, 2π] × [0, 2π]. The P 2,2 maps shown in Fig. A.6 are 2D interpolations of
this numerical data.

A.6.2

Results

Figure A.6a-c show the results for the Overhauser-field-averaged occupation probability P 2,2 as a function of the spin-rotation angles θL and θR , for three different values of the
172

A.6. Effect of nuclear spins on Cooper pair splitter proposal
name
Coulomb energy
Rabi frequency
induced gap
external B field
on-site energy, preparation
on-site energy, readout
on-site energy sweep rate

notation
U
Ω
√ Rabi
2ΓCAR
|µB ĝB ext |
εprep
εreadout
α

value
4 meV
2π × 100 MHz
10 µeV
100 µeV
−U/2 = −2 meV
−3U/2 = −6 meV
Γ2CAR
= 151.98 µeV
~
ns

Table A.1: Numerical values of the parameters used in the simulations.

energy scale BN of the Overhauser fields. For comparison, I note that the Rabi frequency
ΩRabi = 2π × 100 MHz used in the simulations (see Table A.1) corresponds to an energy
scale of ~ΩRabi ≈ 0.4 µeV. The key features of the results are as follows.
(a) In this case, ~ΩRabi  BN , therefore the power broadening of the EDSR pulse is
large enough to ensure that the pulse is on resonance with the spins for essentially any
value of the Overhauser fields. For the same reason, the hyperfine-induced shift of the
spins’ Larmor phases during the spin manipulation, which are of the order of BN /~ΩRabi ,
are much smaller than unity. These two facts together ensure that P 2,2 shows no qualitative
differences as compared to the ideal-case result (obtained for the absence of hyperfine
interaction) shown in Fig. 5.15 of the main text.
(b) In this case, the Overhauser-field energy scale BN is still too small to detune the spin
splitting from resonance, hence the spin control is still effective. This is demonstrated by
the feature that the maximal value of P 2,2 approaches 0.5, as in the ideal case (Fig. 5.15).
However, the simulation result Fig. A.6b also demonstrates that the hyperfine-induced
shifts of the spins’ Larmor phases, accumulated during the spin manipulation, are of the
order of unity for this parameter set. To support this interpretation, lets focus on the
special case of θL = θR = π/2, where a saddle point at a height of ∼ 0.25 appears
in P 2,2 in Fig. A.6b. The interpretation of this value of P 2,2 is as follows. The EDSR
pulse is effective in creating an equal superposition of the ↑ and ↓ states for both spins,
implying that in the absence of the Overhauser fields, the prepared state would have a
probability of 1/4 of occupying both |T− (1, 1)i and |T+ (1, 1)i, and a probability of 1/2 of
occupying |T0 (1, 1)i. However, the Overhauser fields are typically different in the two dots,
and thereby induce a mixing between |T0 (1, 1)i and |S(1, 1)i. If this mixing is fast enough,
which seems to be the case for this parameter set, then it results in a 1/4 probability of
finding the two spins in the |S(1, 1)i state after the spin preparation. This interpretation
explains the value P2,2 (π/2, π/2) ≈ 0.25 found in the simulation, and also all further
qualitative changes with respect to the ideal-case result.
(c) In this case, the typical Overhauser field exceeds the power broadening of the EDSR
pulse, i.e, hyperfine interaction detunes the spin splittings from the resonance condition.
Therefore the spin manipulation is rendered ineffective, i.e., after the pulses the twoelectron spin state remains mostly in the initial state | ↓, ↓i, leading to a nearly vanishing
P2,2 upon charge measurement.
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a) BN = 0.01µeV
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P̄2,2
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b) BN = 0.05µeV
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c) BN = 1µeV
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Figure A.6: Deviations from the ideal-case result due to hyperfine interaction. The plots show
the probability (P2,2 ) of measuring the (2,2) charge state at the end of the proposed experimental
sequence, averaged over the random nuclear-spin configurations (P 2,2 ). Subplots (a), (b) and (c)
differ in the energy scale BN of the hyperfine interaction. See Appendix A.6 for details and
interpretation, and Table A.1 for the values of the parameters used in the simulation.
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A.7

Effect of g-tensor difference on CPS proposal

Here, I provide details of the analysis of the case of different anisotropic g-tensors in
the two quantum dots, presented in Sec. 5.3.4.

