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Introduction

Modelling the deformation of rubber tyres is one of the main challenges of vehicle dy-
namics. In some respect, it can be regarded as the most fundamental one as well due to
the fact, that in road vehicles the force transmission between the vehicle and the road is
realised in the tyre-road contact patch. Thus, the dynamic force generation in the contact
has an essential impact on the manoeuvrability and handling stability of road vehicles.
Besides, in some cases, tyre deformation can be also the source of unwanted oscillations
that may lead to accidents, noise, increased tyre wear and fuel consumption.

The self-excited vibration of towed wheels, commonly referred to as ‘wheel-shimmy’,
is one of the most thoroughly studied phenomenon in vehicle dynamics [Pacejka, 1966].
This can be explained by the fact that the towed wheels in general exhibit rich dynamics.
Among other features, one can observe quasi-periodic vibrations or so-called ‘bistable’
parameter domains where, depending on the initial conditions, either decaying vibrations
or large amplitude oscillations can be observed for the same set of parameters. This
latter experience implies that wheel shimmy is a strongly nonlinear phenomenon which
motivated us to invest great effort into the bifurcation analysis of the towed wheel. This
requires an accurate tyre model which is capable to capture the most important features
of force-generation in the tyre-ground contact.

Calculating the deformation of a rolling tyre is a challenging task since the deformed
shape of the tyre travelling backwards in the contact region is subject to the effect of
partial sticking and sliding governed by friction laws. This is the reason why this task is
approached mainly by large-scale numerical studies often using complex tyre models such
as the FTire [Gipser, 2007], the RMOD-K [Oertel and Fandre, 1999] and finite element
based models [Korunovic et al., 2011,Hölscher et al., 2004], while limited analytical results
are available.

Tyre models can be classified based on their complexity in terms of the physical
representation of the tyre-ground contact. The simplest version of these models considers
the wheel as a rigid body that has a single contact point at the ground [Stepan, 1991,
Takács et al., 2008]. These models are reasonable in case of the rigid wheels of shopping
carts, baby strollers or rolling suitcases [Facchini et al., 2017,O’Reilly and Varadi, 1999]
and they provide a relatively simple formulation of the nonlinear governing equations.

As shown in Chapter I, the physical tyre models [Pacejka, 2002], such as the brush-
and the stretched string model enable a sophisticated representation of the tyre-ground
contact: a contact region of finite area is considered and tyre deformation is represented
with the help of spring elements distributed along the contact patch. These models are
often simplified by assuming quasi-steady-state deformation. Accordingly, the lateral tyre
force and the self-aligning moment characteristics can be derived introducing the side-slip
angle calculated from vehicle kinematics [Pacejka, 2002]. This initiated the introduction
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2 INTRODUCTION

of semi-empirical tyre models, among others the widely used Magic Formula [Pacejka
and Bakker, 1991], which capture the tyre force and moment characteristics with shape
functions based on extensive experiments. If viscous damping is also considered in the
system, these tyre models can provide even quantitatively good results for the linear
stability of the rectilinear motion of a caster-wheel system.

However, there are essential discrepancies in the description of the nonlinear behaviour
of the tyres in case of the semi-empirical and the physical tyre models. The source of the
problem is related to the force characteristics derived by means of a Coulomb-like friction
law, that leads to piecewise-smooth continuous functions in the governing equations. This
effect is completely neglected in semi-empirical models as they use smooth functions to
capture the lateral force and self-aligning torque characteristics.

Piecewise-smooth systems can be classified by their level of discontinuousness [Simp-
son, 2010]. The so-called hybrid and Filippov-systems, which feature the most severe
discontinuity can produce a various set of bifurcations only characteristic to these sys-
tems [di Bernardo and Hogan, 2010,di Bernardo et al., 2008]. Weaker discontinuity can
be observed in piecewise-smooth continuous systems. As the name suggests these systems
are continuous but their Jacobian is only piecewise continuous. In these kind of systems
one may find so-called discontinuous bifurcations, which can be either analogous to bifur-
cations in smooth systems or unique to piecewise-smooth ones [Simpson, 2010, Simpson
and Meiss, 2007, Leine, 2006]. The fourth category refers to systems with higher order
discontinuity, which is rarely addressed in studies investigating piecewise-smooth dynam-
ics due to the fact that as a general rule, these feature the same types of bifurcations
as smooth systems [Simpson, 2010]. Nevertheless, one may still be interested in the
analytical study of such systems, as it can provide formulae, which help to understand
the qualitative behaviour of the actual system. Moreover, the non-smoothness of the
nonlinear terms causes a significant difference in the way the limit cycles (self-excited
vibrations) develop at the linear stability boundary. That is, unlike in smooth dynami-
cal systems, the limit cycles emerge in a conical structure as it is demonstrated by the
nonlinear analysis in Chapter II.

If the assumption of quasi-steady-state tyre deformation is relaxed and the lateral de-
formation in the contact zone is described by the governing partial differential equation
(PDE), a travelling wave solution can be identified introducing the so-called delayed tyre
model [Takács et al., 2009,Takács and Stépán, 2009]. In our study, we use this dynami-
cally varying tyre deformation in the contact region which leads to the demonstration of
a qualitatively correct nonlinear dynamical behaviour: a subcritical Hopf bifurcation of
the straight-line motion is detected, and as a result, bistable parameter domains can be
explored. Note, that using multi degrees-of-freedom models considering the compliance
of the wheel-suspension, unstable limit cycles related to subcritical Hopf bifurcation can
be detected in narrow parameter regions even with the classical quasi-steady-state tyre
models as shown in [Thota et al., 2008,Terkovics et al., 2014] for an aircraft landing gear.
Nevertheless, these models do not provide bistable parameter regions for the classical
one-degree-of-freedom model of the towed wheel.

A further goal of our analysis is to present how the contact delay and dry friction
contribute to the complex structure of the stable and unstable rectilinear and periodic
motions in the system. With this aim, we perform the bifurcation analysis of the rec-
tilinear motion of the non-smooth system [Beregi et al., 2017b]. In order to carry out
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closed-form analytical calculations, the simple brush tyre model is used, where the de-
formation at the sliding regions can be calculated directly. In the meantime, we present
numerical simulations with the more sophisticated stretched string model while the the-
oretical results are also compared to experiments carried out on a wheel running on a
conveyor belt.

Beside the wheel shimmy phenomenon, we also present examples where the physical
tyre models are applied to study realistic vehicle systems in Chapter III. One example
is the linear stability analysis of the rectilinear motion of the car-trailer combination.
Although this vehicle system was thoroughly analysed in former studies [Pacejka, 2002,
Sharp and Fernańdez, 2002a, Sharp and Fernańdez, 2002b,Troger and Zeman, 1984], it
is worth revisiting it with the use of the delayed tyre model, since the analysis of the
towed wheel as well as the bicycle model of the four-wheeled car in [Takács and Stépán,
2013] showed that, compared to quasi-steady-state tyre models, new unstable parameter
domains can be found.

We also investigate the effect of time delay in the lateral control of an automated car.
As in every control algorithm, time delay influences the stability of steering controllers
as shown in [Shuai et al., 2014], [Jalali et al., 2017]. In our analysis we consider a
hierarchical controller. The higher-level controller determines the desired steering angle
based on the vehicle’s position and orientation with respect to its desired path, while the
lower-level controller determines the corresponding steering torque needed. Consequently,
two different time delays appear in the system corresponding to the two different control
loops. Although the time-delay appears in the control algorithm rather than the tyre
deformation in this case, the linear stability of the rectilinear motion can be analysed by
employing similar techniques as in case of the delayed tyre model.
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Chapter I

Tyre modelling

For the dynamical analysis of vehicles, several types of tyre models can be used to calcu-
late the force system generated in the tyre-ground contact based on the kinematics of the
vehicle. In our analysis, we use the brush- and the stretched string tyre models [Pacejka,
2002] which enable a sophisticated representation of the tyre-ground contact with rela-
tively few tyre parameters. While in general, these widely-accepted models are capable
to handle both the lateral and longitudinal deformation, we concentrate on the lateral
deformation only and neglect the deformation in the longitudinal direction. This simplifi-
cation is acceptable in our case as the change in the longitudinal speed of the wheel is not
significant in the scenarios investigated in the thesis. It is also assumed that the wheel
centre-plane remains vertical. Thus, we do not consider the effect of wheel camber.

The tyre models we use are introduced with special attention to the two phenomena
that have the strongest influence on the force generation in the contact region: the so-
called ‘memory effect’ that is related to the time delay in the contact and the dry friction
which leads to partial or full sliding of the tyre. In Section 1, we present the most essential
features of the brush and stretched string tyre models while in Section 2, it is shown how
the lateral deformation in the contact of the rolling wheel and the ground can be described
by formulae with time-delay. Then, in Section 3, we demonstrate how the effect of the
dry friction can be considered by assuming parabolic normal force distribution in the
contact. In Section 4, we introduce the quasi-steady-state approximation of the delayed
tyre models with the help of lateral tyre force and self-aligning moment characteristics.

1 Fundamental features of the used tyre models

1.1 The brush tyre model

The brush tyre model [Pacejka, 2002], shown in Figure I.1, can be considered as the most
essential one amongst the physical tyre models due to the fact that, while it is relatively
simple, it is still capable to capture the most important features of the dynamic tyre-
ground contact. By means of this model, the tyre is considered as a rigid wheel-rim to
which infinitesimal massless, elastic elements with a distributed lateral stiffness k and
damping b, representing the tyre tread, are attached.

We define the coordinate system (X, Y, Z) attached to a ground-fixed frame of ref-
erence while the coordinate system (x, y, z) is attached to the wheel-centre plane such

5
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Figure I.1 The brush tyre model (left panel) and lateral deformation with sticking and sliding
regions in the tyre-ground contact patch (right panel).

that the z-axis is always normal to the ground while the x and y axes are pointing in
the longitudinal and the lateral directions, respectively. Since we do not consider wheel-
camber, the wheel-center plane (x, z) is assumed to remain vertical. The elastic elements,
representing the tyre tread, are pressed to the ground in the contact region x ∈ [−a, a]
where they can either stick to or slide on the ground. As the wheel rotates around the
y axis the tyre particles in the contact patch move in the (x, y, z) Eulerian coordinate
system, although they have zero velocity relative to the ground (in case of rolling).

The position and orientation of the rigid wheel-rim may be given by four generalised
coordinates in the ground-fixed frame of reference: the coordinates XT and YT of the
wheel-centre T, the yaw angle ψ of the wheel-centre plane measured relative to the X-axis.
Additionally, one may also consider the angle of rotation φy to capture the longitudinal
dynamics in the contact. However, the longitudinal deformation of the elastic elements
is not considered in our analysis. This is a standard simplification in cases when the
variation of the longitudinal speed of the wheel is small [Pacejka, 2002,Takács and Stépán,
2009,Takács and Stépán, 2013]. Accordingly, the rate of rotation φ̇y of the wheel-rim may
be calculated by φ̇y = vTx/Re, where Re is the so-called effective rolling radius [Pacejka,
2002] while vTx is the longitudinal speed of the wheel centre T:

vTx = ẊT cosψ(t) + ẎT sinψ(t). (I.1)

Nevertheless, the angle of rotation φy will not appear directly in our formulae due to the
inconsideration of the longitudinal dynamics. Since the z-coordinate of a tyre particle
in contact is constant in the x ∈ [−a, a] contact region, the relative motion of the tyre
particles in the Eulerian frame of reference can be investigated as an in-plane motion.
Thus, we omit the z-coordinate in our further calculations in order to keep our formulae
as simple as possible and we use an in-plane model instead of the three-dimensional wheel
rim (see the right panel in Fig. I.1).

The position vector of an arbitrary tyre-particle P is given in the (x, y) coordinate
system by

rP(t) =

(
x

q (x, t)

)
, (I.2)
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where q(x, t) is the lateral deformation of the elastic elements representing the tyre tread.
Since we do not consider any load outside the contact, the tyre particles enter the x ∈
[−a, a] contact region with zero deformation at the leading edge L, i.e. q(a, t) = 0.

The lateral tyre deformation generates a distributed force system p(x, t) which acts
to the wheel in the x ∈ [−a, a] contact region:

p(x, t) = kq(x, t) + b
d

dt
q(x, t), (I.3)

where the material-time derivative can be expressed as

d

dt
q(x, t) = q̇(x, t) + q′(x, t)v(x, t), (I.4)

where prime refers to the derivative with respect to the space coordinate x while v is the
longitudinal component of the velocity-field (i.e. the longitudinal translational rate of
the tyre particles) in the Eulerian system while the dot refers to derivation with respect
to time. The resultant lateral force F and the self-aligning moment M with respect to
the contact patch centre T can be calculated by the integral formulae

F =

∫ a

−a
kq(x, t) + b

d

dt
q(x, t)dx , (I.5)

M =

∫ a

−a
kxq(x, t) + bx

d

dt
q(x, t)dx . (I.6)

1.2 The stretched string model

-a

-a

Material flow direction
in the contact patch

q(x,t)

Sticking regionSliding region

�

F

M

T

T

k,b

X

Y

Z

zz

Figure I.2 The stretched string model (left panel) and lateral deformation with sticking and
sliding regions in the tyre-ground contact patch (right panel).

The stretched string model (see Fig. I.2) [Segel, 1966,Pacejka, 2002,Besselink, 2000]
can be considered as an enhanced version of the brush model. Instead of independently
deforming particles, the tread and carcass of the tyre is modelled as a stretched string
supported by linearly distributed spring and damper elements with stiffness and damping
parameters of k and b. It is assumed that the wheel circumference and tyre damping
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is large enough not to allow deformation waves travelling around the wheel to have
significant interference with the deformation at the leading edge x = a. Thus, an in-
plane model with a stretched string of infinite length is used which is a widely-accepted
simplification (see [Segel, 1966]).

The main difference between the brush and stretched string models is that in case
of the stretched string, the tyre particles cannot deform independently from each other.
The lateral deformation of the string can be described by the following PDE [Pacejka,
2002,Takács and Stépán, 2012]

kσ2q′′ (x, t)− b
d

dt
q (x, t)− kq (x, t) = p (x, t) , (I.7)

where q (x, t) is the lateral deformation of the string and σ is the so-called tyre relaxation
length.

These considerations result in non-zero deformation outside the contact patch as well
which can be determined by solving the partial differential equation (PDE) (I.7) for zero
lateral load (p(x, t) = 0) for x ∈ (−∞,−a] and x ∈ [a,∞). By neglecting material
damping, we obtain the homogeneous ordinary differential equation

q′′ (x, t)− q (x, t)

σ2
= 0. (I.8)

Using the boundary conditions q(a, t) = qL(t), limx→∞ q(x, t) = 0 and q(−a, t) = qR(t),
limx→−∞ q(x, t) = 0, we obtain exponentially decaying lateral deformation outside the
contact region:

qrelR (x, t) := q(−a, t)e
a+x
σ for x ∈ (−∞,−a], (I.9)

and

qrelL (x, t) := q(a, t)e
a−x
σ for x ∈ [a,∞), (I.10)

where qL and qR are the lateral deformations at the leading and rear points L and R,
respectively. This is the reason why the parameter σ is commonly referred to as ‘relaxation
length’ as at both ends of the contact, the tangent lines of the lateral deformation intersect
the x-axis at ±(a+ σ) [Pacejka, 2002,Takács et al., 2009], see Fig. I.3.

For the stretched string model the resultant tyre force and the self-aligning moment
is derived from the deformation of the elastic element attached to the wheel-rim. This

y

x

q(x,t)

p(x,t)

a-a a+σ-a-σ

k b,
P

Figure I.3 The stretched string tyre model under lateral load in the x ∈ [−a, a] contact region.
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leads to expressions to I.5 and I.6 except that in this case, the tyre deformation outside
the contact patch is considered, too:

F =k

(∫ −a

−∞
qrelR(x, t)dx+

∫ a

−a
q(x, t)dx+

∫ ∞

a

qrelL(x, t)dx

)
+ b

(∫ −a

−∞

d

dt
qrelR(x, t)dx+

∫ a

−a

d

dt
q(x, t)dx+

∫ ∞

a

d

dt
qrelL(x, t)dx

)
,

(I.11)

M =k

(∫ −a

−∞
xqrelR(x, t)dx+

∫ a

−a
xq(x, t)dx+

∫ ∞

a

xqrelL(x, t)dx

)
+ b

(∫ −a

−∞
x
d

dt
qrelR(x, t)dx+

∫ a

−a
x
d

dt
q(x, t)dx+

∫ ∞

a

x
d

dt
qrelL(x, t)dx

)
.

(I.12)

2 Time delay in the tyre-ground contact

2.1 Deformation in the contact patch in case of pure rolling

Depending also on the vertical load and their deformation, the tyre particles in contact
can either stick to or slide on the ground. If pure rolling is considered we assume that
all tyre particles in the x ∈ [−a, a] contact region are sticking to the ground. Based on
this assumption, we can formulate a kinematic constraint. For any time instant t, the
position vector RP of an arbitrary point P on the contact line can be described with the
help of the wheel centre point T:

RP(t) = RT(t) +RTP(t) (I.13)

where the position vectors RP,RT and RTP, are given in the (X,Y, Z) ground-fixed
coordinate system. The position of the wheel centre point is given by

RT(t) =

(
XT(t)
YT(t)

)
. (I.14)

The position vector of an arbitrary tyre-particle P (see I.2) in the ground-fixed coordinate
system is calculated as

RTP(t) =

(
x cosψ(t)− q (x, t) sinψ(t)
x sinψ(t) + q (x, t) cosψ(t)

)
, (I.15)

Hence, the the position vector RP of an arbitrary contact point reads as

RP(t) =

(
XT(t) + x cosψ(t)− q (x, t) sinψ(t)
YT(t) + x sinψ(t) + q (x, t) cosψ(t)

)
. (I.16)

By assuming pure rolling, the velocity of the points in the contact patch relative to
the ground is zero:

d

dt
RP(t) = 0. (I.17)
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Due to the material flow with the speed v(x, t) along the x direction via the rotation of
the wheel, this leads to:

ẊT(t) + v(x, t) cosψ(t)− x ψ̇(t) sinψ(t)− d

dt
q(x, t) sinψ(t)− q (x, t) ψ̇(t) cosψ(t) = 0 ,

(I.18)

ẎT(t) + v(x, t) sinψ(t) + x ψ̇(t) cosψ(t) +
d

dt
q(x, t) cosψ(t)− q (x, t) ψ̇(t) sinψ(t) = 0 .

(I.19)
Substituting (I.4) for the material-time derivative and multiplying Eq. (I.18) with sinψ(t),
and similarly Eq. (I.19) with − cosψ(t), and adding the two equations together the fol-
lowing can be written:

d

dt
q(x, t) = ẊT(t) sinψ(t)− ẎT(t) cosψ(t)− x ψ̇(t) . (I.20)

In the same way, multiplying Eq. (I.18) with cosψ(t), and Eq. (I.19) with sinψ(t) and
adding them together, we obtain:

v(x, t) = −ẊT(t) cosψ(t)− ẎT(t) sinψ(t) + q (x, t) ψ̇(t) (I.21)

Substituting Eq. (I.20) and Eq. (I.21) into the expression of the material-time derivative
(see Eq. (I.4)), a non-linear PDE can be obtained:

q̇ (x, t) = ẊT sinψ(t)− ẎT cosψ(t)

− x ψ̇(t) + q′ (x, t)
(
ẊT cosψ(t) + ẎT sinψ(t)− q (x, t) ψ̇(t)

)
,

(I.22)

for x ∈ [−a, a] and t ∈ [0,∞). Depending on the used tyre model different boundary
conditions are attached to this equation [Pacejka, 2002]. With the brush model, the
boundary condition

q(a, t) = 0 (I.23)

is used, namely, that the leading point of the contact-line always sticks to the ground
with zero lateral deformation. For the stretched string model however, the boundary
condition allowing no deformation at the leading edge (x = a) is relaxed. Instead, due
to the rolling of the tyre, we assume that no kink (discontinuity in the first derivatives)
in the deformed shape arises at the leading edge [Pacejka, 2002]. Using the relaxation
length σ, the condition of continuity for the first derivatives is given by the boundary
condition

q′ (a, t) = −q (a, t)
σ

. (I.24)

2.2 Travelling wave solution for the brush tyre model

For the PDE (I.22), we can also construct a travelling wave solution

RP (x, t) = RP (a, t− τ (x)) , (I.25)

where τ(x) is the time delay, which is the function of the coordinate x. The physical
interpretation of the delay τ(x) is the time needed for a tyre particle to travel from the
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leading edge (x = a) to its actual position characterised by x. With the help of Eq. (I.16)
in Eq. (I.25), the travelling wave solution for the brush tyre model, satisfying the PDE
Eq. (I.22) with boundary condition q(a, t) = 0, can be composed:

q(x, t) = (XT (t)−XT (t− τ)) sinψ (t)

− (YT (t)− YT (t− τ)) cosψ (t)− a sin (ψ (t)− ψ (t− τ)) ,
(I.26)

for x ∈ [−a, a]. All this means that the lateral deformation of a tyre can be calculated
via the past and present values of the wheel centre point coordinates XT, YT and the
wheel yaw angle ψ.

Similarly, the relationship between the time delay τ and position of a tyre particle
along the x axis can be given by

x(τ) = − (XT (t)−XT (t− τ)) cosψ (t)

+ (YT (t)− YT (t− τ)) sinψ (t) + a cos (ψ (t)− ψ (t− τ)) ,
(I.27)

Using these formulae, one may change the integration variable from x to the distributed
delay τ in the integrals I.5 and I.6 to obtain the lateral tyre force and the self-aligning
moment

F =

∫ 0

τ̃

kq(x(τ), t) + b
d

dt
q(x(τ), t)

∂x

∂τ
dτ , (I.28)

M =

∫ 0

τ̃

kx(τ)q(x(τ), t) + bx(τ)
d

dt
q(x(τ), t)

∂x

∂τ
dτ , (I.29)

where τ̃ is the time required for a tyre particle to travel from the leading edge x = a to
the rear edge x = −a. Using (I.27), the derivative ∂x/∂τ can be expressed as

∂x

∂τ
= −ẊT (t− τ) cosψ (t) + ẎT (t− τ) sinψ (t)− a sin (ψ (t)− ψ (t− τ)) ψ̇ (t− τ) .

