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Overview of the dissertation

Modelling the deformation of rubber tyres is one of the main challenges
of vehicle dynamics. In some respect, it can be regarded as the most
fundamental one as well due to the fact, that in road vehicles the force
transmission between the vehicle and the road is realised in the tyre-road
contact patch. Thus, the dynamic force generation in the contact has an
essential impact on the manoeuvrability and handling stability of road
vehicles. Besides, in some cases, tyre deformation can be also the source
of unwanted oscillations that may lead to accidents, noise, increased tyre
wear and fuel consumption.

The self-excited vibration of towed wheels, commonly referred to as
‘wheel-shimmy’, is one of the most thoroughly studied phenomena in vehi-
cle dynamics. Modelling the deformation of a rolling tyre is a challenging
task since the deformed shape of the tyre, travelling backwards in the con-
tact region, is subject to the effect of partial sticking and sliding governed
by friction laws. This is the reason why this task is approached mainly
by large-scale numerical studies often using complex tyre models such as
the FTire, the RMOD-K and finite element based models, while limited
analytical results are available.

Tyre models can be classified based on their complexity in terms of the
physical representation of the tyre-ground contact. The simplest version
of these models considers the wheel as a rigid body that has a single
contact point at the ground. These models are reasonable in case of
the rigid wheels of shopping carts, baby strollers or rolling suitcases and
they provide a relatively simple formulation of the nonlinear governing
equations.

In our study, we rely on the physical tyre models with simple geom-
etry, such as the brush- and the stretched string models to capture tyre
deformation. These models enable a sophisticated representation of the
tyre-ground contact: a contact region of finite area is considered and tyre
deformation is represented with the help of spring elements distributed
along the contact patch. These models are often simplified by assuming
quasi-steady-state deformation. Accordingly, the lateral tyre force and
the self-aligning moment characteristics can be derived introducing the
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side-slip angle calculated from vehicle kinematics. This initiated the in-
troduction of semi-empirical tyre models, among others the widely used
Magic Formula, which capture the tyre force and moment characteristics
with shape functions based on extensive experiments. If viscous damping
is also considered in the system, these tyre models can provide even quan-
titatively good results for the linear stability of the rectilinear motion of
a caster-wheel system.

However, there are essential discrepancies in the description of the
nonlinear behaviour of the tyres in case of the semi-empirical and the
physical tyre models. The source of the problem is related to the force
characteristics derived by means of a Coulomb-like friction law, which
leads to piecewise-smooth continuous functions in the governing equations.
This effect is completely neglected in semi-empirical models as they use
smooth functions as lateral force and self-aligning torque characteristics.

The non-smoothness of the nonlinear terms causes a significant dif-
ference in the way the limit cycles (self-excited vibrations) develop at
the linear stability boundary. One can find the emerging limit cycles to
appear in a hyperboloid-like structure at Hopf bifurcations in smooth sys-
tems while, in contrast, the branch of periodic solutions emerges in a coni-
cal structure from the non-hyperbolic equilibrium if the piecewise-smooth
characteristics are used. The sub- or supercritical nature of the arising
limit cycles as well as the vague stability of the non-hyperbolic equilib-
rium, corresponding to the linear stability boundary, can be decided by
analysing a second-order, non-smooth normal form (see Statement 1).

Nevertheless, the quasi-steady-state tyre models cannot explain the
perturbation sensitivity seen in experiments as these models provide an
unbounded domain of attraction for the stable rectilinear motion (State-
ment 2). If the assumption of quasi-steady-state tyre deformation is re-
laxed and the lateral deformation in the contact zone is described by the
governing partial differential equation (PDE), a travelling wave solution
can be identified introducing the so-called delayed tyre model. It is shown
that if the this dynamically varying tyre deformation and lateral sliding
of the tyre is considered simultaneously, sliding does not affect the linear
stability of the rectilinear motion (see Statement 3). Nonetheless, this
model provides a qualitatively correct nonlinear dynamical behaviour: a
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subcritical Hopf bifurcation of the straight-line motion is detected, and
as a result, bistable parameter domains are explored. This means that
parameter regions may exist where, depending on the initial conditions,
either decaying vibrations or large amplitude oscillations can be experi-
enced for the same set of parameters (see Statement 4).