A.7.1

Anisotropic g-tensors

In Sec. 5.3.4, I claim that even if the two g-tensors ĝ L and ĝ R characterizing the
two quantum dots are different and anisotropic, it might be possible to render the two
Zeeman splittings equal by appropriately adjusting the direction of the external magnetic
field B ext . Here, I provide two examples of such g-tensor pairs, see Table A.2. Case I is a
hypothetical example, whereas case II is a g-tensor pair that was measured in a nanowire
double dot [2].
Before discussing cases I and II, let us start with a two-dimensional (2D) illustration,
see Fig. A.7a,b. I take
√ 



1
5
− 3
2 0
√
.
ĝ L =
and
ĝ R =
0 1
7
4 − 3
In 2D, the orientation n = Bext /|Bext | of the external magnetic field is parametrized with
the angle ϕB ∈ [0, 2π[ as n(ϕB ) = (cos ϕB , sin ϕB ). The dimensionless Zeeman splittings
are given by |ĝα n| (α = L, R). It is possible to visualize the field orientations of equal
Zeeman splittings by plotting the two dimensionless Zeeman splittings on one 2D polar
plot as a function of ϕB , see Fig. A.7a. In this figure, the red (green) line corresponds to
QDL (QDR ). The intersection points (blue) of the two lines indicate the field orientations
of equal Zeeman splittings. One of those field orientations is highlighted in Fig. A.7a with
the vector n. Choosing the field along this n, the effective magnetic fields Bα enclose
a nonzero angle β in general. This is illustrated in Fig. A.7b, where the dimensionless
effective magnetic fields ĝ L n and ĝ R n are shown. (The ellipses in Fig. A.7b are parametric
plots, showing ĝ α n(ϕB ) as parametrized by ϕB ∈ [0, 2π[.)
Now take the three-dimensional (3D) case I in Table A.2. The direction of the external
magnetic field is characterized by spherical coordinates θB , ϕB fulfilling


sin θB cos ϕB
B ext
=  sin θB sin ϕB  .
(A.30)
n(θB , ϕB ) ≡
|B ext |
cos θB
The field orientations of equal Zeeman splittings are again visualized by plotting the two
dimensionless Zeeman splittings on one 3D spherical plot (in analogy with the 2D polar
plot above), see Fig. A.7c. The intersection lines of the two surfaces, shown as blue lines in
Fig. A.7c, indicate the field orientations of equal Zeeman splittings. (The corresponding
figure for case II is Fig. A.7e.)
As demonstrated by the 2D example of Fig. A.7a,b, for equal Zeeman splittings in
the quantum dots, the angle β enclosed by the effective DC magnetic fields BL and BR
is generally nonzero. In the 3D cases though, see Figs. A.7c and e, the angle β can be
changed via moving along the intersection of the two surfaces (i.e., the blue lines), while
the equality of the Zeeman splittings is maintained. This degree of freedom can, and for the
purpose of the proposed experiment, should be utilized to minimize β with the constraint
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I
II

QD
L
R
L
R

g1
8
5
9.1
8.4

g2
6
19
7.8
7.3

g3
12
10
7.5
7

γ1
0.9
-0.81
1.9
-0.81

γ2
1.1
2
2.1
2

γ3
-0.75
0.5
-0.25
1.5

Table A.2: The g-tensors for the two examples shown in Fig. A.7c-f. Here, gi are the eigenvalues
of the g-tensor, and γi are the Euler angles, measured in radians, characterizing the orientation
of the eigenvectors of the g-tensor.

that the Zeeman splittings are equal. The simulations, presented in Sec. 5.3.4 and to be
described in detail below, correspond to case I (Fig. A.7c) with such a minimized angle
βmin ≈ 32◦ .

