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Introduction

Many interesting physical phenomena occur when two solid objects
contact each other. Contact may generate friction, collisions, and
adhesion, which are all complex, multi-scale physical phenomena.
Engineers and scientists often use phenomenological models of these
phenomena in order to reduce complexity. For example, contacting
surfaces are often modelled as ideally rigid; impacts are viewed as
instantaneous velocity jumps according to simple rules, and friction
is typically modelled by simple static laws like Coulomb’s law.
The focus of this thesis will be collisions and dynamical phenomena induced by sequences of collisions. All other complex phenomena
associated with contacts will be avoided by simplifying modeling assumptions. In particular I will examine unilateral point contacts
between ideally rigid, adhesionless and frictionless surfaces. I will
describe collisions with a single Newtonian coefficient of restitution.
Yet, even this simple model reveals complex dynamic phenomena.
For instance an ideally rigid ball dropped to the floor undergoes infinitely many collisions under a finite time. The phenomenon, that
infinite number of events happen under a finite time is called Zenophenomenon or Zeno-behaviour after the philosopher Zeno of Elea.
It plays a crucial role in rigid body dynamics [3, 2, 6] with contact,
since infinite collision sequences are the natural way through which
two ideally rigid bodies attain sustained contact with each other.
It is also not necessary to use complicated collision models to find
unsolved problems. Very few works [4, 5] show analytical results
about the dynamics induced by collision sequences, and it appears
that none of them has treated systems in which predicting the position of the points where the individual collisions occur is non-trivial.
The lack of such results stems from the high sensitivity of the order
of collisions and the emerging behaviour of the system to very small
perturbations of the initial conditions.
The first part of the thesis focuses on the theoretical aspects
of collision- induced dynamics and then I continue by discussing
possible applications.
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Collision sequences of a rigid object in
the absence of external forces

First I review and extend existing results concerning the planar motion of a rigid rod as it hits a flat surface with its two endpoints
nearly simultaneously, in the absence of significant external forces.
This is a very simple model system, which nevertheless undergoes a
combination of translational and rotational motion and impacts at
multiple points. Its simplicity implies that the order of collisions becomes trivial: the two endpoints always hit the ground in alternating
order. Nevertheless this system displays an interesting dynamic phenomenon. Depending on physical parameters and initial conditions,
the rod may undergo an infinite sequence of collisions at the end of
which it rests on the support surface. We refer to this phenomenon
as complete chatter (CC). Alternatively, the rod may undergo a finite sequence of collisions, after which it leaves the support surface
with finite velocity (incomplete chatter, ICC). While any object can
be thrown such that it undergoes ICC, the converse is not true. We
will say that an object possesses chattering stability if there exist
initial conditions, from which it undergoes CC.
Goyal et al. [4, 5] investigated this problem by using a leadingorder approximation of the rotational kinematics, which is a reasonable assumption, since rotations of the rod remain small during the
entire collision sequence. Those authors determined the exact conditions of CC and ICC under the restriction that the initial velocity of
the rod is pure translation. My contribution to these result is to give
a new proof (which will be generalized to more complex problems
later) and to relax the restrictions on the initial conditions.
Principial Result 1 (Baranyai, Várkonyi (2018a)). I investigated
the motion of rigid, reflection symmetric rods, with endpoints hitting
a flat plane nearly simultaneously, in the absence of external forces.
I gave impact map U 0 and reflection map P and showed that the
rod possesses chattering stability if and only if the map U 0 P has an
invariant cone. Furthermore, I determined the exact conditions of
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complete chatter in terms of physical parameters and initial states.
The collision sequences of rigid bodies with more than two contact points have not been investigated before. The difficulty of this
problem originates from the fact that finding the position of the
next point to collide now becomes a non-trivial task. I addressed
this problem by considering a non-deterministic model of motion
that takes place in a space of reduced dimensionality (velocity space
instead of the full state space). I introduced natural generalizations
of the aforementioned concept of invariant cones including the concept of effectively invariant cone associated with a set of matrices
and cones.
Another characteristic feature of such systems is that they may
undergo infinite collision sequences in two different ways. In addition
to CC, they may also exhibit partial complete chatter (PCC), which
means that two contact points come into rest on the supporting
plane whereas other parts of the object stay in motion. We say
that an object possesses partial chattering stability if there are initial
conditions for which the motion leads either to CC or to PCC. In my
work, I developed sufficient conditions of partial chattering stability
and I was also able to exclude PCC in some special cases in order
to develop conditions of chattering stability.
Principial Result 2 (Baranyai, Várkonyi (2018a)). I investigated
the motion of rigid bodies with discrete n-fold (n ≥ 3) rotational
symmetry with more than two co-planar contact points hitting a flat
plane nearly simultaneously, in the absence of external forces and
a) I introduced the concept of an effectively invariant cone, and
developed a numerical algorithm that tests the existence of effectively invariant cones associated with a given family of linear
operators and cones.
b) I gave a family of matrices {U 0 Ri } i = {1, 2, . . . , n − 1}
representing a collision and different rotations; and a family
of n − 1 cones {Ci } representing n − 1 geometrical constraints
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associated with individual elements of {U 0 Ri }. Using this, I
conjectured that the following statements are equivalent
(i) the body possesses partial chattering stability
(ii) the dominant eigenvalue of the matrix U 0 R is real and
positive
(iii) the sets {U 0 Ri }, {Ci } possess an effectively invariant cone
Furthermore, I have proven that (iii) implies (i). For the special case of n = 4, I have also proven that (ii) implies (iii).
c) I have also proven that partial complete chatter is impossible if
any of the eigenvalues of the matrix U 0 Rn−1 U 0 R is complex,
which always holds if n > 3. In these cases partial chattering
stability implies chattering stability.
In the next part of the thesis, I considered the same kind of motion in the presence of gravitational forces. This investigation was
motivated by open questions concerning the widely studied singularity of a disk spinning on a flat surface. A disk on a flat surface often
rolls around in circles. As it gradually looses its energy, the disk
becomes flatter and flatter while the contact point appears to travel
faster and faster along the circumference of the coin/disk, until the
motion abruptly ends. Many previous studies aimed to identify the
energy dissipation mechanism responsible for the singularity and the
asymptotic behaviour of the increasing contact point velocity.
While air drag [8, 1] and different models of frictions [7] have
been investigated as candidates, collisions so far have not. I filled
this gap by analysing the bouncing motion of two different shapes: a
many-sided regular polygonal disk as an idealization of the geometric
imperfections of the disk and a disk bouncing on 3 contact points
forming a regular triangle as a simplified model of the geometric
imperfections of the underlying surface (see Figure 3).
In spite of measurements and simulations where the disk exhibited a precessional motion (in addition to rolling), previously authors
neglected this issue and interpreted the motion of the disk as slow
4

