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Chapter 1

Introduction

Many interesting physical phenomena occur when two solid objects contact each
other. Contact may generate friction, collisions, and adhesion, which are all
complex, multi-scale physical phenomena. Engineers and scientists often use
phenomenological models of these phenomena in order to reduce complexity of
the analyisis. For example, contacting surfaces are often modelled as ideally
rigid; impacts are viewed as instantaneous velocity jumps according to simple
rules, and friction is typically modelled by simple static laws like Coulomb’s law.

Even if one uses one of these simple models, complex dynamic behavior and
self-inconsistency of the models may occur. For example, friction and rigid
contacts together give rise to the Painlevé paradox: simple models like a sliding
rod appear to have multiple possible motions (e.g. sliding and liftoff)or no valid
solution [1, 2, 3]. A good illustration of the inconsistency of sliding motion is
the well-known screeching sound of the chalk when pushed on the blackboard1.
Another interesting phenomenon arising from the interaction of collisions and
friction is the so called "reverse Zeno behaviour" by which a slipping object lifts
off from the surface through an infinite number of collisions [4].

The focus of this thesis will be collisions and dynamical phenomena induced
by sequences of collisions. All other complex phenomena associated with con-
tacts will be avoided by simplifying modelling assumptions. In particular I
will examine unilateral point contacts between ideally rigid, adhesion-less and
frictionless surfaces.

The first (well documented) study of collisions is attributed to Newton, who
in 1687 deduced, that in case of perfectly elastic collisions the velocity of the
centre of mass of the whole system remain unchanged together with the ve-
locity difference between the objects. A good illustration of Newton’s impact
laws is Newton’s cradle2, named after the scientist (see Figure 1.1). Since in
reality collisions are not perfectly elastic, Newton’s attention turned towards
describing partially elastic collisions. He proposed the concept of the coefficient
of restitution (the ratio of velocity of separation to velocity of approach) also
named after him. He found that the coefficient of restitution is often approxi-
mately independent of the velocity of the impact. Assuming a constant value of
the coefficient of restitution can be used for instance to describe the bouncing
motion of a glass taw ball (dropped vertically) on the floor. If we record the

1https://www.youtube.com/watch?v=B0LgaWUSzMI
2https://www.youtube.com/watch?v=0LnbyjOyEQ8
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CHAPTER 1. INTRODUCTION

Figure 1.1: Newton’s cradle

repeated flight times between collisions, the rebound heights and the rebound
velocities, we find that they form geometric series. The coefficient of restitution
is equal to the common ratio of the velocity series (see Figure 1.2). This model
suggests that the collision sequence is infinitely long, and one may naively think
that such a sequence will never end. This is only true however if the duration
is measured as number of collisions. The actual time of the collision sequence
is the sum of the terms of the geometric series formed by the flight times and it
is finite (as long as the coefficient of restitution is smaller than one).

Figure 1.2: Definition of the coefficient of restitution γ

While this is natural for us now, after limits and infinite series have been
worked out, without this mathematical apparatus we could think the motion
lasts forever. In fact we would not be alone with this thought. Zeno of Elea
argued along similar lines to prove that once Achilles gave head-start to the
turtle, he will not be able to overtake it3. The phenomenon, that infinite events

3According to the story, Achilles and a turtle tested themselves against each other in a
running contest. They started at the same time, but to have a fair race Achilles gave some
head-start to the turtle. It can be seen, that in order to overtake the turtle, our hero has to
first run to the location where the turtle started the race. By the time he gets there, the turtle
will have moved some amount forward. In order to overtake it now, Achilles would have to
run to the new position of the turtle. By the time he gets there, the turtle will have moved
again. Since this pattern will repeat itself forever, we can conclude that it is impossible for
Achilles to overtake the turtle.
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CHAPTER 1. INTRODUCTION

happen under a finite time is called Zeno-phenomenon or Zeno-behaviour after
the philosopher. It plays a crucial role in rigid body dynamics[5, 6, 7] with
contact, since infinite collision sequences are the natural way through which
two ideally rigid bodies attain sustained contact with each other.

Figure 1.3: Achilles and the turtle.

Nevertheless Zeno sequences crop up in many types of systems among which
collisions are just one example. Zeno behaviour can be found in nonsmooth
systems [8] (such as the well known Filippov-system) and hybrid dynamical
systems[9, 10, 11] and optimal control problems [12] as well. From the mathe-
matical standpoint, dynamics with Zeno behaviour gives rise to many theoretical
issues [13] that are usually not in the focus of researchers in mechanics. Nu-
merical simulation of systems displaying Zeno behaviour is not trivial either,
due to the infinitely many events interrupting the integration of the differential
equations. There are special numerical methods designed for this purpose [14].

I would again point out, that all these interesting phenomena emerge from
very simple models. Collisions are complex phenomena: in reality objects are
not rigid, contact is not point-like, and sudden collisions induce lasting deforma-
tions and shock-waves [15]. A crude model always has its limits. For instance
in case of skew collision of a deformable ball on a deformable surface, both
experimental [16] and numerical [17] studies have found that the coefficient of
restitution measured in the normal direction is sensitive to the direction of the
incoming velocity and can even be greater than one. The energy of the ball is
however not growing, since energy associated with the tangential velocity trans-
form into energy associated with normal velocity through frictional forces. My
model choice is motivated by the fact that more complex models are not neces-
sary better. Simple models often offer deeper insight to interesting phenomena,
and complex models tend to have high number of model parameters, which have
to be chosen a priori.

Even though the simplest collision model will be used in this thesis, we will
occasionally run into the problem of simultaneous collisions (where bodies come
into contact with each other at multiple points), since certain systems naturally
converge to such events. There are various models of simultaneous impacts,
which yield reasonable but not reliable results. The lack of reliability is caused
primarily by the extreme sensistivity of simultaneous impacts to the pre-impact
state [18, 19]. One common assumption is that a simultaneous impact can
be replaced by a (possibly infinite) sequence of single-point impacts [20, 21].
Another popular approach is to assign a coefficient of restitution to all vertices
and to formulate the impact model as a linear complementarity problem [22,
23]. It is also possible to combine restitution coefficients with a priori energy
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CHAPTER 1. INTRODUCTION

minimization principles [24]. Since it is not the aim of this thesis to compare
these different models, I will treat simultaneous collisions as undecidable.

It is not necessary to use complicated collision models to find unsolved prob-
lems. Very few works [25, 26] show analytical results about the dynamics in-
duced by collision sequences, and it appears that none of them has treated
systems in which the order of collisions is non-trivial. In the thesis, deter-
ministic and non-deterministic models will be investigated in order to describe
the complicated collision sequences a rigid body can experience. Both analytical
and numerical tools will be used to provide insight into these collision sequences.

More precisely, the first goal of this thesis, as addressed in Chapter 3, is to
understand the conditions under which Zeno behaviour occurs in simple systems
consisting of a polyhedral body and a rigid plane. In the past [25, 26] only a
much simpler version of this system has been investigated: a symmetric rod
falling to the ground without initial rotation. It was shown, that with these
assumptions even in the absence of external forces, two qualitatively different
outcomes are possible, depending on the physical properties of the rod: com-
plete chatter means that the object becomes immobile at the end of an infinite
collision sequence, whereas incomplete chatter means a finite sequence followed
by separation.

I show that this result generalizes to the more complex polyhedral system,
and the constraint on the initial velocity can also be relaxed. To this end, the
infinite collision sequences are analysed efficiently via Poincaré maps and a sin-
gular rescaling of time, such that the termination of the sequence corresponds
to rescaled time going to infinity. Then the Zeno dynamics exhibits interesting
symmetry and invariance properties, which allow one to understand important
physical aspects of the Zeno motion of the system. The conditions under which
the two different outcomes occur will be given with some explanation of the
underlying mechanisms.

Collisions govern or may influence many different types of motion, including
rolling. For instance, the casual spinning motion of a coin on a table has been
analyzed by many works because of its finite time singularity, during which the
pole transfer velocity (ie.: the apparent velocity of the contact point) appears to
diverge to infinity until the coin abruptly comes to rest. The apparent finite-time
singularity of this motion, especially when exhibited by the scientific toy called
Euler’s disk, captured the attention of many researchers. It is widely known,
that an ideal disc rolling without dissipation has a one-parameter family of
periodic solutions, for which the slope of the plane of the disk is constant, the
contact point rolls in a circle, and the center of mass is immobile (Figure 1.5).

Apart from the uniform motion described above, an ideal disc exhibits other
types of periodic or quasi-periodic motion. Importantly, experiments [27, 28],
numerical methods [29, 30] and theoretical analysis [28] confirm the existence
of precession, i.e. that the angle of the disk may oscillate around the angle of
the uniform solutions presented above.

In view of these solutions, scientists interpreted the motion of Euler’s disk
as slow drift along the one-parameter family of precession-free solutions, driven
by continuous energy dissipation. During this motion, the slope angle and the
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CHAPTER 1. INTRODUCTION

Figure 1.4: Euler’s disc toy.

Figure 1.5: Notation of the rolling disc. The periodic, dissipation free motion
is marked by constants values of φxy and φ̇z.
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CHAPTER 1. INTRODUCTION

pole transfer velocity (the velocity pole is the contact point) obey [28]

φxy = axy(tf − t)c (1.1)

φ̇z = az(tf − t)−c/2 (1.2)

where t is time, tf is the time of the singularity, and axy, az, c are positive
constants, the angles are defined in Figure 1.5. Due to the positivity of the
constants, we can see that the slope gradually decreases as time passes, while
the pole transfer velocity increases. The central question of studies addressing
Euler’s disk is: "What is the dominant energy-dissipating mechanism of this toy
as it approaches its singularity?" Typically the analysis does not consider the
possibility and the consequences of precession. This approximation is usually
inspired by the observation that precession tends to have moderate amplitude
and high frequency, and thus its effect seems to be negligible. This kind of
analysis typically predicts energy profiles of the form

E(t) = a(tf − t)c (1.3)

where t is time, E is the total mechanical energy of the system, tf is the time
of the singularity, a is a positive constant and the exponent c depends on the
dissipation mechanism. Clearly, the dissipation mechanism with the lowest ex-
ponent c will dominate over all others at the end of the motion (see figure 1.6).
It was found that the exponent associated with air drag is 1/3 [31] or 4/9 [32]
(the latter is based on an improved model of boundary layer effects) and the
exponents associated with various models of friction are 1/2, 2/3 or 2. In ad-
dition, some models of friction create asymptotic convergence of E to 0 rather
than a finite-time singularity (which largely corresponds to c =∞).

Figure 1.6: Sketch of the energy profile (1.3) for different c values

High-velocity spinning (rolling) in the presence of geometric irregularities
(either of the disc or the surface) inevitably leads to bouncing and a Zeno se-
quence of collisions. As the effect of collisions on this motion has not been

11



CHAPTER 1. INTRODUCTION

investigated, in Chapter 4, I pose the question "To what extent do collisions
reshape this well-known singularity”?

I then turn towards engineering applications of the theory. Dropping a
portable electronic device to the floor also induces sequences of collisions. The
electronics industry is actively investigating shock protection of portable devices,
since the mechanical shock experienced by its components shortens the average
lifetime of the devices considerably. There are many parts or subsystems in an
electronic device that can be critical for shock failure. In what follows, we refer
to these units as critical components of the electronic device. Such components
may be (amongst other things):

• Hard disk drives, in which a drop often leads to crash of the read-write
head [33].

• Printed circuit boards (PCB), which produce different failure patterns in
response to thermomechanical and purely mechanical effects [34] [35]. In
the latter case, either the intermetallic layer or a welding may break. The
combination of the two effects seems to be responsible for a significant
reduction of the lifetime of PCBs [36].

• Chip scale packages within printed circuitry [37] [38] [39] [40] as well as
micro-electromechanical devices (MEMs) [41] [42] [43] [44].

In the industry practice, shock resistance is mostly investigated by drop
tests of an individual component or by drop tests of a whole device [45]. An
important aspect of the two types of tests is the fact that a component may
survive a drop test alone, but fail in the same drop test if tested inside the
product [46, 47, 45, 43]. The reason behind this is the detrimental effect of
internal collisions between the parts and the casing of the product.

Until now, very few works have investigated how the position of a sensitive
component within the device affects its sensitivity. Goyal et al. [48] investigated
the falling and bouncing motion of rigid rods (as a simplified representation of
a device) under two important assumptions:

1. dropping a flat device with a nearly horizontal orientation is the most
dangerous scenario

2. the mechanical shock of a component is represented by the largest instan-
taneous velocity jump (due to impacts) exhibited by the component.

The main conclusions of that paper are confirming that bouncing motion may
have significantly more detrimental effect than a single impulse stopping the
device instantaneously, and that placing a component near the center of the
device is beneficial for shock protection.

In Chapter 5 we present a more general analysis, in which both assumptions
of Goyal are revisited and relaxed. Nevertheless we also use a strongly simplified
representation of the device and the component, to enjoy the benefits of small
number of model parameters . The first assumption was confirmed by [49] for
PCBs positioned symmetrically in the device, but as we demonstrate below,
it may become invalid in other cases. We will also see that Goyal’s second as-
sumption is in general not justifiable unless the component has microscopic size,

12



CHAPTER 1. INTRODUCTION

because then the vibrations of the component decay very fast compared to the
characteristic time scale of the bouncing motion.

There are many other engineering applications where Zeno behaviour plays
a key role. It is often an important goal to establish sustained contact between
objects and to avoid separation. I investigate the problem of landing in a low-
gravity environment in Chapter 6. By analyzing data obtained during the first
soft landing of a spacecraft on a comet as part of the Rosetta mission of Eu-
ropean Space Agency. Until now, most effort to understand what happened
exactly during landing was devoted to the reconstruction of the first touchdown
[50] and of the translational motion after touchdown [51, 52, 53]. Much less
work [54] has been done to understand its rotational motion. I reconstruct
some important aspects of the rotational dynamics initiated by accidental sep-
aration of the lander from the comet surface. The reconstruction is based on
solar panel performance data, and when comparable, the results are the same
as the estimate based on the ROMAP sensor on-board Philae [54].

In summary my thesis presents theoretical analysis of a well-known phe-
nomenon in rigid body mechanics with contact, and then the theory is applied
to various practical, engineering problems.

13



Chapter 2

The mechanical model

In this chapter, the basic mechanical model of a rigid polyhedral body (B)
bouncing on a rigid flat plane (P) will be presented. This model will be used
as a basis for the investigations of the thesis. Collisions are restricted to hap-
pen at vertices of the object and are described with a Newtonian coefficient of
restitution γ (assumed to be constant). A polyhedron can also touch a plane
(ground) with one of its edges (without a full face being in contact),which can
be modelled as contact at the two endpoints of that edge.

Throughout the thesis we assume unilateral frictionless contact interactions.
Even though some friction is inherently present in contacts, the role of friction
is not essential in the phenomena studied in this work.

2.1 Basic notation and kinematics
Let r and ri (i = 0, 1, ..., n− 1) denote position vectors of the center of mass of
B and of n potential contact points to the underlying plane P (Figure 2.1).

Figure 2.1: Definition of the local coordinate frame tied to B, as well as the
global coordinate frame, tied to P. The the heights (hi) of the vertexes above
P are also marked.

We define a local orthogonal coordinate system spanned by the unit vectors
uI ,uJ and uK , which is fixed to the object B with its origin at the center of
mass. Physical quantities expressed in local frame will be denoted by upper
index l. For example we have rl = 0 and ulI = (1, 0, 0)T . The uI -uJ plane
of the reference frame is parallel to the plane spanned by the potential contact

14



CHAPTER 2. THE MECHANICAL MODEL

points of the object. Then, the coordinates of these contact points in local frame
are also constants:

rli = (xi, yi, z∗)
T , i ∈ {0, 1...n− 1} (2.1)

and the third coordinate z∗ is identical for all vertices. The enumeration of
the vertices (i = 0, 1, ..., n − 1) is according to positive orientation in the local
frame. We also consider a global orthogonal coordinate-frame spanned by the
unit vectors ux, uy and uz. The first two vectors are parallel to P and the
origin is at distance z∗ from P. We use upper index g for quantities expressed
in global frame. The position of the i-th vertex in global frame is then given by

rgi = rg +H l,gr
l
i. (2.2)

where H l,g = (ugI ,u
g
J ,u

g
K) is the rotation matrix that rotates the global frame

into the local frame.
Let v and ω denote the velocity of the centre of mass and the angular velocity

of the object with respect to the global frame. Then, we have

v := ṙ (2.3)

Ḣ l,g = ΩgH l,g (2.4)

Here, �̇ denotes the derivative with respect to time t. Ωg is the skew symmetric
matrix

Ωg =

 0 −uTz ωg uTy ω
g

uTz ω
g 0 −uTxωg

−uTy ωg uTxω
g 0

 (2.5)

which satisfies the identity ωg × x = Ωgx ∀x ∈ R3. Note that (2.3) is
coordinate-free, hence using any of the indices l or g is unnecessary.

2.2 Dynamics
The bouncing motion of B is piecewise continuous. Episodes of sliding and free-
fall are separated by collisions, which we model as instantaneous velocity jumps.
Let the mass of the object B and its mass moment of inertia tensor with respect
to the center of mass be m and θ. We will assume that the axes of the local
frame correspond to the eigenvectors of θ, i.e.

θl = m

ρ2
I 0 0

0 ρ2
J 0

0 0 ρ2
K

 (2.6)

where ρI , ρJ , ρK denote the principal radii of gyration of B.

2.2.1 Continuous dynamics
Continuous motion of the object may occur in one of the following modes: free
fall, sliding on one of the vertices, sliding on 2 vertices, or sliding with all vertices
on the ground. We now develop equations of motion for the first two modes,
which will be used in the sequel.
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CHAPTER 2. THE MECHANICAL MODEL

Sliding on one vertex

Suppose B is sliding on one of its vertices, say ri. Let us denote the magnitude
of the (vertical) contact force with η, and the gravitational acceleration with g.
The Newton equation in arbitrary frame becomes:

ηuz −mguz = mv̇, (2.7)

while the Euler-equation can be written as:

(ri − r)× ηuz = ω × θω + θω̇. (2.8)

Note, that this equation is most often expressed in local frame because θl is
time-independent. However for us, writing the expression in global frame will
be beneficial later.

As we will see later, the magnitude of the contact force can be determined
from the previous equations together with the kinematic constraint of slip:

uTz v̇i = 0 (2.9)

Free fall

The equations describing the free-falling motion of B are given by (2.7) and
(2.8) with η = 0.

2.2.2 Collisions
We assume that impacts are instantaneous hence the position variables ri re-
main stationary while the velocities undergo an instantaneous jump (v−,ω−) 7→
(v+,ω+) where the indices − and + refer to pre-impact and post-impact values.
The body is assumed to respond to the contact-impulse ζ according to rigid
body theory. Then, if vertex ri hits the floor, a discrete time analogue of the
Newton-Euler equations can be written as

ζuz = m(v+ − v−) (2.10)

(ri − r)× ζuz = θ(ω+ − ω−). (2.11)

We assume that all impacts have a fixed Newtonian coefficient of restitution
γ. Since P is fixed this gives us the constraint

uTz (v+ + ω+ × (ri − r)) = −γuTz (v− + ω− × (ri − r)). (2.12)

The three equations (2.10), (2.11) and (2.12) together can be solved for the
unknown variables ζ,v+,ω+. There are multiple ways to determine the outcome
of a collision under these assumptions [55, 56], for instance the reduced-mass
method [57]. Instead of using such methods however, we will use approximations
valid under small rotations, and solve the collisions in the simplified equations.

2.3 Leading order approximation of the equations
of motion of a symmetric object, under in-
finitesimal rotations

In Chapters 3 and 4, we will investigate the motion of the object when its
vertices reach the surface nearly simultaneously without significant spinning
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motion. Also, we focus on object possessing rotational symmetry, that is the
vertices obey

rli = Rirl0 for i = 1, 2, ..., n− 1. (2.13)

where rl0 is one vertex and

R =

cos(2π/n) −sin(2π/n) 0
sin(2π/n) cos(2π/n) 0

0 0 1

 (2.14)

represents a rotation around axis uK .
In this situation, both the kinematic and dynamic expressions can be sim-

plified using leading order approximations, as outlined in this section. The
simplified expressions will be used extensively in Chapters 3 and 4.

2.3.1 Approximated Kinematics
As first step we introduce some elements of the theory of infinitesimal rotations.
Any rotation matrix, H l,g can be expressed (see [58] for instance) as the Taylor
series:

H l,g =

∞∑
k=0

1

k!
Φk = I + Φ +

1

2!
Φ2 +

1

3!
Φ3 . . . , (2.15)

where I denotes the 3 dimensional identity matrix and Φ is a unique skew
symmetric matrix.

Here we investigate motions during which Φ is close to 0. In such a situation,
it is tempting to neglect its effect, i.e. to use the zeroth order approximation
Hl,g ≈ I. Such an approximation is however not useful for us because Φ = 0
corresponds to a degenerate orientation, in which the vertices of the object can
only reach the ground simultaneously. In order to capture sequences of impacts
at various vertices, we will need a first order approximation:

H l,g ≈ I + Φ. (2.16)

Matrix Φ is related to rotation-vector φ as

Φg =

 0 −uTz φg uTy φ
g

uTz φ
g 0 −uTxφg

−uTy φg uTxφ
g 0

 (2.17)

i.e. Φg is the unique matrix satisfying Φgxg = φg × xg ∀xg ∈ R3 (see [59]).
The rotation vector φ and angular velocity vector ω are also known to satisfy

ω = φ̇+O(||φ|| ˙||φ||) (2.18)

where ||�|| is the usual 2-norm. Since ||φ|| is small, O(||φ|| ˙||φ||) is small com-
pared to φ̇ and (2.18) is the leading order approximation of ω.

The aim of this subsection is to introduce a reduced set of generalized coor-
dinates to be used later. A rigid object in 3 dimensions has 6 degrees of freedom.
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Accordingly, its state can be represented by 6 scalar generalized coordinates. In
order to pick them, let us combine equations (2.2) and (2.16) into

rgi = rg +

xi + uTy φ
gz∗ − uTz φgyi

yi − uTxφgz∗ + uTz φ
gxi

z∗ + uTxφ
gyi − uTy φgxi

 . (2.19)

As this expression suggests, we could describe the motion with hX := uTx r
g,

hY := uTy r
g, h := uTz r

g, φx := uTxφ
g, φy := uTy φ

g, and φz := uTz φ
g and

their time derivatives vX , vY , v, ωx, ωy, ωz (where we used (2.18)). The aim
of the thesis is to study the dynamics induced by impacts of the object with
the underlying plane P, hence we focus on the evolution of the heights of the
vertices of B above P. According to (2.19), the distance of a vertex from P
can be determined as a linear combination of only 3 generalized coordinates: h,
φx, and φy and thus in Section 2.3.2 we will develop equations that allow us to
study the projected dynamics in the the reduced configuration space C spanned
by

q = (φx, φy, h)T (2.20)

and in the reduced velocity space V spanned by the generalized velocities

p = (ωx, ωy, v)T . (2.21)

2.3.2 Approximated dynamics
In keeping with the rotational symmetry of B, we will also assume the inertia
matrix is also symmetric, that is

ρI = ρJ (2.22)

in Equation (2.6). This will be useful to develop a zero-th order approximation
of the equations of motion, valid when ||φ|| is small. We will capture the leading
order terms of the equations of motion, which are O(1). Unlike in the case of
the kinematic equations, here we can neglect all O(||φ||) terms.

The equations (2.7) and (2.10) will be kept in their original form. At the
same time, (2.8), and (2.11) will be simplified as follows.

Consider the decomposition

θg = θl + ∆ (2.23)

Then, ∆ = O(||φ||) and thus (2.8) can be approximated by:

(rgi − rg)× ηugZ = ωg × θlωg + θlω̇g +O(||φ||) (2.24)

and (2.11) by

(rgi − rg)× ζugz = θl(ω+g − ω−g) +O(||φ||). (2.25)
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2.3.3 Evolution of ωz

During continuous motion, the angular acceleration terms in ṗ may depend on
ωz via the ωg×θlωg term of (2.24). This is a problem, since ωz is not included
in the reduced set p of generalized velocities, for which we aim to write a closed
set of equations of motion.

Because of this problem, we will assume that initially

ωz = 0, (2.26)

i.e. the object is dropped to the ground without "spinning". Then we will show
that ωz ≈ 0 during the motion. Note that ωz is left unchanged by impacts
according to (2.25), however it may vary during continuous motion due to the
the ωg × θlωg term of (2.24). The expansion of that term

ωg × θlωg = m

ωy ωz(ρ2
K − ρ2

J)
ωx ωz(ρ

2
I − ρ2

K)
ωx ωy(ρ2

J − ρ2
I)

 (2.27)

and equation (2.22) reveals that ωz is left unchanged during the motion. Fur-
thermore, ωz = 0 implies that ωg ×θlωg = 0. With this approximation, we are
now ready to write the equations of motion in the reduced set of generalized
velocities.

2.3.4 Equations of motion in generalized coordinates
Continuous motion

With the approximations presented above, we can write the first two rows of
(2.24) and the last row of (2.7) together in a concise form of

Θṗ = (ηf i −mgu3) , (2.28)

where the error terms have been omitted for brevity,

u3 = (0, 0, 1)T , (2.29)

f i = (yi,−xi, 1)T (2.30)

and

Θ = m

ρ2 0 0
0 ρ2 0
0 0 1

 (2.31)

is the generalized mass matrix. It is worth noting that the rotational symmetry
of the problem is reflected in the mass matrix, as both

Θ = RTΘR = R−1ΘR. (2.32)

and

fTi Θ−1f i = fTj Θ−1f j ∀i, j ∈ {0, 1 . . . (n− 1)} (2.33)

holds.
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The kinematic constraint (2.9) of slip motion can be written as

0 =fTi ṗ, (2.34)

which together with (2.28) allows one to get

η = mg
fTi Θ−1u3

fTi Θ−1f i
. (2.35)

The acceleration corresponding to slip motion is

acontact := ṗ = Θ−1 (ηf i −mgu3) . (2.36)

During this motion, the accelerations of the vertices are unequal, but all of them
are negative except for point i having 0 acceleration.

In the case of free fall, we have η = 0, yielding the acceleration

aff := ṗ = −gu3. (2.37)

This means that the acceleration of every vertex during free fall is constant −g
(up to the neglected error terms).

We will also investigate the motion in the absence of gravity, which can be
done by substituting g = 0 into the previous equation. It can be seen, that

g = 0 =⇒ ṗ = 0 (2.38)

for free-fall and also during slip.

Discrete dynamics

As described above, collisions leave the position coordinates, q unchanged. On
the generalized velocities an impact at vertex i can be described by the linear
map

p+ = U ip
− (2.39)

where the superscripts − and + denote the velocities before and after the impact.
The condition of the Newtonian coefficient of restitution γ in general coordinates
reads

fTi p
+ = −γfTi p−. (2.40)

Similarly to the continuous case, we can write the first two rows of (2.25)
and the last row of (2.10) together as:

Θ(p+ − p−) =ζf i, (2.41)

which can be rearranged to give

p+ = ζΘ−1f i + p−. (2.42)
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This can be substituted into (2.40) which after some rearrangement gives

ζ =
−(1 + γ)fTi p

−

fTi Θf i
. (2.43)

Substituting this into (2.41) yields that the matrix of the impact map is

U i := I +
−(1 + γ)

fTi Θ−1f i

[
Θ−1f if

T
i

]
. (2.44)

Furthermore, due to the rotational symmetry (in particular Equations (2.32)
and (2.33)) the impact maps can be expressed from each other, as

U i = RiU0R
−i. (2.45)

2.4 Equations of motion of a rod assuming planar
motion

In several parts of this thesis, I will consider a simpler version of the problem:
the planar motion of a symmetric rod as it hits the ground. The contact points
of the rod are

rli = (−1)ilulx | i ∈ {0, 1}. (2.46)

where l > 0 is the half-length of the rod.

2.4.1 Kinematics of the rod
Let us return to the exact equation (2.2)! The planar motion of the rod in the
X − Z plane means that Hl,g can be expressed as a function of a single scalar
rotation angle φ:

H l,g =

cos(φ) 0 sinφ
0 1 0

− sinφ 0 cosφ

 (2.47)

Accordingly, we will now use the two dimensional generalized coordinate and
velocity vectors q = (φ, h)T , and p = (ω, v)T .

2.4.2 Continuous dynamics of the rod
Similarly as before, the continuous motions of the rod (either free-fall or slipping
on an endpoint) is described by the Newton-Euler equations (2.7) and (2.8).
These equations include two non-trivial scalar equations:

η −mg = mv̇ (2.48)

(−1)iηl cosφ = mρ2ω̇ (2.49)

where the sign (−1)i is determined by the index of the endpoint where η acts.
(Since we only have rotation about the uy axis, we have dropped the subscript
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Figure 2.2: Generalized coordinates and velocities of the falling rod.

y from ρy.) By definition of slip motion, the vertical acceleration of this point
must be 0, i.e. (2.9) yields

v̇ + (−1)ilω̇ cosφ− (−1)ilω2 sinφ = 0 (2.50)

During slip, the reaction force η is given by (2.48) - (2.50) as:

η = m
g + (−1)ilω2 sinφ

1 + ρ−2 cos2 φ
(2.51)

whereas in the case of free fall, we have η = 0. The accelerations v̇ and ω̇ are
determined by (2.48), and (2.49) in both cases.

