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Introduction
The word "fractal" comes from the Latin frāctus meaning "broken" or "fractured". Since
the 1970s, 80s, fractal geometry has become an important area of mathematics with
many connections to theory and practice alike. The main aim of the Thesis is to
demonstrate the diverse applicability of fractals in different areas of mathematics.
Namely,

1. widen the class of planar self-affine carpets for which we can calculate the dif-
ferent dimensions especially in the presence of overlapping cylinders,

2. perform multifractal analysis for the pointwise Hölder exponent of a family of
continuous parameterized fractal curves in Rd including deRham’s curve,

3. show how hierarchical structure can be used to determine the asymptotic growth
of the distance between two vertices and the diameter of a random graph model,
which can be derived from the Apollonian circle packing problem.

Chapter 1 of the thesis gives an introduction to these topics and informally ex-
plains the contributions made in an accessible way to a wider mathematical audience.
Chapters 2, 3 and 4 contain the precise definitions and rigorous formulations of our re-
sults, together with the proofs. They are based on the papers [KS18; BKK18; KKV16],
respectively.

1 Self-affine planar carpets
A self-affine Iterated Function System (IFS) F consists of a finite collection of maps
fi : Rd → Rd of the form

fi(x) = Aix + ti,

for i ∈ [N] := {1, 2, . . . , N}, where Ai ∈ Rd×d is a contracting, invertible matrix and
ti ∈ Rd is a translation vector. The self-affine set corresponding to F is the unique
non-empty compact set Λ, called the attractor, which satisfies

Λ =
⋃

i∈[N]

fi(Λ).

Perhaps the most fundamental question in fractal geometry is to determine the
different notions of dimension of a set. The thesis deals with Hausdorff, packing,
(lower and upper) box, and affinity dimension denoted by dimH, dimP, dimB, dimB
dimB, and dimAff, respectively. All self-affine sets satisfy

dimH Λ ≤ dimP Λ ≤ dimBΛ ≤ min{dimAff Λ, d}.

Equality of these dimensions is typical in some generic sense [Fal88; Sol98a; BHR17].
However, in specific cases strict inequality is possible. Planar carpets have drawn
much attention, because they form a large class of examples in R2 for which this ex-
ceptional behavior is typical.
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Gatzouras–Lalley-type planar carpets
Gatzouras–Lalley (GL) carpets [GL92] are the attractors of self-affine IFSs on the plane
whose first level cylinders (i.e. the images fi([0, 1]2)) are aligned into columns (of
possibly different widths) using orientation preserving maps with linear parts given
by diagonal matrices. Moreover, they assumed the Rectangular Open Set Condition
(ROSC), i.e. the interiors of fi([0, 1]2) are disjoint, and that the width of a rectangle is
larger than its height, we say that direction-x dominates.

Later, Barański [Bar08] kept these assumptions, but allowed lower triangular ma-
trices instead of diagonal. As a result, the images fi([0, 1]2) are parallelograms with
two vertical sides. We call them Triangular Gatzouras–Lalley-type (TGL) planar car-
pets, indicating that the linear part of the maps defining the IFS are triangular matrices
and it is a natural generalization of the Gatzouras–Lalley construction.

The shaded rectangles and parallelograms in Figure 1 show the images of [0, 1]2

under the maps defining a GL carpet on the left and a TGL carpet on the right. There
is a correspondence between the rectangles and parallelograms so that the height and
width of corresponding ones coincide. We call the Gatzouras–Lalley carpet the GL-
brother of the TGL carpet. Even though the ROSC holds, it is not immediate that the
dimension of the two attractors should be the same.

FIGURE 1: The IFS defining a Gatzouras–Lalley carpet on left and trian-
gular Gatzouras–Lalley-type carpet on right, which are brothers.

Other constructions for planar carpets include works of Bedford and McMullen[McM84;
Bed84], Barańsky [Bar07], Feng–Wang [FW05] and Fraser [Fra12]. Only recently were
carpets with overlaps considered, see Fraser–Shmerkin [FS16] and Pardo-Simón [PS].
The study of constructions with overlaps is always much more involved than the case
when ROSC is assumed. Our goal was to study TGL carpets with overlaps.

Our construction

Our main contribution was to continue the works [Bar08; GL92] to allow different
types of overlaps in the TGL construction. This is best illustrated with Figure 2. All
three examples are brothers of the GL carpet in Figure 1. On the left, the columns
are shifted in a way that the IFS on the x-axis generated by the columns, denoted by
H, satisfies Hochman’s Exponential Separation Condition (HESC), see Definition 1.7.
This type of shifted columns were considered in [FS16] and [PS] on different carpets.
In the center, columns do not overlap, however, parallelograms within a column may
do so if a certain transversality like condition holds, see Definition 1.7. The one on the
right on Figure 2 has both types of overlaps.
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FIGURE 2: Triangular Gatzouras–Lalley-type carpets with different
overlaps. Left: shifted columns satisfying Hochman’s exponential sep-
aration condition. Center: non-overlapping columns, transversality

condition. Right: mixture of both.

