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Abstract

Noise emission of �uid machinery is a concern of growing importance. Low speed
axial �ow fans often operate in the close vicinity of humans, and are applied in large
numbers. Reducing their noise is therefore an important aim.

E�ective noise reduction can be achieved through understanding and controlling
the noise generation mechanisms in fans. For acoustic diagnostics, microphone array
beamforming may be applied, being capable of providing spatially resolved infor-
mation about the dominant noise sources. Combined with the investigation of �ow
phenomena, the approach may help in understanding the generation mechanisms of
fan noise. Through a targeted redesign procedure, the fan geometry may then be
altered to reach quieter operation. Our research group has undertaken this prob-
lem, but has faced the shortcomings of traditional beamforming, such as limited
resolution at low frequencies, and the appearance of unphysical sources. Further-
more, a large number of source maps of di�erent frequencies are to be evaluated in
a concerted way. The visual analysis of these maps is a di�cult task, which carries
subjective elements and may involve arbitrary, ad-hoc decisions.

A novel, algorithmic procedure is presented in order to process the beamforming
maps. It begins with a �ltering step, where the e�ects of unphysical sources are
reduced. In a second step, clustering is carried out, thus the noise features belonging
to the same generation mechanisms are identi�ed, and represented by a cluster.
This enables the concerted processing of a multitude of source maps at di�erent
frequencies and radial positions in an objective and algorithmic manner.

The novelties of the work are �rst, the �ltering procedure, second, the application
of clustering for the sound source distributions, and third, the development of a
clustering technique, together with a cluster validity metric, to account for the
periodicity of the blades. Furthermore, guidelines were proposed for the objective
identi�cation of the necessary parameters and settings in the algorithms. These
together provide an objective approach for the analysis of beamforming data of
axial fans. The proposed clustering algorithm and validity index are not restricted
to the analysis of beamform maps, but may see further application.

2



Acknowledgements

I would like to thank Tamás Kalmár-Nagy for his useful suggestions regarding the
distance metric.

I am grateful to the Reviewers of this thesis for their hard work and valuable
suggestions.

This work has been supported by the Hungarian National Research, Development
and Innovation Centre under contract Nos. K 112277, 119943, and 129023.

The research reported in this paper was supported by the Higher Education
Excellence Program of the Ministry of Human Capacities in the frame of Water
science & Disaster Prevention research area of Budapest University of Technology
and Economics (BME FIKP-VÍZ).

This work has been supported by the Ministry of Human Capacities in the frame
of the Nemzeti Tehetség Program.

Köszönettel tartozom Vad Jánosnak, aki rengeteget segített témavezet®ként, tá-
mogatott tanszékvezet®ként, és akire emberileg is mindig felnézhetek.

Köszönöm az Áramlástan Tanszék teljes közösségének a támogatást és a remek
munkahelyi hangulatot; mindig öröm ide bejárni. Külön köszönöm a mikrofontömbös
csapatnak, f®képp Csabának, Tamásnak, Esztellának a sok segítséget, illetve Balázs-
nak a teniszmeccseket.

Köszönettel tartozom eddigi tanáraimnak és a Kar dolgozóinak is.
Köszönöm családomnak és testvéremnek a támogatást, ami lehet®vé tette, hogy

idáig eljussak.
Köszönöm Pupinak, Tominak, Purginak és többi barátomnak, hogy segítettek a

nehezebb pillanatokban.
Legf®képp pedig neked köszönöm, Hanna, hogy mindig mellettem állsz!

3



Contents

1 Introduction 12

2 Beamforming 15

2.1 Sources at rest . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2 Moving sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Measurements 25

3.1 Aerodynamic measurements . . . . . . . . . . . . . . . . . . . . . . 26
3.2 Acoustic measurements . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.3 Di�culties in evaluating beamforming maps . . . . . . . . . . . . . 31

4 Data reduction and �ltering method 35

4.1 Aims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 The �ltering method . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3 Reconstruction of complete maps . . . . . . . . . . . . . . . . . . . 40
4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Clustering 43

5.1 Fuzzy c-means clustering . . . . . . . . . . . . . . . . . . . . . . . . 43
5.2 Periodic clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.3 Cluster validity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

6 Results and interpretation 57

6.1 Tip radius at reference speed . . . . . . . . . . . . . . . . . . . . . . 57
6.2 Other radii at 1400 RPM . . . . . . . . . . . . . . . . . . . . . . . . 67
6.3 Other angular velocities . . . . . . . . . . . . . . . . . . . . . . . . 70
6.4 Measurements with an inlet cone . . . . . . . . . . . . . . . . . . . 73
6.5 New scienti�c results . . . . . . . . . . . . . . . . . . . . . . . . . . 75

7 Summary 78

A Filtered and restored beamforming maps 92

B Pressure and intensity based �ltering 97

C Expansion of the distance norm 100

D Investigations with �ner frequency resolution 102

E The Brooks-Pope-Marcolini model 105

F Beamforming maps 109

4



List of Figures

2.1 Illustrative PSF for a source at the origin . . . . . . . . . . . . . . . . 20

3.1 Photograph of the investigated fan . . . . . . . . . . . . . . . . . . . 25
3.2 a) Sketch of the fan. b) Interpretation of angle β . . . . . . . . . . . 26
3.3 Distribution of local �ow coe�cient φ . . . . . . . . . . . . . . . . . . 27
3.4 Distribution of local isentropic pressure coe�cient ψ . . . . . . . . . . 27
3.5 Distribution of D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.6 Distribution of δ∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.7 Sketch of the measurement setup. . . . . . . . . . . . . . . . . . . . . 30
3.8 Noise sound pressure level spectra in dB . . . . . . . . . . . . . . . . 31
3.9 Third-octave band beamforming maps. . . . . . . . . . . . . . . . . . 32
3.10 PSFs (dashed), their sum (solid), and the dip . . . . . . . . . . . . . 33

4.1 Spatial spectrum with �ltering . . . . . . . . . . . . . . . . . . . . . . 38
4.2 Distributions of p(ϕ) along the circumference . . . . . . . . . . . . . . 39
4.3 Reconstruction at full band. . . . . . . . . . . . . . . . . . . . . . . . 40
4.4 Di�erence of measured and reconstructed maps at full band . . . . . 41

5.1 Hybrid data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
5.2 Interpretation of the periodic distance norm . . . . . . . . . . . . . . 48
T1.1 The fuzzy c-means clustering algorithm for hybrid data. . . . . . . . . 50
5.4 Xie-Beni index (XB) and XBP values for window B in Fig. 5.1 . . . . 56

6.1 Maximum L values in the tip region. . . . . . . . . . . . . . . . . . . 58
6.2 Cluster maps for various A values. . . . . . . . . . . . . . . . . . . . . 60
6.3 XBP for various parameters . . . . . . . . . . . . . . . . . . . . . . . 61
6.4 Results of clustering at the tip radius . . . . . . . . . . . . . . . . . . 62
6.5 Source map maxima at each discrete Fourier frequency band . . . . . 63
6.6 Cluster maps with three radii . . . . . . . . . . . . . . . . . . . . . . 68
6.7 Cluster maps at R = 1 for di�erent Ω . . . . . . . . . . . . . . . . . . 72
6.8 Cluster map with inlet cone . . . . . . . . . . . . . . . . . . . . . . . 74

A.1 Reconstruction at 2 kHz third octave band . . . . . . . . . . . . . . . 92
A.2 Reconstruction at 2.5 kHz third octave band . . . . . . . . . . . . . . 93
A.3 Reconstruction at 3150 kHz third octave band . . . . . . . . . . . . . 93
A.4 Reconstruction at 4 kHz third octave band . . . . . . . . . . . . . . . 93
A.5 Reconstruction at 5 kHz third octave band . . . . . . . . . . . . . . . 94
A.6 Reconstruction at 6.3 kHz third octave band . . . . . . . . . . . . . . 94
A.7 Di�erence maps at 2 kHz third octave band . . . . . . . . . . . . . . 94
A.8 Di�erence maps at 2.5 kHz third octave band . . . . . . . . . . . . . 95

5



A.9 Di�erence maps at 3150 Hz third octave band . . . . . . . . . . . . . 95
A.10 Di�erence maps at 4 kHz third octave band . . . . . . . . . . . . . . 95
A.11 Di�erence maps at 5 kHz third octave band . . . . . . . . . . . . . . 96
A.12 Di�erence maps at 6.3 kHz third octave band . . . . . . . . . . . . . 96

B.1 Cluster maps after �ltering with pressure scaling . . . . . . . . . . . . 98
B.2 Cluster maps after �ltering with intensity scaling . . . . . . . . . . . 99

C.1 Iso-lines of dA,P with A = 0.1 . . . . . . . . . . . . . . . . . . . . . . 101
C.2 Iso-lines of dA,P with A = 1 . . . . . . . . . . . . . . . . . . . . . . . 101
C.3 Iso-lines of dA,P with A = 10 . . . . . . . . . . . . . . . . . . . . . . . 101

D.1 Base sources in the twelfth-octave band case . . . . . . . . . . . . . . 103
D.2 Periodic Xie-Beni index (XBP) in the twelfth-octave band case . . . . 103
D.3 Clusters in the twelfth-octave band case . . . . . . . . . . . . . . . . 104

F.1 Beamforming maps for Ω = 700 1/min. . . . . . . . . . . . . . . . . . 110
F.2 Beamforming maps for Ω = 900 1/min. . . . . . . . . . . . . . . . . . 111
F.3 Beamforming maps for Ω = 1150 1/min. . . . . . . . . . . . . . . . . 112
F.4 Beamforming maps for Ω = 1400 1/min. . . . . . . . . . . . . . . . . 113

6



List of Tables

3.1 Characteristics at the rotor tip at reference speed . . . . . . . . . . . 28
3.2 Aerodynamic characteristics at various radii at reference speed . . . . 28
3.3 Characteristics at the tip radius at various angular velocities . . . . . 30
3.4 κ factors and dip magnitudes . . . . . . . . . . . . . . . . . . . . . . 34

5.1 Notations for Thesis statement 1 . . . . . . . . . . . . . . . . . . . . 52
5.2 Notations for Thesis statement 2 . . . . . . . . . . . . . . . . . . . . 55

6.1 Model-based data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
6.2 Cluster peak frequencies at R = 1 for Ω = 1400 1/min . . . . . . . . . 64
6.3 Model-based TBL-TE peak frequencies for various R at reference Ω . 68
6.4 Peak frequencies according to the BPM model . . . . . . . . . . . . . 71
6.5 Cluster peak frequencies at R = 1 for various Ω values . . . . . . . . 73
6.6 Notations for Thesis statement 3 . . . . . . . . . . . . . . . . . . . . 75
6.7 Notations for Thesis statement 4 . . . . . . . . . . . . . . . . . . . . 77

7



List of symbols

Latin letters

a mode amplitude 1
A element of A 1
A weighting matrix 1
b beamformer output Pa
B number of fan blades 1
B blade thickness m
c number of clusters 1
c0 speed of sound m/s
C chord m
C cross spectral matrix Pa2

d distance 1 or m
dA distance weighted by A 1
dA,P periodic distance weighted by A 1
de retarded distance m
dP periodic distance 1
D number of data dimensions 1
D Lieblein di�usion factor 1
f frequency Hz
F frequency distribution function dB
G Green's function 1/m
h harmonic wave number 1
i data point index 1
I identity matrix 1
j cluster index 1
k period tracking variable 1
K sound pressure level correction factor dB
l �ltering criterion 1
L turbulent length scale m
L beamforming level dB
m fuzzi�er 1
M number of microphones 1
Ma Mach number 1
n mode number 1
N number of data points 1
p sound pressure Pa
p vector of sound pressures Pa
P data period 1
psf point spread function 1
q source signal Pa m
Q factor in ROSI calculation m
r radius m
R dimensionless radius 1
Re Reynolds number 1
s iteration step 1
S blade spacing m

8



S span m
Stip spanwise extent of tip vortex core m
St Strouhal number 1
t time s
T measurement duration s
T tip clearance m
v velocity m/s
vc turbulence convection velocity m/s
v′ �uctuating velocity m/s
w membership value 1
w steering vector 1
W matrix of membership values 1
x beamforming map coordinate m
x receiver location m
y beamforming map coordinate m
y source location m
Z conventional beamformer output Pa2

9



Greek letters

α angle of attack deg
β base source angle deg
δ Kronecker delta function 1
δ boundary layer thickness m
δ∗ boundary layer displacement thickness m
ε iteration exit criterion 1
γ angular coordinate rad
φ local �ow coe�cient 1
ϕ circumferential angle rad
ι

√
1 1

κ resolution criterion multiplier 1
λ wavelength m
µ cluster centre 1
Π periodic o�set vector 1
ψ local isentropic pressure number 1
Ψ trailing edge angle deg
ρ density kg/m3

σ cluster amplitude 1
Θ viewing angle between sources rad
τ emission time s
ξ data point 1
ω angular frequency rad/s
Ω angular velocity 1/min

Indices

ap aperture
avg average
F Frobenius norm
m microphone index
max maximum
min minimum
n grid point index
p pressure side
peak peak
ref reference
s suction side
T transpose
tip blade tip

Symbols

F Fourier operator
N natural numbers
∇ spatial derivative
† conjugate transpose

10



Acronyms

AMP&ADC ampli�er and analogue-to-digital converter

BL boundary layer

BPM Brooks-Pope-Marcolini model

CB conventional beamforming

CFD computational �uid dynamics

CLEAN-SC CLEAN based on spatial coherence

CSM cross spectral matrix

DAMAS deconvolution approach for the mapping of acoustic sources

FCM fuzzy c-means clustering

FWHM full width at half maximum

LBL-VS laminar-boundary-layer � vortex-shedding

NAH near-�eld acoustic holography

PAM phased array microphone

PSF point spread function

RMS root mean square

ROSI rotating source identi�er

SPL sound pressure level

TBL-TE turbulent-boundary-layer � trailing-edge

TE trailing edge

XB Xie-Beni index

XBP periodic Xie-Beni index

11



Chapter 1

Introduction

Noise pollution is an important concern in the present day. It can be annoying, but
may cause serious physical and psychological problems, as well. Reducing the noise
emitted by products is then an important task. This is true for turbomachinery, and
more speci�cally, for low-speed axial �ow fans, as well. A fan is considered herein as
a low-speed one if the circumferential velocity of the rotor blade tip does not exceed
100 m/s. On this basis, the assumption of incompressible �ow can be applied for
such a fan.

The noise emitted by turbomachinery is a widely investigated topic. The noise
of jet engines has been a topic of research since their appearance, leading to the
Lighthill analogy [1, 2]. More recently, a lot of e�ort has been spent on turbofan
engines [3�5], as these power the majority of airliners. A possible alternative for
shorter routes, the counter-rotating open rotor, may signi�cantly reduce fuel costs,
however, its application is at present hindered by its prohibitively high noise [6�8].
This again indicates the importance of noise reduction.

The noise of low speed axial fans is an important concern. Usual applications
of low speed axial turbomachines include ventilation, and cooling fans in computers
and other equipment. These devices emit signi�cantly lower sound power than the
above mentioned high speed turbomachines, however, these fans operate in large
numbers and in the close vicinity of humans. Due to that, their noise shall also be
investigated, and reduced.

Axial fan noise has been studied for a long time, and useful empirical guidelines
have been proposed to ensure quiet operation [9, 10]. These investigations however
focussed on integral quantities, using e.g. the total pressure rise, the volume �ow
rate, and the speed of revolution as input, in order to determine the total noise
power. While this approach yields easy-to-use formulae, its results are not suitable
for the identi�cation of noise sources. The problem is further complicated by the
large number of di�erent possible noise generation mechanisms related to the rotor
of an axial fan. The ones producing broadband noise are as follows:

• Small scale turbulence ingestion noise originates from the small scale turbu-
lence of upstream �ow, e.g. caused by a protection grid, impinging on the
rotor blade leading edge.

• Large scale turbulence ingestion noise is due to the ingestion of large eddies,
e.g. those shed by the housing, or upstream obstacles.
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• Turbulent boundary layer noise originates from pressure �uctuations due to
turbulence in the boundary layer of the blades.

• Separated �ow noise is the result of the pronounced �ow unsteadiness in case
of �ow separation.

• Pro�le vortex-shedding noise originates from the vortices being shed over the
blade pro�le.

• Turbulent boundary layer � trailing edge interaction noise is the result of scat-
tering turbulence at the trailing edge in case of an attached boundary layer.

• Tip leakage �ow noise is generated as the highly turbulent tip leakage �ow
from the preceding blade impinges into the following one.

• Double leakage �ow noise is generated, when the leakage �ow intersects the
pressure side of the adjacent blade, and leaks across again [11].

• Blunt trailing edge vortex shedding noise is the result of vortices being shed at
the �nite thickness of the trailing edge.

Tonal sources are not listed, as they were not the scope of the present work.
The reason for omitting them is that in the case study, they were not dominant in
the investigated frequency range. Furthermore, e�ective means already exist for the
reduction of several tonal noise sources, e.g. blade-strut interaction noise, shown
in [9].

Some possible approaches for the analysis of noise production mechanisms based
on measurements of an actual fan are as follows. First, one may identify the sources
based on their spectral properties, such as their peak frequency, relying on references
and earlier studies [12]. Second, the spatial distribution of the noise sources can be
obtained to draw conclusions regarding the most dominant ones. This technique
is especially e�ective when applied together with spatially resolved aerodynamic
measurements or simulations to determine �ow features [11,13�15].

The latter approach requires a technique that can quantify the acoustic source
strengths at selected locations and create maps out of that information. Acoustic
beamforming has been introduced in the seventies [16], allowing the spatial mapping
of noise source locations, relying on the acoustic signals of an array of microphones,
that are sampled concurrently. Due to the importance of rotating machinery, the
beamforming technique has been extended for such sources, as well [4, 17�22]. Us-
ing these methods, the strongest source regions in a fan can be discovered. By
combining these results with the aforementioned spatially distributed aerodynamic
measurements or simulations, and literature data regarding the possible sources, the
noise generation mechanisms can better be understood. Applying this knowledge,
quieter fans may be designed, reducing noise pollution and human discomfort.

Beamforming is therefore a very useful approach for noise source localisation. In
previous research at the Department of Fluid Mechanics, it has been applied together
with computational �uid dynamics simulations to analyse a low-speed ventilation
fan [11, 13�15]. The most important noise sources were analysed, and a previously
undocumented noise source, resulting from double leakage �ow, was discovered.

The method however had some di�culties and subjective elements. Several
beamforming maps had to be analysed together. This is a di�cult task, requiring
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considerable expertise, that may introduce subjective elements, as well. The limited
spatial resolution of beamforming at low frequencies has made interpretation even
more di�cult, as it was often unclear, whether an extended source region should
be considered as one source or more. Furthermore, side lobes, unphysical secondary
sources have appeared, falsifying the maps, and further increasing the complexity
of the analysis.

The aim of the present thesis is to introduce a new method for the analysis of
turbomachinery beamform maps. The approach is an algorithmic one, being able
to handle several beamforming maps simultaneously. It does not rely on subjective
settings, has the ability to reduce the e�ects of side lobes, and performs well even
in the case of decreased spatial resolution. The method is based on �ltering the
beamforming maps to obtain the sources, whose periodicity agrees to that of the
blading. This way, unwanted contributions can e�ectively be suppressed. Then, the
obtained base sources are clustered, to �nd those that are the e�ect of the same noise
generation mechanism. To do this, a fuzzy clustering procedure is applied, which was
extended in the present work to enable the treatment of data in periodic dimensions,
in accordance with the blade passage periodicity of the rotor-bound noise sources.
The approach was tested on measurements of a low-speed axial fan, where the
clusters were assigned to expected noise sources based on literature studies. This is
however only one possible use of the method, as it may be applicable for clustering
any kind of data that is periodic in one dimension.

The structure of the thesis is the following. First, the theoretical basics of beam-
forming are given. Second, the case study measurements are detailed, out of which
the need for an objective and algorithmic analysis method emerges. Third, the �l-
tering approach is described, followed by the clustering method and its development.
Then, the results of the method are shown for di�erent measurement cases, and their
physical interpretation is given. Finally, the results of the work are summarised, and
outlook for future work is given.
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Chapter 2

Beamforming

In recent years, the growing importance of noise reduction has turned the attention
of many researchers towards source localisation techniques, that provide spatial in-
formation about the noise sources, besides describing their strength and frequency.
Traditionally, sound sources were investigated using mobile hearing cones with hu-
man observers, acoustic mirrors [23], and moving microphones [24]. These methods
were however not suitable for unsteady or moving sound sources, and made mea-
surements cumbersome. Array-based methods became prevalent, where a number
of transducers are used together, as the rapid development of electronics has made
the signal processing hardware more a�ordable and enhanced its performance [17].
In the present day, arrays with up to approximately two hundred microphones ex-
ist [25].

