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Abstract

The work presented in the thesis covers two main field: the investigation of the
neutron fluctuations in subcritical systems and the development of methods for the effi-
cient simulation of an ADS. First an algorithm is presented to allow variance reduction
methods to the estimation of non-Boltzmann quantities, like the ones describing the
neutron fluctuations. In order to provide a validation case and a field of application for
the above described method a set of neutron noise measurements were performed at
the Delphi subcritical assembly. Results of Monte Carlo simulations of the measure-
ments prove the applicability and efficiency of the method. Since in a full scale ADS
the high-multiplicity spallation source affects the neutron noise measurement correla-
tions in a spallation neutron source were also investigated by the MCNPX code. Finally
a coupling methodology between Monte Carlo and deterministic codes and a variance
reduction method based on virtual cross-sections is also presented, which improve the
efficiency of the simulation of an ADS.
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Chapter 1

Introduction

A subcritical system is a nuclear facility consisting fissile material in which neu-
trons are multiplied by fission reactions but the level of multiplicity is insufficient to
produce a self-sustaining nuclear chain reaction. Therefore in such a system nuclear
reactions happen only in the presence of a neutron source. Since the earliest years of
reactor physics the development of theory and calculational methods mainly concerned
critical reactors due to their role in power generation. Subcritical (shutdown) condi-
tions of the reactors or the nuclear fuel itself (e.g. a cooling pond) do not pose a major
operational challenge from the neutronics point of view, because their safe subcritical-
ity level can be ensured and monitored with relatively simple methods. Also the lack
of a powerful neutron source excluded the use of a subcritical system in power gen-
eration. For these reasons there were less research interest and activity in this field
compared to the developments on the field of critical reactors. However, in the last
decades a renewed interest toward the research on the neutronics of subcritical systems
is experienced worldwide mainly due to the concept of the so-called Accelerator Driven
Subcritical System (ADS). In these systems a spallation neutron source is planned to
be installed to provide a constant power level. ADS development is driven mainly by
its expected favourable properties for the incineration of nuclear wastes. Another in-
terest toward the physics of subcritical systems rises from the increased concern about
nuclear proliferation since all fissile material stocks outside of nuclear reactors can be
considered as subcritical systems and methods applicable for the determination of their
multiplicity can also be applied to determine the quantity and quality of fissile material
for nuclear safeguards purposes.

Chapter 2 of this thesis summarizes the state-of-the-art of the ADS development
and other fields where subcritical systems occur. Chapter 3 provides an overview of
the reactor physics theory describing the neutronics behaviour of subcritical systems.
The remaining chapters of the thesis summarize the author’s activity in the recent years
for the development of Monte Carlo methods for the investigation of different reactor
physics problems related to subcritical systems. This covers two main field: the in-
vestigation of the neutron fluctuations in subcritical systems and the development of
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methods for the efficient simulation of and ADS. The stochastic fluctuation of the num-
ber of neutrons in the nuclear chain reaction is the basis of the so-called neutron noise
methods, which can be applied for the determination of the multiplication, the subcriti-
cality level and other important parameters of a system. Chapter 4 describes a method,
the history splitting, developed by the author for the non-analogous Monte Carlo sim-
ulation of the neutron fluctuations (or neutron noise) while Chapter 5 presents neutron
noise measurements and the application of the newly developed method for their simu-
lation. Chapter 6 still concerns neutron fluctuations but in the spallation process itself
and investigates the correlation between neutrons produced by a spallation source. This
leads to Chapter 7, which presents methods for the efficient simulation of an ADS with
a spallation source, namely a coupling method between Monte Carlo and deterministic
transport codes and improvements for the Monte Carlo estimation of the high energy
neutron induced reaction rates. At the end of the thesis, in Chapter 8, a summary is
provided and the presented new research achievements are summarized in the form of
propositions.



Chapter 2

An overview of subcritical systems

Every nuclear reactor has a subcritical state but subcritical system usually refers to
systems which are intended to remain subcritical or operate in a subcritical condition.
Nowadays these are mainly research facilities paving the way toward the development
of the ADS, but they are also used to investigate the principles of reactorphysics without
the burden of the licensing and safety regulations of a critical reactor. This chapters aims
to give an overview of the history and actual status of such facilities. However, with a
somewhat arbitrary extension of the terminology any fission material consisting system
can be considered as a subcritical system, including fissile material storages and even
hidden fissile material. Since the principles are the same, a brief overview of methods
based on the neutron multiplicity in subcritical systems used for controlling, monitoring
or detecting fissile materials in nuclear safeguards are also included in this chapter.

2.1 Spallation neutron sources

Spallation sources are considered as neutron sources for Accelerator-Driven Sub-
critical Systems (ADS). In a spallation neutron source an accelerator is supposed to
provide a high-energy (∼1 GeV) proton beam, which produces neutrons in a heavy
metal (e.g.: lead) target through the spallation process. Besides the high neutron ener-
gies (up to the energy of the proton) the spallation neutron source is also distinguished
from other neutron sources by its high multiplicity: one proton can produce up to 40-50
neutrons. The high multiplicity increases the importance of the source in a subcritical
system, especially in case of deeper subcriticality. Therefore, the precise description of
the spallation source is inevitable for the modelling of an ADS.

Accelerators were already used for generation of neutrons in the early years of nu-
clear energy. In the US the Material Testing Accelerator project proposed by the Nobel-
laureate E. O. Lawrence in the early ’50s aimed to produce fissile material from 238U
only a few years after the first critical reactor[11]. However, the program was termi-
nated when extensive deposits of mineable uranium were found in the United States.
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A Canadian study in 1964 [12] proposed a Bi target bombarded by proton beam and
surrounded by heavy water moderator as a neutron source replacing ageing research
reactors. Due to the progress in materials and technology the achievable intensity and
the reliability of the accelerators developed and the high intensity spallation neutron
sources become realistic. Nowadays spallation sources like Spallation Neutron Source
(SNS) in the US [13] or the European Spallation Source (ESS) planned to be build in
Sweden [14] are considered to be competitors of research reactors as a high intensity
neutron sources for material research [15].

This development initiated the idea of the Accelerator Driven System, which would
require high intensity and high reliability spallation neutron source. However, one must
note that for the realisation of an ADS the current accelerator technology still needs
improvement both in increasing the beam power and in decreasing the beam trip fre-
quency.

2.2 Accelerator driven systems

The concept of accelerator driven subcritical system, proposed by Rubbia[16],
Bowman[17] and others, is to drive a subcritical nuclear reactor core with an external
neutron source. The external source is obtained from spallation reactions in a heavy-
metal target bombarded by high energy (∼ 1 GeV) protons from a particle accelerator.
They are under investigation world-wide, because the unique feature of subcriticality
provides new capabilities in operating with high load of minor actinides, and thus in the
transmutation of long-lived radioactive waste. The high energy neutron spectrum (up to
6-700 MeV) from the spallation source is advantageous, too, because upon the effect of
higher energy neutrons (approximately above 1 MeV) all the actinides are fissile, while
the ratio of fission to capture cross sections is far greater than in the case of thermal
neutron induced nuclear reactions.

One of the first proposers of ADS, Carlo Rubbia, refers to his concept as Energy
Amplifier since in such a system energy needs to be invested for the operation of the
accelerator and the subcritical core multiplies this energy through fission. The net en-
ergy production of an ADS can be obtained as the difference of the energy produced
by the energy conversion system from the heat released in the core and the electricity
consumed by the accelerator. Current studies estimates the latter to be about 10 % of
the total energy production.

The main arguments often used by the proposers of the ADS is that it is inherently
safe due to its subcriticality and that its higher energy neutron spectrum is advantageous
for the transmutation purposes. It is worthwhile to investigate these statements in more
detail.
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2.2.1 Safety of the ADS

The keff of the different ADS concepts mainly varies between 0.95 and 0.98. It means
several dollars of subcriticality in any case. This can ensure that the ADS is safe from
criticality accidents caused by inadvertent reactivity insertion, which is an inevitable
safety feature. However, the more then ten thousand reactoryears of operation and the
analysis of the major accidents prove that a reactivity accident is not the major concern
in a critical reactor, either. The Chernobil accident can be considered as a reactivity
accident but it was a results of serious design and operational failures. On the other hand
the Three Mile Island and the Fukushima accidents show that the decay heat removal
from a shut down reactor is the major challenge in the prevention of severe nuclear
accident resulting in core degradation and off-site emergency situation. From this point
of view the subcritical core does not represent any advantage and in general an ADS
needs the same safety systems for decay heat removal as a conventional reactor [18].

It is interesting also to investigate the role of the negative reactivity feedback in the
safe operation of a critical reactor and an ADS. Negative reactivity coefficients and es-
pecially fuel temperature or Doppler-coefficient have a crucial role in the inherent safety
of reactors, i.e. the independence of safety features from operator or control system in-
teraction. For the evaluation of the inherent safety of a reactor design one should look
into the behaviour of the reactor during unprotected transients, when it is assumed that
the control system or the operator fails to intervene. This means that the control and
safety rods are not inserted. In a properly designed reactor in case of a loss of coolant
(LOCA) or loss of heat sink (LOHS) accident, the negative fuel temperature coefficient
results in negative reactivity insertion, which is enough to push the reactivity below
criticality and eventually shut down the reactor. Even if we assume an ADS core with
the same reactivity coefficients, its behaviour in the same transient is going to be differ-
ent. In the case of an ADS the unprotected transient means that the accelerator beam is
not shut down and the source intensity remains constant. Although due to the negative
reactivity coefficients the reactivity decreases, it results only in a decrease of the source
amplification of the core and the power, but not a complete shut down [19]. This means
that in such transients an ADS core should survive a longer period (grace time) at el-
evated temperatures while the beam is shut down either by the controls system or by
a passive beam shutdown device, which appears to be an essential safety equipment in
and ADS. This is one reason why most of the present designs envisage a liquid heavy
metal cooled ADS because the higher heat capacity of the coolant offers a longer grace
time [20]. Also for the same reason the He gas cooled ADS design is widely consid-
ered as unfeasible [21], while the similar gas cooled fast reactor with refractory fuel is
expected to be able to survive a loss of cooling accident [22, 23].

One can conclude from the above that the advantageous safety features of the ADS
are limited to reactivity transients, while the need for beam shut down in loss of cooling
transients is a design challenge. Still the subcriticality of the ADS can be a highly
valuable feature and a major incentive for the development of the ADS when fuels with
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high minor actinide content are considered for the realization of transmutation. Minor
actinides have several properties which badly influences the safety of the reactor:

– Pu and minor actinides isotopes have considerably smaller delayed neutron frac-
tion compared to 235U, which can almost half the delayed neutron fraction of the
core. This effect can be further increased if the 238U is partly of fully replaced by
some inert material (e.g. SiC in carbid fuels) in order to improve the efficiency
of the transmutation, since in fast systems fast fission of 238U contributes to the
delayed neutron source in about ∼ 50 % [24, 25].

– The increased MA content also decreases the fuel temperature coefficient. Again
this is further decreased if 238U, as the most important contributor to the Doppler-
effect, is replaced by some inert matrix [24].

These negative effects set a limit for the maximum MA content of a critical reactor core,
which limits the maximum achievable transmutation efficiency. Due to their subcritical-
ity ADS cores are less sensitive for these effects, which allows a higher MA inventory
in the core. This fact also emphasizes the importance of the accurate determination and
continuous on-line monitoring or the reactivity of the subcritical core. Since the well
established methodologies applied in critical reactors are not suited for the subcritical
core, one of the most important experimental and theoretical research area of the ADS
development is the investigation of reactivity measurement methodolgies. The state-of-
the-art of these activites is presented in Section 2.3.1 and Chapter 4-6 address problems
related to the neutron noise methods as possible candidates for reactivity measurements
in an ADS.

2.2.2 Transmutation with ADS

Originally transmutation means the production of a new element due to neutron ir-
radiation which is one form of the radiation damage of material. The term originates
from mediaeval times when alchemists sought the method of transforming an element
into an other via a process which they called transmutation. The first report mentioning
transmutation as a way to transform the long-lived, highly radiotoxic isotopes produced
during nuclear energy production into stable or short-lived ones was published in 1967
[26]. From the beginning of the ’70s the use of the term becomes general, often referred
together with partitioning, which is the chemical separation of elements in the spent
fuel, as partitioning and transmutation technology (P&T). In 1982 even a comprehen-
sive overview report was issued by the International Atomic Energy Agency (IAEA)
[27], although with unenthusiastic conclusion. This reduced the research activity for
a few years but it revived at the beginning of the ’90s partly because of the new ADS
concepts.

Most of the ADS concepts are promoted especially for the use in transmutation and
sometimes with the arguments of the especially high energy neutron spectrum and the
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achievable high flux. Both are advantageous for the transmutation: high flux is needed
to achieve the required high fluent, while above ∼ 1 MeV neutron energy all MA iso-
topes become fissionable as the fission cross-section increases and overcomes the cap-
ture one. Concerning the high energy neutrons, it is true that that 1 GeV protons can
produce neutrons with energy up to a few hundred MeV but in fact most of the neutrons
are produced from evaporation and fission at typical fission Watt-spectrum energies.
Furthermore, in the planned range of subcriticality of ADS cores the neutrons from fis-
sion dominate the spectrum and the neutron spectrum in an ADS is not much different
from the that of a similar fast reactor. Earlier studies already demonstrated and more
recently the study [1] contributed by the author confirmed that the direct use of spalla-
tion neutrons for transmutation is not economical, while as subcriticality approaches the
level typical to ADS designs the effect of the spallation neutrons diminishes compared
to the ones from fission (see in detail in Section 7.2). Similar observations can be made
concerning the high flux. The flux in reactors is usually limited by the heat generated
by fission, since proper cooling must be ensured to prevent the material damage due to
high temperatures. From this point of view spallation seems favourable, because con-
trary to the∼ 80 MeV/neutron energy release in case of fission only∼ 30 MeV/neutron
energy is produced. However, as it was shown above, in an ADS most of the neutrons
and therefore the energy is produced by fission in the subcritical core and only a small
proportion by spallation.

One can conclude from the above that the main advantage of the ADS is its tol-
erance for higher MA loading, possibly in an inert matrix, which may grant a higher
MA burning efficiency. Due to this feature, ADS is generally considered as a dedicated
transmuter. Such devices are optimized purely for MA burning and are often envis-
aged to play a role in the second stratum of a so-called double strata fuel cycle [28].
According to this concept the first stratum of the the fuel cycle is the conventional U-
Pu cycle containing thermal reactors and fast breeder reactors. MA from reprocessing
are directed to the second stratum where partitioning of the MA elements, special MA
containing fuel or target fabrication and irradiation in a dedicated transmuter device
take place. Studies also suggest that such devices can have an important role also in
countries opting the nuclear phase-out for the transmutation of legacy waste [29].

2.3 ADS development programs

The first ADS programs were mainly initiated by accelerator experts looking for
new applications of the developing accelerator technology. Typical examples are Bow-
man’s Accelerator Transmutation of Waste (ATW) concept [17] which originated from
the dismantled Accelerator Production of Tritium (APT) program and the then CERN
director Carlo Rubbia’s Energy Amplifier concept [16]. One of the first large projects
concerning ADS development was the Japanese OMEGA project, in the framework of
which the design of a 820 MWe ADS was prepared [30].



8 Chapter 2 An overview of subcritical systems

Among the numerous ADS designs and projects one of the most important ones is
the Belgian MYRRHA (Multi-purpose hYbrid Research Reactor for High-tech Appli-
cations) project managed by the Belgian research centre SCK•CEN [31]. The project
was initially started in 1998 and aims the replacement of the BR-2 research reactor at
Mol site of SCK•CEN by a lead-bismuth cooled ADS. After numerous design changes
and rescheduling today the commissioning is planned for 2024. The project is part of
the European Sustainable Nuclear Industrial Initiative (ESNII) and is planned to be a
demonstrator both for the lead cooled fast reactor (LFR) and the ADS technology [32].

In Europe the MUSE (MUltiplication avec une Source Externe) project was the first
large, international experimental project on ADS research [33, 34]. It lasted from 1995
till 2003 and aimed at qualifying experimentally the main physical principles of ADS
and the associated calculation schemes through mock-up studies of the sub-critical en-
vironments coupled to a well-known external neutron source. The fourth phase of this
programme, MUSE4 [35], was accomplished between the years 2000 and 2004 at the
MASURCA zero reactor of the French Comissariat á l’Énergie Atomique (CEA) at its
Cadarache site, which was coupled with the GENEPI (GEnérateur de NEutrons Pulsés
Intense) accelerator [36] to provide a powerful pulsed D-T neutron source for the ex-
periments. The MASURCA facility contained MOX fuel surrounded by sodium blocks
and initially aimed the investigation of sodium cooled fast reactors.

After the MUSE project the EUROTRANS project [37] continued on with the ADS
research. Experiments were performed at the Yalina facility in Belarus [38], but later the
decision was made to assemble a lead containing subcritical core in Mol. The VENUS-
F facility contains 30 % enriched U fuel surrounded by lead blocks. The source is
provided by the GENEPI-3C accelerator [39] which is also able to operate in contin-
uous mode. The aim of the VENUS-F measurements is to provide experimental data
for the design and licensing of the MYRRHA. The work is continued presently in the
framework of FREYA FP7 project [40].

2.3.1 Reactivity monitoring in an ADS

One of the most important questions of the experimental programs is to find the best
method for the monitoring of the subcriticality of an ADS core. The subcriticality level
directly determines the multiplicity of the core and so the power of the core. Therefore,
it is very important to continuously monitor its changes due to the burnup or other
effects during the operation of the ADS.

The MUSE project was one of the first projects which thoroughly investigated this
problem both experimentally and theoretically. In the following the outcome of these
investigations is summarized based on [41]. More detailed theoretical background of
the techniques mentioned below can be found later in Chapter 3.

One of the main MUSE conclusions was that the most appropriate on-line subcritical
reactivity monitoring technique would be the current to flux method, but it was not
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applied in the MUSE project since the GENEPI accelerator could only work in pulsed
mode and not in continuous mode. In the MUSE conclusions, it was also mentioned
that this method needs checking of the source importance and detector efficiency during
operation on a regular base (thus verifying the proportionality constant) by independent
measurement techniques such as PNS (pulsed neutron source) fitting techniques and/or
the ADS source jerk. Also the need of calibration of the above mentioned techniques
via additional independent and robust measurement techniques as PNS Area Method
(Sjöstrand-method) was concluded.

The ADS source jerk technique is based on the determination of the removal of the
prompt neutron part as in the rod-drop technique. In practice, the levels before and after
the beam trip will be measured. By averaging the level after the beam trip over a certain
time period (in the order of some hundreds of microseconds), the uncertainty will be
strongly decreased, but a possible small bias may arise due to the decay of the delayed
neutron population. Measurements will have to point how the investigated period can
be optimized in terms of uncertainty and bias, but also with respect to operational con-
ditions of the ADS. The main advantage of this technique is related to the fact no fitting
based on an interpretation model has to be performed.

In the PNS fitting technique, the investigated period after a beam trip can be much
shorter, since only the die-away of the prompt neutron population is recorded. From
the measurements in MUSE it was demonstrated that the decay of the prompt neutron
population cannot adequately be represented by a mono exponential. Therefore more
complex interpretation models are needed.

In order to calibrate the above mentioned techniques, additional independent and
robust measurement techniques have to be applied. For the purpose of calibration dedi-
cated experimental conditions can be envisaged, such as zero-power conditions. These
calibrations could be incorporated in the loading and start-up procedures of the ADS. In
these circumstances, dedicated external sources could be used to solicit the system. One
possibility could be to use a pulsed neutron source as in MUSE and apply the PNS Area
method which has been shown to be a very simple and robust measurement technique.

The noise methods (Rossi-α , Feynman-α and CPSD methods) were also extensively
investigated during the MUSE project. Although the reactivity could be determined in
a consistent way with all the method, they suffer from several drawbacks. One is the
long measurement time needed to achieve good statistics of the measurements. This
is especially problematic in deep subcritical configurations. The other complication is
common for all the methods based on function fitting, namely the presence of the higher
modes needs compound fitting functions. In the case of the noise methods this is fur-
ther complicated by the fact that noise methods rely on the convolution of the reactor
response function in the time domain which makes this effect more complicated to in-
terpret. A further problem is that while for the other method some spatial effects can be
managed by calculated correction factors, for the noise method efficient calculation tool
is not available for this purpose. Probably noise methods will have more success in ADS
reactivity determination as a calibration technique, since in that case the measurement
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conditions can be optimized. The fact that a constant source (even the inherent source)
is enough and no intervention (rod movement, source modification, etc.) is required
by these method makes them promising candidates, if the above mentioned problems
can be overcome. This raises the importance of the development of simulation tools for
noise method described in Chapter 4, the experimental and calculational investigation
of the how the presence of the higher mode affects them as presented in Chapter 5.
Since the noise methods are basically influenced by the applied source, the influence of
the spallation source, which is intended to be used in a full scale ADS, is worth being
investigated, as well (see in Chapter 6).

The investigation of the above techniques continues on at the VENUS-F facility,
where the GENEPI accelerator can already provide continuous source. It is expected
that the project will determine the most practical and accurate methods for on-line re-
activity monitoring in an ADS.

2.4 Nuclear safeguards applications

Nuclear safeguards aims the control, monitoring and detection of fissile materials
in order to prevent nuclear proliferation, i.e. the illegal use of nuclear material. Since
the nuclear safeguards activities were started by the Non-Proliferation Treaty, different
measurement methodologies were developed for the detection of fissile materials. Some
of them are based on the principle of detecting neutron multiplicity as an inherent nature
of fissile material. These methods are based on similar principles as the ones used for
the neutronics investigation of subcritical systems.

One of the most often used methods is the neutron multiplicity counting which is a
nondestructive assay (NDA) technique [42]. The method can be either passive, when
only the inherent neutron source of the fissile material is used, or active, when an ex-
ternal (isotopic) source is also used. It is based on the arrangement of a detector ar-
ray around the material to be investigated and the detection of coincidences of neu-
trons. These can be simple coincidences (doublets) but even higher order coincidences
(triplets, etc.). The ratio of the single counts and the coincidences can be used to deter-
mine the multiplicity of the investigated system and so the fissile material content. Since
different fissile materials have different multiplicities, the method can also be capable
to determine the ratio of different fissile isotopes. Based on these principles a special
detector system, the Uranium Neutron Coincidence Collar (UNCL) were designed for
the measurement of the 235U content of fresh nuclear fuel assemblies [43]. Such de-
vices are generally used for the interrogation of fuel assemblies and are commercially
available from several manufacturers. For example the UNCL of Canberra uses up to 24
3He counters for the determination of 235U content of PWR or BWR assemblies [44].