To fix notation, here is the formal definition. Denote the closed unit square by
R = [0, 1]× [0, 1]. Let A = {A1, . . . , AN} be a family of 2× 2 invertible, strictly con-
tractive, real-valued lower triangular matrices. The corresponding self-affine IFS is
the collection of affine maps

F = { fi(x) := Aix + ti}N
i=1, where Ai =

(
bi 0
di ai

)
and ti =

(
ti,1
ti,2

)
, (1.1)

for translation vectors ti, with ti,1, ti,2 ≥ 0. We assume that ai, bi ∈ (0, 1).
Orthogonal projection of F to the horizontal x-axis, denoted projx, generates an

important self-similar IFS on the line

H̃ = {h̃i(x) := bix + ti,1}N
i=1.

We denote the attractor of F and H̃ by Λ = ΛF and ΛH̃ respectively.

Definition 1.1. We say that an IFS of the form (1.1) is Triangular Gatzouras-Lalley
type and we call its attractor Λ a TGL planar carpet if the following conditions hold:

(a) direction-x dominates, i.e.

0 < ai < bi < 1 for all i ∈ [N] := {1, 2, . . . , N},

(b) column structure: there exists a partition of [N] into M > 1 sets I1, . . . , IM with cardi-
nality |Iı̂| = Nı̂ > 0 so that

I1 = {1, . . . , N1} and Iı̂ = {N1 + . . . + Nı̂−1 + 1, . . . , N1 + . . . + Nı̂}

for ı̂ = 2, . . . , M. Assume that for two distinct indices k and ` ∈ {1, . . . , N}

if there exists ı̂ ∈{1, . . . , M} such that k, `∈Iı̂, then

{
bk = b` =: rı̂,
tk,1 = t`,1 =: uı̂.

(1.2)

We also introduce
H = {hı̂(x) := rı̂x + uı̂}M

ı̂=1,

and we observe that the attractor ΛH ofH is identical with ΛH̃.



4

(c) we assume that ∑j∈Iı̂
aj ≤ 1 holds for every ı̂ ∈ {1, . . . , M} and the non-overlapping

column structure

uı̂ + rı̂ ≤ uı̂+1 for ı̂ = 1, . . . , M− 1 and uM + rM ≤ 1. (1.3)

(d) Without loss of generality we always assume in this paper that

(A1) fi(R) ⊂ R for all i ∈ [N] and

(A2) The smallest and the largest fixed points of the functions of H are 0 and 1 respec-
tively.

Observe that the definition allows overlaps within columns (like the second figure in Figure 2),
but columns do not overlap.

We say that Λ is a shifted TGL carpet if we drop the assumption (1.3), that is non-
overlapping column structure is NOT assumed, we require only that ∑M

ı̂=1 rı̂ ≤ 1 (like the first
figure in Figure 2).

Definition 1.2. We say that a shifted TGL carpet Λ has uniform vertical fibres if

∑
j∈Iı̂

as−sH
j = 1 for every ı̂ ∈ [M],

where s = dimB Λ and sH = dimB ΛH.
Furthermore, we call Λ a diagonally homogeneous shifted TGL carpet if

bi ≡ b and ai ≡ a for every i ∈ [N].

In particular, a diagonally homogeneous carpet has uniform vertical fibres if N/M ∈ N and
Nı̂ = N/M for every ı̂ ∈ {1, . . . , M}.

Definition 1.3. A self-affine IFS F̃ is a Gatzouras-Lalley IFS and its attractor Λ̃ is a
GL carpet if F̃ is a TGL IFS as in Definition 1.1 with the additional assumptions that all
off-diagonal elements di = 0 and the rectangular open set condition (ROSC) holds.

Definition 1.4. Let Λ be a shifted TGL carpet generated from the IFS F of the form (1.1). We
say that the Gatzouras–Lalley IFS

F̃ = { f̃i(x) := Ãix + t̃i}N
i=1, where Ãi =

(
b̃i 0
0 ãi

)
and t̃i =

(
t̃i,1
t̃i,2

)
,

and its attractor Λ̃ is the GL brother of F and Λ, respectively, if ãi = ai and b̃i = bi for
every i ∈ [N], furthermore, F̃ has the same column structure (1.2) as F . If the shifted TGL
carpet Λ is actually a TGL (that is Λ has non-overlapping column structure) then we also
require that t̃i,1 = ti,1 holds for all i ∈ [N].

There always exists such a brother since we assume Definition 1.1 (c) and ∑M
ı̂=1 rı̂ ≤ 1.

Throughout, the GL brother of Λ will always be denoted with the extra tilde Λ̃.