Several di�erent methods exist for sound source localisation, with the most pop-
ular ones being near-�eld acoustic holography (NAH), an inverse procedure using
the boundary element method, and beamforming [26].

NAH is based on measuring the sound �eld in a hologram plane, which is used to
express the source distribution as a spatial convolution [27]. To solve the equation
for the source �eld, deconvolution has to be carried out. For practical purposes, this
is done in the wavenumber domain, using a fast Fourier transform, that requires a
grid array of equally spaced microphones is required. Furthermore, sources can only
be sought for in a plane parallel to the array plane. However, by placing the array
close to the sound source, evanescent waves can be recorded, providing superior
resolution to the technique [27]. Since no equidistant grid array microphone was
available, this technique was not applied in the present study.

Another way of determining the source �eld is to use a di�erent integral formu-
lation relating the sound sources to the recorded pressures, which can be deduced
using the boundary element method [26]. The method is sometimes termed inverse
boundary element method. By solving the resulting linear system, one can obtain
the source distribution on the surface. The approach can handle more complex ge-
ometries and does not require a uniform microphone layout. Its drawback is that
the problem is generally ill-conditioned, and solution is not straightforward, often
requiring regularisation or singular value decomposition. If applied correctly, it can
provide good results even at low frequencies, however, the inversion process can
provide false results, as the method lacks robustness. The regularisation parameter
can have an especially large e�ect on the results [26].

Acoustic beamforming is a third method, developed in the seventies [16]. It
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is usually carried out from the far �eld. This approach can make use of a lower
number of microphones than NAH, at the cost of reduced resolving power at lower
frequencies [28]. Furthermore, it is quite robust, and does not require the tuning
of additional parameters, like the inverse boundary element method. In the present
work, beamforming technology was used, as an array developed for beamforming
was available for the experimental campaign.

The remaining parts of this chapter introduce the acoustic background of noise
propagation, and the operation of the relevant beamforming methods. First, sound
propagation from a source at rest is summarised, followed by time domain beamform-
ing. This was considered useful to provide a physical picture about the foundations
of beamforming. Then, conventional beamforming (CB) [29] is described, as this
way, the point spread functions can easily be introduced. However, these methods
are suitable only for sound sources at rest. Therefore, �nally the sound propaga-
tion from moving sources, together with the rotating source identi�er (ROSI) [17]
method, is summarised.

2.1 Sources at rest

The following description is based on based on Reference [30]. The noise emitted
by an impulsive point source in a homogeneous, stationary ideal gas is considered.
Impulsive means that the source strength is non-zero only for an in�nitesimal time.
Linear acoustic models are used, assuming that the changes in the �uid state vari-
ables are small compared to their mean values, and isentropic processes are assumed.
The problem is modelled by the wave equation given in Eq. (2.1). Here c0 is the
speed of sound, δ is the Kronecker delta, p is the sound pressure, t is the time, and
x is the observer coordinate, while y is the source coordinate. The free-�eld Green's
function G is used here, since an unbounded medium is assumed.(

1

c20

∂2

∂t2
−∇2

)
G = δ (x− y) δ (t− τ) (2.1)

The causal solution of this equation is the Green's function G, given in Eq. (2.2).
Here d is the distance between the two points, e.g. d (x,y) = |x− y|.

G(x,y, t, τ) =
1

4πd (x,y)
δ

(
t− τ − d (x,y)

c0

)
(2.2)

With the help of this G, one can construct the solution for the pressure �eld of
an impulsive point source q (y, τ). The sound pressure p is obtained as shown in Eq.
(2.3).

p(x, t) =
1

4πd (x,y)
q

(
y, t− d (x,y)

c0

)
(2.3)

When the pressure p(x, t) is recorded at a point, and the location of the source
y is known, Eq. (2.3) can be used to express the source signal, shown in Eq. (2.4)

q(y, t) = 4πd (x,y) p

(
x, t+

d (x,y)

c0

)
(2.4)
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In beamforming, usually the source �eld q(y, t) (or its root mean square (RMS)
value qRMS(y)) is sought for. The procedure is the following [29]. A source grid
is set up over the range of interest, where the beamforming map is constructed.
Measurements are taken with a microphone array. M microphones are used to
record the sound pressures pm(t) at di�erent xm locations, but at the same time.
All of these pressure signals are applied to express the source function q(t), using
a formulation similar to Eq. (2.4). Thus a source candidate is obtained for each
microphone and grid point. Finally, the beamformer output b [Pa] at point y is
obtained by averaging the signals computed from all microphones, shown in Eq.
(2.5). Here dref is a reference distance. By adjusting that, one can set the physical
interpretation of the beamforming result: the output can be made proportional to
sound pressure at the array, sound pressure at a reference location, or sound power.
This process is often termed delay and sum beamforming.

b(y, t) =
1

drefM

M∑
m=1

d (xm,y) p

(
x, t+

d (xm,y)

c0

)
(2.5)

As p(t) are sound pressure signals, they will add up constructively when the
selected grid point agrees with the source location, and maximum output will be
achieved. In other cases, the di�erent time shifts will reduce the correlation between
the signals, therefore in averaging, they will weaken, and the resulting signal will
have a reduced RMS value.

The RMS of the b(y, t) beamformer output is used to create maps of the sources,
as shown in Eq. (2.6). Here T denotes the duration of the measurement.

bRMS(y) =

√
1

T

∫ T

0

b2(y, t) dt (2.6)

This quantity is often used in the form of beamforming level L [dB], shown in
Eq. (2.7), calculated similarly to the sound pressure level. Here pref = 2× 10−5 Pa.

L(y) = 20 log10

bRMS(y)

pref
[dB] (2.7)

As noted before, beamforming works by summing the time-shifted pressure sig-
nals. Since p(t) contain �uctuating pressure, correlation peaks are expected not only
at the true source location, but at other investigated y grid points, as well. These
local maxima are generally weaker than the main source, therefore they are often
called side lobes. Their strength and spatial distribution depends on characteristics
of both source and array. They will be investigated in detail using the formulation
of frequency domain beamforming.

Conventional beamforming

Time-domain beamforming is a simple method, that is easy to understand and apply.
One of its main drawbacks is that it can not provide information about the frequency
distribution of the sources, which would be valuable. However, beamforming can be
implemented in the frequency domain as well, in which case, insight can be gained
into the spectral contents of sources. This method may even become faster than
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the time-domain variant, furthermore, it allows for other developments, such as
deconvolution methods to weaken the e�ects of side lobes.

To reach frequency-domain beamforming, the Fourier transform is applied onto
Eq. (2.3) to move from the time domain characterised by t to the frequency domain
characterised by the angular frequency ω. This way Eq. (2.8) is obtained. Here
ι =
√
−1 denotes the imaginary unit.

p(x, ω) =
1

4πd(x,y)
q(y, ω) e

−ι ω
c0
d(x,y) (2.8)

Using the same averaging procedure as in case of time-domain beamforming in
Eq. (2.5), a frequency domain beamforming expression is obtained in Eq. (2.9) for
the beamforming output at grid point y.

b(y, ω) =
1

drefM

M∑
m=1

d(xm,y) p (xm, ω) e
ι ω
c0
d(x,y) (2.9)

This can conveniently be formulated using vector notation, shown in Eq. (2.11),
which allows for further developments through the introduction of the cross spectral
matrix (CSM), shown later. To use the notation, the w steering vectors are as-
sembled, describing the physics of propagation. One element of a possible steering
vector is shown in Eq. (2.10).

(w)m =
1

drefM
d(xm,y) e

ι ω
c0
d(x,y) (2.10)

Again, it should be noted that several kinds of steering vectors may be used
even for simple free-�eld problems, each providing a di�erent physical meaning to
the beamforming map. With the present formulation, where w is dimensionless,
a quantity proportional to sound pressure at a reference distance from the source
is obtained. With a di�erent de�nition, where |w| = 1, a quantity proportional
to sound pressure at the array can be obtained. Other formulations can be used
to make the beamforming level proportional to source sound power. Four di�erent
formulations are compared in [31], but even more exist, however, they usually only
di�er in the way how distances for the amplitude correction are taken into account,
and the most signi�cant part, namely the phase adjustment, is the same.

The recorded sound pressure values are arranged into the vector p(ω). This is a
vector of M elements, that each contain the Fourier-transformed complex pressure
value at the corresponding microphone and the selected circular frequency.

b(y, ω) = w†(y, ω) p(ω) (2.11)

The expression for CB is obtained by considering the square of b, shown in Eq.
(2.12). The obtained Z [Pa2] conventional beamformer output is often expressed as
a beamforming level L [dB], similarly to in Eq. (2.7). The asterisk means complex
conjugation.

Z(y, ω) = b(y, ω)∗ b(y, ω) = w†(y, ω) C(ω) w(y, ω) (2.12)

Here C is the CSM, a square matrix of size M -by-M . This is assembled from
the p sound pressure vectors, using Eq. (2.13). The overbar indicates ensemble
averaging, which in practice is usually realised following the Welch method [32].
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C(ω) = p(ω) p†(ω) (2.13)

Each element of C is a complex number, whose magnitude is the product of the
two microphone signal magnitudes, while its phase is the phase di�erence between
the two signals. O�-diagonal elements of the CSM contain cross-spectra, whose
phase is generally non-zero. However, the source auto-spectra in the main diagonal
are real numbers, due to their phase di�erence being zero. Since beamforming is
based on phase di�erences between the signals, elements of the main diagonal do
not add information regarding the localisation of sources [29]. Furthermore, diag-
onal elements may contribute to a decreased signal-to-noise ratio, as they contain
the auto-spectra of uncorrelated measurement noise [29]. This e�ect is especially
important in case of a wall-mounted microphone array in a wind tunnel [29], where
the pressure �uctuation from boundary layer turbulence generates signi�cant uncor-
related noise in the microphone signals.

In order to improve the signal-to-noise ratio, the diagonal elements of C are
therefore often set to zero for real measurements [3,11,33]. This procedure is termed
diagonal removal, causing decreased beamforming levels, but an improved dynamic
range. A perhaps better approach is to �lter the measurement noise from the CSM
[34�36], while keeping other contributions. These methods are however generally
more resource intensive and not widely used or validated yet.

Point spread functions

Due to partial coherence between the microphone signals, a point source at ys will
be present at other y locations on the beamforming map, as well, with a non-zero
strength. The beamforming map created by a single point source of unit strength is
termed the point spread function (PSF) [29]. The PSF depends on the frequency,
the array layout, and the chosen steering vectors. For this analysis, it is useful
to consider normalised steering vectors, such that |w| = 1. Now, a source of unit
strength, located at ys, the point spread function observed at an arbitrary point y
is given in Eq. (2.14) [29].

psf (ys,y, ω) = ||w†(ys, ω) ·w(y, ω)||2 (2.14)

An illustrative PSF for a single point source located at x = 0 is shown in Fig.
2.1. This was obtained for an array of 24 microphones in a randomised arrangement
with 1 m outer diameter, at 10 kHz. As seen in the �gure, the PSF causes two main
problems from the viewpoint of evaluating the beamforming maps. First, it causes
even a point source to appear with a certain spatial extent. This is the main lobe,
which may limit the resolving power of beamforming, i.e. it may become impossible
to separate two point sources, being close to each other, apart. The size of the
main lobe and its width is usually quanti�ed by the with of the main lobe at 3
dB down from the maximum, and is often termed beam width or full width at half
maximum (FWHM). These quantities are often used to quantify the resolution of
beamforming, which will be treated later.

Another di�culty arising is that the beamforming maps contain side lobes, which
are the secondary peaks in Fig. 2.1. These are due to partial correlation maxima
occurring in the beamforming process, and cause unrealistic sources to appear in
beamforming maps. To avoid them, the dynamic range of beamforming maps are
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usually reduced, which makes the investigation of weaker sources impossible. An
important parameter therefore is the side lobe suppression, shown in Fig. 2.1, ex-
pressing the beamforming level di�erence between the source and the strongest side
lobe.
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Figure 2.1: Illustrative PSF for a source at the origin

In case of distributed sources, the obtained beamforming map is the convolution
of the source �eld and the point spread function, making the evaluation even more
complicated. To remove the e�ects of PSFs, several deconvolution methods have
been proposed. These are usually based on CB and employ the CSM, and may help
in providing cleaner beamforming maps. The most commonly used ones are decon-
volution approach for the mapping of acoustic sources (DAMAS) [37] and CLEAN
based on spatial coherence (CLEAN-SC) [33]. Both are based on conventional beam-
forming and make use of the CSM. DAMAS formulates a linear model between the
beamforming map and the true source distribution, which are connected by a ma-
trix containing the point spread functions. This equation is solved for the source
distribution using a modi�ed Gauss-Seidel algorithm, enforcing the non-negativity
of the sources [38]. In case of CLEAN-SC, the spatial coherence between the main
lobe and the side lobes is utilised. The highest peak in the beamforming map is
placed into a clean map. After that, the peak and all lobes coherent with it are
removed from the original map, and the procedure is repeated. Using this, a clean
map can be obtained [38]. These two are the most commonly used methods in
case of aeroacoustic sources, however, these have a tendency to replace an extended
source region with just a point-like source, which may not by physical in case of the
present investigations regarding axial fan noise generation.

2.2 Moving sources

In this section, the following scenario is considered. A moving source emits sound
into a medium, which is received by an observer. Both the medium and the observer
are at rest. In this more general case, the distance between the source and the
observer changes in time, therefore the propagation time changes, as well. This
results in the received sound being �warped�, whereby some part of the signal become
compressed in time, while others become elongated. Due to this, the observed
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frequency changes, often termed the Doppler e�ect. The propagation of the acoustic
pressure p can be described using Eq. (2.15) for a moving source, based on [18].

∇2p− 1

c20

∂2p

∂t2
= q(y, τ)δ (x− y(τ)) δ (t− τ) (2.15)

The speed of sound in the medium is c0. The observer is assumed to be at rest,
located at point x, while the source moves along the trajectory y(τ). The original
derivation in [18] accounts for mean �ow as well, however, that is omitted here, and
in the computations, as well, since the mean �ow velocity is negligible compared to
c0. t(τ) in Eq. (2.16) denotes the time when the impulse emitted at τ reaches the
observer.

t (τ) = τ +
||x− y(τ)||

c0
(2.16)

In this case, the sound pressure observed at point x is given in Eq. (2.17).

p(x, t(τ)) =
q (τ)

4π (c0 (t− τ) +Q (x,y(τ), t, τ))
(2.17)

The factor Q is given in Eq. (2.18).

Q =
1

c0

dy

dτ
· (x− y(τ)) (2.18)

Rotating source identi�er

Due to the varying propagation time, transforming the arriving signals into the
frequency domain is not useful in case of moving sources. A time-domain approach
is required to compensate for the Doppler e�ect.

Some earlier applications of beamforming on moving sources include the inves-
tigation of trains [39, 40] and airplane �y-overs [41]. In these cases, the motion is
linear, and the velocity can be considered constant, simplifying the case considerably.

For rotating sources, the general formulation � shown in the previous section �
was developed in [17,18], together with a computer program called ROSI. Following
this, the algorithm is often referred to as ROSI, as well. It is based on time-domain
beamforming using the propagation of sound from a moving monopole in Eq. (2.17),
which is used to express the source signal q. For each point in the beamforming
grid, meaning a source candidate, the recorded pressure p at each microphone is
used to determine the emitted signal. For these signals, time domain beamforming
is applied, similarly to Eq. (2.5).

The algorithm of ROSI is the following. First, all microphones (at rest) are used
to record the sound �eld of the moving sources simultaneously, thus obtaining the
p(xm, t) pressure signals. Then, the following calculation is carried out for each y
focus point.

1. For each y, the τm(t) emission times are calculated, based on Eq. (2.16). τm(t)
indicates the time instant when the signal was emitted, that later reached
microphone m at time instant t.
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2. Since τm is a non-uniform time sequence, the sound pressure signals are in-
terpolated onto a uniformly distributed time series. In the method, linear
interpolation is applied, but other interpolation methods have also been inves-
tigated [42].

3. From the sound pressures, the qm(τ) candidate source signals are obtained
using the time domain transfer function in Eq. (2.17) for each microphone m.

4. Finally, the delay and sum procedure is applied onto these source candidate
signals. The resulting q(y, t) signal is considered the true source signal at the
rotating source point y.

5. The obtained q(y, t) time signal may be Fourier transformed, to obtain fre-
quency resolved data, and an approach similar to diagonal removal may be
applied to reduce self-noise e�ects [17].

The method is computationally expensive, since the propagation times are vary-
ing, as described by Eq. (2.17), therefore, the transfer function has to be recalcu-
lated for each microphone, grid point, and sampling time instant. Furthermore, the
signals have to be interpolated several times. For the present work, an in-house im-
plementation by Péter TÓTH was used, reported in [43]. The program was written
in GNU Octave, an open source scienti�c programming language and environment.
Using this, a 30 s long signal with 24 microphone channels, and a 81×81 grid, with
roughly 1200 frequency bands, took about 20 hours to process on a 3.5 GHz Intel
Core i5-based desktop computer. Even though the exact runtime may heavily de-
pend on the implementation, it is nevertheless clear, that the method has orders of
magnitude higher computational requirements than CB.

Applications of beamforming for rotating sources

Due to the complexity of the sound �eld emitted by rotating sources, such sources
have been investigated less often than ones at rest. In recent years however, this
trend seemed to change, and more research has been devoted to this topic.

The �rst paper proposing a method for investigation of rotating sources was the
ROSI method [17, 18] in 2001, as mentioned before. The algorithm was validated
using rotating whistles, and measurements were taken on the blades of a helicopter,
and a model wind turbine in a wind tunnel. In [44], the same method was applied
to localise sound sources in a ducted turbofan engine, where both CB and ROSI
were carried out, as well. The e�ect of varying engine speed of revolution was also
accounted for. An attempt was made to separate tonal and broadband sources,
similarly to in [45], and results were presented for both stator and rotor leading
edge planes. Noise sources were localised, but their origins were not clari�ed. A
similar study incorporating a turbofan engine was presented in [46].

A time-domain procedure for rotating sound sources, similar to ROSI, was pre-
sented in [19]. It was applied onto a ducted fan, and the number of blades was
successfully recovered in the source maps, however, it was only presented as valida-
tion of the method, and the noise generation mechanisms were not discussed any
further.

A ducted turbofan was investigated in [4] using beamforming. Here another
approach was proposed, where the steering vectors are derived from annular duct
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modes, and e�ects of rotation are incorporated into the beamforming formulation.
The CLEAN-SC [33] deconvolution method was applied, and the resulting maps
show the sources on the blades in the vicinity of the perimeter. However, the authors
concluded that application of CLEAN-SC has lead to very small source regions,
which are hard to physically justify. A similar study is reported in [47].

Another approach, based on interpolating the recorded pressure signals to form
a virtual array rotating together with the target was proposed in [20,48]. Validation
was carried out on a small ventilation fan with four sheet metal blades and a diameter
of 0.4 m. The CLEAN-SC deconvolution method was used again to remove side
lobes. This way, useful maps were obtained even at frequencies as low as 800 Hz,
where CB maps are usually dominated by large main lobes. Leakage �ow noise and
turbulent boundary layer noise were identi�ed as the most signi�cant sources. The
source strength was integrated in two zones per each blade. This way, the sound
pressure level emitted by the leading edge and trailing edge was calculated separately,
and the trailing edge was found noisier in each case, with a maximum around 2 kHz.
These results were however deduced only from the beamforming results, and were
not supported by any aerodynamic information. In [49], the same approach was used
to analyse a turbofan engine. Several deconvolution methods were tested, and their
comparative advantages and shortcomings have been summarised, but the authors
did not go into details regarding the noise generation mechanisms.

