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Introduction
Machine scheduling is a popular topic in operations research with great practical relevance.
In the last decades, several models and algorithms were proposed in order to model and
solve problems that appear in today’s industries. Although most of these problems are NPhard, the increase in the computing power enables us to incorporate more and more details
into our models. The environment is also changing: there is a considerable tendency from
mass production to customized make-to-order production. With the evolution of industry,
the models and algorithms must also be changed: the main objectives become different (e.g.,
customer service becomes more important than production throughput), and new types of
bottlenecks are introduced (such as more expensive workforce, the need for reducing the
stock size, etc.).
My work is motivated by these needs, and I investigate scheduling problems with renewable cumulative resources (such as workers/toolings), non-renewable resources (such as
raw materials built into the products), and I try to address the need for a system that can
be used in real-life environments. I have formulated my new results as Theses 1-3:
Thesis 1
I have investigated the scheduling of inventory releasing jobs on a single machine to minimize tardiness related criteria, and I have devised various complexity results as well as
polynomial, pseudo-polynomial and approximation algorithms. In this model, jobs are supplying various resources that are required by deliveries with due dates.
I have proven that the problem is solvable in polynomial time if all jobs produce the
same amount of resources, or there is only one resource type and the processing times of
each job are equal (Theorem 1.1 and Theorem 1.2). I have also proven that the problem
is NP-hard in the strong sense even if all jobs have unit processing times and there are
at least two types of resources or two deliveries (Theorem 1.3 and Theorem 1.4), and it
is NP-hard in the ordinary sense even if there is at least one type of resource and two
deliveries (Theorem 1.5).
Furthermore, I have given a pseudo-polynomial time algorithm for the special case where
the number of the resource types and the number of the deliveries are constants (Theorem
1.6), and a fully polynomial time approximation scheme for the special case where there is
one type of resource and there are two deliveries (Theorem 1.7).
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Thesis 2
I have devised a branch and bound algorithm for the resource leveling problem in a dedicated parallel machine environment (Algorithm 2.1). I demonstrate the performance of the
algorithm by comparing its results on randomly generated test data to results provided by
a commercial solver.
I have formulated the problem as an integer programming problem, and using this formulation, I have given an algorithm that calculates lower bounds using Lagrangian relaxation
(Theorem 2.1).
In order to obtain improved lower bounds and to reduce the size of the search tree, I
have provided a shaving technique based on the Lagrangian relaxation (Theorem 2.2 and
Theorem 2.3).
I have given a method to calculate an upper bound in the nodes of the search tree
(Lemma 2.1 and Algorithm 2.2).
I have also devised a novel branching scheme that improves the efficiency of the branch
and bound method (Section 2.4.5).
Thesis 3
I have described a framework for solving complex industrial scheduling problems (Algorithm
3.1), and I have given various algorithms that can be used in its stages for different models of industrial problems, along with novel local search neighborhoods. I demonstrate the
effectiveness of the framework by two industrial case studies.
The main focus of the framework is to handle renewable and non-renewable resource
constraints. I have given an algorithm, using dynamic programming, for assigning nonrenewable resources to jobs (Algorithm 3.2).
As the framework relies on local search algorithms, I have created two algorithms for the
efficient calculation/recalculation of the start and end times of jobs in various scheduling
models. Algorithm 3.3 focuses on the fast recalculation of the start and end times, while
Algorithm 3.4 handles renewable cumulative resource constraints in complex models.
I have also given an algorithm that handles renewable cumulative resource constraints
in certain simple models (Algorithm 3.5).
The results related to Thesis 1, 2 and 3 are explained in more details in sections 1, 2
and 3, respectively. To follow the stylistic conventions of the field, I use the first-person
personal pronouns in their plural form throughout the rest of my work.
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1

Scheduling of inventory releasing jobs to minimize
tardiness related criteria

1.1

Motivations

Consider a manufacturing environment, where a set of inventory releasing jobs have to be
sequenced on a single machine (or server) in order to meet a set of delivery requests. This
means that instead of individual jobs having due dates, which is common in the practice
of machine scheduling, the desired amount of resources at given times have to be provided.
A practical application would be a factory working with the Just-In-Time model, where
the materials required for the production are transported to the factory by suppliers just
before they are used. A material shortage would mean that either the production is delayed,
or it has to be rescheduled. Therefore, it is desired to give a schedule for the unloading of
the arriving materials, respecting constraints imposed by unloading time, capacities, etc.
This way it is possible to ensure that production is delayed as little as possible.

