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Introduction, research goals
There are many phenomena both in nature and in engineering processes which
include multiple scales (elements of different sizes). In the thesis we attempt
to tackle engineering problems related to complex physical systems involving
a large amount of elements having scales of very different orders of magnitude.
Such problems are notoriously difficult to treat computationally either due to
the massive number of elements or due to the simultaneous treatment of scales.
Without any simplification or reduction, one might end up having a task
which cannot be solved in the desired quality with the available computational
capacity within an affordable time frame.
In the thesis we show three examples of the above described phenomena, all of which have practical importance in engineering fields: percolation
(propagation of liquid in porous media), traveling salesman problem (finding the shortest path through many points), and mechanistic turbulence (a
phenomenological model of vortex breakdown in turbulent flows). Seemingly
these are very different problems, yet the challenges arising are similar, and
thus the techniques to deal with them share common elements. Here we give
a brief introduction of the engineering problems tackled in the thesis.
Understanding the physics of liquid propagation in porous media is of
high importance in the extraction of petroleum from oil reservoirs. Important
properties of the porous rock constituting the reservoir are determined via
measurements on rock samples extracted from oil wells. One such measurement is mercury porosimetry which is utilized to determine the pore size distribution of rock samples [1, 2]. During the process, the non-wetting mercury
is forced into the sample with gradually increasing pressure and the volume of
the injected mercury is measured versus the applied pressure (the saturation
curve). In practice, the saturation curve is assumed to be directly related to
the cumulative pore size distribution. However, this distribution does not coincide with the real one because of the “non-accessibility” of pores at a given
pressure [3,4]. This motivates our goal to determine a more accurate cumulative pore size distribution. We want to simulate the propagation of mercury
in a virtual network representing a real rock sample and find the true pore
size distribution of that rock sample for which the simulated saturation curve
matches the measured one. One could argue that it is straightforward to acquire the three-dimensional CAD geometry of the rock sample via imaging
techniques (e.g. computer tomography) and perform a Computational Fluid
Dynamics (CFD) simulation. However, the void space in the rock sample is
extremely complicated: it is typical to have ∼mm sized cavities and ∼0.001µm
sized gaps in the same sample. To capture the dynamics of mercury propagation via simulation of the flow, a very fine spatial resolution of the void space
is required with a highly automated discretization method. Instead of this
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we reduced the pore structure of the rock sample into a network of interconnected pores. This network is represented by a simple undirected connected
graph. The vertices of the graph are the pores and the edges simply provide
connection among the pores. With this graph representation the treatment of
the pore sizes is simple: pore size is just a property assigned to each vertex.
On such a simple network a percolation simulation can be carried out which
captures the dynamics of mercury propagation [5, 6]. An assumed pore size
distribution is considered as an input parameter of the simulations resulting
in an output saturation curve. The objective is to match the experimental
saturation curve with the simulated one. We do this by changing the input
pore size distribution so that the simulated saturation curve agrees nicely with
the measured one.
The Traveling Salesman Problem (TSP) is a well-known combinatorial
optimization problem: given N points, find the minimum length round trip
connecting all points. The solution of the TSP has practical importance in
many engineering applications (as well as a huge number of other applications): e.g. drilling of printed circuit boards, sensor or machine tool path
planning, placement problems (a particularly interesting application is the
placement of nozzle-guide vane assemblies in a gas turbine) [7]. The challenge
of TSP is its complexity: for N points there are (N − 1)!/2 possible solutions and it is proved that the TSP is an NP-hard problem [8]. In practice
this means that finding the optimal solution requires an extensive amount
of computer time for large TSP instances. Moreover, the time required to
find the optimal solution is not known in advance! Therefore, approximate
methods prevail as the number of points grow. We propose a novel hierarchical tour construction type method for solving the TSP in the unit square.
We partition the unit square with gradually coarser dyadic tilings (rectangles
of equal area) [9, 10] and reduce the complexity of the problem by decreasing its “scale”: we group points located in the same tile and replace them
with a single representative point (their barycenter). Thus the original TSP
which consisted of a huge number of points is reduced to a TSP with significantly fewer points. During the construction of the overall solution we have
to find the shortest path through the points located in each tile, therefore
the average scale of these clusters of points must also be small and depends
on the resolution of the tiling. The TSP solution depends on the applied
tilings, therefore the optimization objective (finding a very good approximate
solution) is reached through the optimization of the tilings.
Understanding the physics of turbulent flows is one of the main unresolved
problems in engineering. We tackle the longstanding mystery of turbulent
flows with a purely phenomenological model inspired by Lewis Fry Richardson’s eddy hypothesis [11, 12]. According to Richardson’s notion, there are
vortices of different scales in a turbulent flow. The larger ones are unsta-
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ble and break up to form smaller vortices. This breakup process continues
through smaller and smaller scales. Thus, most kinetic energy of the flow
is transferred from large scales to small ones while a small portion of it is
dissipated due to viscous friction. Below a specific vortex length scale which
is called the Kolmogorov scale η viscous friction becomes significant by outweighing the breakup process and the kinetic energy of the flow is dissipated
to heat [13, 14]. The whole process is also described as the turbulent energy
cascade, since a primarily one-way energy transfer is realized from large scales
to small ones. The mechanistic turbulence model is a binary tree structured
mass-spring-damper system which represents the hierarchical relation among
the vortices of turbulent flow. In this model the masses play “the role” of vortices, and the springs provide the connection among those. Masses gradually
decrease on lower levels which enables us to assign mass scales to each level.
Dampers are attached to the lowest level to act as dissipative elements at the
smallest scales. We investigate the energy transfer in this mechanical system,
define and compute the fluxes between scales (energy transfer rates between
consecutive levels) and the energy spectrum of the mechanistic model (energy
distribution among the scales). Though in the framework of the thesis we
only discuss the linear version of the model with impulsive initial conditions,
the final results are still intriguing. Our main goal is to find such system
parameters (masses, stiffnesses, damping coefficients) for which it exhibits a
Kolmogorov-like energy spectrum (an energy spectrum which is similar to that
derived for 3D, homogeneous, isotropic turbulence). We want to perform the
calculations on many-level systems (10 or more levels) which is challenging,
since the number of masses doubles by adding a new level to the system. This
leads to the need of extreme computational capacity due to the enormous
size of the matrices which describe the system. To make the computations
feasible, we again resort to a simplification: the whole mechanistic turbulence
model can be reduced to an equivalent chain oscillator whose energy spectrum
and the energy fluxes are the same as those of the mechanistic model.