Research focusing on aerodynamics rather than the beamforming method is re-
ported in [50]. In that paper, an axial fan was investigated at di�erent operating
points. The fan was placed into a standardised inlet test chamber, its noise was
measured using a microphone array, and processed using CLEAN-SC. Even with
the application of the deconvolution method, the studies were con�ned to frequen-
cies above 1 kHz, due to the limitation of the spatial resolving power. At higher
frequencies, the e�ects of the operating point were determined. At low volume �ow
rates, the blade leading edges were found as major noise sources. As the volume
�ow rate increased, the sources shifted backwards, and the trailing edges become the
noisiest parts of the blade. The group has studied di�erent blade stacking methods
in [51], blade skew e�ects [52], and the noise of in�ow turbulence in [53].

The algorithm in [20] was used to analyse a fan with a box-shaped inlet section
in [54]. Here CLEAN-SC was applied again to clean the beamforming maps, and the
noise generation e�ects of the disturbed in�ow were investigated. A large e�ect of the
inlet box was found, strongly surpassing the noise generated by the case with clean
in�ow conditions. The results were reproduced using computational aeroacoustics
models.

At the Department of Fluid Mechanics, Faculty of Mechanical Engineering, Bu-
dapest University of Technology and Economics, beamforming measurements on
rotating sources were �rst carried out in 2013. A large axial fan was investigated
in an industrial environment, using the ROSI technique [43]. Using this method,
the beamforming level was found to increase towards the perimeter of the rotor,
but in a strongly reverberant environment with several other machines in operation,
the rotor was not found to be amongst the most important noise sources, and the
quality of the maps did not allow further investigation of the source mechanisms.

A smaller, industrial ventilation fan was investigated later. In [55], a concerted
study was carried out, where both the aerodynamic properties (pressure loss co-
e�cient, Lieblein di�usion factor D [56]) and the emitted noise were determined
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in several radial positions. The results suggested a correspondence between aero-
dynamic losses and noise at the most important frequency bands. The method
was further developed in [13], where the aerodynamic losses were represented by
the momentum thickness, being helpful for noise reduction through blade redesign.
Furthermore, the origin of a noise peak was investigated and was found to originate
from the preceding blade. However, the second blade was also found to be a�ected
by the tip gap �ow, leading to the introduction of the term double leakage noise.
This is the noise caused when the highly turbulent leakage �ow reaches the pressure
side of the adjacent blade in the tip region, and leaks across again. The existence of
double leakage �ow was con�rmed by computational �uid dynamics (CFD) studies,
as well. The original short inlet was replaced by a standardised inlet cone in [14], and
a signi�cant noise reduction was observed. This was attributed to the improvement
in in�ow conditions, and the suppression of the double leakage �ow. Finally, details
of the procedure were clari�ed with the use of sensitivity studies for some processing
parameters, and the work was summarised in [11]. The results were �nally compared
to empirical noise source models in [15].

The research has led to a better understanding of fan noise sources and the
construction of some relations between noise beamforming levels and the momentum
thickness. To better understand the connection between aerodynamics and noise,
an experimental study of simple blade pro�les at low Reynolds numbers has begun.
The �rst results were published in [57] containing beamforming results of a �at
plate, a cambered plate and a RAF-6 airfoil. The measurements were continued and
improved processing methods were applied to clean the maps [58]. Later, lift and
drag force measurements were carried out for the three pro�les [59], and compared
to results in literature. Conclusions were drawn regarding the behaviour of the
di�erent geometries at low Reynolds numbers, and their applicability for small scale
axial fans.

It should be noted that most beamforming methods, including those presented
herein, assume a distribution of monopole sources. In case of a low-speed axial
fan however, dipole sources are the most signi�cant. Theoretically, dipole and
quadrupole sources can be modelled using monopoles with di�erent phases, how-
ever, the beamforming methods applied herein only report amplitude information,
and do not reveal the phase. Therefore they are unable to represent higher order
sources. Due to this, incorrect beamforming levels and source locations may be ob-
tained [60]. The magnitude of these e�ects depends on the angle between the dipole
axis and the path connecting the source to the observer (microphone). The problem
was investigated for the present measurements setup in [15] using simulated dipoles
rotating with a speed of 1400 revolutions per minute at a radius of 0.15 m. The
results have shown that as the aforementioned angle reaches 45◦, L starts to rapidly
decrease, while at 75◦, the dipole separates and two monopoles can be observed. It
was concluded however, that this angle was between 27◦ - 35◦, as the dipole axes are
roughly perpendicular to the blade surface. This means that dipole directivity ef-
fects are not signi�cant in the present study, and therefore, the present beamforming
methods can be applied.
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Chapter 3

Measurements

The methodology presented later in the present thesis is applied onto a case study.
This was a free-inlet, free-outlet axial fan with a rotor-only con�guration, shown in
a photograph in Fig. 3.1, and sketched in Fig. 3.2. The axial fan serves industrial
ventilation purposes. It is built into a piece of sheet metal, with a short inlet cone.
The diameter of the rotor is 300 mm, therefore the tip radius is rtip = 150 mm,
while the diameter of the opening is 315 mm, therefore the gap size surrounding
the rotor is T = 7.5 mm. The rotor has B=5 blades, which are forward-skewed,
and were manufactured out of sheet metal of thickness 1 mm. The blades have
circular arc camber lines, and their leading and trailing edges, as well as their tips,
are rounded. The electric motor driving the fan is built into the hub, and the whole
device is mounted using one strut of a rectangular cross section. With the help
of a variable frequency drive, measurements were taken at the following rotational
speeds: Ω = 700, 950, 1175, and 1400 [1/min]. The last one is considered the
reference case. Further details regarding the experimental technique can be found
in references [11,13�15].

Figure 3.1: Photograph of the investigated fan
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Figure 3.2: a) Sketch of the fan. b) Interpretation of angle β

3.1 Aerodynamic measurements

Aerodynamic data was determined as follows. The axial velocity distribution was
measured at several radii using a vane anemometer. The measurements were taken
at R = 0.3, 0.46, 0.63, 0.79, 0.95, where R = r/rtip. At these radii, geometric features
of the blading, such as the chord C, and di�erent angles, were measured. Based on
these, data necessary for the empirical noise source models in [12] was calculated
following the literature of axial turbomachinery. Table 3.1 contains data relevant to
the calculation of noise source frequencies at reference angular velocity and the tip
radius. Table 3.2 contains data for the reference speed at the following dimensionless
radial values: R = 0.4, 0.6, 0.8, and 1.0, as these will be analysed later. At these
radii, the aerodynamic data were determined through linear interpolation. Finally,
Table 3.3 shows information regarding aerodynamic parameters at the tip radius,
at the di�erent angular velocities. These are the di�erent measurements cases that
will be investigated later from the viewpoint of noise generation.

Important properties of the fan are the local �ow number φ, which is the ratio
of the local axial �ow velocity to the tip circumferential velocity, and the local
isentropic pressure coe�cient ψ. These quantities are shown in Figs. 3.3 and 3.4,
respectively.

The Lieblein di�usion factor D is used as a loading indicator, being in cor-
relation with the thickness of the blade boundary layer. This has been judged
reasonable, even though the concept of D was originally applied to rectilinear, i.e.
two-dimensional blade cascades [56]. This view is supported by the fact that such
use of D is widespread in the analysis of three-dimensional axial fan rotor �ows, also
incorporating the vicinity of the annulus walls (e.g. [61]). The calculated values of
D are shown in Fig. 3.5. For such moderately loaded blades, a clear distinction can
be made between the blade boundary layer and tip �ow regions [62].

Regarding angle of attack α values in Table 3.3, the following observations are
made. α = 2◦ was determined at 1400 RPM angular velocity from averaging the
inlet and outlet �ow angles, and subtracting the stagger angle from that [55, 63].
However, since the local �ow coe�cient distribution does not change signi�cantly
for di�erent angular velocities (see Fig. 3.3), it can be assumed that the angle does
not change, either. Therefore the same α angle of attack value was applied for the
other Ω values.
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Figure 3.3: Distribution of local �ow coe�cient φ
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Figure 3.4: Distribution of local isentropic pressure coe�cient ψ
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Table 3.1: Characteristics at the rotor tip at reference speed

property notation dimension value
chord C [mm] 130
camber angle - [◦] 28
blade bluntness B [mm] 1
stagger angle - [◦] 63
solidity - [-] 0.69
tip clearance T [mm] 7.5
relative �ow velocity - [m/s] 23.9
�ow angle of attack α [◦] 2
Reynolds number Re 1 2× 105

Mach number Ma 1 0.07
di�usion factor D 1 0.4
BL thickness δ [mm] 2
displacement thickness δ∗ [mm] 1.3

Table 3.2: Aerodynamic characteristics at various radii at reference speed

property R = 0.4 R = 0.6 R = 0.8 R = 1.0
v [m/s] 10.3 14.6 19.1 23.9
δ∗ [mm] 1.0 1.5 1.5 1.3
Ma [1] 0.03 0.04 0.06 0.07

For the aeroacoustic models, the distribution of displacement thickness δ∗ on
the suction side boundary layer (BL) is required. This is shown in Fig. 3.6. The
values of δ∗ were obtained from the momentum thickness, using a shape factor of 1,
following [15].

3.2 Acoustic measurements

Sound pressure was measured using an OptiNav, Inc. Array24TM phased array
microphone system. It contains 24 electret microphones, mounted �ush against
its sheet metal surface, the accompanying signal processing equipment, the neces-
sary pre-ampli�er and �ltering circuits, and a digital camera. The microphones are
arranged along logarithmic spiral arms, which are known to improve side lobe sup-
pression [29]. The diameter of the circle circumscribed around the microphones is
0.95 m.

The distance between the fan inlet plane and the microphone array was 0.6
m. This was chosen to maximise the spatial resolution of the technique, while still
retaining a necessary distance from the fan, to avoid distorting the in�ow. This
was con�rmed by inlet velocity measurements with and without the presence of the
array, which showed negligible in�uence in the inlet velocity pro�les [11].

From the array, the acoustic signals were fed into an analogue-to-digital con-
verter, which sampled the audio data with a rate of 44.1 kHz. Then, the signals
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Table 3.3: Characteristics at the tip radius at various angular velocities

Ω [1/min] 700 950 1175 1400
vtip [m/s] 11.9 16.1 19.9 23.8
Matip [1] 0.03 0.04 0.06 0.07
δ∗ [mm] 1.4 1.4 1.3 1.3
α [deg] 2 2 2 2

were transmitted into a laptop computer, together with the video feed from the
camera. Signals of 20 s duration were used, as this was found adequate to provide
reliable average quantities [11].

To measure the speed of revolution, an optical transducer was mounted on the
supporting strut, and a light re�ecting self-adhesive patch was placed onto one of the
blades. The transducer gives a high voltage signal peak when its light is re�ected
from the patch, otherwise its output is a low voltage. This signal was sampled
together with the audio data, using one channel of the analogue-to-digital converter,
therefore 23 microphone signals were used for beamforming. In every measurement
case, more than 200 revolutions were averaged.

PC

AMP&ADC

FAN

PAM

Figure 3.7: Sketch of the measurement setup. PAM: phased array microphone.
AMP&ADC: ampli�er and analogue-to-digital converter. PC: personal computer.
The microphone positions are for illustrative purposes only; they do not correspond
to those of the actual array.

To process the data, an in-house implementation of the ROSI [17] algorithm was
used, created by Péter TÓTH, and outlined in [43]. A square-shaped beamforming
grid was used, with both coordinates running between -0.25 m and 0.25 m. In
total, the grid contained 72 × 72 = 5184 points. For each of these points, the
ROSI beamforming procedure was carried out. The obtained source signals were
transformed into the frequency domain using a 1024 point fast Fourier transform.
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Temporal variance was reduced by averaging the spectra of di�erent portions of the
time series, each windowed using a von Hann window, being in 50% overlap with its
neighbour, following the Welch method [32]. A method analogous to cross spectral
matrix diagonal removal [29], introduced in [17], was applied, in order to reduce the
e�ects of uncorrelated noise between microphones.

The obtained quantities were presented in dB, being scaled as sound pressure
levels observed from a reference distance. The appropriate beamforming maps were
summed to create third-octave band maps centred on the following frequencies: 2,
2.5, 3.15, 4, 5, and 6.3 kHz. Investigating lower frequencies was not possible due
to the limited spatial resolution of the array and the beamforming technique. The
reason for omitting higher bands was that fan noise is signi�cantly reduced as the
frequency grows. This is shown in the spectrum of a selected microphone from the
array, in Fig. 3.8. Furthermore, the sensitivity of the human ear decreases at such
high frequencies, as well.
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Figure 3.8: Noise sound pressure level spectra in dB at 1400 RPM [64]

3.3 Di�culties in evaluating beamforming maps

The beamforming results are presented in the form of spatial distributions together
with the rotor outline in Fig. 3.9. These maps contain substantial information, as
they provide spatially resolved information about rotating sound sources.

However, interpreting these maps is a di�cult process, requiring signi�cant ex-
perience. It is time-consuming, as well, since the maps are to be investigated in
a concerted manner. Furthermore, the analysis may include subjective elements,
partly due to the complexity of the source mechanisms, and partly to the limi-
tations in the spatial resolution of the beamforming technique. These problems
manifest in the following di�culties.

• The presence of side lobes causes non-physical, false peaks to appear on the
beamform maps. Furthermore, even the physically meaningful sound sources
have their strengths falsi�ed by sidelobe e�ects.

• The radial positions of rotating sound sources may be erroneously reported by
the beamforming procedure in case of coherent sources [8, 65].
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Figure 3.9: Third-octave band beamforming maps [64] at mid-frequencies between
a) 2 kHz and e) 6.3 kHz at 1400 RPM. The colour bar shows the beamform levels
in dB, while the circle indicates the Rayleigh resolution limit at the mid-frequency
of the third-octave band.
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• Evaluation of an extended noise region is charged with uncertainty, due to
limitations in the spatial resolving power of the technique. It is then not
known, whether such a region is to be considered the e�ect of one extended
source, or of several sources being close to each other. This problem is in
relation with the main lobe width of the point spread functions.

The uncertainty described in the last point is often handled through the use of
optics-based resolution criteria [14,50,66,67]. These were historically established for
human vision, and therefore, their application is dubious in acoustic beamforming.
Some of such criteria are the Rayleigh, the Dawes, and the Sparrow limit [68]. These
criteria can be summarised in the form of Eq. (3.1), where the value of the factor κ
di�erentiates between the criteria.

sin Θ = κ
λ

2rap
(3.1)

In Eq. (3.1) rap is the radius of the optical aperture, λ is the wavelength and
Θ is the smallest viewing angle at which two sources are separated. In case of
beamforming, the aperture size is considered as the diameter of circumscribed circle
of the array [67].

The criteria were formulated based on the point spread functions of point sources
in�nitely far from the imaging device, originating from astronomy, when stars were
observed with telescopes. The di�erent κ values were introduced in optics as subjec-
tive and arbitrary criteria, partly depending on the resolving power of the eye of the
observer. When two point sources of identical strength are observed, the resultant
image pattern is the superposition of the two point spread functions. Its shape, and
the ability to make out two sources, depend on the separation between the sources.
Between the two intensity peaks of the two PSFs, a �dip� is found, i.e. the intensity
decreases. The depth of the dip is expressed as a percentage of the peak intensity.
The Rayleigh, Dawes and Sparrow limits de�ne the resolving power based on the
relative magnitude of the dip.

The PSFs of the two incoherent point sources, their sum and the dip are illus-
trated in Fig. 3.10.

PSF 2PSF 1

dip

intensity

spatial
coordinate

Figure 3.10: PSFs (dashed), their sum (solid), and the dip [64]

Table 3.4 presents the di�erent criteria with the determined dip values and the
corresponding κ coe�cients based on [68]. These κ are derived from � and, as such,
are restricted to � two neighbouring PSFs having shapes described by �rst order
Bessel functions [69]. The 0 % dip in case of the Sparrow limit indicates a central
plateau. The application of such a strict criterion for a measurement is problematic,
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as even the smallest uncertainty could result in a source being erroneously considered
as two separate sources.

Table 3.4: κ factors and dip magnitudes for various optics-based resolution criteria

Criterion κ Dip
Rayleigh 1.22 26.5%
Dawes 1.03 5%
Sparrow 0.96 0%

When beamform maps are analysed, spatial resolution is usually not quanti�ed.
In the rare cases when it is, the Rayleigh limit [14, 66, 67], and the Sparrow limit
[50, 66] are usually applied. In [70], the Rayleigh limit and the Full Width at Half
Maximum criterion are both used, and alternative limits are also introduced.

The choice of the resolution criterion to be used is a subjective one, and no
general consensus exists regarding this choice. Furthermore, the assumptions made,
when the criteria were derived, are not always ful�lled in case of beamforming,
undermining the application of optics-based criteria. Some problems are as follows,
based on [69].

1. The criteria were formulated for two identical point sources. In general, there is
no a priori knowledge available about the strengths of the sources, furthermore,
they may not even be point sources. An ideal criterion should be able to
discriminate between sources of di�erent strength, as well.

2. The κ values were originally determined for circular apertures, for which, the
PSF is an Airy di�raction pattern [69]. In case of conventional beamforming
with microphone arrays, however, the PSF is heavily in�uenced by the po-
sitions of the individual microphones [29]. As such, the PSFs will generally
be di�erent from the Airy pattern. Due to this, the determined κ values will
often not represent the expected relation between the PSFs.

3. The sources are assumed to be at an in�nite distance from the observer, as
the criteria rely on the Fraunhofer di�raction. In this case, the incoming
waves are assumed to be planar over the surface of the imaging device. In
microphone array applications however, this approximation is quite crude. In
the present measurement case, the distance between the fan and the array
is about 4 rtip, while the size of the array is approximately 6 rtip. With such
a geometrical con�guration, the validity of the plane wave approximation is
doubtful, similarly to other cases, e.g. in [50].

The di�culties and subjective elements listed here arise when fan beamforming
maps are to be analysed. Furthermore, the application criteria of the resolution
limits are often not ful�lled in case of microphone array measurements. To overcome
these problems and avoid the use of subjective elements, a new method is to be
applied. It shall be able to identify possible noise sources in beamforming maps, in
an automatic and algorithmic manner.
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Chapter 4

Data reduction and �ltering method

4.1 Aims

As presented earlier, beamforming can e�ectively be used to localise sound sources,
however, the basic method is plagued by the PSFs, causing deteriorating resolution
and the appearance of side lobes.

Usually, these e�ects are combated through the application of deconvolution
methods. The two most widely used ones for aeroacoustic sources are CLEAN-
SC [33] and DAMAS [37]. The �rst method is based on removing the features from
the map, which are spatially coherent with the main lobe. The second approach
attempts to recover the original source �eld from the measured map with the use of
the analytically calculated PSFs. In cases of rotating beamforming however, the PSF
can not directly be calculated using the steering vectors, as shown in Eq. (2.14) for a
conventional beamformer [71]. This is because the rotation heavily modi�es the PSF
shape, and it becomes almost rotationally symmetric. The true PSF can only be
obtained from simulations with rotating monopoles, which allows the application of
the aforementioned deconvolution methods, however, it is a very resource-intensive
procedure. A way to speed up this calculation is proposed in [71]. The paper uses
the same time domain rotating beamformer (ROSI) as in this work [17]. The idea
is to replace the true PSF of a rotating source by an analytical approximation, the
Airy pattern, based on optical analogies. Using that, calculation of the individual
PSFs becomes feasible, and the application of CLEAN-SC and DAMAS is faster.
However, the approach still has some limitations regarding the reconstruction of side
lobes being farther away from the main lobe. These might be important, when high
dynamic ranges are required.

Applying deconvolution methods for ROSI results is then not straightforward,
and requires further research. This was not an aim of the present thesis, however, a
method to reduce the e�ects of point spread functions was still sought for. In order
to do that, a novel data extraction and �ltering approach was proposed.

The aims of the procedure are the following:

• reduce PSF e�ects, and

• identify separated sources

• in an objective way.
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The main idea behind the method is to utilise the rotational symmetry of the
rotor blading. In the presence of B � ideally identical � blades, both the �ow �eld
and the acoustic �eld are expected to be periodic with respect to B. Since only
noise sources from the pure rotor blade in clean in�ow conditions are to be analysed
at this point, non-periodic phenomena are neglected. These may include, but are
not limited to, the following.

• Inlet �ow irregularities. Distortions in the upstream velocity �eld may cause
signi�cant noise, e.g. as in [54]. These could be the result of obstacles in the
upstream �ow path, causing the random ingestion of large, stretched eddies.

