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1 Introduction

Quantum chemistry continues to be an emerging tool for the prediction and expla-

nation of chemical phenomena. A significant portion of the efforts in quantum chemical

method development aims to reduce the computational costs of the simulations, allow-

ing the modeling of increasingly more complex systems.

A basic step in all quantum chemical methods is to compute integrals over certain

functions and operators. The evaluation of such integrals, and especially that of the

four-center Coulomb-integrals (electron repulsion integrals, ERIs), has always been an

important factor in the computational expense of quantum chemical calculations. For

large systems the necessary integrals are too numerous to be stored even on disk. In

integral direct methods the integrals are recalculated each time they need to be pro-

cessed to avoid their storage. The feasibility of such schemes naturally depends on

the efficiency of the integral evaluation process. For four-center ERIs an important

and established cost reduction technique is the so-called density fitting (DF) method,

where these ERIs are expanded in products of three- and two-center Coulomb-integrals.

However, the computation of three-center ERIs is still a time-consuming step of the sim-

ulations. While the calculation of four-center ERIs has a diverse literature, the efficient

evaluation of three-center ones received significantly less attention. The same is true

for the rapid calculation of the first geometrical derivatives of these ERIs, required for

gradient computations with methods that apply DF.

In this work several well-known and novel schemes for the computation of these

quantities are compared. The required number of operations is estimated for the pre-

sented algorithms. Based on these results, the most promising ones are implemented by

the means of automated code generation, and their runtime performance is evaluated.

Several technical details, such as the optimal order of operations, optimal memory us-

age, and prescreening approaches are discussed. Finally it is shown that the optimized

integral code made it possible to apply the local correlation methods developed in our

group to systems of groundbreaking size.
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2 Theoretical background

This work is concerned with the evaluation of ERIs over atomic orbitals (AOs),

which are used to expand integrals over molecular orbitals. The four-center ERIs over

AOs are defined as

(χAχB|χCχD) =

∫ ∫
χA(r1)χB(r1)χC(r2)χD(r2)

|r1 − r2|
dr1 dr2 , (1)

where χA denotes an AO centered on nucleus A, ri = (xi, yi, zi) is the position vector

of the ith electron, and the integrations are over the full space for both electrons. The

product χAχB defines a probability distribution for the first electron, which can also

be viewed as a charge distribution. Therefore, Eq. (1) gives the electrostatic repulsion

between the two electrons in atomic units. ERIs over AOs are computed as a linear

combination of integrals over primitive functions, which are most commonly chosen to

be unnormalized Cartesian Gaussians defined as

GIJK(r1, a,A) = (x1 − Ax)I(y1 − Ay)
J(z1 − Az)

K exp(−a|r1 −A|2)

= xIAy
J
Az

K
A exp(−ar2A) (2)

where a is a constant Gaussian exponent, A = (Ax, Ay, Az) is the position vector of

nucleus A, and I, J , and K are components of the total angular momentum L =

I + J +K. Cartesian Gaussian ERIs have to undergo two linear transformations for us

to get the integrals over AOs. The Cartesian monomials multiplying the exponential

part are combined into real solid harmonics, the part of the AO describing the angular

dependence. In the second transformation, referred to as primitive contraction, we

combine the exponential part of the primitive functions to arrive at a function with a

more satisfactory radial dependence than single Gaussians. It is also possible to apply

(scaled) Hermite Gaussian primitive functions, which are defined as

HIJK(r, a,A) =
∂L exp(−ar2A)

(2a)L∂AI
x∂A

J
y∂A

K
z

, (3)

and for which the above mentioned two transformations can be performed in the same

manner as for Cartesian Gaussians. 1 A geometrical (that is, with respect to a nuclear

1S. Reine, E. Tellgren, and T. Helgaker, Phys. Chem. Chem. Phys., 2007, 9:4771
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coordinate) derivative of an ERI is written according to the Leibniz integral rule as

∂(χAχB|χCχD)

∂Sx

=
(∂χA

∂Sx

χB

∣∣∣χCχD

)
+
(
χA

∂χB

∂Sx

∣∣∣χCχD

)
+

(
χAχB

∣∣∣∂χC

∂Sx

χD

)
+
(
χAχB

∣∣∣χC
∂χD

∂Sx

)
. (4)

The ERIs over differentiated AOs are gained from integrals over differentiated primitive

functions by the same transformations as in the undifferentiated case. Because of their

definition, using the Hermite basis functions the integrals over differentiated primitive

functions can be computed from the undifferentiated integrals in a more simple manner

than when Cartesian functions are used. However, the computation of the undifferen-

tiated ERIs themselves is less expensive utilizing Cartesian Gaussians. Thus the choice

of basis functions for the evaluation of integral derivatives is not a trivial one.