Results and discussion
In the second chapter of the thesis we describe how the pore network was
reduced to a simple, undirected, connected graph and how an access limited
invasion percolation model called porosimetry percolation was developed to
simulate mercury propagation in this graph model. With the help of the
available measurement data about the rock samples, we were able to find
the true pore size distribution of the rock sample. We proposed a method
to calculate the mapping (a homeomorphism) between the measured and the
simulated saturation curve. The inverse of this homeomorphism was used to
determine the true pore size distribution. Figure 1 demonstrates how well the
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experimental and simulated saturation curves match after the correction of
the initial pore size distribution calculated from the experimental saturation
curve.
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Figure 1: The experimentally obtained saturation curves and (a) the initial
simulation results, (b) the simulation results obtained with corrected pore size
distributions.
The proposed method to compute the true pore size distribution of a rock
sample provides valuable additional information besides those provided by
the measurements for the geologists and geotechnical engineers. Compared
to previously established methods, e.g. Mata et. al [15] and Mourhatch et
al. [16], which were similar in spirit to ours, there is no need for an iterative
search to get the correct pore size distribution.
In the third chapter we present a new partition-and-cluster heuristic to
solve the TSP. We utilized random dyadic tilings to partition the TSP. Good
quality subsolutions were computed in each tile, then they were patched together to yield the final solution. The method was tested for random TSPs
with different N ’s (up to N = 10000 points), and for the att532 problem (a popular benchmark problem containing 532 non-uniformly distributed
points). The mean solution errors varied between 8.89-12.65% depending on
N . For the att532 problem, our mean solution is considerably shorter (by
26.48%) than Yoshiyuki’s [17] solution whose approach was similar in spirit.
We also tested the N = 500 and 1000 cases with only regular tilings used for
partitioning. The solution error distributions (see Figure 2) are very similar to
those obtained with random dyadic tilings. However, a random dyadic tiling
can be modified to improve solution quality. We were able to significantly
improve our initial results (e.g. the mean error for the N = 200 case was reduced to 3.97% from 10.37%) with an optimization algorithm called Genetic
Algorithm Enhanced Hierarchical Solution, which looks for shorter tours by
modifying the tilings. Representative solution error distributions are shown
in Figure 2.
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Figure 2: The solution error distribution using random dyadic tilings with
and without Genetic Algorithm Enhanced Hierarchical Solution, and regular
tilings for TSPs consisting of (a) N = 500 and (b) N = 1000 points. The
vertical lines mark the mean solution errors.
The proposed method has a huge potential in terms of possible developments:
we could find good quality solution quickly by identify those characteristics
of dyadic tilings (e.g. the distribution of the aspect ratio of tiles) which might
correlate with the solution error. Furthermore the method could be extended
to handle incomplete dyadic tilings. This would vastly increase the possible
number of tiling combinations. In addition, it would be advantageous to use
incomplete dyadic tilings to partition non-uniformly distributed points (e.g.
fine partitioning is required only in regions which are densely populated with
points). The Genetic Algorithm Enhanced Hierarchical Solution could be
further improved by incorporating the Simulated Annealing technique.
Finally, inspired by Richardson’s eddy hypothesis, in the fourth chapter of
the dissertation we introduced a mechanistic model of turbulence with different mass scales. The discrete energy spectrum of the model was defined as the
fraction of the total energy stored in the different mass scales and a formula
was derived to calculate this spectrum in the asymptotic limit. Similarly, the
discrete energy flux function of the system was defined as the set of energy
fluxes between levels scaled by the dissipation rate. A decimation procedure
was applied to yield an equivalent chain oscillator with energy spectrum and
energy flux function identical to those of the mechanistic model. This enabled
the calculation of the energy spectrum and energy flux function for many-level
systems. We found such model parameters for which the energy spectrum is
qualitatively similar to the Kolmogorov spectrum of 3D turbulence. Moreover,
the parameters can be tuned so that the exponent of the energy spectrum precisely matches with that of the Kolmogorov spectrum. Furthermore, in this
case the energy flux function is practically constant through the intermediate
mass scale range. In Figure 3 we show typical energy spectra and flux functions of n-level mechanistic models corresponding to this intriguing case. The
wavenumber κ = 1/M is associated with mass scale M .
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Figure 3: (a) Typical energy spectra and (b) energy flux functions of n =
10, 15, 20, 25-level mechanistic models. Masses are halved on each consecutive
level from top to bottom, while spring stiffnesses also decrease from top to
bottom according to a power law, but more significantly than the masses.
In future work the model will be extended to include nonlinearities (e.g. nonlinear energy sinks at the bottom level instead of linear tuned mass dampers).
We also want to study the system with continuous energy pumping at the
large or some intermediate scales via external forcing. We believe this will
lead to a better understanding of the turbulent energy cascade as well as
energy transfer in nonlinear systems in general.

