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Thesis statements
The following thesis statements summarize the new scientific results of my PhD research.
T1 I developed and calibrated a novel, correlation-based scoring method for visual acuity tests
that takes into account the physical similarities of letters by cross-correlation and showed
that it reduces the statistical error of the most accurate clinical visual acuity measurements
by 20...30% depending on the number of tested letters and the environmental conditions of
the test. I demonstrated that the systematic offset between the visual acuity values
determined by traditional true/false scoring with 50% probability threshold, and by
correlation-based scoring with calibrated 68% correlation threshold is negligible.
I suggested the application of correlation-based scoring as a more precise alternative to
monitor disease progression, or evaluate surgical results in ophthalmic research. [P1], [P2]
T2 I proved by ophthalmologic trials that my new, correlation-based scoring method decreases
the statistical error of clinical vision tests by 20%, so that measurement time is increased
by only 10%. This corresponds to the same amount of error reduction as if the number of
letters was doubled, which would double the measurement time as well. I verified that the
systematic offset of visual acuity determined by the new method with the corresponding
68% correlation threshold is negligible compared to the acuity value measured by the
standard Early Treatment Diabetic Retinopathy Study trial. [P5], [P7]
T3 I designed and implemented a new far-field, infrared pupil measuring system that enables
the continuous monitoring of the subject’s eye and allows for real-time, synchronized pupil
diameter measurement during visual acuity tests. I showed that my evaluation algorithm
applying automatic magnification correction and adaptive circular Hough transform
determines the pupil diameter with 0.2 mm spatial accuracy, exceeding that of similar
commercially available devices (i.e. 0.5 mm). [P3]
T4 I developed a new, complex neuro-physiological vision model to simulate the monocular
foveal visual acuity of emmetropic subjects (whose vision quality is in the normal range
without prescription eyeglasses). I showed that the model precisely characterizes the
properties of optical imaging by a physiologically accurate personalizable schematic eye
implemented in optical design software, overcomes existing limitations, and provides
opportunity to analyze custom setups and the effects of modifying opto-mechanical
parameters in the eye. I demonstrated that the vision model can describe retinal sampling
by an ideal hexagonal receptor structure and can take into account neural processes,
including effects of neural transmission, neural noise and character recognition, by a
vii

simplified neural model having only the additive Gaussian white noise (σ) and
discrimination range (δρ) as two free parameters. [P4]
T5 I showed through calibration measurements that using wavefront aberration and pupil
diameter data together with the calibrated average values of the neural parameters (σ = 0.1;
δρ = 0.0025) as input, the new vision simulation can determine the monocular visual acuity
of near-emmetropic subjects (−0.5…+0.5 diopters) with normal vision (0…−0.3 logMAR,
Minimum Angle of Resolution). I demonstrated that, based on the residual of the
calibration group, the accuracy of the simulations is approximately 0.045 logMAR, which
exceeds the accuracy of general clinical visual acuity measurements. [P4]
T6 I determined the direct relationship between the d pupil diameter and the Vave average visual
acuity value of healthy subjects with normal vision in the common 2…6 mm diameter
range by analyzing the results of visual acuity simulations performed using my new vision
model. The obtained 0.04 logMAR/mm slope of Vave(d) is in good agreement with
observations presented in the literature. Based on the results, I concluded that for the sake
of comparability of acuity values, the pupil diameter has to be measured too with at least
0.5 mm spatial accuracy during visual acuity tests. [P4], [P6], [P7]
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1. Introduction
I performed my doctoral research at the Department of Atomic Physics in collaboration with
ophthalmologists from the Department of Ophthalmology, Semmelweis University related to the
project “Medical technological research and development on the efficient cure of cataract”, led by
Medicontur Medical Engineering Ltd. The overall goal of the project was to develop IntraOcular
Lenses (IOLs) that provide better visual experience than current commercially available products.
Although my specific motivation came from the field of cataract surgery, I hope the results
presented in this dissertation will be beneficial for other areas of vision science too.
Cataract surgery is one of the most common surgical procedures nowadays. The disease
manifests as increased light scattering in the patient’s crystalline lens, which therefore becomes
opaque, causes progressive vision loss, and may lead to blindness in extreme cases. It is treated by
implanting artificial intraocular lenses to replace the patient’s crystalline lens [2], [90]. Although
being effective, clinically applied IOLs cannot restore all features of the subject’s own lens: their
main deficiency is that they cannot accommodate to focus at different object distances. When first
IOLs were introduced, cataract was typically an elderly disease, so patients were absolutely
satisfied with the image quality achieved by simple lenses involving only spherical surfaces and
having fixed focal length. In contrast, recently cataract develops in case of subjects in the active
age bracket too, therefore, it has become necessary to provide better correction for visual defects,
and to resolve focusing without additional eyeglasses [49], [136]. Due to the increasing demand,
manufacturers are steadily improving their products and investing more resources in the precise
design, customization, and optimization of premium type (i.e. those with asphericity to manipulate
spherical aberration, toric shape to decrease astigmatism, diffractive surface to achieve multifocal
features or increase focal depth) and personalized lenses [2], [47], [96], [136]. In addition to
individual factors, the outcome of a specific patient’s cataract treatment basically depends on the
following: disease diagnosis, pre-operative ocular biometry, surgical process, recovery cure, and
last but not least IOL design/quality. The generic quantity that ophthalmologists use to describe
the subjective perceived resolving power of an eye is called visual acuity. Its precise, repeatable
and comparable measurement is inevitable for the reliable assessment of vision progress attained
by a medical treatment of cataract [68].
The first aim of my research was to assist the evaluation and design of IOLs in a way that
helps improve the achievable visual quality after implantation. The success of any optical design
partly lies in the correct modeling of the operating environment—thus, in this case, it has to cover
the complete human visual train, incorporating retinal sampling, neural transfer, noise and cortical
1

character recognition, in addition to the imaging system [50], [102], [144], [146]. Therefore,
I developed a new neuro-physiological vision model based on a realistic schematic eye,
supplemented with a simple numerical model of neural processes for the simulation of monocular
foveal visual acuity of the human eye. The question for which my model attempts to find an answer
is the following: if the objective physical parameters of an eye are known, then what would its
visual acuity be as observed by a human subject? The eventual physical quantity I rely on seeking
for the answer is the Wavefront Aberration (WA) of the investigated eye. It can be either derived
from optical design software having a precise opto-mechanical eye model, or directly obtained
from in vivo wavefront measurements. Since such a computer model allows for structural
modifications, the opportunity opens up to optimize visual optical devices (e.g. IOLs) directly for
improved visual acuity instead of technical quantities that describe image quality (Optical Path
Difference (OPD), Point Spread Function (PSF), Optical Transfer Function (OTF), Modulation
Transfer Function (MTF), Contrast Sensitivity Function (CSF), etc.) [1], [138].
Besides, in cases when WA comes from a measurement, the visual acuity value of the
examined subject can be simulated by using my vision model. This approach can provide a new,
objective alternative to traditional, subjective, letter-identification-based methods in cases where
these are cumbersome or not feasible at all (e.g. testing illiterate adults or preschool children) [50].
This possibility shifts to the other field I was dealing with in my dissertation: reducing the
statistical error of visual acuity measurements. The purpose behind this work was twofold. 1) I
needed adequate visual acuity measurement data for the calibration of my vision model. 2) Certain
medical cases (e.g. testing subjects suffering from retinal diseases, or cataract and refractive
surgery candidates with high visual expectations, etc.) require such a high precision that exceeds
the capabilities of current acuity measurements [112], [137]. I accomplished 1) and 2) together by
a new, clinically applicable scoring method developed for the evaluation of visual acuity tests.
The layout of the thesis is as follows. Chapter 2 serves as a general overview of the most
important features of human vision, starting from the structure of the human eye, through the
discussion of standard visual acuity measurements, then moving to the optical modeling of simple
imaging systems, and ultimately to vision modeling. In Chapter 3, corresponding to T1, I present
the theoretical background of my new scoring method, and investigate its advantages under special
laboratory conditions. Then, Chapter 4 expounds T2 and demonstrates the direct clinical
application and main features of my new scoring scheme. In Chapter 5, I introduce a new pupil
measurement setup that operates even in parallel with visual acuity tests to provide accurate
reference diameter values according to T3. Chapter 6 moves from vision test development to
modeling and simulation of visual acuity. It presents the innovations of my model, and verifies its
2

ability to predict monocular foveal visual acuity from ocular wavefront aberration (see T4 and T5).
By using my vision model, in Chapter 7 I investigate the direct effect of pupil diameter on visual
quality for subjects with normal vision, which concludes in T6. Chapter 8 provides an application
example of my vision model via analyzing the through-focus visual acuity of pseudophakic
subjects (those having IOLs implanted), and at once also verifies its correct operation when used
in case of large ocular aberrations (in this case defocus). General conclusions drawn from my
research are presented in Chapter 9.
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2. Fundamentals of vision
Since my goal was to measure and simulate the visual acuity of average healthy eyes, in this
chapter I briefly overview the main physical/biological features that affect human vision in
general, and present the main characteristics of normal visual quality. Based on the numerous
publications investigating the anatomical construction and imaging properties of the human eye
from various aspects [10], [17], [56], [112], it can be concluded that from structural point of view
it does not make any sense to speak about an average eye. The deviation of the mechanical
parameters is so high, which makes the examination of a hypothetic eye with purely average
dimensions meaningless [41]. However, due to the biological processes of the eye, compensations
are formed during ontogeny and applied during neural processing, thus different surface shapes
and thicknesses can provide common optical features for healthy eyes. Therefore, it is much proper
to consider eyes with average imaging properties in the following assessment.
2.1. Optics of the human eye
The eye is a very complex organ, the more accurately it is examined, the more details are
discovered, each of which is important in some way in the visual train. The eye’s anatomical
structure is depicted in Figure 1.

Figure 1. The anatomical structure of the human eye. [http://biology-forums.com]

From the point of view of optical imaging, the cornea, the aqueous humor, the pupil, the
crystalline lens, and the vitreous humor are the most important elements [10], [112]. The pupil
serves as the aperture stop of the system. Its size can be varied, which is the primary process for
adapting to different lighting conditions. All other components play role in refraction, from which
the most significant ones are the cornea and the crystalline lens. The multi-layer cornea has a
constant refractive power that accounts for approximately 2/3 of the total refractive power of the
4

human eye [112]. In contrast, the lens consists of transparent fibers, and can be stretched by the
ciliary muscles, which modifies its refractive power, so the eye can focus on distant objects. In
case of viewing near objects, the lens curls due to its elasticity, which increases its refractive power
from about 19 D up to 30 D (diopters). This process is called accommodation [10]. The ciliary
muscles are relaxed when looking objects at infinite distance. For emmetropic subjects the image
of such a faraway object formed with relaxed eye is in sharp focus on the retina, i.e. they do not
need prescription eyeglasses, which is the case I intend to examine in this thesis. In addition, it is
worth noting that the small difference between the refractive index of the cells of the crystalline
lens and their environment causes light scattering, but it affects visual acuity only in a small extent.
Cataract occurs when this light scattering increases abnormally.
Most eye media (cornea, aqueous humor, crystalline lens, vitreous humor) are predominantly
composed of saline water, and in different concentrations they also contain proteins and minerals.
Their refractive indices and the wavelength dispersion are similar to those of water, but cannot be
replaced with it for optical modeling [9]. Although, according to the literature [134], the refractive
indices and the longitudinal chromatic aberration caused by dispersion are very similar across a
wide population, only a few measurements have been taken to investigate them. Usually the
historical Gullstrand refractive indices are used, which have been determined based on a small
dataset and poorly documented measurements [56]. Instead of these fixed refractive indices, a
more accurate characterization is provided by Atchison and Smith’s dispersion formula [9].
Beyond wavelength dispersion, the refractive index of the crystalline lens strongly depends on the
position as well, i.e. the media is inhomogeneous, the role of which is not clear yet. It might
facilitate the compensation of spherical aberration resulting from the non-optimal aspherical shape
of the lens [98], or it may help to provide wide-angle vision [100], and it is also possible that it is
simply an ontogenetic feature that has no specific optical role [21].
The image created by the complex optical system of the eye is captured, i.e. transformed to
electrical signals, and processed by the retina. It has a compound structure as well, both the
longitudinal and lateral construction of which must be taken into consideration. The retina
basically comprises of two types of photoreceptors: cones and rods. The latter are responsible for
peripheral vision, and do not occur in the central 1° range of the fovea. In contrast, cones account
for sharp foveal vision, and their number decreases significantly with eccentricity [17], [36]. This
explains why perceived vision quality deteriorates quickly towards the periphery [112]. Due to the
structure of the retina, photodetection is direction- and wavelength-dependent. The former is called
the Styles-Crawford effect, which is caused by the waveguide nature of the inner segment of retinal
cones and usually characterized by artificial apodization in the pupil plane [56], [112]. The
5

wavelength-dependence is caused by the different spectral sensitivity of the cones, which is
divided into three groups—L, M, and S, for long, medium, and short wavelengths, respectively.
According to studies on the retinal cone mosaic [36], [38], [41], the center of the fovea, i.e. central
0.3…0.4° visual angle range, is S-cone free with an average cone distance of around 3 microns
(M and L-cones) [17], [36]. In contrast, S-cones appear more frequently towards the periphery,
while the average distance increases with eccentricity. Based on the most recent measurements,
the ratio of cones is as follows: S ∼ 7…8%, M ∼ 30%, and L ∼ 62% [36], [41]. Though these
values represent the average, it has to be noted that the ratio of the three types of cones varies
significantly from one subject to the other, a representative example of which is illustrated in
Figure 2. While the ratio of the three types is important in case of testing color vision, their average
distribution plays role in the resolution of the eye. As a final step optic nerves transmit these
pre-processed signals with some additive noise to the visual cortex for recognition.

Figure 2. Distribution of the three types of cones in the center of the fovea [36]. Red, green, and blue
colors represent L, M, and S-cones respectively.

2.2. Quantifying visual acuity
Visual acuity is the most important ophthalmological quantity that describes the perceived
resolving power of the human eye. Its conventional measurement is based on letter recognition, so
beside the optical imaging properties of the eye, the acuity value also depends on cognitive and
motor abilities, such as the features of retinal sampling, and the signal transmission of neural image
processing. Due to this complexity, the visual acuity value is influenced by the mental state, fatigue
and environmental factors as well [44]. Based on practical experience, in case of medium
illumination, in a normal everyday environment, an average healthy eye can resolve two separate
distant point sources when the difference between their visual angles is at least 1 minute of arc
(arcmin). Accordingly, the vision quality that corresponds to 1 arcmin or better resolving power is
considered as normal vision [44], [112].
6

2.2.1. Conventional testing methods
In clinical practice, acuity measurements are performed using visual acuity charts, or eye
charts—an example is depicted in Figure 3—viewed from a given distance. The test distance varies
internationally: it is 4 or 5 meters in different European countries, while 6 meters in the United
Kingdom, and 20 feet in the United States [44]. The subject’s task is to correctly recognize
optotypes (letters, numbers, or other characters), the size of which decreases from line to line. The
examiner gives 1 score for each correct identification, and 0 for any bad guess—this process is
called scoring. From the rate of misidentifications, the P(s) recognition probability can be
estimated for each s letter size. It is usually characterized by the α visual angle, i.e. the angle that
the stroke width (and smallest gap) of optotypes subtend at the eye, see Figure 3. Then the
determination of visual acuity can be considered as a thresholding problem. According to the
International Council of Ophthalmology (ICO) measurement standard [66], the visual acuity value
is defined by that letter size where 50% of the letters are recognized correctly, i.e. the recognition
probability threshold is P0 ≡ 0.5.

Figure 3. An example sheet of the original “Gold Standard” Early Treatment Diabetic Retinopathy
Study chart, and the illustration of the α visual angle in case of a letter E.
[https://www.precision-vision.com]

Initially the Snellen chart was applied for this purpose which is one of the oldest, but still
widely known implementations, where more and more characters appear on smaller letter sizes to
fill out the rectangular chart [69], [112]. In Hungary, its simplified three-column version, the
Kettesy chart has been accepted for clinical acuity testing [131]. Later on, the special (logarithmic)
Bailey-Lovie layout [14], [15], was introduced to standardize the visual task and the effects of
letter crowding (i.e. the changes in visibility with respect to the line space and the gap between
optotypes [77], [148]). This specific chart design comprises five characters in each line, where the
7

gap between the adjacent optotypes equals the letter size, and the spacing between the subsequent
lines equals the letter size of the upper row. Besides, the variance of acuity measurements is almost
constant across a wide range of vision quality if the scaling is logarithmic [14], [15], [112], [147].
Therefore, in currently used eye charts the decrease of the letter size from one line to the next
follows a geometric progression. For practical reasons the quotient of size progression equals
101∕10 ≈ 1.259 [14], [112]. Consequently, it is common to express the s letter size in terms of
logMAR, i.e. the decimal-based logarithm of Minimum Angle of Resolution [14], [63], [112]:
  [arcmin] 
 .
s  log10 
 1 [arcmin] 

(1)

According to this notation, the size increment is Δs = 0.1 logMAR [112].
As acuity tests are based on character recognition, the legibility of the individual letters also
affects accuracy. Consequently, the next step towards standardization was the unification of the
applied optotype set. This has been realized by the introduction of the Early Treatment Diabetic
Retinopathy Study (ETDRS) chart implemented with the Sloan characters (C, D, H, K, N, O, R,
S, V, and Z), which has been devised specifically for visual acuity testing [112]. In contrast to the
serif typeface proposed by Snellen, and the previously used 5×4 layout, the Sloan font type is a
sans-serif optotype set, where each character fills out a 5×5 square outline, so that the stroke width
is 1/5 of the letter size [44]. Because of their special regular form, the recognizability of the Sloan
characters is rather close to each other, and they are comparable in legibility to the Landoldt-rings
[109], [112]. Though these optotypes provide more similar legibility than that achievable by letters
of other font types, there still remain certain differences in the recognizability of the characters [3],
[44], [145]. Optotype legibility can be compared by Test-Retest Variability (TRV), i.e. the standard
deviation of repeated visual acuity measurements, achievable by using different eye charts.
According to the literature [94], [111], [145], the TRV of a chart implemented with Sloan letters is
just slightly larger than that of a hypothetical chart containing equally legible characters. Thus, in
order to ensure equalized recognizability for each line, the ETDRS protocol uses only certain
combination of letters, carefully balanced for legibility [44], [112], [124]. In the currently used
ETDRS 2000 series chart [117] the selection of the five-letter groups has been still further refined.
Nowadays, the ETDRS chart has become a widely accepted standard, as it handles the
shortcomings of the previously used Snellen chart concerning chart design [33], [52]. The only
significant variable that changes from one line to the next in these charts is the letter size,
characterized by α according to Eq. (1). Let the stroke width of letters at the P0 = 0.5 probability
threshold be denoted by α0, given in units of arcmin. From α0 the V visual acuity value is expressed
in a variety of ways, the two most widespread of which is presented in the next subsection.
8

2.2.2. Different measures of visual acuity
The decimal notation expresses visual acuity as a ratio [44], [112], such as:
V

1 [arcmin]

 0 [arcmin]

.

(2)

If the threshold angle is 1 arcmin during an acuity test, then it results in V = 1.0, which represents
the widely appreciated lower limit of normal vision. A person being able to correctly identify such
small letters is considered to have an acceptable vision for everyday life, whereas worse acuity
requires spectacle correction. The average acuity value of normal vision is around V ≈ 1.4 [44],
[44], [112].
The angular size notation, also known as the Minimum Angle of Resolution (MAR), proposed
later by Sloan, quantifies visual acuity simply by α0. However, in line with the sensitivity of the
human eye to lowering stimulation, it is more common to express the V visual acuity value defined
by the α0 angular threshold level in logMAR units, similarly to the s letter size of the charts:
  [arcmin] 
 .
V  log10  0
 1 [arcmin] 

(3)

In this notation the lower limit of normal vision is 0 logMAR, while the average acuity value
of healthy people is −0.15 logMAR. Those who need eyeglasses for correction have positive
values. The logMAR value is approximately proportional to the visual experience, therefore it is
regarded as the most informative measure of visual acuity [44]. Nevertheless, since higher
logMAR values indicate poorer vision, it is better considered as a measure of vision loss instead
of vision quality [34], [44], [104], [112].
2.2.3. Comparing visual acuity test evaluation methods by their statistical error
Below, I briefly discuss the methods by which visual acuity can be derived from the obtained
distribution of the recognition scores during acuity tests. Dissimilarities in the applied scoring
technique, probability estimation, thresholding and termination rule result in significantly different
statistical uncertainties in case of alternative evaluation protocols [13], [30], [69], [125].
According to the simplest line-assignment evaluation, visual acuity is determined by the
smallest letter size (threshold line), where the majority of the optotypes is recognized correctly
[44], [66], [112]. Though the theoretical probability threshold is 50% [66], using the ETDRS chart
(implemented with five letters per line) the actual threshold rises to 60%, 80%, or even 100%
depending on the distribution of correctly recognized letters, which causes noticeable error in the
results relative to theory. According to the literature [69], [111], [129], the statistical error of
current line-assignment-based visual acuity measurements varies between 0.6 and 1.5 lines
(0.06 logMAR < TRV < 0.15 logMAR) for subjects with normal vision. This accuracy is sufficient
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for screening purposes as part of preventive health care, however, epidemiologic surveys and
clinical research require higher precision and reliability as the successive measurements are to be
compared to each other [15], [125], [137].
To reduce the statistical error, the so-called single-letter-scoring method has been developed
based on recording the identifications for individual letters instead of complete lines [13], [69],
[111], [137]. The special design of the ETDRS chart, i.e. 5 letters in each line and
Δs = 0.1 logMAR size progression, allows the examiner to recompense the subject’s visual acuity
by −0.02 logMAR unit for each correctly recognized letter [63], [112], [137]. Correspondingly, as
the largest letter size is 1 logMAR, the visual acuity value can be determined from the Tc total
number of correct identifications in the chart as:
V = 1.1 − 0.02∙Tc.

(4)

Though this technique decreases the uncertainty error (TRV ≈ 0.04 logMAR) [31], [32], its
outcome does not correspond exactly to the theoretical 50% probability threshold. It is offset by
approximately half a line (i.e. +0.05 logMAR) of systematic error [63], [137].
In scientific research and high-precision clinical measurements, another feasible method for
statistical error reduction is to evaluate the measurement results by nonlinear (e.g. logistic)
regression [104], [135], [140]. Generally, the psychometric function specifies the relationship
between a given feature of a physical stimulus and the ratio of correct responses achieved by the
tested subject [104]. In the special case of acuity tests the psychometric function of vision
represents recognition probability with respect to the letter size. Thus, in such analyses, the discrete
P(s) values measured at the distinct s letter sizes of the eye chart are fitted/interpolated by a
continuous monotonic differentiable curve the L0(s) psychometric function of vision [31], [104],
[149]. Its S-shaped profile has been approximated by various forms rather arbitrarily, e.g. the
cumulative distribution function for Gaussian distribution [32], [149], the cumulative distribution
function for Weibull distribution (often called simply as the Weibull function) [3], [140], [149],
and the logistic function [32], [135], [149]. The visual acuity value is determined by that s0 letter
size at which L0(s) intersects the P0 = 0.5 probability threshold [32], [63], [135]:
L0 (s)

s  s0

 P0  V  s 0

.

(5)

This method exactly corresponds to the definition given by the measurement standard [66],
and thus eliminates any systematic offset. According to the literature [8], [63], [137], the test-retest
variability

of

single-letter-scoring

and

nonlinear

regression

methods

are

equal

(TRV ≈ 0.04 logMAR), and both are less than the uncertainty of line-assignment. Since it has the
lowest statistical error, and corresponds directly to the theoretical definition, applying nonlinear
regression is the best way to determine the visual acuity value.
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2.2.4. Accuracy of visual acuity measurements
In addition to the above-mentioned statistical effects, the total accuracy of visual acuity trials
is also influenced by certain systematic errors (i.e. the average difference between two tests
performed under different conditions). Even though chart design standardization has increased the
comparability of the measurements, it still depends on many environmental factors: the person of
the clinical-officer, the features of the exam room, the part of the day, fatigue and mental state of
the subject. These are augmented by the potential inappropriate adjustment of the setup, as well as
temporal changes of the measurement parameters.
The most important systematic error sources of visual acuity measurements using eye charts
are changes in the viewing distance, the surrounding illumination of the room [53], [81], [128],
and the background illumination of the test chart [87], [126]. The illumination of the acuity chart
and the viewing distance are standardized parameters [66]. Even though their specification may
differ from country to country, the actual values in an examination room are always fixed, and
completely independent of the tested subject. However, despite the fact that its variation modifies
both the pupil size and the visual acuity value [27], [53], [112], the surrounding illumination of the
room has not been regulated yet, it is usually required only to perform the trials in a so-called
dimly lit exam room. The variation of these parameters together with the resulting measurement
errors are listed in Table 1.
Error type

Parameter changes

ΔV [logMAR]

Viewing distance

4 ± 0.5 m

±0.05

Surrounding illumination

2

±0.05

2

100 ± 15 cd/m

Test chart illumination

100...200 cd/m

0.02

Subject’s uncertainties

n/a

0.04…0.15

Table 1. The most important systematic and random sources of visual acuity measurement errors
[53], [81], [87], [126], [128].

2.3. Basics of vision modeling
Since the above-discussed visual acuity tests are used to assess the entire visual system, the
acuity value depends not only on the optical parameters of the human eye, but is affected by factors
such as retinal sampling, neural transfer, neural noise, and cortical recognition [67], [144].
Accordingly, reliable vision models should accurately take all these parameters into consideration
[50], [102], [145]. The primary goal of such models is to relate precisely measurable objective
optical and mechanical parameters to the subjective, but ophthalmologically more relevant, visual
acuity value [102], [144].
In order to establish this relationship, first the image quality of the eye has to be known to
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model the “optically filtered” retinal image [7], [79], [89], [133]. As a next step, neural transfer
simulates the post-retinal neural image, with additional neural noise being taken into account to
determine the noisy image which is finally recognized by the visual cortex [6], [146]. After
simulating optical and neural image processing and character recognition, these trials can be
evaluated in a completely analogical way as real measurements. By examining the
correct/incorrect identifications of several letters of a given size, the P(s) recognition probability
can be estimated from one letter size to the next. Then, vision models use these data to calculate
the psychometric function of vision by curve-fitting, from which, according to Eq. (5), the visual
acuity value can be determined by thresholding [50], [144]. The outline of a typical vision model
is depicted in Figure 4.

Figure 4. The outline of visual acuity models presented in the literature.

2.3.1. Wavefront aberration
Optical systems consisting of several different refractive surfaces, such as the human eye, do
not provide perfect imaging. The resulting aberrations can be classified into two large, distinct
groups: monochromatic and chromatic aberrations. The former refers to distortions that occur even
in case of a single given wavelength, while imaging errors that belong to the latter class manifest
only when polychromatic illumination is applied due to the wavelength dependent refractive
indices of the materials. In case of human vision, monochromatic aberrations such as defocus,
spherical aberration, and astigmatism play the most important role, beside the eye’s significant
longitudinal chromatic aberration [10], [40], [112], [133], [134].
Although the various monochromatic aberrations and their effects can be investigated and
characterized individually, wavefront aberration (WA) takes all of them into account
simultaneously. WA determines the difference between the actual and the ideal reference
wavefronts in the exit pupil plane in terms of optical path difference (OPD). It is usually
represented by Zernike polynomials, which form a complete orthonormal system over the unit disk
and thus serve as a suitable base [7], [75], [96]. The polynomials corresponding to different modes
describe distinct aberrations, so that the coefficients represent their extent.
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The wavefront aberration of the human eye can be directly measured in the clinical practice
by Shack-Hartmann wavefront sensors [78], [96]. Such a device consists of microlenses having
the same focal length and being arranged in a regular (usually rectangular) structure, and a detector
which is located in the focal plane of the lenses. In case of ideal aberration-free illumination
provided by a reference plane wave, the lenslet array creates a regular dot grid on the sensor. In
contrast, in the presence of aberrations, the generated spots are displaced according to the type and
magnitude of imaging errors, from which the wavefront shape can be deduced. During the
measurement, a narrow collimated monochromatic light beam (probe) is focused on the retina, and
then the reflected beam is mapped to the detector by the microlens array. The resulting figure can
be considered as the image of a virtual object at the retina, which accurately describes the optical
aberrations of the eye as the direction of light propagation is reversible [78], [96], [112]. The
principle of the measurement is illustrated in Figure 5.