2.4.3 Impacts of the rod
As mentioned earlier, the position variables h, φ, remain stationary while the
velocities undergo an instantaneous jump (v−, ω−) 7→ (v+, ω+). If one endpoint
hits the floor, non-trivial rows of (2.10) and (2.11) are

ζ = m(v+ − v−) (2.52)

(−1)iζl cosφ = mρ2(ω+ − ω−) (2.53)

where the sign (−1)i depends on the impacting endpoint. The constraint (2.12)
in this case is

v+ + (−1)iω+l cosφ = −γ(v− + (−1)ilω− cosφ). (2.54)

The unknown ζ can be expressed from (2.52), (2.53), and (2.54) as

ζ =
−m(1 + γ)(v− + (−1)iω−l cosφ)

1 + ρ−2l2 cos2 φ
(2.55)

and the post-impact velocities v+, ω+ are determined in terms of ζ by (2.52),
(2.53).
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2.4.4 Further simplification using small rotations
If φ is small, we can again consider a leading order approximation of the kine-
matics, as before. We arrive to equations identical to (2.34)-(2.44) but with

f0 =

(
l
1

)
, f1 =

(
−l
1

)
, u3 =

(
0
1

)
and Θ = m

[
ρ2 0
0 1

]
. (2.56)

instead of (2.29), (2.30) and (2.31).
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Chapter 3

Chattering in the absence of
gravity

In this section I investigate the simplest version of the previously introduced
mechanical system, (see Section 2.3). Assume the rigid body B hits P with its
vertices nearly simultaneously, and there are no external forces such as gravity.
The question posed will be "will B become immobile at the end of the collision
sequence?". Collision sequences in the absence of gravity are interesting on
their own right. We will introduce one application in Chapter 6: landing of a
spacecraft in a micro-gravitational environment. In addition, we will see later
in Chapter 4 and in Chapter 5 that there are situations when collisions happen
very quickly, and external forces have negligible time to act. In that situation,
the results of this Chapter become relevant to systems which are subject to
significant external forces.

In the absence of external forces, a sequence of collisions will have three
possible outcomes.

Definition 1 (CC). Object B undergoes Complete Chatter (CC) if it is immo-
bilized after an infinite number of collisions (so-called Zeno behaviour).

Definition 2 (ICC). Object B undergoes Incomplete Chatter (ICC) if it under-
goes a finite sequence of collisions, at the end of which B bounces up and leaves
the vicinity of P (since there is no gravity to pull it back).

While these seem to cover all outcomes, there is a third possibility, if the
object has more than two contact points (i.e. if it is not a rod): an infinite
sequence of collisions may also occur at 2 vertices of B. At the end of such a
sequence, those two vertices become immobile, however the rest of the body
may continue to move either towards or away from P. If the moving vertices
move away from P, then B undergoes large rotations, which is essentially the
same as ICC. If the moving vertices move towards P, this motion leads to a
simultaneous collision of all vertices to P. The final outcome of the motion
may be CC or ICC depending on how we model simultaneous collisions. Since
the outcomes of simultaneous impacts are highly sensitive to ad hoc modelling
assumptions, we classify motions with simultaneous impacts separately, as:

Definition 3 (PCC). Object B undergoes Partially Complete Chatter (PCC) if
it undergoes an infinite sequence of collisions occurring at 2 vertices of B, such
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CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

that at the end the sequence those two vertices become immobile while the rest
of the body remains in motion.

The outcome of a collision sequence depends both on initial conditions and
body-parameters. While any object can be thrown such that it undergoes ICC,
the converse is not true. To describe this phenomenon, we will introduce the
following concepts:

Definition 4 (Chattering stability). B possesses chattering stability if there
exist initial conditions, from which the motion of B leads to CC.

Definition 5 (Partial chattering stability). B possesses partial chattering sta-
bility if there exist initial conditions from which the motion leads either to CC
or to PCC.

Note that chattering stability is in general a stronger property than partial
chattering stability, and in the case of a rod they are equivalent, as there are no
additional contact points and thus PCC is impossible.

3.1 Problem statement: existence of complete chat-
ter

We can reformulate testing (partial) chattering stability into checking a prop-
erty of p, which is much more convenient. Note that the center of mass of B
approaches P, if

uT3 · p ≤ 0. (3.1)

We can use this to formulate the following lemma:

Lemma 1. An object undergoes ICC if and only if (3.1) is violated at any time
during its motion. In the converse case, it undergoes CC or PCC.

Proof. We have to do the usual bipartite reasoning.
If direction: The only events at which p changes are the impacts. Since B is only
subjected to unilateral impulses pointing away from P, once (3.1) is violated
rest becomes unattainable.
Only if direction: ICC means all vertexes are moving away from the surface,
that is: vi > 0 ∀ i. Due to the rotational symmetry of the problem, the velocity
of the centre of mass can be calculated as the mean of vi. As the mean of
positive numbers is positive, we have v = uT3 · p > 0 as required.

As impacts (the only events changing p) are modelled by the linear maps
(2.39), the main tool of investigation will be the invariant cone theory of linear
maps, which is briefly reviewed below.

3.2 Invariant cones and complete chatter
Consider a vector space, such as the velocity space V.

Definition 6. The set K ⊂ V is a cone if and only if

25



CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

• x ∈ K =⇒ δx ∈ K for any δ ≥ 0.

K is a proper cone if and only if it satisfies

• convexity: ∀x,y ∈ K : x+ y ∈ K
• pointedness: K ∩−K = 0 | − K :=

⋃
x∈K−x

• full dimensionality: @u ∈ V \ {0}, such that x ∈ K =⇒ uTx = 0

Note, that convexity and full dimensionality imply that the cone has a non-
empty interior.

Consider now a linear operator A : V→ V! Then,

Definition 7. the cone K is called an invariant cone of A if A(K) ⊆ K.
Whether or not a given operator has an invariant proper cone or not is

decidable with the aid of

Theorem 1 (Elsner-Vandergraft [60]). Let {λi} denote the set of eigenvalues
of A, and let {λdomi } ⊆ {λi} denote the set of dominant eigenvalues, i.e. those
eigenvalues for which |λi| = maxi |λi|. Then A has an invariant proper cone if
and only if there exists a dominant eigenvalue λp ∈ {λdomi } such that
(i) λp is real and positive
(ii) the algebraic multiplicity of λp is not less than the multiplicity of any other
λi ∈ {λdomi }.
Furthermore, if (i) and (ii) are satisfied then any invariant cone must contain
an eigenvector corresponding to λp.

We will see in Subsection 3.3 that in the case of a rod-shaped object with
only two potential contact points, Theorem 1 leads to an exact condition of
CC. Nevertheless, the object B has in general more than two possible contact
points, i.e. several impact operators. As we will see, it is a sufficient condition
of CC that the property (3.1) is preserved by an arbitrary sequence of impacts,
for which we need the more general concept of common invariant cones:

Definition 8. A cone K is called a common invariant cone for a set of linear
operators A = {A1...An} if Ai(K) ⊆ K ∀Ai ∈ A.

The theory of common invariant cones has not been investigated until very
recently. There is provably no efficient general algorithm to decide the existence
of a common invariant cone for an arbitrary set of operators [61, 62]. Neverthe-
less, it is possible in certain cases to prove its existence by construction.

In our problem, stronger results can be achieved by taking into account that
for a given value of p, impacts at certain vertices may be impossible. More
specifically, we will identify additional cones Ci in velocity space such that an
impact at vertex i is impossible unless p ∈ Ci before the impact. We also define
a new concept:

Definition 9. A cone K is called an effectively invariant cone for a set of
operators A = {A1...An} and a set of cones C = {C1...Cn} if Ai(K ∩ Ci) ⊆ K
for all i ∈ {1...n}.

There is no available method for testing the existence of an effectively invari-
ant cone, nevertheless we will be able to prove their existence by construction
in certain cases.
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3.3 The falling rod revisited
A rigid body needs at least two potential points of collision to display chattering,
as long as the effect of external forces is neglected. If the body has a single
contact point, after collision it has to move away from the surface and in the
absence of external forces nothing can change this motion. Having exactly
two points enables the possibility of chattering, as after each collision although
the point that has undergone a collision moves upwards, there is a possible
contact point that may move towards P. This case is also simple to analyze, as
collisions occur alternating at the two vertices. Goyal et al. [25, 26] investigated
this problem, and gave the exact conditions (in terms of γ and ρ) of complete
chatter if the rod initially performs pure translational motion.

In what follows, we will use the theory of invariant cones to extend this result
to any possible initial velocity. This part will also serve as an introduction to
the more complex case of polyhedral objects. The formulation of the problem
is given in Section 2.4.4, and without loss of generality, we assume l = 1. An
illustration of the problem can be seen in Figure 2.2.

In this situation, an immediate analogue of Lemma 1 holds:

Lemma 2. A rod in planar motion undergoes ICC if and only if

(0, 1) · p ≤ 0 (3.2)

is violated at any time during its motion

Proof. It is identical of the proof of Lemma 1.

We will use this lemma extensively in the sequel. Let us start by assuming,
that the first collision occurs at r1. This assumption means that the initial
velocity of point 1 must point downwards, yielding the constraint

(−1, 1) · p(0) < 0 (3.3)

where p(0) is the initial value of p.
In order to simplify our analysis, we will change the reference frames and

also swap the labelling of the two endpoints before every impact (including the
first one). As a result, every impact will occur at the endpoint labelled by 0 at
the time of the impact. Specifically, the directions of the X and the I coordinate
axes are both reversed every time, which corresponds to the transformations

q → Pq (3.4)
p→ Pp (3.5)

rli → Prli (3.6)

with

P =

[
−1 0
0 1

]
(3.7)

whereas all other system parameters and equations governing the dynamics of
the rod remain unchanged. Second, swapping the labels 0 and 1 corresponds to
a second transformation of the local coordinates rli identical to (3.6). The two
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steps leave rli unchanged (due to P = P−1), whereas the combined effect of the
technical steps and the subsequent impact to the generalized velocity is a linear
transformation

p→ U0Pp. (3.8)

If the technical steps are repeated before every impact, then the generalized
velocity p(k) of the rod after k impacts will be

p(k) = (U0P )kp(0). (3.9)

If - in contrast to our initial assumption - point 0 hits the ground first, then
the coordinate transformation and relabelling step before the first impact are
omitted, and (3.9) is replaced by

pk = (U0P )k−1U0p
(0) = (U0P )kPp(0). (3.10)

From the last two expressions, it is clear that whether or not CC occurs depends
mostly on properties of the matrix U0P . Indeed, [25, 26] showed

Theorem 2. Let the initial motion of the rod be pure translation towards the
support surface (i.e.: p(0) = (0 v(0))T with v(0) < 0). If

ρ ≤ 2√
γ + 1

− 1 (3.11)

then CC occurs. In the converse case, ICC occurs.

We can reproduce the original proof of Theorem 2 by using invariant cones
as follows.

Proof. The matrix U0P can be expressed by using (2.44) with (2.56) as

U0P =

[
γ+1
ρ2+1 − 1 − γ+1

ρ2+1

ρ2 γ+1
ρ2+1

γ+1
ρ2+1 − γ

]
(3.12)

Its eigenvalues and eigenvectors are

λmax, λmin =
(1− ρ2)(γ + 1)± σ1/2

2(ρ2 + 1)
(3.13)

pmax,pmin =

(
(1− γ)(ρ2 + 1)∓ σ1/2

2ρ2(γ + 1)
,−1

)T
(3.14)

where

σ =γ2 − 2ρ4γ − 12ρ2γ−
− 2ρ2γ2 + ρ4γ2 − ρ2 + ρ4 − γ + 1

(3.15)

The eigenvalues have the following properties (Figure 3.1):

1. If (3.11) is true, then σ ≥ 0, and thus the eigenvalues are real. Furthermore
U0P has positive trace and determinant implying that both eigenvalues
are positive.
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2. Similarly, if (3.11) is not satisfied furthermore

ρ ≥ −2√
γ − 1

− 1 (3.16)

then the eigenvalues are real and negative,

3. If none of the two conditions listed above are satisfied then the eigenvalues
are complex.

Figure 3.1: Properties of λmax. The solid and dotted lines are given by (3.11)
and (3.16)

In case 1, (3.11) and (3.14) yield

(1, 0) · pmin =
(1− γ)(ρ−2 + 1) + ρ−2σ1/2

2(1 + γ)
≥

≥ (1− γ)(ρ−2 + 1)

2(1 + γ)
≥

≥ 1 + γ1/2

1− γ1/2
≥ 1

(3.17)

Hence, pmin is in the positive-negative quadrant of velocity space, with the
angle between pmin and (1, 0)T not exceeding π/4 (Figure 3.2). Furthermore
σ ≥ 0 in (3.14) implies that pmax is in the cone K spanned by pmin and Ppmin.

Next, we express Ppmin as

Ppmin = δpmax − εpmin δ, ε > 0 (3.18)

which means that the generating vectors of K are mapped by U0P into

U0P · Ppmin = λmax · Ppmin+

+ (λmax − λmin)ε · pmin ∈ K
(3.19)

U0Ppmin = λminpmin ∈ K (3.20)
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Figure 3.2: Case 1 of the rod problem: the cone K generated by vectors pmin
and Ppmin contains pmax and (0,−1)T and is invariant to U0P .

hence K is an invariant cone of U0P . The initial velocity specified by the
Theorem satisfies

p(0) = (0 v(0))T = P (0 v(0))T ∈ K
hence the generalized velocity remains in the invariant cone K after any number
of impacts. Every point in K satisfies (3.2), and thus Lemma 2 implies that CC
occurs.

In case 2, the repeated multiplication by U0P in (3.9) and (3.10) causes p(k)

for large values of k to approach the dominant eigenvector pmax in the following
sense:

lim
k→∞

p(k)λ−kmax = δpmax (3.21)

where δ ∈ R. Since λmax < 0, (3.2) will be violated either for even or for odd
large values of k. Thus, Lemma 2 implies ICC.

In case 3, the complex eigenvalues mean that multiplication byU0P stretches
vectors and rotates them by a constant angle. The rotational component even-
tually leads to a violation of (3.2), thereby Lemma 2 implies ICC.

The works [25, 26] did not examine how the completeness of the chatter
changes if the initial motion includes a rotational component (p(0) = (v(0) ω(0))T

with ω(0) 6= 0). We can also use invariant cones to answer this more general
question:

Theorem 3. The rod undergoes CC if and only if (3.11) is satisfied, and its
initial velocity p(0) is in the cone K.
Proof. The proof of the if part follows from the invariance property of K in the
same manner as explained in the proof of Theorem 2. If (3.11) is not satisfied,
then the proof of the only if part is also the same as in Theorem 2.
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Our only remaining task is to prove that ICC occurs if (3.11) is satisfied but
p(0) /∈ K. Assume that the first impact occurs at point 1, i.e. (3.9) applies.
Then, p(0) must be in one of the following regions of Figure 3.2:

• Region I: all points of this region violate (3.2) thus Lemma 2 implies ICC.

• Region II: here, p(0) can be decomposed as p(0) = −δpmax + εpmin with
δ, ε > 0. For large values of k, we will again have (3.21) but now with
δ < 0 < λmax. The second coordinate of −pmax is positive, thus Lemma
2 implies ICC.

• Region III: this region is on the left side of Ppmin, where every point
contradicts (3.3). Hence p(0) cannot be in Region III.

This completes the proof if the first impact occurs at point 1. In the converse
case, the roles of Region I and III are interchanged, otherwise the proof remains
identical.

3.4 Complete chatter of polygons

3.4.1 A sufficient condition via common invariant cones
We now consider objects with n ≥ 3 possible impact locations and thus n
impact maps. Even though the same point may not hit the ground in two
subsequent impacts, this constraint leaves us n−1 possible impact locations for
every impact, and the approach outlined in the previous section cannot be used.
Nevertheless we can obtain a sufficient condition of partial chattering stability
by using the notion of common invariant cones.

The previous analysis of the rod exploited the reflection symmetry of the rod.
In analogy, we will be able to simplify the analysis by using the assumption of
B having discrete rotational symmetry, as introduced in Section 2.3. For our
practical purposes, we will assume without loss of generality

rl0 = (1, 0, z∗)
T (3.22)

(see Figure 3.3).
Similarly to the analysis of the rod, we will exploit the symmetry of the

object. Before an impact occurs (including the first one), we change labelling
and reference frames. The exact transformations depend on the index i of the
vertex involved in the upcoming impact. Specifically, we perform the following
two steps.

First, the local coordinate system is rotated by angle i·2π/n around the local
K axis and the global frame is rotated by the same angle about the global Z
axis. These transformations of the reference frames correspond to the following
transformations of the state vectors and of the coordinates of vertices:

q → R−iq (3.23)

p→ R−ip (3.24)

rli → R−irli (3.25)

All other parameters and equations governing the dynamics of the system remain
unchanged.
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Figure 3.3: Geometry of a rotationally symmetric object: The contact points of
B form a regular n-gon with vertices r0...rn−1

Second, the labels of the vertices are shifted cyclically such that the previous
vertex i becomes vertex 0. This step corresponds to the inverse transformation
of (3.25), hence the two steps leave rli unchanged. As a consequence of the
technical steps, the next point to hit the ground will always be point 0. Thus,
the combined effect of the technical steps and the impact to the generalized
velocity is the linear transformation

p→ U0R
−ip. (3.26)

Now consider a collision sequence of k impacts! The generalized velocity of
B after the first impact will be

p(1) = U0R
−i0p(0), i0 ∈ {0, 1, ..., n− 1} (3.27)

whereas after k impacts, we will have

p(k) = U0R
−ik−1U0R

−ik−2 . . .U0R
−i1p(1) (3.28)

where the integers i1, i2, ..., ik−1 ∈ {1, 2, ..., n − 1} depend on the actual colli-
sion sequence. We can now formulate a sufficient condition of partial chatering
stability.

Theorem 4. If there exists a cone K ⊂ V such that

1. all p ∈ K satisfy (3.1).

2. K is a common invariant cone of the set of matrices

{U0R
−1,U0R

−2, . . . ,U0R
−(n−1)}

then the object possesses partial chattering stability. In particular if p(1) ∈ K,
then B undergoes CC or PCC.

32



CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

Proof. Conditions 2 and 3 imply that p(k) ∈ K for all k ≥ 1. At the same time,
condition 1 and Lemma 1 imply the statement of the Theorem.

Unfortunately, it turns out that this result is very restrictive. Clearly, a set
of matrices cannot have a common invariant cone unless all of them have have
invariant cones individually. In our case, if n is even, then the set of matrices
includes U0R

n/2, (rotating with angle π). The single dominant eigenvalue of
U0R

n/2 is −1, and thus Theorem 1 implies that U0R
n/2 does not posses a

proper invariant cone. Hence, Theorem 4 is in this case useless. We are in a
similar situation in the case of odd n: there are large regimes in parameter space
where at least one of the matrices has no invariant cone, nevertheless numerical
simulations suggest that the object undergoes CC.

3.4.2 Constraints on collision sequences
To improve the applicability of the common invariant cone approach, we now
identify constraints on impact sequences during CC, and use the new concept
of effectively invariant cones.

Recall that vertex i touches the ground if and only if fTi q = 0, where f i is
given by (2.30). These points form a plane Fi in C. The set of penetration-free
configurations takes the form of a polyhedral cone F , with n facets.

q ∈ F ⇐⇒ fTi q ≥ 0 | ∀i ∈ {0, 1...n− 1} (3.29)

Figures 3.4, 3.5 and 3.6 illustrate these cones for n = 4.
If an impact at vertex 0 is followed by an impact at j, then the system moves

from an initial configuration q0 ∈ F0 ∩ F to a configuration qj ∈ Fj ∩ F along
a straight trajectory, i.e.

qj = q0 + tp | t > 0, p ∈ V (3.30)

Here p is the (approximately constant) generalized velocity of the body between
the two collisions and t is the time spent between the collisions. According to
Lemma 1, the trajectory also satisfies (3.1). Those values of p for which such a
trajectory exists, form a cone Cj .

We now define the point mk,l (k, l ∈ 0, 1, ..., n− 1) in configuration space,
as the solution of the three equations:

fTkmk,l = 0 (3.31)

fTl mk,l = 0 (3.32)

uT3mk,l = 1 (3.33)

With some abuse of notation, we will denote points having the same coor-
dinates with the same letters, even in spite of the fact that they are in different
vector-spaces. As suchmk,l will be used to describe points both in C and in V.
Thus,

Lemma 3. The cone Cj is generated by four vectors

{(mj−1,j −mn−1,0),−mn−1,0,−m0,1, (mj,j+1 −m0,1)}
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The proof of Lemma 3 is given in Appendix A.1. Whilemk,l ∈ C would cor-
respond to a position outside the validity of the small displacement assumption,
it is only used to generate cones and as such this is of no effect on the validity
of the obtained geometric constraints.

One can use cross products of adjacent generating vectors to construct the
inward pointing normals of the four facets of Cj . Thus, p ∈ Cj if and only if all
of the following relations hold:

(−mn−1,0 ×−m0,1)Tp = fT0 p ≥ 0 (3.34)

((mj,j+1 −m0,1)× (mj−1,j −mn−1,0))Tp = −uT3 p ≥ 0 (3.35)

(mj,j+1 ×m0,1)Tp ≥ 0 (3.36)

(mn−1,0 ×mj−1,j)
Tp ≥ 0. (3.37)

Condition (3.34) means that vertex 0 goes upwards after collision. Condition
(3.35) is indeed equivalent of (3.1). The remaining two inequalities are nontrivial
necessary conditions for the j-th vertex to collide before any other vertex does.
These four conditions will be crucial for our main results.

As an example consider the case n = 4 of a square-shaped object. In this
case, rl0 = (1 0 0)T ; rl1 = (0 1 0)T ;rl2 = (−1 0 0)T and rl3 = (0 −
1 0)T . Then, f i is given by (2.30), and (3.31)-(3.33) yield

m0,1 = (−1 1 1)T (3.38)

m1,2 = (−1 − 1 1)T (3.39)

m2,3 = (1 − 1 1)T (3.40)

m3,0 = (1 1 1)T (3.41)

Figures 3.4, 3.5 and 3.6 illustrate the planes Fi, the pointsmi,j the generat-
ing vectors of the cones Ci for i = 1, 2, 3 in configuration space. Then, the right
panel of each Figure depicts the cones Ci in velocity space.

3.4.3 A stronger sufficient condition
We have already developed a sufficient condition of CC (Theorem 4) in Section
3.4.1, which is applicable when the contact points form a regular n-gon. Nev-
ertheless, we have seen that the sufficient condition is too restrictive and thus
useless. To overcome this difficulty, constraints on impact sequences have been
developed in Section 3.4.2. We can combine these two results into a stronger
sufficient condition of CC:

Theorem 5. If there exists a cone K ∈ V such that

1. all p ∈ K satisfy (3.1)

2. K is an effectively invariant cone of the set of matrices

{U0R
−1,U0R

−2, . . . ,U0R
−(n−1)}

and the conditions {C1, C2,...,Cn−1} defined above

then B possesses partial chattering stability. In particular, if p(1) ∈ K, then B
undegoes CC or PCC.

The proof is identical to that of Theorem 4.
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erating vectors of C1 Right: the same cone in velocity space and its intersection
with the v = −1 plane (hatching), which is used in Section 3.4.5

3.4.4 Partial complete chatter
The most important limitation of Lemma 1, Theorem 4, and Theorem 5 is that
they cannot distinguish between CC and PCC. We will now fill this gap by
showing that PCC can be out ruled in most cases, which turns Theorem 5 into
a sufficient condition of chattering stability.

Lemma 4. If the conditions of Theorem 5 are satisfied then PCC is impossible
unless the matrix U0R

−1U0R has real eigenvalues.

Proof. There are two possible ways for B to undergo PCC:

1. A pair of non-adjacent vertices collide with P in alternating order.

2. A pair of adjacent vertices hit P in alternating order.

Assume that the first scenario occurs. At the end of the PCC sequence, the
two non-adjacent vertices involved in the impact sequence rest in contact with
P with 0 velocity. The only point within the cone K with this property is its tip,
i.e. p = (0, 0, 0)T . Hence B is indeed immobile, which means that the object
has undergone CC instead of PCC.

Consider now the second scenario. Assume that the object enters a PCC
sequence after an initial transient with t impacts and the two vertices involved
in the PCC sequence are labelled at this point as 0 and 1. Then the generalized
velocity after t+ 2k impacts will be

p(t+2k) = (U0R
−1U0R)kp(t) (3.42)

Note that (3.42) is highly analogous to (3.9) in the rod problem. Indeed the
PCC of a polygon is very similar to the CC of a rod.

The dominant eigenvalue of matrixU0R
−1U0R is +1 and the corresponding

eigenvector corresponds to a generalized velocity for which both vertices involved
in the PCC sequence are immobile, i.e. v0 = v1 = 0 . For large values of k,
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(3.42) implies that the direction of p(t+2k) converges to this eigenvector. At the
same time, if the other two eigenvalues are complex, then we are in a situation
similar to case 3 in the proof of Theorem 2: p(t+2k) spirals around the dominant
eigenvector, and there will be values of k for which vertex 1 moves upwards and
cannot hit P hence the PCC sequence cannot continue. This contradiction
indicates that PCC is not possible unless all eigenvalues are real.

For simplicity we omit the detailed investigation of the matrix U0R
−1U0R.

It turns out that the conditions of Lemma 4 are never satisfied if n ≥ 4 and
they are not satisfied but a small region of the space of physical parameters in
the case of n = 3: this region is bounded by a dashed curve and is labelled as
"PCC possible" in Figure 3.8.

3.4.5 Constructing effectively invariant cones
In this section, we will construct effectively invariant cones which satisfy the
conditions of Theorem 5, thereby we will develop sufficient conditions of CC. The
sharpness of these results will be tested by systematic numerical simulations.

A numerical construction for arbitrary n

Numerical approximations of effectively invariant cones can be constructed by
iterative algorithms. The algorithm outlined below considers an initial candi-
date, which is gradually increased by taking the union of the candidate cone
with its transformed images, until the sequence of candidate cones converges to
an effectively invariant cone, or until (3.1) is violated. The detailed steps are as
follows:

1. We choose an initial set of vectors in V, all of which satisfy (3.1) and (3.34).
These vectors generate an initial candidate cone K0. The requirement
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(3.34) is inspired by the fact that any post-impact velocity must satisfy
(3.34).

2. Given a polyhedral candidate cone Kk, one can construct the generating
vectors of the cones Kk,i := Kk ∩ Ci for i = 1, 2, ..., n − 1. This step is
straightforward since the cones Ci are also polyhedral.

3. The generating vectors of the transformed cones Kk+0.5,i := U0R
−i(Kk,i)

are constructed by transformation of each individual generating vector of
Kk,i.

4. If any of these vectors violate (3.1), then the algorithm terminates with
the conclusion that an effectively invariant cone satisfying (3.1), with K0

in its interior does not exist

5. A next candidate cone is constructed:

Kk+1 =
(
∪n−1
i=1 Kk+0.5,i

)
∪ Kk

Technically, this steps means that all generating vectors involved in the
union operations are normalized by the transformation p→ p/(uT3 p) and
the generating vectors of Kk+1 are obtained by finding the convex hull of
the normalized set of vectors.

6. If Kk+1 ⊆ Kk is satisfied or if the solid angle of the cone Kk+1\Kk is below
a tolerance parameter ε, then the algorithm terminates with success and
Kk+1 is deemed to be an ε−approximation of K.

7. The algorithm continues with step 2.

The algorithm always terminates in finite number of steps, since the solid angle
of the candidate cone always increases by at least ε, and it cannot exceed 2π
(i.e. the solid angle associated with a half-space). False negatives are avoided,
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i.e. if there exists an effectively invariant cone and the initial candidate is in
its interior, then the algorithm always terminates with a positive answer. False
positive results are however likely to occur for relatively large values of ε. We
believe that false positive results must disappear for any set of {U0R

i}, if ε is
sufficiently small, but a formal proof of this statement is beyond the scope of
the thesis. In what follows, we use ε = 10−5.

If the main cycle of the algorithm is repeated many times, the number of
generating vectors of Kk and thus the computational cost of every step may
increase rapidly. (In particular, the candidate cones often converge to a cone
bounded by a smooth curve). Thus, in practice, we terminate the algorithm
after a limited number of iterations (typically around 102), without a conclusive
answer.

