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Introduction

Quasi-hereditary algebras were originally de�ned by Cline, Parshall and Scott in

the context of Lie algebras and algebraic groups during their work on highest

weight categories related to Lusztig's conjecture [12]. The concept of quasi-

hereditary algebras was formulated in a purely ring theoretical manner as well,

and these algebras appear in several situations and applications, both in Lie

theory and in the theory of associative rings. For instance, the Bernstein-

Gelfand-Gelfand category O is a categorical sum of blocks, where each block

is equivalent to a module category of a quasi-hereditary algebra (see [10]). It

is also known that �nite dimensional algebras with global dimension at most 2

are all quasi-hereditary (cf. [15]).

In the theory of quasi-hereditary algebras, the (left or right) (co)standard

modules play a fundamental role. Namely, an algebra is quasi-hereditary if the

regular module is �ltered by standard modules, and in addition, all standard

modules are Schurian, meaning that their endomorphism rings are division

rings. Without the additional assumption on standard modules, we get the

concept of standardly strati�ed algebras. Inspired by the work of Cline, Parshall

and Scott [13], Ágoston, Dlab and Lukács determined the conditions, which

ensure that a quasi-hereditary algebra has a quasi-hereditary Yoneda extension

algebra (cf. [1], [2] and [4]).

In [4], the authors proved that if a quasi-hereditary algebra is standard

Koszul (i.e. every right or left standard module is Koszul), then its extension

algebra is quasi-hereditary. Moreover, in [4], the authors also pointed out that

the homological duality respects the stratifying structure, in the sense that the

natural functor Ext∗A maps the standard modules of A to the standard modules

de�ned over the extension algebra A∗.

It was also proved in [4] that standard Koszul quasi-hereditary algebras

are always Koszul algebras, i.e. the simple modules are Koszul, or for graph

algebras, the graph of the extension algebra is the same as the graph of the

original algebra. It turned out that this implication itself is a useful tool in
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other situations, too (cf. [11], [16], [30] or [36]). The wide range of applications

suggests that it is worth investigating this implication for more general (or

di�erent) settings.

Later, the same authors generalized their results to the case of Koszul stan-

dardly strati�ed algebras under the additional assumption that the initial alge-

bra was graded [5]. They showed that the homological dual of such an algebra

is standardly strati�ed, and the homological duality functor maps the stan-

dard right A-modules to the corresponding left proper standard modules of A∗,

while the left proper standard A-modules are mapped to the right standard A∗-

modules. However, since algebras in [5] were assumed to be Koszul algebras,

the question if all standard Koszul standardly strati�ed algebras are Koszul was

left open. The neccessity of the graded strucure also remained a question.

In this booklet, we give a summary of the results presented in the thesis. We

follow the outline of the thesis, i.e. in the �rst section, we recall the notation

and basic de�nitions we use later. Then we discuss the main results in two

sections corresponding to Chapter 2 and 3 of the thesis.

In the second section we focus on standardly strati�ed algebras along with

their extension algebras from a perspective similar to [1], [2] and [4], and ex-

tend the above results. In Section 3, we omit the condition of strati�cation, and

investigate the connection between the Koszul and standard Koszul property

for monomial and special biserial algebras. Both classes are de�ned as quo-

tients of path algebras, and they are frequently used for testing (homological)

conjectures.

The results of the thesis were published in [24], [25] and [28]. In the �rst

article, we proved that the standard Koszul standardly strati�ed algebras are

Koszul. In the second, we were focusing on the extension algebra of a stan-

dard Koszul standardly strati�ed algebra. The main result of the paper is

that the extension algebra of a standard Koszul standardly strati�ed algebra is

standardly strati�ed. The third article contains our results on special biserial

algebras.
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1 Preliminaries and notation

As in the thesis, A always stands for a basic �nite dimensional associative

algebra over a �eldK. The Jacobson radical of A will be denoted by J = rad A.

All considered modules are unitary and �nitely generated. Modules are meant

to be right modules, unless otherwise stated. The category of �nitely generated

left or right A-modules will be denoted by A-mod and mod -A, respectively.

