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Abstract
In this thesis, I am concerned with machine scheduling problems subject to various resource
constraints. These resource constraints may involve renewable (such as machine operators)
and non-renewable (such as raw materials) resources. I provide complexity proofs, approximation algorithms, exact algorithms and heuristic methods for various problems, as well
as computational test results, and I also describe industrial applications.
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Introduction
Machine scheduling is a popular topic in operations research with great practical relevance.
In the last decades, several models and algorithms were proposed in order to model and
solve problems that appear in today’s industries. Although most of these problems are NPhard, the increase in the computing power enables us to incorporate more and more details
into our models. The environment is also changing: there is a considerable tendency from
mass production to customized make-to-order production. With the evolution of industry,
the models and algorithms must also be changed: the main objectives become different (e.g.,
customer service becomes more important than production throughput), and new types of
bottlenecks are introduced (such as more expensive workforce, the need for reducing the
stock size, etc.).
My work is motivated by these needs, and I investigate scheduling problems with renewable cumulative resources (such as workers/toolings), non-renewable resources (such as
raw materials built into the products), and I try to address the need for a system that can
be used in real-life environments. I have formulated my new results as Theses 1-3:
Thesis 1
I have investigated the scheduling of inventory releasing jobs on a single machine to minimize tardiness related criteria, and I have devised various complexity results as well as
polynomial, pseudo-polynomial and approximation algorithms. In this model, jobs are supplying various resources that are required by deliveries with due dates.
I have proven that the problem is solvable in polynomial time if all jobs produce the
same amount of resources, or there is only one resource type and the processing times of
each job are equal (Theorem 1.1 and Theorem 1.2). I have also proven that the problem
is NP-hard in the strong sense even if all jobs have unit processing times and there are
at least two types of resources or two deliveries (Theorem 1.3 and Theorem 1.4), and it
is NP-hard in the ordinary sense even if there is at least one type of resource and two
deliveries (Theorem 1.5).
13
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Furthermore, I have given a pseudo-polynomial time algorithm for the special case where
the number of the resource types and the number of the deliveries are constants (Theorem
1.6), and a fully polynomial time approximation scheme for the special case where there is
one type of resource and there are two deliveries (Theorem 1.7).
Thesis 2
I have devised a branch and bound algorithm for the resource leveling problem in a dedicated parallel machine environment (Algorithm 2.1). I demonstrate the performance of the
algorithm by comparing its results on randomly generated test data to results provided by
a commercial solver.
I have formulated the problem as an integer programming problem, and using this formulation, I have given an algorithm that calculates lower bounds using Lagrangian relaxation
(Theorem 2.1).
In order to obtain improved lower bounds and to reduce the size of the search tree, I
have provided a shaving technique based on the Lagrangian relaxation (Theorem 2.2 and
Theorem 2.3).
I have given a method to calculate an upper bound in the nodes of the search tree
(Lemma 2.1 and Algorithm 2.2).
I have also devised a novel branching scheme that improves the efficiency of the branch
and bound method (Section 2.4.8).
Thesis 3
I have described a framework for solving complex industrial scheduling problems (Algorithm
3.1), and I have given various algorithms that can be used in its stages for different models of industrial problems, along with novel local search neighborhoods. I demonstrate the
effectiveness of the framework by two industrial case studies.
The main focus of the framework is to handle renewable and non-renewable resource
constraints. I have given an algorithm, using dynamic programming, for assigning nonrenewable resources to jobs (Algorithm 3.2).
As the framework relies on local search algorithms, I have created two algorithms for the
efficient calculation/recalculation of the start and end times of jobs in various scheduling
models. Algorithm 3.3 focuses on the fast recalculation of the start and end times, while
Algorithm 3.4 handles renewable cumulative resource constraints in complex models.
I have also given an algorithm that handles renewable cumulative resource constraints
in certain simple models (Algorithm 3.5).
14
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The results related to Thesis 1, 2 and 3 are presented in chapters 1, 2 and 3, respectively. Furthermore, two of the methods, Lagrangian relaxation and tabu search, that are
used in my work, are explained in Appendix A and B, respectively. The numbering of theorems, lemmas and algorithms follow the convention (x.y), where x is the number of the
corresponding Thesis. To follow the stylistic conventions of the field, I use the first-person
personal pronouns in their plural form throughout the rest of my work.

Publications
• The results of Thesis 1 were published in (Drótos and Kis; 2013a,b; Drótos et al.;
2013).
• The results of Thesis 2 were published in (Drótos and Kis; 2011; Drótos et al.; 2007b;
Drótos and Kis; 2008, 2010b).
• The results of Thesis 3 were published in (Drótos et al.; 2009; Kis et al.; 2006; Drótos
et al.; 2007a; Drótos and Kis; 2010a; Monostori et al.; 2008). Parts of the methods
are covered in patent Nakano et al. (2012 – Japan and 2013 – WIPO).

In this chapter, we provide a brief, non-exhaustive overview of the concepts related to machine scheduling, without formal mathematical definitions. Generally, a scheduling problem
is defined as triplet α|β|γ (three-field notation, (Lawler et al.; 1993)), where α represents
the machine environment, β represents job characteristics, and γ represents the objective
function. Typically there is a set J of jobs that have to be assigned to machines according
to the requirements of the machine model, on each machine a sequence of the assigned jobs
has to be found while respecting the various constraints of the actual model, and the goal
is to minimize the objective function γ.

Machine environments
The most basic scheduling model consists of a single machine, and all jobs have to be
sequenced on this machine. An extension of this model is parallel machine scheduling,
where there is a set of machines, and for each job, we have to decide which machine
should process it, and for each machine, the sequence of the jobs assigned to it have to
15
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be determined. The machines may be identical, meaning that a given job has the same
processing time on each of them, or the processing time of the jobs may depend on which
machine it is assigned to.
In a number of industrial environments, jobs consist of multiple operations that have to
be processed on different machines, in a given order. A basic model for such environment is
flow shop scheduling, where each job has the same number of operations, and the operations
of each job have to be processed by the machines in the same order. If the machines or
the required order of the machines may be different for different jobs, we obtain the job
shop scheduling model. If the machine for each operation may be selected from a set of
machines, we talk about flexible flow shop and flexible job shop problems, respectively.
Figure 1 shows examples of the different machine environments.

Additional constraints
There is a large amount of constraint types that can be defined for scheduling problems,
so in this section we only show some typical constraints that will be used in our models.

Release dates, due dates
A job j may have release date rj and/or due date dj , meaning that the earliest possible
time for processing it (or any of its operations in certain models) is rj , while it should be
finished (or all of its operations should be finished in certain models) until dj . Both release
dates and due dates may be defined as hard or soft constraints. A hard constraint means
that a schedule violating it is not feasible, while a soft constraint means that violation
is allowed, however it should be avoided. This is typically enforced using an appropriate
objective function. In several applications, release dates are considered as hard constraints,
and due dates are considered as soft constraints.

Precedence constraints
It is possible that there are some precedence constraints between some jobs, meaning that
some job j1 must be already finished before job j2 can be started, regardless of which
machine processes which job. This can be regarded as a generalization of the precedence
constraints defining operation chains in flow-shop and job-shop problems. The only requirement is that the precedence constraints must define a directed acyclic graph, the
16
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Figure 1: Gantt charts of different scheduling models.

jobs (or, depending on the model, operations) being the nodes. A further generalization
is that precedence constraints may define maximal or minimal delays, and can prescribe
start-start, start-end, end-start or end-end relations.

Setup constraints
In industiral environments it is quite common that before processing a job, some setup
operations have to be performed on the corresponding machine. The setup time before
each job may be uniform, may depend on the machine, the job, or both, and furthermore,
it can also be sequence dependent. This means that the setup time may depend on the job
produced before the actual job.
17
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Machine availability
Machines may not be available all the time, because of working hours, maintenance tasks,
etc. This means that there can be time intervals when certain machines are not available for
processing jobs. There are two ways to handle these constraints, depending on the policies
of the production environment: the jobs may be breakable or non-breakable. If breaking
of jobs is allowed, then the processing of a job may be suspended while a machine is idle.
If breaking of jobs is not allowed, then all jobs scheduled before the idle time must be
completed, meaning no job can be interrupted by machine unavailability.

Cumulative resources
Cumulative resources are useful for modeling resources such as raw materials (two bolts,
1.2m of cable), workers (a certain process may require 4 non-qualified workers and 1 engineer), tools (a certain work phase on an engine requires 3 spanners), etc.
Jobs may require or produce a certain amount of these resources, which may be renewable or non-renewable. Typically the required renewable resources are reserved at the
start of a job, remain reserved until the given job is finished, and released when the job
is finished. These kinds of resources are convenient for modeling workers, tools, etc. Nonrenewable resources are generally consumed at the start of a job, and never released. This
is typical for raw materials, energy, etc. An example of resource consuming jobs is shown
in Figure 2.
Jobs may be connected not only by precedence constraints, but also by non-renewable
resources. In this case a job needs a certain amount of some resources upon its start, and
releases some other resources upon completion. For example, a job producing a batch of
100 scissors requires 100 left and 100 right scissor parts, and it releases 100 scissors. The
packaging for this batch requires 100 scissors and 100 boxes, and results in 100 pieces
of final products. With appropriate modeling, it is possible to describe general feeding
precedences (when there is no explicit connection between the jobs on different machines)
as well as traditional operation chains.
Furthermore, machines may be regarded as renewable unary resources. However, in machine scheduling problems, they have a special role. Because of this special role, throughout
this thesis, machines are not referred to as generic resources.
18
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supply event1

supply event2

consumption of j2
consumption of j1
time

j3

M1

M2
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j1
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Figure 2: Example of resource consuming jobs in a parallel machine environment. In this example, there
is only one resource, of which the resource profile is shown in the graph.

The classification of scheduling problems with renewable resource constraints is described in (Błażewicz et al.; 1983). On the topic of non-renewable resource constraints, we
refer the reader to (Grigoriev et al.; 2005).

Objective functions
In this thesis most objective functions are non-decreasing functions of the job completion
times. If the set of jobs is J, and the completion time of job j ∈ J in some schedule is
denoted by Cj , then the most common objective functions are defined as follows:
• Cmax = maxj∈J Cj : makespan
•

P

j∈J

wj Cj : weighted total flow time

• Tmax = maxj∈J max(Cj − dj , 0): maximal tardiness
•

P

•

P

j∈J

wj max(Cj − dj , 0): total weighted tardiness

wj Uj : weighted number of tardy jobs, where Uj = 1 if Cj > dj and Uj = 0
otherwise
j∈J

• etc.
19
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Not all objective functions are functions of the completion times. It is also common to
minimize total setup time, some function of the resource profiles, etc.
In practical applications generally there are more than one objective, e.g. the total
tardiness, the maximal tardiness and the total setup time have to be minimized at the
same time. There are two major approaches to handle this situation:
• Define a weight for each objective function, and minimize their weighted sum. This
can be quite problematic if the different measures have different dimensions, furthermore determining the weights that represent the wishes of the human decision
makers can also be a difficult task.
• Define a total ordering of the objective functions that reflects their relative priority,
and use lexicographic comparison according to this order. This means that we have
to find the best schedules according to the most important measure, among these
schedules we have to find the best according to the next most important measure, etc.
This approach requires that the decision makers be able to prioritize the objective
functions, and may provide counterintuitive solutions (e.g. it will choose a schedule
with 1 tardy job out of 1000 jobs over a schedule that has 2 tardy jobs, while the
latter may be significantly better according to all other measures).
Both multi-objective optimization approaches have its pros and cons, however we have
experienced that, for realistic problems, the lexicographic ordering provides better solutions. Furthermore, it is easier to explain the results provided by this method to the users
of a scheduling software.

Scheduling matters
Before presenting our results for different scheduling problems, we wish to demonstrate
visually the importance and the power of optimizing schedules. Figure 3 shows the Ganttcharts of schedules that were obtained while optimizing the makespan in a problem similar
to a flexible job shop, using tabu search. (The corresponding project was the result of a
research partnership with Hitachi Yokohama Research Laboratory.) The three figures show
the initial (already optimized) schedule, the result after ∼5 minutes (∼50.000 iterations) of
computation, and the final result after ∼10 minutes (∼100.000 iterations) of computation.

20
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(a) Initial schedule

(b) Schedule after 50.000 iterations

(c) Schedule after 100.000 iterations
Figure 3: Demonstration of the effects of schedule optimization.
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Chapter 1
Scheduling of inventory releasing jobs to
minimize tardiness related criteria
1.1

Motivations

Consider a manufacturing environment, where a set of inventory releasing jobs have to be
sequenced on a single machine (or server) in order to meet a set of delivery requests. This
means that instead of individual jobs having due dates, which is common in the practice
of machine scheduling, the desired amount of resources at given times have to be provided.
A practical application would be a factory working with the Just-In-Time model, where
the materials required for the production are transported to the factory by suppliers just
before they are used. A material shortage would mean that either the production is delayed,
or it has to be rescheduled. Therefore, it is desired to give a schedule for the unloading of
the arriving materials, respecting constraints imposed by unloading time, capacities, etc.
This way it is possible to ensure that production is delayed as little as possible.

1.2

Definition of the problem

There is a set of jobs J and a set of different product types S with |J| = nJ , and |S| = nS .
Each job j ∈ J has a processing time pj > 0, and produces an amount of csj ≥ 0 from
product s ∈ S. It is permitted that the same job produces a positive amount from several
distinct product types. The inventory level of each product is 0 initially. The inventory
of products is consumed by a set of deliveries R with |R| = nR . Each delivery Rr has a
due date dr , and specifies a quantity of ẽsr for each product type s ∈ S to be withdrawn
23
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from the corresponding inventory. Like in the case of jobs, a delivery may specify positive
requests for several product types simultaneously. It is assumed that d1 ≤ d2 ≤ · · · ≤ dnR .
A delivery can be served only if the inventory level of each product type is above or equal
to the requested quantity. Hence, a delivery can be tardy if it is served later than its due
date. The delivery requests must be served in increasing due-date order, and in case of
ties, their order is fixed in advance. The indexing of delivery requests indicates the order
in which they have to be served.
Let π be a sequence of the nJ jobs, i.e., π(u) ∈ J is the job in position u (1 ≤ u ≤ nJ ),
and π(u) 6= π(v) for u 6= v. The total amount of product type s ∈ S after completing the
P
first h jobs in π is hu=1 csπ(u) , whereas the total requested quantity over the first r delivery
Pr
s
π
requests is esr =
number of jobs needed to reach the
k=1 ẽk . Let hr be the minimum n
o
Ph
s
s
π
.
,
for
all
s
∈
S
≥
e
c
required inventory level by delivery r, i.e., hr := min h |
r
u=1 π(u)
P
π
r
pπ(u) (there is no idle time between the
The completion time of delivery r is Crπ := hu=1
jobs). If Crπ ≤ dr , then the delivery is on time, otherwise it is tardy. The lateness and
tardiness of delivery r are defined as Lπr = Crπ − dr and Trπ := max(0, Lπr ), respectively.
P
The completion time of job π(h) in a sequence π is C̃hπ = hk=1 pπ(k) (there are no idle
times between jobs). The total amount of product type s produced up to time t in schedule
P
π is Asπ (t) = h|C̃ π ≤t csπ(h) . We will consider regular (non-decreasing) objective functions
h
γ in the delivery completion times, e.g., maximal tardiness (maxr Tr ), maximal lateness
P
P
(maxr Lr ), total weighted tardiness ( r wr Tr ) or total weighted lateness ( r wr Lr ). Let
γ(π) denote the objective function value of a schedule π. Since π, and the number of
delivery requests are finite, γ is well defined. When the objective function is a regular
function in the delivery tardiness times, we denote it by γ T .
Without loss of generality, we may assume that the due-date of the last delivery satisfies
P
P
P
dnR ≥ j pj , and esnR = j csj for all s ∈ S. Namely, if dnR < j pj , we can add a new
P
delivery request to R, and set its due-date to j pj . On the other hand, by that time, all
P
the products are delivered, hence we lose no solution by assuming esnR = j∈J csj for s ∈ S.
An illustrative example is given in Figure 1.1.

1.3

Background and related results

This work complements the recent results of Boysen et al. (2013). In that paper, the
delivery requests have strict deadlines, and special cases where the existence of a feasible
schedule is decidable in polynomial time are considered with the objective of minimizing
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Parameters:
Param.
nJ
nS
nR

Value
3
1
2

Job
J1
J2
J3

pj
3
3
8

cj
3
4
8

Delivery
R1
R2

dr
7
14

ẽr
6
9

er
6
15

Schedule π(J3 , J1 , J2 ):
cj

R1

R2

J3
J2

J1
8

11

14 time

8

11

14 time

Total production of π(J3 , J1 , J2 ):
Aπ (t)
15
11
8

Figure 1.1: Example of the scheduling problem. The boxes in the schedule represent the jobs; the length
and height of job j is proportional to pj and cj , respectively. The depicted schedule has a maximal tardiness
of 1 time unit.

some stock level related criteria. An optimal or suboptimal solution to our problem could
be used to set hard deadlines, and then in a second round one can apply the methods of
Boysen et al. to minimize the stock levels.
The opposite problem, in which jobs consume non-renewable resources has been studied
e.g. in (Carlier and Kan; 1982; Carlier; 1989; Grigoriev et al.; 2005). In these models a job
may be started only if the requirements of the job do not exceed the available quantities
from each non-renewable resource. If a job is started, the available quantities of the nonrenewable resources are instantly decreased by the requirements of the job. Moreover,
non-renewable resources are supplied over time at given time points. For the special case
when there are only non-renewable resource- and precedence constraints, Carlier and Kan
(1982) gave polynomial solution methods. If, in addition, the jobs have to be sequenced
on a machine, the problem has been shown to be NP-hard (Carlier; 1989). In (Grigoriev
et al.; 2005), the complexity of various sequencing problems on a single machine is studied
subject to non-renewable resource constraints. The authors provide NP-hardness proofs,
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and approximation algorithms for the hard problems, or polynomial time algorithms for
the tractable ones.
In a more general setting jobs may produce and consume a common set of materials,
and a basic question is whether a feasible sequence of producers and consumers exists.
This problem has been shown NP-hard in the strong sense by Kellerer et al. (1998). In the
same paper, the authors consider the minimization of maximum stock level and propose
three different approximation algorithms with relative error 2, 8/5, 3/2, respectively. Some
numerical results complement the theoretical findings. This line of work has been taken up
by Briskorn et al. (2010), where several variants are studied, and either an NP-hardness
proof is presented, or a polynomial time algorithm is devised. In (Briskorn et al.; 2013),
an exact branch-and-bound based method is developed and numerical results are provided
for the general problem with 5 to 20 jobs.
Finally, Neumann and Schwindt (2002) study project scheduling problems with inventory constraints. They analyze the feasible region of job starting times, and propose to add
temporary constraints between pairs of jobs to resolve resource conflicts in a branch-andbound algorithm.

1.4
J
S
R
nJ
nS
nR
Jj
pj
csj
esr
dr
π
Crπ
Trπ
Lπr

Notation and Terminology
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

set of jobs
set of product types
set of delivery requests
number of jobs
number of products; products are indexed by s
number of delivery requests; deliveries are indexed by r
job j
processing time of job j
amount of product s released by job j
total amount of product s to be delivered up to delivery r
due date of delivery r, d0 = 0
sequence of jobs
completion time of delivery r in schedule π
tardiness of delivery r
lateness of delivery r
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= completion time of job π(h) in schedule π
C̃hπ
s
Aπ (t) = total amount of product type s produced up to time t in
schedule π
γ
= regular function of the delivery completion times
γT
= regular function of the delivery tardiness times
Index s may be omitted if nS = 1. When investigating special cases, the restriction pj = p
means that all jobs have a common processing time, and csj = cs indicates that all jobs
produce a quantity of cs from each product type s ∈ S.
We will use the term slot r to refer to the time interval [Cr−1 , . . . , Cr ] (even when the
completion time of the deliveries may not be fixed yet). Note that although this problem
is defined as a sequencing problem, the sequence of the jobs between two consecutive
deliveries does not affect the objective function value. This means that it is enough to give
an assignment of the jobs to the slots defined by the delivery dates, then those jobs that
share the same slot can be sequenced arbitrarily.