Previous results

Let p = (p1, . . . , pN) ∈ P be a probability vector and we always associate to it another
probability vector q = (q1, . . . , qM) such that

qı̂ := ∑
j∈Iı̂

pj.
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Slightly abusing the notation we write P0 for both the set of the probability vectors of
positive components on {1, . . . , N} and {1, . . . , M}. For two vectors c and p of equal
length and strictly positive entries we use the notation 〈c〉p := ∏N

i=1 cpi
i . Let

D(p) :=
log〈p〉p
log〈a〉p

+

(
1−

log〈b〉p
log〈a〉p

)
log〈q〉q
log〈b〉p

.

We define sx so that ∑M
ı̂=1 rsx

ı̂ = 1 and let s̃x be the unique real such that ∑N
i=1 bs̃x

i = 1.
Furthermore, introduce

sH := dimB ΛH̃ = dimB ΛH.

Since ΛH is a self-similar set, sH is well defined. If Λ is a TGL carpet then sH = sx,
otherwise sH ≤ sx.

Theorem 1.5 (Gatzouras–Lalley [GL92]). The Hausdorff dimension of a GL-carpet is given
by

dimH Λ = sup
p∈P

D(p) =: α∗.

Furthermore, there always exists a p∗ ∈ P0 for which D(p∗) = α∗.
The box and packing dimension of a GL-carpet are equal to the real number s, which is the

unique solution of the equation
N

∑
i=1

bsH
i as−sH

i = 1. (1.4)

Moreover, dimH Λ = dimB Λ ⇐⇒ F has uniform vertical fibres.

Theorem 1.6 (Barański [Bar08]). If a TGL carpet satisfies the rectangular open set condition,
then

dim(TGL carpet ) = dim(GL brother ),

where dim can be either Hausdorff, box or packing dimension.

Our results

The results are based on the paper [KS18] that I wrote jointly with Károly Simon.
Essentially, we show that irrespective of overlaps, the dimension of a shifted TGL
carpet is always upper bounded by the dimension of its GL-brother. More importantly,
we provide sufficient conditions under which equality holds. We emphasize that these
conditions can be explicitly checked for a given IFS.

Definition 1.7 (Separation conditions for the cylinders). We say that the TGL IFS F
satisfies the transversality condition if there exists a K1 > 0 such that for every n and
words (i1 . . . in), (j1 . . . jn) ∈ {1, . . . , N}n with Iik = Ijk for k = 1, . . . , n and i1 6= j1, we
have

|projx(int(Ri1...in) ∩ int(Rj1...jn))| < K1 ·max{ai1 · . . . · ain , aj1 · . . . · ajn}.

We say thatH satisfies Hochman’s Exponential Separation Condition (see [Hoc14,
p. 775]) if there exist an ε > 0 and nk ↑ ∞ such that for

∆n := min
ı,∈{1...M}n

ı 6=

{
|hı(0)− h(0)|, if h′ı(0) = h′(0);
∞, otherwise.

we have ∆nk > e−ε·nk . Here h′ denotes the derivative of the function h.
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Theorem 1.8 (Upper bound). Irrespective of overlaps, for any shifted triangular Gatzouras–
Lalley-type planar carpet Λ

dim(Λ) ≤ dim(GL brother of Λ ),

where dim can be either Hausdorff, box or packing dimension.

Theorem 1.9. Let p ∈ P0, F be a TGL IFS, and νp be the self-affine measure

νp =
N

∑
i=1

piνp ◦ f−1
i .

For a shifted triangular Gatzouras–Lalley-type planar carpet Λ we have

dimH νp = D(p)

if the horizontal IFS H satisfies Hochman’s Exponential Separation Condition (in particular,
always holds for non-overlapping columns) and

(i) either each column independently satisfies the ROSC or

(ii) Λ satisfies transversality and the following inequality holds:

log〈a〉p
log〈b〉p

> 1 +
log〈N〉q
− log〈q〉q

. (1.5)

Furthermore, there always exists a p∗ ∈ P0 for which D(p∗) = supp∈P D(p) = α∗.

Corollary 1.10 (Hausdorff dimension with overlaps). Whenever a shifted TGL carpet Λ
satisfies the conditions of Theorem 1.9 with replacing p and q in (1.5) by p∗ and q∗, then

dimH Λ = α∗ = dimH(GL brother of Λ ).

Theorem 1.11 (Box dimension with overlaps). Let s = dimB(GL brother of Λ ) be as
in (1.4). For a shifted TGL carpet Λ we have dimB Λ = dimP Λ = s, if either of the following
hold:

(i) H satisfies HESC and each column independently satisfies the ROSC or

(ii) Λ is a TGL carpet, satisfies transversality and the following inequality:

− log〈p̃〉p̃ + log〈q̃〉q̃ < sH(log〈b〉p̃ − log〈a〉p̃), (1.6)

where p̃ := ( p̃1, . . . , p̃N) and q̃ := (q̃1, . . . , q̃M) are defined by equation (1.4):

p̃i = bsH
i as−sH

i and q̃ı̂ = ∑
j∈Iı̂

bsH
j as−sH

j .

