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ABSTRACT 

The determination of the critical loads associated to the different buckling modes is essential 

as in several design methods the formulae used to determine the design resistance vary for the 

different modes. Although in most of the cases the identification of the modes and the 

corresponding critical loads is straight-forward it is observed in certain cases that a clear input 

cannot be provided. To overcome this problem various solutions have been proposed which 

are capable to identify for any cross-section the critical loads corresponding to the different 

buckling modes by means of mechanically constraining the cross-sections to behave only in a 

desired and predetermined way. Naturally by the introduction of these constraints and 

receiving results for pure buckling modes which exclude the coupling effect in case of the 

combined mode’s analysis the critical loads’ values are different. 

In the first section results of large-scale numerical studies I carried out on different cold-

formed steel members with various geometries and loads are presented. The aim in this phase 

was to investigate the effect of mode coupling and the order of magnitude of these differences 

on the critical loads/stresses calculated by the conventional finite strip method, particularly for 

local and distortional buckling modes, in comparison with the truly decoupled critical values 

provided by the recently proposed constrained finite strip method. The difference is usually 

small, but certainly non-negligible, and clearly due to the coupling effect between the various 

modes (e.g. distortional-local or distortional-global), which is naturally included in the finite 

strip method (FSM) solution, but intentionally excluded from constrained finite strip method 

(cFSM) solution. As the results show, mode coupling has always non-negligible effect on the 

distortional modes, but in certain cases it even has a noticeable effect on the local modes’ 

results too. 

The next section is focused on the above-mentioned difference’s influence on the final load-

bearing capacity of thin-walled members.  For the calculation of the resistance of cold-formed 

members the Direct Strength Method (DSM) was used, which method provides in many cases 

an efficient alternative to the more traditional effective width/thickness approach. Its main 

advantage is its simplicity: once critical forces for the various buckling types (i.e., local, 

distortional, global) are known, the resistance calculation is amazingly simple. Parametric 

studies have been carried out on DSM qualified cross-sections to allow statistical analysis of 

the results and to draw conclusions on the observed tendencies. The results show that mode-

coupling-induced differences in the DSM predicted resistances are statistically relevant, thus, 

the application of cFSM with DSM requires further investigations. In order to model the 
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actual cross-sections as adequately as possible the introduction of rounded corner models 

seemed inevitable. However, this cannot be directly modelled in the cFSM due to mechanical 

constraints. To overcome this limitation a simple solution is proposed by extrapolating the 

sharp corner cFSM-FSM difference on rounded corner FSM models to obtain virtual rounded 

corner cFSM results. Although this method is very simple it has certain drawbacks, therefore 

a better modelling solution was sought. In order to evaluate the performance of the proposed 

method, the obtained results are verified by comparing them to experimental data obtained 

from laboratory tests performed on commercially available members 

By applying the mechanical constraints to receive uncoupled results, due to the nature of these 

constraints the possibility of modelling an important property of cold-formed steel members, 

i.e. the rounded-corners becomes impossible in the way to receive results which comply with 

the engineering expectations. As a solution to this problem, an extension to the constrained 

finite strip method is proposed and discussed. The proposed extension introduces rigid corner 

elements, which make it possible to perform the modal decomposition by the same process 

used for members with sharp corners, even if the rounded corners are directly modelled. The 

theoretical background of the proposal is summarized, then the rigid-corner approach is 

comprehensively studied by an extended parametric study. 

Although the rigid-corner approach is useful for performing calculations on rounded corner 

members even in constrained mode, the results weren’t fully satisfying. In the last section a 

special version of the constrained finite strip method is presented and discussed. The proposed 

method introduces elastic corner elements, which makes it possible to perform the modal 

decomposition by the same process used for members with sharp corners, even if the rounded 

corners are directly modelled, while the results of pure buckling modes satisfy the engineering 

expectations. The validation of the elastic-corner model is carried out by the statistical 

evaluation of an extended parametric study. 
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1. INTRODUCTION 

This dissertation presents research conducted in the field of buckling of thin-walled cold-

formed steel members. Its primary focus is the analysis of how the coupled and uncoupled 

buckling modes affect the overall resistance of said members and it also proposes different 

methods for numerical modelling of cross-sections with rounded corners. The scientific 

results concluded are summarized in four theses. 

Although the research done is mainly theoretical and entirely based on numerical analysis, a 

part of the dissertation proposes a practical solution to predict capacity resistance in cases 

where certain calculations cannot be performed in order to verify and assure the applicability 

of the results in real-life situations. 

1.1. Presentation of thin-walled cold-formed steel structures 

During the last several decades thin-walled structural members made of cold-formed steel 

(CFS) have increasing popularity due to its structural efficiency i.e. high strength/weight 

ratio, low production and logistics costs and wide range of shapes available; by now CFS 

members became the most typical solutions in certain applications. Members are generally 

considered to be thin-walled when the thickness-to-width ratio of the plates is ~1/50 – 1/200. 

For cold formed steel members, which are at the focus of this research, with overall 

dimensions of the cross-sections usually between 50..300mm this means a wall thickness of 

1-4mm. With commercially available lengths up to ~12m, this also highlights the other main 

characteristic of cold-formed thin-walled members, namely the high slenderness. Since the 

thin material of such members has to be free of manufacturing defects and very precisely 

formed, its appearance and everyday use was a result of advanced metallurgical technologies 

for the base material production and the development of cold forming industrial processes. 

The structural efficiency of cold-formed steel members is an unquestionable advantage, yet 

the thin walls also create several problems. Some of the problems that although aren’t unique 

but are indeed very characteristic in thin-walled open cross-section members’ behaviour:  

• Buckling of the thin walls of the cross sections 

• Low torsional stiffness due to the open sections 

• Web crippling due to concentrated forces 

• Warping of sections under torsion 
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Nowadays the most common practical application of thin-walled cold-formed steel members 

as structural elements are for example columns and beams for prefabricated structure, purlins 

in industrial buildings, light-weight frames in aviation industry. Some examples are shown in 

Figure 1. 

 

a) portal frames and purlins made of cold-formed steel C and Z shaped members 

 

b) airplane frames 

Figure 1: Examples for thin-walled cold-formed steel members 

The relatively easy forming of these members allows specific cross-sections to be 

manufactured for bespoken solutions, however, certain prescriptions e.g. on maximum plate 

widths without stiffeners and similar limitations have to be respected. Although this research 

was focused on longitudinal (one dimensional) members, it is to mention that slab-like 

elements also exist from thin-walled materials e.g. trapezoidal sheets. The mechanical 
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behaviour of those also require different design methods compared to conventional slabs due 

to the thin material which methods bear resemblance with those of one-dimensional elements. 

As thin-walled cold-formed steel members became more common in terms of general civil-

engineering practice around the 1970’s the research and development of design methods 

accelerated simultaneously. Since these members are used mainly in construction and vehicle 

engineering, hence very sensible areas in terms of risk of personal and financial damages, 

understanding the related engineering background is essential. Nowadays thin-walled 

members may be made of several different materials, e.g. steel, aluminium, plastic, etc.; with 

certain dimensions even reinforced concrete structures may be considered as thin wall 

structures. However, as steel is the most commonly used material due to its price and 

availability, in the examples and calculations the material properties applied are always that of 

standard steel similar to S235 unless differently specified. 

The dissertation focuses uniquely on thin-walled cold-formed steel members, however, for the 

sake of avoiding recurring repetition of the entire expression, such members will be 

sometimes referred to as thin-walled members or cold-formed steel members only, but in any 

case, it is always a reference to thin-walled cold-formed steel members, the subject of the 

research conducted. 

1.2. Problem description, buckling phenomena background  

In the case compression occurred, due to the thin material, some of the theories/design 

methods used for thick-walled members were no longer applicable with acceptable certainty, 

while the design methodology related to tensile forces didn’t require significant modification.  

As for compressed members, especially for thin-walled members buckling is the governing 

failure which happens in most cases suddenly and as some buckling modes have no 

postcritical state reserves it may result in very dangerous situations. Thus, the need for a better 

understanding and prediction of buckling became essential. The typical approach to calculate 

the design buckling capacity of thin-walled members is based on the calculation of linear 

elastic critical load from which the load bearing capacity can be predicted by using some 

standardized design procedure, depending on the type of buckling and on the selected design 

code. 

Buckling, as the phenomenon generally referred to the loss of equilibrium of an entire 

structure or part(s) of it, is a combination of two effects: the idealised phenomenon known as 
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elastic buckling, i.e. a problem of bifurcation of equilibrium plus the additional effect of 

imperfections which may be either structural at macro scale or material/cross-sectional at 

micro scale. 

This idealized buckling where the imperfections are neglected will also be referred to as 

elastic buckling or linear buckling. The load level at which bifurcation occurs is the critical 

load, also referred to as buckling load and the state of the structure at that point is the critical 

state. The deformed shape after buckling has occurred, is the buckled shape, or buckling 

mode. The elastic or linear buckling analysis to determine the critical state (load and buckling 

mode) throughout the following sections will always mean the solution of a generalized 

eigen-value problem, where the eigen-values are the critical load multipliers, and the eigen-

vectors are the nodal representations of the buckled shapes. 

Imperfections have a significant impact on the buckling resistance of structures and the 

different design standards deal with this in various forms depending on the sensitivity, size 

layout of the given structure. The effect of imperfections that may occur are superposed on 

the resistance values based on an elastic buckling analysis, decreasing the final load bearing 

capacity to ensure the stability of the structures with an adequate safety reserve as presented 

in Figure 2. 

 

Figure 2: Effect of imperfections on linear buckling 

Although buckling is used as a general term for compressive failure the phenomenon itself 

can be divided into different modes. Three major characteristic deformation types are usually 

distinguished: global (G), distortional (D), and local-plate (L) buckling modes, which three 

major types can be supplemented by the practically less important shear (S) and transverse 
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extension (T) deformations. Classic buckling types can be categorized accordingly, for 

example flexural buckling of columns or lateral-torsional buckling of beams can be described 

by G deformations, or the distortional buckling of CFS members can be described by D 

deformations, or local-plate buckling or shear buckling of plates can be described by L 

deformations. In real life, the various buckling modes hardly ever appear separately, mode-

coupling is practically always present. The GDLST classification has still been found useful, 

especially in capacity prediction, since capacity prediction requires the critical loads 

associated with the various isolated buckling types (which will also be referred hereinafter as 

pure buckling modes). Typical buckled shapes of the three major modes of a C cross-section 

are represented in Figure 3. 

 

Figure 3: Illustration of the three main buckling modes 

There is a general consensus for the definition of global and local modes, however, the 

classification of distortional buckling slightly differs depending on the various theories; the 

detailed definition of the buckling modes will be presented in a later section. 

Identification of the different buckling modes is also important as the different modes have 

different post-critical behaviour. In case of the global mode, after the buckling occurs and 

takes form in a relatively large displacement, the load bearing capacity of the member 

decreases, i.e. for this type of failure there is in most cases no post-critical reserve. Depending 

on the topology of the structure this may only result in the rearrangement of internal forces 

and the structure remains globally stable, however in an unfortunate scenario it may lead to 

the failure of the entire structure. 

distortional buckling 

 

global buckling 

 

local-plate buckling 
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The most well-known mode among the buckling phenomena is global buckling, the first 

analytical solution for the flexural case by Euler is more than two hundred years old. The 

classical approach for the prediction of the corresponding design capacity is by defining the 

cross-section capacity and then to apply a buckling reduction factor. The reduction factor 

depends on the examined case and takes into account the loading and material/cross-sectional 

properties. All major design standards for cold-formed steel [1-3] use this methodology for 

this buckling mode, however there are naturally differences in the actual formulae. 

In case of local or distortional buckling, since the deformations are limited to the plate 

elements while the axis of the member itself remains practically undeformed, there is a non-

negligible post-critical reserve in terms of member resistance, thus these forms of failure 

don’t necessarily lead to the overall failure e.g. collapse of a structure. The classification of 

the different buckling modes and their post-critical behaviour is illustrated in Figure 4. 

Regardless of this fact, as the member failure occurred, the load bearing capacity is close to 

its limit and as the above-mentioned limited deformations may further increase the already 

present imperfections, so the post-critical reserve should be treated with precaution. 

 

 

Figure 4: Classification of buckling modes and post-critical reserves 

Like global buckling, local buckling is also a long-known mode, with analytical solutions first 

derived by Timoshenko over a hundred years ago. Later, around the 1950s a technique 

somewhat analogue to that of global buckling, i.e. application of a reduction factor was 
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proposed. This method is based on a so-called effective width approach, where a reduced 

width is calculated mostly by the Winter-formula [2] and the predicted capacity is the yield 

strength of this reduced cross section. Since the plates forming the given cross-section are 

connected to each other, this provides a sort of internal support but the current design methods 

usually neglect this effect and simply consider a cross-section as several independent, 

reduced-dimension plates forming an effective cross-section. Moreover, as local buckling 

wave-lengths are usually small, the variation of the load along the member may also be 

neglected resulting that the local buckling capacity may be considered as a characteristic 

value of the cross-section. 

The distortional mode is the latest described form of buckling; the first definitions appeared in 

the 1970s. Among the various types, this tends to be the most problematic one. The associated 

buckling length is typically between those of the local and global modes, and it is 

approximately 3-5 times the dimension of the largest plate of the cross-section. Deformation-

wise both plate-like deformations and translation of one or multiple corner lines may occur, a 

sort of flexural buckling of a stiffening element, e.g. flange. Although for some cases semi-

analytical solutions exist for this mode, it isn’t widely available, therefore, generally the 

capacity prediction is based on the elastic buckling load values. 

Further to the fact that standardized calculations may also require a proper distinction between 

buckling modes as in the various design standards different formulae apply for the different 

buckling modes, the behavioural difference between the two main groups highlight the 

necessity to be able to properly define and classify the different modes. Although the 

identification is relatively easy by examining the deformed cross-sections’ shape, to lay down 

the path of CAD analysis a numerical identification method was developed. One of the easiest 

ways to determine the buckling mode is by establishing a so-called signature curve for a cross 

section; a typical one is presented in Figure 5. 

 

Figure 5: Signature curve of a C cross-section 
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To establish the signature curve, the critical loads belonging to the first modes (i.e. the lowest 

eigen-values) are calculated for various buckling lengths, and then these results are plotted 

with the critical loads on the vertical axis and buckling length on the horizontal. 

Ideally, the signature curve has two minimum points, the first one corresponding to the local 

buckling critical value, the second to that of the distortional mode. Further information that 

may be derived from such curves is discussed later in detail in Section 2.2. 

1.3. Current design approach 

The current design standards of the European and North-American countries, the Eurocode 3: 

Design of steel structures – part 1.3 for cold-formed steel and part 1.5 for plated structures 

(EC3) [1-2] and the North American Specification for the design of cold-formed steel 

structural members (NAS) [3] have similar concepts for the buckling design of thin-walled 

cold-formed steel members. In general, the cross-sections are classified based on their general 

behaviour with relation to the buckling capacities, then depending on the classes various 

experimental-based analytical formulae are applied to determine the buckling resistance. This 

however includes complicated equations and the connection between the formulae and the 

engineering background isn’t always straightforward, therefore mistakes are easily done and 

hard to detect. In terms of design two main approaches exist; one is the effective width 

method (EWM), the other is the Direct Strength Method (DSM). 

The EWM is a classic approach, based on the work of Karman and Winter. The EWM was the 

primary design method for decades, and still today it is included in some major design codes, 

such as EC3, and NAS.  

An alternative design method called the Direct Strength Method (DSM) [4-6] is much newer, 

it was proposed by Ben Schafer, and first introduced in the USA in the 2004 edition of the 

NAS, later it was added to other standards e.g. the AUS/NZ specification. [7]  

The effective width method often takes into account only certain parts of the plates of the 

cross-sections as independent elements not considering the interaction between those resulting 

sometimes in not accurate enough solutions, deviating in both directions. If lower design 

values than the real capacity of the member are predicted, then the over-dimensioning 

increases the overall security but is less economic, while higher predicted design resistance 

may obviously lead to unexpected failures. 
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The EWM does not directly deal with rounded corners, the considered geometry of the cross-

sections during the calculations is simplified, namely, even though real-life cold-formed 

members always have rounded corners due to production methods, the standards mostly do 

not take this into account. Depending on the actual geometry the rounded corners may be e.g. 

in the EC3 (i) neglected (ii) replaced by a notional plate width or (iii) by applying a reduction 

factor. 

The principle of the DSM based capacity prediction is to calculate separately the capacity for 

each of the three major buckling modes and the final member design capacity is the minimum 

of these three resistance values. To obtain the capacity for each buckling mode the critical 

load values are determined by e.g. finite strip method (FSM) analysis then the mode-specific 

formulae are applied. The details of the DSM are presented in Section 2.3.3. 

It is to note that DSM is still under development, several papers are dealing with the 

enhancement of DSM, e.g. DSM for shear [8-13], DSM for web crippling [14-17], application 

of DSM for beam-columns [18-22], DSM for the precision on various couplings [23-33]. 

Some of these developments are already introduced in certain design codes, e.g., DSM for 

shear is integrated in the AUS/NZ. 

1.4. Numerical methods for buckling calculation 

With the arrival and general usage of CAD in structural calculations, modelling the 

distribution of the internal forces became easier and provided the possibility to better 

understand the behaviour of such members in critical conditions hence allow (i) a more 

reliable prediction of failure and (ii) a more economical usage of material by not 

unnecessarily overdesigning the members. This led to design approaches e.g. the DSM where 

the critical loads are obtained by the help of numerical methods and these results are then 

transformed into design capacities. 

Today the finite element method (FEM) is the most popular numerical method in engineering, 

and can also be applied for thin-walled structural members, e.g. by using shell finite elements. 

It is general and can be used to analyse almost any thin-walled member, however, standard 

FEM is not able to separate the various buckling types, which often makes capacity 

calculation ambiguous. Furthermore, FEM requires far more computational capacities than 

traditional methods, therefore even with the increasing performance of computers it has its 

application limits in a certain way. 
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The spline and semi-analytical finite strip method (FSM) has been proposed by Cheung [34-

36], later popularized by Hancock [37-38]. Although the conventional FSM just like FEM 

also cannot separate the buckling modes with its special basis functions, the signature curve 

can be established which helps identify the buckling types. A further advantage of the FSM is 

its much faster calculation speed; a common column with a length of 2 metres and overall 

cross-section of 300/100mm has ~1,400 elements in FEM calculations while only ~30 in FSM 

and the difference in the degrees of freedom (DOF) is also proportional, therefore, the FSM 

based calculations are more advantageous for one-dimensional members. Accessibility of 

FSM was enhanced by the introduction of the open source software CUFSM [39] and THIN-

WALL [40]. 

Another common feature of the various standards is that the different buckling modes have to 

be treated in different ways hence the modal identification is required. This in certain cases 

may not be done automatically and relies on a manual distinguishing which may also lead to 

uncertainties. By means of an unambiguous modal decomposition of the buckling 

phenomenon this problem could be solved. It is highly advantageous, therefore, to use some 

numerical methods in which separation of the various deformation types (in other words: 

modal decomposition of the deformations) is automatic. 

To overcome this problem, there are already several methods which are able to separate the 

different buckling types, two major methods are common: the Generalized Beam Theory 

(GBT) and “constrained” methods.  

The first method in this approach was the GBT [41-43] which has shown that buckling 

deformations may be formally treated in a modal nature that mechanically separates global, 

distortional, local, and other deformations. This formal separation is integral to GBT, and 

allows pure buckling mode calculations and measurements of modal participation in coupled 

modes. GBT was first worked out for unbranched open and simple closed cross-sections [44-

46], then later extended to more general cross-sections [47-49]. GBT was also implemented 

into the software GBTUL [50]. 

Recently, a new approach based on the FSM, called constrained finite strip method (cFSM) 

[51-53] with modal decomposition feature has been proposed, which eliminates most of the 

uncertainties included in the conventional FSM. The mechanical criteria embedded in GBT 

has been adapted in cFSM. This method was first developed for unbranched open cross-

sections [54-59] later it was extended for generalized boundary conditions [60-62], 



11 

decomposition of the less dominant modes [63-67] and arbitrary cross-sections [68-71]. The 

cFSM calculation method and its improvements were also implemented into CUFSM, 

providing a simple tool for the direct calculation of local, distortional and global critical 

values (or any combinations of them) for arbitrary thin-walled cross-sections. The basic idea 

of cFSM is to transform the nodal basis system of FSM into a modal basis system, in which 

modal system the various deformation types are separated. cFSM possesses the ability of 

modal decomposition as well as mode identification in a manner similar to GBT. In fact, 

cFSM and GBT have been extensively compared and found nearly coincident in their end 

results, see e.g. [72-74], even though the roots of the two methods are distinctly different. 