Figure 5. The structure and measurement principle of Shack-Hartmann wavefront sensors.
[https://en.wikipedia.org/wiki/Shack-Hartmann_wavefront_sensor]

Since all monochromatic aberrations of the human eye can be reconstructed from the
measured wavefront aberration [7], [78], [79], [89], [133], it provides appropriate objective input
for vision modeling. Chromatic aberrations and diffraction effects will be overviewed in the next
subsection.
2.3.2. Optical image formation
Visual acuity models presented in the literature [50], [102], [144] determine the O (X, Y)
generalized (complex) pupil function using a simplified formula derived from the measured OPD:
O( X , Y )  T ( X , Y )  exp i  2  OPD( X , Y ) ,

(6)

where T (X, Y) describes the amplitude transmission of the pupil, X and Y denote coordinates on
the exit pupil of the eye, and OPD is given in wavelength units of λ0 (the reference wavelength,
e.g. that of the aberrometer). From O (X, Y) the point spread function (PSF), that represents the
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impulse response of the optical system for a point object, can be computed as the squared modulus
of its Fourier transform. It should be noted that it is very common to formulate the wave function
as if the phase advances in the direction of wave propagation. In this sign convention, which is
followed throughout this dissertation, the Huygens-Fresnel diffraction integral specifies a Fourier
transform and not its inverse.
Despite the fact that longitudinal chromatic aberration plays important role in human vision
[40], [133], [134], the monochromatic PSF derived based on Eq. (6) is widely applied to represent
the imaging properties of the eye because of its simplicity [50], [144], [146]. Although more
elaborate implementations take into account longitudinal chromatic aberration by integrating
defocused PSFs for a few discrete monochromatic wavelengths [36], [40], [102], this is neither
sufficiently precise nor very practical.
Since biological visual systems are considered to be linear in terms of incoherent irradiance
at the retina [132], the foveal image of an arbitrary object can be obtained by convolving the ideal
(paraxial) image with the PSF. As spatial domain convolution is equivalent to multiplication in
the frequency domain, the calculations are usually implemented in the latter form [23]. In this way,
the optical transfer function (OTF), being the inverse Fourier transform of the PSF, is used to
characterize the optical system, including both modulation and phase shift [89]. Consequently, the
RI (x, y) irradiance distribution of the image at the retina can be calculated as:





RI ( x, y)  FT IFTII ( x, y)  OTF ( f x , f y ) ,

(7)

where II (x, y) indicates the ideal image (magnified image of the object), while FT and IFT stand
for Fourier transform and its inverse, respectively. In order to avoid any confusion that may arise
from expressing the optical image of eyes having different focal length by spatial coordinates at
the retina, it is common to project the image back into the object space and present coordinates in
angular units (x and y are expressed in degrees). Accordingly, fx and fy indicate angular frequencies
in cycles/degree. Here it is worth noting that the phase shift of the complex OTF characterizes the
symmetry properties of the PSF, which is hardly interpretable, thus usually only its modulus or
absolute value, the modulation transfer function (MTF) is used to characterize the optical system
[50], [143]. (In those special cases when the PSF is axially symmetric, due to the properties of the
Fourier transform, the OTF itself is real valued as well [143].)
In visual acuity models, the optical transfer is followed by retinal sampling that characterizes
the effects of the photoreceptor mosaic. According to anatomical studies, cones are arranged in a
quasi-hexagonal lattice with approximately 60 cycles/degree Nyquist limit (i.e. the maximum
frequency that can be represented by the discrete retinal cones) at the fovea centralis [6], [15],
[36], [102], [113]. Therefore, the sampling process can be modeled using a low-pass filter whose
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prime function is to decrease spatial resolution. Nevertheless, according to previous experimental
findings [38], [40], [102], this effect is only significant for almost aberration-free, diffraction
limited eyes; whilst in the case of average vision it is negligible.
It has to be mentioned, that certain models take into account the contrast drop caused by light
scattering that occurs at the cornea and the crystalline lens. However, the vision quality of healthy
young subjects is affected by scattered light only in a minor extent [93], thus in their case
considering the effects of light scattering is not crucial.
2.3.3. Neural image processing
As a next step after modeling optical transfer, the Neural Transfer Function (NTF) should be
incorporated to characterize low-level retinal image processing. It can be either measured directly
without optical effects, bypassing the optics by interferometric techniques, or derived from the
Contrast Sensitivity Function (CSF), which describes the ability (i.e. sensitivity, defined as the
inverse threshold) of the visual system to see details at various contrast levels with respect to
spatial frequency [50], [144]. The CSF is a radially symmetric band-pass filter composed of a low
and a high-frequency lobe, from which low-pass filtering corresponds to convolution with a
blurring mask [40], [84], [85]:
 f 

CSF  sech 

 fh 

w1

 f 
 w2  sech   .
 fl 

(8)

In Eq. (8), sech stands for the hyperbolic secant function, f denotes spatial frequency in
cycles/degree, fh and fl scales the high and low-frequency lobes, respectively, while w1 and w2 set
the weights of the lobes. Since the frequency domain overall contrast is the product of the optical
and neural filters, the NTF can be determined by dividing the CSF by the Mean Modulation
Transfer Function (MMTF):
NTF 

CSF
.
MMTF

(9)

A remarkably comprehensive and highly accurate characterization of the MMTF—which
represents the average modulation of the best-corrected human eye as a function of the f spatial
frequency—is presented by Watson [143]:
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(10)

where f ' ≡ f / f0(d, λ0) denotes the relative frequency, compared to the f0(d, λ0) ≡ d∙π∙106/(180∙λ0)
cutoff frequency given in cycles/degree being used as a reference. Based on experimental results,
f1(d) = 21.95 − 5.51∙d + 0.39∙d 2, where d denotes the pupil diameter, and λ0 indicates the reference
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wavelength. Applying the NTF as a subsequent spatial filter, the PI (x, y) post-retinal neural image
can be expressed as:





PI ( x, y)  FT IFTRI ( x, y)  NTF ( f x , f y ) .

(11)

The mathematical construction PI (x, y) represents the electrical signals that the retina sends
towards the visual cortex. This takes to the last step of image processing: the calculation of a noisy
image that is to be analyzed by the cortical recognition process. As with all biological organs, the
visual system also has some temporal uncertainty [6], [146], which is usually modeled at one
instant as additive noise:
NI ( x, y)  PI ( x, y)  GWN( x, y) .

(12)

In Eq. (12), NI (x, y) denotes the noisy image, and GWN (x, y) stands for the Gaussian White Noise
of a cell. In this expression “Gaussian” refers to the distribution of the added random values, being
a normal distribution with 0 mean and σ2 variance, while “White” indicates that the stochastic
activity of cones is independent of each other. Following normal distribution, the p probability
density of GWN can be formulated as:
p(GWN ) 

1
2π 2

 GWN 2
 exp 
 2 2



.



(13)

2.3.4. Cortical recognition
Despite all distortions being caused by the complex multi-step visual process, people see
objects equally sharp in a wide range of environmental conditions. This can be explained by the
fact that the brain is able to store and retrieve different filtered images from prior experiences [33],
[62], [122]. These images are used as templates, and are compared to the examined noisy image
during perception. Therefore, the recognition process is usually represented as a
template-matching algorithm, which is known to be one of the simplest and oldest models of
pattern vision [76], [122], [127]. Its essence lies in quantifying the similarity between the examined
object and the possible predifined templates. For this purpose, the individual pixels are used as
features, while similarity may be measured by multiple matching rules. It can be the minimum
distance or the Hamming distance between the matrices representing the examined image and the
elements of the template set, as well as the cross-correlation or the asymmetric correlation of the
matrices [45], [127], [144].
Some advanced models utilize Bayesian probability theory to calculate the posterioir
probability of each possible template in case of a given prior [102], [144]. In this way, preliminary
assumptions concerning the probability of the templates based on prior experience may also be
incorporated in the model. Although this technique provides a more realistic theoretical description
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of recognition, it does not provide more accurate results, but increases simulation time
significantly [40], [102], [106], [144].
Another possibility is to model recognition with neural networks [33], [80], [139], which has
become widespread recently—especially for identifying handwritten digits [18], [132] or
characters [83], [84], [85], [92]. In this case, the input data may be either the raw pixels of the
examined image or various descriptors determined by different feature extraction techniques as
pre-processing. Furthermore, the role of templates is taken over by labeled samples required for
supervised learning. Whilst, classification by a pretrained network is much faster than any
algorithmic recognition model, the main drawbacks of using artificial intelligence are that
collecting and labeling appropriate amount of specific data is cumbersome, and the training phase
is very time-consuming [83], [139].
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3. Development of a new scoring scheme for visual acuity tests
3.1. Motivation
There are certain medical situations, such as the examination of disease progression, the
evaluation of treatment efficiency, as well as studies in clinical research, that require a method
which enables the detailed analysis of visual acuity with greater precision than that of current
approaches (i.e. 0.04 logMAR) [15]. In addition to a tighter control of measurement parameters
presented in Subsection 2.2.4, the uncertainty of the subject itself may be reduced by quantifying
the degree of misidentification too, rather than assessing only the mere fact of it. This idea lies in
the fact that the recognizability of individual characters are not exactly the same. Despite the
extensive effort put into balancing legibility [44], [94], [145], certain Sloan letters are still easier
to identify, while some are easier to confuse with others [104], [125]. If the within-line legibility
differences are greater than the between-line legibility differences of the chart, then an increased
variability may occur in the results [94], [124]. Therefore, a new scoring method that takes into
account the similarities of the letters could be made good use of in order to further reduce the
statistical error of the measurements. Last but not least, I will apply the same method in Chapter 6
to improve the accuracy of my vision simulation algorithm.
3.2. Investigation of differences in the legibility of optotypes
In case of conventional visual acuity tests, the examiner registers only whether the tested
letters are recognized correctly or not. In this way, the mere fact of recognition is tested and the
responses are represented in binary digits, where 1 indicates a correct identification and 0 denotes
a mistake. Based on the distribution of correct identifications, visual quality is represented by the
P(s) recognition probability as a function of the s letter size.
The observation that the legibility of the Sloan letters is not uniform implies that human
perception of characters is more complex than a simple binary scheme [3], [44], [104], [145]. Thus,
in case of an incorrect guess, it is not sure whether the subject cannot see the specific letter at all.
In other words, mixing up similar letters, such as C and O, indicates a better vision, than
misidentifying totally different ones, such as V and S. Consequently, if the subject is able to see
some features of a misidentified letter, then it is worth characterizing how bad or good their guess
is. This idea is reinforced by the fact that examiners sometimes acknowledge legibility differences
by omitting minor errors, such as confusing C and O, or R and P [15]. In order to quantify
similarities between the letters, first an appropriate metric is required.
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3.2.1. Description of optotype similarity by cross-correlation
The perfect solution for comparing two optotypes would rely on the way human brain
recognizes letters. However, this complex neuro-physiological process is neither completely
discovered, nor very easy to model by any numerical algorithm. In ophthalmology and machine
learning,

confusion

matrices

are

commonly

used

to

quantify

misidentification

probability/frequency of letter pairs. The (i, j) cell of such a matrix contains the probability (or the
relative frequency) of misidentifying letter i as letter j. The diagonal entries (i, i) represent correct
recognitions, while off-diagonal elements give the probability of incorrect responses [18], [82].
The main drawback of confusion matrices is that their values are measurement and subjectdependent.
As far as I know, a general standard confusion matrix does not exist, therefore I decided to
quantify similarities/differences between optotypes on a well-defined mathematical basis. From
the several available similarity metrics, such as cross-correlation, mutual information or structural
similarity, I chose correlation calculation [59], [103], [153], which has been developed specifically
for image comparison, and can be reliably used for acuity simulations as well [42], [88], [127].
Though it does not model the processes in the human brain exactly, I expect this method to produce
a reliable metric for character similarity.
The new similarity measure has to be calculated for each pair of letters, and the result must
have strictly monotonic relation with human perception. Nonetheless, it must not depend on how
subjects exactly see letters, instead, it should compare characters in their original form in order to
avoid subject-specific artefacts, such as high-order optical aberrations [133], [153], [154]. In
addition, its value cannot be affected by the letter size either, only optotype shape should be
considered in the definition. For this purpose, I perform my analysis on the non-distorted, highresolution, black and white images of the capital letters of the English alphabet. The calculations
are performed in Matlab [91], where optotype images are represented as two-dimensional matrices.
The mathematical function I used is called normalized Pearson’s cross-correlation (or
zero-normalized cross-correlation) [59], [103], which characterizes the ρ similarity matrix of two
pictures as:
 u ,v 

  f ( x, y)  f  g ( x  u, y  v)  g 
x, y
2
2
  f ( x, y)  f    g ( x  u, y  v)  g 
x, y

.

(14)

x, y

In Eq. (14), f (x, y) and g (x, y) are matrices of the two compared letters, u and v refer to the relative
lateral shift between the matrices, and

f

indicates the mean value of f (x, y). Pixel coordinates

are denoted by x and y. The images of the letters are binary, square matrices, in which a character
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is covered by 150×150 elements (i.e. pixels). Each letter is surrounded by an additional 150 pixel
wide white border around the character in order to avoid numerical artefacts during the
calculations. Possible values in ρ are between −1 and +1, where +1 indicates identical f, g matrices,
larger values belong to more related matrices, 0 corresponds to a random selection, and −1 means
that the two matrices are just the binary inverse of each other. The values in ρ significantly depend
on how the two matrices are shifted relative to each other [42], [59], [103]. Thus, from the arising
possibilities, I always chose that option to quantify similarity in which the correlation value
reaches its maximum:
  maxu,v ρ .

(15)

For an illustrative example see Figure 6, where letters L and I are in maximum correlation position.

Figure 6. The maximum correlation position of characters L and I representing the extended Sloan
font type.

Since the visibility, distinguishability and complexity of letters strongly affect the results [63],
[145], the selection of the applied letter style is crucial for visual acuity measurements. Though in
ophthalmological practice the Sloan character set is the most widespread, for the sake of
completeness I analyzed other clinically applied font types, and verify that Sloan is the most
appropriate for my purpose as well. Therefore, I investigated several fonts used in visual acuity
tests: Sloan [109], Snellen [130], Eyechart [48], and Optician Sans [108] in terms of Pearson’s
correlation. I intended to investigate the complete English alphabet comprising of all 26 letters,
thus I used the extended Sloan font type containing the 10 original Sloan characters (C, D, H, K,
N, O, R, S, V, Z) complemented with additional Sloan-like letters. The complete 26-letter Sloan
font type was originally developed for the Pelli-Robson Contrast Sensitivity Chart, and is available
for noncommercial research use in Open Type Font format from GitHub [109]. Similarly, I used
the extended Snellen font type, which contains the 20 original Snellen letters, complemented with
further Snellen-like characters (I, J, M, Q, W, X). Histograms of the Pearson’s correlation values
obtained for random identifications (i.e. comparing two randomly selected letters of the English
alphabet) are depicted in Figure 7.
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The ideal similarity measure distribution for the perfect character set would have a large
symmetric part with 0 expected value representing misidentifications, and a small separate peak
at ρ = 1, which refers to correct recognitions. However, none of the distributions satisfies the
expectations completely; their most important parameters, namely their average, standard
deviation, relative deviation (i.e. standard deviation/average), and the skweness parameter, which
measures the asymmetry of the distribution, are listed in Table 2. The correlation histograms of all
character sets have a peak at 1, indeed. Nevertheless, the expected value of ρ without the 1
correlations is always higher than 0, corresponding to the fact that the letters of any alphabet are
similar to each other in some respect [145]. Furthermore, the main part of the distributions, without
the 1 correlations, are not completely symmetric (see skewness parameter in Table 2). Based on
my results, none of the analyzed character sets produces significantly better distribution than the
extended Sloan font type: either the expected value is larger (0.648), the standard deviation is
larger (0.183), or the distribution shape is less symmetric (i.e. the skewness parameter is
larger: 0.551). The correlation distribution of the Optician Sans typeface, developed based on the
Snellen and Sloan characters [108], is just as good as that of the Sloan letters. However, as the
Sloan set is the most widespread [44], [112], I decided to use that one to define my similarity
metric.
Font type

Average

Standard deviation

Skewness

Sloan [109]

0.527

0.173

0.249

Snellen [130]

0.648

0.110

−0.169

Eyechart [48]

0.384

0.183

0.551

Optician Sans [108]

0.462

0.161

0.218

Table 2. Statistical parameters of Pearson’s correlation distributions without the 1 correlations
representing correct recongitions for the investigated extended 26-letter font types: Sloan, Snellen,
Eyechart, and Optician Sans.

Figure 7. Histograms of Pearson’s normalized cross-correlation for the examined 26-letter font
types: A) Sloan, B) Snellen, C) Eyechart, and D) Optician Sans. The histograms are normalized so
that the frequency of correct identifications (ρ = 1) equals 1.
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3.2.2. Introducing a new quantity: Optotype Correlation
As the letters of even the best Sloan character set are similar to each other [44], [94], [145],
raising the average Pearson’s correlation value above 0, the values of ρ are not consistent with the
conventional true/false identifications (see Figure 7). Therefore, I modified the ρ Pearson’s
normalized cross-correlation values to obtain the new metric of Optotype Correlation (OC):
OC 

In Eq. (16),




.
1 

(16)

indicates the expected value of the Pearson’s correlation distribution without

the 1 values (i.e. 0.527 for the extended Sloan font type). The applied linear transform ensures that
the expected value of misidentifications is 0, and correct recognitions are represented by 1. In this
way, the possible values of OC still cover the interval between −1 and +1, but unlike ρ, OC is
directly comparable to the conventional binary scheme. The histogram of OC is depicted in
Figure 8 for all letter pairs, which corresponds to totally random guesses obtained from a subject
who cannot see the displayed letters at all.

Figure 8. Optotype Correlation distribution of the extended Sloan font type. The histogram is
normalized so that the frequency of correct identifications (OC = 1) equals 1.

The OC values for all potential combinations of the letter pairs can be tabulated as a
two-dimensional array, the so-called OC matrix. It is represented in graphical form in Figure 9,
where the 10 original Sloan letters are separated (see the red line), and the columns/rows are
ordered by their average OC values. This chart is similar to a confusion matrix, since letter pairs
with higher correlation are more likely to be mixed up [18], [82]. For further use, the numerical
values of the complete 26×26 OC matrix of the extended Sloan font type are shown in Table 26 of
Appendix A.
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Figure 9. Optotype Correlation values for all 26 letters of the English alphabet (extended Sloan
font). The 10 original Sloan letters have been separated (above/left of the red line), and the
rows/columns have been sorted according to their average OC value. Similar letter pairs, i.e. those
with higher correlation, are represented by yellow/light hues, and are positioned towards the
top-left corner.

This matrix is naturally symmetric, which means that the OC value is independent of the role
of the two letters being compared. For example the OC value is the same in both cases whether
letter H is displayed and letter N is identified by the subject, or vice versa. For identical letters,
those in the main diagonal of the matrix, the values are 1. For more similar letters, such as C and
O, the OC value is larger (0.866) than for less similar characters, such as H and T (−0.604).
Therefore, letter pairs which are likely to be confused can be found by searching for maximum
values in the columns/rows. For example, the three largest correlation values of letter C, except
for 1 with itself, are 0.888 with G, 0.866 with O, and 0.798 with Q, which means that C is likely
to be confused with G, O, and Q. This is in good agreement with empirical confusion matrices
[18], [82], [124].
Since the neuro-visual system can only deteriorate (i.e. cannot improve) the original
appearance of a letter under observation, the above-defined OC represents the minimum value of
similarity. In other words, human brain can only sense higher similarity between letters than the
value of OC, but not lower. Correspondingly, the definition of OC provides a quantity that is very
sensitive to differences between letters, probably more than the human brain itself. In this way,
though it does not take into account personal ocular characteristics of one specific subject, it can
provide an optimum choice for all.
3.2.3. Determination of visual acuity from correlation scores
Due to the definition in Eq. (16), the average OC value (denoted by

OC

) calculated for the

responses (i.e. presented-identified letter pairs) at a specific examined letter size is directly
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comparable to recognition probability, but provides more information about vision. For this reason,
I proposed it to quantify visual perception ability, and called the new quantity as the “Rate of
Recognition” (RR):
RR  OC .

(17)

Supposing cooperative subjects, who do not give intentionally wrong responses, the RR value
is always equal to or larger than recognition probability. To illustrate this, let me evaluate a
hypothetic response O C I V Y of a subject for the following line on a standard ETDRS chart:
O C Z N V. Based on the OC values presented in Table 26 of Appendix A, the RR value becomes:
RR 

1  1  0.600  0.324  0.087
 0.473 ,
5

(18)

while the recognition probability results to:
P

11 0  0  0
 0.400 .
5

(19)

The eventual step is to determine the tested subject’s visual acuity value. According to my
interpretation, the limiting case of RR(s) represents the psychometric function of vision, when the
number of tested sizes and also the number of examined letters per size tends to infinity. Thus, the
achieved scores can be evaluated by logistic regression, i.e. by fitting the psychometric function
of vision to the RR data obtained by measurement [104], [149]. As I already pointed out in
Subsection 2.2.3, this evaluation provides the highest precision without any bias.
In order to establish the nonlinear regression process on a well-known curve with simple
analytical form having as few parameters as possible, I decided to apply the L0(s) sigmoid-shape
logistic function, which is the most frequently used two-parameter curve to approximate any
psychometric function [32], [135], [149]. Its mathematical formula is described by:
L0(s) 

1
,
1  exp( k  ( s  s mp ))

(20)

where s denotes the letter size in logMAR units, being the independent variable of the function.
The smp parameter sets the midpoint position of the sigmoid, and k is the steepness parameter (from
the derivative it follows that the slope of the function at the midpoint equals k/4). To make sure
that the limits of the psychometric function correspond to the theoretically expected RR values, it
has to be further transformed linearly [32], [104], [135]:
L( s ) 

so that

lims L(s)  1 ,

and

25
1
 L0 ( s ) 
,
26
26

lims L(s)  1 / 26

(21)

according to the total number of potential guesses.

The visual acuity of a given subject is determined by fitting the logistic curve described in
Eq. (21) to their registered RR values achieved at discrete s letter sizes. In accordance with the
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ICO measurement standard [66], the V acuity value corresponds to that specific s0 letter size at
which the value of the function equals the given threshold (RR0). This can be expressed
mathematically as:
L(s)

s  s0 

RR0  V  s 0 .

(22)

In order to illustrate the operation of the method, the (s, RR) results of a typical measurement,
together with the fitted logistic psychometric function, and the given threshold are presented in
Figure 10.

Figure 10. Typical visual acuity test result for subject S. T.’s OD eye: measured Rate of Recognition
(RR) values with the fitted L(s) logistic psychometric curve as a function of the s letter size, and the
resulting V visual acuity value.

The correlation-based method suggested above fundamentally follows the idea of current
visual acuity measurements scored by recognition probability and evaluated by logistic regression,
only the RR0 threshold level has to be calibrated according to the standard probability-based
scoring. For this purpose, I performed special laboratory measurements, details of which are
discussed below, while the calibration process itself is presented in Section 3.4.
3.3. Laboratory measurement setup used for calibration
In order to demonstrate the usefulness of the new correlation-based scoring method, and to
provide data for the RR0 threshold calibration process, I implemented a computer-controlled
measurement setup similar to [19], [115]. As the primary application field was the normal and
supernormal range of vision, I carried out my calibration laboratory trials with the cooperation of
10 young (age of 22…40 years), near-emmetropic (−0.5…+0.5 D) male subjects, none of whom
wore prescription eyeglasses. Their visual acuity values were between 0...−0.35 logMAR, close to
the range of normal vision (0…−0.2 logMAR) [44], [112]. The environmental conditions during
the tests were adjusted by the following manner.
Since I intended to investigate visual acuity without ocular accommodation, i.e. when the eye
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is focused at infinity, the viewing distance had to be larger than 4 meters, according to the 1/4 D
depth of field of the human eye [44], [112]. For the visualization of the optotypes, I used an
in-plane-switching LCD monitor to minimize the directional dependence of the visual experience
(U2312HMT; Dell) with a pixel pitch of 0.265 mm. So that I could investigate letter sizes below
−0.3 logMAR value, I had to set the test distance to 9.5 meters. The finite (i.e. non-zero) pixel
pitch of the monitor resulted in an uneven sampling of the letter size scale: it was denser at large
letter sizes, and sparser at small letter sizes. The mean width of the tested logMAR intervals was
0.05, which decreased the uncertainty error of the measurements as being smaller than that of the
standard ETDRS chart [111]. In total, I examined 14 letter sizes ranging from 0.3 to −0.35 logMAR
per each eye. The luminance of the monitor was 90 cd/m2 which fulfilled the ICO standard
(min. 80 cd/m2) [66], [112].
In order to provide the highest accuracy data for RR0 calibration, I performed my tests using
the complete 26-letter English alphabet. As there was not enough space to display all 26 letters in
a single line, the black characters were presented individually, one after another in the middle of a
solid white background. In this way, crowding had no influence on the measurement [77], [112],
[148]. Testing all 26 letters one by one ensured that the subject had to perform exactly the same
task for each letter size, which provided reliable acuity scoring [14]. To avoid the possibility that
subjects can learn the sequence of the letters by heart, the characters were tested in a random order.
Due to the large number of tested letters and dense size sampling, a measurement trial lasted
30...40 minutes. The subjects were told beforehand that they would be presented only letters.
During the measurement, the algorithm outputs the tested letter on the monitor and waits for
an input: the subject verbally identifies the presented optotype, and the examiner promptly types
the response on a keyboard. It has to be noted that in order to avoid typos, the measurement
software displays the result of the keystroke so the examiner may overwrite the response if noticing
an error. After having the input (i.e. the subject’s guess), the presented-recognized letter pair is
saved for further analysis. The next test letter is always displayed only after the input has been
given. Beside displaying the letters, the controller software also scores the test and analyzes the
collected data. For identifications such as I don’t know or I can’t see, the program uses the average
value of the OC matrix (1/26 ≈ 0.038), representing a random choice. Right after the measurement,
the software calculates the RR values by averaging the achieved OC scores of the presentedidentified character pairs at the given letter sizes according to Eq. (17), performs logistic regression
to fit the L(s) psychometric curve described by Eq. (21) to the obtained RR values, and determines
the visual acuity value by thresholding according to Eq. (22). The measurement algorithm is
implemented in Matlab [91], the workflow of the software is depicted in Figure 11.
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Figure 11. Workflow of the Matlab-based measurement software, where j = 1…14 denotes the index
of letter size, whereas l = 1...26 indicates the index of a single letter within a specific letter size.

It has long been known that pupil size significantly influences visual acuity [27], [70], [72],
[141], [143]. Accordingly, I paid special attention to control the surrounding illumination of the
room and to measure the pupil size. As the human pupil diameter is larger under mesopic than
photopic conditions, which emphasizes the imaging errors (chromatic and high-order
monochromatic aberrations) of the eye [22], [27], [112], [133], I implemented the measurement in
a darkened room, with an illuminance of around 5…10 lux (i.e. 1.6…3.2 cd/m2 average luminance)
as detailed in Chapter 5. Furthermore, during the measurement, the subject watched the monitor
with one eye, while the other was covered by a transparent but opaque shield (i.e. a diffuser) to
keep the pupil size at the specific value it was adapted to with both eyes open. In addition, I
continuously monitored the pupil diameter during the visual acuity test using my custom-made
far-field machine vision system to be presented in Chapter 5. As the pupil size measurement and
the visual acuity test were synchronized, I knew the exact pupil diameter corresponding to each
recorded response. The tested subjects exhibited various pupil sizes: five of them had pupil
diameters larger than 5 millimeters, while the others had smaller, as listed in Table 3.
Although visual acuity was determined separately for the two eyes, I considered data only
from one eye—OD, Ocular Dextrus (Latin, right eye)—per subject in my analyses, because the
two eyes of a person are often strongly correlated [55], [97]. According to Rosner’s observations
intraclass correlation between eyes is at least 0.4 and may be even greater than 0.95 for example
in case of comparing refractive error [114].
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3.4. Calibration of the correlation threshold
According to the definition, visual acuity corresponds to the specific s0 letter size at which the
RR value equals a given threshold (RR0), as described by Eq. (22). For the calibration of the
correlation threshold, I used the OC scores obtained by my laboratory measurements, which tests
all 26 letters at each of the 14 letter sizes.
Data analysis started with the determination of the subjects’ VP probability-scoring-based
visual acuity from recognition probability calculated based on the measurement results by
considering each OC = 1 score as a correct recognition and all instances of OC < 1 as a false
identification. In order to obtain the acuity threshold with the highest precision, I determined VP
by fitting the LP(s) logistic psychometric function of vision to the achieved discrete (s, P) points
and thresholding it with the conventional P0 = 0.5 recognition probability level of the
ICO standard [66] according to Eq. (5).
As a next step, the RR thresholds were calculated for each subject at s = VP from the LRR(s)
logistic psychometric curve fitted to their (s, RR) measurement points. RR0 was determined by
averaging these individual correlation thresholds for all subjects; its value is 0.68 with
±0.05 standard deviation. Finally, the new VRR correlation-scoring-based visual acuity values of
the subjects were calculated with RR0 =0.68 used as a threshold. Table 3 contains all the above
mentioned values together with the measured pupil diameters for the OD eye of each subject.
Subject

dm [mm]

VP [logMAR] @ P0 = 0.5

RR [-] @ VP

VRR [logMAR] @ RR0 = 0.68

Kl. Mi.

6.0

−0.103

0.63

−0.097

Ku. Ma.

8.0

−0.152

0.69

−0.155

R. I.

5.0

−0.164

0.75

−0.176

P. B.

4.8

−0.188

0.65

−0.182

M. T.

5.6

−0.212

0.72

−0.223

S. O.

5.0

−0.243

0.66

−0.241

G. T.

6.0

−0.248

0.73

−0.260

S. T.

5.6

−0.253

0.63

−0.253

G. A.

4.6

−0.272

0.73

−0.279

U. F.

3.8

−0.318

0.64

−0.316

Table 3. Summary of my measurement results: dm measured entrance pupil diameter averaged for a
given subject, VP probability-scoring-based visual acuity value at P0 = 0.5 threshold, RR Rate of
Recognition value calculated at VP, and the new VRR correlation-scoring-based visual acuity value at
the average Rate of Recognition applied as a threshold (RR0 = 0.68±0.05).

The average difference between the VRR and VP acuity values is 0.0029 logMAR
(i.e. practically 0), while the standard deviation of these differences is 0.007 logMAR. The error
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analysis presented in the next section reveals that the uncertainty of my correlation-based
measurement using all 26 letters is 0.017 logMAR, which means that after the calibration I got
back the standard probability-scoring-based visual acuity value within measurement error. This
correspondence between the standard and the new scoring methods shows that the determination
of the RR0 threshold was adequate, i.e. there is no systematic offset between the results. In addition,
the appropriate selection of the target group is also confirmed by the results: both the probability
and the correlation-based scoring methods result visual acuity values for the subjects in the normal
or supernormal range of vision [33], [44].
From the individual regression analyses of the results of my special laboratory measurements,
I also determined the average logistic psychometric functions both in case of probability and
correlation-based scorings. Table 4 contains their most important parameters together with the
Vave average visual acuity value. The curves themselves are depicted in Figure 12.
Scoring method

smp [logMAR]

k [logMAR−1]

P0 ; RR0 [-]

Vave [logMAR]

Probability

−0.214

13.22

0.50

−0.215

Correlation

−0.269

17.11

0.68

−0.218

Table 4. Parameters of the average best-fit logistic psychometric curves in case of probability and
correlation-based scoring. The slope of the curves equals k/4 at their smp midpoint.

The k/4 slope of the correlation-based psychometric function is somewhat larger than that of
the probability-based curve, which indicates that the new scoring method increases the precision
of visual acuity measurements. Since the standard deviation of the scores expressed in RR is also
smaller than those of P, the uncertainty error still decreases further. A detailed comparative error
analysis of the two methods is presented in the next section.

Figure 12. The average best-fit logistic psychometric curves in case of probability and
correlation-based scoring, with the corresponding thresholds (P0 = 0.5 and RR0 = 0.68) indicated.
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3.5. Evaluation and discussion of statistical error of correlation-based scoring
The statistical error of my experiments is affected by both the introduction of RR and the
increment of the number of tested optotypes. In order to separate these two effects, I evaluated the
measurement results in four different ways. First, at each letter size of the standard ETDRS chart
(Δs = 0.1 logMAR), 5 optotypes randomly selected from the 10 original Sloan letters (C, D, H, K,
N, O, R, S, V, Z) were examined by recognition probability. This corresponds to the conventional
probability-scoring-based determination of visual acuity (Test P5). Second, the same 5 letters at
the same letter sizes were analyzed again, but with RR taken into consideration (Test C5). Third,
all 26 letters of the English alphabet were examined at each letter size of the densely sampled letter
size scale (Δs ≈ 0.05 logMAR) by recognition probability again (Test P26). Finally, all 26 letters
were evaluated at each tested letter sizes with RR taken into account (Test C26). One representative
result for the outcome of these four tests is depicted in Figure 13.

Figure 13. Representative visual acuity test results of subject S. T.’s OD eye according to my
measurements. Dots represent registered values, lines show the fitted logistic psychometric curves.
“P” labels probability-based scoring, and “C” refers to my new correlation-based scoring method.
Evaluations marked with “5” were performed with only 5 tested characters selected from the
ETDRS chart at each letter size of the sparsely sampled standard letter size scale (0.1 logMAR),
and “26” refers to evaluations made with all 26 letters of the English alphabet at each letter size of
the densely sampled letter size scale (∼0.05 logMAR).