A.7.2

Simulation

Here, I provide details of the numerical simulations discussed in Sec. 5.3.4. As stated
there, I disregard hyperfine interaction, and describe a case where the effective DC magnetic fields, BL and BR are equal in magnitude and enclose an angle of β = 32◦ . As
illustrated in Fig. A.8, we use a reference frame where the z axis is aligned with BL , and
BR lies in the x > 0 half-plane of the x-z plane. Furthermore, the effective AC fields, ΩL
and ΩR are assumed to lie in the x-z plane, perpendicular to their respective DC fields.
The simulations are performed in the 6-dimensional Hilbert space defined in Sec. A.6.1.
However, here the basis adjusted to the current problem by using different spin quantization axes for the two dots: the local quantization axes are aligned with the local DC effective fields. The corresponding single-spin basis states in QDL (QDR ) are denoted by | ↑i
and | ↓i (| ⇑i ≡ cos β2 | ↑i+sin β2 | ↓i and | ⇓i ≡ − sin β2 | ↑i+cos β2 | ↓i). Accordingly, the basis we use here for the 6-dimensional Hilbert space is {|(0, 0)i, | ↑, ⇑i, | ↑, ⇓i, | ↓, ⇑i, | ↓, ⇓i, |(2, 2)i}.
In this basis, the Hamiltonian used in the simulations is expressed as


0
−ΓCAR sin( β2 ) −ΓCAR cos( β2 ) ΓCAR cos( β2 ) −ΓCAR sin( β2 )
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0
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ΓCAR cos( 2 ) −ΓCAR cos( 2 ) ΓCAR sin( 2 )
4ε(t) + 2U
(A.31)
where I introduced B = |BL | = |BR |.
Similarly to the case of Eq. (A.26), the matrix elements proportional to ΓCAR are
again obtained from Eq. (5.15) after transforming from the singlet-triplet basis used in
Sec. 5.3.2 to the product-state basis used in this section. The terms ∝ ΓCAR in Eq. (A.31)
express the fact that for a nonzero β, all four (1, 1) states of the current basis contain
a finite amplitude of S(1, 1), hence the proximity effect couples all of them to (0, 0) and
(2, 2) states.
As explained in Fig. 5.16a, in these simulations the on-site energy ε(t) of the quantum dots is parked at −U/2 for the spin preparation, and swept linearly in time to the
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Figure A.7: Equalizing Zeeman splittings in the two dots. Red/green corresponds to QDL/R .
a) 2D polar plot of the dimensionless Zeeman splitting, as a function of the polar angle ϕB of
the external magnetic field. Intersections (blue points) correspond to field orientations providing
equal Zeeman splittings in the two dots. b) Dimensionless effective magnetic field ĝ α n corresponding to the field direction n drawn in panel a). The ellipses are parametric plots, showing
ĝ α n(ϕB ) as parametrized by ϕB ∈ [0, 2π[. c) 3D spherical plot of the dimensionless Zeeman
splitting for the g-tensor pair I (see Table A.2), as a function of the angles θB , ϕB of the external magnetic field. Intersections (blue lines) correspond to the field orientations providing equal
Zeeman splittings in the two dots. d) The dimensionless effective magnetic field ĝ α n(θB , ϕB ),
shown in a parametric plot. e,f) These correspond to c,d), with the difference that the g-tensor
pair II of Table A.2 was used.
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BL

z
x

BR
β

ΩL (t)

ΩR (t)

Figure A.8: Orientation of the DC (BL , BR ) and AC (ΩL , ΩR ) effective magnetic fields, as
used in the numerical simulations addressing the role of different g-tensors in the two quantum
dots.

measurement point at −3U/2:

U
2π
if 0 ≤ t < ΩRabi
+ twait

− 2
2π
2π
U
ε(t) = − 2 − αt if ΩRabi + twait ≤ t < ΩRabi
+ twait +

 3U
2π
U
−2
if ΩRabi + twait + α ≤ t

U
α

,

(A.32)

Note that the difference between this Eq. (A.32) and Eq. (A.27) is the appearance of the
waiting time twait .
The EDSR pulses Ωα (t) used here are identical to those given in Eq. (A.28). Numerical
values of the parameters used for the simulations are given in Table A.1.
The P2,2 probabilities were computed on a 11×11 grid of (θL , θR ) in the region [0, 2π]×
[0, 2π]. The P2,2 probability maps shown in Figs. 5.16b,c are 2D interpolations of the
numerical data.

