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1. Introduction to acoustic cavitation
Cavitation is a well-known phenomenon in engineering applications such as in turbomachinery and in hydraulic systems. It occurs when the local static pressure in a fluid falls below the
vapour pressure of the liquid corresponding to the actual ambient temperature. According to
the Bernoulli Equation, this happens when the velocity of the fluid increases to a certain level in
a hydraulic system e.g. in a control valve or around an impeller of a pump. Due to such a large
amount of pressure drop, vapour bubbles are formed. As the fluid flow drives these bubbles to
a higher pressure region, they rapidly collapse causing noise, vibration, and heavy damage and
extensive erosion to the equipment or to the test rig.
Because of the aforementioned negative effects, the cavitation should be avoided in common
engineering applications. However, there are special applications which exploit these extreme
conditions accompanied by cavitation; for instance, sonochemistry, degradation of pollutants,
surface cleaning and many others. The physical basis is a special kind of cavitation called
acoustic cavitation, where the extreme conditions are generated via irradiating the fluid with
high frequency (10 kHz − 1 MHz) and high intensity ultrasound. The high amplitude, periodic pressure fluctuation produce cavitation bubble clusters in the liquid domain composed by
micron-sized bubbles. Here, the individual bubbles exhibit radial oscillations, which can be so
violent that they produce the well-known effects of classic cavitation: high local temperature
(several thousands of Kelvin) and even shock waves.

1.1

The applicationa of acoustic cavitation

When a liquid is irradiated with ultrasound, the nearly spherical bubbles start to oscillate
radially. When the intensity is sufficiently high, these bubbles expand several times higher
than their initial size, then collapse rapidly. During the collapse phase, the pressure and the
temperature can exceed 1000 bar and 8000 K, respectively [1]. Due to the high pressure and
temperature, chemical reactions can take place generating free radicals, such as H·, O·, OH·
[2]. These radicals can diffuse out of the bubble into the liquid domain and react with other
dissolved gaseous species. It can be exploited in nanosynthesis [3], in the degradation and
oxidation of pollutants [4] or during the hydrolysis of oils [5].
Furthermore, the generated shock waves propagate into the liquid domain causing damage
to nearby boundaries [6, 7]. The shock waves can disrupt the microbial cells [8]. Therefore,
it can be used in food industry for ultrasonic pasteurization [9] or in waste water treatment to
inactivate microorganisms [10].
Some industrial applications are interested in the research and development of new polymers.
The ultrasound (acoustic cavitation) can reduce the molecular weight of polymers in solution
by reducing their chain length via the emitted shock waves [11]. The formed free radicals can
react with each other leading to the formation of new kind of polymers [12].
Another important application is the mixing effect of turbulence and shock waves indicated
by the collapsing bubbles. In this way, highly stable emulsions can be created [13], and the
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alteration of viscosity of thixotropic fluids [14] can be achieved. A number of studies reported
that ultrasound is efficiently used also in medical applications, such as in cancer therapy [15].
The collapse of bubbles damages the solid tumours aiding the transport of genes and medicines
through their cells [16].