It is a common deficiency though of any of these methods with modal decomposition ability 

that the modal decomposition is problematic if the member model includes narrow, nearly 

parallel flat parts. This situation might occur if rounded corners or small stiffeners are directly 

modelled, e.g., by approximating them with multiple narrow strips. This problem is detailed 

later in Section 3.2. 

As FEM is still one of the most popular numerical method, to overcome its shortage of not 

being able to distinguish the various buckling modes, an extension of FEM was recently 

developed, called the constrained finite element method (cFEM), which employed a 

specifically developed shell finite element [75-82] and as a result can also perform modal 

decomposition. 

Further “constraining” methods also exist, such as the constrained spline FSM [83-85], 

constraining methods via finite element method [86-88], the above already mentioned cFEM 

and most recently the force and strain-energy based approaches [89-90]. A special branch 

within constraining approaches is when a general deformation (e.g., buckling shape calculated 

by ordinary shell finite element method) is identified, i.e., the contribution from the pure G, 

D, L modes are calculated. Such methods have been explored e.g. in [91-101]. 

The large number of relevant research and publications illustrate the importance of the need to 

have a design capacity prediction which is objective (i.e. does not require subjective decisions 

form the designer) and fully automatic (i.e. does not require a direct supervision from the 

user). The need of objectiveness is a general requirement from design methods. The full 

automatism is pronounced in the case of cold-formed steel, since the design methods are 

complicated, hence design is mostly done by computer programs. Furthermore, there is a 

continuous effort and need to develop more and more economical CFS products, by optimized 
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shapes, and the optimization, which is a popular research area [102-104] evidently require 

fully automatic capacity prediction. 

1.5. Presentation of the conventional and constrained finite strip method 

The FSM is similar to a shell finite element method, but with the substantial difference that 

longitudinal and transverse directions are distinguished and different shape functions are 

employed in the two directions: trigonometric functions in the longitudinal direction, while 

classic first- or third-order polynomial functions in the transverse direction. The method is 

most efficient if the longitudinal trigonometric functions satisfy the end restraint conditions 

and well represent the behaviour of the analysed member, so that discretization in the 

longitudinal direction is not needed at all. Such special finite elements are called strips and 

represented by the grey shaded part in Figure 6, and the method is the (semi-analytical) finite 

strip method, or FSM in short. In the FSM the displacement degrees of freedom are assigned 

to the longitudinal edges of the strips called nodal lines; three translations and a rotation both 

in the global and the local system. Within a strip, local in-plane (u, v) and out-of-plane (w) 

displacement functions are expressed as the product of longitudinal and transverse shape 

functions. In linear buckling analysis of members with simple end restraints, for example, 

simple sine and cosine functions are applicable as longitudinal shape functions, and the 

displacements within one element are approximated as follows. 

𝑢(𝑥, 𝑦) = [𝑓1
1𝑠𝑡 𝑓2

1𝑠𝑡] [
𝑢1

𝑢2
]  𝑠𝑖𝑛

𝑚𝜋𝑦

𝑎
      (1) 

𝑣(𝑥, 𝑦) = [𝑓1
1𝑠𝑡 𝑓2

1𝑠𝑡] [
𝑣1

𝑣2
]  𝑐𝑜𝑠

𝑚𝜋𝑦

𝑎
      (2) 

𝑤(𝑥, 𝑦) = [𝑓1
3𝑟𝑑 𝑓2

3𝑟𝑑 𝑓3
3𝑟𝑑 𝑓4

3𝑟𝑑] [

𝑤1

𝛩1

𝑤2

𝛩2

]  𝑠𝑖𝑛
𝑚𝜋𝑦

𝑎
    (3) 

where the f functions are 1st-order or 3rd-order Hermite polynomials, a is the member length, b 

is the strip width, the coordinate systems are shown in Figure 6, in which a thin-walled 

structural member is illustrated with finite strip discretization. The m parameter is an integer, 

its physical meaning is the number of half-waves along the length. In a typical FSM analysis 

m is usually takes as 1. It is to note that for the assumed shape functions with m=1, see Eqs. 

(1)-(3) the buckling length is equal to the member length, hence the terms “length”, “buckling 

length” and “member length” will be used hereafter as synonyms. 



13 

The above formulae represent locally and globally pinned boundary conditions at both 

member ends. Other end restraints can also be handled, but the longitudinal trigonometric 

shape functions must be changed accordingly. For more general restraints functions series are 

necessary.  

By using the above interpolations various classical engineering problems can readily be 

solved, for example first- or second-order static analysis, vibration analysis. In case of linear 

buckling analysis, which is the topic of this dissertation, a generalized eigen-value problem 

must be solved as follows:  

𝐊𝐞𝚽 − 𝚲𝐊𝐠𝚽 = 𝟎         (4) 

where Ke and Kg are the elastic and geometric stiffness matrices, respectively, the size of 

which is 4n by 4n, where n is the number of nodal lines. The stiffness matrices can be 

compiled from the elementary stiffness matrices of the strips, as usual in finite element or 

finite strip method. The solution of the eigen-value problem leads to: 

𝚲 = 𝑑𝑖𝑎𝑔[λ1   λ2   λ3   …    λ4n ]  and  𝚽 = [𝛟𝟏   𝛟𝟐   𝛟𝟑   …    𝛟𝟒𝒏 ]  (5) 

where i is the critical load multiplier and 𝛟𝐢 is the mode shape vector (i = 1...4×n). The 

above equations and procedures are implemented in the CUFSM software, which was also 

used for the calculations performed for the present research.  

 

Figure 6: Finite strip discretization, degrees of freedom 

The constrained FSM (cFSM) is an extension to FSM in which special constraints are applied 

to enforce the deformations to be consistent with a desired set of mechanical criteria. The 

criteria, summarized in Table 1, lead to relationship between nodal degrees of freedom 

(DOF), which relationships can be expressed by constraint matrices. 
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In any of G, D or L mode class zero transverse normal strains and zero in-plane shear strains 

are enforced. Moreover, G modes are characterized by zero transverse curvature (i.e., rigid-

body modes), while L modes are characterized by zero warping. Moreover, in G and D modes 

the cross-sections are in equilibrium, while in L modes they are not. A practical consequence 

of all these criteria is that nodal lines at corners (i.e., intersection of two non-parallel strips) 

can and do displace in D modes, while do not displace in L modes. Many earlier studies 

suggest that these mechanical criteria lead to reasonable G, D and L modes for various cross-

section shapes, but only if the non-parallel strips have a distinct angle difference, i.e., if the 

angle between two connecting strips is not too small.   

When some specific constraints are enforced, the DOF number of the model is reduced, for 

example the enforcement of criteria of global (G) deformations lead to the G deformation 

space, which is a sub-space of the displacement-deformation space given by the original FSM 

nodal degrees of freedom. If the various sub-spaces are constructed (based on the criteria 

summarized in Table 1, though some further criteria are practically necessary, too), we will 

have the G, D, L, S and T sub-spaces, so that the sum of these sub-spaces finally span the 

original FSM space. In other words, therefore, the systematic application of the constraining 

process will transform the original nodal degrees of freedom to practically meaningful modal 

degrees of freedom. 

Table 1: Mechanical criteria for mode classes in cFSM 

mechanical criteria G D L S/T 

𝜀𝑥 = 𝜕𝑢/𝜕𝑥 = 0 & 𝛾𝑥𝑦 = 𝜕𝑢/𝜕𝑦 + 𝜕𝑣/𝜕𝑥 = 0 - Vlasov’s 

hypothesis 
Yes Yes Yes No 

v≠0 & transverse equilibrium - longitudinal warping Yes Yes No - 

𝜅𝑥 = 𝜕2𝑤/𝜕𝑥2 = 0- undistorted cross-section Yes No - - 

Mathematically, any FSM displacement vector d, including an eigen-vector (i.e., buckling 

mode) 𝛟𝐢, may be constrained to any deformation space (or mode space) M via: 

𝐝 = 𝐑𝐌𝐝𝐌          (6) 

where RM is a constraint matrix, and M might be, e.g., G, D, L, etc., or any sub-classes of G, 

D, L, etc. 
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Constraining of the eigen-value solution is completed by applying the constraint matrix for 

the given M space RM, the columns of which can be interpreted as base vectors for the given 

space. Introducing Eq. (6) to Eq. (4), we get a constrained eigen-value problem: 

𝐑𝐌
T𝐊𝐞𝐑𝐌𝚽𝐌 − 𝚲𝐌𝐑𝐌

T𝐊𝐠𝐑𝐌𝚽𝐌 = 𝟎   →      𝐊𝐞𝐌𝚽𝐌 − 𝚲𝐌𝐊𝐠𝐌𝚽𝐌 = 𝟎   (7) 

where KeM and KgM are reduced-size elastic and geometric stiffness matrices for the eigen-

value problem constrained to space M. 

The construction of various constraint matrices is discussed in detail in earlier publications [9-

11]. It is to mention that more refined version of the mechanical criteria of Table 1 has been 

proposed [13-14], which is necessary in case of general cross-sections, e.g. hollow sections.  

1.6. Aim of the research 

The DSM briefly introduced in Section 1.3 has a lot of advantages over the existing design 

standards, however as described later in detail, one of the essential input data is the critical 

load for the different buckling modes. Since for certain cross-sections this cannot be exactly 

defined by FSM calculations this proposed modal decomposition eliminates these problematic 

cases. However, by applying the mechanical constraints allowing only specific buckling 

modes to develop the critical load results for FSM and cFSM calculations differ. In most of 

the cases the difference is within an acceptable range but in a non-negligible number of cases 

quite high, and always on the unsafe side. Section 2 of the research focuses on this 

phenomenon, while the impact of this difference on the member resistance is discussed in the 

first part of Section 3. 

Another limitation for performing cFSM calculations is the modelling of rounded corners. 

Due to the applied mechanical boundary conditions the rounded corner zone is discretized as 

a series of close to parallel narrow strips which don’t cause any problems while performing 

FSM analysis but due to the mechanical criteria applied in the modal decomposition the 

resulting deformations of the analysis are non-conform to the engineering expectations and as 

a consequence lead to invalid critical loads. In order to ensure that the advantages of cFSM 

calculations may be utilised for rounded corner elements too, two approaches to handle this 

problem are presented. The first method which is a relatively simple one is described in the 

second part of Section 3, however as it is an extrapolation of the sharp-corner results on 

rounded cornered members assuming similar mechanical behaviour of the similar cross-

sections it is less reliable. 
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The second method by means of introducing a mechanical corner model to overcome the 

incompatibility of cFSM with rounded corner discretization is a more universal solution as it 

models better the actual commercially available cross-sections and even delivers results with 

fewer calculations due to the reduced DOF. Since it has well-founded mechanical basis it is a 

more appropriate way to perform analysis of rounded corner cross-sections. Two different 

solutions are proposed and detailed in Section 4. The first is a rigid-corner model, however, 

since this model has certain limitations a more advanced model, an elastic corner model was 

elaborated.  
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2. COMPARISON OF COUPLED AND PURE BUCKLING MODES 

2.1. Problem statement, aim, strategy 

As described in the introduction, the application of cFSM to determine the critical loads of 

arbitrary cross-sections is a relatively simple method which provides in all cases definitive 

and straight-forward results. However, it is observed, that cFSM usually yields slightly higher 

critical stresses than conventional FSM, see Figure 7. 

 

Figure 7: Comparison of “All-mode” critical loads by FSM and “Pure-mode” critical loads by 

cFSM 

The difference is clearly due to the coupling effect between the various modes (e.g. L-D or D-

G), which interaction is naturally included in FSM, but intentionally excluded from cFSM. 

These differences in the critical loads/stresses are necessarily reflected in the predicted load-

bearing capacities, too. The difference is usually small, but in certain cases may reach 

considerable levels, furthermore, since it is always on the unsafe side, it is worth for 

investigation. 

As discussed in detail in the next chapters, this difference is more significant in the case of 

distortional buckling. The reason for this is the more important interaction between the 

different modes in the D region. Modal decomposition makes it possible to determine the 

different buckling modes’ participation in the all-mode analysis results. In Figure 8 a 

signature-curve is shown with the corresponding mode participation of the G, D and L modes 

of a conventional FSM analysis. While in the L and G regions the appropriate buckling mode 

governs in terms of participation, in the D region it is visible that the distortional mode only 

represents ~80%, while local-plate buckling participates with ~15% and global buckling with 

~5%, therefore the distortional mode is more affected than the other two, which results in a 

larger difference between the all-mode and pure-mode critical loads. 
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Figure 8: Mode participation in all-mode analysis 

In the field of the study over the differences in critical loads, the overall buckling (e.g., 

flexural or flexural-torsional buckling) is not considered here, i.e., it is assumed that the 

member is not susceptible to overall buckling. Although global buckling may be in many 

cases the governing failure depending on the actual conditions (cross-section type and 

member length/distance between supports), since that phenomenon is better described and 

known the focus was on providing a more accurate prediction of local and distortional 

buckling values.  

For the investigation of the problem, two wide-range parametric studies were performed in 

which these differences are investigated. First the critical stresses are discussed (in Section 

2.2) through the results of calculations on different cross-section types with various 

geometries and loads. The shapes of the cross sections were chosen to be compliant with the 

prescriptions of the DSM as later on this method will be used for capacity prediction. The 

local and distortional critical loads are determined by both FSM and cFSM, and the 

differences are compared and evaluated. The second study as an extension to the first one was 

to determine the impact of the difference on the load-bearing capacities predicted by the 

DSM; the results are summarized in Section 2.3. It is to mention that due to the large number 

of analysed cases, the calculations have been automated; using the core FSM-cFSM routines 

of the CUFSM software as the calculating engine, a program has been developed in 

MATLAB [105] to perform the parametric studies. 
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2.2. The effect of modal decomposition on critical loads – Study #1 

A parametric study where the critical loads/stresses are investigated, referred to as hereinafter 

as “Study #1” has been performed to determine whether the considerable differences and/or 

members with no minimum in either local or distortional buckling modes were only isolated 

cases or a statistically important occurrence. In Study #1 this basic observation is clarified and 

sets forth the further steps of the research.  

2.2.1. The parameters of Study #1 

In Study #1, a total of 2,016 different geometries have been analysed with C and Z sections, 

illustrated in Figure 9, and three load types, pure compression (column), pure bending (beam) 

and compression-bending (column-beam), resulting a total of 12,096 different cases, with the 

following parameters: 

Table 2: Geometric dimensions considered in the parametric studies 

Section 

type 

No. of 

geometries 
h b0/h D/h T Member lengths 

C and Z 2016 
100÷400 mm 

step: 20 mm 

20÷80 %     

step: 10% 

5÷30 %         

step: 5 % 

1, 2, 3 mm 

step: 1 mm 

100÷20,000 mm 

step: 10 mm 

 

 

Figure 9: The considered cross-section shapes and notations 

To establish the signature curve, the critical loads were determined for member lengths in a 

range between 100 and 20,000mm with a 10mm step to provide sufficient accuracy for the 

minimum points’ buckling lengths. Flange lips for C sections are perpendicular to the flanges 

while for the Z sections it has an angle of 50˚, and regular steel material is used with the 

following properties: E = 206 GPa,  = 0.3, fy = 300 MPa. Moreover, in the beam-column 

case the compressive force and bending moment are scaled to maintain zero stress at the less 

compressed extreme fibre of the cross-section. 
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It is to be mentioned that the considered cross-sections cover a relatively wide range of 

geometries: in fact, wider range than usual in the practice, even some extreme sections which 

are not commercially available, however this was an intentional choice to provide a better 

understanding of the tendencies while examining such purely theoretical members. 

2.2.2. Finite strip analysis for Study #1 

In any finite method analysis an appropriate discretization is necessary. The dilemma is that 

more strips provide more exact results (i.e., critical loads), but also mean longer run-time for 

calculations. Even though FSM run-times are much shorter than those of FEM models, the 

large number of the analysed cases for many buckling lengths may finally lead to significant 

calculation time. For this reason, a preliminary study has been carried out to examine the 

effect of the model discretization. Based on the results of this auxiliary study, a relatively 

rough discretization has been selected: 3 strips for the web, 2 strips for the flanges, and 1 strip 

for the lips (referred to as 3-2-1 mesh).  

This coarser mesh still ensures that the average error of the critical values compared to a finer 

mesh is below 1.5 %, which can be regarded sufficient keeping in mind that the aim of this 

study is not the analysis of the critical loads themselves but their differences obtained from 

the two versions of FSM. The difference of the critical loads for local and distortional 

buckling in pure- and all-mode analysis in function of the mesh density of a given cross-

section is presented in Figure 10, where the 5-3-2 discretization’s results are considered as 

“exact”. 

 

Figure 10: Impact of discretization on critical loads 

However, in later studies, e.g. for the predicted load-bearing capacity, a finer mesh will be 

used to minimize the possible effects resulting from discretization and to ensure that the 

capacity differences observed are not biased. 

0

0,25

0,5

0,75

1

1,25

1,5

1,75

2

3-2-1 4-3-1 5-3-2

D
if

fe
re

rn
c
e
 [
%

]

Discretization

Pure L

All D

All L

Pure D



21 

The applied discretization also means that corners are modelled to be sharp, which is not only 

to make the calculations faster, but also an important requirement in case the calculations are 

done with cFSM which does not provide correct results if rounded corners are directly 

modelled as discussed later in Sections 3. and 4. To further improve calculation speed a two-

step iteration was used to determine the buckling lengths at the minimum points of the 

signature curve. In order to determine the signature curve in the examined range of buckling 

lengths between 100 and 20,000 mm with a 10 mm accuracy, it would require to calculate the 

critical load in almost 2,000 cases. In order to save time on the run-time of the parametric 

study, first a coarse division of 100 mm’s was used to establish the signature curve, from 

which the 200 mm wide intervals for the local and distortional buckling minima was located. 

In the second round of calculations a more precise buckling length with a 10 mm accuracy 

could be determined only in these selected intervals. In this way, for a single cross-section the 

critical loads had only to be calculated at 240 different buckling lengths instead of 2,000, 

significantly reducing the necessary run-time. 

By means of the numerical analysis, the following characteristic values have been determined 

for each cross-section, both in all-mode and local and distortional pure-modes: 

- Signature curves, and by identifying the minimum point(s) of those: 

- Critical load and length for local buckling 

- Critical load and length for distortional buckling 

2.2.3. Evaluation method and results 

Calculations have been completed for all the combinations of considered geometrical and load 

parameters by using both conventional and constrained FSM: the critical load vs. buckling 

length curves have been established and the critical loads for L and D modes have been 

determined by identifying the minimum points of the curves (or by using the nominal 

minimum points if necessary, as described below). The main aim of this study was to 

compare the FSM “All-mode” and the cFSM “Pure-mode” results, determine the difference in 

the critical loads i.e. the critical load values at the L and D mode minimum points of the 

signature curve. It is to note, that the buckling lengths belonging to the all-mode and pure-

mode minima may differ, however, during the evaluation of the results the absolute minimum 

of the given modes were used regardless of any eventual difference in the buckling lengths. 

However, in most of the cases the lengths were identical for the all- and pure-mode results, at 
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least w.r.t. the chosen spacing step of 10mm while establishing the signature curve. The 

difference between all-mode and pure-mode is referred to as “difference” in the next chapters 

and this is the key point investigated in the following parts. This was done by calculating the 

critical values separately for the various cross-section- and loading types presented in Table 2, 

and for the two types of buckling (D and L) by means of establishing the signature curve in 

each case. The resulted data sets then are evaluated statistically: relative frequency histograms 

are plotted and mean values are calculated. Moreover, dependency of the differences on 

geometrical properties is also investigated. The results are presented in detail in the next 

chapter. 

In the majority of the cases the FSM-established all-mode critical load vs. buckling length 

curve has two minimum points, see e.g. Figure 5. The two minima, however, do not always 

exist. If the all-mode curve has only one minimum point, or has no minima at all, the 

identification of critical values is problematic and renders the determination of the member 

resistance via the DSM more difficult. It is precisely this uncertainty which is completely 

removed by the cFSM. To overcome this difficulty and to be able to perform the FSM-cFSM 

comparison, a so-called nominal FSM minimum is introduced for those FSM cases where real 

minimum does not exist. Nominal FSM minimum is defined as the critical value of the FSM 

(all-mode) curve at that buckling length where the corresponding cFSM (pure-mode) curve 

has its minimum point, see Figure 11. 