For the algebra A, we �x a complete ordered set of primitive orthogonal

idempotents e = (e1, . . . , en). In the canonical decomposition

AA = e1A⊕ . . .⊕ enA

of the regular module, the ith indecomposable projective module eiA will be

denoted by P (i) and its simple top P (i)/ rad P (i) by S(i). Besides, Ŝ stands

for the semisimple top of AA, so Ŝ = ⊕ni=1S(i). The corresponding left modules

are denoted by P ◦(i), S◦(i) and Ŝ◦, respectively.

If 1 ≤ i ≤ n, set εi = ei + . . . + en, and εn+1 = 0. The centralizer algebras

εiAεi of A will be denoted by Ci, where the idempotents and their order are

naturally inherited from A. The ith standard and proper standard A-modules

are ∆(i) = eiA/eiAεi+1A and ∆(i) = eiA/ei(rad A)εiA, respectively. That

is, the ith standard module is the largest factor module of P (i) which has no

composition factor isomorphic to S(j) if j > i, while the ith proper standard

module is the largest factor module of P (i) whose radical has no composition

factor isomorphic to S(j) if j ≥ i. The left standard and proper standard

modules are de�ned analogously.

Let X be a class of modules. We say that a module X is �ltered by X if

there is a sequence of submodules X = X0 ⊇ X1 ⊇ . . . such that
⋂
i≥0X

i = 0,

and all the factor modules X i/X i+1 are isomorphic to some modules of X . In
this case, we write X ∈ F(X ). Given the ordered set e = (e1, . . . , en), the trace

�ltration of a module X is

X = Xε1A ⊇ Xε2A ⊇ . . . ⊇ XεnA ⊇ 0.

We call an algebra A (with a �xed complete ordered set e of primitive orthog-

onal idempotents) standardly strati�ed if the regular module AA ∈ F(∆), or
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equivalently, the left regular module AA ∈ F(∆◦), where ∆◦ consists of the

proper standard modules, while ∆ consists of the left standard modules. We

shall use later the fact that ExthA(∆(i), S(j)) = 0 for all h ≥ 0 and i ≥ j when

AA ∈ F(∆) (cf. [12]), and similarly, ExthA(∆(i), S(j)) = 0 for all h ≥ 0 and

i > j when AA ∈ F(∆).

A submodule X ≤ Y is a top submodule (X
t
≤ Y ) whenever X ∩ rad Y =

rad X. This is equivalent to the condition that the natural embedding of X

into Y induces an embedding of X/ rad X into Y/ rad Y (such embeddings will

be called top embeddings), or in other words, the induced map HomA(Y, Ŝ)→
HomA(X, Ŝ) is surjective. (See [1] for the origin of this concept.) Let

P•(X) : . . .→ Ph(X)→ . . .→ P1(X)→ P0(X)→ X → 0

be a minimal projective resolution of X with the hth syzygy Ωh. Using the

concept of top submodules, we introduce the classes CiA. The module X belongs

to CiA if Ωh is a top submodule of rad Ph−1 for all h ≤ i. We say that X has a

top projective resolution, or X is Koszul, if X ∈ CA :=
⋂∞
i=1 CiA. The algebra A

is a Koszul algebra if Ŝ (or equivalently if Ŝ◦) has a top projective resolution

(cf. [20]).

The extension algebra (or homological dual) of A is the positively graded

algebra A∗ whose underlying vector space is ⊕h≥0(A∗)h = ⊕h≥0 ExthA(Ŝ, Ŝ),

and the multiplication is given by the Yoneda composition of the extensions

(cf. [20]). A graded (left) A∗-module X = ⊕h∈ZXh is an A∗-module for which

(A∗)hXk ⊆ Xh+k, and by an A∗-module homomorphism f : X → Y , we mean

a graded A∗-module homomorphism f having any degree d ∈ Z. In this sense,

we say that two graded A∗-modules X and Y are isomorphic if there exists a

bijective A∗-homomorphism f : X → Y (not necessarily degree of 0). The ith

graded shift of the graded A∗-module X is denoted by X[i], which is a graded

module such that X[i]h = Xh−i. For graded modules, we shall also use the

notation X≥i = ⊕h≥iXh. We shall call the A∗-modules X and Y isomorphic

if there is an isomorphism between X and Y [i] in the category of graded A∗-

modules with an appropriate integer i.
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The functor Ext∗A : mod-A → A∗- grmod is de�ned as the direct sum of