Thesis statements
Thesis statement 1 - Pore size distribution calculation
Based on the experimental saturation curve φ1 (p) obtained via mercury injection porosimetry measurement, and pore volume and pore degree distributions associated with different pore size intervals as described by Table T1, a
method is proposed to determine the true pore size distribution of a porous
rock sample:
1. Generate the graph model of the pore network as follows:
(a) A large number (order ∼105 ) of unconnected vertices (pores) is generated.
(b) Four quantities are assigned to each vertex:
• A pressure p is randomly drawn from the experimental saturation
curve φ1 (p).
• The pore size ρ of the vertex is calculated from p using the Washburn
equation
2γcos(θ)
ρ=−
.
(T1.1)
p
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• A pore volume and a pore degree is randomly drawn from the distributions corresponding to the pore size interval in which ρ falls.
(c) The vertices are randomly connected until their degree requirement is
satisfied.
2. A porosimetry percolation (access limited invasion percolation) simulation
is carried out on the generated graph to obtain a simulated saturation
curve φ2 (p). The flow chart of the simulation algorithm is shown in Figure
T1.
3. The invertible mapping P is determined from equation
φ2 (p) = P (φ1 (p)) ,

(T1.2)

then its inverse P −1 is calculated.
4. The distribution φ0 (p) is calculated using equation
φ0 (p) = P −1 (φ1 (p)) .