1.2

The aims of the thesis

The above mentioned applications motivated me to carry out investigations of an excited
bubble placed in the highly viscous glycerine (its viscosity is approximately three orders of
magnitude higher than of water at room temperature). This species is used in many medical,
pharmaceutical and personal care preparations. In the past decades, bubble dynamics has been
a field of intensive research, and it has been investigated both numerically and experimentally.
However, some exceptions exists. For instance, the majority of the papers are related to water,
and comprehensive parameter studies in viscous liquid are missing from the literature.
The large viscosity causes intense viscous damping which softens the collapse strength of a
bubble by decreasing its maximum bubble wall velocity. Since in many applications a violent
collapse is required, the huge damping originated by the huge viscosity can be a barrier for
the efficiency of applications. On the other hand, from the differential equations describing the
surface dynamics (Eq. (3.2) and Eq. (3.5)), one can conclude that viscosity has a significant
impact on the stabilization of the spherical shape. For efficient applications, shape stability
is an important requirement; otherwise, the shape unstable bubbles break-up and disintegrate
into smaller bubbles. Moreover, the more focused (spherical) the bubble collapse is, the larger
its chemical and physical effects are. Since the viscosity of the glycerine highly depends on
the ambient temperature (almost two orders of magnitude), a good compromise between strong
collapse strength (small viscous damping) and shape stable oscillation (high viscous damping)
can be found in terms of the liquid temperature.
Due to the nonlinear properties of a bubble (see Eq. (2.1)), it can exhibit chaotic oscillations.
Such chaotic bubble oscillation generates local turbulence and liquid micro-circulation, which
can be used in applications where the violent collapse is not a strict requirement. For example
in microstreaming and micromixing [17]. In contrast, chaotic oscillations should be avoided
in medical application due to the unpredictable behaviour. An additional nonlinear property is
the multistability, which means the coexistence of two or more stable solutions. These stable
states can represent different system performance, for example, in bubble dynamics, the efficiency of the chemical yield can be significantly affected by the properties of the oscillations.
Therefore, in the literature a huge effort is made in order to control the appearance of chaotic
and multistable solutions, e.g. by adding a second harmonic forcing [18].
The application of such control techniques requires the solid knowledge of the bifurcation
structure. Therefore, in the present theses a more detailed bifurcation analysis of the harmonically excited spherical bubble is given compared to the literature. By using the sophisticated
numerical tools of nonlinear dynamics, such as the pseudo-arch length continuation technique
and the advanced programming techniques to exploit the huge computational resources of GPUs, a detailed bifurcation analysis was carried out in the parameter space of pressure amplitude
pA and angular frequency ω of excitation. It is worth mentioning that the bifurcation structure
of excited bubbles in water, or in other nonlinear oscillators, several universalities have been
observed in the parameter space of the excitation amplitude and frequency [19]. In the present
case, via the alteration of temperature (dissipation) it was possible to give an insight of the
formation and origin of these bifurcation structures.
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2. Collapse-like oscillations
The efficiency of ultrasonic applications is influenced by the dynamics of the single bubbles
forming the acoustic cavitation cluster. Violent bubble collapse is required in most of the ultrasonic applications. However, the very high viscosity of the substance (such as the glycerine used
here) makes the production of violent bubble collapse difficult; therefore, huge viscosity can be
a barrier for the efficiency. From application point of view, the main aim is to reveal parameter
spaces in which the ultrasonic applications can operate efficiently. Therefore, a comprehensive
parameter study is given in the parameter space of pA − ω − T∞ by using the Keller–Miksis
[20] bubble model.

2.1

The mathematical model

Because of the possibility of large amplitude collapse-like oscillations, the consideration
of liquid compressibility is necessary. Therefore, the well-known Keller–Miksis [20] bubble
model is applied:
!
!
!
Ṙ
R d (pL − p∞ (t))
Ṙ
3 2
Ṙ
RR̈ + 1 −
Ṙ = 1 +
+
,
(2.1)
1−
cL
3cL 2
cL cL dt
ρL
where R = R(t) is the time dependent bubble radius; ρL , cL and pL are the liquid density, the
sound speed, and the pressure at the bubble wall in the liquid domain, respectively. According
to the ultrasonic technology the pressure far away from the bubble is a harmonic function
p∞ (t) = P∞ + pA sin(ωt),

(2.2)

where P∞ = 1 bar is the ambient pressure; pA and ω = f · 2π are the pressure amplitude and
angular frequency of excitation, respectively. The bubble interior contains non-condensable
ideal gas and glycerine vapour; thus, the pressure inside the bubble is the sum of the partial
pressures of the gas pG and the vapour pV . The connection between the pressures on the two
sides of the bubble wall is described by the mechanical balance at the interface
pG + pV = pL +

Ṙ
2σ
+ 4µL ,
R
R

(2.3)

where σ is the surface tension and µL is the liquid dynamic viscosity. The vapour pressure
inside the bubble is constant but its value depends on the ambient temperature T∞ . The gas
content obeys a polytrophic relationship


3γ
2σ
RE
pG =
− (pV − P∞ )
,
(2.4)
RE
R
where RE = 0.1 mm is the equilibrium bubble radius. Assuming adiabatic state of change,
the polytrophic exponent is γ = 1.4. Since the angular frequency varies over a wide range of
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values, it is reasonable to normalize it width the linear eigenfrequency of the undamped system
depending on the equilibrium radius (bubble size) [1]:
s
3γ (P∞ − pV ) 2 (3γ − 1) σ
+
.
(2.5)
ωE =
2
3
ρL RE
ρL RE
The applied relative frequency is defined as
ωR =

ω
.
ωE

(2.6)

For numerical purposes, dimensionless variables were introduced; namely, the dimensionless
bubble radius x1 = R/RE , the dimensionless bubble wall velocity x2 = Ṙ · 2π/(RE · ω), and
the dimensionless time τ = t/(2π/ω). The short-time computations are carried out by means of
MATLAB, while the high resolution computations are carried out by an in-house initial problem
solver written in C++/CUDA C, which runs on graphical processing units (GPU1 ). For the trace
of bifurcation points, the AUTO [21] continuation and bifurcation analysis software were used.