the functors ExthA(−, Ŝ). Namely, if X ∈ mod -A, then Ext∗A(X) is the graded

left module ⊕h≥0 ExthA(X, Ŝ). For simplicity, we denote Ext∗A(X) by X∗, while

for its homogeneous part of degree h we write (X∗)h. We use the notation

ϕ∗ = Ext∗A(ϕ, Ŝ) : Ext∗A(Y, Ŝ) → Ext∗A(X, Ŝ), where ϕ : X → Y is a mod-

ule homomorphism, and we denote by Eh
X the canonical isomorphism between

the spaces HomA(Ωh(X), Ŝ) and ExthA(X, Ŝ). Thus we have the commutative

diagram

HomA(Ωh(Y ), Ŝ)

ExthA(Y, Ŝ)

HomA(Ωh(X), Ŝ)

ExthA(X, Ŝ)

Eh
Y Eh

X

(ϕ̃h−1)
∗

ϕ∗

of left (A∗)0-modules, where ϕ• : P•(X) → P•(Y ) is a lifting of ϕ, while ϕ̃h−1

is the restriction of ϕh−1 to the submodule Ωh(X) ⊆ Ph−1(X).

Note that the module X has a top projective resolution if and only if

(X∗)h = ExthA(X, Ŝ) = (A∗)h1 · (X∗)0 for all h ≥ 0. In particular, if A is

Koszul, then A∗ is tightly graded, i.e. ExthA(Ŝ, Ŝ) = (Ext1A(Ŝ, Ŝ))h for h ≥ 1 (cf.

[20]).

For a semisimple A-module S we say that X ∈ mod-A is S-Koszul, if

ExttA(S,X) ⊆ Ext1A(Ŝ, S) · Extt−1A (X, Ŝ) for all t ≥ 1. Or equivalently, the

trace of S in the top of the syzygy Ωt(X) is mapped injectively into the top

of rad Pt−1(X) for every t ≥ 1. In other words, X is S-Koszul if and only if

Ωt(X)εSA∩Pt−1(X)J2 ⊆ Ωt(X)J for every t ≥ 1, where εS =
∑
{ei | Sei 6= 0}.

Let e = (e1, . . . , en) be a complete ordered set of primitive orthogonal idem-

potents of A. The set {fi = idS(i) | 1 ≤ i ≤ n} de�nes a complete set of

primitive orthogonal idempotents in A∗. We will always consider this set with

the opposite order f = (fn, . . . , f1). In this way, the ith standard A∗-module

∆A∗(i) is de�ned as ∆A∗(i) = fiA
∗/fiA

∗(f1 + . . .+fi−1)A
∗, while the ith proper

standard module is given by ∆A∗(i) = fiA
∗/fi(A

∗)≥1(f1+. . .+fi)A
∗. The de�ni-

tions of left standard and proper standard modules are analogous. The algebra
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A∗ is standardly strati�ed if A∗A∗ is �ltered by right standard A∗-modules. In

view of Theorem 1 of [5], if A∗ is tightly graded, then this is equivalent to the

condition that A∗A∗ is �ltered by left proper standard A∗-modules.

2 Standardly strati�ed algebras

The concept of standardly strati�ed algebras is a natural generalization of quasi-

hereditary algebras. We extended the following results on quasi-hereditary

algebras to standardly strati�ed algebras.

Theorem 2.1 (I. Ágoston, V. Dlab, E. Lukács [4] Theroem 1). Let (A, e) be a

quasi-hereditary algebra. If both left and right standard modules have top pro-

jective resolutions, then A is Koszul (i.e. all simple modules have top projective

resolutions).

Theorem 2.2 (I. Ágoston, V. Dlab, E. Lukács [4], Theroem 2). Let (A, e) be

a standard Koszul quasi-hereditary algebra. Then the Yoneda extension algebra

(A∗, f) is also a quasi-hereditary algebra.