An other technique is the so-called differential die-away analyis (DDAA) [45]. In
this method an initial pulse of fast neutrons is injected into the sample and the time
dependence of the detection rate of fast neutrons is used to determine the presence of
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fissile materials such as 235U and 239Pu. Its application is suitable when the fissile
material is embedded in a moderating surrounding such that the source neutrons induce
thermal fission after having slowed down. The population of thermal neutrons decays
with the diffusion decay time of the inspected medium (the so-called thermal neutron
“die-away” time) on the order of hundreds of microseconds. If fissile material is present,
the thermalized neutrons from the source cause fissions that produce a new source of
fast neutrons. These fast fission neutrons decay with a time very similar to that of the
thermal neutron while the fast neutrons from the source disappear on a much shorter
time scale.

A drawback of the DDAA method is the necessity of a neutron generator. In or-
der to overcome this problem the stochastic generalization of the DDAA method was
recently suggested as an alternative method which eliminates the need for such an ex-
ternal source, namely the so-called Differential Die-away Self-Interrogation (DDSI)
technique [46]. The DDSI method utilizes the inherent spontaneous neutron emission
of the sample. In the absence of a trigger signal, the temporal decay of the correlations
as a function of the time delay between two detections of fast neutrons is used in the
DDSI method. This corresponds to a Rossi-α measurement with two energy groups. As
a counterpart of this, the theory of the Differential Self-interrogation Variance-to-Mean
(DSVM) has also been developed, which is based on the Feynman-α technique [47].

Monte Carlo methods are widely used in the development and interpretation of the
above mentioned techniques. It has also been suggested to determine the fissile material
distribution in the measured sample in an iterative way based on the comparison of the
results of Monte Carlo transport simulations for assumed distributions and the actual
detector readings [48]. Several special simulation tools have been developed [48, 49,
50] because, as it is going to be presented in Section 4.1 and Chapter 4, the neutron
coincidences are so-called non-Boltzmann quantities and therefore special methods are
needed for their estimation. Therefore, the nuclear safeguards applications provides a
further reason to develop variance reduction methods for non-Boltzmann estimators in
neutron multiplicity problems as presented in Chapter 4.





Chapter 3

Theoretical background of subcritical
systems

The theoretical description of neutron multiplying systems is based on the determi-
nation of the distribution of the neutron density n(~r,~v, t) in space (~r), according to veloc-
ity~v and in time t. This is described by the Boltzmann transport equation. However, this
description provides only the mean value of the density of neutrons in a given phase-
space volume at a given time. If one seeks to obtain information from the stochastic
fluctuations of the nuclear chain reaction, instead of the scalar n the random variable n
need to be determined, which is the number of neutrons in a volume of the phase space.
The latter is described by the Pál-Bell equation. In the following a brief overview is
given about these basic equations and the methods for their solution. Finally, the mod-
elling of spallation is discussed, which is a special case of particle transport and has
basic importance in an ADS.

3.1 Neutron transport

3.1.1 The Boltzmann transport equation

The Boltzmann transport equation is a balance equation for the neutron flux
Φ(~r,~v, t) = vn(~r,~v, t) (where~v = v~Ω and ~Ω is a vector of unity denoting the direction of
the particle) and can be written in the following form:

(
1
v

∂

∂ t
−L
)

Φ(~r,~v, t) = S(~r,~v, t) (3.1)
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where L is the so-called transport operator:

LΦ(~r,~v, t) =−~Ω~∇Φ(~r,~v, t)−Σt(~r,v)Φ(~r,~v, t)+∫
4π

∫
∞

0
Σt(~r,v′) f (~r,~v′→~v)Φ(~r,~v′, t)d~v′ (3.2)

which contains the leakage term, the total loss for reaction determined by total reaction
cross section Σt(~r,v) and the scattering source from other energies described by the
energy-angle distribution function f (~r,~v′→~v) also including multiplicity (fission and
(n,xn) reactions). Since (3.1) is not self-adjoint, an adjoint transport equation can be
derived for adjoint flux Φ+(~r,~v, t) with the adjoint transport operator L+ and adjoint
source S+(~r,~v, t): (

−1
v

∂

∂ t
−L+

)
Φ

+(~r,~v, t) = S+(~r,~v, t). (3.3)

Physical meaning can also be assigned to the quantities in the adjoint equation, as the
adjoint function n+(~r,~v, t) = vΦ+(~r,~v, t) describes the importance of a neutron at the
given phase-space coordinates, i.e. the contribution of the neutron and its progenies to
a detector described by the adjoint source S+(~r,~v, t).

The main difference between critical and subcritical systems is that in a critical case
a time independent non-trivial solution can be found for the S(~r,~v, t) ≡ 0 case, i.e. the
homogeneous form of (3.1). It is known (e.g. [51, 52]) that this solution can be found
by separating the time variable and seeking it in the following form:

Φ(~r,~v, t) =
∞

∑
i=0

Aie−αitφi(~r,~v) (3.4)

where αi and φi(~r,~v) are the corresponding eigenvalues and eigenfunctions of the fol-
lowing equation obtained from the homogeneous form of (3.1) by the substitution of
(3.4) into it:

−αi

v
φi(~r,~v) = Lφi(~r,~v). (3.5)

αi are called the kinetic eigenvalues. This approach is called the α-modes expansion.
A reactor is critical if a constant flux is possible without external neutron source, i.e.
the lowest kinetic eigenvalue of the homogeneous transport equation equals to 0. In
this case only the term corresponding to α0 = 0 of (3.4), the fundamental mode needs
to be considered since the other terms diminish from the constant solution. However,
in a subcritical system a source must be present to obtain a constant solution and the
amplitudes Ai can be derived from the initial flux distribution Φ(~r,~v,0) and the source
S(~r,~v, t). Assuming a constant source S(~r,~v) present in a subcritical system since the
remote past, one has to expand it also according to the φi(~r,~v) eigenfunctions and the
time independent solution Φ(~r,~v) can be found in the following form:

Φ(~r,~v) =
∞

∑
i=0

1
(−αi)

(φ+
i ,S)

(1
v φ

+
i ,φi)

φi(~r,~v) (3.6)
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where the brackets (., .) denotes the integration of the enclosed functions over the full
phase-space. This means that unlike to a critical system, in a source driven subcriti-
cal system all the eigenfunctions, the so-called higher α-modes, are present. As it can
be seen from (3.6) the amplitudes of these higher modes are inversely proportional to
the corresponding kinetic eigenvalues, therefore their importance gradually decreases.
The above considerations need some modifications when delayed neutrons are also con-
sidered. One has to note that even the shortest half-live of the delayed neutron group
is several order of magnitudes larger than the prompt neutron lifetime. Hence, when
short term processes are considered the delayed neutrons can be neglected. In this ap-
proximation a critical system can be considered as a prompt subcritical one (with -1 $
reactivity) driven by a delayed neutron source. This suggests that the higher modes are
present even in this case. Theoretically this is correct, but in a state so close to criticality
the fundamental mode is dominant and the delayed neutron source is also distributed
according to that, therefore omission of the higher modes is still a valid assumption.

The solution presented in (3.4)-(3.6) also holds for the adjoint flux Φ(~r,~v, t)+ ap-
plying the adjoint source S+(~r,~v), the adjoint transport operator L+ and its φ

+
i (~r,~v)

eigenfunctions. However,it is important to note that the αi eigenvalues are the same for
both the direct and the adjoint case.

In recent years, deterministic calculation methods have also been developed for
the determination of the α-modes [53]. Such tools may also have an important role
in the design and interpretation of neutron noise measurements influenced by multiple
α-modes.

3.1.2 Reactivity measurement techniques

As it was mentioned, in critical reactors only the fundamental mode need to be con-
sidered, which is the basis of the point-kinetics approximation. In this approach the ~v
dependence of the flux φ(t) is also omitted by using one energy group and handling the
angular dependence according to the diffusion approximation resulting in the following
equation (e.g. [51, 52]):

dφ(t)
dt

=
ρ−βeff

Λ
φ(t)+

nd

∑
i=1

λiCi(t)+S(t) (3.7)

where ρ is the reactivity, βeff is the effective delayed neutron fraction, Λ is the neu-
tron generation time and the delayed neutron precursor concentrations Ci(t) for the nd
delayed neutron groups1 are described by the following system of equations:

dCi(t)
dt

=
βi

Λ
φ(t)−λiCi(t) (3.8)

1Traditionally the more than 300 delayed neutron precursors are described by 6 groups but some
modern libraries considers 8 groups.
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where βi are the fractions of the delayed neutron groups summing up to βeff.

The reactivity determination techniques mentioned in Section 2.3.1 can be explained
based on (3.7) [41, 35]. The rod drop techniques are based on the observation of the
change in the flux level due to a negative reactivity insertion. Assuming that the initial
reactivity is know (typically in the reference critical state) the inserted reactivity can be
derived. This technique is widely used for the determination of control rod importances
in critical reactors, but is not applicable in an ADS as a reference reactivity level is
not going to be available. It has been applied, however, in the MUSE and VENUS-F
experiments in order to provide a validation basis for the other techniques [35].

If a constant source strength S is assumed, then the long term, asymptotic solution of
(3.7)-(3.8) (time derivatives equals to zero) results in a simple relation for the reactivity:

ρ =−Λ
S
Φ
. (3.9)

In practice this relation is not suitable for direct reactivity determination, but one can
easily see that the ratio of the detector count rates at two different reactivity levels is
inversely proportional to the ratio of the reactivities. This is the basis of the source
multiplication techniques. Since in an ADS the source strength S(t) is assumed to
be proportional to the beam current I(t) (3.9) also means that the current-to-flux ratio
is proportional to the reactivity. This gives the basis of the current-to-flux technique,
which is considered to be suitable for the continuous monitoring of the reactivity in an
ADS. However, as mentioned earlier, this method needs the regular calibration of the
proportionality factor by independent measurements.

If the source is instantly removed from a system with a stationary flux Φ0 and the
new flux level Φ1 is observed right after the decay of the prompt neutron population
but in a time scale when the delayed neutron source can be considered unchanged, the
following formula can be derived for the reactivity:

ρ =
βΦ1−∑

nd
i=1

βi
λi

Φ0

Φ1
(3.10)

This is the so-called source jerk technique, which can also be realized in an ADS by a
beam trip.

All the methods applying the comparison of two or more different conditions suffer
from the problem, that point-kinetics does not consider any spatial effect, while any
change in the reactivity or the source also changes the spatial distribution of the flux.
Therefore, the practical applicability of these methods requires the calculation of spatial
correction factors, which introduces the uncertainties of the modelling and the calcu-
lation tools into the measurements. That is why it is widely agreed that results from
these methods need to be confirmed by independent, absolute reactivity determination
techniques.
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Omitting the delayed neutron term from (3.7) one can see that the short term effects
are determined by the prompt decay constant α = α0, which is directly related to the
reactivity ρ:

α =
βeff−ρ

Λ
=

βeff−ρ

l(1−ρ)
(3.11)

where l is the prompt neutron lifetime. This is the basis of the techniques determining
the reactivity from the prompt decay constant. This can be done with the help of a
pulsed neutron source (PNS) by the Simmons-King method [54], i.e. by the fitting of
the decay slope of the prompt neutron population after the pulses. This slope fitting
can also be performed after a beam trip. As it is going to be presented in Chapter 3.2
the noise methods aim also the determination of the α by parameter fitting. The spatial
effects and the presence of the higher modes causes difficulties in the application of
these methods, as well, but a proper fitting procedure can extract the fundamental mode
parameters. Chapter 5 presents an example of this for the neutron noise methods. An
other PNS method which lacks the complication with parameter fitting is the area or
Sjöstrand method [55]. This method is based on the fact that shortly after the pulse the
area below the exponential decaying term belongs to the prompt neutrons, while the
constant background to the delayed neutrons. It can be derived that the ratio of the two
area gives the reactivity in dollars. Although fitting is not involved the determination of
the background level may be difficult and introduce uncertainties in the evaluation.

The theoretical overview of the reactivity determination techniques supports the con-
clusion that an accurate reactivity monitoring ensuring the safe operation of an ADS is
foreseen with the combination of several independent measurement techniques.

3.1.3 Monte Carlo particle transport methods

The (3.1) Boltzman transport equation is a partial integro-differential equation,
which can only be solved numerically. One of the most powerful methods for this
is the Monte Carlo method, which is described in more details in this section because
most of the results presented in this thesis are based on it.

Monte Carlo methods are based on sampling probability distributions with the help
of quasi random numbers. They are used for the numerical solution of wide range
of mathematical problems. One example is the calculation of integrals, where it can
be shown that by the random sampling of ~x in the integration range V according to
probability distribution function (pdf) g(~x) the integral of function f (~x) over V can be
estimated as [56]:

I =
∫

V
f (~x)d~x =

∫
V

f ′(~x)g(~x)d~x = lim
N→∞

1
N

N

∑
i=1

f ′(~xi) (3.12)

where N is the number of ~xi samples and function f ′ is selected in a way to fulfil the
equality.
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The variance of this estimation can be calculated as the variance of the sum of N
independent random variables with uniform distribution, where the variance of the fi =
f ′(~xi) contributions can be estimated by the empirical variance:

σ
2(I) = Nσ

2
(

fi

N

)
≈ 1

N

[
∑

N
i=1 f 2

i
N

−
(
∑

N
i=1 fi

)2

N2

]
(3.13)

From this it follows that the standard deviation of the Monte Carlo estimation is in-
versely proportional to

√
N. This rule determines the convergence of Monte Carlo

estimations, which may be considered to be slow compared to that of the higher order
quadratures for the numerical calculation of integrals. However, the convergence of
the Monte Carlo methods are independent from the number of dimension, therefore in
multidimensional problems the Monte Carlo may excel over other methods from the
convergence point of view. On the other hand, deterministic methods for the solution
of the transport equation (e.g. discrete ordinates method) are much faster for full core
calculations, although they also contain more approximations. This is the reason why
a coupling between Monte Carlo and deterministic transport methods as presented in
Section 7.1 is reasonable.

Starting from the simple example in (3.12) one can also show that the Monte Carlo
method is suitable for the numerical solution of the Boltzmann-equation. In the follow-
ing the basic principles of this is presented based on [56]. The derivation start from the
integral equation form of the (3.1) Boltzmann-equation:

Φ(~r(s),~v, t) =
s∫

−∞

e
−

s∫
s′

Σt(~r(s′′),~v)ds′′

×

∫
4π

∞∫
0

Σs
(
~r(s′),v′

)
f
(
~r(s′),~v′→~v

)
Φ
(
~r(s′),~v′, t−∆t

)
d~v′+

S
(
~r(s′),~v, t−∆t

)]
ds′ (3.14)

where s is the distance along a line with direction parallel to~v passing through the point
~r(s) and ∆t = |~r(s)−~r(s′)|

v . This equation can be written into a simpler form with the
integral operators for translation T(~r′→~r|~v) and collision C(~v′→~v|~r):

Φ(~r,~v, t) = T(~r′→~r|~v)C(~v′→~v|~r′)Φ(~r′,~v′, t−∆t)+T(~r′→~r|~v)S(~r′,~v, t−∆t) (3.15)

This is a Fredholm-type integral equation of the second kind. The actual form of T and
C and their integral kernel functions T and C can be derived from (3.14). The solution
of (3.15) can be determined as:

Φ = (I−TC)−1 TS =
∞

∑
n=0

(TC)nTS =
∞

∑
n=0

Φn (3.16)
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where I is the identity operator, Φ0 = TS and Φn+1 = TCΦn. The second equality in
(3.16) is based on the theorem about the Neumann-series. The summation is convergent
if ||TC||< 1, where ||.|| is the operator norm. It is easy to see that this condition is the
condition of the subcriticality of the system. (3.16) gives the theoretical basis of the
Monte Carlo solution of the transport equation. It can be proven that the following
Monte Carlo game is equivalent to the series expansion in (3.16):

1. Sample~ri=0 and~vi=0 from source distribution S(~r,~v)∫
V
∫

4π

∫
∞

0 S(~r,~v)d~rd~v .

2. Assuming~ri and~vi sample the free path covered till next collision point~ri+1 from
the conditional probability distribution function

T (~ri→~ri+1|~vi)∫
V

T (~ri→~r|~vi)d~r
. (3.17)

3. Assuming ~ri+1 and ~vi sample the outgoing velocity ~vi+1 from the reaction at
~ri+1from the conditional probability distribution function

C(~vi→~vi+1|~ri+1)∫
4π

∞∫
0

C(~vi→~v|~ri+1)d~v
. (3.18)

4. Return to 2. with new position~ri+1 and new velocity~vi+1.

Monte Carlo transport methods are typically used for the estimation of integral quanti-
ties, i.e. the product of the flux and a so-called detector function D(~r,~v) which selects
the phase-space region of interest. With the above Monte Carlo game and considering
(3.16) one can estimate such a quantity in the following way:

∫
V

∫
4π

∫
∞

0
D(~r,~v)Φ(~r,~v, t)d~rd~v = lim

N→∞

1
N

N

∑
i=1

∞

∑
j=0

D(~ri, j+1,~vi, j)
j

∏
k=0

wC
i,kwT

i,k (3.19)

where the wT
i,k and wC

i,k weights originates from the normalization of the translation
and collision kernel T and C in (3.17) and (3.18), respectively. This estimator is a
collision type estimator since it collects contributions from each collision site. Based
on the above approach one can also derive track length estimators where each particle
track gives a contribution. This is highly advantageous especially in regions with low
collision rate or even in vacuum.

Besides this strictly theoretical approach of Monte Carlo transport methods one can
also look at them in a more heuristic way. The Monte Carlo game described above can
be considered as the faithful, analogous simulation of real transport processes from the
source till the death of a particle. Indeed, the theoretical (or non-analogous) approach
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leads to very similar result: sampling from the source, sampling the free flight path and
the outcome of the collisions. The main difference between the two approaches lies in
the appearance of the weight of the particle, as it can be seen in (3.19). One can observe
that the summation for j goes till infinity, which means that the particle does not die.
Indeed, as it can be seen from (3.18), the weight wC

i,k equals to probability that exactly
one particle emerges from the collision. This is the so-called implicit capture when
at every collision the particle is split into an absorbed (w = Σa/Σt) and an unabsorbed
(w = 1−Σa/Σt) part. Only the unabsorbed track is followed further. As the weight
decreases continuously and the contributions to the estimator become negligible, some
solution is needed to stop the tracking of the particle. This is the Russian roulette (RR),
when under certain conditions (e.g.: weight below cut-off) a track is removed with a
probability of p < 1 or it survives with an increased weight (w′ = w/p).

An other often used non-analogous technique is that importances are assigned to the
different regions of the geometry. In this case geometrical splitting means that a particle
is split into n pieces when it enters a region with n times higher importance. The weight
is set to w′ = w/n. In the reverse direction RR should be played with probability 1/n.
A special issue rises in the usual case when n (the ratio of the importances on the two
sides of the splitting surfaces) is not an integer. Then most Monte Carlo codes (e.g.
MCNP) split the particle into n′ pieces which is randomly sampled from the integers
neighbouring n from a distribution having a mean of n:

P(n′) =
{

n− [n] n′ = [n]+1
[n]+1−n n′ = [n] (3.20)

where [n] is the integer part of n. However, in order to avoid the scattering of weights,
the factor of 1/n is used for the weight change of each particle.

Time splitting is similar to geometrical splitting but the importances are ordered to
time intervals instead of geometry regions. Since the purpose of this method is generally
to improve the sampling of longer histories, the importance always increases with time
and there is no need for Russian roulette.

When a certain reaction needs to be sampled more frequently a cross-section biasing
can be applied. Assume that the total macroscopic cross-section is a sum of n reaction
cross-sections:

Σt =
n

∑
i=1

Σi.

Consider multiplying cross-section j with a factor c j > 1 to obtain a virtual cross-
section Σ∗j = c jΣ j. This results also in a virtual total cross-section Σ∗t = Σt +(c j−1)Σ j.
If the particle free path is sampled according to Σ∗t , the unbiasedness can be preserved
if the particle is split into two and only the part with weight wc =

Σt
Σ∗t

enters a colli-
sion. The other part with weight 1−wc proceeds without collision. The reaction type
in the collision is sampled according to the biased cross-sections and a new weight of
w′ = w/ci have to be set to the particle if reaction j is sampled.
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One can add physical meaning to some of the non-analogous methods inherently
applied in the theoretical approach and they can be introduced in the analogous simu-
lations. However, one has to be cautious when more complicated non-analogous tech-
niques are considered (e.g. point detectors, adjoint Monte Carlo, etc.) and the above
presented theory should be used to derive an unbiased estimator. Fully analogous Monte
Carlo has a special role when the aim is the simulation of the neutron fluctuations, since
it preserves the original distributions. This application is going to be discussed in details
in Chapter 4.

3.2 Neutron fluctuations

Neutron noise methods are based on the measurement of the fluctuations in the num-
ber of neutrons in a neutron multiplying system. Let random variable n be the number of
neutrons in a certain volume of the phase space (e.g.: a detector) and p(n= n|t,~r0,~v0) be
the probability that n neutrons are present at time t with the condition that one neutron
was present at t = 0 at position~r0 with velocity~v0. A complete and general description
of this probability distribution can be obtained with the help of the Pál-Bell equation
[57, 58], which is an integro-differential equation reminiscent to the Boltzmann-type ki-
netic equation describing the g(t,~r0,~v0,z) probability generation function (pgf), which
is defined as

g(t,~r0,~v0,z) = 〈zn〉=
∞

∑
n=0

p(n = n|t,~r0,~v0)zn (3.21)

where z is a complex number since the polinom g is defined on the complex plane.
Considering its actual form, the derivation and other details about the Pál-Bell equation
the reader is referred to [59] since it exceeds the scope of this thesis. As it follows from
the definition (3.21), the kth derivatives of the pgf gives the kth factorial moments of the
probability distribution:[

∂ (k)

∂ zk g(t,~r0,~v0,z)

]
z=1

=
∞

∑
n=0

p(n = n|t,~r0,~v0)
n!

(n− k)!
=

〈
n!

(n− k)!

〉
. (3.22)

Since all the other moments can be determined from the factorial moments, the Pál-
Bell equation determines all the quantities which are needed to describe the neutron
fluctuations. An important characteristic of the Pál-Bell equation is that it contains the
same transport operator L+ as the adjoint Boltzmann neutron-transport equation (3.3).
The calculation of the moments from (3.22) leads to a hierarchy of transport equations
which may be solved recursively, the solution of one providing the source for the next.
In practice the quantities required for the description of the noise measurements can be
obtained from the first two moments [60].