A.8

Particle-hole transformations and particle-hole
symmetry

In Sec. 5.4.2, I have discussed that the different terms of the Hamiltonian might have
particle-hole symmetry (PHS), which can be generated by various particle-hole transformations (PHTs). Here I will show how the individual terms of the Hamiltonian transform
under different PHTs.
To analyze the presence and consequences of the PHS of the effective Hamiltonian,
it is instructive to rewrite the on-site terms using the normal ordered particle number
operators:
X X
X
H̃QD = H0 + HINT =
ε̃α : nασ : +
Uα : nα↑ :: nα↓ :,
(A.33)
α=L,R

σ

α=L,R

where : nασ := d†ασ dασ − 21 is the normal ordered particle number operator. H̃QD differs in
two ways from the original HQD . First, the reference of the on-site energy is shifted to ‘the
center of the odd charge state’, or ‘particle-hole symmetric point’, i.e., ε̃α = εα − Uα /2.
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i
ii
iii
iv
v
vi
vii
viii

d†L↑
dL↑
dL↑
dL↑
dL↑
dL↓
dL↓
dL↓
dL↓

d†L↓
dL↓
−dL↓
dL↓
−dL↓
dL↑
−dL↑
dL↑
−dL↑

d†R↑
dR↑
dR↑
−dR↑
−dR↑
dR↓
dR↓
−dR↓
−dR↓

d†R↓
dR↓
−dR↓
−dR↓
dR↓
dR↑
−dR↑
−dR↑
dR↑

H0
-

HINT
+
+
+
+
+
+
+
+

LAR
Heff
+
+
+
+
-

CAR
Heff
+
+
+
+

EC
Heff
+
+
+
+
-

HIT
+
+
+
+

Table A.3: Particle-hole transformations, and how the terms of the effective Hamiltonian of
the Cooper pair splitter transform under the each transformation.

Second, a trivial constant shift of energy levels is introduced. The other terms of the
effective Hamiltonian remain unchanged.
I consider here 8 different transformations, detailed in the left part of Table. A.3.
For a PHT the creation (annihilation) operators are replaced by annihilation (creation)
operators, while the spin index is preserved. This condition holds for the first four transformations of Table. A.3, which differ in the relative signs for different spins and different
dots. Right part of Table. A.3 shows how the different terms of Hamiltonians transform
under the PHTs. Transformations (v)-(viii) are generated by flipping the spin indices of
the PHTs (i)-(iv), which corresponds to the time-reversal transformation. Since any timereversal breaking mechanism is neglected in the model, the Hamiltonian terms transform
the same way under a PHT and a combination of PHT and time-reversal (e.g. under
transformations (i) and (v)).
All PHTs listed in Table. A.3 preserves HINT , but flips the sign of H0 . Therefore all
PHTs introduced here connects the properties at (ε̃L , ε̃R ) to (−ε̃L , −ε̃R ), i.e. corresponding
to an inversion with respect to (ε̃L = 0, ε̃R = 0). Hence the (ε̃L = 0, ε̃R = 0) point is called
the particle-hole symmetric point.
LAR
CAR
EC
The other coupling terms, Heff
, Heff
, Heff
and HIT transform differently under
different PHTs. We call a Hamiltonian particle-hole symmetric if there exists a PHT
which preserves all terms of the Hamiltonian (except H0 ).
A few examples:
1. If the complete Hamiltonian is the sum of the first five terms, i.e., IT is absent,
then PHTs (i) and (ii) are PHSs, hence we expect to see the consequence of PHS on
the measurable quantities, e.g., an inversion symmetry of the phase diagram (not
shown).
2. If EC and IT are present simultaneously, then there is no PHT in Table A.3. that
would be a PHS. This is consistent with the fact that the phase diagram in Fig. 5.18e
does not show inversion symmetry.
3. If LAR and IT are present in the Hamiltonian, then PHT (iv) is a PHS, ensuring
the inversion symmetry of the phase diagram, as confirmed by Fig. 5.18d.
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My study focuses on a two-site model. One work in which the role of PHTs was
elaborated on is Ref. [262], where Sznajd and Becker showed that the generalization of
PHT (iii) in Table A.3 is a PHS of the usual non-superconducting Hubbard-model on a
bipartite lattice.