Corollary 1.12 (Equality of box- and affinity dimension). For any shifted TGL carpet

dimAff(TGL carpet ) = dimAff(GL brother ).

Moreover,
dimAff(TGL carpet ) = s ⇐⇒ sH = min{s̃x, 1}.
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Theorem 1.13 (Equality of box- and Hausdorff dimension). Assume the shifted TGL car-
pet Λ satisfies ROSC andH satisfies No Dimension Drop. Then the following three conditions
are equivalent,

dimH Λ = dimB Λ ⇐⇒ sH = dimH νq̃ ⇐⇒ ∑
j∈Iı̂

as−sH
j = 1 for every ı̂ ∈ [M].

Corollary 1.14 (Diagonally homogeneous carpets). If a diagonally homogeneous shifted
TGL carpet Λ satisfies the conditions of Theorems 1.9 and 1.11, then

dimH Λ =
1

− log b
log

M

∑̂
=1

N
log b
log a
̂ and dimB Λ =

log N
− log a

+

(
1− log b

log a

)
log M
− log b

.

In particular, dimH Λ = dimB Λ if and only if Λ has uniform vertical fibres.

Examples, applications

Large emphasis is given in the thesis to not only prove theorems, but to illustrate
results with examples and applications. We emphasize that the conditions of our the-
orems can be explicitly checked and the different dimensions calculated.

The series of overlapping examples in Figure 3 show how slight modifications
cause different dimensions to be equal or unequal.

FIGURE 3: Breaking equality between dimensions: Left dimH Λ =
dimB Λ = dimAff Λ; Right dimH Λ = dimB Λ < dimAff Λ; Bottom

dimH Λ < dimB Λ < dimAff Λ.

Generalizing towards the case to allow negative elements in the main diagonal of
the matrices we prove that

Proposition 1.15. The dimension results of Theorems 1.9 and 1.11 extend to TGL carpets
satisfying the ROSC under the weaker condition that 0 < |ai| < |bi| < 1 and for every fixed
ı̂ ∈ {1, . . . , M} and every k, ` ∈ Iı̂ : bk = b`.

We also consider a family of self-affine continuous curves parametrized be a pa-
rameter a ∈ (0, 1/5] and d = (1− 5a)/4. Define the matrices

A =

(
1/3 0

d a

)
and A− =

(
−1/3 0

0 a

)
.
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A− is orientation reversing. We introduce the parameterized family of IFSs Fa given
by the functions

f1(x) = Ax, f2(x) = Ax +

(
1/3

a + d

)
, f3(x) = A−x +

(
2/3

2(a + d)

)
,

f4(x) = Ax +

(
1/3

3a + 2d

)
, f5(x) = Ax +

(
2/3

4a + 3d

)
.

The translation vectors are chosen so that Λa is a continuous curve in R2, see Figure 4.
There are only few examples where the dimension of self-affine curves were deter-
mined, see for example Ledrappier [Led92], Solomyak [Sol98b] or Feng and Käen-
mäki [FK18].

Proposition 1.16. For every a ∈ (0, 1/5], the Hausdorff and box dimension of Λa are given
by the continuous, strictly increasing functions

1
log 3

· log
(

2 + 3
log 3
− log a

)
= dimH Λa < dimB Λa = 1 +

log(3/5)
log a

.

FIGURE 4: Left: first (red), second (green) and third (black) level cylin-
ders of Fa. Right: Λa rotated 90 degrees with parameter a = 0.2 (black),

0.12 (red) and 0.08 (green).

One of our motivations to study self-affine fractals of overlapping construction
was that sometimes the dimension of a higher dimensional fractal of non-overlapping
construction coincides with its lower dimensional orthogonal projection which can be
a self-affine fractal of overlapping construction, see Figure 5.

Theorem 1.17 (Uplift of overlapping two-dimensional systems). Start from an overlap-
ping two dimensional diagonally homogeneous TGL carpet F of the form (1.1) with uniform
vertical fibres for which the conditions of Theorem 1.9 and 1.11 hold. "Lift" this system to
three dimensions via

F̂ =
{

Fi(x̂) := Âi · x̂ + t̂i
}N

i=1, where Âi =

 b 0 0
di a 0
ui vi λi

 , 0 < |λi| < a < b

so that Fi
(
(0, 1)3) ∩ Fj

(
(0, 1)3) = ∅ for every i 6= j. Then dim F̂ = dimF .
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FIGURE 5: A three-dimensional fractal whose dimension is equal to the
dimension of its orthogonal projection to the xy-plane.