Earlier experiments and theoretical investigations indicated the existence of multiple
α-modes in subcritical systems. Since the earliest years of reactor kinetics research the
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phenomenon has been reported in reflected, coupled systems [61, 62] and explained by
the two-region kinetics model [63, 64, 65]. Theory has also been developed for the
Feynman-α method with two energy groups [66] and two geometry regions [67, 68].
These theories explain the presence of a higher α-mode, but they cannot describe spatial
dependence since they handle the reactor core as a single region. A more recent example
is the measurements performed at the Yalina-Booster facility [69], which was a highly
heterogeneous fast system, where multiple α-modes have been observed and a theory
has been developed for the interpretation. As it is shown in [70] the solution of the Pál-
Bell equation can also be expanded in α-modes and in this way the α-modes appear
in the moments of the neutron fluctuation. This explains the appearance of higher α-
modes in the noise measurements. In the following sections formulas are given for
the different noise techniques, both in the point-kinetic approach and with α-modes
expansion. More recently the higher order modes present due to the energy dependence
were also theoretically investigated, but it was found that they are not significant in a
thermal system with thermal detectors [71].

3.2.1 Variance-to-mean ratio (VTMR, Feynman-α) method

The Feynman-α method [72] basically measures the deviation of the neutron dis-
tribution from the Poisson-distribution by calculating the variance-to-mean ratio of the
number of counts c(∆T ) in a detector for different counting times ∆T :

Y (∆T ) =
σ2(c(∆T ))
〈c(∆T )〉

−1 =
〈c(∆T )2〉−〈c(∆T )〉2

〈c(∆T )〉
−1. (3.23)

Based on the α-modes expansion the following formula was derived by Munoz-Cobo
[70] for the Feynman Y -function:

Y (∆T ) =
〈ν(ν−1)〉
(S+,Φ) ∑

i, j

Ci, j

αiα j

[
1+

α2
j (1− e−αi∆T )+α2

i (1− e−α j∆T )

−αiα j(αi +α j)∆T

]
, (3.24)

where ν is the number of neutrons produced in a fission, scalar product (S+,Φ) gives
the detection rate and the coefficients Ci, j can be determined from the fission source and
the adjoint source S+. This can be transformed into a simpler form:

Y (∆T ) =
〈ν(ν−1)〉
(S+,Φ) ∑

i

2
αi

∑
j

Ci, j

αi +α j

(
1+

1− e−αi∆T

−αi∆T

)
=

= ∑
i

CV T MR
i

(
1+

1− e−αi∆T

−αi∆T

)
(3.25)

In the point-kinetics approach, by omitting the higher α-modes and the spatial effects,
(3.24) simplifies to:

Y (∆T ) =
Dε

ν(ρ−β )2

(
1−1− e−α∆T

α∆T

)
= Y∞

(
1−1− e−α∆T

α∆T

)
(3.26)
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where D = <ν(ν−1)>
<ν>2 is the Diven-factor characterizing the distribution of the number

of neutrons from a fission ν and ε is the efficiency of the detector defined as the ratio of
the number of detections over the number of fissions in the system.

3.2.2 Auto-correlation (ACF, Rossi-α) and cross-correlation (CCF)
methods

The Rossi-α method [73] measures the correlation between neutrons originating
from the same source event in a multiplying medium. Originally, the time interval distri-
bution of the subsequent counts were measured but recently rather the auto-correlation
function is calculated for the number of counts c(t) in a time interval ]t, t +∆T ]:2

ACF(τ) =
〈c(t)c(t + τ)〉
〈c(t)〉

(3.27)

Theoretical considerations based on the α-modes expansion result in the following
formula[70]:

ACF(τ) =
〈ν(ν−1)〉
(S+,Φ) ∑

i, j

Ci, j

αi +α j
e−αiτ +(S+,Φ) = ∑

i
CACF

i e−αiτ +(S+,Φ) (3.28)

Again the point-kinetics approach results in a single α-mode formula:

ACF(τ) =
1
2

DνεΣ
2
f αe−ατ +

εΣ f S
α

=
R(τ)

C
+C (3.29)

where Σ f is the fission cross-section and S is the source strength.
In the cross-correlation measurement two detectors are applied with count rates c1(t)

and c2(t):

CCF(τ) =
〈c1(t)c2(t + τ)〉
〈c1(t)c2(t)〉

. (3.30)

No derivation of the α-modes expansion can be found in the literature for the cross-
correlation case. However, based on the derivation of (3.28) one can assume that it
will differ only in the adjoint source S+ applied, as it is determined by the detector
parameters. In the point-kinetics approach, CCF is not different from ACF as no spatial
effects are considered.

3.3 Spallation processes

In a future ADS the spallation process is supposed to provide the external neutron
source. Therefore the modelling of these high energy nuclear reactions, which are quite
different from the ones occurring in nuclear reactors, has an outstanding importance for
the design of an ADS.

2Another often used definition for ACF uses 〈c(t)2〉 for normalization which results in ACF(0) = 1.
That one is consistent with the CCF definition in (3.30)



24 Chapter 3 Theoretical background of subcritical systems

3.3.1 Modelling of spallation

The spallation process is modelled in high energy particle transport codes (e.g.:
MCNPX, LAHET [74], FLUKA [75], HERMES [76]). Such codes use Monte Carlo
methods both in the physical models to determine the outcome of nuclear interactions
and for the transport of particles between interactions. The transport between inter-
actions is done in the conventional way except that total cross-sections are calculated
from physical models. Whenever a collision site is sampled, physical models are used
to calculate the outcome of the interaction.

These models start with the Intranuclear Cascade Model (INC) to describe the col-
lision of the nucleus and the incident high-energy particle (proton from the source or
neutron from a previous spallation reaction). The model is based on the assumption that
the incident particle collides with individual nucleons forming a free gas contained in
the potential field of nuclear forces. (e.g. [77]) The INC results in some “knocked-out”
particles and is followed by a pre-equilibrium model, which describes the de-excitation
of the residual nucleus after the collision. It terminates upon reaching the equilibrium
exciton number, at which point an evaporation or Fermi-breakup model is then applied
to the residual nucleus with the remaining excitation energy [78].

It is important to note that the modelling of the spallation process is fully analogous.
Therefore, one can expect that these models provide good estimation not only for the
mean values of the distributions, but also for the higher moments, which are important
for the simulation of neutron fluctuations. One can also observe that Monte Carlos
simulation always has to be a part of an ADS calculation since the spallation reaction
can only be modelled by Monte Carlo methods. However, the time consuming full core
calculation by Monte Carlo can be avoided by the coupling methodology presented in
Section 7.1.

3.3.2 Effect of the spallation source on the neutron fluctuations

The neutron noise methods based on the measurement of the neutron fluctuation are
considered as a candidate as an independent calibration technique for reactivity moni-
toring in a future ADS. Such calibration measurements may be performed by a special
neutron source (e.g. the inherent source of the MA containing fuel) but it sounds reason-
able to use the spallation source itself, although at near zero power, since the neutron
fluctuations cannot be observed at full power conditions. For this reason it is impor-
tant to investigate the effect of the spallation source on the noise measurements. In
the following sections the theoretical background of this is presented, while in Chap-
ter 6 Monte Carlo simulations are used for the investigation of the correlations between
spallation neutrons.
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Effect of the multiplicity of the source

The distribution of the number of neutrons q from a single source event can be de-
scribed by the probability distribution p(q), which by definition has to fulfill the fol-
lowing criteria:

∞

∑
q=0

p(q) = 1. (3.31)

Pázsit and Yamane investigated the effect of the high multiplicity of the spallation
source on different neutron noise measurement methods [79, 80, 59]. Let us take the
variance-to-mean ratio or Feynman-α measurement described in Section 3.2.1 as an
example. As it is shown in [79] and [80] in the case of a multiplicative source a factor
(1+δ ) has to be introduced in (3.26):

Y (∆T ) = Y∞(1+δ )

(
1−1− e−α∆T

α∆T

)
(3.32)

δ is defined as:

δ =−ρ
〈q〉Dq

〈νp〉Dνp

, (3.33)

where Dq is the Diven-factor for the number of the neutrons from a source event q and
can be calculated analogously to Dνp:

Dq =
〈q(q−1)〉
〈q〉2

. (3.34)

A similar formula with the same (1+δ ) correction factor can be derived for the Rossi-
α or auto-correlation measurement, too [59]. From (3.33) one can arrive at the trivial
conclusion that the higher the multiplicity of the source compared to the multiplicity
from fission and the deeper the subcriticality, the more important the effect of the source
on the neutron fluctuations.

The importance of this fact turns out if one calculates the typical values of δ for
a spallation source. The Diven-factor for spallation sources is somewhat higher than
for fission. E.g. for the number distribution measured by Hilscher et al. [81] for a
35 cm thick Pb target bombarded by 1.22 GeV protons (see Section 6.2.1 for detail)
Dq ≈ 1.4 can be obtained. Taking typical values for 235U fission as in [79] one ar-
rives at Dq/Dνp ≈ 1.75. The more important effect comes from the source multiplicity
since in the same measurement 〈q〉 ≈ 20 was found for a spallation source, which give
〈q〉/〈νp〉 ≈ 8.3. Assuming these data δ ≈ −14.5ρ , which means δ ≈ 0.76 in case
of a subcritical system with keff = 0.95. If one considers a deep subcriticality with
ke f f = 0.7 then δ ≈ 6.2 is obtained. These high values for δ emphasize the importance
of the spallation source in the neutron fluctuations.

The importance of the source multiplicity has been confirmed by experimental re-
sults from Kitamura et al. [59, 82]. In Fig. 3.1 one can see the results of Feynman-α
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measurements in a subcritical system of ke f f = 0.9874 with different neutron sources.
The curves obtained with the Am-Be source (which is a Poisson source) and with the
252Cf source cover each other due to the fact that the multiplicity of the 252Cf source is
about the same as the fission multiplicity, which results in a small δ value. On the other
hand, when a randomly triggered pulsed D-T neutron generator is applied, despite the
relatively small negative reactivity, the effect of the higher δ value can be observed due
to the high number of neutrons from a pulse.

Randomly pulsed D-T source

252Cf and Am-Be source

Figure 3.1: Feynman-α curves measured with different neutron sources [82].

Effect of the energy correlations of the source

The above shown importance of the spallation source indicates that minor effects
may as well be worthwhile for deeper investigation. Such is the energy correlation be-
tween the neutrons from a spallation source. Neutron fluctuations are often handled in
an energy independent one-group theory, but the high-energy spectrum assumed in an
ADS seeks for energy dependent multi-group treatment. Such treatment requires also
the description of the energy-distribution of the source neutrons. This can be described
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in full detail by giving the fq(E1,E2, . . . ,Eq) energy distribution of the q-particle emis-
sion event for each q. Being conditional probability density functions, these functions
also have to be normalized to unity:∫

fq(E1,E2, . . . ,Eq)dE1dE2 . . .dEq = 1. (3.35)

One can also define n-particle distributions (where n < q) by averaging over the remain-
ing energy coordinates:

fq(E1,E2, . . . ,En) =
∫

fq(E1,E2, . . . ,Eq)dEn+1 . . .dEq. (3.36)

In practice the fq(E) one- and the fq(E1,E2) two-particle distributions have relevance,
since they are sufficient for the determination of the first and second moments. If the
energies of the neutrons originating from a single source event are totally independent
from each other, the q-particle distribution can be factorized and substituted by the one-
particle distribution:

fq(E1,E2, . . . ,Eq)≡
q

∏
i=1

fq(Ei), (3.37)

which obviously also means that:

fq(E1,E2)≡ fq(E1) fq(E2). (3.38)

In some cases the energy independence can be a good approximation but generally
it cannot be assumed. The spectrum of the neutrons from the source χ(E) can be
calculated by averaging the one-particle distribution fq(E) weighted by the expected
number of neutrons from a q-particle emission event qp(q):

χ(E) =
∑q qp(q) fq(E)

∑q qp(q)
=

1
〈q〉∑q

qp(q) fq(E). (3.39)

This spectrum is known from experiments for both fission and spallation sources. How-
ever, Pázsit et al. showed [83] that in an energy-dependent approach the calculation of
the second moment of the neutron fluctuations requires also the two-particle spectrum
χ(E1,E2), which involves the energy correlations between the source neutrons. This
can be expressed with the help of the two-particle energy distributions:

χ(E1,E2) =
∑q q(q−1)p(q) fq(E1,E2)

∑q q(q−1)p(q)
. (3.40)

This function is usually unknown. In the case of fission it is generally replaced by the
one-particle spectrum assuming that χ(E1,E2) = χ(E1)χ(E2). However, from (3.40)
one can conclude that this assumes not only that (3.38) is valid, but also the indepen-
dence of fq(E) from q:

fq(E)≡ χ(E). (3.41)
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This approximation is often used (e.g. in [70] where a general theory of neutron noise
measurements is derived assuming different neutron sources), although the conditions
in (3.38) and (3.41) do not apply for a spallation source. In order to decide on the appli-
cability of this approximation the determination of the two-particle spectrum χ(E1,E2)
is needed. As measurement data are not available for this purpose, one possibility is to
use the physical models describing spallation and calculate a Monte Carlo estimation
of χ(E1,E2) as it is presented in Chapter 6.



Chapter 4

Non-analogous Monte Carlo
estimators for neutron fluctuations

The previous chapters showed the importance of the simulation of neutron fluctu-
ations in subcritical systems in different fields as the neutron noise measurements for
reactivity measurement in an ADS or the detection of nuclear material through neu-
tron coincidences. The quantities describing the neutron fluctuations are so-called non-
Boltzmann, which can be determined by analogous Monte Carlo methods. It has been
also shown that efficient Monte Carlo calculation uses non-analogous techniques. This
chapter presents a general method for the non-analogous simulation of non-Boltzmann
quantities. Furthermore, besides demonstrating its applicability to the pulse height es-
timation, problems arising in systems with higher multiplicity (e.g. neutron simulation
in a source driven subcritical assembly) are shown. Methods are presented for the sim-
ulation of such systems and it is also demonstrated that, contrary to the other similar
methods mentioned in Section 4.1, the history splitting method is applicable for the
estimation of correlation between events, i.e. that of higher moments. Results in this
chapter are published in [2], while earlier stages of this work were published in confer-
ence publications [3, 4, 5].

4.1 Monte Carlo simulation of coincidences and corre-
lations

During the investigation of particle transport with Monte Carlo methods one often
faces tasks which need the estimation of the coincidence of events or correlations be-
tween events. A coincidence is when separate events (e.g. detection) occur during
a given time period. Examples for such problems are the additive peaks in detectors
or the dead-time effect. The correlation measures the deviation from independency of
certain events and its estimation involves higher moments. The general definition of
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correlation is the following:

ρ(ξ ,η) =
σξ η

σξ ση

(4.1)

where ξ and η are random variables, ρ denotes the correlation, while σ is the
(co)variance. In the case of particle transport problems the random variables refer to
the contribution in a certain detector in a given time interval. The different noise mea-
surement techniques (e.g. Feynman-α , Rossi-α , etc.) use different ways to quantify
correlations, but all involve the variance or other higher moments. The problem be-
comes a transport problem when several detection events can originate from the same
source event either due to a non-stopping detection event (e.g. scattering), a multi-
ple source event (e.g. spontaneous fission for neutrons, multiple γ-line emission for
γ-particles), or because the particle is transported in a multiplicative medium between
the source and the detection (e.g. fissile material for neutronsor pair production for
photons).

Such problems are often referred to as non-Boltzmann estimators as they depend
on the collective effects of particles not described in the Boltzmann transport equation.
The conventional non-analogous Monte Carlo methods are optimized to preserve the
mean value of the distributions and therefore not suited for non-Boltzmann problems.
The different variance reduction techniques applied by them introduce artificial coinci-
dences by splitting particle trajectories and biases the higher moments by the weight-
ing of the events. Analogous Monte Carlo simulations avoid these problems but the
computer time needed to arrive at acceptable statistics in full-scale problems may be
overwhelming.

This problem has already been addressed by Booth [84, 85] with the motivation of
using variance reduction techniques for the photon pulse height tally (total energy de-
position in a detector). The pulse height tally falls into the category of non-Boltzmann
estimators because it collects the energy deposition from several collisions of a single
particle. Furthermore, photons may undergo pair production or double fluorescence,
which results in multiplication. Booth suggests three possible approaches. The decon-
volution approach applies single particle variance reduction methods to each particle
of a collection and then analyzes (deconvolutes) how the distribution of the collection
of particles is modified and weights the tallies appropriately. The supertrack approach
applies variance reduction to collections of tracks (supertracks) and requires redefini-
tion of standard Monte Carlo terms. For example, the individual particle tracks would
no longer carry any weight; the variance reduction is applied to the supertracks, and
thus the weights are associated with the supertracks. The corrected single particle ap-
proach is perhaps the most difficult. In this approach, the tracks are first treated as
single particles with the traditional single particle weights, and then the collective ef-
fects are introduced by estimating the difference between transporting the particles as a
collection and transporting the particles individually.

The deconvolution approach based on Booth’s method was implemented in MCNP5
[86, 87] and MCNPX [88, 78]. A similar method was introduced in MCBEND [89]
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for splitting and Russian roulette, also for the photon pulse height tally. In the medical
imaging and simulation application GATE based on GEANT4, a method has been im-
plemented to make the geometrical importance sampling technique compatible with the
pulse height tally for single photon emission computed tomography (SPECT) simula-
tions [90]. More recently, Williams and Tickner [91] published a simplified algorithm
for the implementation of this approach with the purpose to simulate γ−γ coincidences
in detectors.

The above methods are all focused on the photon pulse height tally, which is a prob-
lem containing low or no multiplicity and involves only coincidences of events. How-
ever, the investigation of neutron fluctuations requires the simulation of sub-critical sys-
tems where a single source neutron can generate a large number of secondary neutrons
through fission and the correlation of detection events needs to be investigated. The im-
portance of this problem is emphasized by the fact that considerable efforts were made
to create fully analogous versions of general neutron transport Monte Carlo codes in
order to simulate noise measurements [92, 93, 94, 95] or neutron multiplicity counting
systems which are applied in nuclear safeguards [49, 48, 50]. In these codes, the real
distribution of fission neutrons is sampled as well as the direction of fission neutrons
relative to the incident neutron [96]. Furthermore, the simulation of detection events is
done in a fully analogous way: one count is generated for each detector event (capture,
fission, scattering, etc.). As a result of the analogous algorithm, the above-mentioned
codes need long CPU times to arrive at acceptable statistics. This causes serious prob-
lems if one has to model a large and complicated geometry or if the detector efficiency
is very low, which is usually the case in fast reactors.

The applicability of non-analogous Monte Carlo methods for the simulation of neu-
tron noise measurements was investigated by Yamamoto [97]. The investigation was
performed for a one-speed neutron model in an infinite homogeneous medium. A lim-
ited number (typically 2 or 3) of implicit capture and Russian roulette events are al-
lowed in the non-analogous simulation. Yamamoto proves that from this limited model
the α parameter of the system can be obtained correctly, although other parameters are
biased. According to the above categorization by Booth, this approach may fall into
the corrected single particle category, since the non-analogous transport is done in the
conventional way and the result is obtained by corrections from a theoretical model.
Therefore, this approach needs a theoretical model and its applicability for the simula-
tion of real systems has not been proven yet.

A completely different approach for the Monte Carlo simulation of neutron noise
measurements based on the frequency domain Monte Carlo developed by Yamamoto
[98, 99] is also worth mentioning here. In this approach, the Fourier-transformed Boltz-
mann transport equation is solved with a special Monte Carlo technique applying com-
plex valued weights. This method can provide direct estimation of quantities used for
the frequency domain analysis of reactor noise, i.e. the auto or cross power spectral den-
sity (APSD or CPSD). This method does not fit into the above categories but it would
also need the development of a completely new tool for the simulation of real systems.
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4.2 Theory of non-Boltzmann estimators in Monte
Carlo particle transport calculations

4.2.1 Analogous Monte Carlo simulation

In analogous Monte Carlo particle transport problems – similarly to real systems
– particles start from a source event at t = 0, spend some time t j with transport in
the media (transport time) while a detection event occurs. In the case of simulation of
coincidence events from the same source event, the time and the detector contribution
of each event has to be registered. The detector response of a given source event (i),
which resulted in ni detection events with d j

i detector contributions at time t j
i in a given

time interval [t0, t0 +T ] can be described by the following integral:

ri(t0) =
∫ t0+T

t0

ni

∑
j

d j
i δ (t− t j

i )dt (4.2)

which, in case of t0 = 0 and T = ∞, gives the total detector response for a single source
event, and (4.2) simplifies to1:

ri =
ni

∑
j

d j
i . (4.3)

ri can be considered as a sample from random variable r, which is described by a prob-
ability density function fr:

P(r < x) =
∫ x

0
fr(x̂)dx̂. (4.4)

A Monte Carlo estimation of the mean detector response r (e.g. average deposited
energy) can be obtained by averaging a large number of simulated source events (N):

r = 〈r〉= lim
N→∞

1
N

N

∑
i=1

ri. (4.5)

One can see that the problem simplifies to the determination of the expected value of
the contribution from a single source event. In fact, r is a classical Boltzmann quantity
which, can be expressed in the form of an integral like (3.19):

r =
∫

V

∫
4π

∫
∞

0
D(~r,~v)Φ(~r,~v)d~rd~v (4.6)

with a properly chosen detector function D. Therefore, the fully analogous event-type
estimator in (4.5) is not used for the estimation of r. A non-Boltzmann problem arises
when, besides the mean value, some other quantities describing the random variable r

1In the forthcoming, time dependence of the ri is denoted only when it has significance
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are looked for. It occurs when the probability distribution fr is to be determined in an
empirical way in a ∆ environment of R by collecting the detector responses into bin[
R− ∆

2 ,R+ ∆

2

]
:

∫ R+∆

2

R−∆

2

fr(x)dx = P(R− ∆

2
< r < R+

∆

2
) = lim

N→∞

1
N

N

∑
i=1

1[R−∆

2 ,R+
∆

2 ]
(ri) (4.7)

where 1A (x) is the indicator function:

1A (x) :=
{

1 x ∈A

0 x /∈A
. (4.8)

(4.7) shows that, contrary to the case in (4.5), it is not sufficient to obtain the expected
value of the contribution from a single source event, but also the distribution of these
contributions fr is needed. Since the contributions from a Boltzmann-type estimator
in (4.6) have a different distribution, it cannot be used in such a case. As a practical
example, the average energy deposition in a detector can be estimated as r in (4.6),
while the pulse height distribution as fr in (4.7).