 

Figure 11: Definition of nominal FSM minimum 

Another difficulty is to decide whether a minimum point of the all-mode curve belongs to 

local or distortional class, especially if only one minimum exists. In the presented study this 

decision has been made by analysing the differences between the all-mode minimum buckling 

length and the pure distortional and pure local minimum lengths, i.e. which buckling length 

was closer to that of the all-mode. 
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2.2.4. Discussion of the results 

The results of Study #1 show that the differences between FSM and cFSM critical loads are 

much more important in the distortional mode, ranging between ~4%-~50%. The difference is 

clearly due to the interaction with local and/or global buckling. It has also been experienced 

that the existence of real minimum points of the FSM  all-mode curve significantly influences 

the results: the differences are much higher for the no minimum cases, as illustrated in Figure 

12 and Figure 13 where the relative frequency histograms for the differences are plotted. 

 

Figure 12: Distribution of differences in critical loads: C section, N load, D mode 

 

Figure 13: Distribution of differences in critical loads: Z section, M load, D mode 

For example, the average difference of the C-N-D cases is 12.4% if real D minimum exists, 

while 31.9% if real minimum does not exist (see Figure 12). Here and in further chapters the 

different cases will be referred to with abbreviations like C-N-D meaning a ‘C’ cross-section, 

pure N load and distortional buckling mode, e.g. Z-M-L would refer to a ‘Z’ cross-section 

under pure bending load and local buckling mode. The numbers of the considered cases (i.e., 

cross-section geometries) are also provided in the figures. As it is clear, the number of no-

minimum cases depends on the cross-section and loading, and can be as high as 28%, e.g. as 

seen in Figure 12. 

A relationship between the cross-section geometry and the differences in D critical loads has 

been identified: the higher the b/h ratio, the smaller the difference between all-mode and pure-

mode critical values, this correlation is demonstrated in Figure 14. It is also concluded that the 

lip size has no significant effect on the differences, though it has an effect on the interaction: 
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small lips mean more interaction with global buckling, large lips mean more interaction with 

local buckling. This is due to the stiffening effect of the lips; an adequately large lip provides 

sufficient support to both ends of the flange. 

 

Figure 14: The effect of section geometry on the differences of critical loads: C section, N load, D 

mode 

The differences in local mode critical loads are considerably smaller than those in distortional 

critical loads, see Figure 15 and Figure 16. In more than 50% of the cases the difference is 

smaller than 0.2%, hence negligible. The figures highlight that the absence of real L minimum 

points in the all-mode curve considerably increases the differences (similarly as in D mode). 

For example, the average difference of the C-N-L cases is 11.0% for the no-L-minimum 

cases, while only 0.6% if real minimum does exist. It should also be pointed out that the 

number of no-minimum cases in L mode is small: according to Figure 15 and Figure 16, the 

frequency of no-minimum L cases is between 3 and 7%, only. This is why their total effect is 

moderate, and this is also why the average of all the L cases remains small.   

 

Figure 15: Distribution of differences in critical loads: C section, N load, L mode 

 

Figure 16: Distribution of differences in critical loads: Z section, M load, L mode 
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The geometrical proportions of the cross-section has some effect on the local behaviour too; 

the lack of minimum usually occurs if the cross-section has small lips and relatively thick 

walls, since in this case the small lip is unable to properly brace the flange, therefore the 

relatively high local buckling critical load (due to the wall thickness) and the relatively low 

distortional buckling critical load (due to the weak flange lip) may interact with one another. 

It is to be noted, however, that this phenomenon occurs mainly for those extreme cross-

section geometries that are rarely applied in the everyday practice.   

The results of Study #1 show that the differences between the FSM and cFSM critical loads 

are certainly non-negligible for distortional buckling, but may also have some practical 

relevance for local buckling, especially if less usual cross-section geometries are allowed. 

Since the differences range from 0% up to 50%, they will appear in the load-bearing capacity 

of the members too as presented in Section 2.3.  

Another conclusion of Study #1 is that the lack of FSM minimum points induces considerably 

larger differences. Thus, the applied definition for nominal FSM minimum may require 

improvement. Although the buckling length in All and Pure-modes do not necessarily 

coincide as it may be observed in Figure 7, therefore this way of determining the buckling 

length of the nominal minimum may not be totally accurate. However, the applied procedure 

seemed to provide accurate enough results to define the nominal minimum buckling lengths 

in this way. Moreover, as the no-minimum cases usually belong to extreme cross-sections 

where the differences are larger than usual already, this possible inaccuracy does not have an 

impact on the main tendencies observed and presented above. 

2.3. The effect of modal decomposition on member resistance – Study #2 

After evaluating the results and tendencies of Study #1 the following step in the research was 

to determine the effect of the FSM-cFSM differences on the actual load bearing capacity of 

the different members.  

The second study (hence referred as “Study #2”) is focused on the effect of the differences in 

critical loads (explored by Study #1) on the load-bearing capacities. Load bearing capacities 

here are predicted by using the formulae of the Direct Strength Method (DSM) as detailed 

later in this section. 

Numerical parametric studies just like in case of Study #1 have been carried out in which 

various thin-walled cross-sections were investigated; local and distortional critical loads are 
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calculated using both FSM and cFSM, the member resistances are then calculated with the 

help of the DSM formulae, then the differences are evaluated and conclusions are drawn.  

2.3.1. The parameters of Study #2 

The analysed cross-sections have been selected according to the DSM specification [4]. The 

same six cross-section shapes are considered, as illustrated in Figure 17. 

 

Figure 17: The considered cross-section shapes and notations 

The range of the geometrical dimensions was similar to those of Study #1 as detailed in Table 

3, however a filter was applied to only process those cross-sections that qualify according to 

the DSM specifications detailed later. 

Table 3: Geometric dimensions considered in the parametric studies 

Load type: pure compression (N) 

Cross section 
No of 

cases 
h0 b0/t D/t 

C 1720 100÷460mm step: 20mm 20÷159 step: 20 5÷33 step: 4 

C w/ web stiffener 784 100÷460mm step: 20mm 20÷160 step: 20 6÷33 step: 4 

Z 240 t × (80÷137) step: 10mm 10÷55 step: 10 4÷36 step: 4 

Hat 78 t × (20÷50) step: 2mm 20÷44 step: 2 D=b0×0.13 

Rack 156 t × (20÷50) step: 5mm 10÷20 step: 2 5÷8 step: 1 

Rack w/ stiffener 156 t × (20÷50) step: 5mm 10÷20 step: 2 5÷8 step: 1 

Load type: pure bending (M) 

Cross section 
No of 

cases 
h0 b0/t D/t 

C 1028 100÷320mm step: 20mm 10÷80 step:10 5÷33 step: 4 

C w/ web stiffener 197 100÷360mm step: 20mm 10÷60 step:10 14÷17 step: 1 

Z 321 t × (100÷180) step: 10mm 10÷70 step:10 10÷16 step: 1 

According to the specifications, the values for “Theta”, “b2” and “D2” are fixed: Theta=50°, 

b2=D×1.8 and D2=D×0.3. Since the geometry of the stiffener is not specified in the DSM 
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specifications. Here the size of the stiffener height is chosen to be 1/10th of the web height, i.e. 

a relatively large and strong web stiffening is applied, which is not unusual in the practice 

though. Two types of loading have been applied: (i) pure normal force and (ii) pure bending 

moment. Since the results of Study #1 didn’t reveal any remarkably different behaviour for 

the combined N-M loading this load case was omitted from the further analysis and only pure 

loads were evaluated. 

2.3.2. Finite strip analysis for Study #2 

In the parametric Study #2 in order to maintain higher accuracy of the results and to minimize 

the effect of such numerical errors for the member resistances, the critical loads were 

recalculated by applying a finer discretization than in Study #1: webs, flanges and lips have 

been divided into 5, 3, and 2 strips respectively, the other elements (e.g. stiffeners) have been 

modelled by one single strip. This finer mesh ensures that critical loads are calculated by a 

marginal error. 

To be able to use the DSM for the determination of the load-bearing capacities, certain 

limitations of the studied cross-sections are imposed. The DSM qualified cross-section types 

and dimension range limitations for columns and beams are illustrated below in Figure 18 and 

Figure 19. 

It is to mention that the definition below for the pre-qualified cross-sections represent the 

DSM criteria according to the NAS (2004). Since then a revised and extended version has 

been accepted and included in the NAS (2016), however, as the majority of the research was 

conducted prior to this extension the cross sections analysed are those of the previous version. 

Due to the wide geometrical range of the parametric studies performed on several cross-

section types, the observed tendencies are independent from the difference of these pre-

qualification limits. 

Regarding the finite strip analysis methodology, the principle remained the same as for the 

calculations performed in Study #1; the characteristic values i.e. signature curves, critical 

loads and the related buckling lengths for both local and distortional buckling have been 

determined via numerical analysis for each cross-section both in all- and pure-mode; the 

tendencies are then observed and evaluated. 
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Figure 18: Limits for pre-qualified columns 
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Figure 19: Limits for pre-qualified beams 

2.3.3. The Direct Strength Method – introduction, evaluation method 

According to the DSM, the member capacity is predicted from the elastic buckling load (or 

moment) and the squash load or yield moment. The original formulae are slightly re-arranged 

in accordance with the purpose of this study. 

Moment capacities are predicted separately for global (G), local (L) and distortional (D) 

buckling as follows [106]: 

 𝑀ne = {

𝑀cre if 𝑀cre < 0.56𝑀𝑦

10

9
𝑀𝑦 (1 −

10𝑀𝑦

36𝑀cre
) if 2.78𝑀𝑦 ≥ 𝑀cre ≥ 0.56𝑀𝑦

𝑀𝑦 if 𝑀cre > 2.78𝑀𝑦

   (8) 

 𝑀nl = {
(1 − 0.15 (

𝑀crl

𝑀ne
)
0.4

) (
𝑀crl

𝑀ne
)
0.4

𝑀ne if 𝜆𝑙 > 0.776

𝑀ne if 𝜆𝑙 ≤ 0.776
    (9) 

 𝑀nd = {
(1 − 0.22 (

𝑀crd

𝑀𝑦
)

0.5

) (
𝑀crd

𝑀𝑦
)

0.5

𝑀𝑦 if 𝜆𝑑 > 0.673

𝑀𝑦 if 𝜆𝑑 ≤ 0.673

   (10) 

where the slendernesses are:  

 𝜆𝑙 = √𝑀ne 𝑀crl⁄   and  𝜆𝑑 = √𝑀𝑦 𝑀crd⁄       (11) 
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and My is the yield moment of the cross-section, which is equal to the product of the elastic 

section modulus and the yield strength, while Mcrl, Mcrd and Mcre are the critical bending 

moments for local, distortional and global buckling, respectively. Then, the design capacity of 

the member for bending is the minimum of the predicted capacities: 

 𝑀𝑛 = 𝑚𝑖𝑛(𝑀ne, 𝑀nl, 𝑀nd)        (12) 

In the presented research the local and distortional buckling behaviour are studied, therefore it 

is assumed that global buckling is prevented by appropriate restraints. Thus, in the capacity 

prediction the Mne global buckling resistance can be assumed to be equal to the My yield 

moment. Furthermore, this means that Eq (8) is not applicable, while in Eq (9) Mne can be 

replaced by My. Eqs. (9) and (10) rewritten in a more convenient form are as follows: 

 𝑀nl = {
(1 −

0.15

𝜆𝑙
0.8)

1

𝜆𝑙
0.8 𝑓𝑦𝑊𝑒𝑙 if 𝜆𝑙 > 0.776

𝑓𝑦𝑊𝑒𝑙 if 𝜆𝑙 ≤ 0.776
     (13) 

 𝑀nd = {
(1 −

0.22

𝜆𝑑
)

1

𝜆𝑑
𝑓𝑦𝑊𝑒𝑙 if 𝜆𝑑 > 0.673

𝑓𝑦𝑊𝑒𝑙 if 𝜆𝑑 ≤ 0.673
     (14) 

where the slendernesses are:  

 𝜆𝑙 = √𝑓𝑦 𝜎crl⁄   and  𝜆𝑑 = √𝑓𝑦 𝜎crd⁄        (15) 

and the final resistance is the lower of the Mnl local and Mnd distortional resistances, predicted 

by Eqs. (13) and (14): 

 𝑀𝑛 = 𝑚𝑖𝑛(𝑀nl, 𝑀nd)         (16) 

Equations similar to (13) and (14) may be derived for columns too. After the rearrangement of 

the formulae and by substituting the global buckling resistance with the yield force we obtain: 

 𝑃nl = {
(1 −

0.15

𝜆𝑙
0.8)

1

𝜆𝑙
0.8 𝑓𝑦𝐴 if 𝜆𝑙 > 0.776

𝑓𝑦𝐴 if 𝜆𝑙 ≤ 0.776
      (17) 

 𝑃nd = {
(1 −

0.25

𝜆𝑑
1.2)

1

𝜆𝑑
1.2 𝑓𝑦𝐴 if 𝜆𝑑 > 0.561

𝑓𝑦𝐴 if 𝜆𝑑 ≤ 0.561
     (18) 

where the slendernesses are defined in (15). Assuming again that global buckling is excluded, 

i.e., the Pne global buckling resistance is equal to Py squash load, the final resistance is defined 

as the minimum of Pnl local capacity and Pnd distortional capacity as follows: 

  𝑃𝑛 = 𝑚𝑖𝑛(𝑃nl, 𝑃nd)         (19) 
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Observing Eqs. (13-14), (17-18) and (15) it is clear that the member resistance is finally 

dependent on the following parameters: σcrl and σcrd critical stresses for local and distortional 

buckling, section properties (namely: Wel elastic cross-section modulus and A cross-section 

area), and the fy yield strength.   

2.3.4. Discussion of the results: columns 

In the following sections the impact on the load bearing capacity of the differences between 

the pure- and all-mode buckling critical loads is discussed. 

Typical buckled shapes for local and distortional buckling modes are shown in Figure 20 and 

Figure 21 respectively. 

 

Figure 20: Typical local buckling shapes – pure compression 

 

Figure 21: Typical distortional buckling shapes – pure compression 

Figure 22 presents the distribution of differences in critical loads for distortional cases with 

the non-DSM-compliant cross-sections filtered out. The distribution is similar to that shown 

in Figure 12, but the average values are smaller due to the fact that the extreme geometries of 

Study #1 are excluded from Study #2 since those don’t fulfil the DSM geometrical criteria. 

This can be noticed while examining the differences in the local cases’ critical loads too.  

The DSM predicted distortional capacities are presented in Figure 23, while the ratio of the 

Pnd capacity to the Pcrd critical load is shown in Figure 24. As the figures suggest, the 
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difference in Pnd capacity is approximately the half of that in Pcrd critical load, at least if the 

member is slender enough to be susceptible to distortional buckling. For stockier sections the 

ratio is even smaller; that is why the average difference in the distortional capacity is less than 

the half of the average difference in the distortional critical load. Nevertheless, it is to 

underline that the average difference in the distortional capacity is non-negligible (5.4%) even 

if the potential error caused by the uncertainty in the definition of nominal minimum is 

excluded (3.9%).  

At the same time, the results show that similar problem hardly exists for local buckling. The 

average difference in the DSM predicted Pnl local capacity is only 0.2%, see Figure 25, 

(which is approximately one-third of the difference in the Pcrl local critical load, see Figure 

26,) and even the number of no-minimum cases is almost negligible (7 out of 865). 

 

Figure 22: Distribution of differences in critical loads: C section, N load, D mode 

 

Figure 23: Distribution of differences in capacity values: C section, N load, D mode 

 

Figure 24: Relationship between critical loads and capacity values: C section, N load, D mode 
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Finally, by taking the smaller of Pnl and Pnd, the DSM predicted member capacity can be 

defined. The corresponding difference distribution is presented in Figure 27. As it is shown, 

the majority of the differences is below 5%, but still there are cases with much larger 

differences, up to 25%, while the average difference is found to be 3.1%.  

 

Figure 25: Distribution of differences in capacity values: C section, N load, L mode 

 

Figure 26: Relationship between critical loads and capacity values: C section, N load, L mode 

 

Figure 27: Distribution of differences in final load-bearing capacity: C section N load 

Table 4 summarizes the above presented results of all six cross-sections examined for pure 

axial loading by listing the average and maximum differences. It is again highlighted that 

“difference” refers to the difference between the corresponding load-bearing capacities 

calculated with FSM and with cFSM critical forces. Local (Pnl) and distortional (Pnd) 

resistances are listed separately, together with the final predicted resistance (Pn). 

As the results of Table 4 show, the differences between local resistances (Pnl) are much 

smaller than those between distortional resistances (Pnd). It may be concluded that these local 

differences are small enough to be safely neglected. The cases where a real minimum exists 

on the signature-curve are analysed separately too marked as “w/ real D min” in Table 4. 
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Table 4: Differences of resistances for pure compression: FSM vs. cFSM 

  Pnl Pnd Pn 

Cross section No. of 

cases 

Average 

diff. [%] 

Max. 

diff. [%] 

Average 

diff. [%] 

Max. 

diff. [%] 

Average 

diff. [%] 

Max. 

diff. [%] 

C 

  (w/ real D min) 

1720 

(1233) 

0.3 

 

5.3 

 

6.8 

(4.1) 

25.4 

(11.4) 

3.6 

(2.0) 

25.4 

(10.6) 

C w/ stiffener 781 0.6 2.9 2.9 5.8 2.8 5.6 

Z 240 0.3 2.2 3.9 7.8 2.0 7.8 

Hat 78 0.5 1.3 2.5 2.7 2.5 2.7 

Rack 156 0.1 0.8 1.8 2.6 1.8 2.6 

Rack w/ stiffener 147 0.1 0.8 1.6 2.3 1.6 2.3 

As far as cross-section shapes are concerned, the smallest differences are found for Rack 

sections (average is below 2%), while the largest differences occur for (non-stiffened) C 

sections (maximum difference up to 25%, average difference is 3.6%). In other words, it 

means that in case of simple C sections the buckling mode which is seemingly distortional is 

frequently a combination of distortional and local modes, which mode coupling is responsible 

for the differences. Since the differences are always on the unsafe side, they cannot be 

neglected.  

It can also be observed that in case of Hat and Rack sections local buckling practically never 

governs, which is due to the fact that the DSM specification used during the research does not 

allow high width-to-thickness ratios for these cross-section shapes, thus, all the considered 

Hat and Rack sections are relatively stocky. The qualified geometrical interval of hat and rack 

members does not allow for extraordinary h/b ratios either; due to the lack of extreme 

geometries e.g. in terms of slenderness these types of cross-sections produce fewer extreme 

results. 

The results highlight the influence of the web stiffener in C sections too; while for simple C 

sections both L and D mode may govern (with roughly the same probability), for web-

stiffened C-s the distortional mode, i.e. the buckling of the web stiffener is the dominant one, 

while local buckling is rare. This also explains why the differences in Pn are nearly identical 

to those in Pnd. Another observation is that the effect of mode coupling is considerably 

reduced if web-stiffener is used, that is why both the maximal and the average differences are 

much smaller for web-stiffened C sections (compared to the non-stiffened C-s).  

During the numerical studies it became clear that in case of simple C-sections in a relatively 

big number of cases the FSM critical value vs. buckling length curve has no distortional 
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minimum (i.e., 487 out of the 1720, which is approx. 28% of the cases). In these cases, the 

nominal FSM minimums are used for the comparisons. It is also to be observed, however, that 

no-D-minimum cases are usually associated with more significant mode coupling effect, 

which means that the differences between the FSM all-mode critical values and cFSM pure-

mode critical values are relatively big. In Figure 28 this phenomenon is demonstrated: the 

relative frequency diagrams of the differences are plotted separately (i) for the cases with real 

D minimum, (ii) for the cases without real D minimum, and (iii) for all the cases.  

The same type of relative frequency diagram is shown for local cases of C sections in Figure 

29. The tendencies are similar, however, (i) the number of cases without real L minimum is 

small (i.e., 27 out of the 1720, which is approx. 1.6% of the cases), and (ii) the differences in 

general are small. 

 

Figure 28: The differences between distortional buckling resistances (FSM vs. cFSM) for 

compression 

 

Figure 29: The differences between local buckling resistances (FSM vs. cFSM) for compression 

2.3.5. Discussion of the results: beams 

The main tendencies in case of normal and moment loading, i.e. column- and beam-like 

behaviour are the same, yet the different geometrical limitations filter the results in a different 

way, therefore, it seemed more appropriate to make a distinction in the evaluation of the 

results for these two load types. Typical buckled shapes of beams are presented in Figure 30. 
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Figure 30: Typical local (on the left) and distortional (on the right) buckling shapes – pure 

bending 

Since the DSM geometrical limits are stricter for pure bending (compared to pure 

compression), the number of appropriate cross-section geometries is smaller (e.g., in case of C 

section 1028 cases for bending compared to 1720 cases for compression).  