1.2

Definition of the problem

There is a set of jobs J and a set of different product types S with |J| = nJ , and |S| = nS .
Each job j ∈ J has a processing time pj > 0, and produces an amount of c̃sj ≥ 0 from
product s ∈ S. It is permitted that the same job produces a positive amount from several
distinct product types. The inventory level of each product is 0 initially. The inventory
of products is consumed by a set of deliveries R with |R| = nR . Each delivery Rr has a
due-date dr , and specifies a quantity of ẽsr for each product type s ∈ S to be withdrawn
from the corresponding inventory. Like in the case of jobs, a delivery may specify positive
requests for several product types simultaneously. It is assumed that d1 ≤ d2 ≤ · · · ≤ dnR .
A delivery can be served only if the inventory level of each product type is above or equal
to the requested quantity. Hence, a delivery can be tardy. The delivery requests must be
served in increasing due-date order, and in case of ties, their order is fixed in advance. The
indexing of delivery requests indicates the order in which they have to be served.
Let π be a sequence of the nJ jobs, i.e., π(u) ∈ J is the job in position u (1 ≤ u ≤ nJ ),
and π(u) 6= π(v) for u 6= v. The total amount of product type s ∈ S after completing the
P
first h jobs in π is hu=1 c̃sπ(u) , whereas the total requested quantity over the first r delivery
Pr
s
π
requests is esr =
number of jobs needed to reach the
k=1 ẽk . Let hr be the minimum n
o
Ph
π
s
s
required inventory level by delivery r, i.e., hr := min h |
c̃
≥
e
,
for
all
s
∈
S
.
r
u=1 π(u)
6

P πr
The completion time of delivery r is Crπ := hu=1
pπ(u) (there is no idle time between the
π
jobs). If Cr ≤ dr , then the delivery is on time, otherwise it is tardy. The lateness and
tardiness of delivery r are defined as Lπr = Crπ − dr and Trπ := max(0, Lπr ), respectively.
P
The completion time of job π(h) in a sequence π is C̃hπ = hk=1 pπ(k) (there are no idle
times between jobs). The total amount of product type s produced up to time t in schedule
P
π is Asπ (t) = h|C̃ π ≤t c̃sπ(h) . We will consider regular (non-decreasing) objective functions
h
γ in the delivery completion times, e.g., maximal tardiness (maxr Tr ), maximal lateness
P
P
(maxr Lr ), total weighted tardiness ( r wr Tr ) or total weighted lateness ( r wr Lr ). Let
γ(π) denote the objective function value of a schedule π. Since π, and the number of
delivery requests are finite, γ is well defined.
Without loss of generality, we may assume that the due-date of the last delivery satisfies
P
P
P
dnR ≥ j pj , and esnR = j c̃sj for all s ∈ S. Namely, if dnR < j pj , we can add a new
P
delivery request to R, and set its due-date to j pj . On the other hand, by that time, all
P
the products are delivered, hence we lose no solution by assuming esnR = j∈J c̃sj for s ∈ S.
An illustrative example is given in Figure 1.
Parameters:
Param.
nJ
nS
nR

Value
3
1
2

Job
J1
J2
J3

pj
3
3
8

c̃j
3
4
8

Delivery
R1
R2

dr
7
14

ẽr
6
9

er
6
15

Schedule π(J3 , J1 , J2 ):
c̃j

R1

R2

J3
J2

J1
8

11

14 time

8

11

14 time

Total production of π(J3 , J1 , J2 ):
Aπ (t)
15
11
8

Figure 1: Example of the scheduling problem. The boxes in the schedule represent the jobs; the length and
height of job j is proportional to pj and c̃j , respectively. The depicted schedule has a maximal tardiness
of 1 time unit.
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1.3