In order to quantify the precision of the different scoring schemes, I compared them by the
statistical error of recognition probability (ΔP) and Rate of Recognition (ΔRR) calculated as the
standard deviation of the registered values from the fitted logistic psychometric curves. This
procedure provides reasonable error figures even for the 26-letter tests, which I could not repeat
due to its increased measurement time. I performed the error calculation for each subject, the
averaged results of which can be found in Table 5.
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Number of tested letters

Scale grade [logMAR]

ΔP [-]

ΔRR [-]

5

0.10

0.134

0.094

26

0.05

0.045

0.031

Table 5. Measurement error (uncertainty) estimated for the four evaluation methods (P5, C5, P26,
and C26—for details see the text). The reported values represent standard deviations.

Though the decreasing uncertainty error of the methods clearly indicates a constant
improvement from P5→C5→P26→C26, the test-retest variability of the visual acuity value itself
(ΔV in logMAR units) is more important from the point of view of vision metrology. The ratio of
these two types of errors is given by the k/4 steepness of the psychometric function calculated at
its smp midpoint:
P k P d L P ( s)


;
V
4
ds
s  smp

RR k RR d L RR ( s)


.
V
4
ds
s  smp

(23)

Using this slope (more precisely its inverse) is a known method for the estimation of measurement
error from scoring statistics [32], [104]. In this case, the statistical error of one single measurement
is calculated from the achieved scores, and used to approximate the test-retest variability used by
ophthalmic clinical-officers and researchers to quantify uncertainty. Hence, I determined the V
visual acuity value for 50 randomly selected 5-letter subsets of the 26 letters, as if they were
separate measurements of the same subject, and represented test-retest variability by the standard
deviation of the results. The uncertainties of visual acuity in case of the four test methods have
been determined for all subjects with both types of error calculation. The average error values are
summarized in Table 6.
Test ID

ΔV [logMAR]

TRV [logMAR]

P5

0.075

0.079

C5

0.053

0.058

P26

0.024

n/a

C26

0.017

n/a

Table 6. Visual acuity errors of the four evaluation methods obtained from the scoring statistics of a
single measurement (ΔV) and by calculating test-retest variability (TRV).

The error of Test P5, i.e. the conventional probability-based scoring in case of 5 tested
optotypes at the standard Δs = 0.1 logMAR letter size scale, is higher than the statistical error of
the most precise measurements evaluated by logistic regression: ΔV ≈ 0.04 logMAR [8], [137],
but is in good agreement with the uncertainty of average clinical trials: ΔV ≈ 0.06…0.15 logMAR
[69], [112], [129], [137]. The slight deviation in the repeatability data may be caused by the
different measurement conditions used during my laboratory tests and conventional ETDRS trials,
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such as the surrounding illumination of the room, the viewing distance, the projection of the
optotypes, and the duration of the measurements. In this way, these results only estimate the
test-retest variability of clinical trials, which should be specified by additional tests taken under
standard ophthalmological conditions (see Section 4.5).
The results of my measurement indicate that both the larger database and the utilization of RR
decreases the error as expected. The former statistically reduces the error to its 10−1/2 value,
because tests P26 and C26 contain two times as many letter sizes and five times as many letters at
each size as tests P5 and C5. The more important result that I intend to emphasize is that in case
of special laboratory measurements the application of RR in itself decreases the error by ∼28%.
In order to demonstrate how correlation-based scoring affects statistical error in case of
standard Δs = 0.1 logMAR letter size scale, I determined the number of tested characters per
letter size that was required for the probability-based scoring to provide the same error as Test C5.
My analysis showed that the statistical error of probability-based scoring in case of 10 tested letters
per size approximately equals the uncertainty of correlation-based scoring with 5 letters per size:
ΔVP (10 letters) = 0.051 logMAR and ΔVRR (5 letters) = 0.054 logMAR. From a practical point of
view, it means that the application of correlation-based scoring affects the results in the same way
as if the number of tested letters was doubled. It is important to note that since this observation is
predicted from the results of special laboratory measurements, it must be confirmed by clinical
measurements as well (see Chapter 4).
3.6. Conclusions
According to the literature [69], [129], [137], the statistical error of standard
probability-scoring-based visual acuity measurements is between 0.04…0.15 logMAR. In order
to increase the precision, I developed a new correlation-based scoring method that takes the degree
of misidentification into account, instead of the mere fact of correct/incorrect identifications.
I introduced “Optotype Correlation” to quantify the physical similarity of the characters by
Pearson’s normalized cross-correlation. Then, I proposed a new metric, the average OC value
calculated at a given letter size, called “Rate of Recognition” to quantify vision quality instead of
the conventional recognition probability. From the achieved RR scores of the subject, the visual
acuity value can be determined by logistic regression and thresholding, similarly to the standard
probability-based method, only the RR0 correlation threshold has to be calibrated so that it
corresponds to the conventional P0 = 0.5 probability threshold level.
In order to demonstrate the advantages of the new correlation-based scoring scheme, and to
calibrate the correlation threshold level, I implemented a special computer-controlled laboratory
measurement setup (26 tested letters at all 14 letter sizes) that takes advantage of OC. Based on
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my special demonstrative laboratory experiments performed with 10 young near-emmetropic
subjects with normal vision, the correlation threshold equals RR0 = 0.68±0.05. I found that the
systematic offset between the visual acuity values determined by traditional scoring and the 50%
probability threshold, and by the new correlation-based scoring and the calibrated 68% correlation
threshold is negligible, which confirmed the success of the calibration. Furthermore, I estimated
the statistical error of my visual acuity measurements, and compared it to the uncertainty of
standard trials. The results showed that the new scoring method decreases the statistical error by
28% relative to probability-based scoring in case of my special laboratory measurements.
My main purpose was to provide a new scoring method that can be applied in visual acuity
measurements and simulations to increase the precision relative to standard methods. Based on my
results, correlation-based scoring satisfies this requirement without inducing systematic offset
relative to standard probability-based scoring. Though the method has been calibrated by real
experiments, that measurement setup cannot be directly used in clinical practice as there are
definite differences between my calibration protocol and the conventional ETDRS test: the number
of tested characters, the applied letter sizes, the surrounding illumination of the room, the viewing
distance, the projection of the optotypes, the effect of crowding, etc. As these may cause some
difference in the numerical results relative to standard trials, new measurements became necessary
to analyze the clinical performance of my scoring method over a larger independent sample,
including subjects from a wider age bracket and vision quality range. This will be presented in the
next chapter.

Corresponding thesis: T1
I developed and calibrated a novel, correlation-based scoring method for visual acuity tests that
takes into account the physical similarities of letters by cross-correlation and showed that it reduces
the statistical error of the most accurate clinical visual acuity measurements by 20...30% depending
on the number of tested letters and the environmental conditions of the test. I demonstrated that
the systematic offset between the visual acuity values determined by traditional true/false scoring
with 50% probability threshold, and by correlation-based scoring with calibrated 68% correlation
threshold is negligible. I suggested the application of correlation-based scoring as a more precise
alternative to monitor disease progression, or evaluate surgical results in ophthalmic research. [P1],
[P2]
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4. Application of correlation-based scoring in the clinical practice
4.1. Motivation
In Chapter 3, through special well-controlled laboratory experiments, I proved undoubtedly
that my new correlation-based visual acuity test scoring method reduces the statistical errors
significantly, and can be used as an alternative to conventional techniques for subjects with normal
visual capabilities. However, in clinical environment the duration of the measurement and easy
handling of the appliences are also key factors, not mentioning the strong need to perfectly match
the ophthalmological standards (such as the number of displayed characters and the effects of letter
crowding, etc.). In addition, quite reasonably, the medical community can only be convinced by
the applicability of any new test method, if its offset and statistical errors are verified under true
clinical conditions, over a wide measuring range.
Therefore, I intended to improve and customize my former computer-controlled measurement
setup to comply with the current clinical standard. In this way, I can certify the direct applicability
of correlation-based scoring and the adequacy of the correlation threshold, and I can accurately
determine its statistical error reduction in conventional clinical environment. Furthermore, being
aligned with the clinical regulations, its results become directly comparable to the outcome of
conventional acuity tests, which makes it possible to estimate the systematic offset of my
correlation-based approach relative to standard ETDRS trials.
4.2. Refinement of Optotype Correlation for clinical applications
In my calibration laboratory measurement setup, presented in Section 3.3, I strove for high
precision, thus all 26 characters of the extended Sloan font type [109] were tested, including the
complete English alphabet. Accordingly, I expected that the subjects’ identifications covered the
same 26-letter selection. In order to meet the clinical standard, in my new experiments the
presented optotypes were selected solely from the 10 original Sloan characters (C, D, H, K, N, O,
R, S, V, and Z), corresponding to the real composition of the ETDRS charts [52], [112]. However,
I still considered all letters of the complete English alphabet as potential guesses, because the
subjects are not supposed to know this restriction. Thus, for this time, the OC values of the
potential displayed-identified character pairs can be tabulated as a 10×26 matrix. Due to this
difference from my laboratory measurements, the numerical values of the OC matrix had to be
re-calculated for clinical applications.
Similarly as before, I had to ensure again that the expected value of misidentifications
equals 0, so I accomplished the linear transform of the ρ Pearson’s correlation values according to
Eq. (16), but for this time only on the correlation values corresponding to the restricted
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character set. The updated 10×26 OC matrix is depicted in Figure 14, where rows represent the
displayed Sloan characters, columns indicate the potential identifications. The numerical values
are listed in Table 27 of Appendix A.

Figure 14. Optotype Correlation (OC) values of the potential displayed-identified letter pairs in case
of clinical trials testing only the 10 original Sloan characters. Rows represent the displayed Sloan
letters and columns indicate the potential identifications, from which those corresponding to the 10
original Sloan letters have been separated (left of the red line). The rows/columns have been sorted
according to their average OC value: similar letter pairs, i.e. those with higher correlation, are
positioned towards the top-left corner.

Although the updated OC matrix corresponding to the ETDRS chart is no longer symmetric,
correct recognitions (i.e. same displayed and identified letters) are still indicated by 1, the expected
value of misidentifications is still 0, and the OC value is independent of the role of the two letters
being compared (i.e. which is the displayed character and which is the identified one).
Illustratively, the OC value of more similar letters (lighter/yellowish cells in Figure 14), such as
C and O (0.861, c.f. 0.866 before), is larger than that of less similar characters (darker/bluish cells
in Figure 14), such as H and T (−0.671, c.f. −0.604 before). The numerical values clearly
demonstrate the slight change in the OC matrix.
The subsequent parts of the evaluation protocol described in Subsection 3.2.3 are applicable
without any changes. In order to verify the applicability of the method and the pertinence of the
RR0 = 0.68 threshold under conventional clinical conditions, new trials were required. Details of
the experiments are discussed below, while their results are presented in the Sections 4.4 and 4.5.
4.3. Clinical measurement setup
The basics of the testing method are the same as the principles used in the calibration
measurement presented in Section 3.3, but there are some relevant differences due to the alignment
with the ophthalmological standard, which are detailed below. In accordance with the European
regulations [44], [66], [112], the measurements were taken from a viewing distance of 4 meters in
a dimly lit exam room, with an illuminance of 150 lux (i.e. 47 cd/m2 average luminance). In order
to investigate complete five-letter lines from 0.9 to −0.5 logMAR value, a 4k UHD LED monitor
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(U24E590D; Samsung) was used with a diagonal size of 600 mm and a pixel pitch of 0.1358 mm,
having matte screen to reduce glare. The luminance of the monitor was set to 100 cd∕m 2, which
fulfilled the ICO standard (min. 80 cd∕m2) [66].
The measurement algorithm, an improved and customized version of the software used in my
former laboratory measurements, is implemented in C++ [39]. It uses OpenCV [107] for
displaying optotypes and for creating graphical output from the numerical results, and Dlib [43]
library for optimizing the psychometric function (i.e. searching for the parameters of the best-fit
curve based on the measurement points). The initialization file of the program contains all physical
parameters of the test (i.e. viewing distance, monitor resolution, etc.), based on which the software
can calculate the numerical results accurately.
I designed two separate experiments for the verification of the clinical applicability of my
method: one for assessing the systematic offset relative to standard ETDRS trials (Experiment #1),
and another for repeatability error analysis (Experiment #2). The main purposes, the fundamental
considerations, and the differences between the two protocols are discussed below.
4.3.1. Investigation of systematic errors – Experiment #1
The goal of this measurement was twofold. First, I intended to verify whether the
correlation-based scoring method is suitable for clinical acuity testing at all. Second, since the
correlation threshold had been calibrated under special laboratory conditions, I had to estimate the
systematic offset of the visual acuity value relative to standard ETDRS trials to judge if the
RR0 = 0.68 threshold level can be used in clinical tests as well.
The most important parameters of the program are the letter sizes to be displayed and the
number of tested characters at a size. Thanks to the computer-controlled setup it is possible to
perform customized measurements, i.e. the test parameters can be fitted to the currently examined
subject [115]. In addition, only one viewing distance is sufficient to precisely examine subjects in
a wide range of vision quality, which ensures easy implementation as well as reliable tests [19]. In
order to obtain accurate and precise data through rapid trials, I implemented a measurement
protocol comprising of two stages. The first one rapidly and roughly estimates the quality of vision,
whereas the second stage determines the precise visual acuity value. In the first stage the algorithm
examines only one character at every second letter size of the standard ETDRS chart (s = 1.0, 0.9,
0.8 ... −0.3 logMAR). The tested optotypes are selected randomly from the original Sloan letter set,
and are displayed one after another in the middle of a constant white background. This stage ends
at the first significant mistake, i.e. when the OC value of the displayed-identified letter pair drops
below 0.85 (this value corresponds to the confusion of very similar letter pairs, such as C and O).
The second stage starts three letter sizes above the previously determined rough limit, and
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ends one letter size below it, resulting in five measurement points at least. If the RR value achieved
at the smallest letter size is still larger than 0.4, then the trial is supplemented with the next two
smaller sizes to provide sufficient data for curve-fitting. In this stage, five optotypes are examined
at each letter size. Curve-fitting performed on such sparse data often results in false step-like
functions for L(s). In order to avoid this, I constrained the maximum steepness by
kmax = 35 logMAR−1 in the regression according to the literature [31], [32]. The tested character
sets comply with those used in the ETDRS 2000 series chart [117], and are displayed together in
five-letter lines. The spacing between the characters equals the letter size to take the effects of
letter crowding into account [77], [112], [148]. As a validation, I compared the results of my tests
to the visual acuity values measured by an example sheet of the standard ETDRS chart displayed
by the same monitor to keep differences between the measurements at a minimum. As there was
not enough space to display the complete chart at the same time, therefore it was presented in two
separate parts one after another.
4.3.2. Determination of statistical errors – Experiment #2
My special laboratory measurements predicted significant statistical error reduction (∼28%)
when using the correlation-based method instead of probability-based scoring. With this new
experiment my purpose was to precisely determine uncertainty in a standard clinical environment
as well. In order to analyze the variation of relative error reduction with respect to the number of
tested letters, all 10 Sloan characters were examined at each letter size.
The protocol starts with the same rough estimation stage as Experiment #1. During the second
stage, there is not enough space to display all 10 letters in a single line, therefore the letters are
presented individually, one after another in random order, in the middle of a constant white
background. Since the ETDRS chart has only five letters per line, I could not use those trials as
reliable reference in this experiment. Instead, in order to eliminate any bias between the measured
datasets, I determined the visual acuity value from the same raw data both by probability and
correlation-based scorings, and used the former result as reference.
4.3.3. Subject pool
The clinical experiments were performed at the Department of Ophthalmology, Semmelweis
University, Budapest, Hungary by a qualified ophthalmic clinical-officer. The subjects were free
of any known eye disease, they had no history of eye trauma, surgery, or any ophthalmic diagnosis
other than refractive error. Since the two eyes of a person are often strongly correlated [55], [97],
[114], the monocular visual acuity value was determined only for one eye per subject. The tenets
of the seventh revision of the Declaration of Helsinki (2013) were followed in the study [152].
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Experiment #1 was made with the cooperation of 25 subjects (16 women and 9 men, average
age of 30 years within the range of 18 to 56 years). For all tests, uncorrected visual acuity was
measured, i.e. no optical correction was applied (such as eyeglasses or lenses), and the subjects
were classified into three categories based on their refractive error: Group I: 0...−0.5 D, Group II:
−0.5…−1.5 D, and Group III: −1.5...−2.5 D. Group I had 15 members, while Group II and III
contained 5 subjects each.
Experiment #2 was made with the cooperation of 14 other subjects (9 women and 5 men,
average age of 36 years within the range of 24 to 60 years). For all tests, best-corrected visual
acuity was measured, i.e. subjects wore their prescription eyeglasses resulting the best achievable
visual experience. The refractive error of the subjects covered the +1.5...−6.0 D interval. The
refractive error measurements were taken by an autorefractor (KR8800; TopCon).
4.4. Systematic errors – Results of Experiment #1
The primary objective of this experiment was to compare the visual acuity values provided by
probability and correlation-based scorings (VP and VRR, respectively). In order to exclude any
differences except for the scoring method, I calculated both VP and VRR visual acuity values for
each subject from the same raw data of Experiment #1. VP was determined by the standard P0 = 0.5
recognition probability threshold, whereas in case of correlation-based scoring I applied the
formerly calibrated RR0 = 0.68 correlation threshold. In medicine, the results obtained by two
different methods are commonly compared by Bland-Altman analysis, which quantifies their
agreement by studying the mean difference and constructing limits of agreement [20]. Therefore,
I used this method to compare the two acuity values for each person, and plotted the results in a
Bland-Altman diagram, see Figure 15.

Figure 15. Bland-Altman plot of the probability and correlation-based visual acuity values
determined by logistic regression and thresholding based on Experiment #1 (P0 = 0.5 and
RR0 = 0.68). Different markers distinguish the examined subject groups, while the mean ± standard
deviation apply for all tested subjects.
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Based on the individual measurement results of all subjects, the average difference between
the VP and VRR visual acuity values is −0.01 logMAR (with ±0.01 standard deviation), which gives
an estimation of the systematic offset between correlation-based scoring and the standard
probability-based approach. A comparative error analysis is presented in the next section, revealing
that the TRV of the measurement equals 0.036 logMAR. From this, I conclude that the visual acuity
values determined by the two scoring methods are equal within the margin of error, which supports
the applicability of my scoring scheme and the adequacy of the RR0 threshold level in conventional
clinical environment as well.
In Experiment #1 the tested five-letter lines are displayed separately, whereas in standard
ETDRS trials the entire chart is shown to the subject. This may cause some further systematic
errors, so I had to compare the results of Experiment #1 to the VP’ acuity values obtained directly
by a standard ETDRS test too. For the sake of completeness, and in order to compare the systematic
offset of my measurement to the differences caused by altering the three well-known evaluation
methods used in the clinical practice, I determined the acuity value by all three methods. Namely,
line-assignment (smallest line where at least 3 out of 5 letters are recognized correctly),
single-letter-scoring (based on the Tc total number of correct recognitions, excluding any mistake)
according to Eq. (4), and logistic regression (fitting and thresholding the psychometric curve)
according to Eq. (5) were applied. Figure 16 depicts the visual acuity values achieved by these
three methods for all tested subjects in a bar chart. The results are grouped based on the refractive
error of the subjects.

Figure 16. Individual results of visual acuity measurements performed by using a standard ETDRS
chart. The acuity values were determined by three widely applied evaluation methods:
line-assignment, single-letter-scoring, and curve-fitting. The results are classified based on the
refractive error of the subjects, and arranged in ascending order within the groups based on the VP’
reference acuity value determined by curve-fitting.
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The conspicuous differences imply significant error even between the visual acuity values
obtained by evaluating the same raw data of a standard ETDRS trial by alternative methods. As
logistic regression directly corresponds to the definition with the highest accuracy [137], and since
my correlation-based measurements are evaluated by logistic regression as well, I considered the
VP’ resulted by curve-fitting as a reference. I compared the acuity values resulted by the two other
methods to the reference for all subjects individually, and then made statistics. The simplest
line-assignment-based visual acuity value has 0.04±0.04 logMAR deviation relative to the
reference, while the most commonly used single-letter-scoring-based acuity value is offset by
0.05±0.01 logMAR. The standard deviation of single-letter-scoring is negligible, however its
accuracy is limited by the significant offset value (+0.05 logMAR), which is in good agreement
with the observations presented in the literature [30], [32], [63], [137]. This implies that the visual
acuity

result

obtained

by

logistic

regression

can

be

simply

transformed

to

single-letter-scoring-based acuity value by adding +0.05 logMAR, or vice versa.
In order to estimate the overall systematic offset of Experiment #1 relative to standard ETDRS
trial, and to contrast it with the above-discussed differences of clinically applied evaluation
methods, I compared the VRR visual acuity of the subjects to the VP’ reference value obtained by
standard ETDRS test (evaluated by logistic regression). The result of the Bland-Altman analysis
performed on the VRR and VP’ values is shown in Figure 17.

Figure 17. Bland-Altman plot of the visual acuity values measured by Experiment #1 and the
standard ETDRS test. The different colors and markers indicate the three examined subject
groups, while the mean ± standard deviation apply for all tested subjects.

Based on these results, the average difference between VP’ and VRR equals −0.008 logMAR
(with ±0.044 standard deviation), which estimates the systematic error of Experiment #1 relative
to standard ETDRS test. This offset is certainly smaller than that of both line-assignment and
single-letter-scoring-based evaluations. The comparison of standard deviations is meaningless, as
in the former case it has been calculated based on the different evaluations of one single trial, while
in case of this last analysis it has been estimated based on two separate measurements.
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Nevertheless, according to the TRV of standard probability-based visual acuity measurements [31],
[32], [137], the VP’ and VRR values are equal within the margin of error, which means that
eliminating inter-line crowding in Experiment #1 has no effect on the visual acuity results.
4.5. Statistical error reduction – Results of Experiment #2
The primary purpose of Experiment #2 was to determine the repeatability error of my new
scoring scheme in standard clinical environment. To compare the benefits of correlation-based
scoring to the statistical improvement due to the larger number of tested letters, I evaluated the
results of Experiment #2 in four different ways, similarly as in case of my special laboratory
measurements. First, a set of five characters (randomly selected from the standard ETDRS
quintets) were analyzed by recognition probability at each letter size, which corresponds to the
conventional determination of visual acuity (Test P5). Second, the same five letters were examined
again, but with RR taken into consideration (Test C5). Third, all 10 original Sloan optotypes were
investigated by recognition probability again (Test P10). Finally, all 10 letters were analyzed by
taking advantage of RR (Test C10). In order to quantify the precision of the different methods,
I compared them by the TRV calculated from the results of 10 consecutive measurements.
I performed the error analysis for each subject individually, then averaged the results, which are
presented in Table 7.
Test ID

Scoring method

Number of letters per sizes

TRV [logMAR]

P5

probability

5

0.045

C5

correlation

5

0.036

P10

probability

10

0.034

C10

correlation

10

0.027

Table 7. Test-retest variability (1× standard deviation) of Experiment #2 corresponding to four
different evaluation methods (for details see the text).

Based on the results, the statistical error of Test P5, (i.e. the conventional approach: five tested
characters per letter size, evaluated by probability-based curve-fitting), is in good agreement with
repeatability data presented in the literature: TRV ≈ 0.04 logMAR [8], [137]. Furthermore, the
decreasing TRV value of the methods P5→C5∼P10→C10 demonstrates that both the increased
number of tested letters and the application of RR reduce uncertainty error. The former statistically
decreases the error by a factor of 2−1/2 as expected, because Tests P10 and C10 contain two times
as many optotypes at each letter size as Tests P5 and C5. The latter is the more important outcome
of Experiment #2, i.e. the application of correlation-based scoring in itself reduces the statistical
error by ∼20% in standard clinical environment. Based on my results, by replacing the
conventional P5 evaluation with C5, the uncertainty error decreases by 0.0083 logMAR
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thanks to RR. This significant improvement justifies the extra requirements of the correlationbased approach in the clinical practice.
Moreover, according to Table 7, the test-retest variability of Test C5 approximately equals that
of Test P10. This confirms my former statement based on special laboratory measurements, that
the utilization of correlation-based scoring affects the results in the same way as the duplication of
the number of tested letters, however, it does not increase the duration of the test proportionally
(see Subsection 4.6.1).
My special laboratory measurements predicted 28% statistical error reduction when using the
correlation-based method instead of probability-based scoring. Now I can see, that under standard
clinical conditions the error reduction is 21% in case of 10 letters, and it is 19% with five letters
per line. The reason for this difference presumably lies in the sparser statistics of clinical tests
i.e. the smaller number of tested letters and the less letter sizes applied. The values obtained from
Table 7 directly correspond to the ophthalmological practice, and are well supported by the
repeatability data presented in the literature (see Table 1) [8], [69], [129], [137].
4.6. Discussion of measurement results
4.6.1. Duration of experiments
When assessing any kind of medical examinations performed in vivo on human subjects or
patients, the duration of the test is a key factor that can even affect the measurement results.
To investigate the clinical relevance of my acuity tests, I measured the duration of my
computer-based trials and that of the standard ETDRS trial. The results together with the main
features of the measurements are summarized in Table 8.
Test

Number of letters per sizes

Layout

Average duration [s]

ETDRS chart

5

chart

60

Experiment #1

5

lines

65

Experiment #2

10

one by one

115

Table 8. Main features (number of tested letters, layout, and duration) of the standard ETDRS test,
as well as my computer-controlled experiments.

As can be seen, the duration of Experiment #1 is increased by only ~10% relative to that of
the ETDRS test. Since one can gain ~20% improvement in statistical error with no apparent
systematic offset in exchange for only ~10% time increment, I infer that my correlation-based
scoring scheme implemented in the form of Experiment #1 is a useful alternative of standard visual
acuity tests. Not surprisingly, Experiment #2 almost doubles the required time, because these tests
were performed by using 10 letters per size.
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4.6.2. Average psychometric function of vision
In Experiment #1, according to Eqs. (20) and (21), I determined the psychometric function of
all subjects by logistic regression both for probability and correlation-based scorings. Table 9
contains the most important parameters of the average curves, together with the mean visual acuity
values of the three subject groups I investigated.
Subject group

Scoring method

k [logMAR−1]

smp [logMAR]

V [logMAR]

Group I.
(RE = 0…−0.5 D)

probability

31.3

−0.07

−0.07

correlation

32.8

−0.08

−0.06

probability

27.7

0.23

0.23

correlation

30.6

0.21

0.23

probability

19.6

0.45

0.45

correlation

27.1

0.43

0.46

Group II.
(RE = −0.5…−1.5 D)
Group III.
(RE = −1.5…−2.5 D)

Table 9. Parameters of the average best-fit logistic psychometric functions (k steepness parameter,
and smp midpoint), with the average V visual acuity value, both for probability and for
correlation-based scorings.

One can see, that the smp midpoint parameter nicely correlates with the visual acuity value.
According to the definition of the logistic function described in Eqs. (20) and (21), the slope of the
L(s) psychometric function at its midpoint equals k/4. Based on the above results, the slope values
obtained for the probability-fits are in good agreement with those presented in the literature:
3…10 logMAR−1 [3], [63], [104]. In addition, the shape of the psychometric function definitely
flattens with increasing refractive error, which implies a deterioration in measurement accuracy
[31], [32], [125].
Furthermore, based on the individual results of Experiment #1, the slope of the average
correlation-based psychometric curve is 1.23±0.27 times larger at the 0.5 threshold value than that
of the probability-based function. This means that correlation-based scoring would exhibit an even
smaller TRV if using RR0 = 0.5 as a threshold, however, that would result in a small offset relative
to conventional measurements.
It should also be noted that the k slope parameters presented in Table 9 (Experiment #1,
Group I) differ from the values presented in Table 4 (special laboratory test, near-emmetropic
subjects). The reason for this lies in the different measurement conditions (i.e. the number of tested
characters, the layout of the examination, the applied letter sizes, the viewing distance, the
surrounding illumination of the room, etc.). The slope of the psychometric curve is 1.9…2.4 times
larger in case of standard clinical measurements than under special laboratory conditions on
average for subjects with normal vision. The steeper slopes of clinical measurements explains their
smaller statistical error relative to my laboratory measurements (see Table 6 and Table 7).
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4.6.3. Refractive error and visual acuity
To confirm the widespread clinical applicability of the correlation-based scoring method,
I examined the uncorrected visual acuity value with respect to the refractive error of the subject’s
eye. Based on the results of Experiment #1, I depicted the VRR correlation-based visual acuity
values of all subjects as a function of their RE refractive error, see Figure 18.

Figure 18. Visual acuity value of the subjects with respect to the refractive error of their eyes. The
different colors and markers indicate the three examined subject groups.

By applying linear regression to the data, I determined the relationship between the visual
acuity value and the refractive error expressed in diopters:
VRR [logMAR]  m  RE[D]  V0 .

(24)

The parameters of the best-fit line are m = −0.34±0.02 logMAR/D and V0 = −0.13±0.01 logMAR.
The m slope parameter that describes the alteration of visual acuity with respect to refractive error
is in good agreement with the numerical values presented in the literature for normal average pupil
diameters (m = 0.30…0.36 logMAR/D) [58], [64], [112], which also supports the relevance of the
method.
4.6.4. Limitations of the method
For the sake of completeness, the cost of the applied resources has been taken into account.
Though my setup requires a computer, it can be almost any kind of PC, laptop, or tablet. The
experiment does not have high computational demands. Besides, a UHD resolution monitor or an
ophthalmic projector with a maximum pixel pitch of 0.15 mm and a minimum diagonal size of
600 mm is required to test complete five-letter lines from 0.9 to −0.5 logMAR letter sizes from the
European standard 4 meters viewing distance, which may slightly raise the costs. Furthermore,
luminance and contrast calibrations have to be performed to fulfill the ICO standard [66]. Along
with it, the price of the whole system is about the same as, or less than that of an ETDRS chart
which can cost up to $1000 [26].
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Over and above, I have to note that there are always some subjects/patients who do realize
that only a limited number of letters are displayed during the visual acuity tests. In their cases, the
measurement accuracy could be further enhanced by modifying the refined 10×26 OC matrix to a
smaller one containing only the letters really used as responses (down to 10×10), and adjusting the
theoretical limits, as well as the linear transform of the psychometric function described by
Eq. (21) accordingly. However, since this problem rarely occurs, it is very hard to quantify the
resulting residual error. This represents the final limitation of my method, similarly to any
curve-fitting-based evaluation.
4.7. Conclusions
In order to demonstrate and verify the clinical applicability of my correlation-based scoring
method, I implemented a customized and improved version of my computer-controlled
measurement setup aligned with the ophthalmological standard for visual acuity testing. The most
important feature of my measurement system is still that the subject’s individual guesses are
recorded during the test. Similarly to my previous laboratory measurements, from the Optotype
Correlation values of the presented-identified letter pairs, the system calculates the subject’s
psychometric function by logistic regression, and then determines the visual acuity value by
thresholding. Due to the application of correlation-based scoring, my method still provides more
detailed information about the quality of vision than standard probability-based measurements,
while thanks to the modifications the new approach meets the clinical standards. Two different
measurement protocols were applied to determine the systematic offset of my method relative to
standard ETDRS trials (Experiment #1), and to demonstrate its statistical error reduction relative
to conventional tests (Experiment #2).
Based on the results of Experiment #1, the systematic offset of correlation-scoring-based
approach relative to standard ETDRS trials is 0.01 logMAR. It is significantly smaller than the
TRV of the measurements (0.036 logMAR, see Experiment #2), which supports the applicability
of my new scoring scheme and confirms the adequacy of the formerly calibrated RR0 = 0.68
correlation threshold under clinical conditions as well. So I conclude that the systematic offset of
Experiment #1 relative to standard ETDRS trials is negligible.
The results of Experiment #2 show that the environmental conditions of the measurement do
affect the relative error reduction of correlation-based scoring, which confirms that clinical tests
were required to justify the applicability and the medical benefit of my approach. Based on my
new results, under standard clinical conditions the application of correlation-based scoring
decreases the statistical error by ~20% relative to probability-based scoring. Furthermore, the
numerical results verify my former prediction that in case of standard clinical trials the application
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of correlation-based scoring reduces statistical error by the same amount as if the number of letters
was doubled, while increasing the measurement time by only ~10%. Thus, it might be a useful
alternative in cases when high-precision visual acuity measurements are required, e.g. evaluating
implanted intraocular lenses, testing subjects with retinal diseases, or cataract and refractive
surgery candidates.
According to the literature [27], [70], [72], [141] and to my experience, changes in the
subject’s pupil size significantly affect the reliability and repeatability of visual acuity tests.
Considering its importance, I developed a new pupil measuring system that operates during visual
acuity tests. Its detailed description is provided in the next chapter.