The results for pure bending summarized in Table 5 clearly show that the differences are 

negligibly small for local buckling, but non-negligible for distortional buckling, especially for 

C sections with or without web stiffener. Another observation is that the governing mode for 

Z sections is always the distortional mode due to the more open section with the lips not 

perpendicular to the flange hence less stiffening effect, while for web-stiffened C sections it is 

most frequently the local mode (with negligible differences). As far as non-stiffened C-s are 

concerned, they may buckle in either L or D mode. The average difference is 4.2%, which is 

somewhat larger than that for pure compression, and definitely large enough not to be 

negligible. 

Table 5: Differences of resistances for pure bending: FSM vs. cFSM 

  Pnl Pnd Pn 

Cross section No. of 

cases 

Average 

diff. [%] 

Max. diff. 

[%] 

Average 

diff. [%] 

Max. diff. 

[%] 

Average 

diff. [%] 

Max. diff. 

[%] 

C 

  (w/ real D min) 

1028 

(929) 

0.5 12.5 4.2 

(3.6) 

19.6 

(19.6) 

2.0 

(1.9) 

19.6 

(19.6) 

C w/ stiffener 77 0.3 0.4 6.3 14.9 0.3 0.4 

Z 321 0.3 0.8 2.2 2.7 2.2 2.7 

Similarly to the pure compression loading, the cases without a distinct FSM minimum are 

associated with larger differences, as illustrated also in Figure 31. However, it is to note that 

(i) the number of these cases is small (99 out of the 1028), and (ii) the average difference does 

not significantly reduce even if the no-minimum cases are filtered out, the 4.2% of difference 

reduces to 3.6% (marked as “w/ real D min” in Table 5). Finally, it may be interesting to point 
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out that the large differences (up to 20%) in case of C sections always belong to unusual 

cross-section geometries characterized by large web-depth to flange-width ratios. 

 

Figure 31: The differences between distortional buckling resistances (FSM vs. cFSM) for 

bending 

2.4. Conclusions 

In this section parametric studies were presented, aiming to explore the effect of differences in 

critical loads calculated by conventional finite strip method (FSM) and the recently proposed 

constrained finite strip method (cFSM). Both the critical loads and the predicted member 

capacities are investigated. Based on the presented numerical studies and the obtained results 

the following conclusions may be drawn. 

The practical advantage of cFSM is that distortional and local buckling modes and the 

associated critical loads can always easily be defined. The difference between FSM and cFSM 

critical values is significant in case of distortional buckling (even the average difference can 

be above 10% for certain cross-sections and load types), while in case of local buckling it is 

important only in case of extreme cross-section geometries. 

As far as load-bearing capacities are concerned, the values based on FSM and cFSM also 

have a systematic difference; cFSM predicts higher capacities by approximately 3% in 

average. It is to note however that this 3% difference includes the effect of “problematic” 

cross-sections, i.e. the cases when the distortional and/or local critical loads cannot be 

unambiguously determined during the coupled-mode analysis. 

Generally, the difference is negligible if local buckling is the governing failure mode. 

However, if distortional buckling governs, the differences are usually non-negligible; the 

average difference is found to be 2-4%, but always on the unsafe side, while maximum 

differences may be as large as 20%. Thus, further investigation is necessary to find a simple 

but safe way to eliminate these unfavourable differences and also to verify the results against 

available experimental data, which is one of the subsequent steps of the research.  
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3. APPLICATION OF CFSM WITH THE DIRECT STRENGTH METHOD 

3.1. Problem statement, aim, strategy 

The differences between FSM and cFSM/GBT results are partially caused by the coupling of 

various buckling types, which mode coupling is naturally included in conventional FSM but 

intentionally excluded from cFSM or GBT. The results showed that – if a sharp-cornered 

cross-section model is used – the cFSM-based DSM predictions slightly overestimate the 

local and distortional resistance. In case of local buckling the overestimation is practically 

negligible, however, in case of distortional buckling it is usually non-negligible. 

Apart from the FSM-cFSM difference due to mode-coupling presented in Section 2 another 

source of the FSM-cFSM differences is the effect of rounded corners; in FSM the rounded 

corners can directly be handled by an appropriate geometrical model of the analysed cross-

section, whereas the modal decomposition capability of cFSM cannot fully be utilized unless 

sharp-cornered cross-section model is used. More precisely, for global buckling both rounded 

and sharp corner can be used in cFSM, however, distinction between local and distortional 

bucking is possible only if corners are considered to be sharp. Since real cold-formed 

members are always produced with rounded corners, it necessarily has certain influence on 

the capacity prediction. The problem raised by rounded corners in cFSM analysis is discussed 

in detail in Section 3.2. 

This chapter discusses the effect of mode-coupling and rounded corners in the capacity 

prediction of cold-formed steel members. Three important aspects are identified and 

investigated: 

(i) The effect of the difference between sharp and rounded corners on the σcrl, σcrd 

critical stresses. 

(ii) The effect of the difference between sharp and rounded corners on the section 

properties; Wel elastic section modulus for beams, and A cross-section area for 

columns. 

(iii) The effect of mode coupling (i.e., the difference between pure-mode and all-

mode solution) on the σcrl, σcrd critical stresses. 

These three aspects are discussed and the results are presented in the subsequent parts of this 

chapter. 
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By performing parametric numerical studies on a large number of beams and columns of 

various cross-sections, calculations have been performed by using sharp- and rounded corner 

models, and by using both the conventional and the constrained finite strip method. On the 

basis of the results a simple and unambiguous method is proposed for the capacity prediction 

which requires sharp-cornered cross-sections only. The proposal is validated by comparison 

to data obtained from laboratory tests performed on commercially available members. 

3.2. Illustration of the problem of rounded corners in modal decomposition  

The problem of rounded corners is illustrated by some numerical examples. Pinned-pinned 

column members with a C-shaped cross-section subjected to uniform compression are 

studied. Three cases are mentioned here, in each case the cross-section is: 160-60-15, (i.e., 

web depth is 160 mm, flange width is 60 mm, and lip length is 15 mm,) but the thickness and 

the corner radius are varying. In the first case the corner radius is 2 mm, the thickness is 1.0 

mm (for the following paragraphs the case is marked by the following notation: 160-60-15-2-

1.0), in the second case the corner radius is 4 mm, the thickness is 1.5 mm (160-60-15-4-1.5), 

while in the third case the corner radius is 6 mm, the thickness is 2.0 mm (160-60-15-6-2.0). 

It is to note that the middle case represents a typical practical case, while the first and third 

case an unusually small or unusually large corner radius, respectively, however, in order to 

have a better understanding of the problem it deemed important to analyse such more extreme 

cross-sections. The figures and values represented in the present section are those of the 

middle case, however, the conclusions drawn and numerical values represented are derived 

from the results of the analysis of all three cross-sections. The problems are solved in various 

options, calculating the lowest critical stress. The options are: with and without considering 

the rounded corners, and with applying various modal constraints: pure G, pure D, and pure L 

critical load values are obtained by enforcing G, D or L deformation modes, respectively, 

while all-mode critical load value is calculated by applying all of the buckling modes. This 

latter all-mode solution, therefore, is equivalent with the unconstrained solution i.e. when 

modal constraints are not enforced. 

The problem is presented with the signature curve of the 160-60-15-4-1.5 cross-section in 

Figure 32; all-mode solutions for sharp-corner and rounded-corner models, as well as the 

pure-mode solutions for the sharp-corner cases. As it is well-known, and also obvious from 

the figure, for short lengths the local buckling governs, for long lengths global buckling 

governs (in this case: flexural and/or flexural-torsional buckling), while for intermediate 
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lengths distortional buckling governs. It is also visible that directly considering the rounded 

corners does not bring any significant change to the critical values, independently of the 

buckling length. Finally, the figure also illustrates the common knowledge (and engineering 

expectation) that pure-mode critical values are typically higher, but only slightly than all-

mode critical values, where “slightly higher” means a maximum of a few percentage for L 

and G cases, however in D cases it is one order of magnitude higher, in the range of 10-30% 

for D cases. It is to note, that although in the previous studies the Poisson’s ratio was different 

from zero since there the global buckling was technically excluded from the calculations 

therefore, it had no practical importance however, hereinafter the calculations are performed 

with zero Poisson’s ratio, in order to avoid the artificial increased stiffness of G and D modes 

due to restrained transverse contraction, as discussed in [107-108]. 

 

Figure 32: Typical signature curves 

If pure-mode curves are calculated for rounded-corner models by simply following the cFSM 

procedure (as summarized in Section 1.4), the solutions fail to comply with the engineering 

expectations. In Figure 33 pure-mode solutions are shown both with sharp- and rounded-

corner models, critical stress values for selected buckling lengths are compared in Table 6. 

While G solutions show the expected tendency, L and D solutions show strange tendencies. 

One strange phenomenon is that pure L critical values of rounded-corner models are too high 

w.r.t. their sharp-corner counterparts. Another strangeness is that the pure D curve has two 

minima: one in the L region (where it is not expected), another one in the D region (where it 

is expected), but even in this latter case the calculated minimal D critical stress with the 

rounded corners is unexpectedly lower compared to the similar D critical stress with the sharp 
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corners. The above phenomena are essentially independent of the actual corner geometry, 

they also exist when the corner radius is unusually small or large. 

 

Figure 33: Pure-mode solutions for sharp and rounded models, member 160-60-15-4-1.5 

Table 6: Comparison of critical stresses calculated in various options, 160-60-15-4-1.5 

  all-mode pure-mode 

mode class length [mm] 
sharp corner 

[MPa] 

rounded corner 

[MPa] 

sharp corner 

[MPa] 

rounded corner 

[MPa] 

L 10 3918 3919 3918 3922 

L 125 84.79 86.26 85.20 122.9 

L 300 158.7 161.2 188.4 374.8 

D 400 182.6 182.1 271.5 215.6 

D 600 180.6 180.8 207.2 193.6 

D 1250 315.2 317.2 404.8 404.1 

G 1500 328.5 324.7 367.4 361.6 

G 3000 100.1 98.80 100.3 99.03 

G 10000 10.56 10.27 10.56 10.28 

Three lengths are selected from the L region; one very small one (i.e., 10 mm), a second one 

at the L minimum, and a third one which is the largest length where L is still the governing 

buckling type. Three lengths are selected from the D region too; the first one is the smallest 

length where D type governs, the second one belongs to the D minimum, while the third one 

is the largest length where D still governs. Finally, three lengths are selected for G modes too; 

the first one is the smallest length where G already governs. The third one is a very large 

length (10,000 mm in our cases), while the second one is a moderately large length where G 
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governs. It is to understand that most of these lengths are dependent on the actual problem 

(i.e., geometry, loading). It is also to note that from practical point of view the second L and 

second D length are the most important ones out of the L and D lengths, respectively. 

The numerical values of the critical loads prove that there is little difference between the 

sharp-corner and rounded-corner models if modal constraints are not applied, independently 

of the length. This is also true for the G region even if pure-mode solutions are calculated. 

However, pure-mode i.e. cFSM based critical stresses in the L and D regions seem to be 

incorrect whenever the rounded corners are directly modelled. For example: the difference 

between sharp and rounded corner critical values at the D minimum is 1-3% in all-mode 

calculations, but as large as 10-20% in pure-mode calculations. Or, the difference between all-

mode and pure-mode calculations at the L minimum is less than 1% if the corners are sharp, 

but can be as large as 30-50% if the corners are rounded. 

The problem might be understood by looking at the buckled shapes. In Figure 34 possible 

pure-L buckled shapes are shown for a C-shaped cross-section under concentric axial 

compression with a relatively large corner radius. 

                   

    a)                                b)                             c) 

Figure 34: Cross-section deformations for various (lowest) L buckling modes 

In Figure 34a) the well-known deformed cross-section is shown for the (lowest) local 

buckling mode of a C-shaped member if the member is modelled with sharp corners. If a 

similar cFSM buckling analysis is performed on a member modelled with rounded corners, 

the buckled cross-section shape is different, as shown in Figure 34b). The buckled shape in 

accordance with the engineering expectation is presented in part c) of the figure. 

The above described phenomenon is a direct consequence of the applied mode definitions. As 

mentioned earlier, nodal lines at corners (i.e., intersection of two non-parallel strips) can and 

do displace in D modes, while do not displace in L modes. If the rounded corners are 

modelled by multiple narrow strips, there are multiple corner nodes at each real corner, the 

displacement of all of them being prevented in L modes. That is why the corner-zones in 
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Figure 34b are practically undeformed. On the other hand, small nodal displacements of the 

nodal lines in the corner zones are necessary in order to get a buckled shape shown in Figure 

34c, i.e., a buckled shape that is expected and desired from practical engineering aspect. 

3.3. The effect of rounded corners in buckling analysis – Study #3 

In the Studies #1 and #2 sharp-cornered cross-sections were used consistently since the results 

from calculations performed in pure-mode on rounded cornered members – as detailed in the 

previous section – cannot be accurate. In order to evaluate the methodology proposed in the 

present section a third large scale parametric study, hereinafter referred to as “Study #3”, has 

been conducted. Due to the large amount of investigated cases the minor abnormalities can be 

excluded and tendencies may be derived from the results. 

3.3.1. The parameters of Study #3 

The parametric study has been carried out on most of the DSM pre-qualified cross-sections, 

already presented in the Studies #1 and #2 as illustrated in Figure 17. It is to note that the rack 

with stiffener section wasn’t examined, this was due to the fact that according to the DSM 

limitations, the stiffener has such a small allowed dimension that by applying a larger corner 

radius the geometry and thus the behaviour under different applied forces would no longer 

represent the original shape’s properties and therefore may largely miscarry the outcome and 

interpretation of the results.  

Altogether more than 17,000 various cross-sections have been considered with different 

geometrical dimensions throughout the range satisfying DSM specifications. The applied 

geometries are summarized in Tables 7 and 8. 

Table 7: Geometric dimensions for columns considered in the parametric studies 

 Load type: pure compression (N) 

Cross section 
No of 

cases 
h0 b0/t D/t 

C 4815 100÷460 mm step: 20 mm 20÷160 step: 20 6÷34 step: 4 

C w/ web stiffener 6349 100÷460 mm step: 20 mm 20÷160 step: 20 6÷33 step: 3 

Z 967 t × (40÷130) step: 10mm 10÷60 step: 10 4÷36 step: 4 

Hat 30 t × (20÷50) step: 5mm 20÷44 step: 4 D = b0×0.13 

Rack 260 t × (20÷50) step: 5mm 10÷20 step: 2 5÷8 step: 1 
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Table 8: Geometric dimensions for beams considered in the parametric studies 

 Load type: pure bending (M) 

Cross section 
No of 

cases 
h0 b0/t D/t 

C 3071 40÷320mm step: 20mm 10÷70 step: 10 5÷34 step: 4 

C w/ web stiffener 1041 100÷340mm step: 20mm 20÷55 step: 10 14÷17 step: 1 

Z 840 40÷320mm step: 10mm 10÷70 step: 5 10÷16 step: 2 

Three different values for the wall thickness are used: 1, 2 and 3 mm. The applied r corner 

radii are 3, 5 and 8 mm. The higher number of cases examined compared to those of the 

previous studies is due to the different corner radii applied, practically 3 times more sections 

were examined in Study #3. During the modelling of the cross-section, rounded corners were 

not applied to the web stiffeners. Likewise to the previous studies, a regular steel material is 

assumed: E = 206 GPa,  = 0.3, fy = 300 MPa. The same cross-sections with sharp and 

rounded corners have been calculated by FSM and cFSM, and the results are compared.  

The considered cross-sections cover a relatively wide range of geometries, but only those 

geometries have been taken into consideration, which satisfy the geometrical criteria of DSM 

specifications. Since relatively large corner radii are also allowed, the above-defined cross-

section geometries result in certain cases very unusual ones too, e.g., sections with flanges 

and/or flange stiffeners with very narrow flat part, where local and/or distortional critical 

buckling behaviour can hardly be interpreted. These problematic cases of little practical 

relevance have been filtered out based on the ratio of the flat part w.r.t. the corner radius in 

order not to distort the tendencies. Finally, depending on how “strange” section geometries 

are allowed, approx. 13,000–15,000 different geometries are considered during the 

interpretation of the results depending on the mode observed. 

It is to mention that neither the length of the beam or column, nor the end restraint conditions 

is a considered parameter in the presented studies. Unless the member is extremely short, it is 

reasonable to assume that the critical load, therefore the capacity for local and distortional 

buckling is not significantly influenced by the member length or the end restraints. Since this 

study focuses on local and distortional buckling only, the influence of these boundary 

conditions isn’t necessary to investigate. 
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3.3.2. Finite Strip analysis for Study #3 

The calculations with regard to corner modelling and numerical analysis are done in three 

options, as per Table 9 and also illustrated in Figure 35: 

Table 9: Modelling and analysis options in Study #3 

 Corner Numerical analysis 

Option #1 Rounded FSM 

Option #2 Sharp FSM 

Option #3 Sharp cFSM 

 

Figure 35: Illustration of calculation options 

Since the critical stresses are slightly dependent on the applied discretization as presented in 

Section 2.3.2, in order to omit the potential influence of that, an even finer discretization was 

used for Study #3 than that of Study #2, for example in the case of C sections: 

– opt #1: 6 strips for the flat part of the web, 4 strips for the flat part of the flanges, 2 

strips for the flat part of lips (flange stiffeners), while the rounded corners are approximated 

by 4 narrow strips, thus, the total number of strips is 34, which means 35 nodal lines and 

4×35=140 displacement degrees of freedom (DOF). 

– opt #2 and opt #3: 6 strips for the flat part of the web, 4 strips for the flat part of the 

flanges, 2 strips for the flat part of lips (flange stiffeners), while the sharp corners are 

approximated by 1-1 narrow strip on both sides of the adjacent elements, thus, the total 

number of strips is 26, which means 27 nodal lines and 4×27=108 DOF. The largest number 
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of elements belongs to web stiffened C cross-sections; 46 strips meaning 47 nodal lines, 

adding up to a total of 188 DOF. 

It is to mention that modelling the sharp corner by a separate narrow strip isn’t strictly 

necessary from numerical analysis point of view, it was merely done to facilitate the 

generation of the geometrical models of the sharp and rounded corner cross-sections by using 

the same algorithm for the flat parts of both, and only changing the definition of the corner 

regions’ nodes. 

In case of beams the critical stress is determined by considering a bending about an axis 

perpendicular to the web of the C or Z section. This means major-axis bending for C sections 

(with or without web stiffener), but skew bending for Z sections. In case of Z sections, it is 

not unusual to assume a stress distribution according to bending about the axis perpendicular 

to the web, since Z profiles are rarely used without any lateral restraint (e.g., trapezoidal 

sheeting attached to one flange), thus, major axis bending of Z sections rarely occurs in the 

practice.  

It can be interesting to mention that although FSM calculation is fast due to the relatively 

small number of DOF, to complete the whole parametric study is finally a time-consuming 

process, since approx. 17,000 different cross-sections are calculated for 100 different lengths 

in 3 options, thus, over 5 million critical stresses are calculated (critical stress calculation = 

solution of an eigen-value problem for the 108-DOF to 188-DOF problem). Such large 

number of calculations to be performed justifies the application of FSM rather than FEM for 

linear (1D) members and demonstrates the advantage of FSM over FEM in terms of analysis 

speed. 

It is also to mention that in some cases the signature curve does not have two minimum points 

(if calculated by the conventional FSM), thus, the determination of the L and D critical 

stresses is problematic and uncertain. In such problematic cases the critical stresses can be 

assessed only approximately by means of the nominal minimum method mentioned earlier. In 

order not to distort the results and tendencies, these uncertain cases are filtered out from the 

evaluation of the results, as in such cases where only one minimum exists the difference is 

remarkably higher as observed and presented in Section 2. However, it was also concluded 

that these cases occur more often for cross-sections with geometrical extremities, which rarely 

occur in case of commercially available cross-sections. 
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3.3.3. Results of the parametric studies 

3.3.3.1. The effect of rounded corners on the critical stresses 

The effect of the corner modelling can be determined by comparing the critical stresses 

calculated by options 1 and 2. The ratios of critical stresses are calculated for all the 

considered cases, separately for local (L) and distortional (D) critical stresses, by:  

 𝑘corn,L =
𝜎crL

𝑠ℎ𝑎𝑟𝑝

𝜎crL
𝑟𝑜𝑢𝑛𝑑𝑒𝑑  and  𝑘corn,D =

𝜎crD
𝑠ℎ𝑎𝑟𝑝

𝜎crD
𝑟𝑜𝑢𝑛𝑑𝑒𝑑     (20) 

where  crL
sharp and  crD

sharp are the critical stresses calculated on sharp-cornered cross-

section models (opt#2) for local and distortional buckling, respectively, while crL
rounded and 

 crD
rounded are the same critical stresses, but calculated on cross-sections with rounded corners 

(opt#1).  

The stress ratios are evaluated statistically, as summarized in Tables 10, 11 and 12. As it can 

be seen from the tables the average effect of the corner modelling is small, usually not more 

than a few percent. In extreme cases, however, the difference can be as large as 20-40%. 