Background and related results

This work complements the recent results of Boysen et al. (2013). In that paper, the
delivery requests have strict deadlines, and special cases where the existence of a feasible
schedule is decidable in polynomial time are considered with the objective of minimizing
some stock level related criteria. An optimal or suboptimal solution to our problem could
be used to set hard deadlines, and then in a second round one can apply the methods of
Boysen et al. to minimize the stock levels.
The opposite problem, i.e., consuming the inventory of raw materials subject to some
constraints, is analyzed in (Grigoriev et al.; 2005). In that model raw materials of various
types are supplied over time, and each job requires some of them in pre-specified quantities.
A job may be started only if there is enough raw material on stock at the beginning of
the job. If a job is started, the stock level of all the required materials are decreased by
the quantities required by the job. The authors study several variants and provide NPhardness proof, and approximation algorithms for the hard problems, or polynomial time
algorithms for the tractable ones.
In a more general setting jobs may produce and consume a common set of materials,
and a basic question is whether a feasible sequence of producers and consumers exists. This
problem has been shown NP-hard in the strong sense, cf. (Kellerer et al.; 1998). This line
of work has been taken up by Briskorn et al. (2010), where several variants are studied,
and either an NP-hardness proof is presented, or a polynomial time algorithm is devised.

1.4

Results

We have given complexity proofs for special cases of the problem 1||γ, and have devised
polynomial and pseudo-polynomial algorithms for all the settings where this is possible
(if P 6= N P ). Furthermore, an FPTAS is given for one of the cases. It has been shown
that even for very restricted models, this problem is very hard to solve. Our results are
summarized in Table 1. For the sake of completeness, some results of other researchers are
also shown.
Theorem 1.1. The problem 1|pj = p, nS = 1|γ can be solved in O(nJ log nJ ) time.
Theorem 1.2. The problem 1|c̃sj = c̃s |γ can be solved in O(nJ log nJ ) time.
Theorem 1.3. The problem 1|nR = 2, pj = 1|γ T is NP-hard in the strong sense.
Theorem 1.4. The problem 1|nS = 2, pj = 1|γ T is NP-hard in the strong sense.
8

nR ≥ 2,
const.

R

n =∗

pj = 1

nS = 1
c̃sj = c̃s
c̃sj = ∗
P (1.2)
P
(1.1)

c̃sj
P

pj = p

P (1.2)

P

(1.1)

P

pj = ∗

P (1.2)
P (1.2)
P (1.2)
P (1.2)

(1.5)
(1.6)
(1.1)
(1.1)

P

pj = 1
pj = p
pj = ∗

o.NP
p.poly.
P
P
s.NPb

P
P
P

nS ≥ 2, const.
= c̃s
c̃sj = ∗
(1.2) o.NPa
p.poly. (1.6)
(1.2) o.NPa
p.poly. (1.6)
(1.2) o.NPa
p.poly. (1.6)
(1.2)
s.NP (1.4)
(1.2)
s.NP (1.4)
(1.2)
s.NP (1.4)

nS = ∗
c̃sj = c̃s
c̃sj = ∗
P (1.2) s.NP (1.3)
P (1.2)

s.NP (1.3)

P (1.2)

s.NP (1.3)

P (1.2)
P (1.2)
P (1.2)

s.NP (1.3)
s.NP (1.3)
s.NP (1.3)

The following results of other researchers are also shown in the table:
a
1|pj = 1, nS = 2, nR = 2|γ T is NP-hard was shown in (Drótos and Kis; 2013a)
b
1|nS = 1|γ T is NP-hard in the strong sense was shown in (Boysen et al.; 2013)
Table 1: Overview of the complexity results for 1||{γ, γ T }. Each cell of the table corresponds to a variant of
the problem with additional restrictions; a star (∗) indicates that the problem parameter can be arbitrary
positive integer value. The complexity can be polynomial (P), NP-hard in the ordinary sense (o.NP),
or NP-hard in the strong sense (s.NP). The fact that a pseudo-polynomial algorithm exists is denoted
by p.poly. The objective function is any regular function γ in the delivery completion times for those
problems of polynomial time complexity, and it is any regular function γ T in the delivery tardiness times
for all NP-hard problems in the table. Numbers (in parenthesis) after the complexity classes refer to the
corresponding theorems.

Theorem 1.5. The problem 1|nS = 1, nR = 2|γ T is NP-hard in the ordinary sense.
Theorem 1.6. The problem 1|nS = const., nR = const.|γ can be solved in pseudopolynomial time.
Theorem 1.7. There exists an FPTAS for the problem 1|nS = 1, nR = 2|Tmax .