Corresponding thesis: T2
I proved by ophthalmologic trials that my new, correlation-based scoring method decreases the
statistical error of clinical vision tests by 20%, so that measurement time is increased by only 10%.
This corresponds to the same amount of error reduction as if the number of letters was doubled,
which would double the measurement time as well. I verified that the systematic offset of visual
acuity determined by the new method with the corresponding 68% correlation threshold is
negligible compared to the acuity value measured by the standard Early Treatment Diabetic
Retinopathy Study trial. [P5], [P7]

46

5. Measurement of ocular pupil diameter during visual acuity tests
5.1. Motivation
It has been long known that ocular pupil diameter significantly influences human visual
performance [27], [58], [70], [72]. Pupil size is primarily determined by the surrounding
illumination of the room [53], [81], [128], but its exact value strongly varies from subject to
subject, even under identical environmental conditions [112]. Furthermore, it is affected by many
other factors, in certain cases the pupillometric instrument itself may also influence the pupil
diameter. Thus, it is crucial to perform such measurements under tightly controlled conditions,
customized for the specific task. Accordingly, in order to produce reliable reference for vision tests
and simulations, a new measuring system is required being suitable for pupil diameter
measurement during visual acuity trials.
The above considerations imply that it is impossible to make an accurate visual acuity
simulation (see my next task, Chapter 6) without precisely knowing the pupil diameter of the
examined eye. The problem becomes the most explicit, when the measured visual acuity data is
needed as a reference for the calibration of my vision model—the obtained acuity values are
useless unless the corresponding pupil diameter is known. Unfortunately, there is no commercially
available equipment that could be applied for my special purposes. Consequently, in this part of
my PhD work, my goal was to develop a measuring system that enables the continuous monitoring
of the subject’s eye, and accurately determines their pupil diameter based on the recorded data—
simultaneously with visual acuity tests, without disturbing the subject. The pupil measuring system
was implemented in the frame of my special laboratory visual acuity testing setup presented in
Section 3.3.
5.2. Preliminaries
Pupil diameter measurement has great importance for both ophthalmological research and
clinical applications. The pupil size is a crucial parameter in cataract and refractive surgery, Horner
syndrome and sleepiness diagnostics, diabetic retinopathy screening, objective visual function
assessment, and in visual acuity simulations too [150]. Since the pupil diameter changes with
illumination, focusing distance [71], as well as with alartness, and cognitive and emotional brain
activities [44], in certain applications not only the mere size of the pupil plays important role, but
its adaptation to special environment, or the variation of its size with respect to time or some
external conditions may also be significant [109], [150]. For example, the Horner syndrome is
diagnosed based on the dilation time of the pupil, while diabetic retinopathy is determined by the
comparison of pupil responses for central and peripheral stimuli. Visual function assessment is
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also carried out based on pupillary response to light stimuli, while in cataract and refractive surgery
the ablation zone, and therefore the dark-adapted diameter is relevant [25], [86], [95]. The various
medical applications set different requirements for the specific measurement setups.
There exist several commercially available devices for pupillometry, which have been
designed for various special purposes. Some of them are capable of comparing the behaviors of
the two eyes for binocular measurements, while others support continuous recording to observe
changes over time, or provide high-resolution images to ensure accurate size determination.
Certain devices allow for standardized or multifarious light stimuli, whilst others are specialized
for mesopic or scotopic conditions [25], [150]. In order to demonstrate their diversity, without
being exhaustive, I present some commercial pupillometers with their most important parameters
in Table 10. Comparisons of certain devices based on their Bland-Altman analyses [20] are
presented in the literature [73], [95], [109], [121].
Pupillometer

Manufacturer

Temporal
resolution

Spatial
accuracy

Measuring
distance

Extra properties

Power Refractor [71]

MultiChannel Systems

25 Hz

0.5 mm

far-field

refraction, vergence

rtx1 [118]

Imagine Eyes

NeurOptics PLR-200 [25], [95]

NeurOptics, Inc.

5 Hz

0.3 mm

near-field

Colvard [73], [109]

Oasis Medical, Inc.

1 image

0.1 mm

near-field

Procyon P2000 SA
(P2000 D) [25], [95]

Procyon, Ltd.

5 Hz (25 Hz)

0.1 mm

near-field Dynamic Pupil Fit software

Video Vision Analyzer [12], [121]

Fortune Optical

3 images

0.3 mm

far-field

video-driven operation

IOWA [12], [73], [121]

Henry Louis, Inc.

1 image

0.1 mm

near-field

infrared side lamps

Rosenbaum Card [12], [109], [142]

Cleveland, OH

n/a

0.25 mm

near-field

n/a

Epic 10,000 [109]

Nidek

1 image

0.25 mm

far-field

auto-refractometry

WASCA Analyzer [78], [95]

Carl Zeiss Meditec AG

1 image

My specification

n/a

10 Hz

20 Hz / 85 Hz 0.02 mm

near-field

0.2...0.4 mm near-field
0.2 mm

far-field

retina images,
fundus camera
self-calibrating,
autofocusing
light amplification,
autofocusing

refraction,
wavefront aberration
synchronized
visual acuity test

Table 10. Commercially available pupillometers with their most important parameters.

Most of these devices determine the pupil size based on near-field measurements. The main
disadvantage of near-field operation is that the eye may focus on the instrument instead of the
remote target, which modifies the pupil diameter. Furthermore, near-field pupillometers partly
block the subject’s field of view [71], thereby bothering the performance of parallel tasks. Some
equipments record only one or a few images, which inhibits the examiner to follow diameter
changes over time during long experiments [105], [150]. Though the pupil size can be measured
by topography devices as well, their usage is not recommended, because their bright luminance
results in smaller pupil diameters [12]. Owing to the above exclusions as well as financial
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considerations, I decided to implement a new pupil measuring system to investigate diameter
changes during visual acuity tests.
5.3. System requirements
Similarly to other pupillometric arrangements, my system determines the d entrance pupil
diameter of the eye, which is the slightly magnified virtual image of the aperture in the iris
diaphragm (pupil) as seen through the cornea [41], [112]. My measurement is designed to work in
parallel with visual acuity tests, when the subject’s eye is focused on a distant eye chart placed at
least 4 meters away [27], [44], [112]. In order not to restrict the subject’s field of view with the
device, and not to cause any discomfort, I selected the measuring distance to be approximately
300…400 mm, and placed the imaging device ∼5° below the line of sight. This far-field
configuration decreases the risk that the subject’s eye focuses on the device or distracts their
attention [71], [105].
As the pupil size is wider under mesopic than photopic conditions, lower surrounding
illumination of the exam room emphasizes the effects of high-order optical aberrations [22], [27],
[133], [154]. To make it possible to investigate those fine effects, I required my setup to be
functional under low illumination conditions such as 5…10 lux (i.e. 1.6…3.2 cd/m2 average
luminance) too. Besides, to provide appropriate lighting conditions for high-resolution images,
and not to affect the dark-adapted pupil size [24], I used infrared illumination in my system.
In order to stabilize the dilated pupil size with both eyes open, while testing monocular visual
acuity, the subjects had to wear special eyeglasses during the measurements, one side of which
was blank, while the other was covered by a transparent but opaque shield (i.e. a diffuser).
According to the literature [143], 0.1 mm alteration of the pupil diameter cannot result more
than 5% change in the MTF. On the other hand, 0.5 mm change in the pupil diameter significantly
influences the visual acuity value [27], [70], [72], [141]. Accordingly, I required my new setup to
have at least 0.2 mm spatial accuracy, which is slightly better than the resolution of clinically
available far-field devices (see Table 10). Accurate pupil size determination is affected not only
by the spatial, but also by the temporal resolution of the equipment, because pupil diameter
changes with tremors and micro saccades over time. Continuous monitoring enables the system to
register these small variations as well [105], [118], therefore, I devised it to take measurements
with a frame rate of at least 10 Hz.
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5.4. Far-field infrared pupil diameter measurement setup
My new setup comprised of two main independent units: an infrared reflector that ensured
permanent illumination during the measurements, and a computer-controlled digital camera that
performed image acquisition. The schematic view of the system designed according to the
above-mentioned considerations is shown in Figure 19. The measurement software, which
synchronized pupil size recording with the parallel visual acuity test, has been implemented in
Matlab [91].

Figure 19. Schematic view of my far-field infrared pupil measurement setup. Details of the design
parameters are expressed in the text.

5.4.1. Infrared reflector
I applied an infrared LED (M850D2; Thorlabs), with a dominant wavelength of 850 nm,
which is almost invisible to the eye [10], [112]. A further benefit of this wavelength is that
near-infrared illumination produces iris images with higher contrast, which facilitates image
processing for both blue and brown eyes [24]. The reflector comprised of an aspherical collimator
lens set and a light shaping diffuser with Gaussian scattering profile (FWHM: 30°×15°) to ensure
homogeneous illumination over the subject’s face. The schematic image of the light source, which
was placed 1 meter away from the subject, is depicted in Figure 20.

Figure 20. Schematic image of the reflector integrated in the system.

50

I took my in situ measurements with the cooperation of healthy young subjects complying
with the safety regulations. My system was calibrated to prevent any potential hazard based on the
ISO 15004-2:2007 European standard for ophthalmic instruments. The strictest constraints in the
applied wavelength range are that the EIR-CL unweighted corneal and lenticular infrared radiation
irradiance has to be less than 20 mW/cm2, while the EVIR-R weighted retinal visible and infrared
radiation thermal irradiance has to be below 0.7 W/cm2. I set the voltage and current limits of the
power supply of the LED to meet these limitations. In order to verify the compliance of the setup,
I measured the irradiance 1 meter away from the reflector, i.e. at its operating distance, which
resulted EIR-CL = 32 μW/cm2 and EVIR-R = 0.75 mW/cm2, which both fulfill the safety standard
prescriptions.
5.4.2. Optical imaging system
Image acquisition was accomplished with a black-and-white digital camera (Marlin F-201B;
Allied Vision Technologies), operating both in visible and near-infrared spectral ranges. The
sensor array was a 1/1.8" (i.e. 4:3 aspect ratio, 9 mm sensor diagonal) progressive scan CCD
(Sony), which had square-shaped cells, with pp = 4.4 μm pixel pitch. It recorded images with
1600×1200 pixel resolution, and represented them on 8 useful bits per pixel, with a maximum
frame rate of 12.5 Hz. The gain control was extended to 0…24 dB, which supplemented sensitivity
in case of low light conditions.
To let the subjects slightly move their head during the test, I intended to map a horizontal
region with a side length of 8…10 cm around the eye from 300…400 mm measuring distance.
According to the active area of the sensor, and from simple geometrical optical calculations, it
followed that a lens with a focal length of 22…29 mm was required. My choice had fallen on a
lens with 2.2 minimum F-number and 25.2 mm effective focal length (2.2/25 Xenon-Ruby;
Schneider-Kreuznach). It is designed for sensors with 1…2 megapixel resolution, and with
maximum size of 1/1.8". The spectral range of the lens is 400…1000 nm. I used this objective at
its minimum F-number, i.e. f/2.2, to keep the required illumination level at a minimum. The
applied settings of the digital camera were precalibrated via a platform-independent software
development kit (AVT Vimba SDK; Allied Vision Technologies). In order to determine the exact
M magnification and the actual object distance of the system, I took calibration measurements with
my new setup, the results of which are presented below.
5.4.3. Magnification calibration
The camera represented the recorded pupil images by pixels, so in order to express the pupil
diameter in millimeter units as well, I defined the cpm pixel-to-millimeter conversion factor as:
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.
M

c pm 

(25)

I calibrated cpm by moving a simple test target (i.e. a cross of vertical and horizontal lines) with a
linear translator in the sharp object plane (set around 350 mm from the camera) and measuring its
displacement in the picture. I shifted the target by 5 mm increments with ±30 µm accuracy, and
recorded five images in each position. Then, I determined the pixel coordinates of the target at
three points along the lines. Both horizontal and vertical displacements were examined in the
calibration process. The average pixel coordinates belonging to different transverse displacements
in the object image plane are listed in Table 11.

Transverse position

#1

#2

#3

#4

#5

#6

Displacement [mm]

0.00

5.00

10.00

15.00

20.00

25.00

Pixel coordinates

0

89

179

268

357

447

Table 11. Results of the pixel-to-millimeter conversion. Pixel coordinates present average values
(see details in the text).

Based on linear regression applied to the measured average coordinates, 1 mm distance in the
sharp object plane corresponded to 17.9 pixels on the camera, from which the conversion factor
equals cpm = 0.0559 mm. From the pp = 4.4 μm pixel pitch, it follows that the magnification of the
system equals M = 0.0787. According to the 25.2 mm focal length, the actual object distance was
exactly 345 mm.
The depth of field of the lens is around ±10 mm: this defocus increases the virtual spot size to
0.2 mm in diameter at the subject’s face. In order to estimate the measurement error caused by the
resulting magnification change, I also determined the conversion factor in two additional object
planes defocused by +1 cm and +2 cm. The measured average pixel coordinates corresponding to
different transverse displacements are listed in Table 12.

Transverse position

#1

#2

#3

#4

#5

#6

Transverse displacement [mm]

0.00

5.00

10.00

15.00

20.00

25.00

278

370

463

286

382

478

Axial displacement
Pixel coordinates

1 cm
0

93

185

Axial displacement
Pixel coordinates

2 cm
0

85

191

Table 12. Results of the magnification calibration. Pixel coordinates represent average values
(see details in the text).
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Linear regression applied on the recorded data revealed that 1 mm object displacement
corresponded to 18.5 and 19.1 pixels in the object planes defocused by +1 cm and +2 cm,
respectively, which is in good agreement with paraxial optical calculations. After the calibration,
the lens was not refocused, so the nominal object distanse was always 345 mm.
Even though I applied a head rest in my experiments, head movements could not have been
completely eliminated. Thus, in order to reduce the effects of magnification changes on pupil size
measurement, I implemented a new evaluation algorithm to determine the accurate entrance pupil
diameter. Details of my protocol are presented in Section 5.5. A typical pupil image recorded for
subject R. I.’s OS eye—Ocular Sinister (Latin, left eye)—is shown in Figure 21.

Figure 21. Typical recorded pupil image for subject R. I.’s OS eye.

5.4.4. Frame acquisition and image processing
Entrance pupil diameter and visual acuity measurements are controlled by the same Matlab
software (its workflow is depicted in Figure 11). For this special purpose, the connection between
the Matlab algorithm and the digital camera is established by Image Acquisition Toolbox
(Matlab [91]) via GenTL adaptor (i.e. generic programming interface standard for machine vision
cameras; GenICam) and FireWire bus (IEEE 1394), which also functioned as a power supply.
A video live stream is activated to continuously monitor the subject’s eye in real-time, and besides,
pictures are captured for further analysis. Image acquisition is synchronized with keystrokes
corresponding to character identifications during the visual acuity test (for details see Section 3.3).
The pictures are captured in triplets with 0.5 second delay in order to record at least one frame
without blinking. Though image acquisition is instantaneous even in my current setup, the pupil
diameter is evaluated after the measurement in this version, which may slightly restrict its
applicability. Image processing starts with the comparison of the subsequent pictures, which makes
it possible to filter large pupil displacements due to head- and eye movements, as shown in
Figure 22. This pre-processing step further enhances the accuracy of the measurement.
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Figure 22. Image pre-processing to filter blinks and large pupil displacements due to head and eye
movements. Discarded pictures (due to blink, eye and head movements respectively) are marked
with red frame.

5.5. Determination of entrance pupil diameter
5.5.1. Adaptive circular Hough transform
Although there exist various algorithms for circle detection based on local and global
symmetry features [51], [59], geometric primitives [116], or learning systems [37] with different
advantages and limitations, Circular Hough Transform (CHT) is the most widespread because of
its robustness in the presence of noise regardless of the applied illumination [11], [155]. Since my
system is intended to be used on thousands of pictures, in case of general population, in a wide
image quality range (including low illumination as well), it has to be rapid and robust.
Before the application of any variation of CHT, an edge detection has to be performed on the
original images. Then, CHT can be implemented as a convolution with a binary mask with a
coefficient of 1 at the circle boundary and 0 everywhere else. If a circle of dpix diameter is
described as:
( x  x0 ) 2  ( y  y 0 ) 2 

d pix 2
4

,

(26)

where x0 and y0 denote the coordinates of the circle center, then all (x, y) edge points of the circle
vote for the (x0, y0) center point in the parameter space. The algorithm collects the votes of each
edge point, and determines the circle center by maximum finding. CHT can be applied not only
for a single diameter, but for a finite range as well, where the exact diameter is the third parameter
to be optimized beside x0 and y0. It is also applicable for multiple circle detection, if the algorithm
determines not only the global maximum, but searches for local maxima too [11], [155].
The first step of my algorithm, the edge detection, is performed by the so-called canny edge
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detector to search for both vertical and horizontal boundaries, and to ensure 1 pixel wide
continuous contours. The canny detector uses two thresholds and investigates the neighboring
pixels to specify solid edge lines [29]. My method applies high sensitivity for edge detection to
certainly find the complete pupil boundary in each picture. A typical edge image created by the
canny detector from the original frame presented in Figure 21 is depicted in Figure 23.

Figure 23. Typical edge image created by canny edge detector for subject R. I.’s OS eye.

Next, my protocol applies an adaptive CHT-based algorithm to find the contour of the pupil
in the edge picture. Due to the diversity of the captured images, a comprehensive algorithm with
general parameters could not have been calibrated. Instead, the “bisection method” is used to
adaptively modify the sensitivity parameter of CHT to find exactly one circle [11], [155]. I use a
method comprising of two stages, based on radial histogram computing, which explicitly
determines the dpix diameter of the best-fit circle within the given diameter range. In my specific
case of measuring entrance pupil size of real subjects, the diameter range corresponds to real
entrance pupil diameters of 2…9 mm.
5.5.2. Algorithm for eliminating the magnification error
As the applied imaging objective is not telecentric (such lenses do not exist with working
distance as large as 345 mm), the magnification slightly changes with defocus from the specified
object distance. To overcome this issue, I eliminate magnification error by using the Dpix diameter
of the corneal limbus (iris outer rim) as a reference: since the corneal limbus size can never adapt
to illumination or focusing distance [24], its diameter is affected only by the magnification.
Therefore, after localizing the pupil center, my algorithm searches for the outer contour of the iris
too. Its boundary is not as sharp and clear as that of the pupil, and it is partly covered by the eyelids.
Thus, I decided to analyze the original grayscale pictures that contain more detailed information
than the edge images. My method averages the gray levels along circles of increasing diameter,
and searches for the maximum location of the derivative function. To decrease numerical noise,
the curve is smoothed by a 5-pixel-wide moving-average filter after differentiation, and the edge
position is determined by centroid calculation weighted with the derivative values.
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So that the magnification-corrected pupil diameter can be calculated, I need at least one sharp
image of the examined eye. In this, the magnification is the default value, thus there is no need for
any correction. I denote the accurate limbus diameter determined in this reference image by D0,
expressed in pixels. The d metric size of the entrance pupil diameter corrected for magnification
error can be determined such as:
d  D0  c pm 

d pix
D pix

.

(27)

This method ensures accurate pupil diameter determination for all recorded images even in
case of a certain amount of defocus. Figure 24 illustrates a typical original picture and the edge
image derived from it, together with the best-fit pupil and limbus circles and the corresponding
diameters for subject R. I.’s OS eye.

Figure 24. Best-fit circles representing the pupil (red) and corneal limbus, i.e. the iris outer rim
(blue), in the original and edge images of subject R. I.’s OS eye.

The workflow of my above-presented adaptive CHT-based evaluation algorithm that also
corrects for magnification error is depicted in Figure 25.

Figure 25. Workflow of the Matlab-based algorithm for pupil size determination corrected for
magnification error. CHT stands for circular Hough transform.
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5.6. Accuracy of pupil diameter measurements
The accuracy of pupillometry is affected by systematic and statistical errors. The former is
caused by inappropriate adjustment of measurement parameters, and deteriorates the
comparability of independent experiments. The most important systematic error sources are
changes in the magnification due to inaccurate focusing, and the presence of anamorphic
distortion. The latter takes place if the optical axis of the objective is not orthogonal to the object
plane, but the surface normal forms θ angle with it. Anamorphic distortion can be taken into
account in magnification as a factor of cos(θ) in the direction of object plane tilt. In order to reduce
this effect, I intended to decrease θ as much as possible. As the image recording system must not
block the subject’s field of view, it could not have been located directly in front of the subject’s eye.
Instead, during my experiments the camera was placed ∼5° below the line of sight. In this way,
the cosine factor causes a relative error smaller than 0.4%.
As my new algorithm determines the pupil size based on the limbus diameter, the systematic
error due to magnification is limited by the error of the conversion factor. According to the 30 µm
accuracy of transverse position setting during the calibration process, the systematic error of cpm
is below 0.25%. Based on these factors, the total systematic error of pupil size determination is
smaller than 0.65%, which can result in a 0.033 mm deviation in case of an average pupil of
5 mm diameter.
Statistical errors occur in the evaluation process, due to electronic noise and finite spatial
sampling, thus they affect the reliability and repeatability of circle detection. Based on my
experiments, the uncertainty of the CHT is estimated to be 1 pixel. In order to assess the statistical
errors of my new method, I compared the recorded image triplets to each other. As the delay
between the pictures is short (0.5 second), the difference in limbus diameter can only be caused
by the evaluation algorithm applied on various images. Thus, the average standard deviation of the
Dpix diameters calculated in the triplets gives the uncertainty of limbus size determination.
The statistical analysis on my measurement results showed that this error was 2 pixels. Thus, the
total statistical error of the new evaluation algorithm, i.e. 3 pixels, can result in a 0.17 mm error in
the pupil size according to the cpm conversion factor.
Based on these, the maximum total error of pupil diameter measurement, i.e. the sum of
systematic and statistical errors, is 0.2 mm, which is smaller than the spatial accuracy of
commercially available continuous far-field devices and satisfies my preliminary expectations.
5.7. Results and discussion
I performed several pupil size measurements using the above system synchronized with visual
acuity tests described in Section 3.3. Eight out of the ten young near-emmetropic subjects
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participated in these measurements, none of whom was treated with any pupil dilating
medicament. After entering the room they waited a few minutes for the dark adaptation of their
pupils. In total, I examined all 26 letters of the English alphabet at 14 letter sizes ranging from
0.3 to −0.35 logMAR with ∼0.05 logMAR average intervals, and took 3 pupil images per each
tested letter for further analysis. After the experiments, I averaged the pupil diameters on
78 pictures corresponding to all tested characters at a given letter size. The detailed numeric results
of my pupil size measurements are presented in Table 29 of Appendix D.
As the environmental parameters during my synchronized pupil diameter and visual acuity
measurements were kept under tight control, the pupil size could be affected only by the visual
acuity test. In order to establish a relation between the pupil diameter and the letter size of the
visual acuity test, I analyzed the recorded data of each tested subject. The average pupil diameter
of the eight subjects was dave = 5.21 mm, which is in good agreement with the population average
presented in the literature at the applied illumination level (i.e. 5…10 lux): 4.5…5.5 mm [112].
The alteration of the individual average pupil diameter of four representative subjects’ OS eyes is
depicted in Figure 26 as a function of the s letter size.

Figure 26. The average d pupil diameters of four representative subjects’ OS eyes with respect to
the s letter size of the tested optotype expressed in logMAR units. Letter size decreases to the left.

Based on the results, I noticed that some of the pupils dilated with decreasing letter size
(e.g. subject Kl. Mi.’s OS eye), whereas others contracted (e.g. subject S. T.’s OS eye). The
remaining subjects did not show monotony (e.g. subject S. O.’s and subject G. A.’s OS eyes), at
least relative to the statistical error. Though my experiments performed with eight subjects cannot
conclude to a general rule, these preliminary results revealed that the human eye might use pupil
adaptation to increase visual acuity in certain cases. Further measurements over a larger sample
set would be necessary to formulate a more general and comprehensive conclusion.
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5.8. Conclusions
In order to provide reliable reference for visual acuity measurements and simulations,
I implemented a far-field infrared in situ pupil size measurement setup together with new
control/evaluation software that enables the continuous monitoring and accurate determination of
pupil diameter during acuity trials. My system is comprised of an infrared reflector that provides
adequate illumination conditions, and a digital camera/objective combination that performs the
image acquisition. The ocular entrance pupil diameter is determined by my adaptive
circular-Hough-transform-based algorithm that corrects for magnification error due to the subject’s
back-forth motion. The spatial accuracy of the new system, including both systematic and
statistical errors, is 0.2 mm. This exceeds the precision of current commercially available
continuous far-field pupillometers by which the best achievable accuracy is 0.5 mm. Thanks to the
improved accuracy of these measurements, I noticed certain tendencies in pupil diameter change
during visual acuity tests. These delicate changes may imply a form of pupil adaptation as the
observed letter size decreases, but further measurements over a larger subject pool are required to
conclude general statements. In the next chapter, I present my visual acuity simulation method that
makes use of all results presented up to this point.

Corresponding thesis: T3
I designed and implemented a new far-field, infrared pupil measuring system that enables the
continuous monitoring of the subject’s eye and allows for real-time, synchronized pupil diameter
measurement during visual acuity tests. I showed that my evaluation algorithm applying automatic
magnification correction and adaptive circular Hough transform determines the pupil diameter
with 0.2 mm spatial accuracy, exceeding that of similar commercially available devices
(i.e. 0.5 mm). [P3]
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6. Simulation of foveal visual acuity of the human eye
6.1. Motivation
The imaging properties of intraocular lenses implanted by cataract surgery are evaluated
during the design phase and in the patient’s eye after operation by definitely different methods.
IOLs are designed by computer software in schematic eye models for technical quantities, such as
wavefront aberration, diffraction spot size, modulation transfer, etc. On the other hand, physicians
evaluate implanted lenses in the clinics by some ophthalmic quantity, typically visual acuity. These
two have not been exactly related yet, though practical experience shows that the comparison of
different IOL types (e.g. aspheric, toric, or diffractive lenses), and also the evaluation of alternative
designs of the same type would greatly benefit from a simulation tool that estimates post-operative
visual acuity [47], [68].
In this chapter, I present my solution to the above problem in the form of a personalizable
neuro-physiological model of the human eye. In addition to assisting IOL design, the same vision
model could be used to devise an alternative measurement method to objectively determine the
visual acuity of a subject in cases where conventional acuity tests are infeasible (e.g. testing
illiterate subjects or preschool children) [50], [60].
6.2. Preliminaries
Two major trends can be distinguished in the field of vision modeling. First, there are purely
optical models, whose primary purpose is to accurately characterize the imaging properties of the
human eye [56], [61]. As these models are almost always implemented in optical design software,
real ray-tracing and diffraction analysis make it possible to precisely describe the effects of optical
aberrations and diffraction even in case of polychromatic illumination. Furthermore, thanks to
optical design software, the applied opto-mechanical parameters can be easily modified or adapted.
The main drawback of these models is that they do not involve any neural signal processing, and
consequently, the visual acuity value is not derived at all or it is estimated only by simple empirical
relationships [56], [61].
On the other hand, there exist vision models that do incorporate a neural part, which
characterizes neural transfer and cortical recognition [50], [102], [144], [146]. However, in
contrast to the previous group, these models only apply simple, usually monochromatic, optical
transmission (for details see Section 2.3). Among these, it is worth highlighting Watson and
Ahumada’s work, who have developed a complex set of vision models [144]. The neural part of
their models applies well-established neural transfer and additive noise to the retinal image, which
results in a noisy representation that is intended to be recognized. They model the process of
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cortical recognition using template-matching algorithms with different matching rules based on
various theoretical considerations, where even the type of the templates can be changed.
Nevertheless, the main drawback is the inaccurate description of the optics of the human eye in
case of their model too.
6.3. Target specification
Given the above-stated limitations, I decided to develop my own visual acuity model based
on those propounded in the literature [50], [61], [102], [144]. Since most medical treatments
attempt to restore the patients’ vision capability to a normal level, I focused my attention on
studying the monocular visual acuity of healthy people with near-emmetropic vision.
Consequently, I intended to examine only the ±0.5° field angle range of foveal vision. Outside this
region I expected my model to provide results that are in strictly monotonic relation with
measurements. My purpose was to create a simple simulation tool having as few parameters as
possible, in which one can modify the opto-mechanical parameters of the model and analyze the
resulting effects.
To do so, I take advantage of both trends presented in the previous section, and I propose a
new model that takes into account the whole visual train, i.e. the optics of the eye, neural
transmission, neural noise, and the recognition process as well. In order to accurately describe the
polychromatic imaging properties of any specific human eye, my model is based on a
physiologically correct schematic eye, supplemented with a simplified representation of the retina.
Besides, an improved numeric model is included to imitate the subsequent steps of retinal and
neural image processing and cortical recognition, and a novel integrated algorithm is realized to
estimate the visual acuity value based on the simulated scores. In order to provide a robust model,
the whole process contains only two adjustable neural parameters: σ additive noise and
δρ discrimination range. At the same time, to personalize the scheme, ocular wavefront aberration
and pupil diameter data are used as subject-specific input parameters. Both of them can be either
determined by in vivo measurements of a subject, or produced by optical design software using a
schematic eye. This flexibility opens the door to a broad range of potential applications, such as
objective visual acuity measurements and intraocular lens design.
6.4. New neuro-physiological vision model
My new visual acuity model basically follows the steps described in Section 2.3, but also
contains some substantial improvements. Instead of applying elementary monochromatic
calculations described by Eq. (6), I characterize the complete, polychromatic optical transfer more
precisely by using a physiological eye model. In this way, both ray-tracing and scalar diffraction
analysis are taken into account to accurately model the imaging system. Additionally, the
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schematic eye enables the user to make parametric modifications and to analyze the resulting
effects [61]. The personalization of the model can be realized in two ways. First, a structurally
correct model of a given person’s eye can be established based on biometric measurements (using
ultrasonometry, corneal topography, etc.), by which it becomes possible to design certain visual
optical devices (such as IOLs) directly for improving visual acuity. Second, using a structurally
average eye model, it can be customized by appropriately inserting a given person’s OPD (X, Y)
wavefront map measured at a given wavelength, and let the model deal with polychromatic
aberrations and diffraction. This approach makes it possible to develop e.g. new diagnostic
methods by which visual acuity could be objectively determined from a quick wavefront
measurement. I pursue this second way, as it better serves my aims with respect to model
calibration (see Section 6.5).
6.4.1. Personalizable physiological eye model
My physiologically accurate average eye model is implemented in Zemax OpticStudio [156].
Its structure is kept simple, because individual wavefront aberration is to be introduced to the
model directly from measurements. From the many existing schematic eyes, my choice had fallen
on the well-known “historical” Gullstrand Exact (no. I) model [10], [56], which involves only
spherical surfaces. The model simplifies the gradient-index crystalline lens to a central nucleus
(core) of high refractive index, surrounded by a cortex of lower refractive index according to its
onion-like structure caused by the special development of the crystalline lens [112]. Since
longitudinal chromatic aberration plays important role in human vision [40], [133], [134], and the
Gullstrand Exact model excludes wavelength dispersion, I replaced its original fixed refractive
indices with dispersion formulae based on Atchison and Smith’s measurements [9]. They used the
Cauchy formula, i.e. n( )  A1 
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A4
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, but as it was not available in Zemax [156], I fitted

their dispersion curves [9] using the Sellmeier 1 formula, which is implemented in most optical
design software:
n2 1 

B12
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B3 2

2  C 3

.