1.5

Results

We have given complexity proofs for special cases of the problem 1||γ, and have devised
polynomial and pseudo-polynomial time algorithms for all the settings where this is possible
(if P 6= N P ). Furthermore, a Fully Polynomial Time Approximation scheme (FPTAS) is
given for one of the cases. It has been shown that even for very restricted models, this
problem is very hard to solve. Our results are summarized in Table 1.2 on the following
page. For the sake of completeness, some results of other researchers are also shown.
In the following, we explore the complexity of various special cases of the problem. At
first, two polynomially solvable cases are shown, then 3 NP-hardness results follow. Finally,
a pseudo-polynomial algorithm using dynamic programming is presented that solves all
cases that are NP-hard in the ordinary sense.
In Section 1.7, a Fully Polynomial Time Approximation scheme using the dynamic
programming formulation is provided for a special case.
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nR ≥ 2,
const.

nR = ∗

pj = 1

nS = 1
csj = cs
csj = ∗
P (1.2)
P
(1.1)

csj
P

pj = p

P (1.2)

P

(1.1)

P

pj = ∗

P (1.2)
P (1.2)
P (1.2)
P (1.2)

(1.5)
(1.6)
(1.1)
(1.1)

P

pj = 1
pj = p
pj = ∗

o.NP
p.poly.
P
P
s.NPb

P
P
P

nS ≥ 2, const.
= cs
csj = ∗
(1.2) o.NPa
p.poly. (1.6)
(1.2) o.NPa
p.poly. (1.6)
(1.2) o.NPa
p.poly. (1.6)
(1.2)
s.NP (1.4)
(1.2)
s.NP (1.4)
(1.2)
s.NP (1.4)

nS = ∗
csj = cs
csj = ∗
P (1.2) s.NP (1.3)
P (1.2)

s.NP (1.3)

P (1.2)

s.NP (1.3)

P (1.2)
P (1.2)
P (1.2)

s.NP (1.3)
s.NP (1.3)
s.NP (1.3)

The following results of other researchers are also shown in the table:
a
1|pj = 1, nS = 2, nR = 2|γ T is NP-hard was shown in (Drótos and Kis; 2013a)
b
1|nS = 1|γ T is NP-hard in the strong sense was shown in (Boysen et al.; 2013)
Table 1.2: Overview of the complexity results for 1||{γ, γ T }. Each cell of the table corresponds to a
variant of the problem with additional restrictions; a star (∗) indicates that the problem parameter can
be arbitrary positive integer value. The complexity can be polynomial (P), NP-hard in the ordinary sense
(o.NP), or NP-hard in the strong sense (s.NP). The fact that a pseudo-polynomial algorithm exists is
denoted by p.poly. The objective function is any regular function γ in the delivery completion times for
those problems of polynomial time complexity, and it is any regular function γ T in the delivery tardiness
times for all NP-hard problems in the table. Numbers (in parenthesis) after the complexity classes refer
to the corresponding theorems.
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1.6

Complexity results

In the following we provide various complexity results for special cases of the problem.
Theorem 1.1. The problem 1|pj = p, nS = 1|γ can be solved in O(nJ log nJ ) time.
Proof. We show that ordering the jobs in non-increasing order of the cj values gives an
optimal schedule. Suppose that there is an optimal schedule π, where for two adjacent jobs
π(l) and π(l + 1), cπ(l) < cπ(l+1) . Let π 0 be the schedule obtained by swapping the jobs
π(l) and π(l + 1). Since cπ(l) < cπ(l+1) , swapping the two jobs ensures that for any time
t, Aπ0 (t) ≥ Aπ (t). Hence, for every r ∈ R, the completion time of delivery r in the two
0
schedules satisfy Crπ ≤ Crπ . Hence, γ(π 0 ) ≤ γ(π).
Theorem 1.2. The problem 1|csj = cs |γ can be solved in O(nJ log nJ ) time.
Proof. An exchange argument similar to that in the proof of Theorem 1.1 shows that
ordering the jobs in non-decreasing processing time order (SPT rule) gives an optimal
schedule.
Theorem 1.3. The problem 1|nR = 2, pj = 1|γ T is NP-hard in the strong sense.
Proof. Consider an instance I of X3C: given set X with |X| = 3q and a collection C of
3-element subsets of X, find a subcollection C 0 ⊆ C such that every element of X occurs
in exactly one member of C 0 .
From the above instance, we construct an instance of the scheduling problem as follows:
Param.

Value

Param.

nJ

|C|

es1

nS

3q

es2

nR

2

d1

q

1

d2

|C|

pj
(
csj

1

if s ∈ Xj

0

otherwise

and the question is if there exists a schedule π with γ T (π) = 0.
If there exists an exact cover C 0 = {Xi : i = 1 . . . q}, then
π(J1 , . . . , Jq , Jq+1 , . . . , JnJ )
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1
P
j

csj
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is clearly feasible, and has an objective function value of γ T (π) = 0, since no delivery is
tardy, i.e., Trπ = 0 for all r ∈ R.
If there exists a schedule π with no tardiness, then C1π = d1 = q, since it is impossible to
P
P
produce an amount of s∈S es1 = 3q products in less then q time. Furthermore, s∈S Asπ (q)
is exactly 3q, and all these products are different because of the definition of the first
delivery. This means that the subsets Xπ(1) , . . . , Xπ(q) ∈ C form an exact cover of X.
Theorem 1.4. The problem 1|nS = 2, pj = 1|γ T is NP-hard in the strong sense.
Proof. 1 Consider an instance I of 3-PARTITION: given integers a1 , a2 , . . . , a3m , B such
P
that B/4 < aj < B/2 and 3m
j=1 aj = mB, find partition A = (A1 : A2 : · · · : Am ) such
that
•

P

j∈Ar

aj = B, r = 1, 2, . . . , m and

• A1 ∪ A2 ∪ · · · ∪ Am = {a1 , a2 , . . . , a3m } and Ar1 ∩ Ar2 = ∅ for r1 6= r2
From the above instance, we construct an instance of the scheduling problem as follows:
Param.

Value

Param.

nJ

3m

c1j

mB − aj

nS

2

c2j

aj

nR

m

e1r

r(3mB − B)

pj

1

e2r

rB

dr

3r

Value

and the question is if there exists a schedule π with γ T (π) = 0.
If there exists a partition A = (A1 : A2 : · · · : Am ) for I, then after re-indexing the
elements such that Ar = {a3r−2 , a3r−1 , a3r }, the schedule
π(J1 , J2 , J3 , . . . , J3r−2 , J3r−1 , J3r , . . . , J3m−2 , J3m−1 , J3m )
satisfies Crπ ≤ dr for all r ∈ R. Hence, γ T (π) = 0.
Suppose there exists a schedule π with Crπ ≤ dr for all r ∈ R, meaning that A1π (dr ) ≥
r(3mB − B) = e1r and A2π (dr ) ≥ rB = e2r . We prove by induction on r that π has such
1

The proof presented here is a simplified version of our original proof and was suggested by a reviewer
of (Drótos and Kis; 2013a).
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a structure that by the first delivery point, and between any two consecutive delivery
points, there are exactly three jobs that release a total of 3mB − B from product 1, and
B from product 2, which implies that a feasible schedule yields a feasible solution for the
3-PARTITION problem.
The base case r = 1. Since d1 = 3, and each job has processing time 1, there are at
most three jobs scheduled before the first delivery point. Since the schedule is feasible by
assumption, we have A2π (d1 ) ≥ B. This implies that there are exactly three, since c2j = aj
and B/4 < aj < B/2. Let A1 be the set of these three jobs. In addition, A1π (d1 ) ≥ 3mB −B
P
P
also holds. Since c1j = mB −aj , we have 3mB −B ≤ A1π (d1 ) = j∈A1 c1j = j∈A1 (mB −aj ),
P
P
which implies j∈A1 aj ≤ B. Consequently, j∈A1 aj = B.
The inductive step. Suppose our claim is true for the first r delivery points. This implies
A1π (dr ) = r(3mB −B) = e1r and A2π (dr ) = rB = e2r . Therefore, since the schedule is feasible,
in slot r + 1 the jobs have to produce a quantity of at least e1r+1 − e1r = 3mB − B from
product 1 and e2r+1 − e2r = B from product 2. We can use exactly the same argument as
in the base case to show that there are precisely three jobs scheduled in slot r + 1 that
produce a quantity of 3mB − B from product 1 and B from product 2. This proves our
claim.
Theorem 1.5. The problem 1|nS = 1, nR = 2|γ T is NP-hard in the ordinary sense.
Proof. Consider an instance I of PARTITION: given a finite set A and a size s(a) ∈ Z+
P
P
for each a ∈ A, find a subset A0 ⊆ A such that a∈A0 s(a) = a∈A−A0 s(A).
From the above instance, we construct an instance of the delivery problem as follows:
Param.

Value

Param.

Value

nJ

|A|

pj

s(aj )

nS

1

cj

nR

2

er
dr

s(aj )
r
r

P

a∈A

s(a)

2
P

a∈A

s(a)

2

and the question is if there exists a schedule π with γ T (π) = 0.
Suppose (A0 : A − A0 ) is a solution of I. Then by re-indexing the items we may assume
that A0 = {1, . . . , k}, and A − A0 = {k + 1, . . . , nJ }. The schedule
π(J1 , . . . , Jk , Jk+1 , . . . , JnJ )
is clearly feasible, and for all r = 1, 2: er = dr , hence γ T (π) = 0.
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Conversely, if there exists a schedule π with no tardiness, clearly all deliveries are
performed exactly at their due dates
(for any time t, Aπ (t) ≤ t because pj = cj ). This
P
s(a)
, hence the jobs completing before and after d1 ,
means that for r = 1, 2 : Cr = r · a∈A2
0
respectively, define a feasible partition (A : A − A0 ) in I.
Theorem 1.6. The problem 1|nS = const., nR = const.|γ can be solved in pseudopolynomial time.
Proof. The main idea of the following algorithm is that we enumerate all different assignments of jobs to (delivery) slots. Two assignments are different, if there exists a slot r such
that the total processing time or the total production of some product of those jobs assigned to slot r differ in the two assignments. From an assignment a schedule can be easily
built by sequencing those jobs assigned to the same slot arbitrarily and then by joining
the pieces together. We call an assignment feasible only if the set of jobs assigned to the
first r slots satisfies the demand esr for each product s ∈ S, and delivery request r ∈ R.
To this end, we construct a directed graph as follows. Let a node
S
N (j, P1 , . . . , PnR , ∆11 , . . . , ∆nnR ) represent a partial (not necessarily feasible) solution
where jobs 1, . . . , j are already assigned to slots, slot r has Pr total processing time,
and the amount of product s produced in it is ∆sr . Let N (0, . . . , 0) be the start
node. From each node N (j, . . . ), (j 6= nJ ) exactly nR edges are directed outwards,
and these edges are labeled with the numbers 1, . . . , nR . An edge with label r from
S
node N (j, P1 , . . . , Pr , . . . , PnR , ∆11 , . . . , ∆sr , . . . , ∆nnR ) is directed to the following node:
S
N (j + 1, P1 , . . . , Pr + pj+1 , . . . , PnR , ∆11 , . . . , ∆sr + csj+1 , . . . , ∆nnR ), and represents the choice
of assigning job j + 1 to slot r, given the previous jobs are already assigned.
Nodes N (nJ , . . . ) represent all the different assignments of the jobs to slots, and are
called terminal nodes. Notice that the same terminal node may give rise to several job
sequences. On the one hand, there can be several directed paths in the graph from the
start node to the same terminal node, and each path gives rise to a distinct assignment
of jobs to slots. On the other hand, even a single path may yield several job sequences,
as we can order the jobs in a slot arbitrarily. We call the set of job sequences that can be
obtained in this way the realizations of the terminal node. A terminal node represents a
P
feasible solution if ∀s ∈ S, r ∈ R : rr0 =1 ∆sr0 ≥ esr (all demands of delivery r are satisfied).
In the sequel we consider only feasible terminal nodes. We define the delivery completion
P
S
N (nJ ,...)
times of a feasible terminal node N (nJ , P1 , . . . , Pr , ∆11 , . . . , ∆nnR ) as Cr
= rr0 =1 Pr0
for r ∈ R. Now let the job sequence π be a realization of this terminal node. Then we have
N (nJ ,...)
Crπ ≤ Cr
for all r ∈ R, and we may have strict inequality in some cases (when more
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jobs are assigned to slot r than it is necessary to meet the demands esr for s ∈ S). This
inequality justifies the definition of delivery completion times of a terminal node.
Clearly, any optimal job sequence π ∗ is represented by a feasible terminal node (just
∗
π∗
assign those jobs finishing by C1π to the first slot, and those jobs finishing later than Cr−1
,
∗
but not later than Crπ to slot r: the corresponding terminal node is clearly reachable from
S
the start node). For such a terminal node N (nJ , P1 , . . . , Pr , ∆11 , . . . , ∆nnR ), we always have
∗
N (nJ ,...)
for each r ∈ R, so any optimal solution is represented by a terminal node of
Crπ = Cr
N (nJ ,...)
minimum objective function value γ(C1 , . . . , CnR ), where Cr = Cr
. Therefore, to solve
the problem it is enough to identify those feasible terminal nodes reachable from the start
node, and the optimal solution will be represented by one with the lowest objective function
value. Finally, an optimal solution can be recovered by following any path backward from
an optimal terminal node to the unique start node.
Complexity of the algorithm:
• Nodes of the graph:
P
R P
|V | ≤ nJ | pj |n
c1j

nR

...

P

S
cnj

nR

+ 1.

• Edges of the graph: |E| ≤ nR |V |.
• Checking the feasibility of all solutions takes O(nR nS |V |) = O(|V |) time.
• Calculating the objective function for all feasible solutions takes O(nR |V |) = O(|V |)
time.
• Building the graph takes O(|V | + |E|) time, since for each node we can maintain two
lists of edges: one for the inbound edges, and another for the outbound edges, and a
S
node N (j, P1 , . . . , PnR , ∆11 , . . . , ∆sr , . . . , ∆nnR ) is uniquely identified by the parameters
S
j, P1 , . . . , PnR , ∆11 , . . . , ∆sr , . . . , ∆nnR .
• Recovering an optimal solution takes O(nJ ) time by following any path backward
from an optimal terminal node.
The construction of the graph and the solution of the problem are polynomial if the
input is given in unary encoding, so this is indeed a pseudo-polynomial algorithm for the
problem.
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1.7

An FPTAS for 1|nS = 1, nR = 2|Tmax

In this section we describe a Fully Polynomial Time Approximation Scheme (for basic definitions on approximation schemes, see e.g. Schuurman and Woeginger (2004)) for 1|nS = 1,
nR = 2|Tmax , which is NP-hard in the ordinary sense by Theorem 1.5. Our goal is to examine if the graph formulation presented in the proof of Theorem 1.6 can be used to
provide a family of approximation schemes for different nR values. We show an FPTAS
for the nS = 1, nR = 2 case, and, using a counterexample, we show that the same idea
cannot be used for nR > 2. We also discuss some conditions that could show whether this
generalization is possible at all.
The idea of the FPTAS is that the feasible domain Λ of the problem is partitioned
into some subdomains, and each subdomain λ is represented by a feasible solution. This
approximation method is called as „structuring the output” in Schuurman and Woeginger
(2004).
As the maximal tardiness can be zero, and deciding whether a schedule with no tardiness
exists is NP-complete, it would be impossible to give an FPTAS to the problem unless
P=NP. Hence the objective function is modified in the well-known manner: we will consider
s
= maxr (max(Cr −dr , 0)+psum ). This means
the shifted maximal tardiness of schedule Tmax
s
≤
that after each delivery a "lag time" is required. As a result, we always have psum ≤ Tmax
2psum .
We will round up the processing times and the amount of produced products to the
nearest integer divisible by a constant K and L, respectively. The resulting values will be
c 
p 
p̄j = K Kj and c̄j = L Lj . We will use the directed acyclic graph described in the proof
of Theorem 1.6 with additional weights on the edges. A node in this formulation will have
¯ 1, ∆
¯ 2 ), and the edge representing the assignment of
the following structure: N̄ (j, P̄1 , P̄2 , ∆
job j to the first slot will have a weight c̄j − cj . The weight of other edges is zero. The
subdomain λN̄ (nJ ,P̄1 ,P̄2 ,∆¯ 1 ,∆¯ 2 ) contains all schedules that have P̄1 total rounded processing
¯ 1 total rounded produced amount in slot 1, etc. These schedules correspond
time in slot 1, ∆
¯ 1, ∆
¯ 2 ).
to all paths leading from the start node to N̄ (nJ , P̄1 , P̄2 , ∆
A reachable terminal node of the rounded problem is transformed into a solution of the
scheduling problem by replacing the rounded jobs with the original ones. As a solution σ
of the scheduling problem is determined by a path from the start node to a terminal node,
a terminal node in the rounded problem may represent multiple different solutions in the
original problem (see Figure 1.2). The weight of σ, denoted by w(σ), is the sum of edge
¯ 1, ∆
¯ 2 ), then ∆
¯ 1 − w(σ)
weights of the path. Notice that if a path ends at N̄ (nJ , P̄1 , P̄2 , ∆
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···

4(1)

(2, 8, 0, 12, 0)

2(1)
(1, 4, 0, 6, 0)

3(1)

0(2)
2(1)

(0, 0, 0, 0, 0)
0(2)

0(2)

···

(1, 0, 4, 0, 6)
0(2)

(3, 8, 8, 12, 12)
4(1)

(2, 0, 8, 0, 12)
0(2)

···

Aσ∗ (t)
15
σ ∗ (λ)
7
3
3

6

14 time

Aσrep (t)
σrep (λ)

15
11
8
8

11

14 time

Figure 1.2: Example of choosing the representative solution for a given rounded terminal node. The
input parameters are the same as in Figure 1.1, and K = 2, L = 6. The label w(r) on an edge has the
meaning that this edge assigns the corresponding job to slot r, and this assignment has weight w. For ease
of understanding, only the relevant part of the graph is displayed, and the nodes are organized into layers
representing the assignments of the first, second. . . jobs.

is the total production of the product in the first slot in the corresponding non-rounded
solution. Among the paths to a terminal node we select one of lowest weight. This will be
called as the representative solution of the given node.
Definition 1.1. A terminal node in the rounded problem is called feasible if its representative non-rounded solution is feasible. Its objective function value is the objective function
value of the non-rounded representative solution.
The algorithm searches all feasible terminal nodes in the rounded problem, and chooses
the solution with the lowest maximal shifted tardiness. We will need some definitions for
the different objective function values for a given subdomain λ.
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Definition 1.2. For a subdomain λ,
s
• Tmax
(λ) is the objective function value of the representative solution σrep (λ), considering non-rounded processing times
s
• T̄max
(λ) is the objective function value of the representative solution σrep (λ), considering rounded processing times
s ∗
(λ) is the objective function value of the best schedule σ ∗ (λ) in λ
• Tmax

We have to show that the algorithm described here is correct, i.e. all feasible solutions
correspond to a feasible terminal node reachable from the source node on a path, and that
the objective function value of a representative solution is close to the objective function
value of any feasible solution that it represents.
Property 1.1. If a rounded terminal node is not feasible, then it does not represent any
feasible solutions.
¯ 1, ∆
¯ 2 ) with
Proof. Suppose we have an infeasible rounded terminal node N̄ (nJ , P̄1 , P̄2 , ∆
schedule σrep (λ) and there exists a feasible solution σ(λ) in subdomain λ. Then w(σ(λ))
¯ 1 −w(σrep (λ)) ≥ ∆
¯ 1 −w(σ(λ)). Therefore, since
cannot be smaller than w(σrep (λ)), hence ∆
σ(λ) is feasible, a contradiction.
Property 1.2. Any feasible solution of the original problem is represented by exactly one
feasible representative solution.
Proof. It is trivial that no solution can be represented by more than one representative
solution. Furthermore, every possible assignment to the first and second slot of the rounded
jobs is investigated in the rounded problem, so any feasible solution will be represented.
According to Property 1.1, the corresponding representative solution will be feasible.
Property 1.3. By setting K =
λ ∈ Λ.

