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Preface
Electricity market integration is an important aspect of the planned Internal Energy Market
in Europe. The unification of European day‐ahead electricity markets leads to several
challenging problems some of which arise from the mathematical formulation used for the
clearing of the common power exchange (PX). The officially proposed algorithm – called
EUPHEMIA – is a hybrid framework containing diverse and quite complicated elements.
One of the most crucial innovations is the so‐called complex order which comprises a set of
simple step bids and various linking conditions, namely, the Minimum Income Condition,
the Scheduled Stop Condition and the Load Gradient Condition. These concepts are
invented for the supply side of the market to handle the potentially complicated economic
and technical characteristics of power generators which can make their daily trading
difficult otherwise. The officially described calculation of unified purchase prices for
demand bids across different price regions is another critical issue. It aims to introduce
specific unified prices for the demand side in certain price zones even in the case of binding
transmission limits.
The introduction of these elements leads to challenges in the formalization of mathematical
models and clearing procedures. The first challenge is that the straightforward model of the
original order definitions would refer the clearing into the category of non‐convex Mixed
Integer Quadratically Constrained Programs (MIQCPs) which is one of the hardest class of
optimization problems. The second main question is the decision on important
implementation details that are not specified in publicly available documents. The third
issue is about practical viability: in order to facilitate the application of any model proposal,
its structure should be as close as possible to currently working convex Mixed Integer
Quadratic Programming (MIQP) formulations and applied solution algorithms.
Novel formulations are presented for the listed PX components in order to answer the
described questions. Theoretical advances are discussed in each case and numerical case
studies are provided for the purpose of demonstration.
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1 Abbreviations
ATC

Available Transfer Capacity

B&B

branch‐and‐bound algorithm

GCO

general complex order

KKT

Karush‐Kuhn‐Tucker conditions

LGC

Load Gradient Condition

MCP

market clearing price

MCV

market clearing volume

MIC

Minimum Income Condition

MILP

Mixed Integer Linear Program

MIP

Mixed Integer Program

MIQCP

Mixed Integer Quadratically Constrained Program

MIQP

Mixed Integer Quadratic Program

MPICM

Marginal Pricing Income Calculation Mechanism

NEX

net export

PTDF

Power Transfer Distribution Factor

PX

power exchange

PZ

price zone

QP

Quadratic Program

SHP

shadow price

SSC

Scheduled Stop Condition
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Introduction

2 Introduction
Actors in the power sector – just like almost any other enterprise in the economy – are
dependent on financial capital. Since the amount of capital is limited, its appropriate
allocation is of primary importance: the entire study of market rules and designs is
dedicated to find the best preforming trading procedures, organizational structures and
regulation policies for this task.
Electricity markets in particular have been providing a rich and important field of research
projects for the last two decades. They constitute an integral part of the worldwide energy
sector liberalization, a process which aims at the increased economic efficiency of this
critical sector as well as the simultaneous sustainment of adequate technical reliability.
Market competition for profits leads to innovations in several areas, for example, enhanced
energy forecasting methods [1], [2], [3] and economically optimized equipment design [4],
[5], [6] are applied ever more frequently. The overall liberalization trend also infers
comprehensive transformations in the energy sector with new mechanisms for
decentralized power management [7], [8], [9] and demand response methodologies [10],
[11], [12].
The emergence and subsequent spread of day‐ahead power exchanges (PXs) is also a result
of this endeavor. These are public, centralized trading platforms on which electric energy is
traded in an organized manner. Every PX has certain specifications about time schedule,
products, coupling options, bid structures, etc., these characteristics can make their actual
implementation substantially different.
An ongoing large project of the European Union is to create an Internal Energy Market [13].
In this context, a unified PX is constructed along with the corresponding single clearing
algorithm called EUPHEMIA [14]. However, the implementation of the original proposal is
not trivial because several innovative elements and also components from PX algorithms of
different member states are supposed to be applied together.
This dissertation presents computationally efficient optimization models to answer some of
the most challenging questions i.e. those about the implementation of complex supply
order clearing and unified purchase prices. The models handle these elements in an
integrated manner without specialized solution algorithms and heuristics.
Sections 3 and 4 provide a more detailed introduction to European PXs, EUPHEMIA and
research motivations while Sections 5, 6 and 7 include recently developed formulations for
different variants of complex orders. A mathematical framework for unified purchase prices
and the corresponding order type is presented in Section 8. The proposed formulations are
the main scientific contributions of the Author. Underlying technical, economic and
computational issues are discussed in each case with the additional illustration of numerical
tests. The practical value of the results are discussed in Section 9 followed by conclusions in
Section 10.
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3 Basic concepts and models
In order to correctly assess the main contributions of this dissertation, one has to be familiar
with several ideas and mathematical routines about European PXs. The most
straightforward way to present relevant concepts is to follow the description of the
COSMOS algorithm [15]. This was the first European clearing algorithm that could solve the
corresponding optimization problem to optimality [16]. Furthermore, since it was used on
the Central‐Western European integrated PX since 2010, it is clearly the core of the
EUPHEMIA formulation [14].
The following subsections include most of the necessary terminology, introduce the most
important theoretical questions and provide the basic formulation on which further
developments are performed.

3.1 A power exchange with hourly bids
3.1.1 Hourly bids
The general practice on PXs is that the next day is separated into a defined number of
trading periods (usually 24); hourly orders are submitted each for one specific trading hour.
These are the order types that are designed to handle the bulk of traded volume on
European PXs; for this reason, they are conceptually and algorithmically easy to handle.
Two kinds of bids belong to this category:




Step bids: these are price‐quantity pairs for the specified trading hour. The bid price
(p) means a limit for the market clearing price (MCP) above which the quantity (q)
of a supply bid can be allocated. In the case of demand bids, the condition is the
opposite: the MCP has to be smaller than the bid price to allow acceptance.
Linear bids: these bids contain two bid prices for the bid quantity. The starting price
(pstart) is the limit beyond which any bid quantity can be allocated while the end
price (pend) is the price level on which the entire bid is allowed to be accepted. For
prices between pstart and pend, the allocated energy is specified using linear
interpolation. The interpretation of supply and demand orders is similar to the case
of step bids.

A sign convention is widely used to differentiate supply and demand quantities in actual
mathematical models: they are considered to be positive and negative, respectively [14],
[15]. Two examples are shown in Tables 3.1 and 3.2. The quantity sign setting is used for all
order type.
Parameter name
bid price
bid quantity

Notation

Value
35
‐40

Dimension
[€/MWh]
[MWh]

Table 3.1: Parameters of hourly step bid k: the bidder offers to buy 40 MWh.

Parameter name
starting bid price
end bid price
bid quantity

Notation

Value
22
28
15

Dimension
[€/MWh]
[€/MWh]
[MWh]

Table 3.2: Parameters of hourly linear bid k: the bidder offers to sell 15 MWh.
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Bid quantities of hourly orders for the same trading period can be aggregated into piecewise
linear curves in the price‐quantity dimension. The aggregated curves offer a compact and
transparent way to illustrate and evaluate market situations.

3.1.2 Trade balance
Accepted supply and demand quantities have to be equal for every hour:
∀ℎ ∈

:

⋅

=0

(3.1)

∈

H is the set of trading periods, Sh is the set of orders for hour h. ACCk is the acceptance ratio
variable of bid k, it is bounded accordingly between zero and one. (The meaning of symbols
are summarized in Appendix A.) The equation exploits the sign convention described in the
previous subsection.
∀ℎ ∈

:

=

∪

(3.2)

SHSh and SHLh are sets of hourly step bids and hourly linear bids for hour h, respectively.

3.1.3 Social welfare
The objective function of PX clearing optimization is called social welfare (SW); the target is
its maximal value. Similarly to other uniform pricing auctions, SW equals the combined
surplus of submitted supply (SupSp) and demand bids (DemSp). Supply surplus is the
difference between the actual income (INC) of the bid in question and the smallest amount
of money the bidder is willing to accept for the allocated quantity (IncAsBid). The definition
of demand surplus is similar: it is the difference between the largest amount of money the
bidder is willing to pay for the allocated quantity (ExpAsBid) and the actual expense (EXP).
Defined concepts are illustrated for supply and demand bids, in Figures 3.1 and 3.2,
respectively.
In Figure 3.1, supply bids are presented as monotonously increasing red lines on price‐
quantity diagrams. Every point of the red curves specify the bid price for the corresponding
energy quantity. The case of Figure 3.2 is similar: main differences are that demand bids are
depicted as blue curves and that they are monotonously decreasing. Areas in price‐quantity
diagrams can be interpreted as sums of money i.e. incomes or expenses.

Figure 3.1: Illustration of income and surplus for a) hourly step bids and b) hourly linear bids on the supply
side. The sums of highlighted areas are the actual incomes (INC) of corresponding orders.
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Figure 3.2: Illustration of expense and surplus for a) hourly step bids and b) hourly linear bids on the
demand side. The sums of highlighted areas are the largest expenses bidders would be willing to pay for the
allocated quantity (ExpAsBid).

Sup and Dem denote the sets of supply and demand orders on the market.
=

(3.3)

+

=

−
∈

(3.4)
∈

=

−
∈

(3.5)
∈

Since the general pricing regime is uniform, the enforcement of trading balance (3.1) leads
to strict income‐expense balance as well. Due to this practice, the corresponding terms
eliminate each other in the SW expression leading to a simpler formula:
=

(3.6)

−
∈

∈

Using the quantity sign convention described earlier, the actual calculations of ExpAsBid
and IncAsBid variables are identical for hourly bids. As a result, supply and demand bids are
not necessary to be distinguished in the objective function:
=−

⋅

(3.7)

⋅

∈

−

⋅
∈

⋅

−
2

+

⋅

⋅

SHS and SHL are the sets of hourly step bids and hourly linear bids for all hours.

3.1.4 Clearing process
The mathematical program with the objective function of (3.7) and constraints according to
(3.1) and (3.2) can be considered the prototype of European PX clearing. (The model is listed
in a compact form in Appendix B.) The problem itself belongs to the category of convex
quadratic problems (QPs). Its quadratic nature comes from the fact that the SW (3.7) is a
second order function of linear bids’ acceptance ratios while its convexity is ensured by the
sign of the corresponding coefficient:



for the case of supply bids, q is positive with pend-pstart being negative,
for the case of demand bids, both signs are the opposite.

For maximization problems, this overall negative sign means convexity. Constraints are all
linear as they need to be. Instances of this class can be efficiently solved to optimality using
well‐known local search algorithms.
5
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Market prices have no explicit place in the formulation, they are actually dual variables. On
the other hand, optimality itself guarantees strict and smooth marginal pricing in the
solution: the Karush‐Kuhn‐Tucker (KKT) optimality criteria include this behavior outright
[16]. Exact MCPs can be calculated a posteriori from the resulting allocations.

3.2 The inclusion of block orders
3.2.1 Block orders
The above formulation has to be modified and extended in practice because the trade of
electricity is strongly affected by technical processes and limits in the generation and
transmission of electrical power. The first extension to be introduced is the clearing of so‐
called block orders.
Block orders contain a quantity profile: they are generally defined for more than one hour
and different volumes (qh) can be specified for these trading periods. On the other hand,
they have only one bid price (p) for the whole day.
The multi‐hour nature of block orders is advantageous for several actors on actual PXs. Most
of the large factories and power plants do not want to follow the potentially very rapid
fluctuation of hourly MCPs on the PX; they can specify arbitrary quantity profiles in block
orders instead.
Nonetheless, block orders have another particular attribute: the so‐called fill‐or‐kill
property. It means that the block profile must be allocated not only proportionally in each
hour, but it has to be accepted either totally or not at all. This condition emphasizes the role
of block orders even more strongly: consumers and producers often use the grid as the
energy source or sink of large and yet indivisible technological processes. For example, most
power plants have minimal power outputs when they are in operation. Block orders are
useful tools for such actors on PXs.

3.2.2 Pricing rules
The inclusion of block orders infers several modifications compared to the PX model with
only hourly bids. The most significant change is that MCPs have to be calculated during the
clearing process because the appropriate clearing of block orders is impossible in their
absence.
The fill‐or‐kill attribute means that the acceptance ratio of block orders has to be a binary
decision variable: its value is either 0 or 1. This discrete, non‐convex restriction changes the
basic nature of the clearing problem. The feasible region is not a continuous convex space
anymore. Instead, it consists of convex subspaces among which there are no connections
at all. The optimality criteria mentioned in the previous subsection are not available,
therefore marginal pricing has to be enforced explicitly.
In order to achieve this target, COSMOS [15] includes MCPs as variables and the critical KKT
conditions are specified as problem constraints. These constraints can be called pricing or
acceptance rules because they establish the connection between accepted quantities and
MCPs. The strict marginal pricing for hourly bids is necessary, this principle is used to
calculate the value of MCPs.

∀ ∈

∀ ∈

:

>0→

⋅

( ). ( )

≥

⋅

(3.8)

∀ ∈

:

<1→

⋅

( ). ( )

≤

⋅

(3.9)

≥

⋅

+

:
>0→

⋅

( ). ( )

⋅

−

(3.10)
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∀ ∈

:
<1→

⋅

( ). ( )

≤

⋅

+

⋅

(3.11)

−

The selected price zone (PZ) and trading hour of individual bid k is represented by pz(k) and
h(k), respectively. MCPpz,h means the market clearing price in price zone pz in hour h. (Note
that the PX model incorporates only one price zone at this point, this index becomes useful
later.) The usual terminology is that equations (3.8) and (3.10) ensure that any accepted bid
is in‐the‐money (or at‐the‐money) while (3.9) and (3.11) prescribe that rejected bids must
be out‐of‐the‐money (or at‐the‐money).
Due to their discrete nature, marginal pricing is impossible in the case of block orders, only
the rejection of out‐of‐the money bids can be ensured [14], [15], [16]. The bid price p is
compared to the average of MCPs (weighted with the block quantity profile) to specify this
acceptance rule as a single logical condition:
∀ ∈

:

=1→

⋅

.

≥

( ).

⋅

.

∈

(3.12)

∈

SB is the set of block orders. It is worth noting again that the ACCk variables of block bids
are bound to be binary integers.

3.2.3 Trade balance modification
The trade balance expression of (3.1) has to be extended to incorporate the allocated
quantities of block orders:
∀ℎ ∈

:

⋅

+

∈

⋅

,

(3.13)

=0

∈

The definition of Sh remains the same as the one already shown in (3.2).

3.2.4 Social welfare modification
The surplus of block bids is the sum of their hourly surplus components that are defined
similarly to the surpluses of hourly step bids. This sum must be included in the SW of the
market. The derivation leading to (3.6) remains valid.
=−

⋅

(3.14)

⋅

∈

−

⋅

−
2

⋅

∈

−

⋅
∈

,

+

⋅

⋅

⋅

∈

3.2.5 Clearing complications
Due to the presence of integer variables, the nature of the described mathematical program
(its exact composition is shown in Appendix C) is radically different from the earlier simpler
model. Instead of being a convex QP, it is transferred into the class of convex Mixed Integer
Quadratic Problems (MIQPs), a category of problems very widely applied in the energy
sector [17], [18] and also in other industries where energy aspects are considered [19], [20].
The integer conditions divide the solution space into several disjunct parts, therefore
efficient local search algorithms such as simplex or barrier methods must be launched
multiple times. On the other hand, exhausting elimination of these subproblems is
practically impossible because their number grows exponentially with increases in problem
size.
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The standard solution method of convex MIQPs is the branch‐and‐bound algorithm (B&B)
[21]. Although the B&B operates by building an elaborate binary search tree in the space of
integer variables, it uses clever techniques to eliminate several large branches of the tree
before evaluation. The root is the continuous relaxation of the problem (the original model
with the exclusion of integer requirements). In the next steps, the solution space is
sequentially decomposed into ever smaller parts with the one‐by‐one addition of fixed
integer constraints. This procedure is called branching because it creates two new nodes
with the value of the selected binary variable equaling 0 and 1. The problems on all nodes
are convex QPs which are relatively easy to solve.
The solution of each node is used to create valid upper bounds for the SW of its child nodes
because the addition of further restrictions can only reduce the SW. The search occasionally
provides full feasible solutions (i.e. valid lower bounds for the SW of the whole problem) as
well.
There are four basic cases on each node of the tree:






The node subproblem has a solution which is not feasible in the original problem
but it is better than the incumbent (or this is the root node). This node is branched
which means that two child nodes are generated in the tree with the addition of a
violated integrality constraint.
The node is infeasible: it is pruned.
The node has a fully feasible solution which is better than the incumbent: the
incumbent is replaced, the node is pruned.
The node has a solution or an inherited upper bound which is not better than the
incumbent: it is pruned.

One of the most important concepts about B&B is the so‐called B&B gap. In the case of a
maximization problem, the largest of all the inherited bounds in living nodes is also an upper
bound on the optimal objective. This value can be compared to the current incumbent to
ﬁnd a quality measure for the latter. The gap is used to prove optimality if it sinks below
zero but other thresholds can be speciﬁed for termination, too. It is usually expressed in
percentage of the incumbent objective.
The simple frame of B&B is usually supplemented with several other heuristics such as
probing [22], cutting planes [23], branching variable selection methods [24], diving or
specific local searches [25]. Nevertheless, the details of these procedures fall out of the
scope of this dissertation; the generic convex MIQP solvers such as CPLEX [26], Gurobi [27],
Xpress [28], MOSEK [29] or KNITRO [30] employ sophisticated and refined B&B routines
with state‐of‐the‐art technological background.