Over the years a variety of approaches have been developed to evaluate four-center

ERIs over Cartesian Gaussians. Out of these schemes, only four ones remained widely

used: the McMurchie–Davidson 2 (MD), Gill–Head-Gordon–Pople 3 (GHP), Obara–

Saika 4 (OS), and Rys polynomial 5 methods. The strategy of the MD scheme is to

expand the overlap distributions stemming from the product of Cartesian Gaussians in

the bra- and ket-sides in Hermite Gaussian functions. The necessary two-center Hermite

integrals are simple to calculate, and the four-center ERIs can be recovered from them

either by recursion or by an assembly. In the GHP algorithm the MD recursions are

modified so that they can be applied to contracted ERIs, resulting in a scheme efficient

for highly contracted basis sets. The OS method uses recursions including auxiliary

integrals to arrive at the true ERIs. A notable feature of this method is that the

recursions producing an integral only require ERIs with lower angular momenta than

the target ones. Finally, in the Rys method it is exploited that an ERI can be expressed

as an integral over a polynomial multiplied by a weight function, and as such it can be

exactly evaluated by Gaussian quadrature.

2L. E. McMurchie and E. R. Davidson, J. Comp. Phys, 1978, 26:218
3P. M. W. Gill, M. Head-Gordon, and J. A. Pople, Int. J. Quantum Chem., 1989, 36:269
4S. Obara and A. Saika, J. Chem. Phys, 1986, 84:3963
5H. F. King and M. Dupuis, J. Comput. Phys., 1976, 21:144
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For large systems it is essential to apply cost reduction methods to the evaluation of

ERIs. With the technique of DF the orbital product χpχq is expanded in an auxiliary

basis consisting of the functions denoted by ρ as

χpχq ≈ χpχ
′
q =

∑
P

CP
pqρP . (5)

The most widely used method to obtain the CP
pq coefficients 6 is to minimize the residual

ERI ∆pq = (χpχq − χpχ
′
q|χpχq − χpχ

′
q). Using the coefficients obtained by setting

∂∆pq/∂C
P
pq = 0 the approximate ERI can be written as

(χpχq|χrχs) ≈ (χpχ
′
q|χrχ

′
s) =

∑
P,Q

(χpχq|ρP )V −1PQ(χrχs|ρQ) (6)

where V is the matrix containing the (ρP |ρQ) two-center ERIs. The corresponding

formula for the ERI derivatives is obtained by straightforward differentiation of Eq.

(6). The evaluation of the three-center Coulomb-integrals is considerably simpler than

that of their four-center counterparts. In turn, the three-center ERI list has to be

evaluated more than once for the efficient application of Eq. (6) in practical cases, e.g.,

for a Hartree–Fock (HF) calculation. The most noteworthy achievement in the field of

three-center ERI computation belongs to Ahlrichs 7. He showed that, in the case when

the angular dependence of the fitting function is described by a solid harmonic, the OS

recursion to build up the angular momentum on ρ simplifies considerably.

Another widely used cost reduction scheme is the so-called prescreening of ERIs. In

this process a quantity is determined that is either an exact or an approximate upper

bound for the ERI with the maximal absolute value out of a batch of integrals. If this

screening value does not reach a given threshold, the computation of the batch of ERIs

is skipped.

6J. L. Whitten, J. Chem. Phys., 1973, 58:4496
7R. Ahlrichs, Phys. Chem. Chem. Phys., 2004, 6:5119
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3 Results

Old and novel adaptations of the OS, MD, GHP, and Rys schemes for the evaluation

of three-center ERIs have been compared. After the presentation of 14 different combi-

nations of these algorithms the number of the operations required by each method was

estimated. For this purpose, a separate program was written which counts the neces-

sary floating point operations required for the evaluation of all of the three-center ERIs

using the cc-pVXZ basis set (X=D,T,Q,5) with functions residing on three separate

carbon atoms. This was necessary because for ERIs including high angular momenta

the operation count of the recursions is nearly impossible to count without the use of au-

tomated tools. The program is modular, and the various subroutines for the estimation

of the operation counts of the computational steps can be reused for other integral types

and also for the estimation of the computational costs of integral derivative evaluation

algorithms.