εpmax
,
nJ

s
s ∗
it holds that T̄max
(λ) ≤ (1 + ε)Tmax
(λ) for any

Proof. First we observe that
s
s ∗
(λ) ≤ Tmax
(λ) + nJ K,
T̄max

because if we replace each pj in the optimal solution of λ with p̄j , the processing time of
any job may increase by at most K time units, so any delivery may be delayed by at most
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nJ K time units. Hence the difference of the objective function value of σrep (λ) and σ ∗ (λ)
is
s ∗
s
s ∗
s
(λ)
(λ) − Tmax
(λ) ≤ T̄max
(λ) − Tmax
Tmax
s ∗
s ∗
(λ)
(λ) + nJ K − Tmax
≤ Tmax
εpmax
= nJ K = nJ J ≤ εpsum
n
s ∗
≤ εTmax (λ)

Theorem 1.7. There exists an FPTAS for the problem 1|nS = 1, nR = 2|Tmax .
Proof. As the optimal solution has a feasible representative solution that is at most (1 + ε)
times worse, and all feasible representative solutions are investigated, it is clear that the
algorithm is (1 + ε)-optimal. It has to be shown that it is polynomial in the input size and
in 1ε .
l Jm
 
If we set K = εpnmax
and L = εcmax , then there are at most nε and 1ε different
J
types of processing times and produced
of the product, respectively. This means
l J m amounts


¯ r can take at most nJ n and nJ 1 distinct values. The complexity can be
P̄r and ∆
ε
ε
upper bounded as follows:

 l J m2
 
 2
1 4
J n
J 1
J 7
J
n ε
+ 1 = O ε (n )
• nodes of the graph: |V̄ | ≤ n n
ε
• edges of the graph: |Ē| ≤ 2|V̄ |
• finding the representative solutions takes O(|V̄ | + |Ē|) time
• checking the feasibility and the objective value of the representative solutions takes
O(|V̄ |) time
 

4
This means that the complete procedure takes at most O(|V̄ |) = O 1ε (nJ )7 time.
A natural question is whether the FPTAS could be generalized for other nS and nR
values? The correctness of the algorithm relies on Property 1.1, so any similar algorithm
for the more general case should select representative solutions with the same property. As
it is demonstrated in Table 1.3 by a counter-example, the idea to select a path that has
the lowest rounding error in lexicographic comparison cannot work, even for the nS = 1,
nR = 3 case.
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Parameters:
Param.
nJ
nS
nR
ε
L
pj

Value
6
1
3
2
15

2
p

Job
J1
J2
J3
J4
J5
J6

cj
3
5
8
12
1
15

c̄j
4
6
8
12
2
16

Delivery
R1
R2
R3

er
8
28
44

Solutions represented by N̄ (6, 10, 20, 18, . . . ) terminal node:
r
¯ r (Pr0 ∆
¯ 0
∆
r =1 r )
∗
σ (λ)
Pr
∆r ( r0 =1 ∆r0 )
¯ r − ∆r
∆
σrep (λ)
Pr
∆r ( r0 =1 ∆r0 )
¯ r − ∆r
∆

1
10 (10)
J1 , J2
8 (8)
2
J3 , J5
9 (9)
1

2
20 (30)
J3 , J4
20 (28)
0
J1 , J6
18 (27)
2

3
18 (48)
J5 , J6
16 (44)
2
J2 , J4
17 (44)
1

feasible

infeasible

Table 1.3: Counter-example for the nS = 1, nR = 3 case. While σrep (λ) is infeasible, it has lexicographically less rounding error than σ ∗ (λ), which is feasible.

In a general setting (nS and nR are arbitrary constants), selecting a representative
solution for a given rounded terminal node with Property 1.1 is equivalent to the following problem: given a DAG with a designated source and target node, find a path between
them which obeys the following resource constraints: there are nS (nR − 1) resources with
S
R
given limits, each edge consumes a vector {0 . . . L}n (n −1) of these resources, and the total
consumption of the path cannot be higher than the limit for any resource. The limit on a
resource (s, r) is the total allowable rounding error of product s during the first r periods.
Furthermore, the consumption vectors on the edges have a special structure: for a product
s, the first r − 1 coordinates are zero, and the other coordinates have the value c̄sj − csj .
This is a special case of the Constrained (Shortest) Path problem, which is known
to be NP-hard in the ordinary sense (problem [ND30] in Garey and Johnson (1979); for
more details, see Ziegelmann (2001)). However, to our knowledge, there is no result for
the complexity of this special case. If it is polynomially solvable, then our approach gives
an FPTAS for arbitrary fixed nS and nR values, but if it is NP-hard, then this dynamic
programming formulation with this type of rounding reaches its limits at the nS = 1,
nR = 2 case.
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Publications

The results of Thesis 1 were published in (Drótos and Kis; 2013a,b; Drótos et al.; 2013).
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Chapter 2
Resource leveling in a parallel machine
environment
2.1

Motivations

Renewable cumulative resources are very useful to model workforce requirements in a
factory. Consider an environment where the workforce consists of permanent as well as
temporary workers. If the load of the the workshop fluctuates over time, then in peak
periods, when more workers are needed than the number of permanent employees, extra
workers may be hired to meet the demand. To reduce hiring costs, a resource leveling
problem has to be solved with appropriate objective function.
In a typical scheduling system, when considering workforce requirements, some part of
the schedule is already fixed based on other measures (e.g. due dates). This means that
tasks are already assigned to machines, and a time window is defined for them in which
they can be performed such as the decisions on the higher level are not violated. In this
part, we provide an exact method to find optimal or close-optimal solutions.

2.2

Definition of the problem

The main data and parameters of the scheduling problems we will study are as follows:
There are m parallel machines, M1 through Mm , L renewable resources R1 through RL ,
along with target levels C1 , . . . , CL ∈ Q, and a set of n tasks, J, partitioned into m
disjoint subsets J = J1 ∪ J2 · · · ∪ Jm . Those tasks in Ji have to be processed exclusively on
machine Mi . Each task j has a processing time pj , release time ej , a deadline dj (all integral
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numbers), and resource requirements bj1 , . . . , bjL . Preemption of tasks is not allowed. No
machine can process more than one task at a time, but there is no limitation on the
maximum parallel usage of the resources. A schedule S specifies the starting time of every
task, i.e, S = (S1 , . . . , Sn ), where Sj is the starting time of task j. A schedule is feasible if
ej ≤ Sj and Sj ≤ dj −pj hold for every task j, and the processing of any pairs of tasks j and
k on the same machine is performed in disjoint time periods, i.e., [Sj , Sj +pj )∩[Sk , Sk +pk ) =
∅ for j, k ∈ Ji with j 6= k.
In order to describe the objective functions considered in this chapter we need additional
definitions. Let D denote the largest integer time point when some task may be started,
i.e., D = (maxj∈J dj )−1. The resource profile of schedule S is a function RS = (r1S , . . . , rLS ),
where r`S : [0, D + 1] → Q+ gives the total requirement from resource ` in time point t
P
w.r.t. schedule S, i.e., r`S (t) = j∈J:Sj ≤t<Sj +pj bj` . We will consider the following type of
objective functions:
L X
D
X
S
fˆ` (r`S (t), C` ),
f (R ) :=
(2.1)
`=1 t=0

where the functions fˆ` : Q+ × Q+ → Q+ satisfy fˆ` (x, y − z) = fˆ` (x + z, y). For instance,
with fˆ` (x, y) = w` max{0, x − y}, where w` ≥ 0, we obtain
S

flin (R ) =

L
X
`=1

w`

D
X

max{0, r`S (t) − C` },

t=0

while fˆ` (x, y) = w` (x − y)2 yields
S

fquad (R ) =

L
X

D
X
w`
(r`S (t) − C` )2 .
t=0

`=1

Of course, for distinct resources, the functions fˆ` may be different. A summary of the
notations is given in Table 2.1.

2.3

Background and related results

One of the first heuristics for resource leveling is due to Burgess and Killebrew (1962).
This procedure is applicable to CPM/PERT networks consisting of activities (nodes) and
temporal relations between them (arcs). It aims at finding the best starting times of the
activities by shifting them to the right step-by-step in several rounds. This method has
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Mi
m
R`
C`
J
Ji
ni
pj
ej
dj
bj`
S
Sj
r`S
RS

=
=
=
=
=
=
=
=
=
=
=
=
=
=

machine i
number of machines
renewable resource `
target level of resource R`
set of tasks
set of tasks pre-assigned to machine Mi
|Ji |, the number of tasks pre-assigned to machine Mi
processing time of task j
release time of task j
deadline of task j
amount of resource ` required by task j
a schedule
start time of task j
a function that gives the total requirement from resource R`
for any time point w.r.t. schedule S
= resource profile of schedule S
Table 2.1: Summary of the notations.

been extended to the multi-project, multi-resource case by Woodworth and Willie (1975).
The above procedures cannot handle resource constraints. To the best of our knowledge,
the first constructive heuristic for the resource leveling problem with resource constraints
has been proposed by Neumann and Zimmermann (1999), where it is shown that the
general resource leveling problem in which there are precedence constraints between the
tasks is NP-hard in the ordinary sense. A local search heuristic and an exact method is
evaluated in (Neumann and Zimmermann; 2000). The computational results of the exact
method are limited to instances with 20 tasks only. In (Ballestín et al.; 2007) resource
leveling is applied in make-to-order manufacturing (but without resource constraints). For
a recent review of resource constrained project scheduling, see (Hartmann and Briskorn;
2010). Further information on the topic, including several models and algorithms, can be
found in (Demeulemeester and Herroelen; 2002).
There is a considerable literature on machine scheduling with additional resources.
Błażewicz et al. (1983) propose a classification scheme and provide several complexity results for machine scheduling under resource constraints. For a more comprehensive overview
and references, see the textbook Błażewicz (2001). Kellerer and Strusevich (2003a,b) consider dedicated parallel machines and one or more additional resources under various assumptions. Caramia and Dell’Olmo (2003) discuss various resource leveling problems where
tasks have unit length and instead of machines, there is an incompatibility relation between
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the tasks such that only compatible tasks may be executed in parallel. The authors discuss
the computational complexity of several variants and propose a heuristic algorithm for
solving those problems. A heuristic algorithm for scheduling workers of different skills is
presented in Valls et al. (2009), where one of the objectives is to minimize the deviation of
resource usage from the average load.
In the presented model, as deciding whether a feasible schedule exists for even one
machine is NP-hard in the strong sense (problem [SS1] in Garey and Johnson; 1979),
the analysis of the complexity of our problem wouldn’t reflect the additional complexity
introduced by considering the resources. Therefore it is worth investigating the complexity
of cases where finding a feasible schedule isn’t an issue. The related complexity results can
be found in (Drótos and Kis; 2011).

2.4

Results

In order to solve the general problem, we have devised a branch-and-bound method, in
which the nodes in the branch-and-bound search tree represent a constrained version of
the original problem, where the time windows of the tasks are narrowed, and the root node
represents the original problem. An illustrative example of the branch-and-bound tree is
given in Figure 2.1.

2.4.1

Integer programming formulation and Lagrangian relaxation

In this section we provide an integer programming formulation for resource leveling
problems and we also discuss Lagrangian relaxation. The basics of Lagrangian relaxation are presented in Appendix A. The decision variables are xjt ∈ {0, 1}, j ∈ J,
t ∈ {ej , . . . , dj − pj }, indicating the start times of the tasks, and y`t ∈ R, j ∈ J,
t ∈ {0, . . . , D} representing the resource usage in each time period from each resource.
The resource leveling problem can be formulated as the following mixed integer program
(IP):
min

L X
D
X

fˆ` (y`t , C` )

`=1 t=0
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j1
j2
...

j1

j1
j2

j2

...

...

Figure 2.1: Illustration of the branch and bound tree. In each branching step, the time window of one
task is partitioned into smaller intervals. The example shows a situation where the time window of task
j2 is divided into two smaller intervals, resulting in two, more constrained versions of the problem in the
parent node.

subject to
D
X

xjt = 1,

∀ j ∈ J,

(2.3)

xjτ ≤ 1,

∀ t ∈ {0, . . . , D}, i ∈ {1, . . . , m}

(2.4)

bj xjτ − y`t = 0,

∀ t ∈ {0, . . . , D}, ` ∈ {1, . . . , L}

(2.5)

t=0

X

t
X

j∈Ji τ =t−pj +1

X

t
X

j∈J τ =t−pj +1

xjt ∈ {0, 1},

∀j ∈ J, t ∈ {ej , . . . , dj − pj }.

(2.6)

In the above formulation if τ < ej or τ > dj − pj , then xjτ is not defined and the term
is omitted. The objective function (2.2) is equivalent to (2.1) in the Introduction. The
set of equations (2.3) ensures that every tasks is started in precisely one time point t ∈
[ej , dj −pj )∩Z. The set of constraints (2.4) prescribes that no two tasks on the same machine
may overlap. Finally, the resource usage is computed in (2.5). Similar formulations can be
found in several papers related to (project) scheduling, see e.g., Sousa and Wolsey (1992).
Notice that the variables y`t may be substituted out, but, in concrete applications they
may be useful to derive linear or quadratic expressions in the objective function.
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Lagrangian relaxation
To obtain the Lagrangian relaxation of the problem (2.2)-(2.6), we dualize (2.5), noting
that other choices would give different relaxations. Since the objective function and the
constraints are separable, we obtain the following mathematical program:
LB(λ) =

m
X

LBi (λ) + min
y

i=1

L X
D 
X


fˆ` (y`t , C` ) − λ`t y`t ,

(2.7)

`=1 t=0

where
LBi (λ) = min

L X
D X
X

t
X

λ`t bj` xjτ

(2.8)

`=1 t=0 j∈Ji τ =t−pj +1

subject to
X

xjt = 1,

∀ j ∈ Ji ,

xjτ ≤ 1,

∀ t ∈ {0, . . . , D}

(2.9)

t∈{ej ,...,dj −pj }

X

t
X

(2.10)

j∈Ji τ =t−pj +1

xjt ∈ {0, 1},

∀j ∈ Ji , t ∈ {ej , . . . , dj − pj }.

(2.11)

The LBi (λ) are integer programs which would still be very hard to solve, so their linear
relaxations are considered (by replacing the xjt ∈ {0, 1} constraints with 0 ≤ xjt ≤ 1).
The advantage of this approach is that the structure and the size of the LP-s (identified
by (2.8)-(2.11)) are independent of the number of resources and the objective function.
Since the size of these LP’s is O(Dni ), they can be solved in pseudo-polynomial time in
the size of the scheduling problem instance.
Theorem 2.1. LB(λ) is a lower bound of the problem for any λ = (λ`t : ` ∈ {1, . . . , L}, t ∈
{0, . . . , D}), and for any fixed λ it can be calculated by solving m independent one machine
problems.
Proof. The claim follows from the properties of the Lagrangian relaxation, and the properties of the IP formulation.
Below we consider specific linear and quadratic objective functions and derive Lagrangian relaxations for them.
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Lagrangian relaxation with linear objective function
Suppose fˆ` (x, y) = max{0, x − y}. Then IP can be modified to obtain a linear objective
PD
P
ˆ
function as follows: replace D
t=0 y`t in (2.1) to obtain
t=0 f` (yt , C` ) by
min

L X
D
X

w` y`t .

(2.12)

`=1 t=0

This objective function is monotone increasing in the y variables. Therefore, we can replace
(2.5) by the following set of constraints:
X

t
X

b`j xjτ − y`t ≤ C` ,

∀ t ∈ {0, . . . , D}, ` ∈ {1, . . . , L}.

(2.13)

j∈J τ =t−pj +1

Let IPlin denote the new integer program with objective function (2.12) and constraints
(2.3), (2.4), (2.6), (2.13), and y ≥ 0. Clearly, it is equivalent to IP when ∀` : fˆ` (x, y) =
max{0, x − y}. The Lagrangian relaxation of IPlin is
lin

LB (λ) =

m
X

LBi (λ) −

i=1

L
X

C`

`=1

D
X
t=0

D
L X
X
(w` − λ`t )y`t
λ`t + min
yt ≥0

(2.14)

`=1 t=0

Because of the replacement of the equalities (2.5) to inequalities (2.13), each λ`t must
be non-negative. Furthermore, using this objective function any λ`t > w` would yield a
solution of value −∞ with y`t = ∞. Therefore 0 ≤ λ`t ≤ w` , and in this case y`t = 0
(` ∈ {1, . . . , L}, t ∈ {0, . . . , D}) in an optimal solution.

Lagrangian relaxation with quadratic objective function
Suppose that fˆ(x, y) = (x − y)2 . Then IP can be rewritten in the following equivalent form
(IPquad ):
min

L X
D
X

w` (y`t − C` )2

(2.15)

`=1 t=0

subject to (2.3)-(2.6).
Using the same Lagrangian relaxation as before, the lower bound for this problem can
be calculated for a given λ as
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LB

quad

(λ) =

m
X

LBi (λ) + min
y

i=1

L X
D
X


w` (y`t − C` )2 − λ`t y`t .

(2.16)

`=1 t=0
C`
2

The last expression is minimized by y`t =

+

λt
2w`

for ` ∈ {1, . . . , L} and t ∈ {0, . . . , D}.

It is important to note that by setting each C` = 0 we obtain the classical resource
leveling problem, mainly used in project scheduling (see Burgess and Killebrew (1962)).

Determining the Lagrangian multipliers
LB(λ) is a lower bound of the problem for any λ = (λ`t : ` ∈ {1, . . . , L}, t ∈ {0, . . . , D}).
The goal is to find the lower bound LB for the IP, that is
LB = max LB(λ).
λ

(2.17)

We use the following subgradient method (see Fisher (1981)) in order to approximate
the optimal λ. Initially, λ1`t = 1, and in iteration k it is updated as follows:
λk+1 = λk + αk vk
where
k
vk = (v`t
: ` ∈ {1, . . . , L}, t ∈ {0, . . . , D}),
t
X X
k
v`t =
b`j xkjτ − y`t .
j∈J τ =t−pj +1

We set the scaling factor

ck U B − LB(λk )
α =
,
kvk k2
k

where ck is a scalar (0 < ck ≤ 2), and U B is an upper bound for the problem. Initially
ck = 2, and after a certain number of iterations since the last improving of the lower bound
it is halved. The improvement of λk is terminated either if ck becomes small or the actual
lower bound has reached the upper bound. The best lower bound is denoted as LB ∗ , with
Lagrangian multipliers λ∗ .
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When using certain objective functions, it may be possible that some constraints (lower
or upper bounds) apply to λ`t . If such a constraint would be violated after updating λk ,
then the corresponding λk`t is set to its lower or upper bound respectively, instead of its
calculated value (eg. if λ`t ≥ 0 has to be satisfied and λk`t becomes negative in iteration k,
then λk`t is set to 0).

2.4.2

Heuristic approaches

Finding a feasible schedule consists of determining a feasible schedule on each machine. This
problem is NP-hard (Sequencing with release times and deadlines in Garey and Johnson
(1979)), and there are numerous approaches in the literature to solve it (for example, see
Carlier (1982) or Baptiste et al. (2001)). Prior to applying exact methods, we can try to
use heuristics (e.g. priority lists) or approximation algorithms (see Section 2.4.7) to find a
feasible schedule.
We use local search heuristics to determine a good initial upper bound, and also to
improve the schedules in the search tree nodes of the Branch and Bound procedure presented in the next section. Given a feasible schedule, its neighborhood consists of all the
feasible schedules that can be obtained by reinserting a single task on a machine into a new
position in the sequence of tasks, along with a right-shift of the machine. The right-shift
procedure is described in (Drótos and Kis; 2011). After a neighbor is chosen, the machines
are right-shifted repeatedly until no further improvements can be made.
The simplest heuristic is a first-improving local search. As the exhaustive evaluation
P
2
of the neighborhood requires O( m
i=1 ni ) right-shifts in each iteration, the first improving
neighbor is chosen in order to speed up the procedure, and the search is terminated in a
local minimum (i.e. when no improving neighbor can be found). This method is used in
search tree nodes to improve the feasible solutions found.
The second heuristic is an exhaustive neighborhood search with tabu list control. The
neighborhood is evaluated exhaustively to find the best non-tabu neighbor. The tabu status
is defined the same way as in Nowicki and Smutnicki (1996). The method is used only once
to obtain an initial upper bound.