3.3 Network congestion
3.3.1 Zonal pricing
The energy transfer capability of the power grid is an inherent limiting factor in the
electricity trade. In the presence of transmission bottlenecks, the market usually has to be
decomposed into several parts i.e. zones. The MCP in these zones has to be generally
different because relative shortages and surpluses of energy can emerge when the transfer
capacities of interconnections are fully exploited [14], [31].
Transmission bottlenecks can appear almost anywhere in the power system (depending on
the circumstances). Nonetheless, since national grids were originally designed to operate
independently, the probability of network congestion is the largest in the case of cross‐
border lines. As a result, the boundaries of PZs in Europe are usually adjusted to match
national borders.
8
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Most European PXs were initially launched as single national markets, therefore the
unification of their clearing is often referred to as market coupling. Due to this tradition,
zonal prices are widely called market clearing prices (MCPs). Aside from this name, in order
to reduce ambiguity, the dissertation uses the terminology of “price zones” instead of
“markets” for national PXs.
There are two main methods for the purposes of transfer capacity and congestion
management: the first is based on Available Transfer Capacity (ATC), the second is based on
the network flow representation of the power grid. These procedures can be used
simultaneously for different network elements:
=

∪

(3.15)

L is the set of all interconnections; LATC denote its ATC‐based subset while LFLOW is the flow‐
based one. Regardless of capacity allocation methods, the network constraints of the PX
model are generally independent from other parts in the formulation [15].

3.3.2 ATC-based congestion management
The ATC‐based model considers the network as a set of mutually independent
interconnections that connect two PZs each. The ATCs of an interconnection are solid
transmission limits in each direction which are calculated a priori with consideration on
relevant technical parameters [32].
∀ ∈

, ∀ℎ ∈

:

,

=

−

,

(3.16)

,

∀ ∈

, ∀ℎ ∈

:

,

≤

,

(3.17)

∀ ∈

, ∀ℎ ∈

:

,

≤

,

(3.18)

TQl,h is the transferred quantity of interconnection l in hour h. Superscripts + and ‐ specify
the relations of variables and parameters to the nominal directions of the lines. Directional
variables are non‐negative. If the ATCs are not reached in an interconnection, then there is
no congestion and MCPs are equal on the corresponding PZs.
∀ ∈

, ∀ℎ ∈

:

,

=

∀ ∈

, ∀ℎ ∈

:

,

=

−

( ),

( ),

−

( ),

(3.19)

( ),

(3.20)

∀ ∈

, ∀ℎ ∈

:

,

>0→

,

=

,

(3.21)

∀ ∈

, ∀ℎ ∈

:

,

>0→

,

=

,

(3.22)

CPl,h stands for the congestion price along the interconnection indexed with l in hour h (its
nominal direction is determined by the superscript). The starting PZ of line l is from(l) while
to(l) is its destination zone.
The traditional ATC‐based market coupling is supplemented with additional functions in
recent years: tariffs and losses [14]. Tariffs on transmitted energy can be levied by merchant
companies who operate DC cables. These must be paid even if the transmission limits are
not reached. The tariffs are covered by price differences along the corresponding lines,
hence actual power transfer happens only when the price difference is larger than the tariff.
∀ ∈

, ∀ℎ ∈

:

,

>0→

∀ ∈

, ∀ℎ ∈

:

,

>0→

−

( ),

( ),

−

( ),

≥

,

(3.23)

( ),

≥

,

(3.24)

Tariffs are abbreviated to tar in mathematical expressions. The congestion price equations
(3.19)‐(3.20) have to be also modified to implement this functionality.
∀ ∈

, ∀ℎ ∈

:

,

=

( ),

−

( ),

−

,

(3.25)
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∀ ∈

, ∀ℎ ∈

:

=

,

( ),

−

( ),

−

(3.26)

,

Exact tariff payment must be calculated because – as it will be described later in this section
– they affect the social welfare.
∀ ∈

, ∀ℎ ∈

:

,

>0→

,

=

,

⋅

,

(3.27)
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, ∀ℎ ∈

:

,

>0→

,

=

,

⋅

,

(3.28)

Losses in the interconnection mean that extra energy must be bought in the PZ on the
cheaper side that cannot be sold in the other PZ. Larger price differences are needed to pay
increased tariffs and congestion prices, a fact that leads to another modification of (3.23)‐
(3.26):
∀ ∈
,

∀ ∈
,

, ∀ℎ ∈ :
>0→ 1−

(3.29)

, ∀ℎ ∈ :
>0→ 1−
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⋅
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≥
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(3.30)
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, ∀ℎ ∈
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,

⋅

−
−
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−
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,
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−

,

(3.31)

( ),

−

,

(3.32)

The ratio of losses is denoted by lossl,h, it is given parameter of the problem for all ATC‐
based interconnections.

3.3.3 Flow-based congestion management
Energy flows on network lines are not independent in reality. They constitute a closely
connected system; physical properties of the grid – most importantly, impedances –
determine how they happen. The flow‐based market coupling mechanism removes a level
of abstraction compared to the ATC‐based one: network transmissions are part of a linear
flow system.
∀ ∈

, ∀ℎ ∈

:

,

=

⋅

,,

(3.33)

,

∈ \{ }

Z is the set of PZs; the one indexed with 1 is the slack zone of the linear system. Energy flows
and net exports (NEX) of PZs affect each other according to the Power Transfer Distribution
Factor (PTDF) matrix that describes the interdependent network. Net exports are the
difference between exported and imported energy on flow‐based connection lines.
∀

∈ , ∀ℎ ∈

:

,

=

,
∈

∩

−

,
∈

(3.34)

∩

FROMpz and TOpz are the sets of starting and arriving connection lines in zone pz,
respectively.
For example, if
, , = 0.35, then 35% of the hourly net export from price zone pz
flows through the connection line l in the nominally positive direction. The effects of all net
exports in hour h can be summarized to calculate the whole transferred quantity. (Note that
net exports and PTDFs can be negative.)
Congestion happens when the transmitted energy on a line reaches the strict limit of the
Available Flow Margin (AMF). The AMF of a specific line is generally larger than the ATC for
the same case; this difference arises from the more precise flow model: sufficient security
margins can be smaller [32]. The congestion price of a line is a single variable in this
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procedure, its positive range represents the nominal direction of the line in question while
its negative value represents the opposite direction.
∀ ∈

, ∀ℎ ∈

∀ ∈

:

, ∀ℎ ∈

∀ ∈

, ∀ℎ ∈

∀ ∈

, ∀ℎ ∈

:

:
:

≥−

,

(3.35)

,

>0→

,
,

≤

,

=

,

<0→

(3.36)

,

=−

,

(3.37)

,

(3.38)

,

Congestion prices are calculated using the PTDF coefficients of the network.
∀

∈ \{1}, ∀ℎ ∈

:

,,

⋅

=

,

,

−

(3.39)

,

∈

3.3.4 Effects on other parts of the problem
As already stated, network constraints have minor impacts on other market conditions. Two
such effects are enough to establish the necessary connections to the clearing of individual
PZs. The first connection appears in the modification of the trade balance which is
transformed to incorporate Kirchhoff’s junction rule. It is enforced for all PZs individually
using NEX variables. (Note that the transmitted quantities of ATC‐based interconnections
are not included in NEX variables, hence they have to be added explicitly.)
∀

∈ , ∀ℎ ∈

:

(3.40)
,

∈

−

∩

1−
∈

+

,

,

∩

=

⋅
∈

⋅

,

+

⋅

,

∈

,

SBpz and Spz,h are the sets of block orders submitted to price zone pz and order for hour h in
the same zone. The latter can be specified similarly to (3.2) with analogous terms:
∀

∈ , ∀ℎ ∈

:

,

=

,

∪

(3.41)

,

The second impact of market coupling on the overall formulation comes from the fact that
surpluses generated on network elements have to be included in the SW. In most of the
cases, these surpluses equal the incomes that emerge from price deviations along
interconnections, therefore they are eliminated from the SW expression along with other
incomes and expenses (the derivation can be found in 3.1.3 and 3.2.4). The only exceptions
are ATC‐based lines with tariffs: surpluses of these interconnection can be determined as
the difference between the income and the tariff payment. The consequence is an altered
SW expression:
=−

⋅

(3.42)

⋅

∈

−

⋅

−
2

⋅

∈

−

⋅
∈

,
∈

⋅

+

⋅

−

⋅

,
∈

∈

The composition of the basic European PX model is presented in a detailed form in
Appendix D; this is the formulation that is the subject of further extensions and alterations.
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3.4 European integration plans
3.4.1 The unification of power exchanges
In the context of the European Union’s proposed Internal Energy Market, cooperating
countries are to fully couple their day‐ahead PXs. Main intentions behind this decision are
to create even better trading opportunities and to achieve even more efficient operation of
their electrical grid. However, this initiative is severely burdened by existing local
differences. Some of the major difficulties arise during the investigation of potential
solution algorithms.
While the general purpose and main circumstances of different PX designs are very similar,
most countries have their own special intentions and ideas. While contradictions of the
obvious kind are rare and have been mostly resolved, even apparently unavoidable minor
differences can cause inconvenience in practice. The outline of the proposed general hybrid
algorithm (called EUPHEMIA) [14] shows the validity of this observation. EUPHEMIA can be
viewed as a modified, extended version of the COSMOS algorithm with transplanted
concepts from other existing European PX designs.
The hybrid nature of the algorithm is risky if one looks at the coherence of market rules, but
it also puts stress on the question of implementation. The task of PX clearing routines can
be computationally expensive even if a problem is designed with a consistent, top‐down
method, but if it is joined up from distinct, barely related parts, we may get a model even
harder to solve. This kind of transition necessarily and fundamentally affects the choice of
solving algorithm and eventually also influences the performance and successfulness of the
realized common PX.

3.4.2 Most important innovations
EUPHEMIA is proposed to allow a relatively diverse set of order types some of which are
new or have never been used together:
1.
2.
3.
4.
5.
6.
7.
8.

hourly step bids,
hourly linear bids,
blocks,
curtailable blocks,
smart blocks (linked and exclusive),
flexible hourly orders,
complex supply orders,
specific demand orders for unified purchase prices.

The first three items are already discussed. The 4th, 5th and 6th entries are slightly
complicated variants of profile blocks; their formulation poses comparably minor
theoretical challenge if logical conditions can be incorporated into the mathematical
formulation. The introduction of the last two order types, on the other hand, requires
careful consideration from technical, economic and even mathematical points of view. The
theses of the present dissertation address the issues of their efficient implementation
considering the basic framework described in this section.
Complex orders are generally a set of traditional hourly supply orders with additional linking
conditions, namely, Minimum Income Condition (MIC), Load Gradient Condition (LGC) and
the auxiliary Scheduled Stop Condition (SSC). MIC prescribes that the allocation of the order
set must cover specific fixed and variable costs of the bidder, LGC coerces the clearing
algorithm to find results satisfying the bidder’s ramping limitations. SSC is essentially a
specific relaxation of the MIC: it aims to allow a smooth stop schedule in the first hours of
the day if the MIC is violated. Several different combinations of these conditions are also
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allowed [14], [33]. Complex orders originate from the Iberian PX; they were invented to
facilitate the daily trading of thermal power plants [34].
The idea of unified purchase prices is that a set of PZs can be selected in which demand
bidders pay the same price regardless of any transmission bottlenecks while suppliers sell
energy at the MCPs of their respective zones. In the case of network congestions, MCPs
might be different, hence the balance of incomes and expenses must be ensured directly.
The concept itself originates from Italy where inland congestions are a relevant factor due
to a variety of geographic and economic reasons. The country is divided into six PZs but
buyers pay a uniform price, the so‐called Prezzo Unico Nazionale (the Italian abbreviation
PUN is widely used in Europe) [14], [33].
EUPHEMIA is designed to handle a market clearing problem with multiple PZs. For this
purpose, several innovations in transmission capacity allocation techniques are also
included. Nonetheless, these elements do not belong to the topic of the present discussion,
their short description is given where any of them becomes relevant.
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4 Motivation and high-level research path
4.1 The need of integrated models
An important factor in the development and fast spread of applied optimization is the
possibility to separate problem formulations from solution algorithms. Optimization
problems emerge in many scientific disciplines and encompass a very diverse set of special
and often complicated concepts. On the other hand, there are generic solution techniques
for several distinct categories of problems which are continuously subjected to innovative
ideas and research projects of their own (e.g. [21], [23] and [25]).
The separation of model formulations from solution methods is advantageous because
researchers, scientific and industrial experts (e.g. economists, engineers, sociologists, etc.)
who describe mathematical models do not have to know and implement every algorithmic
detail of the solution search. Using generic solution algorithms, designers and analysts of
problem formulations can easily conduct experiments and compare results between
different variants and versions of their models. In order to use these routines, models must
be converted into the compact standard form of one of the available problem classes.
At the same time, mathematicians who provide the solution methods usually do not have
to be trained in the field of every application. They can compare any model with other
instances of the same problem class using specific attributes and performance metrics
without getting involved in the exact interpretation of constraints and variables.
The division of knowledge and labor is particularly beneficial for industrial applications
because it means that several proficient solver software are available on the market. Since
state‐of‐the‐art technology and experience in a wide range of computational applications
are built into these solvers, they can usually provide fast results and robust performance.
The described scheme is presented as a flow chart in Figure 4.1.

Figure 4.1: Flow chart of an optimization process in the case of standard problem classes. The task
highlighted in red is performed by conceptual experts of the actual application; the step marked with blue is
the responsibility of professional mathematical programmers.

The clearing problem of electricity markets is one of the applications for which the
described approach is usually abandoned. The most frequent way non‐convex elements are
handled during the clearing process is based on their removal from the core model
formulation. Generic algorithms are used to solve this simplified core model – the Welfare
Maximization Problem in the case of EUPHEMIA [14] – while its results are utilized in
14
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problem‐specific heuristic techniques. These techniques – collectively called the Price
Determination Subproblem in EUPHEMIA [14] – are essentially designed to correct
violations of the externalized model conditions and find feasible solutions.
The external coercion of feasibility often infers a significant reduction in solution quality. As
a result of this algorithm structure, global optimization can only be implemented as an
iterative process in which search routines for good objective values and feasible solutions
are launched alternately. There is no point in the process when solution quality and
feasibility are considered simultaneously. This type of solution processes are illustrated in
Figure 4.2.

Figure 4.2: Flow chart of an optimization process in the case of not standardized problems. The task
highlighted in red is performed by conceptual experts of the actual application; the step marked with blue is
the responsibility of professional mathematical programmers.

Using this approach, experimental modifications in the PX design can easily lead to models
that are unsolvable or extremely hard for the actual solution method. On the other hand, if
both the model and the solution algorithm are modified, then no easy way remains to
compare different versions. The problem‐specific nature of the solver routine means that
the knowledge of applied solution methods in different fields is almost useless because not
just the procedural steps are different but basic performance metrics e.g. standard
measures and proofs of optimality are also missing.
COSMOS [15] included the first PX clearing model in Europe that is standardized in the
above described sense. It is formalized as a single convex Mixed Integer Quadratic Problem
(MIQP), a category that can be handled by generic solution algorithms. The advantageous
features of standard models contribute to its ongoing successful use in Europe.
The market model of EUPHEMIA is an extended variant of the COSMOS formulation. If the
extensions could be inserted into a similar standard convex MIQP, the above mentioned
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benefits would be accessible. This dissertation presents the attempt to achieve this goal for
complex orders and PUNs.

4.2 The interrelation between research tasks
Although the exact details of the research are presented in later sections of the dissertation,
a preliminary overview of the high‐level progress path can make it simpler to contemplate
the interrelation of eventual results. This overview is illustrated in Figure 4.3.

Figure 4.3: Interrelation of research tasks and resulting theses.

The basic concepts and models of European PX clearing have already been described in
Section 3. Firstly, in order to incorporate complex orders into this framework, two obstacles
need to be cleared away. One of them is the calculation of incomes that are necessary to
operate complex orders with MICs. The discovery of the efficient income calculation
mechanism leads to Thesis 1 and the MIC model of Section 5.
The second main obstacle is the pricing of elementary bids in the presence of ramping limits
(LGCs). The intertemporal LGC constraint connects the bid allocations of adjacent hours,
hence the acceptance of energy is not only affected by the corresponding MCP but by the
MCPs of other hours as well. Moreover, this effect must not lead to paradox clearing results
or other unexpected consequences. The appropriate pricing mechanism is detailed in
Section 6 and summarized in Thesis 2.
These two innovations can be exploited to find solutions for other pressing questions. The
combined application of MICs and LGCs (in so‐called general complex orders) is one of
them: it needs a more sophisticated, modified income calculation mechanism compared to
standalone MIC orders while its mathematical complexity remains on the same level.
Section 7 presents the resulting formulation that also constitutes the base of Thesis 4. The
initial tests of actual general complex orders has made it possible to discover a controversial
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economic property: these offers can incentivize bidders to hide their true ramping
capabilities. Thesis 4 includes this observation.
The last branch of research progress is about unified purchase prices. This concept is
independent from complex orders and has its own substantially different background.
However, the income calculation mechanism developed for MIC in Thesis 1 is proved to be
useful to create a working, integrated clearing algorithm incorporating unified purchase
prices. As the derivation in Section 8 shows, this algorithm applies the explicit coercion of
income‐expense balance that is handled implicitly in earlier formulations (e.g. see
subsection 3.1.3). Statements of Thesis 5 conclude this task.
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5 Complex orders with Minimum Income Conditions
Complicated properties of power generation have been one of the most challenging issues
in electricity market design since the appearance of the subject [35]. The expenses of
building, operating, maintaining and decommissioning power plants are ideally handled by
market forces meaning that various fixed and variable costs are associated with every unit
of supplied energy. On the other hand, several technical constraints (e.g. minimal operating
loads and load gradient limitations) are also present which can make daily electricity trading
more complex than the case of most other commodities.
The main hindrance arising from these considerations is that the overall economic model
of power plants is generally non‐convex in nature, and non‐convex elements make practical
PX clearing problems substantially harder to solve. Thus, the introduction of non‐
convexities is unavoidable to provide feasible clearing results for suppliers but the
computational burden evoked by them must be reduced as much as possible. This trade‐off
can be more or less assessed by careful formulation of supply order types such as different
kinds of supply block orders.
Complex orders offer an alternative approach in this endeavor. They have their potentially
non‐convex element – the so‐called Minimum Income Condition (MIC) – and can provide a
sensible improvement in the economic model of power supply compared to block orders.
However, this promising idea can have only a limited impact at the time being because the
efficient implementation of MICs is not yet fully resolved in the mainstream European PX
framework (see Chapter 5.1.3).