Based on the results of the operation counting, the most promising schemes have

been implemented by automated code generation up to (hh|i) integrals. Various algo-

rithmic considerations, such as the order of loops for primitive functions, the application

of certain computational steps before and after the primitive contraction, and several

prescreening strategies have also been investigated. The most effective prescreening

technique has been determined for each algorithmic approach. Even though the floating

point operation counts suggested that one of the recursions (the horizontal recurrence

relation) and the solid harmonic transformation are significantly more efficient when

applied to contracted integrals, this does not seem to be the case for the majority of

integrals encountered in practical calculations. The reason for this is that performing

these two tasks on primitive integrals allows for a more effective use of the cache memory

of the CPU. This challenges the common approach of always performing these steps on

contracted ERIs. Based on our investigations, we have presented a recommendation for

the algorithms to be used for the various angular momentum combinations, favoring the

ones that perform the best with triple- and quadruple-zeta basis sets. The optimized
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integral code is a part of the public version of the Mrcc program suite developed by

our group. The use of these generated subroutines is significantly more efficient than a

general purpose subroutine in the aspects of both runtime and memory demand. This

latter property becomes important when one wants to run computations on a computer

using several processors and dozens of cores.

For the optimal computation of the geometrical first derivatives of three-center ERIs

the use of the OS, MD, GHP, and Rys schemes applying Cartesian, Hermite, and mixed

Gaussian integrals have been investigated. The mixed ERIs contain both Cartesian

and Hermite Gaussian functions, and they combine the advantages stemming from

the simple computation of the derivatives of Hermite Gaussians and the generally less

expensive recurrence relations of Cartesian ones. The use of such integrals has not been

considered in the literature before, and recurrences for four-center Hermite ERIs were

only developed in the context of the OS scheme. A total of 69 different algorithms

were presented. For the comparison of the operation counts an improved version of the

aforementioned counter program was developed. This software takes into account that

there are several steps that are interchangeable in order, but the different orders result

in different operation counts. At the end several thousands of unique computational

routes were compared, and for each of the 69 algorithms the best order was selected

and compared.

The operation counts predicted that the mixed Gaussian integrals are favorable for

most cases when we compute derivatives with respect to only one degree of freedom

(e. g., the coordinates of one center) at a time. If all of the derivatives of a batch of

ERIs are computed at the same time, Cartesian Gaussian algorithms turned out to be

the efficient choice most of the time. This latter strategy is advantageous when the

derivative integrals are only required for a gradient calculation. After the automated

implementation of selected schemes it was demonstrated that this route, compared to

the algorithm where the derivatives are computed for one center at a time, results in

a speedup close to an order of magnitude with a triple-ζ quality basis set due to less

overhead and more efficient prescreening.
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4 Applications

The evaluation of three-center AO ERIs plays a crucial role in our density fitting

HF and domain-based local second-order Møller–Plesset (LMP2) implementations and

is moderately important for the two-external integral transformation step of our local

natural orbital based coupled-cluster (LNO-CC) algorithm. Recently we have demon-

strated the efficiency of our LNO-CC with single, double, and perturbative triple exci-

tations [LNO-CCSD(T)] scheme by computing the correlation energy of the catalytic

domain of the HIV-1 integrase enzyme. This test system consists of 2380 atoms and

44035 AO basis functions, and as such, according to our knowledge, represents the

largest system for which a correlation calculation was performed using a single pro-

cessor. In this extreme example the DF-HF calculation demanded the lion’s share of

the computation time, since for the efficient application of Eq. (6) the three-center

AO ERI list had to be recomputed 20 times in a single SCF cycle, and 111 times with

tighter thresholds for the local computation of the exchange matrix. This computation

would not have been feasible with previous integral evaluation procedures. The inte-

gral transformations in the LMP2 and LNO-CCSD(T) algorithm also recompute the

AO ERIs for each local domain. According to our estimations, the evaluation of the

ERIs could easily be the rate determining step for these calculations with a less efficient

code, especially with quadruple-ζ basis sets.
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5 New scientific results

I Several well-established and novel approaches for the evaluation of three-center

ERIs and their derivatives were compared based on estimations of their floating

point operation counts made by a software developed for this purpose (1,2). Such

a comparison was not published in the literature before.

II The Obara–Saika, McMurchie–Davidson, Gill–Head-Gordon–Pople, and Rys

methods of evaluating ERIs were extended to mixed Gaussian integrals, and

the recursions of the McMurchie–Davidson, Gill–Head-Gordon–Pople, and Rys

schemes were derived for Hermite Gaussians (2).

III The computation of three-center ERIs and their derivatives was efficiently im-

plemented by automated means, and recommendations were given for the most

efficient computation of the various integral classes (1,2). The new three-center

ERI implementation was applied to the simulation of systems of groundbreaking

size (3,4).

IV It was determined that when three-center ERIs are computed with a basis set

of typical contraction patterns, the horizontal recurrence relation and the solid

harmonic transformation should be performed for primitive ERIs rather than

contracted ones. This results in a code that uses the CPU cache more efficiently,

which improves the efficiency even though the estimated operation count increases

(1).
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