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I. Introduction
From the aspect of the geodetic and surveying measurements, the use of the correct
functional and stochastic model is an essential assumption. The functional model should
contain in all the cases the relevant parameters, otherwise the model errors would result in
systematic errors of the results regardless the accuracy of the measurements. The
functional models, applied in surveying and geodesy were derived according to the
technical level of the era when certain methods were developed. However, by time
measurement tools and methods are in constant development, which requires the revision
and – in case of significant difference – the refinement of the functional model time after
time.
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II. Refinement of the fundamental equation of the torsion balance
II.1. Introduction
In the first section I have dealt with the functional model of the torsion balance
measurements. According to the literature, in practice only linear functional models are
used (when linearity is assumed for the spatial variation of the gravity acceleration).
However, during processing torsion balance measurements we have experiences that in
case of ‘large’ gravity gradients the linear assumption may be insufficient. The
fundamental equation of the torsion balance has been extended with the inclusion of the
higher terms of the Taylor series of the gravity acceleration. Due to the refinement of the
functional model, the 4+1 unknowns have been extended by further 14 unknowns. These
additional unknowns cannot be determined by inclusion of more measurements due to
their azimuth dependence. Therefore these unknowns can only be determined by direct
modelling based on a mass model of the region.
Another investigation refers to the definition of the azimuth of a measurement. The
azimuth is set by turning the body of the torsion balance to the demanded azimuth with
the balance being fixed. However, when the balance is released, it rotates to its
equilibrium position governed by the local features of the gravity field. In essence, the
equilibrium azimuth is not identical with the nominal azimuth. We define the difference of
the two as azimuth deflection. The addition of the azimuth deflection is a further attempt
to refine the the functional model of the torsion balance.
II.2. Objectives
- Revision and analysis of the functional model used to process torsion balance
measurements.
-

Numerical consequences of the refinement of the function model for practical
use.

-

Developing a method to include the extended, refined functional model.

-

Refinement of the fundamental equation of the torsion balance with the inclusion
of the azimuth deflection, and simulation of its effect in practice based on actual
torsion balance observations.

5

II.3. Results
The results of the investigation are presented with an actual example. The test area is
the Gravity and Geodynamic Observatory of the former MFGI in the cave of the
Mátyáshegy. The investigation was performed on the points of the gravimetric microbaseline of the observatory.

Fig. 1. Amplitude of the sum of the third and fourth order momentum components with
respect to the second order component for the E-54 torsion balance in percentage, i.e.
100*(third order term + fourth order term)/(second order term)
The resulted high order momentum error (i.e. sum of the third and fourth order
components) can reach even the 50% of the second order component (c.f. Figure 1) based
on the investigation performed for the observatory of the Mátyáshegy. The results of this
investigation can be applied as a supportive tool to define in certain cases whether the
extension of the fundamental equation of the torsion balance makes relevant difference on
the processing.
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Fig. 2. Difference of processed torsion balance measurements with linear and nonlinear
equations: dW∆ (E)
The inclusion of azimuth defection term in the fundamental equation of the torsion
balance has been found to result in different gradients reaching even 20 E (c.f. Figure 2).
Since systematic errors of a processing of measurements are generally consequences of
functional model errors due to exclusion of certain physical or geometric principles, the
detailed analysis of systematic errors is essential.
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III. Accuracy analysis of mass modell effects by Monte-Carlo-method
III.1. Introduction
Nowadays the forward (or direct) modelling of the gravity field becomes a more
routinely applied tool of geodesy. Calculation of terrain correction of gravity (or gravity
gradient) measurements, e.g. for geophysical prospecting, can efficiently be done by
forward modelling of the gravity field. The forward modelling makes use of mass model
of the region. Similarly, forward modelling using a mass model can be applied for
determining the additional 14 unknowns of the extended functional model of the torsion
balance (c.f. section II) For that analysis, the statistics of the accuracy of the forward
modelling and of the used mass model should be determined.
III.2. Objectives
- Determination of how the errors of the coordinates of the terrain model
(geometry of the mass model) affect the accuracy of the derived gravity field
parameters, such as potential, gravity acceleration, gravity gradient.
III.3. Results
The basic concept of the analytical solution has been introduced, which is purely
derived by the error propagation law for the present problem. Afterwards, the MonteCarlo-method has been adopted for this task (c.f. Figure 3). Finally, the method has been
applied for an actual task, that is the accuracy analysis of the mass model of the
observatory in the Mátyáshegy owned by the MFGI (Table 1.).
There were five investigations performed on the random errors of the model. Among
them, in four cases the coordinates of the model were contaminated with the same
magnitude of the error regardless its position (i.e. same for the outer bulk of the mountain,
for the internal cave), these mean errors were ±1cm, ±3cm, ±5cm and ±10cm. In the fifth
case the heterogeneity of the observing method was taken into account. So the points of
cave, which were measured by a total station, were considered to have an accuracy of
±5cm, while the rest of the points, points of the outer bulk of the mountain were assumed
to have an accuracy of ±100cm.
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Fig. 3. Flowchart: accuracy analysis of a mass model by Monte-Carlo-method