2.4.3

Branch and Bound

The nodes in the branch-and-bound search tree represent a constrained version of the
original problem, where the time windows of the tasks are narrowed, and the root node
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represents the original problem.
Algorithm 2.1. The evaluation of a node in the branch and bound tree consists of the
following steps:
1. Constraint propagation
2. Calculation of lower bound
3. Shaving
4. Calculation of upper bound
5. Branching
It would be possible to perform steps 1-3. iteratively, but experimental results show
that this would be too time-consuming.
In Sections 2.4.4-2.4.8 we describe the elements of the branch-and-bound procedure in
more details, then in Section 2.4.9 we present the search strategy.

2.4.4

Constraint propagation

We use some one-machine constraint propagation techniques described in (Baptiste et al.;
2001), namely:
1. Edge-finding on each machine, for ej -s and dj -s
2. Disjunctive constraint propagation on each machine, for ej -s and dj -s
If any of the one-machine problems is infeasible, then the actual node is infeasible.

2.4.5

Calculation of lower bound

The lower bound LB in each node is calculated using Lagrangian relaxation and the
subgradient method (cf. Section 2.4.1). The initial multipliers (λ1 ) are set to the best
multipliers of the parent node in order to speed up the convergence of the subgradient
method. If the relaxed solution of the parent node is feasible in the actual node, then the
subgradient method would converge to the actual solution, so it is omitted.
The independence of the LP subproblems in each iteration of the subgradient method
can be exploited in a multiple CPU environment. Namely, in each iteration of the subgradient method each CPU chooses an unsolved subproblem, solves it, and chooses the next
unsolved one until all LP-s are solved.
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2.4.6

Shaving

Shaving is an efficient propagation technique in constraint programming (introduced by
Carlier and Pinson (1994) and Martin and Shmoys (1996)), which aims at narrowing the
domain of some variables without generating choice points. This is done by fixing a decision
variable to one of its possible values, then, after constraint propagation, excluding this value
if it results in infeasibility. For an overview of shaving techniques, we refer the reader to
(Torres and Lopez; 2000).
In the studied model, shaving can narrow time windows and can also improve the lower
bound. For each task j on machine i with a time window greater than 0 we apply the
˜ ijt (with λ∗ ) for the LP problems where j is
following: we calculate the lower bound LB
˜ ijt ≥ U B, then
scheduled at time t (ej ≤ t ≤ dj − pj ). If for some t, LB ∗ − LBi (λ∗ ) + LB
j cannot start at that time (xjt can be set to 0) in any solution better than U B.
˜ i = maxj∈J mine ≤t≤d −p LB
˜ ijt provided by the shaving proTheorem 2.2. The value LB
j
j
j
i
cedure is a valid lower bound for the corresponding branch and bound tree node.
Proof. It’s clear that we have covered all possible start times of j in the original problem,
so
˜ ijt
˜ ij = min LB
LB
ej ≤t≤dj −pj

is a lower bound for the single machine problem (2.8)-(2.11) for each machine i, and
therefore
˜ i = max LB
˜ ij
LB
j∈Ji

is also a lower bound for each single-machine subproblem. Finally,
˜ =
LB

m
X
i=1

˜ i + min
LB
y

L X
D 
X

fˆ` (y`t , C` ) − λ∗`t y`t



`=1 t=0

is a valid lower bound for the resource leveling problem.
The exclusion of certain start times may also narrow the time windows. If task j cannot
˜ ijτ ≥ U B for each τ ∈ [ej , . . . , t)), then ej can be
be started in the interval [ej , t) (i.e. LB
set to t. The same applies for latest start times. Narrowing the time windows can improve
the efficiency of the constraint propagations.
Theorem 2.3. If the shaving procedure removes the time point t from the possible starting
times of task j, then no such solution exists for the corresponding branch and bound tree
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node where task j is started at time t and the objective function value is better than the
currently known best upper bound.
Proof. The claim follows from the previous theorem.
Shaving can be very expensive, because it requires O(|Ji |D) solutions of the LP problem on each machine i. However, experimental results show that the computational costs
can be kept on a reasonable level by reusing previous solutions of the LP with careful
implementation.
Furthermore, it can be performed on each machine independently, so it can be computed
concurrently. This is organized in the same way as the calculation of the lower bound
(Section 2.4.5).

2.4.7

Calculation of upper bound

In each node of the branch-and-bound tree, a feasible schedule is sought with respect to
the actual time windows. As the machines are independent in terms of feasibility, it is
possible to construct a solution on each machine individually. Because of deciding whether
there exists a feasible schedule on a machine is NP-complete, we are limited to heuristic
and approximation methods. The idea behind our approach is to use the solution of the
Lagrangian relaxation to make an initial schedule, as it is expected to be similar to the
optimal solution of the problem. In case this method fails, we fall back to an approximation
algorithm. If a schedule is found, it is improved heuristically to obtain a good upper bound.
Feasibility of the one-machine problems
Without the resource demands, each one-machine problem can be formulated as a
makespan minimization problem with delivery times instead of deadlines.
Proposition 2.1. A sequence in the one-machine problem with time windows is feasible
if and only if it has Cmax ≤ D in 1|rj , qj |Cmax , where the delivery time for task j is
qj = D − dj .
Hall and Shmoys (1992) present a 4/3 approximation algorithm for minimizing Cmax
for the above problem. Using the sequence determined by the approximation algorithm the
following observations can be made for the one-machine problem with time windows:
Lemma 2.1. If the 4/3 approximation algorithm for 1|rj , qj |Cmax provides a sequence with
makespan Ĉmax and
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(a) Ĉmax ≤ D, then a feasible semi-active schedule is found.
(b) D < Ĉmax ≤ 34 D, then a feasible schedule may or may not exist on the machine, but
no such schedule is found.
(c)

4
D
3

< Ĉmax , then a feasible schedule does not exist on the machine.

Construction of a feasible schedule
A feasible schedule is sought on each machine (using λ∗ ), as follows:
Algorithm 2.2.
1. The LP for machine i has an integer solution. This solution is used
without any changes.
2. The LP for machine i has a fractional solution. The position of j ∈ Ji is determined
by the first time point where at least half of the task is already scheduled in the
fractional solution. If the resulting sequence is feasible, then it is used as an initial
schedule on the machine.
3. The above sequence is not feasible. Using the approximation algorithm and Lemma
2.1 there are three possible outcomes:
(a) A feasible schedule is found. This is used as initial schedule on the machine.
(b) A feasible sequence may exist, but it is not found. In this case no upper bound
is calculated.
(c) No feasible sequence exists on the machine, so the corresponding node in the
branch-and-bound tree is infeasible.
We apply the first-improving local search heuristic to the problem limited to those
machines for which a feasible schedule is found in Step 2 or Step 3 of the above algorithm.
The exclusion of the machines that have integral solution in the corresponding LPs, on the
one hand, reduces the size of neighborhood, and on the other hand, preserves the structure
of the solution on the machines with integral solution. After this procedure, right-shifting
is applied repeatedly to all machines in order to perform the trivial improvements.

2.4.8

Branching

In each node a predefined number of children are generated. This is done by choosing a
task j, and dividing its time window into B sub-windows. We want to ensure that in each
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˜ ijt values (defined in Section 2.4.6) are about the same. To this end,
sub-window, the LB
we define an optimization problem with respect to task j as follows. If the time window of
task j in child node b is [ub , vb ], we define ∆j (ub , vb ) = log maxub ≤t≤vb δjt −log minub ≤t≤vb δjt ,
˜ ijt − LB. For each task we find a partitioning of its time window into B
where δjt = LB
P
2
intervals which minimizes B
b=1 [∆j (ub , vb )] . This ensures that the lower bound is about
the same in each interval, see the example in Figure 2.2. The optimal partitioning is found
by solving a dynamic program in pseudo-polynomial time. Namely, the states are pairs
of the form (s, [u, v]) with 1 ≤ s ≤ B and ej ≤ u ≤ v ≤ dj − pj , and we direct an arc
from (s, [u, v]) to (s0 , [u0 , v 0 ]) if s0 = s + 1 and u0 = v + 1. The value of state (s, [u, v]) is
[∆j (u, v)]2 . An initial state is connected to all states (1, [ej , v]), and all states (B, [u, dj −pj ])
are connected to a final state. A path from the initial state to the final state with smallest
total weight gives the optimal solution, and it can be found in linear time in the number
of states, which is O((dj − ej − pj )2 B). The branching will be performed on the task which
yields the biggest difference between the estimated lower bounds of the descendant nodes.
In case of ties the task with bigger slack is chosen. If the maximal increase of the lower
bound is insignificant (less then 3% of the optimality gap) then the task with maximal
slack is chosen, and its time window will be divided to equal-sized partitions.
Using this method the generated nodes represent the structure of the problem, by
partitioning the time windows in a natural way (the tasks will have good and bad time
windows in different nodes). Its other advantage is that the sibling nodes are likely to have
different lower bounds, so the promising combinations of time windows can be evaluated
at first.

2.4.9

Search strategy

We use a best-first search in order to traverse the search tree. All unvisited nodes are stored
in a list which is ordered increasingly according to their predicted lower bounds, and in
case of ties according to their parents’ upper bounds. This way the nodes that may provide
a good solution are evaluated at the first place. It’s important to note that only nodes that
are actually visited are evaluated, but (thanks to the branching scheme and shaving) each
node on the list has a valid lower bound.
Clearly, the lower bound of the first node on the list is always a lower bound for the
original problem, so the search can be terminated whenever the actual lower bound reaches
the best upper bound found so far.
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Figure 2.2: Partitioning the time window of task j. Using the standard method the resulting time windows
wouldn’t represent the structure of the problem.

2.5

Computational results

In order to assess the performance of our exact as well as the heuristic methods, we have
implemented them in C++ and generated a series of test instances. For solving the linear
programs during branch-and-bound, we used the open-source CLP library from COIN-OR
(http://www.coin-or.org/). We evaluated several variants of our exact algorithm and
compared the results to those obtained by the commercial solver ILOG CPLEX 11.2 using
the MIP formulation of the resource leveling problem (2.2)-(2.6). The primary computational environment was a personal computer with Intel Xeon E5320@1.86GHz CPU, 2G
RAM, Debian Linux, but we also used the Sun Fire 15000 supercomputer of the National
Information Infrastructure Development Institute of Hungary to assess the speed-up gained
by parallelizing our exact method. In the next section we describe the test instances and
report on the evaluation of the various methods. In Section 2.5.3 we discuss our experience
with parallel execution.

2.5.1

Test instances and the algorithms compared

We generated a series of test instances with m = 5, 10, 20 machines, t = 10, 15 and 20 tasks
per machine, giving a total of n = 10m, 15m and 20m tasks, respectively. The processing
times of the tasks were randomly chosen integers from the interval {5, . . . , 20}. Each task
required 3 resources, and the resource requirements bj` were set to randomly chosen integers
from the interval of {1, . . . , 5}. For every task j ∈ Ji , the release time ej was chosen from the
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t10
t15
t20
avg

t10
t15
t20
avg

m5
CN ST
TS
20.72%
6.90%
43.02%
13.47%
55.28%
18.39%
39.68% 12.92%
m5
BB
CP X
6.16%
3.10%
12.94%
11.28%
18.39%
17.15%
12.49% 10.51%

m10
CN ST
TS
8.98% 1.02%
49.44% 6.78%
49.80% 7.60%
36.07% 5.13%
m10
BB
CP X
0.74% 0.24%
5.08% 5.96%
5.41% 7.48%
3.74% 4.56%

m20
CN ST
TS
9.04%
2.08%
27.09%
1.82%
39.94% 10.56%
25.36% 4.82%
m20
BB
CP X
0.36%
0.37%
0.41%
1.62%
2.19% 10.39%
0.99% 4.13%

avg
CN ST
TS
12.92%
3.33%
39.85%
7.36%
48.34% 12.18%
33.70%
7.62%
avg
BB
CP X
2.42%
1.24%
6.14%
6.29%
8.66% 11.67%
5.74%
6.40%

Table 2.2: Average optimality gap for the linear objective function with C` = b
resources.

P

j∈J

b`j pj /Dc, and 3

P
interval [0, b0.8(Pi − pj )c] and dj was chosen from [ej + pj , b1.3Pi c], where Pi = j∈Ji pj .
For a fixed task data, we created two variants: one with linear and another with quadratic
objective function. For the linear objective function C` was set to the average resource
P
demand b j∈J bj` pj /Dc for each resource ` = 1, 2, 3, while in the quadratic case C` ≡ 0.
For each test class with parameters (m, t), 10 instances were generated at random. We
have only considered test instances where a feasible initial solution could be found with
some very simple heuristics, since once a feasible sequence is known on each machine,
our heuristic method can be applied, while the exact method does not require any initial
feasible solution.
For each test instance a simple constructive solution was determined, then right-shifting
was applied on each machine repeatedly until no improvements were possible (CN ST ).
Then the tabu search procedure was performed (T S), resulting in an upper bound U BT S .
Finally the branch-and-bound (BB) method was applied with initial upper bound U BT S ,
and ILOG CPLEX (CP X) was run with an initial cutoff value of U BT S . The time limit
for both T S, BB and CP X was set to 1800 CPU seconds, and one thread was used. With
linear objective function, BB explored 2000 to 5000 nodes, while in the quadratic case
usually less than a 1000 nodes.

2.5.2

Evaluation of the results

The average optimality gap (defined as U B/LB − 1, expressed in percents) in each case is
shown in Table 2.2 and Table 2.3 for the linear and quadratic objective function, respectively. For CN ST and T S, where no lower bound is present, the lower bound calculated
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t10
t15
t20
avg

t10
t15
t20
avg

m5
CN ST
TS
6.83%
5.61%
10.23%
8.13%
11.53% 10.67%
9.53% 8.14%
m5
BB
CP X
2.31%
1.51%
3.77%
−
4.31%
−
3.46%
−

m10
CN ST
TS
5.09% 3.26%
10.42% 7.50%
10.89% 8.46%
8.80% 6.41%
m10
BB
CP X
0.85%
−
1.20%
−
2.71%
−
1.59%
−

m20
CN ST
TS
4.63% 1.99%
9.02% 5.27%
9.43% 6.14%
7.69% 4.47%
m20
BB
CP X
0.24%
−
0.60%
−
0.37%
−
0.40%
−

avg
CN ST
TS
5.52% 3.62%
9.89% 6.96%
10.62% 8.43%
8.67% 6.34%
avg
BB
CP X
1.13%
−
1.86%
−
2.46%
−
1.82%
−

Table 2.3: Average optimality gap for the quadratic objective function with C` = 0, and 3 resources.

by BB is used, otherwise the lower bound obtained in the actual procedure is considered.
For BB and CP X, the minimum of the actual upper bound and U BT S is used as U B.
Using the linear objective function, CPLEX wasn’t able to determine a lower bound (nor
an upper bound) for some test instances in the given time limit. These test cases are not
included in the averages for CP X in Table 2.2. For the test instances with quadratic objective function, CPLEX was only able to compute lower or upper bounds for the smallest
instances within the time limit of 1800 seconds. We have also evaluated our branch-andbound method without shaving, the results are summarized in Table 2.4. Clearly, shaving
pays off especially on large instances.
By analyzing the results, it can be clearly seen that for the bigger test instances,
the results of the heuristic procedure are greatly outperformed by the branch-and-bound
method. The weakness of tabu search is mainly due to the neighborhood used: it changes
the permutation of tasks on one machine only, and just to a small extent. However, we
have no good guidance yet how to explore a larger neighborhood. During the tree search,
the construction of feasible schedules can be quite effective, thus the improvement over the
initial schedule can be significant.
In the linear case, we have also compared the upper and lower bounds provided by
our method and the CPLEX solver. We define the lower (upper) bound a significantly
better than the lower (upper) bound b, if 1.001 a+b
< a (0.999 a+b
> a). In Table 2.5,
2
2
for each test class the number of test cases is shown when one of the methods provided
significantly better lower/upper bound. The values x/y in the table mean that out of 10 test
instances, our method found x significantly better values than CPLEX, and CPLEX found
y significantly better values than our method. It is important to note that by increasing the
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t10
t15
t20
avg

m5
6.64%
13.02%
18.32%
12.66%

m10
0.75%
5.16%
6.70%
4.20%

m20
0.96%
1.31%
2.92%
1.73%

avg
2.78%
6.50%
9.31%
6.20%

t10
t15
t20
avg

m5
3.01%
3.78%
4.24%
3.68%

(a) Linear objective

m10
1.13%
1.33%
1.59%
1.35%

m20
0.33%
1.08%
1.72%
1.05%

avg
1.49%
2.06%
2.52%
2.02%

(b) Quadratic objective

Table 2.4: Results without shaving

t10
t15
t20

m5
0/10
0/10
0/9

m10
0/9
0/6
2/5

m20
0/7
0/5
4/1

t10
t15
t20

(a)
Number of significantly better lower bounds,
BB/CP X

m5
0/6
2/1
0/3

m10
0/2
7/0
7/0

m20
4/0
8/0
8/0

(b)
Number of significantly better upper bounds,
BB/CP X

Table 2.5: Comparison of the lower and upper bounds provided by our method and CPLEX

number of machines (and keeping the task/machine ratio the same), the performance of
our method improves significantly, while the tabu search heuristic, and the CPLEX solver
give poor results, see also Table 2.2 and Table 2.3.

2.5.3

Speed-up gained by using multiple CPUs

The effects of parallel program execution were investigated on the Sun Fire 15000 supercomputer of the National Information Infrastructure Development Institute of Hungary.
Only test cases with 10 and 20 machines were used, and each instance was tested with 1,
5 and 10 threads. A thread performs computation sequentially on one CPU, and threads
can be run concurrently on multiple CPUs. Although it is possible that more than one
thread is executed on one CPU (e.g. if there aren’t enough resources available for the actual load of the system). In this case, these threads are run sequentially, but virtually their
execution seems concurrent. The calculation of lower bound (Section 2.4.5) and shaving
(Section 2.4.6) were implemented to use multiple threads.
As the type of the problem and the actual test environment (server load, tasks with
high priority, etc) may influence the results, we have evaluated the parallelism with two
different methods. The first is the ratio of the elapsed CPU time and the wall time (see
Table 2.6a). An ideally parallel execution would use nt CPU seconds with n threads during
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t10
t15
t20
avg

thr5
thr10
thr5
thr10
thr5
thr10
thr5
thr10

m10
2.65
3.18
3.09
4.27
3.29
4.81
3.01
4.09

m20
2.58
3.24
3.17
4.37
3.33
4.92
3.03
4.18

avg
2.62
3.21
3.13
4.32
3.31
4.87
3.02
4.13

t10
t15
t20
avg

(a) Average ratio of CPU time and wall
time with different number of threads

thr5
thr10
thr5
thr10
thr5
thr10
thr5
thr10

m10
1.88
2.14
2.77
3.81
3.08
4.41
2.58
3.45

m20
2.01
2.42
2.82
3.79
2.91
4.2
2.58
3.47

avg
1.95
2.28
2.79
3.8
3
4.31
2.58
3.46

(b) Average speed of the algorithm relative to execution with one thread

Table 2.6: Effects of using multiple threads

t seconds wall time in an ideal environment. However the wall time is still passing even
when some threads are waiting for the CPU.
The other method is to calculate the average number of nodes evaluated in a second,
which can be considered the speed of the algorithm. For each instance we have calculated
the speed of the multi-threaded test runs relative to the single-threaded one (see Table
2.6b). This measure may be less accurate than the previous one because the nodes of
the branch-and-bound tree may require different amount of calculation. This is the consequence of the fact that the nodes of the search tree may represent problems with different
complexity.
The results clearly show that by using multiple CPUs, the speed of the procedure can
be considerably increased.