5.1 The issue of Minimum Income Conditions
5.1.1 The straightforward definition
Complex orders are supply orders consisting of several hourly step bids for potentially
different market hours. These are connected by additional conditions e.g. MICs, LGCs and
SSCs. This section considers the case when LGCs are not associated with the complex bid
set; this configuration is referred to as a MIC order.
The set of individual hourly bids (SMc) for a MIC order indexed with c includes a subset (SSc)
for the purpose of SSC. The MIC prescribes that the overall income of the MIC order must
cover its given costs. However, only the bids not in SSc are strictly subjected to MICs: they
have to be rejected if the MIC is violated [14].
∀ ∈

:

>0→
∈

+

⋅

≤

(5.1)

\

SCM is the set of MIC orders while FTc and VTc are fixed and variable cost terms of complex
order c, respectively. QAc and INCOMEc are auxiliary variables representing the sum of
accepted quantities and the overall income of the same MIC order.
Individual bids in SSc are selected a priori to provide a probably smooth stop schedule for
the bidder in the first hours of the trading day if other bids in SMc are rejected due to the
MIC. To achieve this purpose, SSC bids have to be specified for these first trading hours with
the cheapest bid prices [14]. This selection rule is not part of the core formulation but it can
be easily enforced by regulators. Using the above notations, the expressions of auxiliary
variables become straightforward.
∀ ∈

:

=

⋅

(5.2)

∈
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∀ ∈

:

(5.3)

=
∈

The acceptance rules of individual bids in SSc are identical with those of simple hourly supply
step bids because the MIC is not allowed to alter their allocations.
∀ ∈

,∀ ∈
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The only difference in cases of bids not included in the SSc set is that their full rejection is
allowed regardless of prices if all the other bids in SMc\SSc are refused as well. In other
words, rejected bids must be out‐of‐the‐money (or at‐the‐money) only if other bids in
SMc\SSc are accepted. This modification is formalized by the second part of the premise in
(5.7); it is necessary to coerce the income condition of (5.1).
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The income of elementary bids can be straightforwardly expressed as:
∀ ∈

,∀ ∈

:

=

⋅

⋅

( ), ( )

(5.8)

5.1.2 Computational obstacles
The calculation of individual bid incomes in (5.8) contains a bilinear expression of the bid
acceptance ratio and MCP variables. Bilinear terms are non‐convex on any rectangular
region of their domain [36]. Figure 5.1 illustrates a case of (5.8) for a market with a price
cap of 3000 €/MWh, and a bid quantity of 1 MWh. The feasible region of the bid income
lies on the indicated saddle‐like surface.

Figure 5.1: Illustration of income constraints in the straightforward MIC formulation.

This kind of non‐convex elements are fundamentally different from those of earlier non‐
convex order types in Europe i.e. block orders. The non‐convexity of block bids arise from
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the indivisibility (fill‐or‐kill) property of their bid volume, therefore it is discrete in nature.
Since the continuous relaxation of the problem remains convex, the resulting mathematical
program belongs to the category of convex MIQPs. This means that the number of potential
local optima is finite, and the solution search is usually manageable by some version of the
branch‐and‐bound method (B&B).
On the other hand, the decision variables in the bilinear terms of (5.8) have continuous
domains. Thus, in the presence of MICs, even the continuous relaxation of PX clearing can
be non‐convex classifying the clearing as a non‐convex Mixed Integer Quadratically
Constrained Program (MIQCP). Widely used generic B&B routines are not capable of solving
this kind of problems. Possible solution methods have to heavily rely on problem‐specific
knowledge but they are still generally more complicated and probably very inefficient [37].

5.1.3 Earlier solution attempts
The official description of EUPHEMIA [14] includes a solution proposal. This procedure is
basically a B&B search in which the MICs of complex orders are handled in a specific way.
The constraints playing the role of (5.1) are removed from the original clearing model, and
their satisfaction is inspected only when a new incumbent is found. The algorithm itself
cannot be reproduced from the description because no detailed mechanisms are presented
for the case of MIC violation. A similar approach is followed in [38] resulting in an iterative
heuristic technique. Nonetheless, such problem‐specific heuristic methods need to pass
through a particularly profound verification process before any practical application and
probably lack several advantages of exact optimization.
In comparison, the primal‐dual framework of [39] has its unquestionable advantages. It
creates a transformed PX model using certain concepts of the fundamentally different
American PX formulations. It reduces the number of non‐convex elements to the minimum:
one integer variable belongs to each block and each complex order while logical constraints
are eradicated with all their auxiliary binary indicator variables. The resulting mathematical
program is actually a convex Mixed Integer Linear Program (MILP) which lies within the
usual scope of generic B&B routines.
Nevertheless, serious deficiencies are present here as well. Since optimality is ensured by
one of the constraints containing the expression of the objective, the expression in question
has to be linear. This means that only step orders are available as ordinary hourly orders,
an obvious deviation from the original EUPHEMIA specification. The option of SSC is also
excluded from the formalized complex orders. One of the other important drawbacks of
this formulation may be that it is not compatible with functioning European clearing
mechanisms, therefore it would render previously acquired computational experience
unusable.

5.2 The proposed formulation
5.2.1 Case by case income calculation
The proposed formulation operates by splitting the income calculation into continuously
convex cases. The basis of splitting is the acceptance ratio of the individual bid in question:
acceptance rules obviously affect the bid income and in perfectly known ways.
∀ ∈

,∀ ∈
>0→

∀ ∈
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(5.9)
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⋅

+
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⋅

−
⋅

⋅
(5.10)

In order to contemplate the above formulas, one has to consider the only three possible
cases for every step bid k:
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The bid is entirely accepted (ACCk=1): bid income equals the product of the bid
quantity and the corresponding MCP according to (5.9).
The bid is partially accepted (MCPpz(k),h(k)=pk): bid income equals the product of the
accepted quantity and the bid price. Both (5.9) and (5.10) are active in this case and
they prescribe the same equality.
The bid is entirely rejected (ACCk=0): bid income is zero according to (5.10).

In each case, only products of variables and parameters are needed, thus continuous non‐
convexity is not present.
Figure 5.2 presents the graphical illustration of the proposal for the case of Figure 5.1 (with
the bid price of 500 €/MWh): the recognition of acceptance rules tighten the feasible region
considerably, it becomes the union of three straight lines. The consequence is that the
income calculation can be performed easier; instead of the saddle surface, two linear planes
are used in (5.9) and (5.10) which overlap the solution space in exactly these three lines.

Figure 5.2: Illustration of the effect of pricing rules on income constraints.

5.2.2 Theoretical inspection
The suggested formulation is entirely linear, therefore it can be integrated into the usual
convex MIQP framework of European PXs which can be used without any further
modification. Despite the apparent non‐convexity and seemingly complicated nature of the
orders in question, they can be composed as a relatively easy and efficient addition to the
basic model.
It has to be noted, however, that the income calculation heavily relies upon the marginal
pricing rules of individual bids i.e. it is not appropriate for general application with other
order types. The applicable clearing of complex orders with LGCs remains out of reach as
well.

5.3 Inclusion into the clearing framework
Accepted quantities of MIC orders have to be taken into account in the trade balance. This
modification can be done without transforming its equation (3.40); however, the definition
of Spz,h (3.41) has to be extended with the appropriate bid sets:
21

Complex orders with Minimum Income Conditions

∀

∈ , ∀ℎ ∈

:

=

,

,

∪

,

∪

(5.11)

,
∈

SCMpz is the set of MIC orders submitted to price zone pz while SMc,h is the set of elementary
bids in MIC order c that belong to hour h.
The surpluses of elementary bids have to be added to the SW. The income‐expense balance
is not violated, therefore the structure of the SW expression (3.42) can remain valid with a
slight alteration.
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The new set SHSX contains every step bid submitted to the PX regardless of their
membership in complex bid sets.
=

(5.13)

∪
∈

The resulting PX model is shown in Appendix E.

5.4 Numerical tests
5.4.1 Test scenario
The performance of the proposed MIC formulation is demonstrated on an artificially
created sample. The data preparation and manipulation tasks are implemented in MATLAB
environment while the actual clearing problems are solved by the academic version of the
IBM ILOG CPLEX software package.
The test sample belongs to an imaginary PX which handles the ATC‐based coupling of two
PZs corresponding to single countries. Average system load of Country X is around 3 GW
which is substantially smaller than the approximately 10 GW average of Country Y. The
available capacity of the connection link varies randomly between 500 MW and 1500 MW
in both directions.
The structure of power generation is quite different in the two PZs. Country X has
approximately 1000 MW spare generation capacity compared to expected loads, and it also
follows a more distributed production model with relatively large number of small units.
Small‐scale generation is represented with hourly bids in this simulation because it is
assumed to be generally more flexible, and also because the minor volumes of single
suppliers reduce the likelihood of individually detrimental clearing results.
Seven trading days are considered. Aggregated price curves of hourly orders are created by
the piece‐wise linearization of sigmoid functions that are adjusted to cover the full price
domain (from the lower price cap ‐3000 €/MWh to the upper price cap 3000 €/MWh) as
illustrated in Figure 5.3. The piece‐wise linear curve consists of 60 pieces in this case, hence
the resulting curve seems to be smooth. The actual hourly demand bids are constructed
from the derived section with additional randomization (±50% uniform noise for quantity
parameters and ±10% for prices).
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Figure 5.3: Illustration of the hourly bid construction procedure for the demand side. The root of the hourly
bid curves is determined by a real load pattern.

These sigmoid curves are supposed to describe relatively inelastic supply and demand, thus
it can be expected that market clearing volumes (MCVs) will appear around their roots.
These roots follow the three‐day quantity pattern presented in Figure 5.4 which is a
segment of the real load data also used in [40]. In the example of Figure 5.3, the
corresponding hourly load is 2800 MWh.
As it can be seen in Figure 5.4, the load pattern contains comparative values, the basis of
these ratios is different for supply and demand in both PZs. The base values in Country X
are 2000 MWh for supply and 3000 MWh for demand while the same numbers are 3000
MWh and 10000 MWh for supply and demand in Country Y, respectively. The bidding model
of large power plants is not subjected to this kind of manipulations, they are considered
with randomized constant parameters throughout the whole week.

Figure 5.4: Numerical test results for the proposed clearing model of Minimum Income Condition orders.

Parameters of different order types are summarized in Table 5.1, 5.2 and 5.3. Random
elements play crucial role during the data preparation process; uniform distribution is used
in every step. The number, the quantity profiles and prices of block bids all have comparably
wide ranges, however, the relative importance of blocks is clearly reduced by the presence
of complex orders. The variance of MIC cost terms (FTs and VTs) is also rather high in order
to simulate more clearing scenarios for these orders.
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price zone

number

quantities [MWh]

prices [€/MWh]

Country X

40 for each hour

Country Y

60 for each hour

random numbers
between 50 and
150

derived from real
load data using a
sigmoid curve

Country X

60 for each hour

Country Y

200 for each hour

random numbers
between -150 and
-50

derived from real
load data using an
inverted sigmoid
curve

Table 5.1: Main properties of submitted linear hourly orders in the test scenario concerning Minimum
Income Condition orders.

number
random between
10 and 30 daily in
random price
zones

profile
random selection
from base, 8h16h, and random
one-hour profiles

quantities [MWh]

prices [€/MWh]

random numbers
between 20 and
80 or -80 and -20

random numbers
between 30 and
100

Table 5.2: Main properties of submitted block orders in the test scenario concerning Minimum Income
Condition orders.

number

FT [€]

VT [€/MWh]

price curves
number of
steps
3

2
(both in
Country Y)

random
numbers
between 150
and 500

random
numbers
between 40
and 70

quantities
[MWh]
1200
600
200
number of
steps

5
(Country X:
2; Country Y:
3)

random
numbers
between 50
and 250

random
numbers
between 50
and 80

2
quantities
[MWh]
500
500

SSC
the cheapest
bid in Hour 1
prices
[€/MWh]
random
numbers
between 30
and 90
SSC
the cheapest
bid in Hour 1
prices
[€/MWh]
random
numbers
between 30
and 80

Table 5.3: Main properties of submitted Minimum Income Condition orders in the test scenario concerning
Minimum Income Condition orders.
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5.4.2 Results and discussion
The arising clearing problems have been solved by the generic convex MIQP solver of CPLEX.
The 10 minute time limit was breached on Day 1, 2, 4 and 5 i.e. these solution processes
were terminated before optimality could be proven. However, the B&B gap was smaller
than 1% in each case meaning that any remaining objective function (social welfare)
improvements would not be significant.
Results are illustrated in Figure 5.4. Since a substantial part of the supply is provided by
orders with basically constant parameters, a relatively strong correlation between daily load
and social welfare can be expected. This is observable in Figure 5.4. The graphs of MCPs and
energy transmissions show other notable test results. For example, the energy transmission
could be assumed to be mainly negative, because only Country X has generation capacity
to share and the nominal direction of the connection line points to Country X from
Country Y. This conjecture is also verified by the clearing solutions.
The obtrusive price spikes on certain days are caused by the relatively inelastic supply
provided by hourly orders. In the peak hours of Day 6 and 7, system load greatly exceeds
the average, therefore the energy from large production units are insufficient to cover the
whole heavy demand leaving the remainder for more expensive hourly supply orders to
match.
On the other hand, no conspicuous demand increase is present on Day 1 and Day 4.
Unsteady prices on these days can be explained by the behavior of complex orders. One of
the 2000 MW complex orders is refused on both days due to its MIC. This decision causes
severe energy shortage in Country Y which cannot be fulfilled by the excess production in
Country X through the bottleneck of the connection line.
There is another rejected MIC order in the clearing solution of Day 2 and its effects are also
visible in Figure 5.4. One of the 1000 MW power stations in Country X are out of operation
i.e. the extra supply is removed from the system. As a result, this is the only day when the
usage of the interconnection is quite low, moreover, some of the hourly energy exchanges
occur in the positive direction.

5.5 Conclusion
Complex supply orders with MICs and SSCs are expected to be essential parts of the all‐
European market design. They provide a viable and fitting model for the economic interests
of resource providers. A new formulation is presented which is a significant step to
eliminate computational hindrances in the clearing process of these offers. The proposed
model is computationally efficient as MIC orders become a simple, linear addition to the
usual convex MIQP framework. A basic comparative analysis of other modelling attempts
and test demonstrations are also included in this section. Relevant publications of the
Author are [S2], [S3], [S4], [S5], [S7] and [S8].
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6 Complex orders with Load Gradient Conditions
Looking at already operating PXs, two conspicuous general approaches can be found: these
are usually referred to as the American (or US) and European market designs, the latter of
which has already been described in this dissertation from the algorithmic point of view.
The American approach is generally more centralized with a stronger regulator, mandatory
unit commitment and integrated trading of ancillary services [41], [42], [43]. It is also widely
used in Asia and Africa.
The different frameworks give rise to different market structures, order types and clearing
mechanisms. One of the critical aspects is the handling of certain problematic
characteristics of power generators i.e. non‐convex elements such as startup costs and
minimal operating loads. This question leads to intense research about both models: uplift
calculation and price determination are some of the prevalent topics about the US approach
[44], [45] while the general European answer appears to be the introduction of specific non‐
convex order types [34], [46].
Another important dividing line is the handling of intertemporal dependencies such as limits
on production ramping. American PXs incorporate these connections fairly simply by design
[16], [47] but due to the externalized scheduling, they are hardly assessed in Europe.
The latter practice has been put into question by recent trends. It is an unpleasant fact that
European power plants with naturally convex ramping limits have to either rely on
potentially unstable non‐convex order types e.g. blocks and smart blocks [46] or apply
sophisticated market price forecasting methods [48], [49], [50] before bidding. At the same
time, novel notions are appearing about integrated PX designs involving the trade of
European systemic security reserves [51], [52] which would make the straightforward
consideration of gradient limits essentially unavoidable.
The proposed all‐European PX – probably as a reaction to these challenges – employs
complex supply orders with Load Gradient Conditions (LGCs). The name of these bids can
be abbreviated LGC orders if MIC and SSC are not attached to them. Since their description
in the official EUPHEMIA proposal [14] is rather short and ambiguous, their precise
interpretation and implementation remain largely open questions. A working solution is
presented in this section which utilizes useful concepts from the American PX model
without violating the criteria of the European market clearing framework.

6.1 The interpretation of Load Gradient Conditions
6.1.1 Ramping limitations
The purpose of LGCs is to ensure that accepted quantities of the complex bid set have to
comply with previously defined ramp‐up and ramp‐down limits for every pair of adjacent
hours.
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SCL is the set of LGC orders. The bid set of LGC order c is denoted by SLc while SLc,h means
its hourly decomposition. The last trading hour of the day is denoted by hlast. RDc,h and RUc,h
are downward and upward gradient limits for complex order c in hour h, respectively. These
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limits may be restricted to be the same for all hours in an order; the effects of this choice
are negligible from the algorithmic point of view.
The main deficiency of the official specification [14] is that no concrete mechanism is
presented for the case of LGC violation. Nonetheless, conceptual investigations show that
expectations about complex orders with LGCs should be defined around the key concept of
bidder happiness.