Table 10: Statistical evaluation of the kcorn,L ratios for columns 

 buckling mode – L 

 cross-section 

 C C stiff Z Hat Rack All 

average 0.988 0.974 0.970 0.989 0.968 0.978 

minimum 0.814 0.591 0.648 0.943 0.876 0.679 

maximum 1.006 1.004 1.001 1.002 0.995 1.005 

st. deviation 0.021 0.046 0.048 0.023 0.025 0.037 

Table 11: Statistical evaluation of the kcorn,D ratios for columns 

 buckling mode – D 

 cross-section 

cross-section C C stiff Z Hat Rack All 

average 0.983 0.986 0.995 0.967 1.031 0.987 

minimum 0.940 0.915 0.936 0.947 1.003 0.924 

maximum 1.029 1.049 1.002 0.989 1.075 1.041 

st. deviation 0.011 0.013 0.007 0.012 0.020 0.013 

 

 



48 

Table 12: Statistical evaluation of the kcorn,L and kcorn,D ratios for beams 

 buckling mode – L buckling mode – D 

 cross-section 

 C C stiff Z All C C stiff Z All 

average 0.969 0.973 0.969 0.970 0.979 0.983 0.983 0.981 

minimum 0.571 0.770 0.727 0.648 0.862 0.930 0.915 0.886 

maximum 1.006 0.999 1.002 1.003 1.049 1.038 0.998 1.035 

st. deviation 0.053 0.033 0.048 0.047 0.022 0.014 0.014 0.019 

In case of local buckling the application of a cross-section model with sharp corners always 

decreases the critical stress (w.r.t. the one with rounded corners), which is obvious, since 

sharp corners mean wider flat parts, therefore, larger plate slendernesses to which lower value 

of local plate buckling stress belongs. It is to note that, in a few cases kcorn,L is slightly above 

1, as can be observed by the maximum values in Table 10. This is due to the inaccuracy of the 

determination of the critical stress. 

Moreover, the kcorn,L ratio is obviously dependent on the cross-section geometry. Generally, 

the larger the radius (w.r.t the global dimensions of the cross-section), the larger the effect of 

the corner model. This tendency is illustrated in Figure 36 in case of C section beams. The 

kcorn,L values are plotted in the figure (for a given sub-set of the data) in the function of the 

r/bchar ratio, where r is the corner radius and bchar is a characteristic plate width calculated as 

the average widths of the flat parts of the compressed flange and compressed portion of the 

web. 

 

Figure 36: The effect of corner model on the critical stresses for C-M-L cases 
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In case of distortional buckling the application of sharp corner model can increase or decrease 

the critical stress (w.r.t. the one for rounded corners), depending on the cross-section 

geometry. It is concluded that there are two opposite effects. The application of sharp corner 

in a corner with negligible transverse displacement (e.g., the web-to-flange junction of a C or 

Z section) means a softer rotational support for the displacing elements (e.g., flanges of a C or 

Z section), therefore, tends to decrease the critical stress. At the same time, sharp corner in a 

corner with significant displacement (e.g., the flange-to-lip junction of a C or Z section) 

means a larger stiffener area, i.e., stiffer translational support for the displacing zone, 

therefore tends to increase the critical stress. It finally depends on the actual cross-section 

geometry which of these two effects is governing; hence this explains that the kcorn ratios may 

be both inferior and superior to 1.0. This is illustrated in Figure 37 where dependency of the 

critical stress ratios on the depth-to-width (h/b) ratio of a C-section is presented. It can be 

observed that for h/b smaller than approx. 4-5, application of sharp corners decreases the D 

critical stress, while for larger h/b ratios the tendency is opposite. In Figure 37 the kcorn,D 

values are plotted in the function of the (b/3+d)/r parameter, where b is the flange width, d is 

the lip length and r is the corner radius. It is to note, that the above parameter is purely an 

arbitrarily chosen one, representing the corner zone of the cross-section (the corner itself, the 

lip and 1/3 of the flange) to indicate whether the observed tendencies are proportional or 

inversely proportional with respect to the various dimensions of the cross-sections. 

 

Figure 37: The effect of corner model on the critical stresses for C-M-D cases  
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behaviour in D mode. In this case the distortional buckling critical stress is always higher for 

the sharp cornered section than that for the corresponding rounded one. This is certainly 

caused by the fact that the considered rack section has double edge stiffeners, with two 90-

degree bends in each; therefore, the favourable effect of larger stiffener area is more 

dominant.  

3.3.3.2. The effect of rounded corners on the section properties 

The set of cross-sections as described in Section 2.4 has also been used to study the effect of 

the difference between the sharp and rounded corner models on the Wel elastic section 

modulus and A cross-section area. The calculation has been completed for all of the sections 

both with sharp and rounded corners, and then the following ratio are calculated for each 

cross-section: 

 𝑘corn,W =
𝑊el

𝑠ℎ𝑎𝑟𝑝

𝑊el
𝑟𝑜𝑢𝑛𝑑𝑒𝑑         (21) 

 𝑘corn,A =
𝐴𝑠ℎ𝑎𝑟𝑝

𝐴𝑟𝑜𝑢𝑛𝑑𝑒𝑑         (22) 

where Wel
sharp and Wel

rounded are the elastic section moduli, Asharp and Arounded are the cross-

section areas calculated with sharp or rounded corners, respectively. 

Evidently, sharp corners mean larger moment of inertia, and larger cross-section area 

(compared to one with rounded corners), therefore the kcorn,W and kcorn,A ratios are always 

larger than 1. 

Section moduli are calculated with respect to the centroidal axis perpendicular to the web. 

Since only C and Z sections are considered for the beam problem, the cross-sections are either 

symmetrical or point-symmetrical, therefore the two flanges and flange stiffeners are identical 

in each cross-section. This means that the extreme fibre distances are not affected by the 

modelling of the corners, and the kcorn,W ratios are dependent on the moment of inertias only.  

It is to mention that the moment of inertia is calculated by neglecting the own inertias of the 

plates (i.e., the bt3/12 terms), which is a usual practice for cold-formed steel cross-sections 

and which leads to negligible error. Moreover, in case of the considered sections (with equal 

flanges and flange lips) the extreme fibre distance is equal to h0/2 where h0 is the height of the 

cross-section. The kcorn,W and kcorn,A ratios are evaluated statistically, the results are 

summarized in Tables 13 and 14. 
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Table 13: Statistical evaluation of the kcorn,A ratios for columns 

 cross-section 

 C C stiff Z Hat Rack All 

Average 1.015 1.016 1.014 1.031 1.038 1.016 

minimum 1.002 1.003 1.002 1.007 1.010 1.003 

maximum 1.072 1.091 1.080 1.067 1.092 1.087 

st. deviation 0.010 0.011 0.011 0.018 0.019 0.011 

Table 14: Statistical evaluation of the kcorn,W ratios for beams 

 cross-section 

 C C stiff Z All 

average 1.039 1.031 1.022 1.034 

minimum 1.004 1.005 1.004 1.004 

maximum 1.236 1.133 1.087 1.184 

st. deviation 0.029 0.021 0.015 0.025 

As the above tables show the kcorn,W and kcorn,A ratios are always larger than 1, by 2-4% in 

average. In case of beams Z sections are slightly less influenced, which can be explained by 

two facts: (i) the considered Z-sections are geometrically more limited than the C-s, and (ii) 

the lip-to-flange angle is smaller than that in case of C sections (which evidently means 

smaller effect of corner modelling). In case of columns the hat and rack sections are more 

influenced, since these sections are stockier due to DSM limitations. 

It is obvious that the kcorn,W and kcorn,A ratio is dependent on the geometry of the cross-section 

with the general tendency: the larger the corner radius, the larger the difference it causes in 

the elastic section modulus. It might be interesting to note, that an approximate procedure to 

consider the effect on rounded corners on various cross-section properties can be found in the 

relevant part of EC3 [1]. 

3.3.3.3. The effect of mode coupling on the critical stresses 

The stress ratios due to the effect of mode coupling can be determined from the results of 

options 2 and 3, as follows: 

 𝑘mode,L =
𝜎crL

𝑐𝐹𝑆𝑀

𝜎crL
𝐹𝑆𝑀   and  𝑘mode,D =

𝜎crD
𝑐𝐹𝑆𝑀

𝜎crD
𝐹𝑆𝑀       (23) 

where  crL
cFSM and  crD

cFSM are the critical stresses calculated (on sharp-cornered cross-

section models) with cFSM (opt#3 of Section 3.3.2) for pure local and pure distortional 

buckling, respectively, while crL
FSM and  crD

FSM are the same critical stresses, but calculated 
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(on sharp-cornered cross-section models) with FSM (opt#2 of Section 3.3.2) by allowing 

coupling of the various buckling modes.  

The results are summarized in Tables 15, 16 and 17. As it can be observed, constraining the 

solution to a pure buckling mode is resulted in an increased critical stress. This statement is 

true for both L and D buckling, but it is also obvious that the FSM vs. cFSM difference is 

much more significant in case of distortional buckling.  

Although the influence of FSM-cFSM difference discussed in Section 2 was examined on a 

slightly different set of cross-sections, the numerical results of the previous studies are 

practically identical to those presented here. 

Table 15: Statistical evaluation of the kmode,L ratios for columns 

 buckling mode – L 

 cross-section 

 C C stiff Z Hat Rack All 

average 1.006 1.011 1.004 1.038 1.026 1.009 

minimum 1.000 1.001 1.001 1.038 1.008 1.001 

maximum 1.094 1.098 1.020 1.038 1.099 1.091 

st. deviation 0.010 0.017 0.003 0.000 0.012 0.014 

Table 16: Statistical evaluation of the kmode,D ratios for columns 

 buckling mode – D 

 cross-section 

 C C stiff Z Hat Rack All 

average 1.078 1.068 1.081 1.060 1.063 1.071 

minimum 1.001 1.050 1.054 1.052 1.049 1.041 

maximum 1.232 1.187 1.147 1.064 1.092 1.189 

st. deviation 0.022 0.016 0.018 0.003 0.008 0.017 

Table 17: Statistical evaluation of the kmode,L and kmode,D ratios for beams 

 buckling mode – L buckling mode – D 

 cross-section 

 C C stiff Z All C C stiff Z All 

average 1.008 1.004 1.012 1.008 1.126 1.128 1.058 1.111 

minimum 1.000 1.002 1.004 1.002 1.060 1.086 1.052 1.063 

maximum 1.093 1.008 1.025 1.060 1.344 1.260 1.079 1.270 

st. deviation 0.009 0.001 0.005 0.007 0.050 0.033 0.005 0.037 
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3.4. Application of cFSM in the practical design  

In order to be able to utilize the advantage of cFSM (w.r.t. FSM) sharp cross-section models 

need to be applied. A further advantage of the application of sharp corners is its simplicity; 

both critical stresses and cross-section properties are simpler to calculate by using sharp 

corners e.g. due to the reduced number of DOF. However, DSM formulae have been 

calibrated for cross-sections with rounded corners and for critical stresses calculated by 

conventional FSM. The completed parametric studies show that corner modelling as well as 

FSM-cFSM differences lead to usually small, but non-negligible differences. Furthermore, as 

illustrated in Section 3.2, performing cFSM calculations on rounded corner models are 

technically possible but give non-acceptable results, therefore a solution for this constraint 

must be found. 

3.4.1. The proposed procedure 

Based on the previously performed parametric studies a simple way is proposed to consider 

how to apply cFSM and cross-sections with sharp corners. The steps are as follows. 

a) Let us model the cross-section with sharp corners.  

b) Let us calculate the elastic section modulus for beams or cross-section area for 

columns, then, consider the effect of rounded corners respectively, as follows: 

 𝑊el =
𝑊el

𝑘c,W
          (24) 

or 

 𝐴 =
𝐴

𝑘c,A
          (25) 

where 

Wel is the section modulus to be used for resistance prediction, �̄�el is the section modulus 

calculated with sharp corners, kc,W is a modification factor. 

A is the section area to be used for resistance prediction, �̄� is the section area calculated with 

sharp corners, kc,A is a modification factor. 

c) Let us calculate the critical stresses for local buckling by using cFSM, and then 

consider the effect of rounded corners and mode coupling effect as follows: 

 𝜎crL =
𝜎crL

𝑘c,L×𝑘m,L
          (26) 
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where 

crL is the critical stress for local buckling to be used for resistance prediction, �̄�crL is the 

critical stress for local buckling calculated with sharp corners by cFSM, kc,L and km,L are 

modification factors. 

d) Let us calculate the critical stresses for distortional buckling by using cFSM, and then 

consider the effect of rounded corners and mode coupling effect as follows: 

 𝜎crD =
𝜎crD

𝑘c,D×𝑘m,D
         (27) 

where 

crD is the critical stress for distortional buckling to be used for resistance prediction, �̄�crD is 

the critical stress for distortional buckling calculated with sharp corners by cFSM, kc,D and 

km,D are modification factors. 

Then, resistance prediction can be done by using Eqs. (11), (13)-(16) for beams and Eqs. (15), 

(17)-(19) for columns presented in Section 2.3.3. Alternatively, the original DSM equations 

can also be used, i.e., Eqs. (8)-(12), with calculating the yield moment and critical moments 

for beams as follows: 

 𝑀𝑦 =
𝑊el

𝑘c,W
× 𝑓𝑦         (28) 

 𝑀crl =
𝜎crL

𝑘c,L×𝑘m,L
×

𝑊el

𝑘c,W
         (29) 

 𝑀crd =
𝜎crD

𝑘c,D×𝑘m,D
×

𝑊el

𝑘c,W
         (30) 

In case of columns the yielding force (i.e., squash load) and critical force are determined as: 

 𝑃𝑦 =
𝐴

𝑘c,A
× 𝑓𝑦          (31) 

 𝑃crl =
𝜎crL

𝑘c,L×𝑘m,L
×

𝐴

𝑘c,A
         (32) 

 𝑃crd =
𝜎crD

𝑘c,D×𝑘m,D
×

𝐴

𝑘c,A
         (33) 

3.4.2. Modification factors 

As shown by the parametric studies, the k modification factors are dependent on various 

cross-section parameters. At the same time, it is a practical need to keep the calculations 
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simple in order to preserve the simplicity of DSM. Thus, the proposal here is to apply 

constant k factors, as the average of the differences determined by the relevant parametric 

studies. For example, kc,W should be equal to the average of the calculated kcorn,W ratios, etc. 

By considering the results of the numerical studies presented here the average differences can 

be given as summarized in Tables 18 and 19. 

Table 18: Proposed modification factors – columns 

cross-section kc,A kc,L kc,D km,L km,D 

C 1.02 0.99 0.98 1.01 1.08 

C w stiff. 1.02 0.97 0.99 1.01 1.07 

Z 1.01 0.97 1.00 1.00 1.08 

Hat 1.03 0.99 0.97 1.04 1.06 

Rack 1.04 0.97 1.03 1.03 1.06 

Table 19: Proposed modification factors – beams 

cross-section kc,W kc,L kc,D km,L km,D 

C 1.04 0.97 0.98 1.01 1.13 

C w stiff. 1.03 0.97 0.98 1.00 1.13 

Z 1.02 0.97 0.98 1.01 1.06 

3.4.3. Experimental validation 

The above proposal is validated by using experimental results. The experiments have been 

carried out in the laboratory of the Civil Engineering Department of the Johns Hopkins 

University, reported in [109-110]. Commercial C and Z section beams have been tested, 

carefully restrained against global (i.e., lateral-torsional) buckling, but allowing local and/or 

distortional buckling. Altogether 98 specimens are tested, 54 C cross-sections and 44 Z cross-

sections under a pure bending load condition. 

Table 20: Geometric dimensions of the experimental cross-sections 

Cross section No of cases 
h 

[mm] 

b 

[mm] 

D 

[mm] 

t 

[mm] 

 C 54 93÷306 47÷54 9÷20 0.9÷2.6 

 Z 44 213÷291 56÷90 16÷25 1.5÷3.0 
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The exact geometrical dimensions of the cross-sections, as well as material properties of their 

material have been recorded. The critical moments have been determined, and then the test 

data have been used to check various codified capacity prediction formulae [111].  

The same test data are used here. Capacity predictions are completed by using the same three 

options as illustrated in Figure 35 in Section 3.3.2. The modification factors proposed in 

Table 19 are applied for the calculations with option #3. 

The predicted capacities are compared to the experimentally measured moment capacities, by 

calculating the Mpredicted/Mtest ratios. Finally, these ratios are evaluated statistically, the results 

of which are summarized in Table 21. 

Table 21: Comparison with test results 

option mode cross-section average min max st. deviation 

Opt#1 L C 0.964 0.813 1.238 0.100 

  Z 1.001 0.925 1.093 0.052 

  C+Z 0.981 0.813 1.238 0.083 

 D C 1.011 0.826 1.205 0.102 

  Z 1.022 0.911 1.207 0.095 

  C+Z 1.016 0.826 1.207 0.098 

 L+D C+Z 0.996 0.813 1.238 0.091 

Opt#2 L C 1.005 0.853 1.267 0.098 

  Z 1.024 0.951 1.118 0.052 

  C+Z 1.014 0.853 1.267 0.080 

 D C 1.084 0.919 1.319 0.117 

  Z 1.065 0.951 1.264 0.099 

  C+Z 1.076 0.919 1.319 0.109 

 L+D C+Z 1.041 0.853 1.319 0.098 

Opt#3 L C 0.972 0.826 1.228 0.095 

  Z 1.009 0.936 1.103 0.052 

  C+Z 0.989 0.826 1.228 0.080 

 D C 1.013 0.863 1.218 0.103 

  Z 1.025 0.918 1.216 0.095 

  C+Z 1.018 0.863 1.218 0.099 

 L+D C+Z 1.002 0.826 1.228 0.089 

As it can be observed from Table 21 option#1 is safe and fairly accurate. This is in full 

agreement with the conclusions of earlier studies, see e.g. [116], where it has been 

demonstrated that DSM is slightly conservative for local buckling, but practically accurate for 
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distortional buckling, moreover, DSM is definitely the most accurate resistance prediction 

method of any of the standard methods if distortional buckling governs. 

At the same time, it is clear that option#2 leads to unsafe results, since this option would 

overestimate the moment capacity by 4% in average. The most unconservative results belong 

to cases where distortional buckling governs, where the unfavourable effects of the corner 

modelling and FSM-cFSM differences are added together, leading to overestimation of the 

moment resistance by 7-8%. If local buckling governs, the overestimation is moderate, due to 

the opposite, therefore, compensating effects of the corner modelling on the critical stress and 

that on the section modulus. 

It is also to observe that option#3 yields to moment resistances that are statistically almost 

identical to, but in any case, not worse than those of option#1. Though theoretically the 

simplified calculation of the effect of rounded corners introduces a further uncertainty of the 

resistance prediction method, the variation of the results (i.e. standard deviation) is not 

adversely affected. 

To further evaluate the performance of the extrapolation method, the obtained results were 

compared to those determined by the DSM and the statistical analysis of the comparison lead 

to the values represented in Table 22: 

Table 22: Comparison of the predicted capacities with the extrapolation method and the DSM 

 
mode average st. deviation min. max. 

DSM/experiment All-L 0,976 0,084 0.837 1,246 

Extrap./experiment 
 

0,989 0,080 0,826 1,228 

DSM/experiment All-D 0,992 0,070 0,829 1,164 

Extrap./experiment 
 

1,018 0,099 0,863 1,218 

As it may be observed, the performance is equally as good as that of the DSM, neither the 

absolute differences, nor the standard deviations or averages of the extrapolation method are 

significantly larger in any of the modes. In certain characteristics it even out-performs the 

DSM. 
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3.5. Conclusions 

This section discusses the applicability of the recently proposed constrained finite strip 

method in the calculation of moment capacity of beams and compression capacity of columns 

with rounded corners. 

Three important aspects were identified; the effect of rounded corners on critical stresses, on 

cross-sections properties and the effect of coupling. These were studied by conducting a 

parametric study on large number of cross-section geometries. In this section DSM compliant 

sections were investigated from local and distortional buckling point of view. 

Furthermore, a simple way is proposed how to render possible performing cFSM based 

calculations on rounded corner elements, preserving the simplicity of the capacity prediction 

yet not affecting its accuracy. The applicability of the proposed method is validated by 

comparing and evaluating numerical and experimental results. The results show that the 

extrapolating approach is an acceptable alternative and can be applied to members with 

common geometries, however in case of out of standard members, the methodology may lead 

to inaccurate results. The comparison to experimental results was done on C and Z members, 

as large number of experimental data was only available for these types and in order to carry 

out statistical analysis, a certain amount of results is necessary to be able to draw conclusions.  
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4. MECHANICAL MODELLING OF ROUNDED CORNERS 

4.1. Problem statement, aim, strategy 

Since cold-formed steel members, which are one of the most typical structural engineering 

applications of thin-walled structural members, are always produced with rounded corners 

due to technological reasons, modelling these members with rounded corners seems the most 

appropriate approach. 