(I.30)

2.3 Travelling wave solution for the stretched-string tyre model

Based on the same principles as shown in Section 2.2 for the brush tyre model, a travelling
wave solution for the stretched string model can be introduced which satisfy the PDE
(I.22) with the boundary condition (I.24)

q(x, t) = (XT (t)−XT (t− τ)) sinψ (t)− (YT (t)− YT (t− τ)) cosψ (t)

− a sin (ψ (t)− ψ (t− τ)) + q (a, t− τ) cos (ψ (t)− ψ (t− τ)) .
(I.31)

while we can also derive a formula for the position along the x axis

x(τ) = − (XT (t)−XT (t− τ)) cosψ (t) + (YT (t)− YT (t− τ)) sinψ (t)

+ a cos (ψ (t)− ψ (t− τ)) + q (a, t− τ) sin (ψ (t)− ψ (t− τ)) .
(I.32)

These formulae are similar to the one obtained for the brush tyre model, except for an
additional term corresponding to the lateral deformation q(a, t − τ) at the leading edge
(x = 0). For this new state variable, an ordinary differential equation (ODE) can be
composed using the PDE (I.22) with the boundary condition (I.24):

q̇ (a, t) = ẊT sinψ − ẎT cosψ − a ψ̇ +
q (a, t)

σ

(
ẊT cosψ(t) + ẎT sinψ(t)− q (x, t) ψ̇(t)

)
.

(I.33)
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3 Partial side-slip in the contact patch

3.1 Brush tyre model

To model the partial sliding of the tyre in the lateral direction, we consider a parabolic
vertical force distribution [Pacejka, 2002] in the contact region. Based on the Coulomb
friction law, we introduce parabolic limits for the lateral distributed force system p(x, t)
acting on the contact patch centre-line:

p(x)s+ =
3Fzµ

4a3
(a2 − x2), (I.34)

p(x)s− = −3Fzµ

4a3
(a2 − x2), (I.35)

where Fz is the vertical load of the tyre, while µ is the contact friction coefficient. Thus,
for every sticking tyre particle the condition

pbrreq(x, t) := kq(x, t) + b
d

dt
q(x, t) ∈ [p−(x), p+(x)] (I.36)

should hold for the distributed force system required to ensure the deformation of the
tyre according to the travelling wave solution (I.26). If no material damping is considered
(b = 0), these boundaries for the distributed force system can be transformed into two
parabolic deformation boundaries, see Fig. I.1. For a compact formulation, we introduce
these as

N±(a2 − x2), (I.37)

for x ∈ [−a, a] where N± refers to the magnitude of the limiting parabolae, which also
depends on the resultant vertical load Fz on the tyre and the contact friction coefficient
µ:

N± := ±3Fzµ

4a3k
. (I.38)

If N± is considered to be positive, the formula above provides the upper boundary, while
a negative value gives the lower boundary. That is, if a tyre particle is sticking to the
ground the condition

q(x, t) ∈ [N−(a2 − x2), N+(a2 − x2)] (I.39)

applies. In this model, we do not consider different friction coefficients for sticking and
sliding for the reason that this could lead to unrealistic discontinuities in the deformed
shape of the contact patch centre-line. Thus, if a particle is sliding, its lateral deformation
is considered to be equal to one of the parabolic limits.

3.2 Stretched string model

In case of the stretched string model, the tyre particles cannot deform independently from
each other. Consequently, deformation limits cannot be defined directly. Instead, limits
can be considered for the lateral distributed force system preq(x, t) required to ensure
deformation according to the travelling wave solution (I.31). This is provided by the
PDE (I.7):

pstrreq (x, t) := kσ2q′′ (x, t)− b
d

dt
q (x, t)− kq (x, t) . (I.40)



CHAPTER I. TYRE MODELLING 13

In the case of the stretched-string model, we introduce different limits for rolling and
sliding as

pr+ (x) =
3Fzµr
4a3

(
a2 − x2

)
, (I.41)

pr− (x) = −3Fzµr
4a3

(
a2 − x2

)
, (I.42)

and

ps+ (x) =
3Fzµs
4a3

(
a2 − x2

)
, (I.43)

ps− (x) = −3Fzµs
4a3

(
a2 − x2

)
, (I.44)

where pr+ and pr− are the distributed lateral force limits corresponding to rolling, ps+
and ps− are the limits corresponding to sliding, Fz is the vertical load of the tyre whereas
µr and µs are the friction coefficients for rolling and sliding, respectively. Accordingly,
pstrreq (x, t) ∈ (pr− (x) , pr+ (x)) should hold for the rolling part of the contact region.

Theoretically, the stretched string model could handle a complex structure of sticking
and sliding regions. However, the implementation of contact patch segmentation and
boundary detection can be computationally expensive in numerical calculations. More-
over, in realistic scenarios, sliding occurs in the vicinity of the leading edge x = a and the
rear edge x = −a for small deformation, and the whole contact patch slides only when
these sliding regions merge. Therefore, we only consider those cases, when sliding regions
occur either at the leading or the rear end of the contact patch.

Figure I.4 shows the assumed structure of the different types of regions in the contact.
We consider three different regions in the contact patch: a sliding region at the leading
edge (x ∈ (xL, a)), a sticking (rolling) region in the middle (x ∈ (xR, xL)) and a sliding
region at the rear edge (x ∈ (−a, xR)). In the rolling part, the deformation is described
by the travelling-wave solution (I.31), (I.32), whereas in the sliding parts the PDE (I.7)
could be used with the lateral distributed force systems ps+, ps−, corresponding to the
sliding limits.

Unfortunately, the PDE (I.7) is badly-conditioned in terms of the required time-step
for numerical simulation which would slow down our computations. Therefore, neglecting
the material damping (b = 0), we use the steady-state solutions q(x, t) = qs(x, t), q̇(x, t) ≡
0 of Eq. (I.7) in the sliding regions. These can be calculated from the ODE

q′′s (x, t)−
qs (x, t)

σ2
= N± (x2 − a2

)
. (I.45)

Figure I.4 The different rolling, sliding and tyre relaxation regions in the stretched string
model.
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For this differential equation, the analytical solution can be provided as

qs (x, t) = C1e
x
σ + C2e

− x
σ +N± (a2 − x2 − 2σ2

)
. (I.46)

for x ∈ [xR, xL], where the constants C1 and C2 can be calculated from the corresponding
boundary conditions.

Boundary conditions at the sliding regions

To provide a sufficiently smooth transition between the different parts of the contact, the
conditions of continuity should hold for the boundaries xL and xR:

qr (xL, t) = qsL (xL, t) , (I.47)

qsR (xR, t) = qr (xR, t) , (I.48)

where qr denotes the lateral deformation in the sticking (rolling) region. Studying the
PDE of (I.7), it can be also shown that the first derivatives by means of the coordinate x
should be continuous as well due to the fact, that a discontinuity would involve a dirac-
delta like ‘peak’ in the lateral force distribution which would be incompatible with the
lateral distributed force limits [Pacejka, 2002]. This can be formulated as

q′r (xL, t) = q′sL (xL, t) , (I.49)

q′sR (xR, t) = q′r (xR, t) . (I.50)

Based on the same principle, another two boundary conditions can be formulated for
the leading and the rear edges, which are equivalent to the ‘no kink’ conditions at the
leading and the rear point of the contact region:

q′sL (a, t) = −qsL (a, t)
σ

. (I.51)

q′sR (−a, t) = qsR (−a, t)
σ

, (I.52)

However, these considerations lead to an over-constrained problem for the sliding
regions since we formulated three boundary conditions each for the sliding parts at the
leading and rear edges, whereas the existence and uniqueness of the solutions of the ODE
(I.45) is assured by attaching two boundary conditions. Therefore, we find the solution by
varying the boundaries of the sliding regions xL and xR, using the boundary conditions
(I.48), (I.47), (I.52) and (I.51) in Eqn. (I.45), and the boundaries xL and xR are chosen
such that also the continuity of the first derivatives (Eqns. (I.50), (I.49)) is satisfied. The
implementation of this model into numerical simulations will be discussed later in details
in Chapter II.
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4 Quasi steady state models

X

Y

Z
-a

�

F

M

T

k

vT

-a x*

Sticking region
Sliding region

vT

-a x*

Sticking regionSliding region

vT

-a =x*

q(x)Sliding region

T

vT

q(x)

q(x)

�

�

��

MF

(a)

(b)

(c)

(a)

(b) (c)

(a)

(b)

(c)

(I.) (II.)

(III.)

T

T

���crit

�

�

�

�

�

z

Figure I.5 Panel (I.): The brush tyre model in quasi-steady-state conditions. Panels (II-III.):
Phenomenon of tyre force and aligning torque generation by means of the brush tyre model.

In industrial practice, the tyre force and the self-aligning moment are often calculated
by steady-state characteristics F (α) and M(α), where α is the so-called side slip angle.
The simplest physical interpretation of these characteristics is based on the brush tyre
model (see Fig. I.5). In steady state, the lateral deformation is described by a linear
function in the sticking zone of the contact patch. The tangent is determined by the side
slip angle α which, for the brush tyre model, is defined with the help of the velocity of
the wheel centre point

α = − arctan

(
vTy
vTx

)
. (I.53)

The lateral deformation of the elastic tyre particles increases linearly as they travel back-
wards along the contact patch, as far as the friction force acting on them is below the
threshold where the particles start sliding. It can be seen that with these assumptions
one sticking and one sliding region occurs related to the front and rear parts of the
contact patch, respectively. Then, the lateral tyre force and the self-aligning moment
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characteristics are derived by integrating the linear and the parabolic deformations along
the contact patch by means of (I.5) and (I.6). See panels II. and III. in Fig. I.5 for the
graphical representation of the deformations in the contact patch and the generated tyre
forces. This figure with similar meaning is originally presented in [Pacejka, 2002].

Based on the brush tyre model, the formulae of the tyre force and the self-aligning
moment read

F (α) =



−µFz, α < −αcrit,

8

27

a6k3

F 2
z µ

2
tan3 α+

4

3

a4k2

Fzµ
tan2 α+ 2ka2 tanα, −αcrit ≤ α < 0,

8

27

a6k3

F 2
z µ

2
tan3 α− 4

3

a4k2

Fzµ
tan2 α+ 2ka2 tanα, 0 ≤ α < αcrit,

µFz, αcrit < α

(I.54)

and

M(α) =



0, α < −αcrit,

−16

81

a9k4

F 3
z µ

3
tan4 α− 8

9

a7k3

F 2
z µ

2
tan3 α

−4

3

a5k2

Fzµ
tan2 α− 2

3
ka3 tanα, −αcrit ≤ α < 0,

16

81

a9k4

F 3
z µ

3
tan4 α− 8

9

a7k3

F 2
z µ

2
tan3 α

+
4

3

a5k2

Fzµ
tan2 α− 2

3
ka3 tanα, 0 ≤ α < αcrit,

0, αcrit < α,

(I.55)

respectively. The critical side slip angle αcrit is addressed to the deformation level, where
the whole contact patch starts sliding and the generated tyre force saturates. Formulae
(I.54) and (I.55) provide characteristics with higher order discontinuities, namely, while
their first derivatives with respect to α is continuous, the second derivatives are only
piecewise-smooth.

Semi-empirical tyre models

The concept of the lateral tyre force and self-aligning moment characteristics inspired the
so-called semi-empirical tyre models which use continuous shape functions to capture the
characteristics. The most frequently used model is Pacejka’s Magic Formula [Pacejka,
2002] by means of which the lateral tyre force and self-aligning moment characteristics
are defined by

F (α) = −DF sin (CF arctan (BFα− EF (BFα− arctan (BFα)))) , (I.56)

M(α) = −DM sin (CM arctan (BMα− EM (BMα− arctan (BMα)))) , (I.57)

respectively. The parameters BF , CF , DF , EF and BM , CM , DM , EM can be identified
by fitting the formulae to measurement data.

While the Magic Formula can be used more conveniently compared to the piecewise-
defined characteristics from the brush model, it entirely neglects the non-smooth nature
of the tyre force characteristics. Nevertheless, as we will demonstrate, the inconsideration
of this feature lead to structural differences in the way the periodic orbits (oscillations)
develop in vehicle systems.
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Steady-state tyre model with dynamic effects
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Figure I.6 The stretched-string tyre model, with linearly approximated deformation in the
sticking region.

The steady-state tyre model can be enhanced to limitedly take into account the dy-
namics of the tyre-ground contact, too. This is carried out by means of the stretched
string model considering tyre deformations outside the contact patch as well, see Fig. I.6.
We consider the ODE (I.33) describing the lateral deformation qL(t) := q(a, t) at the
leading edge of the contact

q̇L(t) = ẊT(t) sinψ(t)− ẎT cosψ(t)− a ψ̇(t) +
qL(t)

σ

(
qL(t)ψ̇(t)− V cosψ(t)

)
. (I.58)

This ODE is more commonly given by means of the side slip angle α = arctan(qL/σ), using
the boundary condition that the deformation and its first spatial derivative is continuous
(i.e. no ‘kink’ can develop) at the leading edge, but we rather keep the leading edge
deformation qL as state variable to shorten our formulae.

Thus, we assume that beside constant tyre parameters, the generated tyre force and
aligning moment are functions of the leading edge deformation qL of the tyre-ground
contact patch. This approach enables us to capture some dynamical effects of the contact;
however, we still not calculate the instantaneous deformed shape for the whole contact
patch. Hence, solutions involving travelling waves with a wave-length comparable to the
length of the contact patch remain undiscovered.

Unfortunately, the tyre force characteristics for the stretched string model cannot be
calculated in closed form even for steady-state conditions since the transition point be-
tween the sliding and sticking zones cannot be located analytically. Nevertheless, the
physical background of the generation of the lateral force and self-aligning moment char-
acteristics is the same as in case of the brush tyre model. Thus, we consider similar
higher order discontinuities in the tyre force characteristics as determined for the brush
tyre model in (I.54) and (I.55). We use the following formulae to calculate the lateral
force and the aligning moment:

F (qL) =


−µFz, qL < −qcrit,
f3q

3
L + f2q

2
L + f1qL, −qcrit ≤ qL < 0,

f3q
3
L − f2q

2
L + f1qL, 0 ≤ qL < qcrit,

µFz, qcrit < qL

(I.59)

and

M(qL) =


0, qL < −qcrit,
−m4q

4
L −m3q

3
L −m2q

2
L −m1qL, −qcrit ≤ qL < 0,

m4q
4
L −m3q

3
L +m2q

2
L −m1qL, 0 ≤ qL < qcrit,

0, qcrit < qL.

(I.60)
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Here, qcrit is analogous to αcrit in (I.54) and (I.55), that is, it denotes the critical leading
edge lateral deformation where the whole contact patch starts sliding. The coefficients fi
and mi for i = 1, 2, 3, 4 can be found by parameter identification relying on measurement
data.

It is worth to mention that other approximate models exist in the literature which also
rely on the stretched string model, such as von Schlippe’s approximation [von Schlippe
and Dietrich, 1941] who used a linear approximation between the leading and the rear
points, or Smiley’s model [Smiley, 1957] who approximates the deformation with a line
tangent to the exact deformation in the contact patch centre. Both of these models
approximate the distributed delay in τ ∈ [0, τmax] with point delays. However, while they
can be conveniently used to study small vibrations around the rectilinear motion, the
consideration of lateral sliding is less straightforward in these cases.



Chapter II

Nonlinear dynamics of
wheel-shimmy

1 Mechanical model of a towed wheel

Figure II.1 The mechanical model of a towed wheel with a rigid caster and king pin.

The nonlinear oscillations of towed wheels are analysed with the help of an in-plane
mechanical model shown in Figure II.1. The connection of the caster-wheel system to
the towing vehicle is realised by a rotational joint at A. The rigid caster is towed along
the X direction by constant speed V . This can be described by the geometric constraints
XA(t) = V t and YA(t) ≡ 0 where XA(t) and YA(t) refers to the X and Y coordinates
of the king pin A. The distance of the wheel centroid T from the joint A is denoted by
l while the distance of the centre of gravity C of the caster and the joint A is lC. The
mass of the caster-wheel system is m while its yaw mass moment of inertia with respect
to the centre of gravity C is JC. One can use the angle ψ as a generalised coordinate to
determine the orientation of the caster in the (X,Y ) plane. The resultant of the lateral
tyre deformation is considered in the form of the lateral force F and the self aligning
moment M , while the effects of longitudinal deformation and longitudinal sliding are
assumed to be negligible.

The equation of motion of the towed wheel can be obtained by means of Lagrange’s
equation of the second kind as

JAψ̈(t) + btψ̇(t) =M − Fl, (II.1)

19
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where the mass moment of inertia of the caster-wheel system with respect to the king pin
axis at A is JA = JC +ml2C, while bt is the torsional viscous damping factor in the joint.

2 Bifurcation analysis with non-smooth tyre charac-

teristics

In this section, we concentrate on the effects of the system non-smoothness, caused by
contact dry friction. Therefore, in the equation of motion (II.1) we consider the quasi-
steady state lateral force and self-aligning moment characteristics (I.59) and (I.60) with
the ODE (I.58) for the leading point L. Thus, for now, the effect of the contact time-delay
is neglected. This is the well-known model of Pacejka to analyse wheel-shimmy for which
the linear stability analysis is already available in the literature [Pacejka, 1966,Besselink,
2000, Pacejka, 2002]. There are also studies on the nonlinear dynamics of this system
[Pacejka, 1966,Pacejka, 2002,Coetzee, 2006]. However, these do not consider the picewise-
smooth nature of the steady-state characteristics.

Introducing the yaw rate Ω(t) := ψ̇(t), the governing equations can be expressed as

JAΩ̈(t) + btΩ̇(t) =M − Fl, (II.2)

ψ̇(t) = Ω(t), (II.3)

q̇L(t) = V sinψ(t)− (a− l)ψ̇(t) +
qL(t)

σ

(
qL(t)ψ̇(t)− V cosψ(t)

)
. (II.4)

2.1 Linear stability

To carry out the local bifurcation analysis of the rectilinear motion, we have to expand
the system into a power series form up to the second order terms. Note, that for Hopf
bifurcations in smooth systems, one has to consider the third order terms as well while
the second order terms can be eliminated by a near-identity transformation [Kuznetsov,
2004]. This cannot be performed in the non-smooth case due to the piecewise-defined
nature of the second order terms, which are in this sense ‘stronger’ than the third order
terms as they already determine the vague stability of the non-hyperbolic equilibria of
the system [Leine, 2006]. Consequently, in the formulae (I.54), (I.55) of the lateral tyre
force F and the self-aligning moment M , only the cases qL(t) ∈ (−qcrit, qcrit) are relevant.
With these considerations, the system of governing equations can be summed up as

JAΩ̇(t) + btΩ(t) = − (f1l +m1) qL +

{
− (f2l +m2) q

2
L(t) + h.o.t. qL(t) < 0

(f2l +m2) q
2
L(t) + h.o.t. qL(t) > 0

, (II.5)

ψ̇(t) = Ω(t), (II.6)

q̇L(t) = V ψ(t)− (a− l)Ω(t) +
qL(t)

σ
V + h.o.t., (II.7)

where h.o.t. refers to the higher order terms that are neglected at this point of the
calculation.



CHAPTER II. NONLINEAR DYNAMICS OF WHEEL-SHIMMY 21

Parameter Notation Value
Mass of the caster and the wheel m 5.236 kg
Yaw mass moment of inertia with respect to the centre of gravity JC 0.164 kgm2

Torsional damping in the rotational joint bt 0.61 Nms
Contact-patch half length a 0.04 m
Tyre relaxation length σ 0.12 m
Coefficient in the lateral tyre force characteristics f1 1502.64 N/m
Coefficient in the lateral tyre force characteristics f2 4181.35 N/m2

Coefficient in the lateral tyre force characteristics f3 3878.44 N/m3

Coefficient in the self aligning torque characteristics m1 19.78 N
Coefficient in the self aligning torque characteristics m2 165.16 N/m
Coefficient in the self aligning torque characteristics m3 459.60 N/m2

Coefficient in the self aligning torque characteristics m4 426.30 N/m3

Table II.1 The list of the used vehicle and tyre parameter values

It can be seen that the linear part of the system is smooth in the whole phase-space;
hence, linear stability analysis can be carried out straightforwardly, e.g. using the Routh-
Hurwitz criterion and the Jacobian matrix of the right-hand side, which reads

J =

− bt
JA

0 −f1l+m1

JA

1 0 0
l − a V V

σ

 . (II.8)

The well-known stability chart [Pacejka, 1966,Besselink, 2000, Pacejka, 2002] in the
plane of the towing speed and caster length (V, l) for the case when the centre of gravity
C is coincident with the geometric centre of the tyre (l = lC) is shown in Figure II.2. The
other system parameters are given according to Table II.1. The boundaries V = 0 and l =
−a/3 corresponding to static loss of stability can be obtained analytically by studying the
characteristic polynomial, whereas the boundary corresponding to dynamic/oscillatory
loss of stability (i.e. when a complex conjugate root-pair of the characteristic polynomial
crosses the imaginary axis) was calculated numerically.

From now on, we take a fixed value for the caster length (l =0.069 m) and restrict
ourselves to study the dynamics only by means of the longitudinal velocity V .

2.2 Centre manifold reduction

In order to study the bifurcation of the rectilinear motion, we first have to reduce the
dynamics to a lower order (centre) manifold around the critical equilibrium at the linear
stability boundary. Then, for the reduced system, the dynamics is calculated in an
explicit way. It is worth to note, that although the process of the calculation is different
in certain details, it is essentially equivalent to the centre-manifold reduction for smooth
systems [Kuznetsov, 2004,Holmes and Guckenheimer, 2002].

To carry out this, we transform the Jacobian matrix of the governing equations into
the Jordan normal-form. For parameters corresponding to dynamic loss of stability (the
equivalent of Hopf bifurcation in smooth systems), the Jacobian matrix J has two complex
conjugate eigenvectors s1 = u+ iv, s2 = u− iv and a pure real eigenvector s3. With the
help of these, we can compose an invertible matrix T =

(
ℜs1 ℑs1 s3

)
=
(
u v s3

)
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Figure II.2 The stability chart of the rectilinear motion in the (V, l) parameter-plane. The
unstable domains are shaded. The dashed stability boundaries refer to static loss of stability,
whereas the solid line corresponds to oscillatory loss of stability. For parameters, see Table II.1.

which can be used to transform the Jacobian into the Jordan normal-form:

T−1JT =

 µ ω 0
−ω µ 0
0 0 λ3

 , (II.9)

where λ1 = µ + iω, λ2 = µ − iω and λ3 (µ, ω, λ3 ∈ R, λ3 < 0) are the eigenvalues
corresponding to the eigenvectors s1, s2 and s3, respectively. Clearly, the linear stability
boundary in case of oscillatory loss of stability corresponds to µ = 0.