1.5

Publications

The results of Thesis 1 were published in (Drótos and Kis; 2013a,b; Drótos et al.; 2013).
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2
2.1

Resource leveling in a parallel machine environment
Motivations

Renewable cumulative resources are very useful to model workforce requirements in a
factory. Consider an environment where the workforce consists of permanent as well as
temporary workers. If the load of the the workshop fluctuates over time, then in peak
periods, when more workers are needed than the number of permanent employees, extra
workers may be hired to meet the demand. To reduce hiring costs, a resource leveling
problem has to be solved with appropriate objective function.
In a typical scheduling system, when considering workforce requirements, some part of
the schedule is already fixed based on other measures (e.g. due dates). This means that
tasks are already assigned to machines, and a time window is defined for them in which
they can be performed such as the decisions on the higher level are not violated. In this
part, we provide an exact method to find optimal or close-optimal solutions.

2.2

Definition of the problem

The main data and parameters of the scheduling problems we will study are as follows:
There are m parallel machines, M1 through Mm , L renewable resources R1 through RL ,
along with target levels C1 , . . . , CL ∈ Q, and a set of n tasks, J, partitioned into m
disjoint subsets J = J1 ∪ J2 · · · ∪ Jm . Those tasks in Ji have to be processed exclusively on
machine Mi . Each task j has a processing time pj , release time ej , a deadline dj (all integral
numbers), and resource requirements bj1 , . . . , bjL . Preemption of tasks is not allowed. No
machine can process more than one task at a time, but there is no limitation on the
maximum parallel usage of the resources. A schedule S specifies the starting time of every
task, i.e, S = (S1 , . . . , Sn ), where Sj is the starting time of task j. A schedule is feasible if
ej ≤ Sj and Sj ≤ dj −pj hold for every task j, and the processing of any pairs of tasks j and
k on the same machine is performed in disjoint time periods, i.e., [Sj , Sj +pj )∩[Sk , Sk +pk ) =
∅ for j, k ∈ Ji with j 6= k.
In order to describe the objective functions considered in this chapter we need additional
definitions. Let D denote the largest integer time point when some task may be started,
i.e., D = (maxj∈J dj )−1. The resource profile of schedule S is a function RS = (r1S , . . . , rLS ),
where r`S : [0, D + 1] → Q+ gives the total requirement from resource ` in time point t
P
w.r.t. schedule S, i.e., r`S (t) = j∈J:Sj ≤t<Sj +pj bj` . We will consider the following type of
10

objective functions:
S

f (R ) :=

L X
D
X

fˆ` (r`S (t), C` ),

`=1 t=0

where the functions fˆ` : Q+ × Q+ → Q+ satisfy fˆ` (x, y − z) = fˆ` (x + z, y). For instance,
with fˆ` (x, y) = w` max{0, x − y}, where w` ≥ 0, we obtain
S

flin (R ) =

L
X
`=1

w`

D
X

max{0, r`S (t) − C` },

t=0

while fˆ` (x, y) = w` (x − y)2 yields
fquad (RS ) =

L
X

w`

D
X
(r`S (t) − C` )2 .
t=0

`=1

Of course, for distinct resources, the functions fˆ` may be different.

2.3

Background and related results

Traditionally resource leveling is a topic of project scheduling. One of the first heuristics for
resource leveling is due to Burgess and Killebrew (1962). This procedure is applicable to
CPM/PERT networks consisting of activities (nodes) and temporal relations between them
(arcs). For a recent review of resource constrained project scheduling, see (Hartmann and
Briskorn; 2010). Further information on the topic, including several models and algorithms,
can be found in (Demeulemeester and Herroelen; 2002).
There is a considerable literature on machine scheduling with additional resources.
Initially, Błażewicz et al. (1983) proposed the classification scheme and provide several
complexity results for machine scheduling under resource constraints. For a comprehensive
overview and references, see the textbook (Błażewicz; 2001).
However, to our knowledge, there are no results so far for resource leveling in machine
scheduling.
In the presented model, as deciding whether a feasible schedule exists for even one
machine is NP-hard in the strong sense ([SS1] in Garey and Johnson; 1979), the analysis
of the complexity of our problem wouldn’t reflect the additional complexity introduced by
the resources. Therefore it is worth investigating the cases where finding a feasible schedule
isn’t an issue. The related complexity results can be found in (Drótos and Kis; 2011).
11