2.2

Overdamped oscillations

First, the effect of excitation frequency is investigated. With increasing relative frequency
from 0.01 to 2 with an increment of 0.01, at each frequency value, initial value problem computations are carried out at different ambient temperatures using five randomly prescribed initial
conditions. The other parameters are fixed. After the computations, the absolute maximum
values of the dimensionless bubble radius are plotted as a function of the relative frequency.
The obtained frequency response curves are given in Fig. 2.1, where the left and the right panel
plot the results obtained at pressure amplitude pA = 0.1 bar and pA = 0.5 bar, respectively.
The applied temperature values are given in the figure by the arrows. The figure shows the
nonlinear nature of the bubble behaviour; for example, at high pressure amplitude and at high
ambient temperature, due to the nonlinear effects, a hysteresis appears near the main resonance
and several harmonic resonances are also generated.
The frequency response curves show that with decreasing temperature (increasing viscous
damping), the peaks are gradually damped out in the amplification diagrams. Below a given
temperature value, the peaks completely disappear. In this case, the maximum dimensionless
bubble radius xmax
of the solutions decreases monotonically with increasing relative frequency.
1
This means that the system becomes overdamped below a given temperature value (above a
given dissipation rate). It is obvious from the expression of the peak frequency [1]
s
3γ (P∞ − pV ) 2 (3γ − 1) σ
8µ2L
+
−
,
(2.7)
ωP =
2
3
4
ρL RE
ρL RE
ρ2L RE
since at low temperature (high viscosity), the last term under the root in Eq. (2.7) can be dominant resulting in a complex valued frequency. In the above equation, the material properties
depend only on the ambient temperature. The other terms, such as the ambient pressure P∞ ,
the equilibrium radius RE and the politrophic exponent γ are constants. Thus, one can defined
the overdamped behaviour as a function of the critical temperature T∞,crit that results ωP2 = 0.
It is worth mentioning that the critical temperature is independent from the pressure amplitude.
For the present case, with equilibrium bubble radius RE = 0.1 mm, the corresponding critical
1

The available GPU was a GeForce GTX TITAN BLACK. Its overall double precision performance is
1707 GFLOPS.
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Figure 2.1: Frequency response curves at pressure amplitude pA = 0.1 bar (left) and pA = 0.5 bar
(right) at several ambient temperature values T∞ . The red curve corresponding to the critical
temperature value T∞,crit = 27.44 ◦ C below which the system becomes overdamped.

temperature is T∞,crit = 27.44 ◦ C. It is indicated by the red curves in Fig. 2.1. From the application point of view this result is very crucial, since in the overdamped case large amplitude
(collapse-like) oscillations is difficult to reach; therefore, increasing the ambient temperature
value above this threshold value is highly recommended.

2.3

The investigation of the parameter space of pressure amplitude
and ambient temperature

On the time-scale of diffusional growth, the bubble will reach its resonance size corresponding to the driving frequency [22]; therefore, the investigation of the parameter space of pressure amplitude and ambient temperature are carried out also at resonant angular frequency
ω = ωE (RE ). This means an excitation frequency of f = ω/2π ≈ 29,3 kHz. First, one dimensional pA pressure amplitude bifurcation diagrams are computed, and rescaled to the Mach
number (Ṙ/cL ) and to the normalized expansion ((Rmax − RE )/RE ). The ambient temperature
is varied between 20 − 70 ◦ C with a 5 ◦ C increment. The main outcome of this investigation is
that the appearing bifurcation points of the dominant periodic (period 2 and 3) solutions can
be used as an estimation for the collapse strength.
This observation enable us to determine the boundaries of the achievable collapse strength in
terms of bifurcation curves in the parameter space of the pressure amplitude and the ambient
temperature. The appearing bifurcation points are traced in the parameter space of the ambient
temperature and pressure amplitude. The resulting bi-parametric bifurcation cures are given
in Fig. 2.2 (phase-diagram). The solid and the dashed lines denote the period doubling and the
saddle–node bifurcations, respectively. The blue, brown, and yellow domains indicates period 1,
2 and 3 solutions, respectively, while in the white domain via a period doubling cascade the
solution becomes chaotic. Roughly speaking, the dominant period 2 end 3 solutions appears
above normalized expansion (Rmax − RE )/RE = 1,2 2 and 2,5 (denoted by the black isolines). It can be seen from the figure that at higher temperature values, the expansion iso-lines
and the bifurcation curves agree very well; however, at lover temperature the curves gradually
diverge. This means that the appearing bifurcations can be definitely used as a lower estimates
5
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Figure 2.2: Bi-parametric bifurcation curves in the parameter space of the pressure amplitude and the
ambient temperature corresponding to the dominant periodic solutions. The solid and dashed
lines denote the period doubling and saddle–node bifurcations, respectively. The period 1 2
and 3 solutions are illustrated by the light blue, light brown and yellow regions. The vertical
solid line denote the threshold temperature T∞,crit = 27.44 ◦ C, under which the bubble is
overdamped. The black solid lines denote the normalized expansion iso-curves.

of the collapse strength. Although it is not a precise description, it has the advantage that
the appearance of the periodic solution can be detected in practice by monitoring the acoustic
emission spectra of a bubble. The appearance of the subharmonic component of order 1/m in
the spectra indicates a period m solution. It is a well-known indirect measurement technique in
the literature.