6.1.2 The issue of bidder happiness
The clearing solutions of European PXs do not always constitute Walrasian equilibria. This
statement means there can be participants who are not “happy” in the sense that they do
not gain maximal surpluses considering given prices [16]. This detrimental phenomenon is
conspicuous for the bidders in question, therefore they can be incentivized to leave the
market and find better trading opportunities elsewhere. This is naturally disadvantageous
for the market itself.
The SW contains the sum of individual surpluses, therefore individual surplus curtailments
can occur only if growing surpluses of other participants compensate the resulting SW
reduction. This is supposedly a rare phenomenon. Nonetheless, the non‐convex economic
model of power generators occasionally makes it unavoidable in the case of non‐convex
order types. (For example, the paradox rejection of fill‐or‐kill block orders has to be allowed
[35].) In order to avert the problems arising from this behavior, non‐convexities should be
evaded in all possible cases.
It is illustrated by (6.1) and (6.2) that the basic LGC equations are convex, therefore LGC
orders theoretically can have a formulation providing full bidder happiness. In this
formulation, no paradox clearing option would be allowed for these orders. Analogous
functions are also performed on American PXs without non‐convex elements, although
these markets do not employ explicit acceptance rules at all [47].
In order to implement ramping limits in the European framework without the violation of
bidder happiness, the appropriate pricing rules of elementary bids have to be found.

6.1.3 Ordinary hourly pricing
The first logical idea may be that individual bids of an LGC order should be simple subjects
of ordinary hourly acceptance rules expressing strict marginal pricing. However, direct
external constraints such as gradient limits on this kind of bids can lead to infeasibility.
Figure 6.1 depicts a market situation in which there is no allocation satisfying all pricing
rules and the downward gradient limit RD (RU is not binding). However, the idea offers a
viable clearing method with only a small modification.
Similarly to the case of MIC orders, the individual bids of LGC orders can be allowed to have
two general clearing outcomes:



All elementary bids are accepted according to ordinary pricing.
All elementary bids are fully rejected regardless of prices.

The newly introduced second option trivially satisfies the LGC criterion because gradient
values in both directions are minimal (zero) in the case of full rejection. This option is
always viable. An example is shown with MCPs and MCVs in Figure 6.1.
Nevertheless, the option of total refusal in this model is rather questionable. Since the
model does not specify any condition for this outright rejection, it also introduces the
possibility of paradoxically rejected LGC orders which could be hardly justifiable in the eyes
of bidders. Fortunately, it does not appear to be necessary to apply strict marginal pricing
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for elementary bids in LGC orders. There are arguably subtler and more rewarding ways to
reduce allocation gradients using other pricing schemes.

Figure 6.1: Example of the first interpretation for LGC order clearing. The supply side consists of only one
LGC order (red) while the demand includes two hourly bids (blue). Social welfare is zero in this case.

6.1.4 One-sided hourly pricing
The idea of one‐sided pricing rules can be raised to relax the strict criterion of hourly
marginal pricing. The scheme is similar to the acceptance (3.12) of block orders: out‐of‐the‐
money elementary bids are still strictly rejected, but no other elementary acceptance
constraint is included in the model. The consequence is that the clearing algorithm is
allowed to restrain from protrusive allocation values in hours when the MCP is higher than
the corresponding bid prices.
The smoothing mechanism of this formulation is illustrated in Figure 6.2 with the same
miniature market that has been already inspected in Figure 6.1. Surpluses of bidders get
trivially bigger than in the case of full rejection. The same holds true also for the SW which
equals 1425 € instead of zero.
Nevertheless, this small example in itself is insufficient to judge the applicability of this
second model. In the presence of additional non‐convex orders, at least one problematic
side‐effect of the relaxation can be found easily: the clearing solver is allowed to exploit the
rejection of in‐the‐money elementary bids for the sake of other orders and other bidders.
This behavior may be acceptable in the case of non‐convex order types, but LGC orders are
expected to guarantee undisturbed bidder happiness.

28

Complex orders with Load Gradient Conditions

Figure 6.2: Example of the second interpretation for LGC order clearing. The supply side consist of only one
LGC order (red) while the demand includes two hourly bids (blue). Social welfare is marked with shading
(purple).

6.1.5 Inconclusive hourly pricing (or indirect pricing)
Basic logic says that the most economical solution for violated LGCs may be generally found
by changing both adjacent allocations in problematic cases. The first pricing interpretation
did not allow any meaningful modification while the second model could change only one
side: the bigger one. More flexible clearing methods need to employ inconclusive (or
indirect) bid pricing in the sense that hourly MCPs alone should not directly determine the
allocations of the corresponding hourly step bids. The intertemporal nature of LGCs dictates
that a price change in one of the trading hours can have potential effects on the cleared
quantities in other time periods as well.
Figure 6.3 verifies the assumption that clever and competitive solutions can be extracted
this way (the resulting SW is 1509.375 €). The market situation is the same as in Figure 6.1
and 6.2.
This third LGC order interpretation is the basis of the following eventual clearing proposal
because no inherent controversy appears in the context of the critical bidder happiness
issue. Nonetheless, this kind of acceptance rules is not established in the European setting;
it has to be handled with particular care in order to preserve the usual indicative role of
MCPs and the consistency of market rules. It is also necessary to give exact proofs of its
adequacy and feasibility which can be found in subsection 6.3.
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Figure 6.3: Example of the third interpretation for LGC order clearing. The supply side consist of only one
LGC order (red) while the demand includes two hourly bids (blue). Social welfare is marked with colored
shading (purple stands for positive and orange for negative sign).

6.2 The proposed formulation
6.2.1 Shadow pricing of individual bids
Shadow pricing is the single most important idea in the formulation of indirect acceptance
rules. A set of shadow price variables (SHPs) is introduced for each LGC order to actualize
the effects of gradient limits.
The introduction of SHPs relaxes the original ordinary pricing and allows the hourly
allocations to deviate from the intersection points of bid price curves and MCPs. Moreover,
as dictated by the inconclusive pricing regime, violations are permitted in both directions
i.e. both the rejection of in‐the‐money offers and the acceptance of out‐of‐the money bids
might be feasible. On the other hand, causes of these diversions can always be justified in
a way that retains the happiness of LGC bidders.
Resulting formulas keep some resemblance to those of ordinary pricing:
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The only difference compared to ordinary acceptance rules of supply step bids is that hourly
order clearing prices (denoted by OCPc,h) stand in the places of MCPs. It has to be noted,
however, that OCPs are assigned to specific LGC orders and not to the whole PZ like MCPs.
They are calculated from MCPs using the shadow prices (SHPs) of LGC orders.
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SHPc,h means the shadow price of ramping limit for LGC order c between hours h and h+1;
pz(c) is the market on which this order is submitted. Since the allocations of the first (hfirst)
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and last (hlast) hours are constrained from only one direction each, OCP definitions are
slightly different for these hours:
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As it can be seen in the above equations, all SHPs are included twice. For example, a variable
called SHP4,2 would affect the OCP calculations of the LGC order with index 4 in the second
and third market hour. It is also apparent that it would be included with opposing signs in
these two calculations. This is appropriate because any active LGC would have converse
effects in the corresponding hours e.g. the reduction of accepted energy in Hour 2 and an
equal increase in the allocation of Hour 3 have the same consequence for the ramping limits
between these hours.

6.2.2 Exploitation constraints
According to the described indirect pricing scheme, SHPs generally reduce the surplus of
the LGC bidder. Therefore, any appearance of nonzero SHPs must have a justifying
explanation in the form of active ramping limits.
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The inclusion of (6.8) and (6.9) into the model means that when the specified ramping
capabilities of power suppliers are not exploited, the clearing is reverted to ordinary
marginal pricing.

6.3 Theoretical background
6.3.1 The origin of shadow prices
Although American PXs do not apply explicit acceptance rules, the key concept of the
proposed European LGC order formulation – shadow pricing – originates from there. The
explanation requires schematic overviews on American and European PX designs and a
short comparison of them from an algorithmic viewpoint.
The primal clearing problem of American PXs – similarly to the PX prototype described in
the 3.1 subsection – generally contains only quantity variables and constraints. Clearing
prices are computed a posteriori along with the compensation (an amount of money called
uplift) given to paradoxically cleared bidders. However, a set of possible prices arise from
the clearing solution as dual variables of power equilibrium constraints [16].
Actually, other dual variables i.e. shadow prices also have useful interpretations because
they directly represent the marginal costs of enforcing their corresponding quantity
constraints. An optimality criterion can be given using the complementary slackness part of
the KKT conditions in which both primal and dual variables are present. They can be also
used to prove that bidder happiness for certain convex order types is ensured [47].
Dual variables of the European PX problem cannot be utilized the same way, because the
structure of the clearing problem is fundamentally different. The market is designed to
avoid uplift payments entirely, therefore – as already shown in the 3.2 subsection – price
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variables have to be introduced directly along with acceptance rules of allowed order types
to connect allocations with prices [14], [39].
On the other hand, the construction of European PXs can be supplemented on the basis of
their current philosophy. As previously mentioned, MCPs have analogous dual variables in
the American framework. In essence, they were taken into the primal problem for the
purpose of handling non‐convex orders. Their values are calculated from the pricing rules
of ordinary hourly orders which are originally complementarity conditions for the same bid
type in America.
In the same manner, SHPs are amalgamations of other American dual variables which are
in connection with ramping limits similar to (6.1) and (6.2). Their calculation is performed
using the corresponding complementary conditions which can be transformed into logical
expressions (6.3)‐(6.9).
According to the duality theory of optimization, the above derivation of shadow prices
means that bidder happiness in the clearing results of LGC orders is warranted. Since these
orders are all convex, this result is rightfully expected. The constraints of additional order
types can tighten the solution space further, but their effects are irrelevant from this
viewpoint.

6.3.2 Inspections on bidder happiness
Exact mathematical proofs are important but a more transparent and expressive
argumentation about bidder happiness can be useful as well. An explanation of this kind
can be derived from the analogy with ordinary hourly orders.
Ordinary hourly orders represent the majority of energy trade on European day‐ahead PXs.
These are allocated according to marginal pricing rules which means that the intersection
point of the aggregated bid price curve with the actual MCP determines the accepted
quantities of hourly bids. In arithmetic form for supply orders in SHSpz,h and SHLpz,h:
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The bid price of the most expensive accepted hourly bid is denoted by
, while
, is
∗
the bid price of the cheapest rejected hourly bid ( , is an auxiliary price). Aside from
notations, the rule itself is easily comprehensible. If the left‐hand side expression in (6.10)
is negative then bidder surplus can be enlarged by increasing the allocation; and similarly,
if that expression is positive then the surplus can be enlarged by reducing the quantity of
accepted energy.
This kind of strict marginal pricing prescribes perfect bidder happiness but it cannot be kept
for LGC orders because the resulting allocations may collide with ramping conditions.
Nonetheless, the equality of (6.10) can be relaxed to prescribe a rule for the whole order
instead of individual hourly bids in SLc.
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Similarly to the previous case, pc,hA and pc,hR are the bid prices of the of the most expensive
accepted and cheapest rejected energy bids in SLc,h, respectively.
These equations are essential to find appropriate clearing results for LGC orders. If the
expression on the left‐hand side of (6.12) is negative then the bidder surplus can be
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enlarged by simultaneously increasing all hourly allocations of the LGC order. This
manipulation would be permitted because absolute quantities are not the concern of
ramping limits, they deal only with differences between adjacent hours. Similarly, if the
expression in question is positive then the surplus can be enlarged by simultaneously
reducing all hourly allocations of the order.
The proposed pricing formulation includes the direct application of the relaxed marginal
pricing formulas in (6.3)‐(6.7). The OCPc,h variable has the same practical meaning as pc,h*
while shadow prices are simply defined to ensure the equality (6.12).
These rules in themselves do not prevent the emergence of problematic hourly allocations
if their price effects are compensated in other hours. For example, an unnecessary SHP
increase can be obscured by other unnecessary changes of other SHPs in the opposing
direction. Nonetheless, diversions from marginal pricing can be restricted to happen only if
some of the gradient limitations are active. This is the exact meaning and purpose of the
proposed exploitation constraints (6.8)‐(6.9).
In consequence, the clearing of LGC orders becomes practically unambiguous if prices are
known. In hours when LGCs are not active, the allocation is fixed with marginal pricing. In
other hours, fully exploited gradient capabilities and the equilibrium of SHPs describe the
feasible accepted quantity profile. Remaining indeterminacies do not affect bidder
happiness.
It has to be noted that LGC orders are supposed to contain only step bids [14] but this
prescription is not utilized in the proposed formulation. This means that the presented LGC
order model would work the same way for linear individual bids as well.

6.4 Inclusion into the clearing framework
Accepted quantities of LGC orders have to be taken into account in the trade balance. This
modification can be done with simple extension of the Spz,h bid sets:
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SCLpz is the set of LGC orders submitted to price zone pz.
The surpluses of elementary bids have to be added to the SW; as a consequence, the SHSX
bid set has to be extended, too:
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The detailed composition of the resulting clearing formulation is presented in Appendix F.

6.5 Case studies
6.5.1 The behavior of a single Load Gradient Condition order
The clearing of a single LGC order is illustrated by a small example. A miniature market is
constructed with 4 trading hours where ordinary hourly bids and one block are cleared
according to their usual rules while the proposed formulation is applied for the only LGC
order. Since only one complex order is submitted, the first indices of OCPs, SHPs, RUs and
RDs are omitted during the analysis for the sake of simplicity.
Relevant parameters of submitted orders are summarized in Table 6.1. Negative quantities
denote demand bids according to the usual sign convention. Power demand is represented
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by ordinary hourly orders while supply is provided by a non‐convex fill‐or‐kill block order
and the inspected LGC order. It is conspicuous that the demand side and the LGC bid have
the same parameters for all hours, only the one‐hour block bid BO1 breaks the monotony
of the order book in Hour 3.
Aggregated price curves of submitted orders are depicted in Figure 6.4 along with main
clearing results: MCPs, MCVs and shaded areas of SW. It is clearly visible that the curves are
the same for all trading periods with the exception of Hour 3 due to BO1. Nonetheless,
MCPs and MCVs are distinct in every hour because the clearing of the LGC order named
LGCO1 spreads the effect of extra supply in Hour 3 to the adjacent hours. Hour 1 remains
unaffected by ramping restrictions, therefore the strict marginal pricing remains valid for
supply bids.
The cheap block bid breaks down the MCP in Hour 3 but it raises prices in Hours 2 and 4.
The explanation of this effect is that the allocation of LGCO1 has to be reduced in both hours
to satisfy gradient limits. Accordingly, in‐the‐money supply bid parts are rejected making
the corresponding MCVs smaller than in the reference case of Hour 1. On the other hand, a
significant amount of energy (35 MWh) is bought from the owner of the LGC order in Hour 3
when the individual bids of LGCO1 are entirely out‐of‐the‐money.

Hourly orders
name

hour

quantity
[MWh]

HO1
HO2
HO3
HO4

1
2
3
4

-70
-70
-70
-70

starting
price
[€/MWh]
70
70
70
70

end price
[€/MWh]
50
50
50
50

Block orders
name
BO1

hour
3

quantity [MWh]
35

price [€/MWh]
10

LGC orders
name

hour
1…4

LGCO1

hour transition
1…3

quantity [MWh]
30
30
ramp-up limit
[MWh]
15

price [€/MWh]
20
40
ramp-down limit
[MWh]
20

Table 6.1: Parameters of submitted bids in the small clearing example of the first case study concerning
Load Gradient Condition orders

The smoothing mechanism of shadow pricing is easier to comprehend using the additional
illustration of Figure 6.5. Since marginal pricing would prescribe a technically infeasible
schedule for the power supplier in question, relaxations have to be made with the help of
SHP variables. Allowed ranges for SHPs are indicated below the diagram, these are
determined to lift the allocation in Hour 3 and diminish it in the neighboring hours. This is
achieved with an SHP2 equaling 14.286 €/MWh and an SHP3 of 15.714 €/MWh. Resulting
OCPs are 40 €/MWh for all three hours, that price step provides enough space to find the
best results. The allocation profile also certifies that ramping capabilities are fully exploited.
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Figure 6.4: Aggregated demand (blue) and supply (red) price curves and clearing results of the first case
study concerning Load Gradient Condition order clearing. The shaded areas correspond to social welfare
(purple stands for positive and orange for negative sign).
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Figure 6.5: Allocation schedule of the Load Gradient Condition order in the first case study concerning this
bid type. Acceptable quantities with strict marginal pricing (white) can be compared with actual allocations
(grey) and their corresponding gradient values (orange).