• Non-periodic blade geometry. Due to manufacturing and assembly imprecision
or deformations, the fan or the casing may depart from the ideal rotational
symmetry. Non-uniformity in the tip clearance may appear due to eccentricity,
leading to di�erences in noise generation along the circumference. Further-
more, a single blade may di�er from the rest due to experimental reasons, as
well, such as the need for an adhesive tape to measure the angular velocity in
the present case. The aforementioned e�ects will cause one perturbation per
circumferential period.

• Rotating stall. Rotating stall may appear, being indicated by non-periodic
blade passage �ows, and unsteadiness in the Reynolds-averaged �ow quantities.

• Acoustic perturbations. The background noise during the measurement may
be focused to a certain spatial position by the beamforming approach, causing
the loss of periodicity in the sound source maps. This may be more pronounced
in case of reverberation e�ects.

• Perturbations from processing. Side lobes resulting from the beamforming
algorithm, being determined by the microphone locations, will appear on the
beamforming maps, perturbing the results in a non-periodic manner.

Each of the factors detailed above may signi�cantly a�ect the noise source maps.
However, in the present thesis, the investigation of noise emitted by an idealised fan
is to be investigated. As such, the aforementioned e�ects are not of interest, and
should be excluded from processing. The listed perturbations however may form
the subject of further research, once the basic noise source mechanisms are better
understood.

In case of ideal �ow conditions, the periodicity of the source maps is assumed.
Furthermore, by looking at the structure of a point spread function in Fig. 2.1, one
can see that it is similar to a portion of a harmonic wave. These two observations
suggest the application of Fourier analysis. The periodicity is a further reason
for applying a custom �ltering method, as in case of deconvolution methods, this
property of the results is not guaranteed.

4.2 The �ltering method

To remove the previously discussed perturbation e�ects from the analysis, a �ltering
method is suggested. A short summary of the algorithm is the following. A radius
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is chosen for processing, then data is extracted from the beamforming maps, by
following a circular path of the selected radius, in each investigated frequency band.
The distributions are then expanded into Fourier series', which are �ltered, and only
those components are kept, that conform to the periodicity of the blades. The rest
are considered perturbations and are removed from the analysis. Furthermore, a
limit criterion is utilised. Periodic modes, having small amplitudes compared to the
perturbations are omitted. The method of operation is described in the following,
based on the references [64,72,73].

First, the maps, containing the beamforming levels L(x, y) in the measurement
plane spanned by coordinates x and y are obtained at the selected radii ri, with a
certain number of points along the circumferential angle ϕ. This was set to 150 in
the investigations conforming to the number of points in the original beamforming
maps. This was deemed a good compromise, as a number being too high would
be useless due to the limited number of grid points in beamforming, while too few
points would limit the resolution of the method. Then, the beamforming values were
interpolated onto the selected circular grid using a third-order spline interpolation.
The L [dB] beamforming levels were interpreted as being analogous with sound
pressure level (SPL) taken from a reference distance. This means that the results
do not correspond to absolute levels, but relative ones, with respect to a constant
multiplier. This is usually accepted in beamforming, with the lack of array amplitude
calibration. Techniques exist to provide quantitatively correct sound pressure levels
from beamforming [74, 75], however, in the present work, this was not pursued, as
the relative strength of the various noise source mechanisms was of primary interest.
Based on the beamforming level, a quantity similar to dimensionless sound pressure
was calculated using Eq. (4.1). In the expression, ϕ is the circumferential angle.
These calculations are to be performed at each radius and each circular frequency,
however, for the sake of brevity, f and ϕ are not shown in the equations.

p(ϕ) = 10L(ϕ)/20 (4.1)

Following the reasoning above, these distributions are expanded into Fourier
series'. This is carried out following Eq. (4.2), where n indicates the mode number.

p(ϕ) =
nmax∑
n=0

a[n] cos (n (ϕ− β[n])) (4.2)

This way, each source distribution is decomposed into a series of cosines, with
amplitude a[n] and angular position β[n]. As mentioned before, only those compo-
nents are of interest in investigating the noise generation of the fan, that correspond
to integer multiples of the number of blades B, while others are to be �ltered out.
Thus the harmonic wave number h is introduced, simplifying the notation: now
only integer h values are to be considered.

h =
n

B
(4.3)

Using this de�nition, and the previous comments, it can be concluded that aeroa-
coustic phenomena related to the periodic blade passages will appear at integer h
values. A source having one peak per blade passage will be present in the spectrum
at h = 1, another one with two peaks per passage at h = 2, etc. Other, fractional
h values are considered as perturbation. The noise coming from a single irregular
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blade will appear at h = 1/B. Rotor eccentricity e�ects will have h values, which
are integer multiples of 1/B, depending on the number of blades and their exact
position relative to the annulus. These perturbations may cause e�ects at their
harmonics, e.g. integer multiples, as well.

To remove these unwanted e�ects, only integer h values are kept. However,
even then, the number of integer h values to be considered has to be limited to a
reasonable amount. This is to avoid processing modes with very small amplitudes,
which might be harmonics of important noise sources resulting from di�erences
between the shape of the PSF and the harmonic wave. Furthermore, harmonics
of perturbation should be reduced, as well, even if they happen to be present at
integer h. Thus, a criterion is required to di�erentiate between physically important,
signi�cant components, and negligible ones. A signi�cant mode is one with integer
h, whose amplitude is greater than the limit amplitude l of that distribution, see
Exp. (4.4). The limit is to be determined separately for each radius and frequency.

a[h] > l (4.4)

Regarding the choice of this limit, the following is proposed. The limit should be
chosen as the maximum perturbation amplitude, i.e. the largest amplitude found at
fractional h value, see (4.5). Here N denotes the set of natural numbers, including
0.

l = max
h/∈N

a[h] (4.5)

A representative a[h] spectrum of an investigated fan at the tip radius at refer-
ence speed and the third-octave band centred on f=6.3 kHz is shown in Fig. 4.1.
Here h = 3/5 was the strongest perturbation mode, therefore l was de�ned as its
amplitude, following Eq. (4.5). This limit is indicated by a dashed line. There
are only three signi�cant modes in this spectrum: h = 0, corresponding to the cir-
cumferential average; and the h = 1 and 3 modes. This shows that the �ltering
procedure e�ectively limits the amount of data to be handled, providing a sparse
representation of the beamforming map.

=3/5

Figure 4.1: Spatial spectrum with the �ltering threshold (horizontal dashed line) in
the third-octave band centred on 6300 Hz [64]
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The �ltering is then able to reduce the data, however, the question whether the
remaining signi�cant modes are able to represent the beamforming values, stands.
This is checked by comparing the original angular p distributions to the ones recon-
structed from the signi�cant modes only, shown in Fig. 4.2.

Figure 4.2: Distributions of p(ϕ) along the circumference: measured (solid) and
reconstructed after �ltering using the signi�cant components only (dashed) [64]

The reconstruction is visually good, as the functions follow similar tendencies,
agree well in mean amplitude, and have similar modulations, while the �ltering
has been able to enforce periodicity onto the circumferential data. The root mean
square deviation between the reconstructed and the original signal, normalised by
the number of data points, is 0.17 in the worst case, while for all other cases, it is
below 0.13 [72]. These small values indicate that the signals are in good agreement.

The proposed �ltering approach may be compared to the spinning mode ex-
pansion in [21]. In that work, frequency domain beamforming on rotating sources
is introduced. To achieve that, measurements are taken using a circular array of
equidistant microphones, whose signals are then transformed into the spatial Fourier
domain. Then a formulation is applied to calculate the spectra in the rotating do-
main from the spectra of these stationary microphones. In the rotating domain,
source and propagation are decoupled, therefore a standard inversion procedure can
be applied to �nd the source strengths. This method is similar to the present �ltering
approach in that it also carries out a spatial Fourier transform in the circumferential
direction. However, in the present work it is applied onto the beamforming maps to
ensure their periodicity, while in [21], the spatial Fourier spectrum is applied onto
the sound �eld, and used to determine the spectrum in the rotating domain using a
transfer function.

39



4.3 Reconstruction of complete maps

The �ltering method is able to remove perturbations on the basis of periodicity.
Beamforming values can then be represented by only a few modes, and the appro-
priateness of �ltering was proved by the good reconstruction of the original signals
at a selected radius, around the blade tip. In order to visually illustrate the capa-
bilities of the method, the �ltering and reconstruction procedure was carried out on
complete beamforming maps, covering the whole annulus. Radial distributions of L
were extracted at 50 equidistant circles, whose radius ranged from 0 to 0.22 m, being
larger than the tip radius. The L values, computed by ROSI for a rectangular mesh
were interpolated onto a circular mesh. These distributions were transformed into
the wavenumber domain, and were �ltered, following the procedure in Eqs. (4.1)
to (4.5). An inverse transformation was then applied onto the �ltered wavenumber
spectra, and �nally, the data was interpolated onto a rectangular mesh for plotting
purposes. The procedure was carried out for each third octave band, and the full
band, meaning the sum of the investigated third octave bands.

In Fig. 4.3, the original and reconstructed maps are shown next to each other.
The dashed line indicates the tip radius of the fan. To aid in comparing the maps, the
measured ones are shown only till a radius of 0.22 m, similarly to the reconstructed
ones, and the colour ranges are identical. Several observations can be made based on
the �gure. First, it can be concluded that the �ltering procedure works as expected,
creating circularly periodic maps. Second, the values are quite similar. This is
true both numerically, and by observing the spatial distributions in the maps. The
periodicity of the maps is clear, and the captured important sources are found at the
same locations, meaning that the reconstruction captures most of the information
contained in the maps, and no signi�cant details are lost. It can also be seen, that at
lower radii, no signi�cant harmonic wavenumber peaks are found, only the average
is kept, therefore purely circular values are found. Then, at higher radii, more peaks
are found, thus more modulation appears in the �ltered maps. Similar maps for the
third-octave frequency bands are shown in Appendix A, in Figs. A.1 to A.6. These
conclusions stand in relation to those, as well.
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Figure 4.3: Reconstruction at full band. a) measured b) �ltered and reconstructed

Figure 4.4 shows the di�erence between the measured and the reconstructed
maps at full band. Here the di�erence is below 1 dB, which was considered the
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amplitude uncertainty of the measurement technique, however, a tendency can be
seen in the map: upper regions y > 0 are often greater than the mean, while lower
parts y < 0 are often smaller. The same observations can be made regarding the
maps at 2 and 2.5 kHz, shown in Appendix A in Figs. A.7 and A.8. At higher
frequencies, the trend disappears. The analysis of these di�erence maps may shed
light on further diagnostic information, and should be carried out in the future,
however, it was not pursued in the present thesis.
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Figure 4.4: Di�erence of measured and reconstructed maps at full band

4.4 Summary

By selecting Fourier analysis as a processing technique, harmonic functions are ap-
plied to characterise the circumferential variation in the intensity of the �ltered
modes. When reconstructing the original distributions in Fig. 4.2, the circumferen-
tial average values (related to h = 0) as well as the cosinusoidal modes are applied.
The applied process enhances the detectability of the blade-passage-periodic sources,
as perturbations at fractional h values are excluded from further processing. The
good reconstruction shows that the method captures the most signi�cant blade-
passage-periodic aeroacoustic phenomena, even if only a few components are used.

Using the presented decomposition and �ltering procedure, the circumferential
beamforming values can be substituted by a set of data points, consisting of a, h,
and β values, at each f frequency and radius. These data points represent the
sound sources being present in the beamforming maps, and should be interpreted
to deduce information about the noise generation mechanisms. To achieve this,
the data points that are results of the same noise generation mechanism are to be
identi�ed and grouped. Such a task is termed clustering. This covers a type of
algorithms, devised to identify data points in a large data set that are similar to
each other in some sense. A fuzzy clustering algorithm is used herein, to determine
the data points that belong together. The basis of applying clustering herein is as
follows.

1. Noise generation mechanisms are related to �ow features, which are then re-
lated to portions of blade geometry. Therefore, data points originating from
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the same mechanism have similar spatial location, as they are in the vicinity
of the blade feature they are related to. This means that these sources have
similar β angular coordinates.

2. Broadband noise sources are sought for, which have a wide frequency distri-
bution. Each source is then expected to spread over a number of neighbouring
frequency ranges, and a�ect more beamforming maps. This means that a data
points originating from the same broadband generation mechanisms will have
peaks in the neighbouring f frequency ranges.

Following these reasons, it is evident that data points from the same generation
mechanism should have similar β and f values. Therefore, clustering will be applied
to �nd those data points, that are close to each other in the [β, f ] plane. How-
ever, these sources may overlap, as well. At a given frequency, multiple broadband
sources may radiate. Similarly, spatial overlapping of noise generation mechanisms
is possible, as well. These are also to be considered when selecting the clustering
method.
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Chapter 5

Clustering

Clustering is an unsupervised learning method; a process of assigning data points
to groups, or clusters, based on their similar attributes. The general task is the
following. Knowing the ξi, i = 1 . . . N data points, lying in the so-called feature space
ofD dimensions, determine the prescribed c number of cluster centres µj, j = 1 . . . c,
such that an objective function, an error metric, is minimised. For the sake of
simplicity, the data points ξi are assumed to be normalised onto the range between
0, ..., 1 in each dimension. In case of periodic dimensions, the range is [0, 1), while
for non-periodic dimensions, it is [0, 1].

Several clustering methods have been proposed. Possibly the simplest algorithm
is the k-means method [76]. In this case, all data points are assigned to the closest
cluster, while the cluster centres are determined as the weighted average of the
assigned data points. Since one data point belongs to one cluster only, this clustering
method is termed crisp. K-means is a well-known clustering method, that has been
applied to a large variety of problems. Some of the relevant ones from the viewpoint
of this thesis include material damage detection using acoustic emission [77�80],
tool wear monitoring using features of the noise [81], and surveillance using acoustic
signals [82]. It has even been applied to recommend music based on features of songs
the user has already listened to and enjoyed [83]. The algorithm has been applied
to reduce the number of data points when post-processing results of CFD analyses
in case of a heating, ventilation and air conditioning problem [84]. It has been used
as a way to reduce the order of the bases being necessary for the modelling of the
Navier-Stokes equation, similar to the proper orthogonal decomposition technique
[85]. The k-means procedure was applied to reduce signal loss due to interference
e�ects of simultaneous transmitters and receivers [86]. Furthermore, the method
was applied for blind source separation, a problem arising in case of conference
microphone arrays, when the location of the speaker and the microphone array are
both unknown [87�89].

However, in case of the k-means algorithm, the clustering is crisp, meaning that
each data point is assigned to exactly one cluster. In some cases, this is not su�cient,
therefore the fuzzy c-means clustering (FCM) method was adopted.

5.1 Fuzzy c-means clustering

FCM [90] is a method similar to k-means, but in this case, the clusters are fuzzy.
This means that one data point may belong to more clusters, and therefore the
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clusters may overlap.

Algorithm

As noted before, clusters are identi�ed by minimising an objective function. In
FCM, this is the sum of the weighted squared distances between the cluster centres
and the data points. The objective function is shown in the expression (5.1). The
aim is to �nd cluster centres µj, j = 1 . . . c that minimise this expression.

N∑
i=1

c∑
j=1

wmi,j d
2
(
ξi,µj

)
(5.1)

In expression (5.1), d denotes the distance measure between any two points in
the feature space. This will be investigated in detail later. wi,j ∈ [0, 1] values are
the so-called membership values, quantifying how well a data point ξi �ts into the
j−th cluster. The sum of these for one data point over the c clusters is unity, as
shown in Eq. (5.2). The application of membership values gives the possibility for
overlapping clusters. The parameter m ≥ 1 is the fuzzi�er that controls the level of
separation of the clusters. Its behaviour will also be discussed later.

c∑
j=1

wi,j = 1 ∀ i (5.2)

The objective function in Eq. (5.1) can be interpreted as follows, based on [90].
d2
(
ξi,µj

)
is the squared distance between data point ξi and cluster centre µj.

The term wi,j d
2
(
ξi,µj

)
is the error � weighted by the membership to a certain

power � that arises when µj is taken to represent ξi. The two summations mean
that this error regarding one data point and one cluster centre has to be added
up considering each data point � cluster centre combination. Thus a total error
is obtained. Minimising this total error means �nding cluster centres representing
the data points at the best. This is achieved by the FCM algorithm by iteratively
calculating the cluster centres and the membership values.

The location of each cluster centre is determined by averaging the data points,
weighted by their membership values regarding that cluster. This is shown in Eq.
(5.3).

µj =

∑N
i=1w

m
i,j ξi∑N

i=1w
m
i,j

(5.3)

For the calculation of the wi,j membership values, Eq. (5.4) is used.

wi,j =

(
c∑

k=1

(
d(ξi,µj)

d(ξi,µk)

) 2
m−1

)−1
(5.4)

The role of wi,j can be understood better by rewriting Eq. (5.4) in another form,
shown in Eq. (5.5).

wi,j =

(
1

d2(ξi,µj)

) 1
m−1

∑c
k=1

(
1

d2(ξi,µk)

) 1
m−1

(5.5)
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By looking at Eq. (5.5), and considering the reciprocal values of the squared
distances, 1

d2
as a measure of closeness, one can see how wi,j behaves. This formula

assigns a large membership value to a cluster � data point pair if they are close
to each other (their �closeness� is large), but a small one, if they are remote. It
also ensures that the condition in Eq. (5.2) is ful�lled, since the numerator is a
normalisation by the sum of all membership values regarding the chosen data point.

How sharply the wi,j membership values change is de�ned by the fuzzi�er. As
m→ 1, the exponents in Eq. (5.5) grow, therefore the cluster centre being closest to
the data point will dominate the denominator, thus that membership value will be
close to unity, and necessarily, the other ones will be small. Therefore the overlap
between the clusters decreases, and they become crisper. On the other hand, as
m → ∞, the exponents tend to zero, therefore the e�ects of di�erent distances
vanish, and all the terms in the denominator will be similar in magnitude. Thus all
wi,j → 1/c, meaning that the clusters spread out, the overlap grows, and the ability
to di�erentiate between clusters disappears [90].

In FCM, the aforementioned expressions are used until the results converge to �-
nal wi,j and µj values. Further information regarding the convergence of the method
can be found in [90]. The algorithm is the following.

1. wi,j values are initialised randomly, but ful�lling the constraint in Eq. (5.2)

2. Cluster centres µj are calculated using Eq. (5.3)

3. Membership values wi,j are updated using Eq. (5.4)

4. The process is continued from Step 2 using the new values until convergence
is reached.

The iteration is continued until the results have converged. Convergence is
checked by comparing the matrices composed of the wi,j values obtained in the
present and the previous step. If the norm of the di�erence of these matrices is
smaller than a pre-speci�ed limit, the algorithm terminates.

This method has proven its capability to identify clusters in di�erent scenar-
ios. Some cases, being relevant to the �eld of acoustics and �uid mechanics are
the following. FCM was applied for microphone array measurements in reverberant
environments [91, 92], in order to improve the precision of the method under di�-
cult conditions, and furthermore, to aid in source localisation, and for blind source
localisation, a technique similar to beamforming [93], in [94]. It has been applied to
damage detection, similarly to k-means, in [95�97]. A similar approach with acoustic
emission-based damage detection is used in [98], however, there a novel algorithm is
introduced, which can create the partitioning in real time, since the method is not
an iterative one. FCM was used for the fault diagnostics of a gas turbine based on
exhaust gas temperature measurements [99]. Furthermore, the acoustic responses
of rooms were handled using the clustering method, as well [100, 101]. Clustered
acoustic signals have medical applications, as well: attempts were made to diagnose
Parkinson's disease based on speech samples [102], and to analyse piglet health by
identifying coughing noises [103, 104]. Somewhat similar to the present application
case is [105], where FCM was applied onto magnetic resonance images to support the
diagnosis of multiple sclerosis. Some applications from the �eld of �uid dynamics
are as follows. Turbulent �ow patterns were investigated in [106], while the vortex
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�eld behind an oscillating cylinder was analysed in [107]. Hungarian researchers
have made some signi�cant contributions to fuzzy data analysis, including the �elds
of model identi�cation [108], classi�cation [109] and have published an open source
clustering toolbox for FCM [110], which was used in the preliminary stages of this
work.