2.1 Standard Koszul standardly strati�ed algebras

We proved the analogue of Theorem 2.1 in the �rst part of Chapter 2 of the

thesis. The strati�cation enables us to do an induction on the number of simple

modules, just like in the quasi-hereditary case. But the proof of Ágoston,

Dlab and Lukács for quasi-hereditary algebras relied heavily on the �nite global

dimension of the algebra and the lack of certain extensions resulting from the

Schurian property of the standard modules. So here we needed an essentially

di�erent approach.

As a preparation, Section 2.1 contains a few technical lemmas (Lemma

2.1.3�2.1.8 of the thesis) for a wider class of algebras we call lean algebras.

An algebra is lean if εiJ2εi = εiJεiJεi for all i. This concept generalizes

the notion of leanness in [1], and it is easy to see that standardly strati�ed

algebras and their opposite algebras are always lean. The lemmas point out
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strong connections between top embeddings over A and its centralizer algebras

Ci = εiAεi, and lead us to Lemma 2.3 which plays a fundamental role in the

induction procedures.

Lemma 2.3 (E. Lukács, A. Magyar [24], Lemma 2.1). Suppose that A is a

standard Koszul standardly strati�ed algebra. Then its centralizer algebra C2 =

ε2Aε2 is again standard Koszul and standardly strati�ed, its standard and left

proper standard modules are ∆(i)ε2 and ε2 ∆◦(i) for i ≥ 2.

In [4] the subclass K of A-modules for a quasi-hereditary algebra A was crucial.

K =

{
X | X is S(1)-Koszul, Xε2A

t
≤ X, Xε2 ∈ CC2

}
.

The authors showed that all modules in K are Koszul. We proved the same for

standardly strati�ed algebras but with a di�erent approach. We investigated

�rst the wider subclass

K2 =

{
X |Xε2A

t
≤ X, Xε2 ∈ CC2

}
,

showed that it is closed under taking syzygies, and inferred the statement of

Proposition 2.4.

Proposition 2.4 (E. Lukács, A. Magyar [24], Proposition 2.7). All modules in

K2 are ⊕i≥2S(i)-Koszul.

As ∆◦(1) = S◦(1) is a Koszul module, all simple modules over a stan-

dardly strati�ed algebra must be S(1)-Koszul. On the other hand, all simple

A-modules are Koszul modules over the centralizer algebra C2 by induction.

Hence we get that all simple A-modules belong to K, which along with Propo-

sition 2.4 gives Theorem 2.5.

Theorem 2.5 (E. Lukács, A. Magyar [24], Theorem 2.9). Every standard

Koszul standardly strati�ed algebra is Koszul.
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2.2 The extension algebra of a standard Koszul standardly

strati�ed algebra

The second part of Chapter 2 (Sections 2.3 and 2.4) of the thesis proves that

the extension algebra of a standard Koszul standardly strati�ed algebra is also

standardly strati�ed. For this, one needs to prove that the regular module

over the extension algebra is �ltered by standard modules (or equivalently, by

proper standard modules for the other side). We extended this to a more

general question: we found easy-to-check conditions that ensure that a module

is mapped by the Ext* functor to a module �ltered by standard (or on the

other side proper standard) modules. Both the conditions and the methods

are di�erent when we look at right or left modules of a standardly strati�ed

algebra. The main idea is to perform an induction, using centralizer algebras

and build a correspondence between the trace �ltration of Ext∗A(X) and the

Ext∗-images Ext∗Ci
(X) (considered as A∗-modules) for certain A-modules.

As the initial step, we investigated modules over the extension algebra of a

lean algebra. In particular, we de�ned the classes K and K2 of modules for lean

algebras and showed that several useful properties are preserved in this more

general setting. We also introduced a "recursive" version rK of K as

rK = { X ∈ K |Xεi ∈ KCi
for all i }.