2.4

Results

In order to solve the general problem, we have devised a branch-and-bound method, in
which the nodes in the branch-and-bound search tree represent a constrained version of
the original problem, where the time windows of the tasks are narrowed, and the root node
represents the original problem. An illustrative example of the branch-and-bound tree is
given in Figure 2.
Algorithm 2.1. The evaluation of a node in the branch and bound tree consists of the
following steps:
1. Constraint propagation
2. Calculation of lower bound
3. Shaving
4. Calculation of upper bound
5. Branching

2.4.1

Constraint propagation

We use some well-known one machine constraint propagation techniques to narrow the
time windows of the tasks. If infeasibility is proven on any machine, then the actual search
tree node is infeasible.
2.4.2

Calculation of lower bound

In order to provide a method for calculating a lower bound on the objective function value,
we start by formulating the resource leveling problem as an integer programming problem.
The decision variables are xjt ∈ {0, 1}, j ∈ J, t ∈ {ej , . . . , dj − pj }, and y`t ∈ R, j ∈ J,
t ∈ {0, . . . , D}. The xjt ’s determine a schedule S by indicating the starting time of each
task, in which y`t represents the resource usage r`S (t).
min

L X
D
X

fˆ` (y`t , C` )

`=1 t=0
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(1)

j1
j2
...

j1

j1
j2

j2

...

...

Figure 2: Illustration of the branch and bound tree. In each branching step, the time window of one task
is partitioned into smaller intervals. The example shows a situation where the time window of task j2 is
divided into two smaller intervals, resulting in two, more constrained versions of the problem in the parent
node.

subject to
D
X

xjt = 1,

∀ j ∈ J,

(2)

xjτ ≤ 1,

∀ t ∈ {0, . . . , D}, i ∈ {1, . . . , m}

(3)

bj xjτ − y`t = 0,

∀ t ∈ {0, . . . , D}, ` ∈ {1, . . . , L}

(4)

t=0

X

t
X

j∈Ji τ =t−pj +1

X

t
X

j∈J τ =t−pj +1

xjt ∈ {0, 1},

∀j ∈ J, t ∈ {ej , . . . , dj − pj }.

(5)

To obtain the Lagrangian relaxation of the problem (1)-(5), we dualize (4). Since the
objective function and the constraints are separable, we obtain the following mathematical
program:
LB(λ) =

m
X
i=1

LBi (λ) + min
y

L X
D 
X
`=1 t=0
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fˆ` (y`t , C` ) − λ`t y`t ,

(6)

where
LBi (λ) = min

L X
D X
X

t
X

λ`t bj` xjτ

(7)

`=1 t=0 j∈Ji τ =t−pj +1

subject to
X

xjt = 1,

∀ j ∈ Ji ,

(8)

xjτ ≤ 1,

∀ t ∈ {0, . . . , D}

(9)

t∈{ej ,...,dj −pj }

X

t
X

j∈Ji τ =t−pj +1

xjt ∈ {0, 1},

∀j ∈ Ji , t ∈ {ej , . . . , dj − pj }.

(10)

The LBi (λ) are integer programs which would still be very hard to solve, so their linear
relaxations are considered (by replacing the xjt ∈ {0, 1} constraints with 0 ≤ xjt ≤ 1).
Theorem 2.1. LB(λ) is a lower bound of the problem for any λ = (λ`t : ` ∈ {1, . . . , L}, t ∈
{0, . . . , D}), and for any fixed λ it can be calculated by solving m independent one machine
problems.
The advantage of this approach is that the structure and the size of the LP-s (identified
by (7)-(10)) are independent of the number of resources and the objective function. Since
the size of these LP’s is O(Dni ), they can be solved in pseudo-polynomial time in the size
of the scheduling problem instance.
The goal is to find the lower bound LB = maxλ LB(λ). In order to approximate the
optimal Lagrangian multipliers we use the subgradient method, while respecting constraints
that may be imposed by certain objective functions.