A further goal of our analysis is to present how the contact delay and
dry friction contribute to the complex structure of the stable and unstable
rectilinear and periodic motions in the system. With this aim, we perform
the bifurcation analysis of the rectilinear motion of the non-smooth, in-
finite dimensional system. By performing the centre-manifold reduction,
we have shown that the infinite dimensional time-delayed governing equa-
tions can be transformed into a normal form that is identical to the one
obtained in the quasi-stationary case. In order to carry out closed-form
analytical calculations, the simple brush tyre model is used, where the
deformation at the sliding regions can be calculated directly.

While the delayed brush tyre model with sliding provides qualitatively
correct bifurcation diagrams there is a quantitative difference in the crit-
ical towing speeds where the oscillation of the tyre occurs. In this sense,
better agreement can be achieved between the theoretical and measured
results by using the stretched string tyre model. Due to the more complex
consideration of dry friction, the stretched string model is also capable to
capture those cases when sliding appears in two directions simultaneously.
We present numerical simulations with this more sophisticated tyre model
while the theoretical results are also compared to experiments carried out
on a towed wheel running on a conveyor belt. The results provided by the
delayed tyre model were found to be in clearly better agreement with the
measurement results than the standard quasi-steady-state models (State-
ment 5).

Beside the wheel shimmy phenomenon, we also present examples where
the physical tyre models are applied to study realistic vehicle systems.
One example is the linear stability analysis of the rectilinear motion of
the car-trailer combination. Although this vehicle system was thoroughly
analysed in former studies, it is worth revisiting it with the use of the
delayed tyre model since, compared to quasi-steady-state tyre models,
new unstable parameter domains were found (Statement 6).
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We also investigate the effect of time delay in the lateral control of
an automated vehicle. As in every control algorithm, time delay influ-
ences the stability of steering controllers. In our analysis, we consider a
hierarchical control algorithm. The higher-level controller determines the
desired steering angle based on the vehicle’s position and orientation with
respect to its desired path, while the lower-level controller determines the
corresponding steering torque needed. Consequently, two different time
delays appear in the system corresponding to the two different control
loops. Although the time-delay appears in the control algorithm rather
than the tyre deformation in this case, the linear stability of the rectilinear
motion can be analysed by employing similar techniques as in case of the
delayed tyre model. We have shown that if the delay in the lower level
control is sufficiently small stable lateral control can be achieved even for
relatively large, 1-2 s delay in the higher-level controller. This means that
a vehicle controller may be operated relying on satellite navigation which
has larger delays than optical sensors; however, it is less susceptible to
bad weather conditions and low visibility than camera systems that are
more frequently used in vehicle control.
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Thesis statements

Statement 1

Let us consider a non-smooth dynamical system with the normal form(
u̇1

u̇2

)
=

(
µ ω
−ω µ

)(
u1

u2

)
+ h̃2(u1, u2;µ),

with the bifurcation parameter µ ∈ R, where µ, ω ∈ R are the real and
imaginary parts of the critical characteristic exponent, u1, u2 : R → R,
the function h̃2 contains the non-smooth second order terms:

h̃2(u1, u2;µ) =

(
c11(µ)u

2
1 + c12(µ)u1u2 + c22(µ)u

2
2

d11(µ)u
2
1 + d12(µ)u1u2 + d22(µ)u

2
2

)
sgn (H(u1, u2;µ)) ,

where ckj , dkj ∈ R are real coefficients and the trivial, non-hyperbolic
equilibrium is on the switching boundary, i.e., H(0, 0; 0) = 0.

The vague stability of the trivial, non-hyperbolic equilibrium,
corresponding to µ = 0 is given by the parameter δ

δ =
1

6π

(
(9c11 + 3c22 + 3d12) sinφ0 − (9d11 + 3d22 + 3c12) cosφ0

+ (c11 − c22 − d12) sin(3φ0) + (d22 − d11 − c12) cos(3φ0)
)
,

where, by abuse of notation, cjk = cjk(0) and djk = djk(0) whereas
φ0 refers to the orientation angle of the switching boundary in
the (u1, u2) phase plane at the trivial equilibrium. The equilib-
rium is stable (unstable) if δ < 0(δ > 0).

The periodic orbits emerge in a conical structure from the
linear stability boundary and their stability can be determined
by extrapolating the vague stability of the non-hyperbolic equi-
librium. If the non-hyperbolic equilibrium is asymptotically sta-
ble/unstable due to the nonlinear terms (δ < 0/δ > 0), then the
non-smooth Hopf bifurcation is supercritical/subcritical and the
periodic solutions are stable/unstable.