(T1.3)

5. The true pore size distribution is calculated as
ϕ0 (ρ) =

dφ0 (p)
dp

Related publications: [P1] and [C1].
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p=−

2γcos(Θ)
ρ

.

(T1.4)

Graph model of the pore network
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as initial interface.
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No
Remove occupied
vertices from the interface

Add unoccupied vertices
which are neighbours of occupied
vertices to the interface

Compute the saturation
at 𝑝 = 𝑝𝑙𝑞

Increase liquid
pressure 𝑝𝑙𝑞

End of percolation simulation
𝜙2 (𝑝) is obtained

Figure T1: Flow chart diagram of the porosimetry percolation simulation
algorithm.
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Table T1: Table of notations and definitions.
Name

Symbol

Description

Pressure

p

Pressure of injected mercury

Experimental
saturation curve

φ(p)

The fraction of occupied pore volume
as the function of the pressure p

Pore size

ρ

The pore size related to the minimum
pressure through Eq. (T1.1) which is
required to fill the pore

Pore size
distribution

ϕ(ρ)

Probability distribution function of the sizes
of pores located in the porous sample

Pore volume

V

The volume of mercury required to
fill the pore
The number of pores connecting to a pore

Pore degree

d

Surface tension
of mercury

γ

Its value is 0.48 N/m

Contact angle

θ

Its value is 132 − 142◦ for material pair
mercury and most solids

Thesis statement 2 - TSP solution with dyadic tilings
The Traveling Salesman Problem (TSP) is to find the shortest possible tour
connecting N points that starts and ends at the same point.
An approximate solution for the TSP consisting of a set X of N points in
the plane is proposed with the method of partitioning by dyadic tilings. A
dyadic tiling is a division of the unit square into rectangles of equal area, and
any planar TSP can be scaled to a unit square. For N uniformly distributed
random points in the
√ unit square the method provides solutions having a mean
tour√length of 0.81 N + 0.34 compared to the expected mean tour length of
0.71 N + 0.63 of the optimal solutions.
The method of partitioning by dyadic tilings:
1. X is partitioned with a dyadic tiling T to yield the set of clusters T (X)
(group of points located in the same tile) and the corresponding set of
barycenters Y (centroids of the clusters). The barycenters are denoted by
 (squares) in Figure T2(a).
2. A “coarse” TSP solution (Figure T2(b)) is calculated for the barycenters.
Midpoints × are then placed at the middle of each edge. Two midpoints
naturally belong to each barycenter, they are located on the edges emanating from the barycenter.
3. Each barycenter is replaced by the cluster of points it represents (these
points are located in its tile as shown in Figure T2(c)). Thus two midpoints
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× and a cluster of points belong to every barycenter. The near-minimum
tour between these two midpoints through the points is computed. The
union of all such tours forms a closed tour. Figure T2(c) highlights each
tour with alternating continuous and dashed lines.
4. Midpoints × are removed from the tour to yield the TSP solution for the
original points.
5. At this point the 2-opt method is used to improve the final solution (Figure
T2(d)).

(a)

(b)

(c)

(d)

Figure T2: (a) Partitioning the points, (b) “coarse” TSP solution for the
barycenters and placement of the midpoints, (c) minimum tours are calculated
between midpoints, and (d) the final solution using 2-opt.
For a larger number of points (N ≥ 100) a hierarchical version of the algorithm
is proposed:
(i) First, the set of points X is partitioned with a fine tiling T1 , so that
the average cluster size is sufficiently small (less than 10 points). This
yields the set of clusters T1 (X) and the set of barycenters Y1 .
(ii) The set of barycenters Y1 is partitioned with another tiling T2 which is
coarser than T1 (i.e. T2 (Y1 ) and Y2 are obtained).
(iii) The new set of barycenters Y2 is further partitioned with gradually
coarser tilings T3 , ..., Ti , Ti+1 , ..., Tn , until the number of barycenters in
Yn is sufficiently small (2-3 orders of magnitude smaller than the number
of original points) to construct the “coarse” TSP solution.
(iv) Based on Steps 3 and 4 of the original algorithm, the TSP solution for
any Yi−1 is built from that of Yi . The TSP solution for the original
points is built from that of Y1 .
Related publications: [P2] and [P3].
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Thesis statement 3 - Defining and calculating the energy
spectrum
We consider the n-level mechanistic turbulence model shown in Figure T3
which is described by the equations of motion (T3.1) with initial conditions
(T3.2) and boundary conditions (T3.3).
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Figure T3: The mechanistic turbulence model for n = 3.