We showed that these classes are closed under top extensions. We were in-

vestigating the action of the operator ωh on modules belonging to these sub-

classes. For an A-module X, let X̃ = Xε2A and ω(X) = Ω(X̃), while ωh(X) =

ω(ωh−1(X)) recursively. In particular, it turns out that for modules in K2 over

a lean algebra, ω̃h(X) = ωh(X)ε2A
t
≤ ωh(X) for all h, and K2 is closed under

ω. Proposition 2.6 shows the bene�ts of these features.

Proposition 2.6 (E. Lukács, A. Magyar [25], Proposition 3.5). Suppose that

ε2J
2ε2 = ε2Jε2Jε2. If X ∈ K2, then for every h ≥ 0 we have an exact sequence

0→ ω̃h(X)
αh−→ Ωh(X)

βh−→ Yh(X)→ 0 (1)
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with αh a top embedding.

This means that for modules in K2, one can obtain information about

Exth(X, Ŝ) by looking at the top of ω̃h(X) and Yh(X).

In the next step, we constructed the natural homomorphism q formally

de�ned as

qX =
⊕
h≥0

(qX)h : Ext∗A(X)→ Ext∗C2
(Xε2),

which sends every h-fold extension 0 → Ŝ → Xh−1 → . . . → X0 → X → 0 to

an h-fold extension 0 → Ŝε2 → Xh−1ε2 → . . . → X0ε2 → Xε2 → 0. Notably,

qŜ : A∗ → C∗2 is an algebra homomorphism, and consequently qX is can be

considered as a (left) graded A∗-module homomorphism. It is easy to see, that

ker qX ⊇ A∗f1X
∗ is always true. We studied qX for a module X ∈ K2 over a

lean algebra. The next proposition summarizes our key observations.

Proposition 2.7 (E. Lukács, A. Magyar [25] Proposition 3.11 and 3.12). Let

A be lean and X ∈ K2. Then qX : X∗ → (Xε2)
∗ is an epimorphism. If Yh(X)

is Ŝε2A-Koszul for all h, then ker qX = A∗f1X
∗.

To apply the above general results, we divided our discussion into two parts,

i.e. we separately investigated algebras that are standard Koszul and standardly

strati�ed, and algebras whose opposite algebra is standard Koszul and stan-

dardly strati�ed. In both cases, we checked the condition given by Proposition

2.7, and use induction to get the strati�cation of A∗A∗ and A∗A∗ , respectively.

More precisely, we examined the recursively de�ned classes rK and

rK+ =
{
X ∈ K+ |Xεi ∈ K+

Ci
for all i

}
,

where

K+ =
{
X ∈ K | ω̃h(X) ∈ CA, and ωh(X) ∼= ⊕S(1) for all h ≥ 0

}
,

respectively. With the additional assumption of the strati�cation and stan-

dard Koszul property, these smaller classes are also closed under ω and top

extensions. Finally, we deduced the following results.
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Theorem 2.8 (E. Lukács, A. Magyar [25], Theorem 5.4 and 5.10). If A is stan-

dard Koszul standardly strati�ed and X ∈ rK, then X∗/A∗(f1 + . . .+fi−1)X
∗ ∼=

(Xεi)
∗ for all i ≥ 1. Moreover, A∗f1X

∗ ∈ F(∆◦A∗(1)).

Since simple and standard modules over standard Koszul standardly strati-

�ed algebras belong to rK, the above theorem implies one of our main results.

Theorem 2.9 (E. Lukács, A. Magyar [25], Theorem 5.7 and 5.12). If A is stan-

dard Koszul standardly strati�ed, then its homological dual A∗ is a standardly

strati�ed algebra. Moreover, its right standard A-modules are mapped to left

proper standard A∗-modules, and left proper standard A-modules are mapped to

right standard A∗-modules by the functor Ext∗A, that is, Ext∗A(∆(i)) ∼= ∆◦A∗(i)

and Ext∗A(∆◦(i)) ∼= ∆A∗(i).

Although using di�erent methods, we were able to show that analogue state-

ments hold for the opposite algebra of standard Koszul standardly strati�ed

algebras. The main results are the following.