Related publications: [1–7]
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Statement 2

Let us consider the in-plane, one-degree-of-freedom model of a towed
wheel where the wheel is mounted in a rigid caster that is attached to
the towing vehicle by a king pin. Assuming quasi-stationary tyre defor-
mation, the lateral tyre force and the self-aligning moment are calculated
by characteristics derived from the brush tyre model while for the side-
slip angle, an ordinary differential equation is composed using the leading
point deformation.

In this model, the bifurcation of the equilibrium correspond-
ing to the oscillatory loss of stability of the rectilinear motion
can be described by the normal form(

u̇1

u̇2

)
=

(
µ(V ) ω(V )
−ω(V ) µ(V )

)(
u1

u2

)
+ h̃2(u1, u2;V ),

where the function h̃2 contains the non-smooth second order
terms and the bifurcation parameter is the towing speed V . The
bifurcation is supercritical while the corresponding periodic so-
lutions are stable.

Related publications: [1, 5–7]

Statement 3

Let us consider the in-plane, one-degree-of-freedom model of a towed
wheel where the wheel is mounted in a rigid caster that is attached to
the towing vehicle by a king pin. If the lateral tyre deformation
of the contact patch centre-line is calculated by the brush tyre
model using time-delayed formulae in the sticking part while the
deformation is considered by assuming parabolic boundaries in
the sliding region, the linear stability of the rectilinear motion
is unaffected by the partial sliding of the tyre.

Related publications: [2, 4–6]
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Statement 4

Let us consider the in-plane, one-degree-of-freedom model of a towed
wheel where the wheel is mounted in a rigid caster that is attached to
the towing vehicle by a king pin. The lateral tyre deformation of the con-
tact patch centre-line is calculated by the brush tyre model using time-
delayed formulae in the sticking part while the deformation is considered
by assuming parabolic boundaries in the sliding region.

In this model, the bifurcation of the equilibrium correspond-
ing to the rectilinear motion of the caster-wheel system, af-
ter performing the centre manifold reduction of the infinite-
dimensional governing equations, can be described by the nor-
mal form (

u̇1

u̇2

)
=

(
µ(V ) ω(V )
−ω(V ) µ(V )

)(
u1

u2

)
+ h̃2(u1, u2;V ),

where the function h̃2 contains the non-smooth second order
terms and the bifurcation parameter is the towing speed V .

The bifurcation can be either sub- or supercritical; thus,
bistable parameter domains appear where the linearly stable
rectilinear motion has a finite domain of attraction and the sys-
tem can either converge to the rectilinear motion or to a limit
cycle for the same parameters.

Related publications: [2–6,8]



8

Statement 5

Let us consider the in-plane, one-degree-of-freedom model of a towed
wheel where the wheel is mounted in a rigid caster that is attached to
the towing vehicle by a king pin. If the lateral tyre deformation is
calculated by the stretched-string tyre model using time-delayed
formulae in the sticking part while sliding is considered by as-
suming parabolic boundaries for the distributed lateral contact
force-system; then, the model and the measurements provide
qualitatively identical results for the existence and the location
of the bistable parameter domains while, if applied in the same
vehicle model, quasi-stationary tyre models are unable to cap-
ture these domains.

Related publications: [3–5,9]

Statement 6

Let us consider the in-plane, single-track model of the car-trailer combina-
tion where the lateral tyre forces and self-aligning moments are calculated
by means of the brush tyre model. Assuming pure rolling in the tyre-
ground contact, the lateral deformation of the contact patch centre-line
is calculated by time-delay formulae.

Two unstable parameter domains can be identified in the
plane of the longitudinal speed of the car and the trailer-payload
position which can be found by simpler, quasi-stationary tyre
models, too. Thus, the delayed tyre model justifies the quasi-
stationary approximation at higher speeds. Additionally, new
unstable parameter domains appear at low velocities that are
undetectable by the quasi-stationary models.

Related publications: [10–13]
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[6] S Beregi, D Takács, and G Stépán. Nonlinear analysis on wheel
shimmy: impact of non-smoothness and memory effect in the tyre-
ground contact. Book of Abstracts, Advances in Nonsmooth Dynam-
ics, Conference in Bristol, UK, 2018.

9



10 BIBLIOGRAPHY
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