2 Affine zipper fractal curves
Fractal curves have already appeared in the 19th century, although at the time the un-
usual constructions were considered by many to be mathematical "monsters". Peano
created the first space-filling curve, Weierstrass presented the first example for a con-
tinuous but nowhere differentiable function and von Koch gave a more geometric
definition of a fractal curve simply referred to today as the von Koch snowflake. Since
then, fractal curves have found abundant applications in areas such as wavelets, inter-
polation functions or signal processing. The starting point of our work was the curve
introduced and studied by de Rham [Rha47; Rha56; Rha59].

It is a special case of so-called zipper fractal curves. To the best of our knowl-
edge, the terminology and definition of a zipper in the following generality is due to
Aseev, Tetenov and Kravchenko [ATK03]. However, special cases already appear in
the works of Hutchinson [Hut81] and Barnsley [Bar86].

Definition 2.1. A system F = { f0, . . . , fN−1} of contracting mappings of Rd to itself is
called a zipper with vertices Z = {z0, . . . , zN} and signature ε = (ε0, . . . , εN−1), ε i ∈
{0, 1}, if the cross-condition

fi(z0) = zi+εi and fi(zN) = zi+1−εi

holds for every i = 0, . . . , N − 1. We call the system a self-affine zipper if the functions fi
are affine contractive mappings of the form

fi(x) = Aix + ti, for every i ∈ {0, 1, . . . , N − 1},

where Ai ∈ Rd×d invertible and ti ∈ Rd.
The fractal curve generated from F is the unique non-empty compact set Γ, for which

Γ =
N−1⋃
i=0

fi(Γ).

If F is an affine zipper then we call Γ a self-affine curve.

Definition 2.2. The linear parametrization of the attractor Γ of a self-affine zipper
F = { fi} is the function v : [0, 1]→ Γ ⊂ Rd which satisfies the functional equation

v(x) = fi

(
v(g−1

i (x))
)

if x ∈ gi([0, 1]),
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where gi is defined for some probability vector λ = (λ0, . . . , λN−1) as

gi(x) = (−1)εi λix +
i−1

∑
j=0

λj + ε iλi for x ∈ [0, 1].

The graph of v is a continuous curve, which is the attractor of the IFS S = {Si}N−1
i=0 on Rd+1

defined by
Si(x, y) = (gi(x), Aiy + ti).

Figure 6 shows the linear parametrization of de Rham’s curve with λ = (1/2, 1/2).
Left: first level cylinders of IFS F ; Center: first level cylinders of IFS S ; Right: the
graph of v.

FIGURE 6: Linear parametrization of de Rham’s curve.

Definition 2.3. The pointwise Hölder exponent of the function v at a point x ∈ [0, 1]
is defined

α(x) = lim inf
y→x

log ‖v(x)− v(y)‖
log |x− y| . (2.1)

When the lim inf in (2.1) exists as a limit for some x ∈ [0, 1], then we say that v has a regular
pointwise Hölder exponent αr(x) at the point x.

The level sets of the (regular) pointwise Hölder exponent are

E(β) = {x ∈ [0, 1] : α(x) = β} and Er(β) = {x ∈ [0, 1] : αr(x) = β} .

Our goal was to perform multifractal analysis for the (regular) pointwise Hölder
exponent, i.e. to study the maps

β 7→ dimH E(β) and β 7→ dimH Er(β).

This property was studied for several types of singular functions, see for example
Barral and Seuret [BS05], Sumi [JS17], Slimane [BS03] to name a few.

Let us denote by Mo the interior and by M the closure of a set M ⊆ PRd−1. For a
point v ∈ Rd, denote by 〈v〉 the equivalence class of v in the projective space PRd−1.
Every invertible matrix A defines a natural map on the projective space PRd−1 by
〈v〉 7→ 〈Av〉. As a slight abuse of notation, we denote this function by A too.

Definition 2.4. We say that a family of matrices A = {A0, . . . , AN−1} has dominated
splitting of index-1 if there exists a non-empty open subset M ⊂ PRd−1 with a finite
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number of connected components with pairwise disjoint closure such that

N−1⋃
i=0

Ai M ⊂ Mo,

and there is a d− 1 dimensional hyperplane that is transverse to all elements of M. We call
the set M a multicone.

We always assume that A has dominated splitting of index-1.
For a subset M of PRd−1 and a point x ∈ Rd, let

M(x) = {y ∈ Rd : 〈y− x〉 ∈ M}.

We call the set M(x) a cone centered at x.
We call F a non-degenerate system, if it satisfies the Strong Open Set Condition and

〈zN − z0〉 /∈
∞⋂

k=0

⋂
|ı|=k

A−1
ı (Mc),

where for a finite length word ı = i1 . . . ik, Aı denotes the matrix product Ai1 Ai2 . . . Aik .
We note that the non-degenerate condition guarantees that the curve v : [0, 1] 7→ Rd is
not self-intersecting and it is not contained in a strict hyperplane of Rd.