6.5.2 Effects on a simulated market coupling
As the additional model parts (6.1)‐(6.9) are linear, the theoretical complexity of the
clearing problem remains unabated. It can be categorized as a convex MIQP and can be
handled efficiently by some version of the branch‐and‐bound method. The data preparation
and manipulation tasks are implemented in MATLAB environment while the actual clearing
problem is solved using the academic version of the IBM ILOG CPLEX software package.
The test sample belongs to an imaginary exchange which handles the ATC‐based coupling
of two countries’ separate price zones. Long‐time average system load of Country X is
around 3 GW while the same value is approximately 4 GW for Country Y. The available
capacity of the connection link varies randomly between 50 MW and 150 MW in both
directions.
Although the volumes handled by the two markets have the same order of magnitude, the
structures of underlying power generation are different. Country X mostly relies on older,
less flexible power plants with hourly load gradient limits in the range between 0 and 10%
of their maximal capacity. Three LGC orders are submitted by these suppliers with
1000 MWh of summed bid quantity each. On the other hand, different technologies and
modern design solutions are used in Country Y to enhance ramping capabilities. Suppliers
prescribe limits between 40% and 60% of their maximum volume, six 500 MWh LGC orders
are submitted with these parameters. Price curves of complex bids are quite simple with
two or three steps in the 30 € to 90 € interval.
Three trading days are considered; the fundamental time‐dependent variation of submitted
demand orders is based on a one week period of the real power consumption sample also
used in [40]. Aggregated bid price curves are constructed from targeted load values with
the help of appropriately adjusted and linearized sigmoid functions (the procedure is
essentially the same as the one used in the 5.4 subsection).
Random elements play crucial roles during the sample construction process but they are
especially important in the case of non‐convex block orders. A few dozen of these bids are
submitted each day for both the supply and demand sides with quantities smaller than 80
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MW. Their quantity profiles are simple: base, peak and one‐hour blocks are used. Prices are
set between 30 € and 70 €.
Relevant clearing results are presented in Figure 6.6. Social welfare shows great correlation
with expected daily load values because a large part of the supply is stable while the
allocated demand varies roughly according to the used load pattern.

Figure 6.6: Key parameters and relevant clearing results of the second case study concerning Load Gradient
Condition orders.

Conspicuous price spikes appear in the solution of all three days. The MCP of Country X
takes extreme turns in both directions while the other MCP practically performs a smoother
version of the same bouncing. This behavior can be explained by the main characteristics of
LGC orders.
The proposed pricing mechanism uses shadow prices which represent the costs of ramping
limits. This approach links the clearing of different hours rather strongly in order to achieve
bidder happiness. If a relatively long period of fast ramping is required, the formulation
ensures an allocation with probably quite high shadow prices for the first and last hours of
the period.
When the downward gradient limits are active e.g. in the last hours of Day 1, a substantial
amount of extra demand should be accepted leading to low or even negative prices. An
opposite statement is true later when the algorithm must allocate extra energy production
due to the restricted ramping and this embodies itself in jumping prices. A very similar
phenomenon can be observed in the case of fast upward ramping e.g. in the morning of
Day 3: prices move wildly in the converse direction of allocated energy. In this case, the
extra cheap energy of Country X evoked negative MCPs in Country Y, too.
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The allocated and transmitted energy diagrams offer rich illustrations to the above
principles. The energy exchanges on the connection line generally appear in the direction
which allows the flattening of the supply allocation in Country X. The resulting smoothness
of different LGC order groups can be compared visually.
Nonetheless, there are two anomalies in the results: downward gradients of LGC orders in
Country X seem to be too large at the end of Day 1 and Day 2. Actually, their exact values
are 415.83 MWh and 329.76 MWh, both significantly bigger than the 10% of summed
maximum capacities (300 MWh). These both originate from the same deficiency: LGC
orders cannot force the feasibility of ramping limits between different days because PXs are
cleared on a daily basis. As a consequence, clearing solutions still cannot be considered
technically feasible in themselves.

6.6 Conclusion
The integrated handling of power plants’ technical constraints is expected to be a significant
improvement in the design of European PXs. A suitable mathematical model is presented
for LGC orders which are supposed to perform this task for the case of ramping limitations
on the all‐European market. The formulation utilizes the convexity of gradient restrictions
in order to ensure the happiness of LGC bidders i.e. resulting allocations cannot be objected
on the basis of market prices.
The proposed model applies shadow pricing in order to represent the otherwise hidden
costs of ramping limits. This technique originates from American PX algorithms; its
transplantation into the European optimization framework can be viewed as a direct
application of duality theory. A simplified pragmatic explanation and demonstrational tests
are given to support the proposal. Main results are summarized in publications [S1], [S4],
[S6], [S7] and [S8].
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7 General complex orders
Several research projects have already attempted to implement PX clearing algorithms with
complex orders leading to a diverse set of available models. Since substantial practical
experience accumulated during the use of convex MIQPs, it can be viewed advantageous to
modify them only as much as necessary. Nonetheless, as already discussed in Sections 5
and 6, the formulation proposals for the all‐European PX clearing problem deviate from the
basic algorithm structure considerably (general complex orders are addressed only in [38]
and [53]). Furthermore, the only formulations that can be integrated into already operating
clearing frameworks – these are the novel models detailed in Sections 5 and 6 – can handle
MICs and LGCs only separately.
This section presents a formulation for complex orders with all available linking conditions
that can make up for the latter deficiency.

7.1 The combination of income and ramping constraints
7.1.1 Compatibility issues
The order formulations described for MIC orders and LGC orders cannot be used
simultaneously for any complex order. The main obstacle in this endeavor is the deviation
in bid acceptance rules. MIC orders need to use ordinary pricing in (5.4)‐(5.7) to make the
crucial income calculation procedure of (5.9) and (5.10) possible. On the other hand, LGC
orders apply a kind of indirect pricing in which the acceptance or rejection of an elementary
bid is not determined by its corresponding MCP alone; they also depend on SHPs according
to (6.3)‐(6.7). This approach is unavoidable if bidder happiness is required.
Complex orders with both MICs and LGCs attached can be called general complex orders
(GCOs). Bidder happiness cannot be guaranteed for these orders because of the non‐convex
nature of MICs. In the case of rejections, bidders do not always gain maximal surpluses
considering given prices (these cases are also known as paradoxical rejections).
Nevertheless, this is the only context in which the spoiling of bidder happiness is admissible;
accepted elementary bids of GCOs have to follow the pricing rules of LGC orders. The
consequence is that in order to develop a working model for GCOs in the European clearing
framework, a modified income calculation method has to be invented.

7.1.2 The frame of the general complex order model
The set of GCOs is denoted by SCML. All the individual bids in the complex order set (SMLc
for the GCO indexed with c) have to be subjected to LGC constraints. On the other hand, in
a manner similar to the described MIC order model, the constraints of the MIC are only fully
valid for elements outside an SSC subset (SSLc) of SMLc. In the following formulas, SMLc,h
and SSLc,h stand for the hourly decompositions of SMLc and SSLc, respectively. The
interpretations of other notations are similar to their roles in previously described models.
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Acceptance rules of individual bids follow indirect pricing with SHPs. However, in the case
of GCOs, the SHP variables need to be separated for upward and downward gradient
limitations. (This form is equivalent to the already discussed model but it is advantageous
for this presentation.) The two components are strictly non‐negative.
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The pricing of SSC bids is equivalent to that of the elementary bids in LGC order sets.
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The other bids in SMLc are allocated according to slightly more complicated rules which
allow their collective rejection regardless of prices. This choice becomes necessary in the
case of MIC violation.
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Necessary exploitation constraints can be presented in a way that illustrates the roles of
separated SHP components.
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The only remaining deficiency is that the calculation of INCOMEc is not yet defined for GCOs.
This part of the MIC order model (5.9)‐(5.10) needs substantial modifications in order to
apply it for this order type.

7.2 The modified income calculation
7.2.1 The proposal
The basic reasoning behind the MIC income calculation (5.9)‐(5.10) is valid only in the case
of ordinary marginal pricing. If it is simply applied for bids that are cleared according to
indirect pricing rules, the resulting income values would be generally erroneous. In the case
of the proposed formulation with SHPs, these wrong results can appear when the ramping
capabilities of complex orders are fully exploited, and therefore SHPs are not zero.
The calculation method operates correctly if OCPs are considered instead of MCPs: the
products of accepted bid quantities and OCPs are accessible. Nonetheless, these pseudo‐
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income values are generally not equal to the true incomes because the payment is still
settled according to MCPs. However, the potentially wrong pseudo‐incomes can be
corrected if auxiliary income components are attached to ramping constraints themselves
and added to the overall income of the general complex order.
The idea is illustrated by a simple example in Figure 7.1. The bid curves of a GCO are
presented on a simple two‐hour market, with the most relevant clearing results. It can be
seen that the dotted areas in the two hours are identical, therefore the sum of pseudo‐
incomes and the correction are equal to the actual income (the summarized products of
accepted quantities and MCPs).

Figure 7.1: Illustration for the income calculation proposal for a general complex order. Bid curves (blue)
and accepted quantities (AQ) can be compared to values of resulting price variables, pseudo-incomes
(yellow) and the income correction (brown).

This method of income calculation can be implemented using logical equations that contain
only linear expressions of decision variables.
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CORDc,h and CORUc,h are the income corrections assigned to downward and upward ramping
restrictions, respectively. Using these variables, the true INCOMEc becomes attainable.
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PINCk is the pseudo‐income of elementary bid k.
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7.2.2 Justification of the model
The described formulation for complex orders with MICs and LGCs is not trivially
appropriate. It needs justification in the form of a mathematical proof before any further
analysis. The debatable part is the modified income calculation; it should be shown that the
resulting INCOMEc value in (7.19) truly corresponds to the acquired income of the orders in
question.
The proof is shown for the case of an arbitrarily chosen GCO indexed with c. Its true overall
income can be calculated using a simple – though continuously non‐convex – formula
(essentially already shown in (5.8)):
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Using (7.6)‐(7.8), MCPs can be decomposed into OCPs and SHPs. This process also infers the
separated income summation for the first and last hours of the day.
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The next step is the utilization of the fact that pseudo‐incomes (7.17)‐(7.18) are the true
incomes of bids in the hypothetical case of ordinary hourly pricing. According to (7.9)‐(7.12),
this condition is satisfied if OCPs are considered instead of MCPs. (Note that the choice of
overall rejection is irrelevant here because income variables are not used in that case.)
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The overall summation of (7.21) can be rearranged to highlight the coefficients of shadow
prices.
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Considering the composition of shadow prices (7.5), the non‐negativity of their components
and the exploitation constraints (7.13)‐(7.14), there are three possible cases for the value
of an income component in (7.31):
The shadow price is zero: the product equals zero with both shadow price
components being zero.
The shadow price is positive: only the upward shadow price component is non‐zero
meaning that the upward ramping limit is exploited.
The shadow price is negative: only the downward shadow price component is non‐
zero meaning that the downward ramping limit is exploited.





All three cases can be correctly calculated with a single formula:
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The definitions of income corrections (7.15) and (7.16) can be substituted into this equality.
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The justification proof is complete because the summation in (7.33) directly leads to the
targeted expression of (7.19). The income calculation and therefore the core model
proposal of GCOs is valid and exact.

7.3 Inclusion into the clearing framework
The connection with the other parts of the European clearing model can be established
similarly to LGC orders. The definitions of two order sets have to be extended for the trade
balance and SW expressions:
∀

∈ , ∀ℎ ∈
,

=

,

:

(7.34)

∪

∪

,

∪

,
∈

=

∪

,
∈

∪
∈

∪

,
∈

(7.35)

∪
∈

∈

SCMLpz is the set of GCOs submitted to price zone pz.
The PX model that incorporates every complex order type is shown in detail in Appendix G.

7.4 Computational tests
7.4.1 A demonstration of general complex order clearing
The results of a simplified market situation with a single GCO are used to demonstrate the
basic clearing choices and the interaction of different order types according to the proposed
formulation. This case study considers a market with only four trading hours. The supply
consists of the GCO, one block order and one hourly bid for each hour while the demand
side is represented by only one hourly bid in every hour. Details of the order book are
presented in Tables 7.1, 7.2 and 7.3.
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name

hour

HO1
HO2
HO3
HO4
HO5
HO6
HO7
HO8

1
1
2
2
3
3
4
4

quantity
[MWh]
80
-80
80
-80
80
-80
80
-80

starting price
[€/MWh]
30
50
30
50
30
50
30
50

end price
[€/MWh]
50
30
50
30
50
30
50
30

Table 7.1: Parameters of hourly orders in the first clearing example concerning general complex orders.

name

price [€/MWh]

BO1

36.5

hour
1
2
3
4

quantity [MWh]
20
25
25
20

Table 7.2: Parameters of block orders in the first clearing example concerning general complex orders.

name

GCO1

quantity
price
SSC bid
[MWh]
[€/MWh]
20
35
yes
1
20
35
no
20
37.5
yes
2
20
37.5
no
3
40
35
no
4
40
37.5
no
fixed cost term [€]
variable cost term [€/MWh]
21.875
35.84
downward ramping
upward ramping
hour transition
limit [MWh]
limit [MWh]
1
12
15
2
15
15
3
15
15
hour

Table 7.3: Parameters of general complex orders in the first clearing example concerning general complex
orders.

The overall SW of the solution is 1847.21875 €. Bid price curves and main clearing results
are depicted in Figure 7.2. The only block bid is omitted from the diagram because it is
rejected in its entirety. The allocated quantities of the GCO show that two downward
ramping limits – the first and the third – are fully exploited with 12 MWh and 15 MWh
reductions, respectively. As a result, the GCO has negative surpluses in the second and
fourth hours, but its overall allocation provides the largest possible surplus (12.1875 €) for
the bidder considering given MCPs.
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Figure 7.2: Demand (red) and supply (blue) bids and clearing results of the first case study concerning
general complex orders. The shaded areas correspond to positive (purple) and negative (orange) bid
surpluses. Exploited ramping limits are highlighted.

Clearing results can also be used to check the accuracy of the proposed income calculation
mechanism. Details of this analysis can be found in Table 7.4. Pseudo‐incomes are
presented as hourly sums of PINC variables while hourly income corrections are the sums
of corresponding CORDs and CORUs. The results of the mechanism are compared to naïve
hand calculations and found identical, therefore the operation of the algorithm is verified
to be appropriate.
In order to investigate the satisfaction of the MIC, the overall income of the GCO can be
compared against its arising costs. Since the total allocated energy quantity of the GCO is
120 MWh, its total cost (in euros) can be calculated easily:
+

⋅ 120 = 21,875 + 35.84 ⋅ 120 = 4322.675

(7.36)

The cost is smaller than the actual income in Table 7.4, therefore the MIC is truly satisfied.
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hour
1
2
3
4
hour transition
1
2
3
overall income [€]

pseudo-income [€]
1260
900
1312.5
843.75
income correction [€]
6
0
4.6875
4326.9375

true income [€]
1278
888
1324.21875
836.71875

4326.9375

Table 7.4: Comparison between the proposed income determination method (second column) and a naïve
hand calculation (third column) for the first clearing example concerning general complex orders.

7.4.2 Medium-scale numerical tests
In order to assess the numerical behavior of the proposed formulation, it has been tested
with non‐trivial medium‐scale clearing examples. A single market is considered in these
instances where GCOs and regular block orders – with constant profile throughout the day
– provide the supply and ordinary hourly orders represent the demand. The daily change of
the demand is derived again from a section of the real load pattern used in [40]. The exact
values of bid parameters are selected to create a market situation where GCOs and blocks
compete for allocation, and ramping limits are often binding. However, a significant part of
the parameters are randomized to provide more realistic, noisy data for the solution
algorithm. Most important details of the data construction are presented in Table 7.5.
Seven consecutive days have been tested using the generic MIQP solver of IBM ILOG CPLEX.
The time limit was set to ten minutes. Original load curves and main clearing results are
shown in Figure 7.3 with additional details in Table 7.6.
SW values clearly have close correlations with summarized daily loads. The pattern of
market clearing volumes (MCVs) is quite different from the assumed consumption profile.
This phenomenon can be explained by the fact that the demand is quite elastic: small MCP
changes can cause large differences in demanded quantities due to the small variance of
bid prices. Submitted GCOs generally have competitive advantages over block orders, the
latter provide the minority of cleared volumes even on days when not all GCOs are
accepted. On the other hand, rejected GCOs are associated with usually larger remaining
B&B gaps, this result infers that non‐convex decisions of this kind require longer, more
complicated solution searches.
The effects of ramping restrictions are evident in the smooth course of MCVs but they can
also be observed in MCPs: increased price volatility is usually present in periods of fast
ramping, particularly in the morning hours. GCO rejections lead to the reduction of available
ramping capabilities; the average of shadow prices show that LGC have slightly bigger price
effects in these cases.
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General complex orders
number

numbers of
individual bids

bid quantities
[MWh]

bid prices
[€/MWh]
random numbers
distributed
normally with
mean 30 and
variance 30

5

2 for each hour

200

fixed cost terms
[€]

variable cost
terms [€/MWh]

downward
ramping limits
[MWh]

upward ramping
limits [MWh]

random numbers
uniformly
distributed
between 0 and
300

30

40

40

quantities [MWh]
random numbers
distributed
normally with
mean 200 and
variance 40

prices [€/MWh]
random numbers
distributed
normally with
mean 30 and
variance 30

Block orders
number

profile

10

constant
throughout the
day

Hourly orders
number

quantities [MWh]

follows the real
load pattern with
the maximum of
20 for an hour

random numbers
distributed
normally with
mean -200 and
variance 5

starting prices
[€/MWh]
random numbers
distributed
normally with
mean 30 and
variance 30

end prices
[€/MWh]
equal to starting
prices in each case

Table 7.5: Parameters of submitted orders in the medium-scale numerical tests concerning general complex
orders.

The constructed optimization problems all consist of approximately 3500 constraints and
2500 variables with around 14000 non‐zeros in coefficient matrices. About 1500 of the
variables are binary integers. The realistic size of the unified European PX clearing is
arguably larger than these examples; it contains additional order types and market coupling
techniques as well. However, case studies of this kind and this magnitude are already
practically insolvable with brute force methods and can be utilized to evaluate the scaling
characteristics of the proposed model. Considering the absence of specialized solution
heuristics, the presented numerical performance can be deemed promising for practical
applications in the future.
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Figure 7.3: Original consumption profiles and key clearing results of medium-scale numerical tests
concerning general complex orders.

test case
social welfare
[million €]
accepted GCOs
accepted blocks
average of
SHUs [€/MWh]
average of
SHDs [€/MWh]
B&B gap [%]
running time [s]

Day 1

Day 2

Day 3

Day 4

Day 5

Day 6

Day 7

~2.169

~1.327

~1.319

~1.769

~1.518

~1.692

1.836

4/5
3/10

4/5
2/10

5/5
1/10

5/5
2/10

5/5
2/10

4/5
3/10

5/5
2/10

~3.704

~2.074

~2.321

~2.847

~2.420

~3.282

~2.385

~4.536

~3.914

~3.545

~3.433

~4.319

~4.438

~3.625

3.25
600.05

4.92
600.05

4.41
600.05

3.12
600.05

0
93.11

4.46
600.05

0.31
600.05

Table 7.6: Relevant clearing results of medium-scale numerical tests concerning general complex orders.