2.6

Publications

The results of Thesis 2 were published in (Drótos and Kis; 2011; Drótos et al.; 2007b;
Drótos and Kis; 2008, 2010b).
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Chapter 3
A framework for solving complex
industrial scheduling problems
3.1

Motivations

Although the topic of shop scheduling is very well studied, most approaches focus on
simplified models. The main advantage of a simple, relaxed formulation is that it captures
the important structure of the problem without including the less interesting technical
details, but in a real industrial environment it may not be sufficient. Therefore it is very
important to provide solution techniques that can be applied in a wide variety of production
environments.
Our goal was to provide a customizable, modular framework that can be used in jobshop like environments with constraints such as limited renewable and non-renewable resource availability, machine and sequence dependent setup times, job hierarchy, etc., while
optimizing multiple objective functions. An important aspect of the problem is that the
solutions should satisfy the human decision-makers, i.e. the generated schedules should
outperform those produced by hand.

3.2

Background and related results

A scheduling system not only consists of the actual algorithms that solve the problem, but
it’s a part of a business information system. As such, it is very important to follow guidelines that allow the successful development and integration of customized manufacturing
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scheduling systems. Framinan and Ruiz (2010) provide an overview of the requirements of
such systems based on the literature of various fields from management to scheduling.
Job shop scheduling is a widely studied area of research. Some papers that consider
similar extensions that are used in our work are e.g. (Schutten; 1998; Mason et al.; 2005;
Mönch et al.; 2007). The main reasons that the existing, commercially available solutions
(e.g. scheduling software for SAP) aren’t sufficient in real life make-to-order manufacturing
are (1) the renewable and non-renewable cumulative resources aren’t handled simultaneously with machine constraints and (2) they may require a specific problem structure,
e.g. parallel groups of machines with equivalent capabilities. On the other hand, scientific
publications are generally concerned with specific, well-formed problems, therefore aren’t
always adaptable for other models.
Our solution approach relies heavily on heuristic procedures. An overview of these kinds
of methods and the justification of their importance in practical optimization problems are
given in e.g. (Silver; 2004).

3.3

Results

We provide a multi-phase algorithmic framework that can be applied for a wide variety of
scheduling problems. We discuss various approaches that can be applied depending on the
required features. Here we describe the main components of our approach. In each phase
as more and more constraints are added to the problem, more and more parameters are
fixed, allowing the algorithms to focus on their primary objectives while respecting the
decisions made on previous phases.

Algorithm 3.1. The proposed three phase framework for solving complex industrial
scheduling problems consists of the following phases:

1. Making fundamental decisions and lower bound calculation

2. Providing a schedule optimized for the most important criteria

3. Adjusting the schedule to meet all requirements
62

3.3. RESULTS

3.3.1

Phase I: Making fundamental decisions and lower bound
calculation

In a wide variety of industrial problems, there are certain decisions that influence even
the basic data of the underlying scheduling problem. A common example is a scenario
where jobs may have several routing alternatives, and the choice of the routing alternative
determines the actual operations that have to be carried out to produce the desired product.
A series of bad choices could lead to a final bad solution that can’t be improved by simple
alterations of the schedule, while exploring other choices would introduce prohibitively
high complexity to the algorithm.
Generally, it is possible to build a relaxed mathematical model small enough to be solved
by standard solvers. The relaxation may even discard otherwise very important aspects of
the original problems, e.g. in an actual application precedence constraints, setups, etc. are
relaxed. There are two very important advantages of this approach:

• the highest level decisions are made and fixed based on an optimization process,
so simpler models can be used in later phases without compromising the solution
quality;

• the solution for the relaxed problem provides lower bound(s) for the objective function(s), so it will be possible the determine the quality of the final solution.

An other area where initial decisions can be safely made is material assignment. Problems that require non-renewable resource assignment and have a complicated machine
environment (such as a flow shop or job shop) at the same time, can be prohibitively hard
to solve. We overcome this problem by taking care of the material constraints in this phase,
so we have proposed a method for the assignment of the non-renewable resources (materials) that provides good results in common industrial scenarios. As in most environments
the incoming material supplies are fixed and cannot be altered for a predefined period, a
schedule is only feasible if it does not generate material shortage (any required materials
can be ordered for dates after this period). Algorithm 3.2 determines the earliest start
times (release dates) of jobs based on their priorities in a way that no resource shortage
will occur in any schedule respecting these start time constraints.
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3.3.2

Phase II: Providing a schedule optimized for the most important criteria

Based on the previous decisions, it is now possible to construct an initial feasible schedule.
The most promising approach to optimize it is the use of a guided local search algorithm,
such as tabu search. The basics of tabu search are presented in Appendix B. Its main
advantage is that it always maintains a feasible schedule, and the final result will be locally
optimal, which means that with small changes one can not improve the final schedule. This
aspect is very important in order to convince the users of the system of the quality of the
solution. Furthermore, a number of constraints can be easily enforced on the schedule with
only minor modifications of the algorithm.
By the appropriate choice of the neighborhood and exploiting the structure of the
problem, it is possible to speed up the search. The main idea of Algorithm 3.3 is that
when altering only a small part of the schedule during a local search procedure, it is not
necessary to recalculate all the start end times of the jobs.
If the cumulative resources must be dealt with in complex manner, such as if a resource
or location hierarchy is present, then Algorithm 3.3 can not be used because any set of
otherwise non-related jobs may be in a resource conflict. Therefore we propose a different
approach: we provide a general resource model along with an algorithm (Algorithm 3.4)
for calculating the start and end times of the jobs in the schedule.

3.3.3

Phase III: Adjusting the schedule to meet all requirements

In this phase we have a good schedule based on the most important criteria, but it is
possible that it may be improved in other aspects without the significant loss of its quality.
A typical secondary objective function can be setup related, as frequent setups of the
machines cost considerable amount of money, but it is generally not as important as job
tardiness.
The main idea is that in this phase job-machine assignment is fixed and a tolerance
on the primary objective function is introduced, and further optimizations are carried out
while respecting these constraints. We provide a typical scenario where the elements of the
previous local search algorithm can be used in this phase.
The other main topic of this phase is renewable cumulative resource handling. If the
resource model is simple (such as that the available choice is to switch on or off shifts on
machines or locations) then good results can be acquired with Algorithm 3.5. It calculates
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bounds with tools used in previous phases, and using these bounds, it iteratively formulates
small, tractable integer programming problems. The solution of these problems determine
which shifts have to be turned off in order to satisfy the resource constraints.

3.4

Algorithms of the framework

In the following we provide the algorithms that can be used as building blocks in different models. Each algorithm has different assumptions about the scheduling model and
has different requirements, so it would be confusing and unnecessarily complicated to use
one general notation throughout this section. As a result, the input, assumptions and
constraints, and goals are described separately for each algorithm.
These algorithms are designed to perform well for practical problems, so it is possible
that for extreme or theoretical cases they don’t provide high quality solutions.

3.4.1

Handling non-renewable cumulative resources

The following algorithm is to be used in the first phase, to assign non-renewable cumulative
resource constraints.
Algorithm 3.2. An algorithm for assigning the non-renewable resources (materials) for
problems with job priorities.
Input:
• k non-renewable resources
• m supply events of resources, di,κ is the amount of resource κ becoming available at
time ti
• n jobs with priorities, job j requires ej,κ amount of resource κ
Assumptions:
• Jobs are totally ordered according to their priorities, and initially all release dates
are 0.
• Supply events are ordered according to their arrival times.
• There are enough resources for all jobs (if this assumption is violated, it can be
fixed by introducing fictional resource supply events after the scheduling horizon).
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k
m
n
ti
di,κ
ej,κ
rj
S
(j)
Di,κ

=
=
=
=
=
=
=
=
=

number of non-renewable resources
number of supply events
number of jobs
time of supply event i
amount of resource κ becoming available at time ti
amount of resource κ required by job j
release dat of job j (output variable)
a schedule, that specifies a start time for each job
non-reserved amount of resource κ at time ti after processing
job j
D̃κS (t) = available amount of resource κ at time t, if all jobs in schedule S have already consumed their demands
Table 3.1: Summary of the notations related to Algorithm 3.2.

In other words, it is supposed that the total amount of resources becoming available
satisfies the need of all jobs at some time t, however, as the resources become available
gradually over time, there may be resource shortages before t.
Goals:
• Set release dates of jobs in a way that if all jobs are scheduled at their release dates
then no resource shortage occurs.
• If all jobs are scheduled at their respective release dates, then it should not be possible
to start any job earlier without introducing resource shortage.
• A job with higher priority should not be delayed by a job with lower priority, i.e.,
if all jobs are scheduled at their respective release dates, delaying a job should not
allow any job with higher priority to be started earlier without introducing resource
shortage.
A summary of the notations is provided in Table 3.1.
Algorithm 3.2 does not aim to provide a schedule. Its goal is to set upper bounds on the
release dates in a way that if these release dates are respected later, then there is no need
for taking into account the material constraints. As in most practical applications only a
few non-renewable resource conflicts arise (suppliers are bound by contracts that penalize
late supplies harshly), this approach provides good results. It is also possible to incorporate
precedence constraints (that do not contradict job priorities) with minor modifications of
the algorithm (e.g. in situations where the jobs of this problem are in fact operations in a
job-shop model). The algorithm can be described by its pseudo-code as follows:
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procedure CalculateReleaseDates
for i = 1 . . . m, κ = 1 . . . k do
P
(0)
Di,κ ← ii0 =1 di0 ,κ

. total available amount of each resource
at each supply event

end for
for j = 1 . . . n do
(j−1)
irel ← arg mini (ti : Di,κ ≥ ej,κ ∀κ)
rj ← tirel
for κ = 1 . . . k do
e0j,κ ← ej,κ , i ← irel
while e0j,κ > 0 do
(j−1)
(j−1)
d0i,κ ← Di,κ − Di−1,κ
(j)

(j−1)

Di,κ ← Di,κ

. select the first supply event where all
necessary resources are available
. set the release date

. amount of resource κ becoming available at the actual supply event

− e0j,κ

. reserve the amount that will be consumed by job j

e0j,κ ← e0j,κ − d0i,κ

. remaining amount to be reserved earlier (may become negative, breaking
the loop)

i←i−1

. i will be always ≥ 1 because of the
choice of irel

end while
for i = irel + 1 . . . m do
(j)
(j−1)
Di,κ ← Di,κ − ej,κ

. prevent the usage of the already reserved amount in the future

end for
end for
end for
end procedure
An example of reserving a resource for a given job is shown on Figure 3.1. When
processing job j, the algorithm finds the first time where all of its required resources are
available, assuming that all resources for jobs with higher priorities are already reserved.
For each required resource, it reserves the required amount from the supplies as late as
possible. For example, if job j requires 5 units of some resource κ of which the amount
of 2, 3 and 3 units become available at 12:00, 13:00 and 14:00, respectively, then 2 and
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1 units will be reserved from the supply events at 13:00 and 14:00, respectively, while
the available (non-reserved) amount will be decreased for those events by 2 and 3 units,
respectively. This ensures that jobs with lower priorities will be able to use the resources
supplied earlier. Finally, the total required amount is reserved from all later stocks. For a
graphical example, see Figure 3.1. Note that it is sufficient to only keep track of the stock
levels at the supply events, and the stock levels are monotone increasing.
Proposition 3.1. If a schedule S respects the release dates provided by Algorithm 3.2,
i.e. for each job j Start j ≥ rj , then no material shortage occurs.
Proof. The proof is trivial by induction on the number of jobs.
Denote the free amount of material κ at time t in schedule S by
D̃κS (t) =

X

di,κ −

i:ti ≤t

X

ej,κ .

(3.1)

j:rj ≤t

Note that a schedule S is feasible if and only if D̃κS (t) ≥ 0 for all t and for all κ.
Proposition 3.2. If all jobs are started at their release dates calculated by Algorithm 3.2
in a schedule S, i.e. for each job j Start j = rj , then no job j could be started earlier without
introducing material shortage.
Proof. If n = 1, it is trivial that the algorithm will select the first time point where all
required resources are available for the job. Now suppose that Proposition 3.2 holds for
some n. For n + 1 jobs, suppose that there is some job j which could be started at some
rj0 < rj without introducing resource shortage. Because of the induction, it is clear that
j = n + 1, otherwise Proposition 3.2 would also have been violated for the first n jobs. This
0
) ≥ en+1,κ , where Sn is the schedule where jobs 1, . . . , n are scheduled
means that D̃κSn (rn+1
at their release dates that were provided by Algorithm 3.2.
First, we observe that for any resource κ, the total reserved amount of resource κ equals
Pn
j=1 ej,κ . This is ensured by the first ‘while’ loop in Algorithm 3.2. Now suppose that there
is some amount of resource κ that is reserved by the algorithm, but is never used in S.
P
This would mean that the total resource consumption in S is less than nj=1 ej,κ , which is
impossible.
Denote the amount of resource κ seen free by the algorithm after processing the first n
jobs by
X
X
Dκ(n) (t) =
di,κ −
ej,κ − νt,κ ,
(3.2)
i:ti ≤t

j:rj ≤t
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selected as rj

(j−1)

Di,κ

already
reserved
for job j

reserved
for job j

amount
available
at t5

ej,κ

t1

t2 t3

t4

t5

t6

time

Figure 3.1: Calculating the release date rj by reserving the non-renewable cumulative resource κ for job
(j)
j. When processing the next job (j + 1), the stock levels Di,κ will be decreased by the amount reserved
for job j, shown in light gray.

where νt,κ is the amount of resource κ that was reserved by the algorithm at time point t.
There are two cases: either the algorithm reserved some of resource κ for some job j 0
0
0
0
0
, i.e. νrn+1
or it didn’t. If there is no reservation at rn+1
at rn+1
with rj 0 > rn+1
,κ = 0, then
0
en+1,κ > Dκ(n) (rn+1
)=

X
0
i:ti ≤rn+1

di,κ −

X

Sn 0
0
ej,κ − νrn+1
,κ = D̃κ (rn+1 ) ≥ en+1,κ ,

(3.3)

0
j:rj ≤rn+1

(n)

0
0
a contradiction. On the other hand, if νrn+1
,κ > 0,  = en+1,κ − Dκ (rn+1 ) amount of
resource κ that was already reserved by the algorithm is used by job n + 1 if it is started
0
at rn+1
. As all reserved resources are used eventually, there must have been at least  > 0
0
non-reserved amount of resource κ in the time interval (rn+1
, rj 0 ]. This contradicts the fact
that the algorithm reserves the resources as late as possible.

Proposition 3.3. Release dates are optimal: no such feasible schedule S exists where for
jobs j2 < j1 (i.e. j2 having higher priority than j1 ) Start j1 > rj1 , Start j2 < rj2 , while for
all j 6= j1 and j 6= j2 Start j = rj . In other words, by delaying a job with lower priority, no
job with higher priority could be started earlier.
Proof. Suppose that in schedule S, for each job j Start j = rj , and there exist jobs j1 and
j2 with the following properties: if j1 is started at some time Start 0j1 > Start j1 , then j2 can
be started at some time t̂ = Start 0j2 < Start j2 without introducing any material shortage,
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with j2 having higher priority than j1 . The assumption of the proof states that for any κ
and t̂ ≤ t < rj2 , the available amount of resource κ at time t plus the requirement of j1 is
enough for j2 , i.e.,
D̃κS (t) + ej1 ,κ ≥ ej2 ,κ .
(3.4)
Since in any feasible schedule only the consumption of jobs scheduled earlier than j2
may influence the amount of resources available for j2 , it is clear that rj1 < rj2 . Now
suppose that we solve the subproblem where all jobs j having lower priority than j2 are
omitted (note that this omission includes j1 ), resulting in release dates rj0 . As Algorithm
3.2 processes jobs in decreasing priority order, all jobs j = 1, . . . , j2 will have the same
release dates as in the original problem, i.e. rj = rj0 . If we set Start 0j = rj0 , j ≤ j2 for
schedule S 0 , then
0
D̃κS (t) ≥ D̃κS (t)
(3.5)
for any κ and t. Furthermore,
0

D̃κS (t) ≥ D̃κS (t) + ej1 ,κ

(3.6)

holds for any κ and t̂ ≤ t < rj2 , because in S, the consumption ej1 ,κ of job j1 was included
in the calculation of D̃κS (t) with a negative sign in this time interval. According to (3.4),
(3.5) and (3.6), the start time of j2 in S 0 could be set to t̂ < rj0 2 without introducing
resource shortage, which contradicts Proposition 3.2.

3.4.2

Algorithms for recalculating the start and end time of jobs
in various scheduling environments

Now we will present algorithms that can be used to calculate the start and end time of jobs
and the value of various objective functions in different scheduling environments. These
algorithms are intended to be used in local search procedures to evaluate the schedules.
Algorithm 3.3. An algorithm for the fast recalculation of the start and end time of jobs
in a job-shop like environment.
A summary of the notations is provided in Table 3.2.
Input:
• m machines;
• calendars of the machines that specify periods for each machine i when it is available;
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m
J
mj
pj
Startj
Endj
J0

=
=
=
=
=
=
=

number of machines
set of jobs
job j is assigned to machine mj
processing time of job j
start time of job j according to a previous calculation
end time of job j according to a previous calculation
set of jobs ⊆ J, provided as input, that are affected by some
neighborhood operation

Table 3.2: Summary of the notations related to Algorithm 3.3.

• schedule S, that consists of a set J of jobs that are assigned to the machines. Furthermore there are precedence relations between jobs. Job j has processing time pj ,
and is assigned to machine mj ;
• for each job j, a start and end time Startj and Endj that are the results of a previous
calculation;
• a set J0 of selected jobs.
Assumptions:
• The precedence relations in S contain constraints that enforce a permutation of all
the jobs assigned to machine i for all i.
• Jobs may have release dates and due dates, and precedence constraints may prescribe
non-negative delays.
• A job may be paused when mj is not available, otherwise preemption is not allowed.
• The available start and end times are the results of a previous calculation for a
similar, feasible schedule. J0 contains the jobs that describe the altered portion of
the actual schedule. This means that the start and end time of job j1 don’t have to
be recalculated if 6 ∃j2 ∈ J0 : j2
j1 , i.e. only jobs that are reachable from J0 on a
directed path may have been affected by the schedule alterations.
Goals:
• detect infeasibilities (cycle determined by the precedence constraints);
• calculate correct start and end times for all jobs as fast as possible;
• recalculate some objective functions if applicable.
71

CHAPTER 3. A FRAMEWORK FOR SOLVING COMPLEX INDUSTRIAL
SCHEDULING PROBLEMS

S:

Figure 3.2: Idea of Algorithm 3.3. Suppose that a schedule S (jobs are drawn in topological order as
dots, without precedence constraints) is the result of making some changes of an other, already evaluated
schedule. Our task is, by having the location of the changes as input, to identify the jobs (lying in gray
areas) that are potentially affected by these changes and recalculate their start and end times (jobs in dark
gray areas) if needed. If, for some possibly affected job, it can be proven that no recalculation is necessary,
then omit the calculation (jobs in light gray areas).

The idea of this calculation is that it is easy to determine which part of a schedule
will be affected by neighborhood operations in a local search procedure, so only that part
should be recalculated, as shown on Figure 3.2.
function ReCalculateTimes(S, limit)
introduce fictional job j0 and precedences j0 → j, ∀j ∈ J0
using j0 as root, traverse the precedence graph and
determine a topological order if possible
if cycle is detected then
return precedence graph is not acyclic
end if
for all j in the topological order do
if j 6∈ J0 and 6 ∃j 0 : j 0 → j with changed end time then
continue
end if
determine release date rj
. considering the precedence constraints
(using delays if applicable)
find first available time t ≥ rj on machine mj
Startj ← t
determine Endj according to pj , respecting the calendar of mj
update objective function value obj if applicable
if obj ≥ limit then
return S is dominated
end if
end for
return successful calculation
end function
A detailed example is shown on Figure 3.3.
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Precedence graph of schedule S:
j1

j2

j3

j4

j5

j6

j7

j8

j9

j10

j11

j12

Precedence graph of schedule S 0 :
j0

j1

j2

j4

j3

j5

j6

j7
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j10

j11

j9

j12

Figure 3.3: Illustration of determining the parts of a schedule that have to be recalculated after making
some changes. In this example, suppose that start and end times of jobs in schedule S are already calculated.
A local search procedure swaps jobs j3 and j4 , and reinserts j9 after j11 , resulting in schedule S 0 . The
local search also provides the information that only the start and end times of jobs reachable from J0 =
{j4 , j9 , j10 } (dark gray) may change. To easily identify these jobs (marked with light gray background), a
depth first search is performed from the newly introduced fictional node j0 as root.