Definition 2.5. The matrix pressure function P(t) is defined as the unique root of the
equation

0 = lim
n→∞

1
n

log
N−1

∑
i1,...,in=0

‖Ai1 · · · Ain‖t (λi1 · · · λin)
−P(t) .

Let d0 > 0 be the unique real number such that P(d0) = 0, i.e.

0 = lim
n→∞

1
n

log ∑
|ı|=n
‖Aı‖d0 .

Furthermore, denote

αmin = lim
t→+∞

P(t)
t

, αmax = lim
t→−∞

P(t)
t

and α̂ = P′(0). (2.2)

Our results

The results are based on the article [BKK18] that I wrote jointly with Balázs Bárány
and Gergely Kiss.

Theorem 2.6. Let v be a linear parametrization of Γ defined by a non-degenerate system F .
Then there exists a constant α̂, defined in (2.2), such that for L-a.e. x ∈ [0, 1], α(x) = α̂ ≥
1/d0. In addition, there exists an ε > 0 such that for every β ∈ [α̂, α̂ + ε]

dimH {x ∈ [0, 1] : α(x) = β} = inf
t∈R
{tβ− P(t)}. (2.3)

Moreover, (2.3) can be extended for every β ∈ [αmin, α̂ + ε] if v satisfies

λ0 = λN−1 and lim
k→∞

‖Ak
0‖

‖Ak
N−1‖

= 1. (2.4)
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Furthermore, the functions β 7→ dimH E(β) and β 7→ dimH Er(β) are continuous and
concave on their respective domains.

In the following, we give a sufficient condition to extend the previous result, where
(2.3) holds to the complete spectrum [αmin, αmax]. As a slight abuse of notation for
every θ ∈ PRd−1, we say that 0 6= v ∈ θ if 〈v〉 = θ.

Assumption A. For a non-degenerate affine zipper F = { fi : x 7→ Aix + ti}N−1
i=0 with ver-

tices {z0, . . . , zN} assume that there exists a convex, simply connected closed cone C ⊂ PRd−1

such that

1.
⋃N

i=1 AiC ⊂ Co and for every 0 6= v ∈ θ ∈ C, 〈Aiv, v〉 > 0,

2. 〈zN − z0〉 ∈ Co.

We note that if all the matrices have strictly positive elements and the zipper has
signature (0, . . . , 0) then Assumption A holds.

Theorem 2.7. Let F be an affine zipper satisfying Assumption A. Then for every β ∈
[α̂, αmax]

dimH {x ∈ [0, 1] : α(x) = β} = inf
t∈R
{tβ− P(t)}, (2.5)

and for every β ∈ [αmin, αmax]

dimH {x ∈ [0, 1] : αr(x) = β} = inf
t∈R
{tβ− P(t)}. (2.6)

Moreover, if F satisfies (2.4) then (2.5) can be extended for every β ∈ [αmin, αmax].
The functions β 7→ dimH E(β) and β 7→ dimH Er(β) are continuous and concave on

their respective domains.

Assumption A has another important role.

Theorem 2.8. Let F be a non degenerate system. Then the regular Hölder exponent exists for
Lebesgue almost every point if and only if F satisfies Assumption A. In particular, αr(x) =
P′(0) for Lebesgue almost every x ∈ [0, 1].

Example: de Rham’s curve

For a fixed ω ∈ (0, 1/2), de Rham’s curve, recall Figure 6, is the attractor Γ of the IFS

f0(x) =
[

ω 0
ω 1− 2ω

]
x−

[
0

2ω

]
and f1(x) =

[
1− 2ω ω

0 ω

]
x +

[
2ω
0

]
.

The linear parametrization v : [0, 1] 7→ R2 with λ = (1/2, 1/2) is of the form

v(x) = fi(v(2x− i)), for x ∈
[ i

2
,

i + 1
2

)
, i = 0, 1. (2.7)

Proposition 2.9. For every ω ∈ (0, 1/4) ∪ (1/4, 1/3) ∪ (1/3, 1/2) the de Rham function
v : [0, 1] 7→ R2, defined in (2.7), has the following properties

1. v is differentiable for Lebesgue-almost every x ∈ [0, 1] with derivative vector equal to
zero,

2. LetN be the set of [0, 1] such that v is not differentiable. Then dimHN = τ− P(τ) >
0, where τ ∈ R is chosen such that P′(τ) = 1,
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3. dimH Π∗µ0 < 1, where µ0 =
{ 1

2 , 1
2

}N equidistributed measure on Σ = {0, 1}N and
Π is the natural projection from Σ to v([0, 1]).

4. for every β ∈ [αmin, αmax]

dimH {x ∈ [0, 1] : α(x) = β} = dimH {x ∈ [0, 1] : αr(x) = β}
= inf

t∈R
{tβ− P(t)}.