A.9

Additional data on finite bias transport simulation

In Sec. 5.4.4 I discussed that in general the non-local coupling terms hybridize the
Andreev states on the separate quantum dots, leading to the appearance of anticrossings
in the transport spectrum. Here I will show the similarities and the differences of the
anticrossings originating form different coupling terms. Generally two dominating anticrossings open, one on diagonal, i.e. on the εR = εL line and one on the skew-diagonal,
εR = −U − εL , their relative size and their evolution as εα is tuned differ for each coupling
mechanisms.
Fig. A.9 shows the differential conductance of the two side, GL and GR , in the absence
of non-local couplings on panel (a) (same as Fig. 5.19a) and with only one coupling being
finite on panels (b-d) (ΓCAR = 0.1U on panel (b), γEC = 0.15 on panel (b), tLR = 0.1U
on panel (d)) as the function of εL and µN for fixed εR = −1.2U . Fig. A.10 shows the
conductance for the three latter case along the diagonal and the skew-diagonal, to illustrate
the evolution of the size of the anticrossings.
In case of CAR coupling (ΓCAR = 0.1U ) the more pronounced anticrossing is located
on the skew-diagonal at εL = 0.2U , constituting of 3 conductance lines, appearing along
the dashed line on Fig. A.9b. Another smaller anticrossing is present on the diagonal
(εR = εL ) at εL = −1.2U , marked with gray dotted line.
When εR is tuned, the size of the anticrossing positioned on the skew-diagonal remains the same, while for the one moving on the diagonal is maximal in the particle-hole
symmetric point (εL = εR = −U/2) and decrease as the on-site energies are tuned away
from this point. These two different evolution are shown on panel d) and a) of Fig. A.10,
respectively. The gray dashed and dotted lines also mark the correspondence of Fig. A.9
and Fig. A.10. Note that due to the symmetries for the special cuts, presented on Fig. A.10
the conductance of the two sides are equal, GL = GR .
Explanation of the anticrossings: At εL = 0.2U , εR = −1.2U the ground state of
the QD–SC–QD system is a Signlet, dominantly |gsi ∝ |0, ↑↓i + ... and the first two
excited states are Doublets, |es1/2 i ∝ |0, σi ± |σ, ↑↓i + ..., which are the bonding and
antibonding combination of |0, σi and |σ, ↑↓i states, hybridized by the CAR. The lower
and upper excitation lines of the three in the anticrossing corresponds to the |gsi → |es1 i
and |gsi → |es2 i transitions.
The third, middle line running parallel with the upper one corresponds to the excitation
to the third, singlet excited state, from the first one, |es1 i → |es3 i = |S(1, 1)i + .... The
excitation energy for the transition is lower than the |gsi → |es2 i transition’s. Note that
this third excited state, |es3 i cannot be accessed from the ground state since it has the
same parity.
At εL = εR = −1.2U the ground state is dominantly |gsi = | ↑↓, ↑↓i + ... and the
excited states are |es1 i = |σ, ↑↓i+... and |es2 i = | ↑↓, σi+.... These two components cannot
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ΓCAR = 0U, γEC = 0, tLR = 0U, εR = -1.2U
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Figure A.9: Differential conductance of the QD–SC–QD system to the N leads as a function of
εL and µN for fixed εR = −1.2U , with ΓLAR,L = ΓLAR,R = 0.25U a) without non-local couplings
the usual single-QD ABS is formed on the dots, same as Fig. 5.19a in the main text., b) with
ΓCAR = 0.1U , c) with γEC = 0.15, with tLR = 0.1U . The presence of the non-local couplings lead
to the hybridization of the ABSs on the QDs, indicated by the appearance of anticrossings. The
gray dashed and dotted lines mark the correspondence with Fig. A.10. The white circles mark
the triplet blockade related NDC lines and the white + sign on panel b) marks a not triplet
related NDC.
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b)
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εL/U