Let us introduce the variables u1(t), u2(t) and u3(t) as(
Ω(t) ψ(t) qL(t)

)T
= T

(
u1(t) u2(t) u3(t)

)T
. (II.10)

Substituting these into the governing equations (II.5), (II.6) and (II.7) we obtain the
following from: u̇1u̇2

u̇3

 =

 µ ω 0
−ω µ 0
0 0 λ3

u1u2
u3

+ h2(u1, u2, u3) , (II.11)

where h2 contains the second-order terms with respect to u1, u2 and u3.
Since we do not consider higher than second order terms, we can approximate the

centre manifold with the tangent eigensubspace corresponding to the critical complex-
conjugate eigenvalue-pair. In our case, this is the (u1, u2) plane.

To reduce the dynamics into the centre-manifold, we have to eliminate the variable
u3 from this equation which leads to(

u̇1
u̇2

)
=

(
µ ω
−ω µ

)(
u1
u2

)
+ h̃2(u1, u2;µ). (II.12)

Since the variables u1, u2 and u3 are linearly independent, it is easy to see that the reduced
vector of the second order terms h̃2 can be obtained by omitting its third component and
all the terms containing u3 from h2. Thus, it can be expressed as

h̃2(u1, u2;µ) =

(
c11(µ)u

2
1 + c12(µ)u1u2 + c22(µ)u

2
2

d11(µ)u
2
1 + d12(µ)u1u2 + d22(µ)u

2
2

)
sgn (H(u1, u2;µ)) , (II.13)
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where the function H(.) = 0 defines the switching manifold qL(t) = 0 reduced to the
centre-manifold which provides a line in the (u1, u2) plane. It follows that the equilibrium
corresponding to the rectilinear motion is on the switching boundary, i.e. H(0, 0) = 0.

2.3 Analysis of the second order non-smooth normal form

u1

u2

r0

r1= R(r0)

r2= R(r1)

�

r(�)
�

�0

r2= R(r1)

r0

u1

u2

r1= R(r0)

�0

H(u1,u2)
switching

boundary

H(u1,u2)
switching

boundary

r(�)

Figure II.3 Trajectories around a nonlinearly stable (left panel) and unstable (right panel)
non-hyperbolic equilibrium in the reduced phase plane (u1, u2).

Let us introduce the polar coordinates r and φ as u1 = r cosφ and u2(t) = r sinφ.
Substituting these into Eq. (II.12) we obtain

ṙ cosφ− r sinφφ̇ =

µr cosφ+ rω sinφ+

{
h̃21(r, φ;µ), φ0 − π < φ < φ0 ,

−h̃21(r, φ;µ), φ0 < φ < φ0 + π ,

(II.14)

ṙ sinφ+ r cosφφ̇ =

µr sinφ− rω cosφ+

{
h̃22(r, φ;µ), φ0 − π < φ < φ0 ,

−h̃22(r, φ;µ), φ0 < φ < φ0 + π ,

(II.15)

where h̃21 and h̃22 can be expressed as

h̃21(r, φ;µ) = c11(µ)r
2 cos2 φ+ c12(µ)r

2 cosφ sinφ+ c22(µ)r
2 sin2 φ, (II.16)

h̃22(r, φ;µ) = d11(µ)r
2 cos2 φ+ d12(µ)r

2 cosφ sinφ+ d22(µ)r
2 sin2 φ, (II.17)

whereas φ0 refers to the orientation angle of the switching line H in the (u1, u2) plane as
shown in Fig. II.3.

Multiplying the first equation in (II.14) by cosφ, the second equation by sinφ we can
derive the non-smooth ODE

ṙ = µr +

{
r2f(φ;µ), φ0 − π < φ < φ0

−r2f(φ;µ), φ0 < φ < φ0 + π
, (II.18)

where

f(φ;µ) :=
(
c11(µ) cos

3 φ+ (c12(µ) + d11(µ)) cos
2 φ sinφ

+(c12(µ) + d12(µ)) cosφ sin2 φ+ d22(µ) sin
3 φ
)
.

(II.19)
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Similarly, by multiplying the first equation by − sinφ, the second equation by cosφ for
φ̇ one can derive an equation structured as

φ̇ = −ω + rg(φ;µ). (II.20)

Since the radius r of a periodic orbit (that may also vary with the phase-angle φ) is small
close to the stability-boundary (in cases when µ is small), we can use the approximation
of φ̇ ≈ −ω and consequently transform the derivatives as d

dt
= −ω d

dφ
.

For the non-hyperbolic parameter set (i.e. for µ = 0) the stability of the trivial
solution can be determined analytically by constructing a mapping for the intersections
of the trajectories and the switching line. It can be shown that the right-hand side of Eq.
(II.18) is an odd function with respect to the origin of the reduced phase-plane (u1, u2).
Thus, it is sufficient to perform our calculation only to one half of the phase-plane as the
mapping will be identical for the other half. After transforming the derivatives we obtain
the following ODE

−ω dr

dφ

1

r2
= f(φ; 0). (II.21)

Integrating both sides of the equation for the half-trajectory, the following equation can
be derived:

ω

(
1

r1
− 1

r0

)
=

∫ φ0

φ0−π
f(φ; 0)dφ. (II.22)

This enables us to construct a mapping for the radii of two consecutive intersection of
the trajectory with the switching boundary as

r1 = R(r0) . (II.23)

Assuming r0, r1 > 0, the equilibrium r∗ = 0 is stable if r1 < r0, which is equivalent to

1

r1
− 1

r0
> 0 . (II.24)

It can be shown that this stability condition can also formulated by the integral δ

δ :=
1

π

∫ φ0

φ0−π
f(φ; 0)dφ. (II.25)

Namely, the equilibrium is stable (unstable) if δ < 0 (δ > 0). The substitution of (II.19)
into the integral (II.25) leads to the Poincarè-Lyapunov constant δ of the non-smooth
Hopf bifurcation in the form

δ =
1

6π

(
(9c11 + 3c22 + 3d12) sinφ0 − (9d11 + 3d22 + 3c12) cosφ0

+ (c11 − c22 − d12) sin(3φ0) + (d22 − d11 − c12) cos(3φ0)
) (II.26)

where, by abuse of notation, cjk = cjk(0) and djk = djk(0).
As in case of the classical Hopf bifurcation theorem, the stability of the non-hyperbolic

equilibrium can be topologically extrapolated to investigate the stability of the branch
of limit cycles arising from there [Kuznetsov, 2004, Holmes and Guckenheimer, 2002].
Namely, if the equilibrium is stable the limit cycles are supercritical/stable, and similarly,
if the equilibrium is unstable, the limit cycles are subcritical/unstable.
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2.4 Estimation of the periodic solutions

To calculate the limit cycles arising from the linear stability boundary, one has to solve
the ODE in (II.18) for r(φ), which requires numerical methods if the real part of the
critical eigenvalue is non-zero (µ ̸= 0).

One possible way is the Galerkin-technique [Fletcher, 1984], by means of which we
expand the solution r(φ;µ) as linear combination of orthogonal base-functions. Harmonic
functions are a convenient choice for such a basis; however, due to the central symmetry
in the phase plane the orthogonality of the base functions should hold not only for the
whole phase plane, that is φ ∈ [0, 2π), but for the half phase plane φ ∈ [φ0 − π, φ0) as
well. Therefore, in its Fourier-series only the even harmonics will be non-zero and the
solution can be expanded as

r(φ;µ) = r0(µ) +
∞∑
k=1

(Ak(µ) cos(2kφ) +Bk(µ) sin(2kφ)) , (II.27)

where the coefficients r0, Ak, Bk k ∈ [1, ...,∞) can be determined based on the following
method. Let us define a function G as

G(r, φ;µ) :=
dr

dφ
+

1

ω

(
µr + r2f(φ;µ)

)
. (II.28)

The scalar product of this function should be zero with respect to every base-functions:

< G(r, φ;µ), ϕk >= 0 , (II.29)

where the scalar product is defined by the integral

< η(φ), ζ(φ) >=

∫ φ0−π

φ0

η(φ)ζ(φ)dφ . (II.30)

Constant radius approximation

In practice, one finite part of the formula in Eq. (II.27) can be used as an approximation
for the exact periodic solution. The simplest case is when only the constant part is
calculated, which corresponds to a circle in the phase-plane

r(φ;µ) ≈ r0(µ) (II.31)

To calculate r0, we have to evaluate and solve

< G(r, φ;µ), 1 >= 0 . (II.32)

Expanding the scalar product we obtain:∫ φ1

φ0

µr0(µ) + r20(µ)
(
c11(µ) cos

3 φ+ (c12(µ) + d11(µ)) cos
2 φ sinφ

+ (c12(µ) + d12(µ)) cosφ sin2 φ+ d22(µ) sin
3 φ ) dφ = 0 .

(II.33)
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It can be seen that the term with the coefficient of r20 is identical to the right-hand side
of Eq. (II.22). Therefore, after some manipulation one can obtain

r0(µ) = −1

δ
µ (II.34)

for the radius of the circle where only positive radii are considered (r0 > 0). This indicates
that if the non-hyperbolic equilibrium is asymptotically stable due to the nonlinear terms
(δ < 0), then the non-smooth Hopf bifurcation is supercritical and similarly, if the non-
hyperbolic equilibrium is unstable (δ > 0), then the bifurcation is subrcitical.

Formula (II.34) of the vibration amplitude also represents a common feature of piecewise-
smooth systems [Leine, 2006]: the limit cycles emerge in a conical structure at non-smooth
Hopf bifurcations instead of the paraboloid structure at classical Hopf bifurcations of
smooth dynamical systems [Kuznetsov, 2004].

First harmonic approximation

A more accurate approximation can be provided if we take into account the dependence
of the radius to the phase angle φ with the first non-zero harmonic components:

r(φ;µ) ≈ r0(µ) + A1(µ) cos(2φ) + B1(µ) sin(2φ). (II.35)

This gives us three equations, which determine the value of the constants A0, A1, B1:

< G(r, φ;µ), 1 >= 0 ,

< G(r, φ;µ), cos(2φ) >= 0 ,

< G(r, φ;µ), sin(2φ) >= 0 .

(II.36)

Although it involves lengthy calculations these scalar products can be evaluated analyt-
ically and they lead to the following system of algebraic equations that is unique for a
given real part µ of the critical characteristic exponent:

0 =α00r
2
0 + α11A

2
1 + α22B

2
1 + α01r0A1

+ α02r0B1 + α12A1B1 + α0r0 + α1A1 + α2B1.

0 =β00r
2
0 + β11A

2
1 + β22B

2
1 + β01r0A1

+ β02r0B1 + β12A1B1 + β0r0 + β1A1 + β2B1.

0 =γ00r
2
0 + γ11A

2
1 + γ22B

2
1 + γ01r0A1

+ γ02r0B1 + γ12A1B1 + γ0r0 + γ1A1 + γ2B1.

(II.37)

The solution of this system of nonlinear equations can be found only numerically. Still,
if we linearise the equations around the constant-radius approximation r(φ) = r0, in-
troducing new variables as r0 = r0 + r̃0, A1 = Ã1, B1 = B̃1, we can derive a linear

matrix-equation. This equation can be solved for
(
r̃0 Ã1 B̃1

)T
straightforwardly if the

the coefficient matrix is non-singular:2α00r0 + α0 α01r0 + α1α02r0 + α2

2β00r0 + β0 β01r0 + β1β02r0 + β2
2γ00r0 + γ0 γ01r0 + γ1γ02r0 + γ2

 r̃0
Ã1

B̃1

 =

−α00r
2
0 − α0r0

−β00r20 − β0r0
−γ00r20 − γ0r0

 .

(II.38)
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2.5 Stability of the periodic solutions

Although the stability of the periodic solutions can be determined straightforwardly based
on the topology, it can be investigated based also on the reduced system of (II.18).
Using the symmetry of the system, it is sufficient to investigate only one half-plane
(φ0 < φ < φ0+π). Let us assume that rp (φ (t) ;µ) is a periodic solution of (II.18). Then
we introduce the radius-difference from the periodic orbit as r̃ := r − rp, where both r
and r̃ are functions of the phase-angle φ and the bifurcation parameter µ which we do
not express in our calculations in order to shorten our formulae. Substituting this back
into (II.18) it can be expanded as

˙̃r + ṙp = µ(r̃ + rp) + (r̃ + rp)
2f(φ;µ). (II.39)

Since the periodic solution obviously should satisfy the differential equation of (II.18) for
the time-derivative ṙp we get

ṙp = µrp + r2pf(φ;µ). (II.40)

Using this, the differential equation of (II.39) can be simplified to

˙̃r = µr̃ + (r̃2 + 2rpr̃)f(φ;µ). (II.41)

To determine the linear stability, we only consider small variations around the periodic
orbit rp; therefore this equation can be linearised around r̃ ≡ 0 as

˙̃r = (µ+ 2rpf(φ;µ))r̃. (II.42)

Transforming the time derivatives to the phase angle φ this equation can be rearranged
as

−ωdr̃
r̃

= (µ+ 2rpf(φ;µ))dφ. (II.43)

If the equation above is integrated for the half phase-plane we obtain

ln

(
r̃1
r̃0

)
= − 1

ω

∫ φ0−π

φ0

(µ+ 2rpf(φ))dφ (II.44)

where r̃0 and r̃1 are the initial and the resulting differences in the radial direction from
the periodic orbit at the switching boundary. This gives us a condition for the linear
stability of the periodic solutions, since if the term at the right-hand side is larger than
zero, then |r̃1| < |r̃0|, which means the periodic orbit is stable as the variation decays
to zero. Similarly, if the right-hand side is smaller than zero, then |r̃1| > |r̃0| and the
periodic orbit is linearly unstable.

Stability for the constant radius approximation

The formulation of the stability condition assumes that the periodic solution is already
known while usually only approximative solutions are available, which makes it difficult
to formulate a general stability condition. Nevertheless, one can still evaluate the integral
condition for an approximate solution analytically. Performing this for the constant radius
approximation of the periodic orbit (see Eq. (II.34)) it yields to the following equation

ln

(
r̃1
r̃0

)
= −µπ

ω
. (II.45)
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This indicates that, as suggested by the topology, for µ > 0 i.e. when the equilibrium
of the original system is unstable and the bifurcation is supercritical, the periodic or-
bit is asymptomatically stable, while for µ < 0 when the equilibrium is stable and the
bifurcation is subcritical the periodic orbit will be unstable.

2.6 Results

The approximate solutions provided by the Galerkin technique were compared with nu-
merical simulations as well as a boundary value problem solver based on the method of
collocation [Trefethen, 2000].

Firstly, we investigated the normal form in Eq. (II.18) only, assuming that the linear
part of the equation can be varied independently from the nonlinear terms. Thus, keeping
the parameter δ constant, the circular (constant radius) approximation gives a linear
function in terms of the real part µ of the critical eigenvalue. The bifurcation diagrams
showing the maximum of radius r along of the periodic orbits are presented in Figure
II.4. It can be observed that for µ −→ 0 both the constant radius and the first harmonic
approximation converge to the one obtained from collocation method, which, due to its
higher accuracy, we refer to as the ‘exact’ solution. It can be also seen that (at least for
small amplitudes) there is only a tiny difference between the linearised and the numerical
solution for the first harmonic case.

The approximate solutions were also compared with numerical simulations (see Figure
II.5). Moreover, the limit cycles were calculated by the method of collocation for the
original system (II.2), (II.3) and (II.4), too (see Figure II.6). It was found that close to
the stability boundary (V = 8.0 m/s) even the constant radius approach gives a good
approximation for the periodic orbit. However, for larger amplitudes where the limit
cycles become more non-circular the correlation deteriorates (see Figure II.5 for V = 6.5
m/s).

In Figure II.6, it can be seen that if we take into account the first harmonics in the
Galerkin technique the results are very accurate for amplitudes less than ψmax ≈ 0.3 rad,
even if we use the linearised equation in Eq. (II.38). For larger amplitudes, the neglected
higher order terms become more and more relevant; therefore, even the first order Galerkin
approximation loses its accuracy. It is also visible, that for small velocities the amplitudes
rapidly reach such a level, where the approximation becomes inaccurate. Thus, in this

Figure II.4 The bifurcation diagrams of the normal form with different methods.
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Figure II.5 The comparison of the simulation and constant radius approximation of limit
cycles for different longitudinal velocities (a) V = 6.5 [m/s] and (b) V = 8.0 [m/s]. The black
curves show the trajectories as the solution after the initial perturbation converges to the stable
limit cycle, whereas the thick curves correspond to the apprximate solutions.

Figure II.6 The bifurcation diagrams in terms of the longitudinal velocity and maximal
orientation angle with different methods. The thick continouos line corresponds to the amplitude
of the limit cycles obtained by collocation method (including the higher-order terms). The
thin continious line shows the circular approximation in the reduced phase-plane whereas the
dashed lines show the linearised (thin) and unapproximated (thick) results with the 1st order
Galerkin technique. The system parameters are the same as for Fig. II.2 with a caster-length
of l = 0.069 [m].

parameter range special care must be devoted to the accuracy of the presented technique.

In general, we can say that the constant radius approximation works well for small am-
plitudes and is capable to give a good topological description of the dynamics close to the
stability boundary. Considering the first (or higher) harmonics in the Galerkin-technique
provides more accurate results for a certain parameter range, which could be improved
even further by including higher-order terms (although this would escalate the symbolic
computations needed). However, this requires increasingly higher computational effort;
hence, it is not necessarily worth to use this method to calculate the limit cycles accurately.
Instead, it is much more convenient to employ spectral collocation methods which are
capable to determine the solution with good accuracy and relatively low computational
demand.

Overall, the bifurcation analysis of the towed wheel with the non-smooth quasi steady-
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state lateral force and self-aligning moment characteristics revealed that the local bifur-
cation of the rectilinear motion, due to the conical structure of the emerging branch of
limit cycles, is qualitatively different than one can observe if smooth characteristics are
used [Coetzee, 2006]. Yet, this model cannot explain the occurrence of bistable parameter
domains in experiments as the bifurcation is supercritical.

2.7 Thesis statements

Statement 1

Let us consider a non-smooth dynamical system with the normal form(
u̇1
u̇2

)
=

(
µ ω
−ω µ

)(
u1
u2

)
+ h̃2(u1, u2;µ),

with the bifurcation parameter µ ∈ R, where µ, ω ∈ R are the real and imaginary parts
of the critical characteristic exponent, u1, u2 : R → R, the function h̃2 contains the
non-smooth second order terms:

h̃2(u1, u2;µ) =

(
c11(µ)u

2
1 + c12(µ)u1u2 + c22(µ)u

2
2

d11(µ)u
2
1 + d12(µ)u1u2 + d22(µ)u

2
2

)
sgn (H(u1, u2;µ)) ,

where ckj, dkj ∈ R are real coefficients and the trivial, non-hyperbolic equilibrium is on
the switching boundary, i.e., H(0, 0; 0) = 0.

The vague stability of the trivial, non-hyperbolic equilibrium, correspond-
ing to µ = 0 is given by the parameter δ

δ =
1

6π

(
(9c11 + 3c22 + 3d12) sinφ0 − (9d11 + 3d22 + 3c12) cosφ0

+ (c11 − c22 − d12) sin(3φ0) + (d22 − d11 − c12) cos(3φ0)
)
,

where, by abuse of notation, cjk = cjk(0) and djk = djk(0) whereas φ0 refers to
the orientation angle of the switching boundary in the (u1, u2) phase plane at
the trivial equilibrium. The equilibrium is stable (unstable) if δ < 0 (δ > 0).

The periodic orbits emerge in a conical structure from the linear stability
boundary and their stability can be determined by extrapolating the vague
stability of the non-hyperbolic equilibrium. If the non-hyperbolic equilibrium
is asymptotically stable/unstable due to the nonlinear terms (δ < 0/δ > 0),
then the non-smooth Hopf bifurcation is supercritical/subcritical and the pe-
riodic solutions are stable/unstable.

Statement 2

Let us consider the in-plane, one-degree-of-freedom model of a towed wheel where the
wheel is mounted in a rigid caster that is attached to the towing vehicle by a king pin.
Assuming quasi-stationary tyre deformation, the lateral tyre force and the self-aligning
moment are calculated by characteristics derived from the brush tyre model while for
the side-slip angle, an ordinary differential equation is composed using the leading point
deformation.
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In this model, the bifurcation of the equilibrium corresponding to the
oscillatory loss of stability of the rectilinear motion can be described by the
normal form (

u̇1
u̇2

)
=

(
µ(V ) ω(V )
−ω(V ) µ(V )

)(
u1
u2

)
+ h̃2(u1, u2;V ),

where the function h̃2 contains the non-smooth second order terms and the
bifurcation parameter is the towing speed V . The bifurcation is supercritical
while the corresponding periodic solutions are stable.
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3 Bifurcation analysis with the non-smooth delayed

brush tyre model

The bifurcation analysis of the towed wheel, presented in Section 2, clearly showed that
the quasi-steady-state approach in modelling of the force-generation in the tyre-ground
contact cannot explain the perturbation sensitivity, related to bistable domains in the
parameter space of the system. This motivated us to consider the time delay and the
partial sliding of the tyre simultaneously. This analysis has been carried out with the help
of the brush tyre model. Although this model is known to be less accurate in terms of
the critical speeds than the stretched string model, the lateral deformation in the sliding
parts can be calculated straightforwardly by means of the brush model which enables us
to carry out an analytical study and obtain qualitative results for the nonlinear behaviour
of the system.

3.1 Governing equations

In case of the brush tyre model, the resultant lateral force F and the self-aligning moment
M from the tyre deformation can be calculated by the integral formulae

F = k

∫ a

−a
q(x, t)dx (II.46)

and

M = k

∫ a

−a
xq(x, t)dx, (II.47)

where the lateral deformation q(x, t) is calculated by the travelling wave solution (I.26)
and (I.27) of the PDE (I.22) with the boundary condition q(a, t) = 0, respectively, for
the sticking region, whereas for the sliding region the limiting parabolae (I.37) are used.