(28)

Here n denotes the refractive index of the material, λ indicates the wavelength in vacuum (given
in microns), while B1,2,3 and C1,2,3 are coefficients describing a specific material. Their fitted values
are summarized in Table 13 for all of the media of the schematic eye.
The result of the fit follows the profile given by Atchison and Smith [9] with high accuracy:
the standard deviation of the refractive indices determined by the Cauchy and the Sellmeier 1
formula being smaller than 0.0017 for all media of the eye model. Polychromatic illumination is
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weighted as a function of wavelength according to the photopic sensitivity curve of the human eye
[112]. In total, I apply 24 discrete wavelengths equally distributed across the visible spectral range.
Material

B1 [-]

B2 [-]

B3 [-]

C1 [μm2]

C2 [μm2]

C3 [μm2]

Cornea

8.68∙10−1

4.60∙10−4

3.93∙102

9.35∙10−3

1.41∙10−1

4.41∙104

Aqueous

7.61∙10−1

4.18∙10−4

5.18∙104

1.01∙10−2

1.42∙10−1

5.73∙106

Lens nucleus

9.42∙10−1

1.29∙10−3

4.71∙104

1.12∙10−2

1.32∙10−1

6.19∙106

Lens cortex

1.26∙10−3

8.87∙10−1

3.63

1.31∙10−1

1.15∙10−2

4.88∙102

Vitreous

7.61∙10−1

2.73∙10−4

4.30∙104

1.01∙10−2

1.43∙10−1

5.61∙106

Table 13. The numerical values of the B1,2,3 and C1,2,3 coefficients used in the Sellmeier 1 formula to
describe the wavelength dispersion of the different media of the eye model.

The Styles-Crawford effect [56], [112] (i.e. the directional sensitivity of cones) is taken into
account using Gaussian apodization in the T (X, Y) amplitude transmission factor of the pupil
function, see Eq. (6). Its single parameter, the 1/e radius equals 2.9 mm [56]. The schematic view
of my Zemax model is shown in Figure 27, and its mechanical dimensions are presented in
Table 14.

Figure 27. Schematic view of the physiological eye model.
#

Surface name

Curvature radius [mm]

Thickness [mm]

Clear diameter [mm]

1.

Cornea

7.60

0.550

12.6

2.

Anterior chamber

6.10

3.100

11.4

3.

Pupil

∞

0.000

personalized

4.

Lens cortex

10.00

0.546

8.0

5.

Lens nucleus

7.91

2.419

8.0

6.

Lens cortex

−5.76

0.635

8.0

7.

Vitreous humor

−6.00

17.310*

8.0

8.

Retina

−11.30

0.000

2.4

Table 14. Structural parameters of the eye model implemented in Zemax (*initial thickness value,
to be optimized for best focus at the given pupil diameter).
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In order to personalize the model, I use the wavefront aberration of a given subject measured
by a medical Shack-Hartmann sensor. The outputs of the aberrometer are the coefficients of the
Zernike polynomial fitted to the measured wavefront of the subject [7], [78], [79], [133]. I use a
tenth-order expansion, so that OPD is given by a set of 62 Zernike coefficients (the zero-order
piston, the first-order horizontal and vertical tilts, and also the Z20 second-order defocus terms are
ignored to exclude instrumental myopia [78]). After a necessary rearrangement (due to the
different ordering of Noll’s sequential indices used in Zemax [156] and the OSA/ANSI standard
indices used by wavefront sensors [78]), the coefficients can be directly imported to Zemax to
characterize the target wavefront, see Figure 28. To this end, the first surface of the lens
(see Surface #4 in Figure 27) has been modified to be a so-called Zernike Standard Sag surface
(i.e. a surface the shape of which is determined by Zenike polinomials), having variable
coefficients.

Figure 28. Illustration of the first ten radial orders of the Zernike polinomials [75], together with
the OSA/ANSI standard and Noll’s sequential indicies of the first three orders.

As the first step of personalization, I adjust the d entrance pupil diameter to the value measured
by Shack-Hartmann sensor. Then, I optimize the Zernike coefficients of the lens anterior surface,
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so that the monochromatic OPD equals the measured wavefront shape at the reference wavelength
of the wavefront sensor, i.e. λ0 = 555 nm. As a consequence, the model produces exact results at
the reference wavelength. Thanks to the close-anatomical structure of the Gullstrand Exact model
and the applied Atchison-Smith dispersion formulae, this model allows to take the effects of
chromatic aberrations into account.
After this process of personalization, I change the entrance pupil diameter to the specific value
at which the visual acuity of the subject is to be determined. Pupil diameter is a very important
parameter, thus I developed a custom arrangement for its real-time measurement during visual
acuity tests, see Chapter 5. For subjects having emmetropic or hypermetropic eyes I optimize the
axial retina position for infinite object distance in order to ensure a sharp image. The optimization
error

function

includes

the

diffraction

MTF

at

two

distinct

spatial

frequencies:

14.85 and 22.28 cycles/degree (50 and 75 cycles/mm at the retina, respectively), which values are
commonly used to assess or compare the performance of different optical designs under various
conditions (e.g. predicting the features of different types IOLs) [1]. For subjects with negative
refractive error the retina position optimization is performed using an extra paraxial lens (i.e. an
ideal model of eyeglasses prescribed for best correction). In order to simulate their uncorrected
visual acuity, which was my intention, the paraxial lens has to be removed afterwards. In terms of
Zernike polynomials, their measured Z20 coefficient is negative.
Finally, the polychromatic diffraction PSF of the eye is determined and normalized so that its
surface integral equals unity. This is an important pre-processing procedure for character
recognition [85], [92], that allows for the comparison of results from subjects having different
optical aberrations. A representative OPD map and the corresponding high-accuracy PSF—
determined by the personalized model of the subject’s eye at a typical entrance pupil diameter of
5.0 mm—is depicted in Figure 29.

Figure 29. The measured wavefront aberration (OPD) of subject S. T.’s OD eye, and the
corresponding polychromatic PSF at d = 5.0 mm entrance pupil diameter derived from his
personalized physiological eye model.
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It can be argued that the effective focal length of my eye model equals the well-known average
value of 17.1 mm [10], [56], [134], which does not necessarily correspond to that measured on a
given person. Having said that the examined letter size, the pupil diameter, and the wavefront
aberration are all known in the object space, the focal length of the actual eye cannot affect the
image quality in any respect.
The output of the eye model is the numerical matrix representation of the polychromatic
diffraction PSF. In order to provide accurate angular sampling even for diffraction-limited PSFs,
I defined the matrices of all filters and images so that the visual angle of one pixel corresponds to
Δx = Δy = 5.724 arcsec. Since I implemented Fourier transform using the Fast Fourier Transform
(FFT) method [54], the N number of grid points must be a power of two. In order to ensure that
the PSF of strongly aberrated eyes can also be evaluated, I set N = 1024. From this, the
frequency-domain resolution can be calculated as:
f 

1
 0.6142 cycle/degree.
N  x

(29)

6.4.2. Numeric model of neural image processing
The neural part of the model, which imitates the subsequent steps of image processing and
character recognition, is implemented in Matlab [91] to take advantage of its efficient numerical
matrix calculations. Instead of time-consuming spatial domain convolutions, all computations are
accomplished in the frequency domain. The only piece of input data is the polychromatic
diffraction PSF calculated using Zemax [156], from which the OTF is determined by IFFT (inverse
Fast Fourier Transform) and is applied to the II (x, y) ideal image of the visual target object
according to Eq. (7). My target objects are single letters of different sizes, represented by
1024×1024 binary matrices. Black pixels of the letter strokes are represented by 0 and white
background pixels are indicated by 1.
I use the average NTF described by Eq. (9) to obtain the PI (x, y) post-retinal neural image.
According to the literature [50], I apply fh = 4.1726 cycles/degree and fl = 1.3625 cycles/degree
frequencies to scale the position of the high and low frequency lobes, along with w1 = 0.7786 and
w2 = 0.8493 weights to characterize their impact on the CSF. Furthermore, in agreement with the
values presented in the literature [112], I use d = 6 mm average entrance pupil diameter, and
λ0 = 555 nm, i.e. the reference wavelength of the Shack-Hartmann wavefront sensor, to determine
the MMTF. In my model, similarly to the PSF, the NTF is normalized so that the spatial domain
surface integral of its Fourier transform equals unity, i.e. NTF (f = 0) = 1. Due to this
normalization, the background value of the filtered images always remains unity.
At this point, there is a numerical issue that needs to be mentioned. When a Fourier transform
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and its inverse are performed one after the other, both calculations have to be accomplished using
the same algorithm in order to obtain the correct results. In the present case, I use IFFT for OTF
calculation, but the NTF is determined directly in the frequency domain. To overcome this issue,
I first apply a Discrete Fourier Transform (DFT) to the NTF, then I transform it back by IFFT to
obtain NTF’, which I use in my algorithm:
NTF   IFFTDFTNTF  .

(30)

The cross-section of NTF’, determined by the above-discussed numerical values, is depicted
in Figure 30. The shape of the curve implies that neural filtering described by Eq. (11) corresponds
to an edge-enhancement performed on the RI (x, y) optically filtered retinal image.

Figure 30. The cross-section of the radially symmetric NTF’ Neural Transfer Function with respect
to the f spatial frequency.

The last step of neural image processing is the calculation of a NI (x, y) noisy image, according
to Eq. (12). In case of high-acuity human vision, one of the most important noise sources is the
limited channel capacity of the retinal ganglion cells [6], [17]. Thus, I decided to represent neural
noise so that it corresponds to the individual cells of the retinal cone lattice, i.e. a quasi-regular
hexagonal structure with 120 cycles/degree spatial frequency [6], [17], [36], [102], [113]. I apply
additive Gaussian white noise according to Eqs. (12) and (13). In order to differentiate between
the subjects’ neural sensitivity and to model temporal changes in their concentration ability, the
σ standard deviation of the applied normal distribution is a free parameter of the model that has to
be optimized. The numerical value of σ represents a signal-to-noise ratio relative to the original
binary image. The results of the successive steps of opto-neural image processing are illustrated
in Figure 31. The last sub-image d) is used as input for the character recognition algorithm. The
thoughtful reader may notice that in Figure 31 the background value is not unity, but zero—this
inverting numerical transformation facilitates the recognition phase and is explaned in detail in the
next subsection.
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Figure 31. The results of the successive image processing steps of my vision model: a) ideal binary
image of the examined letter (inverted), b) retinal image, c) post-retinal neural representation,
d) noisy image.

6.4.3. Template-matching model of cortical character recognition
The final phase of my vision model is character recognition. In order to provide a simple
algorithm with great descriptive power, like many other researchers [23], [76], [122], I use
template-matching (see Subsection 2.3.4). In order to equalize the uneven brightness of the
matrices that represent the post-retinal neural image of letters [76], [119], [127], I quantify
similarity by zero-normalized cross-correlation (also known as Pearson’s correlation) [59], [103].
In my model, subjects are considered as cooperative observers limited by optical and neural
filtering, as well as neural noise, which determines the NI (x, y) noisy image as described above.
However, the construction of template images requires special consideration.
According to the literature [33], [62], [122], human subjects (and even animals) can learn and
memorize the permanent properties of several filtered images of an object at different scales and
different positions, but cannot learn their variations. Consequently, subjects can form average
templates for target objects that had passed through the steps of image processing [50], [144].
Therefore, my template set contains optically and neurally filtered, but noiseless,
PI (x, y) post-retinal images of the same size as the tested image.
At this point, there is another noteworthy numerical issue in connection with the binary
representation of the input letters. In conventional visual acuity tests, which I intend to simulate,
the letters are presented to the subject as black lines on white background. If I retain this solution,
the inverse Fourier transform of the letters described by Eq. (7) would include an extremely high
central peak with a width of one pixel. Dealing with very large numbers arouses numeric
instability, since it may require larger bit-depth than available with customary double-precision
floating-point representation. In order to avoid such problems, I decided to invert the input images
of the letters by applying the following linear transform:
InvII ( x, y)  1  II ( x, y) ,

(31)

where the background value of the matrice becomes to 0. Due to the normalization NTF (f = 0) = 1,
inverting the input image then applying the optical and neural image processing is equivalent to
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calculating PI (x, y) first according to Eq. (11) and then making its inverse:





FFT IFFTInvII ( x, y)  OTF ( f x , f y )  NTF ( f x , f y )  InvPI ( x, y) .

(32)

When calculating the ρ similarity between the examined noisy image (NI) and the elements of the
template set (PIt), due to the applied inversion, zero-normalized cross-correlation simplifies to
normalized cross-correlation (without substracting the average value), cf. Eq. (14). Since the
average value of the original letters are unity with a good approximation, the ρ correlation values
are the same calculated by either methods.
In order to increase running speed, I realized the computations by my own algorithm in the
frequency domain:
ρt = NI PIt ≡ FFT[IFFT*[NI] ∙ IFFT[PIt]],

(33)

where  denotes cross-correlation and * indicates complex conjugation. This was necessary to
avoid using the normxcorr2 built-in Matlab function, because it alternates between spatial and
frequency domain computations, causing instability [91].
As mentioned before, the result of the correlation calculation is not a single scalar number,
but a matrix with a linear size that equals the sum of the original linear sizes less one [59], [103].
Since it is highly time-consuming and called multiple times during a visual acuity simulation, it
significantly affects the running time of the algorithm [45]. Therefore, I analysed whether the
matrix size can be reduced without distorting the results. My experiments showed that estimating
the lateral extension of the template images by taking four times their second momentum (root
mean square size) leads to an optimal trade-off (i.e. it does not affect the numerical results
significantly, but boosts the calculations undoubtedly). Therefore, in my acuity simulations
I performed cross-correlation on matrices covering only this area. In this way, the correlation
matrix size depends on the current image size, but is strictly smaller than 400×400 (cf. the original
1024×1024), which verifies calculation boosting. Furthermore, by cutting off the constant
background borders, I eliminate the possibility of fake high correlation peaks corresponding to
shifted positions where only the edges of the two matrices overlap. Finally, analogously to OC, the
ρ correlation value, that describes the similarity of the object and tested template, is determined by
the maximum element of the calculated cross-correlation matrix, as described by Eq. (15), which
ensures translation invariance for recognition [62], [80], [106].
In case of a tested letter, the template-matching algorithm determines the above-described
correlation value for all possible templates and sorts them in descending order to find the
maximum: ρmax. Though simple recognition models define the response directly by ρmax [50],
[144], I noticed that during visual acuity tests the subjects often become hesitant near the
recognition threshold and start guessing from multiple choices. This suggests that differences
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below a certain threshold cannot be distinguished [15], [82]. In order to model the decision-making
method accordingly, I defined a δρ discrimination range in which identification of any differences
is not possible. I consider indistinguishability bound to an absolute limit, thus I have determined
δρ as a constant value, which is another free parameter of my visual acuity model. Accordingly,
the output of my recognition process is a set of potential guesses corresponding to the correlation
values within the [ρmax−δρ; ρmax] discrimination range, which is illustrated in Figure 32. In this
way, my vision model has only two independent parameters: σ and δρ, which I optimized
experimentally based on real measurements, see Section 6.5.

Figure 32. Illustration of the template-matching-based recognition mechanism and the role of
δρ discrimination range in case of examining a single tested letter.

6.4.4. Determination of the visual acuity value
In order to simulate the visual acuity value as precisely as possible, I decided to take advantage
of the correlation-based approach, thus my model scores the individual identifications by OC.
Moreover, the introduction of the non-zero discrimination range into the model makes it possible
to further reduce the uncertainty of the simulations, as described below.
In case of real acuity trials, exactly one identification corresponds to each tested character.
However, in my simulations, the discrimination range may contain one or more potential responses
in case of each single tested letter. Accordingly, my recognition model calculates the OC value for
all these guesses and yields the output for the tested letter as their mean value. In such ambiguous
cases, the averaging step represents the hesitation of the subject by summarizing the possible
results of multiple acuity tests, thereby decreasing statistical error. The workflow of the entire
above-discussed process for the identification of one single letter, together with the main
parameters of the algorithm are depicted in Figure 33.

70

Figure 33. Workflow of my vision model describing the identification of one single letter. The main
input parameters of the model are indicated.

When testing multiple letters, the assessment of the simulated scores basically follows the
curve-fitting-based evaluation of visual acuity measurements, using averaged OC values falling in
the finite (i.e. non-zero) discrimination range.
6.5. Calibration of the new vision model
In order to calibrate the two free neural parameters of my vision model, and to demonstrate
its ability to estimate monocular visual acuity, I compared its outcome to the result of real acuity
tests. As I strove for the highest achievable precision, I decided to use my correlation-based
laboratory measurements (26 letters/size, Δs ≈ 0.05 logMAR letter size sampling, see Section 3.3)
as a reference.
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My model examines the characters in exactly the same way as they are tested in my laboratory
measurement setup (individually, one after another, in the middle of a solid white background). As
the subjects were told before the trials that they would be presented only with letters, accordingly
I defined the template set of the recognition method to comprise of the 26 letters of the English
alphabet, each being a possible response. Furthermore, in my simulations I consider exactly the
same 14 letter sizes and the same 26-letter extended Sloan character set [109] as in my laboratory
measurements to reproduce the measurements as precisely as possible.
According to the literature [27], [72], [143], pupil size significantly influences visual acuity,
which is confirmed by my simulations as well (see Chapter 7). Therefore, I used all the detailed
data I gathered using my custom-made far-field pupil measuring system presented in Chapter 5.
The pupil size measurement and the visual acuity test were synchronized, hence I knew the exact
dm entrance pupil diameter corresponding to each recorded response.
6.5.1. Ocular measurements
In order to simulate exactly my special laboratory acuity tests with my vision model, the
wavefront aberration of the eyes of the same subjects was measured using a clinical
Shack-Hartmann sensor (WASCA Analyzer, SW 1.41.6; Carl Zeiss Meditec AG). The outputs of
the wavefront sensor are the dw pupil diameter recorded at the wavefront measurement, and the
coefficients of the Zernike polynomials. The results of their measurements, together with the
RE refractive error and the Cyl astigmatism of the subjects’ eyes measured using an autorefractor
(KR8800; TopCon), are summarized in Table 28 of Appendix B. The coefficients of the Zernike
polynomials were used to personalize the Zemax eye model, and for the calculation of the
polychromatic diffraction PSF, I applied the dm pupil diameter measured for each tested letter
separately during the acuity trials.
Though the wavefront aberration of all ten healthy young subjects presented in Section 3.3
was recorded, only eight of them participated in my pupil size measurements (see Chapter 5), so
the calibration was carried out on these eight subjects. Similarly to the measurements, I only
considered the subjects’ OD eyes in my analyses, because an individual’s eyes are often strongly
correlated [55], [97], [114].
6.5.2. Individual calibration of model parameters
To calibrate the free neural parameters of my vision model, I applied extremum detection over
an appropriate parameter space, and sought for the specific σ and δρ pair that minimized the ΔRR
root mean square difference between the RRs(sj) simulated and the RRm(sj) measured Rate of
Recognition values (note: the same letter sizes were tested). For each given subject the fitting error
takes the form of the following expression:
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where j indicates the index of the letter sizes. This method provides a more comprehensive error
figure than the pure difference of visual acuity value being only a single scalar number [149].
I performed the calibration for each person examined individually and also for the entire subject
pool using common σ and δρ parameters (see Subsection 6.5.4).
The correct operation of my vision model can be best investigated by optimizing σ and δρ for
all tested subjects independently of each other. I completed this individual-based calibration by
performing simulations in the parameter space of σ = 0...0.15; δρ = 0...0.005, and compared the
predictions of the model to the outcome of the measurement person by person. In order to avoid
any bias, I determined both the simulated and the measured visual acuity values by applying
correlation-based scoring and logistic regression according to Eq. (22). A representative example
for the measured/simulated RR values and fitted L(s) psychometric curves is depicted in Figure 34.
The measured and the best-fit simulated visual acuity values, together with the optimized
parameters and the corresponding ΔRR fitting error are presented in Table 15 for each subject.

Figure 34. Visual acuity measurement and simulation results of subject S. O.’s OD eye. Filled and
hollow circles represent registered values, while continuous curves show the L(s) psychometric
functions obtained by logistic regression.
Subject

dm [mm]

Vm [logMAR]

Vbf [logMAR]

ΔRR [-]

σ [-]

δρ [-]

G. A.
M. T.
P. B.
S. T.
U. F.
Kl. Mi.
S. O.
G. T.

4.6
5.6
4.8
5.6
3.8
6.0
5.0
6.0

−0.27
−0.22
−0.18
−0.25
−0.31
−0.09
−0.24
−0.25

−0.26
−0.21
−0.16
−0.23
−0.30
−0.07
−0.23
−0.25

0.025
0.060
0.047
0.050
0.033
0.047
0.039
0.034

0.075
0.150
0.125
0.100
0.150
0.125
0.150
0.075

0.002
0.002
0.003
0.002
0.003
0.002
0.003
0.002

Table 15. Summary of the individual calibration results: dm measured pupil diameter averaged for a
given subject, Vm measured and Vbf best-fit simulated visual acuity values, and ΔRR fitting error.
The optimized model parameter values are listed below σ and δρ.
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The average difference between the Vbf best-fit simulated and the Vm measured visual acuity
values is 0.010 logMAR, which approximates the systematic error of individual best-fit
simulations, while the standard deviation equals 0.0055 logMAR. The sum of these two estimates
the best achievable residual of my simulation over the calibration group: 0.016 logMAR. This
value approximately equals the uncertainty of my special laboratory acuity measurements based
on which the model has been calibrated (i.e. ΔV ≈ 0.017 logMAR). This observation implies that
the precision of the simulations is limited by the reference measurements, and demonstrates that
proper adjustment of the model is feasible with only two free neural parameters. A comparative
error analysis further investigating the applicability of the model is presented in Section 6.6.
6.5.3. Investigation of sensitivity to changes in model parameters
In order to examine the required complexity of my vision model, and to assess the role of
optical effects and neural transfer, I performed additional simulations by subsequently omitting
the PSF and NTF. Based on the results, I conclude that the free neural parameters cannot be
calibrated if any part of the model is discarded. This confirms that both optical filtering and neural
transfer are key elements of the simulation to accurately determine visual acuity. Similarly, I
performed the individual calibration by neglecting either σ or δρ, but in all cases the ΔRR fitting
error and the average difference between the simulated and measured acuity values were at least
15…20% larger than with both parameters optimized simultaneously.
I evaluated the reliability of my model by carrying out an inverse-sensitivity analysis. In this
simulation, I sought for the change of construction parameters necessary to cause
ΔV = 0.05 logMAR alteration in the visual acuity value. For this purpose, I varied the d entrance
pupil diameter and the two free neural parameters. Besides, I examined the effect of changes in
the wavefront shape by introducing some artificial RE refractive error, corresponding to a small
amount of defocus. The results of the analysis are presented in Table 16.
Parameter

Average value ± standard deviation

Change required for ΔV = 0.05 logMAR

Pupil diameter (d)

5.2 ± 0.77 mm

1.1 mm

Refractive error (RE)

0 D*

<0.25 D

Additive noise (σ)

0.12 ± 0.03

0.15

Discrimination range (δρ)

0.0024 ± 0.0005

0.0012

Table 16. Results of the inverse-sensitivity analysis. Averages and standard deviations are given for
the calibration group. *It is practically zero, because almost all subjects could naturally focus on
the tested letters.

These results confirm my expectation, that the vision model is highly sensitive to the optical
input parameters. This means that their precise knowledge is essential to accurately simulate the
74

acuity value of a specific eye. Moreover, it is observable that the model is considerably less
sensitive to the adjustment of the neural parameters, which implies that it may be possible to
achieve promising results by using average neural features together with personalized
wavefront/pupil diameter data. In this way, the lengthy individual calibration process might be
eliminated. An investigation of a potential average neural model is presented below.
6.5.4. Optimum neural parameters for the average visual system
In order to determine the parameters of the average neural model, I performed global
optimization considering all subjects simultaneously. I determined the ΔRRave fitting error again
using the root mean square deviation between the simulated and the measured RR values, but this
time I calculated it for all examined eyes and analyzed their average over the subjects. I found the
optimum parameters of the average neural model to be σave = 0.10 and δρave = 0.0025. These are
close to the mean of the individual best-fit parameters listed in Table 15, however provide more
precise estimates for the overall best-fit parameters. The predictions of the average model, together
with the outcomes of the measurement and the resulting fitting errors are presented in Table 17.
Subject

Vm [logMAR]

Vave [logMAR]

ΔRRave [-]

G. A.

−0.27

−0.22

0.065

M. T.

−0.22

−0.21

0.067

P. B.

−0.18

−0.19

0.064

S. T.

−0.25

−0.21

0.070

U. F.

−0.31

−0.33

0.049

Kl. Mi.

−0.09

−0.05

0.069

S. O.

−0.24

−0.26

0.070

G. T.

−0.25

−0.21

0.069

Table 17. Comparison of the average neural model and the measurement: Vm measured and
Vave simulated visual acuity values (σ = 0.10 and δρ = 0.0025). ΔRRave indicates the root mean square
difference between simulated and measured Rate of Recognition values.

The average difference between the Vave simulated and the Vm measured visual acuity values
is 0.013 logMAR (systematic error), while the standard deviation of the differences equals
0.032 logMAR (uncertainty). The sum of these two estimates the residual of my simulation over
the calibration group: 0.045 logMAR, which is certainly larger than the residual of the best-fit
model, as expected. Based on my detailed comparative error analysis to be presented in the next
section, I conclude that the residual of my simulations using the average neural model over the
calibration group is still smaller than the error of conventional five-letter line-assignment-based
visual acuity tests [111], [112], [137].
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Due to the small number of participants involved, I can only present the behavior of my model
over the calibration group. Further experiments performed on an extended subject pool, including
wider age bracket and participants with certain vision loss, are required to conclude general
statements about its eventual accuracy.
6.6. Discussion of the new vision model
The accuracy of visual acuity simulations is affected by both systematic and statistical errors.
The source of statistical error is twofold. First, it comes from neglecting the fine individual
characteristics of cortical character recognition, such as learning capabilities, effects of fatigue,
mood, etc., that may even change over time. Second, it occurs during the simulation, because the
additional Gaussian white noise implemented in the model represents a statistical quantity. In order
to determine its effect on repeatability, I performed five separate simulations with the same
parameter settings and determined the standard deviation of the resulting visual acuity values, in
the same way as ophthalmic scientists check test-retest variability [111], [137]. Based on the
results, this constituent of statistical error proved to be smaller than 0.0045 logMAR. This value
is very close to the statistical error of my individual simulation results, providing a reasonable
explanation for that and being negligible for all practical purposes.
Systematic errors are caused by the simplifications I applied when constructing the model. In
order to verify the relevance of my assumptions, and to assess their effects on accuracy, I compared
my model to a scheme presented in the literature. Since Watson and Ahumada’s model [144] is the
closest to my work, I chose it as a basis for the comparison. From their set of remarkably complex
and comprehensive models I selected the version that agrees with mine in every aspects—except
for the optical model of the eye and the decision-making step of the recognition process. To
implement their approach, I started from my own vision model (M0) and then eliminated the
differences one after the other. First, I changed the discrimination range to δρ = 0, in which case
the recognized template is determined simply by the ρmax highest normalized cross-correlation
value (M1). Then, I discarded the effects of chromatic aberrations by calculating optical transfer
from the monochromatic PSF at the λ0 = 555 nm reference wavelength (M2). Finally, I eliminated
the effect of pupil size by applying fixed d = 6 mm pupil diameter across the entire model (M3).
This last version corresponds exactly to the model described by Watson and Ahumada [144].
In order to achieve the best comparison of methods, I determined the optimum neural parameters
for each subject independently. For the sake of consistency with my previous work, and to provide
the highest achievable accuracy, the V visual acuity values were evaluated using correlation-based
scoring and logistic regression according to Eq. (22) for all M0...M3 models. The statistics of
neural parameters and fitting errors is presented in Table 18.
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Model

V [logMAR]

ΔRR [-]

σ [-]

δρ [-]

M0

−0.21 ± 0.07

0.042 ± 0.011

0.12 ± 0.03

0.0024 ± 0.0005

M1

−0.23 ± 0.08

0.049 ± 0.016

0.24 ± 0.06

0

M2

−0.23 ± 0.07

0.052 ± 0.019

0.31 ± 0.12

0

M3

−0.21 ± 0.07

0.079 ± 0.067

0.34 ± 0.10

0

Table 18. Comparison of simulations performed using modified vision models (for details see the
text). M0 refers to my solution, and M3 reproduces the scheme presented by Watson and Ahumada
[144]. All indicated values are averages ± standard deviations calculated over the calibration group.

Based on the ΔRR fitting errors, I conclude that the subsequent M0→M1→M2→M3
modifications of the model steadily deteriorate the goodness of fit to the reference measurements.
The ΔRR value of M3 (i.e. the version that reproduces the model presented by Watson and
Ahumada [144]) is twice as large as the fitting error of M0, justifying my decision to include
chromatic aberrations, discrimination range, and precise (variable) pupil diameter in the model.
Additionally, the average σ neural noise parameter increases with the modifications, which
indicates that additive noise gradually takes over the role of other factors that affect image quality,
as they are eliminated step by step from the system. The noise of 0.34 in case of M3 is surprisingly
close to the value presented by Watson and Ahumada: 0.38 [144]. However, according to the
literature [15], [57], the σ additive noise of the visual system is somewhere between 0.03 and 0.08,
to which my value in M0 is much closer.
The ΔRR fitting error is perfectly suitable for the theoretical comparison of different models.
However, from the point of view of applicability, my simulation has to be compared to other
similar methods and real acuity measurements via the ΔV value, i.e. the sum of systematic and
statistical errors. Correspondingly, the average residuals calculated over the calibration group,
together with the accuracy of the Watson-Ahumada model [144], my special laboratory
measurements (Chapter 3), my correlation-based clinical trials (Chapter 4), and standard visual
acuity tests [82], [111], [137] are summarized in Table 19. For the sake of completeness I also
share the duration of the analyses. Simulations were performed on a virtual PC with a processor
with 4 cores, 8 threads, 2.2 GHz (Xeon E5-4620; Intel) and DDR-3 RAM (1333 MHz) of a
four-socket server (PowerEdge R820; Dell).
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Method

ΔV [logMAR]

t [min]

Simulation

Individual best-fit neural parameters

0.016

~200*

Average neural parameters

0.045

15…20

Watson and Ahumada model [144]

0.056…0.070

n/a

Measurement

Correlation-based laboratory measurement, 26 letters/size

0.017

30…40

Correlation-based clinical test, 5 letters/size

0.036

~1

Conventional ETDRS trial evaluated by single-letter-scoring or curve-fitting [111], [137]

0.04

~1

Conventional line-assignment-based ETDRS trial [112], [125]

0.06…0.15

~1

Table 19. Accuracy (residual) and duration of different methods used to determine visual acuity.
*Optimization time included (the running time is similar to that of the average model,
i.e. 15…20 min).