Another example for non-Boltzmann problems is the estimation of correlation when
one needs to determine the higher moments of r. In the case of the analogous simula-
tion, the lth moment of r can be estimated on a straight-forward way:∫

∞

0
fr(x)xldx =

〈
rl
〉
= lim

N→∞

1
N

N

∑
i=1

rl
i . (4.9)

This is valid only if the given higher moment of the distribution of the contributions
from the single events fr is the same as that in the real system, which is not the case
for the estimator in (4.6). One must also note, that such an estimator is not normally
distributed, since it involves the product of random variables. This means that the esti-
mated standard deviation cannot be interpreted directly as confidence interval.

With the above estimators, an analogous simulation makes the estimation of coin-
cidences and correlations possible without any major problem, but in order to arrive at
acceptable statistics in a reasonable time in a full-scale problem, one has to perform
non-analogous simulations with variance reduction methods.

4.2.2 Non-Analogous Monte Carlo Simulation with History Split-
ting

The above scheme cannot be applied when a non-analogous Monte Carlo simulation
is performed. Non-analogous Monte Carlo techniques aim to improve the efficiency
of the determination of (4.6), but do not preserve the distribution of the contributions
from single source events fr. The particle weight w can change between the detection
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events, which makes it impossible to simply sum the detector contributions as in (4.2).
Furthermore, the weight change may occur due to a splitting event, which may also
result in artificial coincidences. There cannot be physical coincidence between events
belonging to different tracks coming from the same splitting event because such events
are not possible to be present in the same analogous history. The change in the weight
is a common characteristic of the variance reduction events and the ratio of the weight
change gives the probability of the track being followed. Therefore, a non-analogous
particle history can be interpreted as a collection of analogous histories with different
weights according to the probability of their realization. A so-called history splitting
method was developed in order to generate these analogous histories called subhistories.
This method is similar in its philosophy to Booth s deconvolution approach as it leaves
the Monte Carlo transport unchanged and only collects information about the variance
reduction events, in order to generate (deconvolute) the analogous histories when the
non-analogous transport is finished.

The history splitting method

One can consider the particle history from a non-analogous transport as a tree having
physical multiplicity nodes (eg. fission) and variance reduction multiplicity nodes. This
tree can be simplified by collecting all the physical events not separated by variance
reduction nodes into a single node (see Fig. 4.1). The resulting tree has two kinds of
nodes with different properties. The source (root of the tree) and the end points are
always physical nodes and two physical nodes are always connected through a variance
reduction node, which has at least one parent and two children physical nodes. The
weight of the particle changes only as it passes through a variance reduction node.
From the non-analogous history one can create an analogous subhistory by selecting
only one of the successive physical nodes at every variance reduction node (see Fig. 4.1
on the right). An analogous history is a single physical node with a weight equal to one.
During the transport certain data need to be saved about the nodes in order to describe
the tree (see in Fig. 4.2):

– i is the index of a physical node. The source node (the root of the tree) has the
index of 1;

– n is the total number of physical nodes;

– ni is the number of child nodes of physical node i;

– m j
i , where j = 1, . . . ,ni, is the number of child nodes of the jth variance reduction

node of the physical node i;

– b j
i is the index of the first child physical node of the jth variance reduction node

of the physical node i. From this the index of the kth child physical node can be
calculated as: b j

i + k−1, where k = 1, . . . ,m j
i ;
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Figure 4.1: Simplification of a non-analogous history. Physical branches from the non-
analogous history (on the left) are united into a physical node. The simplified history-tree (in the
middle) contains only physical (•) and variance reduction nodes (◦). From the non-analogous
history in the example one can generate 6 different analogous subhistories (on the right).

– wi is the weight of the physical node i, i.e. the ratio of weight change as passing
through the parent variance reduction node.

Figure 4.2: Indexing of the nodes in the simplified history-tree (see Fig. 4.1).

The weights of every physical node originating from the same variance reduction
node has to sum up to one, as they are interpreted as the probabilities of selecting the
given physical node2:

b j
i +m j

i−1

∑
k=b j

i

wk = 1 ∀ i ∈ [1,n] ∧ j ∈ [1,ni]. (4.10)

2This condition is not met in this form in the case of the geometrical splitting as it is discussed later
in Section 4.3.1
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Detector events also have to be recorded along with their time, detector contribution
and physical node.

A recursive formula can be derived for the total number of subhistories (M = M1),
where Mi is the total number of subhistories for a tree having its root in physical node
i:

Mi =
ni

∏
j=1

b j
i +m j

i−1

∑
k=b j

i

Mk. (4.11)

For the practical description of the possible subhistories the subhistory matrix S is in-
troduced, which has the same number of columns as the number of physical nodes in
the history and every row describes a subhistory by putting 1 in a column if the corre-
sponding physical node is present in the subhistory and 0 if not. The generation of the
possible subhistories can be done with a proper algorithm if all the required data (see
above) are recorded during the transport.

An algorithm for generating the subhistories

In order to generate the possible subhistories, a physical node can be interpreted as
a logical conjunction operator (∧) and a variance reduction node as a logical exclusive
disjunction operator (⊕) applied on their childnodes. In this way a subhistory can be de-
fined as a subset S of the physical nodes which satisfies the recursive Boolean function
B1(S ), where Bi(S ) for physical node i is defined as:

Bi(S ) :=

 (i ∈S )∧
∧ni

j=1
⊕b j

i +m j
i−1

k=b j
i

Bk ni > 0

i ∈S ni = 0
. (4.12)

The logical expression (4.12) suggests a simple method for the construction of the
subhistory matrix S: one can evaluate the expression B1(S ) for every possible subset
of the physical nodes and keep only the ones which satisfy it. However, this solution
does not seem feasible due to the overwhelming number of possibilities to discard and
the complexity of the evaluation of the recursive logical expression. Instead, in the fol-
lowing an algorithm based on a recursive tree-search is presented for the generation of
this matrix. The basis of the algorithm are the recursive functions f and g which trans-
form matrices to matrices of different shape. The number of columns of the matrices is
always the number of physical branches (n) but the number of rows varies from one to
the total number of subhistories (M). The subhistory matrix S can be constructed in the
following way:

S = f1
(
0T) (4.13)

where 0T denotes a row vector filled with zeros and function fi for physical node i is
defined according to the following expressions:

fi
(
0T) := gni

i (A)+1i (4.14)
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where function g for the jth variance reduction node of physical branch i is defined as:

g j
i (A) :=




fb j

i

[
g j−1

i (A)
]

...

fb j
i +m j

i−1

[
g j−1

i (A)
]
 j > 0

A j = 0

. (4.15)

1i is a matrix of the same shape as fi(A) filled with 1 in column i and 0 otherwise:

1i[ j,k] := δik =

{
1 k = i
0 k 6= i

(4.16)

and the following operation is defined among matrices having the same number of
columns (n) :(

Ama×n

Bmb×n

)
[i, j] = C(ma+mb)×n[i, j] =

{
A[i, j] i≤ ma
B[i−ma, j] ma < i≤ ma +mb

. (4.17)

An example for the evaluation of the above expressions for the sample history in Fig. 4.1
can be found in Table 4.1.

Processing the subhistories

Once the subhistory matrix S has been prepared, one can calculate the weight of
each subhistory (Wl), as the product of the weights of the physical branches (wi) present
in the given subhistory:

lnWl =
n

∑
i=1

S[l, i] lnwi ∀l ∈ [1,M]. (4.18)

Due to condition (4.10) it can be shown that the sum of weights of the subhistories from
a single history equals to one:

M

∑
l=1

Wl = 1. (4.19)

This makes it possible to interpret the subhistory weight Wl as the probability of the
selection of the given subhistory.

Since the generated subhistories are analogous particle histories, the detector re-
sponse ri defined by (4.2) can be calculated for each of them. However, in the esti-
mation of the probability distribution of the responses as in (4.7) one has to take into
account the subhistory weights:
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Table 4.1: Step-by-step evaluation of the recursive function (4.13) generating the subhistory
matrix S for the sample history tree in Fig. 4.1 Row numbers in S correspond to the numbering
of subhistories on the right-hand side of Fig. 4.1 Numbers in italic denotes the elements added
to the matrix in the given step.

S = f1
(
0T)= g2

1
(
0T)+11=


1 1 0 0 0 1 0
1 0 1 1 0 1 0
1 0 1 0 1 1 0
1 1 0 0 0 0 1
1 0 1 1 0 0 1
1 0 1 0 1 0 1



g2
1
(
0T)= ( f6

[
g1

1
(
0T)]

f7
[
g1

1
(
0T)] )=

(
g1

1
(
0T)+16

g1
1
(
0T)+17

)
=


0 1 0 0 0 1 0
0 0 1 1 0 1 0
0 0 1 0 1 1 0
0 1 0 0 0 0 1
0 0 1 1 0 0 1
0 0 1 0 1 0 1



g1
1
(
0T)= ( f2

[
g0

1
(
0T)]

f3
[
g0

1
(
0T)] )=

(
0T +12
f3
(
0T) )=

 0 1 0 0 0 0 0
0 0 1 1 0 0 0
0 0 1 0 1 0 0


f3
(
0T)= g2

3
(
0T)+13=

(
0 0 1 1 0 0 0
0 0 1 0 1 0 0

)

g3
1
(
0T)= ( f4

[
g0

4
(
0T)]

f5
[
g0

5

(
0T)] )=

(
0T +14
0T +15

)
=
(

0 0 0 1 0 0 0
0 0 0 0 1 0 0

)

∫ R+∆

2

R−∆

2

fr(x)dx = P(R− ∆

2
< r < R+

∆

2
) =

= lim
N→∞

1
N

N

∑
i=1

Mi

∑
j=1

W i
j1[R−∆

2 ,R+
∆

2 ]
(ri

j) = lim
N→∞

1
N

N

∑
i=1

W̃ i
R (4.20)

where the upper index i runs through the N original non-analogous histories simulated,
j goes from 1 to Mi, which is the number of subhistories generated from history i and
W̃ i

R is the total weight of all the subhistories of history i that have contribution to the
bin around R. One has to keep in mind that for the calculation of the variance of the
estimation independent estimator contributions have to be used to avoid the calculation
of the covariance between correlating contributions. As the subhistories generated from
the same history are not completely independent, one has to use the total contributing
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weight from a history W̃ i
R. Hence the empirical standard deviation sR of the estimator in

(4.20) can be estimated as:

sR =

√√√√√ 1
N(N−1)

 N

∑
i=1

(
W̃ i

R

)2
− 1

N

(
N

∑
i=1

W̃ i
R

)2
. (4.21)

For the correct estimation of the higher moments one has to interpret again the
weight of the subhistories as the probability of selecting the given subhistory. Assum-
ing that the lth moment of the number of detections (d j

i ≡ 1 in (4.2)) in a time interval
is in question, it can be derived as:

〈
rl
〉
=

∞

∑
k=0

P(r = k)kl =
∞

∑
k=0

lim
N→∞

{
1
N

N

∑
i=1

Mi

∑
j=1

W i
jδk,ri

j

}
kl =

= lim
N→∞

1
N

N

∑
i=1

Mi

∑
j=1

W i
j
(
ri

j
)l

(4.22)

where δi, j symbolizes the Kronecker-δ function:

δi, j =

{
1 i = j
0 i 6= j

.

(4.22) emphasizes again that one cannot use the subhistory weights as the weight of
single contributions but as the probability of the realization of the given contributions.
The empirical standard deviation can again be estimated based on the considerations
for (4.21):

sl =

√√√√√ 1
N(N−1)

 N

∑
i=1

(
Mi

∑
j=1

W i
j

(
ri

j

)l
)2

− 1
N

(
N

∑
i=1

Mi

∑
j=1

W i
j

(
ri

j

)l
)2
. (4.23)

4.3 Implementation of the history splitting method

The subhistory generating algorithm presented in 4.2.2 has been implemented in
Fortran90 subroutines. The subroutines have been written in a way that they can easily
be integrated into the general Monte Carlo program flow without substantial modifica-
tion. Special subroutines are called at the variance reduction events to record the above
specified data, and an other subroutine is called when the transport of a history is fin-
ished to process the recorded data, generate the subhistories (i.e. prepare matrix S) and
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write their data into an output file for further processing. This structure allowed the in-
tegration of the method even into the Monte Carlo code MCNP4C3 [100] as described
in [4] and applied for real systems as described in Section 5.5. However, for the ver-
ification calculations a very simple Monte Carlo code has been developed in order to
compare with the analytical solution and the fully analogous Monte Carlo calculation.
This is a one dimensional, mono-energetic Monte Carlo code, which works in one di-
mensional slab or infinite homogeneous geometries. Capture, fission, backscatter and
detection cross-sections can be specified in the different regions of the geometry. The
particles have velocity of unity: they cover unit of track length in a unit of time. There-
fore the model is dimensionless and no time, length or cross-section units are given in
the following. In the next sections some details are provided about the non-analogous
techniques realized with this method and a comparison with the methods implemented
in other codes.

4.3.1 The application of history splitting for different variance re-
duction methods

A wide range of non-analogous techniques are used in Monte Carlo simulations with
the purpose of variance reduction. Details can be found in the monographs about Monte
Carlo particle transport methods (e.g. [56, 101]). In this section an overview is given
about how the above described history splitting method can be applied for the basic
techniques descrbed in Section 3.1.3.

In the case of the above described approach, the RR game is played on every sub-
history to which the given branch belongs as can be seen from (4.18). Accordingly,
several Russian roulette games can be played on a subhistory and any of them can kill
it. In highly multiplicative problems this may result in a very low survival probabil-
ity (pn, where n is the number of Russian roulette games) and high survival weight.
The resulting badly sampled high importance contributions can destroy the advantages
gained from the application of variance reduction. Because of this problem an alterna-
tive method is proposed to control the histories. After certain limits are reached (e.g.:
number of subhistories) the variance reduction techniques are switched off and the his-
tory will soon terminate due to absorption.

In the case of the implicit capture instead of the RR, when weight drops below the
cutoff weight, implicit capture can be switched off. In order to control the number of
subhistories, the same happens when the number of implicit captures exceeds a certain
limit. Cross-section biasing can also be handled in a similar way.

If RR needs to be avoided when geometrical splitting is played, splitting is made
only when the particle enters a region for the first time in order to prevent successive
particle splittings on the same surface. The optimization of this method is an open
question, but it avoids the problem related to the RR. One must note that when the
number particles is sampled according to the method in (3.20), (4.10) and consequently
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(4.19) can be valid only for the expected values:〈
n j

i−m j
i +1

∑
k=b j

i

wk

〉
= 1 ∀ i ∈ [1,n] ∧ j ∈ [1,ni] and

〈
M

∑
l=1

Wl

〉
= 1. (4.24)

However, this change does not affect the results as the estimators defined in (4.20) and
(4.22) already include the expected value.

The most important part of the simulation is the detection. As it is mentioned in
Section 3.1.3 Monte Carlo codes generally use the track length estimator for the deter-
mination of the detector response. This is highly efficient because any particle passing
through the detector volume contributes to the estimation, but it is a non-analogous
technique, therefore a different method has to be used for non-Boltzmann estimators.
The aim is to split every particle entering the detector into a detected and an undetected
part which is done by the mechanism of implicit capture along the flight path[101].
When the particle travels through the detector, the distance to the next scattering (di at
energy Ei) is sampled instead of the distance to the next collision. In this manner the
absorption is ruled out and is implicitly included along the whole flight path. Assuming
that the detection cross-section Σd is part of the absorption one (Σa), the particle can be
split into an absorbed, a detected and an undetected part in the following way:

wabs =
n

∑
i=1

Σa(Ei)−Σd(Ei)

Σa(Ei)

(
1− e−Σa(Ei)di

) i−1

∏
j=1

e−Σa(E j)d j (4.25a)

wdet =
n

∑
i=1

Σd(Ei)

Σa(Ei)

(
1− e−Σa(Ei)di

) i−1

∏
j=1

e−Σa(E j)d j (4.25b)

wundet =
n

∏
i=1

e−Σa(Ei)di (4.25c)

where n is the number of straight flight paths in the detector. For the control of the
number of originating subhistories this game is played on a track only when it passes
through the detector for the first time. If the undetected part returns to the detector it is
treated analogously.

4.3.2 Comparison with other approaches

This section presents a comparison of the history splitting method and the ap-
proaches developed by Booth et. al. for MCNP5 and by Williams and Tickner for
the simulation of γ–γ coincidences with angular correlations since details of the imple-
mentation were accessible for these two methods.

Details of the method implemented in MCNP5 can be found in [102]. The method is
extended to almost all of the variance reduction techniques applied in MCNP. In order
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to cope with the potentially large number of generated subhistories, two methods are
used:

– A node can have maximum two childnodes. In the case of higher multiplicity
(e.g. splitting) the tree is converted to a binary tree by adding an extra node.

– Maximum 200 subhistories are allowed, which needs the culling of the possible
choices. This is done in a recursive way, allowing only 200 choices for each node
by rouletting for physical nodes and by removing the lowest weight choices for
variance reduction nodes.

The implementation of the method allows the user to switch off Russian roulette for
pulse height tallies, although problems related are not reported.

Williams and Tickner provide a detailed account of their algorithm in [91] and ref-
erencing earlier works performed in the field [84, 89] and [5] they claim that they
introduce an approach that simplifies the bookkeeping associated with the technique.
Similarly to the history splitting approach, their method records parameters at variance
reduction nodes and at the events contributing to the estimators, and when a history
is completed a recursive algorithm reconstructs physically possible analogous histo-
ries. However, in this algorithm they do not reconstruct actual analogous histories –
the subhistory matrix S –, but directly collects the contribution to the pulse height type
estimator. Contributions from the same physical node are summed up since they always
belong to the same analogous history.

A common feature of the above approaches is that they are applied to γ-particle
transport problems. On the other hand, the aim of the development of the history
splitting method presented here is the application to the simulation of neutron noise
measurements. One difference is therefore the much higher multiplicity of the neutron
problems in a (however deeply) subcritical problem compared to that of the γ-particle
transport problems. This is where one may face convergence problems with the Rus-
sian roulette and thus alternative history control methods are needed. Also variance
reduction methods should be applied by care in such systems because one can easily
generate an enormous number of subhistories due to the fact that – as it can be seen
from (4.11) – the number of possible subhistories for a physical node is the product of
the ones for their childnodes. The processing of a complicated history can consume a
large part of the computation time, destroying the gain sought from the variance reduc-
tion techniques. Therefore, it makes little sense to implement a wide range of variance
reduction techniques. An other difference is that the evaluation by the neutron noise
techniques requires the actual time of each detection event and they must be treated
separately, which means that without the reconstruction of the actual subhistories this
is not possible. Furthermore it is advantageous to separate the transport calculation and
the evaluation by the noise methods since a single dataset collected during a transport
calculation can be evaluated by different methods without the repetition of the lengthy
Monte Carlo transport calculation as suggested in an earlier work [3]. These are the
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reasons why the reconstruction of the complete subhistory matrix was favoured by the
author.

4.4 Calculations for the verification of the history split-
ting method

This section presents test cases in order to prove the applicability of the history split-
ting method for different particle transport problems involving coincidence and corre-
lation. The first example is a number-of-detection estimator in order to investigate the
applicability for pulse-height-type estimators. A practical example for this type of es-
timator can be found in neutron multiplicity counting systems, where coincidences of
neutrons from the same fission chain are used to determine the quantity and quality of
fissile material in the sample. In the second part of the section the special estimators
and methods needed for the simulation of neutron noise measurements are presented
along numerical examples.

4.4.1 Simulation of a number-of-detections estimator

For the verification of the correct calculation of a pulse-height-type estimator, a
detection (Σd) and a capture (Σc) cross-section were specified in an infinite homoge-
neous medium. The detection does not stop the particle, it follows its track without any
change. The estimator was the total number of detections from one source event, i.e.
d j

i ≡ 1 in (4.2), and the purpose was to determine its probability distribution according
to (4.7) in the analogous case and (4.20) in the non-nalogous case. It is straight-forward
to calculate analytically the probability distribution (P) of the number of detections k:

P(k) =
(

Σd

Σt

)k(
Σc

Σt

)
(4.26)

where the total cross-section Σt = Σd +Σc. Simulations have been carried out both in a
fully analogous way and with the application of a special variance reduction technique:
after a certain number of detections (ks) the particles were split into two with their
weight halved. To have the most efficient variance reduction ks was chosen in a way
that P(ks) ' 0.5. Simulations have been performed with different limits (n) for the
number of variance reduction nodes.

In Fig. 4.3 one can see the theoretical results and the calculated ones with different
n values and with analogous simulation where n = 0. The fact that the variance reduc-
tion cases are in complete agreement with the analogous simulation and the analytical
calculation verifies the correctness of the method. The deviations from the theoretical
value divided by the standard deviation of the given point, plotted at the bottom of the
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Fig. 4.3, also confirm that the estimators are unbiased. The computer time was the same
for all calculations so that the efficiency of the calculations could be compared simply
by the comparison of the statistical error of the result. This comparison can be seen in
Fig. 4.4 In the analogous case, the relative error (s0) exponentially deteriorates with the
number of detections (k). This is in agreement with the result expected from theoretical
considerations:

s0(k) =
1√

P(k)N
(4.27)

where N is the number of histories started. In the non-analogous cases the relative error
(sk) behaves differently:

sn(k) =
1√

P(k)2min(n,[k/ks])N
(4.28)

as splitting into two occurs after ks detections while the number of splittings reaches the
maximum (n).

These predicted drops in the error can be observed in Fig. 4.4, when the given num-
ber of detections is reached (ks = 5). Obviously, the number of histories (N) simulated
during the fixed calculation time is different in every case as the simulation of non-
analogous histories and the generation of the subhistories afterward need more effort.
This is the reason why the relative error for the low number of detections is higher in
the variance reduction cases than in the analogous case. The number of histories simu-
lated, along with the number of subhistories can be seen in Fig. 4.5 as a function of the
number of variance reduction nodes (n). One can observe that the maximum number of
subhistories is reached at around n = 3, which explains why this case gives the lowest
relative error for the higher number of detections (above 15 detections). It can also be
observed that as the number of variance reduction nodes is increased above n = 3 the
number of subhistories decreases due to the increasing effort needed for the simulation
of the history and for the subhistory generation. This very simple case brings the at-
tention to the fact that, due to the complicated task of subhistory generation, one has
to be careful with the application of variance reduction methods. Obviously, in a more
complicated problem which needs more calculational effort in the transport part, more
variance reduction nodes can be used to obtain optimal results.