For the case of the towed wheel (see the mechanical model in Section II.1), the position
vector of the wheel centre in the ground-fixed coordinate system is given by

RT(t) =

(
XT

YT

)
=

(
V t− l cosψ(t)
−l sinψ(t)

)
. (II.48)

Substituting these into (I.26) and (I.27), the travelling wave solution can be given as

q(x, t) = V τ(x) sinψ(t)− (a− l) sin(ψ(t)− ψ(t− τ(x))), (II.49)

x = −V τ(x) cosψ(t) + l + (a− l) cos(ψ(t)− ψ(t− τ(x))), (II.50)

while the derivative dx/dτ , given in (I.30), reads as

dx

dτ
= −V cosψ(t)− (a− l) sin(ψ(t)− ψ(t− τ))Ω(t− τ). (II.51)

Thus, substituting into Eq. (II.1), the governing equations of the mechanical system can
be expressed as

ψ̇(t) = Ω(t), (II.52)
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JAΩ̇(t) + btΩ(t) = k

∫ 0

τ∗
(x(τ)− l)q(x(τ), t)

dx

dτ
dτ︸ ︷︷ ︸

=:I1

+k

∫ x∗

−a
(x− l)N±(a2 − x2)dx︸ ︷︷ ︸

=:I2

, (II.53)

where Ω is the angular velocity of the caster. The integral formulae that provide the
lateral tyre force and the self aligning moment are divided into two parts as defined in
Eq. (II.53). I1 corresponds to the sticking part of the contact where the travelling wave
solution (I.26) applies. Thus, instead of coordinate x, the distributed time-delay τ can
be used for integration by substitution according to (I.28) and (I.29). This means that
the limits are changed as x = a ⇔ τ = 0 and x = x∗ ⇔ τ = τ ∗ where x∗ and τ ∗ refer to
the actually unknown boundary between the sticking and sliding regions. The integral
I2 includes the lateral force and self-aligning moment generated in the sliding part of the
contact. In case of sliding, the deformation is known from the parabolic limits in Eq.
(I.37), this is why we keep the coordinate x as integration variable.

3.2 Power-series expansion of the tyre force and self-aligning
moment

Sticking region

To carry out the local bifurcation analysis of the rectilinear motion, we have to expand
the system into a power series form up to the second order terms. In the time delayed
case, the rectilinear motion can be expressed as ψ(t) ≡ 0, Ω(t) ≡ 0 and q(x, t) ≡ 0. For
the coordinate x, we get x = a−V τ . Since the whole contact region sticks to the ground
in this case the ‘boundary’ between the sticking and sliding regions is exactly at the rear
edge, i.e., x∗ = −a⇔ τ ∗ = 2a

V
=: τ ∗0 .

In the integral formula I1 in Eq. (II.53), both the coordinate x and the lateral defor-
mation q(x, t) are multiplied by the derivative dx/dτ . Consequently, in the non-smooth
system, it is sufficient to consider them up to the linear terms:

q(x(τ), t) = V τψ(t)− (a− l)(ψ(t)− ψ(t− τ)) + h.o.t., (II.54)

x = a− V τ + h.o.t., (II.55)

dx

dτ
= −V + h.o.t., (II.56)

as follows from Eqs. (II.49), (II.50) and (II.51). Using the ansatz ϑ = −τ , the second-
order approximation of the resultant moment at joint A from the tyre force F and the
self-aligning moment M in the sticking region reads as

I1 ≈
∫ 0

−τ∗

(
−(a− l + V ϑ)2ψ(t) + (a− l + V ϑ)(a− l)ψ(t+ ϑ)

)
V dϑ (II.57)

where the time delay τ ∗ at the boundary between the sticking and sliding regions is state-
dependent [Sieber, 2017]: τ ∗(t) = τ ∗(ψ(t),Ω(t), q(x, t)). After the elimination of q(x, t)
by means of the travelling wave solution, this can be transformed into τ ∗(t) = τ ∗(ψt,Ωt)
where the continuous functions ψt(ϑ) := ψ(t + ϑ) and Ωt(ϑ) := Ω(t + ϑ), ϑ ∈ [−τ ∗, 0]
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represent the infinite dimensional state space coordinates of the time-delayed system.
Consequently, one can approximate the time delay τ ∗ by the implicit integral formula

τ ∗ =
2a

V
+

∫ 0

−τ∗
f1(ϑ)ψ(t+ ϑ) + f2(ϑ)Ω(t+ ϑ)dϑ+ h.o.t. (II.58)

which can be regarded as a generalised power series expansion up to the linear terms.
The coefficient functions f1(ϑ) and f2(ϑ) will be determined in the subsequent section.

Sticking-sliding boundary

The boundary of the sticking and sliding regions appears where the travelling wave so-
lution (II.49) crosses one of the parabolic deformation boundaries in (I.37). With the
above explained linear approach, this can be expressed as

N±(a2 − x∗2) = V τ ∗ψ(t)− (a− l)(ψ(t)− ψ(t− τ ∗)). (II.59)

Substituting the linearised formula for coordinate x in Eq. (II.55) to obtain

N±(2V τ ∗a− V 2τ ∗2) = V τ ∗ψ(t)− (a− l)(ψ(t)− ψ(t− τ ∗)). (II.60)

Keeping the linear terms only, this equation can be expanded as(
2a

V
+

∫ 0

−τ∗
f1(ϑ)ψ(t+ ϑ) + f2(ϑ)Ω(t+ ϑ)dϑ+ ...

)
2aV N±

−
(
4a2

V 2
+

4a

V

∫ 0

−τ∗
f1(ϑ)ψ(t+ ϑ) + f2(ϑ)Ω(t+ ϑ)dϑ+ ...

)
V 2N±

= V ψ(t)

(
2a

V
+ ...

)
− (a− l) (ψ(t)− ψ(t− τ ∗)) .

(II.61)

Comparing the coefficients of ψ(t + ϑ) and Ω(t + ϑ), the functions f1(ϑ) and f2(ϑ) can
be expressed as

f1(ϑ) = − a+ l

2V aN± δ̂(ϑ)−
a− l

2V aN± δ̂(τ
∗ + ϑ), (II.62)

f2(ϑ) = 0, (II.63)

where δ̂ denotes the Dirac-delta function. Thus, for the time delay τ ∗ at the sticking-
sliding boundary, we obtain the implicit formula

τ ∗ =
2a

V
−
∫ 0

−τ∗

(
a+ l

2V aN± δ̂(ϑ) +
a− l

2V aN± δ̂(τ
∗ + ϑ)

)
ψ(t+ ϑ)dϑ+ h.o.t. (II.64)

Performing the integration, this formula can be rewritten as

τ ∗ =
2a

V
− a+ l

2V aN±ψ(t)−
a− l

2V aN±ψ(t− τ ∗) + h.o.t. (II.65)

Consequently, the explicit form of this power series can be expressed as

τ ∗ = τ ∗0 − τ ∗1 + h.o.t., (II.66)



CHAPTER II. NONLINEAR DYNAMICS OF WHEEL-SHIMMY 35

where

τ ∗0 =
2a

V
, (II.67)

τ ∗1 =
a+ l

2V aN±ψ(t) +
a− l

2V aN±ψ

(
t− 2a

V

)
. (II.68)

Based on this, also the integral formula I1 can be expressed in the power series form

I1 = I10 + I11 + I12 + h.o.t., (II.69)

where the second subscripts refer to the order of the dependence on the infinite dimen-
sional state-space variables ψt and Ωt. This calculation provides

I10 = 0, (II.70)

I11 =

∫ 0

− 2a
V

(
−(a− l + V ϑ)2ψ(t) + (a− l + V ϑ)(a− l)ψ(t+ ϑ)

)
V dϑ, (II.71)

and

I12 =

∫ − 2a
V

+τ∗1

− 2a
V

(
(a− l + V ϑ)2ψ(t)− (a− l + V ϑ)(a− l)ψ(t+ ϑ)

)
V dϑ. (II.72)

Sliding region

For the sliding region, the closed-form calculation of the integral I2 leads to

I2 =

(
−1

4
x∗4 +

l

3
x∗3 +

a

2
x∗2 − a2lx∗ − 2a3l

3
− a4

4

)
N±. (II.73)

Then, the sticking-sliding boundary x∗ can be expanded similarly as it was performed for
the time-delay τ ∗:

x∗ = −a+
∫ 0

−τ∗

(
a+ l

2aN± δ̂(ϑ) +
a− l

2aN± δ̂(ϑ+ τ ∗)

)
ψ(t+ ϑ)dϑ+ h.o.t. (II.74)

Performing the integration, we obtain

x∗ = −a+ a+ l

2aN±ψ(t) +
a− l

2aN±ψ(t− τ ∗) + h.o.t. (II.75)

Substituting this result into Eq. (II.73) the integral formula I2 is considered in the power-
series form

I2 = I20 + I21 + I22 + ... (II.76)

where
I20 = 0, I21 = 0, (II.77)

I22 = −a(a+ l)

(
a+ l

2aN±ψ(t) +
a− l

2aN±ψ

(
t− 2a

V

))2

N±, (II.78)

where the approximation τ ∗ ≈ τ ∗0 = 2a/V is sufficient here for the time delay at the
sticking-sliding boundary. This indicates that, even if the contact time-delay is considered,
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sliding does not have an effect on the linear stability of the system, which validates the
former calculations in [Takács et al., 2009,Takács and Stépán, 2006] where pure rolling
is considered in the tyre-ground contact during the linear stability analysis.

The power series expansion of the non-smooth governing equations (II.52), (II.53) and
(I.30) can be summarised in the form of the following system of nonlinear delay differential
equations (DDEs):

ψ̇(t) = Ω(t), (II.79)

JAΩ̇(t) + btΩ(t) =

k

∫ 0

− 2a
V

+τ∗1

(
−(a− l + V ϑ)2ψ(t) + (a− l + V ϑ)(a− l)ψ(t+ ϑ)

)
V dϑ

− k(a+ l)

4aN±

(
a+ l

2aN±ψ(t) +
a− l

2aN±ψ

(
t− 2a

V

))2

,

(II.80)

where τ ∗1 is expressed in (II.68) and N± can be found in (I.37).

3.3 Centre manifold reduction

In order to analyse the dynamics of the above described non-smooth system, first the
stability analysis of the rectilinear motion is carried out, which is followed by a detailed
and rigorous Hopf bifurcation calculation. Since the system of DDEs (II.79), (II.80) is
defined in the infinite dimensional state space of the continuous functions ψt, Ωt, this
system is transformed to the operator differential equation form (see [Stépán, 1986])

ẏt = A yt + F (yt) , (II.81)

where yt is defined by the shift yt = y(t + ϑ) for ϑ ∈ [−2a/V, 0], while y represents the
vector of the caster angle and angular velocity:

y =

(
ψ
Ω

)
. (II.82)

The operator A stands for the linear part, while F corresponds to the nonlinear part of
the system. The linear operator A is defined as (see [Hale, 1977])

A χ(ϑ) =


dχ(ϑ)

dϑ
, ϑ ∈

[
−2a

V
, 0
)

A0χ(0) +
∫ 0

− 2a
V
Aτ (θ)χ(θ)dθ, ϑ = 0

(II.83)

for any χ : [−2a/V, 0] → C2 where the coefficient matrices A0 and Aτ are calculated
from the linear part of the DDE (II.80):

A0 =

(
0 1

− 2ka
3JA

(a2 + 3l2) − bt
JA

)
, (II.84)

Aτ (θ) =

(
0 0

−kV
JA

(a− l)(a− l + V θ) 0

)
. (II.85)
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The nonlinear operator F in (II.81) is approximated till second order by

F2 (yt) =

{
0, ϑ ∈

[
−2a

V
, 0
)

f2 (yt) , ϑ = 0
, (II.86)

where the vector function f2 is calculated from the nonlinear part of the DDE (II.80) (see
also (II.72), (II.78)) as

f2(yt) =

(
k
JA

(I12 + I22)

0

)
. (II.87)

Stability analysis

The eigenvalue-eigenfunction problem for the linear operator A can be formulated as

A ϕ = λϕ (II.88)

where λ ∈ C is the eigenvalue and ϕ is the right eigenfunction of the operator defined
above [−2a/V, 0] ∋ ϑ. Based on (II.83), this equation can be expressed as the ordinary
differential equation (ODE)

dϕ

dϑ
= λϕ(ϑ) (II.89)

with the boundary condition

A0ϕ(0) +
∫ 0

− 2a
V
Aτ (θ)ϕ(−θ)dθ = λϕ(0) . (II.90)

The general solution of ODE (II.89) has the exponential form

ϕ(ϑ) = ceλϑ (II.91)

where c ∈ C2 is a constant vector. Substituting this into the boundary condition (II.90),
we obtain (

A0 +

∫ 0

− 2a
V

Aτ (θ)e
λθdθ

)
c = λc . (II.92)

This leads to the characteristic function D(λ) and the characteristic equation

D(λ) := det

(
λI−A0 −

∫ 0

− 2a
V

Aτ (θ)e
λθdθ

)
= 0 (II.93)

where I refers to the identity matrix while A0 and Aτ are given in (II.84) and (II.85),
respectively. The characteristic equation (II.93) is identical to the one that is obtained
after substituting the exponential trial solution(

ψ(t)
Ω(t)

)
= c̃eλt, c̃ ∈ C2 (II.94)

into the system of DDEs (II.79), (II.80). After performing the integration and expanding
the determinant, the characteristic function in (II.93) can be expressed as

D(λ) = λ2 +
bt
JA
λ+ 2a

k

JA

(
1

3
a2 + l2

)
− kV (a− l)

JA

(
−V + (a− l)λ+ e−

2a
V
λ(V + (a+ l)λ)

)
.

(II.95)
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The characteristic equation can be used to study the linear stability of the rectilinear
motion: all the real parts of the infinitely many characteristic exponents are negative in
case of exponential stability. Based on this, a necessary stability condition l > −a/3 can
be derived. This critical caster-length corresponds to saddle-node bifurcation, i.e., a real
characteristic exponent crosses the imaginary axis at the stability boundary (λ = 0). In
practice, however, the stability boundaries related to oscillatory loss of stability are the
essential ones, that is, when a pure imaginary pair of characteristic exponents crosses
the imaginary axis (λ = ±iω). These boundaries can be found by the D-subdivision
method [Takács and Stépán, 2009]. Calculating the real and imaginary parts of the
characteristic function D(iω) provides

ℜ(D(iω)) = −ω2 + 2a
k

JA

(
1

3
a2 + l2

)
+
kV (a− l)

JA

(
−V + V cos

(
2a

V
ω

)
+ (a+ l)ω sin

(
2a

V
ω

))
= 0,

(II.96)

ℑ(D(iω)) =
bt
JA
ω

+
kV (a− l)

JA

(
(a− l)ω − V sin

(
2a

V
ω

)
+ (a+ l)ω cos

(
2a

V
ω

))
= 0.

(II.97)

For the undamped system (bt = 0) the stability boundaries can be calculated analytically
as shown also in [Takács et al., 2009, Takács and Stépán, 2009]. On one hand, l = a
satisfies both (II.96) and (II.97) with the frequency of ω =

√
8ka3/(3JA). On the other

hand, one can derive formulae for the critical towing speed Vcr and caster length lcr
introducing the dimensionless frequency α := 2aω/Vcr:

Vcr =

√
16a5k

3JA
×√

2α2 + 2α(α2 + 6) cosα+ α(α2 − 12) cos(2α)− 6(α2 + 2) sinα+ 6(α2 − 1) sin(2α)

α5(a− cosα)2
,

(II.98)

lcr =
−2a sinα + aα(1 + cosα)

α(1− cosα)
. (II.99)

These stability boundaries divide the parameter-space into linearly stable and unstable
domains. The stable/unstable nature of the different parameter regions can be deter-
mined by methods presented in [Stépán, 1989] (in this study, semi-discretisation was
used [Insperger and Stépán, 2011]). Stability charts constructed this way in the plane of
the towing speed V and the caster length l. Figure II.7 shows the stability chart and the
critical frequencies for the case when no damping is considered at the king pin (bt = 0).
In this case, linearly stable and unstable parameter domains are obtained alternating in
a chessboard-like structure. For large caster lengths, the unstable parameter boundaries
shrink to asymptotes corresponding to l → ∞ which can be given as

Ṽn =
a

nπ

√
k
(
2
3
a3 + 2al2

)
JA

for n = 1, 2, 3, ... (II.100)
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Figure II.7 Top panel: Critical frequencies at the stability boundaries for parameters given
in Table II.2. Bottom panel: Stability chart of the rectilinear motion in the undamped system.
The white domains are linearly stable while the light red domains are unstable. The linear
stability boundaries are coloured by means of their nonlinear stability considering the second
order terms. The blue curves are stable, the red ones unstable, while the black one is neutral
in this sense.

In the undamped case, for V → 0, an infinite number of linear stability boundaries
exists in a densening structure, which behaviour is typical in delay differential equations.
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Parameter Notation Value
Mass of the tyre and the caster m 5.236 kg
Yaw mass moment of inertia with respect to the centre of gravity JC 0.164 kgm2

Centre of gravity position parameter lC/l 1
Tyre-ground contact patch half-length a 0.04 m
Distributed tyre stiffness k 240000 N/m2

Vertical tyre load Fz 51.3651 N
Friction coefficient in the tyre-ground contact µ 0.6

Table II.2 Tyre, wheel and caster parameters.

If viscous damping bt is considered at the king pin, the stability boundaries can only be
found numerically, for example, with the multi-dimensional bisection method [Bachrathy
and Stepan, 2012]. In Fig. II.8, we present how the stability boundaries change if an
increasing value of damping is added to the system. As one would expect, the unstable
parameter domains shrink and for large enough damping only the rightmost unstable
domains survive. In Figures II.7 and II.8 the colouring of the stability boundaries is based
on the weak stability of the corresponding non-hyperbolic equilibria which is determined
by the normal-form analysis we present in the following sections.

Figure II.8 Stability chart of the rectilinear motion with viscous damping considered at the
king pin for parameters given in Table II.2. The white domains are linearly stable while the
light red domains are unstable. The linear stability boundaries are coloured by means of their
nonlinear stability considering the second order terms. The blue curves are stable, the red ones
unstable, while the black one is neutral in this sense. The thin curves correspond to the linear
stability boundaries of the undamped system.

3.4 Tangent space of the centre manifold

The Hopf bifurcation calculation requires the determination of the tangent space of the
centre manifold at the critical parameters corresponding to the oscillatory loss of stability.
Accordingly, consider the case of the pure imaginary pair of characteristic exponents
λ1,2 = ±iω corresponding to the Hopf bifurcation of the rectilinear motion, where ω
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denotes the critical angular frequency of the system. Then the characteristic exponent
λ1 = iω satisfies Eq. (II.88) with the eigenfunction ϕ1:

A ϕ1 = iωϕ1. (II.101)

Substituting it back into Eq. (II.93), we obtain(
iωI−A0 −

∫ 0

− 2a
V

Aτ (θ)e
iωθdθ

)
c = 0, (II.102)

from where the two eigenvectors in the ODE (II.89) can be expressed as

c1 =

(
1
iω

)
, (II.103)

and the corresponding eigenfunction of the linear part of the operator differential equation
(II.81) is

ϕ1(ϑ) =

(
1
iω

)
eiωϑ. (II.104)

Note, that ϕ2 = ϕ1 where the overbar refers to complex conjugate. The real and imag-
inary parts of the eigenfunction ϕ1 provide a basis of the centre eigensubspace of the
system. We represent them in the matrix function

Φ(ϑ) :=
(
ℜϕ1(ϑ) ℑϕ1(ϑ)

)
=

(
cosωϑ sinωϑ

−ω sinωϑ ω cosωϑ

)
. (II.105)

In order to reduce the system to the centre manifold, one has to calculate the adjoint basis
as well using the left eigenfunctions of the linear operator A . The adequate eigenvalue
problem can be expressed as

ϕLA = λϕL (II.106)

where ϕL is the left eigenfunction. Alternatively, we can use the adjoint operator A ∗ as

A ∗ψ = −λψ (II.107)

where A ∗ is defined as

A ∗ρ(ξ) =

−dρ(ξ)

dξ
, ξ ∈

(
0, 2a

V

]
A∗

0ρ(0) +
∫ 2a

V

0
A∗
τ (−ζ)ρ(ζ)dζ, ξ = 0

(II.108)

for any ρ : [0, 2a/V ] → C2 with A∗
0 and A∗

τ and ψ = ϕ∗
L. Substituting into the eigenvalue

problem in Eq. (II.107) it leads to ODE

−dψ

dξ
= −λψ1(ξ), (II.109)

with boundary condition

A∗
0ψ(0) +

∫ 2a
V

0

A∗
τ (−ζ)ψ(ζ)dζ = −λψ(0). (II.110)
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As the trial solution of this ODE, just like the right one, the left eigenfunction can be
expressed in an exponential form

ψ(ξ) = deλξ, (II.111)

where d ∈ C2 is a constant vector. Substituting this back into the ODE (II.109) one
obtains (

λI+A∗
0 +

∫ 2a
V

0

A∗
τ (ζ)e

λζdζ

)
d = 0, (II.112)

from where the characteristic equation of the adjoint system can be expressed as

D∗(λ) := det

(
λI+A∗

0 +

∫ 2a
V

0

A∗
τ (ζ)e

λζdζ

)
= 0. (II.113)

For a Hopf bifurcation of the trivial equilibrium a complex conjugate solution-pair λ1,2 =
∓iω exists for the characteristic equation with the same natural angular frequency ω
as for (II.107). We index these roots to be complex-conjugate to the eigenvalues of A .
Substituting into Eq. (II.107) we have

A ∗ψ1 = iωψ1 (II.114)

The critical eigenfunction ψ1 of the adjoint operator A ∗ can be expressed in the expo-
nential form

ψ1(ξ) = d1e
−iωξ (II.115)

where d1 ∈ C2 is a constant vector. The boundary condition (II.110) leads to(
iωI+A∗

0 +

∫ 2a
V

0

A∗
τ (−ζ)eiωζdζ

)
d1 = 0, (II.116)

which has the solution

d1 =

(
iω + bt

JA

1

)
, (II.117)

and similarly, d2 = d1. With the help of the real and imaginary parts of the eigenfunction
ψ1, the adjoint basis is formed, which is represented by the matrix

Ψg(ξ) :=
(
ℜψ1(ξ) ℑψ1(ξ)

)
=

(
ω sinωξ + bt

JA
cosωξ ω cosωξ − bt

JA
sinωξ

cosωξ − sinωξ

)
. (II.118)

Bilinear form

In order to set an orthonormal basis Φ and adjoint basis Ψ of the tangent space of the
centre manifold, we need the scalar product defined by the bilinear form [Hale, 1977]

⟨Ψ,Φ⟩ = Ψ(0)∗Φ(0)−
∫ 0

− 2a
V

∫ θ

0

Ψ∗(ζ − θ)Aτ (−θ)Φ(ζ)dζdθ (II.119)

where the new basis
Ψ = ΨgK (II.120)
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of the left eigenfunctions is introduced with the constant multiplier matrix K ∈ R2×2.
This coefficient matrix is to be determined from the orthonormality condition

⟨Ψ,Φ⟩ = I. (II.121)

Based on this, the inverse transpose of the matrix K can be given as

K−T = ⟨Ψg,Φ⟩. (II.122)

The elements of this matrix are given as κjk j, k ∈ {1, 2}, where

κ11 =
bt
JA

− k(a− l)

2JAω3

(
2aV ω cos

(
2aω

V

)
+
(
2a(a+ l)ω2 − V 2

)
sin

(
2aω

V

))
, (II.123)

κ12 = ω − k(a− l)

2JAω3

((
2a(a+ l)ω2 − V 2

)
+ 2V 2 − (3a+ l)ωV sin

(
2aω

V

))
, (II.124)

κ21 = κ12, (II.125)

κ22 =
k(a− l)

2JAω3

(
2(a− l)V ω + 2(2a+ l)V ω cos

(
2aω

V

)
+
(
2a(a+ l)ω2 − 3V 2

)
sin

(
2aω

V

))
.