2.4.3

Shaving

Shaving is an efficient propagation technique in constraint programming (introduced by
Carlier and Pinson (1994) and Martin and Shmoys (1996)), which aims at narrowing the
domain of some variables without generating choice points. This is done by fixing a decision
variable to one of its possible values, then, after constraint propagation, excluding this value
if it results in infeasibility. For an overview of shaving techniques, we refer the reader to
(Torres and Lopez; 2000).
14

In the studied model, for each task j on machine i with a time window with non-empty
˜ ijt (with λ∗ ) for the LP problems where j is
interior we calculate the lower bound LB
scheduled at time t (ej ≤ t ≤ dj − pj ). By analysing the results, it is possible that the
time window of certain tasks may be narrowed without losing any solutions, and the lower
bound may also be improved.
˜ i = maxj∈J mine ≤t≤d −p LB
˜ ijt provided by the shaving proTheorem 2.2. The value LB
i
j
j
j
cedure is a valid lower bound for the corresponding branch and bound tree node.
Theorem 2.3. If the shaving procedure removes the time point t from the possible starting
times of task j, then no such solution exists for the corresponding branch and bound tree
node where task j is started at time t and the objective function value is better than the
currently known best upper bound.
2.4.4

Calculation of upper bound

In each node of the branch-and-bound tree, a feasible schedule is sought with respect to
the actual time windows. As the machines are independent in terms of feasibility, it is
possible to construct a solution on each machine individually. Because of deciding whether
there exists a feasible schedule on a machine is NP-complete, we are limited to heuristic
and approximation methods. The idea behind our approach is to use the solution of the
Lagrangian relaxation to make an initial schedule, as it is expected to be similar to the
optimal solution of the problem. In case this method fails, we fall back to an approximation
algorithm. If a schedule is found, it is improved heuristically to obtain a good upper bound.
Lemma 2.1. For any machine, the approximation algorithm of Hall and Shmoys (1982)
can be used to obtain one of the following observations:
(a) A feasible schedule exists and it is found.
(b) A feasible schedule may or may not exist, but no such schedule is found.
(c) A feasible schedule does not exist.
Algorithm 2.2. A feasible schedule is sought on each machine as follows:
1. The Lagrangian relaxation provides a feasible schedule. This solution is used without
any changes.
15

2. A feasible schedule can be devised from the solution of the Lagrangian relaxation by
rounding. This is used as an initial schedule on the machine.
3. If no feasible schedule is found so far, then the results of Lemma 2.1 is used. There
are three possible outcomes:
(a) A feasible schedule is found. This is used as initial schedule on the machine.
(b) A feasible sequence may exist, but it is not found. In this case no upper bound
is calculated.
(c) No feasible sequence exists on the machine, so the corresponding node in the
branch-and-bound tree is infeasible.
In order to improve the quality of the solution, a local search algorithm is performed on
those machines for which a feasible schedule is found in Step 2 or Step 3 of the above algorithm. This local search procedure uses the polynomial right-shifting algorithm described
in (Drótos and Kis; 2011).
2.4.5

Branching

In each node a predefined number of children are generated. This is done by choosing a
task j, and dividing its time window into B sub-windows. We want to ensure that in each
˜ ijt values (defined in Section 2.4.3) are about the same. To this end,
sub-window, the LB
we define and solve an optimization problem that provides the desired partitioning.
Using this method the generated nodes represent the structure of the problem, by
partitioning the time windows in a natural way (the tasks will have good and bad time
windows in different nodes). Its other advantage is that the sibling nodes are likely to have
different lower bounds, so the promising combinations of time windows can be evaluated
at first.
2.4.6

Computational results

In order to assess the performance of our exact as well as the heuristic methods, we have
implemented them in C++ and generated a series of test instances. We evaluated several
variants of our exact algorithm and compared the results to those obtained by the commercial solver ILOG CPLEX 11.2 using the MIP formulation of the resource leveling problem
(1)-(5). The test set contain problems with m = 5, 10, 20 machines and t = 10, 15 and 20
tasks per machine, with each type having 10 instances.
16

t10
t15
t20
avg

m5
BB
CP X
6.16%
3.10%
12.94%
11.28%
18.39%
17.15%
12.49% 10.51%

m10
BB
CP X
0.74% 0.24%
5.08% 5.96%
5.41% 7.48%
3.74% 4.56%

m20
BB
CP X
0.36%
0.37%
0.41%
1.62%
2.19% 10.39%
0.99% 4.13%

BB
2.42%
6.14%
8.66%
5.74%

Table 2: Average optimality gap for the linear objective function with C` = b
resources.

t10
t15
t20
avg

m5
BB
CP X
2.31% 1.51%
3.77%
−
4.31%
−
3.46%
−

m10
BB
CP X
0.85%
−
1.20%
−
2.71%
−
1.59%
−

m20
BB
CP X
0.24%
−
0.60%
−
0.37%
−
0.40%
−

avg
CP X
1.24%
6.29%
11.67%
6.40%

P

j∈J

b`j pj /Dc, and 3

avg
BB
CP X
1.13%
−
1.86%
−
2.46%
−
1.82%
−

Table 3: Average optimality gap for the quadratic objective function with C` = 0, and 3 resources.