Figure 2.3: Frequency spectra-bifurcation diagram computed via FFT from the R2 · R̈+2·RṘ2 acoustic
emission term at ambient temperature T∞ = 50 ◦ C. The colour code shows the amplitude
of the spectra.

To prove the above idea, in Fig. 2.3, a frequency spectra-bifurcation diagram is plotted where
the spectra is computed from the acoustic emission term R2 · R̈+2·RṘ2 . By comparing Fig. 2.2
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and Fig. 2.3, one can conclude that at high temperature, where the bifurcation cures agree with
the iso-curves, the appearance of period 3 solutions (subharmonic component of order 1/3)
means (Rmax − RE )/RE = 2 normalized expansion. This expansion value is a theoretical
threshold for efficient applications. As the temperature decreases, this cavitational threshold
converges to the first period doubling (red curve in Fig. 2.2). This means that, at lower ambient
temperature (approximately at T∞ = 30 ◦ C) the appearance of the subharmonic component of
order 1/2 is sufficient for an acceptable collapse strength.

Thesis #1
An acoustically excited spherical gas/vapour bubble becomes overdamped below a certain bubble size in high viscosity liquid. The threshold equilibrium radius RE below which the overdamped behaviour occurs can be obtained by solving the following quadratic equation
2(3γ − 1)σ
8µ2
3γ(P∞ − pV ) 2
RE +
RE − 2L = 0.
ρL
ρL
ρL

(T.1)

In the above equation, P∞ is the ambient pressure, pV is the saturation vapour pressure, σ is
the surface tension, µL is the liquid dynamic viscosity, ρL is the liquid density and γ is the
polytrophic exponent of the gas. In glycerine, at ambient pressure P∞ = 1 bar, assuming adiabatic state of change (γ = 1,4), due to the temperature dependence of the material properties, a
threshold substance temperature T∞,crit can be defined below which the bubble is overdamped.
This threshold temperature is the function only of the equilibrium radius RE :

T∞,crit = 70,71

RE
R0

−0,166
− 43,27,

(T.2)

where R0 = 0.1 mm. The coefficient of determination of the fitting is R2 = 0.9993. In Eq. (T2),
the units of RE and T∞,crit are mm and ◦ C, respectively.
Related publications: [T1], [T5].

Thesis #2
The occurring bifurcations in the bifurcation structure of the acoustically excited oscillating
bubble provide a lower estimation of the maximal normalized expansion (Rmax − RE )/RE
in the parameter space of the pressure amplitude-glycerine temperature. Rmax is the maximum
bubble radius during the oscillations while RE is the equilibrium bubble radius. The appearance
of the period 3 solution, which is indicated by the subharmonic component of order f0 /3 in
the acoustic emission spectra, the collapse strength reaches the cavitational threshold (Rmax −
RE )/RE = 2. f0 is the frequency of excitation.
Related publications: [T1], [T6].
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3. Spherical stability
A natural limitation of the efficiency of ultrasonic applications is the spherical instability. In
this case, the bubble exhibits non-spherical oscillations or disintegrates into smaller bubbles
[23]. The non-spherical oscillation results less focused collapse; moreover, the excitation of
smaller bubbles generated via the disintegration of a larger bubble is more difficult (at smaller
bubble size, the effect of surface tension is more considerable). By using highly viscous liquids
such as glycerine (the present case), even overdamping behaviour can occur at smaller bubble
size that is also a barrier of efficient applications. Thus, an important question is that at which
parameter space can the bubble maintain its spherical shape while it produce violent bubble
collapse, which is a requirement for applications. To answer this question, detailed stability
analysis is carried out in the parameter space of pA − ω − T∞ . To explore the stability limits,
the extension of the Keller–Miksis (Eq. (2.1)) is necessary to model the dynamics of the surface
waves. In the present study, two models from the literature are considered applicable to highly
viscous liquids.