Apart from recalculating the start and end times of jobs only when necessary, a search
procedure may be accelerated by abandoning the evaluation of schedules that are known
to be dominated as soon as possible. This may be applicable for objective functions where
the end times of jobs may be used to provide a lower bound for the objective function
value. Some common objective functions, such as the makespan, maximal tardiness, total
(weighted) tardiness, etc. have this property.
If additional renewable cumulative resource constraints have to be also handled during
the evaluation of a schedule, then this algorithm can not be applied. We handle more
complicated models with the following algorithm.
Algorithm 3.4. An algorithm for assigning the renewable cumulative resources in environments where resource or location hierarchy has to be considered.
This scheduling model is aimed at problems where cumulative renewable resources
(such as workers) aren’t assigned to fixed positions, instead they are assigned to areas, and
can be used anywhere in that area. For example engineers may assist any machine in a
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building, while unskilled workers may only have training for some machines. Furthermore,
workers of the same type may have different sets of trainings. An example of the location
hierarchy and machine availability is shown on Figure 3.4.
Input:
• m machines
• L types of renewable cumulative resources
• A location/resource hierarchy, given as a rooted tree, where leaves represent the
machines. The parent of a node ν is denoted as p(ν), the leaf corresponding to
machine i is denoted as νi .
• Schedule S, that consists of a set J of jobs with priorities that are assigned to the
machines. Furthermore there are precedence relations between jobs that form a DAG.
Job j requires the amount bj,` of resource ` throughout its execution, has a processing
time pj , and is assigned to machine νj .
• The time horizon is partitioned to shifts.
• A machine calendar that determines if a machine is available in any given shift.
• A resource calendar that determines for each node of the location hierarchy for each
shift the amount of each resource available in the given shift at the given node.
Assumptions:
• Jobs are totally ordered according to their priorities.
• The precedence relations in S contain constraints that enforce a permutation of all
the jobs assigned to machine i for all i.
• Jobs may have release dates and due dates; precedence constraints may prescribe
non-negative delays.
• A job may not be paused during a shift where it is being processed, but may be
paused during a shift where the corresponding machine is not available.
• Cumulative resources in node ν can be assigned to any machine in the subtree of ν.
• If job j is being processed on machine i at time t, then exactly bj,` amount of resource
` must be assigned to machine i at time t for each `.
• There are enough shifts with enough resources for any feasible schedule, meaning
that any schedule respecting the precedence constraints is feasible. The validity of
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Shift s − 1
Plant (. . . )
...

Shift s
Plant (0/0/0)
Building 1 (2/0/0)
Department 1a (0/2/2)

..
.

Group 1ai (0/0/4)

Shift s + 1
Plant (. . . )
...
..
.

Machine 1 (not available, 0/0/0)
Machine 2 (available, 0/1/0)
...
..
.
Group 1aii (1/2/0)
...
.. ..
. .
Department 1b (0/4/1)
...
.. ..
. .
Building 2 (4/10/0)
...
..
.

..
.

Figure 3.4: Example of specifying resource availability in the hierarchical location model for a shift.
The nodes of the tree are the locations, and the numbers after nodes represent the available amount of
each cumulative renewable resource in the given shift at the node (in this example, there are 3 types
of resources, e.g. engineers/skilled workers/unskilled workers): the label (0/2/2) of node Department 1a
means that there are 0 engineers, 2 skilled workers and 2 unskilled workers available that can be assigned
to any machine in Department 1a during shift s. The leaves of the tree correspond to machines, which are
either available or not available in the given shift.

this assumption can be always provided by introducing a long enough fictional shift
with unlimited resources for all locations after the scheduling horizon.
Goals:
• calculate the start and end times of each job, while respecting the resource constraints, precedence constraints and machine availability constraints
• in case of a resource conflict between two jobs, the job with the higher priority should
get the desired resources first
• the results should not be dependent of any arbitrary reindexing/isomorphies of the
objects (except for the jobs)
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m
L
J
ν
p(ν)
νi
νj
pj
bj,`
Rs,ν,` (t)

=
=
=
=
=
=
=
=
=
=

number of machines
number of renewable cumulative resource types
set of jobs
a node in the location hierarchy
if exists, parent of node ν in the location hierarchy, otherwise undefined
leaf in the location tree corresponding to machine i
leaf in the location tree corresponding to the machine of job j
processing time of job j
amount of resource ` required by job j
amount of resource ` available at time t at node ν of the location hierarchy
in shift s
Table 3.3: Summary of the notations related to Algorithm 3.4.

A summary of the notations is provided in Table 3.3.
For calculating the start and end times of all jobs, and assigning the resources we
calculate a topological order of the precedence graph where, for any two jobs j1 and j2
with j1 < j2 , if neither j1
j2 nor j2
j1 holds, then j1 will precede j2 . In other
words, if the relation of two jobs isn’t determined by the precedence constraints, then the
one with higher priority will be processed first. This ensures a unique order among the
jobs depending only on their priority and the precedence constraints, so the results of the
calculation will not be affected by different formulations of the same input. This is useful
if the input data comes from a database and is being preprocessed, so the same problem
may appear differently (e.g. different indexes of the objects) in consecutive calculations.
Furthermore, this topological order ensures that if two, otherwise unrelated jobs are in
resource conflict then the one with the higher priority will get the resources first. The
evaluation is done by the following procedure:
procedure EvaluateSchedule(S)
order jobs in topological order
for all j in topological order do
CalculateStartAndEnd(j)
ReserveResources(j)
end for
calculate objective function values
end procedure
For each shift s, location ν and resource ` a resource profile Rs,ν,` is stored, which keeps
track of the available amount of resource ` in shift s at location ν. R` (t) is the total amount
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of resource ` available at time t according to a given resource profile. Although the actual
algorithm to handle the resources is quite complicated to implement efficiently, it can be
described as follows with omitting the technical details.
procedure CalculateStartAndEnd(j)
determine release date rj , considering the precedence constraints
repeat
Startj ← rj
calculate Endj , respecting machine non-availability constraints
for ` = 1, . . . , L do
R` ← −bj,` from Startj to Endj
ν ← νj
while R` has resource shortage and ν is defined do
R` ← R` + Rs,ν,` for all applicable s
ν ← p(ν)
end while
end for
rj ← maxt (∀` : R` (t) < 0)
. first time point after any already
proven resource shortage
until resource assignment is successful
end procedure
After the above procedure determined the start and end time of job j, we reserve its
resources. This is done by allocating the needed resources to νj by always reserving the
resources as close to the actual leaf of the tree as possible. When, at some time t, some
resources become available according to the resource profile of the corresponding node, any
resource reserved at nodes further from νj is released. This way we ensure that resources
that are available to a larger number of machines are released as soon as resources reserved
in a smaller area become available. An example is shown on Figure 3.5.
The presented topological order may however behave counter-intuitively. Suppose jobs
j1 , j2 and j3 is being processed, there is a precedence constraint j3 → j1 , while j2 and j3
are in a resource conflict. Supposing that j1 has a very high priority, j2 and j3 have low
priorities, with j2 ’s priority being slightly higher than j3 ’s, our algorithm will calculate a
schedule where j2 is processed first delaying j1 indirectly (see Figure 3.6.).
We deliberately do not address this kind of problem for the following reasons:
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before assignment

after assignment

p(p(νj ))

p(νj )

νj

bj,`

assigned to j:

Startj

Endj

Figure 3.5: Assigning a renewable cumulative resource ` to job j on machine νj . The graphs show the
resource profiles of the different nodes before and after the assignment. Different colors represent resources
coming from different nodes.

• In practical applications priority is generally correlated with due dates, meaning that
in an optimized schedule, jobs being processed in a given short time interval (such
as a shift) will have similar priorities. This property ensures that the described issue
will only arise occasionally.
• The only way to evade this problem would be to solve an optimization problem
to assign the resources according to the objective function of the whole scheduling
problem. As this is NP-hard even for much more constrained environments, we can’t
expect to solve it in reasonable time. However the intended use of our calculation is
to evaluate solutions in a local search, and therefore that search is responsible for
evading schedules that exhibit this shortcoming of the resource assignment algorithm.
Note that this algorithm is capable of handling e.g. flexible job-shop problems. Machine
and sequence dependent setups may be also handled by specifying the setups as jobs and
introducing some precedence constraints accordingly. Furthermore the presented algorithm
can be extended straightforwardly for models where a job may require more than one
machines at the same time.
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Input:

Intuitive solution:
j2

j2

Calculated solution:
j2

resource conflict
j3

j1

j3

j3

j1

j1

Figure 3.6: Example of the resource conflict resolution with the prioritized topological order. Job j1 has
very high priority, j2 and j3 have low priorities with the priority of j2 being higher than the priority of
j3 . There is a resource conflict between j2 and j3 , and there is a precedence constraint j3 → j1 . In this
example our method provide a counterintuitive solution, which, with appropriate objective function, may
be worse than the intuitive solution.

3.4.3

Handling renewable cumulative resources in a simple
scheduling model

If the renewable cumulative resource model is much simpler than the one shown previously,
and we can also assume that satisfying the resource demands don’t impose hard to handle
constraints, we may address these types of constraints in the last phase, resorting to the
following algorithm.
Algorithm 3.5. An algorithm for enforcing the renewable cumulative resource constraints
in environments where the possible choices for doing this are to turn off shifts on machines.
Input:
• m machines
• L types of renewable resources (workers with different skills)
• S non overlapping shifts, shift s ∈ S starts at WsS and ends at WsE , and has Cs,`
capacity of resource `
• a feasible (not considering the cumulative resource constraints) schedule S0 , where
job j has resource requirement bj,` of resource `, starts at ξjS and ends at ξjE
Assumptions:
• Given schedule S, by turning off shift s on machine i, the objective function value of
the schedule will change by δs,i . The assumption about the objective function is that
it has to be minimized, and it is monotone in the completion times of the jobs.
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• By turning off shift s on machine i, no job can be started earlier than before.
• A feasible schedule (after reevaluation – e.g. recalculation of start and end times)
remains feasible if any of the shifts on any machines is turned off (not considering
the resource constraints).
• The job being processed at time t on machine i is designated as j(t, i).
• After a time point the capacity for each cumulative resource is arbitrarily large (this
ensures that we can always provide a feasible schedule).
• Shifts are ordered according to their start time.
• The cumlative resource constraints aren’t violated often.
Goals:
• starting from the initial schedule, by switching off some shifts on some machines, provide a schedule where no renewable resource constraint is violated, while maintaining
a good objective function value
A summary of the notations is provided in Table 3.4.
For a shift s, we can determine which machines should be turned off by solving the
following Integer Programming problem:
min

m
X

δs,i (1 − xi )

(3.7)

i=1

subject to
m
X

bj(t,i),` xi ≤ Cs,`

∀t ∈ Ts , ∀` ∈ {1, . . . , L}

(3.8)

i=1

xi ∈ {0, 1} ∀i ∈ {1, . . . , m}

(3.9)


where Ts = t|WsS ≤ t ≤ WsE ∧ ∃j : (ξjS = t ∨ ξjE = t) . The decision variable xi is 1 if and
only if shift s is turned on on machine i. The resource constraints are enforced for all time
points where a job starts or ends; this is sufficient because all jobs require the same amount
of resources during their execution. As determining the exact effects of turning shifts off
would be very hard for complex problems (e.g. in a job-shop), we minimize the expected
total degradation of the objective function value. In cases where the sum of the individual
effects of turning off a shift on machines is a lower bound for the total change of the
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m
L
S
J
WsS
WsE
Cs,`
bj,`
S0
ξjS
ξjE
j(t, i)
δs,i

=
=
=
=
=
=
=
=
=
=
=
=
=

number of machines
number of renewable cumulative resource types
set of shifts
set of jobs
start time of shift s
end time of shift s
amount of resource ` available during shift s
amount of resource ` required by job j
input schedule
start time of job j in schedule S0
end time of job j in schedule S0
index of job processed at time t on machine i
change in the objective function value if shift s is turned off
on machine i in schedule S0

Table 3.4: Summary of the notations related to Algorithm 3.5.

objective function value, this formulation minimizes the lower bound of the degradation
of the objective function value. Supposing that this problem is solved by the function
GetTurnoffMachineSet(S, s) that returns the set of machines to be turned off in
shift s for schedule S, we can enforce the renewable resource constraints with the following
algorithm:
function EnforceResourceConstraints(S0 )
for s = 1 . . . S do
. handle shifts in the order of their start times
M ← GetTurnoffMachineSet(Ss−1 , s)
Ss ← Ss−1
for i ∈ M do
in Ss , turn off shift s on machine i
end for
evaluate schedule Ss
end for
return SS
end function
This algorithm may provide bad results in environments where resource constraints
are tight, because it does not assume anything about the underlying model. However in
cases where the amount of resources is sufficient in most shifts while there may be some
occasional bottleneck shifts, this algorithm can provide reasonable solutions in very short
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time for the typical problem sizes (note that the IP to be solved corresponds to a multidimensional knapsack-type problem, and could also be solved by dynamic programming).
This can be useful if the main objective is to provide a schedule in a complex model
in constrained runtime, and enforcing the resource constraints requires only some minor
adjustments to provide feasibility.
Systems based on this framework were implemented and deployed at GE Hungary Zrt. –
Consumer & Industrial, Nagykanizsa and Bosch Rexroth Pneumatika Kft., Eger. In the
following, we provide two case studies where we show how the algorithms presented here
can be applied to these industrial problems.

3.5

Case study: scheduling a light source factory

In this case study we are concerned with the assembly and packaging of light sources
(lamps), which is common for several types of lamps. Accordingly, we distinguish only four
main production steps: “A” – Assembly, “H” – Holding, “T” – Testing, “P” – Packaging. The
assembly step can be a complicated process in itself which is usually performed by a chain
of machines where each machine may perform various operations on the lamps. However,
the whole assembly process is considered as a single step in the application at hand, but
our method may be applied also if there were several assembly steps in the production
process. Holding is a delay in the production process that is needed before testing. Its
length depends on the assembly process.
A product is a lamp of particular type with some kind of packaging. Each machine is
able to perform a sub-sequence of the above steps on given lamp and packaging types. For
instance, some machines may be able to perform all steps from “A” through “P” on a lamp
of type L1 in packing of type P1 , while another machine may perform only the assembly
and testing of lamps of type L1 and no packaging at all, or may not be able to do the
packaging P1 . In these cases, step “P” has to be performed on a different machine which
can do packaging of type P1 of a lamp of type L1 . The capabilities of the machines are
related to the physical dimensions of the lamps, and to the built-in and packaging materials
and the corresponding technologies. The lamps are moved on the machines by means of a
conveyor consisting of slots that contain the lamps. When the lamps leave a machine, they
are put on some transportation facility that can carry only a limited number of lamps,
which mostly depends on the physical dimensions.
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The factory gets the production orders for the next week, where each production order
specifies a lamp type, a packaging type, a quantity and its division into transfer lots, a
release date which is usually the beginning of some day, and a due date which is usually the
end of some day during the next week or the Monday evening the week after. Our task was
to schedule all the production orders of the next week. We agreed with the management of
the firm on minimizing the total tardiness of the production orders, but our method can
be adapted to minimize the number of tardy jobs, etc.

3.5.1

The scheduling problem

The input data of our scheduling problem can be summarized as follows: there is a set of job
families {JF 1 , . . . , JF n }, where JF i requests the production of a specific end-product or
intermediate-product in a given quantity q̄i . Each JF i has a release date ri and a due date
di . Each JF i is divided a priori into a finite number of jobs, where job j ∈ JF i represents
P
the production of qj items from JF i . Note that j∈JF i qj = q̄i . The production process
consists of a sequence of main production steps and each job family requires a subsequence
of this, i.e., all jobs of the same job family have to go through the same production steps.
Each JF i has routing alternatives Ri1 , , . . . , Riai , where each Ri` is a sequence of stages, each
stage being a subsequence of steps. The stages of each routing alternative must be disjoint
and their union must give the set of steps required by JF i . With each stage s, there is
associated a set of machines Msi . The processing time of job j ∈ JF i on some machine
Mk ∈ Msi is defined as pj,k = qj /vik , where vik is the yield of Mk (items/time unit) when
processing any job of JF i . Each machine Mk has a calendar specifying those time periods
when the machine is available for processing. There are sequence dependent setup times
between the jobs of different job families scheduled on the same machine. Let uk (j1 , j2 )
denote the setup time between the jobs j1 , j2 on Mk . It is 0 if jobs j1 and j2 belong to
the same job family and uk (j1 , j2 ) = uk (j3 , j4 ) whenever j1 , j3 ∈ JF i1 and j2 , j4 ∈ JF i2 for
some i1 and i2 .
Example. Suppose the main production steps are A, B, C, D, and JF i requests all
these steps and has two routing alternatives Ri1 and Ri2 , where Ri1 = ((A, B, C), (D)) and
Ri2 = ((A), (B), (C), (D)). Namely, Ri1 consists of two stages, (A, B, C) and (D), while Ri2
(A)
has four stages each consisting of a single step. As for the machines, Mi = {M1 , M2 , M3 },
(A,B,C)
(A)
Mi
= {M4 }, etc. Note that M4 is deliberately left out from Mi , because the users
may wish to control which machines are allowed to produce a job family (to balance the
load manually).
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Furthermore, there are L renewable cumulative resources, and the scheduling horizon
is partitioned into non-overlapping shifts. For each shift, the available amount of each
resource is specified, and for each job family, machine and resource the required amount
of resources is specified. It is assumed that the resource constraints are not tight, i.e. any
feasible schedule violates only a few resource constraints. Only semi-active schedules are
considered feasible, so delaying jobs individually is not possible, but shifts may be turned
off on machines to enforce the resource constraints.
In the following a (job,stage) pair (j, s) will be called operation. If a machine becomes
non-available during the processing of an operation or setup, then the processing stops
and resumes immediately once the machine becomes available again. However, setups and
operations cannot be interrupted for any other reason.
A solution to our problem is a triplet (ρ, µ, π) with the following content:
• ρ is a selector of routing alternatives. That is, ρ(i) ∈ {1, . . . , a(i)} specifies exactly
one route for JF i , and all jobs of the same job family will use the same route.
ρ(i)

• µ is a selection of machines. For each job j ∈ JF i , and each stage s ∈ Ri , µ(j, s)
is a machine from Msi . Distinct jobs of the same job family may be performed on
different machines.
• π is a permutation of operations on the machines. Namely, πk is a permutation of
those operations that are assigned to machine Mk by µ.
We say the π satisfies the batching constraint if for each machine Mk it holds that all
operations that belong to the same job family and to the same stage are processed consecutively, i.e., if jobs j1 , j2 ∈ JF i , µ(j1 , s) = µ(j2 , s) = Mk , πk (x) = (j1 , s), πk (y) = (j2 , s)
with x < y, then for all z between x and y, πk (z) = (j, s) with j ∈ JF i .
A solution is feasible if π satisfies the batching constraint and the start and completion
time of each operation (j, s), denoted by Sj,s and Cj,s , respectively, can be determined. A
necessary condition for the existence of feasible solutions is that there is no directed cycle
induced by the operation precedences of the jobs and that induced by π. However, this
condition is not sufficient when there are machines that become and remain non-available
after a certain time point. In fact, when some machines are available only for a limited
total time only, then deciding whether a feasible solution exists is an NP-complete problem
in general (see Appendix A of (Drótos et al.; 2009)). In practice, such situations can be
handled by e.g., introducing a long non-availability period, therefore we assume that there
exists no machine which becomes permanently non-available after a certain time point.
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The performance measure to be minimized is the total job family tardiness:
n
X

Ti ,

i=1

where Ti = max{0, maxj∈JF i Cj − di }, Cj being the completion time of job j ∈ JF i . A
more general objective function would be to minimize total weighted tardiness, however,
to keep the experiments simple, we consider this special case noting that our procedures
can be generalized to handle weights.
This objective function behaves very badly when machines have unavailability periods.
Namely, if a due-date falls before a machine unavailability period, but the job family
completes only after this period, then the length of the period contributes to the tardiness
of the job family. Since it is a sum-type objective, the length of each machine unavailability
period may contribute several times to the objective function.
We apply our three-phase method to solve this scheduling problem, as follows.