Distance weights

Even though the data points are normalised before clustering, the dimensions may
have very di�erent physical meanings. To account for this, the di�erent dimensions
can be weighted di�erently when the distances are calculated. Usually, the distance
is calculated using a Euclidean norm, shown in (5.6) for two arbitrary elements ξ
and µ. Some other distance norms are presented in [90], however, the Euclidean
norm is most often used, and that was applied here, as well.

d(ξ,µ) = ||ξ − µ|| =
√

(ξ − µ)T (ξ − µ) (5.6)

Weighting of the di�erent dimensions can then be introduced using a diagonal
matrix A of the corresponding weights. The scalar product is to be de�ned using
this matrix the following way: 〈x,y〉 = xTA y [90], for two arbitrary quantities x
and y. Combining this with Eq. (5.6), the expression in Eq. (5.7) is obtained. The
subscript indicates that the distance metric is that induced by the matrix A.

dA(ξ,µ) = ||ξ − µ||A =

√
(ξ − µ)T A (ξ − µ) (5.7)

When A = I, the identity matrix, one obtains Eq. (5.6). One can give di�erent
weights to di�erent dimensions by modifying the corresponding a diagonal elements
of A. As a reference, A1,1 = 1 is set, and the following A2,2, A3,3, ... AD,D quantities
are changed.

Using this approach, the in�uence of a dimension can be tuned. There are how-
ever no general guidelines relating to the choice of the elements of A. To overcome
this lack of information, a parameter study is proposed: di�erent weights are to be
tested, and the best one is to be kept, according to cluster validity and physical
considerations.

5.2 Periodic clustering

The FCM method is often applied to partition data sets. This means �nding groups
in the data, whose members are similar in some sense. In the present case, it has
to identify clusters inside a rotor annulus. Due to the �ltering procedure discussed
above, the periodicity of the blades is enforced, and thus each blade passage contains
the same information regarding the noise sources. Therefore it is practical to do
clustering in one blade passage only. In this case however, one has to consider the
periodicity when �nding the cluster centres to get physically relevant results. In
order to do that, FCM was extended to account for this periodicity in the angular
dimension.

Since in this case both periodic (β) and non-periodic dimensions (f) are present,
the data set is termed hybrid, following ref. [111]. The present subset, with ex-
actly one periodic and one non-periodic dimension, is termed cylindrical [112]. The
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present method is a novel result, as the author has no knowledge of methods for
FCM with hybrid data.

The aim of the algorithm is to carry out clustering in one blade passage, termed
the analysis window. The starting angular coordinate of this window is chosen
arbitrarily, as no physical reasoning can be given as to where the noise pattern
related to a blade passage should begin. In case of classical FCM, this choice could
heavily in�uence the clustering output. As an illustration, a hybrid data set is
shown in Fig. 5.1. In this �gure, the horizontal axis is the periodic one, while the
vertical axis is the non-periodic one, termed herein as linear. The crosses indicate
the data points, which are periodically repeating along the horizontal dimension.
Windows A and B show two possible analysis windows. Even by visual observation,
one can conclude that if regular FCM were applied, two clusters would be identi�ed
in window A, while in window B, three. This illustrates the fact that the periodicity
has to be considered in order to get reliable results.
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Figure 5.1: Hybrid data. The horizontal axis is a periodic dimension, while the
vertical is non-periodic. Illustration of the e�ect of setting analysis windows (shaded
areas) arbitrarily: Window A: two apparent clusters. Window B: three apparent
clusters. [73]

An approach to cluster purely periodic data with the k-means algorithm is pro-
posed in [111]. Besides some other methods, they propose the following periodic
metric dP , de�ned along a periodic dimension γ with period P , shown in Eq. (5.8).
Besides this, hybrid data is considered, as well, but the method was not developed
further for fuzzy clustering.

dP (γ1, γ2) = min {|γ1 − γ2|, P − |γ1 − γ2|} (5.8)

A similar periodic distance approach is applied in [113] for the calculation of
statistical properties of wind directions. Furthermore, it is used in [114], as well.
There, biological applications of directional data, such as the direction of termite
mounds, and the initial direction of pigeon �ight are mentioned; furthermore, the
analysis of fracture directions in a rock specimen are treated, as well.

Purely periodic, there termed directional data was clustered using FCM in [115].
It was compared against other methods, and was found to have favourable char-
acteristics in terms of both results and computational requirements, however, the
method did not consider hybrid data.
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As a summary, it can be concluded that methods exist for crisp clustering of
hybrid, and for fuzzy clustering of purely periodic data. To �ll the gap, an algorithm
for fuzzy clustering hybrid data was proposed in [73] by the present author. The
main idea is based on the periodic distance metric dP shown in Eq. (5.8), which is
illustrated in Fig. 5.2. Here the hybrid data set is wrapped onto a cylinder, and the
dP norm is used. When a distance between a point and a cluster centre is sought
for, the point in the present analysis window is considered, together with its periodic
counterpart in the next window, and the smallest of the two distances is used.

P

π

Figure 5.2: Interpretation of the periodic distance norm. The analysis window is
wrapped onto a cylinder. ♦: cluster centre, +: data point. The two possible lines
connecting cluster centre µj and ξi are shown. [73]

It is assumed that out of the D dimensions of the feature space, exactly one,
namely the �rst one is periodic. Then the formulated algorithm is as follows. All
linear data are normalised onto the range [0, 1], while the periodic dimension is
normalised onto the range [0, 1), in a way that this range covers exactly one period.
A D-dimensional periodic o�set vector Π is introduced, being the unit vector in the
periodic dimension, see Eq. (5.9).

Π = [1, 0, . . . 0]T (5.9)

The key point is the application of the periodic, weighted distance metric dA,P ,
shown in Eq. (5.10). This is based on Eq. (5.8), however, it accounts for the hybrid
data by applying Π, and includes the weighting matrix from Eq. (5.4).

dA,P = min{dA(ξi,µj −Π), dA(ξi,µj)} (5.10)

This ensures that every time the distance between data point ξi and cluster centre
µj is sought for, the periodic counterpart of µj in the previous analysis window, or
blade passage in the application case, is considered, as well. The location of that
periodic counterpart is µj −Π. Both distances are calculated, and the smaller one
is applied. This is illustrated in Fig. 5.2, where the two distances between a selected
point and centre are denoted by a line, and the shorter of them is chosen.

To show the behaviour of the distance norm, it was expanded analytically as-
suming that one of the points is at the origin. This result is shown in Appendix
C.
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This distance norm in itself however impedes convergence, since when new centre
locations µj are calculated using Eq. (5.3), the averaging of the data points will
place µj somewhere in between them again. Therefore, it has to be considered here,
as well, whether µj or µj−Π was closer ξi. Returning to the analogy of the cylinder
in Fig. 5.2, this means considering whether the path was shorter in the right or the
left direction. To keep track of it, a new variable, ki,j ∈ {−1, 0} is introduced,
de�ned in Eq. (5.11). It is used to indicate whether ξi is closer to µj in the present
analysis window (ki,j = 0), or to its periodic counterpart µj − Π in the previous
frame (ki,j = −1). Regarding the geometrical interpretation, ki,j = −1 means the
case, when the line connecting ξi and µj crosses the generatrix corresponding to the
0 value of the periodic dimension, while ki,j = 0 means when it does not.

ki,j =

{
−1 if dA(ξi,µj −Π) < dA(ξi,µj)

0 otherwise
(5.11)

With these de�nitions, the centre location can be calculated as shown in Eq.
(5.12). This procedure di�ers from the original FCM method shown in Eq. (5.3)
in the inclusion of the term ki,jΠ. This means that when averaging, out of point
ξi and its periodic counterpart, the one closest to the previous centre location is
considered.

µj =

∑N
i=1w

m
i,j (ξi + ki,jΠ)∑N
i=1w

m
i,j

(5.12)

The new membership values are then determined using Eq. (5.13). This equation
is similar to the original one in Eq. (5.4), di�ering only in the use of the weighted,
periodic distance norm dA,P .

wi,j =

(
c∑

k=1

(
dA,P (ξi,µj)

dA,P (ξi,µk)

) 2
m−1

)−1
(5.13)

Then, a matrix W = [wi,j] is assembled, and its deviation from the similar
matrix of the previous step is compared. The norm of the di�erence matrix is
computed, and convergence is checked: if the norm is smaller, than a pre-speci�ed ε
value, the algorithm is complete, otherwise the iteration continues from Eq. (5.12)
with the newly determined wi,j weights. The convergence criterion is shown in Eq.
(5.14), where the superscripts in parentheses refer to quantities obtained at di�erent
iteration steps. The F subscript refers to the usage of the Frobenius norm (see Eq.
(5.15)). This was chosen for the sake of easier computation, however, several other
norms are equally applicable [90].

||W(s) −W(s−1)||F ≤ ε (5.14)

Here the Frobenius norm is computed as follows [116].

||W||F =

√√√√ N∑
i=1

c∑
j=1

|wi,j|2 (5.15)

It should be noted that even though the present algorithm was developed for
the clustering of blade passage periodic sound source features, its application is not
limited to that, and it may be applied generally in any case involving one periodic
dimension and at least one linear one. Often used examples of periodic dimensions
include e.g. latitudes and longitudes.
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New scienti�c results

Thesis statement 1. The following fuzzy c-means clustering method has been de-
veloped for data sets having exactly one periodic dimension. The required inputs are:
normalised data points ξi ∈ [0, 1], fuzzi�er m, number of clusters c, the period o�set
vector Π, the diagonal weighting matrix A, and the iteration exit criterion ε. In
the periodic dimension, the data is to be normalised by P . Clustering is achieved
using the algorithm shown in Fig. T1.1. and Eqs ( (T1.1) � (T1.6)) with expression
(T1.7) describing the termination criterion of the iteration.

read inputs

initialise

wi,j using
Eq. (T1.1)

�nd new

µj using
Eq. (T1.2)

determine

wi,j using
Eq. (T1.5)

assemble W

converged?

Expr. (T1.7)

end

no

yes

Figure T1.1: The fuzzy c-means clustering algorithm for hybrid data.

c∑
j=1

wi,j = 1 ∀ i (T1.1)
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µj =

∑N
i=1w

m
i,j (ξi + ki,jΠ)∑N
i=1w

m
i,j

(T1.2)

Here ki,j tracks whether the point is in the present period, or the receding on; its
value is determined from Eq. (T1.3).

ki,j =

{
−1 if dA(ξi,µj −Π) < dA(ξi,µj)

0 otherwise
(T1.3)

In Eq. (T1.3), dA is the distance metric weighted by diagonal matrix A, given
in Eq. (T1.4). The diagonal elements of A give the weights of the corresponding
dimensions for the distance norm.

dA(x,y) =

√
(x− y)T A (x− y) (T1.4)

The membership values are calculated using Eq. (T1.5).

wi,j =

(
c∑

k=1

(
dA,P (ξi,µj)

dA,P (ξi,µk)

) 2
m−1

)−1
(T1.5)

Here dA,P is the weighted, periodic distance norm, given by Eq. (T1.6).

dA,P = min{dA(ξi,µj −Π), dA(ξi,µj)} (T1.6)

Convergence is reached when, for step s, the expression (T1.7) becomes true. Here
the Frobenius norm is used, where W is the matrix composed of the wi,j values, while
ε is a su�ciently small number.

||W(s) −W(s−1)||F ≤ ε (T1.7)

Related publication: [73].
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Table 5.1: Notations for Thesis statement 1

A weighting matrix [1]
c number of clusters [1]
d distance norm [1]
dA weighted distance norm [1]
dA,P periodic, weighted distance norm [1]
i data point index [1]
j cluster index [1]
k period o�set tracking variable [1]
m fuzzi�er [1]
N number of data points [1]
Π period o�set vector, unit vector in the periodic dimension [1]
P period [1]
s iteration step [1]
x arbitrary variable [1]
y arbitrary variable [1]
w membership value [1]
W(s) matrix of membership values [1]
W(s−1) matrix of membership values, from previous iteration step [1]
ε iteration termination criterion [1]
µ cluster centre [1]
ξ data point [1]
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5.3 Cluster validity

The number of clusters c is an input parameter of FCM, to be provided in advance of
clustering. If the number of clusters in the data is initially unknown, a methodology
has to be chosen to �nd an optimal c based on the data. This is often carried out
using validity indices, which are functions characterising the goodness of clustering
from some point of view. In [117], the following properties of a good validity index
are suggested:

1. it has an intuitive meaning,

2. is easily computable, and

3. mathematically justi�able.

The intuitive meaning can be summarised as follows. The validity index should
capture the two most important aspects regarding the goodness of clustering: that
compact clusters are sought for, being well-separated from each other.

After the index was chosen, the optimal c is found by carrying out clustering for
a range of c values, and the one with the best validity index value is chosen. Usually
the range c = 2 . . .

√
N is investigated, as recommended by [118]. Choosing the

applied validity index is however not trivial, since a large number of these exist [119].
In [119], eighteen validity indices were tested on fourteen data sets, but none of them
was found to perform adequately on each of them. The authors of [119] note, that
choosing the appropriate c is a very hard task, and no perfect index exists, being
suitable for all data sets.

Xie-Beni index

In accordance with the guidelines for a good cluster validity index, XB [117] was
applied in the present work, being a widely used formulation capturing both com-
pactness and separation, yet remaining simple to compute and understand. The
index is de�ned in Eq. (5.16). The numerator is in relation to the error introduced
by replacing the data points with the cluster centres, quantifying the compactness of
the cluster: the smaller the error, the more compact the clusters. The denominator
contains the distance between the two closest cluster centres, quantifying cluster
separation. The higher its value, the better the separation of clusters. Based on
these, it can be seen that the minimum XB value indicates the optimal clustering,
and the optimal choice of c [64, 73]. This choice was further supported by the ap-
plication of XB in the �eld of �uid dynamics: for the detection of vortex modes in
a cylinder wake [107], and for the classi�cation of turbulent �ow patterns in [106].

XB =

∑N
i=1

∑c
j=1w

m
i,j d

2(ξi,µj)

N min
j 6=l

d2(µj,µl)
(5.16)

A drawback of XB is that it has a tendency to decrease as N increases [119],
which has to be taken into account when determining the optimal number of clusters.
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Periodic XB index

Due to the reasons mentioned above, XB was chosen to judge the validity of cluster-
ing. This was applied in [64] to establish the optimal number of clusters c using a
traditional FCM method, however, it had to be modi�ed to account for hybrid data
in order to consider the blade passage periodic source structures. XB was therefore
adapted, and the de�nition of the new validity index, termed periodic XB (XBP ) is
given in Thesis statement 2.

New scienti�c results

Thesis statement 2. The periodic XBP index can be applied to quantify the quality
of clustering, de�ned by Eq. (T2.1).

XBP =

∑N
i=1

∑c
j=1w

m
i,j d

2
A,P (ξi,µj)

N min
j 6=l

d2A,P (µj,µl)
(T2.1)

Here ξi ∈ [0, 1] are the normalised data points with i = 1 . . . N , N is the number
of data points, µj are the cluster centres, c is the number of clusters, wi,j are the
membership Values, m is the fuzzi�er, and N is the number of data points. The
periodic distance norm dA,P is given in Eq. (T2.2), where Π is the unit vector in
the periodic dimension.

dA,P = min{dA(ξi,µj −Π), dA(ξi,µj)} (T2.2)

The dA is the weighted distance metric, weighted by matrix A, for two arbitrary
points. This is given in Eq. (T2.3) for two arbitrary vectors x and y.

dA(x,y) =

√
(x− y)T A (x− y) (T2.3)

Related publications: [64,73].
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Table 5.2: Notations for Thesis statement 2

A weighting matrix [1]
c number of clusters [1]
dA weighted distance norm [1]
dA,P periodic, weighted distance norm [1]
i data point index [1]
j cluster index [1]
l cluster index [1]
m fuzzi�er [1]
N number of data points [1]
Π period o�set vector, unit vector in the periodic dimension [1]
x arbitrary variable [1]
XBP periodic Xie-Beni index [1]
y arbitrary variable [1]
w membership value [1]
µ cluster centre [1]
ξ data point [1]
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Application onto the illustrative case

With these developments, the illustrative example with the periodic windows shown
in Fig. 5.1 is revisited. Clustering was carried out for both windows A and B using
the introduced periodic fuzzy clustering method. The validity of clustering was
investigated, as well, using XBP for c = 2 and 3. In case of window A, the optimum
number of clusters was found at c = 2 by both the original and the periodic XB
indices (not shown here). Their values were equal, as well, due to the wide spacing
between the clusters. This is in agreement with the visual judgement presented
earlier, such that in case of window A, periodicity has no e�ect. In case of window
B however, the results are di�erent, as shown by the values of XBP in Fig. 5.4.
If the original XB index is considered, the optimum number of clusters was c = 3,
indicated by the lower XB value. This is due to the o�set, causing the cluster on
the left side of window A to be split into two, as mentioned earlier on an intuitive
basis. Application of the periodic index XBP avoids this problem, and the optimum
cluster number c = 2 is found, just as in the previous case. In summary, the periodic
clustering and the periodic XB index function as expected, since they are not a�ected
by the choice of the initial coordinate of the periodic dimension. This was con�rmed
by the aforementioned test case.
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Figure 5.4: XB and XBP values for window B in Fig. 5.1
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Chapter 6

Results and interpretation

The aim of this chapter is to present the results of the proposed data analysis
method. The approach is applied onto the results of the aforementioned measure-
ment campaign, obtained through ROSI beamforming of a low speed axial fan at
various rotation speeds. The identi�ed clusters are then interpreted with the use of
previous studies, and the noise generation mechanisms behind them are determined.
First, the analysis is carried out on the reference speed of Ω = 1400 revolutions per
minute, and later, the scope is extended and other speeds of revolution and radii are
investigated, as well. Furthermore, a case with a di�erent inlet geometry is studied.

6.1 Tip radius at reference speed

The results of beamforming can be seen in Fig. 3.9 at the reference speed. These
maps were created using a 6 dB dynamic range measured from the highest beamform
level. Values below that are omitted and areas are �lled with white. The maps
correspond to the third-octave bands between 2 kHz and 6.3 kHz.

It can clearly be seen that as the frequency increases, the number of details
in the maps grows, however, a basic periodicity related to the blade passages can
always be observed. The strongest sources are usually found in the vicinity of the
blades: at lower frequencies, around mid-span, while at higher frequencies, in the
tip region. The �rst may however be the result of the decreased spatial resolving
power. At 4 kHz and above, noise sources are apparent at the tip radius in the
passage between two blades. As the frequency increases, these regions change their
shape, and become more de�ned. At 5 kHz, an elongation can be observed, while
at 6.3 kHz, each source region can be seen to contain at least two, perhaps three
separate peaks. This illustrates the subjectivity in evaluating such maps, as well.
Some asymmetry is present, which may be due to measurement imperfectness, the
e�ect of the shroud, or sound directivity. To avoid these di�culties and subjective
elements in interpreting the maps, the �ltering and clustering procedure was applied
onto these maps. First, only the results on the tip radius are presented, as that part
of the rotor contains the most variation in the beamform maps.

The application of third-octave band beamforming results was guided by the aim
to compare the results with previous analyses of the same fan, in e.g. [11, 13], and
to reduce the quantity of data. This was an arbitrary choice, that may be modi�ed
in later studies to better suit the problem. However, it was deemed reasonable,
as the study focussed on the broadband noise generation mechanisms, which are
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expected to encompass a number of third octave bands. Furthermore, the reliability
of third-octave band clustering was con�rmed by carrying out a twelfth-octave band
analysis. This resulted in very similar clusters and observations to those listed here.
For the sake of brevity, these results were moved to Appendix D.

The fact that the majority of noise is of broadband nature was con�rmed by Fig.
3.8. However, that spectrum is related to noise generation by the entire rotor. To
limit the investigation onto the tip radius, a spectrum was created, containing the
maximum L values in the tip region for each frequency band. This is shown in Fig.
6.1. The tip region considered is 0.95 ≤ R ≤ 1.05. The �gure con�rms that the
noise radiated from the tip region has broadband characteristics in the investigated
frequency range.
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Figure 6.1: Maximum L values in the tip region. Frequency resolution: 43.1 Hz [64]

Processing

To illustrate the operation of the proposed method, beamforming data from the
tip radius was processed. These results were published in [64]. First, �ltering was
carried out, following the description in Chapter 4. Figure 4.1 shows the results of
�ltering on the third-octave band centred on 6300 Hz, where only the h = 1 and the
h = 3 modes were found signi�cant. At all frequencies altogether, N = 11 signi�cant
peaks were obtained after �ltering.