Table 1. Results of the accuracy analysis
assumed mean errors of the points

level

mean errors at p=0.99 confidence

reaction of the model

± 1 cm

± 3 cm ± 5 cm ± 10 cm ± 5/ ± 100 cm

Vxz [E]

± 0.7

± 2.0

± 3.4

± 7.0

± 6.9

Vyz [E]

± 0.6

± 1.9

± 3.2

± 6.6

± 6.5

VΔ [E]

± 1.0

± 3.0

± 5.0

± 11.0

± 9.3

2Vxy [E]

± 1.1

± 3.4

± 5.7

± 12.1

± 9.8

Vzz [E]

± 0.9

± 2.7

± 4.6

± 10.6

± 9.5

Gx [μGal]

± 0.4

± 1.2

± 1.9

± 4.1

± 19.8

Gy [μGal]

± 0.4

± 1.3

± 2.2

± 4.3

± 21.2

Gz [μGal]

± 0.7

± 2.0

± 3.3

± 6.2

± 31.1

V [µJ/kg]

± 1.1

± 3.3

± 5.1

± 10.3

± 57.1
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IV. Effects of temporal variations of surface levels on repeated vertical
control levelling measurements
IV.1. Introduction
In the third section the functional model of repeated levelling measurements for
vertical control was considered. The general model is very simple: take a “back” and
“forth” reading on two vertically held staffs at the points of interest, and determine the
height difference as the difference of the two readings. In case of high precision
requirements, this functional model refined by taking into account the local features of the
gravity field with the inclusion of observed gravity acceleration values over the region. In
both cases, when repeated measurements are performed, implicitly the shape of the local
horizontal surface levels (and equivalently, that of the vertical plumb-lines) is assumed to
be constant in time. However, the shape of the surface level is changing by time. Due to
the change of the gravity surface levels, the reference frame of the observations is
changing, influencing the results of the measurements (c.f. Figure 4).

Fig. 4. Vertical displacement (δH) and the displacement of a surface level of the gravity
field (δN) consists of the actual vertical deformation of the surface (δh).
Classically, vertical monitoring is done by levelling measurements in a vertical control
network, which is repeated time after time and compared with the results of the initial
state. Since due to the vertical displacements of the surface also the shape of the surface
levels is changing, the repeated measurements reflects not only the actual deformation but
also this latter effect.
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Fig. 5. In a point P outside of the mass variation the temporal variation of the gravity
field can be observed due to the (1) excavation, and due to the (2) accompanied δh
deformation.
According to Biró (1983) and Figure 4., the deformation of the physical surface (δh) is
(the symbol

δ refers to change by time between t0 and t1 epochs):

δh = δH + δN
(1)
where δH is the change in orthometric height (surface measureable deformation) and δN
is vertical displacement of the level surface.
In case of excavation (e.g. mining, c.f. Figure 5.), this model consists of three
components:
-

change of the level surface due to the excavation: δN1

-

vertical displacement of the physical surface due to the excavation: δh

-

change of the level surface due to the vertical displacement of the physical
surface: δN 2 .