εL/U

Figure A.10: Differential conductance of the QD–SC–QD system along the diagonal, εR =
εL (panel a),b) and c)) and the skew-diagonal εR = −U − εL lines (panel d) e) and f)) for
different non-local parameters: a),d) with ΓCAR = 0.1U , b),e) with γEC = 0.15 and c),f) with
tLR = 0.1U . ΓLAR,L = ΓLAR,R = 0.25U as previously. The gray dashed and dotted lines mark
the correspondence with Fig. S1. The size of anticrossing a), decrease b) increase, c),d) stays
constant and e) decrease as εR is tuned away from the particle-hole symmetric point. f) the
first two excitation are degenerate, there is no anticrossing present. Panel d-f) are the same as
Fig. 5.20 in the main text.
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directly by coupled by CAR, since they have the same number of electrons. However they
can be coupled in second order, using the fact that LAR mix these state with |σ, 0i and
|0, σi respectively. The CAR matrix element is finite between the |σ, 0i (|0, σi) and | ↑↓, σi
(|σ, ↑↓i) states. The absence of the direct coupling between the excited states results in
the suppression of the size of the anticrossing compared to the one on the skew-diagonal.
The splitting of further conductance lines is comparable to the line width, which is
further broadened in an experiment due to the coupling to the normal leads – which
is neglected in the present model –, therefore I neglect the detailed analysis of the fine
structure here.
In case of EC the anticrossings are positioned similarly as for CAR (see Fig. A.9c
with γEC = 0.15), a larger one constituting of 3 conductance line positioned on the skewdiagonal (dashed line) and a smaller one on the diagonal (dotted line). The main difference
between EC and CAR lies in behavior of the size of the anticrossing as εR is tuned. While
the pronounced one have the same size for CAR (Fig. A.10d), for EC is maximal in
the particle-hole symmetric point and it decreases (see Fig. A.10e) as εR is tuned away
from this point. For the anticrossing positioned on the diagonal the behavior is strictly
different from the case of CAR: On one hand the higher energy anticrossing line has a
negative differential conductance (see the black lines on Fig. A.10b) for εL > 0 (negative
bias) and εL < −U (positive bias). Furthermore the two excitation lines move apart as
εL increased from 0 (or decreased below −U ) for EC, while the distance between the
two lines decreases for CAR (Fig. A.10a). Note that second excitation is not visible for
opposite bias directions as discussed previously on Fig. A.10b.
The third conductance line in the anticrossing positioned on the skew-diagonal is
originating from the excitation to the third excited state similarly to the case of CAR,
but positioned at higher energy than the first two excitations for EC.
Interestingly for the anticrossing positioned on the diagonal the splitting disappears
close to εL = εR ≈ −U (see Fig. A.10b). At these parameters the hybridized excited states
are
dominantly
formed from by the |σ, ↑↓i and | ↑↓, σi states, which are coupled by the
 EC

Heff (σ,↑↓)−(↑↓,σ) matrix element, which vanishes at εL = εR = −U (see Eq. A.16).
Note that due to the different definition of ΓCAR and γEC one cannot directly compare
the magnitude of the splittings (see Eq. (A.15)).
Finally Fig. A.9d shows the effect of the IT, with tLR = 0.1U . On contrary to the CAR
and EC, in this case only one anticrossing can be found – along the diagonal (dotted line) –
and there is no anticrossing on the skew-diagonal (dashed line). The size of the anticrossing
does not depend on the value of εL , except the εL ≈ −U/2 region (see Fig. A.10c). On
the skew diagonal the first two excitations are exactly degenerate, independently of εR
(see Fig. A.10f).
As I have shown above the main, common signature of the non-local couplings is the
appearance of anticrossings in the excitation spectrum of the QD–SC–QD system, and
the main difference of the three couplings lie in the behavior of these anticrossings. For
CAR and EC they are positioned similarly, but their size change differently when εR is
changed, while for IT only one anticrossing is present. This difference in the anticrossings
allows one to determine the dominant coupling term in an experiment.
A not triplet related NDC line is shown on Fig. A.9b at εL ≈ −0.2U , µN ≈ −0.3U
(marked with a white + sign), where the blocking occurs when the |es1 i → |es4 i transition
becomes available, where |es1 i is a singlet, and |es4 i is a doublet state.
183