The cone-finding algorithm outlined above has been applied to n-gons with
n = 3, 4 and 5. In every case, the (degenerate) cone generated by the single
vector −U0u3 was used as initial candidate. Three examples of effectively
invariant cones recovered by the algorithm are shown in the right panels of
Figure 3.7, which shows a central projection of V to a plane S determined by
the relation uT3 p = −1. The projected image of K is a polygon. We then run the
algorithm for many values of the parameters ρ and γ along a rectangular grid.
The results are summarized in the left panels of the figure: white means success,
dark grey means that the invariant cone does not exist, and the small light
grey regions near the bottom-right corners mean that the algorithm terminated
before reaching a conclusion. The solid and dashed curves of the figure will be
defined later.

Comparison with direct simulation

The results of the cone-finding algorithm have been compared with results of
direct simulation of the equations of motion presented in Section 2.3. The same
objects have been dropped with initial velocity p(0) = (R1, R2,−1)T and initial
position q(0) = (R3, R4, 1 +R5)T with Ri being uniform random numbers over
the interval (0, 0.1). The simulation was ended after 200 impacts or if (3.1)
was violated. Figures 3.8-3.10 show several more or less irregular, solid curves,
representing level curves of the total number of impacts during simulation. The
object undergoes ICC in the region above the level curve of 200 impacts, and
the rest of the parameter plane below this curve is our numerical approximation
of the region where CC or PCC occurs.

The level curve separating ICC from [CC or PCC] is fairly smooth. This
result suggests that whether or not ICC occurs does not depend sensitively on
the small perturbations Ri. At the same time, the level curves for lower numbers
are quite irregular, which is an indication of sensistivity to our randomized initial
conditions. Both findings are analogous to the results of [25, 26] for falling rods.

CC was also separated from PCC in the simulations. We have seen that PCC
leads to a state where the heights and the velocities of two adjacent vertices are
0. These states can be expressed as q,p = constant ·mi,j where mi,j has been
defined in Section 3.4.2; i, j are the indices of a pair of adjacent vertices, and
the constant is positive for q and negative for p. Thus, we detected a PCC in
the simulation if the following criteria were met:∣∣∣∣1− qTmi,j

|q||mi,j |

∣∣∣∣ < ε ,

∣∣∣∣1 +
pTmi,j

|p||mi,j |

∣∣∣∣ < ε
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Figure 3.7: Effectively invariant cones for a triangle (a), a square (c), and a
pentagon (e). Left: The background color shows the results of the numerical
cone-finding algorithm (dark: no effectively invariant cone exists, light: incon-
clusive, white: effectively invariant cone has been found). Solid curves indicate
those points of the parameter plane where the dominant eigenvalue(s) of the
corresponding U0R change sign or they become complex. Right: numerically
found effectively invariant cones for a triangle (b), a square (d), and a pentagon
(f). The parameter values corresponding to these cones are depicted by point
D on the left side. di denotes the dominant eigenvector of U0R

i. The role of
this eigenvector will be discussed later in this Section, in detail.

PCC never occurred in the simulation with n = 4, 5, which is consistent with
Lemma 4. In the case of the triangle, PCC was found whenever the parameter
values were on the left side of the solid curve marked as "PCC found" in Figure
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Figure 3.8: Results of numerical simulations of the equations of motion pre-
sented in Section 2.3, in case of a triangle. The numbered contour lines show
the number of collisions in an ICC sequence. The shaded areas are the same as
in Figure 3.7. The red dashed line stands for the boundary of the area where
the dominant eigenvalue of U0R is positive.
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Figure 3.9: Results of numerical simulations of the equations of motion pre-
sented in Section 2.3, in case of a square. The numbered contour lines show the
number of collisions in an ICC sequence. The shaded areas are the same as in
Figure 3.7. The red dashed line stands for the boundary of the area where the
dominant eigenvalue of U0R is positive.
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Figure 3.10: Results of numerical simulations of the equations of motion pre-
sented in Section 2.3, in case of a pentagon. The numbered contour lines show
the number of collisions in an ICC sequence. The shaded areas are the same as
in Figure 3.7. The red dashed line stands for the boundary of the area where
the dominant eigenvalue of U0R is positive.

3.8. This curve fits very well to the dashed curve given by Lemma 4 (marked
by the label "PCC possible" in the figure). We can draw the conclusions that
the emergence of PCC is not sensitive to the randomized initial conditions, and
the necessary condition of Lemma 4 is probably exact.

To compare the simulation results with the results of the cone-finding algo-
rithms, we have added the background colours of Figure 3.7 to Figures 3.8-3.10.
The figure strongly suggests that the effectively invariant cone exists whenever
direct simulation indicates CC or PCC, i.e. that the conditions of Theorem
5 are sharp. This is surprising, since the invariant cone approach focuses on
velocity space and does not take into account how the positions of vertices in
physical space evolve during motion.

Finally we attempted to find a closed formula predicting the existence of
CC dynamics and of an effectively invariant cone. Among others, we examined
the eigenvalues of matrices U0R

i (i = 1, 2, ..., n − 1) for many values of the
parameters ρ and γ. We found strong evidence that the transition between CC
and ICC is linked to a qualitative change of the dominant eigenvalue for i = −1.
This surprising coincidence might be explained by the fact that all numerically
simulated trajectories appear to become regular after an initial transient: an
impact at a vertex is followed by an impact at its immediate neighbour, which
corresponds to repeated application of the transformation (3.26) with i = 1
every time (or i = −1 every time). Proving that impact sequences converge to
these regular patterns would require investigation of the full non-linear dynam-
ics in six dimensional state space (involving positions and velocities), which is
beyond the scope of the present thesis.

As illustration, we show in the left panels of Figure 3.7 the sign of the
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dominant eigenvalue(s) of U0R and whether they are real or complex. The
inset of the figure for n = 3 is a magnified detail. These results suggest that an
effectively invariant cone exists if and only if the dominant eigenvalue is real and
positive. The boundary of this region has also been added to Figures 3.8-3.10
as a dashed curve.

These findings enable us to formulate the following conjectures:

Conjecture 1. The following three statements are equivalent:
(i) The object B possesses partial chattering stability
(ii) The matrices U0R

−i and cones Ci have an effectively invariant cone.
(iii) U0R has a real and positive dominant eigenvalue.

Conjecture 2. The object B undergoes PCC for appropriately chosen initial
conditions if and only if all eigenvalues of U0R

−1U0R are real.

The conjectures predict that according to the eigenvalue diagramms in Fig-
ure 3.7 a homogeneous (ρ = 0.5), flat square plate possesses chattering stability
if the coefficient of restitution γ is below 0.03 and it always undergoes ICC
otherwise. A homogeneous solid cube on the other hand has larger radius of
gyration relative to its edge length, and it always undergoes ICC (even for γ
close to 0). The same conclusion holds for a dodecahedron. At the same time, a
flat triangular plate, a regular tetrahedron and an octahedron possesses partial
chattering stability if γ is below 0.01, 0.025 and 0.006 or chattering stability if
γ is below 0.04, 0.116, and 0.025, respectively.

In the following subsection, we will prove the equivalence of points (ii) and
(iii) of Conjecture 1 in the case of a square.

A semi-analytic construction for squares

We begin the construction of an appropriate cone K with several steps of prepa-
ration.

We will consider the central projection of velocity space to the plane S :=
{p ∈ V : pTu3 = −1} (as in Figure 3.7). Several points will be identified in this
plane, which are illustrated by Figure 3.11.

Recall that the planes Fi contain those points in C for which the height of
one of the vertices is 0. There are four planes in V, which are in the exact same
positions as Fi in C. These planes contain those points, for which the velocity
of one of the points is zero. These planes project to S as four lines denoted
by Fi in Figure 3.11. They enclose a square with vertices z0,1 = (1,−1,−1),
z1,2 = (1, 1,−1), z2,3 = (−1, 1,−1) and z3,0 = (−1,−1,−1).

Assume that U0R has a unique, real and positive dominant eigenvalue λmax.
Let one of the corresponding eigenvectors be d1 = (e1,−e2,−1)T ∈ S with
e1, e2 ∈ R. Our next goal is to find the approximate location of d1 within S:

Lemma 5. If the radius of gyration satisfies ρ ∈ [0, 1] the coordinates of eigen-
vector d1 satisfy

e1 > e2 > 1

Proof of Lemma 5. Impacts do not increase the kinetic energy of the object,
from which it is easy to show that the dominant eigenvalue of U0R satisfies
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λmax ≤ 1. Using the eigenvector property of d5 and the MatLab symbolic
toolbox, it was derived that

e1 =
(γ + 1)

λ2
maxρ

2 + λ2
max + ρ2 − γ , e2 = λmaxe1 (3.43)

holds, from which the e1 > e2 relation immediately follows. The relation e2 > 1
was verified numerically by evaluating (3.43) systematically for many values of
the parameters ρ and γ on the interval [0, 1]. Parameter values γ < 0 and γ > 1
are non-physical in the absence of friction.

Lemma 5 means that d1 is below F0 and on the right side of the ωx = ωy
line in Figure 3.11. We now proceed by locating the dominant eigenvector of
U0R

3. The impact map U0 has a trivial invariance property:

U0Tp = TU0p T =

−1 0 0
0 1 0
0 0 1


and it is also trivial that R3 = TRT . These two relations imply that the maps
U0R and U0R

3 are related as

U0R
3 = TU0RT (3.44)

Hence, the dominant eigenvalue and eigenvector of U0R
3 are λmax and d3 =

Td1 as illustrated in Figure 3.11.
We also introduce the following new notations:

x3 = (e2,−e2,−1)T (3.45)

y5 = (−1,−e2,−1)T (3.46)

x1 = (e2,−1,−1)T (3.47)

x2 = (e1,−1,−1)T (3.48)

x4 = (λ−1
max,−e2,−1)T (3.49)

t1 = (e2, e1,−1)T (3.50)

as well as

y3 = Tx3 (3.51)
x5 = Ty5 (3.52)
y1 = Tx1 (3.53)
y2 = Tx2 (3.54)
y4 = Tx4 (3.55)
t3 = T t1 (3.56)

According to Lemma 5, y2, y1, z30, z01, x1, x2 lie along the line F0 in the
order of the list from left to right. At the same time, d3, y3, y5, x5, x3, d1 lie
along a line Fe parallel to F0 in the order of the previous list. The points y4,
x4 are also on Fe, and y4 is between d3 and y5 whereas x4 is between d1 and
x5. (See Figure 3.11.)

So far, we have defined all special points of S, which will play a role in the
upcoming construction. Now we present two lemmas on how the map U0R
transforms the points defined above. First,

44



CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

Lemma 6. The images of z30 and x5 under the map U0R are

U0R · z30 = z01 (3.57)
U0R · y5 = x1 (3.58)

Proof. R represents a rotation by angle π/2, which implies R · z30 = z01 and
R · y5 = x1. Furthermore, z01,x1 ∈ F0. For all p ∈ F0, the velocity of vertex
0 is 0. Hence the impact map U0 leaves such values of p unchanged, which
implies the statement of the lemma.

Lemma 7. The images of d1 and x2 under U0R are

U0R · d1 = λmaxd1 (3.59)
U0R · x2 = λmaxx4 (3.60)

Proof. The first statement is the immediate consequence of the fact that d1 is
an eigenvector of U0R. In order to prove the second statement, we decompose
x2 as

x2 = d1 + z30 − y5

from which

U0Rx2 = λmaxd1 + z01 − x1

= (λmaxe1 + 1− e2, λmaxe2, −λmax)T

= (1, λmaxe2, −λmax)T

= λx4

(3.61)

Now we are ready to formulate and prove an important result of this section:

Lemma 8. If n = 4 and the dominant eigenvalue of U0R is positive and real,
then the cone generated by the points d1, d3, x2, y2 satisfies conditions 1 and
2 of Theorem 5.

Proof of Lemma 8: Equation (3.1) is satisfied by all 4 generating vectors, and
thus by every point in the cone. Hence, Condition 1 of Theorem 5 is satisfied.

Condition 2 of the Theorem requires effective invariance with respect to 3
maps and 3 cones. Below, we discuss each map one by one.

• Map U0R: the corresponding condition is C3 (since R = R−3 ). The
projection of the cone C3 to S is shown in Figure 3.6, from which K ∩ C3
is the cone generated by points z30, y5, d1 and x2 (horizontally hatched
rectangle in Figure 3.12 a)). According to Lemma 6 and Lemma 7, the
images of all these generating vectors (and thus the image of the entire
cone K∩ C3) are inside K (vertically hatched rectangle in Figure 3.12 a)).

• Map U0R
3: (R3 = R−1) due to the symmetry relation (3.44), and the

invariance of cone K to the transformation T , the proof in this case is the
same as in the previous one.

45



CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

• Map U0P π: The projection of the cone C2 to S is shown in Figure 3.5,
from which K ∩ C2 is a cone generated by points z30, y3, x3 and z01. We
can write

U0R
2z30 = U0RRz30 = U0Rz01 (3.62)

U0R
2y3 = U0RRy3 = U0Rx3 (3.63)

The points z01 and x3 are in K ∩ C3, hence their images under the map
U0R are in K (see first part of proof). Hence, U0R

2z30,U0R
2y3 ∈ K It

can be proven in an analogous way that U0R
2z01,U0R

2x3 ∈ K, and thus
the image of K∩C2 is in K, completing the proof. The situation described
above is illustrated by Figure 3.12 b).

Whether or not Condition 3 of Theorem 5 is satisfied, depends on the initial
velocity of the object. Below we formulate a sufficient condition of this scenario:

Lemma 9. If all vertices are moving downwards initially, then p(1) ∈ K and
thus condition 3 of Theorem 5 is fulfilled.

Proof. Depending on the index of the vertex which hits P first, the initial ve-
locity has to satisfy

p(0) = (U0R
i)−1p(1) (3.64)

for one i in {1, 2, 3, 4}. Thus it is enough to show that the cone

K0 := ∩3
i=0

(
U0P iπ/2

)−1
(K) (3.65)

includes all points of V for which every vertex moves downwards. In the expres-
sion above, (U0R)

−1
(K) is a shorthand notation for the transformed image of

K under the map
(
U0P iπ/2

)−1.
First, let us investigate the imageU−1

0 (K). Since F0 is the line corresponding
to zero velocity of vertex 0, we have U−1

0 x2 = x2 and U−1
0 y2 = y2. The

eigenvector property of d1 means that
(
U0R

2
)−1

d1 = λ−1
maxd1, which can be

rearranged as
U−1

0 d1 = λ−1
maxRd1

Hence the projection of U−1
0 d1 to S is t1. Similarly, the projection of U−1

0 d3 is
t3. In sum, U−1

0 (K) is the cone spanned by x2, y2, t1, and t3. The related cones
(U0R

i)−1(K) (i = 1, 2, 3) can be obtained simply by rotating the cone U−1
0 (K)

with an angle of iπ/2 (Figure 3.13). The intersection of the resulting four cones
is the cone generated by the points zi,j . This cone contains exactly those points
for which every vertex of the square moves downwards, which completes our
proof.

Our last task is to summarize the results achieved so far. This is done in

Theorem 6. If all the vertices of a square move towards P initially, and the
dominant eigenvalue of the map U0R is positive and real, then the square un-
dergoes CC.

Proof. According to Lemma 9, we have p(1) ∈ K, and Lemma 8 implies that
conditions 1 and 2 of Theorem 5 are also satisfied. Hence, the object must
undergo CC or PCC by Theorem 5. At the same time, Lemma 4 out rules
PCC, which completes the proof.
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Figure 3.12: a):Central projection of K (empty rectangle) of K ∩ C3 (vertical
hatching) and of U0R(K ∩ C3) (horizontal hatching) to the plane S. b): pro-
jection of K∩C2 (vertical hatching) and of U0R

2(K∩C2) (horizontal hatching)
to the plane the plane S

47



CHAPTER 3. CHATTERING IN THE ABSENCE OF GRAVITY

-1 0 1

x

-1

0

1

y

z
12

z
23

x
2

y
2

x
1

y
1

z
01

z
30

d
1

d
3

x
3

y
3

y
5

x
5x

4
y

4

t
1

t
3

Figure 3.13: Images of K under the four maps
(
U0R

i
)−1

with i ∈ {0, 1, 2, 3}
.

3.5 Summary of new results
I have investigated the chattering stability of The chattering stability for sym-
metric rods with two contact points has been investigated in the past, but only
with the restriction that the initial velocity is pure translation. I relaxed this
criterion and gave a more general condition with the help of invariant cones. In
particular:

Principial Result 1 (Theorem 3). I investigated the motion of rigid, reflection
symmetric rods, with endpoints hitting a flat plane nearly simultaneously, in the
absence of external forces. I gave impact map U0 and reflection map P and
showed that the rod possesses chattering stability if and only if the map U0P has
an invariant cone. Furthermore, I determined the exact conditions of complete
chatter in terms of physical parameters and initial states.

The collision sequences of rigid bodies with more than two contact points
have not been investigated before. The difficulty of this problem originates from
the fact that finding the position of the next point to collide now becomes a
non-trivial task. I addressed this problem by considering a non-deterministic
model of motion that takes place in a space of reduced dimensionality (velocity
space instead of the full state space). I introduced natural generalizations of the
aforementioned concept of invariant cones including the concept of effectively
invariant cone associated with a set of matrices and cones.

Principial Result 2. I investigated the motion of rigid bodies with discrete
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n-fold (n ≥ 3) rotational symmetry with more than two co-planar contact points
hitting a flat plane nearly simultaneously, in the absence of external forces and

a) I introduced the concept of an effectively invariant cone, and developed a
numerical algorithm that tests the existence of effectively invariant cones
associated with a given family of linear operators and cones.

b) I gave a family of matrices {U0R
i} i = {1, 2, . . . , n− 1} representing a

collision and different rotations; and a family of n − 1 cones {Ci} repre-
senting n − 1 geometrical constraints associated with individual elements
of {U0R

i}. Using this, I conjectured (Conjecture 2) that the following
statements are equivalent

(i) the body possesses partial chattering stability

(ii) the dominant eigenvalue of the matrix U0R is real and positive

(iii) the sets {U0R
i}, {Ci} possess an effectively invariant cone

Furthermore, I have proven (Theorem 5) that (iii) implies (i). For the
special case of n = 4, I have also proven (Lemma 8) that (ii) implies (iii).

c) I have also proven (Lemma 4) that partial complete chatter is impossible
if any of the eigenvalues of the matrix U0R

n−1U0R is complex, which
always holds if n > 3. In these cases partial chattering stability implies
chattering stability.
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Chapter 4

Chattering in the presence of
gravity: the singularity of
Euler’s disk

4.1 Problem statement: energy dissipation of rolling
discs

We will now turn our attention to Euler’s disc (Figure 1.4): a scientific toy
consisting of a flattish steel disk rolling on a slightly concave, finely polished
surface. When spun, the disk undergoes spinning motion during which the
principal plane of the disk approaches horizontal, and simultaneously the fre-
quency of spinning appears to accelerate unboundedly, until the disk abruptly
comes to a halt1.

As mentioned in the introduction, previous researchers investigated various
models in which the disk was loosing energy continuously as it rolled, result-
ing in a continuous (exponential) energy function (1.3). Since a rigid collision
dissipates finite energy instantaneously, the energy functions of our bouncing
objects will be piecewise-continuous "step functions". One of the ways to make
them comparable to (1.3) is to find two functions of the form (1.3) that bound
the discontinuous energy function from both sides. That is, we will require the
existence of a1, a2 and c satisfying

a2(tf − t)c < E(t) < a1(tf − t)c (4.1)

(see Figure 4.1). We will see, that if bouncing motion is "precession-free" (in a
sense that we will define below), then we can find explicit bounding functions
to determine the exponent this way. If the motion is irregular, we have to use a
different reasoning to determine the exponent. One, relatively broad observation
is

Lemma 10. For any form of motion in which gravity plays significant role
(i.e. limt→tf

∆pc
∆pi+∆pc

> 0, where ∆pc and ∆pi is the total variation of p

1https://www.youtube.com/watch?v=0ivpvYMZ2ss
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during continuous motion and impacts respectively), the only possible value of
the exponent is c = 2.

Figure 4.1: Bounding the energy function

Proof of Lemma 10. The proof will use the following simple property of impacts
with a fixed value 0 < γ < 1 of the restitution coefficient. Let δE < 0 denote
the energy dissipation during an impact and let δp denote the velocity jump
vector during the same impact. Then for any given finite-sized system with
non-singular mass matrix, there are constants κ1, κ2 > 0 such that every impact
satisfies

κ1 ||δp|| <
√
−δE < κ2 ||δp|| (4.2)

Now, let us assume first that (4.1) is satisfied with c < 2. Then for tf − t <<
1, the bounds (4.1) imply that√

E(t) << tf − t (4.3)

Together with (4.2), this result means that the total variation of p due to impacts
during the time interval (t, tf ) is much smaller than tf − t. In other words the
effect of impacts on p is negligibly small in comparison with the effect of gravity
and contact forces during continuous motion. We must have p(tf ) = q(tf ) = 0
at the time of the singularity, which means that the center of mass is on the
ground and it has zero velocity. Nevertheless during continuous motion, the
vertical acceleration of the center of mass is always negative by (2.36),(2.37).
Hence the center of mass must penetrate into the ground shortly before the
singularity, which is contradiction.

Second, let us examine the possibility of c > 2 in (4.1). Similarly to the
case of c < 2 we can now conclude that if t is very close to tf , then the effect
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of continuous motion on p during the time interval (t, tf ) is negligible in com-
parison with the effect of impacts. Since the continuous part is the part of the
equations of motion where gravity is present, neglecting it would violate our
starting assumption that gravity is not negligible. This contradiction implies
c ≤ 2. This completes our proof that the only possible value of the energy
dissipation exponent is c = 2.

In what follows, a more detailed analysis of the energy dissipation of a disc B
due to impacts to the underlying ground P will be presented. It is assumed that
impacts are caused by the geometric irregularities of B or those of P. The model
used to describe the two types of imperfection will be essentially the same: a flat
n-gon with point contacts at its vertices. To simplify the analysis, the contact
points are assumed to have the same discrete rotational symmetry as described
in Chapter 3.4.1 and we will assume frictionless interactions between the disk
and the ground. The first assumption enables the use of symmetry reduction
techniques similar to those of Chapter 3.4 whereas the second assumption is
plausible since in the case of a perfect disc, the horizontal frictional forces vanish
at the terminal part of rolling motion because the centre of mass does not
accelerate in the horizontal direction at the end of the motion [28].

The relation of the irregularities of B and P will be addressed with the
number of sides of the polygon. In general small values of n will correspond
to the irregularities of P while the case of n >> 3 describes the imperfections
of B. In between would be the case where the irregularities of the surface and
the object are comparable, this is not investigated in detail. The two extreme
cases are illustrated by Figure 4.2. We will investigate the final part of the
motion, during which the angle between the disc and the supporting surface is
small. Thus we will use the approximating kinematics and dynamics presented
in Section 2.3.

Figure 4.2: Models accounting for the irregularities of P (left, n = 3) and B
(right, n >> 3).

4.1.1 Symmetry properties of the approximating dynam-
ics

As mentioned before, it is a common and plausible assumption to focus of uni-
form, "precession-free" motions. In order to extend this concept to the bouncing
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motion of a polygonal object, first we look at the symmetry-properties of the
equations of motion.

Let qq0,p0,t0(t) and pq0,p0,t0(t) denote the position and velocity of a disk at
time t in the case of initial conditions q = q0, p = p0 at time t = 0. Then, due
to the n-fold rotational symmetry of the disk, we have the identity

qRq0,Rp0,t0(t) = Rqq0,p0,t0(t) (4.4)

pRq0,Rp0,t0(t) = Rpq0,p0,t0(t) (4.5)

for any t > t0 where R is the rotation matrix defined by (2.14), satisfying (2.32)
and (2.33)

In addition, the approximating equations of motion introduced in Section
2.3.4 also admit one or two pairs of scaling invariances, depending on whether
gravity is present or not. In general they can be written as

qδqq0,δpp0,t0(δtt) = δqqq0,p0,t0(t) (4.6)

pδqq0,δpp0,t0(δtt) = δppq0,p0,t0(t) (4.7)

but we have to make the following distinction:

• gravity is neglected ⇒ δp, δt ∈ R are independent parameters, while δq =
δpδt

• gravity is not neglected ⇒ δp = δt ∈ R is a single parameter, while δq =
δ2
p = δ2

t .

We will exploit these invariance relations in order to define low-dimensional
reduced Poincaré maps, whose invariant points correspond to interesting forms
of motion of the disk.

4.2 Analysis of self similar (precession-free) mo-
tion

As we have seen, the motion of Euler’s disk on the short run appears to be
similar to the precession-free circular motion of a dissipation-free rolling disk
whose center of mass remains immobile. On the long run, the disk tends to
drift along a one-parameter family of such solutions as energy is dissipated.
This motion corresponds to a φ rotation vector, which rotates continuously
about the global Z axis, while |φ| is decreasing monotonically.

Our model of the imperfect disk (n large) is not capable of dissipation-free
rolling motion because its polygonal shape creates impacts. Nevertheless, it
can undergo a highly similar type of motion through a a rapid sequence of low-
intensity impacts. We will define the analogue of "precession-free rolling" in the
case of bouncing motion, which will be termed as "self-similar motion". With
its help, we will find energy profiles bounded by power-law functions, as given
by (4.1).

We will also search for self-similar motion in our model of the imperfect
support surface (n = 3) even though that model cannot produce anything similar
to the smooth rolling of a perfect disk on a flat surface. In this case the only
reason for distinguishing self-similar motion is that it simplifies the analysis and
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allows the use of analytic and semi-analytic tools. To compensate for the a
priori assumption of self-similarity, our findings will be verified by numerical
simulation without the assumption of self-similarity.

4.2.1 Self-similar motion
Definition

Consider a polygonal disc with large n. Such an object is not capable of smooth
rolling, nevertheless it may move in a similar way such that its vertices hit the
ground in the order of labelling. So, assume that the disc moves such that ev-
ery impact at vertex i is followed by another one at i + 1 (modulo n). This
motion is similar to "precession-free" rolling if the values of |φ| evaluated at
the times of impacts form a monotonically decreasing sequence without oscilla-
tions. The invariance properties of Section 4.1.1 suggest the following definition
characterizing motion similar to the precession-free rolling of a round disk:

Definition 10 (Self-similar motion). A set of initial conditions q0, p0, t0 sat-
isfying

fT0 q0 = 0 (4.8)

fT0 p0 < 0 (4.9)

(pre-impact state at vertex 0) as well as the motion initiated by such a set are
called self-similar if

• the motion starts with an immediate impact at vertex 0. The ith impact
occurs at vertex i− 1 modulo n at time ti and each impact is followed by
an episode of slip or free-fall.

• the durations of free-fall or slipping change exponentially as

τi := ti+1 − ti = βitτ0 (4.10)

with scalar βt > 0.

• immediately before the (i + 1)-th impact of the system, the generalized
velocity and coordinates are

pi = βipR
ip0 (4.11)

qi = βiqR
iq0. (4.12)

with scalars 0 < βp, βq < 1 always satisfying

βq = βpβt. (4.13)

Note that the sequence of qi vectors corresponds to an exponentially decreas-
ing sequence of |φ| values, which makes self-similar motion similar to precession-
free rolling of a round disk.
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Modelling questions

Before we go ahead and determine the self-similar initial conditions, let us con-
sider different possibilities regarding the modelling assumptions and their con-
sequences. We have learned from the previous works on the falling rod (Section
B.1), that even if we consider motion under the gravity, the effect of gravity may
become negligible during the last phase of the motion, and a gravity-free model
can be a good approximation. So, we will consider two approaches: including
the effect of gravity or neglecting it. Needless to say, in the latter case it is
important to justify the validity of the approximation. The difference between
the two cases will be the value of the acceleration (ṗ) used during continuous
motion.

We can also choose to model impacts as partially elastic (γ 6= 0) or perfectly
inelastic (γ = 0). The two models are both commonly used, and thus our
goal is to compare their predictions. Again, the choice of the impact model is
important as in the case of the first model, the disc undergoes free-fall between
two impacts, while in latter case it slides on the vertex that has just touched
the ground.

The cases introduced above correspond to different acceleration values as
discussed in Section 2.3.2:

g 6= 0 & γ 6= 0 =⇒ ai = −gu3 (4.14)

g 6= 0 & γ = 0 =⇒ ai = Θ−1 (ηf i −mgu3) (4.15)
g = 0 & γ 6= 0 =⇒ ai = 0 (4.16)
g = 0 & γ = 0 =⇒ ai = 0 (4.17)

where in each case ai means acceleration in each episode following an impact
at vertex i. It can be seen, that 2 of the 4 accelerations are identical, and also
that the ai vectors are consistent with the rotational symmetry of the system,
i.e.:

ai = Ria0 (4.18)

holds.

Finding the self similar motions

In order to find the self-similar initial conditions, let us expand (4.11) and (4.12)
for i = 1 by using the impact matrix U0 and kinematic identities of motion with
uniform acceleration:

p1 = βpRp0 = U0p0 + a0τ0 (4.19)

q1 = βqRq0 = q0 +U0p0τ0 + a0τ
2
0 /2 (4.20)

Next, we will discuss two cases separately.