IV.2. Objectives
- Refinement of the functional model of repeated levelling measurements for
vertical control by considering the temporal variation of the surface levels due to
excavation and accompanied vertical displacements, and illustration by a
practical example.
11

IV.3. Results
The introduction of the temporal variations of the surface levels on repeated levelling
measurements was done based on Biró (1983), which has been further developed by a
new formula as described in [2] and [12].

Fig. 6. The scheme of the temporal variations of a surface level.
In Figure 6., most important quantities are shown for a case of repeated levelling
between two benchmarks, A and B. The temporal change of the height difference ( δH AB )
and that of the level surfaces ( δN AB ) in the ∆t period, referring to the time difference
between the initial t0 and the subsequent t1 epochs, are visualized in Figure 6.
Biró (1983) has derived the following formula:
g~ (t ) − g~ B (t 0 )
δH AB = −δN AB − B 1~
⋅ H AB (t 0 ) .
g B (t1 )
In the investigation instead of the height difference at the

t0 initial epoch, access to the t1

epoch was available. For this epoch the following formula has been derived [2]:
g~ (t ) − g~B (t 0 )
δH AB = −δN AB − B 1~
⋅ (H AB (t1 ) + δN AB ) .
g (t )
B

(2)

(3)

0

Based on (2) and (3), a relationship between the height difference before and after the
change has been derived [2]:

H AB (t1 ) =

g~ B (t 0 )
H AB (t 0 ) − δN AB .
g~ (t )
B

1
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(4)

According to (4), temporal variations of the height difference are generated not purely by
changes of geometrical, but also by physical quantities as well.
The theoretical results were applied for the newly built M4 subways construction
(including earthworks of the tunnelling and of the excavation of the stations as well). The
results are as follows:

Fig. 7. The effect of the tunnelling and of the excavation of stations on the repeated
levelling measurements determined for the south-west part of the M4 subway line.

Fig. 7. The effect of the vertical displacements of the physical surface on the repeated
levelling measurements determined for the south-west part of the M4 subway line.
According to Figures 7 and 8, the effect of the tunnelling and of the excavation of the
stations is in the order of magnitude of some µm, while the effect of the vertical
displacements of the physical surface does not exceed 0,1 µm.
The results were generalized by very simple simulation studies for the effect of the
excavation and for that of the vertical displacements as well. Based on the simulation the
effect of the excavation for very large volumes can be notable (0,2-0,3 mm), while the
effect of the vertical displacement of the physical surface is always negligible.
13

V. Analysis of standard theodolite errors
V.1. Introduction
The fourth section deals with the functional model of processing angle measurements
observed by theodolite. In practice, some of the known errors of the horizontal and
vertical angle measurements can be neglected without any distortion of the accuracy.
Others, however, can affect the measurements in a larger extent than the precision of the
measurements. When measurements in one face are performed, these later errors
essentially affect the measurements. Even though nowadays total stations enable the real
time correction of the observations in one face with an occasionally determined summed
value of all the errors, it does not mean that further understanding of the errors is not
important, since no accurate correction can be obtained without the accurate functional
model of the errors.
Peter Májay has derived a method for the determination of the standard errors of
theodolites (Májay, 1984). In this present section the refinement of the functional model
of Májay’s method is provided, considering aspects of the most recent total stations, and
the effects are examined in two practical examples.
V.2. Objectives
- Analysis and interpretation of the standard errors of the theodolites, derivation of
the corresponding mean errors, and the effect of temperature on the standard
errors based on practical tasks. Numerical results with the refined functional
model are compared with that of the classical model.
V.3. Results
The intersection of the horizontal and vertical axes of the theodolite (O) is displayed in
the origin of a unit sphere (Figure 10). The collimation error of the telescope is +δk. The
„(δk)” effect of the collimation error can be deduced from the PQZ spherical triangle as
derived in Sárdy (1964):

sin (δ k )
sin δ k
=
.
sin 90° sin (90° − α )
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(5)