3.5.2

Phase I: lower bound and initial solution

At first, we solve a relaxation of the problem to determine a routing for each job family. The
main idea is that we neglect job boundaries, the ordering of jobs as well as setup times on
the machines, and formulate a tractable Integer Programming problem that determines a
routing that minimizes the total tardiness rounded up to days. The details of this procedure,
which is the work of other researchers, can be found in (Drótos et al.; 2009).
The solution to the relaxed problem provides a routing for each job family, and an
assignment of each job to a machine can also be deducted. To provide a feasible initial
schedule, we greedily insert the jobs to the best position on the corresponding machine,
using Algorithm 3.3 for time and objective function calculation.

3.5.3

Phase II: improving the initial solution by local search

In this phase, we use a tabu search procedure to improve the initial solution. In each
iteration, we determine a set of critical operations/batches, and we try to reinsert them to
different positions. As there can be several solutions that have the same total job family
tardiness, we consider the number of tardy operations as a secondary objective, and the
total setup time as a tertiary objective.
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Critical operations and batches
In a feasible schedule σ = (ρ, µ, π), the processing time τj,s of an operation (j, s) equals pj,k
P
provided that µ(j, s) = k. The due date δj,s of an operation (j, s) is di − s0 >s τj,s0 , i.e.,
the due date of the job family minus the sum of the processing times of the subsequent
ρ(i)
operations with respect to Ri . Let hk (t1 , t2 ) denote the amount of working time available
on Mk between time points t1 < t2 . This can be less than t2 − t1 if there is a break on the
machine in this period. In the following definition we assume that all start times Sj,s are
minimal, that is, there are no unnecessary idle times in the schedule. An operation (j, s)
is tardy if Cj,s > δj,s . Now, an operation (j, s) is critical if it is tardy or it has a successor
(j 0 , s0 ) such that (j 0 , s0 ) is critical and either:
(i) µ(j, s) = µ(j 0 , s0 ) = k and hk (Cj,s , Sj 0 ,s0 ) = uk ((j, s), (j 0 , s0 )), or
(ii) µ(j, s) 6= µ(j 0 , s0 ) = k, j = j 0 , s + 1 = s0 , and there is idle time before processing
(j 0 , s0 ) on Mk .
Condition (i) means that there is no idle time between the completion of (j, s) and the
setup, if any, for (j 0 , s0 ) on Mk (but there can be a break). In case (ii), s and s0 are
successive stages of the same job j, and Mk is idle before starting (j 0 , s0 ). It may happen
that Cj,s < Sj 0 ,s0 , which can occur if there is a break on Mk in the time point Cj,s . If one
of the above conditions holds, then we say that (j, s) is a critical predecessor of (j 0 , s0 ).
A critical batch is a batch containing at least one critical operation. Batch b is a critical
predecessor of batch b0 if and only if there is a pair of operations (j, s) and (j 0 , s0 ) such
that (j, s) is a critical predecessor of (j 0 , s0 ), (j, s) belongs to b and (j 0 , s0 ) belongs to b0 .
Finally, notice that in a critical batch, critical and non-critical operations may be mixed.
However, the critical part of a critical batch b contains all the operations from the first
critical operation of b, and will be denoted by bc . Since bc contains at least one critical
operation (the first one), it is also critical.
Neighborhoods
The neighborhood N0 (σ) consists of all the feasible schedules that can be obtained from σ
by reinserting a critical batch on the same machine into a new position, or by reinserting
the batch or the critical part of the batch on a different machine into some position. Notice
that a position is feasible for some batch if the schedule obtained by reinserting the batch
into that position is feasible. The best position of a critical batch is determined by the
machine and position which gives the feasible schedule with the best objective function
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value among all feasible reinsertions of the batch. For large problem instances, finding the
best neighbor is prohibitively slow. In fact, the evaluation of one possible insertion of one
batch only requires the recalculation of all the start and completion times of all operations
in the worst case. Therefore, in the sequel we consider refinements of N0 .
The neighborhoods N1 , N2 , N3 and N4 all rely on the following observation: the critical
batches along with the critical predecessor relation determine a forest F (set of rooted
trees). Notice that F is not unique, but such a forest can be found in linear time in the size
of the schedule. In the neighborhood N1 (σ), a rooted tree F ∈ F is selected at random and
the best reinsertion over the batches in F is sought. If no batch in F can be reinserted into
another position (due to infeasibility of solution or tabu status, see below), then another
tree from F is selected at random and the search for the best reinsertion proceeds with
the new tree. The neighborhood N2 is similar to N1 , but a new tree is selected also if no
reinsertion of the batches in F improves the solution σ. The time complexity of evaluating
the neighborhoods N1 and N2 is that of N0 in the worst case when all trees in F need to
be examined. However, in N1 usually only one tree is examined, while in N2 usually more
trees are considered (after reaching a local minimum), which takes more time.
The neighborhoods N3 and N4 take into account the fact that in tabu search, after
reaching a local minimum, a considerable amount of time may be spent on going through
non-improving solutions. Namely, in N3 if the objective function value improved in the previous iteration then the neighborhood is evaluated as in N2 , otherwise like in N1 . The idea
is to intensify the search if the previous “move” was an improving one. The neighborhood
N4 is like N3 , with the following refinement. If the previous iteration was an improving one,
then the algorithm stores the root of the tree from which a batch was reinserted. In the
actual iteration, if there exists a tree F ∈ F with the same root, then the algorithm starts
with that tree, otherwise a tree in F is selected at random. Like N1 , N3 and N4 usually
examine only one tree when evaluating a sequence of non-improving solutions, hence, the
evaluation may take a much shorter time than in the case of N0 or N2 .
To summarize, among the neighborhoods N1 through N4 , the evaluation time of N2 is
the closest to that of N0 , while the other three neighborhoods can usually be evaluated
faster.
Evaluating a neighbor
For evaluating a given neighbor, we use Algorithm 3.3. The evaluation of the neighbors are
performed in two steps: for each critical batch that is to be tried to be reinserted accord87
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ing to the neighborhood, the schedule resulting from removing the batch from its actual
machine is evaluated. The resulting schedule is then used as the base for the evaluation of
the insertion of the batch.
Re-splitting of batches
Another ingredient of our tabu search algorithm is a mechanism called re-splitting of
batches. The goal is to improve the distribution of the jobs of each job family on the
machines. Re-splitting is performed by a local search algorithm which in every iteration
selects a critical batch at random and then selects a machine and position into which some
operations of the batch are tried to be moved. The machine and position is chosen by
exhaustively evaluating the first operation of b in each position of each machine different
from the current one that can process b according to its routing. The machine and position
giving the smallest total job family tardiness is chosen. Then, the operations of b are taken
one by one, and moved into the chosen position while the objective function decreases (if
it is not profitable to move an operation, then it is left in b on the same machine, and
the next operation is considered). This is repeated until a local minimum is reached. The
evaluation of the schedules is performed by Algorithm 3.3.
Tabu search
The tabu search algorithm iteratively finds the best neighbor of the current solution and
maintains a tabu list which stores some attributes of the recently visited solutions. These
attributes are then used to decrease the chance of cycling, i.e., repeatedly visiting the same
set of solutions. We follow the ideas of Nowicki and Smutnicki (1996) to organize the tabu
list, with the modification that we consider pairs of batches on the machines rather than
pairs of jobs at the machine centers. A neighbor is tabu and therefore it cannot be chosen
to proceed with if it has attributes on the tabu list. An exception is if the objective function
value of the solution marked tabu is smaller than that of the best solution found so far. The
search starts with an initial solution σ0 generated by the method presented in the previous
section. In iteration k, the best neighbor of σk is selected from Nu (σk−1 ) and the algorithm
passes to iteration k + 1. If σk+1 is not better than σk and σk is better than the best
solution σ ∗ found so far, then σk replaces σ ∗ . If no improvement over σ ∗ is encountered
for noImpr iterations, then σ ∗ is reloaded and a re-split of batches takes place. After
re-splitting, the search proceeds and with probability exp(−0.3(T (σk ) − T (σ ∗ ))/T (σ ∗ )) resplitting may occur in any iteration, but not before minSplit additional iterations. The idea
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is to improve on good solution, and this probability is high if T (σk ) is close to T (σ ∗ ). We
have observed that re-splitting applied to schedules far from σ ∗ does not lead to solutions
better than σ ∗ . Moreover, the same solution σ ∗ cannot be reloaded twice.
The search is stopped after a given amount of CPU time has elapsed or an optimal
solution has been found. Upon termination, the current solution is compared with σ ∗ , and
the better one is the output of the algorithm.

3.5.4

Phase III: optimizing setups and enforcing cumulative resource constraints

At the first two phases, we do not really try to minimize the total setup time, however
it should also be kept as low as possible, without harming the due-date related objective
function. In the last phase, we address this issue by performing a local search that minimizes
the total setup time, while it is not allowed to increase the total job family tardiness
considerably. To this end we define the neighborhood Ns as reinserting setup-critical batch
sequences to different positions as follows:
• a batch is setup-critical if its setup time is non-zero
• a setup-critical batch on a machine with consecutive non-setup critical batches form
a setup-critical sequence (i.e. a sequence of a maximal number of consecutive batches
that doesn’t have setup between each other is considered a setup-critical sequence)
• the neighborhood Ns consists of each reinsertion of setup-critical sequences between
other setup-critical sequence on a given machine, for all machines
• schedules with (1 + ε)f II total job family tardiness are excluded from Ns , where f II
is the total job family tardiness value of the best schedule of Phase II
We perform a local search with neighborhood Ns using the tools of Phase II (without
tabu list control), until a local minimum or a time limit is reached.
In order to enforce the cumulative resource constraints, we use Algorithm 3.5 to determine shifts that are to be turned off on certain machines.
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3.5.5

Evaluation

We have implemented our method in C++. For solving the mathematical programs we
used the ILOG CPLEX callable library release 10.1, which is a product of IBM, and we
used its default settings.
In this section we present an exhaustive computational evaluation of the first two
phases. Phase III was not tested with this method because of technical reasons, however
in practice it provided results of similar quality that is presented here.
We run the second phase starting from the same initial solution three times with each
of the neighborhoods {N1 , N2 , N3 , N4 } with and without batch-splitting, and for each of
these eight combinations averaged the results. The size of the tabu list was set to 100,
noImpr = 500 and minSplit = 750. These parameter settings along with the probability
of re-splitting of batches were determined by preliminary tests.
We have performed all tests on a PC with Intel Xeon CPU (1.86 GHz, 1GB RAM)
under Linux operating system. The time limit for solving each resource-disjoint subproblem
(including model building and solution using the callable library of ILOG CPLEX) of the
first phase was set to 300 CPU seconds, whereas that of each second-phase run was 600
seconds.
Tests on data from the industry
We have tested our method on data from our industrial partner. We cannot make publicly
available this data set, however, we provide some qualitative results. The routing alternatives were generated by matching the capabilities of the machines to the specifications
of the jobs. The main characteristics of the instances are summarized in Table 3.5. The
possible setup times between the job families on the machines ranged from a couple of
minutes to several hours in all instances.
All instances consisted of the production orders (job families) of the next week and
we assumed that the factory is empty, i.e., there were no jobs left from the preceding
week. This enables a cleaner evaluation of the performance of our method. In all of the
industrial test instances, the lower bound was non-zero. This hints that the due-dates were
over tight and the management explained this by pushing the production system to a high
level due-date observance. We return to this issue in the next paragraph. We provide the
qualitative results in Table 3.6 and Table 3.7. For each of the neighborhoods N1 , N2 , N3 , N4
we have results without and with batch splitting, and for each combination, the column
“λ(σ)” contains the average ratio between the total tardiness and the lower bound along
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instance
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
avg.

#machine
142
142
140
141
142
143
141
141
138
140
140
138
121
121
122
124
124
124
125
125
133.7

#job family
720
628
730
722
717
908
809
716
428
696
553
731
510
471
554
634
747
622
540
372
640.4

#job
4314
4059
4781
4565
4268
5271
5623
5337
2295
3805
3503
4409
2450
2204
2829
3113
3812
3431
3422
2432
3796.15

Table 3.5: Main characteristics of the test instances.

with the standard deviation in parenthesis over the three runs, the column “dλ(σ)e” gives
these quantities when the tardiness of each job family is rounded up to days, and κ(σ)
provides the average ratio between the value of the best solution and the initial solution.
As can be seen, the neighborhoods N1 , N3 and N4 gave very close results, and N2 was
inferior to all of them. This is explained by the fact that N2 needs more time for evaluation
and therefore fewer iterations can be performed within the same amount of CPU time. In
all cases, batch splitting clearly improved solution quality by more than 30%. Using batch
splitting, the total tardiness with rounding was 1.47 times the lower bound on average, and
without rounding it was only 1.29 times more. Since the objective is the sum of the job
family tardiness values, each machine non-availability period contributed several times to
the solution value. In our case, many job families had their due-dates before the weekend,
and any delay necessarily increased their total tardiness by two days.
In order to justify our claim about the impact of weekends on total tardiness, we
modified the test instances as follows. We made all machines continuously available 24
hours a day, and every day of the week. We repeated the tests with the increased machine
capacities, and found that the lower bound was either zero or only a few days, and the tabu
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1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
avg.

λ(σ)
1.35(.04)
0.97(.01)
1.2(.02)
1.11(.01)
1.38(.05)
1.25(.04)
1.48(.01)
1.19(.01)
1.19(0)
2.69(.11)
2.47(.04)
1.76(.08)
2.2(.21)
1.27(.05)
1.2(0)
1.32(.01)
1.21(0)
1.21(0)
1.47(.05)
1.11(0)
1.45(.04)

N1
dλ(σ)e
1.98(.06)
1.26(.06)
1.52(.04)
1.32(.02)
1.8(.07)
1.42(.04)
1.77(.04)
1.3(.01)
1.3(0)
2.97(.14)
2.64(.03)
1.96(.09)
2.51(.21)
1.4(.06)
1.26(0)
1.38(.01)
1.27(0)
1.28(0)
1.6(.06)
1.19(.01)
1.66(.05)
κ(σ)
0.41(.01)
0.19(0)
0.43(.01)
0.46(0)
0.33(.01)
0.49(.01)
0.51(0)
0.76(0)
0.57(0)
0.23(.01)
0.59(.01)
0.37(.02)
0.31(.03)
0.38(.02)
0.46(0)
0.8(0)
0.87(0)
0.96(0)
0.55(.02)
0.72(0)
0.52(.01)

λ(σ)
0.95(0)
1(.01)
1.08(.02)
1.05(.01)
1.13(.04)
1.17(.02)
1.4(.04)
1.19(.01)
1.06(0)
1.47(.02)
2.36(.03)
1.62(.04)
1.81(.31)
1.31(.07)
1.09(0)
1.29(0)
1.21(0)
1.2(0)
1.29(.04)
1.09(0)
1.29(.03)

N1 split
dλ(σ)e
1.44(.03)
1.37(.06)
1.35(.04)
1.21(0)
1.49(.04)
1.33(.04)
1.64(.04)
1.31(.03)
1.16(0)
1.76(.05)
2.52(.04)
1.79(.04)
2(.35)
1.43(.06)
1.14(.01)
1.35(.01)
1.27(0)
1.26(0)
1.41(.03)
1.16(0)
1.47(.04)

κ(σ)
0.29(0)
0.2(0)
0.39(.01)
0.43(0)
0.27(.01)
0.46(.01)
0.48(.02)
0.76(.01)
0.51(0)
0.12(0)
0.57(.01)
0.34(.01)
0.26(.04)
0.39(.02)
0.42(0)
0.78(0)
0.87(0)
0.94(0)
0.49(.01)
0.71(0)
0.48(.01)

λ(σ)
1.41(.05)
1.08(.04)
1.24(.02)
1.13(.02)
1.43(.02)
1.24(.03)
1.51(.01)
1.2(.01)
1.19(0)
2.86(0)
2.53(.03)
1.89(.04)
2.39(.35)
1.56(.03)
1.22(.02)
1.32(.01)
1.21(0)
1.22(0)
1.52(.02)
1.17(0)
1.52(.04)

N2
dλ(σ)e
2.04(.03)
1.56(.19)
1.57(.03)
1.37(.03)
1.84(.04)
1.41(.03)
1.79(.02)
1.3(.03)
1.3(0)
3.09(0)
2.69(.04)
2.1(.04)
2.69(.39)
1.7(.04)
1.28(.03)
1.38(.01)
1.27(0)
1.28(0)
1.67(.03)
1.25(.01)
1.73(.05)

κ(σ)
0.43(.02)
0.21(.01)
0.44(.01)
0.47(.01)
0.35(0)
0.49(.01)
0.52(0)
0.76(.01)
0.57(0)
0.24(0)
0.61(.01)
0.4(.01)
0.34(.05)
0.46(.01)
0.47(.01)
0.8(0)
0.87(0)
0.96(0)
0.57(.01)
0.76(0)
0.54(.01)
Table 3.6: Summary of computational results for N1 and N2 .

λ(σ)
0.96(0)
1.05(.02)
1.19(.02)
1.12(.01)
1.31(.03)
1.24(.06)
1.42(.02)
1.2(.01)
1.09(0)
1.88(.22)
2.44(.05)
1.79(.01)
1.94(.2)
1.43(.09)
1.11(.03)
1.29(.01)
1.21(0)
1.2(0)
1.32(.04)
1.14(0)
1.37(.04)

N2 split
dλ(σ)e
1.42(0)
1.48(.06)
1.45(.03)
1.3(.03)
1.69(.04)
1.39(.08)
1.69(.03)
1.31(.02)
1.19(0)
2.24(.26)
2.6(.06)
2.05(.08)
2.2(.24)
1.56(.11)
1.17(.04)
1.36(.01)
1.27(0)
1.26(0)
1.45(.03)
1.22(.01)
1.57(.06)

κ(σ)
0.29(0)
0.21(0)
0.42(.01)
0.46(.01)
0.32(.01)
0.48(.03)
0.49(.01)
0.77(0)
0.53(0)
0.16(.02)
0.59(.01)
0.38(0)
0.28(.03)
0.42(.03)
0.43(.01)
0.78(0)
0.87(0)
0.94(0)
0.5(.01)
0.74(0)
0.5(.01)
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1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
avg.