The case of non-zero acceleration (a0 6= 0) If βp is a real eigenvalue of
the matrix R−1U0, then (4.19) implies either a0 = 0 or τ0 = 0. The first option
will be discussed in the next section, whereas the second one is non-physical,
since τ0 must be positive. Hence, in the following we will assume that βp is not
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a real eigenvalue of the matrix R−1U0. Under this assumption, we can express
q0 6= 0 and p0 6= 0, explicitly from these equations, in terms of the yet unknown
scalars τ0, βp and βq as

p0 = (βpI −R−1U0)−1R−1 a0τ0 (4.21)

q0 = (βqI −R−1)−1R−1(U0p0τ0 + a0τ
2
0 /2). (4.22)

Further relationships between these scalars can be established by writing (4.12)
for i = 2 in an expanded form (using (4.19), (4.20) and (4.10)):

q2 = βqRq1 = q1 +U1p1τ1 + a1τ
2
1 /2 (4.23)

= βqRq0 +RU0R
−1βpRp0βtτ0 +Ra0β

2
t τ

2
0 /2 (4.24)

which allows us to express

q1 = βqRq0 = q0 +
βpβt
βq

U0p0τ0 +
β2
t

βq
a0τ

2
0 /2. (4.25)

This formula can be directly compared to (4.20). Since a0 6= 0, we can deduce
(using (4.13)) that

βq = β2
t = β2

p . (4.26)

This allows one to get vector functions q0(βp, τ0) and p0(βp, τ0), from the
equations (4.21) and (4.22) using a0. Any self similar initial condition must
satisfy (4.8). Plugging q0(βp, τ0) into it yields an equation of the form

τ2
0π(βp) = 0 (4.27)

where π is a polynomial of degree 9. This is satisfied on the one hand if τ0 = 0,
which is again non-physical. On the other hand τ0 6= 0 means that we must
have π(βp) = 0. The roots of π were found numerically for various values of
n, ρ and γ. Each root for βp corresponds to a one-parameter family of initial
conditions, parametrized by τ0 as given by (4.21),(4.22). Each family of solutions
is generated from one solution by the scaling invariances (4.6) and (4.7), hence
we can consider individual solutions within each family as identical. It can also
be seen that the motion attained this way satisfies Definition 10.

The case of zero acceleration In case of ai = 0, we see from equation
(4.19) that βp must be a real eigenvalue of R−1U0, and p0 a corresponding
eigenvector. In fact, it follows from (4.20) (see Appendix B.3) that βq also has
to be a real eigenvalue of R−1U0, and the two eigenvalues have to be distinct.
Vector q0 can be expressed from (4.20) as

q0 = (βqI −R−1)−1R−1U0p0τ0. (4.28)

Thus, we arrive to a one parameter family of self similar initial conditions,
parametrized by τ0. With this, it is easy to give analytical existence criteria for
the gravity-free self similar motion. It is easy to verify that det(R−1U0) = −γ,
meaning positive eigenvalues come in pairs. Thus, there exists gravity free self
similar motion if R−1U0 has a positive eigenvalue.
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4.2.2 Feasibility of self-similar motion
Solutions found by this procedure may be infeasible. Feasibility means that

1. the initial (pre-impact) velocity of vertex 0 must point downwards, i.e.
fT0 p0 < 0.

2. the duration of continuous motion between the first two impacts must be
positive, i.e. τ0 > 0.

3. none of the vertices penetrate into the ground during the time interval
t0 < t < t1. It is easy to show that checking non-penetration at time t0 is
sufficient.

4. the βp, βq and βt values associated with the motion are positive.

We checked the existence and feasibility of the solutions numerically. Figure
4.3 provides illustrational sections of parameter-space with corresponding βp
values, while the existence and feasibility is summed up in Figure 4.4. The case
of γ = 0 is summarised in Figure 4.5. Both figures will be evaluated in the
summary of self similar motion section.

In case of gravity-free motion, all existing solutions were found feasible.

4.2.3 Stability analysis of self-similar motion
Whether or not the self-similar motion found above is realized by the system de-
pends largely on the stability of that type of motion. We will test the asymptotic
stability of self-similar motion by investigating a smooth discrete map induced
by the dynamics (similar to the Poincaré maps of continuous dynamical sys-
tems), whose invariant points are in one-to-one correspondence with self-similar
initial conditions.

From now on, we assume that the disk moves in such a way that the vertices
hit the ground in the order 0, 1, 2, ..., n − 1, 0, 1, ... (which is definitely true for
small perturbations of self-similar motion and for a limited amount of time).
Nevertheless we do not require that the motion is self-similar.

As before, p0, q0 denote values of the state variables immediately before an
impact at vertex 0, and pi, qi (i = 1, 2, ...) denote the subsequent pre-impact
values of the state variables. Each of these impacts then occurs at vertex i
mod (n). Let Ci denote the maps that transform vectors composed of these
state variables into the next one as follows:[

pi+1

qi+1

]
= Ci

([
pi
qi

])
Then, Ci represents the effect of an impact at vertex i mod (n) and the sub-
sequent continuous motion.

We also introduce a collection of maps T i (i = 1, 2, ...), which rotate and
normalize vectors of stacked state variables as:[

R−ip/|p|
R−iq/|p|2

]
= T i

([
p
q

])
(4.29)
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Figure 4.3: Feasible (full circle) or infeasible (empty circle) solutions in the
presence of gravity, and feasible solutions in the absence of gravity (stars), to
the equations of self-similar motion. Parameters from top left to bottom right:
n = 3 and ρ = 0.25, n = 3 and ρ = 0.5, n = 25 and ρ = 0.25, n = 25 and
ρ = 0.5

as well as the transformed state variables[
p̄i
q̄i

]
= T i

([
pi
qi

])
and the map

C̄(∗) = T 1(C0(∗)) (4.30)

Then, the scaling and rotational invariance of the dynamics (Section 4.1.1) imply[
p̄i+1

q̄i+1

]
= C̄

([
p̄i
q̄i

])
(4.31)

i.e. the dynamics of the system can be understood by studying the iteration
defined by the map C̄.

The map C̄ can be expressed in closed from as(
p
q

)
7→
(

R−1(U0p+ at)/
∣∣R−1(U0p+ at

∣∣
R−1(q +U0pt+ at2/2)/

∣∣R−1(U0p+ at)
∣∣2
)

(4.32)
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where

t =
−fT1U0p+

√
(−fT1U0p2 − 2(fT1 a)(fT1 q))

fT1 a
(4.33)

(see Appendix B.2 for details). This map is formally defined over the six di-
mensional space V × C. In the case of partially elastic impacts, every point is
mapped into the 3 dimensional subset defined by

fT0 q = 0, |p| = 1, fTn−1q. = 0 (4.34)

where |p| = 1 has been chosen for convenience, as the motion admits scale
invariances (4.6) and (4.7). In case of γ = 0, the additional constraint

fTn−1p = 0 (4.35)

is also satisfied, hence every point is mapped into a 2 dimensional subset. Each
one-parameter family of self-similar initial conditions has one member with |p| =
1, and these members are in one-to-one correspondence with the invariant points
of C̄. The asymptotic stability of these invariant points can be examined by
eigenvalue analysis of the Jacobian of C̄. The existence of an eigenvalue with
absolute value greater than 1 implies asymptotic instability and if all eigenvalues
have absolute values below 1, then the invariant point is asymptotically stable.

In our case, the Jacobian always has 0 as a tree-fold eigenvalue (four, if
γ = 0), due to (4.34) and (4.35). In order to determine the remaining three (two)
eigenvalues, we expressed the Jacobian in closed form by differentiating (4.32).
The eigenvalues of the Jacobian were found numerically at the (numerically
obtained) invariant points of C̄. The results of this procedure for γ 6= 0 can
also be seen in Figure 4.4. In the case of γ = 0 all feasible motions were found
to be asymptotically stable.

4.2.4 Energy dissipation during self-similar motion
Now we are ready to investigate energy dissipation due to impacts as the disk
approaches its singularity. We now adopt the hypothesis that the polygonal
disk undergoes self-similar motion as explained in the previous sections. The
scaling law (4.10) leads to a finite-time singularity at time

tf := t0 +

∞∑
i=0

τi = t0 + (1− βt)−1τ0

which can also be expressed as

tf − ti =

∞∑
j=i

τj = βit(1− βt)−1τ0 (4.36)

for arbitrary i. Again, we will have two cases, depending on the model chosen.
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Figure 4.4: Feasibility and stability of self-similar motion. At least one solution
exists for all parameter values. One feasible solution exists above the dotted
curves (each curve corresponds to a specific value of n), and the feasible solution
is stable for parameter values on the left of the dashed lines. Gravity-free
solutions exist for parameter values below the solid lines.

Considering gravity (g 6= 0)

In this case, the mechanical energy of the disk can be expressed as

Ei = m(guT3 qi +
1

2
pTi Θpi) (4.37)

The rotational invariance and the scaling laws (4.11), (4.12) imply that each one
of the potential energy, the kinetic energy as well as their sum in the pre-impact
states at time ti form exponentially decreasing sequences. In particular, if Ei is
the pre-impact value of the total mechanical energy at t = ti, then

Ei = β2i
p E0. (4.38)

Since in this case βt = βp, due to (4.13) and (4.26), the equations (4.36) and
(4.38) yield the relation

Ei = E0τ
−2
0 (1− βp)2(tf − ti)2 (4.39)

The total energy of the system is a piecewise constant function (with jumps at
impact times) By using (4.36) and (4.39), it is easy to show that the bounds
(4.1) are satisfied for all t < tf with

c = 2 (4.40)

a1 = E0τ
−2
0 (1− βp)2 (4.41)

a2 = β2E0τ
−2
0 (1− βp)2 (4.42)
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Figure 4.5: Border of feasible and infeasible regions for self similar motion with
γ = 0. Note that homogeneous disk corresponds to ρ ≈ 1/2, in which case the
non-trivial self-similar solution is feasible for all n > 3

We conclude that the exponent of energy dissipation due to impacts in this case
is 2.

Neglecting gravity (g = 0)

We can similarly compute the energy exponent, as follows: The energy after the
i-th collision is given by

Ei =
m

2
pTi Θpi = β2i

p E0. (4.43)

By introducing constant

a = E0

(
1− βt
τ0

)2 logβt βp

(4.44)

equation (4.43) can be rewritten as

Ei = a

(
τ0

1− βt

)2 logβt βp

β2i
p (4.45)

= a

(
τ0

1− βt

)2 logβt βp

β
i2 logβt βp
t (4.46)

= a(tf − ti)2
log βp
log βt (4.47)

implying

c = 2
log βp
log βt

. (4.48)
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While 0 < βq, βp < 1 always holds, the possibility of βt > 1 is included in
the definition of self similar motion. Such is the case on the bottom branches of
the curves presented in Figure 4.3 βq > βp implies βt > 1. This would lead to
c < 0, but more importantly, the time between collisions would grow, and the
motion would not terminate in finite time. Another critical point is the point
where the curve in Figure 4.3 has vertical tangent, and βq = βp implies βt = 1.
This would imply the time between collisions is not decreasing, and again there
is no singularity (additionally, one would need to divide by zero in (4.48)). Since
we are interested in finite time singularities and not these strange motions, in
the following we present our findings on motions where βq < βp holds.

4.2.5 Conclusions from the analysis of self similar motion
We now have covered all the parts and can summarize what has been learnt
about the self-similar motions of a disk. We will emphasise consequences with
respect to the motion of a homogeneous solid disk (corresponding to ρ = 0.5),
since most experiments consider this scenario. Additionally, we will also discuss
what happens for different ρ values.

Motion of an imperfect disk

Imperfections of the disk were modelled by polygonal shapes with large values
of n. Under this scenario, the disk can move through a sequence of small
impacts in such a way that its motion is highly similar to the smooth rolling of
a geometrically perfect disk. Our inspiration to investigate self-similar motion
comes from the similarity of this form of motion to precession-free motion of a
perfect disk.

We investigated two impact models: a model assuming perfectly inelastic
impacts (γ = 0) and a model assuming partially elastic impacts (1 > γ > 0).
In both cases, we found that self-similar motion in the presence of gravity is
feasible in a wide range of ρ values. The corresponding exponent of energy
decay is c = 2, which is greater than the values provided by other models of
dissipation. As the dissipation mechanism with the lowest exponent dominates,
collisions are not the dominant energy dissipating mechanism.

Stability analysis of self-similar motion revealed subtle results. We found
stability for the first model whereas the second model reveals that self-similar
motion is unstable above a critical value of ρ. In particular, in the case of
ρ = 0.5, self-similar motion is always unstable if γ > 0. This observation sheds
light on a new mechanism by which precession may possibly appear during
the motion of the spinning disk. Importantly, precession has been observed in
several experiments, but its origin has not been explained so far.

At the same time, the possible instability of self-similar motion also inspires
further examination addressing irregular motion. Preliminary numerical simu-
lations (Figures 4.6) small perturbations of self-similar motion reveal that the
total mechanical energy of the system initially oscillates around a decaying func-
tion with exponent c = 2, and the oscillation grows as time progresses indicating
gradual divergence from self-similarity. In the next section, we will study further
the emerging irregular motion via numerical simulation.

We also investigated self-similar motion under neglected gravity. We found
that if n is large, such motion will not occur but for extremely low values of
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ρ. Importantly, we have already seen in Chapter 3 that CC may not occur
in the case of large n unless ρ is extremely low. Since gravity-free self-similar
motion is a special from of CC, we see here a more general argument showing
that gravity-free motion is not relevant if n >> 1. Hence, we need not study
the consequences of gravity-free self-similar motion, nor do we investigate the
question if the effect of gravity is indeed negligible or not.
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Figure 4.6: Log-log plot of energy versus time remaining to singularity obtained
by numerical simulation of motion for various values of n and γ. The parameters
were, from top left to bottom right: n = 20 γ = 0.6, n = 20 γ = 0.7, n = 25
γ = 0.5, n = 25 γ = 0.6, n = 30 γ = 0.5 and n = 30 γ = 0.6
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Motion on an imperfect surface

This kind of imperfection corresponds to n = 3 in our model. We have no
special reason for distinguishing self-similar motion, hence whatever conclusion
is drawn from the analysis, it has to be extended for the general case of irregular
motion.

Again, as in the previous section, we find self-similar motion for some com-
binations of ρ and γ and the corresponding exponent is c = 2. It is however
much more important that Figure 4.3 shows gravity-free self-similar motion so-
lutions. For example, if ρ = 0.5, such solutions emerge whenever γ < 0.15. The
corresponding exponent of energy decay is given by (4.48), which predicts that
the energy exponent can be arbitrarily close to 0, when ρ and γ are both small.
This finding hints that there may exist a type of motion, during which impacts
are the dominant energy absorption mechanism. Yet this prediction suffers from
two important weaknesses. First, stability analysis shows that the self-similar
motion is unstable so the expression is not directly applicable. We will over-
come this weakness by investigating irregular motion via numerical simulation
in the sequel. Second, it is not clear if the effect of gravity can be neglected, i.e.
if gravity-free motion is relevant or not. Past investigations of the falling rod
(reviewed in Section B.1) demonstrated both the possibility of low values of c,
and the negligible effect of gravity when ρ and γ are both small. It is tempting
to believe that falling triangles behave in the same way, nevertheless we were
not able to prove this analytically. Hence, we decided to measure the exponent
in numerical simulation.

4.3 Analysis of irregular motion

4.3.1 Goal of the analysis and expected results
In what follows, we will report on the results of numerical simulations including
the effect of gravity, in which 0 < ρ < 1 and 0 < γ < 1 are varied systematically,
and the initial conditions are chosen randomly.

As it has been explained, the goal of the simulations is two-fold:

• to confirm c = 2 in those cases when self-similar motion with c = 2 exists
but it is unstable, indicating the emergence of irregular motion

• to demonstrate the emergence of low values of c in those situations when
self-similar motion with low values of c is possible in the absence of gravity,
but we cannot prove self-similarity, nor can we demonstrate the negligible
effect of gravity analytically.

It is useful now to recall the main results of Chapter 3. We found there that
in the absence of gravity, the motion of a rod may lead to ICC or CC. The
motion of a polygonal object was found to be highly similar. It can also lead
to ICC, CC, but we also found a third possibility, called PCC. In Figure 4.7
we reproduce those two curves in parameter space, below which PCC and CC
were found to be possible for polygons.

We would like to understand how the behaviour of polygons changes if grav-
ity is present. For this reason it is also useful to recall known results about the
effect of gravity on the motion of a rod, which was summarized in Appendix
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B.1. As we saw there, ICC becomes impossible with the addition of gravity.
Instead motion with exponent c = 2 is realized whenever CC is not possible or
the exponent of CC exceeds 2. On the other hand, if the gravity-free motion
would lead to CC, and the corresponding exponent is c < 2, then motion in the
presence of gravity also has the same characteristics.

Given these known characteristics of the motion of a rod, we may expect to
find analogous behaviour of polygonal objects under gravity, namely:

• Some form of motion with c = 2 when CC is not possible, or when CC
is possible but the corresponding energy exponent predicted by (4.48)
exceeds 2

• Complete chatter occurs with c < 2 and the effect of gravity is negligible
when CC is possible and the energy exponent predicted by (4.48) is below
2.

In Figure 4.8 we also show the curve along which (4.48) predicts c = 2 for
reference. In what follows we will investigate numerical simulation results and
their consistency with these expectations.

4.3.2 Numerical results
We conducted a series of numerical simulations with g = 1, in which γ ∈ [0 1]
and ρ ∈ [0 1] were varied systematically over a rectangular grid. At each point
of the grid 100 simulations were conducted. In each simulation, the value of
c was estimated by linear regression over the logarithm of energy vs. time.
The simulation often terminated due to simultaneous impacts for which we
lack a good model. In these cases no value has been recorded for c. For each
simulation, the initial values of p and q were given as p = [0.1χ1; 0.1χ2;−1]T and
q = [0.001χ3; 0.001χ4; 1]T where the variables χ1...χ4 were drawn randomly from
a uniform distribution over the interval [−0.5 0.5]. The result of this process is
summarized in Figure 4.7, where the average values of the 100 simulations are
shown. Where no value is provided, all 100 simulations ended in simultaneous
collisions.

In Figure 4.8 we also show the theoretical values of the exponents given by
(4.48) as a function of γ for four values of ρ with results of the simulations as a
comparison.

Our results are consistent with expectations formulated in Section 4.3.1.
Specifically, we see that

• The emergence of PCC seems to be insensitive to the presence of gravity
in the following sense: whenever PCC-induced simultaneous impact is
possible in the absence of gravity, our numerical simulations including
gravity terminate without conclusion due to simultaneous impacts.

• The emergence of CC seems to be insensitive to the presence of gravity in
the following sense: whenever CC may occur during gravity-free motion,
our simulations (with gravity) predict irregular motion, during which the
values of c estimated from simulations are close to the values predicted
by (4.48) and are mostly below 2 (Figure 4.8). We know from Lemma 10
that in this case the effect of gravity becomes negligible.
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• In those cases, when gravity-free motion cannot lead to CC or PCC, hence
any initial condition results in ICC, our simulations including the effect of
gravity predict c ≈ 2. Accordingly, the effect of gravity remains significant
throughout the motion. The simulation often but not always terminates
due to simultaneous impacts.

The estimated exponents are significantly above 2 near the boundary of the ICC
region. We believe that this is a numerical artefact, which was caused by the
finite lengths of simulations.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0.5

1

1.5

2

2.5

CC

PCC

Figure 4.7: Numerically obtained exponents (c) in the case of n = 3. Lack of
values means simultaneous impacts.

The most important conclusion from the numerical simulations is showing
that the exponent may be very low. Unfortunately, we were not able to find
low values of c in the case of ρ = 0.5, which corresponds to Euler’s disk with
homogeneous mass distribution. This shortcoming of our results is due to the
emergence of simultaneous impacts. Nevertheless, lower values of ρ often lead
to low values of c, in which case energy dissipation due to impacts becomes the
dominant dissipation mechanism.

4.4 Outlook
In accordance with the majority of the previous works we focused on the rate of
energy dissipation shortly before the singularity. This question is usually inves-
tigated under the assumption that the disk undergoes precession-free motion,
i.e. that the slope of the spinning disk decreases monotonically.
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Figure 4.8: Sections of Figure 4.7 (dots) with predictions of (4.48) (dashed
curves).

As [28] pointed out, we may find different dominant energy dissipation mech-
anisms depending on the time-scale chosen. The main conclusion of that paper
is that rolling friction (with dissipation exponent 0.5) is dominant over the time
scale of seconds but other effects (with lower exponents) may become dominant
during the last few milliseconds. We now provide a rough estimation of the time
scale over which impacts may become dominant. Assume that the actual shape
of the underlying surface deviates from its ideal, planned shape by ε ≈ 10−4...−5

m and that the diameter of the disk is d = 10−1 m. Then, our triangle model
yields a reasonable description of the motion, when the inclination angle drops
significantly below δ ≈ ε/d = 10−3...−4 rad. According to the experimental
results of Leine (Figure 6 of [28]), the inclination angle drops below this critical
value during the last 0.1...1 second of the motion. Hence, we conclude that
imperfections of the underlying surface may affect energy dissipation during the
last few tenths of second. This estimation is consistent with the observation
that the last second is accompanied by a strong rattling noise that has been
attributed to impacts by some authors. We also believe that if the system has
the CC property, then the effect of impacts quickly becomes dominant, once
the first impacts occur. This prediction is based on the observation that our
triangle model undergoes intensive energy dissipation with the inclination angle
dropping from 10−4 rad to zero within only ≈ 10−5 sec.

The most important restriction of our analysis is the assumption of ideal
rigidity. Clearly, when a thin disk undergoes rapid sequences of impacts, then
its motion may be accompanied by significant elastic vibrations. When the
inclination angle of the disk is small, then even small-amplitude vibrations have
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a strong effect on the locations and intensities of impacts between the object
and the underlying ground. The analysis of energy dissipation via impacts in a
model including elastic deformations is one of the possible directions of further
research.

4.5 Summary of new results
We have examined the finite-time singularity of a spinning disk of unit radius,
and how its energy decay rate is affected by collisions due to imperfections. Two
types of imperfection have been analysed: the imperfect rotational symmetry
of the disk was modelled by a polygonal profile, and the imperfections of the
flat underlying surface were modelled by considering a rigid object with 3 point
contacts to the ground, as an extremal case. The results can be trivially ex-
tended to discs with non unit radius, by considering ρ as the proportion of the
radius of the disc and its radius of gyration.

In order to simplify the analysis, we used impacts with constant coefficient of
restitution and frictionless contact interactions (during continuous motion and
impacts). In addition, a discrete rotational symmetry has been assumed in both
models.

We examined the exponents of energy dissipation profiles for this model, as
well as the stability of self-similar motion, which appears to be analogous to
precession-free rolling of a geometrically perfect disk. The main results of the
analysis are summarized as follows:

Principial Result 3. I investigated the dynamics of conceptual models of a
spinning disk taking into account the geometric imperfections of the disk and of
the underlying surface. I demonstrated that both models exhibit motion termi-
nating at a finite-time singularity marked by an infinite accumulation of impacts.
In addition,

a) I found that small geometric imperfections may explain the emergence of
precession during the motion of a spinning disk.

b) For the model representing small geometric imperfections of the disk, I
showed that the effect of gravity remains important during the entire mo-
tion, and the mechanical energy of the disc is bounded by power-law func-
tions of time with exponent c = 2. Hence, dissipation through collisions is
not the dominant energy-dissipating mechanism.

c) For the model representing geometric imperfections of the underlying sur-
face, I demonstrated the possibility of motion where the effect of gravity
becomes negligible as the system approaches its singularity, provided that
the ratio of the radius of gyration and the radius of the disc, as well as
the coefficient of restitution are sufficiently small. The energy profile of
the disk during this motion is again bounded by power-law functions, with
exponent c that may be arbitrarily close to 0, meaning dissipation through
collisions can be the dominant energy-dissipating mechanism. However
this scenario requires very low coefficient of restitution in the case of a
homogeneous disk.
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Chapter 5

Collision sequences of a rigid
body and an attached
oscillator

5.1 Motivation and background
In this chapter we will analyse the mechanical system arising from attaching a
harmonic, damped oscillator on a rod, and letting the system undergo a sequence
of collisions. The industrial motivation of such study lies in the shock protection
of electronic portable devices, such as laptops or smart-phones. There are many
parts or subsystems in an electronic device that can be critical for shock failure.
In what follows, we refer to these units as critical components of the electronic
device, and model them with the harmonic oscillator, while the rest of the device
is modelled with a quasi-rigid rod.

5.2 The mechanical model
The studied mechanical model is a rod of length 2l with symmetric mass distri-
bution, and a damped harmonic oscillator attached to it at point ra, distance
r from the centre of mass (see Figure 5.1). The physical properties of the rod
are once again given by m and ρ, the collisions of the rod and the floor are
characterised by γ. The mass of the oscillator will be denoted by mr, while the
spring constant and damping coefficient with κ and α respectively.

5.2.1 Motion of the rod
We assume mr << m, and neglect the effect of the oscillator on the motion
of the rod. For small parts of electronic devices, this is certainly justifiable.
The benefit of this assumption is that the motion of the rod is given by the
equations derived in Section 2.4. Additionally, we have presented in Section
B.1 how previous works [63, 64] found whether condition (B.8) is satisfied or
not has strong qualitative effect on the behaviour of the falling rod, which may
have important implications for shock protection. As we will see in this chapter,
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Figure 5.1: The mechanical model

several shock protection related phenomena can be explained by the difference
between the two types of behaviour.

5.2.2 Motion of the oscillator
We assume the oscillator can move only in the direction normal to the rod,
which is uK . By denoting the position of the oscillator from its unstretched
position with u, its equation of motion during continuous motion is obtained by
projecting Newton’s law to the uK direction.

mru
T
Kuz(−g)− (uκ+ u̇α) = mr(u

T
K r̈a + ü). (5.1)

Expanding uTK r̈a gives

mru
T
Kuz(−g)− (uκ+ u̇α) = mr(u

T
K r̈ + rφ̈− uφ̇2 + ü) (5.2)

which yields:

ü = uφ̇2 − cosφ(ḧ+ g)− rφ̈− κu+ αu̇

mr
. (5.3)

During impacts, the position u of the oscillator remains unchanged, and the
velocity of the oscillator in the uK direction with respect to an external observer
does not change since it can move freely in that direction. Hence, by denoting
the pre- and post-impact values of u̇ wit superscript − and +, we can have

u̇+ − u̇− = − cosφ(ḣ+ − ḣ−)− r(φ̇+ − φ̇−). (5.4)

Here, the right hand side is the opposite of the velocity change point ra under-
goes, determined with the methods introduced earlier in this work.
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5.2.3 Nondimensionalization
The number of model parameters can be reduced by introducing the following
dimensionless quantities:

r̄ = r/l (5.5)
h̄ = h/l (5.6)
ρ̄ = ρ/l (5.7)

t̄ = t(g/l)1/2 (5.8)
ū = u/l (5.9)

ᾱ = α(4κmr)
−1/2 (5.10)

d̄ = αl1/2/(4gm2
r)

1/2 · C(ᾱ) (5.11)

where

C(ᾱ) =

{
1 if ᾱ ≤ 1

1− (1− ᾱ−2)1/2 if ᾱ > 1
(5.12)

Let ′ denote differentiation with respect to non-dimensional time t̄. Then
the equations of motion (2.48),(2.49),(2.51), (5.3) for continuous motion become

h̄′′ = η̄ − 1 (5.13)

φ̄′′ = +(−1)iη̄ cosφρ−2 (5.14)

ū′′ = ūφ′2 − cosφ(h̄′′ + 1)− r̄φ′′ − d̄2

ᾱ2C2(ᾱ)
ū− 2

d̄

C(ᾱ)
ū′ (5.15)

η̄ =

{
1+(−1)iφ′2 sinφ

1+ρ̄−2 cos2 φ for slip motion
0 for free fall

(5.16)

At the same time, the impact map of velocities given by (2.52),(2.53),(2.55),
(5.4) takes the form:

h̄′+ = h̄′− + ζ (5.17)

φ′+ = φ′− + (−1)iρ̄−2ζ cosφ (5.18)

ū′+ = ū′− − (1± r̄ρ̄−2)ζ cosφ (5.19)

where

ζ = − (γ + 1)(h̄′− + (−1)iφ′− cos(φ))

1 + ρ̄−2 cos2(φ)
(5.20)

The new equations include 4 dimensionless model parameters: 0 < ρ̄ < 1 is
the dimensionless radius of inertia, which is 1/3 if the rod is homogeneous. −1 ≤
r̄ ≤ 1 determines the position of the oscillator along the bar. The parameter
ᾱ is the damping ratio such that ᾱ < 1, ᾱ = 1, and ᾱ > 1 correspond to
weak, critical, and strong damping. Finally, d̄ represents the decay rate of free
vibrations of the oscillator, which is scaled by the natural time scale of motion
of the rod: in particular, the amplitude of free vibrations decays by a factor of
1/e in time t̄ = d̄−1. The term C(α) in the definition of d̄ is required because
the decay rate is given by different formulas in the respective cases of weak and
strong damping. [65].
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5.2.4 Measure of shock
We will develop a quantitative measure of the shock, which will be used to esti-
mate the risk of failure when a device is dropped with various initial conditions
and model parameters. As typically there is not enough space for the component
to freely oscillate inside the device and internal collisions are a typical source
of component failure, the largest displacement sup |ū(t)| of the oscillator is an
obvious initial candidate for such a measure.