As explained at the end of Chapter 4, the identi�ed signi�cant peaks were treated
as data points. The task was to �nd those that originated from the same noise gen-
eration mechanism. The basis to determine this was similarity in β source location
and f emission frequency. Therefore, the data points were clustered in this plane,
by considering the periodicity of the angular dimension. The applied method was
the periodic fuzzy clustering algorithm, presented in Chapter 5, requiring the nor-
malisation of data points.
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The dimensionless angular coordinate β̂ was determined in the following way.
The β = 0 origin is placed onto the trailing edge of the preceding blade in the
direction of rotation at the tip radius, and the direction in which β increases is
opposite to the direction of rotation. For a visual interpretation, see part b) of Fig.
3.2. Then, β̂ is determined as shown in Eq. (6.1). The dimensionless frequency f̂
was determined as shown in Eq. (6.2), where fmin is the lower limit frequency of
the lowest frequency band, while fmax is the higher limit frequency of the highest
frequency band in question. In the present case, for investigation in the third-octave
bands centred on 2 kHz - 6.3 kHz, these are fmin = 2000/21/6 ≈ 1782 Hz and fmax =
6300 · 21/6 ≈ 7072 Hz, respectively. Dimensionless coordinates are applied only for
clustering. For presenting the results, the quantities are restored to dimensional
form, to keep the comparability to the source maps. Dimensionless quantities are
not shown, as the results cannot easily be generalised, since the dominant noise
frequencies depend on several parameters, see Appendix E.

β̂ =
β

2π/B
(6.1)

f̂ =
f − fmin

fmax − fmin

(6.2)

From these dimensionless coordinates, the ξi data points, here termed base
sources were constructed following Eq. (6.3). This de�nition, together with Eq.
(6.1) means that the periodic o�set vector becomes Π = [1, 0], see Eq. (5.9).

ξi =
[
β̂i, f̂i

]
(6.3)

In order to determine the parameters of the clustering method, a sensitivity
study was carried out: clusters were created using several values of the fuzzi�er m,
the number of clusters c, and the distance weight A, and the combination with the
optimum (smallest) value of XBP was chosen. To illustrate the e�ects of di�erent
weights, cluster maps were created for the case c = 3, m = 2, with varying A values,
shown in Fig. 6.2. The �gure shows the data points, the obtained cluster centres,
and the maximum membership value at each point, maxj=1...3wi,j. By observing the
�gure, the way in which the dimension weights transform the maps can be seen. In
case of the a) sub�gure, for A = 0.1, the decreased in�uence of the f dimension is
apparent, in agreement with Eq. (5.7). Due to this, intra-cluster distances are dom-
inated by the angular di�erences, therefore the clusters become vertically elongated.
In sub�gure c), with A = 1.9, the opposite is observed, as higher weight is given to
the frequency dimension, forcing the clusters to become elongated horizontally. In
sub�gure b), with A = 1.0, this e�ect is not observed, as equal weights are given to
the two dimensions. With the present arrangement, this results in almost circular
clusters. However, with di�erent normalisation procedures regarding the frequency
axis, this may be modi�ed, as well. Nevertheless, the approximately circular clusters
express the equal importance of the two dimensions in the present data set.

The results of the study to determine the optimum c are shown in Fig. 6.3. Note
that in [64] an optimum of m = 2 and c = 3 was determined for clustering without
taking periodicity into account. These results have shown very little dependence on
the value of m, therefore only three di�erent values of the fuzzi�er are shown here.
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Figure 6.2: Cluster maps for various A values with c = 3 and m = 2. a) A = 0.1.
b) A = 1.0. c) A = 1.9. [73]
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Figure 6.3: XBP as a function of c and A at various m values. a) m = 1.4 b) m = 2.0
c) m = 2.2. ♦ : A = 0.1, 5 : A = 0.4, + : A = 0.7, ∗: A = 1.0, 4 : A = 1.3,
� : A = 1.6, × : A = 1.9. [73]

Based on Fig. 6.3, the optimum values of m, c and A can be determined as
follows. It can be seen that the diagrams are fairly similar, meaning that the di�erent
m values again did not signi�cantly modify the partition. The lowest XBP is found
at A = 0.1 at c = 5 for the two highest m values, with a similar one for m = 1.4.
This however should not be taken as the optimal one, as c = 5 signi�cantly exceeds
the maximum cluster number

√
N suggested in [118]. Furthermore, the minimum

of c = 5 at A = 0.1 can be attributed to the reported behaviour of the XB index,
namely that it has a decreasing tendency for increasing c values [117]. Besides these,
a clear trend is observed: regardless of m and A, most remaining XBP values have
minima at c = 3. This cluster number satis�es the criterion c <

√
11, therefore

it is accepted. Since this result stands for all intermediate A values, regardless
of m, the remaining parameters are chosen as follows. A = 1 is set, similarly to
the �rst study [64]. For the fuzzi�er, m = 2 is chosen for this case study, being
proposed in the original FCM paper [90], and often applied in the lack of further
information [118]. In later investigations, the value of A is proposed to be con�ned
into the range 0.5 ≤ 1.5, as it can be seen that values smaller and larger than that
can alter the results of the analysis.

Following these considerations, the clustering is carried out with the determined
parameters. Figure 6.4 shows the results of clustering when periodicity is a) taken
into account, and b) is not taken into account. As mentioned before, the �gures
show dimensioned variables β and f for the sake of easier interpretation.

The �gures show the N = 11 base sources, the cluster centres, and the w maxi-
mum membership value at each location. One can see that the two maps are very
similar to each other. This is however only due to the fortunate arrangement of the
clusters with respect to the β = 0 coordinate, as part a) of the �gure could have
been signi�cantly modi�ed if there was a cluster in the vicinity of the limits in the
angular dimension. The clustering on the right is however free from such problems,
as it considers the periodicity of the angular dimension due to the repeating blade
passages. Indeed, the periodicity is visible on the contour lines of w on the left and
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hub hub

Figure 6.4: Result of clustering at the tip radius with c = 3. a) Original FCM
method. b) Periodic FCM method. LE: leading edge, TE: trailing edge. [73]

right extrema.
As suggested by the XBP analysis, three clusters were sought for. These are

numbered for easier reference, see Fig. 6.4. The clusters are fairly well separated
from each other. The base source at f = 4kHz has a maximum membership value
w ≈ 0.55, while all other base sources have w > 0.7. This indicates a high ro-
bustness of the result. This was proved in a sensitivity study as well, when the
data points were perturbed by a value inside their uncertainty range, however the
cluster centres did not change signi�cantly. The uncertainties of the angular and
frequency dimension are 2.5◦ and 21.5 Hz, respectively. These were determined from
the uncertainty of the optical angular revolution probe, and the discrete frequency
resolution of the fast Fourier transform for obtaining the spectra. It has been ob-
served that varying the value of m results in a scatter of the localised cluster centres
(not presented herein) exceeding the aforementioned uncertainty ranges of β and f .
Therefore, the analysis of m-sensitivity of locating the cluster centres is considered
as an implicit representation of the base source error propagation analysis. As it
has been concluded, the variance of m does not a�ect establishing the optimum
number of clusters. An additional note is that the uncertainty of β and f , implicitly
represented by varying m, does not a�ect establishing the optimal c, either.

The e�cacy of the combined �ltering and clustering method based on the Fourier
decomposition can be judged as follows. From each investigated discrete frequency
bin, the location of the L-distribution maximum was collected, and compressed
into one blade passage. These points are shown in Fig. 6.5. These points can be
compared to the results after third-octave band �ltering, shown in part b) of Fig.
6.4 by crosses.

Comparing Fig. 6.5 to Fig. 6.4, the following conclusions can be drawn. The
third-octave band peaks represent the narrowband maxima well, as they have similar
angular positions. The identi�ed clusters 1 and 2 are also in agreement with the
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Figure 6.5: Source map maxima at each discrete Fourier frequency band, compressed
into one blade passage [64]

maximum locations, as most narrowband maxima fall into these peaks, with only
a handful of them being localised elsewhere. No narrowband maximum falls into
the area of Cluster 3, though. This means that there are no narrowband maxima
in that region, and the identi�cation of Cluster 3 is impossible by looking only at
the maxima. It can only be found with the Fourier decomposition process, or by
considering local maxima as well.

Interpretation

In order to gain insight into the noise generation mechanisms, it is important to in-
terpret the clusters, and assign them to the suspected noise generation mechanisms.
This was carried out based on works reporting CFD and beamforming studies of
the same fan, such as [11,13�15,55]. Furthermore, empirical formulae regarding the
frequency-dependent intensity of di�erent noise sources, reported in [12], were also
applied. After the authors, this is referred to as the Brooks-Pope-Marcolini model
(BPM), being summarised in Appendix E.

In references [11, 13, 55], the identi�cation of the noise sources was carried out
for the same fan on an intuitive basis. The present evaluation takes the bene�ts of
algorithmic localisation. It incorporates a systematic and comprehensive review of
all noise sources possibly occurring in the same fan in the tip region. The interpre-
tation is based on a quantitative comparison between characteristics derived from
the measurements as well as those estimated from the semi-empirical aeroacoustic
models established in reference [12]. The quantitative comparison is combined with
a concerted analysis of the spectra (Figs. 3.8 and 6.1) and the cluster map (Fig.
6.4). Furthermore, the present discussion is supported by literature references, serv-
ing as basis for evaluating the observed qualitative trends. For the quantitative
comparison, the geometrical and aerodynamic data of the tip section, summarised
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in Table 3.1, have been taken as basis.
Based on the aerodynamic data in Table 3.1, the characteristic frequencies of

the noise sources were determined based on their models in Appendix E, taken
from [12]. The results are summarised in Table 6.1. This contains the estimated
Stpeak Strouhal numbers related to the peak intensity associated with the various
sources. The Strouhal number de�nitions incorporate various length scales and
velocities for the various sources [12], which are also shown in Appendix E. These
peak St numbers were used to calculate the fpeak frequencies related to the peak
source SPL values, shown in Table 6.1.

Table 6.1: Model-based data

Aeroacoustic noise source Stpeak [−] fpeak [kHz] Cluster
Pro�le vortex-shedding 0.18 4.0 �
TBL � TE interaction 0.10 1.8 1
Tip leakage �ow 0.50 6.2 2, 3
Blunt TE vortex-shedding 0.15 3.5 �

Using the results of the FCM method, the frequency of each cluster centre has
also been determined, shown in Table 6.2. Within each cluster, fpeak has been
established as the middle frequency of the third-octave band of highest calculated
peak intensity. This was done in order to conform to the third-octave band frequency
resolution of the input data.

Table 6.2: Cluster peak frequencies at R = 1 for Ω = 1400 1/min

Cluster fpeak [kHz]
1 2.0
2 5.0
3 5.0

In what follows, the possible dominance of the various noise sources will sys-
tematically be discussed. As summary of the following discussion, the clusters are
assigned to the relevant noise sources in the last column of Table 6.1. These results
are in agreement with the conclusions drawn on an intuitive basis, by consulting
CFD studies, in [11,13,14].

1. Near-leading-edge turbulence ingestion noise. As references [120,121] suggest,
such noise occurs if the upstream turbulence impinges on the blade in the
vicinity of the leading edge. Upstream turbulence is generated e.g. by means
of a protection grille installed in front of the rotor. In the present case, free
inlet was provided to the rotor, i.e. no upstream turbulence was generated.
On this basis, the occurrence of near-leading-edge turbulence ingestion noise
is excluded in the present measurement case.

2. Turbulent boundary layer noise. The D = 0.4 value in Table 3.1 [15] indicates
moderate load for the blading under present investigation [56,122]. For moder-
ately loaded blades, reference [50] concludes that noise generated on the blade
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surface due to boundary layer turbulence becomes less signi�cant, and noise
occurring near the trailing edge (TE) dominates. This view is in accordance
with reference [122] stating that the turbulent boundary layer noise is usually
less signi�cant than the turbulent-boundary-layer � trailing-edge (TBL-TE)
interaction noise. Fig. 6.4 suggests that the majority of the base sources are
located outside of the region of the blade chord, along which the boundary
layer develops. Therefore, the dominance of turbulent boundary layer noise is
excluded for the presented case.

3. Separated �ow noise. D < 0.7 indicates moderate blade load, i.e. stall-free op-
eration [56,122]. Therefore, the occurrence of separated �ow noise is excluded
in this case study.

4. Pro�le vortex-shedding noise. Pro�le vortex shedding noise is termed laminar-
boundary-layer � vortex-shedding noise in [12]. As illustrated in [122,123], the
signature of such noise appears as a remarkable peak in the spectra. Its peak
frequency can be obtained by following Eqs. (E.12) - (E.13). In the present
case, for Re = 2 × 105, and α = 2◦, the peak Strouhal number is about 0.18,
corresponding to a peak frequency of fpeak ≈ 4 kHz. This model-based value is
not in particular agreement with any of the peaks in Table. 6.2, furthermore,
no signi�cant peaks can be observed in the vicinity of this frequency either
in Fig. 3.8 or 6.1, therefore pro�le vortex-shedding noise is considered as of
minor importance in this case study.

5. TBL � TE interaction noise. In case of the TBL-TE noise source, two Strouhal
numbers are de�ned in Eqs. (E.8) - (E.9), taken from [12]. In the present
case, as α is low, Eq. (E.9) is to be used. With the parameters given in Table
3.1, the resulting peak Strouhal number Stpeak = St1 ≈ 0.10, leading to a
model-based peak frequency of fpeak = 1.8 kHz, as shown in Table 6.1. This
value is comparable to the measurement-based fpeak = 2.0 kHz data related to
Cluster 1. The relation is further supported by the fact that 2.0 kHz is a lower
limit in the middle frequency of the third-octaves in the present evaluation of
beamforming results, therefore the method is not capable of providing cluster
frequencies lower than 2.0 kHz with the present settings. In the range of 1
to 4 kHz, the SPL spectrum in Fig. 3.8 is in qualitative agreement with the
trends shown in [12, 121, 122] for turbulent boundary layer � TE interaction
noise: a plateau-like range (with apparent local peaks) at lower frequencies,
exhibiting a moderate, gradually increasing slope toward higher frequencies.
In the cluster map in Fig. 6.4, the centre of Cluster 1 locates between the
TE of the preceding blade and the leading edge of the adjacent blade. It is
to be considered that the occurrence of near-leading-edge turbulence ingestion
noise has formerly been excluded. Therefore, Cluster 1 is to be assigned to
the vicinity of the TE of the preceding blade. The arguments above support
the view that Cluster 1 represents the turbulent-boundary-layer � trailing-edge
interaction noise generated by the preceding blade.

6. Tip leakage �ow noise. The peak frequency of the noise due to tip leakage �ow
is determined using Eq. (E.15), based on [12]. This should be considered a
rough estimate, as the BPM model considers a free-standing airfoil. However,
the author has no knowledge of a model better suited for the problem of tip
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leakage noise in a short duct. Therefore, the BPM model was applied. For the
tip leakage noise source, the peak Strouhal number is 0.5 by de�nition. STIP,
the spanwise extent of the tip vortex was calculated using Eq. (E.16), where
αtip = α was assumed for the tip region angle of attack. The used model is
that of a rounded trailing edge, which is suitable in the present case. The
maximum velocity, vmax was calculated using (E.17). The resulting frequency
was fpeak ≈ 6.2 kHz, shown in Table 6.1, being in good agreement with the
measurement-based fpeak = 5.0 kHz data related to Cluster 2. This is in
accordance with the view in references [12, 62] that tip leakage �ow noise is a
high-frequency broadband noise. At 5 kHz, a break (starting point of a �hump�)
is slightly visible in the L spectrum (Fig. 6.1). Such qualitative feature also
appears as a signature of tip leakage �ow noise in [12,124]. Similarly to Cluster
1, Cluster 2 is also located in the vicinity of the TE of the preceding blade, as
indicated by the cluster map in Fig. 6.4. Based on [12, 121, 125], some part
of the tip leakage �ow noise can be interpreted as speci�c, concentrated TE
noise sources. These arguments support the view that Cluster 2 represents
the tip leakage �ow noise generated by the preceding blade. In addition to
the TBL-TE interaction noise � represented by Cluster 1 �, the tip leakage
�ow noise � represented by Cluster 2 � is also related, at least partly, to
the TE [12, 121, 125]. The two noise mechanisms are linearly superimposed
[12]. Consequently, Clusters 1 and 2 overlap both spatially as well as in the
frequency domain. The cluster map in Fig. 6.4 shows that the centre of Cluster
2 locates at an angular position being approximately identical to that of the
centre of Cluster 1. Furthermore, the base source at 4 kHz is nearly equally
assigned to both clusters.

For Cluster 3, the related fpeak = 5.0 kHz agrees well with the measurement-
based data for Cluster 2, as well as with the model-based data for the tip
leakage �ow noise. This suggests that Cluster 3 represents a variety of tip
leakage �ow noise. However, its peculiarity is that its centre locates within
the tip clearance region of the adjacent blade, i.e. downstream of the blade to
which Cluster 2 has been assigned. The experimental and computational �uid
dynamics studies in [11,13,14] support that the source related to Cluster 3 adds
to the list of traditionally known noise classes presented in the Introduction.
Cluster 3 represents the double leakage �ow noise. Double-leakage occurs by
such means that the tip leakage �ow, associated with Cluster 2, reaches the
pressure side at the tip region of the adjacent blade, and leaks across again
[126].

It should be noted that in the present investigation, no higher third octave
bands were analysed, therefore the maximum theoretical cluster frequency of
6.3 kHz. In practice, this has to be lower, as the w membership values of lower
frequency peaks force the cluster centre to move toward lower f values. In such
a case, a possible explanation for the model-based frequency being higher than
the measurement-based one lies in the choice of the analysed frequency bands.

7. Blunt TE vortex-shedding noise. As suggested by [121], the signature of such
noise is a remarkable peak in the SPL spectrum. This was determined using
Eq. (E.19), based on [12]. In [12], the average BL thickness δavg is to be
used, being the arithmetic mean of the thicknesses on the pressure and the
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suction sides, however, as here the measurements were made from the direction
of the suction side, the suction side thickness was considered. Ψ is the solid
angle between the sloping surfaces upstream of the trailing edge. Since here
a �at plate is considered, this was set to Ψ = 0. These parameters result in
a Stpeak = 0.15, leading to a fpeak = 3.5 kHz value, as shown in Table 6.1.
However, neither the SPL (Fig. 3.8) nor the L spectrum (Fig. 6.1) shows any
outstanding peak near this frequency. Therefore, blunt TE vortex-shedding
noise is regarded as of minor importance in this case study.

To summarise the results, Cluster 1 represents the turbulent-boundary-layer �
trailing-edge interaction noise, Cluster 2 represents the noise due to tip leakage �ow,
while Cluster 3 represents the double leakage �ow noise.

6.2 Other radii at 1400 RPM

After the clusters were determined and the sound sources determined at the tip
radius, it was considered important to investigate L distributions at other radii, as
well. The reasons for this were as follows. First, other radii can be used to judge
the reliability of the method, as closer to the hub, the e�ects of the tip gap �ow
are expected to be reduced. Second, at about mid-span, signi�cant features were
rarely found in the maps, as these regions were often below the analysis dynamic
range, as seen in Fig. 3.9. Analysing these regions with the presented method may
uncover new information, otherwise hidden by the low dynamic range. Therefore,
investigations were carried out at the dimensionless radii R = 0.3, 0.4, ... 1.0. Out
of these, R = 0.4, 0.6, 0.8, and 1.0 were selected for detailed investigation herein
in order to reduce the number of maps to an amount that can easier be compared.
For comparison, it is mentioned again that the hub-to-tip ratio of the fan is 0.3.
This study was reported in [73]. It should be noted that the tip radius, treated in
the previous part, corresponds to R = 1. However, the data set in the previous
section was taken from a di�erent measurement, than the present one with variable
R. Therefore, this analysis o�ers the possibility to learn about the repeatability and
reliability of the method, as at R = 1, the results of two di�erent measurements can
be compared.