Theorem 2.10 (E. Lukács, A. Magyar [25], Theorem 6.4 and 6.11). If A◦ is

standard Koszul standardly strati�ed and X ∈ rK+, then

(i) X∗/A∗(f1 + . . .+ fi−1)X
∗ ∼= (Xεi)

∗ for all i ≥ 1;

(ii) all simple A∗-modules are in rK+;

(iii) consequently, (A∗)◦ is standardly strati�ed.

It is worth mentioning that beyond proving that the extension algebra A∗

of a standard Koszul standardly strati�ed algebra A is always standardly strat-

i�ed, we explored a relevant class of submodules both in mod-A and A-mod

whose images with respect to the functor Ext∗A are strati�ed with standard or

proper standard A∗-modules.
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3 Monomial and special biserial algebras

We investigated the standard Koszul property for some combinatorially de�ned

classes of algebras as well. Both monomial and special biserial algebras are given

by their graphs and relations. (For a thorough introduction to the construction

and properties of graph algebras, one may refer to [9].)

In the thesis, we showed that for monomial and self-injective (or symmet-

ric) special biserial algebras, the Koszul and standard Koszul properties can be

described by combinatorial conditions. Using these, we could prove, even with-

out the assumptions of standard strati�cation, that in these classes, standard

Koszul algebras are always Koszul. Furthermore, we gave a characterization of

standard Koszul algebras in these classes in terms of graphs and relations.

3.1 Monomial algebras

Let Γ be a �nite oriented graph possibly with loops and multiple edges. The

path algebra KΓ is a vector space whose basis consists of all oriented paths

in Γ, and the product of two paths is given by concatenation if it is possible,

and zero otherwise. We say that I / KΓ is an admissible ideal, if it consists of

linear combinations of paths with length at least 2, and there exists an integer

m such that all paths with length at least m are in I. In this case, we call the

factor algebra A = KΓ/I a �nite dimensional graph algebra. A graph algebra

A = KΓ/I is monomial if I is generated by paths.

Theorem 5.2 of [2] implies that a standard Koszul monomial algebra is

Koszul when all standard modules are Schurian (i.e. End(∆(i)) and End(∆◦(i))

are division rings for all i). The proof we presented is only slightly more general

but it is a good introduction to the more complicated case of special biserial

algebras.

In the proof, we heavily relied on earlier results about monomial algebras.

For instance, the projective resolutions of simple modules are described in terms

of vertices of Γ and non-zero minimal paths of I (cf. [19]). On the other hand,

we also have a useful characterization of Koszul algebras.
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Theorem 3.1 (E. Green, D. Happel, D. Zacharia [19] and A. Magyar [29]).

Let A = KΓ/I be a monomial algebra. Then the following are equivalent

(i) A is Koszul;

(ii) Every simple A-module S belongs to C2A;

(iii) A is quadratic.

Theorem 3.1 gives us alternatives to check whether a monomial algebra is

Koszul. Especially, the conditions (ii) and (iii) are proved to be useful. We

introduced the concept of valleys, i.e. paths uj  uk  um which contain

vertices uj, uk and um such that uk ≤ uj, and uk < um. Proposition 3.2 shows

the connection between valleys and the standard Koszul property.

Proposition 3.2 (A. Magyar [29]). Let A = KΓ/I be a standard Koszul mono-

mial algebra. Then the non-zero paths of A do not contain valleys.

Using the proposition, we can conclude that if A is a standard Koszul mono-

mial algebra, then there are no maximal non-zero paths in I with length ≥ 3.

This proves the following theorem.

Theorem 3.3 (A. Magyar [29]). Every standard Koszul monomial algebra is a

Koszul algebra.

Additionally, we gave a characterization of standard Koszul algebras using

the notion of valleys.

Theorem 3.4 (A. Magyar [29]). The monomial algebra A = KΓ/I is standard

Koszul if and only if A is Koszul and no non-zero path of A contains a valley.

3.2 Special biserial algebras

The concept of biserial algebras was introduced by Tachikawa in [35], while the

signi�cant subclass of special biserial (SB) algebras was �rst studied in the work

of Skowro«ski and Waschbüsch [33]. Self-injective, in particular, symmetric
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special biserial (SSB) algebras appear in the theory of modular representations

of �nite groups (see [23] and [31]), and play an important role in complex

representations of the Lorentz group [22]. These algebras are often used to

testing various conjectures (cf [17], [18] or [34]).