If the bar is dropped from initial position h̄(0), and angle φ(0) with 0 initial
velocity, then it undergoes uniformly accelerating motion due to gravity until it
hits the ground with velocity

h̄′r = (2(h̄(0)− | sinφ(0)|))1/2 (5.21)

Clearly, the velocity before this first impact is determined primarily by the drop
height h̄(0). Hence, sup ū(t) depends strongly on h̄(0). Our goal is to develop a
measure of shock, which reflects the effect of other parameters rather than the
trivial effect of drop height. To this end, we use the dimensionless ratio

R :=

∣∣∣∣ sup ū(t)

sup ūr(t)

∣∣∣∣ . (5.22)

where ūr(t) is a ’reference’ motion of the oscillator. The reference motion is
obtained by assuming that the rod is immobile and the oscillator undergoes free
oscillation with initial conditions

ūe|t=0 = 0 (5.23)

ū′e|t=0 = (2h̄(0))1/2 (5.24)

This is equivalent of saying that the rod is dropped horizontally (φ(0) = 0) from
an initial height of h̄(0) and it becomes immobile immediately when it reaches
the ground. The ultimate goal of this chapter is to identify ranges of the model
parameters where we have low values of R (for any value of φ(0) and h̄(0)).

Figure 5.2 and 5.3 illustrate the motion of the oscillator for several parameter
values, in response to the motions of the rod depicted in Figure 5.4 and 5.5,
respectively. The reference motions of the oscillator are plotted in dashed lines
in each case. Note that the diagrams of Figure 5.2 and 5.3 are consistent with the
basic theory of linear oscillations [65]: decaying oscillation occurs during impact-
free episodes of the rod when α < 1, and the oscillator relaxes monotonically
when α ≥ 1.
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Figure 5.2: Continuous curves: the response of oscillators with different damp-
ing and decay rates triggered by the falling motion of the rod illustrated by
Figure 5.4. Dashed curves: the free oscillatory motions of the same oscillators
as defined in Section 5.2.4.
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(c) ᾱ = 0.3 d̄ = 100 (continued)
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Figure 5.3: Continuous curves: the response of oscillators with different damp-
ing and decay rates triggered by the falling motion of the rod illustrated by
Figure 5.5. Dashed curves: the free oscillatory motions of the same oscillators
as defined in Section 5.2.4.
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Figure 5.4: Example for a motion of the rod with ρ̄ = 1/3. γ = 1/3. Top:
height of the center of mass versus time. Bottom: Angle φ versus time. Initial
conditions are h̄(0) = 10, φ(0) = π/4, h̄′(0) = φ′(0) = 0.
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Figure 5.5: Example for a motion of the rod with ρ̄ = 2/3. γ = 2/3. Top:
height of the center of mass versus time. Bottom: Angle φ versus time. Initial
conditions are h̄(0) = 10, φ(0) = π/4, h̄′(0) = φ′(0) = 0.
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5.3 Numerical simulation methods
Since the behaviour of the system is highly non-linear and thus it is hard to
predict, we resorted to a series of numerical simulations. We systematically
changed the initial conditions and the properties of the system, in the hope of
being able to describe the effect of the parameters in a way that can be useful
for industrial applications. The mechanical model has been simulated using an

Start

Freefall

Sliding

Collision

Stop

Height and
velocity of a

single endpoint is
small

Both
velocities

and heights
of endpoints

are small

Heights of
both

endpoints
are small

and one of
them has
negative
velocity

Figure 5.6: Scheme of the numerical simulation. Dotted lines represent condi-
tional (if) routes, while the solid lines represent choices that are made otherwise
(else).

event-driven numerical scheme illustrated by Figure 5.6. The difficulty of such
a simulation lies in that an ideally rigid objects establish sustained contact via
a sequence of infinitely many impact events within finite time (similarly to a
bouncing ball). To avoid infinite running time of the simulation, we truncated
such sequences with the help of a finite numerical tolerance parameter ε as
explained below.

The differential equations corresponding to free fall and sliding motion have
been integrated by the ode113 solver under MatLab. The integration was
interrupted whenever one of the endpoints crossed the underlying surface. Then,
the collision map was applied to the velocity variables. After the impact, four
possible scenarios were considered:

• if any of the two endpoints is close to the surface and moves downwards
(|h̄±| < ε & h̄′± < −ε) then another impact at that point follows. This rule
defines the model of simultaneous collisions as a sequence of single-point
collisions. Note that both points never move downwards after an impact
so this rule is not ambiguous.

• if all endpoints, which are close to the surface move upwards (|h̄±| < ε =⇒
h̄′± > ε) then an episode of free fall follows

• if one endpoint is close to the surface with approximately zero velocity
(|h̄±|, |h̄′±| < ε) but the other does not have this property, then sliding
motion follows. To reduce numerical errors, sliding motion is begun with
an instantaneous impulse that changes the velocity of the sliding endpoint
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to 0. This step compensates for the effect of the truncated infinite se-
quence of exponentially decaying impacts. Detailed expressions of this
compensation step are not presented here.

• if both endpoints are close to the surface with approximately zero velocity,
then the rod is immobilized instantaneously

Examples of simulation results are depicted in Figure 5.4 and in Figure 5.5

5.4 Results
We now present the results of the numeric drop tests in which the physical
parameters of the dimensionless model and the initial conditions were varied
systematically.

5.4.1 The effect of the initial conditions
For now, we fix the parameters of the oscillator as

ᾱ = 1, d̄ = 10 (5.25)

The effect of these parameters will be discussed later.
It is plausible to assume that the rod and the oscillator are initially immobile

when the rod is dropped, and the oscillator has 0 initial displacement:

ū(0) = ū′(0) = h̄′(0) = φ′(0) = 0 (5.26)

Then, one still needs to specify the initial height h̄(0) and angle φ(0) of the rod:
These values depend on the unpredictable circumstances under which the rod is
dropped. The velocity with which the rod initially hits the floor is proportional
to the square root of h̄(0) − sin(φ(0)) according to (5.21). Hence, large values
of h̄(0) imply high risk of failure. This obvious tendency is compensated by the
denominator of the expression (5.22) for R. Thus, R can be used to study the
effect of factors other than drop height, and it is plausible to assume that R is
not very sensitive to the choice of h̄(0) as long as it is significantly larger than
1. In what follows, we use the a priori chosen value

h̄(0) = 10 (5.27)

which largely corresponds to a mobile phone (l = 10cm) dropped from a height
of 1 m. To confirm the insensitivity of R to the choice of h̄(0), all simulations
reported in the next subsection have been repeated with h̄(0) = 20, 30 and re-
sults similar to the case of h̄(0) = 10 were obtained. Details of those simulations
are not presented here.

It is commonly required that a device should be able to survive a drop with
any initial angle φ(0). Accordingly, we will now investigate the effect of φ(0) in
order to identify the worst-case scenario with respect to φ(0).

If φ(0) ≈ 90◦, then φ remains near to 90◦ during the first few impacts
(which are usually the most intensive ones), and thus these impacts do not
induce significant motion in the oscillator. Hence, we obtain low values of R
in that case (at least for large h̄(0)) as illustrated by Figure 5.7). Based on
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this observation it is a plausible hypothesis that φ(0) = 0◦ should be the most
dangerous situation, in line with Goyal’s first assumption (see Section 5.1).
Nevertheless Figure 5.7 suggests that this is not always true. Later on a more
extensive series of simulations (Section 5.4.2, Figure 5.8, Figure 5.9) will confirm
that φ(0) = 0◦ often but not always maximizes R. Thus, in order to find the
maximum value of R over all possible values of φ(0), it is in general necessary
to consider many possible values of φ(0) in our simulation.
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Figure 5.7: The value of R vs. φ(0) if r̄ = 0 (left) and if r̄ = 1 (right). In both
cases solid curves stand for a rod with ρ̄ = 1/3 and γ = 1/3, while the dashed
curve for a rod with ρ̄ = 2/3 and γ = 2/3. The remaining initial conditions and
model parameters are given by (5.25), (5.26) and (5.27).

5.4.2 The effect of ρ̄, γ and r̄

The parameters ρ̄, r̄ and γ, are the most important ones for us, because ρ̄ and
r̄ are completely determined and γ is strongly influenced by the design of the
device.

In order to understand their effect, we show the results of a series of sim-
ulations, in which the parameters ρ̄ and γ as well as the initial condition φ(0)
representing the angle of dropping are varied systematically. The initial condi-
tions (5.26),(5.27) and model parameters (5.25) will be used in the sequel.

Values of R obtained in these simulations for various fixed values of φ(0)
are depicted in Figure 5.8 (r̄ = 0) and in Figure 5.9 (r̄ = 1). In the first
case, φ(0) ≈ 0 appears to be the most dangerous initial angle as already noted.
Nevertheless, R tends to increase with φ(0) when r̄ = 1 and it takes its maximum
value at intermediate values of φ(0).

It is stunning that the maximum value of R is shifted towards φ(0) = π/2
and it grows very high when ρ̄ is small and r̄ = 1. This observation can be
explained by noting that for φ0 close to π/2 and small radius of gyration, the
first impact induces large angular velocity, which then leads to high-velocity
impacts in the sequel. In the extreme (non-physical) case of ρ̄ = 0, R would
grow unboundedly as φ(0) approaches π/2. This divergence phenomenon is less
pronounced when impacts are not ideally frictionless. Note that the angular

78



CHAPTER 5. COLLISION SEQUENCES OF A RIGID BODY AND AN
ATTACHED OSCILLATOR

velocity a component of p, using the centre of mass as reference point) does not
affect the velocity of the midpoint and thus the same effect is not present in the
case of r̄ = 0.

Another important observation is that for all parameter values satisfying
(B.8) we obtain essentially constant value R ≈ 1 when φ(0) is small. In order
to explain the presence of this constant value, note that the rod then undergoes
chattering motion, which means that a rapid sequence of impacts makes it
immobile within a short time period. Essentially, the effect of such a sequence
is very similar to a single impulse stopping the falling rod instantaneously, which
explains why R ≈ 1.

In each figure, the last panel shows the worst-case scenario with respect to
φ(0), i.e. the maximum of R over all possible values of φ(0). This diagram is the
most relevant one for improving shock-resistance via optimization of ρ̄ and γ.
By looking at the results for an oscillator in the middle of the rod (Figure 5.8d),
we see that R ≈ 1 in the region where (B.8) holds, whereas larger values of ρ̄ and
γ induce higher R values (up to R = 2), which is clearly disadvantageous. This
result suggests that the safety of a component near the center of a device can be
improved by using a combination of inhomogeneous mass density (low radius of
inertia) and an absorbing cover (to decrease the coefficient of restitution).

Results obtained for oscillators attached to the endpoint of the rod (Figure
5.9d) are radically different. First of all, we obtain higher overall values (R =
2 . . . 5 when ρ̄ = 1/3 and even higher values for lower ρ̄) hence we conclude
that having the sensitive components far from the midpoint may pose them to
a high risk. The results also show that using a design that ensures low values
of γ remains beneficial nevertheless low values of ρ̄ may now potentially lead to
very high values of R as already pointed out.

5.4.3 The effect of decay rate and damping
In the previous section we found interesting results with respect to the optimal
choice of ρ̄, r̄ and γ. Nevertheless all of those conclusions were based on sim-
ulations in which the decay rate and the damping of the oscillator were fixed.
Our next goal is to study the effect of these parameters as well as to verify that
our previous qualitative conclusions are not very sensitive to the choice of these
parameters.

Both d̄ and ᾱ represent mechanical properties of the modelled component
itself. In particular, the damping coefficient ᾱ depends on the material and the
geometry of the component. In practice, both weakly (ᾱ < 1) and strongly
(ᾱ > 1) damped components are commonly used.

The decay rate d is strongly related to the size of the component, since
downscaling a component increases its eigenfrequencies, and thus also the decay
rate. Nevertheless, d is also influenced by the material and the shape of the
component (via its stiffness) and obviously by the the degree of damping. For
example, the eigenfrequency of HDD heads is in the range 103 . . . 104 Hz and
that of common printed circuit boards is typically 102 . . . 103 Hz [66]. If we
assume ᾱ = 1 and l = 10−1m, then the values listed above correspond to
d = 60 . . . 6000. At the same time, the extremal case α = 0 would imply d = 0
regardless of any other property of the component.

In order to strengthen the conclusions of Section 5.4.2 the same set of simu-
lations has been repeated by using all four combinations of the values d̄ = 1; 100
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(a) φ(0) = π/40 (b) φ(0) = 10π/40

(c) φ(0) = 19π/40 (d) Worst case of all φ(0)

Figure 5.8: Diagram of R versus ρ̄ and γ for various values of φ(0), if r̄ = 0.
The remaining initial conditions and model parameters are given by (5.25),
(5.26),(5.27). The red curve in Figure (a) is the boundary of(B.8).
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(a) φ(0) = π/40 (b) φ(0) = 10π/40

(c) φ(0) = 19π/40 (d) Worst case of all φ(0)

Figure 5.9: Diagram of R versus ρ̄ and γ for various values of φ(0), if r̄ = 1.
The remaining initial conditions and model parameters are given by (5.25),
(5.26),(5.27).The red curve in Figure (a) is the boundary of(B.8).
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and ᾱ = 0.3; 3. The results are summarized in Figure 5.10 and in Figure 5.11.
The figures show that the qualitative conclusions drawn in Section 5.4.2 remain
valid. That is, if r̄ = 0, then φ(0) ≈ 0 is the most dangerous initial angle, and
satisfying (B.8) appear to guarantee R ≈ 1. The choice of r̄ = 1 results in
general in higher values of R than r̄ = 0.

There are some noticeable differences between these results and the ones re-
ported in Section 5.4.2. These include ranges of ρ̄ and γ where R is significantly
below 1 and high sensitivity of R to ρ̄ and γ (i.e. dense patterns in the figures).

Next we take a closer look at the behaviour of the oscillator in different
situations. Recall that Figure 5.2 and Figure 5.3 illustrate the motion of the
oscillator for several different values of d and α. The corresponding values of R
are given in Table 5.1 and in Table 5.2.

In general, the tables suggest that R depends on ᾱ and d̄ in a non-trivial
way. Nevertheless if d is large, then the result appears to be insensitive to α.
This can be explained as follows: in this situation, the motion of the oscillator
tends to vanish between two impacts, and thus the oscillator responds to each
impact of the rod separately (cf. Figure 5.3d,e). In such a situation, R can be
estimated as

R ≈ RGoyal := |∆max|/ū′e (5.28)

where ∆max is the largest transversal, instantaneous velocity jump of that point
of the rod where the component is attached, and ū′e is the reference velocity
given by (5.24). Hence, in this case the second assumption of Goyal et al. [48]
(see Section 5.1) becomes valid: R is a function of |∆max|. It is an interesting
question, how large d should be in order for the estimation (5.28) to work.
Clearly, the answer depends on several factors, including γ and ρ̄. We recorded
|∆max| in our simulations (Figure 5.12). Comparison with Figure 5.10 and with
Figure 5.11 reveals that the approximation (5.28) is valid when d̄ = 102 in
certain ranges of the parameter plane but not everywhere. We have found that
in the range of chattering stability, even d̄ = 104 is not high enough. Table 5.3
shows an example of this situation. We conclude that the estimator (5.28) often
breaks down in practically important ranges of d and thus the necessity of our
more complex approach (simulation of coupled rod and oscillator dynamics) is
justified.
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(a) ᾱ = 0.3 d̄ = 1 (b) ᾱ = 3 d̄ = 1

(c) ᾱ = 0.3 d̄ = 100 (d) ᾱ = 3 d̄ = 100

Figure 5.10: Diagram of R vs. ρ̄ and γ for various combinations of ᾱ and d̄, if
r̄ = 0. Each panel shows the worst-case scenario with respect to φ(0) similarly
to Figure 5.8d. All other model parameters and initial conditions are the same
as in Figure 5.8.

Table 5.1: Values of R for ρ̄ = 1/3, γ = 1/3, r̄ = 0 and φ0 = π/4. The results
agree with the estimated value RGoyal = 0.3010 given by (5.28) when d̄ is 102

or larger.

d̄ = 1 d̄ = 102 d̄ = 104

ᾱ = 0.3 0.9334 0.3010 0.3010

ᾱ = 1 0.9989 0.3009 0.3009

ᾱ = 3 0.8744 0.3010 0.3010
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(a) ᾱ = 0.3 d̄ = 1 (b) ᾱ = 3 d̄ = 1

(c) ᾱ = 0.3 d̄ = 100 (d) ᾱ = 3 d̄ = 100

Figure 5.11: Diagram of R vs. ρ̄ and γ for various combinations of ᾱ and d̄, if
r̄ = 1. Each panel shows the worst-case scenario with respect to φ(0) similarly
to Figure 5.9d. All other model parameters and initial conditions are the same
as in Figure 5.9.

Table 5.2: Values of R for ρ̄ = 2/3, γ = 2/3, r̄ = 0 and φ0 = π/4. The estimate
given by (5.28) in all cases is RGoyal = 0.7086.

d̄ = 1 d̄ = 102 d̄ = 104

ᾱ = 0.3 1.1540 0.7083 0.7083

ᾱ = 1 1.2350 0.7086 0.7086

ᾱ = 3 1.1474 0.7086 0.7086
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Table 5.3: Values of R for ρ̄ = 1/3, γ = 1/3, r̄ = 0 and φ0 = π/40. Note that
results deviate significantly from the estimate RGoyal = 0.2753 in all cases.

d̄ = 100 d̄ = 101 d̄ = 102 d̄ = 103 d̄ = 104

ᾱ = 0.3 1.0240 0.9888 0.7379 0.3596 0.3549

ᾱ = 1 1.0251 1.0105 0.9188 0.5132 0.3548

ᾱ = 3 1.0123 0.9870 0.7739 0.4102 0.3549

(a) (b)

Figure 5.12: Values of RGoyal (see (5.28)) calculated from velocity jumps of the
rod recorded during simulations if r̄ = 0 (a), and if r̄ = 1 (b). Each diagram
shows the worst-case scenario with respect to φ(0). All other parameters and
initial conditions of the simulations are identical to those of Figure 5.8 and
Figure 5.9.
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5.5 Summary of main results
The primary result of this chapter is to demonstrate that physical parameters
of a portable electronic device and the position of the component within the
device are important factors of shock resistance. Hence, the mechanical design
of the device strongly affects the impact resistance of its components.

Principial Result 4. I examined the shock suffered by sensitive components
of a portable electronic device, when dropped onto the ground. By modelling
the portable electronic device as a rod and the sensitive component as a damped
linear oscillator attached to it, I have shown that:

a) Components far from the center of the device may suffer from much higher
impact shock than those near the center

b) Low coefficient of restitution is always advantageous for shock protection

c) Small radius of gyration appears to be advantageous when the component
is near the center, but it tends to be disadvantageous if it is far from it.

5.6 Outlook
Our results complement and improve the conclusions of several previous works.

• Works [63, 64] aiming to describe the motion of a bar dropped onto a hard
surface uncovered a sharp boundary given by Equation (B.8) in parameter
space between two qualitatively different types of behaviour. Our study
reveals that the two types of behaviour correspond to different levels of
impact shock when the device is dropped nearly horizontally.

• It has been proposed by previous authors interested in shock protection,
that the most dangerous scenario is to drop the device with its principal
plane oriented nearly horizontally. Our results confirm this if the compo-
nent is near the center of the device. Nevertheless if a part is far from
the center, other orientations appear to be much more dangerous. These
results are consistent with [49]. Those authors measure the vibrations
of PCBs positioned symmetrically in mobile phones, which largely corre-
sponds to r̄ = 0. Their results also suggest that φ(0) = 0 is the most
dangerous angle.

• A previous paper on the subject suggested that the largest velocity jump
of the component is an appropriate measure of impact shock and thus the
vibration of the component need not be taken into account. Our results
revealed that this assumption is correct if those oscillations have high
enough decay rate, which is typically satisfied if the parts are very small
and/or very stiff. Nevertheless we also demonstrated that many cases of
practical interest fall outside of the validity of this assumption. Hence our
more detailed examinations are necessary.

In addition to the conclusions relevant for shock protection, our numerical
results also shed light on intriguing dynamic phenomena that may be of interest.
A remarkable example is the complex, repetitive patterns in Figure 5.8 and in
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other similar diagrams. Preliminary investigation shows that those patterns are
related to the number of flips during the motion of the rod. Understanding
the origin of these patterns and their implications to shock protection may be
subject to future work.

Also, even though the rod model captures many important features of a hard
bouncing 3D object, understanding the effect of three-dimensional motion of
devices by simulating a polyhedron model instead of a rod remains an important
task. Incorporating the effect of friction in the model in the future may also
lead to more accurate results.
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Chapter 6

Collision-induced motion of a
rigid body and an attached
gyroscope

In this chapter, we investigate a problem closely related to the previous ones,
which was motivated by the recently completed Rosetta mission of the European
Space Agency, which included the first ever attempt to land on a comet. The
Philae spacecraft touched comet 67P Churyumov-Gerasimenko with its three
legs. The original plan of ESA was to immobilize the spacecraft by anchors, but
the anchoring subsystem failed to activate. The spacecraft then underwent a
3-hour long journey including several impacts, at the end of which it landed at
an unknown position, in an unexpected pose. The position of the lander was not
recovered for almost two years, which had some important consequences to the
success of the mission. For several months, communication with Philae remained
completely unsuccessful. During this period it was an important question if the
lander was damaged by a hard impact of its solar panels or if communication
was blocked by an inappropriate orientation of the radio antenna.

At first glance the micro-gravitational environment of a comet seems to be
the perfect place to test the theory of collision sequences in the absence of
gravity. The coordinates of the legs are given in 6.1 (expressed in a coordinate
system with the centre of mass as an origin), and it can be seen that they closely
resemble an equilateral triangle inscribed a circle of radius 1.5407. Observing
the mass and inertias of Philae (presented in table 6.2), shows us that while
the principial inertias are different, they are not far from each other. We will
approximate them with: ρ∗x = ρ∗y = ((13.905 + 12.603)/(2 · 97.63))

1/2
= 0.3685

m. The chattering motion of Philae can be approximated with an equilateral
triangle inscribed a unit disk with radius of gyration ρ = 0.3685/1.5407 = 0.2392
m. Such triangle would require a coefficient of restitution below 0.5 to possess
chattering stability. Since the coefficient of restitution was probably around
zero our theory predicts that the lander would undergo complete chatter.

In reality, the lander lost over 90% of its kinetic energy in the collision, but
the remaining energy was enough to induce a long journey due to the weakness
of gravitational forces. The apparent contradiction between the theory and the
actual motion can be explained by several factors: first, the three legs did not
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Table 6.1: Coordinates of the legs

r1 r2 r3

x 1.4780 -0.7784 -0.7784
y 0.0118 1.3775 -1.3539
z -0.4078 -0.4078 -0.4078

Table 6.2: Estimated mechanical properties of Philae. (units: kg and kgm2,
source: ESA)

m θ0
0,xx θ0

0,xy θ0
0,xz θ0

0,yy θ0
0,yz θ0

0,zz θ2
2,zz

97.63 kg 13.905 -0.352 -0.015 12.603 0.007 16.523 0.0058

reach the surface nearly simultaneously, the legs were compliant, and finally the
lander was equipped with a gyroscope that altered the motion significantly. We
present an attempt to reconstruct the rotational component of this bouncing
motion by using measured power data of the solar cells of the lander.

6.1 The story in detail: the Rosetta mission of
ESA

After a ten-year journey across the Solar System and many complicated ma-
noeuvres, the Rosetta spacecraft [67] with the Philae lander [68, 69, 70] at-
tached to it smoothly approached a small celestial body of 2-4 km in diameter,
comet 67P/Churyumov-Gerasimenko. The spacecraft executed additional fine
manoeuvres to fly a multitude of low and high altitude orbits around the comet,
mapping its shape and surface in detail never seen before, and it continues to
observe it for more than two years. The Rosetta spacecraft and Philae lan-
der were equipped with scientific instruments that delivered a wealth of new
knowledge about the comet, in addition to spectacular pictures.

The landing of Philae on the surface of the comet was initiated by the Rosetta
spacecraft 500 million km away from Earth, at a distance of 22.5 km from the
comet on 12 November 2014. The lander reached the comet surface after a
ballistic descent phase of 7 hours, during which the attitude of the lander was
partially stabilized by a single-axis gyroscope to ensure leg-forward landing on
the surface (Figure 6.1). The location and the attitude of the lander upon its
first touchdown matched the target values, nevertheless the lander could not
attach itself to the comet due to an unexpected systematic failure in the dual
redundant anchoring subsystem and a malfunction of the non-redundant active
descent subsystem [71, 72, 52].

The landing gear [73] absorbed enough energy to prevent complete escape
from the weak gravitational field of the comet but the first touchdown [50] was
followed by several hours of uncontrolled tumbling motion until the spacecraft
reached its final parking position roughly 1.25 km away from the original target
point. The lander remained functionally intact during its bouncing motion. It
also kept radio contact alive and continuously sent all collected housekeeping
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Figure 6.1: Schematic structure of Philae (Image courtesy of DLR/Cologne)

Figure 6.2: Notation

and scientific telemetry data to the Rosetta spacecraft, which served as a relay
station between Philae and Earth.

The rough topography of the final landing site strongly affected the energy
supply of the lander (via reduced exposure to solar radiation) as well as the reli-
ability of the communication channel with Rosetta, which prevented the Philae
team from completing some parts of the planned scientific work. Communi-
cation with the lander was stopped 60 hours after landing due to discharged
batteries of the lander. Afterwards, the lander fell into a state of hybernation
for about 6 months, and an additional month was required to establish contact
again with Philae. The exact location of the lander remained unknown [74] until
September 2016 [75].

Until now, most effort to understand what happened exactly during landing
was devoted to the reconstruction of the first touchdown [50] and of the trans-
lational motion after touchdown [51, 52, 53]. Much less work has been done
to understand its rotational motion. Nevertheless we think that for planning
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future missions, it is highly desired to understand how the stabilizing gyroscope
affected the dynamics, whether or not solar panels may have hit the ground
during tumbling motion (possibly resulting in damage) and how likely it was to
come to rest with its legs on the ground, which was necessary for the operation
of the lander.

In this chapter, we aim to reconstruct the rotational motion of the lander
with the help of numerical simulation results, and in-situ measured data of
the electric power produced by the solar power generators. This method takes
advantage of having six solar panels covering Philae’s cube-like housing (Figure
6.1). The electric power values of the six panels were sampled on a regular time
basis with an approximate rate of 2 min/sample and delivered as telemetry data
by the on-board computer of Philae [76]. A similar approach is described in [77]
where the aim of those authors is to optimize lander attitude for maximum
exposure to solar radiation.

The descent and the landing of Philae had four distinct phases, characterized
by radically different types of motion. A schedule of events during landing is
shown in Table 6.3, see also [52]. During the first descent phase (time: 08:35:00–
15:34:04), slow, steady rotational motion occurred without precession (rotation
changing the angle between of uz and uK will be called precession). The motion
of the lander during this phase is simple and clearly understood. Solar power
profile measurements during the descent phase serve as a verification of our
method to reconstruct the direction of the radiation. A slight variation of the
rotational motion took place at the time of unfolding the landing gear shortly
after separation from Rosetta, which will also be discussed briefly. The angular
velocity changed abruptly upon the first touchdown (TD1) at time 15:34:04. De-
spite energy absorption of the landing gear, the failure of the anchoring devices
allowed the initiation of fast rotational motion with a large precessional compo-
nent. Another important effect was the automatic shut-down of the stabilizing
gyroscope after TD1. The gyroscope gradually slowed down during the next 42
minutes due to internal friction, which triggered accelerating rotational motion
of the lander itself because of the conservation of angular momentum. A second
abrupt change of rotational dynamics took place at 16:20 when the lander is
suspected to hit a crater rim on the comet (event C1). There is limited amount
of solar panel power data for the time after C1, and thus we rely primarily on the
statistical analysis of simulation results with a variety of possible initial condi-
tions to infer what may have happened with the spacecraft. Our results predict
further increase of the precessional component, which dominated the rotational
motion, implying that any part of the lander, including solar panels may have
hit the comet surface at the time of the second touchdown at 17:25:26. After
TD2, a short period of additional motion was followed by coming to rest at the
final parking position in a rocky wedge, nevertheless with its legs touching the
comet surface.