The average optimality gap (defined as U B/LB − 1, expressed in percents) for each
algorithm is shown in Table 2 and Table 3 for the linear and quadratic objective function,
respectively. A CPU time limit of 1800 seconds was imposed for each test run. For the test
instances with quadratic objective function, CPLEX was only able to compute lower or
upper bounds for the smallest instances within this time limit.
By analyzing the results, it can be clearly seen that our method overperforms the
commercial solver on bigger test instances for the linear objective function, while it gives
provably good quality solutions when using the quadratic objective function, in which case
the commercial solver has difficulties in finding any lower or upper bound.

2.5

Publications

The results of Thesis 2 were published in (Drótos and Kis; 2011; Drótos et al.; 2007b;
Drótos and Kis; 2008, 2010b).
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3

A framework for solving complex industrial scheduling problems

3.1

Motivations

Although the topic of shop scheduling is very well studied, most approaches focus on
simplified models. The main advantage of a simple, relaxed formulation is that it captures
the important structure of the problem without including the less interesting technical
details, but in a real industrial environment it may not be sufficient. Therefore it is very
important to provide solution techniques that can be applied in a wide variety of production
environments.
Our goal was to provide a customizable, modular framework that can be used in jobshop like environments with constraints such as limited renewable and non-renewable resource availability, machine and sequence dependent setup times, job hierarchy, etc., while
optimizing multiple objective functions. An important aspect of the problem is that the
solutions should satisfy the human decision-makers, i.e. the generated schedules should
outperform those produced by hand.

3.2

Background and related results

A scheduling system not only consists of the actual algorithms that solve the problem, but
it’s a part of a business information system. As such, it is very important to follow guidelines that allow the successful development and integration of customized manufacturing
scheduling systems. Framinan and Ruiz (2010) provide an overview of the requirements of
such systems based on the literature of various fields from management to scheduling.
Job shop scheduling is a widely studied area of research. Some papers that consider
similar extensions that are used in our work are e.g. (Schutten; 1998; Mason et al.; 2005;
Mönch et al.; 2007). The main reasons that the existing, commercially available solutions
(e.g. scheduling software for SAP) aren’t sufficient in real life make-to-order manufacturing
are (1) the renewable and non-renewable cumulative resources aren’t handled simultaneously with machine constraints and (2) they may require a specific problem structure,
e.g. parallel groups of machines with equivalent capabilities. On the other hand, scientific
publications are generally concerned with specific, well-formed problems, therefore aren’t
always adaptable for other models.
Our solution approach relies heavily on heuristic procedures. An overview of these kinds
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of methods and the justification of their importance in practical optimization problems are
given in e.g. (Silver; 2004).

3.3

Results

We provide a multi-phase algorithmic framework that can be applied for a wide variety of
scheduling problems. We discuss various approaches that can be applied depending on the
required features. Here we describe the main components of our approach. In each phase
as more and more constraints are added to the problem, more and more parameters are
fixed, allowing the algorithms to focus on their primary objectives while respecting the
decisions made on previous phases.
Algorithm 3.1. The proposed three phase framework for solving complex industrial
scheduling problems consists of the following phases:
1. Making fundamental decisions and lower bound calculation
2. Providing a schedule optimized for the most important criteria
3. Adjusting the schedule to meet all requirements
Algorithm 3.2. An algorithm for assigning the non-renewable resources (materials) for
problems with job priorities.
Algorithm 3.3. An algorithm for the fast recalculation of the start and end time of jobs
in a job-shop like environment with certain properties is proposed, that can be used in local
search heuristics.
Algorithm 3.4. An algorithm for assigning the renewable cumulative resources is proposed
for environments where resource or location hierarchy has to be considered.
Algorithm 3.5. An algorithm for enforcing the renewable cumulative resource constraints
is proposed in environments where the possible choices for doing this are to turn shifts on
or off on machines.
Systems based on this framework were implemented and deployed at GE Hungary Zrt. –
Consumer & Industrial, Nagykanizsa and Bosch Rexroth Pneumatika Kft., Eger.
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3.3.1