An algebra A ∼= KΓ/I is said to be special biserial, or SB for short, if for each

vertex v of Γ, there are at most two arrows starting, and at most two arrows

ending at v, furthermore, for each arrow α there exists at most one arrow β and

at most one arrow γ such that βα, αγ /∈ I. An algebra A is self-injective if AA is

an injective A-module, while A is a Frobenius algebra if AA ∼= HomK(AA,K) as

right modules. Frobenius algebras are always self-injective, on the other hand,

every self-injective basic algebra is Frobenius [14]. If A is a Frobenius algebra,

then there exists a linear function ϕ : A→ K such that kerϕ does not contain

any nontrivial right or left ideal of A. We call a Frobenius algebra symmetric if

the above Frobenius function is symmetric, i.e. ϕ(ab) = ϕ(ba) for all a, b ∈ A.
By an SSB algebra, we mean an SB algebra with such a �xed symmetric form

ϕ.

First, we observed that if A is standard Koszul, then apart from a few

exceptions, the indecomposable projective A-modules cannot be uniserial (cf.

Lemmas 2.1�2.3 [28]). Even more, we precisely determined those cases when A

has a uniserial projective module.

Proposition 3.5 (A. Magyar [28], Lemma 2.6). If A is a non-simple connected

standard Koszul self-injective SB algebra having a uniserial projective module,

then every indecomposable projective A-module is two-dimensional.

Corollary 3.6 (A. Magyar [28], Proposition 2.7). If A is a standard Koszul

self-injective SB algebra that has a uniserial projective module, then A is Koszul.

Corollary 3.6 lets us to restrict our attention to algebras without uniserial

projective modules. We followed ideas similar to what Antipov and Generalov

used in [8] to give a complete description of the projective resolutions of simple

modules for this case. This led us to a combinatorial (or rather a graphical)
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construction (See Fig. 3.1 and Proposition 3.2.8 of the thesis). The construction

gives us equivalent conditions for a standard Koszul self-injective SB algebra

to be Koszul. This is similar to what we inferred in Theorem 3.1 for monomial

algebras.

Proposition 3.7 (A. Magyar [28], Corollary 2.10). Let A be a self-injective SB

algebra, then A is Koszul if and only if all of its simple modules are in C2A.

As the next step, we investigated non-zero paths in the projective A-modules

eiA. We de�ned valleys in a similar way as we did for monomial algebras, and

showed that no non-zero paths with length at least 3 can contain a valley, if A is

standard Koszul. This implies that standard Koszul self-injective SB algebras

are close to being "quadratic" in the following sense.

Proposition 3.8 (A. Magyar [28]). Let A be a non-simple connected standard

Koszul self-injective SB algebra. For all i, at least one of the maximal nonzero

paths in eiA has length 2.

As a consequence of Propositions 3.5 and 3.8, and Corollary 3.6 we got

Theorem 3.9.

Theorem 3.9. If A is a self-injective standard Koszul SB algebra, then A is

Koszul.

Finally, we gave a characterization of standard Koszul SSB algebras in terms

of quivers and relations.

Theorem 3.10 (A. Magyar [28], Theorem 2.23). A = KΓ/I is a connected

standard Koszul SSB algebra if and only if either

(a) A is isomorphic to one of the K-algebras: K, K[x]/ (x2), K[x, y]/ (x2, y2),

K〈x, y〉/ (xy, yx, x2 − λym), or

(b) Γ has the shape shown below and I is generated by the relations of

• •γ
α1

β1
•

α2

β2

. . . • • •
αn−2

βn−2

αn−1

βn−1

δ
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I =
(
αiαi+1, βi+1βi, γα1, αn−1δ, β1γ, δβn−1, αi+1βi+1 − βiαi,

γk − α1β1, λδ
m − βn−1αn−1 | i = 1, . . . , n− 2

)
, λ ∈ K \ {0}, k,m ≥ 2. (2)
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