(II.126)

With the help of Eq. (II.97) one can show that at the stability boundaries κ22 = −κ11.
Introducing the notation A = κ11 and B = κ12, at the critical speed, the constant matrix
K can be given as

K =
1

A2 +B2

(
A B
B −A

)
. (II.127)

Decompostion and reduction centre manifold

Using the bases Φ and Ψ, an arbitrary solution yt is decomposed as

yt(ϑ) = Φ(ϑ)u(t) +wt(ϑ) (II.128)

where u is the vector of the state variables in the centre manifold:

u =

(
u1
u2

)
, (II.129)

while wt refers to the rest of the state variables in the infinite dimensional complementer
space. As a result, the functions of the deflection angle ψt and the angular velocity Ωt

are approximated in the centre manifold by harmonic functions:

Φ(ϑ)u(t) =

(
cosωϑ sinωϑ

−ω sinωϑ ω cosωϑ

)(
u1(t)
u2(t)

)
. (II.130)

Thus, the reduced system can be expressed in the form

u̇(t) =

(
0 ω
−ω 0

)
u(t) +Ψ(0)F2(Φ(ϑ)u(t) +wt(ϑ)), (II.131)
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where wt depends on the second order terms of u1 and u2 in the centre manifold. Since
the operator F2 includes second-degree terms only, the approximation wt ≈ 0 can be
considered, which leads to

F2(Φ(ϑ)u) =

(
f11u

2
1 + f12u1u2 + f22u

2
2

0

)
, (II.132)

with coefficients

f11 =
k(a+ l)

(
a+ l + (a− l) cos

(
2aω
V

))2
4JAaN± , (II.133)

f12 =
k(a+ l)(l − a)

(
a+ l + (a− l) cos

(
2aω
V

))
sin
(
2aω
V

)
2JAaN± , (II.134)

f22 =
k(a+ l)(a− l)2 sin2

(
2aω
V

)
4JAaN± . (II.135)

3.5 Second order non-smooth normal form

Equation (II.131) obtained form the centre manifold reduction can be written in the
normal form (II.12): (

u̇1
u̇2

)
=

(
µ ω
−ω µ

)(
u1
u2

)
+ h2(u1, u2;µ) (II.136)

where h2 contains the non-smooth second order terms:

h2(u1, u2;µ) =

(
c11(µ)u

2
1 + c12(µ)u1u2 + c22(µ)u

2
2

d11(µ)u
2
1 + d12(µ)u1u2 + d22(µ)u

2
2

)
sgn (H(u1, u2;µ)) , (II.137)

where the coefficients cjk(0) and djk(0) for j, k ∈ {1, 2} can be given as

cjk(0) =
A

A2 +B2
fjk, (II.138)

djk(0) =
B

A2 +B2
fjk. (II.139)

The switching manifold H is defined with the help of the limiting parabolae (I.37). Since
we assumed that sliding occurs only at the rear section of the contact region, it follows
that a transition from the upper parabola to the lower one can take place only at the rear
edge R (at x = −a) as the sliding region shrinks to that single point. This means that for
the time instant t̃ of switching, the whole contact region is sticking to the ground, that
is, x∗ = −a and q(x∗, t̃) = 0. Consequently, the travelling wave solution (II.49) related
to the sticking region can be used at x = −a to express the switching condition. Since in
(II.137) it is satisfactory to have its linear approximation only, the switching condition can
be expressed with the linearised travelling wave solution (II.54) by projecting the state
variables ψ and Ω = ψ̇ to the centre manifold with u1 and u2 as given in Eq. (II.128):

H(u1, u2; 0) = (a+ l)u1 + (a− l)

(
cos

(
2aω

Vcr

)
u1 − sin

(
2aω

Vcr

)
u2

)
. (II.140)
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This expression is calculated at the stability boundary for the critical towing speed Vcr
when µ = 0 in (II.136).

To determine the vague stability of the non-hyperbolic equilibrium (µ = 0) by means
of the normal form (II.12), polar coordinates are introduced as shown in Section 2. Thus,
for this calculation one has to determine the the orientation angle of the switching line
H (see Fig. II.3) in the (u1, u2) plane. This can be given by

φ0 = arctan2

(
(a+ l + (a− l) cos

(
2aω

Vcr

)
, (a− l) sin

(
2aω

Vcr

))
. (II.141)

In case of the DDE model (II.79), (II.80) of the shimmying wheel, a natural choice
for the bifurcation parameter is the towing speed V since this parameter can be varied
in the simplest way in experiments. The real part of the critical characteristic exponents
λ1,2(V ) = µ(V )± iω(V ) depends on the towing speed V , and µ(Vcr) = 0 at the stability
boundary. The root tendency

µ′ (Vcr) =
dℜλ1,2
dV

∣∣∣∣
V=Vcr

(II.142)

can be calculated by means of the implicit derivation of the characteristic function D(µ+
iω) in (II.95). The bifurcation diagrams are constructed by transforming (II.34) with
respect to the bifurcation parameter in the form

r0(V ) ≈ −µ
′ (Vcr)

δ
(V − Vcr) , (II.143)

where the parameter δ is calculated by Eq. eq:delta. This means that if the brush tyre
model with time delay is used the amplitude of the periodic solutions grows approximately
linearly with the towing speed close to the linear stability boundaries. This behaviour is
similar to the periodic solutions we found when the quasi-steady-state tyre model with
non-smooth lateral force and self-aligning moment characteristics was used in Chapter
II.2. Nevertheless, there is an essential difference between the two cases as in case of
the time delayed model both supercritical and subcritical bifurcations were found. These
results are discussed more in further details in Section 3.8.

3.6 Calculating the periodic orbits by numerical collocation

To explore the global structure of the periodic solutions in the non-smooth delayed system,
we applied the method of numerical collocation. To calculate these solutions, we relax
the assumption that sliding occurs only at the rear part of the contact region since this
considerations is valid only close to the rectilinear motion. Therefore, the equation (II.1)
of motion of the towed wheel is considered in the following form:

Ω̇(t) = − bt
JA

Ω(t) +
k

JA

∫ a

−a
(x− l)q(x, t)dx,

ψ̇(t) = Ω(t).

(II.144)
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Figure II.9 The structure of the differentiation matrix with piecewise Lagrange polynomials.
The shaded segments belong to differentiation matrices for Lagrange polynomials of degree n.
In the overlapping parts the matrix elements are added together.

We calculate numerically the periodic solutions of this dynamical system as a two-
point boundary value problem over a time period with the help of the method of col-
location [Trefethen, 2000]. Accordingly, the solutions are approximated by m piecewise
Lagrange polynomials of degree n [Luzyanina and Engelborghs, 2002,Barton et al., 2006].
Thus, the time t ∈ [0, T ] is discretised by using nm+1 equidistant representation points:

0 = t0 < t1 < ... < ti < ... < tnm < tnm+1 = T. (II.145)

Note that alternatively, one could apply an equidistant, periodic grid by using a
finite segment of Fourier series for the discretisation [Beregi et al., 2017a]. In this case,
the periodicity of the solutions would be assumed by definition; hence, no additional
periodicity condition is needed. However, if a periodic grid is used for the discretisation,
the numerical stability analysis of the periodic orbits cannot be performed.

We introduce the dimensionless time ϑ := t/T to project the time period onto the
ϑ ∈ [0, 1] interval. The collocation points in the dimensionless time are introduced as

ϑi,j =
1

T
t(i−1)n+j, for i = 1, ...,m, j = 0, ..., n . (II.146)

Then in the ith interval t ∈ [t(i−1)n, tin], a function u(t) : [t(i−1)n, tin] → R is approximated
as

u(t) ≈
n∑
j=0

u (Tϑi,j) pi,j(ϑ), (II.147)

with the coefficients pi,j defined by

pi,j(ϑ) =
n∏

k=1,j ̸=k

ϑ− ϑi,k
ϑi,j − ϑi,k

. (II.148)

Based on this, the time derivative u̇(t) can be calculated:

u̇(t) ≈ 1

T

n∑
j=0

u (Tϑij) p
′
ij(ϑ), (II.149)
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where prime denotes derivation with respect to the dimensionless time ϑ. Evaluating this
equation in the representation points given in (II.145), one can introduce the differenti-
ation matrix DLm,n corresponding to the piecewise discretisation relying on m Lagrange
polynomials of degree n. This procedure provides a regular (mn+ 1)× (mn+ 1) matrix
which has a block-diagonal-like structure (see Fig. II.9) where the non-zero blocks are
obtained from Lagrange differential matrices DLn relying on n intervals. Introducing the
solution vector u, which contains the function values ui = u(ti) at the representation
points ti for i = 0, ...,mn+ 1). The vector of the time derivatives can be given as

u̇ ≈ 1

T
DLm,nu (II.150)

where the elements of the derivative vector u̇ are defined as u̇i = u̇(ti). Based on this,
the angular velocity function Ω(t) and the yaw angle function ψ(t) are represented in the
solution vectors Ω and ψ and their derivatives are calculated as

Ω̇ ≈ 1

T
DLm,nΩ, (II.151)

ψ̇ ≈ 1

T
DLm,nψ. (II.152)

Assuming that the function values Ωi and ψi for i = 0, ..., nm + 1 are available,
we can provide the corresponding lateral deformation in the contact region using the
travelling wave solution (I.26), (I.27) and the limiting parabolae (I.37). This procedure
is performed starting from the leading edge x = a because q(a, ti) = 0 is given by the
boundary condition attached to the PDE (I.22). Then, we follow the path of each tyre
particles in the wheel-fixed frame of reference in time-steps defined by the discretisation
of the time period. In each step, we assume rolling to calculate the longitudinal and
lateral position with the travelling wave solution

qri,j = V τi,j sinψi − (x0i,j − l) sin
(
ψi − ψ0i,j

)
+ q0i,j sin

(
ψi − ψ0i,j

) (II.153)

and

xri,j = V τi,j cosψi + l + (x0i,j − l) cos
(
ψi − ψ0i,j

)
+ q0i,j sin

(
ψi − ψ0i,j

)
.

(II.154)

where τi,j is the time delay needed for the tyre particle in question after it sticks to the
ground. The longitudinal position and lateral deformation corresponding to this delay
is denoted by x0i,j and q0i,j , respectively. The time-delayed yaw angle can be given as
ψ0i,j = ψ(t − τi,j). Using the periodicity of the solution, this can be obtained by the
modulo operation as

ψ0i,j = ψ
mod(i−

τi,j
T
,mn). (II.155)

Then, the calculated deformation is compared with the parabolic limits (I.37). Namely, if
the deformation is between these parabolic boundaries, then the travelling wave solution
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is accepted. Otherwise, considering equal friction coefficients for sticking and sliding, the
deformation is equal to the corresponding sliding limit, That is,

qi,j =


N+(a2 − x2i,j), s+(xi,j) ≤r

i,j

qri,j, s−(xi,j) < qri,j < s+(xi,j)

N−(a2 − x2i,j), qri,j ≤ s−(xi,j)

. (II.156)

This procedure is repeated until all the tyre particles leave the x ∈ [−a, a] contact region
at the rear end x = −a of the contact line. As a result of this calculation, the deformed
shape is available at each time instant ti. We use these values to calculate the integrals
Ii := I(ti) at the right-hand side in (II.144):

I(ti) := k

∫ a

−a
(x− l)q(x, ti)dx. (II.157)

We approximate this integral by means of the trapezoid rule:

I(ti) ≈ k

ν∑
j=1

wi,j(xj − l)q(xj, ti), (II.158)

where the weights are calculated as

wi,j =


(xi,1 − xi,2)/2 j = 1

(xi,j−1 − xi,j+1)/2 j = 1, ..., νi − 1
(xi,ν−1 − xi,ν)/2 j = νi

, (II.159)

with νi denoting the number of discretisation points in the contact region x ∈ [−a, a]
corresponding to the representation point ti. Here, xi,1 = a and xν,1 = −a. Thus, the
discretised system of the equations of motion (II.144) can be given as

1

T

N∑
j=1

Di,j
Lmn

Ωj +
bt
JA

Ωi −
k

JA

νi∑
k=1

wi,k(xi,k − l)qi,k = 0, (II.160)

1

T

N∑
j=1

Di,j
Lmn

ψj − Ωi = 0. (II.161)

To ensure the periodicity of the solution, we attach the following conditions to the dis-
cretised system:

Ω0 − Ω(mn+1) = 0, (II.162)

ψ0 − ψ(mn+1) = 0, (II.163)

while in order to fix the phase of the periodic solutions, we also add the condition

ψ0 = 0. (II.164)

Using equations (II.160), (II.161), (II.162), (II.163) and (II.164) we define the nonlin-
ear zero problem

ϕ(x,λ) = 0, (II.165)
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Figure II.10 The structure of the Jacobian matrix with and without the modulo operation
for the time-delayed terms. The light-grey shading indicates the part of the matrix which has
to be calculated by finite differences. The dark-grey bands show the structure of the non-zero
derivatives from the terms with distributed delay.

where the solution vector x can be expressed as

x =



Ω0

Ω1
...

Ω(mn+1)

ψ0

ψ1
...

ψ(mn+1)

T


(II.166)

while the vector λ contains the bifurcation parameters. We carry out the continuation
of the periodic solutions by means of two bifurcation parameters: the towing speed
V and the caster length l. The numerical solution of the zero problem (II.165) using
Newton-Rhapson iteration. To descretise the time domain, the period is segmented into
24-40 intervals within which 5th-order Lagrange polynomials are used to approximate the
periodic solutions. These tasks realised by using the Continuation Core and Toolboxes
(COCO) in MATLAB relying on the 2D atlas algorithm [Dankowicz and Schilder, 2013].

3.7 Stability of the periodic solutions

The stability of the numerically calculated periodic solutions can be decided with the
help of the corresponding Floquet multipliers that are the eigenvalues of the monodromy-
matrix [Luzyanina and Engelborghs, 2002]. Let us consider our governing equations
(II.144) in a delay differential equation form as

ẏ(t) = f
(
y(t+ s)

)
for s ∈ [−τmax, 0], (II.167)

with a periodic solution

yp(t) = yp(t+ T ), (II.168)
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Figure II.11 The structure of the coefficient matrices before and after re-organization in
equations (II.177) and (II.178). The numbers under the braces indicate the dimension in the
corresponding blocks.

where τmax stands for the largest time-delay, while the vector of state variables is defined
as

y(t) :=

(
Ω(t)
ψ(t)

)
. (II.169)

Let us consider a solution y as a sum of the periodic solution yp and a perturbation v:

y(t) = yp(t) + v(t). (II.170)

Substituting the expression above into the delay differential equation (II.167), we obtain

ẏp(t) + v̇(t) = f
(
yp(t+ s) + v(t+ s)

)
for s ∈ [−τmax, 0]. (II.171)

Linearisation of the system around the periodic solution provides

ẏp(t) + v̇(t) ≈ f
(
yp(t+ s)

)
+Df

(
yp(t+ s)

)
v(t+ s) for s ∈ [−τmax, 0]

(II.172)

where Df(.) is the Fréchet-derivative of the right-hand side. Since the periodic solution
yp satisfies the equation of motion (II.167) by definition, this equation can be simplified
as

v̇(t) ≈ Df
(
yp(t+ s)

)
v(t+ s) for s ∈ [−τmax, 0]. (II.173)
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Discretising this equation with the help of piecewise Lagrange polynomials as described
in Section 3.1, the following equation is obtained:

Dw = gradwFw, (II.174)

where the vector F contains the right-hand-side f evaluated at the representation points
given in (II.145), while w contains the perturbation of the state variables at the repre-
sentation points:

F =



f1(t0)
f1(t1)

...
f1(tmn+1)
f2(t0)
f2(t1)

...
f2(tmn+1)


and w =



Ω(t−r)
...

Ω(t0)
Ω(t1)
...

Ω(tmn+1)
ψ(t−r)

...
ψ(t0)
ψ(t1)
...

ψ(tmn+1)



, (II.175)

where the time instant t−r corresponds to the maximal delay τmax and the differentiation
matrix D can be given in a block-diagonal form

D =

(
DLm,n 0
0 DLm,n

)
. (II.176)

The discretised variational equations (II.174) can be expressed also in the form

Jw = 0. (II.177)

The coefficient matrix J = D − gradwF can be obtained from the Jacobian of the
zero problem (II.165) without considering the phase- and periodicity conditions and the
modulo operation in the time-delayed variables [Luzyanina and Engelborghs, 2002].

The Jacobian Jmod of the zero problem (II.165) has a block matrix structure as shown
in Fig. II.10 where we already omitted the periodicity and the phase conditions, as well
as the derivations with respect to the period T . Based on the equations (II.160) and
(II.161), three of the four blocks can be given analytically. However, we cannot calculate
the top-right block (shaded in light-grey in Fig. II.10) directly since this corresponds to
the derivatives of (II.160) with respect to the yaw angle ψ. Accordingly, these derivatives
depend on the lateral deformation and the consideration of sliding makes it impossible
to provide a formula that links the deformation to the time-delayed state-variables in a
straightforward way. This is why we calculate this block by finite differences. Neverthe-
less, we still know that due to the distributed contact-delay, matrix Jmod is expected to
have a band-like structure, which, as a result of the modulo operation, appears also in
the upper-right triangle of the block.
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In order to omit the modulo operation, one can re-organise this matrix resulting the
extended Jacobian J in case the largest delay is smaller than the period: τmax < T .
However, this cannot be performed directly for τmax > T since in this case the periodic
band in the top-right block overlaps itself. Thus, one has to calculate the top-right block
of the extended Jacobian by finite differences evaluating the zero problem (II.165) without
the modulo operation.

The monodromy matrix can be calculated by defining a map between the initial and
the final solution segments v(t0 + s) and v(t0 + T + s), s ∈ [−τmax, 0], respectively. In
the discretised system (II.174), this can be provided by the extended Jacobian J. Re-
organising the columns of matrix J (see Fig. II.11), eq. (II.177) can be expressed in a
block-matrix form (

A B
)
w̃ = 0. (II.178)

This equation is underdetermined, with a 2(r + 1) dimensional solution-space. Thus,
the final solution segment w1 can be given as a function of the initial solution segment
w0

w1 = Mw0, (II.179)

where

w1 =



Ωmn−r+1
...

Ωmn

ψmn−r+1
...

ψmn


, w0 =



Ω0−r
...
Ω0

ψ0−r
...
ψ0


, (II.180)

and the coefficient matrix M is the monodromy matrix. Note, that if τmax > T the
solution segments w1 and w0 overlap and one part of the monodromy matrix is the
identity.

The stability of the periodic solutions can be decided with the help of the eigenvalues
of the monodromy matrix M. A periodic solution is stable, if the spectral radius of the
mondoromy matrix satisfies ρ(M) ≤ 1, where ρ(M) = max

(
abs(λ)

)
, for any Ms = λs.

Note, that for a periodic solution, 1 is always a trivial eigenvalue of the monodromy
matrix.

Theoretically, the boundary of the bistable domain(s) could be determined by the
continuation of the saddle-node bifurcation of the periodic solutions. However, the cal-
culation of the monodromy matrix is computationally expensive while determining its
critical eigenvalue is also an ill-conditioned problem due to the non-smooth nature of the
system. Therefore, in our analysis, we determined the stability of the periodic solutions
after the solution-manifold is calculated.

3.8 Results

After establishing the linear stability of the rectilinear motion, the stability of the non-
hyperbolic equilibria is investigated with the help of the non-smooth second order terms
as explained in Section 3.5. We found that by varying the towing speed V , the non-
linearly stable (shown in blue) and unstable (shown in red) non-hyperbolic equilibria
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Figure II.12 Periodic solutions of the undamped system for parameters given in Table II.2.
The blue markers correspond to stable, the red ones to unstable solutions, respectively.

appear in an alternating structure in Figure II.7. The line l = a was found to be ‘neutral’
(δ = 0) for the second order terms, therefore its stability could be decided by the higher
order terms. Note that in previous studies [Stépán, 1993], using a quasi steady-state
tyre model, this line proved to be unstable due to the third order terms. There are also
points in the (V, l) parameter-plane where two linear stability boundaries intersect each
other. At such points, two complex-conjugate pairs of characteristic exponents cross the
imaginary axis resulting in quasi-periodic oscillations having two frequencies at the loss
of stability. For an analytical investigation of these ‘double-Hopf’ points (see [Stépán.
and Haller, 1995]) an extension of the presented algorithm would be required, however
this is beyond the scope of our study.

We carried out the two parameter continuation of the periodic solutions, emerging
from the linear stability boundaries by means of the towing speed V and the caster
length l. Figure II.12 shows the vibration amplitudes ψmax of the periodic solutions in
the undamped system (bt = 0) concentration on the unstable parameter regions at the
largest towing speeds. We also show one parameter bifurcation diagrams in panels (a)
and (b) of Fig. II.13 corresponding to the planes A and B in Fig. II.12. In these diagrams,
the tangent lines at the bifurcation points are determined by considering the non-smooth
second order terms according to expression (II.143).