3.1

The surface waves

To investigate the spherical stability, a small initial perturbation of the surface of the bubble is
prescribed then the growth or decrease of the perturbation is monitored. The perturbed bubble
shape is written as
r(t, Θ, φ) = R(t) + al (t)Ylk (Θ, φ),
(3.1)
where R(t) is instantaneous mean bubble radius, Ylk is the surface harmonic of degree l and
order k, and al is the corresponding amplitude of the surface distortion. In linear theory, the
dynamics of a perturbation is independent from the order m of the spherical harmonics; thus,
decoupled ordinary differential equations can be derived for each surface mode [24]:
#
"
µL
Ṙ
ȧl
äl + 3 + 2(l + 2)(2l + 1)
R
ρL R 2
"
#
R̈
σ
µL Ṙ
+(l − 1) − + (l + 1)(l + 2)
+ 2(l + 2)
al
R
ρL R 3
ρL R 3
(3.2)

 l
Z
R
Ṙ ∞ R3
+l(l + 1) 2
−1
U (r, t)dr
R R(t) r3
rl
Z ∞ l
µL
R
−2l(l + 1)(l + 2)
U (r, t)dr = 0,
3
ρL R R(t) rl
where U (r, t) is the toroidal component of the liquid vorticity whose evolution in time is described by the following partial differential equation


∂U (r, t)
∂ R2
µL ∂ 2 U (r, t)
µL
+
ṘU
(r,
t)
=
− l(l + 1)
U (r, t),
(3.3)
2
2
∂t
∂r r
ρL ∂r
ρL r2
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with boundary conditions at infinity U (∞, t) = 0 and at the bubble wall r = R(t):
"
#
Z ∞
2
Ṙ
U (R(t), t) + 2Rl−1
r−l U (r, t)dr =
(l + 2)ȧl − (l − 1) al .
l+1
R
R(t)

(3.4)

At t = 0, the liquid is assumed to be at rest; consequently, the initial vorticity is (U (r, 0) = 0).
The bubble collapse generates vorticity that spreads into the liquid domain by diffusive and
convective processes via Eq. (3.3). Once vorticity is generated, it acts back on the surface
dynamics through Eq. (3.2).
Since vorticity is considerable only within a small boundary layer around the bubble, the
integral terms in Eq. (3.2) can calculated via a boundary layer approximation (BLA); that is,
via multiplying the integrand value at the bubble wall and the boundary layer thickness δ. By
means of the boundary layer approximation, the following equation is obtained [25]:
#
"
2
µL
Ṙ
2l(l + 2) µL
ȧl
äl + 3 − 2(l − 1)(l + 1)(l + 2)
+
2
R
ρL R
1 + 2δ/R ρL R2
"
σ
R̈
(3.5)
+(l − 1) − + (l + 1)(l + 2)
R
ρL R3

#
µL Ṙ
l(l + 2)
al = 0,
+2
(l + 1)(l + 2) −
ρL R 3
1 + 2δ/R
where the boundary layer thickness is
r
δ = min

µL R
,
ρL ω 2l


.

(3.6)

By using the BLA model, there is no need to solve the PDE of vorticity. Thus, the necessary
computational resources are reduced.
For numerical purposes, the above differential equations are also rewritten into dimensionless from in order to couple them to the dimensionless Keller–Miksis equation. The introduced
dimensionless variables are the dimensionless distortion amplitude αl,1 = al /RE and its deriva0
tive with respect to the dimensionless time αl,2 = αl,1
. Additionally, the vorticity is mapped
from the semi-infinite domain [R(t), ∞[ onto a fixed one [1, 0[ by defining a new spatial coordinate z = R(t)/r. Then the governing equation of vorticity is transformed into a set of
ordinary differential equations by using Chebyshev spectral collocation method [26]. The integrals over the new variable z(r) are evaluated by using quadrature weights. The numerical
computations were carried out on GPU.

3.2

Stability maps

The exploration of the stability maps is a two-step computation. First, the radial dynamics of
the bubbles need to be explored, which requires the solution only of the Keller–Miksis equation
(without surface dynamics), and seeking for the periodic and the chaotic bubble oscillations. For
this purpose, a high performance initial value problem solver, which runs on GPU, is applied
with randomly prescribed initial conditions. In the next step, the spherical stability of each
periodic and chaotic solutions are obtained by solving the surface wave models coupled to the
Keller–Miksis equation. In this case, the integration ran further to determine the growth and the
stability of a given surface mode.
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Figure 3.1: Stability maps for the surface modes up to mode number six at different ambient temperatures T∞ . On the left and the on right side, the results are obtained by the BLA and the
full-PDE models, respectively. The white and the colour coded regions denote the stable and
shape unstable domains, respectively.