Related results. Protasov [Pro04; Pro06] proved in a more general context that the set
of points x ∈ [0, 1] for which α(x) = β has full measure only if β = α̂, otherwise it has
zero measure. Okamura [Oka16] bounded α(x) for Lebesgue typical points allowing
in the definition (2.7) more than two functions and also non-linear functions under
some conditions.

3 Apollonian networks
The construction of deterministic and random Apollonian networks originates from
the problem of Apollonian circle packing. There is a natural correspondence between
circle packings and planar graphs: a vertex is inserted in the center of each circle and
an edge runs between two vertices if and only if the corresponding circles are tangent.
From the Apollonian circle packing we obtain the deterministic Apollonian Network.
Andrade et al. [And+05] and Doye and Massen [DM05] used it as a model for real-
world networks. It is straightforward to generalize the model to d dimensions, see
[Zha+08; Zha+06].

Random Apollonian networks

Zhou et al. [ZYW05] proposed to randomize the dynamics of the model. This con-
struction yields a d dimensional random Apollonian network RANd(n) [ZRC06], see Fig-
ure 7, defined as follows.

FIGURE 7: An array of Random Apollonian Networks in two dimen-
sions with n = 50, 250, 750 vertices.

The graph at step n = 0 consists of d + 2 vertices, embedded in Rd in such a way
that d + 1 of them form a d-dimensional simplex, and the (d + 2)-th vertex is located
in the interior of this simplex, connected to all of the vertices of the simplex. This
vertex in the interior forms d + 1 d-simplices with the other vertices: initially we set
the status of these d-simplices ‘active’, and call them active cliques. For n ≥ 1, pick an
active clique Cn of RANd(n− 1) uniformly at random (u.a.r.), insert a new vertex vn in
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the interior of Cn and connect vn with all the vertices of Cn. The newly added vertex
vn forms new cliques with each possible choice of d vertices of Cn. Set the status of
the clique Cn ‘inactive’, and the status of the newly formed d-simplices ‘active’. The
resulting graph is RANd(n). At each step n a RANd(n) has n + d + 2 vertices and
nd + d + 1 active cliques.

Evolutionary Apollonian networks

A different random version of the original Apollonian network was introduced by
Zhang et al. [ZRZ06].

Given a sequence of occupation parameters {qn}∞
n=1, 0 ≤ qn ≤ 1, an Evolutionary

Apollonian Network EANd(n, {qn}) = EANd(n) in d dimensions can be constructed
iteratively as follows. The initial graph is the same as for a RANd(0) and there are d+ 1
active cliques. For n ≥ 1, choose each active clique of EANd(n− 1) independently of
each other with probability qn. The set of chosen cliques Cn becomes inactive (the non-
picked active cliques stay active) and for every clique C ∈ Cn we place a new vertex
vn(C) in the interior of C that we connect to all vertices of C. This new vertex vn(C)
together with all possible choices of d vertices from C forms d + 1 new cliques: these
cliques are added to the set of active cliques for every C ∈ Cn. The resulting graph is
EANd(n). The set of inactive vertices after n steps is denoted V(n) and N(n) = |V(n)|.

Using heuristic and rigorous arguments the results in [AM08; CFU14; DS07; Ebr+13;
FT12; ZRC06; ZYW05] show that RANs have the main features of real-world net-
works: large clustering coefficient, power law decay of degree distribution and small
distances between nodes (logarithmic with size). Our goal was to determine the pre-
cise asymptotic growth of the shortest path between two vertices and the diameter of
the graph.

Notation

Fix n and consider two ‘active’ or ‘inactive’ vertices u and v from RANd(n) or EANd(n).
Let Hopd(n, u, v) denote the hopcount between the vertices u and v, i.e., the number of
edges on (one of) the shortest paths between u and v. The flooding time Floodd(n, u)
and diameter Diamd(n) are

Floodd(n, u) = max
v

Hopd(n, u, v) and Diamd(n) = max
u,v

Hopd(n, u, v).

Whenever possible d, u and v are suppressed from the notation. We define Dv(n) as
the degree of vertex v after the n-th step.

Let (Xi)
d+1
i=1 be a collection of independent geometrically distributed random vari-

ables with success probability i
d+1 for Xi. Define the sum

Yd :=
d+1

∑
i=1

Xi.

Yd is commonly referred to as a full coupon collector block in a coupon collector problem
with d + 1 coupons. Denote the expectation and variance of Yd by

µd := E[Yd] = (d + 1)H(d + 1), σ2
d := D2 [Yd] , (3.1)
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where H(d) = ∑d
i=1 1/i. The Large Deviation rate function of Yd is given by

Id(x) := sup
λ∈R

{
λx− log

(
E
[
eλYd

])}
.

The rate function Id(x) has no explicit form. The following is needed for the flooding
time and diameter. Consider the function

fd(c) := c− d + 1
d
− c log

( d
d + 1

c
)

.