It can be seen that the numerical collocation and the semi-analytical approximation
are in good agreement with each other for small amplitudes in the vicinity of the bifur-
cation points. As one can observe, for each linearly unstable domain, the left boundary
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Figure II.13 Bifurcation diagrams (upper panels) and Nonlinear stability chart (bottom
panel) of the undamped system for parameters given in Table II.2. The bifurcation diagrams
in panels (a) and (b) correspond to the sections A and B, respectively. The continuous blue
lines indicate stable, while the dashed red lines unstable solutions. The grey area in the bottom
panel is uncharted.

relates to subcritical bifurcation, while the right boundary corresponds to supercritical
bifurcation. Thus, at each unstable domain, both branches of the arising limit cycles
are tilted to the left (i.e. to smaller velocities). For both small and large caster lengths,
bistable parameter domains occur where stable rectilinear motion and periodic oscillation
co-exist with domains of attraction separated by unstable limit cycles. This behaviour is
already predicted by the second order terms, though our semi-analytical calculation does
not capture the numerically observed saddle-node bifurcation of the periodic orbits (see
the folds in panels (a) and (b) in Figure II.13).

Based on the bifurcation diagrams, we can distinguish four types of parameter do-
mains as shown in panel (c) in Fig. II.13. In the white ‘stable’ regions the rectilinear
motion is linearly stable and has an infinitely large domain of attraction. In the ‘unsta-
ble’ regions (shaded in medium red), the rectilinear motion is unstable whereas in the
‘bistable’ domains (shaded in light red) the rectilinear motion is stable but has a finite
domain of attraction. That is, the system converges to a stable limit cycle for large
enough perturbation. In panel (b), it is also apparent that there exist a parameter range
where the rectilinear motion is unstable but the system has two stable limit cycles. This
type of paramater domain is marked by dark red shading in panel (c).
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Figure II.14 Periodic solutions of the damped (bt = 0.61 Nms) system for parameters given
in Table II.2. The blue markers correspond to stable, the red ones to unstable solutions, respec-
tively.

In panel (b), the branch emerging at the largest critical speed corresponds to signif-
icantly larger amplitudes than the branches unstable domains at lower speeds or larger
caster lengths. Note that around ψmax ≈ π/2 the mathematical model has a singularity
and it cannot describe those motions where the wheel is rotating in the opposite direction.
It can be seen though that at the other unstable domains, the amplitudes are significantly
smaller. While these so-called ‘micro-shimmy’ vibrations [Takács and Stépán, 2012] are
unlikely to cause structural vibrations and accidents, they are still undesirable due to the
related energy loss, high tyre wear and noise generation.

If viscous damping bt is considered at the king pin, the nonlinear analysis revealed
that while the linearly unstable domains begin to shrink (see Fig. II.8)the damped sys-
tem largely preserves the structure of the non-linearly stable and unstable boundaries;
namely, a bistable domain occurs beside the stability boundary corresponding to sub-
critical bifurcation of the rectilinear motion as it can be observed in Figures II.14 and
II.15.

In our analysis, we obtained information about the stability of the periodic solutions
from multiple methods. Unfortunately, when compared to numerical simulations, the
calculation of the Floquet multipliers by our code turned out to be unreliable as indicators
of stability in certain cases (see Fig. II.16). While they turned out to be robust at
the solution surface at the highest speed, they tend to provide contradictory results
at lower speeds, especially at the solutions close to linear stability boundaries. The
suspected reason of this behaviour is that due to the non-smooth nature of the system,
the continuation of the periodic solutions can be carried out only with relaxed error
tolerances of the solution algorithm. As a conclusion, the periodic solutions are marked
here as stable/unstable based on the topology of the manifold using the Fold line.

The results provided by the time delayed brush tyre model are similar to the ones
obtained by using the quasi-stationary approach, namely, due to the non-smooth nature of
the system, the limit cycles appear in a conical structure at the linear stability boundary
in both cases. However, while only supercritical bifurcation was found by using the quasi-
stationary tyre model, we detected bistable parameter domains by considering the time
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Figure II.15 Panel (a): bifurcation diagram corresponding to section C in Figure II.14. Panel
(b): nonlinear stability chart of the damped (bt = 0.61 Nms) system. The blue markers corre-
spond to stable, the red ones to unstable solutions, respectively. The grey area is uncharted.
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Figure II.16 Periodic solutions corresponding to large caster lengths (l > 0.04m) of the
undamped system for parameters given in Table II.2. The solutions are coloured by means
of the calculated Floquet multipliers. The blue markers correspond to stable, the red ones to
unstable solutions, respectively.
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delay and lateral sliding simultaneously. Hence, these results are in a qualitative sense
closer to the behaviour that can be observed in experiments.

3.9 Thesis statements

Statement 3

Let us consider the in-plane, one-degree-of-freedom model of a towed wheel where the
wheel is mounted in a rigid caster that is attached to the towing vehicle by a king pin. If
the lateral tyre deformation of the contact patch centre-line is calculated by
the brush tyre model using time-delayed formulae in the sticking part while
the deformation is considered by assuming parabolic boundaries in the sliding
region, the linear stability of the rectilinear motion is unaffected by the partial
sliding of the tyre.

Statement 4

Let us consider the in-plane, one-degree-of-freedom model of a towed wheel where the
wheel is mounted in a rigid caster that is attached to the towing vehicle by a king pin.
The lateral tyre deformation of the contact patch centre-line is calculated by the brush
tyre model using time-delayed formulae in the sticking part while the deformation is
considered by assuming parabolic boundaries in the sliding region.

In this model, the bifurcation of the equilibrium corresponding to the
rectilinear motion of the caster-wheel system, after performing the centre
manifold reduction of the infinite-dimensional governing equations, can be
described by the normal form(

u̇1
u̇2

)
=

(
µ(V ) ω(V )
−ω(V ) µ(V )

)(
u1
u2

)
+ h̃2(u1, u2;V ),

where the function h̃2 contains the non-smooth second order terms and the
bifurcation parameter is the towing speed V .

The bifurcation can be either sub- or supercritical; thus, bistable param-
eter domains appear where the linearly stable rectilinear motion has a finite
domain of attraction and the system can either converge to the rectilinear
motion or to a limit cycle for the same parameters.
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4 Numerical simulations with the stretched string

model

Although we obtain qualitatively correct nonlinear behaviour by considering the contact
time delay and lateral sliding in the brush tyre model in Section 3, it is difficult to
compare these results to measurements due to the quantitative difference in the critical
speeds which is a known error of the brush model [Takács, 2010]. In this section, we
use the stretched string model to calculate the lateral tyre force and self aligning mo-
ment. Thus, we consider tyre deformation outside the contact region as well which is
neglected by the brush tyre model. Thus, the critical speeds become comparable with
experiments. Unfortunately, the bifurcation analysis we performed using the brush tyre
model in Section 3 cannot be carried out if the stretched-string tyre model is used. The
complex nature of the lateral sliding model (see Section 2.2 in Chapter II.) hinders the
analytical calculations and also makes it challenging to employ the method of numerical
collocation effectively. Instead, we explore the nonlinear dynamics of the towed wheel by
implementing the stretched string model with sliding in a simulation algorithm.

4.1 Governing equations

We apply the stretched sting model in the equation of motion (II.1):

JAψ̈(t) + btψ̇(t) =M − Fl, (II.181)

where the resultant lateral tyre force F and the self-aligning moment M are calculated
by means of the integral formulae (I.11) and (I.12):

F =

∫ ∞

−∞
kq(x, t) + b

d

dt
q(x, t)dx , (II.182)

M =

∫ ∞

−∞
kxq(x, t) + bx

d

dt
q(x, t)dx . (II.183)

For the case of the towed wheel, the travelling wave solution (I.31), (I.32) for pure rolling
in the x ∈ [−a, a] contact region can be expressed as

q(x, t) = V τ sinψ(t)−(a−l) sin(ψ(t)−ψ(t−τ))+q(a, t−τ) cos(ψ(t)−ψ(t−τ)), (II.184)

x(τ) = −V τ cosψ(t)+(a−l) cos(ψ(t)−ψ(t−τ))+q(a, t−τ) sin(ψ(t)−ψ(t−τ)), (II.185)
while the deformation of the leading point is governed by the ODE

q̇(a, t) = V sinψ(t) + (a− x)ψ̇(t) +
q(a, t)

σ

(
q(a, t)ψ̇(t)− V cosψ(t)

)
. (II.186)

However, these formulae have to be modified according to the sliding model described
in Section 2.2 in Chapter I to consider the effect of contact friction. In what follows,
we introduce a method that provides a solution for the sticking and sliding parts of the
contact region, such that they are compatible with the continuity conditions between the
different regions. Then, this algorithm is implemented in numerical simulation to analyse
the nonlinear dynamics of the caster-wheel system.
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4.2 Numerical calculation of the deformation

The presented numerical method is constructed such that it can be implemented in a
one-step explicit differential equation solver (in our study fourth-order Runge-Kutta is
used). In each time-step the corresponding deformed shape is calculated in two substeps.
Firstly, based on the travelling wave solution we provide the tyre deformation as if the
condition of pure rolling would hold for the whole contact patch. Unfortunately, due to
the sliding region at the leading edge the travelling wave solution cannot be used as in
Eqn. (II.184) as the tyre particles do not stick at x = a in general. This may be solved by
using the past values of the position and the lateral deformation at the transition point xL
of sliding to rolling close to the leading edge (see section 2.2 in Chapter I). However, since
the limit is varying in time this should be performed for every single point of the contact
region separately. Instead, it is much more convenient to store the deformed shape of
the contact line from the last time-step as it already contains the ‘memory-effect’ in the
tyre-ground contact, and calculate the deformation in discrete points using the same time
delay in the formula equal to the step size h as

q (xi, t) =

V h sinψ (t)− (xi−1 − l) sin (ψ (t)− ψ (t− h)) + q (xi−1, t− h) cos (ψ (t)− ψ (t− h)) ,

(II.187)

whereas for the longitudinal position of the tyre particles we get

xi = −V hl cosψ (t)

+ (xi−1 − l) cos (ψ (t)− ψ (t− h)) + q (xi−1, t− h) sin (ψ (t)− ψ (t− h)) ,
(II.188)

where i = 2, ..., N if the contact patch is discretised by N points as a = x1 > x2 > ... >
xN−1 > xN = −a. Meanwhile, the leading point deformation q (x1, t) is obtained from
the ODE (II.186).

Then, the lateral distributed force system required for the calculated deformation is
obtained based on Eqn. (I.45) as

preq(xi, t) = −kσ2q′′(xi, t) + kq(xi, t) (II.189)

where the second derivative q′′(xi, t) is calculated by finite differences. The lateral force
is compared to the limiting parabolae which provides us an initial guess for the two
rolling/sliding transition boundaries. Using these we find the location of the transition
between rolling and sliding where the continuity of the first derivatives holds. If more
than one solutions are found, we use the one closest to the initial guess.

This process is straightforward for the sliding region at the leading edge; however,
sliding can occur either in one or two directions simultaneously at the rear end of the
contact patch. This phenomenon can be originated in the fact that the continuity of the
first derivatives is not assured by the travelling wave solution at the rear end of the contact
patch, which would generate another ‘kink’ in the lateral force distribution at x = −a.
Since this is incompatible with the lateral force limits it induces sliding at the end of the
contact zone. If this sliding happens in the other direction as for the other parts of the
rear sliding region, i.e. sgn (preq(−a, t)) ̸= sgn (preq(x, t)) for x ∈ (−a, xR) the sliding zone
at the rear end is split into two regions with respect to sliding direction. Therefore, for
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the rear end it should be decided first, whether one or two sliding regions appear, then
based on the initial guess the limits of the sliding regions are determined. For sliding
in one direction this can be performed straightforwardly, if there are two sliding regions
however, this yields to a two dimensional problem. Thus, we use an additional condition,
that the side-change in the resulting distributed lateral force system should be the closest
to the position determined by the travelling wave solution.

4.3 Results
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Figure II.17 Bifurcation diagram and linear stability chart of the rectilinear motion. In the
upper panel blue continuous lines correspond to stable, while red dashed lines to unstable solu-
tions. In the figure the amplitude ψmax of the deflection angle is shown for different longitudinal
velocities. In the lower stability chart, which was constructed in the plane of the towing velocity
V and the caster length l, the white domains are linearly stable, whereas the red shaded regions
are linearly unstable.

Before numerical simulations of the towed wheel were carried out to investigate the
nonlinear dynamics, the linear stability of the rectilinear motion was analysed. In the
presented cases the system parameters given in Table 1 were used. The stable and
unstable regions regarding the straight-line motion shown in Figure II.17 were determined
by studying the governing equations by semi-discretising the PDE in Eq. I.7 describing
the lateral deformation.

Running the system in the parameter range where the rectilinear motion is unstable
we captured the stable periodic orbits the system converged to. Looking at the the
deformed shape of the tyre corresponding to the vibrations of the wheel (see Figure II.18
) it can be observed that one and two-directional sliding zones alternate at the rear end
of the contact patch.

The amplitude of the yaw angle ψ corresponding to the stable limit cycles are shown
for the caster length of l = 0.3 m in Figure II.17 compared with the linear stability chart.
It was found that using the stretched string model, the dynamic behaviour of the system
is qualitatively similar to the system with the brush tyre model. Namely, there exists a
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Figure II.18 The distributed lateral force system and the deformed shape of the tyre centre-
line at different time instants. In the top panel the deflection angle is shown while we also marked
the four time instants to which the presented tyre deformations and lateral forces correspond.
For each case in the upper panels the continuous and dashed red parabolae represent the force
limits for rolling and sliding respectively, while actual lateral load is shown by thick green curves.
In the lower panels white zones correspond to the rolling part, red zones to the sliding part
(different shades of red refer to two-direction sliding). The regions outside the contact-patch
are illustrated by dashed curves.

Parameter Notation Value

Mass moment if inertia with respect to the joint A JA 3.61 kgm2

Tyre-ground contact patch half-length a 0.0395 m
Tyre relaxation length σ 0.13 m
Distributed tyre stiffness k 62600 N/m2

Distributed tyre damping b 19 Ns/m2

Torsional damping at J bt 0.61 Nms
Vertical tyre load Fz 180 N
Friction coefficient for rolling µr 1.5
Friction coefficient for sliding µs 1.0

Table II.3 List of parameters used in simulation.
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so-called bistable parameter range where despite the fact that the straight-line motion
is stable, for large enough perturbation the system still can converge to a periodic orbit.
This feature can be associated with a non-smooth, subcritical Hopf bifurcation of the
equilibrium corresponding to the straight-line motion. It is also visible that the branch
of the stable limit cycles emerge in a conical structure in this case, too.
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5 Measurements

Measurements to explore the dynamics of towed wheels have been carried out for long time
at the Department of Applied Mechanics [Takács and Stépán, 2009,Takács, 2010,Takács
and Stépán, 2012]. The experiments revealed that towed wheels have an interesting
dynamics in the nonlinear domain featuring quasi-periodic vibrations or bistability. Also
the magnitude of the vibrations can vary in a wide-scale from large amplitude oscillations
to ‘micro-shimmy’ when the amplitude is comparable with the noise the experimental rig
is subject to. These findings were among the chief motivations of the analytical studies
presented in the thesis. The theoretical and experimental analyses were also developed
together as the analytical results gave us new ideas for the experiments. In the thesis,
we focus on those experiments which show the deficiencies of the quasi-steady-state tyre
models and corroborate the delayed tyre model.

5.1 Experimental set-up

Figure II.19 Shimmying wheel running on a conveyor belt (left panel) and excitation by an
impulse hammer (right panel).

Parameter Notation Value

Mass moment if inertia with respect to the joint A JA 0.179628 kgm2

Tyre-ground contact patch half-length a 0.054 m
Tyre relaxation length σ 0.12 m
Distributed tyre stiffness k 43766 N/m2

Distributed tyre damping b 22.91 Ns/m2

Torsional damping at J bt 1.3 Nms
Maximum lateral force for rolling Frmax 900 N
Maximum lateral force for sliding Fsmax 600 N

Table II.4 List of parameters of the experiments.
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Figure II.20 The result of the modal test at zero towing speed. The upper panel shows the
natural frequency while in the lower panel, the damping ratio is presented. The red crosses
correspond to the measured data while the blue curves show the fitted theoretical formulae
(II.190) and (II.191).

Measurements have been carried out on a towed tyre running on a conveyor belt
with a constant speed V in order to validate the non-smooth delayed tyre model. The
measurement results were compared to the stretched string model with time delay. In
the experimental rig, shown in Fig. II.19, the wheel is placed into a fork that can be
moved along the caster to modify the caster length l. The caster can rotate about the
vertical axis of the king pin where two preloaded ball bearings are installed in O-type
arrangement with oil lubrication. This installation of the bearings leads to a relatively
rigid king pin setup having small effect of the dry friction, low damping and no clearance.

In the experimental rig, the length of the contact patch can be set by the changing
of the vertical distance between the king pin and the conveyor belt. Of course, this
construction cannot guarantee constant vertical force acting on the wheel, but none of the
experimental results suggested that relevant variation is present for the applied parameter
setup. To reduce the effect of the lateral elasticity of the conveyor belt, it was supported
by a rigid frame. Moreover, the tyre inflation pressure and the contact patch size were
tuned to smaller values, where preliminary experiments showed that the buckling of the
conveyor belt can be avoided but the interesting parameter domain of the stability chart
and non-linear vibrations can be reached. With the Galilean transformation this setup
can be converted to be identical to the investigated mechanical model of the towed wheel.
At the joint, a magnetic rotation sensor (AMS AS5048A magnetic rotary encoder with
14-bit resolution) was built-in to capture the time signal of the deflection angle ψ(t)
with good accuracy while the conveyor belt speed was measured by an optical sensor.
The measurement data were collected by a data acquisition device (National Instruments
USB-6216 (BNC)) while the signal processing was performed in MATLAB.
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Figure II.21 Measured and theoretical stability boundaries predicted by the delayed stretched
string model (thick black curve) and the Magic Formula (thin black curves).

5.2 Parameter identification

The lateral tyre stiffness k, tyre damping b, the relaxation length σ and the torsional
damping bt were identified by measuring the natural frequency fn and damping ratio ζr
of the caster-wheel system for different caster lengths using an impact hammer (Meggitt-
Endvelo modal hammer, Model: 2302-10) at zero towing speed. In Fig.II.20, the results
of the modal test are shown by red crosses while blue lines correspond to the fitted
theoretical formulae. These can be expressed as

fn =
1

2π

√
k
(
2
3
a3 + 2(aσ + l2)(a+ σ)

)
JA

, (II.190)

and

ζr =
π

f
·
bt + b

(
2
3
a3 + 2(aσ + l2)(a+ σ)

)
JA

. (II.191)

The parameters of the used Coulomb friction law are defined here by the maximum
of the transmittable lateral force for sticking and sliding respectively: Frmax = µrFz and
Fsmax = µsFz. These were set to match the measured and simulated vibration amplitudes.
The system parameters of the experiments are listed in Table II.4.

In order to compare the results to a quasi-steady-state tyre model as well, the lateral
tyre force characteristics was measured while the deflection angle ψ (equal to the side-
slip angle in steady-state) was held constant. We used the Magic Formula [Pacejka,
2002] to generate the lateral force characteristics (see (I.56) by identifying the parameters
BF , CF , DF , EF . For the self-aligning moment, a linear expression was used as

M = −κBFCFDFα, (II.192)

where the parameter κ is defined as κ = κ̃a where κ̃ = −CMα/CFα is the pneumatic trail,
that is the ratio of the torsional and lateral stiffness of the tyre for small deformation. In
the meantime, the side-slip angle α is calculated as

α = − arctan
q(a, t)

σ
. (II.193)
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data. The blue markers and lines correspond to the results obtained with the stretched string
model while black curves correspond to the results provided by the Magic Formula.

It is worth to mention that this assumption provides the quasi steady state straight-
tangent approximation of the stretched string model [Pacejka, 2002].

5.3 Linear stability and identification of the bistable regions

In the experiment, beginning from a domain where the straight-line motion is stable, the
speed of the conveyor belt was increased by steps of (approximately) 0.5 km/h (0.1388
m/s) until the stability boundary was crossed and the system converged to a large am-
plitude limit-cycle. Then, to discover the limits of the bistable speed-range, the conveyor
belt speed was decreased until the vibrations decayed.

First, the measurement results were compared to the linear stability boundaries ob-
tained from the delayed stretched string and the Magic Formula tyre models as shown
in Fig. II.21. Since the self aligning torque was not measured we present the stability
boundaries for various pneumatic trails varying the parameter κ from 1/3 to 5. Note that
for this comparison we used a slightly larger relaxation length σMF = 0.15 m was used to
match the stability boundary to the measurements while the coefficients in the Magic For-
mula were BF = 3.9085, CF = 1.55, DF = 119.12 N, EF = 0.3924. It can be seen that
the stretched string model and the quasi steady state tyre model both have an error in
the critical velocity compared to the measurements. The stretched string model provides
a larger, whereas the Magic Formula a lower critical speed for the stability boundary. It
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Figure II.23 Nonlinear stability chart of the rectilinear motion. The crosses correspond
to measurment results while the stars indicate the boudary of the bistable parameter region,
simulated with the delayed stretched string model.

is also visible though that the Magic Formula provides an upper stability boundary above
which it predicts the rectilinear motion to be stable. Such behaviour was not experienced
during the measurements in the velocity range of V = 0− 5 m/s. Although this discrep-
ancy could be overcome by choosing an even higher relaxation length. This, however,
would result the unstable domain spreading to higher caster lengths as well where in the
experiments the rectilinear motion was found to be stable.

The results of the measurements are compared with numerical calculations, where the
same process was simulated to cover the bistable parameter range. The measured and
simulated vibration amplitudes are shown for the caster length of l = 0.075 m in Figure
II.22. We also present the amplitudes of the periodic solutions with the Magic Formula
tyre model for different pneumatic trails which were calculated by using the continuation
software AUTO07p [Doedel and Oldeman, 2012]. In this case, larger discrepancies were
found in the vibration amplitudes for larger pneumatic trails, while we found better match
for κ = 1/3, which can be explained by the fact that for large deformations the pneumatic
trail becomes indeed smaller. It can be also seen though, that the Magic Formula tyre
model in our mechanical model does not result a bistable parameter domain.

The measurement procedure was repeated at several caster lengths; thus, which are
shown in the nonlinear stability chart of the rectilinear motion, shown in Figure II.23.