Figure 1: Euler’s disc toy.

drift along a one-parameter family of precession-free periodic rolling
motions, driven by continuous energy dissipation. During this motion, the slope angle φxy , the angular velocity φ̇ of the contact point
and the total mechanical energy E(t) obey [7]
φxy = axy (tf − t)c
φ̇z = az (tf − t)
c

E(t) = a(tf − t)

−c/2

(1)
(2)
(3)

where t is time, tf is the time of the singularity, axy , az , a are positive constants, the angles are defined in Figure 2, and the exponent
c depends on the energy dissipation mechanism. Clearly, the dissipation mechanism with the lowest exponent c will dominate over all
others at the end of the motion.
In my work I focused on a special form of bouncing motion,
which is analogous to precession-free rolling of a disk. I used the
technique of Poincaré maps to investigate the existence and feasibility of such motions, and linear stability analysis to investigate their
asymptotic stability. Stability analysis enabled me to reach new results regarding the open question of why precession tends to occur
in experiments.
Collisions dissipate energy instantaneously, so the corresponding
energy function in this case is a piecewise constant step function. I
5

Figure 2: Notation of the rolling disc. The periodic, dissipation free
motion is marked by continious values of φxy and φ̇z .

Figure 3: n = 3 accounting for the irregularities of P and n >> 3
accounting for the irregularities of B
used two methods to make it comparable to (3). One was to find
upper and lower bounds of the form (3), and another was to fit
curves to numerical simulations (see Figure 4).
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Figure 4: Left:Bounding the energy function. Right:Log-log plot of
energy versus time remaining to singularity obtained by numerical
simulation of motion for n = 30 and γ = 0.6
Motivated by previous works on the bouncing motion of a rod in
the presence of gravity, I also investigated if and when the effect of
gravity can be neglected and the results summarized in Principal result 2 are applicable. Using these techniques, I reached the following
results:
Principial Result 3 (Baranyai, Várkonyi (2017b)). I investigated
the dynamics of conceptual models of a spinning disk taking into
account the geometric imperfections of the disk and of the underlying
surface. I demonstrated that both models exhibit motion terminating
at a finite-time singularity marked by an infinite accumulation of
impacts. In addition,
a) I found that small geometric imperfections may explain the
emergence of precession during the motion of a spinning disk.
b) For the model representing small geometric imperfections of
the disk, I showed that the effect of gravity remains important
during the entire motion, and the mechanical energy of the disc
is bounded by power-law functions of time with exponent c =
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2. Hence, dissipation through collisions is not the dominant
energy-dissipating mechanism.
c) For the model representing geometric imperfections of the underlying surface, I demonstrated the possibility of motion where
the effect of gravity becomes negligible as the system approaches
its singularity, provided that the ratio of the radius of gyration
and the radius of the disc, as well as the coefficient of restitution are sufficiently small. The energy profile of the disk during this motion is again bounded by power-law functions, with
exponent c that may be arbitrarily close to 0, meaning dissipation through collisions can be the dominant energy-dissipating
mechanism. However this scenario requires very low coefficient
of restitution in the case of a homogeneous disk.
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Collision sequences of a rigid body and
an attached oscillator