7.5 Controversial incentives for bidders
The efficient operation of electricity markets is achievable only if participants provide
decent, undistorted data in submitted bids. Any deviation from this basic principle can be
detrimental for the whole market. This claim is also relevant in the case of ramping
capabilities because the entire clearing model of complex orders is invented to find the
allocation that takes given gradient limits into account in the most appropriate way.
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This property of truthtelling has origins in game theory, it is basically the same concept as
the strategyproofness of general allocation mechanisms [54]. A mechanism can be called
strategyproof if it provides no opportunities for participants to create decision strategies
based on their expectation about the behavior of others. In a strategyproof electricity
market auction, the best choice is always the straightforward, “honest” bidding: no
advantages can be gained by distorting bid parameters regardless of the other orders on
the market. (The concept of strategyproofness is also useful in other areas of social
decisions [55], [56].)
The initial tests of the current model proposal reveal that the official GCO concept can lead
to unexpected results in this regard. The source of the controversy is the non‐convexity of
MICs. For example, in the first case study of the previous section, the first downward
ramping limit is active. If this limit is relaxed to 15 MWh from the 12 MWh value in Table 7.3,
it can be rightfully expected that the results would provide larger social welfare and also
larger surplus for the GCO bidder. Nonetheless, actual results are in contradiction with this
expectation.
As it is shown in Figure 7.4, the GCO has to be rejected in this case, and the single block
order is accepted instead. Social welfare is decreased to 1810.3125 € while the surplus of
the GCO bidder is erased entirely. The reason behind this decision is that the relaxed version
of the first ramping limit allows a larger allocation in Hour 1 and a smaller allocation in
Hour 2. Since the MCP in Hour 1 is lower, the consequence of this redistribution would be
that the income of the GCO would not be enough to cover fixed and variable costs.
Similar results in certain circumstances may constitute an incentive for bidders to hide their
real ramping capabilities for short‐term gains. The presence of these gaming bidders, in
turn, can lead to market inefficiency with potentially unstable and unpredictable operation
[16], [57]. The significance of this issue is hard to assess before applications in practice.
Nonetheless, the opportunity for this kind of manipulations is embedded into the basic
complex order structure with both MICs and LGCs. Detrimental effects can probably be
mitigated by careful regulation policy.

7.6 Conclusion
A compact, integrated mathematical model is presented for general complex orders on
European PXs. The formulation includes a new bid income calculation mechanism to take
the effects of ramping restrictions into account. The proposal is designed considering
practical applicability, it can be used as an addition to already functioning European clearing
algorithms without drastic modifications in basic problem structure and solution processes.
Using the new algorithm, a controversial aspect of general complex orders is discovered: an
incentive for bidders to hide their true ramping capabilities in certain market situations. This
result can be relevant when the efficiency and coherence of European market rules is
assessed in the future.
The section concludes the description of research results about complex order clearing. The
proper handling of general complex orders completes the package of concepts, models and
algorithms developed for the officially supported [14] complex bid types which can
contribute to the more efficient representation of power generation on the all‐European
day‐ahead electricity market. The topic of this section is covered in the papers [S4] and [S10]
of the Author.
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Figure 7.4: Demand (red) and supply (blue) bids and clearing results of the first case study conserning
general complex orders with enlarged downward ramping limit in the first hour transition. The shaded areas
corresponds to positive (purple) and negative (orange) bid surpluses. Exploited ramping limits are
highlighted.
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8 Unified purchase prices
Unified purchase prices were invented for the Italian PX in order to handle frequent
congestions on inland transmission lines, hence the Italian abbreviation PUN (Prezzo Unico
Nazionale) is widespread in Europe. The idea is that demand bidders should pay the same
price in different PZs even in the presence of network bottlenecks; this operation is
achieved by the definition of an independent specific price – the PUN – for purchasers which
is calculated from corresponding MCPs.
The main problem is that the straightforward calculation of PUNs is not viable in a wider
European setting because it introduces continuous non‐convexities into the clearing model.
With the corresponding equation included, the resulting mathematical program would
belong to the category of non‐convex Mixed Integer Non‐Linear Programs (MINLPs) which
is one of the hardest problem class in the field of optimization [37].
This section provides a new formulation for PUNs which can be integrated into the convex
MIP model widely used in Europe. Compatibility with other components of EUPHEMIA is
investigated because the revised clearing problem contains an indirect calculation
procedure for PUNs which requires overall knowledge about other order types on the
market.

8.1 Basic concept about unified purchase prices
8.1.1 A new demand order type
The meaningful application of uniform purchase prices is possible only on multi‐zonal PXs
where network congestions routinely cause zonal MCPs to diverge from each other. Under
such circumstances, EUPHEMIA is designed to use PUNs to clear a special set of demand
orders, the so‐called PUN orders [14]. These bids are very similar to ordinary hourly demand
step bids; the only difference is that their acceptance depends on PUNs instead of the zonal
MCPs.
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SPUN stands for the set of PUN orders.

8.1.2 The naïve definition of prices
The calculation of hourly PUNs in EUPHEMIA [14] is clearly defined. For each time period,
the sum of the accepted PUN order volumes multiplied by the corresponding PUN has to be
(nearly) equal to the summed value of the accepted PUN orders volumes multiplied by the
corresponding MCPs.
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SPUNh is the set of PUN orders in hour h. Equation (8.3) practically means that – aside from
the presence of IMBh – the collective expense of PUN orders is the same as the amount of
money sellers receive for the allocated energy. In other words, the PUN should be the
average of MCPs weighted with the allocated zonal PUN order volumes.
The tolerance variable IMBh is called PUN imbalance. It is firstly introduced in EUPHEMIA
[14] for numerical reasons. The PUN imbalance is constrained to be small, between ‐1 € and
5 €. Considering that qk is conventionally negative for demand bids, the asymmetric settings
express that consumers are willing to pay a little more in order to have uniform prices.
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It has to be noted that the conditions concerning PUN orders (8.1)‐(8.3) cannot lead to
infeasibility because there is always a trivial clearing solution for them: full rejection. In this
scenario, (8.3) is valid regardless of PUN values, therefore sufficiently high uniform purchase
prices can be chosen deliberately. This option is vaguely reminiscent of the overall rejection
of non‐convex bid types e.g. blocks and MIC orders.
There are no algorithmic barriers preventing consumers from defining other types of
demand bids such as ordinary hourly bids or blocks. As a matter of fact, even in the original
Italian practice, there are buyers who regularly pay MCPs for their purchases. However, it
is allowed only for traders associated with pump storage facilities [33].
Market regulation of this kind has to play a crucial role in the applications of PUNs. If
consumers were allowed to choose freely from different order types, they would choose
the offers that are expected to entail lower prices. Purchasers in PZs with usually
comparably low MCPs (such as the northern regions in the case of Italy) would be motivated
to avoid PUN orders because of their generally higher prices. Since this choice would
proportionally reduce the weights of these regions in the calculation of PUNs (8.3), the
“unified” purchase price would become only slightly different from the MCPs in most
expensive PZs. In other words, the intended concept of PUNs would be barely relevant on
the market.

8.1.3 The computational challenge
Both sides of the equality in (8.3) contain bilinear expressions of decision variables i.e. prices
(PUNs or MCPs) and acceptance ratios. This fact infers a very similar predicament to the one
already described in subsection 5.1.2: the straightforward formulation of PUN orders
creates a practically insolvable, continuously non‐convex problem.
Moreover, compared to the case of MIC orders, even fewer working solution algorithms are
available in the literature. The officially proposed EUPHEMIA algorithm is a heuristic
procedure which handles PUN orders with a specific iterative process. This algorithm itself
cannot be reconstructed from the description but another solution routine has already
been developed on similar grounds [58]. This approach is conceptually similar to the
complex order proposal of [38] with the same strengths and weaknesses. Although it can
be considered as a viable clearing algorithm, it cannot facilitate state‐of‐the‐art generic
solvers and cannot provide theoretic proofs of optimality like the generic MIQP solver can
for COSMOS and the basic European framework of Section 3. In essence, the arguments for
integrated clearing models (articulated in Section 4) are relevant in the case of PUN orders
as well.
There are two other well‐known clearing methods for PUN orders. Both were developed
before the construction of the EUPHEMIA framework. Firstly, if the actual PX applies only
hourly step bids, the calculation of the PUN and its effects on bid allocations can be
implemented as a special iterative algorithm that contains LP tasks in every iteration [59].
This technique has been used for the actual clearing of the Italian market for several years.
However, if the handling of other European order types (e.g. blocks, complex orders) are
also considered, this model has to be classified as obsolete.
The other early formulation of PUN orders can be found in [60]. This model aims to
implement “mixed pricing rules” meaning that sellers and buyers may have different
clearing prices in the same market zone. The task is completed without any problem‐specific
heuristic elements: the problem is formalized as a Mixed Complementarity Program.
Despite its advantageous features, this formulation is still not capable to solve the problem
of EUPHEMIA because it cannot include discrete variables. The introduction of discrete
variables would be unavoidable to describe and clear mandatory non‐convex order types.
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8.2 The proposed formulation
8.2.1 Income issues
Although their technical and economic origins are entirely different, PUN orders and
complex orders with MICs pose a similar mathematical challenge. The main cause of
difficulties in both cases is that arising equations include variables in the income (and
expense) dimension while earlier European PX algorithms – such as the basic models in
Section 3 – are prepared only for price and quantity variables. In Section 5, a novel income
determination method has been described for complex orders with MICs; it exploits the
connection between marginal bid pricing rules and bid incomes to avoid the kind of
problematic non‐convex expressions described in the previous section. To make later
reference easier in this section, the name Marginal Pricing Income Calculation Method
(MPICM) is given to this procedure (the exact description can be found in subsection 5.2.1).
MPICM is not available for every bid type. There are two crucial criteria that must be met
in order to apply it for a certain bid type:



Orders in question must be cleared according to strict marginal pricing rules.
Subjected elementary bids must be priced in one step.

Elementary bids of MIC orders satisfy these conditions when their income is needed. As the
previous subsection has shown, PUN orders are also step bids and they are allocated with
marginal pricing (using PUNs instead of MCPs).
Since demand and supply orders are usually differentiated by quantity sign conventions, a
similar approach can be proposed here i.e. expenses can be considered as negative
incomes. Using these assumptions, the MPICM method can be presented for PUN orders.
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The reasoning behind these formulas is identical to that of the already describe applications
of MPICM such as in the cases of MIC orders and GCOs in Sections 5 and 7. The negativity
of incomes is ensured by corresponding negative qk quantities.
The practical benefit of the calculated PUN order incomes is that they can be used to
eliminate the continuous non‐convexity on the left‐hand side of (8.3).
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Unfortunately, the right‐hand side of (8.6) still contains a problematic product term where
MCPs and acceptance ratios are multiplied with each other. The value of this expression is
unattainable for MPICM directly because it does not represent the income of a single order
type.

8.2.2 Utilizing the income-expense balance
Although MPICM is inadequate to handle the right‐hand side of balance equation (8.6)
directly, an indirect approach is still possible. The proposal requires the extension of the
original formulation with income values for all bids. If the incomes of all bids are known on
a PX, the use of (8.6) can be substituted by the explicit definition of general income‐expense
balance.
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Suph and Demh denote the hourly decomposition of Sup and Dem, respectively. Using the
proposed sign convention:
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SHSXh is the set of continuous elementary bids submitted to trading hour h. Its exact content
depends on order type compatibilities, therefore it is presented after addressing main
questions about that topic (i.e. in subsection 8.4).
Equality (8.8) obviously contains only linear expressions. Nevertheless, its inclusion makes
it necessary to calculate the incomes of every single order submitted to the various PZs and
trading hours of the PX. If the income of a bid type was too hard to access, it would make
the clearing inefficient in the presence of PUN orders. Due to these concerns, the next
section is devoted to discuss which order types are compatible with the proposed approach
and which are not.

8.3 Compatibility with other elements in EUPHEMIA
8.3.1 Hourly step orders
Incomes of step bids can be calculated simply with MPICM; it makes them easily compatible
with the PUN order formulation proposal.
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8.3.2 Minimum Income Condition orders
MPICM is originally invented for the purpose of MIC order income calculation, appropriate
formulas (5.9) and (5.10) are already shown.
It has to be noted that elementary bids in MIC order sets have marginal pricing rules only
when the MIC is satisfied; otherwise only SSC bids are allocated according to this principle.
Nonetheless, MPICM gives correct results in the case of MIC violation as well because (5.10)
enforces zero income values for the rejected individual bids.

8.3.3 Block orders
Indivisible block orders are clearly outside the scope of MPICM because they are not
allocated according to marginal pricing rules at all. Nonetheless, its discrete nature makes
the hourly income calculation of block k (INCk,h) even simpler.
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EUPHEMIA introduces several types of so‐called smart block orders: linked blocks, exclusive
blocks and flexible hourly bids [14], [46]. The suggested block income formulas are
appropriate for these constructions, too, as long as the fill‐or‐kill property is strictly
prescribed.

8.3.4 Market coupling
Zonal pricing is used in Europe instead of overall uniform pricing because several network
elements constitute significant barriers for the transfer of electrical energy. The
transmission capacity of these elements are subjected to an implicit allocation during PX
clearing. Since most multi‐zonal markets historically originate from the unification of
independent PXs, the capacity allocation process is often called market coupling.
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EUPHEMIA employs a diverse set of network constraints for different types of connection
lines between PZs and technical characteristics e.g. losses, tariffs and ramping limitations.
A working PUN calculation has to deal with the network model because there are various
income components that are associated with interconnections and have to appear in the
PUN balance equation (8.8).
The necessary income calculations for the two most frequently used mechanisms of market
coupling are discussed separately in the next two subsections.

8.3.5 ATC-based capacity allocation
As already detailed in subsection 3.3, the ATC‐based capacity allocation mechanism puts a
solid transmission limit – the so‐called Available Transfer Capacity (ATC) – on
interconnections. The income of interconnections originate from two sources: tariffs and
congestion revenues.
DC cables might be operated by merchant companies, they can levy proportional tariffs on
the transmitted energy. Zero transmission trivially leads to zero tariff payment.
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If an ATC is binding, a certain amount of congestion revenue can be generated on the
respective line. This revenue practically arises from the trivial profit of buying energy in the
cheaper PZ and selling it in the more expensive one when the price difference is larger than
the tariff.
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Note that the INCl,h variable includes both the tariff payment and the congestion revenue
for interconnection l in hour h. Though these incomes are gathered by different actors on
the market, their separation is not necessary when the PUN balance is concerned.

8.3.6 Flow-based capacity allocation
Network incomes consist of only congestion revenues in the flow‐based model; there are
no tariffs. The overall meaning of congestion revenue is the same as in the ATC‐based case
of zero tariffs; it equals the income of buying on one PZ and selling on another.
The congestion revenue is the product of the congestion price and the binding transmission
limit.
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Variable and parameter notations in (8.13)‐(8.20) are explained in subsection 3.3.

8.3.7 Discussion on deficiencies
The most conspicuous drawback of the current approach may be the inadequacy to handle
hourly linear orders. MPICM is not capable to determine their incomes because if a linear
order is partially accepted, neither the allocated quantity nor the price to be paid are
constant parameters. In this case, unlike step bids, the payment price must be found by a
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linear interpolation between the pre‐defined start and end prices of the bid in question.
The income of such a bid k would be a quadratic function of the acceptance ratio ACCk.
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Quadratic equalities are necessarily non‐convex, therefore the joint clearing of PUN orders
and hourly linear bids would lead to the exact computational issues (detailed in
subsections 8.1.3 and 5.1.2) the current proposal attempts to circumvent.
Linear quantity‐price curves are usual parts of European PX formulations, therefore this
result is clearly not advantageous if the generality of the proposal is discussed. On the other
hand, these curves hardly offer real practical benefits over available step curves. Bidders
can specify their financial stipulations and interests in steps bids, following the practice of
participants on several currently operating electricity markets where linear bids are banned
e.g. in Romania [61], Italy [59] or even in the US [47].
The number of step bids submitted by a single bidder is often limited in practice, therefore
the operation of interpolated orders cannot be approximated arbitrarily close. These
regulations exist due to numerical concerns because the large number of step bids increases
the size of the clearing problem. However, the deliberate choice not to allow linear orders
could be justified even under these circumstances because the expected larger problem
would fall into an easier optimization class. Similarly to the income formula (8.21) of linear
hourly bids, the expressions of their surplus makes SW a quadratic function of acceptance
ratios [14], [15]. Without the interpolated bids, the resulting objective function is purely
linear. The latter choice would lead to simpler and more efficient solution algorithms for
the modified model. In the case of EUPHEMIA, the master problem would be a Mixed
Integer Linear Problem (MILP) instead of a convex MIQP.
The decision on the inclusion of linear curves is therefore based on a trade‐off between the
size of the problem or its complexity. Considering the already large size of the all‐European
clearing task, the overall effects of even a minor simplification might be beneficial.
Moreover, if this decision leads to the adoption of integrated clearing formulations, the
additional advantages described in Section 4 would become accessible.
There are other issues one has to discuss if the current proposal is concerned. The first is
that complex orders may have a third kind of linking condition attached beside MICs and
SSCs: LGCs. One of the main conclusions in Section 6 is that any conceptually correct
implementation of LGC orders would apply inconclusive pricing rules for their clearing. This
means that the acceptance of an individual bid in the complex set depends not only on the
MCP of its corresponding hour but rather on the whole daily set of MCPs. This principle
itself prevents the meaningful application of MPICM regardless of exact implementation
because it cannot be considered as strict marginal pricing in hourly scope.
The issue of curtailable block orders is rather similar. If a curtailable block is partially
accepted, the income calculation method seen for indivisible blocks cannot be used. In this
case, the quantity‐weighted average of MCPs must be equal to its bid price [14] but no
clearing rule exists for the values of individual hourly MCPs.
In essence, the execution of these two problematic order types requires the redistribution
of surplus between hours. The implementation of previously not mentioned ramping
restrictions on various network elements – such as net positions, ATC lines or ATC line
groups [14] – constitute similar problems.
It can be argued that under such circumstances the official requirement of hourly PUN
balance might be unnecessarily strict. European PXs are going to operate with increasing
amounts of daily orders, order types and network constraints, therefore the daily
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enforcement of PUN balance may be more realistic in future designs and models. This
choice appears even more promising in the light of the income calculation for GCOs
described in Section 7; this could be applied for LGC orders with minimal modifications.
Moreover, it is very unlikely that exact, continuously convex calculation methods even exist
for hourly incomes of LGC orders or GCOs. The model proposals in this dissertation exploit
every available restriction on their clearing: no possible reformulation can change the
underlying nature of their fixed definitions.