The rest of the chapter is structured as follows. In Section 6.2, we introduce
the methods of the analysis, including the reconstruction of the sun directions,
the mechanical model of the lander and several distance metrics used for com-
paring measurements with simulation results. In Section 6.3, the main results
of the analysis are presented. In particular, we verify the reconstruction method
of Sun orbits (Section 6.3.1) using data of the descent phase; we estimate the
angular velocity of the lander after TD1, with emphasis on initial values imme-
diately after TD1, and the amplitude of precession (Section 6.3.2); and finally,
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Table 6.3: Schedule of events during the landing of Philae

08:35:00 separation from Rosetta
08:45-08:50 gradual unfolding of landing gear
15:34:04 first touchdown; gyroscope turned off (TD1)
16:20:00 collision with crater rim (C1)
17:25:26 second touchdown (TD2)
17:31:17 reaching final resting position

we analyse the possible effects of the collision at 16:20 (Section 6.3.2). The
chapter is closed by brief concluding remarks.

6.2 Methods of analysis

6.2.1 Reconstructing the directions of the Sun
If solar panel k is not shadowed by any obstacle, the electrical power produced
by the panel can be expressed as

Pk = σ0 · Ck · Ek ·D−2 ·max(0,nTk s) (6.1)

where σ0 is a constant; symbol T denotes transpose; Ck is the number of solar
cells in panel k. In particular C1, ...C6 are 254, 162, 162, 162, 254 and 230,
respectively. Ek is the overall efficiency of panel k and the converter linked to
it. D is the distance of the Sun from the lander; nk is the unit normal vector of
panel k (Figure 6.2). Specifically, n1 = (0, 1, 0)T , n2 = (2−1/2, 2−1/2, 0)T , n3 =
(1, 0, 0)T , n4 = (2−1/2,−2−1/2, 0)T , n5 = (0,−1, 0)T , n6 = (0, 0, 1)T . Vector
s is a unit vector pointing towards the Sun. The product D−2 max(0,nTk s)
determines the intensity of the incoming solar radiation. If nTk s < 0, then
radiation comes from behind the panel, i.e. it is shadowed.

Ek in general depends on incoming solar power and temperature. At rela-
tively low solar powers at heliocentric distance of 3 Astronomical Units (AU),
where Philae’s landing took place, these effects are negligible. Additionally, Ek
is influenced by the rate of degradation of the panel due to exposure to gamma
radiation, nevertheless this has little effect during the relatively short time of
the landing. Accordingly, we assume that Ek is constant and equal for all k.
Under these simplifying assumptions, we obtain

Pk = σ · Ck max(0,nTk s(t)) (6.2)

where σ is a constant. The exact value of σ in (6.2) depends sensitively on the
characteristics of components of the power subsystem, environmental parame-
ters and the time history of the lander and thus we do not attempt to directly
determine it. Instead, we define the normalized solar power distribution vector

P s(s) =
(P1 P2 P3 P4 P5 P6)T

||(P1 P2 P3 P4 P5 P6)T || (6.3)

which does not depend on σ. The unknown vector s is reconstructed by numer-
ical minimization of the error function

∆(s) = ||P s(s)− Pmeasured|| (6.4)
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where Pmeasured is a solar power distribution vector obtained from in-situ mea-
surements. Successful reconstruction requires at least 2 independent constraints,
for which at least 3 panels have to be illuminated. It is also necessary that panel
6 is among the illuminated panels because n1, n2,...,n5 are all in the x−y plane
of the reference frame of Figure 6.2 attached to the main body of the lander
(from now on: lander frame), and thus the relative values of P1,...,P5 are inde-
pendent of the z coordinate of s. Hence, successful reconstruction of the Sun
is not possible unless the Sun is ’above’ the lander, i.e. s has a positive z com-
ponent in the lander frame. If there are more than 3 illuminated panels, then
the data are over-constraining and ∆ indicates the degree of self-inconsistency.
Thus, ∆ can be used to estimate the reliability of the reconstruction method.

Whenever the Sun is in a specific sector of space at lower altitudes ’behind’
the lander (in the direction of the negative x axis), a part of panel 6 becomes
shadowed out by mechanical components mounted on the lander. This will
result in a reduced value of P6. The dependence of the output power on the
number of shadowed cells is quite dramatic, which makes the reconstruction
of the Sun direction vector in these ranges inaccurate. In order to avoid false
reconstructions, we discarded all measurements in which panels 3 and 5 were
simultaneously shadowed (which includes all directions prone to the shadowing
effect).

The results of the reconstruction are presented as a supplemental table in the
appendix. Relatively large ∆ error values (in the range of 0.1-0.2) occur for data
points measured before the deployment of the legs and for data points measured
after coming to rest. These error values are attributed to unmodelled shadowing
effects. For the rest of the data points, the mean value of ∆(s) is 0.015, and
the highest value is 0.07, which indicates a fairly reliable reconstruction. More
tests of reliability will be conducted in Section 6.3.1.

The graphs of reconstructed directions of the Sun are depicted in Figure 6.3,
from lander separation through the multiple bouncing events over the comet
until after reaching a still-stand and the final parking site. Adjacent points of
the diagrams are connected by a dotted line for better visibility. Points where the
reconstruction was unsuccessful were filtered out upon producing these graphs.
Events of the landing process are marked in the figure. The changes of the
rotational dynamics at the events are striking. We also show reconstructed
directions of the Sun in Figure 6.4 during different phases of the motion.

6.2.2 The mechanical model of Philae
The mechanical model we use for determining the rotation of Philae will com-
prise of 2 bodies. One represents the frame of the lander and nearly all of the
equipment, and is comparable to B of the starting model. The other represents
the gyroscope inside the lander, and is attached to B in such a way that it’s axis
of rotation is parallel with uz (Figure 6.2). Since the purpose of the gyroscope
is to influence (stabilize) the motion of B, we can not neglect it as we did in
case of the attached oscillator in Chapter 5. In order to get the equations of
motion, we need the following notation: Let θ2

2 refer to the mass moment of
inertia tensor of the gyroscope with respect to its center of mass, and θ0

0 denote
the mass moment of inertia tensor of the lander and the gyroscope with respect
to their joint center of mass. The mass moment of inertia in lander frame was
estimated by the Philae team of ESA based on a finite element model (Table
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6.2).

Figure 6.3: Top: in-situ measured power profiles of the six solar panels. Bottom:
Reconstructed components of s
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Figure 6.4: Reconstructed directions of the Sun during descent (A), between
TD1 and C1 (B), between C1 and TD2 (C) and after TD2 (D).

Let ω(t) denote the angular velocity of the main body relative to an inertial
reference frame (solar frame). Furthermore, let the angular velocity of the
gyroscope relative to the main body be expressed as wrot(t)uz. During descent,
wrot(t) was kept at a constant level ωrot0 ≈ 865 rad

s by a motor, whereas after
TD1, the gyroscope was running freely and gradually lost its angular velocity
due to a torque Mfuz caused by internal friction.

Equations of continuous motion

During contact-free motion, the rotational dynamics of this system is not af-
fected by significant external torques. The angular accelerations of the two parts
of the lander as functions of Mf (t) can be determined from the conservation of
angular momentum

ω̇ = −
(
θ0

0 − uzuTz θ2
2

)−1 (
ω × θ0

0ω + uz Mf + ω × θ2
2uzωrot

)
(6.5)

ω̇rot = uTz (θ2
2)−1

(
uz Mf − uzuTz θ2

2ω̇
)

(6.6)
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as derived in Appendix C.1.

Figure 6.5: Angular velocity of the gyroscope measured during an in-flight test
(solid line) with fitted exponential function (dashed line).

The frictional torque Mf (t) at the shaft of the gyroscope can be deduced
from the wrot(t) function measured during an in-flight test for fly-wheel charac-
terisation and received as part of Philae telemetry data (Figure 6.5). We have
fitted an exponential function w̄(t) = c1e

c2t + c3 to the decaying part of the
wrot(t) diagram, yielding c1 = 1271, c2 = −0.0004643, c3 = −388.9 (dashed line
in Figure 6.5). Exponential functions of this form satisfy the identity

d

dt
w̄(t) = − (c2c3 − c2w̄(t)) (6.7)

From this formula, we deduce an empirical law of sliding friction:

Mf = −sign(ωrot) · (µ0 + µ1 |wrot|) if ωrot 6= 0 (6.8)

with µ0 = c2c3θ
2
2,zz = 1.0 · 10−3 and µ1 = −c2θ2

2,zz = 2.68 · 10−6 where θ2
2,zz is

the principal moment of inertia of the gyroscope about the uz axis (see Table
6.2). In the spirit of Coulomb’s classical friction law, we assume the following
extension for the case of an immobile gyroscope: ω̇rot = 0 and |Mf | < µ0 or

Mf = −µ0 and ω̇rot > 0 or
Mf = µ0 and ω̇rot < 0

 if ωrot = 0. (6.9)

The implicit formula (6.9) always determinesMf and ω̇rot uniquely, i.e. exactly
one of the 3 cases yields a consistent solution.

The present work focuses on measured and simulated trajectories of the Sun
in lander frame. We continue using symbol uz for directions reconstructed
from measurements, and introduce the unit vector s(t) = (sx(t); sy(t); sz(t))

T

96



CHAPTER 6. COLLISION-INDUCED MOTION OF A RIGID BODY AND
AN ATTACHED GYROSCOPE

denoting the time-dependent direction of the Sun in simulations expressed in
lander frame. Owing to the great distance of the lander from the Sun, the
direction of the Sun from Philae can be considered constant in solar frame. In
lander frame, the Sun appears to rotate according to the kinematic relation

ṡ(t) = −ω(t)× s(t). (6.10)

Equations (6.5)–(6.10) together form a system of ordinary differential equa-
tions, which has been simulated numerically in MatLab environment using the
ODE solver ode113 forward and also backward in time from given initial con-
ditions.

Discrete dynamics

Our analysis includes simulations of the collision C1 of the lander to the comet
surface, for which the following simplified model has been used. Let ζ denote
the impulse transferred by the ground to the lander at the point of collision.
We will assume that the point of collision is the endpoint of one of the legs,
with position vector ri where i = 1, 2 or 3 (Figure 6.2, Table 6.1). Let δω and
δv denote the jumps in its angular velocity and in the velocity of its center of
mass.

The impact process is modelled by an instantaneous event, during which the
contact force is large, and the effect of all forces other than ζ is negligible. It
is assumed that the effect of Mf is also negligible. With these assumptions, we
can write a discrete-time analogue of (6.5)

δω =
(
θ0

0 − uzuTz θ2
2

)−1
(ri × ζ) . (6.11)

in which the cross-product terms of (6.5) are omitted as their effect is neg-
ligible during the infinitesimally short duration of the impact. Similarly the
conservation of linear momentum yields:

δv =
1

m
ζ, (6.12)

where m is the mass of the lander. The impulse ζ is determined from the
assumption of an inelastic, sticking impact, wherein the velocity of the contact
point becomes 0:

(ω + δω)× ri + v + δv = 0 (6.13)

Eq. (6.11) – (6.13) form a system of linear equations, which can be solved
for ζ, δω and δv. The last step of resolving the impact is to determine the
instantaneous jump δωrot of the angular velocity of the gyroscope from the
discrete-time analogue of (6.6):

δωrot = −uTz δω (6.14)

by which the post-impact dynamic state of the lander becomes fully known.
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6.2.3 Comparison of simulated and measured sun loca-
tions

In what follows, we define two metrics of the distance between the simulation re-
sults, and the array of measured Sun locations. These metrics will be minimized
in order to identify those initial conditions of the simulation, which provide the
best fit to measured data.

Direct fitting

The natural goal of data fitting is to look for a simulated trajectory going
through the measured locations of the Sun at the times of the measurements.
This approach corresponds to minimization of the error function

EDF =
1

2
mean(1− s(ti)Tsi), (6.15)

where the unit vector si denotes the i-th reconstructed Sun location at time
ti and s(ti) is the simulated Sun location at the same time. The EDF metric
becomes zero in the case of a perfect fit, and its theoretical maximum value is
1. We make use of the EDF metric for trajectory reconstruction before TD1.
During this period, the motion of the lander is a precession-free rotation about
its z axis and angular velocities can be reconstructed accurately using trajectory
fitting (see Subsection 6.3.1).

The metric EDF has a fundamental drawback when applied to trajectory
reconstruction of combined rotational and precessional motion after TD1: it
appears extremely sensitive to variations of system parameters (mass moments
of inertia, friction law) and initial values of motion (ω, ωrot) The sensitivity is
a consequence of the low sampling rates (one measurement per 2 minutes) and
the long time window (45 minutes between TD1 and the next collision), because
small perturbations of model parameters change the frequency of rotation and
precession to some extent, which leads to the accumulation of large phase shifts
during a long time window. This effect causes large variations in EDF . The
sensitivity is illustrated by the complex shape of the diagrams of EDF versus
parameters and initial condition in Figure 6.6. The data of the figure are based
on simulated trajectories of length 45 minutes, in which the initial direction
of the Sun was (0.569; 0.1959; 0.7986)T , and the initial angular velocity of the
gyroscope was ωrot = 865 rad/s as in previous simulations. In the first case,
two components of the initial angular velocity were systematically varied in the
ranges ωx ∈ [0.55 ...0.6], ωy ∈ [−0.33 ...− 0.3] while ωz = 0.3 was kept constant.
In the second case, we used the initial condition ω = (0.55;−0.35; 0.3)T while
the friction parameter µ0 was varied in µ0 ∈ [1.1 ...2.1]·10−3 and one component
of the mass moment of inertia tensor was varied in θxx ∈ [12.6 ...13.9]. For all
other parameters, the estimated values given in previous parts of the Chapter
have been used.

The reasons highlighted above make this metric unsuitable for the recon-
struction of complex trajectories with precession after TD1. For this purpose,
a second metric is developed.
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Figure 6.6: Dependence of EDF on initial angular velocities (left) and on pa-
rameter µ0 of the friction model and on a component of the mass moment of
inertia tensor (right).

Fitting the probability distribution of z coordinates

The second metric is based on comparing probability density functions (PDF)
of the sz coordinate of the Sun with the histogram of measured values of sz. We
have seen that the PDFs of the sx and sy coordinates bear little information as
they are determined largely by the fast rotation around the z axis. Nevertheless
the PDF of the sz coordinate reflects the precessional component of the motion,
which is in the focus of our interest. Comparing PDFs instead of the sz(t)
functions themselves has the advantage of being less sensitive to small errors
in model parameters and initial conditions. As we have pointed out earlier,
the root of the sensitivity is at the accumulating phase-shifts of rotational and
precessional motion, and the PDFs of the location of the Sun are not affected
by such phase shifts. We have also found in Section 6.2.2 that the amplitude of
oscillation of sz(t) does not change significantly as the gyroscope slows down.
Hence an inaccurate model of friction between the main body of the lander and
the gyroscope does not alter the PDF of sz significantly.

Figure 6.7: Histograms of rz. The corresponding simulations are shonwn in
Figure 6.8

We use the Earth Mover’s Distance, or EMD [78, 79, 80] (also known as
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Figure 6.8: Trajectories of the endpoint of r(t) (top) and the three components
of r(t) during simulated motion of the Sun in lander frame.
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Wasserstein-metric or Mallows-distance) as a metric of distance between mea-
sured and simulated distributions. In the case of one dimensional distributions,
the EMD can be calculated as

EMD =
1

2

∫ 1

−1

|Cr(z)− Cs(z)| dz, (6.16)

where Cr and Cs stand for the cumulative distribution of reconstructed and
simulated z coordinates of the Sun respectively. The theoretical minimum value
of the EMD is 0 (if the two distributions are identical), while the theoretical
maximum is 1.

The equation (6.16) takes continuous distributions as inputs. Nevertheless
the measured data are discrete, and the simulated data are also discretized using
a sufficiently dense sampling of trajectories over time. Discrete distributions can
be represented by the Dirac delta function, which enables us to evaluate (6.16).

In order to obtain accurate results, our EMD-based metric takes into account
the fact that not all directions of the Sun can be reconstructed from solar panel
power data. Hence, the probability distribution functions of the simulation
are generated only from those portions of the simulated trajectories, for which
reconstruction is possible.

The EMD was determined in a series of numerical simulations. The simula-
tion is assumed to start at the time of solar panel power measurement number
214 (the first one after TD1), for which the reconstructed direction of the Sun is
s = (0.5690; 0.1959; 0.7986)T . The components ωx, and ωy of the initial angular
velocities were systematically varied within the interval [−0.5...1], and ωz was
varied in [−0.3...0.3] with step sizes of 0.015 [rad/s] in all directions . For other
initial conditions and parameter values, see previous section. The minimum
value of the EMD is 0.0326, which indicates a reasonably good fit. Nevertheless
the EMD does not have a characteristic minimum point, but it takes values
close to its minimum along four lines. Figure 6.9 shows points in R3 where

EMD(ω) < 1.1 · EMDmin. (6.17)

Straight lines have been fitted to these points by minimizing the sum of
Euclidean distances from the lines to the points. This gave the lines (with
λi ∈ R):

L1 : = (0.5148; 0.3102; 0.1391)T + λ1(0.6797; 0.4305; 0.5939)T (6.18)

L2 : = (−0.2116; 0.5308; 0.1185)T + λ2(−0.2908; 0.7447; 0.6007)T (6.19)

L3 : = (−0.2141; 0.0559; 0.0000)T + λ3(−0.5761; 0.1806; 0.7972)T (6.20)

L4 : = (0.2247;−0.1044; 0.0366)T + λ4(0.5398;−0.2442; 0.8056)T (6.21)

The constant 1.1 was chosen by trial and error to include a reasonable number
of points, which nevertheless occupy a small portion of parameter space. We
believe that the existence of minimum lines can be explained by the fact that
typical distributions of sz have similar shapes to one another with 2 distinct
peaks. Such distributions can be characterized by two scalar parameters, for
example by the locations of the two peaks, or by the mean and the standard
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Figure 6.9: Initial values of the angular velocity for which the motion satisfies
(6.17), with fitted straight lines. Points qi,j are defined in Section 6.3.2.

deviation of the distribution. In this situation, a good fit of the simulated
distribution requires that two constraints are satisfied, which results in a one-
dimensional solution set in 3D space. Having a one-dimensional set of optima
has fundamental consequences for our analysis based on fitting statistical dis-
tributions. We are not able to identify the trajectory of the lander, nevertheless
the analysis provides a one-dimensional set of solution candidates.

6.3 Inferences for the motion of Philae

6.3.1 Before TD1
The motion of the lander before TD1 is well understood: the lander performed
slow rotation around the z axis without significant precession. The gyroscope
was kept at roughly (but not perfectly) constant rate of rotation, i.e. the internal
friction was compensated by a motor. Our motivation for comparing simulations
and measurements during this period is to verify that the Sun reconstruction
method of Section 6.2.3 yields fairly accurate results.

The measured sz values tend to be near 0.8 during the first few measure-
ments, and around 0.6 thereafter (Figure 6.3). The constant sz value during
most of the time is the consequence of pure rotation about the z axis, whereas
initial variations of the measured z coordinates is caused by the deployment of
the legs shortly after the release of Philae. In the closed position of the legs,
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Figure 6.10: Evaluation of EDF (ω̄(t)), as function of ω0

some of the solar panels are partially shadowed, which alters the results of re-
construction. High values of the ∆ error function (see supplementary dataset)
also indicate the disturbing effect of the legs during the initial period of motion.
Because of this unmodelled effect, we concentrate on the motion after the de-
ployment of the legs. The timespan of the studied motion was about six and a
half hours ending with measurement number 213.

The angular velocity of the lander is assumed to be ω(t) = (0; 0; ω̄(t))T

where the nearly constant function ¯ω(t) is approximated by the polynomial
ω̄(t) = ω3t

3 + ω2t
2 + ω1t+ ω0 (t measured in units of s and ω̄(t) in rad/s). The

time t = 0 corresponds to the time of the first measurement after deployment
of the legs (08:50:30 time UTC, measurement number 13). The coefficients ωi
have been optimized numerically for a minimum value of metric EDF . A well-
defined, unique optimum has been found at ω0 = 0.01216, ω1 = 5.161 · 10−8,
ω2 = −3.189 · 10−12, ω3 = 3.013 · 10−17. This is illustrated by Figure 6.10
where ω0 is varied while ω1 and ω2 were kept constant. The minimum value of
EDF = 0.0028 indicates a very good fit. In Figure 6.11, empty circle markers
show reconstructed Sun directions, and filled circles show the corresponding
points in simulation. The two sets of points are fairly close to one another.
The points marked by + are simulated locations of the Sun at those instants,
when solar power measurements did not allow the reconstruction, because the
Sun was behind the lander. Indeed the corresponding simulated points are also
behind the lander.

The reconstructed angular velocity varies in the range of 0.01216...0.01224
rad/s during the descent phase, which matches well with the constant value
0.0123 rad/s estimated from the ROMAP sensor on-board Philae [54].
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Figure 6.11: Comparison of simulated (•,+) and measured (◦) Sun locations
after trajectory fitting.

6.3.2 Between TD1 and C1
The ground reaction forces of TD1 increased the angular velocity of the lander
abruptly. Even though the dampers in the legs absorbed over 90% of the kinetic
energy, the motion did not stop completely. In particular, a faster rotation
accompanied by precession emerged.

The two most interesting questions about the lander’s motion are the mag-
nitude of the angular velocity, and the amplitudes of precession and nutation.
To find the angular velocity immediately after TD1, we made use of the one-
dimensional set of candidate values for the angular velocity at the time of the
first solar panel measurement after TD1, as described in Section 6.2.3. These
angular velocities have been used as initial conditions of numerical simulation
backward in time until the time of TD1. The result (Figure 6.12) is another set
of four curves (L′1,...,L′4). An interesting property of these curves is that they
are distant from the origin. In particular, our analysis predicts that the angular
velocity after TD1 was at least 0.18 rad/s.

The presence of precessional motion is clear from the results of parameter
fitting: these show that the z coordinate of the Sun oscillated roughly in the
range of (10o...80o). Nevertheless, due to the complex 3D rotational motion of
the lander, it is not immediately clear, how the size of this interval is related to
the character of the precessional and nutational motion. In order to obtain more
information about the motion, we have calculated numerically the angle between
ω(t) and the z axis (Figure 6.13) for two initial angular velocities along each
of the four lines in Figure 6.9. These points are marked by labels q1,1, ..., q4,2

(with qi,j ∈ Li) in Figure 6.9. Angles distinct from zero indicate precessional
motion. The decreasing trend of the functions is caused by the increasing rate
of rotation about the z axis. The fast oscillations of amplitude 0.05..0.1 rad in
the functions are the fingerprints of the nutational component of the motion.

Perhaps the most important question about the precessional motion is the
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Figure 6.12: Possible angular velocities at the time of TD1 in units of rad/s

amplitude of the oscillation of the z axis of the lander in the global frame of
reference, which has a major effect on the probability of hitting the ground
with the main body of the lander instead of the legs. We have determined the
amplitude of oscillation of the z axis for all initial conditions along the four lines
of Figure 6.9, see Figure 6.14. The amplitude was defined by the formula

ϑ = π−1 arccos

(
min
t>t0

(uTz (t0)uz(t))

)
(6.22)

where uz is a unit vector in the lander z direction, and t0 is the starting time of
the simulation, while t is arbitrary time afterwards. Notice that ϑ = 0 if there is
no precession and ϑ reaches its theoretical maximum value 1 if the direction of
lander z axis is fully reversed during the motion. As the figure shows, there are
initial conditions, for which ϑ is well below 1/2. These low values suggest that
the lander had its legs pointing towards the local comet surface at all times after
TD1 (provided the surface was not very rough in that area). This is important
as it suggests that the lander may have hit an obstacle with one of its legs
(rather than with its main body) upon event C1. Nevertheless, we have found ϑ
values slightly greater than 1/2 in other ranges of the initial conditions, which
means that a stronger destabilization of the lander after TD1 is also possible.
These results seem to be consistent with [50], which simulated the touchdown
process TD1 and found that the characteristics of precessional motion of the
lander depends on lateral forces between the ground and the feet and it cannot
be reconstructed from available data.
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Figure 6.13: Angle between ω and the lander z axis after TD1 for 8 different
initial conditions.

6.3.3 Between C1 and TD2
The collision event C1 again changed the motion of the lander abruptly. For
the time interval between C1 and TD2, there are only 19 available solar panel
measurements. These measurements show that the amplitude of oscillation of
the z coordinate of the Sun increased and it often took negative values, for
which the direction of the Sun is not reconstructible from measurements.

Nevertheless the amount of measured data is clearly insufficient for param-
eter fitting. Hence, we rely on numerical simulations to infer what may have
happened. To this end, 400 random candidate angular velocities from Figure
6.9 have been picked and simulated forward until C1. The simulation yields
possible values of lander attitude and angular velocity at the time of C1. An
estimated value v = 0.2355 m/s of the velocity of translational motion during
this phase of motion was obtained from the fact that Philae travelled about 650
meters along the surface of the comet in 46 minutes [81]. The direction of the
velocity vector was chosen randomly with the condition that its z coordinate
(in lander frame) was negative. It is not known, which part of the lander may
have touched the ground during C1, hence the endpoint of one of the three legs
was chosen randomly, and the outcome of a collision was calculated for all 400
scenarios using the impact model of Section 6.2.2. As the comet’s rotational
period is 12 hours and the targeted area is relatively flat (based on photographs
taken by Rosetta), the motion of the comet with respect to the solar frame has
been neglected in these estimates.
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After finding post-impact angular velocities, the rotational motion of the
lander was simulated forward in time for another 65 minutes (time interval
between C1 and TD2). Solid bars in Figure 6.15 shows the overall PDF of rz.
These result suggest that the z coordinate of the Sun may have reached all parts
of the (−1, 1) interval. In other words, the direction of the lander z axis probably
lost its relative steadiness in solar frame. This was a dangerous situation for the
success of landing for two reasons. First, any part of the lander (including legs
or body) may have hit the ground upon TD2, which posed the solar panels to
a risk of injury. Indeed, it was verified after Philae wake-up from hibernation
that none of the solar panels was damaged during the multiple touch-down
and bouncing phases. Second, the lander was at the risk of coming to rest upon
some of the solar panels, with its legs losing contact. Such an unwanted situation
could have blocked communication with Rosetta because the radio antenna of
Philae had a visibility cone with opening angle 2

3π pointing towards the positive
z axis.

The loss of stability upon C1 can be explained as follows: the gyroscope had
stopped due to being turned off upon TD1 and its angular momentum had been
transferred to the lander body. The main consequence of the rotation of the
lander body was the possibility of a high-velocity impact with the ground: while
the translational velocity of the lander was only v ≈ 0.02 m/s, the endpoints
of the legs could move by as much as v + |li||ω| ≈ 0.56 m/s where |ω| ≈ 0.33
rad/s is a crude estimation of angular velocity at C1. In order to obtain a
picture of the contribution of rotational motion to the destabilization of the
lander, we repeated the analysis of the motion after C1 with the assumption
that the gyroscope continued to rotate at a constant rate after TD1. The
result of these simulations have been added to Figure 6.15 as a thin curve.
It is noticeable that the rz coordinate of the Sun never decreased below −0.5,
(and rarely went below −0.2) i.e. the degree of destabilization of the lander z
axis was less dramatic. While this is clearly an advantageous effect, it has the
consequence that the gyroscope must be turned off after reaching final resting
position, which brings additional risk of destabilization. When the gyroscope is
finally turned off, our friction model (6.8) predicts a frictional torque of order
Mf ≈ 3.31 10−3 Nm, which could be balanced by frictional forces at the three
legs of order F = Mf/

∑ |li| ≈ 6.63 10−4 N. Given that the weight of the lander
in the gravitational field of the comet is only 100 kg ·10−3 m/s2 = 10−1 N, a
friction coefficient of at least µc ≈ 0.02 would have been necessary to prevent
the initiation of sliding motion along the surface. This amount of friction would
have been most likely available. Our calculation indicates that the alternative
strategy of keeping the gyroscope active until the lander has been confirmed to
become immobile is worth considering in future missions.

6.3.4 After TD2
The lander stopped shortly after TD2 in a rocky wedge, where the local terrain
strongly influenced the exposure of solar panels to illumination. In lack of a
detailed model of the local terrain, we do not attempt to reconstruct the attitude
of the lander. Nevertheless we briefly discuss an interesting observation about
illumination patterns.

In addition to looking at ∆, there is another way to identify inconsistency
of power profile data. Due to the geometric arrangement of solar panels, some
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Figure 6.15: Normalized histograms of the z coordinate of the Sun with the
gyroscope switched off (solid bars) and with gyroscope running at constant
velocity (thin line).

combinations of the six panels being illuminated are not possible. All power
data measured before TD2 are self-consistent, but there are several examples of
inconsistency after TD2 in the form of illumination patterns (2-3-6), (2-3) and
(2). Interestingly, all of these patterns would become self-consistent with the
addition of panel 1, and this is the only way of making all patterns consistent
by adding only a single panel. There are two straightforward explanations for
the observed patterns: panel 1 being damaged or being shadowed by the local
terrain in such a large extent that no measurable power was produced.