mi ẍi = ki (xP(i) − xi ) + kL(i) (xL(i) − xi )+
+kR(i) (xR(i) − xi ) + ci (ẋP(i) − ẋi ) + cL(i) (ẋL(i) − ẋi )+
+ cR(i) (ẋR(i) − ẋi ),
xi (0) = xi,0 , ẋi (0) = vi,0 ,
xj = 0,

(T3.1)

i = 1, ..., N,

i = 1, ..., N,

j = 0, N + 1, ..., 2N + 1.

(T3.2)
(T3.3)

The notations in Eqs. (T3.1), (T3.2), (T3.3) are listed in Table T3.
The level energies El (t) of the n-level mechanistic turbulence model are calculated by Eq. (T3.4).
El (t) =

X
1 X
1
mi ẋ2i + (1 + δl,1 )
ki (xi − xP(i) )2 +
2
4
i∈I(l)

1
+ (1 + δl,n )
4

i∈I(l)

X

ki+1 (xi − xP(i) )2 ,

i∈I(l+1)

The notations in Eq. (T3.4) are listed in Table T3.
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(T3.4)
l = 1, ..., n.

DEFINITION: The energy spectrum of the n-level mechanistic turbulence
model is defined by Eq. (T3.5) with the notations listed in Table T3.
Êl = Ēl /Ē,

l = 1, ..., n,

Ē =

n
X

Ēl .

(T3.5)

l=1

In Eq. (T3.5) the bar indicate temporal mean in the limit of t → ∞ as
specified by Eq. (T3.6).
Ēl =

β
π

Z

τ +π/β

El (t)dt,

τ → ∞,

l = 1, ..., n.

(T3.6)

τ

The level energies El in the asymptotic limit of t → ∞ can be expressed in
the form of Eq. (T3.7),
El (t) ∼
= e2αt [Bl,1 + Bl,2 cos(2βt) + Bl,3 sin(2βt)],
l = 1, ..., n,

t → ∞,

(T3.7)

where α and β are the real and imaginary parts of the eigenvalue pair λ1,2 =
α ± βi having the largest real part among the eigenvalues of system (T3.1).
All the other notations are listed in Table T3.
Considering the asymptotic form (T3.7) of El (t) the energy spectrum of the
n-level mechanistic turbulence model can be calculated using Eq. (T3.8).
Êl =

(α2 + β 2 )Bl,1 + α2 Bl,2 − αβBl,3
, l = 1, ..., n,
(α2 + β 2 )B1 + α2 B2 − αβB3
n
X
Bi =
Bl,i , i = 1, 2, 3.

(T3.8)

l=1

The energy spectrum is directly related to the system parameters through
the eigenvalue pair λ1,2 . The energy spectrum shows the normalized energy
distribution which develops within the mechanistic turbulence model as t
grows regardless of the initial conditions.
Related publications: [C2], [C3], [C4], and [P4], [P5].
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Table T3: Table of notations.
Symbol

Description

c

damping coefficient

k

spring stiffness

m

mass

n

number of levels

t

time

x

displacement

v

velocity

B

constant

E

energy

N = 2n − 1

number of masses

α

real part of eigenvalue

β

imaginary part of eigenvalue

δi,j = 1 for i = j, 0 otherwise

Kronecker delta

λ

eigenvalue

I(l) = {2l−1 , ..., 2l − 1}

indices on level l

P(i) = bi/2c

index of parent mass

L(i) = 2i

index of left children mass

R(i) = 2i + 1

index of right children mass

b.c
.̄

floor operation
temporal mean in the limit of t → ∞

.̂

scaled temporal mean in the limit of t → ∞

Thesis statement 4 - Defining and calculating the Energy
flux function
We consider the n-level mechanistic turbulence model shown in Figure T4
which is described by the equations of motion (T4.1) with initial conditions
(T4.2) and boundary conditions (T4.3).
mi ẍi = ki (xP(i) − xi ) + kL(i) (xL(i) − xi )+
+kR(i) (xR(i) − xi ) + ci (ẋP(i) − ẋi ) + cL(i) (ẋL(i) − ẋi )+
+ cR(i) (ẋR(i) − ẋi ),
xi (0) = xi,0 , ẋi (0) = vi,0 ,
xj = 0,