Based on the results, the personalized best-fit simulation provides approximately the same
residual over the calibration group as my special laboratory measurement using all 26 letters at
each letter size and correlation-based scoring (see Chapter 3). However, personal optimization of
the simulation parameters requires special auxiliary measurements to provide appropriate input
data and reliable reference, as well as a substantial amount of computation time. The residual of
my simulations using the average neural model is a very close to the accuracy of my clinical
correlation-based measurements taken with five Sloan characters per line (see Chapter 4), and the
best achievable accuracy of ETDRS tests obtained by single-letter-scoring or curve-fitting. On the
other hand, this value is still less than the error of the simplest clinical ETDRS trials evaluated by
line-assignment (see Chapter 2). Its 15...20 minutes duration may be too lengthy for certain
real-time applications, for which purpose it needs to be reduced through further software/hardware
optimization. However, this method can be a useful alternative in its current form for research,
exploratory analyses, or clinical double tests, in which cases easy applicability is more important
than short execution time.
6.7. Conclusions
I developed a new vision model to simulate the visual acuity of an eye using its objectively
measurable opto-mechanical parameters. It is based on a personalizable physiologically accurate
representation of the subjects’ eye that takes advantage of ray-tracing and scalar diffraction
analysis to accurately calculate the polychromatic PSF. The simulation takes into account
low-level neural image processing (including additive noise, described by its σ standard deviation)
to determine the noisy neural representation, and applies template-matching to simulate character
recognition. To imitate the decision-making step of subjects, I introduced a new quantity, the
δρ discrimination range, in which the identification of any differences is not possible. The model
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determines the visual acuity value by correlation-based scoring and logistic regression to minimize
the statistical error.
I compared the predictions of my vision model to the results of real measurements to optimize
the two free neural parameters of my model (σ and δρ), and to estimate the residual of the
simulations. I determined the neural parameters that best describe an average healthy young
subject with normal vision: σave = 0.10 and δρave = 0.0025. My results showed that simulations
using this calibrated average neural model provide a residual (ΔV = 0.045 logMAR) that is smaller
than the total error of standard ETDRS tests evaluated by line-assingment, and it can be
accomplished in 15…20 minutes.
Due to the complexity of measurements needed for the verification of my simulation, for the
time being I can only present the behavior of my model over the calibration group. However, after
a subsequent calibration on a lager subject pool—including older subjects, as well as those with
certain loss of vision, see Chapter 8—the model might be able to make efficient program
extensions for standard optical design software, by which optimization directly for improved
visual acuity would become possible. Furthermore, since my method apparently works fine with
ocular wavefront aberration measurements, it might also be translated to clinical practice. With its
help new objective tests could be developed to determine the visual acuity in cases where
traditional means are not feasible (e.g. testing illiterate adults, or preschool children, etc.). An
example for the application of the model is presented in the next chapter.

Corresponding theses: T4 and T5
I developed a new, complex neuro-physiological vision model to simulate the monocular foveal
visual acuity of emmetropic subjects (whose vision quality is in the normal range without
prescription eyeglasses). I showed that the model precisely characterizes the properties of optical
imaging by a physiologically accurate personalizable schematic eye implemented in optical design
software, overcomes existing limitations, and provides opportunity to analyze custom setups and
the effects of modifying opto-mechanical parameters in the eye. I demonstrated that the vision
model can describe retinal sampling by an ideal hexagonal receptor structure and can take into
account neural processes, including effects of neural transmission, neural noise and character
recognition, by a simplified neural model having only the additive Gaussian white noise (σ) and
discrimination range (δρ) as two free parameters. [P4]
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I showed through calibration measurements that using wavefront aberration and pupil diameter
data together with the calibrated average values of the neural parameters (σ = 0.1; δρ = 0.0025) as
input, the new vision simulation can determine the monocular visual acuity of near-emmetropic
subjects (−0.5…+0.5 diopters) with normal vision (0…−0.3 logMAR, Minimum Angle of
Resolution). I demonstrated that, based on the residual of the calibration group, the accuracy of
the simulations is approximately 0.045 logMAR, which exceeds the accuracy of general clinical
visual acuity measurements. [P4]
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7. Investigation of the direct effect of pupil diameter on visual acuity
7.1. Motivation
The introduction of correlation-based scoring in Chapter 3 has significantly reduced the
statistical error of visual acuity tests, but systematic errors can still cause up to 0.05 logMAR
deviation in the results (see Chapter 2). By examining the current ICO measuring standard [66],
one can find strict requirements concerning the viewing distance and the illumination of the
eye chart. However, there is no such regulation on the surrounding illumination of the exam room,
despite the fact that its variation modifies both the pupil size and the visual acuity value [27], [53],
[81], [112]. Although a standardized illumination would definitely enhance the comparability of
acuity tests performed at different locations by different examiners, the remarkable variance of
individuals’ pupil size, even measured at identical illumination (±1.5 mm [112]), still distorts the
results [64]. Considering its ophthalmological importance, I decided to investigate the direct effect
of pupil diameter on visual acuity in detail.
Since its measurement is quite challenging and may cause artefacts by disturbing the subject,
I decided to accomplish simulations by using my vision model. In this way, any particular entrance
pupil diameter can be tested by simply setting it as an input parameter. My objective was to explore
visual acuity changes in the common pupil diameter range of 2...6 mm by analyzing the vision of
the subjects in my calibration group (see Chapter 6).
7.2. Preliminaries
The direct measurement of the influence of pupil size change on visual performance requires
either medicaments to dilate/contract the pupil, or artificial apertures placed in front of the subjects’
eyes during a visual acuity test. This is rather inconvenient and difficult to reproduce [64], [70],
consequently, only a few such experiments were performed—mainly investigating astigmatic eyes
[70], [141]. However, reports of indirect measurements are more easily available. For instance,
Holladay et al. statistically analyzed visual acuity as a function of pupil diameter and defocus on
a remarkably large dataset over 10000 subjects participating in several independent and rather
poorly documented studies—they called it the “Historical Reference” [64], see Figure 37.
Similarly, statistical correlation between the normal photopic pupil size and post-operative
best-corrected visual acuity of patients was investigated after IOL implantation [3]. Based on
studies made independently to determine the visual acuity vs. illuminance, and illuminance vs.
pupil size relationship, an estimation for the visual acuity vs. pupile size function can also be given
[112], see Figure 37.
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7.3. Simulation results
I examined the effect of pupil size directly through simulations performed by my new vision
model using the σave = 0.10 and δρave = 0.0025 average neural parameters. In this way, a
personalized simulation for one specific pupil diameter can be accomplished in ∼15 minutes for
any subject whose wavefront aberration has been measured before. I swept the pupil diameter from
2 mm to 6 mm with 1 mm increment. Since the wavefront profile of the 10 subjects presented in
Section 3.3 had been measured before, I used their data for my investigation again. As before,
though all data for the subjects’ both eyes were available, I considered only their right eyes (OD)
in my analysis, because the two eyes of a person are often strongly correlated [55], [97], [114].
The significance of the effect of pupil size on visual quality can be clearly illustrated by examining
the optical PSF, an example for which is shown in Figure 35.

Figure 35. The variation of the optical point spread function with respect to ocular pupil diameter
for subject S. T.’s OD eye in the common 2…6 mm diameter range.

To present a more comprehensive analysis by taking advantage of my complex visual acuity
simulations (see Chapter 6), I examined not only the change in the acuity value, but also the
alteration of the psychometric function of vision, described by Eqs. (20) and (21), with respect to
the d pupil diameter. A representative result consisting of the psychometric functions of subject S.
T.’s OD eye corresponding to all examined pupil sizes is illustrated in Figure 36.

Figure 36. The effect of pupil size on the psychometric function of vision based on simulations
performed by the personalized model of subject S. T.’s OD eye with different pupil diameters.
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The figure clearly shows the significant impact of the pupil size. However, from the point of
view of clinical applicability the numerical acuity value is more important. Therefore, I determined
V according to Eq. (22). The acuity values derived from the performed analyses are presented in
Table 20 for all 10 subjects examined.
Subject

V [logMAR]

d [mm]

2

3

4

5

6

Ku. Ma.

−0.43

−0.41

−0.35

−0.31

−0.29

G. A.

−0.36

−0.31

−0.22

−0.21

−0.18

M. T.

−0.35

−0.26

−0.24

−0.22

−0.19

P. B.

−0.31

−0.29

−0.23

−0.18

−0.17

S. T.

−0.37

−0.30

−0.24

−0.21

−0.19

U. F.

−0.41

−0.36

−0.29

−0.27

−0.25

R. I.

−0.41

−0.34

−0.29

−0.26

−0.25

Kl. Mi.

−0.17

−0.13

−0.10

−0.09

−0.07

S. O.

−0.38

−0.31

−0.27

−0.25

−0.22

G. T.

−0.40

−0.34

−0.27

−0.24

−0.21

Table 20. Results of the individual acuity simulations performed with different pupil diameters in
the common 2…6 mm range.

Based on these results, one can see that 1 mm alteration in the pupil diameter can cause
0.02…0.07 logMAR change in the visual acuity value. The effect is more significant in case of
smaller pupil sizes, which is in good agreement with the fact that pupil contraction cuts off the
edge of high-order aberrations [22]. Further comprehensive analysis of the simulation results is
presented in the next section.
7.4. Discussion of ophthalmologic relevance
In order to formulate a general statement for subjects with normal and supernormal vision,
I made statistics on the individual results of the examined subject group. I determined the average
visual acuity value and its standard deviation over the subjects for each tested pupil size. Then, by
applying linear regression to the data, I determined the direct relationship between the d pupil
diameter and the Vave average visual acuity value of healthy subjects in the common 2…6 mm
diameter range:
Vave (d )  0.04  d  0.43 .

(35)

The average visual acuity value and its standard deviation with respect to pupil diameter is depicted
in Figure 37 together with the fitted Vave(d) linear function and relations derived based on the
literature [64], [112].
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Figure 37. The average change of the visual acuity value with respect to pupil size in the 2…6 mm
diameter range. The black dash-dotted line represents the average curve corresponding to standard
90 cd/m2 chart illumination presented in the literature by Rabbetts [112], while the green dashed
line illustrates the “Historical Reference” dataset presented by Holladay et al. [64].

In order to confirm the validity of my simulations, I compared my results describing healthy
young subjects with normal vision to the observations presented in the literature [64], [112]. Since
the direct influence of pupil diameter on visual acuity over such specific subject group has not
been studied yet, I estimated it through its relation with background illumination [27], [53], [128],
and also compared it to the “Historical Reference” tabulated by Holladay et al. [64]. Despite both
results are a combination of independent measurements performed under different conditions with
different subjects, the outcomes nicely correlate with my direct simulations (see Figure 37).
The slope of Vave(d) that describes the average alteration of visual acuity with respect to pupil
diameter (i.e. 0.04 logMAR/mm) is in good agreement with the numerical values presented in the
literature for subjects with no or only a small amount of defocus or astigmatism (i.e. 0…0.75 D
spherical equivalent: 0.027…0.071 logMAR/mm) [58], [70].
The thoughtful reader may notice that the acuity value suddenly drops at d = 2 mm entrance
pupil diameter according to the “Historical Reference” data [64], see green dashed line in
Figure 37. As based on both measurements and diffraction analyses [28], [70], [143] visual acuity
deteriorates quickly only below 2 mm entrance pupil diameter—which is consistent with my
simulations—the credibility of Holladay et al.’s results at d = 2 mm is doubtful.
Moreover, it has to be noted, that there is a small systematic offset between my simulation
results and the observations presented in the literature, which may arise from multiple causes.
While my vision model has been calibrated based on my special laboratory experiments performed
in a darkened room (see Section 3.3), the measurement conditions of the results presented in the
literature are unknown. The effect of environmental conditions is well illustrated by the difference
between the two curves derived from distinct references [64], [112]. Besides, the offset of the
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simulation results may be caused by the small size of the subject group, as the simulations were
performed only for 10 subjects. This consideration is supported by the observation, that both the
offset and the standard deviation of my results halves in case of excluding Kl. Mi., the only subject
with −0.5 D refractive error. Nevertheless, the systematic offset is smaller than the standard
deviation of my results, which verifies the applicability of my vision simulations.
7.5. Conclusions
In order to determine the direct influence of pupil size on visual acuity without any external
intervention that may disturb the tested subject, I performed personalized acuity simulations by
my neuro-physiological vision model presented in Chapter 6. Based on my results, I approximated
the average visual acuity of healthy subjects with normal vision in the 2…6 mm diameter range
by a linear formula to examine its tendency. My results are well supported by clinical experience
presented in the literature [28], [58], [64], [70], [112].
Due to its significant influence compared to other environmental conditions (see Table 1),
I suggest that it would be fairly important to keep the surrounding illumination of the examination
room at a standard level. Furthermore, in order to take into account subject-specific pupil
adaptation, the entrance pupil diameter should be recorded beside the measured visual acuity value
with at least 0.5 mm spatial accuracy by using a measuring system similar to that presented in
Chapter 5. Beyond the direct clinical relevance, these results well confirm the applicability of my
vision model for vision analysis purposes.

Corresponding thesis: T6
I determined the direct relationship between the d pupil diameter and the Vave average visual acuity
value of healthy subjects with normal vision in the common 2…6 mm diameter range by analyzing
the results of visual acuity simulations performed using my new vision model. The obtained
0.04 logMAR/mm slope of Vave(d) is in good agreement with observations presented in the
literature. Based on the results, I concluded that for the sake of comparability of acuity values, the
pupil diameter has to be measured too with at least 0.5 mm spatial accuracy during visual acuity
tests. [P4], [P6], [P7]
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8. Simulation of post-operative pseudophakic visual acuity
8.1. Motivation
The eventual purpose of my research was to redound the efficient cure of cataract. My vision
model presented in Chapter 6 allows for the estimation of vision quality achievable with IOLs,
thus it is expected to provide some contribution to this medical field. My former simulations
showed promising results over a small calibration group, so I intended to demonstrate its
widespread applicability through the investigation of patients with certain eye disease or vision
loss [19], [44]. Thus, as a final part of the dissertation, I present my vision simulation results
performed on pseudophakic patients whose crystalline lens had been replaced surgically with IOL
due to cataract. Though these tentative results have not been published yet, I deliberately decided
to incorporate them in my dissertation, which could not be complete without them. This analysis
provides a solid application example, and I can also demonstrate the operation of my model
independently from the calibration group.
After recovery from IOL implantation, ophthalmologists verify the results by measuring the
through-focus visual acuity curve of the patient. The application of my model, which has been
developed for normal vision, in case of such large aberrations (viz. defocus), required certain
modifications to it. This chapter presents the extended vision model and the new visual acuity
simulations I performed with it in the presence of IOLs.
8.2. Preliminaries
Due to cataract surgery, patients lose most of their ability to accommodate, i.e. they see objects
sharp in one or few focal planes, depending on the type of the implanted lens, but they have lower
vision at other viewing distances [2], [10], [112]. To test their whole focusing range, and to
determine the necessary post-operative correction, ophthalmologists measure their through-focus
visual acuity curve by placing trial lenses in front of their eyes [1], [68], [138].
In case of IOLs, there exist multiple methods to estimate post-operative vision quality.
According to the International Standard Organization, the preclinical performance of different
IOLs should be assessed based on their MTF value determined at a single spatial frequency
(ISO standard 11979-2:2014) [1]. Though it is in surprisingly good agreement with clinically
measured contrast sensitivity, standard acuity measurements based on optotype recognition
include multiple frequencies [44], [112]. Using this revelation, more realistic and accurate metrics
have been proposed: MTF averaged over a few frequencies, area under the MTF curve integrated
in an extensive spatial frequency range, etc. [1], [138]. From these descriptors, the acuity value
can be estimated by empirical formulas. Though the obtained predictions correlate well with
86

clinically measured visual acuity values on average [1], [68], [138], the coefficients applied in the
equations cannot be directly assigned to physiological quantities. Therefore, I use my
neuro-physiological vision model to simulate the visual acuity of the subjects.
8.3. Model input and reference: an ophthalmic database of pseudophakic subjects
In order to demonstrate the operation of my model over pseudophakic subjects as well,
I involved six patients in my experiments who had undergone cataract surgery. A logical first step
would have been to study monofocal, purely refractive IOLs, but since such data was not available
for me, I examined subjects for whom diffractive multifocal intraocular lens (Bi-Flex 677MY;
Medicontur Medical Engineering Ltd) had been implanted. The results of their post-operative
biometry and keratometry measurements (IOLMaster 500; Zeiss), together with the ϕIOL refractive
power of the implanted IOL, and their mesopic pupil diameter are listed in Table 21. For this
application example, I used both eyes of the subjects in my analyses.
Patient
M. Z.

A. N.

V. H.

K. R.

L. F.

R. T.

Eye

d [mm]

ACD [mm]

AL [mm]

K1 [D]

K2 [D]

β

ϕIOL [D]

OD

4.0

4.66

23.78

42.83

43.49

7°

+21.00

OS

4.0

3.97

23.68

42.61

43.16

172°

+21.00

OD

3.0

4.29

23.13

42.45

42.94

1°

+22.50

OS

3.0

4.97

23.19

41.98

42.61

167°

+23.00

OD

3.1

5.01

24.68

41.82

42.67

172°

+18.50

OS

3.1

5.25

24.64

42.08

42.51

167°

+18.50

OD

4.3

4.93

23.33

44.76

45.42

147°

+20.00

OS

4.5

5.38

23.35

44.70

45.00

40°

+20.00

OD

3.1

3.98

23.68

41.16

41.46

11°

+22.00

OS

3.2

4.62

23.59

41.46

42.24

2°

+22.00

OD

3.1

4.23

21.68

43.16

44.58

0°

+26.50

OS

3.4

4.13

21.59

43.44

43.89

171°

+27.00

Table 21. Results of the post-operative measurements: ACD anterior chamber depth, and AL axial
length (biometry), K1 and K2 refractive power of the cornea along the principal meridians defined
by the β rotation angle of the major axis (keratometry), together with the ϕIOL refractive power of
the implanted lens, and the d mesopic pupil diameter of the subjects. (see Figure 38)

The monocular through-focus visual acuity of the same subjects was tested in the −4 D…+4 D
defocus range with 0.5 D increments 6 months after the surgery, which can be considered as almost
stabilized [5]. I used these measurement results as a reference, when assessing the accuracy of
simulations. The results of the measurement are shown in Figure 43 of Appendix C for all patients
examined.
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8.4. Modification of the physiological eye model to incorporate IOLs
To analyze pseudophakic visual acuity, the schematic eye implemented in my vision model
had to be adjusted to this special purpose and the accompanied circumstances. Thus, I replaced the
multi-layer lens configuration of the Gullstrand Exact scheme [10], [56] (see Subsection 6.4.1)
with a model of the implanted intraocular lens in the schematic eye. In order to provide a
mathematically correct and effective description of the imaging characteristics of the applied
diffractive IOL, I applied zone decomposition technique [101], [120]. This approach takes into
account the precise geometry (i.e. etching profile) of the first surface of the lens and the resulting
phase shift by applying real ray-tracing before the exit pupil plane and scalar diffraction analysis
after that [101], [120]. The refractive index of the lens material has been fitted to the dispersion
curve of the Benz IOL25UV material in 35 °C isotonic saline.
In these cases subject-specific wavefront aberration data was not available, i.e. high-order
aberrations were not included in the model (c.f. my former experiments, when the eye scheme was
personalized based on the measured wavefront aberration of the subjects, see Subsection 6.4.1).
Thus, I characterized the refractive power and astigmatism of the patients’ eyes by K1, K2, and β
parameters derived from keratometry measurements. Furthermore, I complemented the eye
scheme to take into account spherical aberration as well. While the underlying Gullstrand Exact
model uses only spherical surfaces, the International Standard Organization recommends
(ISO 11979-2:2014) to use aberration-inducing cornea to assess the performance of IOLs [138].
Therefore, I added fixed conic coefficients to the anterior and posterior surfaces of the cornea.
My intention was to model the average asphericity of the eyes of healthy subjects, thus I selected
the conic coefficients accordingly (see Table 22), based on data presented in the literature [97].
My preliminary results showed that the application of conic coefficients reduces the systematic
error of my simulations relative to the reference measurements.
In order to simulate the extended through-focus analysis of visual acuity, I involved an extra
paraxial lens in the scheme, which serves as an ideal representation of clinical trial lenses. I placed
the lens in the front focal plane of the eye model, i.e. 13 mm in front of the anterior surface of the
cornea. Its ϕ refractive power is a free parameter, the modification of which simulates different
points along the through-focus visual acuity curve.
To personalize the eye model based on the results of individual biometry and keratometry,
I adjust the mechanical parameters of the structure, i.e. thickness and curvature radius, to the values
determined by real measurements. Specifically, first the results of the biometry are used to set the
position of the IOL and the retina according to the measured ACD anterior chamber depth and
AL axial length, respectively. Then, based on the results of the keratometry, the curvature radii of
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the first and second surface of the cornea are personalized. However, instead of direct curvature
values, keratometers determine the K corneal power along the principal meridians that accounts
for both its anterior and posterior surfaces by using an effective keratometric index of refraction,
i.e. nk = 1.3375. From K, the R curvature radii of the anterior surface can be calculated as:
R1, 2 [mm] 

nk  1 1000 
K1, 2 [D]

337.5
,
K1, 2 [D]

(36)

where the subscript refers to the major and minor axes respectively. Thereafter, from the R anterior
curvature radii, according to the thick lens refractive power formula, the Rp posterior radii of the
cornea can be determined in paraxial approximation:
Rp  R 

n1  n2
n1  nk

 n  1 t1 
 1  1
   1.02R .
R
n1 


(37)

In Eq. (37), t1 indicates the thickness of the cornea, n1 and n2 denote the refractive indices of the
cornea and the aqueous humor at the λ0 = 555 nm reference wavelength, respectively, while
nk stands for the effective keratometric index of refraction. Finally, the rotation of the corneal
surfaces is determined by the β tilt of the major axis [112], [123], as shown in Figure 38.
As a next step, the thickness, curvature radii, and conic coefficient of the first and second
surfaces of the lens are adjusted to the specific values that correspond to the IOL implanted.
Finally, the aperture of the system is defined by the d entrance pupil diameter, the value of which
is set according to measurement results. The schematic view of the modified Zemax eye model is
shown in Figure 38, while its mechanical dimensions are presented in Table 22.

Figure 38. Schematic view of the modified physiological eye model incorporating an IOL and
supplemented with an extra paraxial lens imitating eyeglasses (Surface #1).
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#

Surface name

Curvature radius [mm]

Thickness [mm]

Conic coefficient [-]

Extra parameter

1.

Paraxial lens

13.000

n/a

ϕ*

2.

Cornea

n/a
n k  1  1000
K 1, 2 [D]

0.550

−0.40

Tilt: 90°−β

ACD from Surf. #2

−0.56

Tilt: 90°−β

3. Anterior chamber

nk

 1  1020
K1, 2 [D]

4.

Pupil

∞

0.000

n/a

Entrance pupil diameter: d

5.

IOL

proprietary data

proprietary data

n/a

Material: Benz IOL25UV

6.

Vitreous humor

proprietary data

AL from Surf. #2

proprietary data

n/a

7.

Retina

−11.30

0.000

n/a

n/a

Table 22. Personalization of the eye scheme based on keratometric and biometric data. *The ϕ
refractive power of the paraxial lens is a free parameter, the modification of which represents
different points along the through-focus visual acuity curve.

8.5. New more realistic retina model
In order to precisely simulate the entire through-focus visual acuity curve, beyond the
above-described changes in the eye scheme, large aberrations (especially large defocus) has to be
modeled properly. As in these cases the created retinal images corresponding to readable letter
sizes are significantly larger than those the model has been calibrated for, this requires the
modification of the retina representation too. According to the literature [17], [36], [125], the
contrast sensitivity and the resolution of the eye is much less in case of extra-foveal than foveal
vision. This is mainly caused by the variation of cone and ganglion cell density over the retina
[38]. The distribution change primarily depends on the distance from the center of the fovea, which
is called eccentricity and usually expressed in angular units.
Based on microscopic measurements of the retina, the cones are roughly arranged in a
quasi-regular hexagonal structure with 120 cycles/degree spatial frequency [6], [113]. Though this
representation is perfectly suitable for modeling foveal vision, which I presented in Chapter 6, the
cone distribution cannot be strictly hexagonal in case the cell density varies over the retina [38],
[41]. Therefore, for examining extra-foveal vision, this variation with eccentricity has to be taken
into account [16]. Based on more recent measurements taken on the living eye by using
interference between cones and patterns projected on the retina [151], the η cone density can be
calculated by the following empirical formula as a function of ε eccentricity:






0.85
0.124
 ( )   0  

 0.026  ,
2
2
   

 
1  

1 

6
  0.45 


(38)

where η0 = 12000 cells/deg2 describing the cone density in the center of the fovea [17]. The above
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formula determines the cone density as the aggregate of three distributions corresponding to the
fovea, the area between the fovea and periphery, and to the periphery, respectively. From Eq. (38),
the δ(ε) average distance of the neighboring cones as a function of ε eccentricity can be
approximated by assuming hexagonal cells. The corresponding δ0 = 0.59 arcmin minimal value at
the center of the cornea [17], [36] is in good agreement with the previously applied constant
120 cycles/degree spatial frequency [6], [17], [102], [113].
In order to consider the retinal cone mosaic more precisely in my model, I realized a structure
that corresponds to the cell distribution described by Eq. (38). To do so, first I counted the Nt total
number of cones in the investigated squared −0.81°…+0.81° field angle range, which equals
Nt = 15291. Then, I determined the position of the Nt cones by “greedy algorithm” [35] in the
following manner. I took a random point, calculated its minimal distance from the previous points,
and if it was greater than a threshold value I chose the tested point as the position of the next cell,
otherwise I discarded it. I set the minimum distance to 75% of the δ(ε) average distance, and
continued the iteration until all Nt points was placed. Finally, I determined the shape of the cones
by constructing Voronoi cells corresponding to the previously set center points [38], [41]. In this
way, I could evolve a cone mosaic, so that its density distribution approximates the η(ε) theoretical
function described by Eq. (38), but the shape and size of the individual cells are unique.
As the density of retinal cones changes with eccentricity, the average size of the cells varies
as well (i.e. increasing inversely proportionally), which results in enhanced cone excitation [36].
Moreover, neural noise is assumed to be caused by the statistical fluctuation of these signs,
consequently, it is proportional to their size, and thus, inversely proportional to their distribution
[17]. Therefore, the relative standard deviation of the Gaussian white neural noise can be expressed
as a function of ε eccentricity as:
 ( )   0 

0
,
 ( )

(39)

where σ0 corresponds to the center of the retina. Figure 39 illustrates a typical random noise
distribution, the variation of which increases with eccentricity corresponding to the expanding
cone structure according to the above-described considerations. According to [17], when modeling
visual acuity the structural details of the individual retinal cones are negligible, only their average
size and rough arrangement plays important role. Consequently, and in lack of subject-specific
retinal data, I used one fixed-pattern cone mosaic for each subject in my vision simulations.
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Figure 39. A typical random noise distribution corresponding to my new more realistic cone mosaic,
where both the size and the sign/noise of the cells increases with ε eccentricity. The standard
deviation of the Gaussian additive noise is σ0 = 0.1 at the center of fovea. For illustration, two red H
letters corresponding to −0.3 and 1 logMAR sizes are shown in the image.

In order to demonstrate the applicability of the above-presented improved retina model, and
to show the pertinence of the two formerly calibrated neural parameters in this case as well,
I re-performed the same calibration process as presented in Section 6.5 with one difference—
I replaced the former hexagonal cone structure with the new, more realistic one. To comply with
my former analyses, I used my special laboratory measurements (see Section 3.3) as a reference
to assess the ΔRR simulation error, quantified again by the root mean square difference of the
simulated and measured RR values, see Eq. (34). Based on the results achieved over the calibration
group (both individual-based and common global parameter optimization), the modified vision
model using the extended retina representation determines monocular foveal visual acuity with
approximately the same precision as the original model, which confirms its correct operation.
Furthermore, the average fitting error, i.e. RRave , is minimized by the same parameters as before,
i.e. by using the quasi-regular hexagonal cone lattice: σave = 0.10 and δρave = 0.0025. This
insensitivity to changes in the retinal structure in case of simulating foveal visual acuity is in
correspondence with [17].
Besides the above-described changes, no further modifications were required in the vision
model to simulate post-operative through-focus visual acuity. The steps of neural image processing
and cortical character recognition are represented in the same way as presented in
Subsections 6.4.2 and 6.4.3. To achieve the highest accuracy, the results are still evaluated by
correlation-based scoring and logistic regression, based on which the individual visual acuity
values along the through-focus curve are determined by thresholding according to Eq. (22). Since
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in these cases high-order aberrations are not introduced into the model by wavefront aberration, in
the range of sharp vision it is expected to predict better visual acuity than the real measured value.
This does not apply for defocused cases, because the increasing amount of defocus suppresses the
influence of high-order aberrations.
8.6. Comparison of simulated and measured through-focus visual acuity
To investigate through-focus visual acuity, I performed multiple acuity simulations for each
eye using a paraxial trial lens with different ϕ refractive powers. So that the result could be directly
compared to the reference measurements, I examined the −4 …+4 D defocus range with 0.5 D
increments. Even though standard ETDRS trials were made on the patients, in my simulations
I examined all 26 characters of the English alphabet at each letter size to ensure the highest
achievable accuracy (similarly as in case of simulating normal vision, see Chapter 6). Furthermore,
in line with my previous considerations, exactly the same letter sizes were analyzed in my
simulations as in the reference measurement. Specifically, according to the chart design these were
s = 1.0, 0.9, 0.8 ... −0.3 logMAR. Since the pupil size of these subjects had not been monitored
continuously during the acuity tests, I performed the simulations with fixed d entrance pupil
diameters measured under mesopic conditions (see Table 21). Concerning the neural parameters,
I used the calibrated average values, i.e. σave = 0.10 and δρave = 0.0025. To demonstrate the benefits
of the upgraded cone mosaic, I performed the same through-focus visual acuity analysis using both
the original quasi-hexagonal and the new more realistic cone mosaic. Representative
through-focus visual acuity curves of subject M. Z.’s OD eye obtained by real measurement and
simulations (using both cone representations) are depicted in Figure 40.