Phase I: Making fundamental decisions and lower bound calculation

In a wide variety of industrial problems, there are certain decisions that influence even
the basic data of the underlying scheduling problem. A common example is a scenario
where jobs may have several routing alternatives, and the choice of the routing alternative
determines the actual operations that have to be carried out to produce the desired product.
A series of bad choices could lead to a final bad solution that can’t be improved by simple
alterations of the schedule, while exploring other choices would introduce prohibitively
high complexity to the algorithm.
Generally, it is possible to build a relaxed mathematical model small enough to be solved
by standard solvers. The relaxation may even discard otherwise very important aspects of
the original problems, e.g. in an actual application precedence constraints, setups, etc. are
relaxed. There are two very important advantages of this approach:
• the highest level decisions are made and fixed based on an optimization process,
so simpler models can be used in later phases without compromising the solution
quality;
• the solution for the relaxed problem provides lower bound(s) for the objective function(s), so it will be possible the determine the quality of the final solution.
An other area where initial decisions can be safely made is material assignment. Problems that require non-renewable resource assignment and have a complicated machine
environment (such as a flow shop or job shop) at the same time, can be prohibitively hard
to solve. We overcome this problem by taking care of the material constraints in this phase,
so we have proposed a method for the assignment of the non-renewable resources (materials) that provides good results in common industrial scenarios. As in most environments
the incoming material supplies are fixed and cannot be altered for a predefined period, a
schedule is only feasible if it does not generate material shortage (any required materials
can be ordered for dates after this period). Algorithm 3.2 determines the earliest start
times (release dates) of jobs based on their priorities in a way that no resource shortage
will occur in any schedule respecting these start time constraints.
3.3.2

Phase II: Providing a schedule optimized for the most important criteria

Based on the previous decisions, it is now possible to construct an initial feasible schedule.
The most promising approach to optimize it is the use of a guided local search algorithm,
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such as tabu search. Its main advantage is that it always maintains a feasible schedule, and
the final result will be locally optimal, which means that with small changes one can not
improve the final schedule. This aspect is very important in order to convince the users
of the system of the quality of the solution. Furthermore, a number of constraints can be
easily enforced on the schedule with only minor modifications of the algorithm.
By the appropriate choice of the neighborhood and exploiting the structure of the
problem, it is possible to speed up the search. The main idea of Algorithm 3.3 is that
when altering only a small part of the schedule during a local search procedure, it is not
necessary to recalculate all the start end times of the jobs.
In our work, we evaluate different search strategies related to tardiness objective functions.
If the cumulative resources must be dealt with in complex manner, such as if a resource
or location hierarchy is present, then Algorithm 3.3 can not be used because any set of
otherwise non-related jobs may be in a resource conflict. Therefore we propose a different
approach: we provide a general resource model along with an algorithm (Algorithm 3.4)
for calculating the start and end times of the jobs in the schedule.

3.3.3

Phase III: Adjusting the schedule to meet all requirements

In this phase we have a good schedule based on the most important criteria, but it is
possible that it may be improved in other aspects without the significant loss of its quality. A typical secondary objective function can be setup related, as frequent setup of the
machines cost considerable amount of money, but it is generally not as important as job
tardiness.
The main idea is that in this phase job-machine assignment is fixed and a tolerance
on the primary objective function is introduced, and further optimizations are carried out
while respecting these constraints. We provide a typical scenario where the elements of the
previous local search algorithm can be used in this phase.
The other main topic of this phase is renewable cumulative resource handling. If the
resource model is simple (such as that the available choice is to switch on or off shifts on
machines or locations) then good results can be acquired with Algorithm 3.5. It calculates
bounds with tools used in previous phases, and using these bounds, it iteratively formulates
small, tractable integer programming problems. The solution of these problems determine
which shifts have to be turned off in order to satisfy the resource constraints.
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3.3.4

Computational experiments

We have conducted computational experiments on real industrial data as well as generated instances. On average, the problems had ∼130 machines and ∼3500 jobs. The most
successful strategy provided results with total job tardiness on average at most 1.29 times
the lower bound, while the other measures were also close to their optimal values.

3.4

Publications

The results of Thesis 3 were published in (Drótos et al.; 2009; Kis et al.; 2006; Drótos
et al.; 2007a; Drótos and Kis; 2010a; Monostori et al.; 2008). Parts of these methods are
covered in patent Nakano et al. (2012 – Japan and 2013 – WIPO).
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