4.4.2 Investigation of the Russian roulette and the alternative his-
tory control methods

For the investigation of the problem with the Russian roulette game mentioned
above, a more complicated problem has been defined in a one dimensional slab ge-
ometry (see in Fig. 4.6). The cross-sections of the different materials are in Table 4.2.
The main difference compared to the previous case is the presence of multiplication
(fission). The average number of particles from a fission is two. This results in more
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Figure 4.3: Probability distribution of the number of detections in an infinite, homogeneous
medium with non-stopping detections cross-section Σd = 0.1 and capture cross-section Σc =
0.01 from analytical calculation and Monte Carlo estimations with different number of particle
splittings allowed (n). Deviation from the analytical solution is shown for the Monte Carlo
solutions in units of the standard deviation of the estimation.

complicated subhistories, as a physical node can have more than one child node and as
it can be seen from (4.11) this results in an exponential growth in the number of subhis-
tories. The geometry is divided into regions where different importances of the particles
can be defined. If all the importances are equal, the simulation is analogous, otherwise
geometrical splitting is applied as described in Section 4.3.1. For the sake of compari-
son, both the conventional method of geometrical splitting (including Russian roulette)
and the above proposed alternative solution for the replacement of Russian roulette have
been used in different calculations. A limit was also set for the maximum number of
variance reduction events in a history (n). The computer time for the different cases was
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again the same.

Figure 4.6: One-dimensional slab problem geometry for the investigation of geometrical split-
ting and Russian roulette

Table 4.2: Cross-section data for the materials in the geometry described in Fig. 4.6

Material
Cross-section

Fission Capture Detection Backscatter∗

Fissile material 0.05 0.07 0.0 0.05
Detector 0.0 0.01 0.1 0.05
∗Direction of the particle reverses in the collision.

Fig. 4.7 shows the number-of-detections distributions. One can see that there is good
agreement between the different calculations, although in the case when RR is applied
with max. 10 variance reduction events allowed a systematic underestimation can be
observed for higher (50 <) number of detections. In this case, due to the lack of analyt-
ical solution, the deviation from the analogous solution is plotted for all non-analogous
cases, which also confirms this conclusion. In Fig. 4.8 the relative error can be seen and
the surprising result is that both RR cases give worse statistics than the analogous case.
Furthermore, the RR case with more variance reduction event (and therefore RR events)
allowed gives the highest error of the results. On the other hand, the alternative method
without RR provides a clear advantage over the analogous calculation. A reason for the
bad performance of the RR can be found if one looks at the statistics of the RR game.
It can be observed in both cases that there are a few subhistories which suffer many
RR events (10-14), resulting in a huge weight multiplication (factor of 210−214). Such
rare and large contributions cause the poor statistics of the results in the n = 5 case,

while in the n = 10 case the lack of sampling of the extremely low probability events
explain the underestimation.

4.4.3 Simulation of a neutron noise measurement

In order to verify that the method is capable for the estimation of correlations, a
simulation of neutron noise measurements in an infinite, homogeneous multiplicative
medium has been performed. The model is again dimensionless with a velocity of
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Figure 4.7: Probability distribution of the number of detections in the system described in
Fig. 4.6 and Table 4.2. estimated with analogous Monte Carlo and using geometrical splitting
with or without Russian roulette (RR) and with different number of particle splittings allowed
(n). Deviation of non-analogous estimations from the analogous one is shown in units of stan-
dard deviation.

unity, as described at the beginning of Section 4.3. Fission (Σ f ), capture (Σc) and detec-
tion (Σd) cross-sections have been defined in the system, where the detection reaction
is a capture, as well. Scattering is omitted therefore the absorption cross-section Σa
equals the total one Σt . For such a simple case, the point-kinetics aproach is valid and
(3.26) and (3.29) can be used for the analytical description of the variance-to-mean-
ratio (VTMR) or Feynman-α function and for the autocorrelation (ACF) or Rossi-α
function, respectively.

As the detection cross-section ε is also homogenized in the system, the efficiency
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Figure 4.8: Relative error of the estimated number-of-detections distribution (see Fig. 4.7) after
the same computer time in each case

can be obtained as:
ε =

Σd

Σ f
.

Delayed neutrons are neglected in the simulation (β = 0) and the reactivity (ρ) can be
calculated from the infinite medium multiplication factor (k∞):

ρ =
k∞−1

k∞

, where k∞ =
νΣ f

Σa
.

Based on the reactivity and the generation time (Λ), the prompt decay constant (α) can
be obtained:

α =−ρ

Λ
where Λ =

1
νΣ f v

where v is the velocity of the particle, which, in this dimensionless model, equals one.

The number of counts C is the sum of the individual contributions from the indepen-
dent source events (assuming again that d j

i ≡ 1):

〈C〉=
NS

∑
i=1
〈ri〉= NS〈r〉

where NS is the number of source events contributing to the given detector reading.
The correlations between events belonging to different source events also need to be
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considered. Since these events are independent the variances can be summed up:

σ
2(C) =

NS

∑
i=1

σ
2(ri) = NSσ

2(r) = NS

(〈
r2〉−〈r〉2) . (4.29)

Accordingly, the variance in (3.26) can be estimated based on (4.9) and (4.22) in the
analogous and non-analogous cases, respectively. The same applies for the covariances:

cov(C(t),C(t + τ)) =
NS

∑
i=1

NS

∑
j=1

cov(ri(t),r j(t + τ)) =

=
NS

∑
i=1

∑
j 6=i

cov(ri(t),r j(t + τ))︸ ︷︷ ︸
= 0

+
NS

∑
i=1

(〈ri(t)ri(t + τ)〉−〈ri(t)〉〈ri(t + τ)〉) =

= NS〈r(t)r(t + τ)〉−NS〈r〉 (4.30)

where one has to note that the covariance of contributions from different histories is zero
due to their independence. In this section we define ACF as the numerator of (3.27),
which based on (4.30) can be estimated as:

ACF(τ) = 〈C(t)C(t + τ)〉= cov(C(t),C(t + τ))+ 〈C(t)〉〈C(t + τ)〉=
= NS〈r(t)r(t + τ)〉+(N2

S −NS)〈r〉2. (4.31)

One can observe that this formula separates the time lag dependent correlated part R(τ)
and the constant uncorrelated part C2 as it can be seen from (3.29). This demonstrates
that with a Monte Carlo simulation (either analogous or non-analogous) one can es-
timate separately the correlated term, which is the basis of the estimation of the α

parameter, without being overlapped by the constant term. This is due to the fact that
the simulation provides information about which source event a given detection event is
associated with, which is obviously not the case for a real measurement. The correlated
term can be estimated similarly to the higher moments. In the non-analogous case based
on (4.22) one obtains:

〈r(t)r(t + τ)〉= lim
N→∞

1
N

N

∑
i=1

Mi

∑
j=1

W i
jr

i
j(t)r

i
j(t + τ). (4.32)

The analogous case is trivial from (4.9).

In the case of a neutron noise measurement, a certain source strength S(t) is present
in a subcritical system. In most cases it is constant in time and behaves according to
a Poisson-distribution, but it can also be a periodic (e.g. pulsed) source3. It is always

3However, one has to note that if the source S(t) is time dependent, then the uncorrelated term be-
comes time dependent, as well. In this case the contributions from the different histories are not indepen-
dent anymore, and their covariance cannot be neglected in (4.30).
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assumed that the source is present in the system for a very long time. During the simula-
tion of a neutron noise measurement, besides the estimation of the correlation between
events from the same source event, one also has to consider the correlations inherent in
the source distribution. An analogous method for this is to randomly sample time for
each source event and calculate the detection times accordingly. Afterwards, a file of
the detection times can be processed very similarly to that of real measurement results
by the different noise methods. This approach is used in the modified analogous Monte
Carlo codes [92, 93, 95] and in the work of Yamamoto [97] mentioned in Section 4.1,
and also in the earlier publications of the author [3, 4, 5]. However, a more efficient way
is a convolution with the source distribution S(t). Assuming that S(t) is normalized as:∫ T

−∞

S(t)dt = NS

a non-analogous estimator for the correlated part of the ACF can be formulated as:

R(τ) =
∫

∞

−T
S(−t)〈r(t)r(t + τ)〉dt =

= lim
N→∞

1
N

N

∑
i=1

Mi

∑
j=1

W i
j

∫
∞

−T
S(−t)ri

j(t)r
i
j(t + τ)dt = lim

N→∞

1
N

N

∑
i=1

Ri(τ). (4.33)

It is obvious, that the calculation of this estimator requires the detection time data for
each count in a subhistory, which justifies the complete reconstruction of the subhisto-
ries performed by the history splitting method. The empirical standard deviation sR(τ)
for this estimator can be easily estimated:

sR(τ) =

√√√√√ 1
N(N−1)

 N

∑
i=1

Ri(τ)2− 1
N

(
N

∑
i=1

Ri(τ)

)2
. (4.34)

The ACF in (3.29) can be estimated as the sum of the correlated term in (4.33) and the
constant term 〈C〉2, which in fact can be determined by a simple Boltzmann estimator.
The error can also be determined according to the summation rule of the variances:

sACF(τ) =
√

s2
R(τ)+ s2(C2)− cov(R(τ),C2). (4.35)

The covariance needs to be considered since the two quantities are estimated from the
same particle histories. The calculation of the covariance is quite complicated and may
not worth the effort since the estimation of the correlated term has the real importance.
However, one can assume that the covariance between these quatities is always positive,
therefore an upper limit can be given for the error of the ACF by omitting the covariance
term in (4.35).
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As mentioned above, based on (4.29) and similarly to (4.33), an estimator can be
derived for σ2(C) and used for the estimation of the VTMR. However, it is difficult to
give a simple method for the estimation of the statistical error of the VTMR, since it
involves the ratio of two interdependent quantities. Because the proof of the efficiency
of the variance reduction method needs an accurate estimation of the variance, the ACF
– and especially its correlated part R(τ) – was chosen in this paper for the demonstration
of the unbiasedness and efficiency of the history splitting method.

Table 4.3. shows the cross-sections and the number distribution of the neutrons from
fission defined in the infinite, homogeneous test problem, respectively. The kinetics pa-
rameters of the problem analytically calculated from these data can be found in Table
4.4. One can observe that a deeply subcritical problem and low detector efficiency were
defined, in which the analogous simulation is expected to be highly inefficient. Anal-
ogous simulations and cases with different detection or fission biasing parameters (cd
or c f as described in Section 4.3.1) were run for the problem. The maximum number
of variance reduction events allowed in a history and on a particle track4 were set to 5
and 2, respectively. Unless a smaller limit is set to the track, the number of variance re-
duction events may reach the maximum while passing through one single branch of the
history tree. This results in one single child variance reduction node for each physical
branch which minimizes the possible number of subhistories and so the efficiency of
variance reduction. All simulations had the same running time on the same computer
which allows the direct comparison of the relative error.

Table 4.3: Cross-sections and number distribution of the neutrons from fission ν defined in the
infinite, homogeneous model for the neutron noise simulation

Cross-section Value ν P(ν)
Fission 0.0375 0 0.1
Capture 0.0624 1 0.2

Detection 0.0001 2 0.4
Backscatter 0 3 0.2

Total 0.1 4 0.1

Fig. 4.9 shows the results in some selected cases for the ACF function, assuming a
constant source strength of S = 0.001. Such low source strength allows the correlated
part to clearly emerge from the uncorrelated background which goes with the square of
the source strength as it can be seen from (3.29). In all cases ACF were calculated in
time bins of 1. One can observe that both the analogous and the variance reduction case
agrees perfectly with the analytical solution calculated from (3.29). The source strength
was set in a way that the correlated part is well distinguishable from the constant term.
The error bars show the error estimated based on (4.35) neglecting the covariance. As
expected, the statistics of the of the constant term is much better than that of the corre-
lated part.

4A track means a single path in the history tree from the source till a termination.
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Table 4.4: Calculated kinetic parameters of the infinite, homogeneous model for the neutron
noise simulation

D Diven-factor 0.8
ν average number of neutrons from fission 2
ε detector efficiency 0.0026667
k∞ multiplication constant 0.75
ρ reactivity −0.33333
v neutron velocity 1
Λ neutron generation time 13.333
α prompt decay constant 0.025
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Figure 4.9: The simulated ACF function, assuming source strength S = 0.001, compared with
the analytical solution for the analogous and a fission biasing case. One can observe that bias is
not introduced by the non-analogous technique.

Fig. 4.10 shows the correlated part of the ACF in some other cases. Here one can
observe that the over-biasing of the detection may result in a serious bias on the results,
especially for the short-term correlations. The reason is that the weight of the correlated
contributions become extremely small. The plotted normalized deviations below, also
confirm the fact mentioned in Section 4.2.1, that the estimator (4.33) is not normally
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distributed since it contains the product of two random variables. The resulting dis-
tribution is assymetric, and the standard deviation limits cannot be simply interpreted
as confidence intervals. In Fig. 4.11 one can also observe that the detection biasing is
not efficient either in the variance reduction. Due to the increased computation time of
a history, the detection biasing cases produce larger relative error than the analogous
case. On the other hand, most fission biasing cases appear to be efficient and produce
true variance reduction. This is surprising because usual variance reduction strategies
are based on the improvement of detection sampling. However, in this case the efficient
strategy is the improved sampling of the multiplicitywhich produces more correlated
particle histories to contribute to the estimator. Table 4.5. compares several cases with
numbers relative to the analogous case. It can be observed that although the number
of simulated histories is smaller in the non-analogous cases, the number of subhistories
overwhelms the analogous ones. However, it can also be seen that the number of sub-
histories in itself do not describe the efficency of the variance reduction. The variance
reduction factor is defined as the ratio of the relative error to the analogous case aver-
aged over the first 100 time bin (till τ = 100). Based on these data an optimal fission
biasing can be found at around c f = 3. Although the variance reduction is small, one
has to consider that in these very simple test cases the analogous simulation works well.
More advantage can be expected in realistic cases where the analogous calculation is
almost unrealistic.

Table 4.5: Comparison of the different neutron noise simulation cases. All values are relative
to the analogous case. Ratio of the relative error is averaged for τ = 0−100

Detection bi-
asing (cd)

Fission bias-
ing (c f )

Number of
histories

Subhistories
per histories

Variance
reduction
factor

1 1 1 1 1
2 1 0.39 5.42 1.53
10 1 0.32 5.01 1.24
1 1.5 0.34 5.96 0.99
1 3 0.26 6.52 0.74
1 5 0.23 6.8 0.89
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Figure 4.10: The correlated part of the simulated ACF function compared with the analytical
solution for the analogous and two detection biasing cases. Deviation from the analytical solu-
tion is shown for the Monte Carlo solutions in units of the standard deviation of the estimation.
Detection over-biasing introduces a bias at the short-term correlations.
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Figure 4.11: The relative error of the correlated part of the simulated ACF function for the
analogous and for some variance reduction cases. Fission biasing appears to be more effective
in variance reduction than detection biasing.



Chapter 5

Neutron noise measurements at the
Delphi subcritical assembly

In a cooperation between the Institute of Nuclear Techniques of the Budapest Univer-
sity of Technology and Economics and the Delft University of Technology (TU Delft) a
set of measurements were performed on the Delphi subcritical assembly of the Reactor
Institute Delft during the period between October to November 2010. The measure-
ments were performed by Gergely Klujber under the supervision of the author and Jan
Leen Kloosterman (TU Delft). The evaluation of the measured data was carried out
in Budapest by the author and Gergely Klujber. The goal of the measurements was to
examine the influence of the source distribution and the detector position on the prompt
decay constant (α) obtained with the different neutron noise methods. The Delphi mea-
surement provided a good opportunity to experimentally investigate the spatial effects
of the multiple α-modes, since in a thermal system these effects had not been observed
before.

A further objective of the measurements was to provide a validation basis for the
non-analogous Monte Carlo simulation methods described in Chapter 4. Detailed
Monte Carlo simulations can help the understanding of the nature of the multiple α-
modes by providing results which are not possible to obtain from measurements. Sim-
ulations offer much more freedom in the selection of detector material, position, size,
time resolution etc. compared to real measurements. However, the reliability of such
computational results needs validated methods and models.

This chapter gives a description of the measurement set-up and the evaluation meth-
ods and summarizes the most important results and observations. It also presents the
preliminary results of Monte Carlo simulations of the experiments and a sensitivity
study on the fitting methods applied for the evaluation of neutron noise measurements.
The contents of this chapter were partly published in the journal paper [6] and confer-
ence paper [7].
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5.1 The Delphi subcritical assembly

The Delphi subcritical assembly is located in the Reactor Institute Delft. For safety
reasons it was installed inside the reactor hall of the institute, where a research reactor
(with 2 MW thermal power) is also located. The Delphi was built for training and re-
search purposes after the previous subcritical system had been decommissioned. It con-
sists of two vessels, one being upon the other (see Fig. 5.1). The lower vessel is made of

Figure 5.1: Vertical cross-section plot of the Delphi subcritical assembly and its support struc-
ture. Heights are given in mm. At the top the 168 fuel pins can be stored in the container made
of acrylic glass. It is fixed at the top of the stainless steel water-filled vessel where the fuel pins
are lowered to with a special handling tool for the measurements. Below the vessel the shielding
box of the 252Cf neutron source is situated, from which the source can be inserted into the core
with a pneumatic lifting device.

stainless steel and is filled with de-mineralized water before the start of an experiment.
The upper acrylic glass air-filled container is used to store 168 fuel pins that can be low-
ered one by one using a special handling tool. Below the steel vessel, a shielding box
is positioned containing a 252Cf neutron source, which can be pneumatically inserted
to its experimental position (in the central axis of the core 2.5 cm below the bottom
plane of the active fuel) in the steel vessel. The 252Cf neutron source contained in a
plastic capsule had an initial activity of 18.5 MBq (on 1 December 2003) correspond-
ing to a neutron source emission rate of 2.4·106 s−1 and a gamma-ray emission rate of
1.3·107 s−1. The fuel pins are positioned in a square lattice of 13x13 positions, where
the central position is occupied by a water-filled steel tube (see Fig. 5.2). The pitch
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of the fuel pin lattice is 23 mm. Each fuel pin contains 43-45 pellets made of 3.8%
enriched UO2 fuel (total mass ≈ 365.5 g/pin). The pellets are stacked in an aluminum
tube with an outer diameter of 12 mm and wall thickness of 0.95 mm. The total length
of a fuel pin is 66.5 cm (44 cm of which is the active length of the fuel). The maximal
ke f f of the assembly (according to MCNP calculations) reaches 0.92 which is a conser-
vative overestimate, with fuel enrichment of 3.9% and the omission of some structural
materials.

5.2 Measurement set-ups

10-bar 3He proportional counter tubes with diameter of 6 mm and active length
of 76 mm (General Electric, RS-P4-0203-212) were used for the measurements. The
pulses from the detectors were amplified and converted to TTL format (standardized
’square box’ pulses with a height of 5 V) by PDT amplifiers (PDT20A-SHV), which
also supply the high voltage. The pulses were subsequently recorded in a PC equipped
with a pulse-counter card (National Instruments PCI-6602 counter/timer-card) and Lab-
View software to control the measurements. The instrumentation of the Delphi made
the parallel data acquisition from two independent channels possible, which offered the
opportunity to measure the cross-correlation between two detectors.

5.2.1 Detector positions

In order to investigate the effect of the detector position, several positions were se-
lected for measurements in the Delphi core. A first set of positions aimed at the in-
vestigation of the effect of the radial position of the detector1. For this purpose four
positions were identified in the four quadrants of the Delphi core with different radial
distances (see Table 5.1 and the left-hand side of Figure 5.2). Vertically all detectors
were positioned in the midplane of the core. The positions are marked by the letters of
the neighboring columns and the numbers of the neighboring rows of the fuel rods. In

Table 5.1: Radial distances of the measurement positions from the center of the core.
Positions are marked by the letters of the neighboring columns and the numbers of the
neighboring rows of the fuel rods

Position Radial distance from center [mm]
LM23 163
HI67 36
DE89 67
FG23 104

1Although it has to be noted that the core has no cylindrical symmetry



60 Chapter 5 Neutron noise measurements at the Delphi subcritical assembly

the second set of measurements axial traverses were performed in positions HI67 and
DE89 in four steps (see the right-hand side of Figure 5.2) in order to investigate the ef-
fect of the vertical position of the detectors. The detectors in LM23 and FG23 remained
in the midplane of the core as did during the first set of measurements.

Figure 5.2: Left-hand side: Delphi core map with detector positions. Cross-correlation mea-
surements have been performed between detectors in the connected positions. Right-hand side:
vertical measurement positions with distances from core midplane.

5.2.2 Neutron sources

As it was mentioned above, a 252Cf source can serve as a neutron source in Delphi.
Its source strength during the measurements was estimated to be ≈350.000 neutrons/s.
Besides this external source, the spontaneous fission of 238U provides an inherent neu-
tron source for Delphi. Based on the 238U content of the core its source strength is
estimated to be ≈685 neutrons/s. This difference of several orders of magnitude means
that when the 252Cf source is inserted into the core, the effect of the inherent source can
practically be neglected. In this way, measurements can be performed with two com-
pletely different spatial source distributions: a point source in the central axis of the
core 2.5 cm below the bottom plane of the active fuel and a volumetric source evenly
distributed in the fuel rods.
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5.3 Data evaluation with the neutron noise methods

The output signal of the detectors were recorded by the counter/timer-card (with
sampling frequency f = 20 MHz) along with their arrival time. The measurement files
contain the time intervals between detections in a sequence of 64 bit real binary format
numbers. These files were evaluated with the different noise techniques.

5.3.1 Variance-to-mean-ratio (VTMR, Feynman-α) method

For the VTMR evaluation the measurement time T was split to M = T
∆T consecutive

time intervals of ∆T length and the number of counts Ni belonging to each time interval
was determined. In this way, the variance-to-mean ratio Y as a function of ∆T can be
easily determined:

Y (∆T ) =
∑

M
i=1 N2

i

∑
M
i=1 Ni

− 1
M

M

∑
i=1

Ni−1 (5.1)

The ∆T values were selected according to a quasi logarithmic scale as in this way better
parameter estimation can be achieved at lower ∆T . The use of a fully logarithmic scale
was limited by the time resolution. The quasi logarithmic scale contained logarithmi-
cally interpolated points between 1 µs and 5 ms and maximum 20 linearly interpolated
points between these logarithmic points. All values were rounded to 1 µs to fit the
resolution.