Figure 40. Representative through-focus visual acuity measurement and simulation results with
respect to the ϕ refractive power of the trial lens for subject M. Z.’s OD eye.

Having a look at the individual results, I made two observations. 1) The minima
corresponding to the far focus of the measured curves are not always located at 0 D as one would
expect, see also Appendix C. This is due to the fact that the precise outcome of recovery from
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cataract surgery is unpredictable. 2) The measured minimal position do not always match with
simulated ones. It is natural, since visual acuity is most sensitive to the refractive power of the
visual system and the axial retina position, the precise measurement of both being extremely
difficult. Consequently, for the sake of consistency and comparability, I determined the best
(i.e. minimal) visual acuity value along the through-focus visual acuity curve for each subject, and
assigned 0 D to this point. I denote the refractive error required to shift the through-focus visual
acuity curve of a subject to 0 D by Δϕ, and the result of the correction by ϕcorr. This way of
eliminating the patient’s residual refractive error is similar to the process presented in the
literature [1]. The minimal Vm0 measured and Vs0 simulated visual acuity values at ϕcorr = 0 D
(corresponding to the far focus of the multifocal lens), and the Δϕm0; Δϕs0 shifts required for the
measurements and simulations respectively, are shown in Table 23 for all tested subjects.
Patient
M. Z.

A. N.

V. H.

K. R.

L. F.

R. T.

Eye

Vm0 [logMAR]

Δϕm0 [D]

Vs0 [logMAR]

Δϕs0 [D]

OD

−0.10

+0.5

−0.16

+1.0

OS

−0.20

+0.5

−0.20

+1.5

OD

−0.20

−0.5

−0.29

+0.5

OS

−0.20

−0.5

−0.26

−0.5

OD

−0.10

−0.5

−0.20

0.0

OS

−0.20

−0.5

−0.29

0.0

OD

−0.20

0.0

−0.18

+0.5

OS

−0.30

0.0

−0.29

0.0

OD

−0.20

−0.5

−0.30

+1.0

OS

−0.20

0.0

−0.17

0.0

OD

−0.10

+0.5

−0.16

−0.5

OS

−0.20

+0.5

−0.29

0.0

Table 23. Results of the data transformation process: the Vm0 and Vs0 minimal visual acuity values
corresponding to the far focus of the lens, and the required Δϕm0 and Δϕs0 shifts for the
measurements and simulations, respectively.

Based on the results, the average refractive power shift required for the measurement is
−0.04 D with ±0.45 D standard deviation, whilst for the simulation it is 0.29 ± 0.62 D. Besides, in
case of small defocus, my model predicts somewhat better vision (i.e. lower acuity value) than the
measurement, as expected (see Figure 40). Having high-order aberrations neglected this is natural,
so I will not discuss it any longer. (Normal vision was examined in Chapter 6.)
In order to further characterize the properties of the applied multifocal diffractive lens,
I determined the ϕm1 and ϕs1 positions of the near focus, and the corresponding Vm1 and Vs1 visual
acuity values, both for the measurements and the simulations, respectively, as shown in Table 24
for all tested subjects.
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Patient
M. Z.

A. N.

V. H.

K. R.

L. F.

R. T.

Eye

Vm1 [logMAR]

ϕm1 [D]

Vs1 [logMAR]

ϕs1 [D]

OD

−0.10

−2.0

−0.14

−2.5

OS

−0.10

−2.5

−0.10

−2.5

OD

−0.10

−2.5

−0.25

−2.5

OS

−0.20

−2.0

−0.24

−3.0

OD

0.00

−2.0

−0.13

−3.0

OS

−0.10

−2.5

−0.27

−2.5

OD

−0.10

−2.5

−0.14

−2.5

OS

−0.20

−2.0

−0.27

−2.5

OD

−0.20

−2.5

−0.29

−2.5

OS

−0.10

−3.0

−0.18

−3.0

OD

−0.10

−2.5

−0.17

−2.5

OS

−0.10

−2.5

−0.25

−3.0

Table 24. Characterization of the first diffraction order of the multifocal lens: the ϕm1 and ϕs1
positions of the near focus for the measurements and simulations, respectively, together with the
correpsonding Vm1 measured and Vs1 simulated visual acuity values.

The statistical analyses of my results showed that the near focus is located at −2.38 ± 0.31 D
according to the measurements, while it is at −2.67 ± 0.25 D in case of the simulations. Based on
these I concluded, that the distance between the near and far focal planes of the lens is around the
expected value in both cases—the designed addition power of the first diffraction order, being
responsible for near vision, can be corrected by using eyeglasses with approximately 2.5…2.75 D
refractive power (see Figure 41). The small differences in the residual refractive error and in the
additional power may be explained by experimental circumstances (since through-focus visual
acuity measurements are made by using trial eyeglasses, their position on the subjects’ face
somewhat affects the results), and certainly by incompleteness of the model used for the
simulations (error of input parameters, neglected aberrations, unknown pupil diameter, etc.). The
precise cause has not been revealed yet.
Furthermore, Figure 40 clearly shows that the new retina model works as expected—while
near the focal planes, i.e. in case of small defocus, it behaves similarly to the original hexagonal
cone representation; for the regions farther from the focal planes it improves the accuracy of the
simulations. Hence, in order to confirm this observation, I compared the performance of the two
retina models by analyzing the through-focus visual acuity of the subjects in detail. For illustration,
the obtained average simulated visual acuity values, together with the mean results of the
measurements, are shown in Figure 41 as a function of the corrected refractive power of the
trial lens.
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Figure 41. Demonstration of the effect of cone mosaic: average measured and simulated throughfocus visual acuity curves as a function of the ϕcorr corrected refractive power of the trial lens.

To present quantitative comparison beside illustration, I assessed the accuracy of the two
retina models as well relative to measurements. The ΔV total error of the simulations was
determined by the sum of systematic (average difference between the measured and simulated
acuity values) and statistical errors (standard deviation of individual differences). The resulting
error values of both the new retina model and the hexagonal cone lattice are depicted in Figure 42
as a function of the corrected refractive power of the trial lens.

Figure 42. The total error of the simulations obtained by using the realistic retina model and the
hexagonal cone lattice as a function of the ϕcorr corrected refractive power of the trial lens.

Based on the comparison of the simulation results, the error rate of the two methods varies
with the corrected refractive power of the trial lens. The accuracy of the two models is similar in
case of small defocus, whereas in case of larger defocus the new more realistic cone mosaic
provides more accurate results. At +3 D the new representation decreases the error of the
simulations by ~20%. Further detailed error analysis assessing the overall achieved precision is
presented in the next section.
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8.7. Discussion of simulation results
Below, I investigate the error of the visual acuity simulation using the new retina model as
compared to real measurement. Based on the performed analyses, I determined the total error of
my model as a function of the corrected refractive power of the trial lens, which is summarized in
Table 25.
ϕcorr [D]

ΔV [logMAR]

−4.0 … −3.0

0.37 ± 0.08

−2.5 … +1.5

0.15 ± 0.06

+2.0 … +4.0

0.56 ± 0.18

Table 25. The total error of the simulations performed by my modified vision model relative to real
acuity measurements as a function of the ϕcorr corrected refractive power of the trial lens.

As can be seen, the average ΔV error approximately equals the accuracy of standard
line-assignment-based visual acuity measurements [69], [111], [129] in the −2.5 … +1.5 D range.
On the other hand, these errors are definitely larger than that of my former experiments simulating
foveal visual acuity (i.e. 0.045 logMAR, see Chapter 6), but it must not be forgotten that in case
of these post-operative simulations the wavefront aberration of the subjects was not available,
resulting in a much simpler eye model. If the wavefront aberration of the tested subject is
implemented in the model, the accuracy of the predictions may be further enhanced. In addition,
the larger error of simulated visual acuity may be explained by the uncertainty of the clinical trials,
which increases with the amount of defocus [138], or by neglecting certain features both in the
optical and in the neural model. Especially, the implemented optical model of the applied
diffractive IOL ignores the effect of the zone boundaries, and thus, does not take into account the
resulting scattered light, which may cause up to 10% deviation in the modulation [101], [120].
Besides, the new retina model still neglects the specificity of retinal cones farther from the foveola
(different retinal and neural image processing, volumetric light scattering on the thicker neural
fiber layer and different types of cells [17], [36], [131]). The modeling of these is far beyond the
scope of this dissertation. Thus, in case of large defocus, I can only conclude that the outcome of
the simulation is in monotonic relation with the measured visual acuity value, as expected.
8.8. Conclusions
In order to demonstrate the applicability of my vision model beyond the range of sharp foveal
vision on participants independent from the calibration group, I investigated the through-focus
visual acuity of pseudophakic subjects. To achieve this, I slightly modified the physiological eye
scheme implemented in Zemax to allow for the examination of implanted intraocular lenses. As
wavefront aberration of these subjects’ eyes was not available, I used only their biometric and
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keratometric data, as well as the parameters of the applied IOL, to personalize the schematic eye.
Furthermore, in order to model vision quality more precisely in case of large defocus as well,
I implemented a new more realistic retinal cone mosaic, where receptor cells broaden with
eccentricity, and the standard deviation of their additive Gaussian white noise increases with cell
size towards the periphery [17].
My through-focus simulation results with this model showed that the application of the new
cone mosaic provides similar results as achievable by using the regular hexagonal cone lattice in
case of small defocus, but for larger defocus the realistic retina representation reduces the error of
the simulations by up to ~20% reached over +3 D. Besides, it can be concluded that the total error
of my new model in the −2.5 …+1.5 D range (i.e. 0.15 logMAR on average) approximately equals
the accuracy of standard line-assignment-based visual acuity measurements [69], [111], [129].
This accuracy may be further enhanced by providing additional input data, such as wavefront
aberration or corneal topography, or by developing either the optical or neural part of the model.
The relation between the simulated and measured visual acuity values turned to be monotonic
in all cases, which meets my preliminary expectations, and confirms that my algorithm is suitable
for evaluation and optimization of visual optical systems, such as IOLs, directly for improving the
perceived vision quality.
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9. Summary
The purpose of my PhD research was to improve the best achievable vision quality by
implanting intraocular lenses. Prediction of post-operative visual acuity values, comparison and
possible customization of different types of artificial lenses can be realized by simulations. This
requires a complex vision model calibrated and verified based on real acuity measurement.
As the repeatability of standard clinical vision tests is rather high, first I developed a new
correlation-based scoring method that takes the degree of misidentification into account, instead
of the mere fact of correct/incorrect identifications. I introduced “Optotype Correlation” to
quantify the physical similarity of the characters by Pearson’s normalized cross-correlation. Based
on the distribution of the achieved scores of the subject, the “Rate of Recognition” value can be
calculated at each tested letter size. Then, analogously to conventional probability-scoring-based
measurements, the visual acuity value can be determined by logistic regression and thresholding.
By special laboratory measurements, I demonstrated that the systematic offset between the visual
acuity values determined by traditional scoring and the 50% probability threshold, and by the new
correlation-based scoring and the calibrated 68% correlation threshold is negligible. Furthermore,
I showed that the new scoring method decreases the statistical error by ∼28% relative to
probability-based scoring under special laboratory conditions. (Corresponding thesis: T1)
Although the new scoring scheme was calibrated by real experiments, that measurement could
not have been directly used in clinical practice, because the differences between my calibration
protocol and the conventional ETDRS test may cause some deviation in the numerical results.
Therefore, I implemented a customized version of my setup aligned with the ophthalmological
standard, which made it possible to conclude more general statements. First, the systematic error
of the correlation-based approach relative to standard ETDRS trials is significantly smaller than
the TRV of the measurements, which supports the applicability of the method under clinical
conditions. Second, in this case the application of correlation-based scoring decreases the
statistical error by ~20% relative to standard probability-based scoring. This affects accuracy in
the same way as if the number of letters was doubled, but it increases measurement time by only
~10%. Based on these, my protocol might be a useful alternative in cases when high-precision
clinical acuity measurements are required. (Corresponding thesis: T2)
Beside the subject’s uncertainty, their pupil size influences the reliability and repeatability of
visual acuity tests as well. Considering its importance, I implemented a new far-field infrared pupil
size measuring system that enables to continuously monitor the subject’s eye and to accurately
determine

their

pupil

diameter

during

acuity

trials.

It

uses

an

adaptive

circular-Hough-transform-based algorithm that corrects for magnification error due to subject’s
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motion. The spatial accuracy of pupil diameter measurement is 0.2 mm, which exceeds the
precision of similar commercially available pupillometers. Therefore, my new setup can greatly
contribute to the reliability of visual acuity tests by producing high-precision pupil diameter
reference that may also be useful for accurate visual acuity simulations. (Corresponding thesis: T3)
I developed a new neuro-physiological vision model for the simulation of monocular visual
acuity. It is based on a physiologically accurate representation of the subject’s eye to make it
possible to customize the opto-mechanical structure, supplemented with a numeric model of neural
image processing (including additive noise, described by its σ standard deviation), and templatematching. To imitate the hesitancy of the tested subject near the recognition threshold, I introduced
the δρ discrimination range in which differences are indistinguishable. Based on my experiments,
my model can be adjusted with two free neural parameters, the average calibrated values of which
are σave = 0.10 and δρave = 0.0025. In case of using this average neural model together with
subject-specific wavefront aberration and pupil diameter data, the residual of my simulations
(ΔV = 0.045 logMAR) is just slightly larger than the total error of the most accurate five-letter
vision tests. As my method accurately simulates the acuity value from wavefront aberration, new
objective tests could be developed that might provide a useful alternative of traditional
measurements. (Corresponding theses: T4, T5)
I provided an application example of my vision model through the investigation of the direct
effect of pupil size on visual acuity. Based on my results, the average visual acuity of healthy
subjects with normal vision can be described by the Vave (d )  0.04  d  0.43 linear formula in
the common 2…6 mm pupil diameter range. Considering its importance, I suggest that the
background illumination of clinical exam rooms should be standardized and kept under tight
control, and the pupil diameter should be measured together with the visual acuity value with at
least 0.5 mm spatial accuracy to ensure reliable subject-specific reference. Beyond the direct
clinical relevance, these results also support that my vision model can be applied for research or
analysis. (Corresponding thesis: T6)
The applicability of my visual acuity model can be extended beyond the range of foveal vision,
and the through-focus visual acuity of pseudophakic subjects can be estimated from their biometric
and keratometric data. Based on my results, the applied cone mosaic does not affect the results in
case of small aberrations (e.g. defocus), however, it influences the total error of the simulations
for larger defocus. The accuracy of my simulations performed with diffractive multifocal IOLs
approximately equals that of standard line-assignment-based visual acuity measurements in the
−2.5 … +1.5 D range. As the total error significantly depends on the applied input parameters, this
accuracy may be further enhanced by providing additional input data, such as wavefront aberration
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or corneal topography, or by developing either the optical or neural part of the model.
By simulations investigating the through-focus visual acuity of pseudophakic patients
independent from the calibration group, I confirmed that the relation between the simulated and
measured visual acuity values is always monotonic. Consequently, beside predicting (even
post-operative) visual acuity based on objective measurements, the model might be able to make
efficient program extensions for standard optical design software. In this way, it opens up the
opportunity to compare and optimize specific visual optical devices directly for improved visual
acuity (e.g. IOL selection or design).
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List of abbreviations
ACD

Anterior Chamber Depth

AL

Axial Length

CHT

Circular Hough Transform

CSF

Contrast Sensitivity Function

DFT

Discrete Fourier Transform

ETDRS

Early Treatment Diabetic Retinopathy Study

FFT

Fast Fourier Transform

GWN

Gaussian White Noise

ICO

International Council of Ophthalmology

ISO

International Standard Organization

IOL

IntraOcular Lens

MAR

Minimum Angle of Resolution

MTF

Modulation Transfer Function

MMTF

Mean Modulation Transfer Function

NTF

Neural Transfer Function

OC

Optotype Correlation

OD

Ocular Dextrus (Latin, right eye)

OS

Ocular Sinister (Latin, left eye)

OPD

Optical Path Difference

OTF

Optical Transfer Function

PSF

Point Spread Function

RE

Refractive Error

RMS

Root Mean Square

RR

Rate of Recognition

TRV

Test – Retest Variability

WA

Wavefront Aberration

102

References
[1]

[2]
[3]
[4]

[5]

[6]

[7]

[8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
[16]

[17]
[18]

Alarcon, A., Canovas, C., Rosen, R., Weeber, H., Tsai, L., Hileman, K., Piers, P.
Preclinical metrics to predict through-focus visual acuity for pseudophakic patients.
Biomedical Optics Express, 7(5), 1877-1888 (2016).
Albert, K., Czibere, K. Szürkehályog műtétek régen és ma: A hályogszúrástól a
műlencséig. Medical Tribune, 10(9), 9-9 (2012).
Alexander, K. R., Xie, W., Derlacki, D. J. Visual acuity and contrast sensitivity for
individual Sloan letters. Vision Research, 37(6), 813-819 (1997).
Alfonso, J. F., Fernández-Vega, L., Baamonde, M. B., Montés-Micó R. Correlation of
pupil size with visual acuity and contrast sensitivity after implantation of an apodized
diffractive intraocular lens. Journal of Cataract and Refractive Surgery, 33(3), 430-438
(2007).
Aliyu, H., Mustak, H., Cook, C. Using the postoperative visual acuity to monitor the
quality of cataract surgery: Does the day one visual acuity following cataract surgery
correlate with the final visual acuity? Middle East African Journal of Ophthalmology,
24(2), 91-93 (2017).
Anderson, A. G., Olshausen, B. A., Ratnam, K., Roorda, A. A neural model of high-acuity
vision in the presence of fixational eye movements. IEEE Proceedings of the 50th
Asilomar Conference on Signals, Systems and Computers, 588-592 (2016).
Applegate, R. A., Ballentine, C., Gross, H., Sarver, E. J. Sarver, C. A. Visual acuity as a
function of Zernike mode and level of root mean square error. Optometry and Vision
Science, 80(2), 97-105 (2003).
Arditi, A., Cagenello, R. On the statistical reliability of letter-chart visual acuity
measurements. Investigative Ophthalmology and Visual Science, 34(1), 120-129 (1993).
Atchison, D. A., Smith, G, Chromatic dispersions of the ocular media of human eyes.
Journal of the Optical Society of America A, 22(1), 29-37 (2005).
Atchison, D. A., Smith, G. Optics of the human eye. Butterworth-Heinemann, Elsevier
(2000).
Atherton, T. J., Kerbyson, D. J. Size invariant circle detection. Image and Vision
Computing, 17(11), 795-803 (1999).
Azar, D. T., Koch, D. D. LASIK (Laser in situ keratomileusis): Fundamentals, surgical
techniques, and complications. CRC Press, Taylor and Francis Group (2002).
Bailey, I. L., Bullimore, M. A., Raasch, T. W., Taylor, H. R. Clinical grading and the
effects of scaling. Investigative Ophthalmology and Visual Science, 32(2), 422-432
(1991).
Bailey, I. L., Lovie, J. E. New design principles for visual acuity letter charts. American
Journal of Optometry and Physiological Optics, 53(11), 740-745 (1976).
Bailey, I. L., Lovie-Kitchin, J. E. Visual acuity testing. From the laboratory to the clinic.
Vision Research, 90, 2-9 (2013).
Banks, M., Sekuler, A., Anderson, S. Peripheral spatial vision: limits imposed by optics,
photoreceptors, and receptor pooling. Journal of the Optical Society of America A, 8(11),
1775-1787 (1991).
Barten, P. G. J. Contrast sensitivity of the human eye and its effects on image quality.
SPIE Optical Engineering Press, Bellingham, WA, USA (1999).
Bayat, A. B. Recognition of handwritten digits using optimized adaptive neuro-fuzzy
103

[19]

[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]
[28]
[29]
[30]
[31]

[32]

[33]

[34]
[35]
[36]

inference systems and effective features. Journal of Pattern Recognition and Intelligent
Systems, 1(2), 25-37 (2013).
Beck, R. W., Moke, P. S., Turpin, A. H., Ferris F. L., SanGiovanni, J. P., Johnson, C. A.,
Birch, E. E., Chandler, D. L., Cox, T. A., Blair, R. C., Kraker, R. T. A computerized
method of visual acuity testing: Adaptation of the Early Treatment of Diabetic
Retinopathy Study Testing protocol. American Journal of Ophthalmology, 135(2),
194-205 (2003).
Bland, J. E., Altman, D. G. Statistical methods for assessing agreement between two
methods of clinical measurement. Lancet, 327(8476), 307-310 (1986).
Boettner, E. A., Wolter, R. Transmission of the ocular media. Investigative
Ophthalmology, 1(6), 776-783 (1962).
Bonaque-Gonzalez, S., Rios-Rodriguez, S., Lopez-Gil, N. Improving vision by pupil
masking. Biomedical Optics Express, 7(7), (2016).
Bonmassar G., Schwartz, E. L. Improved cross-correlation for template matching on the
Laplacian pyramid. Pattern Recognition Letters, 19(8), 765-770 (1998).
Bowyer, K. W., Burge, M. J. Handbook of iris recognition (Advances in computer vision
and pattern recognition). Springer-Verlag, London, UK (2016).
Bradley, J. C., Bentley, K. C., Mughal, A. I. Brown, S. M. Clinical performance of a
handheld digital infrared monocular pupillometer for measurement of the dark-adapted
pupil diameter. Journal of Cataract and Refractive Surgery, 36(2), 277-281 (2010).
Brady, C. J., Eghrari, A. O., & Labrique, A. B. Smartphone-based visual acuity
measurement for screening and clinical assessment. JAMA, 314(24), 2682-2683 (2015).
Campbell, F. W., Gregory, A. H. Effect of size of pupil on visual acuity. Nature, 187(4743),
1121-1123 (1960).
Campbell, F. W., Gubisch, R. W. Optical quality of the human eye. Journal of Physiology,
186(3), 558-578 (1966).
Canny, A. A computational approach to edge detection. IEEE Transactions on Pattern
Analysis and Machine Intelligence, PAMI-8(6), 679-698 (1986)
Carkeet, A. Modeling logMAR visual acuity scores: Effects of termination rules and
alternative forced-choice options. Optometry and Vision Science, 78(7), 529-538 (2001).
Carkeet, A., Bailey, I. L. Slope of psychometric functions and termination rule analysis
for low contrast acuity charts. Ophthalmic and Physiological Optics, 37(2), 118-127
(2017).
Carkeet, A., Lee, L., Kerr, J. R., Keung, M. M. The slope of the psychometric function for
Bailey-Lovie letter charts: Defocus effects and implications for modeling letter-by-letter
scores. Optometry and Vision Science, 78(2), 113-121 (2001).
Chen, F. X., Roig, G., Isik, L., Boix, X., Poggio, T. Eccentricity dependent deep neural
networks: modeling invariance in human vision. The AAAI 2017 Spring Symposium
Series on Science of Intelligence: Computational Principles of Natural and Artificial
Intelligence, 541-546 (2017).
Colenbrander, A. The historical evolution of visual acuity measurement. Visual
Impairment Research, 10(2-3), 57-66 (2008).
Cormen, T. H., Leiserson, C. E., Rivest, R. L., Stein, C. Introduction to Algorithms. MIT
Press, Cambridge, Massachusetts London, England (1990).
Cottaris, N. P., Jiang, H., Ding, X., Wandell, B. A., Brainard, D. H. A computational
observer model of spatial contrast sensitivity: Effects of wavefront-based optics, cone
104

[37]

[38]

[39]
[40]
[41]
[42]
[43]
[44]

[45]

[46]

[47]

[48]
[49]

[50]
[51]

[52]
[53]
[54]

[55]

mosaic structure, and inference engine. Journal of Vision, 19(4):8, 1-27 (2019).
Cuevas, E., Wario, F., Osuna-Enciso, V., Zaldivar, D., Perez-Cisneros, M. Fast algorithm
for multiple-circle detection on images using learning automata. IET Image Processing,
6(8), 1124-1135 (2012).
Curcio, C. A., Sloan, K. R. Packing geometry of human cone photoreceptors: variation
with eccentricity and evidence for local anisotropy. Visual Neuroscience, 9(2), 169-180
(1992).
C++ (general-purpose programming language), http://www.cplusplus.com/.
Dalimier, E., Pailos, E., Rivera, R., Navarro, R. Experimental validation of a Bayesian
model of visual acuity. Journal of Vision, 9(7):12, 1-16 (2009).
Deering, M. F. A photon accurate model of the human eye. ACM Transactions on
Graphics, 24, 649-658 (2005).
Dickey, F. M., Romero, L. A. Normalized correlation for pattern recognition. Optics
Letters, 16(15), 1186-1188 (1991).
Dlib (Dlib C++ Library), http://dlib.net.
Duane, T. Duane’s clinical ophthalmology. Lippincott Williams & Wilkins Publishers,
Hagerstown, CD-ROM Edition (2006).
http://www.oculist.net/downaton502/prof/ebook/duanes/index.html
Elboher, E., Werman, M. Asymmetric Correlation: A Noise Robust Similarity Measure
for Template Matching. IEEE Transactions on Image Processing, 22(8), 3062-3073
(2013).
Elliott, D. B., Yang, K. C., Whitaker, D. Visual acuity changes throughout adulthood in
normal, healthy eyes: seeing beyond 6/6. Optometry and Vision Science, 72(3), 186-191
(1995).
Eppig, T., Scholz, K., Langenbucher, A. Assessing the optical performance of multifocal
(diffractive) intraocular lenses. Ophthalmic and Physiological Optics, 28(5), 467-474
(2008).
Eyechart font type, http://www.fontpalace.com/font-download/Eyechart/.
Facskó, A., Süveges, I. A katarakta műtétre került betegek életkorának változása
klinikánk 10 éves beteganyagában: a környezeti hatások feltételezett szerepe a
szürkehályog kialakulásában. Szemészet, 129, 170-172 (1992).
Faylienejad, A. A computational model for predicting visual acuity from wavefront
aberration measurements. M.Sc. thesis in Vision Science, University of Waterloo (2009).
Feng, Q., Zhang, X. Visual inspection for circular objects based on global symmetry.
AASRI Proceedings of the 2012 Conference on Modelling, Identification and Control,
AASRI Procedia 3, 559-565 (2012).
Ferris, F. L., Kassoff, A., Bresnick, G. H., Bailey, I. L. New visual acuity charts for
clinical research. American Journal of Ophthalmology, 94(1), 91-96 (1982).
Foxell, C. A. P., Stevens, W. R. Measurements of visual acuity. British Journal of
Ophthalmology, 39(9), 513-533 (1955).
Frigo, M., Johnson, S. G. FFTW: an adaptive software architecture for the FFT. IEEE
Proceedings of the International Conference on Acoustics, Speech, and Signal
Processing, 3, 1381-1384 (1998).
Glynn, R. J., Rosner, B. Regression methods when the eye is the unit of analysis.
Ophthalmic Epidemiology, 19(3), 159-165 (2012).
105

[56]
[57]
[58]
[59]
[60]

[61]

[62]

[63]
[64]

[65]

[66]
[67]
[68]

[69]

[70]

[71]

[72]

[73]

Gobbi, P. G. Modeling the optical and visual performance of the human eye. SPIE Press,
Bellingham, WA, USA (2013).
Gold, J., Bennett, P. J., Sekuler, A. B. Signal but not noise changes with perceptual
learning. Nature, 402(6758), 176–178 (1999).
Gomez-Pedrero, J. A., Alonso, J. Phenomenological model of visual acuity. Journal of
Biomedical Optics, 21(12), 125005, (2016).
Goshtasby, A. A. Image registration: Principles, tools and methods (Advances in
computer vision and pattern recognition). Springer-Verlag, London, UK (2012).
Graney, M. J., Applegate, W. B., Miller, S. T., Elam, J. T., Freeman, J. M., Wood, T. O.,
Gettlefinger, T. C. A clinical index for predicting visual acuity after cataract surgery.
American Journal of Ophthalmology, 105(5), 460-465 (1988).
Greivenkamp, J. E., Schwiegerling, J., Miller, J. M., Mellinger, M. D. Visual acuity
modeling using optical raytracing of schematic eyes. American Journal of
Ophthalmology, 120(2), 227-240, (1995).
Han, Y., Roig, G., Geiger, G., Poggio, T. Is the human visual system invariant to
translation and scale? The AAAI 2017 Spring Symposium Series on Science of
Intelligence: Computational Principles of Natural and Artificial Intelligence, 564-568
(2017).
Hazel, C. A., Elliott, D. B. The dependency of logMAR visual acuity measurements on
chart design and scoring rule. Optometry and Vision Science, 79(12), 788-792 (2002).
Holladay, J. T., Lynn, M. J., Waring, G. O., Gemmill, M., Keehn, G. C., Fielding, B. The
relationship of visual acuity, refractive error, and pupil size after radial keratotomy.
Archives of Ophthalmology, 109(1), 70-76 (1991).
Horner, D. G., Paul, A. D., Katz, B., Bedell, H. E. Variations in the slope of the
psychometric acuity function with acuity threshold and scale. American Journal of
Optometry and Physiological Optics, 62(12), 895-900 (1985).
International Council of Ophthalmology, Visual Functions Committee. Visual acuity
measurement standard, ICO 1984. Italian Journal of Ophthalmology, II/I, 1-15 (1988).
Jackson, A. J., Bailey, I. L. Visual acuity. Optometry in Practice, 5, 53-70 (2004).
Jinabhai, A. N., Young, G., Hall, L. A., Wolffsohn, J. S. Clinical techniques to assess the
visual and optical performance of intraocular lenses: A review. Cataracts and cataract
surgery: Types, risk factors, and treatment options. Eye and vision research development.
Nova science (2013).
Kaiser, P. K. Prospective evaluation of visual acuity assessment: A comparison of Snellen
versus ETDRS charts in clinical practice (an AOS Thesis). Transactions of the American
Ophthalmological Society, 107, 311-324 (2009).
Kamiya, K., Kobashi, H., Shimizu, K., Kawamorita, T., Uozato, H. Effect of pupil size on
uncorrected visual acuity in astigmatic eyes. British Journal of Ophthalmology, 96(2),
267-270, (2012).
Kasthurirangan, S., Glasser, A. Characteristics of pupil responses during far-to-near and
near-to-far accommodation. Ophthalmic and Physiological Optics, 25(4), 328-339
(2005).
Kawamorita, T., Uozato, H., Handa, T., Ito, M., Shimizu, K. Effect of pupil size on visual
acuity in a laboratory model of pseudophakic monovision. Journal of Refractive Surgery,
26(5), 378-380 (2010).
Kohnen, T., Terzi, E., Bühren, J., Kohnen, E. M. Comparison of a digital and a handheld
106

[74]
[75]
[76]

[77]
[78]

[79]
[80]
[81]
[82]
[83]

[84]

[85]

[86]

[87]
[88]