The problem of modal decomposition in members with rounded corners has been presented in 

Section 3.2. Although the base system transformation can technically be completed, the 

results fail to comply with the engineering expectations. In Section 3.4 a practical solution has 

been proposed based on an extrapolation, however, the problem of practically meaningful 

modal decomposition of rounded-corner members remained unresolved. Some practical 

solutions have also been proposed [85, 93, 100, 101] for how to utilize the advantages of 

modal decomposition in the buckling design of members with rounded corners. However, in 

these proposals the modal decomposition is completed on sharp-corner member models only, 

which leaves the basic problem unsolved. 

In this section an extension for the cFSM is proposed, where rounded corners are directly 

modelled by approximating the corner by multiple strips. To overcome the limitation of 

applicability of cFSM for such corners, special constraints are applied for the corner strips 

which reduce the degrees of freedom to create an equivalent sharp cornered model. This 

ultimately makes it possible to perform a “classical” modal decomposition for the rounded-

corner models. In the present chapter two such modelling proposals are presented. The first 

one is based on a rigid corner element, the second proposed solution is based on an elastic 

corner element, which models the behaviour of the corner zone in an improved way and 

therefore the results are better too. The proposed approaches are summarized and 

demonstrated by numerical examples. 

The aim here is to develop a solution which makes the direct modelling of rounded corners 

possible, while providing buckling results that satisfy the engineering expectations if modal 

decomposition is applied. In this section the theoretical background of the two corner models 

are provided and their performance analysed. In case of both models, first some selected 

examples are carefully studied, then a parametric study is completed on lipped channel (or 

also often referred to as a C cross-section) column members where the buckling problem is 



60 

solved by both with and without considering the rounded corners, and with and without 

applying modal constraints, then the results are evaluated. 

4.2. cFSM with rigid corner elements 

4.2.1. Summary of the method 

The rigid-corner approach introduced here is developed to eliminate the problem of modal 

constraints when applied to members with rounded corners. An important aspect in the 

development of the proposal was to keep the original mode definition criteria in Table 1 in 

Section 1 – at least for the flat parts of the member – in order to avoid discrepancy between 

the sharp-corner and rounded-corner modal decomposition methods. Since the problem is due 

to the combination of assumed mechanical criteria and the narrow strips in the corner area and 

since the mechanical criteria are intended to be kept unchanged, somehow the narrow strips 

must be eliminated. The elimination of multiple narrow strips can be completed by defining 

and applying specific constraint for the corner nodes, which process can reduce the original 

DOF of the rounded-corner model to a DOF similar (or even identical) to that of a sharp-

corner model. Though various such constraining techniques might exist for the corners, here 

the simplest is used: corner nodes are assumed to be rigidly connected to the (theoretical) 

corner point. In other words, the strips in the curved corner area are assumed to behave as a 

classical Euler-Bernoulli beam (i.e., without shear deformations), with a cross-section 

identical with the rounded corner and with a reference line defined at the theoretical corner 

line (i.e., intersection of the planes defined by the wider flat plates). The approach is 

illustrated in Figure 38. 

Mathematically, we are doing a DOF reduction by using the equation as follows: 

𝐝𝐫𝐨𝐮𝐧𝐝 = 𝐑𝐜𝐝𝐬𝐡𝐚𝐫𝐩         (34) 

where dround is the displacement vector for the model with rounded corners, dsharp is the 

displacement vector for the model with sharp corners, and Rc is a constraint matrix for the 

rounded corners. 

As soon as the displacement DOF corresponds to that of the sharp-corner model, the 

“classical” modal decomposition can be performed. Thus, displacements can further be 

constrained into an arbitrary M mode, by applying Eq. (6) then (34), as follows: 

𝐝𝐫𝐨𝐮𝐧𝐝 = 𝐑𝐜𝐑𝐌𝐝𝐌
𝐬𝐡𝐚𝐫𝐩

        (35) 
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where 𝒅𝑴
𝒔𝒉𝒂𝒓𝒑

 contains the (modal) displacements of the sharp-corner model that satisfy the 

mechanical criteria of mode M.  

When, for example, the modal constraints are applied in linear buckling analyses, the reduced 

elastic and geometric stiffness matrices need to be used in solving the generalized eigen-value 

problem of Eq (4), which will take the form as follows:  

𝐑𝐌
T𝐑𝐜T𝐊𝐞𝐑

𝐜𝐑𝐌𝚽𝐌 − 𝚲𝐌𝐑𝐌
T𝐑𝐜T𝐊𝐠𝐑

𝐜𝐑𝐌𝚽𝐌 = 𝟎    (36) 

It is to underline that in the above equation Ke and Kg stiffness matrices are defined in the 

rounded-corner model, therefore the effect of rounded corners is directly included in the 

above solution. 

 

          a) FSM model with rounded corner          b) rigid corner element and its reference point 

 

      c) effective DOF of the rounded-corner model     d) DOF of a similar sharp-corner model 

Figure 38: Illustration of the rigid-corner approach 

4.2.2. Derivation of constraint matrix for the rigid corner 

First, let us consider one single corner element. It is reasonable to assume that the rounded 

corner is a circular arc, therefore, the cross-section of the corner element is symmetric. A 

local coordinate system is defined, so that the axis of symmetry is the z axis. The corner 

element is modelled by narrow strips. If the corner element behaves as a thin-walled beam-
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column member (i.e., without cross-section distortion), the displacement of the cross-section 

of corner element can be expressed by 4 displacement parameters: 2 transverse translations 

uc0 and wc0, a longitudinal translation vc0, and a twisting rotation ϑc0, as shown in Figure 39. It 

is to note, that the displacements represented in the figure are variables and not unit 

displacements, the latter only indicates in the figure that the displacements of the virtual 

(reference) node are identical to those of the real corner nodes. 

 

a)                                     b)                                     c)                                    d) 

Figure 39: Corner element: local coordinate system, unit displacements 

These displacement parameters must be assigned to some reference point; in our case a 

convenient reference point is the origin of the local coordinate system. By using the 4 

displacement parameters the displacements of any cross-section point, including the nodal 

points of the finite strip model, can unambiguously defined, as illustrated in Figure 39, by 

using the following equations: 

𝑢𝑐(𝑥, 𝑦, 𝑧) = (𝑢𝑐0 + 𝜗𝑐0𝑧 )𝑠𝑖𝑛
𝑚𝜋𝑦

𝑎
       (37) 

𝑣𝑐(𝑥, 𝑦, 𝑧) = [𝑣𝑐0 − 𝑢𝑐0
𝑚𝜋

𝑎
𝑥 − 𝑤𝑐0

𝑚𝜋

𝑎
𝑧 + 𝜗𝑐0

𝑚𝜋

𝑎
(𝜔 − 𝑧𝑆𝐶𝑥) ]  𝑐𝑜𝑠

𝑚𝜋𝑦

𝑎
  (38) 

𝑤𝑐(𝑥, 𝑦, 𝑧) = (𝑤𝑐0 − 𝜗𝑐0𝑥 )𝑠𝑖𝑛
𝑚𝜋𝑦

𝑎
       (39) 

𝜗𝑐(𝑥, 𝑦, 𝑧) = 𝜗𝑐0𝑠𝑖𝑛
𝑚𝜋𝑦

𝑎
        (40) 

where ω is the sectoral coordinate (calculated for the shear centre), and zSC is the position of 

the shear centre (which is necessarily located along the z-axis, due to the symmetry of the arc-

shaped cross-section). The geometry of the corner zone is modelled as a quarter-arc of a 

circle. Although the corner is rigid, the shape does have an influence on the calculations so 

the choice of the applied geometry is reasonable and represents well the actual shape of the 

rounded corners of cold-formed members produced under real-life circumstances. 
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Thus, the FSM displacement vector for the corner nodes can be expressed as: 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑢𝑐1

𝑣𝑐1

𝑤𝑐1

𝜗𝑐1

𝑢𝑐2

𝑣𝑐2

𝑤𝑐2

𝜗𝑐2

⋮ ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 0 0 𝑧1

−
𝑚𝜋

𝑎
𝑥1 1 −

𝑚𝜋

𝑎
𝑧1

𝑚𝜋

𝑎
(𝜔1 − 𝑧𝑆𝐶𝑥1)

0 0 1 −𝑥1

0 0 0 1

1 0 0 𝑧2

−
𝑚𝜋

𝑎
𝑥2 1 −

𝑚𝜋

𝑎
𝑧2

𝑚𝜋

𝑎
(𝜔2 − 𝑧𝑆𝐶𝑥2)

0 0 1 −𝑥2

0 0 0 1

⋮ ⋮ ⋮ ⋮ ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 
𝑢𝑐0

𝑣𝑐0

𝑤𝑐0

𝜗𝑐0 ]
 
 
 
 
 

  (41) 

or in short: 

𝐝𝒄 = 𝐑𝐜,𝐥𝐨𝐜𝐚𝐥𝐝𝒄𝟎         (42) 

where dc vector contains the nodal displacements of the corner nodes at a given rounded 

corner, dc0 contains the nodal displacements of the reference node of the given corner, Rc,local 

is the constraint matrix for the given rounded corner. Obviously, Rc,local has 4 columns, and 4 

times as many rows as the number of nodes in the rounded corner. 

From the local Rc,local matrices the global Rc matrix can be compiled after appropriate rotation 

of the local x-z to coincide with the global X-Z of the member. 

4.2.3. Illustrative example 

To illustrate and study the behaviour of the rigid-corner approach, the same three examples 

are considered that have already been discussed in Section 3.2. Likewise in the previous 

illustrative example the figures and tables presented are those of one cross-section, whereas 

the conclusions drawn and certain values provided reflect the three examples analysed. 

Detailed presentation of the other illustrative examples can be found in [114]. The critical 

stresses for these three cases are calculated in various options. As far as modelling of the 

corner is concerned, 3 options are considered: sharp-corner, rounded-corner, and the newly 

introduced rigid-corner. From constraining point of view, 2 options are considered: with and 

without applying modal constraints. This altogether means 6 calculation options. 

As it is shown in Section 3.2, if the modal constraints are applied on models with rounded 

corners, the calculation can technically be completed, but the results are not acceptable. 
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Therefore, this kind of calculation is not applied here. However, a certain kind of pure-mode 

critical stresses for rounded corner models are still provided here, by applying an estimation 

via the extrapolation method, as described in section 3.4. In order to distinguish between the 

regular constrained calculation and the above-described extrapolation, the latter case will be 

marked as “pure*”. Numerical values are provided in Table 23, for 9 lengths, that is 3 lengths 

from G, D, and L domains, selected as explained in Section 3.2.  

Table 23: Comparison of critical stresses calculated in 6 options, 160-60-15-4-1.5 

 all-mode pure-mode pure* mode pure-mode 

 

length 

[mm] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

rigid  

corner 

[MPa] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

rigid  

corner 

[MPa] 

10 3918 3919 3850 3918 3919 3851 

125 84.79 86.26 91.00 85.20 86.68 91.64 

300 158.7 161.2 170.2 188.4 191.4 214.1 

400 182.6 182.1 185.0 271.5 270.8 278.9 

600 180.6 180.8 181.3 207.2 207.5 223.9 

1250 315.2 317.2 321.2 404.8 407.4 473.0 

1500 328.5 324.7 326.8 367.4 363.1 362.8 

3000 100.1 98.80 98.82 100.3 99.05 99.56 

10000 10.56 10.27 10.27 10.56 10.28 10.28 

In Figure 40 the signature curve is plotted in all the 6 options for the selected case. It is to 

note that – in order to make the plots clear – the envelope curves are plotted for the pure-mode 

calculations. Sample of buckled cross-sections shapes are shown in Figure 41. 

 

Figure 40: Signature curves in 6 options, 160-60-15-4-1.5 
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        125 mm 300 mm 500 mm 1000 mm 2500 mm 10000 mm 

a) all-mode calculations 

   

125 mm  500 mm 2500 mm 10000 mm 

b) pure-mode calculations 

Figure 41: Sample buckled cross-section shapes obtained by rigid-corner approach 

The most important observation is that the rigid-corner approach successfully eliminates the 

major problems of pure-mode calculation on rounded-corner models. More specifically, the 

following conclusions can be drawn.  

If the radius of the rounded corner is small enough, the rigid-corner approach seems to work 

properly for any length. As soon as the radius is increased, there are larger differences 

between the various options. It is reasonable to assume that the rigid-corner approach 

overestimates the L and D critical values, even though the buckling shapes look appropriate. 

It is evident from Figure 40 and Table 23, that the scatter of the results is larger when modal 

constraints are enforced. It also might be suspected that the performance of the rigid-corner 

approach is better at those lengths where the buckling behaviour is less affected by the 

coupling of various modes.  

In order to have an even closer look at the performance of the rigid-corner approach, the 

differences between critical values delivered by the rigid-corner and rounded-corner models 

are determined. The ‘difference’ is interpreted as: (‘rigid’-‘rounded’)/’rounded’, expressed in 

percentages. Positive difference therefore means that the critical value from the rigid-corner 
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model is larger than that from the rounded-corner model. The differences are calculated for 

both the all-mode and pure-mode solutions, and presented in Figure 42. To be able to see the 

type of buckling at the various lengths, a signature curve for the given cross-section is also 

shown in the figure. 

 

Figure 42: Differences between critical load results of rigid-corner and rounded-corner 

calculations, 160-60-15-4-1.5 

If the difference calculated for all-mode solutions is non-zero, this is the error of the rigid-

corner model, since within the realm of linear buckling analysis the all-mode FSM solution 

can be regarded as precise. As the figure shows, non-negligible difference in all-mode 

solutions exists in the L domain only. The maximal error reaches ~8%, in the presented case 

and the error seems to be increasing with the corner radius up to 10% in the studied trio. The 

example suggests that the maximal error takes place at a buckling length somewhat larger 

than the L minimum. The physical explanation of the overestimation must be the fact that the 

corner region does not remain undeformed in the reality, hence fully rigid corner regions 

introduce an artificial stiffness increase into the model. 

By looking at the pure-mode results, it is important to keep in mind that no theoretical 

solution is known for the exact pure-mode L or D critical load in case of a cross-section with 

rounded corners caused by the limitations due to the mechanical criteria embedded in the 

cFSM. Thus, if the calculated difference is non-zero, this is not necessarily due to the error of 

one or the other calculation. Even so, if the assumptions from which the estimated pure-mode 

critical values are derived are realistic, there is reason to think that the above-calculated 

difference should not be too large. As Figure 42 proves, the difference is fairly large ~17%. 

Even in the case of a small corner radius the difference is up to 7%, but for large corner radii 
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the difference can be as large as 30%. If the differences are taken at the L and D minimums 

only, the difference is smaller, but still significant: 6% at the L minimum and 9% at D 

minimum while, for the other case study cross-sections it can reach 5-10% at the L minimum, 

and 5-25% at the D minimum respectively. It is also to observe that the rigid-corner approach 

always leads to larger critical values (at least for realistic buckling lengths).  

Though there is no solid theoretical basis to judge the correctness of the pure-mode critical 

values of the rigid-corner approach, it most probably overestimates the pure L and pure D 

critical values of sections with rounded corners. It is observable, that the performance of the 

rigid-corner approach is dependent on parameters of the problem, especially on the 

geometrical proportions of the cross-section. Therefore, a large-scale parametric study is 

completed, as summarized in the following section, to get information on how the cross-

section dimensions influence the results of the rigid-corner model in linear buckling 

calculations.  

4.3. Parametric study by using cFSM with rigid corner elements 

4.3.1. The completed study 

A parametric study is performed to study the performance of the rigid-corner approach. 

Simple lipped channel members are analysed, but with considering a wide range of cross-

section geometries, including some unusual geometries, too.  

The considered sections depths are: 80, 120, 160 and 200 mm. The considered flange widths 

are: 40, 60 and 80 mm. The considered lip lengths are: 10, 15 and 20 mm. The considered 

corner radii are: 2, 4 and 6 mm. (All these dimensions are for the middle-line of the cross-

section.) The considered thicknesses are: 1.0, 1.5 and 2.0 mm. Hence, the number of 

considered cross-section geometries is 324 in total. 

A very wide buckling length range is applied, from 1 mm to 50,000 mm, but in the evaluation 

only the 10-10,000 mm range is considered (which is still wider than the lengths of real 

practical relevance).  

In order to make the calculations fast, a relatively coarse discretization is applied for the flat 

parts of the cross-section: 4 intermediate nodes in the web, and 2 intermediate nodes in each 

flange (while no intermediate nodes in the lips). This discretization, nevertheless, is surely 

enough to show the tendencies; as presented in section 2.2.2 Figure 10, the density of 
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discretization does not have a significant impact on the results, even if some critical load 

values might contain a few percent of inaccuracy. When the rounded corners are directly 

modelled in the finite strip calculation, each rounded corner is approximated by 5 narrow 

strips. Altogether, therefore, the sharp-corner and rounded-corner models contain 14 and 30 

nodes, respectively. It is to note that a small study has been performed to check the effect of 

the approximation of the rounded regions, i.e., to check how many strips are to be employed 

to model the rounded corners. It was concluded that the applicability of the rigid corner 

element is not affected by the number of strips in the corner regions. The numerical results are 

affected, but it was also concluded that 4-5 strips are always enough. 

4.3.2. Evaluation of all-mode results 

The performance of the rigid-corner approach is evaluated by comparing the results from the 

rigid-corner approach to those from the rounded-corner calculations. Similarly as in Section 

4.2.3, the difference of the critical loads is calculated, where ‘difference’ is interpreted as: 

(‘rigid’-‘rounded’)/’rounded’. Positive difference therefore means that the critical value from 

the rigid-corner model is larger than that from the rounded-corner model. 

In case of all-mode solutions, the deviation of the rigid-corner model from the regular 

rounded-corner FSM solution can be regarded as an error, caused by the distortion of the 

corner regions, which exists (in smaller or larger extent) in a regular FSM solution, but totally 

neglected in the rigid-corner approach. The magnitude of the difference, i.e., the error, is 

surely associated with the corner radius, but also affected by the geometry of the member, as 

detailed as follows.  

If G buckling governs, the difference between the critical loads calculated with the rigid-

corner model and with the rounded-corner model is very small independently of the cross-

section geometry. The maximum difference found among the considered cases is 0.3%, but in 

the vast majority of the cases the difference is less than 0.1%, hence negligible. 

Larger differences are experienced for short-to-intermediate buckling lengths. Accordingly, L 

and D critical values might be inaccurately predicted, due to the total neglecting of the 

distortional deformations of the corner regions. The completed parametric study results 

suggest that the L critical values are more affected: considering all the cases the average 

difference is 5.5% and 1.8% for L and D minimum critical loads, respectively, with maximum 

differences being 16.7% and 9.2%. Thus, it might be concluded that the assumption of totally 
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rigid corner regions leads to an overestimation of L and D critical load values, typically by a 

few percentages, and a maximum of 10-20%.  

The error of the L critical value is found to be proportional to the corner radius, inversely 

proportional to flange width (b), and also influenced by the flange width to web depth ratio 

(b/h) and thickness (t), too. The largest inaccuracy occurs if the corner radius is large (i.e. 

6 mm), web flange width is small (i.e., 40 mm), and the b/h ratio is around 0.4-0.5.   

The error of the D critical value is found to be proportional to the corner radius, inversely 

proportional to the depth of the cross-section (h), and also influenced by the flange width to 

web depth ratio (b/h). The largest inaccuracy occurs if the corner radius is large (i.e. 6 mm), 

web height is small (i.e., 80 mm), and the b/h ratio is around 0.7-1.0. This means that large 

differences mostly belong to unusual geometries.  