λ(σ)
1.33(.01)
1.02(.03)
1.21(.01)
1.11(0)
1.39(.07)
1.22(.04)
1.49(.01)
1.2(.01)
1.19(0)
2.56(.06)
2.49(.02)
1.78(.06)
1.93(.2)
1.27(.05)
1.21(.02)
1.31(.01)
1.21(0)
1.21(0)
1.46(.03)
1.11(0)
1.43(.03)

N3
dλ(σ)e
1.95(.05)
1.44(.11)
1.5(.05)
1.31(.02)
1.82(.08)
1.4(.04)
1.78(.05)
1.31(.01)
1.3(0)
2.85(.05)
2.64(.03)
1.97(.08)
2.2(.24)
1.4(.07)
1.27(.04)
1.37(.01)
1.27(0)
1.28(0)
1.57(.03)
1.19(.01)
1.64(.05)
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λ(σ)
0.93(.01)
0.92(.01)
1.09(.01)
1.06(0)
1.16(.02)
1.18(.01)
1.41(.01)
1.19(0)
1.06(0)
1.53(.1)
2.41(.05)
1.66(.04)
1.68(.2)
1.3(.02)
1.09(.01)
1.29(.01)
1.21(0)
1.2(0)
1.32(.01)
1.08(0)
1.29(.03)

N3 split
dλ(σ)e
1.4(.03)
1.26(.06)
1.34(.03)
1.22(.02)
1.51(.08)
1.35(.03)
1.65(.05)
1.3(.01)
1.16(0)
1.79(.1)
2.58(.05)
1.84(.04)
1.87(.24)
1.43(.02)
1.14(.01)
1.35(.01)
1.27(0)
1.26(0)
1.44(.03)
1.16(0)
1.47(.04)
κ(σ)
0.29(0)
0.18(0)
0.39(0)
0.44(0)
0.28(0)
0.46(0)
0.49(.01)
0.76(0)
0.51(0)
0.13(.01)
0.58(.01)
0.35(.01)
0.24(.03)
0.38(.01)
0.42(0)
0.78(0)
0.87(0)
0.94(0)
0.5(.01)
0.71(0)
0.48(.01)

λ(σ)
1.32(.01)
1.06(.08)
1.19(.01)
1.11(0)
1.35(.01)
1.23(.01)
1.49(.01)
1.21(.01)
1.19(0)
2.51(.03)
2.47(.02)
1.79(.07)
2.24(.27)
1.25(.04)
1.2(0)
1.31(0)
1.21(0)
1.21(0)
1.47(.03)
1.11(0)
1.45(.03)

N4
dλ(σ)e
1.93(.03)
1.41(.06)
1.48(.03)
1.32(.02)
1.69(.04)
1.41(.03)
1.76(.04)
1.31(.01)
1.3(0)
2.76(.05)
2.63(.02)
2(.09)
2.49(.23)
1.37(.05)
1.26(0)
1.38(0)
1.27(0)
1.28(0)
1.59(.04)
1.19(0)
1.64(.04)
κ(σ)
0.41(0)
0.21(.02)
0.43(0)
0.46(0)
0.33(0)
0.48(.01)
0.52(0)
0.77(0)
0.57(0)
0.21(0)
0.59(0)
0.38(.01)
0.32(.04)
0.37(.01)
0.46(0)
0.8(0)
0.87(0)
0.96(0)
0.55(.01)
0.72(0)
0.52(.01)

Table 3.7: Summary of computational results for N3 and N4 .

κ(σ)
0.41(0)
0.2(.01)
0.43(0)
0.46(0)
0.34(.02)
0.48(.01)
0.51(0)
0.76(0)
0.57(0)
0.22(.01)
0.6(.01)
0.37(.01)
0.28(.03)
0.38(.02)
0.46(.01)
0.79(0)
0.87(0)
0.96(0)
0.55(.01)
0.72(0)
0.52(.01)

λ(σ)
0.94(.01)
0.92(.02)
1.08(0)
1.05(.01)
1.12(.03)
1.19(.02)
1.43(0)
1.19(.01)
1.06(0)
1.5(.04)
2.38(.04)
1.66(.05)
1.81(.22)
1.31(.08)
1.09(0)
1.29(0)
1.21(0)
1.2(0)
1.29(0)
1.09(0)
1.29(.03)

N4 split
dλ(σ)e
1.42(.05)
1.26(.06)
1.35(.02)
1.26(.03)
1.47(0)
1.37(.03)
1.65(.03)
1.3(.02)
1.16(0)
1.79(.05)
2.55(.03)
1.84(.07)
2.07(.27)
1.44(.09)
1.14(.01)
1.35(0)
1.27(0)
1.26(0)
1.39(.01)
1.16(0)
1.48(.04)

κ(σ)
0.29(0)
0.18(0)
0.39(0)
0.44(0)
0.27(.01)
0.46(.01)
0.5(0)
0.76(.01)
0.51(0)
0.13(0)
0.57(.01)
0.35(.01)
0.26(.03)
0.39(.02)
0.42(0)
0.78(0)
0.87(0)
0.94(0)
0.48(0)
0.71(0)
0.48(.01)
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search algorithm in most cases terminated with an optimal solution. Indeed, in several cases
already the initial solution was optimal, or the search stopped in a few iterations as the
neighborhood became empty. This shows that the problem becomes much easier without
machine availability constraints, and on the other hand that in the original instances the
due-dates were over tight.
In the final schedules, the total setup time was always below 3% of the total processing
time of all operations.
As for the computational aspects of these runs, the largest MILP instances consisted of
more than fifty thousand variables and constraints. Finding a feasible solution never took
more than 30 seconds, and the optimality gap after 300 CPU seconds was below 5% on
average. The tabu search algorithm performed between ten thousand to twenty thousand
iterations, depending on the problem instance, within the time limit of 600 CPU seconds.
Tests on generated instances
We have also conducted computational experiments on a series of randomly generated
instances with increasing complexity. To this end, we have developed a problem instance
generator with the following main parameters:
• Number of machines which can perform a given subsequence of main technological
steps, i.e., number of machines which can perform (A), (A, H, T, P ), (T ), (P ), (T, P ).
In the generated instances, each machine performs always the same steps.
• The number of job families with given technological steps, i.e., the number of job
families which require only step (A), (A, H, T, P ), or (T, P ).
• The due date of a job family was chosen randomly and the release date was always
seven days before. We applied this restriction because in the industrial data sets, for
the majority of production orders the gap between the release and due dates was one
week.
• The number of jobs per job family was chosen uniformly at random from an interval.
The number of items in each job was constant.
• The average number of routing alternatives for those job families with multiple routing alternatives. This was 1.2 in our dataset.
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• Each job family had a setup class from a given set of classes. Furthermore, for each
machine, a matrix was generated representing the sequence dependent setup times
between all pairs of classes.
• Each machine had a randomly generated speed and a randomly generated shift calendar.
The set of machines for each stage of each job family was selected at random such that
the number of job families that can be assigned to those machines which perform the same
steps is almost equal (with a difference of 1 at most). On the other hand, the number of
machines for each stage was limited to 5. We generated small, medium and large instances
with 5 instances in each class. The main characteristics of the classes are shown in the
bottom of Table 3.8. For each instance, one initial solution was computed, and starting
from the same initial solution, the tabu search algorithm was run three times with every
neighborhood N1 through N4 , with and without batch splitting.
The results averaged over the three runs and over the 5 instances in each class are
shown in the upper part of Table 3.8. We can observe that the split neighborhoods provide
better results than the non-split ones, and the ratio of upper and lower bounds increases
with the problem size. Like the industrial test cases, there is no significant difference in
solution quality between N1 split, N3 split and N4 split.

3.6

Case study: scheduling a pneumatic components
factory

In our second case study we present an application of our methods in a factory that
produces pneumatic components. Contrary to the previous application, we do not have to
consider job families or routings, instead, the resource models are more complicated. To
avoid repetition, we only focus on the differences compared to the previous problem.
The input can be described as a standard flexible job shop problem with due dates and
machine- and sequence dependent setup times. Furthermore, there are additional resource
constraints:
• Non-renewable resource constraints: each operation requires given quantities from a
set of materials. For each material, the initial stock and the supply events during the
scheduling horizon are given.
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N1
N1 split
N2
N2 split
N3
N3 split
N4
N4 split
problem size

λ(σ)
1.65(.01)
1.4(.02)
1.7(.03)
1.42(.05)
1.63(.01)
1.39(.02)
1.63(.01)
1.4(.01)
#machine
12

small
dλ(σ)e
1.96(.04)
1.72(.06)
2.03(.07)
1.73(.1)
1.92(.04)
1.7(.04)
1.93(.04)
1.72(0)
#job family
45

κ(σ)
0.66(0)
0.62(0)
0.67(.01)
0.63(.01)
0.66(0)
0.62(.01)
0.66(0)
0.62(0)
#job
684.8

λ(σ)
2.24(.01)
1.81(.04)
2.49(.04)
2.11(.07)
2.17(.01)
1.79(.03)
2.17(.03)
1.79(.02)
#machine
18

medium
dλ(σ)e
2.74(.04)
2.22(.06)
2.97(.03)
2.54(.1)
2.66(.05)
2.21(.03)
2.69(.05)
2.23(.06)
#job family
70

κ(σ)
0.58(0)
0.48(.01)
0.63(.01)
0.55(.02)
0.56(0)
0.47(.01)
0.56(.01)
0.47(0)
#job
1416.8

λ(σ)
1.95(.04)
1.85(.03)
2.36(.06)
2.13(.1)
1.99(.06)
1.86(.06)
1.99(.07)
1.87(.06)
#machine
30

large
dλ(σ)e
2.67(.06)
2.44(.06)
3.11(.08)
2.77(.13)
2.75(.07)
2.42(.11)
2.75(.08)
2.44(.08)
#job family
220

Table 3.8: Main characteristics and summary of computational results for generated instances.

κ(σ)
0.42(0)
0.4(0)
0.46(.01)
0.43(.01)
0.42(0)
0.4(.01)
0.42(.01)
0.4(.01)
#job
4386.4
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• Renewable cumulative resource constraints: there is a set of renewable cumulative
resources (personnel in the factory). Each operation specifies its requirements from
each resource. The factory layout is defined with a location hierarchy tree, where the
machines are the leaves. The scheduling horizon is partitioned into non-overlapping
shifts, and for each shift, location and resource, the available amount is given.
The formal model of the non-renewable and the renewable resources are described in
Algorithm 3.2 and Algorithm 3.4, respectively. The objective function consists of three
parameters: total job tardiness, total machine idle time, and total setup time. Given a
permutation of these three parameters, the goal is to minimize each one according to the
lexicographic comparison defined by the permutation. The machine idle time for a given
shift and given machine is the difference of the shift length and the total processing and
setup time assigned to the machine in the given shift, assuming the machine isn’t idle
during the whole shift; otherwise it is 0. The total machine idle time is the sum of the
machine idle time for all shifts and all machines.

3.6.1

Phase I: release dates and initial solutions

At first, we run Algorithm 3.2 to handle the material constraints. As a result, we obtain
release dates for each operation that ensure that any schedule respecting these will be
feasible according to the material constraints.
Next we construct an initial schedule using a greedy algorithm that assigns each operation of each job to the locally best position. The calculation is done in the same way as
described in the next phase.

3.6.2

Phase II: improving the schedule by local search

We use almost the same tabu search algorithm as described in the previous case study,
with the following differences:
• The evaluation of a schedule is performed by Algorithm 3.4.
• The neighborhood is defined as the reinsertion of all critical operations to all possible
positions on all possible machines.
• The definition of critical operation can be one of the following:
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(i) An operation is critical if it is late, or if it determines the start time of a critical
operation. (Same definition as in the other case study.)
(ii) An operation is critical if it has idle time before it.
• The running time of the tabu search is divided to 3 equal parts. If the total job
tardiness is more important than the total machine idle time, then (i) is used to
define critical operations in the first and last third while (ii) is used in the middle
third. If the total machine idle time is more important then the roles are swapped
accordingly. This ensures that the schedule is optimized according to both, unrelated
objective functions.

3.6.3

Phase III: optimizing setups

In the last phase the setups are optimized with the same method as in the previous case
study. As the resource constraints are always enforced, there is no need to perform further
optimization in this phase.

3.6.4

Evaluation

This method was implemented as a part of an information system at Bosch Rexroth Pneumatika Kft., Eger. Because of technical reasons, no such thorough testing was performed as
in the case of the light source factory. However, internal testing showed that the schedules
provided by our method significantly overperform the schedules created manually.
Regarding the speed of the algorithms, comparing the different resource models provide
interesting results. The size of the problems were similar in both case studies, however
using the hierarchical resource model one iteration took 10-15 times more time than one
iteration using Algorithm 3.3. We have analyzed the behavior of both algorithm, and we
have identified the causes for this phenomenon:
• Algorithm 3.3 relies on the fact that without considering renewable resources, only a
small part of the schedule should be reevaluated while testing schedules of a neighborhood. However, by considering renewable cumulative resources, calculating (even
approximately) which part of a schedule has to be recalculated would require similar computational effort as recalculating the whole schedule. Furthermore, similar
changes in a schedule also affect more operations, as the resource constraints connect
otherwise unrelated operations.
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• Over one-third of the total runtime was due to the ordering of the operations according to their due dates, despite the fact that a very efficient heap implementation was
used. Using this resource model, it is impossible to give a faster algorithm, as the
calculation always requires the ordering of some operations in each step.
These observations suggest that although it is possible to provide efficient algorithms to
handle this quite general and powerful resource model, it should only be used for problems
where relaxing the resource constraints does not provide acceptable solutions.

3.7

Publications

The results of Thesis 3 were published in (Drótos et al.; 2009; Kis et al.; 2006; Drótos
et al.; 2007a; Drótos and Kis; 2010a; Monostori et al.; 2008). Parts of these methods are
covered in patent Nakano et al. (2012 – Japan and 2013 – WIPO).
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Appendix A
Lagrangian relaxation
Suppose we have an integer programming problem of the form
Z = min cx

(A.1)

subject to
Ax = b, Dx ≤ e
x ≥ 0, x ∈ Z,
where the constraints Dx ≤ e are supposed to have a special structure (formulation taken
from (Fisher; 1981)). This partitioning of the constraints should ensure that the following
problem, where u is a vector of Lagrange multipliers:
ZD (u) = min cx + u(Ax − b)

(A.2)

subject to
Dx ≤ e
x ≥ 0, x ∈ Z
is easier to solve relative to the original problem. According to Fisher (1981), the name of
this method, “Lagrangian relaxation”, was first used by Geoffrion (1974), who studied its
general theory.
The fact that ZD (u) ≤ Z “is easy to show by assuming an optimal solution x∗ to [(A.1)]
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and observing that
ZD (u) ≤ cx∗ + u(Ax∗ − b) = Z.
[. . . ] If Ax = b is replaced by Ax ≤ b in [(A.1)], then we require u ≥ 0 and the argument
becomes
ZD (u) ≤ cx∗ + u(Ax∗ − b) ≤ Z
where the second inequality follows from Z = cx∗ , u ≥ 0 and Ax∗ − b ≤ 0.
[. . . ]
The fact that ZD (u) ≤ Z allows [(A.2)] to be used in place of [linear programming
relaxation] to provide lower bounds in a branch and bound algorithm for [(A.1)]. While
this is the most obvious use of [(A.2)], it has a number of other uses. It can be a medium
for selecting branching variables and choosing the next branch to explore. Good feasible
solutions to [(A.1)] can frequently be obtained by perturbing nearly feasible solutions to
[(A.2)].” (Fisher (1981), pp. 2–3)
In order to obtain a good lower bound for (A.1), one would choose u to maximize the
lower bound:
ZD = max ZD (u)

(A.3)

u

One of the well-known methods of finding u is the subgradient method. “[A] vector y is
called a subgradient of ZD (u) at ū if it satisfies
ZD (u) ≤ ZD (ū) + y(u − ū),

for all u.

[. . . ] The vector (Axt − b) is a subgradient at any u for which xt solves [(A.2)]. [. . . It can
be shown that] u∗ is optimal in [(A.3)] if and only if 0 is a subgradient of ZD (u) at u∗ .
[. . . ]
The subgradient method is a brazen adaptation of the gradient method in which gradients are replaced by subgradients. Given an initial value u0 a sequence {uk } is generated
by the rule
uk+1 = uk + tk (Axk − b)
where xk is an optimal solution to [(A.2) with u = uk ] and tk is a positive scalar step size.
P
[. . . ] [A] fundamental theoretical result is that ZD (uk ) → ZD if tk → 0 and ki=0 ti → ∞.
[. . . ]
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The step size used most commonly in practice is
tk =

λk (Z ∗ − ZD (uk ))
kAxk − bk2

where λk is a scalar satisfying 0 < λk ≤ 2 and Z ∗ is an upper bound on ZD , frequently
obtained by applying a heuristic to [(A.1)].” (Fisher (1981), pp. 6–8)
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Appendix B
Tabu search
Local search heuristics are widely used in solving combinatorial optimization problems.
The basic idea of these methods is to start from an initial solution (which may be feasible
or not necessarily feasible, depending on the application), and try to improve it iteratively.
For any solution x, a neighborhood N (x) is defined as all solutions that can be acquired
from x by applying some operation, called the neighborhood operation. Typically this
operation makes small changes to x. In each iteration k, one neighbor of xk , xk+1 ∈ N (xk )
is chosen as the new actual solution.
The simplest implementation is the hill climbing heuristic, that always chooses the
neighbor with the best objective function value. The major shortcoming of this heuristic
is that it is prone to be trapped in locally optimal solutions. One specific and widely used
metaheuristic to overcome this problem is the tabu search method, originating from Glover
(1977).
The basic idea is to introduce a short-term memory to the search process, that
prevents returning to solutions already explored. “The operation of the procedure in
simplified form may be described as follows. A subset T of [N ] is created whose elements
are called tabu moves. The elements of T are determined by a non-Markovian function
that utilizes historical information from the search process, extending up to t iterations
in the past, where t can be fixed or variable depending on the application or stage of
search. Membership in T is by means of an itemized list or by reference set of tabu
conditions (e.g., linear inequalities or logical relationships) expressed indirectly in terms
of a current trial solution x [. . . ]” (Glover (1989), p. 192) The tabu search algorithm can
be described by the following pseudocode, assuming we are minimizing some function f (x):
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procedure TabuSearch(MaxIterations)
k←1
select initial solution x1 ∈ X
x∗ ← x1
T ←∅
while k ≤ MaxIterations ∧ N (xk ) − T 6= ∅ do
x ← arg minx∈N (xk )−T f (x)
k ←k+1
xk ← x
if f (xk ) < f (x∗ ) then
x∗ ← xk
end if
update T
end while
end procedure
“Three aspects of this version deserve emphasis: (1) the use of T provides the ‘constrained search’ element of the approach, and hence the solutions generated depend critically on the composition of T and the way it is updated [. . . ]; (2) the method makes no
reference to the condition of local optimality, except implicitly where a local optimum improves on the best solution previously found; (3) a ‘best’ move (rather than an improving
move) is chosen at each step [. . . ]” (Glover (1989), p. 192)
It is important to note that opposed to some other metaheuristics, e.g. simulated annealing, tabu search chooses the next solution in a greedy manner. “The rationale underlying
the aggressive orientation of tabu search derives from two considerations. First is that many
optimization problems can be solved optimally by making a ‘best available move’ at each
step, a phenomenon that goes beyond the well known results for greedy algorithms. Minimum cost network flow problems and weighted matroid intersection problems, for example,
can be solved by moves based on successively identified best (shortest) paths. Choosing
moves other than best ones can lead to inferior solutions for these methods, while other
methods for these problems, which do not require best moves at each step, are not injured
(and are often accelerated) by choices with the highest evaluations.
The second consideration underlying the aggressive orientation of tabu search stems
from the procedural organization by which local optimality does not present a barrier, and
hence offers less compelling reasons for delaying the approach to it. Rather than spend
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proportionately more time in regions whose solutions are proportionately less attractive,
tabu search undertakes to devote the larger share of its effort to exploring regions where
solutions are good.” (Glover (1989), pp. 192–193)
One of the most straightforward definition of the set T is where “T is these set of moves
that would ‘reverse’ (or ‘undo’) one of the moves made in the t most recent iterations of
the search process.” (Glover (1989), p. 193) In this case, updating T in iteration k consists
of removing its oldest element (if k > t), and adding the inverse of the operation that
was performed on xk−1 to obtain xk . “The indicated form for the tabu set is based on the
assumption that the likelihood of cycling, i.e., of following a sequence of moves that leads
back to a solution visited in the past, is inversely related to the distance of the current
trial solution x from that previous solution.” (Glover (1989), p. 193)
In practice, often more elaborate tabu conditions are used, e.g. tabu status of neighbors can be defined by certain attributes of the solutions to be avoided instead of explicit
inverse operations. Furthermore, the basic procedure can be further improved by various techniques, such as introducing aspiration levels (overriding the tabu status of some
promising neighbors), variable tabu list length, intensifying and diversifying the search by
short- and long term memory functions, etc.
For a complete overview of tabu search, its advanced usages and various examples, we
refer the reader to (Glover; 1989) and (Glover; 1990).
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