Fig. 3.1 shows the obtained stability maps for surface modes up to mode number six. The
diagrams on the left side and on the right side show the results obtained by the BLA and the fullPDE model, respectively. The white and colour coded regions indicate the stable and unstable
regions, respectively. At each parameter pair of the pressure amplitude pA and the relative frequency ωR , the mode number of the surface wave that exhibit the highest growth rate is picked
and plotted. Therefore, the colour code indicates the most unstable mode. The resolution of
the stability maps obtained by the BLA model is 500 × 1151. Since the full-PDE model requires a much higher amount of computational resources (the PDE has to be solved as well),
the computations are carried out on a coarser resolution (250 × 576). The number of the applied collocation points are determined before each bi-parametric investigation through a mesh
10
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independent study. The grid size NG is varied between 12 and 22 depending on the ambient
temperature. The computation time for a single mode is varied approximately between 10 − 20
hours.
The panels in the figure show a qualitative agreement at high temperature values between
the results obtained by the BLA and the full-PDE model (Fig. 3.1.E-F.). In this case, due
to the smaller viscosity, the vorticity is less localized around the bubble; thus, the exact and
the approximate solutions match very well. However, at moderate ambient temperature, the
differences are significant. The second surface mode becomes unstable at the eigenfrequency
ωR = 1 in Fig. 3.1.B and D (full-PDE model). This unstable domain is completely hidden
in Fig. 3.1.A, and it is less robust in Fig. 3.1.C compared to Fig. 3.1.D. Below 45 ◦ C ambient
temperature, the parameter space becomes stable for both models.
The iso-level corresponding to the cavitation threshold (Rmax − RE )/RE = 2 is also given
in the figures. The figures show that the iso-levels do not change significantly by increasing the
temperature above T∞ = 45 ◦ C. Consequently, significantly higher collapse strength can not
be achieved by further increasing the temperature; however, as the viscous damping decreases
(temperature rise), the bubbles lose their spherical stability. Therefore, an optimal ambient
temperature range can be defined approximately between T∞ = 45 ◦ C and T∞ = 50 ◦ C. In
this temperature range, one can find shape stable oscillations with collapse strength higher than
((Rmax − RE )/RE > 2 (inertial cavitation threshold). The main outcome is the existence of
an optimal temperature range in which a good compromise can be achieved between collapse
strength and spherical stability. The resulting parametric maps can aid the applications to operate a technology in an efficient way.

Thesis #3
In glycerine, at P∞ = 1 bar ambient pressure and at RE = 0.1 mm equilibrium bubble radius,
an optimal temperature range exists (45 − 50 ◦ C), in which the bubble under acoustic excitation
reaches the caviatation threshold (Rmax − RE )/RE = 2 and exhibits spherical stability. Rmax
is the maximal bubble radius during the oscillations.
Related publications: [T4], [T9]
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4. The investigation of the bifurcation
structure in the parameter space of the
pressure amplitude and the frequency of
the excitation
It is well-known that nonlinearity, which can show complex and unpredictable chaotic behaviour, plays an important role in many fields of sciences. Therefore, nonlinear dynamics is
one of the keen interest of many researches. Even a simple nonlinear oscillator under periodic
forcing, such as an excited bubble, shows complex behaviour. Due to the extensive studies
of the dynamics of such an excited bubble, in the last decades several nonlinear properties of
the bubbles had been investigated both numerically and experimentally. For instance, period
doubling cascades, chaotic oscillations or multistability [27].
In the present section, comprehensive bi-parametric bifurcation structure of the harmonic
and the subharmonic resonances are given. The harmonic resonances obey to the well-known
Farey rule whose development is highly influenced by the dissipation. Although the harmonic
resonances are completely wiped out as a consequence of the high dissipation, the subharmonic
resonances shows a feature rich structure even at such high dissipation rate. The inner structure
of a given subharmonic resonance is governed by self-similar bifurcation blocks. The presented
findings can provide valuable means in the control of chaos or multistability for harmonically
forced nonlinear oscillators.

4.1

Highly damped harmonic resonances

To investigate the bi-parametric evolution of harmonic resonances (excitation below the eigenfrequency) via the alteration of dissipation, a series of high resolution bi-parametric scans
were computed at several liquid temperatures between the ambient temperatures of 20 − 70 ◦ C.
Fig. 4.1 shows some selected bi-parametric periodicity maps from the results obtained at different temperatures. Since several initial conditions were prescribed to reveal the coexisting
solutions, in the periodicity diagrams the period of the solution that exhibit the highest periodicity is picked and plotted at each pA − ωR parameter pair. The resolution of each maps
and the number of applied initial conditions are given in the caption of the figure. A more
rigorous investigation of the bifurcation structure requires to trace also the bifurcation curves
(dashed lines) corresponding to the saddle–node bifurcations. These curves were traced by the
software package AUTO. The investigation of nonlinear oscillators revealed that the nonlinear
resonances can be characterized by a pair of numbers (n, m) (order), where n is the torsion and
m is the period of the related solution. This order (SN/PD ((n, m))) is depicted by the arrows
pointing at the corresponding bifurcation. SN and PD means saddle–node and period doubling
bifurcation, respectively.
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Figure 4.1: Series of high resolution bi-parametric plots at different T∞ ambient temperature where the
period of the found attractors are presented as a function of the pressure amplitude pA and
the relative frequency ωR . The dashed curves are the saddle–node bifurcations computed by
AUTO. The order of the resonances are marked by (PD/SN (n, m)). The resolution and the
number of the initial conditions in case of subplot (A)-(C) is 501 × 651 × 3, and in case of
(D) is 751 × 1501 × 5.