Processing

The aforementioned procedure was carried out for all four selected circumferential
distributions. The Fourier-based �ltering procedure was carried out for each of these
radii. At R = 0.4, no base sources were found, meaning that no signi�cant blade-
passage periodic sources exist. This can be attributed to the vicinity of the hub at
R = 0.3 and the shortness of the circumferential path relative to the resolution of
beamforming. Due to the lack of base sources, this distribution was omitted from
further investigations. At each higher R, some base sources were identi�ed. At
R = 0.6, 0.8 and 1.0, their number was N = 5, 7 and 11, respectively. This is in
agreement with the visual observation of Fig. 3.9, in which blade passage periodic
patterns are most spectacular around the tip radius, R = 1.0.

Due to the small number of data points at lower radii, only c = 2 clusters
were considered meaningful, following the recommendation regarding c <

√
N [118].
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Therefore the XBP index was not applied, and for these angles, maps with c = 2
clusters are shown in Fig. 6.6. This is due to the fact that FCM is unable to handle
cases when only one cluster is present.

0.4 0.6 0.8 1

a) b) c)

rotation

R=0.6 R=0.8
R=1

tip

hub

111

2 2

2 3

Figure 6.6: Cluster maps. +: data points, ♦: cluster centres. a) R = 0.6, b)
R = 0.8, c) R = 1.0. β = 0 indicates the location of the trailing edge of the
preceding blade at R = 1.0. The shaded areas indicate the fan blades, which are
not to scale, however, the lines showing the trailing and leading edges are placed
according to their physical positions. w indicates the maximum membership value
at each point. Cluster 1: turbulent-boundary-layer � trailing-edge interaction noise.
Cluster 2: Tip leakage �ow noise. Cluster 3: double leakage �ow noise.

Interpretation

Calculations based on the BPM model were carried out here, as well, however, the
frequencies of the tip leakage and double leakage noise were not determined, as
these occur at the tip, and depend only on tip parameters. Therefore the TBL-TE
interaction noise was considered important and was dealt with. Its peak frequency,
based on Eqs. (E.14) - (E.17) from [12] depend on the parameters summarised in
Table 3.2. The calculated peak frequencies are shown in Table 6.3.

Table 6.3: Model-based TBL-TE peak frequencies for various R at reference Ω

Property R=0.4 R=0.6 R=0.8 R=1.0
St1 [1] 0.16 0.13 0.11 0.10
TBL-TE fpeak [kHz] 1.7 1.3 1.4 1.8

Of the clusters shown in part c) of Fig. 6.6, Cluster 1 was connected to the
noise of the TBL-TE interaction, Cluster 2 to tip leakage �ow, while Cluster 3 to
double leakage �ow noise. By comparing the cluster maps, one can see that even
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though only two clusters could be identi�ed in parts a) and b), these are in fairly
good agreement with two of the clusters from part c).

Namely, Cluster 1 shows a remarkable agreement over the three maps. In each
case, this cluster is located just downstream of the trailing edge, following the blade
skew. This is in agreement with the fact that TBL-TE interaction noise is present
at each radial position of the blade. Its frequencies in the three maps are fairly
similar, as well, being between 2.5 and 3.5 kHz. It assumes the lowest frequency
at R = 1.0, and has similar fpeak values at lower R. This trend is in contrast with
the predictions of the BPM model, shown in Table 6.3, where a radially outward in-
creasing frequency is observed for R = 0.6, 0.8, and 1.0. Furthermore, the frequency
values di�er, as well, with the best agreement being found at R = 1.0. The possible
reason for this discrepancy between the trends and the di�erence in frequencies is
due to the limited spatial resolution. As mentioned earlier, the lowest third-octave
band of 2 kHz was chosen since below that, no signi�cant spatial variation in the
beamform maps could be found. This however limits the possible cluster centre fre-
quencies, as well, to a theoretical minimum of 2 kHz. This could be achieved when
a cluster almost exclusively consisted of the lowest frequency base source, therefore
in practical cases, signi�cantly higher cluster frequencies are expected. Therefore,
the frequencies predicted using [12] shown in Table 6.3 are not achievable by the
clustering method.

The increasing frequency towards the hub can similarly be attributed to spatial
resolution limits. As R decreases, so does the circumference at that radius, therefore
the resolution compared to the curve length of a blade channel deteriorates. This
can be seen in Fig. 6.6 as well, where the base sources related to Cluster 1 have
similar angular locations. However, as R decreases, the lowest frequency cluster at
2 kHz disappears in the �ltering process, due to the weak resolution. This causes
the cluster centre to assume a higher f , even though the peak frequency of the noise
source is expected to decrease based on the BPM model.

Cluster 2 is also quite reliably identi�ed by the method, being between the
trailing and leading edges. Its frequency is fairly constant, as well, being between
5 and 6 kHz. Here, no comparison is made to the BPM model, as the tip leakage
noise is only generated at R = 1.0, as described earlier. In this view, the appearance
of Cluster 2 at lower radii is considered an e�ect of the large spatial extent of the
leakage �ow noise, which is apparently still observable at R = 0.6. However, at these
lower radii, the number of sources inside Cluster 2 is reduced. Two possible reasons
can be considered for that. First, the decrease in the amplitude of the tip leakage
�ow noise, as the analysis moves further away from the tip. Second, the reduced
resolution, as mentioned earlier, prevents the �ltering technique from identifying
those harmonic peaks that could de�ne the cluster better. The same reasons give
a physical interpretation the complete disappearance of Cluster 3 from Fig. 6.6, as
well.

To provide further information relating to the maps at di�erent radii, cluster
amplitudes σ were introduced. The cluster amplitude σi represents the strength
of the source attributed to the i−th cluster. This is calculated as shown in Eq.
(6.4), using the base source amplitudes obtained from the Fourier expansion of
the circumferential beamforming level distributions. As the aim is to qualitatively
compare the maps and not to quantify them, the exact values of cluster amplitudes
are not reported, only their relation to each other, therefore the aj values are used
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in a dimensionless form. Cluster amplitudes were determined separately for each
cluster and each radius.

σi =
N∑
j=1

wi,j aj (6.4)

The amplitude of Cluster 1, σ1 was found to increase monotonically with increasing
radii: at R = 0.6, it reached 27% of the amplitude at the tip radius, while at
R = 0.8, this value was 62%. This may be connected to the spanwise increase of
circumferential velocity and �ow velocity. Therefore, the sets of Cluster 1 match the
spanwise changes in trailing edge geometry and in �ow conditions.

The interpretation regarding Cluster 2 given earlier is supported by the fact that
the σ amplitude of this cluster decreases monotonically towards the hub: at R = 0.8,
54% of the amplitude at the tip was found, while at R = 0.6, it was about 19%. The
limit in spatial resolution causes a variance in the angular position of Clusters 2,
as well. This appearance of leakage noise at lower radii is attributed to the limited
spatial resolution of the beamforming technique.

Near-leading-edge turbulence ingestion noise, turbulent boundary layer noise,
and separated �ow noise can be neglected, similarly to the case of the tip radius.
The reasons are the lack of turbulence generators upstream the fan, and a 0.35 ≤
D ≤ 0.55 di�usion factor value at each radius, shown in Fig. 3.5 [15]. With regards
to pro�le vortex shedding noise, this is expected to show a signi�cant peak, which
was not found in the spectrum at this angular velocity, as shown earlier in Figs. 3.8
and 6.1.

In summary, three clusters were localised in the rotor annulus. These are in good
agreement with those found earlier, representing turbulent boundary layer � trailing
edge interaction, tip leakage, and double leakage noise. The clusters at the di�erent
radii are physically related, are found at similar frequencies, and mostly follow the
shape of the skewed trailing edge. The frequencies of the TBL-TE noise di�er from
those predicted by the BPM model, but this discrepancy can be explained through
the limited analysis frequency range, and the spatial resolution.

6.3 Other angular velocities

The same methodology was carried out on measurements where the speed of rotation
was varied. Here, four cases were investigated: Ω = 700, 900, 1175, and 1400
1/min. In each case, the data at the tip radius was exclusively analysed, since
the aim of these investigations is to illustrate the applicability, robustness, and
reproducibility of the method in further cases. Furthermore, lowering the angular
velocity is expected to reduce noise frequencies � this assumption will be veri�ed,
as well. The beamforming maps for these angular velocities are shown in Figs. F.1
- F.4 in Appendix F.

Processing

As mentioned, data at R=1 was extracted. After �ltering, the number of obtained
signi�cant peaks was 8, 15, 8, and 8, respectively, for Ω=700, 900, 1175, and 1400
1/min. It should be noted that the previous results at the reference case, R = 1
and Ω=1400 1/min were taken from a di�erent measurement. There, N = 11
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data points were obtained, while in this measurement campaign, only 8 for the
corresponding case. This may be a result of slight di�erences in the measurement
setup or uncertainties, however, it will be shown that the resulting cluster maps are
very similar in the matching cases, which shows the robustness of the approach, as
clustering is able to overcome some variations in the input data.

Two observations should be made. First, for Ω = 700 1/min, due to the low
acoustic emission at such low velocities, the signal-to-noise ratio was substantially
reduced [15]. This caused tonal peaks to appear above 3 kHz, which were however
attributed to the variable frequency drive [15]. At higher Ω, these were not seen.
Second, at Ω=1175 1/min, the �ltered data points seem shifted by roughly 25◦

towards the preceding blade. Such a large di�erence was not observed when looking
at the source maps, however, this measurement was carried out at a di�erent time
than the others, therefore it is possible that there might be a mismatch in some
settings that account for this e�ect.

Returning to the measurements with varied Ω, the clustering was carried out
with the following settings. The values of m = 2 and A = 1 were accepted based
on the sensitivity study of the reference case. With these parameters, the clustering
was carried out in the range c = 2...5 to determine the optimum cluster number. For
each Ω, this was found at c = 3, therefore, this was applied. This is in agreement
with previous results related to the three identi�ed noise source mechanisms. The
cluster maps are shown in Fig. 6.7. It can be concluded that the clusters are
quite similar to each other, and to the reference case, regardless of the previously
mentioned uncertainties and di�erences. That is with the exception of the map
at Ω = 1175 1/min, where the previously indicated di�erence of about 25◦ can be
observed.

Interpretation

The interpretation of the obtained cluster maps was carried out as previously. Aero-
dynamic data necessary for the calculation of TBL-TE interaction, tip leakage, and
double leakage noise peak frequencies, according to the BPM models, has been col-
lected in Table 6.4. Based on that, and the models in Appendix E, peak frequencies
were computed for di�erent Ω values in Table 6.4. The peak frequency of tip leakage
noise is directly proportional to the angular velocity, according to the BPM mod-
els, while the frequency of the TBL-TE interaction noise shows a slower, but still
increasing, trend.

Table 6.4: Peak frequencies at the tip radius at various angular velocities according
to the BPM model

Ω [1/min] 700 950 1175 1400
St1 [1] 0.15 0.12 0.11 0.10
TBL-TE fpeak [kHz] 1.3 1.4 1.7 1.8
Tip leakage fpeak [kHz] 3.1 4.2 5.1 6.2

The cluster frequencies are shown in Table 6.5. In case of Cluster 1, a slowly
increasing trend can be observed. This is an expected phenomenon, that for in-
creasing velocities, the frequency of a sound source would increase, which has been
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Figure 6.7: Cluster maps. +: data points, ♦: cluster centres. a) 700 1/min, b) 900
1/min, c) 1175 1/min, d) 1400 1/min
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captured by the clustering result, as well. The frequency values are not in agreement
with those predicted by the BPM model, shown in Table 6.4, however, this could
be attributed to the limited frequency range investigated in the present study. Due
to the low resolution, maps below the 2 kHz third-octave band were not analysed,
therefore the method is not able to create cluster centres below that frequency in
the present case study.

Table 6.5: Cluster peak frequencies at R = 1 for various Ω values

fpeak [kHz]
Cluster no. 700 RPM 900 RPM 1175 RPM 1400 RPM
1 2.9 2.9 3.1 3.2
2 4.6 5.8 5.3 5.7
3 4.5 5.9 5.7 5.7

In case of Clusters 2 and 3, connected to leakage and double leakage �ow noise,
respectively, another trend can be observed. At Ω = 700 1/min, low frequencies
are obtained, while for all the higher Ω values, these stabilise around 5.8 kHz. This
tendency di�ers from the expected results based on the BPM model, shown in Table
6.4, where a directly proportional relationship between fpeak and Ω is predicted
for tip leakage �ow noise. It should be noted however, that the BPM model for
tip vortex noise was formulated for a free-standing airfoil, does not consider the
properties of the gap between the rotor and the duct, and therefore, its results may
not be quantitatively correct.

6.4 Measurements with an inlet cone

Application of an inlet cone was proposed as means of reducing the leakage �ow
noise [15]. In this setup, the inlet cone has a circular cross section, whose radius is
75 mm, corresponding to half of the tip radius. Here only the reference case of 1400
RPM is investigated at the tip radius. The aim of this part is to investigate whether
the method is capable of identifying the reduced tip leakage �ow.

Processing

After �ltering, the number of obtained signi�cant peaks was 10 at R = 1, meaning
that the maximum number of clusters to be investigated is 3. From previous results,
A = 1 and m = 2 parameters were accepted. Then, after a validity study, c = 3
was found optimal according to the XBP index. The corresponding cluster map is
shown in Fig. 6.8.

Interpretation

It can be seen in Fig. 6.8, that the three clusters are positioned in a similar manner
as in the previous maps, however, they seem shifted compared to those in e.g. Fig.
6.4. This shift can however also be observed in the original beamforming maps,
published in [15], therefore they are attributed to the e�ect of the inlet cone. The
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Figure 6.8: Cluster map from data with inlet cone. +: data points, ♦: cluster
centres.

fact that 3 clusters were identi�ed suggests that the inlet cone may reduce the
strength of the tip leakage �ow, however, it still remained strong enough to be
localised by the �ltering process. To investigate the change in strength, the clusters
magnitudes are compared between the reference case with no inlet cone, and the
present results. This was carried out following Eq. (6.4). The results show that
the amplitude of cluster 1, σ1 is only about 11% greater with the rounded inlet
bell mouth than without, indicating no signi�cant change. For the second cluster
though, σ2 is reduced to 8% of its value, when the inlet bell mouth is applied, and a
reduction to about 59% is found in case of cluster 3. These seem to indicate that the
noise sources related to leakage �ow are indeed reduced, when the inlet bell mouth
is applied, as described in [15], while having little in�uence on the noise generated
by the turbulent boundary layer at the TE.

In the present work, the whole analysis procedure, i.e. �ltering and clustering
were carried out using the data calculated from beamforming maps, determined in
a quantity proportional to sound pressure. This was done in order to employ the
primary, directly measured quantity for the basis of processing. In other cases, when
source strengths are sought for, beamforming results scaled as sound intensity may
be of interest, being proportional to the square of pressure. By integrating them,
source power can be obtained [29, 74]. Therefore, this is also a viable approach,
which might be of interest. Appendix B shows however that the proposed analysis
procedure provides similar results in both cases, i.e. pressure and intensity based
data. The similarity of the cluster maps in Figs. B.1 and B.2 con�rms this, as only a
few data points di�er between the maps, and the clustering procedure is still able to
provide reliable results, overcoming these small changes, indicating the robustness
of the approach.
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6.5 New scienti�c results

The following thesis statement summarises the application of the �ltering and clus-
tering method for the analysis of turbomachinery beamform maps.

Thesis statement 3 Method for analysing turbomachinery beamform maps.
Broadband aeroacoustic noise sources can be identi�ed in beamforming maps of

an axial fan taken in a co-rotating frame at a given radius, using the following
approach.

1. For each investigated frequency band f , the quantity p analogous to dimension-
less sound pressure is extracted along a path described by the circumferential
angle ϕ: p(ϕ, f) = 10L(ϕ,f)/20 at the selected radius, where L is the beamform
level [dB].

2. A spatial Fourier transform is applied onto each p(ϕ, f) circular distribution.
The obtained modes are �ltered using a signi�cance criterion: only modes
whose amplitude is larger than a previously de�ned l limit are retained.

3. Out of the retained modes, data points are assembled, being [β, f ] points, where
β is the angular location of the maximum, calculated from the phase. These
data points are interpreted as signi�cant sound sources. Their coordinates are
normalised in the frequency and in the angular dimension.

4. Periodic fuzzy c-means clustering is applied onto the data set, and clusters
with the optimum cluster number c are determined.

5. The resulting clusters represent the dominant noise sources.

Related publications: [64,72,73,127�129].

Table 6.6: Notations for Thesis statement 3

f frequency [Hz]
l amplitude limit in �ltering [1]
L beamforming level [dB]
p dimensionless sound pressure-like quantity [1]
β angular position [rad]
ϕ circumferential angle [rad]
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The approach contains some parameters, which are to be chosen in a systematic
manner, to avoid introducing subjective elements into the procedure. The next
thesis statement describes the manner in which these parameter values are to be
determined.

Thesis statement 4 A method to determine the parameters of the analysis proce-
dure.

The necessary parameters for the periodic fuzzy c-means clustering can deter-
mined in an objective manner in the following way.

1. The largest amplitude with a fractional harmonic wave number h = n/B is
set as signi�cance criterion for �ltering Fourier modes. Here n is the mode
number of the spatial Fourier expansion, while B is the number of fan blades.

2. Angular coordinates of the data points are to be normalised by the blade spac-
ing, 2π/B.

3. Frequency coordinates of the data points are to be normalised using Eq. (T4.1).

4. The fuzzi�er and the dimension weights are to be investigated in a sensitivity
study regarding the periodic Xie-Beni index XBP , and the optimal number of
clusters is to be determined.

5. The number of clusters is to be investigated in the range 2 ≤ c ≤
√
N .

6. The e�ect of the fuzzi�er m is to be investigated for 1.4 ≤ m ≤ 2.2. The
range of m, where changing m does not a�ect the optimum c � as shown by
the minimum of XBP � is to be identi�ed, and the midpoint of that range is
to be chosen. If the range includes m = 2, or no such range is found, m = 2
is to be chosen.

7. The e�ect of the dimension weight is to be investigated in the range 0.5 ≤ A ≤
1.5. The range of A, where changing A does not a�ect the optimum c � as
shown by the minimum of XBP � is to be identi�ed, and the midpoint of that
range is to be chosen. If the range includes A = 1, or no such range is found,
A = 1 is to be chosen.

8. The c value, where XBP reaches is minimum with the previously determined
m and A values is to be chosen.

f̂ =
f − fmin

fmax − fmin

(T4.1)

Related publications: [64,72,73].
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Table 6.7: Notations for Thesis statement 4

A dimension weight [1]
B number of fan blades [1]
c number of clusters [1]
f frequency [Hz]
fmax upper limit frequency of the highest frequency band [Hz]
fmin lower limit frequency of the lowest frequency band [Hz]
f̂ dimensionless frequency [1]
h harmonic wave number [1]
m fuzzi�er [1]
n mode number [1]
N number of data points [1]
XBP periodic Xie-Beni index [1]
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Chapter 7

Summary

A beamforming measurement campaign was carried out in order to localise noise
sources on an axial fan. The resulting maps contained large amounts of information,
however, interpreting the beamforming maps was made di�cult by the appearance
of PSFs. Furthermore, maps were constructed for six third-octave bands, which
should be analysed and interpreted visually in a concerted manner. This presents
a di�culty, that becomes even more pronounced, when a �ner frequency resolution,
e.g. twelfth octave band, is applied. Through the visual analysis, subjective elements
may be incorporated into the result, making the conclusions irreproducible.

To overcome these drawbacks, an algorithmic data extraction, reduction, and
identi�cation procedure was proposed in this work. The method focusses on the
noise sources in case of a blade-passage-periodic fan, meaning that all blades are
assumed identical, and the in�ow conditions are assumed rotationally symmetric, as
well. Following that, the circular symmetry of the sound source �eld is postulated,
and the periodicity of the acoustic features is enforced. Thus, Fourier transformation
is applied onto circumferential data extracted from the beamform maps at selected
radii of the fan, through which, a circular wavenumber spectrum is obtained. Thus,
the source distribution is represented as a sum of harmonic functions. This is then
�ltered, to keep only those, that are in agreement with the blade passage periodicity.
Through this approach, only those modes are kept, that have an integer number of
periods per blade passage. This way contributions from non-periodic phenomena,
such as PSFs, local �ow irregularities, blade imperfections, etc., termed perturba-
tions, are reduced. The limit of �ltering is chosen as the amplitude of the strongest
perturbation mode. The remaining signi�cant modes are assembled, and their peak
angular location and frequency are stored. Through this procedure, data points
� termed base sources � are obtained, lying in the [β, f ] plane, characterising the
source distributions in a sparse way. The next task is to �nd those base sources
that belong together, and are results of the same source mechanism. This is done
by applying FCM, modi�ed to take the periodicity of the blade passages into ac-
count. The reason for that is the following. First, aeroacoustic sources are sought
for, meaning that the sources are connected to a certain �ow feature, which is in
turn related to a certain part of the blade. This means that base sources being the
result of the same �ow, should have similar β positions. Second, broadband sources
are considered. Therefore, a source should have a continuous frequency distribution,
and appear in more, neighbouring frequency bands, as well. Based on these ideas,
the base sources can be clustered based on their closeness in the [β, f ] plane. In
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order to keep the objectivity of the study, the input parameters necessary for the
analysis are chosen following sensitivity studies.