i = 1, ..., N,

j = 0, N + 1, ..., 2N + 1.

The notations in Eqs. (T4.1), (T4.2), (T4.3) are listed in Table T4.
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Figure T4: The mechanistic turbulence model for n = 3.
The level energies El (t) of the n-level mechanistic turbulence model are calculated by Eq. (T4.4)
El (t) =

X
1 X
1
mi ẋ2i + (1 + δl,1 )
ki (xi − xP(i) )2 +
2
4
i∈I(l)

i∈I(l)

1
+ (1 + δl,n )
4

X

(T4.4)

ki+1 (xi − xP(i) )2 ,

l = 1, ..., n.

i∈I(l+1)

The notations in Eq. (T4.4) are listed in Table T4.
The energy fluxes Πl (t) between levels l and l + 1 of the n-level mechanistic
turbulence model are calculated by Eq. (T4.5).
Πl (t) = Πl−1 (t) − Ėl (t),

Π0 (t) = 0,

l = 1, ..., n,

(T4.5)

The notations in Eq. (T4.5) are listed in Table T4.
DEFINITION: The energy flux function of the n-level mechanistic turbulence
model is defined by Eq. (T4.6) with the notations listed in Table T4.
Π̂l = Π̄l /¯
,

, l = 1, .., n,

¯ =

n
X

Π̄l .

(T4.6)

l=1

In Eq. (T4.6) the bar indicate temporal mean in the limit of t → ∞ (asymptotic limit) which is defined by Eq. (T4.7).
β
Π̄l =
π

Z

τ +π/β

Πl (t)dt,
τ
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τ → ∞,

l = 1, ..., n.

(T4.7)

The level energies El in the asymptotic limit of t → ∞ can be expressed in
the form of Eq. (T4.8),
El (t) ∼
= e2αt [Bl,1 + Bl,2 cos(2βt) + Bl,3 sin(2βt)],
l = 1, ..., n,

t → ∞,

(T4.8)

where α and β are the real and imaginary parts of the eigenvalue pair λ1,2 =
α ± βi having the largest real part among the eigenvalues of system (T4.1).
All the other notations are listed in Table T4.
Considering the asymptotic form (T4.8) of El (t) the energy flux function of
the n-level mechanistic turbulence model can be calculated using Eq. (T4.9).
Pl
Π̂l =

(Bi,1 + Bi,2 )
,
B1 + B2

i=1

l = 1, ..., n,

Bj =

n
X

(T4.9)
Bl,j ,

j = 1, 2, 3.

l=1

The energy flux function is directly related to the system parameters through
the eigenvalue pair λ1,2 . The energy flux function shows the normalized energy
flux distribution which develops within the mechanistic turbulence model as
t grows regardless of the initial conditions.
Related publications: [C2], [C3], [C4], and [P4], [P5].
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Table T4: Table of notations.
Symbol

Description

c

damping coefficient

k

spring stiffness

m

mass

n

number of levels

t

time

x

displacement

v

velocity

B

constant

E

energy

N = 2n − 1

number of masses

α

real part of eigenvalue

β

imaginary part of eigenvalue

δi,j = 1 for i = j, 0 otherwise

Kronecker delta



dissipation rate

λ

eigenvalue

Π

energy flux

I(l) = {2l−1 , ..., 2l − 1}

indices on level l

P(i) = bi/2c

index of parent mass

L(i) = 2i

index of left children mass

R(i) = 2i + 1

index of right children mass

b.c
.̄

floor operation
temporal mean in the limit of t → ∞

.̂

scaled temporal mean in the limit of t → ∞
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