As it can be observed, the rectilinear motion lost its stability at a lower velocity during
the experiment than is can be predicted by numerical simulation. Comparing the width
of the measured and simulated bistable zones, one can see that the measurement provided
a narrower domain. Amongst many other effects, this can be explained by the fact that
the measurements were affected by relatively high level of noise which, by providing
large enough perturbation, could drive out the system from the domain of attraction of
the rectilinear motion. Otherwise, the shift of the stability boundary towards a lower
velocity level can be also explained by the yet unexplored velocity-dependence of the
tyre properties. Such a property is suggested by the much stronger velocity-dependence
of the vibration amplitudes than the simulation results show. It has to be noted too,
that measuring the vertical compressing force and the friction coefficients, such that the
simulations match the measured data, proved to be complicated. This is due to the fact,
that the behaviour of the rubber tyre is influenced by many non-modelled factors, such
as the already mentioned velocity dependence as well as material non-linearities and the
tyre and conveyor belt temperature.
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Figure II.24 Initial angular velocities (filled markers) and steady state velocity amplitudes
(empty markers) are plotted for different towing speeds. The cases when the system converged
to the rectiniear motion are marked by circles while those cases when persistent large amplitude
vibrations occured are marked with stars. The red dashed line estimates the likely locations of
unstable limit cycles.

5.4 Identification of the unstable limit-cycle

Another way to explore the dynamics in the bistable domains is to apply different force
impulses on the caster with an impact hammer. These impulses correspond to equivalent
initial angular velocities Ω as shown in Fig. II.24. These experiments were performed
with a PCB Piezonics impact force hammer (Model no.: 086D20).

Observing whether the system converges to stable large amplitude vibrations or to
the stable rectilinear motion, we can estimate the angular velocity corresponding to the
separatrix between the two stable solutions, which is used as an approximation of the
amplitude of an (otherwise undetectable) unstable limit cycle (see red dashed line in
Fig. II.24). Performing this for different speeds V in the bistable region, the branch of
the unstable limit cycles was continued until the point where the mechanical noise from
the conveyor belt and the wheel unbalance resulted large amplitude vibrations without
any additional impact hammer excitation. The root mean square (RMS) of the noise
characteristic to the experiment is indicated by the dotted horizontal line in Fig. II.24.
Thus, we showed that the unstable limit cycle appears to emerge in a conical structure in
the experiments as predicted by our theoretical calculations. This indicates that, indeed,
the non-smooth nature of the system, caused by dry friction in the tyre-ground contact,
has an essential effect on the way the limit cycles develop.
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5.5 Thesis statements

Statement 5

Let us consider the in-plane, one-degree-of-freedom model of a towed wheel where the
wheel is mounted in a rigid caster that is attached to the towing vehicle by a king pin. If
the lateral tyre deformation is calculated by the stretched-string tyre model
using time-delayed formulae in the sticking part while sliding is considered by
assuming parabolic boundaries for the distributed lateral contact force-system;
then, the model and the measurements provide qualitatively identical results
for the existence and the location of the bistable parameter domains while,
if applied in the same vehicle model, quasi-stationary tyre models are unable
to capture these domains.
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Chapter III

Applications in realistic vehicle
systems

1 Introduction

Apart from the investigation of wheel-shimmy, the delayed tyre model can be used to
study other vehicle systems as well. The sneaking instability of the car-trailer system is
similar to the wheel-shimmy phenomenon is many aspects. Notably, these oscillations
can be also originated in the dynamic tyre-ground contact. Therefore, it is worth to
investigate the lateral stability of the car-trailer combination. Despite the fact that
results are already available in the specific literature, these are based on the simpler,
quasi-steady-state tyre models that can consider the dynamic deformation of the tyres
only in a limited way.

The other example we present in the thesis is the lateral control of a four-wheeled
autonomous vehicle. Self-driving vehicles are commonly realised by optical sensors. These
systems however can fail in case of low visibility or if lane markings are missing. Using
satellite navigation to identify the position of the vehicle can help to overcome these
issues. Either way, one has to consider a significant delay related to image- or satnav-
signal processing. This time delay has usually greater impact on the stability at larger
speeds than the memory effect in the tyre-ground contact which we neglect in our study.
The results of the stability analysis are compared to experiments that were carried out
at the test track of the University of Michigan.

2 Lateral stability of the car-trailer combination

2.1 Mechanical model

The mechanical model is shown in Fig. III.1. The car-trailer combination is represented
by the so-called single-track model (in-plane bicycle model with a trailer, see [Pacejka,
2002]) by means of the following assumptions. The vehicle can move in the (X,Y ) plane,
and its motion is described in the ground-fixed Lagrangian coordinate system. The
vertical motion of the vehicle is neglected. There are several mechanisms how the vertical
dynamics can influence lateral stability. For example, the vertical load at the hitch point

71
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Figure III.1 The single-track model of the car-trailer combination

has an effect on the friction forces at the hitch. The variation of the hitch point load
modifies the friction torque that dissipates the energy of the oscillations. Furthermore,
the hitch point load has an effect on the load of the car rear axle, the increase of which
raises the slip stiffness of the tyres, which also stabilises the system. The inconsideration
of these damping effects can be imagined as a worst case scenario in the viewpoint of
stability. By using the single-track model, we also neglect the lateral extension of the
vehicles, which is a standard simplification for the stability analysis of the rectilinear
motion [Pacejka, 2002,Rossa et al., 2012,Takács and Stépán, 2013].

Hence, the vehicle system is represented by two rods, which are connected with a
rotational joint at J. The wheels are attached to the vehicle at points T1, T2 and T3. The
notations h, eF and eR stand for the distances between the centre of mass C1 and the joint
J, the front and rear wheel centre-points T1 and T2, respectively. The distance between
the centre of gravity C2 of the trailer and the king pin J is referred to as lC, while l is
the distance between the king pin J and the wheel axle of the trailer. Four generalised
coordinates describe the motion of the vehicle: X1 and Y1, which are the coordinates of
the centre of gravity C1, and the angles ψ1 and ψ2 of the longitudinal axes of the car
and the trailer with respect to the X direction. These are represented in the vector of
generalised coordinates:

q =
(
X1 Y1 ψ1 ψ2

)T
. (III.1)

One kinematic constraint is applied to the system to prescribe its forward motion,
namely, the longitudinal velocity V of the car is kept constant in time:

Ẋ1 cosψ1 + Ẏ1 sinψ1 = V . (III.2)

The equations of motion of the non-holonomic mechanical system can be determined
efficiently by means of the Appell-Gibbs equation [Gantmacher, 1970]. This requires the
definition of the so-called pseudo velocities β1, β2, β3, which can be introduced with the
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help of a system of linear equations:
cosψ1 sinψ1 0 0
− sinψ1 cosψ1 0 0

0 0 1 0
0 0 0 1




Ẋ1

Ẏ1
ψ̇1

ψ̇2

 =


V
β1
β2
β3

 , (III.3)

where the coefficient matrix provides the unique relationship between the pseudo velocities
βr and the generalised velocities q̇k. The first row of this matrix is given by the kinematic
constraint Eq. (III.2), whereas the other rows can be chosen intuitively. Here, β1 is the
lateral velocity of centre of gravity C1 of the car, while β2 and β3 are the angular velocities
of the car and the trailer, respectively.

By means of Eq. (III.3), the generalized velocities can be eliminated using the pseudo
velocities, which already fulfil the kinematic constraint:

Ẋ1 = V cosψ1 − β1 sinψ1,

Ẏ1 = V sinψ1 + β1 cosψ1,

ψ̇1 = β2 ,

ψ̇2 = β3 .

(III.4)

The energy of acceleration containing the pseudo accelerations can be calculated from

S =
1

2
m1a

2
C1

+
1

2
JC1ε

2
1 +

1

2
m2a

2
C2

+
1

2
JC2ε

2
2 + . . . , (III.5)

where m1 and m2 are the masses, JC1 and JC2 are the mass moments of inertia (yaw iner-
tias) about the Z axis at the centres of gravity of the car and the trailer, respectively, aC1

and aC2 are the accelerations of the centres of gravity, whereas ε1 and ε2 are the angular
accelerations. All these kinematic quantities can be given as a function of the pseudo
velocities (β1, β2, β3),pseudo accelerations (β̇1, β̇2, β̇3) and the generalised coordinates ψ1

and ψ2, and the energy of acceleration can be expressed as

S =
1

2

(
(m1 +m2) β̇

2
1 +

(
JC1 +m2h

2
)
β̇2
2 +

(
JC2 +m2l

2
C

)
β̇2
3

)
−m2hβ̇1β̇2 −m2lC

(
β̇1 − hβ̇2

)
β̇3 cos(ψ2 − ψ1)

+
(
(m1 +m2)V β2 +m2lCβ

2
3 sin(ψ2 − ψ1)

)
β̇1 −m2h

(
V β2 + lCβ

2
3 sin(ψ2 − ψ1)

)
β̇2

−m2lC

(
V cos(ψ2 − ψ1) + (β1 − hβ2) sin(ψ2 − ψ1)

)
β2β̇3 + . . . .

(III.6)

The presented formula is not complete, but it can be shown that only the given terms
are necessary for the derivation of the governing equations.

The Appell-Gibbs equations read

∂S

∂β̇r
= Γ r , r = 1, 2, 3, (III.7)
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where Γr are the pseudo forces, which can be identified as the coefficients of the virtual
pseudo velocities in the virtual power of the active forces:

δP =
∑3

r=1
Γr δβr . (III.8)

In our case, the virtual power can be calculated by the formula

δP = F1 · δvT1 + F2 · δvT2 + F3 · δvT3 + (M1 +M2) · δω1 +M3 · δω2 , (III.9)

where Fi and Mi (for i = 1, 2, 3) are the forces and aligning torques transmitted by
the tyres from the ground to the vehicle. They can be written in the car-fixed (x, y, z)
coordinate system (see Fig. III.1) as

F1 =

 0
F1

0

 , F2 =

 0
F2

0

 , F3 =

−F3 sin(ψ2 − ψ1)
F3 cos(ψ2 − ψ1)

0

 , (III.10)

and Mi = Mik, where k is the unit vector of the Z direction. The notations δvT1 ,
δvT2 and δvT3 are the virtual velocities of points T1, T2 and T3, respectively, whereas
δω1 = δβ2k and δω2 = δβ3k are the virtual angular velocities. The virtual velocities can
easily be calculated in the car-fixed (x, y, z) coordinate system:

δvT1 = δ

 V
β1 + eFβ2

0

 , (III.11)

δvT2 = δ

 V
β1 − eRβ2

0

 , (III.12)

δvT3 = δ

 V + lβ3 sin(ψ2 − ψ1)
β1 − hβ2 − lβ3 cos(ψ2 − ψ1)

0

 . (III.13)

After some manipulation of the given formulae, one can determine both sides of Eq. (III.7),
and the equations of motion of the non-linear system can be composed as

m1

(
β̇1 + V β2

)
+m2

(
β̇1 + V β2 − hβ̇2 − lCβ̇3 cos (ψ2 − ψ1) + lCβ

2
3 sin (ψ2 − ψ1)

)
= F1 + F2 + F3 cos (ψ2 − ψ1) ,

JC1 β̇2 +m2

(
h2β̇2 − hV β2 − hβ̇1 + hlCβ̇3 cos (ψ2 − ψ1)− hlCβ

2
3 sin (ψ2 − ψ1)

)
= F1eF − F2eR − F3h cos (ψ2 − ψ1) +M1 +M2 ,

JC2 β̇3 +m
(
lC

2β̇3 − lCV β2 cos (ψ2 − ψ1)− lCβ̇1 cos (ψ2 − ψ1) − lCβ1β2 sin (ψ2 − ψ1)

+hlCβ̇2 cos (ψ2 − ψ1) + hlCβ
2
2 sin (ψ2 − ψ1)

)
=M3 − F3l .

(III.14)

Note that to consider the full set of governing equations, these equations have to be
completed with the kinematic equations (III.4).
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In our study, we investigate the linear stability of the rectilinear motion (X(t) =
V t, Y (t) ≡ 0, ψ1,2(t) ≡ 0, β1,2,3(t) ≡ 0). The linearised form of these equations of
motion is already given in [Pacejka, 2002]. We present here the equations with all the
geometric non-linearities, which can be required for the non-linear analysis of the model.
Our model does not consider the vertical dynamics of the vehicle, which strongly limited
its applicability in case of manoeuvres when the vertical forces on tyres suddenly change.
Nevertheless, single-track models are often used to investigate the stability of different
manoeuvres (see, for example, [Rossa et al., 2012]).

Using the brush tyre model with time delay, assuming pure rolling, the tyre forces
and self-aligning torques are calculated by means of formulae (I.5) and (I.6), respectively.
In these formulae the travelling wave solution (see Eq. (I.26) and Eq. (I.27)) is used, in
which one has to give the positions of the centre points of each wheel:(

XT1

YT1

)
=

(
X1 + eF cosψ1

Y1 + eF sinψ1

)
, (III.15)

(
XT2

YT2

)
=

(
X1 − eR cosψ1

Y1 − eR sinψ1

)
, (III.16)(

XT3

YT3

)
=

(
X1 − h cosψ1 − l cosψ2

Y1 − h sinψ1 − l sinψ2

)
. (III.17)

For this example, we evaluate only the linearised form of the lateral force and self-aligning
torque for each tyre. Here we present the expressions for the case when the lengths of
the contact patches and the distributed stiffness are the same for all the tyres. Of course,
this simplification slightly limited the validity of our results since the tyre parameters are
different in practice due to the different vertical load on the tyres. Moreover, the location
of the payload on the trailer have relevant effect on these vertical loads and we do not
take into account this effect of the payload position. However, the applied simplification
enables us to transform some terms more manageable form in the equations. Thus, the
linearised tyre forces and aligning torques can be written as

F1 =− 2ak (Y1(t) + eFψ1(t))− 2ab
(
Ẏ1(t) + eFψ̇1(t)− V ψ1(t)

)
+ kV

2a
V∫

0

Y1(t− τ) + (eF + a)ψ1(t− τ) dτ ,

F2 =− 2ak (Y1(t)− eR ψ1(t))− 2ab
(
Ẏ1(t)− eR ψ̇1(t)− V ψ1(t)

)
+ kV

2a
V∫

0

Y1(t− τ)− (eR − a)ψ1(t− τ) dτ ,

F3 =− 2ak (Y1(t)− hψ1(t)− l ψ2 (t))− 2ab
(
Ẏ1(t)− h ψ̇1(t)− l ψ̇2(t)− V ψ2(t)

)
+ kV

2a
V∫

0

Y1(t− τ)− hψ1(t− τ)− (l − a)ψ2(t− τ) dτ ,

(III.18)
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and

M1 =− 2

3
a3k ψ1(t)−

2

3
a3b ψ̇1(t) + kV

2a
V∫

0

(a− V τ) (Y1(t− τ) + (eF + a)ψ1(t− τ)) dτ ,

M2 =− 2

3
a3k ψ1(t)−

2

3
a3b ψ̇1(t) + kV

2a
V∫

0

(a− V τ) (Y1(t− τ)− (eR − a)ψ1(t− τ)) dτ ,

M3 =− 2

3
a3k ψ2(t)−

2

3
a3b ψ̇2(t)

+ kV

2a
V∫

0

(a− V τ) (Y1(t− τ)− hψ1(t− τ)− (l − a)ψ2(t− τ)) dτ .

(III.19)

In what follows, we consider the governing equations Eq. (III.14) in the space of
the generalized coordinates. For small oscillations around the rectilinear motion, the
relationship between the generalised coordinates and pseudo velocities simplifies to

β1 = Ẏ1 − V ψ1 ,

β2 = ψ̇1 ,

β3 = ψ̇2 .

(III.20)

Taking these into account, the linearised form of the equations of motion Eq. (III.14) can
be written as

m1Ÿ1 +m2

(
Ÿ1 − hψ̈1 − lCψ̈2

)
= F1 + F2 + F3 ,

JC1ψ̈1 +m2

(
h2ψ̈1 − hŸ1 + hlCψ̈2

)
= F1eF − F2eR − F3h+M1 +M2 ,

JC2ψ̈2 +m2

(
lC

2ψ̈1 − lCŸ1 + hlCψ̈2

)
=M3 − F3l .

(III.21)

After substitution of the formulae Eq. (III.18) and Eq. (III.19) into Eq. (III.21) we
obtain a system of DDEs with distributed time delay:

Mÿ(t) +Bẏ(t) +Ky(t) = Q(yt), (III.22)

where y(t) is the vector of the remaining state variables of the linearised system:

y (t) =

Y1 (t)ψ1 (t)
ψ2 (t)

 , (III.23)

and yt is a function of bounded variation above the delay interval [0, 2a/V ] defined by
the shift operator yt(τ) = y(t+ϑ), τ ∈ [−2a/V, 0]. The mass matrix M can be expressed
as

M =

m1 +m2 −m2h −m2lC
−m2h JC1 +m2h

2 m2hlC
−m2lC m2hlC JC2 +m2lC

2

 . (III.24)
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The stiffness matrix K can be separated into symmetric and non-symmetric parts, i.e.,
K = Kk + Kb. The symmetric part is originated in the elastic properties of the tyres
while the non-symmetrical part is originated in the tyre damping:

Kk = 2ak

 3 eF − eR − h −l
eF − eR − h eF

2 + eR
2 + h2 + 2

3
a2 lh

−l lh l2 + 1
3
a2

 , (III.25)

Kb = 2abV

0 −2 −1
0 −eF + eR h
0 0 l

 . (III.26)

The damping matrix B is proportional to the symmetric part of the stiffness matrix:

B =
b

k
Kk . (III.27)

The retarded functional Q(yt) on the right hand side of Eq. (III.22) can be composed as:

Q(yt) = kV

∫ 0

− 2a
V

(Aτ0 + V ϑAτ1)y(t+ ϑ) dϑ, (III.28)

where the coefficient matrices are:

Aτ0 =

 3 eF − eR − h+ 2a −l + a
eF − eR − h+ 2a eF

2 + eR
2 − h2 + 2a (eF − eR + a) h (l − a)

−l + a h (l − a) (l − a)2

 (III.29)

and

Aτ1 =

0 0 0
2 a− eR + 2a 0
1 −h −l + a

 . (III.30)

2.2 Linear stability and self-excited vibrations

The characteristic function of the system can be determined by using the trial solution
y(t) = Aeλt, where λ ∈ C is the characteristic exponent, A ∈ C3. Substituting this into
the differential equation Eq. (III.19) we obtain:(

λ2M+ λB+K− kV

(∫ 2a
V

0

Aτ0e
−λτdτ −

∫ 2a
V

0

V τAτ1e
−λτdτ

))
Aeλt = 0 , (III.31)

where the closed form calculation of the integrals leads to the characteristic equation

D (λ) := det
(
λ2M+ λB+K

−kV
λ

(
Aτ0

(
1− e−

2a
V
λ
))

−Aτ1

(
V

λ

(
1− e−

2a
V
λ
)
− 2a e−

2a
V
λ

))
= 0,

(III.32)

with D(λ) defined as the characteristic function of the system.
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It can be shown, that this equation has at least two zero roots, which is corroborated
by our physical view, namely, the stability of the rectilinear motion is independent to
the direction and position in the (X, Y ) reference coordinate plane. Therefore, from the
point of view of the stability it is sufficient to analyse the simplified D̂ (λ) = D (λ) /λ2

characteristic function.
The rectilinear motion of the vehicle is stable if and only if all the characteristic roots

take place on the left half of the complex plane, i.e.

Re (λj) < 0, j = 1, ...,∞. (III.33)

We investigate the stability of the rectilinear motion of the vehicle with special atten-
tion to the location of the payload on the trailer and to the longitudinal speed V of the
vehicle. Thus, we introduce the dimensionless payload position parameter

pC =
lC
l
, (III.34)

which describes the location of the centre of gravity of the trailer with respect to the
location of the trailers axle (e.g. pC = 0 if the centre of gravity is exactly at the king pin,
and pC = 1 if the centre of gravity is exactly at the axle of the trailer.)

At the stability boundaries corresponding to static loss of stability, the following
equation has to be satisfied:

lim
λ→0

D̂ (λ) = 0 , (III.35)

from which the critical parameter pstat can be calculated in closed form. Here we present
the formula for the undamped (b = 0) case:

pstat = p0 − p−2
1

V 2
, (III.36)

where

p0 =
(3l + a) ((m1 +m2)(3(eF − eR)− 2a) + 6m2h)

3(3(eF − eR + 2h)− 2a)m2l
,

p−2 =
2a2k (3(eF + eR)

2(a+ 3l)− a2(eF + 2(−a+ h− 2l)− eR))

3(3(eF − eR + 2h)− 2a)m2l
.

(III.37)

For realistic system parameters p−2 > 0, which means that for pC < p0 there always exists
a critical speed over which the rectilinear motion of the vehicle is unstable.

At the stability boundaries corresponding to oscillatory loss of stability the character-
istic equation has a pure imaginary root pair (λ12 = iω). That is:

D̂ (iω) = 0 . (III.38)

Since this equation is transcendental, numerical methods have to be applied in order
to detect the stability boundaries, like the so-called multi-dimensional bisection method
[Bachrathy and Stepan, 2012].

Using these methods, stability charts were constructed in the (V, pC) parameter plane
using the system parameters of Table III.1. The parameters are based on the experimental
study of Darling et al. [Darling et al., 2009], in which some of the parameters (eF, eR, h,
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Parameter Notation Value
Mass of the car m1 1473 kg
Mass of the trailer m2 879 kg
Yaw inertia of the car JC1 2500 kgm2

Yaw inertia of the trailer JC2 2601 kgm2

The distance between the car’s front axle and the centre of gravity eF 1.1 m
The distance between the car’s rear axle and the centre of gravity eR 1.6 m
The distance between the king pin and the centre of gravity of the car h 2.7 m
The distance between the king pin and axle of the trailer l 3.8 m
Half length of the tyre-ground contact patch a 0.05 m
Distributed lateral stiffness of the tyre k 1.2× 107 N/m2

Table III.1 The realistic parameter set-up used for the stability analysis.

Static

stability boundary

Hopf

bifurcation

Figure III.2 Linear stability chart for a wide speed range of the vehicle in the plane of the
longitudinal speed V and payload position parameter pC. Tyre damping is not considered
(b = 0). Unstable domains are shaded. Vibration modes with the typical tyre deformation
shapes are also shown.

Figure III.3 Stability boundaries constructed for different yaw inertias of the trailer. The
system parameters are based on the experiments in [Darling et al., 2009]. The critical speeds
are marked for pC = 0.94.

JC1 , a, and k) are not directly given. Consequently, they are chosen using the additional
specifications of the experimental set-up in [Darling et al., 2009].