The Philae control team decided to rotate the lander prior to entering the
hibernation phase in such a way that panel 1 was exposed to the Sun instead
of the smaller panel 2. In the view of this observation they made a risky deci-
sion. Nevertheless solar panel power data measured after Philae wake-up from
hibernation confirmed the correct operation of panel 1 and the improvement in
exposure to solar radiation due to the rotational manoeuvre.

6.4 Conclusions
In this Chapter we used measurements of solar panel power profiles as subsets
of Philae’s on-board measured telemetry data packages to reconstruct the di-
rection of the Sun relative to the lander during its descent and landing, and to
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reconstruct its rotational motion. While the limited amount of measured data
did not allow an exact reconstruction, the set of possible motion trajectories was
narrowed down to a one-dimensional set (subject to some error due to the finite
number of measurements and due to imperfect reconstruction of directions of
the Sun). The magnitude of the angular velocity immediately after TD1 was
found to be at least 0.18 rad/s. The amplitude of precession of the lander was
estimated after TD1 and also after the presumable collision C1 with a crater
rim. It was demonstrated that there was a significant chance of an upside down
final resting pose. However it become clear from photographs taken immediately
after landing, that resting in an inappropriate pose was luckily avoided by the
lander. We also discussed the possibility of mechanical damage of solar panels
due to an impact. The first analysis of available data indicated that damage of
panel 1 was a realistic scenario, nevertheless data received after wake-up from
hibernation ruled out this possibility.

Finally, we have briefly investigated in Section 6.3.3 the consequences of
a different control strategy of the flywheel. We have found that keeping the
flywheel running until the lander becomes immobile would have improved the
stability of the unplanned tumbling motion, and most likely the postponed
turn-off of the flywheel would have not initiated sliding motion at the final
landing site. Our conclusions suggest that the design of control strategies of the
stabilizing gyroscopes in future missions should take into account the possibility
of erroneous landing scenarios.

This can be summed up in the following principial result:

Principial Result 5. By combining statistical analysis of solar panel power
profiles measured during the unexpected landing of the Philae spacecraft on comet
Churyumov-Gerasimenko with numerical simulation methods,

a) I partially reconstructed the rotational motion of the lander. I demon-
strated that immediately after touchdown the lander had an angular veloc-
ity of at least 0.18 rad/s and that during the tumbling motion, the lander
had a significant risk of falling on its solar panels.

b) I proposed and alternative landing strategy, in which the gyroscope is kept
running until rest has been confirmed. About this alternative strategy I
showed that it reduces the risk of landing on the solar panels of the lan-
der, and that friction on the surface of the asteroid is enough to prevent
unwanted motion after turning off the gyroscope.
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Summary

The thesis presented investigations of collision sequences of rigid bodies and
collision induced dynamics, from theoretical and applicational point of view. In
all cases, the body is assumed to have a finite number of possible contact points
at which it can collide.

The theoretical investigations started with analysis of motion in the absence
of gravity and asking the question weather the a rigid body dropped to the floor
will come to rest (complete chatter) or not. The answer for a single contact
point is trivially "no", but the case of two contact points is more interesting.
The existence of complete chatter (chattering stability) for symmetric rods with
two contact points has been investigated in the past, but only with the restriction
that the initial velocity is pure translation. I relaxed this criterion and gave a
more general condition of Complete Chatter with the help of invariant cones.
In particular:

Principial Result 1 (Theorem 3). I investigated the motion of rigid, reflection
symmetric rods, with endpoints hitting a flat plane nearly simultaneously, in the
absence of external forces. I gave impact map U0 and reflection map P and
showed that the rod possesses chattering stability if and only if the map U0P has
an invariant cone. Furthermore, I determined the exact conditions of complete
chatter in terms of physical parameters and initial states.

The complete chatter of rigid bodies with more than two contact points has
not been investigated before. This subject is more complex, not only because
of the multiple possible impacting order of vertices, but also due to the emer-
gence of simultaneous collisions. Due to uncertainties of the impact models, I
categorized simultaneous collisions as undecidable, leading to the concepts of
partially complete chatter and partial chattering stability. I introduced natural
generalizations of the aforementioned concept of invariant cones including the
concept of effectively invariant cones, which was used to develop conditions of
chattering stability as follows:

Principial Result 2. I investigated the motion of rigid bodies with discrete
n-fold (n ≥ 3) rotational symmetry with more than two co-planar contact points
hitting a flat plane nearly simultaneously, in the absence of external forces and

a) I introduced the concept of an effectively invariant cone, and developed a
numerical algorithm that tests the existence of effectively invariant cones
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associated with a given family of linear operators and cones.

b) I gave a family of matrices {U0R
i} i = {1, 2, . . . , n− 1} representing a

collision and different rotations; and a family of n − 1 cones {Ci} repre-
senting n − 1 geometrical constraints associated with individual elements
of {U0R

i}. Using this, I conjectured (Conjecture 2) that the following
statements are equivalent

(i) the body possesses partial chattering stability

(ii) the dominant eigenvalue of the matrix U0R is real and positive

(iii) the sets {U0R
i}, {Ci} possess an effectively invariant cone

Furthermore, I have proven (Theorem 5) that (iii) implies (i). For the
special case of n = 4, I have also proven (Lemma 8) that (ii) implies (iii).

c) I have also proven (Lemma 4) that partial complete chatter is impossible
if any of the eigenvalues of the matrix U0R

n−1U0R is complex, which
always holds if n > 3. In these cases partial chattering stability implies
chattering stability.

Then, the model was expanded with the effect of gravity, in order to study
the role of collisions in the final part of the motion of Euler’s disc: a mechanical
toy exhibiting the same finite time singularity as a coin spun on a table. While
multiple candidates have been investigated as the dominant energy dissipation
mechanism behind this singularity, collisions were not amongst them.

Principial Result 3. I investigated the dynamics of conceptual models of a
spinning disk taking into account the geometric imperfections of the disk and of
the underlying surface. I demonstrated that both models exhibit motion termi-
nating at a finite-time singularity marked by an infinite accumulation of impacts.
In addition,

a) I found that small geometric imperfections may explain the emergence of
precession during the motion of a spinning disk.

b) For the model representing small geometric imperfections of the disk, I
showed that the effect of gravity remains important during the entire mo-
tion, and the mechanical energy of the disc is bounded by power-law func-
tions of time with exponent c = 2. Hence dissipation through collisions is
not the dominant energy-dissipating mechanism.

c) For the model representing geometric imperfections of the underlying sur-
face, I demonstrated the possibility of motion where the effect of gravity
becomes negligible as the system approaches its singularity, provided that
the ratio of the radius of gyration and the radius of the disc, as well as
the coefficient of restitution are sufficiently small. The energy profile of
the disk during this motion is again bounded by power-law functions, with
exponent c that may be arbitrarily close to 0, meaning dissipation through
collisions can be the dominant energy-dissipating mechanism. However
this scenario requires very low coefficient of restitution in the case of a
homogeneous disk.
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Since the shock protection of portable electronic devices is a relevant ques-
tion for contemporary industry, the next part of the thesis investigated how
dangerous are different collision sequences, compared to each other.

Principial Result 4. I examined the shock suffered by sensitive components
of a portable electronic device, when dropped onto the ground. By modelling
the portable electronic device as a rod and the sensitive component as a damped
linear oscillator attached to it, I have shown that:

a) Components far from the center of the device may suffer from much higher
impact shock than those near the center

b) Low coefficient of restitution is always advantageous for shock protection

c) Small radius of gyration appears to be advantageous when the component
is near the center, but it tends to be disadvantageous if it is far from it.

Finally, I attempted to reconstruct the bouncing motion of the lander unit
(Philae) of the Rosetta mission (ESA) to comet Churyumov-Gerasimenko. This
was motivated by an unexpected landing scenario involving several impacts and
a bouncing phase.

Principial Result 5. By combining statistical analysis of solar panel power
profiles measured during the unexpected landing of the Philae spacecraft on comet
Churyumov-Gerasimenko with numerical simulation methods,

a) I partially reconstructed the rotational motion of the lander. I demon-
strated that immediately after touchdown the lander had an angular veloc-
ity of at least 0.18 rad/s and that during the tumbling motion, the lander
had a significant risk of falling on its solar panels.

b) I proposed and alternative landing strategy, in which the gyroscope is kept
running until rest has been confirmed. About this alternative strategy I
showed that it reduces the risk of landing on the solar panels of the lan-
der, and that friction on the surface of the asteroid is enough to prevent
unwanted motion after turning off the gyroscope.
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Chattering

A.1 Proof of Lemma 3
The four vectors listed in Lemma 3 belong to the cone Cj , because they all
satisfy (3.1), furthermore it is easy to find a pair of points q0 ∈ F0 ∩ F and
qj ∈ Fj ∩ F such that qj − q0 is equal to any of these four vectors. Thus it
suffices to prove that any vector satisfying the conditions of the lemma is inside
Cj .

Because of the conditions q0 ∈ F0 ∩ F and qj ∈ Fj ∩ F , we can write

q0 = δ1m0,1 + δ−1mn−1,0 (A.1)
qj = ε1mj,j+1 + ε−1mj−1,j (A.2)

with δ1, δ−1, ε1, ε−1 ≥ 0, yielding

qj − q0 = ε1mj,j+1 + ε−1mj,j−1−
− δ1m0,1 − δ−1mn−1,0

= ε1(mj,j+1 −m0,1)+

+ ε−1(mj,j−1 −mn−1,0)−
− (δ1 − ε1)m0,1 − (δ−1 − ε−1)mn−1,0

(A.3)

This is a linear combination of the four vectors, which appear in the statement
of the lemma, but the third and fourth coefficients are not necessarily positive.
The constraint (3.1) can be expressed as

δ1 + δ−1 ≥ ε1 + ε−1 (A.4)

which implies that at most one of the coefficients (δ1 − ε1) and (δ−1 − ε−1) in
(A.3) is negative. Hence we have 3 possibilities with respect to the signs of
these coefficients: (δ−1 − ε−1), (δ1 − ε1) ≥ 0 or (δ−1 − ε−1) ≤ 0 ≤ (δ1 − ε1) or
(δ−1 − ε−1) ≥ 0 ≥ (δ1 − ε1).

First case: if (δ−1−ε−1) and (δ1−ε1) ≥ 0; then (A.3) implies that qj−q0 ∈
Cj and thus all vectors p satisfying (3.30) are also in Cj .

Second case: if (δ−1 − ε−1) ≤ 0, then we express mn−1,0 as

mn−1,0 = ν−1mj−1,j + ν1mj,j+1 + ν0m0,1 (A.5)
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where

ν−1 + ν1 + ν0 = 1 | ν−1 ≤ 0; ν0, ν1 ≥ 0 (A.6)

We can rearrange (A.5) as

mn−1,0 = ν−1(mj−1,j −mn−1,0) + ν−1mn−1,0+

+ ν1(mj,j+1 −m0,1) + (ν1 + ν0)m0,1

=
ν−1

1− ν−1
(mj−1,j −mn−1,0)+

+
ν1 + ν0

1− ν−1
m0,1+

+
ν1

1− ν−1
(mj,j+1 −m0,1)

(A.7)

which is then plugged into (A.3) to obtain qj − q0 as a conical combination of
three vectors:

qj − q0 =

 ε1︸︷︷︸
≥0

− (δ−1 − ε−1)︸ ︷︷ ︸
≤0

≥0︷︸︸︷
ν1

1− ν−1︸︷︷︸
≤0

 (mj,j+1 −m0,1)+

+

 ε−1︸︷︷︸
≥0

1

1− ν−1︸︷︷︸
≤0

− δ−1︸︷︷︸
≥0

≤0︷︸︸︷
ν−1

1− ν−1︸︷︷︸
≤0

 (mj,j−1 −mn−1,0)+

+


≥0 by (A.4)︷ ︸︸ ︷

(δ1 − ε1) + (δ−1 − ε−1)
ν1 + ν0

1− ν−1︸ ︷︷ ︸
=1 by (A.6)

 (−m0,1)

All three coefficients are positive, so we conclude that qj −q0 ∈ Cj and thus
all vectors p satisfying (3.30) are also in Cj .

Third case: the proof is completely analogous to the second case.
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Euler’s Disk

B.1 Recap and literature review of the falling rod
problem

There are two approaches by which the motion of a rod was investigated in the
past: one of them neglects the effect of gravity, whereas the other takes it into
account. We have seen in Chapter 3 that CC is not possible in the absence of
gravity unless the eigenvalues of matrix U0P are real and positive (see Section
3.3). This condition can be expressed in terms of ρ and γ as

1− ρ2

1 + ρ2
≥ 2γ1/2

1 + γ
(B.1)

If (B.1) is satisfied, then according to Theorem 3, the motion follows one of the
following two patterns depending on the choice of initial conditions

a) Complete chatter: motion converges asymptotically to a regular pattern
of motion: the two endpoints of the rod hit the ground in alternating
order. Due to the absence of gravity, the generalized velocities remain
constant during episodes of free-flight. Complete chatter occurs if the
initial generalized velocity is inside the maximal invariant cone of U0P .
Recall, that U0 is the matrix describing impact on vertex 0 and P is a
permutation matrix. During the investigation of the motion we applied
some technical steps (change of coordinates and vertex relabelling), which
allowed us to show that the velocity of the rod asymptotically converges
to the dominant eigenvector of U0P , which is inside the invariant cone.
It is possible to pick the initial conditions q0 and p0 such that, the motion
exhibits the following "self-similarity":

pi = βipP
ip0 (B.2)

qi = βiqP
iq0 (B.3)

τi = τ0 (βq/βp)
i (B.4)

where qi and pi are the position and velocity immediately before the
(i+ 1)− th collision and βq and βp are positive real eigenvalues of PU0.
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The duration of the episodes of free flight (τi) decreases exponentially
and thus impacts accumulate at a finite-time singularity after which both
endpoints are in sustained contact with the support surface. If the two
eigenvectors of PU0 are

PU0s = βqs and PU0p0 = βpp0, (B.5)

the starting conditions can be expressed as

p0 = p0 (B.6)

q0 =
βpτ0

βq − βp
p0 −

βpτ0
βq − βp

fT0 p0

fT0 s
s (B.7)

where τ0 parametrizes the family of "self similar" motions.

b) Incomplete chatter: the rod separates from the ground after a finite num-
ber of impacts. This scenario is realized among others for all initial condi-
tions such that the initial velocity of the midpoint of the rod points away
from the support surface.

If condition (B.1) is not satisfied, reaching sustained contact via CC is impossi-
ble and the rod will always undergo ICC.

If the same rod moves under the effect of gravity (and the gravity points
towards the support surface) then its behaviour changes significantly. Long-
term separation from the surface due to ICC becomes impossible due to energy
bounds of the system. The behaviour of the system has been investigated in
[64] and [63], where they found a condition slightly stricter than (B.1):

1− ρ2

1 + ρ2
≥ γ1/3 + γ2/3

1 + γ
(B.8)

If (B.8) is satisfied, then the motion of the rod follows one of the following
scenarios:

c) an infinite sequence of impacts occurs at one endpoint (while the other
endpoint remains separated). This sequence terminates in finite time,
giving rise to sustained contact at one endpoint. Some time later, the
other endpoint hits the ground giving rise to a simultaneous impact at
the two endpoints. As it has been discussed in the Introduction, we lack
reliable models of simultaneous impacts. Hence we treat the outcome of
such an event as undecidable. In contrast, the authors of [64] and [63]
make some a-priori assumptions about simultaneous impacts, and come
to the conclusion that the rod stops immediately after the simultaneous
impact.

d) after some initial transient, the two endpoints hit the ground in alternating
order. The flight times shrink with a fast decay rate such that gravity has
less and less influence on the motion. In addition, motion converges to
the gravity-free, complete chattering sequence described in point a).
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If we have gravity but (B.8) is not satisfied, then it is easy to see that the rod
may not separate from the ground on the long run (due to bounded potential
energy) and the influence of gravity may not become negligible (since this would
imply separation according to [25],[26]). These two observations imply that
the rod undergoes some kind of motion, in which the effect of gravity remains
significant. This form of motion has not been investigated in detail.

From the point of view of our analysis the most interesting task is showing
that the power-law relationship (4.1) applies to the rod and finding the exponent.

kötőszöveg
Nevertheless Lemma 10 is not applicable to any of the scenarios a) and b),

which occur if (B.8) is satisfied.
Scenario c) leads to simultaneous impact, where the lack of a good model

prevents us from detailed analysis. Nevertheless, if we adopt the hypothesis
of other researchers that the rod stops immediately, then this scenario loosely
corresponds to the exponent c = 0.

Scenario d) is convergence to gravity-free complete chattering motion, which
exhibits the self-similarity described by (B.2)-(B.4). Equation (B.2) also implies
that the kinetic energy of the rod decreases exponentially as

Ej = E0β
2j
p (B.9)

whereas the system has no mechanical energy due to the absence of gravity.
Using this observation, it is possible to find the two bounding functions of
(4.1) and the energy exponent for the rod. We do not present details of this
calculation, which is straightforward, and a similar calculation is presented in
Subsection 4.2.4. The result of the calculation is:

crod =
2 log βp

log(βq/βp)
. (B.10)

The actual values of crod in terms of ρ and γ are shown in Fig B.1. We notice
without detailed proof that crod goes to infinity if we approach boundaries of
the region determined by (B.1); it converges to 0 if either γ → 0 or ρ → 0;
furthermore it is equal to 2 whenever there is equality in (B.8).

Hence, we conclude that the energy exponent of the rod can be arbitrarily
close to 0. Next we will examine the motion of a bouncing disk. An analogous
result in that case would mean that energy absorption due to impacts may
become dominant over all previously investigated dissipation mechanisms.

B.2 Explicit expressions for C̄
The map C̄ is composed of three maps. The first one is a linear map corre-
sponding to impact at vertex 0:[

p̄i
q̄i

]
→
[
pia
qia

]
:=

[
U0p̄i
q̄i

]
where U0 is given by (2.44). The second map corresponds to continuous motion
starting at this impact and ending when vertex 1 hits the ground:[

pia
qia

]
→
[
pib
qib

]
:=

[
pia + acontactτi

qia + piaτ + acontactτ
2
i /2

]

120



APPENDIX B. EULER’S DISK

0
.1

2
5

0
.1

2
5

0.125

0
.2

5

0
.2

5

0.25

0
.5

0.5

0.5

1

1

1

2

2

2

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

4

8

8

16

16

64

64

0.5 0.505 0.51 0.515 0.52
0.1

0.102

0.104

0.106

0.108

0.11

equ.(4.9)  c  

equ.(4.9)  c  

Figure B.1: Exponents c of the falling rod, with respect to ρ and γ, in the
absence of gravity.
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where acontact is given by (2.36) and τi ≥ 0 is the duration of motion, which
can be determined from the requirement that vertex 1 hits the ground at the
end of the motion, i.e.

fT1 (qia + piaτi + acontactτ
2
i /2) = 0

This is a second-order equation for τi with exactly one non-negative root. Fi-
nally, the third component of C̄ is the transformation T 1:[

pib
qib

]
→
[
p̄i+1

q̄i+1

]
:= T 1

([
pib
qib

])
These components together yield the expressions (4.32), (4.33).

B.3 Self-similar motion in the absence of gravity
Here it will be shown for arbitrary value of n, that the conditions (4.8) (B.2)
and (B.3) are together equivalent of requiring that βp and βq are both positive,
real, distinct eigenvalues of R−1U0. The equivalence is demonstrated in three
Step 1: Self-similarity implies that βp, βq are eigenvalues:
The self-similarity conditions (B.2) - (B.3) can be expanded as

U0p0 = Rβpp0 (B.11)
q0 +U0τ0p0 = Rβqq0 (B.12)

The first condition can be rearranged as

R−1U0p0 = βpp0, (B.13)

i.e, βp is an eigenvalue and p0 is the corresponding eigenvector of R−1U0. The
second condition can be rearranged to obtain either one of the following two
formulae:

R−1q0 +R−1U0p0τ0 = βqq0 (B.14)

R−1q0 = βqq0 −R−1U0p0τ0, (B.15)

which will be used below. Also, since U0 represents an impact at vertex 0, we
have fT0 x = 0 =⇒ U0x = x for any vector x. We can apply this identity to
q0, since it has been defined as an impacting configuration, see (4.8). Thus

U0q0 = q0. (B.16)

Now we write a simple identity and rearrange it in several steps in which the
equations (B.14),(B.16), (B.15), and (B.13) are used respectively.

(R−1U0)((βp − βq)q0 + βpτ0p0) = βp(R
−1U0)(q0 + τ0p0)− βq(R−1U0)q0

(B.17)

= βpβqq0 − βq(R−1U0)q0 (B.18)

= βq(βpq0 −R−1q0) (B.19)

= βq(βpq0 +R−1U0p0τ0 − βqq0) (B.20)
= βq((βp − βq)q0 + τ0βpp0) (B.21)
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Thus,

(R−1U0)((βp − βq)q0 + βpτ0p0) = βq((βp − βq)q0 + βpτ0p0) (B.22)

which means that βq is also an eigenvalue.
Step 2: Each pair of distinct eigenvalues corresponds to self-similar motion
Let us consider a pair of eigenvalues βp and βq with the corresponding eigen-
vectors being p0 and s. Then, the self-similarity condition (B.2) is trivially
satisfied.

Next, we seek a vector

q0 = εs+ δp0 (B.23)

such that (4.8) and (B.12) hold. To this end we plug (B.23) into (B.12) and
perform some algebraic manipulation:

εs+ δp0 +U0τ0p0 = Rβq(εs+ δp0) (B.24)

R−1(εs+ δp0) +R−1U0τ0p0 = βq(εs+ δp0) (B.25)

R−1U0(εs+ δp0 + τ0p0) = βq(εs+ δp0) (B.26)
εβqs+ δβpp0 + τ0βpp0 = βqεs+ βqδp0 (B.27)

(δβp + τ0βp)p0 = βqδp0 (B.28)
δβp + τ0βp = βqδ (B.29)

δ = βpτ0/(βq − βp) (B.30)

which is a valid solution whenever βp 6= βq.
The condition fTq0 yields:

fT0 (εs+ δp0) = 0 (B.31)

ε = −δfT0 p0/f
T
0 s (B.32)

This formula is valid if fT0 s 6= 0, holds, which is provably always true.Hence we
have found values of δ, ε such that that the resulting value of q0 given by (B.23)
satisfies all conditions.

Step 3: βp and βq have to be distinct.
In step 2, we have given a method to construct the whole self similar system
whenever βp 6= βq holds. Since all β values have to be one of the three eigenval-
ues, this gives us two possible solutions for each βp, p0 pair. It remains to show
that there are no other solutions. In order to do this, we can express q0 as

q0 = (βqR− I)
−1
U0τ0p0 (B.33)

which can be substituted into the impact condition (4.8), giving us

fT0 (βqR− I)
−1
U0τ0p0 = 0 (B.34)

as a way to obtain the value of βq (note how τ0 disappears). Since R is a
rotation matrix, its eigenvalues are a complex conjugate pair z and z̄, and 1.
The expansion of (B.34) in the corresponding base can be manipulated as:

a1

βqz − 1
+

a2

βq z̄ − 1
+

a3

βq − 1
= 0 (B.35)

a1(βq z̄ − 1)(βq − 1) + a2(βqz − 1)(βq − 1) + a3(βqz − 1)(βq z̄ − 1) = 0 (B.36)
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which is a polynomial of degree two (a1, a2 and a3 are possibly complex coef-
ficients). It has exactly two solutions, both of which is given in Step 2. This
completes the proof of the uniqueness of the eigenvalues.
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Philae

C.1 Derivation of the equations of motion
We denote the position vectors of the center of mass of the whole lander, its
main body and the gyroscope by c0, c1 and c2, respectively (Fig. 6.2). In lander
frame, we have c0 = 0. The velocity of the center of mass, the angular velocity
and the angular acceleration of the lander body relative to the world frame are
denoted by v, ω and ε. Similarly for the gyroscope we have: v2, ω2 and ε2.
Let us denote the angular velocity of the gyroscope relative to the lander body,
around axis uz by ωrot, and its angular acceleration by εrot. Then,we have

ω2 = ω + uzωrot (C.1)

v2 = v + ω × c2 (C.2)

Differentiation of (C.1) with respect to time yields

ε2 = ε+ ω × uzωrot + uzεrot.

Furthermore, let θji denote the mass moment of inertia matrix of object
i with respect to the center of mass of object j where i, j = 1 means lander
body, 2 means gyroscope and 0 means the lander as a whole. Let the contact
forces and moments transmitted to the lander body through the bearing of the
gyroscope be lumped into a force F acting at c2 (center of mass of gyroscope)
and a momentM . Note that the z component ofM is identical to the moment
Mf associated with friction.

The Euler equations expressing the conservation of angular momentum for
the lander body and the gyroscope yield

M + c2 × F = ω × θ0
1ω + θ0

1ε (C.3)

−M = ω2 × θ2
2ω2 + θ2

2ε2 (C.4)

whereas Newton’s equation for the gyroscope and (C.2) yield

−F = m2
d

dt
v2 = m2(ω × (ω × c2)) + ε× c2) (C.5)
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because v̇ = 0 in the absence of external forces. Adding up (C.3) and (C.4) and
replacing −F in the expression by the right-hand side of (C.5) gives (after some
rearrangement):

0 = ω × θ0
1ω + θ0

1ε+ ω2 × θ2
2ω2 + θ2

2ε2 +m2c2 × (ω × (ω × c2)) + ε× c2).
(C.6)

Let θ20
2 be defined as

θ20
2 = θ0

2 − θ2
2. (C.7)

The parallel axis theorem states that:

θ20
2 = m2(cT2 c2I3 − c2c

T
2 ) (C.8)

where I3 is the 3 dimensional identity matrix. Using (C.8), one obtains

m2c2 × (ω × (ω × c2)) = ω × θ20
2 ω

and
m2c2 × (ε× c2) = θ20

2 ε

by which (C.6) takes the form

0 = ω × θ0
1ω + θ0

1ε+ ω2 × θ2
2ω2 + θ2

2ε2 + ω × θ20
2 ω + θ20

2 ε. (C.9)

Individual terms on the right hand-side of (C.9)can be expanded (using θ2
2uz ‖

uz) as

ω2 × θ2
2ω2 =ω × θ2

2ω + ω × θ2
2uzωrot+

+ uzωrot × θ2
2ω + uzωrot × θ2

2uzωrot
(C.10)

=ω × θ2
2ω − uzωrot × θ2

2ω + uzωrot × θ2
2ω = ω × θ2

2ω (C.11)

θ2
2ε2 =θ2

2ε+ θ2
2(ω × uzωrot) + θ2

2uzεrot (C.12)

=θ2
2ε+ ω × θ2

2uzωrot + θ2
2uzεrot (C.13)

which transforms (C.9) into

0 =ω × θ0
1ω + θ0

1ε+ ω × θ2
2ω + θ2

2ε+

+ ω × θ2
2uzωrot + θ2

2uzεrot + ω × θ20
2 ω + θ20

2 ε
(C.14)

0 =ω × θ0
0ω + θ0

0ε+ ω × θ2
2uzωrot + θ2

2uzεrot (C.15)

The moment of friction can be expressed as the projection ofM to the uz axis.
With the aid of (C.4), we obtain

Mf = uTz (−M) (C.16)

= uTz (ω2 × θ2
2ω2 + θ2

2ε2) (C.17)

= uTz (ω × θ2
2ω + θ2

2ε+ ω × θ2
2uzωrot + θ2

2uzεrot). (C.18)

Since the gyroscope has cylindrical symmetry about an axis parallel to uz, we
have uTz (ω × θ2

2ω) = 0, and since θ2
2uz ‖ uz, we have
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Mf = uTz θ
2
2ε+ uTz θ

2
2uzεrot. (C.19)

Thereby equations (C.3),(C.4) and (C.5) can be reformulated as

0 =ω × θ0
0ω + θ0

0ω̇ + ω × θ2
2uzωrot + θ2

2uzω̇rot (C.20)

0 =uTz θ
2
2ω̇ + uTz θ

2
2uzω̇rot −Mf . (C.21)

One may multiply (C.21) with uz and use the fact that the diagonal matrices
uzu

T
z and θ2

2 commute, to obtain:

θ2
2uzω̇rot =uZMf − uzuTz θ2

2ω̇. (C.22)

The unknown accelerations ω̇rot and ω̇ can be expressed from equations (C.20)
and (C.22), yielding the equations of motion (6.5) and (6.6).