[89]
[90]
[91]

infrared pupillometer for determining scotopic pupil diameter. Journal of Cataract and
Refractive Surgery, 29(1), 112-117 (2003).
Koskin, S. A., Boiko, E. V., Shelepin, Y. E. Modern methods of measuring the resolving
power of the visual system. Journal of Optical Technology, 75(1), 17-20 (2008).
Lakshminarayanan, V., Fleck, A. Zernike polynomials: a guide. Journal of Modern
Optics, 58(7), 545-561 (2011).
Lamghari, N., Charaf, M. E. H., Raghay, S. Template matching for recognition of
handwritten Arabic characters using structural characteristics and Freeman code.
International Journal of Computer Science and Information Security, 14(12) (2016).
Levi, D. M. Crowding - An essential bottleneck for object recognition: A mini-review.
Vision Research, 48(5), 635-654 (2008).
Liang, J., Grimm, B., Goelz, S., Bille, J. F. Objective measurement of wave aberrations
of the human eye with the use of a Hartmann-Shack wave-front sensor. Journal of the
Optical Society of America A, 11(7), 1949-1957 (1994).
Liang, J., Williams, D. R. Aberrations and retinal image quality of the normal human eye.
Journal of the Optical Society of America A, 14(11), 2873-2883 (1997).
Li, R. Y., Xu, M. Character recognition using a fast neural-net classifier. Pattern
Recognition Letters, 13(5), 369-374 (1992).
Lin, R. J., Ng, J. S., Nguyen, A. L. Determinants and standardization of mesopic visual
acuity. Optometry and Vision Science, 92(5), 559-65 (2015).
Liu, L., Klein, S. A., Xue, F., Zhang, J. Y., Yu, C. Using geometric moments to explain
human letter recognition near the acuity limit. Journal of Vision, 9(1):26, 1-18 (2009).
Liu, C. L., Koga, M., Fujisawa, H. Gabor feature extraction for character
recognition: Comparison with gradient feature. IEEE Proceedings of the 2005 Eighth
International Conference on Document Analysis and Recognition (ICDAR’05), (2005).
Liu, C. L., Nakashima, K., Sako, H., Fujisawa, H. Handwritten digit recognition:
Benchmarking of state-of-the-art techniques. Pattern Recognition, 36(10), 2271-2285
(2003).
Liu, C. L., Nakashima, K., Sako, H., Fujisawa, H. Handwritten digit recognition:
Investigation of normalization and feature extraction techniques. Pattern Recognition,
37(2), 265-279 (2004).
Long, X., Tonguz, O. K., Kiderman, A. Real tTime pupil size monitoring as a screening
method for diabetic retinopathy. IEEE Proceedings of the 2007 Biomedical Circuits and
Systems Conference (2007).
Lythgoe, R. J. The measurement of visual acuity. Medical Council Special Report, 175,
London, H.M. Stationary Office (1932).
MacLean, W. J., Tsotsos, J. K. Fast pattern recognition using normalized grey-scale
correlation in a pyramid image representation. Machine Vision and Applications, 19(3),
163-179 (2008).
Marsack, J. D., Thibos, L. N., Applegate, R. A. Metrics of optical quality derived from
wave aberrations predict visual performance. Journal of Vision, 4(4), 322-328 (2004).
Marsovszky, L. A hályogoperálás története Magyarországon. Orvosi Hetilap, 154(45),
1802-1805 (2013).
MathWorks
Inc.
(Matlab:
the
language
of
technical
computing),
www.mathworks.com/products/matlab.
107

[92]

[93]

[94]
[95]

[96]
[97]
[98]
[99]
[100]
[101]

[102]
[103]

[104]
[105]

[106]

[107]
[108]
[109]

[110]

McDonnell, M. D., Tissera, M. D., Vladusich, T., van Schaik, A., Tapson, J. Fast, simple
and accurate handwritten digit classification by training shallow neural network
classifiers with the ‘Extreme Learning Machine’ algorithm. PLoS ONE, 10(8) (2015).
McLaren, J. W., Patel, S. V. Modeling the effect of forward scatter and aberrations on
visual acuity after endothelial keratoplasty. Investigative Ophthalmology and Vision
Science, 53(9), 5545-5551 (2012).
McMonnies, C. W., Ho, A. Letter legibility and chart equivalence. Ophthalmic and
Physiological Optics, 20(2), 142-152 (2000).
Michel, A. W., Kronberg, B. P., Narvaez, J., Zimmerman, G. Comparison of 2 multiplemeasurement infrared pupillometers to determine scotopic pupil diameter. Journal of
Cataract and Refractive Surgery, 32(11), 1926-1931 (2006).
Miháltz, K., Kránitz, K., Nagy, Z. Z. A hullámfront-analízis alapjai és klinikai
alkalmazása. Szemészet, 3, 181-187 (2012).
Murdoch, I. E., Morris, S. S., Cousens, S. N. People and eyes: Statistical approaches in
ophthalmology. British Journal of Ophthalmology, 82(8), 971-973 (1998).
Navarro, R. The optical design of the human eye: A critical review. Journal of Optometry,
2(1), 3-18 (2009).
Navarro, R., Rozema, J. J., Tassignon, M. J. Optical changes of the human cornea as a
function of age. Optometry and Vision Science, 90(6), 587-598 (2013).
Navarro, R., Santamaria, J., Bescos, J. Accommodation-dependent model of the human
eye with aspherics. Journal of the Optical Society of America A, 2(8), 1273-1281 (1985).
Nemes-Czopf, A., Bercsényi, D., Erdei, G. Simulation of relief-type diffractive lenses in
ZEMAX using parametric modelling and scalar diffraction. Submitted to Applied Optics
(2019).
Nestares, O., Navarro, R., Antona, B. Bayesian model of Snellen visual acuity. Journal of
the Optical Society of America A, 20(7), 1371-1381 (2003).
Neto, A. M., Victorino, A. C., Fantoni, I., Zampieri, D. E., Ferreira, J. V., Lima, D. A.
Image processing using Pearson's correlation coefficient: Applications on autonomous
robotics. IEEE Proceedings of the 13th International Conference on Mobile Robots and
Competitions (Robotica 2013), 14-19 (2013).
Norton, T. T., Corliss, D. A., Bailey, J. E. The psychophysical measurement of visual
function. Ridgevue Publishing, iBook edition (2014).
Nowak, W., Zarowska, A., Szul-Pietrzak, E., Misiuk-Hojło, M. System and measurement
method for binocular pupillometry to study pupil size variability. BioMedical
Engineering Online, 13:69 (2014).
Oliver, N. M., Rosario, B., Pentland, A. P. A Bayesian computer vision system for
modeling human interactions. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 22(8), 831-843 (2000).
OpenCV (Open Source Computer Vision Library), http://opencv.org/.
Optician Sans font type, https://optician-sans.com/.
Pelli, D. G., Robson, J. G., Wilkins, A. J. The design of a new letter chart for measuring
contrast sensitivity. Clinical Vision Sciences, 2(3), 187-199 (1988).
The Sloan font is available for noncommercial research use from GitHub:
https://github.com/denispelli/Eye-Chart-Fonts/.
Pop, M., Payette, Y., Santoriello, E. Comparison of the pupil card and pupillometer in
108

[111]
[112]
[113]
[114]
[115]

[116]
[117]
[118]

[119]

[120]
[121]

[122]

[123]
[124]

[125]

[126]
[127]

[128]

measuring pupil size. Journal of Cataract and Refractive Surgery, 28(2), 283-288 (2002).
Raasch, T. W., Bailey, I. L., Bullimore, M. A. Repeatability of visual acuity measurement.
Optometry and Vision Science, 75(5), 342-348 (1998).
Rabbetts, R. B. Bennett and Rabbetts’ clinical visual optics. Butterworth-Heinemann,
Elsevier (2007).
Ratnam, K., Domdei, N., Harmening, W. M., Roorda, A. Benefits of retinal image motion
at the limits of spatial vision. Journal of Vision, 17(1):30, 1-11 (2017).
Rosner, B. Statistical methods in ophthalmology: An adjustment for the intraclass
correlation between eyes. Biometrics, 38(1), 105-114 (1982).
Rosser, D. A., Murdoch, I. E., Fitzke, F. W., Laidlaw, D. A. Improving on ETDRS acuities:
Design and results for a computerized thresholding device. Eye (London), 17(6), 701-706
(2003).
Roth, G., Levine, M. D. Geometric primitive extraction using a genetic algorithm. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 16(9), 901-905 (1994).
Ryan, S. J., Sadda, S. R. Ryan’s retinal imaging and diagnostics. Saunders, Elsevier
(2013).
Sahin, B., Lamory, B., Levecq, X., Harms, F., Dainty, C. Adaptive optics with pupil
tracking for high resolution retinal imaging. Biomedical Optics Express, 3(2), 225-239,
(2012).
Sarmah, S., Kalita, S. K. A correlation based band selection approach for hyperspectral
image classification. IEEE Proceedings of the 6th International Conference on Advanced
Computing, 271-274 (2016).
Sauer, H., Chavel, P., Erdei, G. Diffractive optical elements in hybrid lenses: modeling
and design by zone decomposition. Applied Optics, 38(31), 6482-6486 (1999).
Schnitzler, E. M., Baumeister, M., Kohnen, T. Scotopic measurement of normal pupils:
Colvard versus Video Vision Analyzer infrared pupilometer. Journal of Cataract and
Refractive Surgery, 26(6), 859-866 (2000).
Schuster, S., Amtsfeld, S. Template-matching describes visual pattern-recognition tasks
in the weakly electric fish Gnathonemus petersii. Journal of Experimental Biology, 205,
549-557 (2002).
Schwiegerling, J. Field guide to visual and ophthalmic optics. SPIE Press, Bellingham,
WA, USA (2004).
Shah, N., Dakin, S. C., Anderson, R. S. Effect of optical defocus on detection and
recognition of vanishing optotype letters in the fovea and periphery. Investigative
Ophthalmology and Visual Science, 53(11), 7063-7070 (2012).
Shah, N., Dakin, S. C., Whitaker, H. L., Anderson, R. S. Effect of scoring and termination
rules on test-retest variability of a novel high-pass letter acuity chart. Investigative
Ophthalmology and Visual Science, 55(3), 1386-1392 (2014).
Sheedy, J. E., Bailey, I. L., Raasch, T. W. Visual acuity and chart luminance. American
Journal of Optometry and Physiological Optics, 61(9), 595-600 (1984).
Shehu, G. S., Ashir, A. M., Eleyan, A. Character recognition using correlation &
Hamming distance. IEEE Proceedings of the 23rd Signal Processing and
Communications Applications Conference (SIU), 755-758 (2015).
Shlaer, S. The relation between visual acuity and illumination. Journal of General
Physiology, 21(2), 165-188 (1937).
109

[129] Siderov, J., Tiu, A. L. Variability of measurements of visual acuity in a large eye clinic.
Acta Ophthalmologica Scandinavica, 77(6), 673-676 (1999).
[130] Snellen font type, http://radagast.ca/snellen/snellen.html.
[131] Somlai, J., Kovács, T. Neuro-ophthalmology. Springer International Publishing,
Switzerland (2016).
[132] Teow, L. N., Loe, K. F. Robust vision-based features and classification schemes for
off-line handwritten digit recognition. Pattern Recognition, 35(11), 2355-2364 (2002).
[133] Thibos, L. N., Hong, X., Bradley, A., Cheng, X. Statistical variation of aberration
structure and image quality in a normal population of healthy eyes. Journal of Optical
Society of America A, 19(12), 2329-2348 (2002).
[134] Thibos, L. N., Ye, M. Zhang, X., Bradley, A. The chromatic eye: A new reduced-eye model
of ocular chromatic aberration in humans. Applied Optics, 31(19), 3594-3600 (1992).
[135] Tinning, S., Bentzon, M. W. A new method for exact measurements of visual acuity:
Determination of threshold curves for the resolving power of the eye by computerized
curve fitting. Acta Ophthalmologica (Copenhagen), 64(2), 180-186 (1986).
[136] Tóth, G., Kránitz, K., Szigeti, A., Sándor, G. L., Juhász, É., Kiss, H. J., Nagy, Z. Z.
Comparison of diffractive-refractive multifocal and accommodating intraocular lenses.
South-East European Journal of Ophthalmology, 1(1), 7-10 (2015).
[137] Vanden Bosch, M. E., Wall, M. Visual acuity scored by the letter-by-letter or probit
methods has lower retest variability than line assignment method. Eye (London), 11(3),
411-417 (1997).
[138] Vega, F., Millan, M. S., Garzon, N., Altemir, I., Poyales, F., Larrosa, J. M. Visual acuity
of pseudophakic patients predicted from in-vitro measurements of intraocular lenses with
different design. Biomedical Optics Express, 9(10), (2018).
[139] Verma, R., Kaur, R. An Efficient Technique for Character Recognition Using Neural
Network & Surf Feature Extraction. International Journal of Computer Science and
Information Technologies, 5(2), 1995-1997 (2014).
[140] Wallis, S. A., Baker, D. H., Meese, T. S., Georgeson, M. A. The slope of the psychometric
function and non-stationarity of thresholds in spatiotemporal contrast vision. Vision
Research, 76, 1–10 (2013).
[141] Watanabe, K., Negishi, K., Dogru, M., Yamaguchi, T., Torii, H., Tsubota, K. Effect of
pupil size on uncorrected visual acuity in pseudophakic eyes with astigmatism. Journal of
Refractive Surgery, 29(1), 25-29 (2013).
[142] Wachler, B. S., Krueger, R. R. Agreement and repeatability of infrared pupillometry and
the comparison method. Ophthalmology, 106(2), 319-323 (1999).
[143] Watson, A. B. A formula for the mean human optical modulation transfer function as a
function of pupil size. Journal of Vision, 13(6), 1-11, (2013).
[144] Watson, A. B., Ahumada, A. J. Jr. Predicting visual acuity from wavefront aberrations.
Journal of Vision, 8(4):17, 1–19 (2008).
[145] Watson, A. B., Ahumada, A. J. Jr. Modeling acuity for optotypes varying in complexity.
Journal of Vision, 12(10):19, 1-19 (2012).
[146] Watson, A. B., Ahumada, A. J. Jr. Letter identification and the Neural Image Classifier.
Journal of Vision, 15(2), 1–26 (2015).
[147] Westheimer, G. Scaling of visual acuity measurements. Archives of Ophthalmology,
97(2), 327-330 (1979).
110

[148] Whitney, D., Levi, D. M. Visual Crowding: A fundamental limit on conscious perception
and object recognition. Trends in Cognitive Sciences, 15(4), 160-168 (2011).
[149] Wichmann, F. A., Hill, N. J. The psychometric function: I. Fitting, sampling, and
goodness of fit. Perception and Psychophysics, 63(8), 1293-1313 (2001).
[150] Wilhelm, H., Wilhelm, B. Clinical Applications of Pupillography. Journal of NeuroOphthalmology, 23(1), 42-49 (2003).
[151] Williams, D. R. Topography of the foveal cone mosaic in the living human eye. Vision
Research, 28(3), 433-454 (1988).
[152] World Medical Association. World Medical Association Declaration of Helsinki ethical
principles for medical research involving human subjects. JAMA: Journal of the
American Medical Association, 310(20), 2191-2194 (2013).
[153] Young, L. K., Liversedge, S. P., Love, G. D., Myers, R. M., Smithson, H. E. Not all
aberrations are equal: Reading impairment depends on aberration type and magnitude.
Journal of Vision, 11(13):20, 1-19 (2011).
[154] Young, L. K., Smithson, H. E. Critical band masking reveals the effects of optical
distortions on the channel mediating letter identification. Frontiers in Psychology, 5, 1060
(2014).
[155] Yuen, H. K., Princen, J., Illingworth, J., Kittler, J. Comparative study of Hough transform
methods for circle finding. Image and Vision Computing, 8(1), 71-77 (1990).
[156] Zemax LLC (Zemax, Washington, USA), www.zemax.com

111

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

0.200

0.245 −0.057 0.413

0.413

0.017

0.717

0.249

0.917 −0.035 1.000 −0.066 0.023 −0.078 −0.316 0.196 −0.246 −0.247 0.834 −0.101 0.160

0.054

112

0.021

0.154

0.028 −0.025 0.018

0.200

0.205

0.198

0.360

0.118 −0.026 0.056 −0.064 −0.213 −0.021 0.021 −0.169 −0.134 0.600 −0.203 −0.052 0.051

0.453

0.205 −0.033 0.349 −0.104

0.226 −0.095 0.379

−0.486 −0.572 −0.421 −0.548 −0.338 −0.297 −0.772 −0.293 −0.765 0.107 −0.640 −0.539 −0.380 −0.305 −0.549 −0.520 −0.365 −0.459

0.300

−0.191 −0.384 −0.382 −0.470 −0.011 −0.186 −0.510 0.083 −0.601 0.115 −0.442 −0.374 −0.345 −0.162 −0.435 −0.439 −0.248 0.066

0.417 −0.081 0.290 −0.094 −0.225 0.556 −0.041 0.318

0.308

0.459

0.180

Z

0.023

0.589

Y

0.321

0.203 −0.109 0.245

X

0.089

0.377 −0.194 0.693 −0.246 0.296

W

0.480

0.320

V

−0.280 −0.387 −0.265 −0.426 −0.324 0.413 −0.575 −0.391 −0.537 −0.314 −0.327 −0.330 −0.297 −0.179 −0.462 −0.398 −0.177 −0.372

0.310

0.806 −0.205

U

0.401 −0.776

0.323 −0.101 0.343

0.186

T

0.004

0.470

0.377 −0.004 0.698 −0.015

0.350 −0.380

0.033 −0.215 −0.382 −0.088 −0.472

0.644

0.582

0.798

S

−0.179 −0.443 −0.090 −0.415 −0.451 −0.440 −0.678 −0.249 −0.705 0.629 −0.604 −0.405 0.012

0.241

0.676

0.552

R

0.394

0.028

0.250

0.392

0.286 −0.073 0.369 −0.357 −0.038 0.541

0.455

0.054

0.117

1.000

0.348 −0.496

Q

0.831

0.110 −0.012 −0.224 0.185 −0.194 −0.192 0.832 −0.138 0.188

0.866

0.324 −0.101 0.670 −0.299

0.584

0.205 −0.201 0.283 −0.290

0.226 −0.092 0.379 −0.197

P

0.036

1.000 −0.075 0.917

0.565

0.200

0.299

0.117

0.347 −0.024 −0.202 0.599 −0.096 0.182

0.032 −0.226 0.555 −0.002 0.165

O

0.184 −0.201 0.196 −0.523 −0.123 0.484 −0.121 0.828

0.022

0.049

0.369 −0.070 0.266 −0.661

N

0.831 −0.075 1.000 −0.035 0.186

0.186 −0.066 1.000

0.101

0.012 −0.064 −0.193 0.396

M

0.460

0.036

0.392

0.460

1.000

0.023

0.073 −0.107 0.012

L

0.184

0.110

0.286

1.000

0.008

0.101

0.245 −0.036 −0.290 0.152

−0.073 −0.012 −0.201 −0.078 0.022

1.000 −0.641 −0.033 0.160 −0.214 0.243

0.049

0.369 −0.224 0.196 −0.316 0.347

H

0.073

−0.357 0.185 −0.523 0.196 −0.024 0.032 −0.107 −0.641 1.000 −0.285 −0.077 0.027 −0.543 −0.057 0.300 −0.003 0.140 −0.704

0.273 −0.410

0.126 −0.225 0.226 −0.234

0.888

K

−0.038 −0.194 −0.123 −0.246 −0.202 −0.226 0.012 −0.033 −0.285 1.000 −0.381 −0.235 −0.035 0.413

0.160 −0.077 −0.381 1.000 −0.376 0.482

0.464

J

0.127 −0.409 0.490 −0.325

0.012

0.785 −0.216

I

0.413

0.555

0.035

0.707 −0.529

0.249 −0.239 0.560 −0.288

0.518

0.458

G

0.541 −0.192 0.484 −0.247 0.599

0.832 −0.121 0.834 −0.096 −0.002 −0.064 −0.214 0.027 −0.235 −0.376 1.000 −0.257 0.017

0.717

1.000

0.518

0.258 −0.477

1.000 −0.215

F

0.028

0.396

0.464

0.165 −0.193 0.243 −0.543 −0.035 0.482 −0.257 1.000

0.299

0.127

1.000

0.258

E

0.676 −0.138 0.828 −0.101 0.182

0.160

0.126

0.560

D

0.565

0.369 −0.036 0.300

0.273

0.188

0.226

0.490

0.582

0.205

0.226

1.000

0.584

0.140
C

0.324

0.152

0.552

0.266

0.377

0.379
0.458

0.283

−0.004 0.798 −0.101 0.866 −0.201 −0.092 −0.070 −0.290 −0.003 −0.225 −0.409 0.888 −0.239 0.035

0.348

0.707

0.670

0.785

0.350
B

0.698

A
A

−0.015 −0.380 −0.299 −0.496 −0.290 −0.197 −0.661 0.008 −0.704 −0.234 −0.325 −0.410 −0.288 −0.216 −0.529 −0.477 −0.215 1.000

Appendix A.
List of numerical OC values

The numerical OC values for the complete extended Sloan font type [109] are presented in

Table 26. The matrix consists of 26×26 cells, corresponding to the complete English alphabet.

These numbers should be used in case of high-precision measurements or simulations using all

26 letters, and assuming the tested subjects may identify any character of the 26-letter English

alphabet.

U

V

W

X

Y

Z

0.360

0.051 −0.380 −0.345 0.318 −0.297 −0.109 0.012

0.107

0.115 −0.225 −0.314 −0.246 0.629

0.200

0.290 −0.391 −0.194 −0.249 −0.025

0.413

0.320 −0.440 0.154
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letters and rows indicate the potential identifications.

0.378 −0.155 −0.437 −0.218 −0.569 1.000 −0.086

0.316

0.362 −0.497 0.087 −0.684 0.378 −0.334

−0.036 1.000

1.000 −0.036 0.200 −0.021 −0.116 −0.125 0.200

1.000 −0.187 −0.056 −0.568 −0.155 −0.233

0.362

0.200

−0.021 −0.497 −0.187 1.000 −0.310 0.211 −0.437 0.149

−0.116 0.087 −0.056 −0.310 1.000 −0.405 −0.218 −0.171

−0.125 −0.684 −0.568 0.211 −0.405 1.000 −0.569 0.174

0.200

0.316 −0.334 −0.233 0.149 −0.171 0.174 −0.086 1.000

0.118 −0.486 −0.191 0.480 −0.280 0.004 −0.179 0.455

−0.026 −0.572 −0.384 0.089 −0.387 0.323 −0.443 0.250

0.056 −0.421 −0.382 0.321 −0.265 −0.101 −0.090 0.394

−0.064 −0.548 −0.470 0.023 −0.426 0.343 −0.415 0.241

−0.213 −0.338 −0.011 0.459 −0.324 0.310 −0.451 0.021

−0.021 −0.297 −0.186 0.417

0.021 −0.772 −0.510 −0.081 −0.575 0.377 −0.678 0.028

−0.169 −0.293 0.083

−0.134 −0.765 −0.601 −0.094 −0.537 0.693 −0.705 0.018

0.600

−0.203 −0.640 −0.442 0.556 −0.327 0.296 −0.604 0.205

−0.052 −0.539 −0.374 −0.041 −0.330 0.203 −0.405 0.198

0.644

0.033

0.453 −0.305 −0.162 0.300 −0.179 0.245

0.205 −0.549 −0.435 0.226 −0.462 0.589 −0.215 0.470

−0.033 −0.520 −0.439 −0.095 −0.398 0.180 −0.382 0.186

0.349 −0.365 −0.248 0.379 −0.177 0.401 −0.088 0.806

0.308 −0.372 −0.776 −0.472 −0.205

T

−0.104 −0.459 0.066

S

Table 26. The numerical OC Optotype Correlation values calculated for the 26-letter extended

Sloan font type. The table is arranged in alphabetical order, where columns represent the displayed

The refined numerical values of the 26×10 OC matrix adjusted for clinical applications are
presented in Table 27. Since the standard ETDRS chart consists solely of the 10 original Sloan
characters, the matrix has only 10 columns. However, as the subjects are not supposed to know
about this restriction, they can theoretically identify any character of the 26-letter English alphabet,
so the matrix has 26 rows. These numbers are more adequate for standard clinical trials than those
presented in Table 26.
C

D

H

K

N

O

R

S

V

Z

A

−0.539

−0.592

−0.380

−0.033

−0.343

−0.558

−0.057

−0.255

−0.429

−0.150

B

0.227

0.695

0.468

0.117

0.253

0.320

0.685

0.798

−0.226

0.322

C

1.000

0.435

−0.467

−0.344

−0.251

0.861

−0.046

0.152

−0.456

−0.076

D

0.435

1.000

0.091

−0.079

0.172

0.567

0.351

0.448

−0.523

0.171

E

−0.005

0.497

0.388

0.214

0.166

0.125

0.565

0.629

−0.228

0.430

F

−0.290

0.218

0.461

0.212

0.148

−0.146

0.662

0.333

−0.351

0.011

G

0.883

0.441

−0.433

−0.264

−0.142

0.827

−0.013

0.165

−0.385

−0.096

H

−0.467

0.091

1.000

0.124

0.583

−0.299

0.522

0.172

−0.382

−0.253

I

−0.276

0.090

−0.438

−0.076

−0.252

−0.298

−0.081

0.167

−0.369

0.583

J

−0.045

0.271

−0.122

−0.709

−0.067

0.162

−0.414

−0.023

−0.601

−0.181

K

−0.344

−0.079

0.124

1.000

0.320

−0.371

0.343

−0.068

−0.449

−0.218

L

−0.115

0.343

−0.029

0.035

−0.018

−0.123

−0.117

−0.012

−0.641

−0.019

M

−0.138

0.193

0.537

0.009

0.437

−0.017

0.257

0.119

0.388

−0.063

N

−0.251

0.172

0.583

0.320

1.000

−0.110

0.367

−0.019

−0.379

−0.264

O

0.861

0.567

−0.299

−0.371

−0.110

1.000

0.014

0.209

−0.485

−0.108

P

−0.147

0.296

0.463

0.163

0.152

−0.078

0.824

0.369

−0.318

0.016

Q

0.789

0.534

−0.242

−0.274

−0.005

0.913

0.081

0.219

−0.445

−0.069

R

−0.046

0.351

0.522

0.343

0.367

0.014

1.000

0.433

−0.333

0.081

S

0.152

0.448

0.172

−0.068

−0.019

0.209

0.433

1.000

−0.219

0.287

T

−0.439

−0.266

−0.671

−0.301

−0.512

−0.474

−0.228

−0.131

−0.268

0.167

U

0.146

0.572

0.267

−0.244

0.282

0.316

−0.038

0.140

−0.463

−0.172

V

−0.456

−0.523

−0.382

−0.449

−0.379

−0.485

−0.333

−0.219

1.000

−0.162

W

−0.141

0.194

0.537

0.261

0.436

−0.018

0.458

0.113

−0.365

−0.064

X

−0.498

−0.495

−0.502

0.045

−0.053

−0.531

−0.241

−0.284

−0.100

0.167

Y

−0.583

−0.613

−0.708

−0.347

−0.394

−0.612

−0.548

−0.389

0.049

−0.079

Z

−0.076

0.171

−0.253

−0.218

−0.264

−0.108

0.081

0.287

−0.162

1.000

Table 27. The numerical OC Optotype Correlation values calculated between the 10 original Sloan
letters and all 26 letters of the extended Sloan font type. The table is arranged in alphabetical order,
where columns represent the displayed letters and rows indicate the potential identifications.
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Appendix B.

Results of the wavefront aberration measurements

The results of the wavefront aberration measurements, including the dw pupil diameter
recorded by the wavefront sensor, are summarized in Table 28. The measurements were taken by
using a clinical Shack-Hartmann sensor (WASCA Analyzer, SW 1.41.6; Carl Zeiss Meditec AG).
The RE refractive power error and the Cyl astigmatism of the subjects’ eyes were measured using
an autorefractor (KR8800; TopCon).

Table 28. Summary of the wavefront aberration measurements: the RE refractive power error, the
Cyl astigmatism, the dw pupil diameter, and the second, third, and fourth-order Zernike coefficients
of the applied tenth-order expansion (Z20 defocus term is considered to be zero, except for subject
Kl. Mi. for whom Z20= −2.24 λ0). λ0 = 555 nm.
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Appendix C.

Through-focus visual acuity of pseudophakic subjects

116

Figure 43. The results of the through-focus visual acuity measurements and simulations of all
pseudophakic subjects examined. The residual refractive error of the patients has been eliminated.
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Appendix D.

Results of pupil size measurements

The results of the individual pupil size measurements obtained by using my new far-field
infrared pupil measuring system are presented in Table 29. Parameter d denotes the average
diameter determined based on 78 images captured during testing all 26 characters at a given s letter
size.
Subject

Eye

d [mm]

s [logMAR]

0.30

0.27

0.24

0.21

0.18

0.15

0.11

0.07

0.02 −0.03 −0.09 −0.15 −0.23 −0.33

G. A.

OS

5.20

5.43

5.38

5.22

5.37

5.54

5.49

5.52

5.36

5.65

5.25

5.41

5.73

5.55

G. A.

OD

4.39

4.53

4.65

4.41

4.64

4.53

4.57

4.45

4.53

4.43

4.78

4.75

4.52

4.77

P. B.

OS

4.83

4.88

4.95

5.13

4.66

4.68

5.07

4.95

4.97

5.17

4.45

3.57

4.36

3.59

P. B.

OD

4.89

4.78

4.60

4.40

4.15

4.18

4.39

4.92

5.22

5.49

5.40

5.08

4.91

4.37

U. F.

OS

n/a

n/a

n/a

n/a

3.79

3.67

3.79

3.65

3.60

3.60

3.58

3.54

3.94

4.11

U. F.

OD

n/a

n/a

n/a

n/a

3.75

4.08

4.15

4.22

4.16

3.72

3.28

3.34

3.34

4.08

M. T.

OS

5.62

5.74

5.67

5.61

5.51

5.66

5.52

5.74

5.72

5.79

5.75

5.59

5.79

5.64

M. T.

OD

5.35

5.54

5.76

5.46

5.90

6.03

5.79

5.86

5.57

5.54

5.01

5.30

5.41

5.43

Kl. Mi.

OS

6.02

6.32

6.30

6.52

6.74

6.46

6.63

6.45

6.61

6.51

6.56

6.71

6.80

6.96

Kl. Mi.

OD

5.64

5.87

6.00

5.88

6.01

5.94

6.02

6.10

6.17

6.08

6.11

6.12

6.05

5.94

S. O.

OS

5.15

5.25

5.17

4.85

4.92

5.11

5.05

4.98

4.65

4.79

4.54

4.83

5.27

4.76

S. O.

OD

5.18

5.40

5.37

5.33

5.20

5.01

5.06

4.85

4.84

4.68

4.53

4.49

4.78

5.26

S. T.

OS

5.07

4.63

4.11

4.63

4.41

4.62

4.24

4.54

4.36

3.99

4.03

3.83

3.61

3.55

S. T.

OD

5.89

6.00

5.77

6.20

5.62

5.52

5.70

5.76

5.68

5.44

5.21

4.98

5.01

5.03

G. T.

OS

6.90

7.00

6.98

6.93

6.70

6.93

6.81

6.87

6.90

6.98

7.08

7.06

7.03

6.98

G. T.

OD

5.86

5.99

6.09

6.12

6.17

5.99

6.01

6.04

6.04

6.00

6.06

6.10

6.22

6.35

Table 29. Average d pupil diameters of the subjects corresponding to the tested s letter sizes.
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