Since dead time can have an important effect on the VTMR measurements, a dead
time correction was applied on the evaluated curves with the same methodology as
the one described in [69]. This is based on the method developed by Hamaza [103]
and needs the determination of the extending (or paralysing) deadtime τE from the
time-interval distribution (TID) and the negative shift λ0 of the Y curve below unity as
approaching ∆T = 0. In the case of the Delphi measurements τE ≈ 1µs and λ0 ≈ 0.001
were found. These values results in a negligibly small deadtime correction which is in
line with expectations due to the small count rates in the detectors.

Based on the theoretical considerations in Section 3.2.1, non-linear least-squares
parameter fits were performed for all VTMR curves using the Origin (OriginLab,
Northampton, MA) data analysis software, which applies the Levenberg-Marquardt al-
gorithm [104, 105], with both of the following functions:

Y (∆T ) = c
(

1− 1− e−α∆T

α∆T

)
, (5.2)

Y (∆T ) = c0

(
1− 1− e−α0∆T

α0∆T

)
+ c1

(
1− 1− e−α1∆T

α1∆T

)
(5.3)

where c,α and c0,α0,c1,α1 were the estimated parameters, respectively.
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An example of the measured and fitted Feynman-α curves can be seen in Fig. 5.3.
Fit residuals at the bottom show that fitting function (5.3) provides a better fit.
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Figure 5.3: Measured and fitted Feynman-α curve for the measurement in position DE89
(r = 67 mm) at the mid-plane of the core (h = 0 mm). Fits were done assuming single and
dual α-modes. Residuals of the fits (bottom) suggest that a second α-mode is present.

5.3.2 Auto-correlation (ACF, Rossi-α) method

In order to evaluate the measured data set according to the auto-correlation method,
∆T = 0.01 ms was applied and the number of counts in each time interval were divided
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by the total number of counts:

ni =
Ni

∑
M
j=1 N j

. (5.4)

From the time series of the normalized number of counts ni the auto-correlation function
can be calculated:

ACF(τ) =
M−K

∑
i=1

nini+K , where K =
τ

∆T
. (5.5)

Based on the theoretical considerations in Section 3.2.2, non-linear least-squares param-
eter fits were performed for all ACF curves in the same way as that shown in Section
5.3.1, with both of the following functions:

ACF(τ) = ce−ατ +a (5.6)

ACF(τ) = c0e−α0τ + c1e−α1τ +a01 (5.7)

where c,α,a and c0,α0,c1,α1,a01 were the estimated parameters, respectively. Since
ACF(0) is a singular point it was skipped from the fittings.

An example of the measured and fitted ACF curves can be seen in Fig. 5.4. Fit
residuals at the bottom show that fitting function (5.7) provides a better fit. One can
also observe that the auto-correlation function seems to have worse statistics than the
Feynman-α curve from the same measurement (see Fig. 5.3). However, the apparent
smoothness of the Feynman-α curve is only due to the fact that a strong covariance
exists between the points of the curve as all of them were calculated from the complete
data set. On the other hand, to a given τ point of the auto-correlation function only
those time intervals contribute which contain counts correlated with time shift τ .

5.3.3 Cross-correlation (CCF) method

The calculation of the cross-correlation function requires two synchronized mea-
surement files. Both have to be processed in the same way as in the case of the auto-
correlation technique (see Section 5.3.2) to obtain the time series of the normalized
number of counts n1,i and n2,i. From these, the cross-calculation function can be deter-
mined:

CCF(τ) =
M−K

∑
i=1

n1,in2,i+K. (5.8)

Although according to the theory CCF(τ) = CCF(−τ), due to the two independent
measurement files CCF(τ) and CCF(−τ) are independent data points. In order to make
use of this fact, the fitting functions in this case were defined as:

CCF(τ) = ce−sgn(τ)ατ +a (5.9)
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Figure 5.4: Measured and fitted ACF curve for the measurement in position DE89 (r = 67 mm)
at the mid-plane of the core (h = 0 mm). The fit was done assuming single and dual α-modes.
Residuals of the fits (bottom) suggest that a second α-mode is present.

and

CCF(τ) = c0e−sgn(τ)α0τ + c1e−sgn(τ)α1τ +a01, (5.10)

where

sgn(t) =


1 t > 0
0 if t = 0
−1 t < 0

(5.11)
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and c,α,a and c0,α0,c1,α1,a01 were the estimated parameters, respectively. It is worth
noting that the above definitions of the fitting functions proved to be also useful when
desynchronized measurement files had to be handled. By substituting t− t0 in place of
t in (5.9) and assuming t0 as a free parameter, the synchronization can be reconstructed.

An example of the measured and fitted CCF curves can be seen in Fig. 5.5. This
typical case shows that in the case of the cross-correlation function the presence of the
higher α-mode is less obvious.
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Figure 5.5: Measured and fitted CCF curve for the measurement in position DE89 and HI67
(r = 67 mm and 36 mm, respectively) at the mid-plane of the core (h = 0 mm). Fits were
done assuming single and dual α-modes, but as it can be observed from the residuals of the fits
(bottom) the presence of the second α-mode is less striking.
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5.4 Results

5.4.1 Spatial dependece of the results

In Fig. 5.6-5.8 the α,α0 and α1 parameters obtained from the different measure-
ments are plotted according to the detector position. Results of the cross-correlation
measurements are plotted at the average radius of the two detector positions involved
in the radial case (Fig. 5.6), while the same results are given in the two axial cases
(Fig. 5.7-5.8) since two detectors at the same height but in different radial positions
were used. With the inherent source, measurements were performed at the height of
180 mm and -90 mm, the results of which are reflected to the mid-plane and plotted
also at -180 mm and 90 mm, respectively, as the system is assumed to be symmetrical.
The analysis showed that in the case of assuming one α-mode (using functions (5.2),
(5.6) and (5.9) in the fitting process) the absolute value of the fitted α parameter

• increases as the detector position approaches the boundary of the core either ra-
dially2 (see in Fig. 5.6) or vertically (see in Fig. 5.7 and 5.8),

• increases as the detector vertically approaches the 252Cf point source (in the case
of the measurements where the 252Cf source was used, see the right-hand side of
Fig. 5.7-5.8).

If two α modes are assumed, (using functions (5.3), (5.7) and (5.10) in the fitting pro-
cess) the fitted α0 values show much less spatial variance than in the previous case.
This fact confirms the assumption that the variance of the fitted α values is due to the
biasing effect of the higher α modes. The observation that this bias is stronger near
the source and near the boundaries of the geometry can be explained by the assump-
tion that the higher modes gain more importance compared to the fundamental mode in
these regions. Unfortunately, α1 values could be fitted with large errors only.

5.4.2 Analysis of the amplitudes of the modes

Fig. 5.9 shows the ratios of the fitted c0 and c1 parameters, which are the amplitudes
of the modes corresponding to α0 and α1, respectively. Since parameter c1 can be fitted
with large errors, the error of the ratio is also large, especially in positions where the
higher mode is more significant. However, the trend of the curves supports the same
conclusion as the fitted α parameters in Fig. 5.6-5.8.: the higher mode is stronger close
to the point source and close to the boundaries.

2Except the fitted α values from CCF measurements with the inherent source (see top left plot in Fig.
5.6). One must also note that in the radial case CCF results are plotted, in a somewhat arbitrary way, at
the average radius of the two detector positions involved in the measurements.
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Figure 5.6: Fitted α,α0 (top plots) and α1 (bottom plots) parameters from the different noise
measurements performed at the mid-plane positions at different radial distances from the axis
with the inherent spontaneous fission source (left-hand side) and the 252Cf source (right-hand
side). Results of the cross-correlation measurements are plotted at the average radius of the two
detector positions involved in the measurements.

Comparing the VTMR and ACF results in Fig. 5.9 (top and bottom plots, respec-
tively) one can also observe that the amplitude of the higher mode component is higher
in the ACF measurements. This is explained by the difference in the formulae describ-
ing the two methods. Comparison of CV T MR

i and CACF
i in (3.25) and (3.28) shows the

following correlation:
CV T MR

i+1 /CV T MR
i

CACF
i+1 /CACF

i
=

αi+1

αi
(5.12)

This correlation is supported by the measurement results. Calculating the average of the
relative difference of the left and right hand side of (5.12) for the 40 different measure-
ment configurations one obtains -0.0968 ± 0.2939, which means that deviation from
the equality remains inside the error margins.

Fig. 5.10 shows the fitted α and α0 parameters for all the different measurements
as a function of the ratio of the amplitudes of the corresponding mode. This figure
clearly indicates that the bias appears and increases with the dominance of the higher
mode. A bias can also be observed on the α0 but in a smaller extent and in the other
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Figure 5.7: Fitted α,α0 (top plots) and α1 (bottom plots) parameters from the different noise
measurements performed at the DE89 position at different heights with the inherent spontaneous
fission source (left-hand side) and the 252Cf source (right-hand side). With the inherent source,
measurements were performed at the height of 180 mm and -90 mm, the results of which are
reflected to the mid-plane as the system is assumed to be symmetrical. Cross-correlation mea-
surements were performed with another detector at the same height in position HI67.

direction: the value of α0 is decreasing as c1 is increasing. Linear fits for the data
sets are also shown in Fig. 5.10 One can observe that as the higher mode diminishes
(c1/c0→ 0) the different parameters tend to about the same value (∼ 1800 s−1). This
supports the trivial conclusion that the prompt decay constant α can be best estimated
in positions where the higher modes have the lowest importance. Differences between
the behaviour of the parameter estimation from the VTMR and ACF measurements can
also be explained by the investigation of the nonlinear fitting procedure for the different
functions, which is performed in 5.6.

5.4.3 Estimation for the prompt decay constant and the higher
mode

One can assume that the best estimate for the prompt decay constant α can be ob-
tained from the measurement where the least bias is expected from the higher modes.
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Figure 5.8: Fitted α,α0 (top plots) and α1 (bottom plots) parameters from the different noise
measurements performed at the HI67 position at different heights with the inherent spontaneous
fission source (left-hand side) and the 252Cf source (right-hand side). With the inherent source,
measurements were performed at the height of 180 mm and -90 mm, the results of which are
reflected to the mid-plane as the system is assumed to be symmetrical. Cross-correlation mea-
surements were performed with another detector at the same height in position DE89.

This is the measurement where the fitted α and α0 values are the closest to each other.
Based on the above observations the inherent source and the position closest to the cen-
ter of the core (i.e. HI67, r = 36 mm, h = 0 mm, see in Fig. 5.6 and Fig. 5.8 on the
left-hand side) were chosen to give an estimation for the α value of Delphi. Concerning
the measurement method the cross-correlation is excluded as it always involves a detec-
tor farther from the center of the core (i.e. DE89, r = 67 mm, h = 0 mm). Since among
the Feynman- and Rossi-α methods the later seems to give less biased α0 values, a best
estimate can be expected from that measurement, which is α0 = 1704 ± 53 s−1. The
Feynman-α evaluation of the same data gives a very close value: α0 = 1696 ± 19 s−1.
The lower standard deviation is attributable to the strong covariance of the Feynman-α
data points as mentioned in Section 5.3.2.

The usual aim of the measurement of the prompt decay constant is to determine
the reactivity based on (3.11). This would need good estimations for βeff and l from
measurement of calculation, which are not yet available for Delphi. Assuming typical



Section 5.4 Results 71

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 20  40  60  80  100  120  140  160  180

c
1
/c

0

radial distance from central axis (r) [mm]

VTMR, inherent

VTMR, 
252

Cf

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

-200 -150 -100 -50  0  50  100  150  200

c 1
/c

0

vertical distance from mid-plane (h) [mm]

VTMR, inherent, r=36 mm
VTMR, 

252
Cf, r=36 mm

VTMR, inherent, r=67 mm
VTMR, 

252
Cf, r=67 mm

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 20  40  60  80  100  120  140  160  180

c
1
/c

0

radial distance from central axis (r) [mm]

ACF, inherent

ACF, 
252

Cf

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

-200 -150 -100 -50  0  50  100  150  200

c 1
/c

0

vertical distance from mid-plane (h) [mm]

ACF, inherent, r=36 mm
ACF, 

252
Cf, r=36 mm

ACF, inherent, r=67 mm
ACF, 

252
Cf, r=67 mm
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system is assumed to be symmetrical.

water moderated reactor values l = 50 µs and βeff = 0.72 % one obtain ρ = 8.51 %,
which means keff = 0.921. Earlier calculations and measurements for the Delphi served
only design and licensing purposes and aimed to prove that the facility is far enough
from criticality. Therefore the good agreement with the estimated keff value mentioned
in Section 5. only ensures that the α value obtained from the measurements is in the
expected range.

It is much harder to decide the best estimation for α1. Following the considerations
above, one could choose the measurement where the influence of the higher mode is
the highest. This is the position closest to the 252Cf source i.e. HI67, r = 36 mm,
h = -180 mm (see in Fig. 5.8 on the right-hand side), where α1 = 9090 ± 1854 s−1.
However, at this position the statistical uncertainty is very high both for α0 and α1. It
is probable that even α1 is biased by higher α-modes. From the same measurement
which was chosen above as best estimate for α0 an estimation with lower uncertainty
can be obtained: α1 = 8370 ± 1041 s−1. Due to the high statistical errors from these
measurements one can only conclude that α1 is in the range of 8-9000 s−1.
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5.5 Preliminary Monte Carlo simulations of the mea-
surements

As it was mentioned at the beginning of this chapter, one incentive for the measure-
ment campaign was to provide a validation case for the non-analogous Monte Carlo
method for neutron noise measurement simulations described in Chapter 4, i.e. the his-
tory splitting method. Besides the validation, the spatial dependence of the α-modes
experienced during the measurements provides a good opportunity to apply the newly
developed simulation method to help the interpretation of the measurements. This sec-
tion presents the efforts done in order to implement the history splitting method in the
general purpose Monte Carlo code MCNP, to create an accurate model of the Delphi
and to simulate the previously described measurements. These efforts are far from
being completed but preliminary results are sufficient to draw conclusions about the
applicability, correctness and usefulness of the method.
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5.5.1 The modified MCNP code for neutron noise simulations

The methods described in Section 4.3.1 were implemented in MCNP4C3 [100]. Sub-
routines were added to collect the required data from variance reduction nodes (CRE-
ATENODE, CREATEBRANCH), and a function calculates the number of subhistories
(GETSUBTREES). A special subroutine (SUBHISTORY) is called when a history is
finished. It generates the subhistories applying the algorithm described in Section 4.2.2
by calling recursive subroutines (MAPNODE, MAPBRANCH) and writes into a file
the weight of each subhistory, the detector contributions occurred in it along with their
traveling time from the source to the detector. This file is processed by another code to
calculate the ACF with the help of the estimator (4.33). Furthermore, the required mod-
ifications to the physical model of neutrons were transferred from MCNP-DSP[93, 94],
which is one of the fully analogous codes developed for neutron noise simulations as
mentioned in Chapter 4, to MCNP4C without interfering with the original calculation
flow. These modifications include the application of the actual fission neutron distri-
bution and the sampling of the direction of the fission neutrons relative to that of the
light fission fragment [96]. With the help of the user subroutine SOURCE a new source
option was created for spontaneous fission where multiple neutrons start at the same
source position. In order to keep the correlation between them, they must be part of the
same history. An option was also introduced to make possible analogous simulation of
detection in capture or fission detectors. With this option one can perform fully anal-
ogous simulations, which can be used to verify the unbiasedness of the non-analogous
simulation.

5.5.2 The MCNP model of the Delphi

An MCNP model of the Delphi subcritical assembly was prepared by Gergely Klu-
jber based on an original input from Piet de Leege (TU Delft) used for the design and
licensing calculations. According to these earlier reference calculations, the maximal
ke f f of the assembly reaches up to 0.92. This was a conservative overestimation with
3.9% fuel enrichment and the omission of several structural elements as it was used in
the safety analysis of the system.

For more accurate simulations the fuel enrichment was recalculated based on de-
tailed data about the composition of each fuel rod in the DELPHI core, which resulted
in an average U235 enrichment of 3.81%. In the model this value was applied for every
fuel rod. Material densities have also been updated for the materials in the model com-
pared to the values that were used in the initial calculations. Simulations based on these
assumptions show a neutron multiplication factor of 0.91561 ± 0.00011.

Regarding the structural elements that supports the fuel rods, five steel tubes and
four acrylic plates were included. The steel tubes were found to have very significant
effect with a negative reactivity of almost 1000 pcm. The acrylic plates, which are more
dense than water, have very slight, but positive effect on the reactivity.
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One must also consider that in such a small system as the Delphi the detectors them-
selves can have an influence due to the high absorption rate of 3He. This effect was also
investigated by MCNP calculations and the sensitive volume of detectors were defined
in the geometry at the various measurement positions according to their technical spec-
ification. The insertion of one detector was found to decrease the reactivity by ∼ 100
pcm. As expected, a detector near the middle of the core has slightly higher importance
than that of the ones located farer from it. These results bring the attention to the fact
that the different measurement configurations applied to explore the spatial dependence
of the noise methods had slightly different reactivity. For the first simulations the con-
figuration with 4 detectors at the midplane of the core was chosen, because this single
configuration provided results at 4 different radial positions without any change of the
layout. Considering all the above described model changes the investigated configura-
tion resulted in ke f f of 0.90057 ± 0.00010.

An inherent spontaneous fission source was considered with the help of the
SOURCE subroutine option mentioned above. The source was distributed evenly in
the fuel pins in the entire core. Number and energy distribution for neutrons from 238U
spontaneous fission was obtained from [94].

5.5.3 Simulation results

Calculations for the above described configuration was performed with the modi-
fied MCNP version both with analogous and non-analogous simulations. In the non-
analogous calculation implicit capture and detection based on implicit capture along
the flight path was considered (see (4.25)). Maximum number of subhistories were set
to 1000 and 5 variance reduction events were allowed on a track. These parameters are
not yet optimized.

In Fig. 5.11 one can compare the results obtained for the detector with the highest
count rate (at positions HI67) with the analogous and non-analogous simulation. The
two solutions agree well, but the wider scattering of the analogous data points can be
observed, despite of the 30 million histories run, which needed ∼ 340 hours of com-
puter time. The efficency gained by the non-analogous methods is also confirmed by
Fig. 5.12, in which the relative standard deviation of the data points can be seen. The
variance reduction effect is even more striking if only the contribution of the epithermal
(> 0.625 eV) neutrons are considered. In this range the efficency of the 3He detec-
tors drops drastically, therefore the analogous simulation provides almost no correlated
counts. On the other hand the implicit capture along the flight path technique arrives
at a relatively goos statistics estimation. This feature may gain high importance when
energy effects or fast systems (e.g. VENUS-F) are to be simulated.

Fig. 5.13 shows the correlated term of the ACF for all the 4 detectors assumed in the
model. One can clearly observe the higher α-mode at the short time lags. The separa-
tion of the correlated term helps the fitting of the fundamental mode since it does not



Section 5.5 Preliminary Monte Carlo simulations of the measurements 75

0.0·10
0

5.0·10
-11

1.0·10
-10

1.5·10
-10

2.0·10
-10

 0.5  1  1.5  2  2.5  3  3.5  4

au
to

co
rr

el
at

io
n
 f

u
n
ct

io
n
 (

A
C

F
)

time (τ) [ms]

analogous
non-analogous

Figure 5.11: Comparison of the autocorrelation function obtained from analogous and non-
analogous Monte Carlo simulations for the detector at the position HI67 (r = 36mm) at the
midplane of the core.
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disappear in the constant uncorrelated term at the longer time lags. Since the curves
clearly show the presence of the higher α-mode, a nonlinear fit of function (5.7) was
performed. Fig. 5.14 shows the fitted results compared with the ones from the mea-
surements (see Fig. 5.9 and Fig. 5.6). It can be observed that the fits for the simulation
results have much lower variance. The simulations provide somewhat higher values
both for the fundamental mode (Fig. 5.14a) and for the relative amplitude of the higher
mode (Fig. 5.14c), which suggests that the model has a slightly lower subcriticality
level than the real system, since the deeper the subcriticality, the higher the prompt de-
cay constant and the importance of the higher modes. Besides this general difference
the tendency of the simulation results agrees well with the measurement, but discrepan-
cies can be observed at some points in the α0 and especially in the α1 values. It is likely
that the α1 and partly also the α0 results are biased by the presence of a third mode. The
Monte Carlo simulation provides an opportunity for the further investigation of this ef-
fect, since the variance reduction can be optimized for short correlations and the ACF
can be calculated for arbitrary small time lags.

As a conclusion one can observe that it is feasible to perform non-analogous Monte
Carlo simulations for neutron noise measurements and it is a promising tool to help the
design and interpretation of such measurements.
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Figure 5.14: Comparison of fitted parameters for the measured and simulated auto-correlation
function for the detector at the position HI67 (r = 36mm) at the midplane of the core.

5.6 Numerical investigation of the fitting methods

The evaluation of the ACF and VTMR curves shows that the presence of higher α-
modes can result in a bias on the fitted parameters. In order to understand that how
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this bias influances the non-linear fitting process a numerical study was performed us-
ing MatLab (The MathWorks, Natick, Massachusetts). In these investigations artificial
VTMR and ACF data sets were generated with different parameters and both single and
dual α curves were fitted on them.

For the investigation of the Feynman-curve, sets of data points were generated by
the following analytic function with C values changing between 0.001 and 0.999:

Ya(∆T ) = 1+C
(

1− 1− e−α0∆T

α0∆T

)
+(1−C)

(
1− 1− e−α1∆T

α1∆T

)
(5.13)

and with fixed parameters α0 = 2000s−1 and α1 = 10000s−1 for a time range of
0.01ms ≤ ∆T ≤ 5ms. Non-linear least square fits have been applied to every set of
data points with functions (5.2) and (5.3). During the fittings parameter of α,c and
α0,α1,c0,c1 were considered as independent variables, respectively. The analysis has
been performed for both linear and the quasi logarithmic time scales as described in
Section 5.3.1.

Results are shown in Figure 5.15. and compared with the weighted average α̂:

α̂ =Cα0 +(1−C)α1 (5.14)

It has been found that the single α fits result in values close to this weighted average,
although always closer to the lower mode. Quasi logarithmic time scale produces more
bias toward the higher mode, which is due to the better sampling of the short time range,
where the higher mode is more important.

Analytic exponential function – used in ACF and CCF methods – were examined
in a similar manner than the VTMR function. Both linear and quasi logarithmic time
scales were investigated in this case, too, although the actual measurement data were
evaluated only on the linear time scale. The analytic function used for the generation of
the data sets for each 0.001≤C ≤ 0.999 was:

fa(∆T ) =Ce−α0∆T +(1−C)e−α1∆T +A (5.15)

with the same parameter settings as for (5.13) and A = 0.003 for a time range of
0.01ms ≤ ∆T ≤ 4ms. The non-linear least square fits have been applied to every set
of data points with functions (5.6) and (5.7).