8.4 Inclusion into the clearing framework
One of the critical connection between PUN orders and other parts of the formulation is
already specified in the equality of income‐expense balance (8.5). Nonetheless, the
introduction of PUN orders also affects the trade balance equation of (3.22) and prescribes
a new expression for the SW.
The trade balance modification is almost trivial: linear bids, LGC orders and GCOs are
excluded from the Spz,h set while PUN orders are incorporated.
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SPUNpz,h is the set of PUN orders submitted to price zone pz in hour h.
The modification of SW is less simple. Earlier versions of European PX algorithms applied
strict income‐expense balance, and due to this practice, the corresponding terms
eliminated each other in the SW expression leading to simpler and more transparent
formulations in the form of (3.6). The derivation is shown in the 3.1.3 subsection.
In the presence of PUN orders, the violation of this strict balance is tolerated. Since
tolerance variables (IMBh) clearly embody imbalances, the simplest solution is to include
them into the SW outright:
(8.23)
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PUN orders are members of Dem and can be handled generally the same way as bids of any
other type. In other words, they are simply collected in the usual SHSX set.
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The SHSXh sets in equation (8.8) are the subsets of SHSX for each trading hour h.
The broadest PX model capable of handling unified purchase prices is shown in Appendix H.

8.5 Case studies
8.5.1 A miniature market coupling
The behavior of uniform purchase prices is demonstrated by a small example. A simple one‐
hour market is constructed with two PZs where one ordinary hourly supply bid, one MIC
order – containing one elementary bid – and one supply block are cleared according to their
usual rules while the proposed PUN order formulation is applied for the two step bids of
the demand side. Relevant parameters of submitted supply orders are summarized in
Table 8.1 while demand is detailed in Table 8.2.

Hourly step orders
name
HSO1

price zone
2

price [€/MWh]
20

quantity [MWh]
30

Complex orders
name

price zone

fixed cost [€]

CO1

1
elementary bid
MICO1

1072
price [€/MWh]
20

variable cost
[€/MWh]
0
quantity [MWh]
30

Block orders
name
BO1

price zone
1

price [€/MWh]
25

quantity [MWh]
30

Table 8.1: Parameters of submitted supply orders in the small first clearing example concerning unified
purchase prices.

PUN orders
name
PUNO1
PUNO2

price zone
1
2

price [€/MWh]
30
60

quantity [MWh]
-40
-20

Table 8.2: Parameters of submitted demand orders in the small first clearing example concerning unified
purchase prices.

Market coupling is performed applying the ATC‐based method with zero losses; the hourly
energy transfer limit is 5 MWh in both directions. The nominal direction of the network link
leads to PZ2 from PZ1.
Aggregated price curves of submitted orders are depicted in Figure 8.1 along with main
clearing results in each PZ: MCPs, the PUN, and also the sum of all sold (SQ), bought (BQ)
and transferred energy quantities (TQ). The direction of TQ is denoted by an arrow. The
only block order BO1 is not shown in Figure 8.1 because it is fully refused in the solution. A
look on the bid and clearing prices reveals that it is a paradox rejection.
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Figure 8.1: Main clearing results of the first case study concerning unified purchase prices. Aggregated
supply (red) and demand curves (blue) are shown as well as their surpluses (light red and cyan,
respectively).

It is clearly visible that the resulting PUN is uniform regardless of MCPs in different PZs. The
acceptance rules of various order types are also valid. Two components of social welfare
are depicted in Figure 8.1: supply surplus is 472.29 €, demand surplus is 600 €.
Incorporating the network income, the total SW of 1151 € emerges.
The values of calculated incomes are presented in Table 8.3. Their inspection reveals that
the overall income exceeds the overall expense by 1 €. This phenomenon is made possible
by the IMB variable which equals ‐1 €.

Name of the element

Income

HSO1
CO1
BO1
PUNO1
PUNO2
connection link

500 €
1072.29 €
0
-1050 €
-600 €
78.71 €

Table 8.3: Income results for various market and network elements in the first case study concerning unified
purchase prices.

It may seem that the allowed PUN imbalance raises SW by only 1 € and therefore it has little
significance. However, it has another indirect effect: a small increase of MCP1 becomes
available compared to the case of strict balance. Without allowing this tolerance, MCP1
would have to be 35.714 €/MWh and the income of MICO1 would not be enough to cover
CO1’s fixed cost leading to its full rejection. In this scenario, BO1 is accepted instead with
identical prices and SW is reduced to 1000 €.
The discrete non‐convex nature of the problem makes this kind of effects possible.
Nonetheless, PUN imbalance itself embodies missing or extra money in the clearing, hence
its use cannot be exaggerated. In a realistic environment, the ‐1 € … 5 € range is small
enough to make great objective changes highly unlikely.
Since the problem‐specific solution procedures of EUPHEMIA are not applied for the
proposed formulation, the numerical reasons to allow PUN imbalances are practically
invalid. By making it available, the model follows official specifications. However, the
market operator can modify the bounds of IMBh variables without numerical restrictions
(including the case when every PUN imbalance must be zero).

8.5.2 Example on a larger scale
In order to demonstrate the large‐scale performance of the proposed PUN formulation, an
artificial data sample has been created with three PZs and two connection lines. It has to be
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noted that this simulation is still simplified and small compared to the all‐European
application. However, it offers a transparent and instructive illustration for the use of PUNs.
Most important details about the simulated scenario can be found in Table 8.4. The three
PZs are organized into a network roughly similar to the case of the Italian peninsula. Power
generation largely belongs to PZ1 and PZ2 while the demand is less concentrated. The
connection line between PZ2 and PZ3 has low ATC limits; these regions follow a uniform
purchase price policy, hence only PUN demand orders are allowed.

Price zone

Supply capacity

Average demand

PZ2
PZ3

hourly orders: 2 GWh
MIC orders: 2 GWh
blocks: 1 GWh
hourly orders: 3.5 GWh
hourly orders: 2.5 GWh

Network element

Direction

ATC limit (positive and
negative)

Connection Line 1
Connection Line 2

PZ1 → PZ2
PZ2 → PZ3

500 MWh
200 MWh

PZ1

hourly orders: 3 GWh
PUN orders: 2 GWh
PUN orders: 2 GWh

Table 8.4: Most important parameters of the second case study concerning unified purchase prices.

The aggregated price curves of demand orders are constructed to represent the load
pattern of the first diagram in Figure 8.2 (it is taken from the real load pattern used in [40]).
The price‐quantity curves themselves originate from appropriately scaled and shifted
sigmoid functions which are decomposed into 20 step bids each. The scaling and shifting
steps are similar to those described in subsection 5.4.1.
The supply is essentially constant in time with linear aggregated curves between 30 €/MWh
and 100 €/MWh. The remaining parameters of non‐convex bids i.e. MIC orders and blocks
are selected to test all their clearing scenarios. The described sample is randomized on
several levels to make results less predictable and therefore more useful and instructive.
The data preparation and manipulation tasks are implemented in MATLAB script while the
actual clearing problem is handled by the standard MILP solver of the IBM ILOG CPLEX
software package. The simulation consists of three days each of which include
approximately 1400 elementary bids. Due to the presence of several logical conditions and
auxiliary variables, the total numbers of both the variables and constraints in the
mathematical models are in the tens of thousands. CPLEX conducts the solution searches
and finds the optima in less than 15 seconds in these cases.
Relevant clearing results are shown in Figure 8.2 where they can be compared with the
underlying load pattern. Network transmissions largely follow our initial expectations:
energy mainly travels from PZ1 through PZ2 to PZ3 on the first and second day. The
exception of Day 3 is not contradictory, either, because approximately 1.5 GWh of supply
quantity was rejected due to MICs on this day removing most of the excess supply in PZ1.
Conspicuously high MCPs in PZ1 and PZ2 can be explained on this basis, too.
Low ATC restrictions on Connection Line 2 often cause congestions leading to price
differences between PZ2 and PZ3. Nonetheless, these deviations are not felt by buyers. As
the red dotted line in the 4th diagram of Figure 8.2 shows, PUNs are approximately halfway
between corresponding MCPs. This is not surprising because the demand is almost identical
in the two PZs, so their weights in the weighted averages of PUNs have to be nearly equal.
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Figure 8.2: Underlying load pattern and relevant clearing results of the second case study concerning unified
purchase prices.

The averaging property of PUNs has another interesting consequence: not only price
differences are removed but also price volatility is decreased. While the standard deviations
of MCPs in PZ2 and PZ3 are 8.476 €/MWh and 9.451 €/MWh, respectively, the standard
deviation of the unified purchase price is only 7.947 €/MWh. This factor can be beneficial
for market actors during actual trade because it can reduce the critical price uncertainty
during market planning and bidding decisions.

8.6 Conclusion
The incorporation of uniform purchase prices is one of the most innovative and complicated
parts of the European PX unification process. A new formulation is proposed to avoid the
main hindrances of the official PUN definition [14]. The model calculates unified purchase
prices from the explicit income‐expense balance of the PX in question, an approach made
possible by a recently developed procedure for income determination. The result is a robust
but thoroughly modified mathematical program which can be solved by the generic convex
MIP solvers.
Most important scientific results of this section are included in publications [S2] and [S9].
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9 Practical value of the results
The main reasoning behind the development of integrated complex order formulations is
presented in Section 4. One of their most important advantages is that researchers do not
have to directly handle the computational issues of experimental PX structures when
complex orders are present. The use of professional convex Mixed Integer Quadratic
Programming solvers becomes available and sufficient. Although the application of these
software requires attention and experience, it is still substantially easier than the
development or modification of problem‐specific heuristics which are unavoidable without
integrated models. This property of integrated model formulations is especially beneficial
for large‐scale industrial research projects and applications.
Most of the novel ideas presented in this dissertation arose during a research project of this
nature. The project concerned the joint trading of electrical energy and system security
reserves on the day‐ahead PXs and has been completed in 2013‐15. Its official title was
“Electrical energy market modeling, simulation and experimental system development with
research on co‐optimization methods”, and had the identifier GOP‐1.1.1‐11‐2012‐0583. The
project was financed by the Hungarian government and the European Union.
The target was to create a European market design, a clearing algorithm and additional
software tools for combined energy and reserve allocation. The main argument for the
common market platform is that the energy supply and the reserves originate from the
same capabilities of power plants. The consideration of mutual effects and dependencies
increases market efficiency [51]. As a matter of fact, the separated day‐ahead market of
ancillary services in certain countries (e.g. Hungary) is much less liquid than the
independent PX, a situation that leads to unstable and generally high reserve procurement
prices. On the other hand, the incorporation of reserve products had to be achieved in a
market environment that also satisfies the criteria of the all‐European market coupling.
The latter condition infers that the market clearing model needed to include complex
orders, therefore the efficient and exact implementation of these concepts were critical.
Moreover, the proposals of this dissertation have also been useful as the basis of so‐called
combined energy‐reserve offers [52]. Actually, combined bids are complex orders
supplemented with upward and downward reserve price curves and regulation range limits.
At the same time, they also keep the original complex order properties – e.g. Minimum
Income Conditions and Load Gradient Conditions – described in EUPHEMIA specifications
[14]. In other words, several practical results of the present dissertation – mostly in
connection with the first three theses – have been integrated into the main product of this
research, the co‐optimized PX operator software.
In Sections 5, 6 and 7, the new complex order clearing models are demonstrated with
descriptions of medium‐scale numerical tests. These case studies are implemented using
MATLAB script and the academic version of the CPLEX solver package. The size of created
problems in each case is considerably smaller than the realistic clearing problem sizes of
actually operating – and possibly coupled – European PXs. Nevertheless, the examples are
large enough to demonstrate the behavior and effects of innovative complex orders, and
also large enough to be essentially unsolvable without working optimization methods.
Besides, smaller problems has been useful for the purpose of publications [S5], [S6] and also
[S9]. Since the simulated market situations are relatively simple compared to real‐world
scenarios, the overview and analysis is easier to present.
On the other hand, the models expounded in this dissertation have also been used in
realistic large‐scale simulations. In order to verify the viability of energy and reserve co‐
optimization, the above‐mentioned research project required the implementation of the
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three‐zone coupling of Czech, Hungarian and Slovakian PXs using real (anonymized) bid data
from 2012. The specialized mathematical programming environment of AMPL were applied
for this purpose instead of MATLAB and stand‐alone CPLEX.
The basic assumption of this large‐scale simulation was that a certain part of supply bids –
the bids of selected power producers in Hungary – was removed from the order book and
was replaced with combined energy‐reserve offers considering the technical parameters of
the power plants is question. The demand of reserves were submitted as price‐taker bids in
each hour with the quantities of TSO requirements. Although the model of combined orders
incorporates several additional elements compared to original complex order types, the
computational performance of the PX clearing was adequate to successfully conclude the
project. The clearing software has also been exploited for the analysis of several market
scenarios [S8].
The three most important products developed in the described project:




a market operator software aiming ideal resource allocation that also enhances
system operation security;
a market monitoring tool for the analysis of energy and reserve market processes;
a trader training simulator that is capable of the construction and reconstruction of
different trading scenarios for purposes of education and strategy‐building.

Further developments of the specific objective concerning co‐optimized European day‐
ahead PXs mainly depend on international support and cooperation.
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10 Summary
10.1 Novelty of the dissertation
The most important new scientific results of the present dissertation can be summarized in
five theses.
(Thesis 1) A new formulation has been found for complex orders with Minimum Income
Conditions on the officially proposed all-European day-ahead power exchange which can be
used to incorporate these orders into the European market clearing framework without
special algorithmic solution procedures. Exploiting the recognized effects of marginal pricing
logic on bid incomes, the new mathematical model decomposes the inherently non-convex
income calculation into convex cases. The resulting clearing model can be solved using
generic optimization software enhancing the analysis options and practical applicability of
the Minimum Income Condition concept and therefore facilitating the endeavor for efficient
market representation of power generators.
(Thesis 2) A new formulation has been found for complex orders with Load Gradient
Conditions on the officially proposed all-European day-ahead power exchange which can be
applied without the overall modification of the European market clearing framework. The
acceptance rules of elementary bids – required by basic model structure – are designed to
ensure the happiness of LGC bidders in the sense that they gain maximal surpluses
considering given market clearing prices. This pricing scheme operates by introducing
shadow prices for ramping restrictions, a concept based in the duality theory of optimization
and widely used in American power exchange models. Since the resulting equations are
linear, the computational efficiency of the European clearing framework is retained.
(Thesis 3) A new formulation has been found for complex orders with both Minimum Income
Conditions and Load Gradient Conditions on the officially proposed all-European day-ahead
power exchange. The new model originates from the separate models for Minimum Income
Conditions and Load Gradient Condition; the unification of these parts is performed in a way
that retains their advantageous features such as the manageability using convex Mixed
Integer Quadratic Programming solvers and the guarantee of bidder happiness concerning
ramping limits. The key component of the new formulation is the modified calculation of
complex order incomes: this task is carried out using auxiliary income components that
consider the effects of ramping restrictions.
(Thesis 4) It is shown that – under certain circumstances – complex orders with both
Minimum Income Conditions and Load Gradient Conditions can create disincentives for
bidders to specify their true ramping capabilities. The deliberate understatement of gradient
limits can lead to larger allocations in trading periods when high market prices are expected
with the final consequence of enhanced bidder surplus compared to the case of
straightforwardly using the real parameters in offers. This phenomenon is potentially
detrimental to the market and requires appropriate handling in the form of design changes
or regulations.
(Thesis 5) A new formulation has been found for unified purchase prices on the officially
proposed all-European day-ahead power exchange which can be used to incorporate them
into the European market clearing framework without special algorithmic solution
procedures. The explicit enforcements of income-expense balances in each trading hour are
used to calculate unified purchase prices, an approach made possible by the integrated
income determination for all submitted bids and connection lines. The new model is
compatible with the majority of officially supported order types and network conditions. It
is the first formulation of unified purchase prices that can be handled by generic Mixed
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Integer Programming solvers enhancing and extending the opportunities to implement and
analyze this innovative concept.
The interrelation among these results has already been described and illustrated in
Section 4.