184

Bibliography

[1] Thomas Sand Jespersen, Martin Aagesen, Claus Sørensen, Poul Erik Lindelof, and
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[76] Gerbold C. Ménard, Sébastien Guissart, Christophe Brun, Raphaël T. Leriche,
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[116] Péter Boross, Balázs Dóra, Annamária Kiss, and Ferenc Simon. A unified theory of
spin-relaxation due to spin-orbit coupling in metals and semiconductors. Scientific
Reports, 3:3233, Nov 2013. Article. (Cited on page 27.)
[117] Gernot Akemann, Jinho Baik, and Philippe Di Francesco. The Oxford Handbook of
Random Matrix Theory (Oxford Handbooks). Oxford University Press, 2011. (Cited
on page 28.)
[118] Sean Washburn and Richard A. Webb. Aharonov-bohm effect in normal metal quantum coherence and transport. Advances in Physics, 35(4):375–422, 1986. (Cited
on page 28.)
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J. Nygård, A. Geresdi, and M. H. Devoret. Direct microwave measurement of
andreev-bound-state dynamics in a semiconductor-nanowire josephson junction.
Phys. Rev. Lett., 121:047001, Jul 2018. (Cited on page 39.)
[134] Yuli V. Nazarov and Yaroslav M. Blanter. Quantum Transport: Introduction to
Nanoscience. Cambridge University Press, 2009. (Cited on page 40.)
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S. Maekawa, and J. von Delft. Gate-controlled spin splitting in quantum dots with
ferromagnetic leads in the kondo regime. Phys. Rev. B, 72:121302, Sep 2005. (Cited
on page 81.)
[170] M. Sindel, L. Borda, J. Martinek, R. Bulla, J. König, G. Schön, S. Maekawa, and
J. von Delft. Kondo quantum dot coupled to ferromagnetic leads: Numerical renormalization group study. Phys. Rev. B, 76:045321, Jul 2007. (Cited on page 81.)
[171] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M. Bakkers, and
L. P. Kouwenhoven. Signatures of majorana fermions in hybrid superconductorsemiconductor nanowire devices. Science, 336(6084):1003–1007, 2012. (Cited on
pages 82 and 95.)
[172] Anindya Das, Yuval Ronen, Yonatan Most, Yuval Oreg, Moty Heiblum, and Hadas
Shtrikman. Zero-bias peaks ans splitting in an al-inas nanowire topological superconductor as a signature of majorana fermions. Nature Physics, 8:887–895, 2012.
(Cited on page 82.)
[173] M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P. Caroff, and H. Q. Xu. Anomalous
zero-bias conductance peak in a nb–insb nanowire–nb hybrid device. Nano Letters,
12(12):6414–6419, 2012. PMID: 23181691. (Cited on page 82.)
[174] A. D. K. Finck, D. J. Van Harlingen, P. K. Mohseni, K. Jung, and X. Li. Anomalous
modulation of a zero-bias peak in a hybrid nanowire-superconductor device. Phys.
Rev. Lett., 110:126406, Mar 2013. (Cited on page 82.)
[175] H. O. H. Churchill, V. Fatemi, K. Grove-Rasmussen, M. T. Deng, P. Caroff, H. Q.
Xu, and C. M. Marcus. Superconductor-nanowire devices from tunneling to the multichannel regime: Zero-bias oscillations and magnetoconductance crossover. Phys.
Rev. B, 87:241401, Jun 2013. (Cited on page 82.)
[176] M. T. Deng, S. Vaitiekenas, E. B. Hansen, J. Danon, M. Leijnse, K. Flensberg,
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