The motivation of this investigation is the industrial demand for
shock protection of portable electronic devices. Such devices typically contain sensitive components (read-write head of HDD, printed
circuitry...) while the frame and other parts are more resilient. This
situation is modelled as a rigid rod (representing the frame) falling
onto a flat surface together with an attached harmonic oscillator
standing for the sensitive component. It is reasonable to assume
that the maximal (non-dimensional) displacement of the oscillator
during the motion is a good measure of shock. Then, we can ask the
question: how should we choose model parameters (dimensionless
radius of gyration ρ̄, coefficient of restitution γ and position of the
oscillator r) to minimize the maximal displacement of the oscillator
induced by bouncing motion of the rod.

Figure 5: Rigid rod and attached oscillator

Since this system presents quite complex dynamics, we resorted
to event driven numerical simulations. The mechanical parameters
and the initial conditions have been varied systematically. For each
combination of the physical parameters, the most dangerous value
of the drop angle was considered, while the drop height was kept
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constant.

Figure 6: Maximal relative displacements of the oscillator. Left: the
oscillator is in the middle. Right: the oscillator is at the end of the
rod.
Simulation results were summarized and visualized by using shock
maps similar to Figure 6. The simulation results clearly indicated
that physical parameters of the device and the position of the component within the device are important factors of shock resistance.
Hence, the mechanical design of the device strongly affects the impact resistance of its components. My findings are summed up in
the following Principial Result:
Principial Result 4 (Baranyai, Várkonyi (2018b)). I examined
the shock suffered by sensitive components of a portable electronic
device, when dropped onto the ground. By modelling the portable
electronic device as a rod and the sensitive component as a damped
linear oscillator attached to it, I have shown that:
a) Components far from the center of the device may suffer from
much higher impact shock then those near the center
b) Low coefficient of restitution is always advantageous for shock
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protection
c) Small radius of gyration appears to be advantageous when the
component is near the center, but it tends to be disadvantageous
if it is far from it.

4

Collision-induced motion of a rigid body
and an attached gyroscope

I investigated a problem closely related to the previous ones, which
was motivated by the recently completed Rosetta mission of European Space Agency, which included the first ever attempt to land
on a comet. The Philae spacecraft touched comet ChuryumovGerasimenko with its three legs. The original plan of ESA was to
immobilize the spacecraft by anchors, but the anchoring subsystem
failed to activate. The spacecraft then underwent a 3-hour long journey including several impacts, at the end of which it landed at an
unknown position, in an unexpected pose. The position of the lander
was not recovered for almost two years, which had some important
consequences to the success of the mission. For several months, communication with Philae remained completely unsuccessful. During
this period it was an important question if the lander was damaged
by a hard impact of its solar panels or if communication was blocked
by an inappropriate orientation of the radio antenna.
At first glance the micro-gravitational environment of a comet
seems to be the perfect place to test the theory of collision sequences
in the absence of gravity. Our theory predicts that the lander undergoes complete chatter. In reality, the lander lost over 90% of its
kinetic energy, but the remaining energy was enough to induce a
long journey due to the weakness of gravitational forces. The apparent contradiction between the theory and the actual motion can
be explained by several factors: first, the three legs did not reach the
surface nearly simultaneously, the legs were compliant, and finally
the lander was equipped with a gyroscope that altered the motion
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significantly.
In my work, an attempt was made to reconstruct the rotational
component of this bouncing motion by using measured power data
of the solar cells of the lander. The power profiles were used to
reconstruct the orientation of the Sun in lander-frame and data were
compared with numerical simulation of motion.
Due to the scarcity and inaccuracy of the data points (one measurement per 2 minutes), statistical methods were used to infer what
may have happened. Only partial reconstruction of the motion was
possible.
The results are summarized in the following Principial Result:
Principial Result 5 (Baranyai, Várkonyi, Balázs (2017a)). By
combining statistical analysis of solar panel power profiles measured
during the unexpected landing of the Philae spacecraft on comet ChuryumovGerasimenko with numerical simulation methods,
a) I partially reconstructed the rotational motion of the lander. I
demonstrated that immediately after touchdown the lander had
an angular velocity of at least 0.18 rad/s and that during the
tumbling motion, the lander had a significant risk of falling on
its solar panels.
b) I proposed and alternative landing strategy, in which the gyroscope is kept running until rest has been confirmed. About this
alternative strategy I showed that it reduces the risk of landing on the solar panels of the lander, and that friction on the
surface of the asteroid is enough to prevent unwanted motion
after turning off the gyroscope.
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