Fig. 10. The interpretation of the collimation error in a unit sphere
After simplifications and rearrangement, the effect of the collimation error is as follows
(Sárdy, 1964):

(δ k ) = arcsin  sin δ k 

(6)

 cos α 
The maximal value of the elevation angle, α has been redefined ( α max = 90° − δ k ),

thus the maximal value of the collimation error has been also derived; from equation 7 it
becomes:

(δ k )max = 90° .

sin δ k
 = 90°
 cos(90° − δ k ) 


(δ k ) = arcsin

(7)

Based on equation (7) it is obvious, that even if vertical axis of theodolites with
collimation error are set exactly to the vertical, the telescope cannot be sighted precisely
to the vertical ( α = 90° , Ζ = 0° ). No literature on this issue was found. Even though the
aforementioned error was found to be of theoretical importance only, the sketch on Figure
10 provides a proper addition for the better understanding of the collimation error.
The subsidiary errors of the Májay-method have also been investigated, which occur
when the execution of the method is influenced by errors. Here we refer to such effects
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that line of collimation is not set exactly to horizontal, or the distance of the P1 point is not
exactly ∞, or that the distance of P2 point is not adequately as it is ordained.
From the angle and distance measurement accuracy of a total station, the mean errors
of the standard errors were derived considering the error propagation law. As an example,
equation (8) shows the perpendicularity error of the horizontal axis. These mean errors
were confirmed by Monte-Carlo-method. Subsequently, the accuracy estimate of the
standard errors was extended with the subsidiary errors – again with the use of the MonteCarlo method.

m (E1 )

2

2
sz

+
mδ =
h

+

1
2

m 2 sin 2 z 2I sin ( fv1 ) tan 2 z3I
+ t
+
t32 f sin 2 z3I ( fv3 )

mt2t 22 f sin 2 z 2I sin 2 ( fv1 ) tan 2 z3I
t34 f sin 2 z3I ( fv3 )

+

msz2 t 22 f sin 2 z 2I cos 2 ( fv1 ) tan 2 z3I
2t32 f sin 2 z3I ( fv3 )

(8)
+


(E )2 1 
2
2
2
+ msz2 tan 2 z3I (E2 ) + (E3 ) + (E4 ) + 5 + 
( fv3 ) 2 

where msz is the mean error of the angle measurement, mt is the mean error of the
distance measurement, fvi and Ei are internal functions, which are dependents on the
horizontal and vertical readings and on the observed distance.
Moreover, corrections for the readings performed in two faces both on horizontal and
vertical circles were extended with a temperature dependent term. The literature discusses
some temperature dependent errors, but not the horizontal and vertical eccentricity of the
telescope. This has been derived; in equations (9) and (10) correction for face left readings
is presented:
l korrigált , I = l I +

(

(A

⋅ T + Bδ k

δk

sin z

)

) + arcsin (A



+ Aδ h ⋅ T + Bδ h cot z + (δ V )

(

Aδ

z korrigált , I = z I + Aδ ⋅ ∆ T + Bδ + arcsin


(

z

z

)
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)

⋅ T + Bδ I ,V 
+
t f sin z


δ I ,V

I ,H

⋅ ∆ T + Bδ
tf

I ,H

(9)

)



(10)

where Ai are linear coefficients of the temperature, while Bi contain summed values of the
bias due to the temperature and due to the (δ v ) error of the vertical axis.
In the practical tests the acclimatization of the total station for sudden temperature
change was investigated, and it turned out to take 1.5 hour for a change of the temperature
ΔT~13-15°C. When the acclimatization has been completed, the total station follows the
outer temperature variations with a bias of 3-4 °C. The bias is interpreted as the
consequence of the heat transport of the internal electronics (Figure 11.).