C.2 Solar power measurements and reconstructed
sun positions

power data time stamp reconstructed n vector error
Psolar[1] Psolar[2] Psolar[3] Psolar[4] Psolar[5] Psolar[6] sx sy sz ∆
0,000 0,000 0,000 0,000 0,000 0,000 8:26:25
0,000 0,000 0,000 0,000 0,000 0,000 8:28:25
0,000 0,000 0,000 0,000 0,000 0,000 8:30:25
0,000 0,000 0,000 0,000 0,000 0,000 8:32:25
0,000 0,000 0,000 0,000 0,000 0,000 8:34:25
1,651 0,669 0,000 0,000 0,000 2,657 8:36:25
0,000 0,968 0,000 2,149 0,229 3,153 8:38:25 0,448 -0,141 0,883 0,128
0,000 0,000 0,000 0,000 0,000 1,493 8:40:25
1,850 2,106 0,000 0,000 0,000 3,346 8:42:30
0,000 0,000 0,539 2,717 1,506 3,103 8:44:30 0,433 -0,443 0,785 0,081
0,000 0,000 0,000 0,000 1,478 1,507 8:46:30
0,000 0,000 0,000 0,000 3,659 1,899 8:48:30
2,607 2,848 2,019 0,000 0,000 3,169 8:50:30 0,574 0,508 0,642 0,014
0,000 0,000 1,994 2,859 2,487 3,304 8:52:30 0,566 -0,489 0,664 0,018
0,000 0,000 0,000 0,000 3,393 2,496 8:54:30
0,000 0,000 0,000 0,000 1,451 1,385 8:56:30
3,721 2,568 0,854 0,000 0,000 3,265 8:58:35 0,279 0,696 0,661 0,011
0,000 0,829 2,791 2,398 0,873 3,088 9:00:35 0,739 -0,206 0,641 0,031
0,000 0,000 0,000 1,089 4,390 3,057 9:02:35 -0,336 -0,747 0,574 0,000
0,000 0,000 0,000 0,000 0,000 1,283 9:04:35
4,503 1,898 0,000 0,000 0,000 3,182 9:06:35
0,000 1,860 2,991 1,571 0,000 3,318 9:08:35 0,755 0,011 0,656 0,023
0,000 0,000 0,000 2,020 4,385 3,321 9:10:35 0,005 -0,768 0,641 0,002
0,000 0,000 0,000 0,000 0,380 1,403 9:12:35
4,175 0,819 0,000 0,000 0,000 2,493 9:14:39
1,097 2,492 2,505 0,591 0,000 3,275 9:16:39 0,683 0,258 0,684 0,031
0,000 0,000 0,997 2,599 4,021 3,122 9:18:39 0,291 -0,728 0,621 0,003
0,000 0,000 0,000 0,000 1,957 1,402 9:20:39
0,000 0,000 0,000 0,000 3,134 1,864 9:22:39
2,493 2,641 1,826 0,000 0,000 3,355 9:24:39 0,534 0,488 0,690 0,012
0,000 0,000 1,899 2,807 2,792 3,457 9:26:39 0,535 -0,510 0,674 0,008
0,000 0,000 0,000 0,000 3,365 2,101 9:28:39
0,000 0,000 0,000 0,000 1,854 1,335 9:30:44
3,785 2,470 1,086 0,000 0,000 3,322 9:32:44 0,307 0,683 0,662 0,000
0,000 0,505 2,496 2,437 1,372 3,208 9:34:44 0,674 -0,301 0,675 0,026
0,000 0,000 0,000 0,646 4,409 2,617 9:36:44 -0,492 -0,728 0,477 0,000
0,000 0,000 0,000 0,000 0,664 1,349 9:38:44
4,328 2,327 0,329 0,000 0,000 3,402 9:40:44 0,104 0,754 0,649 0,005
0,000 1,278 2,821 2,271 0,000 3,479 9:42:44 0,730 -0,047 0,681 0,033
0,000 0,000 0,000 1,431 4,546 3,213 9:44:44 -0,232 -0,767 0,599 0,000
0,000 0,000 0,000 0,000 0,000 1,391 9:46:49
4,319 1,843 0,000 0,000 0,000 3,144 9:48:49
0,000 1,792 3,031 1,586 0,000 3,185 9:50:49 0,768 0,007 0,640 0,025
0,000 0,000 0,000 2,023 4,364 3,316 9:52:49 0,006 -0,767 0,642 0,002
0,000 0,000 0,000 0,000 0,214 1,303 9:54:49
4,323 1,087 0,000 0,000 0,000 2,813 9:56:49
0,548 2,358 2,651 0,787 0,000 3,210 9:58:49 0,717 0,163 0,677 0,039
0,000 0,000 0,573 2,444 4,198 3,221 10:00:49 0,176 -0,754 0,633 0,005
0,000 0,000 0,000 0,000 1,174 1,268 10:02:54
3,963 0,403 0,000 0,000 0,000 2,246 10:04:54
1,736 2,562 2,361 0,183 0,000 3,321 10:06:54 0,621 0,374 0,689 0,029
0,000 0,000 1,382 2,596 3,600 3,292 10:08:54 0,390 -0,648 0,655 0,000
0,000 0,000 0,000 0,000 2,502 1,798 10:10:54
0,000 0,000 0,000 0,000 2,766 1,647 10:12:54
2,936 2,678 1,655 0,000 0,000 3,134 10:14:54 0,510 0,562 0,651 0,007
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power data time stamp reconstructed n vector error
Psolar[1] Psolar[2] Psolar[3] Psolar[4] Psolar[5] Psolar[6] sx sy sz ∆
0,000 0,000 2,056 2,676 2,283 3,141 10:16:54 0,581 -0,474 0,661 0,020
0,000 0,000 0,000 0,126 3,599 2,194 10:18:59 -0,608 -0,659 0,444 0,000
0,000 0,000 0,000 0,000 1,516 1,365 10:20:59
3,823 2,490 0,710 0,000 0,000 3,187 10:22:59 0,237 0,721 0,652 0,010
0,000 0,767 2,573 2,322 0,795 3,333 10:24:59 0,692 -0,195 0,695 0,030
0,000 0,000 0,000 0,973 4,370 3,004 10:26:59 -0,374 -0,739 0,561 0,000
0,000 0,000 0,000 0,000 0,000 1,314 10:28:59
4,681 1,846 0,000 0,000 0,000 3,088 10:30:59
0,000 1,631 3,006 1,693 0,000 3,107 10:32:59 0,773 0,000 0,634 0,025
0,000 0,000 0,000 1,776 4,590 3,223 10:35:06 -0,112 -0,785 0,609 0,000
0,000 0,000 0,000 0,000 0,000 1,244 10:37:06
4,394 1,148 0,000 0,000 0,000 2,831 10:39:06
0,560 2,155 2,548 0,869 0,000 3,179 10:41:06 0,709 0,152 0,688 0,031
0,000 0,000 0,660 2,400 4,256 3,160 10:43:06 0,186 -0,760 0,623 0,000
0,000 0,000 0,000 0,000 1,262 1,342 10:45:06
3,803 0,277 0,000 0,000 0,000 2,113 10:47:06
2,068 2,805 2,239 0,000 0,000 3,213 10:49:06 0,605 0,442 0,662 0,030
0,000 0,000 1,462 2,417 3,460 3,230 10:51:10 0,404 -0,632 0,661 0,006
0,000 0,000 0,000 0,000 2,660 1,844 10:53:10
0,000 0,000 0,000 0,000 2,504 1,495 10:55:10
3,375 2,604 1,466 0,000 0,000 3,271 10:57:10 0,425 0,619 0,660 0,002
0,000 0,238 2,241 2,468 1,765 3,152 10:59:10 0,626 -0,383 0,679 0,023
0,000 0,000 0,000 0,346 4,042 2,430 11:01:10 -0,559 -0,691 0,458 0,000
0,000 0,000 0,000 0,000 0,918 1,284 11:03:10
4,303 2,330 0,474 0,000 0,000 3,103 11:05:10 0,139 0,776 0,616 0,002
0,000 1,139 2,702 2,075 0,320 3,207 11:07:14 0,733 -0,093 0,674 0,027
0,000 0,000 0,000 1,332 4,500 3,106 11:09:14 -0,264 -0,767 0,585 0,000
0,000 0,000 0,000 0,000 0,000 1,368 11:11:14
4,533 1,632 0,000 0,000 0,000 3,158 11:13:14
0,000 1,709 2,896 1,402 0,000 3,003 11:15:14 0,767 0,012 0,642 0,030
0,000 0,000 0,000 2,019 4,390 3,116 11:17:14 0,004 -0,788 0,616 0,002
0,000 0,000 0,000 0,000 0,292 1,225 11:19:14
4,425 0,811 0,000 0,000 0,000 2,530 11:21:14
0,835 2,361 2,461 0,633 0,000 3,330 11:23:19 0,675 0,214 0,706 0,034
0,000 0,000 0,766 2,448 4,012 3,137 11:25:19 0,231 -0,738 0,634 0,004
0,000 0,000 0,000 0,000 1,667 1,426 11:27:19
0,000 0,000 0,000 0,000 3,495 2,020 11:29:19
2,438 2,674 2,107 0,000 0,000 3,183 11:31:19 0,578 0,485 0,657 0,016
0,000 0,000 1,746 2,442 2,979 3,225 11:33:19 0,498 -0,552 0,669 0,005
0,000 0,000 0,000 0,000 3,029 1,936 11:35:19
0,000 0,000 0,000 0,000 2,399 1,513 11:37:19
3,596 2,547 1,258 0,000 0,000 3,053 11:39:25 0,375 0,677 0,633 0,001
0,000 0,248 2,231 2,620 1,793 3,139 11:41:25 0,633 -0,391 0,668 0,024
0,000 0,000 0,000 0,385 4,053 2,552 11:43:25 -0,544 -0,689 0,479 0,000
0,000 0,000 0,000 0,000 0,933 1,316 11:45:25
4,292 2,292 0,461 0,000 0,000 3,175 11:47:25 0,132 0,768 0,626 0,001
0,000 1,029 2,686 2,085 0,350 3,176 11:49:25 0,729 -0,106 0,676 0,031
0,000 0,000 0,000 1,192 4,404 3,253 11:51:25 -0,296 -0,740 0,604 0,000
0,000 0,000 0,000 0,000 0,000 1,312 11:53:25
4,643 1,689 0,000 0,000 0,000 3,305 11:55:29
0,000 1,866 2,757 1,481 0,000 3,200 11:57:29 0,748 0,018 0,663 0,020
0,000 0,000 0,000 1,946 4,493 3,194 11:59:29 -0,031 -0,786 0,617 0,000
0,000 0,000 0,000 0,000 0,207 1,310 12:01:29
4,524 0,949 0,000 0,000 0,000 2,580 12:03:29
0,742 2,286 2,330 0,789 0,000 3,139 12:05:29 0,695 0,196 0,692 0,028
0,000 0,000 0,764 2,300 4,055 3,173 12:07:29 0,211 -0,738 0,641 0,003
0,000 0,000 0,000 0,000 1,516 1,347 12:09:29
0,000 0,000 0,000 0,000 3,351 2,057 12:11:34
2,333 2,590 2,051 0,000 0,000 3,192 12:13:34 0,571 0,474 0,670 0,017
0,000 0,000 1,787 2,717 3,042 3,193 12:15:34 0,521 -0,560 0,644 0,003
0,000 0,000 0,000 0,000 3,055 1,904 12:17:34
0,000 0,000 0,000 0,000 2,048 1,496 12:19:34
3,644 2,723 0,973 0,000 0,000 3,258 12:21:34 0,323 0,683 0,655 0,014
0,000 0,589 2,450 2,519 1,280 3,300 12:23:34 0,673 -0,283 0,683 0,025
0,000 0,000 0,000 0,788 4,231 2,922 12:25:34 -0,423 -0,720 0,550 0,000
0,000 0,000 0,000 0,000 0,296 1,309 12:27:40
4,293 1,833 0,000 0,000 0,000 3,155 12:29:40
0,000 1,666 3,066 1,688 0,000 3,095 12:31:40 0,779 0,000 0,627 0,026
0,000 0,000 0,000 1,932 4,665 3,332 12:33:40 -0,064 -0,784 0,618 0,000
0,000 0,000 0,000 0,000 0,263 1,241 12:35:40
4,164 0,782 0,000 0,000 0,000 2,607 12:37:40
1,097 2,649 2,386 0,529 0,000 3,060 12:39:40 0,697 0,281 0,660 0,036
0,000 0,000 1,025 2,412 3,995 3,352 12:41:40 0,272 -0,703 0,657 0,004
0,000 0,000 0,000 0,000 2,323 1,731 12:43:44
0,000 0,000 0,000 0,000 2,971 1,531 12:45:44
3,204 2,678 1,658 0,000 0,000 3,195 12:47:44 0,483 0,590 0,647 0,002
0,000 0,186 2,274 2,642 2,003 3,230 12:49:44 0,618 -0,414 0,668 0,022
0,000 0,000 0,000 0,388 3,959 2,527 12:51:44 -0,539 -0,688 0,485 0,000
0,000 0,000 0,000 0,000 0,700 1,246 12:53:44
4,279 2,240 0,000 0,000 0,000 3,187 12:55:44
0,000 1,538 2,822 1,818 0,000 3,240 12:57:44 0,749 -0,012 0,662 0,020
0,000 0,000 0,000 1,814 4,690 3,246 12:59:49 -0,113 -0,789 0,603 0,000
0,000 0,000 0,000 0,000 0,274 1,321 13:01:49
4,275 0,626 0,000 0,000 0,000 2,436 13:03:49
1,656 2,485 2,402 0,184 0,000 3,180 13:05:49 0,636 0,368 0,678 0,032
0,000 0,000 1,413 2,762 3,260 3,067 13:07:49 0,451 -0,627 0,636 0,011
0,000 0,000 0,000 0,000 3,145 1,993 13:09:49
0,000 0,000 0,000 0,000 1,750 1,320 13:11:49
4,021 2,408 0,636 0,000 0,000 3,132 13:13:49 0,200 0,746 0,635 0,005
0,000 0,984 2,568 2,187 0,335 3,063 13:15:54 0,735 -0,115 0,668 0,033
0,000 0,000 0,000 1,453 4,518 3,317 13:17:54 -0,218 -0,758 0,615 0,000
0,000 0,000 0,000 0,000 0,000 1,233 13:19:54
4,307 1,115 0,000 0,000 0,000 2,602 13:21:54
1,066 2,455 2,577 0,477 0,000 3,362 13:23:54 0,670 0,256 0,697 0,037
0,000 0,000 1,219 2,570 3,670 3,166 13:25:54 0,358 -0,677 0,643 0,002
0,000 0,000 0,000 0,000 2,798 1,868 13:27:54
0,000 0,000 0,000 0,000 2,137 1,455 13:29:54
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Psolar[1] Psolar[2] Psolar[3] Psolar[4] Psolar[5] Psolar[6] sx sy sz ∆
3,886 2,435 0,967 0,000 0,000 3,120 13:31:59 0,280 0,718 0,637 0,000
0,000 0,722 2,530 2,263 0,785 3,117 13:33:59 0,706 -0,202 0,679 0,032
0,000 0,000 0,000 1,182 4,293 3,159 13:35:59 -0,289 -0,743 0,604 0,000
0,000 0,000 0,000 0,000 0,000 1,316 13:37:59
4,514 1,375 0,000 0,000 0,000 3,107 13:39:59
0,529 2,355 2,560 0,871 0,000 3,164 13:41:59 0,721 0,157 0,675 0,035
0,000 0,000 0,852 2,441 3,920 3,308 13:43:59 0,249 -0,710 0,659 0,003
0,000 0,000 0,000 0,000 2,132 1,634 13:45:59
0,000 0,000 0,000 0,000 2,941 1,541 13:48:04
3,480 2,640 1,369 0,000 0,000 3,196 13:50:04 0,406 0,644 0,648 0,004
0,000 0,364 2,354 2,553 1,463 3,183 13:52:04 0,656 -0,333 0,678 0,029
0,000 0,000 0,000 0,746 4,342 2,771 13:54:04 -0,451 -0,729 0,514 0,000
0,000 0,000 0,000 0,000 0,000 1,372 13:56:04
4,473 1,746 0,000 0,000 0,000 3,251 13:58:04
0,190 2,023 2,788 1,204 0,000 3,140 14:00:04 0,748 0,068 0,660 0,029
0,000 0,000 0,483 2,269 4,285 3,229 14:02:04 0,134 -0,762 0,634 0,000
0,000 0,000 0,000 0,000 1,615 1,430 14:04:09
0,000 0,000 0,000 0,000 3,326 1,705 14:06:09
3,066 2,718 1,720 0,000 0,000 3,251 14:08:09 0,505 0,564 0,654 0,004
0,000 0,177 2,142 2,708 1,996 3,364 14:10:09 0,597 -0,412 0,688 0,022
0,000 0,000 0,000 0,563 4,126 2,571 14:12:09 -0,498 -0,714 0,491 0,000
0,000 0,000 0,000 0,000 0,314 1,325 14:14:09
4,328 1,723 0,000 0,000 0,000 3,161 14:16:09
0,000 2,093 2,685 1,303 0,000 3,253 14:18:09 0,739 0,039 0,673 0,028
0,000 0,000 0,564 2,260 4,073 3,249 14:20:14 0,163 -0,741 0,652 0,001
0,000 0,000 0,000 0,000 1,832 1,438 14:22:14
0,000 0,000 0,000 0,000 2,872 1,561 14:24:14
3,567 2,590 1,173 0,000 0,000 3,241 14:26:14 0,356 0,664 0,658 0,006
0,000 0,637 2,588 2,388 1,033 3,070 14:28:14 0,710 -0,248 0,659 0,031
0,000 0,000 0,000 1,329 4,405 3,114 14:30:14 -0,252 -0,763 0,595 0,000
0,000 0,000 0,000 0,000 0,000 1,241 14:32:14
4,436 1,224 0,000 0,000 0,000 2,873 14:34:14
1,294 2,398 2,158 0,389 0,000 3,073 14:36:19 0,649 0,316 0,692 0,029
0,000 0,000 1,220 2,658 3,587 3,249 14:38:19 0,369 -0,661 0,653 0,006
0,000 0,000 0,000 0,000 2,973 2,073 14:40:19
0,000 0,000 0,000 0,000 1,474 1,346 14:42:19
4,330 2,282 0,284 0,000 0,000 3,224 14:44:19 0,093 0,772 0,629 0,005
0,000 1,616 2,795 1,867 0,000 3,307 14:46:19 0,747 -0,011 0,665 0,015
0,000 0,000 0,163 1,883 4,378 3,187 14:48:19 0,023 -0,775 0,631 0,008
0,000 0,000 0,000 0,000 1,222 1,242 14:50:19
0,000 0,000 0,000 0,000 3,327 1,879 14:52:36
2,547 2,715 1,930 0,000 0,000 3,150 14:54:36 0,563 0,505 0,654 0,012
0,000 0,179 2,291 2,505 1,907 3,185 14:56:36 0,619 -0,402 0,674 0,024
0,000 0,000 0,000 0,748 4,353 2,766 14:58:36 -0,452 -0,730 0,512 0,000
0,000 0,000 0,000 0,000 0,000 1,379 15:00:36
4,390 1,370 0,000 0,000 0,000 3,086 15:02:36
0,894 2,303 2,543 0,774 0,000 3,382 15:04:36 0,684 0,206 0,700 0,026
0,000 0,000 1,321 2,510 3,585 3,143 15:06:36 0,380 -0,664 0,645 0,002
0,000 0,000 0,000 0,000 3,013 1,891 15:08:42
0,000 0,000 0,000 0,000 1,592 1,321 15:10:42
4,221 2,064 0,279 0,000 0,000 3,172 15:12:42 0,075 0,767 0,638 0,001
0,000 1,531 2,871 1,690 0,000 3,297 15:14:42 0,740 -0,004 0,672 0,023
0,000 0,000 0,281 2,148 4,513 3,202 15:16:42 0,068 -0,784 0,617 0,003
0,000 0,000 0,000 0,000 1,551 1,344 15:18:42
0,000 0,000 0,000 0,000 2,971 1,645 15:20:42
3,783 2,369 1,215 0,000 0,000 3,120 15:22:42 0,331 0,693 0,640 0,007
0,000 0,845 2,767 2,360 0,752 3,078 15:24:47 0,740 -0,188 0,646 0,032
0,000 0,000 0,000 1,495 4,573 3,203 15:26:47 -0,213 -0,773 0,598 0,000
0,000 0,000 0,000 0,000 0,268 1,205 15:28:47
3,893 0,398 0,000 0,000 0,000 2,234 15:30:47
2,489 2,744 2,014 0,000 0,000 3,005 15:32:47 0,585 0,507 0,633 0,015
1,272 1,431 2,185 0,979 0,000 3,924 15:34:47 0,568 0,196 0,799 0,028
0,000 0,000 0,000 1,123 5,467 0,912 15:36:47 -0,472 -0,867 0,160 0,000
0,000 0,000 0,000 0,813 5,165 1,092 15:38:47 -0,535 -0,822 0,192 0,000
0,000 0,924 1,149 1,622 0,000 4,332 15:41:12 0,431 -0,040 0,902 0,039
0,000 0,000 1,111 1,198 2,670 4,442 15:43:12 0,222 -0,438 0,871 0,032
0,000 0,000 0,000 1,143 5,604 0,801 15:45:12 -0,476 -0,869 0,137 0,000
1,298 2,133 2,409 0,000 0,000 3,194 15:47:12 0,609 0,325 0,724 0,049
0,000 0,000 0,000 0,975 2,180 2,705 15:49:12 -0,005 -0,589 0,808 0,000
0,000 0,000 0,000 0,000 5,283 0,605 15:51:12
0,000 0,000 0,000 0,724 4,382 1,189 15:53:12 -0,519 -0,819 0,245 0,000
0,000 0,000 1,252 1,164 2,740 4,291 15:55:12 0,247 -0,451 0,857 0,039
0,000 0,000 1,209 1,112 3,212 3,753 15:57:18 0,222 -0,559 0,799 0,049
0,000 0,000 0,000 0,000 5,182 0,677 15:59:18
0,000 0,000 0,000 1,047 3,320 0,587 16:01:18 -0,283 -0,941 0,184 0,000
0,000 1,422 0,968 0,998 0,000 3,865 16:03:18 0,442 0,029 0,896 0,040
0,000 1,320 1,530 1,960 2,417 3,842 16:05:18 0,562 -0,346 0,752 0,050
0,000 0,000 0,000 1,360 2,286 0,414 16:07:18 0,084 -0,979 0,186 0,031
3,675 2,668 0,000 0,000 0,000 1,805 16:09:18
0,000 0,000 0,968 1,847 2,552 4,469 16:11:18 0,265 -0,443 0,856 0,000
0,000 0,000 0,000 0,000 5,242 0,793 16:13:31
0,000 0,000 0,000 0,000 2,354 1,927 16:15:31
0,000 0,000 1,308 1,383 3,238 3,150 16:17:31 0,297 -0,620 0,726 0,042
0,000 1,389 1,386 2,230 4,313 2,510 16:19:31 0,380 -0,755 0,535 0,070
1,749 3,255 3,486 0,000 0,000 0,000 16:21:31
0,000 0,000 0,000 0,000 2,706 1,764 16:23:31
0,000 0,000 0,000 0,000 2,329 2,261 16:25:31
1,386 2,347 3,818 2,124 0,000 0,730 16:27:31 0,970 0,190 0,149 0,037
1,590 3,190 3,394 0,910 0,000 0,000 16:29:35
0,000 0,000 0,000 0,000 1,090 2,143 16:31:35
0,000 0,000 0,000 0,000 3,265 2,269 16:33:35
0,000 2,163 3,592 2,341 0,000 0,306 16:35:35 0,998 -0,007 0,058 0,019
1,007 2,916 3,425 1,109 0,000 0,000 16:37:35
0,000 0,000 0,000 0,000 0,833 1,867 16:39:35
0,000 0,000 0,000 0,000 3,644 2,929 16:41:35
0,000 1,686 3,603 2,972 0,000 0,000 16:43:35
0,678 2,625 2,993 1,130 0,000 2,263 16:45:39 0,857 0,181 0,483 0,031
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Psolar[1] Psolar[2] Psolar[3] Psolar[4] Psolar[5] Psolar[6] sx sy sz ∆
0,000 0,000 0,000 0,000 0,000 1,264 16:47:39
0,000 0,000 0,000 0,982 4,688 2,258 16:49:39 -0,428 -0,798 0,425 0,000
0,000 1,318 3,550 3,127 0,949 0,000 16:51:39
0,717 1,931 1,927 0,464 0,000 4,032 16:53:39 0,518 0,178 0,837 0,030
0,000 0,000 0,000 0,000 1,714 0,906 16:55:39
0,000 0,000 0,000 1,295 5,422 1,454 16:57:39 -0,411 -0,874 0,259 0,000
0,000 1,179 3,167 3,150 1,181 1,188 16:59:39 0,930 -0,278 0,242 0,029
0,891 0,861 0,771 0,000 0,000 5,150 17:01:43 0,181 0,154 0,971 0,008
0,000 0,000 0,000 0,000 2,910 0,402 17:03:43
0,000 0,000 0,000 1,412 5,243 1,747 17:05:43 -0,354 -0,878 0,323 0,000
0,000 1,119 3,103 2,830 0,862 1,798 17:07:43 0,898 -0,222 0,381 0,032
0,771 0,290 0,000 0,000 0,000 5,326 17:09:43
0,000 0,000 0,000 0,000 3,444 1,506 17:11:43
0,000 0,000 0,000 1,753 5,112 2,564 17:13:43 -0,205 -0,856 0,474 0,000
0,000 1,240 2,910 2,444 0,326 2,818 17:15:43 0,805 -0,108 0,583 0,031
0,000 0,000 0,000 0,000 0,302 3,727 17:17:49
0,000 0,000 0,000 0,000 3,604 0,000 17:19:49
0,000 0,000 0,000 0,000 0,000 5,360 17:21:49
0,000 1,535 2,352 1,287 0,000 3,747 17:23:49 0,632 0,011 0,775 0,017
0,000 0,000 0,000 0,000 0,000 5,356 17:25:49
0,000 0,000 0,000 0,000 0,000 0,000 17:27:49
0,349 1,928 2,132 1,376 0,000 0,503 17:29:49 0,981 0,118 0,154 0,016
0,000 0,498 0,000 0,000 0,000 0,000 17:31:49
0,000 0,468 0,000 0,000 0,000 0,000 17:33:56
0,000 0,475 0,000 0,000 0,000 0,000 17:35:56
0,000 0,616 0,000 0,000 0,000 0,000 17:37:56
0,000 0,590 0,000 0,000 0,000 0,000 17:39:56
0,000 0,763 0,000 0,000 0,000 0,000 17:41:56
0,000 0,913 0,000 0,000 0,000 0,000 17:43:56
0,000 1,027 0,000 0,000 0,000 0,000 17:45:56
0,000 1,010 0,000 0,000 0,000 0,000 17:47:56
0,000 1,102 0,000 0,000 0,000 0,000 17:49:56
0,000 1,225 0,000 0,000 0,000 0,000 17:51:56
0,000 1,342 0,000 0,000 0,000 0,000 17:53:56
0,000 1,490 0,000 0,000 0,000 0,000 17:55:56
0,000 1,461 0,000 0,000 0,000 0,000 17:57:56
0,000 1,428 0,000 0,000 0,000 0,000 17:59:56
0,000 1,394 0,000 0,000 0,000 0,000 18:01:56
0,000 1,467 0,000 0,000 0,000 0,000 18:03:56
0,000 1,457 0,000 0,000 0,000 0,000 18:06:01
0,000 1,377 0,000 0,000 0,000 0,000 18:08:01
0,000 1,417 0,000 0,000 0,000 0,000 18:10:01
0,000 1,527 0,000 0,000 0,000 0,000 18:12:01
0,000 1,427 0,000 0,000 0,000 0,000 18:14:01
0,000 1,347 0,000 0,000 0,000 0,000 18:16:01
0,000 1,459 0,208 0,000 0,000 0,000 18:18:01
0,000 1,368 0,225 0,000 0,000 0,000 18:20:01
0,000 1,377 0,228 0,000 0,000 0,000 18:22:06
0,000 1,405 0,256 0,000 0,000 0,000 18:24:06
0,000 1,370 0,278 0,000 0,000 0,719 18:26:06 0,721 0,331 0,609 0,203
0,000 1,332 0,258 0,000 0,000 1,387 18:28:06 0,478 0,222 0,850 0,158
0,000 1,291 0,287 0,000 0,000 1,924 18:30:06 0,367 0,165 0,916 0,128
0,000 1,278 0,292 0,000 0,000 1,934 18:32:06 0,364 0,162 0,917 0,126
0,000 1,286 0,340 0,000 0,000 2,028 18:34:06 0,364 0,155 0,918 0,120
0,000 1,343 0,351 0,000 0,000 2,021 18:36:06 0,378 0,162 0,912 0,123
0,000 1,344 0,353 0,000 0,000 1,990 18:38:10 0,383 0,164 0,909 0,124
0,000 1,310 0,376 0,000 0,000 0,000 18:40:10
0,000 1,242 0,000 0,000 0,000 0,000 18:42:10
0,000 0,465 0,000 0,000 0,000 0,000 18:44:10
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