Notice that− fd(c) is the rate function of a Poi( d+1
d ) random variable. Thus for c > d+1

d
the equation fd(c) = −1 has a unique solution which we denote by c̃d. Finally we
introduce

g(α, β) := 1 + fd(αc̃d)− αβ
c̃d

µd
Id

(
µd

β

)
.

Our results

The results are based on the article [KKV16] that I wrote jointly with Júlia Komjáthy
and Lajos Vágó. The paper also contains results about the degree distribution and
clustering coefficient. However, I did not participate actively in this part, therefore it
is left out of the thesis.

The first theorem describes the asymptotic behavior of typical distances in RANd(n).

Theorem 3.1 (Typical distances in RANs). The hopcount between two active vertices
chosen u.a.r. in a RANd(n) satisfies a Central Limit Theorem (CLT) of the form

Hopd(n)−
2

µd

d+1
d log n√

2 σ2
d+µd

µ3
d

d+1
d log n

d−→ Z, (3.2)

where µd, σ2
d as in (3.1) and Z is a standard normal random variable.

Further, the same CLT is satisfied for the distance between two inactive vertices that are
picked independently with the size-biased probabilities given by

P(v is chosen |Dv(n)) =
(d− 1)Dv(n)− d2 + d + 2

dn + d + 1
, (3.3)

where Dv(n) is the degree of the inactive vertex v.

Remark 3.2. Active vertices are not physically present in the graph. The distance is
defined between them so that we view them as inactive vertices with their initial d + 1
edges present in the graph.

The next theorem describes the asymptotic behaviour of the flooding time and the
diameter:

Theorem 3.3 (Diameter and flooding time in RANs). Let u denote either an active vertex
chosen u.a.r. or an inactive vertex chosen according to the size-biased distribution given in
(3.3). Then as n→ ∞

Diamd(n)
log n

P−→ 2α̃β̃
c̃d

µd
,

Floodd(n, u)
log n

P−→ 1
µd

(
d + 1

d
+ α̃β̃c̃d

)
,

(3.4)
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where (α̃, β̃) ∈ (0, 1]× [1, µd
d+1 ] is the optimal solution of the maximization problem with the

following constraint:
max{αβ : g(α, β) = 0}. (3.5)

Remark 3.4. Observe that the set of (α, β) pairs that satisfy the constraint in (3.5) is
non-empty since for α = β = 1 by definition f (c̃d) = −1 and Id(µd) = 0.

We conclude with the asymptotic behavior of the typical distances in EANd(n).

Theorem 3.5 (Typical distances in EANs). Assume that the sequence of occupation param-
eters {qn} satisfies ∑n∈N qn = ∞ and ∑n∈N qn(1− qn) = ∞. Then, the hopcount between
two active vertices chosen u.a.r. in a EANd(n) satisfies a central limit theorem of the form

Hopd(n)−
2

µd

n
∑

i=1
qi√

2 σ2
d+µd

µ3
d

n
∑

i=1
qi(1− qi)

d−→ Z, (3.6)

where µd, σ2
d as in (3.1) and Z is a standard normal random variable.

Further, the same CLT is satisfied for the distance between two inactive vertices that are
chosen independently with the size-biased probabilities given by

P (v is chosen |Dv(n), N(n)) =
(d− 1)Dv(n)− d2 + d + 2
d(N(n)− d− 2) + d + 1

. (3.7)

Understanding the hierarchical structure using the fractal viewpoint is perhaps the
most important contribution of this work. It gave the opportunity to analyze all the
quantities simultaneously, independently of the dimension in a unified way.

Related results

The CLT for the hopcount in both the RAN and EAN is novel, it greatly strengthens
previous results of [ZRC06] and [AM08]. The CLT is especially interesting, because to
the best of our knowledge in all previous cases, when a CLT was proved, the under-
lying graph model had random edgeweights, while RANs and EANs do not. Refer
to works of Janson [Jan99]; Bhamidi, van der Hofstad and Hooghiemstra [BHH11;
BHH12b; BHH10; BHH12a]; Bollobás, Janson and Riordan [BJR07]; and Kolossváry,
Komjáthy [KK15].

Determining the diameter is always a greater challenge than the hopcount. The
flooding time is very rarely studied, in particular for RANs it was not known be-
fore. For the diameter of RANs Frieze and Tsourakakis [FT12] establishes the upper
bound 2c̃2 log n for RAN2(n). Independently of us, Ebrahimzadeh et al. [Ebr+13] and
Cooper–Frieze [CFU14] used qualitatively different methods to determine the diam-
eter. We emphasize that all three papers contain results related to the diameter not
present in the other two, moreover, [CFU14; Ebr+13] do not give results for the hop-
count or flooding time.
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[Bar07] Krzysztof Barański. “Hausdorff dimension of the limit sets of some planar
geometric constructions”. In: Advances in Mathematics 210.1 (2007), pp. 215
–245.
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