The stability analysis partly provided results with good agreement with former stud-
ies, namely, two unstable domains occur at large longitudinal velocities (see the shaded
domains in Fig III.2). One of them corresponds to the static stability boundary given
by Eq. (III.36). For the chosen parameters, this boundary can clearly be identified for
pC < p0 = 0.82. The stability boundary for pC > p0 belongs to oscillatory loss of stability,
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Critical speed [m/s]
JC2 [kgm

2] Calculated Measured in [Darling et al., 2009] Relative error %
2081 36.9 33.5 10.1
2601 30.2 29.1 3.8
3121 26.3 27.3 -3.7
3641 23.5 25.5 -7.8

Table III.2 Comparison of the theoretical and the measured critical speeds.

Figure III.4 Stability chart for the slow motion of the vehicle in the plane of the longitudinal
speed V and the payload position parameter pC. Tyre damping is not considered (b = 0).
The characterizing vibration modes and tyre deformations are shown for some of the unstable
domains.

i.e. self-excited vibrations appear if this boundary is crossed. By means of the stability
chart, it can be established that pC ≈ p0 can guarantee the linear stability for a wide
speed-range. This statement is well-known in vehicle dynamics, and such condition can
be proven even for a simple towed rigid-wheel with single contact point [Takács et al.,
2008].

It is worth to compare these theoretical stability boundaries to the experimental
results of [Darling et al., 2009]. Darling et al. analyse the effect of the different parameters
of the caravan, but now we focus only on the effect of the yaw inertia JC2 of the trailer.
The stability boundaries are constructed for the different values of the yaw inertia in
Fig. III.3. The experimental set-up considers pC = 0.94, which leads to the critical
speeds given in Table III.2, where the experimental results of Darling et al. are also
presented. The theoretical and experimental results are in good agreement with each
other as the relative error is within 10.1

In Fig III.2, the emerging vibrations are also illustrated with the characteristic tyre
deformation shapes for two essential types of the unstable domains. Note that the lateral
tyre deformations seem to be close to simple linear functions, which clearly shows why
the quasi-static tyre models can efficiently be used to identify these relevant stability
boundaries, why these unstable domains were already verified in many publications (see
for example, [Pacejka, 2002,Troger and Zeman, 1984,Darling et al., 2009]).

Nevertheless, we also discover new unstable parameter domains for small speeds, which
can be only determined by taking into account the regenerative effect of the tyre-ground
contact patch. Fig. III.4 shows the charted stability boundaries, which all relate to
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Figure III.5 The effect of tyre damping on stability. Stability charts are constructed for
different damping factors in the plane of the longitudinal speed V and the payload position
parameter pC. Shaded domains are unstable.

oscillatory loss of stability. Similar to the case of the towed wheel, if the speed tends to
zero (V → 0), an infinite number of such unstable domains emerge. Fig. III.4 presents
some of these unstable domains.

The detected stability boundaries can be characterized by the mode shape of the
emerging vibration. This is demonstrated in Fig. III.4. The deformed shapes of the
tyres are all sinusoid-like in the investigated domains. Note, that the phase of the tyre
deformations can be different in the simply connected unstable domain according to the
payload location.

The effect of the tyre damping is analysed in Fig. III.5, where the distributed damping
parameter b is increased with discrete steps. As it can be seen, the viscous damping
reduces the size of the unstable regions, and the smaller very narrow unstable regions
even disappear. Note that the rectilinear motion can be stabilised for a wide speed range
by means of large enough damping values if pC = p0.

It is also interesting to investigate practical cases when the tyres of the vehicle have
different parameters. Here, we vary the contact patch length a3 and the stiffness k3 of
the trailer’s tyre, which corresponds to the case when the trailer’s tyres have smaller
inflation pressure and/or larger vertical load. Experimental observations suggest that
such conditions make the vehicle to be more ‘unstable’. Fig. III.6 shows the stability
charts of the undamped (b = 0) system for different values of the contact patch length
and stiffness. The stability chart in the right bottom panel corresponds to the reference
system with data in Table III.1. As the tyre stiffness is reduced, the unstable domains
shrink and shift to the left. The effect of the variation of the contact patch length is
more complicated. If the differences between the contact patch lengths are small, many
unstable domains disappear; compare the cases a3 = 0.05m and a3 = 0.0625m. However,
when the tyre contact length a3 of the trailer is 3/2 or 2 times larger than the contact
length of the other tyres, then some of the unstable domains rebirth and extend. This
effect can be originated in the interactions of the tyres, namely, the stability depends on
whether the tyres can excite each other or not, which corresponds to the wave lengths of
the tyre deformations (check them in Fig. III.4). All this means that there exist certain
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Figure III.6 The effect of the contact patch length a3 and the lateral stiffness k3 of the
trailer’s tyre on the stability of the car-trailer system. Unstable domains are shaded in the
plane of the longitudinal speed V and the payload position parameter pC. Tyre damping is
considered to be zero (b = 0).

(maybe ‘extreme’) parameter set-ups, which can lead to kind of worst case scenarios.

2.3 Thesis statements

Statement 6

Let us consider the in-plane, single-track model of the car-trailer combination where the
lateral tyre forces and self-aligning moments are calculated by means of the brush tyre
model. Assuming pure rolling in the tyre-ground contact, the lateral deformation of the
contact patch centre-line is calculated by time-delay formulae.

Two unstable parameter domains can be identified in the plane of the
longitudinal speed of the car and the trailer-payload position which can be
found by simpler, quasi-stationary tyre models, too. Thus, the delayed tyre
model justifies the quasi-stationary approximation at higher speeds. Addi-
tionally, new unstable parameter domains appear at low velocities that are
undetectable by the quasi-stationary models.
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3 Lateral control of an automated vehicle

3.1 Vehicle model

Figure III.7 The in-plane, single-track (so-called bicycle) model of a front wheel drive car.

To describe the lateral and yaw motion of a four-wheeled car, again, we use the in-
plane single-track model shown in Figure III.7. The position and orientation of the vehicle
in the horizontal plane are given by the components X and Y of the position vector of
the centre of gravity G and the yaw angle ψ. The front axle of the vehicle is steered as
represented by the steering angle γ.

The geometry of the vehicle is described by the distances eF, eR of the centre of gravity
from the front and rear axles, respectively. The mass of the vehicle is denoted by m while
its moment of inertia about its centre of mass is denoted by JC. The mass of the steering
system (including the front wheel) is denoted by mF while the moment of inertia about
the centre of the front wheel F is denoted by JF. (The mass and the mass moment of
inertia of the rear wheel are incorporated in m and JG.)

Similarly to the case of the car-trailer system, the forward motion of the vehicle is
considered by a kinematic constraint. In this study, we consider a front wheel drive car;
accordingly, we prescribe the wheel directional component of the velocity of the wheel
centre F to be a constant V .

We choose the lateral velocity of the center of gravity (β1), the yaw rate of the car
(β2) and the steering rate, i.e. the yaw rate of the front axle relative to the car (β3) as
generalised velocities to derive the equations of motion with the help of the Appell-Gibbs
equations.

The nonholonomic constraint and the definition of the pseudo-velocities are sum-
marised in the matrix equation

cos(ψ + γ) sin(ψ + γ) eF sin γ 0
− sinψ cosψ 0 0

0 0 1 0
0 0 0 1



Ẋ

Ẏ

ψ̇
γ̇

 =


V
β1
β2
β3

 . (III.39)

Solving this equation, the time derivatives of the generalised coordinates can be expressed
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as

Ẋ = V
cosψ

cos γ
− β1

sin(ψ + γ)

cos γ
− β2eF cosψ tan γ,

Ẏ = V
sinψ

cos γ
+ β1

cos(ψ + γ)

cos γ
− β2eF sinψ tan γ,

ψ̇ = β2,

γ̇ = β3.

(III.40)

These kinematic equations give part of the governing equations, while the other part
is comprised of the Appell-Gibbs equations:m11 m12 0

m21 m22 JF
0 JF JF

β̇1β̇2
β̇3

 =

Γ1

Γ2

Γ3

 , (III.41)

where the elements of the generalised mass matrix are given by

m11 =
mF +m

cos2 γ
,

m12 = m21 =
mF +m sin2 γ

cos2 γ
eF,

m22 = JF + JG +
mF +m sin2 γ

cos2 γ
e2F,

(III.42)

while the right hand side can be expressed as

Γ1 =
FF

cos γ
+ FR +

1

cos γ

(
− (mF +m)V +mβ2eF sin γ

)
β2

+
(mF +m) sin γ

cos3 γ

(
V sin γ − β1 − eFβ2

)
β3,

Γ2 =MF +MR +
eFFF

cos γ
− dFR − eF

cos γ

(
mFV +mβ1 sin γ

)
β2

+
(mF +m)eF sin γ

cos3 γ

(
V sin γ − β1 − eFβ2

)
β3,

Γ3 =MF +MS.

(III.43)

Here, MS denotes the steering torque while FF, FR and MF, MR are the lateral tyre
forces and self-aligning torques. We use the quasi-steady-state approach to calculate these
forces and torques. Since in linear stability analysis, we consider small vibrations around
the rectilinear motion, we take into account only the linear parts of the characteristics
(I.54) and (I.54). Thus, the lateral tyre force and the self-aligning moment are calculated
as

F (α) ≈ 2a2kα, (III.44)

and

M(α) ≈ −2

3
a3kα, (III.45)
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where a is the half-length of the tyre-ground contact patch while k is the lateral stiffness
of the tyre distributed along the contact length. These parameters are considered to be
identical for the front and rear tyres.

Using the velocities of the wheel-centres T1 and T2, the side-slip angles (see Eq. (I.53))
can be calculated with the help of the formulae

tanαF = −β1 + eFβ2
V cos γ

+ tan δ,

tanαR = −
(
β1 − eRβ2

)
cos δ

V −
(
β1 + eFβ2

)
sin δ

,

(III.46)

and the tyre forces and the self aligning moments are calculated as FF = F (αF), FR =
F (αR), MF =M(αF) and MR =M(αR) for the front and the rear tyres, respectively.

3.2 Control design

We construct a hierarchical controller in order to regulate the steering torque MS such
that the vehicle follows a straight path. Without loss of generality, we make the vehicle
to run along the x axis, i.e., y(t) ≡ 0 and ψ(t) ≡ 0. At the higher-level, we calculate a
desired steering angle from the vehicle orientation and position as

γdes(t) = −kψ sin (ψ(t− τ1))− kyy(t− τ1), (III.47)

where kψ and ky are proportional gains for the orientation angle and the lateral position
while a time delay τ1 represents the time needed for sensing, computation, and actua-
tion. Then the steering torque, that is required to achieve the desired steering angle, is
determined by the PID controller

MS(t) = kp(γdes(t− τ2)− γ(t− τ2)) + kd(γ̇des(t− τ2)− γ̇(t− τ2)) + kiz(t− τ2), (III.48)

where τ2 represents the time delay in the control loop and the integral term is considered
through the variable z defined by

ż(t) = γdes(t)− γ(t). (III.49)

In our study, we consider the gains of the lower-level controller in the form of

kp = pkp0, kd = pkd0, ki = pki0. (III.50)

The benefit of this formulation is that parameter p can be used to represent the ‘strength’
of the lower-level controller for a fixed set of the gains kp0, kd0 and ki0.

3.3 Linear stability analysis

The closed-loop dynamics of the vehicle is described by the equations (see (III.40), (III.41),
(III.47), (III.48), (III.49)) that can be written into the compact form

ẋ(t) = ϕ (x(t),x(t− τ2),x(t− τ1 − τ2)) , (III.51)
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where
x =

[
X Y ψ γ β1 β2 β3 z

]T
, (III.52)

contains the state variables. The rectilinear motion can be expressed as

x∗(t) =
[
V t 0 0 0 0 0 0 0

]T
. (III.53)

Let us introduce the perturbations x̃(t) = x(t) − x∗(t) and linearise (III.51) about the
the rectilinear motion. The linearised governing equations can be expressed as

˙̃x(t) = A0x̃(t) +A2x̃(t− τ2) +A21x̃(t− τ1 − τ2). (III.54)

where A0, A2, and A21 are 8× 8 coefficient matrices.
Using the trial solution x(t) = ceλt, we obtain the characteristic equation:

D(λ) = det
(
A0 +A2e

−λτ2 +A21e
−λ(τ1+τ2)

)
= 0. (III.55)

Note that λ = 0 is always a solution corresponding to the ‘neutral’ direction X. After
eliminating this trivial eigenvalue by defining D̃(λ) = D(λ)/λ, D̃(0) = 0 provides the
stability boundaries for non-oscillatory loss of stability, whereas D̃(iω) = 0 gives the
stability boundaries for oscillatory loss of stability. These curves bound the stable domain
in the parameter space where all eigenvalues have negative real part.

In order to calculate the stability boundaries numerically, we use semi-discretisation
[Insperger and Stépán, 2011]. In particular, we utilise Chebysev polynomials and the
Chebysev differentiation matrix to approximate the infinite dimensional spectrum of
(III.54); see [Trefethen, 2000]. Using these techniques, we draw stability charts in the
plane of the control gains for different values of the delays.

Unstable

Stabilisable

�
2 
[s

]

0 104
p [1]

0

0.006

Figure III.8 Stability chart in the plane of the control ‘strenght’ p and the time delay τ2 of
the lower-level controller. The higher lever gains are set to kψ = 0.5 and ky = 0.01 1/m whereas
the higher-level delay of τ1 = 0.2 s is considered.

It can be shown that if the delay τ2 of the lower-level controller is non-zero but
sufficiently small it has a negligible effect on the stability boundaries. This means that the
system is stabilisable if the higher-level control gains are chosen appropriately. However,
if this delay is too large the whole stable parameter region disappears while the lower-
level delay is varied only by a fraction of a millisecond. It was also found that the
critical value of the lower-level delay is only very weakly dependent to the parameters
of the higher-level controller. Thus, in practice, the two controllers can be designed and
investigated separately. In the meantime, it can be established that the critical lower-level
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Figure III.9 Stability charts for different values of higher-level delay τ1 in the plane of the
higher-level control gains kψ and ky with lower-level delay τ2 = 0.1 ms. The boundaries corre-
sponding to different values of control strength p are shown in different colours. In the top left
panel parts of stable regions are outside the window.

delay strongly depends on the control strength p as shown in Fig. III.8; namely, only a
few milliseconds delay is allowed in the lower-level control, while for lower values of the
control strength parameter, larger delay is tolerated.

In Fig. III.9, the stability boundaries are shown for different higher-level delays τ1 in
the plane of the higher-level control gains (kψ, ky) corresponding to the lateral position
and orientation of the vehicle. The different curves in each panel correspond to different
values of parameter p while the lower-level delay is set to τ2 = 0.1 ms which is small
enough not to endanger the stability of the system.

The lower-level control gains are set to kp0 = 8 Nm, kd0 = 0.1 Nms, ki0 = 0.5 Nm/s
while the vehicle and tyre parameters are listed in Table III.3. It can be seen that the
size of the stable parameter domain strongly depends on the time delay in the higher-
level control loop, i.e., the larger the delay is, the smaller the stable parameter domain
becomes. The larger values of parameter p result in smaller stable domains. However,
the stable area has a lower limit corresponding to p→ ∞.

The investigation of the imaginary parts of the critical eigenvalue reveals that the
frequency corresponding to the arising vibrations are considerably different in the two
control levels. If the higher-level control gains are chosen from the unstable parameter
domain vibrations with a frequency up to ∼3-5 Hz can be observed. On the contrary,
due to instabilities of the lower-level controller one may observe high-frequency vibrations
(∼100-150 Hz).
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3.4 Measurements

Figure III.10 The autonomous vehicle in the lane keeping experiment. The blue thick trajec-
tory of the car is plotted by blue thick line. Increasing vibration amplitude can be observed in
the lateral direction correspondingly to the linearly unstable control gain setup that was used
in the test.

Measurements were carried out on an autonomous vehicle at the test track of the
University of Michigan to explore the dynamics of the hierarchical steering controller (see
Fig. III.10). During the measurements the time histories of the longitudinal and lateral
positions of the vehicle, the heading angle and steering angle were recorded for the lane
keeping experiment accomplished by the use of different higher-level control gain set-ups.

Figure III.11 shows a stability chart based on the measurement results. The lateral

Table III.3 Vehicle and tyre parameters
Parameter name Value Unit

eF distance between the car’s centre of gravity and front axle 1.03 m
eR distance between the car’s centre of gravity and rear axle 1.54 m
m vehicle mass 1100 kg
JG vehicle mass moment of inertia 1343 kgm2

mF front axle mass 10 kg
JF front axle mass moment of inertia 0.25 kgm2

V longitudinal velocity 15 m/s
a tyre-ground contact half-length 0.1 m
k lateral tyre stiffness 2×106 N/m2
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Figure III.11 Experimental and theoretical stability chart of the lane-keeping control. The
red/blue dots refer to unstable/stable experimental trials while the theoretical stability bound-
ary is shown in black.

vibrations of the car at a given control gain set-up were characterised by the logarithmic
decrements; i.e., linearly stable/unstable lane keeping relates to negative/positive real
part and to decreasing/increasing vibration amplitude in the lateral direction. Blue dots
and red circles refer to linearly stable and unstable behaviour, respectively. The size
of the markers shows the norm of the real part of the critical characteristic exponent.
That is, the larger the dots/circles are, the more stable/unstable the corresponding lane
keeping control is.

The measurement data was used to identify the unknown time delay τ and the control
strength p in the higher level control. During these calculations we assumed that the
delay in the lower level is small enough not to endanger stability. The investigation of
the detected position signals clearly revealed that the satellite navigation units, used in
the experiment for data acquisition, refresh the position of the car with 1 Hz sampling
frequency. Within a sampling interval the device estimates the positions of the car using
some predictive models that are hidden from us. All this means, that without estimation,
the time delay in the position signal would vary between 1–2 seconds and the average
delay is 1.5 s. Depending on the implemented predictive model, this average delay can be
reduced. Taking all these into account, we established that the best agreement between
the measurement results and the theoretical stability boundary can be found for τ = 1.1 s
and p = 70.

Using these parameters, relatively good agreement can be observed between the the-
oretical stability boundary and the measurement results. The measurement results were
also compared to numerical simulations at certain control gain setups, see the parameter
points in Figure III.11 denoted by A and B. In Figure III.12, the numerical results are
shown by black while the measured lateral position signals by blue lines, respectively.
Cases A and B correspond to theoretically stable and unstable control gain setups, re-
spectively. Although the sense of the stability have good agreement in both cases, the
experimental results show more unstable behaviour than the simulations. It is suspected
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Figure III.12 Numerical simulations (black curves) and expreimental time profiles (blue pan-
els) for lane-keeping control. The upper panels show the longitudinal speed of the vehicle while
in the bottom panels the lateral position of the sensor (measurements)/vehicle centre of gravity
(simulations) is shown. Cases A and B correspond to the yellow crosses in Fig. III.11

that the main reason of the discrepancies is the inaccuracy of the satellite navigation
which significantly contributed to the error in the lateral position. Still, in spite of these
inaccuracies and the large delay in the higher level control, stable lateral control could
be realised with appropriately chosen control gains.



Conclusions

In this thesis, we investigated the stability and nonlinear dynamics of vehicle systems
that are subject to oscillations originated in the time delay in the tyre-ground contact
or vehicle control. We have shown how the dynamic deformation of the contact-patch
centre-line can be captured by time delayed formulae. If the impact of dry friction is
taken into account as well, one should consider partial or full sliding in the contact and
the tyre deformation is modified according to the sliding limits.

The nonlinear analysis of the wheel-shimmy phenomenon was performed with multiple
tyre models. Although the quasi-steady-state brush tyre model can represent the dynamic
features of the contact only in a limited way, it still can be utilised to illustrate the
effect of contact friction. Piecewise-smooth continuous lateral force and self-aligning
moment characteristics can be introduced which have continuous linear and piecewise-
defined higher order terms at the rectilinear motion. This results a qualitatively different
structure of the arising limit cycles at the linear stability boundaries as they appear in a
conical structure instead of a paraboloid one, that is common with smooth systems.

However, the quasi-steady-state tyre models cannot explain the experimentally iden-
tified bistable parameter domains. These domains, related to subcritical bifurcation of
the rectilinear motion, can be found though if the delay in the tyre-ground contact is
considered, too. By performing the centre-manifold reduction, we have shown that the
infinite dimensional time-delayed governing equations can be transformed into a normal
form that is identical to the one obtained in the quasi-stationary case.

The delayed brush tyre model with sliding provides qualitatively correct bifurcation di-
agrams; nevertheless, there is a quantitative difference in the critical towing speeds where
the oscillation of the tyre occurs. In this sense, better correspondence can be achieved be-
tween the theoretical and measured results by using the stretched string tyre model. Due
to the more complex consideration of dry friction, the stretched string model is also ca-
pable to capture those cases when sliding appears in two directions simultaneously. Still,
this sliding model turned out to be too stiff when the simulated and measured vibration
amplitudes were compared. Therefore, it may be worth to re-analyse this problem with
an enhanced version of the stretched string model with additional brush elements. In
further studies, one could also investigate the effect of longitudinal sliding which could
contribute to obtain more accurate results about the nonlinear dynamics of the oscillating
tyres.

We also presented applications of the tyre models, namely, we studied realistic vehicle
systems. Firstly, we implemented the delayed tyre model in the single-track model of the
car-trailer system. This revealed that, additionally to the well-known unstable domains
at large speed, the consideration of the time delay in the tyre-ground contact can also
reveal unstable parameter regions at low speeds that are undetectable with the standard
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quasi-stationary models. Although these new domains can disappear for large damping
or if the tyres are non-identical at the different axles, one may find these still to be
important due to the higher tyre wear and noise generation. Moreover, they can be also
relevant as test examples for simulation algorithms.

The effect of time-delay is also present in the different control algorithms of au-
tonomous vehicles. The theoretical results for the hierarchical lateral control of an au-
tonomous car were compared with test-track measurements. We were able to show that
stable control can be realised even with larger (∼ 1-2 s) delays in the higher level control,
which is responsible for running the vehicle along the desired path. Our investigation
relies also on experiments on an autonomous vehicle where the control is realised with
satellite-navigation-based sensors which feature larger delays but are less sensitive for bad
weather conditions and low visibility than camera systems. However, the lower level con-
trol, responsible for setting the desired steering angle is very sensitive to the time delay,
i.e. depending on the control gains typically 1-10 ms delay is tolerated. Nevertheless, the
dynamics of the lateral control algorithm, especially its nonlinear behaviour, is still not
discovered completely.
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[Takács and Stépán, 2012] Takács, D. and Stépán, G. (2012). Micro-shimmy of towed
structures in experimentally uncharted unstable parameter domain. Vehicle System
Dynamics, 50(11):1613–1630.
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