10.2 Directions of further research
Several research areas about the topic of European PXs are still unexplored. Furthermore,
every innovation creates new concepts and situations that can pose challenges for electrical
engineers, mathematicians and even economists.
The clearing models concerning different types of complex orders – detailed in Sections 5,
6 and 7 – are not among the exceptions of this rule. Although the formulations can be
considered complete, their most effective exact implementation – e.g. the selection and
fine‐tuning of applied generic solvers – is still an open question. Furthermore, the inclusion
of complex orders leads to other interesting research possibilities:




The efficiency of complex orders can be assessed from the viewpoint of energy
producers. Only thorough testing and practical experience can verify if the original
purpose of their introduction – the easier daily trade of power generators – can be
reached.
Novel order types can have serious consequences for the whole market leading to
modifications in bidding strategies, price patterns and even in regulations. As it is
shown in Section 7 (and Thesis 4), general complex orders probably need the
extension of presently applicable market regulation. Other similar results might be
found in the future.

Another promising research route may be the further development of complex order
concepts. Shortcomings in the ramping model of LGCs are already discovered and attempts
have been made to enhance it using explicitly defined power trajectories [62]. Another
example is the possible modification of elementary bid pricing in the presence of MICs; it
has been shown [S4] that the acceptance of out‐of‐the‐money bids can be useful to fulfill
the income criterion.
Concerning the topic of unified purchase prices, the most conspicuous remaining challenge
is the calculation of hourly incomes for several problematic order types e.g. LGC orders and
curtailable blocks. If these calculations can be performed in a convex MIP setting, the
usefulness and operation stability of unified purchase prices would be greatly enhanced.
However, there is no mathematical proof that these solution methods exist at all.
Aside from the direct theme of this dissertation, it can be said that there are also several
high‐level research projects about the transformation of market clearing. Investigated
modifications include the joint allocation of ancillary services [51], [63], [64], [65] and
demand response mechanisms [S8], [66], the extension of PX network models [67], [68],
[69] and the management of stochastic phenomena such as weather‐dependent renewable
energy production [70], [71]. Advances in the allocation methods of innovative order types
might be beneficial for these aspirations as well.
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the acceptance ratio of bid k
the Available Flow Margin of connection line l in
hour h (positive direction)
the Available Flow Margin of connection line l in
hour h (negative direction)
the Available Transfer Capacity of connection
line l in hour h (positive direction)
the Available Transfer Capacity of connection
line l in hour h (negative direction)
auxiliary income correction for the downward
ramping limit of GCO c in hour transition h
auxiliary income correction for the upward
ramping limit of GCO c in hour transition h
the lower price cap of the market
the upper price cap of the market
the congestion price of flow‐based
interconnection l in hour h
the congestion price of ATC‐based
interconnection l in hour h in the positive
direction
the congestion price of ATC‐based
interconnection l in hour h in the negative
direction
the set of submitted demand bids
the set of demand bids submitted in hour h
combined surplus of submitted demand bids
the paid expense of bid k
the largest expense the bidder of individual bid
k is willing to pay for the allocated quantity
the price zone from which connection line l
starts (nominally)
the set of connection lines starting from price
zone pz (nominally)
the fixed income term for MIC in complex order
c
the set of trading periods (hours)
the hour in which bid k is submitted
the first trading hour of the day
the last trading hour of the day
the PUN imbalance in hour h
the acquired income of bid k
the acquired income of block bid k in hour h
the generated income on connection line l in
hour h

decision variable
network
parameter
network
parameter
network
parameter
network
parameter
decision variable
decision variable
market parameter
market parameter
decision variable
decision variable

decision variable
set
set
auxiliary variable
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order parameter
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market parameter
market parameter
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the smallest income the bidder of individual bid
k is willing to accept for the allocated quantity
the overall income of complex order c
the income of complex order c in hour h
the income component of complex order c that
arises from corrections
the income component of complex order c that
arises from pseudo‐incomes
the set of interconnections between price zones
the set of ATC‐based interconnections between
price zones
the set of flow‐based interconnections between
price zones
the transmission loss on connection line l in
hour h
the market clearing price in price zone pz in
hour h
the net export of price zone pz in hour h
the order clearing price for complex order c in
hour h
the bid price of bid k
the starting bid price of individual linear bid k
the end bid price of individual linear bid k
the price of the most expensive accepted
elementary bid of complex order c in hour h
the price of the cheapest rejected elementary
bid of complex order c in hour h
the price of the most expensive accepted hourly
supply bid in price zone pz in hour h
the price of the cheapest rejected hourly supply
bid in price zone pz in hour h
the pseudo‐income of bid k
the Power Transfer Distribution Factor of price
zone pz and interconnection l in hour h
unified purchase price in hour h
the price zone in which bid k is submitted
the bid quantity of bid k
the bid quantity of bid k in hour h (relevant for
block orders)
the combined quantity allocated for complex
order c
the downward ramping limit of complex order c
for hour transition h
the upward ramping limit of complex order c for
hour transition h
the set of individual bids submitted in hour h
the set of individual bids submitted in price
zone pz in hour h
the set of submitted block orders

auxiliary variable
decision variable
auxiliary variable
auxiliary variable
auxiliary variable
set
set
set
network
parameter
decision variable
decision variable
decision variable
order parameter
order parameter
order parameter
auxiliary variable
auxiliary variable
auxiliary variable
auxiliary variable
decision variable
network
parameter
decision variable
order parameter
order parameter
order parameter
decision variable
order parameter
order parameter
set
set
set
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Notations

,
,
,
,

,

,

,

,

,

,
,

the set of block orders submitted in price zone
pz
the set of submitted MIC orders
the set of MIC orders submitted in price zone pz
the set of submitted GCOs
the set of GCOs submitted in price zone pz
the set of submitted LGC orders
the set of LGC orders submitted in price zone pz
the set of submitted hourly linear bids
the set of hourly linear bids submitted in hour h
the set of hourly linear bids submitted in price
zone pz in hour h
the shadow price of the ramping limit for
complex order c for hour transition h
the shadow price of the downward ramping
limit for complex order c for hour transition h
the shadow price of the upward ramping limit
for complex order c for hour transition h
the set of submitted hourly step bids
the set of hourly step bids submitted in hour h
the set of hourly step bids submitted in price
zone pz in hour h
the set of submitted hourly step bids regardless
of their membership in complex order sets
the set of hourly step bids submitted in hour h
regardless of their membership in complex
order sets
the set of individual bids in MIC order c
the set of individual bids in MIC order c
submitted in hour h
the set of individual bids in GCO c
the set of individual bids in GCO c submitted in
hour h
the set of individual bids in LGC order c
the set of individual bids in LGC order c
submitted in hour h
the set of submitted PUN bids
the set of PUN bids submitted in hour h
the set of PUN bids submitted in price zone pz
in hour h
the subset of SSC bids in MIC order c
the subset of SSC bids in GCO c
the subset of SSC bids in MIC order c submitted
in hour h
the subset of SSC bids in GCO c submitted in
hour h
the set of submitted supply bids
the set of supply bids submitted in hour h
combined surplus of submitted supply bids
social welfare

set
set
set
set
set
set
set
set
set
set
decision variable
decision variable
decision variable
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
set
auxiliary variable
objective function
3

Notations

the tariff on connection line l in hour h

,
,

()

,
,
,

the tariff payment on connection line l in hour h
the price zone at which connection line l ends
(nominally)
the set of connection lines ending in price zone
pz (nominally)
the transferred quantity on connection line l in
hour h
the transferred quantity on ATC‐based
connection line l in hour h (positive direction)
the transferred quantity on ATC‐based
connection line l in hour h (negative direction)
the variable income term for MIC in complex
order c
the set of price zones

network
parameter
decision variable
network
parameter
set
decision variable
decision variable
decision variable
order parameter
set
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Power exchange prototype model with hourly orders

Appendix B
Power exchange prototype model with hourly orders
Objective function
Social welfare


the sum of demand and supply surpluses (3.7)

Constraints
Trade balance


strict balance according to (3.1) and (3.2)

Bounds
Bid acceptance ratios
∀ ∈

∪

:0 ≤

≤1

(B.1)

5

Power exchange model with hourly orders and blocks

Appendix C
Power exchange model with hourly orders and blocks
Objective function
Social welfare


the sum of demand and supply surpluses (3.14)

Constraints
Trade balance


strict balance according to (3.13) and (3.2)

Hourly step bids


pricing rules (3.8) and (3.9)

Hourly linear bids


pricing rules (3.10) and (3.11)

Block orders


pricing rule (3.12)

Bounds
Bid acceptance ratios
∀ ∈

∪

∀ ∈

:0 ≤
:

≤1

∈ {0; 1}

(C.1)
(C.2)

Market clearing prices
∀

∈ {1}, ∀ℎ ∈

:

≤

,

≤

(C.3)
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Basic power exchange model (hourly orders, blocks and market coupling)

Appendix D
Basic power exchange model (hourly orders, blocks
and market coupling)
Objective function
Social welfare


the sum of demand, supply and connection line surpluses (3.42)

Constraints
Trade balance


Kirchhoff junction laws according to (3.40) and (3.41)

Hourly step bids


pricing rules (3.8) and (3.9)

Hourly linear bids


pricing rules (3.10) and (3.11)

Block orders


pricing rule (3.12)

ATC‐based interconnections






transmission limits (3.16)‐(3.18)
congestion criteria (3.21) and (3.22)
tariff coercion (3.29) and (3.30)
tariff payment (3.27) and (3.28)
congestion prices (3.31) and (3.32)

Flow‐based interconnections






transmission calculation (3.33)
net export calculation (3.34)
transmission limits (3.35) and (3.36)
congestion criteria (3.37) and (3.38)
congestion prices (3.39)

Bounds
Bid acceptance ratios
∀ ∈

∪

∀ ∈

:0 ≤
:

≤1

∈ {0; 1}

(D.1)
(D.2)

Market clearing prices
∀

∈ , ∀ℎ ∈

:

≤

,

≤

(D.3)

Directional transfer quantities of ATC‐based interconnections
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Basic power exchange model (hourly orders, blocks and market coupling)
∀ ∈

, ∀ℎ ∈

:

,

≥0

(D.4)

∀ ∈

, ∀ℎ ∈

:

,

≥0

(D.5)
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Basic power exchange model extended with MIC orders

Appendix E
Basic power exchange model extended with MIC
orders
Objective function
Social welfare


the sum of demand, supply and connection line surpluses (5.12) and (5.13)

Constraints
Trade balance


Kirchhoff junction laws according to (3.40) and (5.11)

Hourly step bids


pricing rules (3.8) and (3.9)

Hourly linear bids


pricing rules (3.10) and (3.11)

Block orders


pricing rule (3.12)

MIC orders




Minimum Income Condition (5.1)‐(5.3)
pricing rules (5.4)‐(5.7)
income calculation (5.9) and (5.10)

ATC‐based interconnections






transmission limits (3.16)‐(3.18)
congestion criteria (3.21) and (3.22)
tariff coercion (3.29) and (3.30)
tariff payment (3.27) and (3.28)
congestion prices (3.31) and (3.32)

Flow‐based interconnections






transmission calculation (3.33)
net export calculation (3.34)
transmission limits (3.35) and (3.36)
congestion criteria (3.37) and (3.38)
congestion prices (3.39)

Bounds
Bid acceptance ratios
∀ ∈

∪
∀ ∈

:0 ≤
:

∈ {0; 1}

≤1

(E.1)
(E.2)
9

Basic power exchange model extended with MIC orders
Market clearing prices
∀

∈ , ∀ℎ ∈

:

≤

,

≤

(E.3)

Directional transfer quantities of ATC‐based interconnections
∀ ∈

, ∀ℎ ∈

:

,

≥0

(E.4)

∀ ∈

, ∀ℎ ∈

:

,

≥0

(E.5)
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Basic power exchange model extended with MIC orders and LGC orders

Appendix F
Basic power exchange model extended with MIC
orders and LGC orders
Objective function
Social welfare


the sum of demand, supply and connection line surpluses (5.12) and (6.15)

Constraints
Trade balance


Kirchhoff junction laws according to (3.40) and (6.14)

Hourly step bids


pricing rules (3.8) and (3.9)

Hourly linear bids


pricing rules (3.10) and (3.11)

Block orders


pricing rule (3.12)

MIC orders




Minimum Income Condition (5.1)‐(5.3)
pricing rules (5.4)‐(5.7)
income calculation (5.9) and (5.10)

LGC orders




Load Gradient Condition (6.1) and (6.2)
pricing rules (6.3)‐(6.7)
exploitation constraints (6.8) and (6.9)

ATC‐based interconnections






transmission limits (3.16)‐(3.18)
congestion criteria (3.21) and (3.22)
tariff coercion (3.29) and (3.30)
tariff payment (3.27) and (3.28)
congestion prices (3.31) and (3.32)

Flow‐based interconnections






transmission calculation (3.33)
net export calculation (3.34)
transmission limits (3.35) and (3.36)
congestion criteria (3.37) and (3.38)
congestion prices (3.39)
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Basic power exchange model extended with MIC orders and LGC orders

Bounds
Bid acceptance ratios
∀ ∈

∪
∀ ∈

:0 ≤
:

≤1

∈ {0; 1}

(F.1)
(F.2)

Market clearing prices
∀

∈ , ∀ℎ ∈

:

≤

,

≤

(F.3)

Directional transfer quantities of ATC‐based interconnections
∀ ∈

, ∀ℎ ∈

:

,

≥0

(F.4)

∀ ∈

, ∀ℎ ∈

:

,

≥0

(F.5)
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Basic power exchange model extended with all kinds of complex orders

Appendix G
Basic power exchange model extended with all kinds
of complex orders
Objective function
Social welfare


the sum of demand, supply and connection line surpluses (5.12) and (7.35)

Constraints
Trade balance


Kirchhoff junction laws according to (3.40) and (7.34)

Hourly step bids


pricing rules (3.8) and (3.9)

Hourly linear bids


pricing rules (3.10) and (3.11)

Block orders


pricing rule (3.12)

MIC orders




Minimum Income Condition (5.1)‐(5.3)
pricing rules (5.4)‐(5.7)
income calculation (5.9) and (5.10)

LGC orders




Load Gradient Condition (6.1) and (6.2)
pricing rules (6.3)‐(6.7)
exploitation constraints (6.8) and (6.9)

General complex orders






Minimum Income Condition (7.1) and (7.2)
Load Gradient Condition (7.3) and (7.4)
pricing rules (7.5)‐(7.12)
exploitation constraints (7.13) and (7.14)
income calculation (7.15)‐(7.19)

ATC‐based interconnections






transmission limits (3.16)‐(3.18)
congestion criteria (3.21) and (3.22)
tariff coercion (3.29) and (3.30)
tariff payment (3.27) and (3.28)
congestion prices (3.31) and (3.32)
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Basic power exchange model extended with all kinds of complex orders
Flow‐based interconnections






transmission calculation (3.33)
net export calculation (3.34)
transmission limits (3.35) and (3.36)
congestion criteria (3.37) and (3.38)
congestion prices (3.39)

Bounds
Bid acceptance ratios
∀ ∈

∪
∀ ∈

:0 ≤
:

≤1

(G.1)

∈ {0; 1}

(G.2)

Market clearing prices
∀

∈ , ∀ℎ ∈

:

≤

≤

,

(G.3)

Directional transfer quantities of ATC‐based interconnections
∀ ∈

, ∀ℎ ∈

:

,

≥0

(G.4)

∀ ∈

, ∀ℎ ∈

:

,

≥0

(G.5)

}:

,

Shadow price components
∀ ∈
∀ ∈

, ∀ℎ ∈
, ∀ℎ ∈

\{ℎ
\{ℎ

}:

,

≥0
≥0

(G.6)
(G.7)
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Power exchange model with unified purchase prices

Appendix H
Power exchange model with unified purchase prices
Objective function
Social welfare


the sum of demand, supply and connection line surpluses (8.24) and (8.25)

Constraints
Trade balance


Kirchhoff junction laws according to (3.40) and (8.22)

Hourly step bids



pricing rules (3.8) and (3.9)
income calculation (8.9) and (8.10)

Block orders



pricing rule (3.12)
income calculation (8.11) and (8.12)

MIC orders




Minimum Income Condition (5.1)‐(5.3)
pricing rules (5.4)‐(5.7)
income calculation (5.9) and (5.10)

PUN orders



pricing rules (8.1) and (8.2)
income calculation (8.4) and (8.5)

ATC‐based interconnections








transmission limits (3.16)‐(3.18)
congestion criteria (3.21) and (3.22)
tariff coercion (3.29) and (3.30)
tariff payment (3.27) and (3.28)
congestion prices (3.31) and (3.32)
income calculation without congestion (8.13)‐(8.15)
income calculation in the case of congestion (8.16) and (8.17)

Flow‐based interconnections







transmission calculation (3.33)
net export calculation (3.34)
transmission limits (3.35) and (3.36)
congestion criteria (3.37) and (3.38)
congestion prices (3.39)
income calculation (8.18)‐(8.20)

Income‐expense balance
15

Power exchange model with unified purchase prices


hourly balances with PUN tolerances according to (8.8)

Bounds
Bid acceptance ratios
∀ ∈

:0 ≤

∀ ∈

:

≤1

(H.1)

∈ {0; 1}

(H.2)

Market clearing prices
∀

∈ , ∀ℎ ∈

:

≤

,

≤

(H.3)

Directional transfer quantities of ATC‐based interconnections
∀ ∈

, ∀ℎ ∈

:

,

≥0

(H.4)

∀ ∈

, ∀ℎ ∈

:

,

≥0

(H.5)

PUN imbalances (official limits)
∀ℎ ∈

: −1 ≤

≤5

(H.6)
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