The diagrams show insight into the evolution of the complex bifurcation structure develops
from a simple state where only period 1 solutions exist (Fig. 4.1A). By increasing the temperature from T∞ = 30 ◦ C up to T∞ = 50 ◦ C, period 2 solutions appear in the green domains
via period doubling bifurcations of order PD (3, 2) and PD (5, 2). In addition, the main resonance and a harmonic resonance appear also forming hysteresis through saddle–node bifurcations of orders SN (1, 1) and SN (2, 1), respectively. Within the ultraharmonic resonance
of order PD (3, 2), period doublings take place via the bifurcations of order PD (5, 4) and
PD (7, 4). Moreover, in the chaotic (white) domain enclosed by the PD (5, 4) bifurcation, a
period 3 solution emerges through saddle–node bifurcation of order SN (4, 3). By increasing
the temperature even higher, several harmonic and ultraharmon resonances emerge: SN (n, 1)
and PD (n, 2). The inner structure of the periodic windows becomes more and more complex.
At the highest investigated temperature value, a well-developed bifurcation structure can be
observed (Fig. 4.1C). The feature rich bifurcation structure of the harmonic and ultraharmonic
resonances of orders SN (n, 1) and PD (n, 2) is well-know for water [27, 28]. By means of
the order of bifurcations (n, m), or equivalently by the winding number w = n/m, these resonances are organized into a Farey-tree. The SN (n, 1) and PD (n, 2) resonances compose the
first two stages of the Farey-tree. The subsequent stages (substructures) can be computed by
the Farey-adding. That is, between resonances of order (n1 , m1 ) and (n2 , m2 ) there must be a
resonance of order (n3 , m3 ) = (n1 + n2 , m1 + m2 ). A Farey-tree is depicted in Fig. 4.2, where
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the nodes denote the winding numbers corresponding to a given resonance w = n/m according
to the Farey-addition.
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Figure 4.2: Farey-tree of the harmonic and the ultraharmonc resonances.

Examining the high resolution plots, it has been found that the SN (n, 1) and PD (n, 2)
resonances appear in a well-ordered manner with increasing the temperature. The higher order SN (n, 1) and PD (n, 2) emerges alternately according to the path denoted by the arrows
between the elements in the first two stages of the Farey-tree (Fig. 4.2). To investigate the subsequent stages of the Farey-tree, additional bi-parametric computations were carried out. Since
the bifurcation structures within the resonances of order PD (n, 2) is self-similar, therefore only
the bifurcation structure of the resonances enclosed by the PD (3, 2) bifurcation is investigated
in details. Fig. 4.1.D shows a periodicity diagram from the inner structure of this domain.
Assuming that the stages of the Farey-tree build up from top to bottom, between the resonances
3/2 and 1/1, the appearance of the resonance of order 4/3 located at the third stage of the Fareytree is expected as the subsequent element appearing as the damping rate decreases. However,
the computational results showed that many other periodic solutions with higher periods (lower
stages) are already presented, and the resonance of order SN (4, 3) is generated only after the
existence of the solution SN (10, 7) and SN (7, 5). Consequently, this part of the Farey-tree
builds up in a bottom-top approach, see the arrows from 10/7 to 4/3 in Fig. 4.2. The branch
of the Farey-tree between 4/3 and 1/1 builds up within the domain enclosed by the SN (4, 3)
bifurcation (see Fig. 4.1D). In this case, the structures appears as expected: with increasing the
temperature the resonances emerge from top to the bottom (see again the path denoted by the
arrows in Fig. 4.2). It can be concluded that as the dissipation decreases, at a certain dissipation rate, the fine substructures appear immediately, and the branches of the Farey-tree build
up in a bottom-top-bottom manner.