The results of the analysis can be seen in Figure 5.16. One can observe that the
estimation of the parameter α1 is much better at small mode ratios than in the case of the
analytic VTMR curves. This agrees with the observation that the ACF measurements
provides α1 with smaller error margins as it can be seen in Fig. 5.6-5.8. It can also
be observed that in these cases the α values are further from the weighted average
(5.14) and remain closer to α0 even at higher mode ratios. This fact counterbalances
the higher amplitudes observed in Fig. 5.10 The difference between applying linear or
quasi-logarithmic time-step is similar to the cases of the analytic VTMR curves.



Section 5.6 Numerical investigation of the fitting methods 79

10
−2

10
0

10
2

0

2

4

6

8

10

12

(1−C)/C

fit
te

d 
α 

va
lu

es
 [1

/m
s]

 

 

α (lin. time scale)
α (qlog. time scale)
weighted average

Figure 5.15: Results of single and dual α VTMR fits for artificial data sets containing two
α-modes as a function of the amplitude ratio of the two modes. Fits were performed both on
linear and quasi logarithmic scale and are compared to the weighted average of the two α values.
Application of quasi logarithmic biases the results toward the higher mode.
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Figure 5.16: Results of single and dual α ACF fits for artificial data sets containing two α-
modes as a function of the amplitude ratio of the two modes. Fits were performed both on linear
and quasi logarithmic scale and are compared to the weighted average of the two α values. ACF
fits tends to preserve the lower α value.





Chapter 6

Energy correlations of spallation
neutrons

Among the challenges of the simulation of an ADS a special case is the modelling
of the neutron fluctuations in an ADS (e.g.: neutron noise measurements for reactivity
determination) as this requires also the description of the higher moments of the prob-
ability distributions. As it was shown in Section 3.3.2 the high-multiplicity spallation
source can have serious effect on the neutron noise measurements, therefore it is rea-
sonable to model it in detail. However, while one can easily find measured data about
spallation sources for the average values (the first moment) in the literature, the higher
moments are not available due to the smaller interest and the difficulties of such mea-
surements. This chapter presents an attempt to reproduce the higher moments and corre-
lations needed for the accurate simulation of the neutron fluctuations in an ADS with the
help of the physics models of the spallation process implemented in the MCNPX [78]
high energy Monte Carlo particle transport code. The investigation of this problem was
started in the framework of a student project by Gábor Radócz under the supervision of
the author. Results included in this chapter were published in conference paper [8] and
journal paper [9].

6.1 Calculational model and methods

The MCNPX code has been chosen for the calculation. Geometry and parameters
of a published measurement of spallation neutron yields have been used in the simu-
lation in order to validate the physics models whether they reproduce the distributions
accurately. In the experiments performed by Hilscher et al. [81] a lead target of vari-
able thickness was bombarded by 1.22 GeV protons. The target was surrounded by a
4π neutron detector, the so-called Berlin Neutron Ball (BNB) (see Fig. 6.1). This is a
spherical shell filled with liquid scintillator and 0.4 weight% of Gd in order to make
it sensitive to neutrons. 24 photomultiplier tubes are attached to the outer surface of
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the shell to detect the scintillation events. In the simulation only the target has been

Figure 6.1: The experimental set up of the neutron multiplicity measurements performed by
Hilscher et al. [81].

modeled as a natural lead (ρ = 11.34 g/cm3) cylinder with a diameter of 15 cm and a
height of 0.2 cm, 5 cm and 35 cm, respectively. The proton beam arrives axially at the
middle of the cover plane of the target.

The MCNPX code includes the Bertini [77], the Isabel [106], the INCL4 [107] and
the CEM03 [108] INC models and the ABLA and Dresner [109] deexcitation models.
CEM03 consists of an intranuclear cascade model, followed by a pre-equilibrium model
and an evaporation model. For the other INC models the Dresner evaporation model
with Rutherford Appleton Laboratory (RAL) fission model was used. The transport of
protons, neutrons and pions was followed in the simulations.

During the simulations, data were collected about neutrons leaving the target with
the help of the PTRAC event file of the MCNPX, in which (upon user request) data
are recorded about certain events. A program was developed to process this PTRAC
file, extract the energy of the neutrons escaping the target and reconstruct the requested
distributions. It has to be noted again that in this way fully analogous estimators were
used, which do not bias the higher moments of the distributions. The number of simu-
lated source events has been chosen large enough to arrive at acceptable statistics with
a few percent of relative error.
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6.2 Results

The first aim of the calculations was to confirm that the MCNPX physics models
indeed work analogously and reproduce the original distributions. Once this was con-
firmed, the goal was to calculate the one and two-particle distributions as defined in
Section 3.3.2 and check whether the usual assumption about the independence of the
energy distribution holds or not for the spallation neutrons.

6.2.1 Validation to the measured number distributions

In order to validate the applied models, first the p(q) number distributions have been
calculated. For this purpose the number of source events producing q neutrons leaving
the target (Nq) has been determined from the PTRAC event file and divided by the total
number of source events (N):

p(q) =
Nq

N
(6.1)

In [81] fitted functions are given for an unusual quantity: the differential cross-section
of the source protons for the neutron multiplicity dσ

dn , where multiple reactions initiated
by the same source proton are counted as one. This quantity needs to be converted to
probability distribution per incident particle in order to be comparable with the simu-
lated results:

p(q) =
Preac

σtot

dσ

dn

∣∣∣∣
n=q

, (6.2)

where Preac is the probability that a source proton enters a nuclear interaction in the
target, while σtot is the microscopic total cross-section of the source protons for entering
a nuclear interaction in the lead target. p(0) needs to be increased by the survival
probability of source protons 1−Preac. All parameters have been taken from [81]. The
fitted function is the sum of an exponential and a Gaussian distribution:

p(q) =
SG

s
√

2π
e−

(q−Mmax
n )2

2s2 +
SE

Tn
e−

q
Tn , (6.3)

where the parameters are the ratio of the exponential and the Gaussian part (SE and SG,
respectively), the mean value of the exponential and the Gaussian distribution (Tn and
Mmax

n , respectively) and the spread s of the Gaussian term.

Comparison of the measured and simulated data using four different physics mod-
els can be seen in Figs. 6.2-6.4. for the target thickness of 0.2 cm, 5 cm and 35 cm,
respectively. The main conclusion of the comparison is that the simulated results give
good approximation of the measured ones and follow the same behavior: the thicker
the target, the lower the exponential part, the wider the Gaussian distribution and the
more neutrons are produced. This effect is due to the increasing number of secondary
reactions.
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One can also observe that there is a systematic overestimation of the number of
neutrons produced compared to the measured values. This is most probably due to the
fact that during the evaluation of the measurements an average efficiency of 85% was
used for the neutron detection efficiency, which had been measured by a 252Cf source,
although the spallation source also emits much higher energy neutrons for which the
efficiency is lower [81]. Concerning the different models one can observe that the very
similar Bertini and Isabel provide approximately the same results. CEM03 also provides
a similar distribution but with higher probabilities in the Gaussian part. The distribution
obtained from INCL4 is shifted toward smaller multiplicities. The results prove that
the physics models are suited to reproduce the distributions in all details and therefore
they preserve not only the mean values but also the higher moments. The MCNPX
default option Bertini model has been chosen for the detailed investigation of the energy
correlations.
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Figure 6.2: Comparison of measured and simulated distribution of the number of neutrons
produced by a source proton for the 0.2 cm thick target.

6.2.2 Calculation of the one-particle energy distribution and spec-
trum

For the calculation of the one-particle energy distributions an energy group structure
(Ei) was set up and the number of neutrons from source events producing q neutrons
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Figure 6.3: Comparison of measured and simulated distribution of the number of neutrons
produced by a source proton for the 5 cm thick target.
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Figure 6.4: Comparison of measured and simulated distribution of the number of neutrons
produced by a source proton for the 35 cm thick target.
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was determined in each energy bin (Mi
q). The one-particle energy distribution fq(E)

can be estimated as:

fq(Ei) =
Mi

q

Mq(Ei−Ei−1)
, (6.4)

where Mq = Nqq is the sum of the neutrons from source events producing q neutrons.
The average one-particle neutron spectrum χ(E) has also been determined :

χ(Ei) =
∑q Mi

q

M(Ei−Ei−1)
, (6.5)

where M = ∑q Mq is the total number of neutrons produced. One can see in Figs. 6.5-
6.7. the results of the simulations for the 0.2 cm, the 5 cm and the 35 cm thick targets,
respectively. It is obvious from the figures that the condition (3.41) does not hold for a
spallation source and the energy distribution of the neutrons is clearly dependent from
the number of neutrons produced. The explanation of this effect is related to the energy
conservation: the fewer the number of neutrons produced, the higher the average exci-
tation energy per one neutron. This is the reason why at low neutron numbers (q < 10)
the probability of a high energy neutron is much higher than at higher neutron numbers.

The comparison of the results obtained with different target thicknesses shows that
in case of the thicker targets the difference between the one-particle energy distributions
for low q and for high q decreases. In the case of the 35 cm thick target (see Fig. 6.7) for
neutron numbers higher than 25 there is no difference between the distributions, which
are very close to the average spectrum χ(E). This can also be seen in Fig. 6.8 where
the portion of the low energy (< 100 MeV) neutrons can be seen compared to the high
energy (> 100 MeV) neutrons for the different targets. Up to about 25 neutrons/proton
this ratio goes together in the three cases and the spectrum becomes softer as the number
of neutrons increases. But above this value it steeply increases for the thin (d = 0.2 cm)
target while saturates for the thick ones. This is due to the fact that in the thin target
all the neutrons come from one single nuclear interaction while in the thick targets
the higher multiplicity is the result of secondary reactions and an average spectrum
is produced. This averaging effect of the secondary reactions reduces the differences
between the energy distributions for high neutron numbers in thick targets.

6.2.3 Calculation of the Two-particle Energy Distribution and
Spectrum

It has been shown above that the condition formulated in (3.41) does not stand for a
spallation source and therefore the factorization of the two-particle spectrum χ(E1,E2)
is not possible. Now it is also important to investigate whether the energies of the neu-
trons from a source event are independent from each other and approximations (3.37)
and (3.38) can be used. For this purpose all the q(q− 1)/2 possible pairs have been
created from the q neutrons escaping the target after a single source event and collected
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Figure 6.5: One-particle energy distributions fq(E) for different number of produced neutrons
q and average spectrum χ(E) calculated for the 0.2 cm thick target.
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Figure 6.6: One-particle energy distributions fq(E) for different number of produced neutrons
q and average spectrum χ(E) calculated for the 5 cm thick target.
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Figure 6.7: One-particle energy distributions fq(E) for different number of produced neutrons
q and average spectrum χ(E) calculated for the 35 cm thick target.
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into energy bins according to the two energies Ei and E j to determine the number of
neutrons in each bin (Mi, j

q ). In this way the two-particle energy distribution for q out-
coming neutrons can be obtained as:

fq(Ei,E j) =
2Mi, j

q

q(q−1)Mq(Ei−Ei−1)(E j−E j−1)
, (6.6)

while the two-particle spectrum is given as:

χ(Ei,E j) =
2∑q Mi, j

q

q(q−1)M(Ei−Ei−1)(E j−E j−1)
. (6.7)

In order to express the deviation of the above functions from the case when conditions
(3.37), (3.38) and (3.41) are valid, the following covariance functions have also been
calculated:

C fq(E1,E2) = fq(E1,E2)− fq(E1) fq(E2). (6.8)

Cχ(E1,E2) = χ(E1,E2)−χ(E1)χ(E2). (6.9)

In Fig. 6.9 one can see the two-energy distributions fq(Ei,E j) for different neutron
numbers q and the corresponding covariance functions C fq(E1,E2) for the thin target.
It can be observed that for low neutron numbers the (3.38) condition is not valid as the
distributions are clearly antisymmetric for the E1 = E2 axis. This represents an ”anti-
correlation” of the neutron pairs: if a neutron is emitted with higher energy, then the
other one tends to have lower energy. This effect diminishes at higher neutron numbers:
due to the much higher degree of freedom the neutron energies become independent
from each other. The same effect can be observed for the thick targets, but due to the
averaging effect of the secondary particles the ”anti-correlation” diminishes even faster.

Concerning the two-particle spectra in Fig. 6.10 one can see that the correlation
observed in Fig. 6.9 influences also the spectrum. In the case of the thin target the two-
particle spectrum χ(E1,E2) is also asymmetric. This is demonstrated by the spectral
covariance function Cχ(E1,E2), as well. For the thick targets this asymmetry is not
obvious, but the covariance functions show that the effect exists, although in a much
smaller extent than for the thin target. This is again due to the many more secondary
particles produced in thicker targets.

6.3 Method to investigate the effect on noise measure-
ments

As it was shown above, energy correlations between spallation neutrons exist, al-
though the effect is very small and seems diminishing as the target thickness increases.
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Therefore, it is important to quantify the effect of these energy correlations on actual
noise measurements in order to decide whether this effect needs to be considered or
can be neglected by the assumption in (3.41). In the following, a simulation method is
proposed for this investigation.

Noise measurements can be simulated by Monte Carlo calculations as described
in Chapter 4. In such calculations the data of the produced neutrons recorded during
the simulations described in this chapter can be used as the neutron source. In order
to distinguish the effect of the different approximations, the calculations need to be
performed by modified source data also, where the neutrons are redistributed between
the source events:

• by preserving the number distribution p(q) but sampling the neutron energies
from the one-energy distributions fq(E) to investigate the effect of the assumption
in (3.37) i.e. the independence of the energy distribution of the neutrons from the
same source event;

• by preserving the number distribution p(q) but sampling the neutron energies
from the one-energy spectrum χ(E) to investigate the effect of the assumption
in (3.41) i.e. the independence of the energy spectrum of the produced neutrons
from the number of neutrons produced in a source event;

• by preserving the number distribution p(q) but sampling the neutron energies
from the two-energy spectrum χ(E1,E2) to investigate whether the second mo-
ments are fully preserved in this way.



Section 6.3 Method to investigate the effect on noise measurements 91

q
=

5

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3
E2 [MeV]

q
=

1
5

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

q
=

3
5

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

0
•1

0
0

1
•1

0
−

1
5

2
•1

0
−

1
5

3
•1

0
−

1
5

4
•1

0
−

1
5

5
•1

0
−

1
5

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3
E2 [MeV]

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1
 [
M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

−
1
•1

0
−

1
5

−
5
•1

0
−

1
6

0
•1

0
0

5
•1

0
−

1
6

1
•1

0
−

1
5

Fi
gu

re
6.

9:
Tw

o-
en

er
gy

di
st

ri
bu

tio
ns

f q
(E

i,
E

j)
(t

op
pl

ot
s)

fo
r

di
ff

er
en

t
ne

ut
ro

n
nu

m
be

rs
(q

)
an

d
th

e
co

rr
es

po
nd

in
g

co
va

ri
an

ce
fu

nc
tio

ns
C

f q
(E

1,
E

2)
(b

ot
to

m
pl

ot
s)

fo
rt

he
th

in
ta

rg
et

(d
=

0.
2

cm
).



92 Chapter 6 Energy correlations of spallation neutrons

d
 =

 0
.2

 c
m

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

d
 =

 5
 c

m

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

d
 =

 3
5
 c

m

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

0
•1

0
0

1
•1

0
−

1
5

2
•1

0
−

1
5

3
•1

0
−

1
5

4
•1

0
−

1
5

5
•1

0
−

1
5

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

−
4
•1

0
−

1
6

−
3
•1

0
−

1
6

−
2
•1

0
−

1
6

−
1
•1

0
−

1
6

0
•1

0
0

1
•1

0
−

1
6

2
•1

0
−

1
6

3
•1

0
−

1
6

4
•1

0
−

1
6

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

−
1
•1

0
−

1
6

−
5
•1

0
−

1
7

0
•1

0
0

5
•1

0
−

1
7

1
•1

0
−

1
6

1
0

−
1

1
0

0
1
0

1
1
0

2
1
0

3

E
1  [M

e
V

]

1
0

−
1

1
0

0

1
0

1

1
0

2

1
0

3

E2 [MeV]

−
1
•1

0
−

1
6

−
5
•1

0
−

1
7

0
•1

0
0

5
•1

0
−

1
7

1
•1

0
−

1
6

Figure
6.10:

Tw
o-particle

neutron
spectra

χ
(E

1 ,E
2 )

(top
plots)

and
neutron

spectrum
covariance

functions
C

χ
(E

1 ,E
2 )

(bottom
plots)

for
differenttargetthicknesses

d.



Chapter 7

Methods to improve the efficiency of
ADS simulations

Chapter 2 discussed the advantages and disadvantages of the ADS and concluded
that the major incentive behind the ADS development is its potential role in the trans-
mutation of nuclear waste. The design of a future ADS transmuter requires fast and
flexible transport calculation methods which are feasible for full-core calculations and
are easy to integrate into burnup calculation schemes. This chapter presents two meth-
ods to improve the efficiency of such ADS calculations. First, a method is presented
to couple Monte Carlo and deterministic transport, followed by a variance reduction
scheme developed for the efficient estimation of the high energy reaction rates. The
work included in this chapter was published in journal paper [10] and conference paper
[1].

7.1 Coupling of Monte Carlo and discrete ordinates
transport for ADS calculation

Neutron transport calculation of an ADS represents new challenges compared to
conventional critical reactors. As described in Section 3.3 the simulation of the high-
energy processes (usually above 20 MeV although for some materials libraries extended
till 150 MeV exist) is based on physics models instead of tabulated reaction cross-
section data. Therefore, in this range, due to the lack of tabulated data and the collision-
by-collision nature of the simulation, only Monte Carlo transport calculation is feasible.

In the range of tabulated data, usually below 20 MeV, one has the wide variety
of choices of different Monte Carlo and deterministic codes and methods. The most
comfortable way is to use Monte Carlo codes like MCNPX [78] which include the
high-energy physics models, as well. In this way, there is no need for coupling be-
tween different codes. However, this method results in huge computation time spent
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for the low-energy part, since a high-energy spallation neutron suffers approximately
four times more collisions below 20 MeV then above while it reaches the thermal ener-
gies. Although a burnup calculation requires frequent recalculation of a detailed neutron
spectrum, efforts have been made in this direction as the method can arrive at precise
results after a long calculation time (eg. [110]). However, it cannot be considered as a
fast and flexible tool for design calculations.

Besides burnup calculations, dynamics calculations provide space for coupled codes,
as well, since Monte Carlo codes are not suitable for this purpose. It is sufficient to
determine the spallation source once, which can be used as a source term in the deter-
ministic code, as dynamic responses and feedbacks usually do not influence it. That
is why the development of coupled Monte Carlo and deterministic calculation methods
has outstanding importance in the research of ADSs.

The coupling between the stochastic and deterministic simulation can be done in
different ways. One can calculate the target separately and set the flux on the bound-
aries of the target as source in the deterministic code. This is a good assumption if the
neutrons escaping from the target are in the tabulated energy range, which is the case
in an electron-neutron converter [111]. In certain cases, if the source has a compara-
tively small volume, one can assume it as isotropic or even as a point source. Another
possible approach is to collect the position, energy and direction of every neutron pass-
ing through a certain surface and produce a boundary source from these data for the
discrete-ordinates code [112]. However, in the case of high-energy (1 GeV) protons,
the neutrons leaving the target are well above 20 MeV and one has to track them with
Monte Carlo while they scatter below this limit. This means that the source passed to
the deterministic code extends to the whole core, and cannot be defined as a source on a
boundary. Instead, the coupling has to be made at an energy limit in the entire volume.
The methodology of such energy based volumetric and angular coupling is described in
the following.

7.1.1 Energy based volumetric and angular coupling

The energy limit for coupling is determined by the lowest upper energy limit among
the nuclear data libraries for the materials in the given geometry. Neutrons originating
from spallation reactions need to be tracked until they scatter below this limit, then the
contribution to the source has to be registered and further tracking of the particle can
be stopped (the particle is “killed”) to save computation time. As the Monte Carlo code
handles space and direction continuously, these contributions should be registered in
volumetric and angular “bins” representing the discretization of the deterministic code.
First, a proper estimator has to be found for the determination of the contributions. As
mentioned in Section 3.1.3 Monte Carlo codes use the so called track length estimator
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for the flux integrated over a volume of the phase-space [100]:
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This means that the product of the weight (w) and the track length (s) of every particle
in a given volume (V ), energy (E) and direction (Ω) range, for a time (t) interval has
to be summed up to obtain an unbiased estimator of the flux (Φ), which is related to
the neutron density (N) through the velocity (v). However, one has to keep in mind that
this only holds if the volume is sufficiently large compared to the mean free path, and
most tracks end up in collisions rather than at surfaces. In the latter case, the shape of
the volume can dramatically bias the angular distribution. Considering the fine meshes
of the Sn codes and the long mean free path of the high-energy spallation neutrons,
one can conclude that this bias has an important role in the present problem. In order to
circumvent this problem, a new kind of estimator should be introduced, which estimates
directly the neutron density:
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As the source is usually calculated in fine groups, the neutron density can be easily
converted into flux using the group average velocities. In Fig. 7.1 one can see the
angular distribution calculated with a homogeneous isotropic source in an empty cylin-
drical volume elongated along the z axis (H/R = 10). The result provided by the track
length estimator (7.1) shows a huge bias in correlation with the much longer average
cord length along the axis than in the perpendicular directions. The neutron density
estimator (7.2) eliminates this bias and the expected isotropic distribution is obtained.

The volumetric meshes used by discrete ordinate (Sn) codes contain spatial inter-
val boundaries (ri) and centers of spatial intervals (ri+1/2

). When creating the spa-
tial meshes in the Monte Carlo code one should consider whether the angle dependent
source is defined on the boundaries or at the interval midpoints. Since the source can be
defined at these discrete meshes only, the source points (the collision where the neutron
is scattered below the energy limit) need to be shifted backward along the track to the
closest mesh (see Fig. 7.2). This implies the so-called angular redistribution in curvilin-
ear geometries. As the directions are taken with reference to the positive surface normal,
they change due to the shift, which basically effects the angular distribution. In Fig. 7.3,
one can see the angular distribution calculated in an empty annular volume with a ho-
mogeneous isotropic source. Without angular redistribution (backward tracking) one
obtains an isotropic distribution, which is not the physical reality on the surface. Ap-
plying the backward tracking, the expected cosine distribution can be observed for the
outward direction (inner surface) and a biased cosine distribution strongly influenced
by the shape of the volume for the inward directions (outer surface) is obtained.
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Figure 7.1: Angular distribution calculated by different estimators assuming a homogenous
isotropic source in an empty cylindrical volume elongated along the z axis (H/R=10)

Figure 7.2: Angular redistribution in cylindrical geometry
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Figure 7.3: Angular distribution calculated in an empty annular volume with a homogenous
isotropic source with (solid line) and without (dashed line) angular redistribution

The angular quadratures are defined based on the following rules [113]:∫
4π

Φ(E,~r,~Ω, t)d~Ω = ∑
k

wkΦk(E,~r, t) ∑
k

wk = 1 ∑
k

µkwk = 0 (7.3)

where wk are weights and µk are direction cosines. Note that in referring to the quadra-
tures for any of the geometries, we do not attempt to define an explicit area on a unit
sphere, but rather speak of characteristic directions with associated weights. However,
when representing the quadrature in angle bins for a Monte Carlo code, the best solution
is to divide the whole solid angle into regions around the characteristic directions, with
a solid angle covered proportional to the weight of the specific directions. A typical
quadrature for 1-D cylindrical geometry can be seen in Fig. 7.4 [113].