Since blade-passage-periodicity is enforced, it is su�cient to analyse one passage.
However, in this case, the arbitrary de�nition of where the passage �begins� may
seriously in�uence the results of the traditional FCM clustering method. To avoid
this, FCM was extended to account for the periodicity of the data set.

As a result of this work, a novel �ltering procedure was proposed, being applicable
for beamforming maps of any kind of axial �ow turbomachinery. Furthermore, the
FCMmethod was extended to handle hybrid data lying in a cylindrical feature space,
which could see other applications, as clustering is a very common task nowadays
in the growing �eld of big data. The obtained clusters have been analysed using
previous literature results, and the clusters have been assigned to the expected source
mechanisms. Through a systematic application of this procedure, incorporated into
an iterative blade design and beamforming measurement campaign, the reduction
of axial fan noise may be possible.

Limitations of the method are as follows. First, in case of poor spatial resolu-
tion, even the �ltering may be unable to uncover details of the source distribution.
Second, FCM can only be applied if at least two clusters are sought for. If only one
source mechanism is present, the results are going to compromised. Furthermore,
the method carries all the limitations and assumptions of the applied beamforming
technology. These include the assumption of point monopole sources and free-�eld
propagation. While these are usually accepted in beamforming investigations, their
possible e�ects are to be kept in mind. The measurement setup has to be constructed
especially well, in order to avoid the signi�cant in�uence of dipole directivity e�ects.

In the future, the following improvements are recommended. First, the cluster-
ing procedure may be extended to incorporate the radial dimension, as well, which
would allow the concerted identi�cation of noise sources over the whole rotor annu-
lus. This would lead to a three-dimensional clustering, further improving the ability
to identify spatially extended source mechanisms. Second, the method could be
applied onto other cases, as well, including ducted fans, to learn about noise gener-
ation under those circumstances. Third, clustering could be applied together with
deconvolution methods, that provide point-like source maps. However, the proposed
periodic clustering method is not limited to this application: it may see use in other
tasks as well, in the growing �eld of data analysis.

The application of the present method may contribute to better understanding
of axial fan noise in speci�c measurements. Through a redesign process, the involved
fan geometry may be altered to reduce the dominant noise sources. This way, fan
noise can hopefully be reduced, to reach quieter operation, and protect consumer
audition.
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Appendix A

Filtered and restored beamforming

maps

This appendix is in reference to Section 4.3 on page 40, where �ltering and recon-
struction is proposed for beamforming maps over the complete annulus. The �gures
below show the third octave band beamforming maps. Part a) on the left shows
the maps created by ROSI, while part b) the �ltered and reconstructed maps. The
dashed circle shows the rotor tip radius.
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Figure A.1: Reconstruction at 2 kHz third octave band. a) measured b) �ltered and
reconstructed

The �gures below show the di�erence between the measured and the recon-
structed maps at each third octave band. The deviations from periodicity may be
analysed in the future, as they may provide diagnostic information about the fan or
the measurement setup.
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Figure A.2: Reconstruction at 2.5 kHz third octave band. a) measured b) �ltered
and reconstructed
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Figure A.3: Reconstruction at 3150 Hz third octave band. a) measured b) �ltered
and reconstructed

a)

-0.2 -0.1 0 0.1 0.2

-0.2

-0.1

0

0.1

0.2

26

28

30

32

34

36 b)

-0.2 -0.1 0 0.1 0.2

-0.2

-0.1

0

0.1

0.2

26

28

30

32

34

36

Figure A.4: Reconstruction at 4 kHz third octave band. a) measured b) �ltered and
reconstructed
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Figure A.5: Reconstruction at 5 kHz third octave band. a) measured b) �ltered and
reconstructed
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Figure A.6: Reconstruction at 6.3 kHz third octave band. a) measured b) �ltered
and reconstructed
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Figure A.7: Di�erence maps at 2 kHz third octave band
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Figure A.8: Di�erence maps at 2.5 kHz third octave band
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Figure A.9: Di�erence maps at 3150 Hz third octave band
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Figure A.10: Di�erence maps at 4 kHz third octave band
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Figure A.11: Di�erence maps at 5 kHz third octave band
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Figure A.12: Di�erence maps at 6.3 kHz third octave band
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Appendix B

Pressure and intensity based �ltering

The aim of this appendix is to show that even though the two di�erent scaling
methods do cause a di�erence, this is of minor importance only, as the number and
location of base sources barely changes. Furthermore, the fuzzy clustering procedure
is �exible enough to overcome these modi�cations, and provide robust results, that
are very similar in both cases. To illustrate this, the dataset taken from the tip
radius with varying Ω angular velocity was used, detailed in Section 6.3. Figure B.1
shows the resulting cluster maps with pressure scaling, while Fig. B.2 shows the
same with intensity (pressure squared) scaling. It can be observed that the previous
notes are indeed true: there are only small variations between the base sources after
�ltering, and the cluster centres are similar in location.
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Figure B.1: Cluster maps after �ltering with pressure scaling. +: data points, ♦:
cluster centres. a) 700 1/min, b) 900 1/min, c) 1175 1/min, d) 1400 1/min
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Figure B.2: Cluster maps after �ltering with intensity scaling. +: data points, ♦:
cluster centres. a) 700 1/min, b) 900 1/min, c) 1175 1/min, d) 1400 1/min
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Appendix C

Expansion of the distance norm

In this appendix, the weighted periodic distance norm, given in Eq. (5.10) on page
48 is expanded to better see its properties. It is repeated here as well, in terms of
variables x and y in Eq. (C.1).

dA,P (x,y) = min {dA(x,y −Π), dA(x,y)} (C.1)

Here x and y are arbitrary normalised vectors. For the sake of simplicity, they are
two dimensional now, however, this is not a necessary requirement. Furthermore,
the o�set vector is given as Π = [1, 0]T , see Eq. (5.9). The weighted distance norm,
dA is given in Eq. (5.7), being repeated here in Eq. (C.2).

dA(x,y) = ||x− y||A =

√
(x− y)T A (x− y) (C.2)

Furthermore, it is assumed that the one of the points is in the origin, x = 0.
The elements of y are yv = [y1, y2]

2, while the weighting matrix A is diagonal:
A = diag(1, A).

With these, Eq. (C.1) results in the following, shown in Eq. (C.4):

dA,P (x,y) = min {dA(0,Π− y), dA(0,y)} (C.3)

= min

{√
(1− y1)2 + Ay22,

√
y21 + Ay22

}
(C.4)

Finally, the periodic weighted distance norm is given in Eq. (C.5).

dA,P (x,y) =

{√
(1− y1)2 + Ay22 if y1 ≥ 1

2√
y21 + Ay22 otherwise

(C.5)

Iso-lines of the distance norm are illustrated in Figs. C.1 to C.3 for A = 0.1, 1
and 10, respectively.
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Figure C.1: Iso-lines of dA,P with A = 0.1
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Figure C.2: Iso-lines of dA,P with A = 1
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Figure C.3: Iso-lines of dA,P with A = 10
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Appendix D

Investigations with �ner frequency

resolution

The aim of this appendix is to show that third octave band processing gives similar
results as processing with a �ner frequency resolution, therefore it is suitable for the
analysis of the present case studies, as mentioned on page 58.

The beamforming maps of the case study fan were analysed and interpreted
visually in [11, 13�15]. To enable this, a limited number of maps were considered.
Third-octave bands were chosen, as they provide a su�cient frequency resolution,
however, the number of maps remains manageable. To have a basis of comparison,
and means of validation, the same frequency resolution was kept in the present
work [64,73], even though the algorithmic �ltering & clustering process could treat
more maps. This had another advantage, namely that computational demand was
low, which was useful when testing and developing the methods, and adjusting its
parameters. However, for the sake of completeness, the data set was analysed with an
improved frequency resolution, as well. These results are those of the measurements
in [64, 73], but processed di�erently. The aim of this work is to observe how the
method behaves with a �ner frequency resolution, and to compare its results to
the third-octave band case, to judge the robustness of the procedure, and to check
whether third-octave band maps represent the sources well. To achieve this, the
measurement at the tip radius at reference speed was analysed with one-twelfth
octave band resolution. Its results are detailed in the following.

Maps of one-twelfth octave band resolution were created from the frequency
bands falling into the third-octaves, which have centre frequencies between 2 kHz
and 6.3 kHz. Altogether 24 twelfth-octave band maps were created. Out of these,
N = 43 signi�cant base sources were obtained after �ltering. Their location is shown
in Fig. D.1. Here one can observe that the distribution of base sources is similar to
that obtained in case of third-octave band maps, shown in Fig. 6.5. This suggests
that third-octave bands represent the sources well enough. Furthermore, one can
observe that the number of base sources per frequency bin is one at low frequencies,
as the spatial resolution does not allow �ner details on the L-distributions. As f
increases, more base sources appear: a harmonic for h = 2 appears at 4 kHz, while
at 6 kHz, the h = 3 harmonic appears. This trend is again similar to that of the
third-octave maps.

Using the base sources in Fig. D.1, the clustering procedure was carried out.
First, the optimal c was determined using the XBP index with a parameter study
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Figure D.1: Base sources in the twelfth-octave band case

for both m and A values. The results are shown in Fig. D.2, where sub�gures a) to
c) show values of m = 1.6, 2, and 2.4, respectively. The di�erent markers indicate
di�erent A dimension weights, as shown in the caption. The number of clusters
was investigated up to c = 5 <

√
N , being in agreement with recommendations in

literature.
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Figure D.2: XBP in the twelfth-octave band case

These results show that the choice ofm does not signi�cantly modify the optimal
c value, therefore, the usual m = 2 choice was applied in the following. Regarding
A, the following observations are made. At m = 2, the optimal number of clusters,
indicated by the minimum of XBP is c = 3. Through the change from A = 1 to
A = 0.1, the XBP is decreasing, and reaches a similar values for A = 0.17 and
A = 0.1. Due to this e�ect, smaller A values were not tested, and the A = 0.1
result was accepted and applied for clustering. The A < 1 value indicates that a
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higher weight should be placed on di�erences in the β dimension than onto ones in
the f dimension. The reason for this is the increased frequency resolution, and as
such, the elongation of the base source point cloud. To account for this, it is indeed
necessary to modify the dimension weights. This way, clusters elongated along the
f dimension are obtained, as shown in Fig. D.3.

1

2

3

Figure D.3: Clusters in the twelfth-octave band case

The resulting cluster centres are located similarly to those obtained for the third-
octave bands in Fig. 6.4. The major di�erence is the aforementioned elongation of
the clusters. In the β direction, the centre of Cluster 1 has shifted forwards by
about 5◦, while Cluster 2 shifted backwards by about the same amount, compared
to the third-octave case. The frequencies of Clusters 1 and 2 have changed by about
500 Hz, getting closer to each other: Cluster 1 has seen an increase, while 2 an
decrease in its f value. These changes are however not large, compared to the width
of a third-octave band, and the angular changes are also small. Based on these, it
is concluded that third-octave bands provide su�cient frequency resolution for the
analysis of noise sources in the present case study.
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Appendix E

The Brooks-Pope-Marcolini model

The BPM model [12] consists of scaling laws to determine the spectra of �ve self-
noise mechanisms:

1. TBL-TE interaction noise,

2. separated boundary layer and stalled air�ow noise,

3. laminar-boundary-layer � vortex-shedding (LBL-VS) noise,

4. vortex shedding noise from blunt trailing edges, and

5. tip vortex noise.

The spectral distributions were determined on an experimental basis, from mea-
surements taken in an anechoic wind tunnel with NACA 0012 pro�les of di�erent
chord dimensions. Wind speed and angle of attack were both varied. Measurements
were taken both with tripped boundary layers, and with naturally developed ones.
Boundary layer characteristics were measured using hot wire anemometry.

The acoustic data were measured using eight microphones. The noise was �l-
tered: background noise was subtracted and the microphone signals were cross-
correlated to keep trailing edge noise contributions, while reducing other sources.
E�ort was made to remove leading edge noise, as well, by omitting parts of the
cross-correlation being related to that.

TBL-TE interaction noise

The noise due to TBL-TE interaction is treated as follows. A theoretical model
of Ffowcs Williams and Hall is shown in Eq. (E.1) [130]. Here ρ is the mean
�uid density, v′ is the root mean square turbulent �uctuating velocity, vc is the
convection velocity of turbulence, S is the spanwise extent wetted by the �ow, d
is the distance between source and microphone, and L is the characteristic length
scale of turbulence. As boundary layers are considered, it is assumed that v′ ∝ v
and L ∝ δ∗. Note that in the original equations, a directivity factor is included
into the expressions of maximum SPL, whose value is unity for observers normal to
the surface over the trailing edge. However, this factor is neglected here in order to
simplify the notation.
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〈p2〉 ∝ ρ2v′2
v3c
c0

SL
d2

(E.1)

Using the measurement data, the following approximation was created for the
TBL-TE interaction noise, shown in Eq. (E.2).

SPLtot = 10 log
(
10SPLα + 10SPLs/10 + 10SPLp/10

)
(E.2)

Here SPLα, SPLp, and SPLs quantify the e�ects of varying angle of attack,
pressure side, and suction side, respectively. These are given by Eqs. (E.3)-(E.5).
There, Ma is the �ow Mach number, δ∗p and δ

∗
s are the boundary layer displacement

thickness on the pressure and the suction side, respectively, while A and B are shape
functions based on the Strouhal numbers and the Reynolds number ReC = Cv/ν
based on the chord C, describing the spectral distribution of noise. de is the retarded
microphone-source distance, corrected for propagation e�ects through the mean �ow
and the shear layer. K1, ∆K1, and K2 are correction factors. K1 is the function of
Rec only, K2 is the function of K1 and Ma, while ∆K1 is a function of α and the
Reynolds number based on the pressure side displacement thickness.

SPLα = 10 log

(
δ∗sMa5S
d2e

)
+ Fα

(
Sts
St2

)
+K2 (E.3)

SPLp = 10 log

(
δ∗pMa5S
d2e

)
+ Fp

(
Stp
St1

)
+K1 − 3 + ∆K1 (E.4)

SPLs = 10 log

(
δ∗sMa5S
d2e

)
+ Fs

(
Sts
St1

)
+K1 − 3 (E.5)

The used Strouhal numbers are the following:

Stp =
fδ∗p
v

(E.6)

Sts =
fδ∗s
v

(E.7)

St1 = 0.02 Ma−0.6 (E.8)

St2 =


1 α < 1.33◦

100.0054(α−1.33)2 1.33◦ ≤ α ≤ 12.5◦

4.72 12.5◦ < α

(E.9)

Here α is the e�ective aerodynamic angle of attack.

Separated boundary layer and stalled air�ow noise

In the BPM model, this noise source is considered as part of the previously discussed
TBL-TE interaction noise. The noise due to separation and stall is described there
by SPLα, the part of the sound pressure level depending on the angle of attack. In
the present case however, no large separations or stall was expected, as con�rmed by
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the value of the Lieblein di�usion factor D [56]. It was calculated in [11] for the fan
in question, and its value was found to vary between D = 0.35 and 0.45, indicating
that the blading is moderately loaded and therefore separation does not occur.

Pro�le vortex shedding noise

The noise due to pro�le vortex shedding, LBL-VS, is modelled as show in Eq. (E.10).

SPLLBL−VS = 10 log

(
δpMa5S
d2e

)
+ F1

(
St′

St′peak

)
+ F2

[
ReC

(ReC)0

]
+ F3 (α) (E.10)

Here S is the blade span, while δp is the boundary layer thickness on the pressure
side. F1 de�nes the spectral shape, depending only on St′/Stpeak, with F1(1) having
the maximum sound pressure level. F2 is a similar function that considers Reynolds
number and α angle of attack e�ects, while F3 depends solely on α. The generic
de�nition of Strouhal numbers in this part is that given in Eq. (E.12).

St′ =
fδp
v

(E.11)

The de�nition of the the Strouhal number describing the noise source is given in
Eq. (E.12), while the peak Strouhal number is given in Eq. (E.13).

St′1 =


0.18 Rec ≤ 1.3 · 105

0.001756Re0.3931C 1.3 · 105 < ReC ≤ 4 · 105

0.28 4 · 105 < ReC

(E.12)

St′peak = St′1 · 10−0.04α (E.13)

Tip vortex formation noise

The noise due to the tip vortex is approximated by:

SPLtip = 10 log

(
Ma2Ma3

maxS2
tip

d2e

)
− 30.5 (log St′′ + 0.3)

2
+ 126 (E.14)

Here the referenced Strouhal number is that shown in Eq. (E.15). Eq. (E.10)
ensures that the peak Strouhal number with the largest amplitude will appear at
St′′ = 0.5, as log 0.5 ≈ 0.3.

St′′ =
fStip
vmax

(E.15)

Here f is the frequency, Stip is the spanwise extent of the tip vortex core. This
is to be approximated using Eq. (E.16), where C is the chord, and αtip is the angle
of attack of the tip region.

Stip/C ≈ 0.008αtip (E.16)
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The maximum velocity in the �ow in the vicinity of the trailing edge can be calcu-
lated from the Mach number Mamax, as shown in Eq. (E.17).

Mamax/Ma ≈ 1 + 0.036αtip (E.17)

Blunt trailing edge vortex shedding noise

The bluntness of the trailing edge, quanti�ed by B, could cause a signi�cant tonal
peak, according to [12], characterised by the Strouhal number St′′′ shown in Eq.
(E.18).

St′′′peak =
fpeakB
v

(E.18)

Here fpeak is the peak frequency of the noise, while the thickness of the trailing
edge equals the B. In the present case, B = 1mm, meaning that the thickness ratio
B/δ∗ = 0.5. In this case, the peak Strouhal number is to be determined following
Eq. (E.19).

St′′′peak =
0.212− 0.0045Ψ

1 + 0.235 (B/δavg)−1 − 0.0132 (B/δavg)−2
(E.19)

Here δavg is the mean boundary layer thickness, the average of the pressure and
suction sides, while Ψ is the solid angle between the sloping surfaces upstream of
the trailing edge.
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Appendix F

Beamforming maps

This appendix contains the unmodi�ed beamforming maps of the case study fan at
di�erent angular velocities, with no inlet cone.
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Figure F.1: Third-octave band beamforming maps for Ω = 700 1/min. a) 2 kHz, b)
2.5 kHz, c) 3.15 kHz, d) 4 kHz, e) 5 kHz, f) 6.3 kHz. The colour bars indicate the
L beamforming level, while the circles in the top left show the Rayleigh resolution
limit at the third-octave band centre frequency. [15]
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Figure F.2: Third-octave band beamforming maps for Ω = 900 1/min. a) 2 kHz, b)
2.5 kHz, c) 3.15 kHz, d) 4 kHz, e) 5 kHz, f) 6.3 kHz. The colour bars indicate the
L beamforming level, while the circles in the top left show the Rayleigh resolution
limit at the third-octave band centre frequency. [15]
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Figure F.3: Third-octave band beamforming maps for Ω = 1150 1/min. a) 2 kHz,
b) 2.5 kHz, c) 3.15 kHz, d) 4 kHz, e) 5 kHz, f) 6.3 kHz. The colour bars indicate the
L beamforming level, while the circles in the top left show the Rayleigh resolution
limit at the third-octave band centre frequency. [15]
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Figure F.4: Third-octave band beamforming maps for Ω = 1400 1/min. a) 2 kHz,
b) 2.5 kHz, c) 3.15 kHz, d) 4 kHz, e) 5 kHz, f) 6.3 kHz. The colour bars indicate the
L beamforming level, while the circles in the top left show the Rayleigh resolution
limit at the third-octave band centre frequency. [15]
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