4.2

The internal bifurcation structure of the subharmonic resonances

The subharmonic resonances (above the eigenfrequency) are presented even at high viscosity (low temperature). Nevertheless, they appear at much higher pressure amplitudes and
frequency. The investigated parameter space is pA = 0 − 100 bar pressure amplitude and
ωR = 0,1 − 16 relative frequency. It must be emphasized that the high values of the pressure
amplitude is unrealistic from experimental point of view. However, since the excited bubble
resemble to classic nonlinear oscillator. For example, in case of the harmonic resonances, several universalities had been found with other nonlinear oscillators. This suggests that the results
concluded here may be general as well. Parenthetically, the subharmonic structures appear at
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Figure 4.3: The internal structure of period 3 — SN (1, 3) — subharmonc resonance. The solid and
dashed lines denote the period doubling (PD) and saddle–node (SN) bifurcation curves,
respectively. The structre is governed by the building blocks marked by the arabic numbers.

realistic pressure amplitude values in the less viscous water. It should be mentioned that due
to the huge viscous damping, the fine substructures are damped out, therefore it is enough to
concentrate only on the main “skeleton” of the bifurcation structure.
The comprehensive high resolution scan of the extended parameter space, even using the
GPU accelerated initial value problem solver, requires infeasible amount of computational time.
Therefore, the combination of the boundary value problem solver AUTO and the initial value
problem solver is necessary for the investigations. First, one dimensional bifurcation diagrams
are computed in order the detect the bifurcation points corresponding to the subharmonic resonances of order SN (1, m). Then, these bifurcation points are traced in the parameter space by
means of the AUTO software. As the result of the computation show, the bifurcation structure
of the subharmonic resonances can be revealed. In case of the period 3 subharmonic resonance,
a feature rich inner structure can also be observed, which is depicted in Fig. 4.3. In this figure,
the dashed and solid lines denote the saddle–node (SN) and the period doubling (PD) bifurcations, respectively. The order of each bifurcation is written beside the arrows pointing at the
bifurcation curves.
From the figure, it can be concluded that the complex bifurcation structure is governed by
self-similar bifurcation blocks indicated by the arabic numbers. By investigating the order of the
bifurcation curves, three patterns (building blocks) can be recognized, which are summarized in
Thesis #5. The first and the third building blocks are composed by a V- and a U-shaped saddlenode curves, and their accompanying period doublings. The saddle-node curves have the same
order SN (n, m), and the order of the period doubling curves are different: PD (2n + 1, 2m)
and PD (2n − 1, 2m). These block obeys pattern (a), which are also the general rule for the
developement of higher-order period m (m ≥ 3) subharmonics.
All the other building blocks fit into either pattern (b) or (c), and the shape of these kinds of
blocks are the same; however, the winding number of their bifurcation curves are different. In
case of pattern (b), the period doubling curves share the same order of PD (2n + 1, 2m), while
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the order of the V-shaped and U-shaped saddle-node curves are SN (n + 1, m) and SN (n, m),
respectively. In contrast, in pattern (c), the saddle-node curves have the same order SN (n, m),
while the orders of the accompanying period doubling curves are PD (2n+1, 2m) and PD (2n−
1, 2m). Exactly the same blocks (pattern (b) and (c)) with PD border was found for period
doubling sets of harmonic resonances in various nonlinear oscillators [19, 29]. This implies
that they are universal building blocks also for the subharmonic bifurcation structure in many
other systems as well.

Thesis #4
The harmonic resonances of the Keller–Miksis bubble oscillator with order (n, m) obeys to a
Farey-tree ordering, where n is the torsion, and m is the period of the corresponding bifurcation
curves. At high dissipation rate, the harmonic resonances are missing from the parameter space
of the excitation amplitude - excitation frequency. As the dissipation rate decreases, the Fareytree gradually builds up via two mechanism. 1.) The resonances of order (n, 1) and (2n + 1, 2)
located at the first and second stages of the Farey-tree builds up alternately. 2.) At a certain
dissipation rate, the fine substructures appear immediately; thus, the branches of Farey-tree
build up in a bottom-top-bottom manner.
Related publication: [T2]

Thesis #5
The subharmonic resonances of the Keller–Miksis bubble oscillator with order (1, m) exist
even at high dissipation rate, where the period m ≥ 3. These structure of the subharmonic
resonances obey pattern (a) and form a U-shaped bifurcation skeleton in the parameter space of
the excitation amplitude and the excitation frequency. The internal structure of a subharmonic
resonance is governed by self-similar bifurcation building blocks, which obey either pattern (b)
or (c). The building blocks are connected via one of their SN branch. In the pictograms, PD
and SN means the period doubling and the saddle–node bifurcation curves, respectively. n is
the torsion, and m is the period of the solutions.
(a)

(b)

(c)

PD (2n+1, 2m)
SN (n+1, m)
SN (n, m)

PD (2n+1, 2m)

SN (n, m)
PD (2n+1, 2m)

PD (2n+1, 2m)

PD (2n-1, 2m)

PD (2n-1, 2m)

SN (n, m)

Related publication: [T3]
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2017.
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R. Varga, K. Klapcsik and F. Hegedűs. Towards Physical Modeling of the Utilization of
Ultrasound in Modern Medical Therapeutic Applications. in First European Biomedical
Engineering Conference for Young Investigators (ENCY 2015):114-117, Budapest, 2015.

[T9]
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