4.3.3. Evaluation of pure-mode results 

In case of pure buckling of members with rounded corners, there is no general solution that 

could be classified as “exact”. In case of pure global buckling, however, either some classical 

thin-walled beam/column theory can reasonably be applied, or the cFSM approach. Thin-

walled beam theory and cFSM might lead to slightly different global buckling results [128-

129], but both approaches can be classified as exact in an engineering sense. Here the results 

of the rigid-corner approach are compared to those of cFSM (i.e., pure-mode solution from 

rounded-corner model). Since cFSM is exact for pure global deformations, and since all-mode 

solutions from the rigid-corner calculations are practically exact, too, the experienced 

deviation of the rigid-corner critical loads for G buckling can be regarded as the inaccuracy of 

the modal decomposition of the rigid-corner model. By analysing the results of the parametric 

study, it is observed that in case of pure G buckling the difference is primarily determined by 

the type of the buckling, i.e., whether it is flexural buckling or flexural-torsional (“FT”) 

buckling. In case of flexural buckling the difference is always small, in the vast majority of 

the cases well below 1%. In case of flexural-torsional buckling the differences are larger, and 

can reach as much as 10-20%. The difference is determined by the geometry of the cross-

section. All these can be seen in Figure 43, where the differences are plotted against a 

geometric parameter g1, which is defined as: 

𝑔1 = 𝑟4 1

ℎ𝑏𝑐

1

√𝑡
          (43) 
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where h is the web depth, b is the flange width, c is the lip length, t is the thickness, and r is 

the radius of the corner. It is to note, that the proposed g1 parameter and the later introduced 

g2 in Eq (44) are purely geometrical parameters necessary to represent tendencies based on 

the observations whether the difference is proportional or inversely proportional to a certain 

cross-section dimension, and whether the proportionality is closer to a linear proportion, or a 

quadratic proportion, etc. Accordingly, the largest differences occur when the cross-section is 

relatively small, but the corner radius is large. Hence, though sometimes the difference is 10-

20%, these large differences belong to unusual cross-section geometries, while the difference 

is only a few percentages for more typical geometries. 

In order to have FT buckling as first mode, the channel section flanges should not be too 

narrow, and the member length should not be too large. This also means that larger 

differences between rigid-corner G critical load values can be expected if the cross-section 

shape is more square-like. It is also observable from the detailed analysis of the results that 

the difference (i.e., the inaccuracy of the pure FT buckling calculation) is decreasing with the 

increase of the length. It is known, that FT critical value is the sum of two terms, one is 

associated with Saint-Venant torsion, which is independent of the length, while the other term 

is associated with warping (i.e., longitudinal translational displacement over a cross-section), 

which is inversely proportional to the square of the length. All these observations suggest that 

the inaccuracy of the pure G buckling prediction of the rigid-corner model is due to the 

inaccuracy of the warping distribution when the member is twisted. In fact, small differences 

exist between the warping from a regular cFSM analysis and that of the rigid-corner model. 

 

Figure 43: Differences between rigid-corner and rounded-corner calculations in the parametric 

study, for pure global buckling 
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The behaviour of pure L buckling is similar to the all-mode local buckling, but slightly 

different. The error of pure L critical load is found to be proportional to (in fact: strongly 

dependent on) the corner radius, inversely proportional to flange width and to the web height, 

inversely proportional to the thickness, and also influenced by the global shape of the cross-

section. A geometric parameter is introduced accordingly, as: 

𝑔2 = 𝑟4 1

ℎ𝑏𝑡

1

√𝑐
√

ℎ

𝑏

4
         (44) 

The differences are plotted in the function of g2, as shown in Figure 44 which may be as large 

as 20-30%. Though the reference value, i.e., the pure critical load estimated from the all-mode 

solution, is not a precise value, still, the rigid-corner model seems to overestimate pure L 

critical loads, at least for certain combinations of geometrical parameters, especially when the 

corner radius is large compared to the global dimensions of the cross-section. Certainly, this 

overestimation is partly due to the total neglecting of the distortion of the corner regions, as it 

is proved by the all-mode solutions. However, the application of the modal constraints also 

introduces some inaccuracy, as proved by the pure G results. These two sources of 

inaccuracies might superpose. Though sometimes there are large differences, the average 

difference of the considered cases is not too large, it is approximately 7%.   

 

Figure 44: Differences between rigid-corner and rounded-corner calculations in the parametric 

study, for pure local buckling 

The difference in pure D critical values is dependent mostly on the same parameters as the FT 

buckling. This is clear from Figure 45, where the differences are plotted in function of the g1 

parameter (same parameter used in Figure 43). From the actual study the average difference is 

found to be 15%., but the figure shows that sometimes fairly large differences occur. It seems 

that the two major sources of inaccuracies (namely: rigid corner regions, and inaccurate 
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modal constraints) might enlarge each other’s advert effects. Even though exact solution for 

pure D buckling of members with rounded corners are not known, the rigid-corner approach 

surely overestimates the pure D critical load. 

 

Figure 45: Differences between rigid-corner and rounded-corner calculations in the parametric 

study, for pure distortional buckling 

4.4. cFSM with elastic corner elements 

4.4.1. Finite strip method with elastic corner elements 

The principle to derive the elastic corner element model is analogue to that of the rigid corner 

model. Let us write first the basic (first-order and elastic) equilibrium equation of the 

member: 

𝐊𝒓𝒐𝒖𝒏𝒅𝐝𝒓𝒐𝒖𝒏𝒅 = 𝐟𝒓𝒐𝒖𝒏𝒅        (45) 

where K is the elastic stiffness matrix, d is the vector of nodal displacements, and f is the 

vector of nodal forces (while the superscript “round” emphasizes that the all these vectors and 

matrices are interpreted for the rounded-corner model. Let us group the nodes as “flat” and 

“corner” nodes, according to the notation of Figure 47:  

[
𝐊𝒇,𝒇

𝒓𝒐𝒖𝒏𝒅 𝐊𝒇,𝒄
𝒓𝒐𝒖𝒏𝒅

𝐊𝒄,𝒇
𝒓𝒐𝒖𝒏𝒅 𝐊𝒄,𝒄

𝒓𝒐𝒖𝒏𝒅
] [

𝐝𝒇
𝒓𝒐𝒖𝒏𝒅

𝐝𝒄
𝒓𝒐𝒖𝒏𝒅

] = [
𝐟𝒇
𝒓𝒐𝒖𝒏𝒅

𝐟𝒄
𝒓𝒐𝒖𝒏𝒅

]      (46) 

It can be assumed that there are no external forces acting on the corner nodes, so the second 

row of the above matrix equation can be written as: 

𝐊𝒄,𝒇
𝒓𝒐𝒖𝒏𝒅𝐝𝒇

𝒓𝒐𝒖𝒏𝒅 + 𝐊𝒄,𝒄
𝒓𝒐𝒖𝒏𝒅𝐝𝒄

𝒓𝒐𝒖𝒏𝒅 = 𝟎       (47) 

from which the displacements at the corner nodes can be expressed:  



73 

𝐝𝒄
𝒓𝒐𝒖𝒏𝒅 = −(𝐊𝒄,𝒄

𝒓𝒐𝒖𝒏𝒅)
−𝟏

𝐊𝒄,𝒇
𝒓𝒐𝒖𝒏𝒅𝐝𝒇

𝒓𝒐𝒖𝒏𝒅      (48) 

It is to note that the above matrix inversion does not need to be practically performed, since 

the above expression is nothing else than the solution of a linear system of equations, which 

does not actually require matrix inversion.  

Therefore, the whole displacement vector of the rounded-corner model can be expressed from 

the displacements of the flat parts only, as follows:  

𝐝𝒓𝒐𝒖𝒏𝒅 = [
𝐝𝒇

𝒓𝒐𝒖𝒏𝒅

𝐝𝒄
𝒓𝒐𝒖𝒏𝒅

] = [
𝐈

−(𝐊𝒄,𝒄
𝒓𝒐𝒖𝒏𝒅)

−𝟏
𝐊𝒄,𝒇

𝒓𝒐𝒖𝒏𝒅] 𝐝𝒇
𝒓𝒐𝒖𝒏𝒅    (49) 

where I is an identity matrix of an appropriate size. The above equation can also be written as:  

𝐝𝒓𝒐𝒖𝒏𝒅 = 𝐑𝐜𝐝𝒇
𝒓𝒐𝒖𝒏𝒅         (50) 

where Rc can be described as a constraint matrix for the rounded corners, which defines how 

the nodal displacements are expressed from those of the nodes at the flat parts; the principle is 

illustrated in Figure 46. It is to note, that in the figure the corner nodes are only linked to the 

four adjacent flat nodes, while in the theory the corner nodes are expressed from all of the 

nodes on the flat parts, this simplification in the figure is only due to keep the clarity of the 

representation. 

     

Figure 46: Principle of the elastic corner model 

4.4.2. Modal constraints in FSM with elastic corner elements 

When modal constraints are to be applied to an FSM model with rounded corners, first we 

need to define a similar member with sharp corners. It is practically advantageous to use a 

discretization similar to that of the rounded cornered model, so an identical discretization is 

applied for the flat parts of the member in both the sharp- and rounded-corner models.  
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In the sharp-corner model constraints can be defined, according to Eq (6) in Section 1.4, but 

now the superscript “sharp” is to emphasize that the displacement vectors are interpreted in 

the sharp-corner model: 

𝐝𝒔𝒉𝒂𝒓𝒑 = 𝐑𝐌𝐝𝐌
𝒔𝒉𝒂𝒓𝒑

         (51) 

where 𝐝𝐌
𝒔𝒉𝒂𝒓𝒑

 contains the (modal) displacements of the sharp-corner model that satisfy the 

mechanical criteria of mode M. The above equation can be partitioned by distinguishing the 

“flat” and “corner” nodes: 

[
𝐝𝒇

𝒔𝒉𝒂𝒓𝒑

𝐝𝒄
𝒔𝒉𝒂𝒓𝒑

] = [
𝐑𝐌,𝒇

𝐑𝐌,𝒄
] 𝐝𝐌

𝒔𝒉𝒂𝒓𝒑
        (52) 

from which the displacement of the nodes at the flat parts can be expressed as: 

𝐝𝒇
𝒔𝒉𝒂𝒓𝒑

= 𝐑𝐌,𝒇𝐝𝐌
𝒔𝒉𝒂𝒓𝒑

         (53) 

By forcing equivalence of the flat nodes of the rounded-corner and sharp-corner models, the 

whole displacement vector of the rounded-corner model can be determined from the modal 

displacement vector, by substituting Eq (53) into Eq (50), as: 

 𝐝𝒓𝒐𝒖𝒏𝒅 = 𝐑𝐜𝐝𝒇
𝒓𝒐𝒖𝒏𝒅 = 𝐑𝐜𝐝𝒇

𝒔𝒉𝒂𝒓𝒑
= 𝐑𝐜𝐑𝐌,𝒇𝐝𝐌

𝒔𝒉𝒂𝒓𝒑
      (54) 

Thus, when modal constraints are applied in linear buckling analysis, the elastic and 

geometric stiffness matrices need to be determined for the rounded-corner model, then Eq (4) 

in Section 1.4 must be solved by substituting Eq (54), as follows:  

𝐑𝐌,𝒇
T𝐑𝐜T𝐊𝐞𝐑

𝐜𝐑𝐌,𝒇𝚽𝐌 − 𝚲𝐌𝐑𝐌,𝒇
T𝐑𝐜T𝐊𝐠𝐑

𝐜𝐑𝐌,𝒇𝚽𝐌 = 𝟎    (55) 

The above equation is a generalized eigen-value problem, but with reduced size, and can also 

be written as:  

𝐊𝐞,𝐌𝚽𝐌 − 𝚲𝐌𝐊𝐠,𝐌𝚽𝐌 = 𝟎        (56) 

with 

𝐊𝐞,𝐌 = 𝐑𝐌,𝒇
T𝐑𝐜T

𝐊𝐞𝐑
𝐜𝐑𝐌,𝒇     and    𝐊𝐠,𝐌 = 𝐑𝐌,𝒇

T𝐑𝐜T
𝐊𝐠𝐑

𝐜𝐑𝐌,𝒇   (57) 

It is to underline that in the above equation Ke and Kg stiffness matrices are defined in the 

rounded-corner model, therefore the effect of rounded corners is directly included in the 

above solution. 
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4.4.3. Illustrative example for the elastic-corner approach 

The behaviour of the elastic-corner approach is illustrated and studied through some 

numerical examples. A similar cross-section to that of already discussed in Section 3.2 is used 

in the following illustrations (120-60-15-4-1.5) yet, likewise in Sections 3.2 and 4.2.3, the 

conclusions are drawn on the three cross-sections analysed in detail (120-40-15-2-1.0, 120-

60-15-4-1.5, and 120-80-15-6-2.0). The critical stresses for these three cases are calculated in 

various options. As far as modelling of the corner is concerned, 3 options are considered: 

sharp-corner, rounded-corner with and without the newly introduced elastic corner element. 

From constraining point of view, 2 options are considered: all-mode solution (when all the 

modal basis vectors are used), and pure-mode solution (when the modal basis vectors from a 

given space are used only). This altogether means 6 calculation options. 

The same steel material characteristics apply as before used for the rigid corner studies. It is to 

note, nevertheless, that since here the focus is on studying the performance of the elastic-

corner model in comparison with other approaches, the enforcement of zero Poisson’s ratio is 

not crucial, and it is reasonable to think that it has negligible effect on the conclusions. 

The applied discretization is also identical to that of the rigid-corner models, illustrated in 

Figure 47, where, due to its symmetry, only half of the cross-section is shown. 

 

a) interpretation of ‘corner’ nodes and ‘flat’ nodes 

 

b) node numbering in the examples 

Figure 47: Discretization for sharp-corner and rounded-corner models 
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In Figure 48 the signature curves are plotted in all the 6 options for the selected 3 cases. In 

order to make the plots clearer, the envelope curves are plotted for the pure-mode 

calculations. 

 

Figure 48: Signature curves in 6 options, 120-60-15-4-1.5 

Numerical values for 9 lengths are provided in Table 24 which lengths are selected as follows; 

three lengths are taken from the L region: one very small one (in our cases: 20 mm), a second 

one at the L minimum, and a third one which is the largest length where L is still the 

governing buckling type. Three lengths are taken from the D region, too: the first one is the 

smallest length where D type buckling already governs; the second one belongs to the D 

minimum, while the third one is the largest length where D still governs. Finally, three lengths 

are taken for G modes, too: the first one is the smallest length where G already governs. The 

third one is a very large length (10,000 mm in our cases), while the second one is a 

moderately large length where G governs. It is to mention that most of these lengths are 

dependent on the actual geometry and loads of the case. It is also to note that the second L and 

second D length are the practically most important ones out of the L and D lengths, 

respectively. 

As a visual verification that the elastic corner results are in line with the engineering 

expectations, the buckled cross-sections’ shapes at different lengths are shown in Figure 49. 
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Table 24: Comparison of critical stresses calculated in 6 options, 120-60-15-4-1.5 

 all-mode pure-mode pure* mode pure-mode 

 

length 

[mm] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

elastic  

corner 

[MPa] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

elastic 

corner 

[MPa] 

20 1031 1029 1029 1031 1029 1031 

100 146.9 150.0 150.0 147.5 150.6 157.2 

300 331.3 333.0 333.0 480.5 482.8 505.2 

400 296.3 296.0 296.0 341.7 341.3 373.0 

600 261.4 266.2 266.2 276.8 281.9 327.4 

1000 387.4 399.8 399.8 425.7 439.4 541.2 

1250 371.1 369.5 369.5 395.7 394.0 393.0 

2500 108.2 106.9 106.9 108.6 107.3 109.8 

10000 11.05 10.77 10.77 11.06 10.77 10.77 

 

      

        100 mm      250 mm      300 mm    600 mm  1250 mm 10000 mm 

a) all-mode calculations 

       

        60 mm   100 mm      250 mm 600 mm 1250 mm 10000 mm 

b) pure-mode calculations 

Figure 49: Sample buckled cross-section shapes, pure buckling mode, elastic-corner approach 
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The most important observation is that the elastic-corner approach successfully eliminates the 

major problems of pure-mode calculation on rounded-corner models. More specifically, the 

following conclusions can be drawn.  

By analysing the all-mode solutions, there is difference between the results from sharp-corner 

model and the models with rounded corner (i.e., rounded-corner and elastic-corner), but 

practically there is no difference between the results of the rounded-corner option and the 

elastic corner option. It is to highlight here, that although the rounded corners are directly 

modelled in both the rounded-corner and elastic-corner options, the two calculations are still 

not the same, since in the case of the rounded-corner option the conventional FSM 

calculations are performed by using all the basis vectors of the rounded-corner model, while 

in the case of the elastic-corner option the calculations are performed by using a reduced basis 

system (i.e., the basis vectors of the elastic-corner model). In the actual calculations the 

rounded corner models have 30 nodes, hence 120 DOF, hence 120 basis vectors. The models 

with sharp corners, however, have only 22 nodes, hence 88 DOF and 88 basis vectors. Since 

the elastic-corner approach employs the basis system of the sharp-corner model, the elastic-

corner model has 88 DOF and 88 basis vectors. The all-mode results of the rounded-corner 

model, therefore, are calculated by using all the 120 basis vectors of the rounded-corner 

model, while the all-mode results of the elastic-corner model are calculated by using the 88 

modal basis vectors of the elastic-corner model. Thus, there might be a difference between the 

results of rounded-corner and elastic-corner options, and it is to mention that the difference 

seems to be negligible.  

By looking at the results of the pure-mode options, differences can be observed even between 

the (estimated) rounded-corner and elastic-corner results. The results of the sample examples 

indicate that if the radius of the corner is small enough, the differences are small, but as soon 

as the radius is increased, the differences are larger. Another observation is that differences 

might exist at any length, that is, in L, D or G buckling as well, but the largest differences 

seem to belong to the distortional buckling. It is also observable that the critical values from 

the elastic-corner approach are (practically) always larger than the corresponding values from 

the rounded-corner option.  

In order to evaluate the performance of the elastic-corner approach, the differences between 

critical values predicted by the elastic-corner and rounded-corner models are calculated. The 

‘difference’ is interpreted as: (‘elastic’-‘rounded’)/’rounded’, expressed in percentages. 

Positive difference therefore means that the critical value from the elastic-corner model is 
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larger than that from the rounded-corner model. The differences are calculated for both the 

all-mode and pure-mode solutions, and presented in Figure 50. To be able to see the type of 

buckling at the various lengths, a signature curve for the given cross-section is also shown in 

the figure. Figure 50 suggests that the differences for all-mode options are negligibly small for 

any length and any cross-section shape. However, non-negligible differences exist between 

the results of pure-mode options: the difference is highly influenced by the corner radius and 

the length, and can be as large as 30-35% in the considered illustrative examples. It is to 

observe that there might be significant differences between the critical values to global 

buckling (up to 15% in the considered cases), at least when the global buckling is flexural-

torsional buckling.  

 

Figure 50: Differences between critical load results from elastic-corner and rounded-corner 

calculations, 120-60-15-4-1.5 

It is important to keep in mind, that no theoretical solution is known for the exact pure-mode 

L or D critical load in case of a cross-section with rounded corners. Thus, if the calculated 

difference is non-zero, this is not necessarily due to the error of one or the other calculation. 

However, the pure G critical values from a rounded corner model can be regarded as exact 

values; therefore, deviation from these values is indeed an error. Unfortunately, such 

deviation exists, hence the pure-mode values from the elastic-corner approach seem to include 

some errors. The results suggest that the elastic-corner approach sometimes overestimates the 

pure critical values, which means that the rigidity of the elastic-corner model is somewhat 

larger than it should be. 

Careful inspection of the buckling shapes of the various options gives explanation for the 

overestimation of the model rigidity. As an example, let us analyse the longitudinal 

displacements (i.e., warping displacements) of three options when the member is subjected to 
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pure twisting rotation. Table 25 shows the warping displacement values at the nodes for the 

120-60-15-4-1.5 cross-section, as calculated by FSM; the warping values are scaled so that 

the maximum warping would be equal to 1. The node numbering is in accordance with Figure 

47, and the warping displacement values are given in various options. 

Table 25: Warping displacement values in the various approaches, 120-60-15-4-1.5 

 
 

sharp 

(any length) 
 

rounded 

(any length) 

elastic 

@10 mm 

elastic 

@100 mm 

zone node nr w displ [mm] node nr w displ [mm] w displ [mm] w displ [mm] 

lip 1 1 1 1 1 1 

lip 2 0.6914 2 0.6908 0.6914 0.6914 

corner -  3 0.6425 0.3787 0.6381 

corner 3 0.5792 4 0.5904 0.2609 0.5843 

corner -  5 0.5423 0.2986 0.5372 

flange 4 0.5037 6 0.5051 0.5037 0.5037 

flange 5 0.1769 7 0.1773 0.1769 0.1769 

flange 6 -0.1499 8 -0.1505 -0.1499 -0.1499 

flange 7 -0.4767 9 -0.4783 -0.4767 -0.4767 

corner -  10 -0.5041 -0.2856 -0.4993 

corner 8 -0.5521 11 -0.5198 -0.2328 -0.5143 

corner -  12 -0.5235 -0.3018 -0.5198 

web 9 -0.5153 13 -0.5148 -0.5153 -0.5153 

web 10 -0.3092 14 -0.3089 -0.3092 -0.3092 

web 11 -0.1031 15 -0.1030 -0.1031 -0.1031 

As the numerical data of Table 25 prove, the warping distribution of the elastic-corner and 

rounded-corner options are not identical. The warping distribution of the rounded-corner 

model corresponds to the analytical solution from Vlasov’s thin-walled beam theory (which is 

independent of the actual length of the member). The warping distribution of the elastic-

corner model is similar (and at the flat parts even identical) to the analytical solution of the 

sharp-corner model, however, at the corner regions the warping displacements might be 

different. The difference is dependent on the member length. Thus, (a) the results demonstrate 

that the warping distribution of the elastic-corner approach is length-dependent, which is the 

consequence of Eqs. (48-50) in which the length-dependent stiffness matrix is involved, and 

(b) the warping distribution in the elastic-corner approach might be incorrect. Since the 

warping distributions are essential in modal decomposition (i.e., in calculating pure G, pure D 
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and pure L critical values), it can be suspected that the error of the elastic-corner approach is 

due mostly to the undesired warping distribution in the corner regions, not only in global 

modes, but also in D and L modes. 