7.1.2 Test calculations

The above outlined coupling method has been implemented with the MCNPX high-
energy Monte Carlo transport code and the XSDRNPM [113] discrete-ordinates code.
MCNPX contains the physics models required for high-energy transport and is able to
perform conventional continuous energy neutron transport calculation with tabulated
cross-section data, as well. It is a highly flexible code and allows the user to modify the
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Figure 7.4: Demonstration of a fully symmetric S6 angular quadrature for 1-D cylindrical ge-
ometry (drawing by Ákos Kovácsik)

estimators (tallies) via a user subroutine. The XSDRNPM 1-D discrete ordinates code
is a part of the SCALE[114] system. Its main advantages are its simplicity and the fact
that in the framework of the SCALE system it is easy to couple it with depletion and
other codes. This can help the application of the method in burnup calculations.

Since the purpose of the test calculation was to prove that the coupled method gives
unbiased results, a very simple test case was selected which can be solved both with
fully Monte Carlo and with fully deterministic calculation. For this purpose no spalla-
tion source and high-energy transport were included. An infinite graphite cylinder with
a radius of 100 cm was assumed with isotropic source in the inner 10 cm cylindrical
region. The source energy is equally distributed from 8.1873 MeV to 20 MeV which
is the highest energy group of the XSDRNPM 44-group data set. Input description has
been prepared for both codes with the same geometry meshes, and same materials. In
MCNPX, volumetric flux tallies were defined for all the intervals used in XSDRNPM
covering the whole problem volume. These tallies were modified by the TALLYX user
subroutine in order to stop the program from tracking a neutron below the coupling
energy, define the bins of the angular quadrature, and implement the neutron density es-
timator and the backward tracking for the angular redistribution. The MCNPX results
are processed and filled into the XSDRNPM input in a way to define an angle (fully
symmetric S8 quadrature) and energy (44 groups) dependent interval boundary source.
The characteristic angles representing outward directions and inbound directions were
set on the inner and outer interval boundaries, respectively. In this way the source in
an interval is defined on its boundaries. Angular source values from the MCNPX have
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to be normalized with the solid angle and the surface of the boundary. Flux output is
collapsed into 8 broad groups for easier data analysis.

7.1.3 Results

First, a comparison was made between the results obtained in single MCNPX and
XSDRNPM calculations (without coupling). Good agreement, which is a basic condi-
tion for the coupled calculations, has been found (see Fig. 7.5). The CPU time needed
by the MCNPX to arrive at good statistics (standard deviation below 1 % for every
bin with significant contribution) in every space, energy and direction bin was 6 hours.
The CPU time requirement of the deterministic calculation was negligible (few min-
utes) compared to the Monte Carlo method. In the next step, the coupling energy in the
MCNPX was set to 20 MeV, which means that every MCNPX source neutron is killed
immediately, but gives a contribution to the XSDRNPM source. In this way, only the
source is calculated in the MCNPX and the full transport is done by the XSDRNPM.
The good agreement in the results shows that the method of the XSDRNPM source
generation works properly. Minor discrepancies can be observed in the middle of the
simulated graphite cylinder due to the fact that the source is given only on the interval
boundaries, which are farther from the axis. This effect can be observed only in the
energy group in which the source neutrons are present (see Fig. 7.6). In the next step,
the coupling energy was set to 2.479 MeV (top of the second broad group). In this case,
a significant part of the transport is done by the MCNPX and the total flux results can be
obtained as a sum of one broad group flux from MCNPX and 7 broad group flux values
from XSDRNPM. Again, the total flux is in good agreement with that obtained in the
reference calculation. In the group of the XSDRNPM source a breakdown around the
axis is present, but does not influence the result significantly (see Fig. 7.7). The CPU
time used for the generation of the XSDRNPM source term by MCNPX was 1 hour
which is significantly less than the 6 hours required for the reference single MCNPX
case at the same level of accuracy (see above), while the time consumed by the deter-
ministic calculation based on the generated source term was again negligible.
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Figure 7.5: Comparison of stand alone calculations

Figure 7.6: Radial flux distribution in the test case. Coupling energy: 20 MeV
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Figure 7.7: Radial flux distribution in the test case. Coupling energy: 2.479 MeV

7.2 Estimation of high energy neutron induced reaction
rates

Since most ADSs are developed for transmutation purposes, detailed burnup calcu-
lations are especially important to optimize the design for MA burning. Burnup cal-
culation needs the regular recalculation of reaction rates to refresh the single-group
collapsed cross-sections used in the Bateman equations describing the time evolution
of the isotopic composition. As mentioned in Section 3.3 the high energy part of the
neutron transport above the tabulated reaction cross-section is feasible only by Monte
Carlo simulation. In the tabulated energy range it is straight-forward to calculate reac-
tion rates R with the help of the track length estimator as described in Section 3.1.3 by
calculating the following integral for each relevant cross-sections σ :

R =
∫

V

∫ Emax

0
σ(~r,E)Φ(~r,E)d~rdE (7.4)

However, above the tabulated range the outcome of the reaction is calculated by physics
models as described in Section 3.3 and the cross-sections σ are not available for the
calculation of (7.4). In order to circumvent this problem a calculation scheme was
developed and implemented in MCNPX with some modifications to the code.

MCNPX provides information about the residual nuclides of an interaction only
through a special residual tally. This is rather suited for the simulation of thin target
experiments, where the target nuclide is known and the change in the isotopic compo-
sition is negligible during the irradiation. In order to make it applicable for reaction
rate calculation in the residual tally a negative contribution is recorded according to
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the weight of the incoming particle to the amount of the isotope which suffers an in-
teraction, while the recording of the produced isotopes remains unchanged. With this
method the net change in the amount of the given isotopes can be estimated, but not
the actual reaction rates leading from a certain isotope to another. This problem causes
some complication and needs approximations in the equation describing the burn-up,
which is described below. A possible further development of the method would include
the separation of residual tallies by target nuclide which would results in the separate
estimation of each reaction channel.

A further problem with this kind of estimator of the isotopic transformations is that
this is a fully analogue, collision based Monte Carlo estimator, which is much less
efficient than the track length based estimator used in (7.4). Hence it provides results
with huge relative errors especially for isotopes with low number densities since the
collisions resulting in contributions to the estimation are very rare. In order to cope
with this problem a special variance reduction technique, the application of so-called
virtual cross sections has been introduced by the modification of MCNPX. This method
is similar to the cross-section biasing decribed in Section 3.1.3 but instead of biasing a
certain type of reaction, the reaction cross section of a certain nuclide is biased. This
means that coefficients ci were defined and the total macroscopic cross section used for
the physics models (σ t

i ) of the ith isotope was multiplied by them: σ t∗
i = ciσ

t
i . This

correction shortens the mean free path of the particles so there will be more collisions
with the ith isotope, which, of course, increases computing time. In order to preserve
the reaction rates during the collision with the ith isotope the particle with weight w is
cut into two pieces. It takes part in the reaction and gives contribution to the residual
tally with weight w1 =

w
ci

while the other part proceeds with weight w2 =
ci−1

ci
w without

changing its direction or its velocity. These parameters can be specified through the
IDUM and RDUM cards reserved for special user options. With this method the relative
errors can be reduced with several orders of magnitude for the isotopes with low number
density. One has to take into account that the increase of the macroscopic cross section
has the same effect as if the microscopic cross section is kept unchanged and the number
density is increased (virtual number density). As the calculational time of the MCNPX
is related to the number of nuclear interactions, one has to limit the virtual cross sections
in order to avoid a total virtual number density orders of magnitude higher then the total
number density of the material composition.

7.2.1 Application of the method for the investigation of transmuta-
tion with spallation source

The above described method implemented in MCNPX by the author was used by
István Rovni under the supervision of Dr. Sándor Fehér and the author to investigate
the transmutation of minor actinides around an ESS-like spallation source [14]. The in-
centive of the study was to investigate with contemporary calculation tools in a realistic
geometry the feasibility of the direct use of spallation neutrons for transmutation since



Section 7.2 Estimation of high energy neutron induced reaction rates 103

this opportunity appeared again during the design phase of the ESS. All details of the
study can be found in the conference paper [1] and [115].

As the goal was a realistic geometry, MA was considered to be placed around the
ESS-like spallation source in a 30 cm thick and 60 cm high cylindrical transmutation
blanket composed of fuel elements designed for 600 MWth gas cooled fast reactor
(GFR)[116, 24]. This reactor type is also intended to be used for MA burning and
the carbide fuel contains SiC inert matrix. The investigated MA content varied between
10%-90% while the rest of the fuel was SiC. This resulted in a keff for the transmutation
blanket of 0.17-0.96, respectively.

The reaction rates at the burnup steps was calculated by the modified MCNPX ver-
sion while the evolution of the isotopopic concentration between the burnup steps was
calculated by a special code developed by István Rovni. As it was mentioned above for
the high energy reactions (above 20 MeV) the modified MCNPX version provided only
the net production of each isotope but not the separate reaction rates. This needed the
modification of the usual Bateman equation describing the change of isotopic concen-
tration in the following way:

Ṅi(t) =
m

∑
j=1

ai jN j(t)+Fi (7.5)

or in vectorial form
˙̄N(t) = AN̄ + F̄ (7.6)

where Ni is the number density of isotope i, m is the number of isotopes, ai j is the
intensity (either decay or reaction rate) of the transformation of isotope j to isotope
i and Fi is the net change (either negative or positive) per unit time of the amount of
isotope i due to high energy reactions. The general solution of (7.6) can be written in
vectorial form as:

N̄(t) = eAtN̄0 +
(

eAt− I
)

A−1F̄ (7.7)

This solution can be calculated by the so-called matrix-exponential method based on
Taylor-series expansion used by several depletion codes.

The application of the vector F̄ introduces an approximation since it assumes a con-
stant production or consumption rate and cannot account for the change of the reaction
rate during the burnup step due to the change in the quantity of the target nuclei. How-
ever, the error from this approximation can be minimized by the short burnup steps. In
this case the burnup step was chosen to be 0.1 year. The calculations were performed
for one year of irradiation.

The calculation was performed both with the consideration of vector F and without
it in order to quantify the effect of the high energy reactions. The contribution of F̄
to the total decrease of the amount of the isotopes is relevant despite the fact that only
4.74 % of the neutrons leaving the target have larger energy than 20 MeV (high energy
neutrons). Comparing the change in the amount of 238Pu and 237Np in Fig. 7.8 for the
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10 % MA case, one can observe that high energy neutrons increase the consumption of
237Np but do not change the transformation rate of the 238Pu. Considering the fact that
the 237Np is not fissionable in the spectrum of a GFR but mainly 238Pu is produced from
it [24], one can conclude that the advantage of the application of a spallation source is
that in this neutron spectrum even the 237Np is fissionable. The same is valid for 241Am
and 243Am, as they are also consumed in the spectrum of the spallation neutrons without
the accumulation of other actinide isotopes.

Figure 7.8: Net change of the amount of the isotopes in the blanket after one year burn-up in
case of 10% MA contents

However, from Fig. 7.9 one can see that the role of the high energy reaction dra-
matically decreases as the MA content of the blanket and so its neutron multiplicity in-
creases. These results clearly show that the direct transmutation by spallation neutrons
is not economical even though the transformation of the MA isotopes is more efficient.
Although the spectrum of the fission neutrons is softer, their flux can be higher to such
an extent that the overall result is higher MA consumption. However, in low multiplic-
ity application the role of the high energy neutrons can be important and therefore the
calculations scheme and the variance reduction method described above should be used.
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Figure 7.9: Total MA consumption and the role of F vector at different MA content





Chapter 8

Summary

This thesis presents research results concerning the investigation of subcritical sys-
tems by Monte Carlo methods. In the last decades a renewed interest toward the re-
search on the neutronics of subcritical systems is experienced worldwide mainly due
to the concept of the so-called Accelerator Driven Subcritical System (ADS). Another
interest toward the physics of subcritical systems rises from the increased concern about
nuclear proliferation since methods applicable for the determination of the multiplicity
of subcritical systems can also be applied to determine the quantity and quality of fissile
material for nuclear safeguards purposes.

The work included in the thesis covers two main field: the investigation of the neu-
tron fluctuations in subcritical systems and the development of methods for the efficient
simulation of an ADS. The stochastic fluctuation of the number of neutrons in the nu-
clear chain reaction is the basis of the so-called neutron noise methods, which can be
applied for the determination of the multiplication, the subcriticality level and other
important parameters of a system.

In Chapter 4 a general algorithm is presented to provide variance reduction methods
to the estimation of non-Boltzmann quantities, such as the ones describing the neutron
fluctuations. The history splitting algorithm generates analogous subhistories from a
non-analogous history. While the other existing methods for non-Boltzmann estima-
tors are all optimized for γ-photon pulse height estimators, the main advantage of the
method presented here is the applicability for higher multiplicity neutron problems and
for the estimation of correlations between events.

Calculations were performed to prove the feasibility and applicability of the meth-
ods. First a pulse-height-type estimator, namely a number-of-detections estimator was
investigated, which is analogous to the problem of neutron multiplicity counting. It
was shown that due to the calculational effort needed for the history splitting, careful
optimization is needed for the efficient application of the variance reduction methods.
It was shown that the Russian roulette is inefficient in high multiplicity problems be-
cause it produces large contributions at low probability. The problem can be overcome
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by using an alternative history control method, which is the limitation of the number
of variance reduction events in a history. Simulation of neutron noise measurements
was also performed, for which a new methodology is suggested involving the convo-
lution with the source distribution. The history splitting method makes it possible to
reconstruct the higher moments of the distribution, which has been demonstrated by the
simulation of a Rossi-α measurement. Again, the application of the variance reduction
method needs careful optimization. Surprisingly, the increased sampling of detection
(detection biasing) is not efficient. Instead, the biasing of fission, which results in better
sampling of the correlated particles, produces true variance reduction.

The history splitting method, which can be integrated into the general Monte Carlo
program flow, has already been implemented in MCNP4C3. The application of vari-
ance reduction makes it possible to calculate transport problems involving coincidence
and correlation in real systems. Such calculations can be useful for the simulation of
neutron noise measurement on different source driven subcritical systems. The precise
simulation of such measurements can help the development of methods for the mon-
itoring of the subcriticality in a future ADS. An other potential field of application is
the simulation of neutron multiplicity counting systems, which are important measur-
ing equipment in nuclear safeguards. Efficient calculation of full scale problems can
help improve the accuracy of these systems and their capability to reconstruct the fissile
material distribution in a sample.

Chapter 5 presents the results of a comprehensive set of neutron noise measurements
performed at the Delphi subcritical assembly, which can serve as a validation case and
a field of application for the above described methods. The measurements investigated
the effect of the different source distributions (inherent spontaneous fissions and 252Cf)
and the radial and vertical position of the detectors. The evaluation of the measured
data has been performed by the variance-to-mean ratio (VTMR, Feynman-α), the au-
tocorrelation (ACF, Rossi-α) and the cross-correlation (CCF) method. Non-linear least
squares fits have been applied in order to obtain the prompt decay constant (α) from the
evaluated data. The α values obtained from a single α-fit show strong bias depending
both on the detector position and on the source distribution. This is due to the pres-
ence of higher modes in the system. It has been observed that the fitted α is higher
when the detector is close to the boundary of the core or to the 252Cf point-source. The
higher α-modes have been observed also by fitting functions describing dual α-modes
(α0 and α1). The fundamental mode (α0) showed much less variance in this case, but
due to the insufficient time resolution the higher mode could not be determined at suf-
ficient accuracy. Based on the set of measurements the α0 in Delphi can be estimated
as 1704 ± 53 s−1, while α1 appears to be in the range of 8-9000 s−1. A successful set
of measurements also gives a good basis for further theoretical investigations, including
Monte Carlo simulations of the noise measurements and the calculation of the α-modes
in the Delphi subcritical assembly. Preliminary results of Monte Carlo simulations per-
formed by the non-analogous methodology presented in Chapter 4 are also presented.
The results prove the efficiency gain provided by the non-analogous techniques and the
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applicability of the history splitting method for real systems.

Among the challenges of the simulation of an ADS a special case is the modelling
of the neutron fluctuations in an ADS (e.g.: neutron noise measurements for reactiv-
ity determination) as this requires also the description of the higher moments of the
probability distributions. The high-multiplicity spallation source can have serious ef-
fect on the neutron noise measurements, therefore, in Chapter 6 the physics models
implemented in the MCNPX code have been used for the investigation of the energy
correlation in a spallation neutron source. After a successful validation of the model
with a neutron multiplicity measurement, the one- and two-particle energy distributions
and spectra of the spallation neutrons have been determined. It has been shown that the
one-particle energy distributions highly depend on the number of neutrons produced in
a source event. Fewer neutrons result in a higher probability of high energy neutrons as
the excitation energy per neutron is higher. It has also been observed that the averag-
ing effect of the large number of secondary reactions in thick targets reduces this effect.
The energy correlation between the neutrons from low multiplicity spallation events has
been demonstrated also by the two-energy distributions. Finally, one can conclude that
the energy correlation is an important effect in a thin spallation target and for the com-
plete description of the neutron fluctuations, the two-energy spectrum χ(E1,E2) has to
be used. On the other hand, this effect reduces in thick targets and the factorization of
the two-energy spectrum χ(E1,E2) = χ(E1)χ(E2) appears an acceptable approxima-
tion. A methodology is presented to quantify the actual effect of the observed energy
correlations on the higher moments of the neutron fluctuations in a subcritical system.

The development of coupled Monte Carlo and deterministic calculation methods has
outstanding importance in the research of the ADSs, because fast and flexible tools
are needed for design calculations. In Chapter 7, the methodology of an energy based
volumetric and angular coupling is described and its feasibility is shown with test cal-
culations. Due to the much faster deterministic calculation in the low-energy region,
huge computer time can be saved. The presented calculational method can be easily in-
tegrated into a burnup calculation scheme. With the proper choice of the deterministic
code, dynamics calculations are feasible, as well. An other possible field of applica-
tion could be the shielding calculations for high-energy facilities (accelerator, spallation
source) because the deterministic codes are more efficient in deep penetration problems.
Furthermore, a variance reduction method based on virtual cross-sections has also been
presented to improve the efficiency of the estimation of the high energy neutron induced
reaction rate. It was shown that the application of such methodology is unavoidable in
cases when the high energy spallation neutron has a significant contribution to the reac-
tion rates.

The new research results of the author presented in this thesis can be summarized in
the following propositions:

1. I was the first to develop a method which makes it possible to use non-analogous
techniques in the Monte Carlo estimation of correlations between detection events
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and therefore in the simulation of neutron noise measurements. The so-called
history splitting reconstructs all the possible analogous subhistories from a non-
analogous particle history in the form of a subhistory matrix. Based on this sub-
history matrix the contributions to a correlation estimator can be calculated. [5, 2]

2. I was the first to demonstrate that the use of Russian roulette is problematic when
the history splitting or a similar technique is applied for the non-analogous Monte
Carlo estimation of a non-Boltzmann quantity, because it results in low proba-
bility, high importance contributions. Alternatively, I have suggested the use of
alternative history control techniques, namely the limitation of variance reduction
events in a history and in a particle track. [4, 5, 2]

3. I have suggested a completely new method for the Monte Carlo simulation of
the results of neutron noise measurements based on the convolution of subhis-
tory contributions with the source distribution. This method largely improves the
statistics of the estimation even for analogous simulations. I have implemented
the method and tested with the autocorrelation technique.[2]

4. I was the first to implement the methods in 1-3. for neutron transport in the
three dimensional, continuous energy, general purpose Monte Carlo code MCNP,
which made it possible to perform non-analogous Monte Carlo neutron noise
simulations for real systems. I have demonstrated the applicability and efficiency
of the methods with simulations for the neutron noise methods performed on the
Delphi subcritical assembly. [4, 6]

5. I have demonstrated the spatial dependence of the higher α-modes in a thermal
system by neutron noise measurements at the Delphi subcritical assembly. This
set of measurements provides a good basis for further theoretical investigations
of the α-modes.[6]

6. With the help of the physics models implemented in the high-energy Monte Carlo
particle transport code MCNPX, I was the first to demonstrate that the energies
of neutrons produced in spallation reactions from a single proton cannot be con-
sidered as independent. The energy correlation between the neutrons diminish as
the target thickness and the number of secondary reactions increases. [8, 9]

7. I was the first to develop a volumetric and angular coupling between high-energy
Monte Carlo and discrete ordinates transport at the energy boundary of the high
energy physical models and the tabulated cross-sections. This makes it possible
to apply the computationally expensive Monte Carlo transport only at the high
energies for the calculation of the spallation source and perform the calculation
for the source driven subcritical core with a more efficient deterministic method.
[10]

8. I was the first to develop a methodology and a variance reduction method based
on virtual cross-sections for the efficient estimation of reaction rates induced by
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high energy spallation neutrons and implement it in the high-energy Monte Carlo
particle transport code MCNPX. The method was proved to be applicable for
problems, where high energy particles have significant contribution to the reac-
tion rates. [1]
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Köszönetemet szeretném kifejezni mindenkinek a támogatásért, bátorı́tásért,
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töltött a hónapokat.
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[53] J. Kópházi and D. Lathouwers. “Three-dimensional transport calculation of mul-
tiple alpha modes in subcritical systems.” Annals of Nuclear Energy, 50(0):pp.
167 – 174 (2012)

[54] B. Simmons and J. King. “A pulsed neutron technique for reactivity determina-
tion.” Nucl. Sci. Eng., 3:pp. 595 – 608 (1958)
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[69] C. Berglöf, M. Fernández-Ordóñez, D. Villamarı́n, V. Bécares, E. M. González-
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