Fig. 11. Internal temperature of a TS15i total station and the outer temperature ~24 hour
long registration. Approximately +3 °C higher internal temperature is interpreted to be
the consequence of the internal electronics.
The automatic observation of the standard errors by the Májay-method has been
exemplified with two practical tasks. The results show that by considering the dependence
on the temperature (Figure 15.) and taking into account where its effect is obvious based
on an accuracy estimate of the dependency (Figure 12.), a more accurate result can be
achieved than when such a correction is not applied (Figure 13.). Further essential
conclusion is that the mean of the difference of the two methods is approximately zero
(Figure 14.).
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Fig. 12. Histograms of the accuracy estimate of the temperature correction method a.) for
d = l exact ,I − l temperature _ correction,I
, mean value: -0,6 [second], mean
the horizontal readings: l
d = z exact,I − z temperature _ correction.,I
error: ±1,3 [second] b.) for the vertical readings: z
, mean
value: +1,5 [second], mean error: ±2,2 [second]

Fig. 13. Histograms of the accuracy estimate of the classical method. a.) for the
d = l exact,I − l classica _ correction,I
horizontal readings: l
, mean value: -0,6 [second], mean error:
d z = z exact,I − z classical _ correction,I
±1,6 [second] b.) for the vertical readings:
, mean value:+1,7
[second], mean error: ±2,6 [second]
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Fig. 14. Histograms of the accuracy estimate of the full method, i.e. difference of the
classical and of the temperature correction methods. a.) for the horizontal readings:
d l −correction = l classical _ correction ,I − l temperature _ correction . I
, mean value: -0,1 [second], b.) for the vertical
classical _ correction , I
− z temperatur e _ correction . I
, mean value: +0,2 [second]
readings: d z −correction = z

Fig. 15. The relationship between the collimation error and the temperature in March,
2014, and the regression line, its coefficients and the R2 value.
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VI. Summary
For the presented cases the functional model of the processing sequence has been
revised, and extended with new terms. Based on examples, the practical effect of the
refinement of the functional model was analysed. Some of the additionally introduced
terms turn out to have only theoretical relevance, others were found to have notable effect.
From practical point of view this later has obvious relevance. On the other hand, the
theoretical results are also considered to have practical impact, as they can be considered
later on as supplementary aspect for developing a new instrument construction, or can
provide additional considerations for planning arrangement of measurements.
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VII. Theses
My novel results in the field of refinement of functional models for geodesy and
surveying are as follows:
1st Thesis

The refinement of the linear functional model of the torsion balance with

higher order terms has been investigated. A processing method has been developed,
which applies the extended functional model, and has been demonstrated via a
practical example. Further refinement of the fundamental equation of the torsion
balance has been achieved by inclusion of the azimuth deflection. Finally,
comparison of classical linear and the newly developed non-linear methods were
presented on actual observation data.
Related publication: [6]
2nd Thesis

Accuracy analysis of forward modelling of gravity field based on a mass

model has been determined using the Monte-Carlo-method. An application of the
method has been shown by a practical example.
Related publication: [6]
3rd Thesis

The theory of temporal variations of the gravity field has been further

refined, and has been applied for engineering applications requiring excavation of
soil mass. The applicability of the refined functional model has been demonstrated
in a practical example. The effect of excavation in some extreme cases can reach the
precision of precise levelling, while the effect of the vertical deflection of the
physical surface was found to be negligible.
Related publication: [1], [2], [5], [12]
4th Thesis

Mean errors of the standard theodolite errors has been derived by the

error propagation law and the Monte-Carlo-method. The dependence of the standard
theodolite errors on the linear temperature has been determined in an empirical
manner.
Related publication: [9]
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