A potential solution for this problem is to apply the in-plane shear (S) modes when 

calculating the pure critical values. In-plane shear modes of thin-walled members are also 

discussed in detail e.g. in [113], and applied in the context of cFSM [78-79], too. The 

characteristic feature of the so-called warping shear modes is that they do not involve cross-

section distortion, only warping, thus, if these shear modes are added to the G, D or L modes, 

they can modify the warping displacements, but do not practically modify the cross-section 

shape. The last column of Table 25 gives the warping values, calculated by the elastic-corner 

approach but with allowing in-plane shear deformations. Now the warping displacement 

values are very similar to that of the solution from Vlasov’s thin-walled beam theory (i.e., to 

that of rounded-corner model); though small differences exist, but the tendencies are exactly 

the same. The performance of the elastic-corner approach in calculating the pure buckling 

modes will be studied next, with (and without) considering the in-plane shear modes. 

4.4.4. Illustrative example with consideration of in-plane shear 

The same examples are considered here that are already discussed in Section 4.4.3, but with 

allowing in-plane shear deformations. Technically speaking the signature curves are 

calculated in the same 6 options. Since all-mode solutions consider all the basis vectors, shear 

modes are naturally included, therefore the all-mode solutions are exactly the same as in the 

previous chapter without allowing the in-plane shear deformations. This means that it is 

enough here to discuss the pure-mode options.  

Consideration of shear in-plane deformations is possible in any of the analysed cross-section 

models, i.e., in sharp-corner or rounded-corner or elastic-corner models, too. Previous studies 

showed that the consideration of in-plane shear has very small effect for regular open cross-

section thin-walled members; nevertheless, for the sake of consistency the sharp-corner and 

rounded-corner results are also recalculated with allowing in-plane shear deformations. In 

Figure 51 the signature curves are plotted in all the 6 options for the selected 3 cases. 
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Figure 51: Signature curves with considering in-plane shear, 120-60-15-4-1.5 

The critical stress values are summarized in Table 26 for the selected 9 lengths, for pure 

buckling modes, without and with considering in-plane shear. 

Table 26: Comparison of pure critical stresses without/with shear deformations, 120-60-15-4-1.5 

 pure-mode pure* mode pure-mode pure+S pure*+S pure+S 

length 

[mm] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

elastic  

corner 

[MPa] 

sharp  

corner 

[MPa] 

rounded 

corner 

[MPa] 

elastic 

corner 

[MPa] 

20 1031 1029 1031 1026 1029 993 

100 147.5 150.6 157.2 147.5 150.6 150.3 

300 480.5 482.8 505.2 480.5 482.7 494.2 

400 341.7 341.3 373.0 338.3 337.9 352.9 

600 276.8 281.9 327.4 276.1 281.1 312.4 

1000 425.7 439.4 541.2 425.6 439.3 528.1 

1250 395.7 394.0 393.0 391.9 390.3 386.1 

2500 108.6 107.3 109.8 108.4 107.1 107.0 

10000 11.06 10.77 10.77 11.05 10.77 10.77 

The most important observations are as follows. Shear modes have some effect, but the effect 

is non-negligible only if either the length is extremely short, or the length is selected at the 

border of the given region (e.g., a short length is selected in the D region, where –without 

constraining- there is a strong interaction between L and D modes). However, at the 

practically most interesting lengths, e.g., at L and D minima, the in-plane shear deformations 

have negligible effect on the critical load results. 
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Consideration of in-plane shear seems to eliminate the error of the pure G modes, since the 

critical load values from the rounded-corner and the elastic-corner options are mostly 

identical. At some lengths small differences exist, but this is most likely due to the error of the 

estimation of the pure* critical load of the rounded-corner model. 

Due to the consideration of in-plane shear the critical load values from the rounded-corner 

and the elastic-corner options are mostly identical even for lengths where L buckling is 

governing. 

If in-plane shear modes are added to pure modes, the difference between pure D results from 

elastic-corner and rounded-corner options is decreasing. Still, the elastic-corner approach 

predicts somewhat larger pure D critical load values. Since no theoretical solution is known 

for the exact pure D critical load in case of a cross-section with rounded corners, it is hard to 

judge whether one or the other prediction is better or more exact. The differences between 

critical values predicted by the elastic-corner and rounded-corner options are also shown in 

Figure 52. (Note, positive difference means that the critical value from the elastic-corner 

model is larger than that from the rounded-corner model.)  

 

Figure 52: Differences between critical load results from elastic-corner and rounded-corner 

calculations, with shear deformations, 120-60-15-4-1.5 

4.5. Parametric study by using cFSM with elastic corner elements 

A parametric study is performed to study the performance of the elastic-corner approach. 

Simple lipped channel members are analysed, but with considering a wide range of cross-

section geometries, including some unusual geometries, too. The considered cross-sections 

are identical to the set of cross-sections applied in the parametric study of Section 4.3, 

namely: the section depths are: 80, 120, 160 and 200 mm; the flange widths are: 40, 60 and 
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80 mm, the lip lengths are: 10, 15 and 20 mm, while the corner radii are: 2, 4 and 6 mm. (All 

these dimensions are for the middle-line of the cross-section.) The thicknesses are: 1.0, 1.5 

and 2.0 mm. Therefore, the number of considered cross-section geometries is 324. 

44 different lengths are considered, covering a very wide length range, from 1 mm to 

50,000 mm. In the evaluation of the results however, only the 20-10,000 mm range is 

considered, which is still wider than the lengths of real practical relevance. The same material 

and discretization are used as already described in Section 4.4.3. 

The critical loads are calculated in 5 options with the CUFSM software: all-mode and pure-

mode with sharp-corner model, all-mode and pure-mode with elastic corner element, and all-

mode with rounded-corner model. Pure-mode solutions for the rounded-corner model are also 

determined, not directly by FSM, but by the estimation from the all-mode solutions, as 

presented previously. In case of pure modes, the in-plane shear deformations are allowed. 

The performance of the elastic-corner approach is evaluated by comparing the results from 

elastic-corner approach to those from rounded-corner calculations. The difference is 

calculated at the practically most important 3 lengths: at L minimum, at D minimum, and at 

an intermediate length in the G region, therefore, the second lengths are selected from the L, 

D and G regions e.g. in Table 26 (and similar previous tables). 

In case of all-mode solutions, the deviation of the elastic-corner model from the rounded-

corner FSM solution can be regarded as negligible, the maximum difference being in the 

order of magnitude 10-4 %.  

In case of pure G, the maximal difference is 0.4%, while the average of the absolute value of 

the differences (for the given 324 cases) is 0.05%. So, in predicting the pure G critical load 

the elastic-corner approach can be regarded as precise. 

In case of pure L, the maximal difference is 4%, but the average difference (in absolute value) 

is only 0.4%, hence, in predicting the pure L critical load the elastic-corner approach can be 

regarded as equivalent to the estimation from the rounded-corner model. It can be stated that 

the results are satisfactory, i.e., they satisfy the engineering expectations, too. 

In case of pure D, the maximal difference is 44%, with an average difference of 11%. Since 

there is no exact theoretical solution for the exact pure D critical load in case of a cross-

section with rounded corners, it is hard to judge whether one or the other prediction is better 

or more exact. Nevertheless, the results of the elastic-corner approach, similarly to the results 

of the rigid-corner approach suggest that rounded corners trigger more mode coupling. In 
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other words, although coupling is always present at buckling lengths in the D region, even 

with sharp-corner models, the elastic-corner approach indicates the presence of a more 

pronounced coupling when the rounded corners are directly modelled.  

4.6. Conclusions 

In this section two techniques are proposed and discussed for the modal decomposition of 

thin-walled structural members with rounded corners. The first method is based on the 

introduction of a rigid-corner element, the second by means of an elastic corner element 

which make it possible to perform the modal decomposition identically to how it was 

originally proposed for members with sharp corners. Both approaches are suitable to 

essentially eliminate the major problems caused by the rounded corners in the original 

constrained finite strip method. Parametric studies have been completed in order to study and 

evaluate the performance of both corner models in the linear buckling analysis of lipped 

channel column members. 

The results of the parametric study show that the proposed rigid-corner approach leads to 

reasonable pure critical load values for many practical cases, especially if the corner radius of 

the member is small. Even though there is no exact solution for the pure local or pure 

distortional buckling of members with rounded corners, there is good reason to conclude that 

the rigid-corner approach overestimates the critical load in some cases, especially if the corner 

radius is relatively large. The overestimation is systematic, and is due (at least partially) to the 

very basic characteristics of the approach, namely: the assumption of totally rigid corners. 

In general, the elastic corner model also returns good results; however, pure global, 

distortional and local buckling critical loads are sometimes predicted with some error, which 

is caused by the small discrepancy of the warping displacements in the elastic-corner 

calculations. It is also shown that inclusion of in-plane shear deformation modes leads to the 

desired warping displacements, while it does not make any change in the cross-section 

deformations. The results of the parametric study show that the elastic-corner approach leads 

to reasonable pure critical load values if in-plane shear deformations are allowed and the 

results are better than those of the rigid-corner model. Critical loads for the pure local or pure 

global buckling can readily be judged as practically precise, in accordance with analytical 

solutions (in case of global buckling) and engineering expectations (in case of local-plate 

buckling). The predicted pure distortional critical loads suggest an increased coupling of 
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modes in members with rounded corners, w.r.t. members with sharp corners, especially if the 

corner radius is relatively large. 

The rigid-corner approach can be regarded as the first modal decomposition technique that 

works for members with rounded corners, and for many practical problems it leads to 

reasonable results, therefore the concept appears to be a good approach. As an improved 

solution, the elastic corner model provides even better results, however, further development 

of the method is desirable in order to reduce the observed overestimation of the critical loads 

in certain cases. 
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5. NEW SCIENTIFIC RESULTS 

During the course of this research the buckling of thin-walled cold-formed steel members was 

in the focus of the research. Based on the work done, the following new scientific 

observations may be concluded. 

5.1. Theses in English 

Thesis 1 

I compared the buckling analysis of cold-formed steel members with finite strip method and 

constrained finite strip method for local-plate and distortional buckling modes. 

1a) I compared in a parametric study the elastic critical loads of cold-formed steel members 

on a wide geometrical range with finite strip method and constrained finite strip method for 

pure compression, pure bending and combined compression-bending loads both for local-

plate and distortional buckling modes. I determined the characteristic differences for the 

various cross-sections and load cases. I concluded that in case of local-plate buckling the 

difference obtained by the two methods is a few percent in average, while in case of 

distortional buckling the differences show an average of approximately 10-20 percent, with a 

higher scatter. I concluded that the differences are considerably higher when the signature 

curve has no definitive minimum point at the given buckling mode. 

1b) I compared in a parametric study generally available cold-formed steel members’ 

resistance under pure compression and pure bending loads; the resistance was calculated from 

elastic buckling critical loads determined by finite strip method and constrained finite strip 

method. I determined the typical differences for the various cross-sections and load cases. I 

concluded that the difference shows an average of approximately 2-3 percent, and the 

difference is mostly due to the difference in the critical loads of the distortional mode. I 

concluded that the differences are significantly higher in the case the signature curve does not 

have a definitive minimum point for distortional mode. 

Publications: [115], [116], [117], [118] 

Thesis 2 

I proposed a simple, fully automated dimensioning method to determine the member 

resistance of cold-formed steel cross-sections with the constrained finite strip method and the 
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direct strength method. In the proposed procedure, I introduced modification factors to take 

into account the differences between the finite strip method and the constrained finite strip 

method as well as the difference between rounded- and sharp corner cross-sections. Based on 

the results of a parametric study, I provided the necessary modification factors for the various 

profiles of generally available cold-formed steel members. I compared the results of the 

proposed design procedure with experimental results and concluded that the proposed method 

is statistically equivalent to the widely applied direct strength method. 

Publications: [117], [118] 

Thesis 3 

I proposed rounded corner mechanical models for cold-formed steel members to be able to 

perform constrained finite strip method analysis on such members. 

3a) I proposed a rigid corner element for modelling thin-walled members with rounded 

corners using the finite strip method. I have demonstrated that the rigid corner element makes 

the use of the constrained finite strip method possible, even when rounded corners are 

modelled directly. I have analysed the effect of the rigid corner element on the critical loads 

of pure buckling modes via illustrative examples and a parametric study with the constrained 

finite strip method. I concluded that the use of the rigid corner element provides buckling 

results according to engineering expectations, but in some cases, it overestimates the critical 

load. The magnitude of the overestimation depends on the cross-section geometry, primarily 

on the radius of the rounded corners and in several cases it isn’t negligible. I concluded that 

the overestimation is partly caused by the rigidity of the corner element, thus when the rigid 

corner element is applied, the error cannot be eliminated. 

3b) I proposed an elastic corner element for modelling thin-walled members with rounded 

corners using the finite strip method. I have demonstrated that the elastic corner element 

makes the use of the constrained finite strip method possible, even when rounded corners are 

modelled directly. I have analysed the effect of the elastic corner element on the critical loads 

of pure buckling modes via illustrative examples and a parametric study with the constrained 

finite strip method. I concluded that the use of the elastic corner element provides buckling 

results according to engineering expectations, but in some cases, it overestimates the critical 

load. I concluded that the overestimation was caused by the error of the longitudinal 

displacements, and I demonstrated that by applying the shear modes too, this error disappears. 

The results of the application of elastic corner elements show that the rounded corner 
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somewhat increases the difference between the finite strip method and constrained finite strip 

method distortional buckling critical loads. 

Publications: [112], [114], [119], [120] 

5.2. Theses in Hungarian 

Tézis 1 

Összehasonlítottam a végessávos- és az elmozduláskorlátos végessávos módszer 

alkalmazásával végzett stabilitásvizsgálatokat hidegen hengerelt acél elemek lemezhorpadása 

és torzulásos horpadása esetén.  

1a) Egy széles geometriai tartományba tartozó szelvényeken végzett paraméteres numerikus 

vizsgálatokkal összehasonlítottam tisztán nyomott, tisztán hajlított, illetve nyomott-hajlított 

elemekre a végessávos módszerrel és az elmozduláskorlátos végessávos módszerrel 

meghatározott rugalmas kritikus terheket lemezhorpadás és torzulásos horpadás típusú 

stabilitásvesztések eseteire. A különbségek jellemző mértékeit számszerűen megadtam a 

különféle szelvényekre és terhelésekre. Megállapítottam, hogy lemezhorpadás esetén a két 

módszer eredményei közötti különbség átlagosan néhány százalékos, míg torzulásos horpadás 

esetén a különbségek – a lemezhorpadás eredményeinél nagyobb szórást mutatva – átlagosan 

körülbelül 10-20%-osak. Megállapítottam, hogy a különbségek lényegesen nagyobbak olyan 

esetekben, amikor a keresztmetszet teher-kihajlási hossz görbéjének (ún. signature curve) 

nincs egyértelmű minimuma az adott típusú stabilitásvesztésnél.    

1b) A gyakorlatban alkalmazott hidegen hengerelt acél elemek széles körére végzett 

paraméteres numerikus vizsgálatokkal összehasonlítottam tisztán nyomott és tisztán hajlított 

elemekre a végessávos módszerrel és az elmozduláskorlátos végessávos módszerrel 

meghatározott rugalmas kritikus terhek alapján számított teherbírásokat. A különbségek 

jellemző mértékeit számszerűen megadtam a különféle szelvényekre és terhelésekre. 

Megállapítottam, hogy a különbségek átlagosan körülbelül 2-3%-osak, és a különbségeket 

elsősorban a torzulásos horpadáshoz tartozó kritikus terhek különbségei okozzák. 

Megállapítottam, hogy a különbségek lényegesen nagyobbak olyan esetekben, amikor a 

keresztmetszet teher-kihajlási hossz görbéjének (ún. signature curve) nincs egyértelmű 

torzulásos horpadási minimuma.    

Publikációk: [115], [116], [117], [118] 
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Tézis 2 

Javaslatot tettem egy egyszerű, teljesen automatikusan végrehajtható méretezési eljárásra 

lekerekített sarkú, hidegen hengerelt acél szelvények teherbírásának meghatározására az 

elmozduláskorlátos végessávos módszer és a közvetlen teherbírás módszer (direct strength 

method – DSM) alkalmazásával. A javasolt eljárásban módosító tényezőket vezettem be a 

végessávos módszer és elmozduláskorlátos végessávos módszer, továbbá a lekerekített sarkú 

és lekerekítés nélküli keresztmetszetek közötti különbségek figyelembe vételére. Paraméteres 

numerikus vizsgálatok eredményei alapján megadtam a szükséges módosító tényezőket a 

gyakorlatban alkalmazott hidegen hengerelt acél elemek különféle szelvényeihez. A javasolt 

méretezési eljárás eredményeit összehasonlítottam kísérleti eredményekkel, és 

megállapítottam, hogy a javasolt eljárás statisztikailag egyenértékű a jelenleg a gyakorlatban 

alkalmazott és szabványokban is elfogadott „direct strength method” méretezési eljárással. 

Publikációk: [117], [118] 

Tézis 3 

Javaslatot tettem lekerekített sarkú mechanikai modellekre hidegen hengerelt acél 

szelvényekhez, amelyek lehetővé teszik az elmozduláskorlátos végessávos módszer 

alkalmazását. 

3a) Javaslatot tettem merev sarokelem alkalmazására lekerekített sarkú vékonyfalú elemek 

végessávos módszerrel történő modellezésére. Megmutattam, hogy a merev sarokelem 

lehetővé teszi az elmozduláskorlátos végessávos módszer alkalmazását a lekerekített sarkok 

közvetlen modellezése esetén is. Mintapéldákon és paraméteres numerikus vizsgálatokon 

keresztül elemeztem a merev sarokelem hatását a tiszta stabilitásvesztésmódokhoz tartozó 

kritikus terhek értékeire az elmozduláskorlátos végessávos módszer alkalmazása esetén. 

Megállapítottam, hogy a merev sarokelem alkalmazása a mérnöki várakozásoknak megfelelő 

stabilitásvesztési eredményekre vezet, de bizonyos esetekben túlbecsüli a kritikus teher 

értékét. A túlbecslés mértéke a szelvény geometriájától, elsősorban is a sarok lekerekítés 

sugarától függ, és számos esetben nem elhanyagolható mértékű. Megállapítottam, hogy a 

túlbecslést részben a sarokelem merev volta okozza, ezért merev sarokelem alkalmazása 

esetén a hiba nem szüntethető meg. 

3b) Javaslatot tettem rugalmas sarokelem alkalmazására lekerekített sarkú vékonyfalú elemek 

végessávos módszerrel történő modellezésére. Megmutattam, hogy a rugalmas sarokelem 
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lehetővé teszi az elmozduláskorlátos végessávos módszer alkalmazását a lekerekített sarkok 

közvetlen modellezése esetén is. Mintapéldákon és paraméteres numerikus vizsgálatokon 

keresztül elemeztem a rugalmas sarokelem hatását a tiszta stabilitásvesztésmódokhoz tartozó 

kritikus terhek értékeire az elmozduláskorlátos végessávos módszer alkalmazása esetén. 

Megállapítottam, hogy a rugalmas sarokelem alkalmazása a mérnöki várakozásoknak 

megfelelő stabilitásvesztési eredményekre vezet, de bizonyos esetekben túlbecsüli a kritikus 

teher értékét. Megállapítottam, hogy a túlbecslést a hosszirányú eltolódások hibája okozza, és 

megmutattam, hogy az ún. nyírási módok figyelembe vételével ez a hiba megszűnik és a 

mérnöki várakozásoknak megfelelő stabilitásvesztési eredményekre vezet. A rugalmas 

sarokelemeket alkalmazó módszer eredményei azt mutatják, hogy a sarok lekerekítése 

némileg megnöveli a torzulásos horpadáshoz tartozó, a végessávos módszer és az 

elmozduláskorlátos végessávos módszerrel számított kritikus terhek közötti különbséget. 

Publikációk: [112], [114], [119], [120] 
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