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ménybe nem nyújtottam be és azt nem utaśıtották el.
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köszönetemet.

A kutatás továbbá a Prof. Vajk István (BME Automatizálási és Alkalmazott In-
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Összefoglaló

Napjainkban az ember nélküli légi járművek (UAV-k), ill. ember nélküli repülő rendsze-

rek (UAS-ek) egyre inkább a figyelem középpont-jába kerülnek, ráadásul a mindennapi

életben is egyre több helyen ḱıvánják alkalmazni őket. Ezek a járművek számos kih́ıvást

jelentő feladatot hatékonyan képesek elvégezni, akár önmagukban, akár hasonló egye-

dekből csoportot alkotva. A légi járművek terüle-tén azonban a mai napig számos kérdés

megválaszolása várat magára, ami részben az alkalmazások soksźınűségének köszönhető.

Jelen munka beltéri autonóm járművek és járműcsoportok iránýıtási kérdéseivel, ill. az

ehhez kapcsolódó mérési és állapotbecslési feladatokkal foglalkozik.

A kutatás kereteit a Budapesti Műszaki és Gazdaságtudományi Egyetem Iránýıtás-

technika és Informatika Tanszéke (BME IIT) és az MTA SZTAKI Rendszer- és Iránýıtás-

elméleti Kutatólaboratóriuma által közösen kezdeményezett négyrotoros helikopter pro-

jektje biztośıtotta. A projekt keretein belül sokrétű kutatás folyik, amelyek között szerepel

a szenzorrendszer fejlesztése [28], bel- és kültéri navigáció és iránýıtás [28, 58], valamint

a kooperat́ıv iránýıtás. A projekt során több olyan eredmény született, amely egyéb

járművek esetén is alkalmazható. Jelen disszertáció a beltéri járműegyüttes biztonságos

iránýıtása területén elért eredményeket mutatja be. Az értekezés részét képezik továbbá

a kutatás során felmerülő járulékos feladatok megoldásához kapcsolódó eredmények is.

Ezek a feladatok az egyes járművek iránýıtására alkalmas algoritmusok, valamint beltéri

járműnavigációt támogató algoritmusok kidolgozása köré csoportosulnak.

A disszertációban megjelenő eredmények a fentiek szerint három nagyobb témakörbe

sorolhatók. A kutatás kezdeti szakaszának fő feladata az egyes UAV-k modellezése és az

eredményül adódó alulaktuált és instabil nemlineáris rendszert stabilizálni képes iránýı-

tási algoritmusainak kidolgozása volt. Járulékos problémaként jelentkezett, hogy a sza-

bályozáshoz szükséges mennyiségek némelyike nem áll rendelkezésre megb́ızható mérések

formájában. Ilyen esetekben állapotbecslő rendszerek teszik teljessé a fedélzati iránýıtási

rendszert. A 2. fejezet tárgyalja az ehhez a kérdéskörhöz kapcsolódó eredményeket.

A következő fejezet témája a járműnavigáció. Prećız manőverek végrehajtásához elen-

gedhetetlen, hogy megb́ızható abszolút poźıció- és orientácómérések álljanak rendelkezés-

re. Tipikusan a járművekre rögźıtett szenzorok ilyen méréseket nem képesek szolgáltatni,

ezért külső pozicionáló rendszereket alkalmaznak. A projekt során jelentős hangúlyt ka-

pott mind kültéri, mind pedig beltéri környezetben alkalmazható új navigációs algoritmu-

sok kidolgozása. Jelen disszertáció ezek közül a beltéri navigációs feladatokra összpontośıt.

Az MTA SZTAKI-ban egyedi mérési elven alapuló beltéri pozicionáló rendszer fejlesztése
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folyik, amelynek jelentős előnye, hogy változatos fényviszonyok között képes működni,

emellett egyszerűen igaźıtható különböző méretű terek lefedésére. A 3. fejezet két főbb

kérdést érint: a rendszer működéséhez elengedhetetlen kalibrációt, valamint az algoritmu-

sokat, amelyek seǵıtségével a nyers mérési adatok alapján meghatározhatjuk egy jármű

térbeli poźıcióját és orientációját.

A disszertáció záró része kiterjeszti a vizsgálatot járműegyüttes iránýıtási kérdései-

re. Alapvető fontosságú, hogy az egyes járművek stabilitásából nem következik, hogy

az ezekből álló együttes is stabil rendszerként viselkedik. Ennek kapcsán azt vizsgáljuk,

hogyan képes behatárolt térben egy nagy méretű járműegyüttes egy feladatot összehan-

goltan hatékonyan végrehajtani. A kitűzött cél, hogyan rendeződhetnek át egy kiindulási

formációból egy célformációba úgy, hogy eközben garantált a biztonságos működés, vagyis

hogy sem egymásban, sem pedig a környezetükben nem tesznek kárt. Az ezzel kapcsolatos

elért eredményeket foglalja össze a 4. fejezet.
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Abstract

Recently, unmanned aerial vehicles (UAVs) and unmanned aircraft systems (UASs) have

gained significant attention and their integration to everyday life is one of the most act-

ively investigated problem in numerous countries. These vehicles can perform various

challenging tasks efficiently, either alone or in cooperation with other similar vehicles.

However, numerous open questions exist in this field of research due to the versatility

of applications and the emerging problems. This work focuses on control related prob-

lems that include single vehicles and vehicle groups in indoor environment, while state

measurement and estimation are also of importance.

The research has been made available by the quadrotor helicopter research project

initiated by the Department of Control Engineering and Information Technology of the

Budapest University of Technology and Economics (BME IIT) and the Systems and Con-

trol Lab of the Institute for Computer Science and Control of the Hungarian Academy

of Sciences (MTA SZTAKI). The research involves several directions including sensor

analysis and design [28], indoor and outdoor navigation and control algorithm develop-

ment [28,58] and cooperative control. Many of the results of this research are not strictly

connected to quadrotor helicopters. This thesis presents the results related to safe control

of indoor vehicle groups. Additionally, results related to the problems having emerged

during the research are included in the thesis. These results are connected to the de-

velopment of algorithms for individual quadrotor helicopter control and for navigation of

indoor vehicles.

The results presented in this thesis are therefore grouped into three main parts. The

first step during the research was modelling the dynamics of a single quadrotor UAV and

designing a powerful stabilising controller for this underactuated and unstable nonlinear

system. An emerging problem is that the proposed method require certain signals that

cannot be measured by on-board or external sensors reliably. In control applications, this

is typically solved by state estimators that make the on-board control system complete.

These topics are covered in Chapter 2.

The second main part deals with navigation questions. For accurate motion, reli-

able absolute position and attitude measurements are required, which are generally not

provided by on-board sensors. During the whole project, both indoor and outdoor navig-

ation have been investigated. In this work, focus will only be on indoor position and atti-

tude estimation. A novel indoor positioning system is being developed at MTA SZTAKI,

which can operate in various light conditions and is scalable in order to cover different
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sizes of space. Two important problems shall be dealt with in Chapter 3, which are the

necessary calibration process and the position and attitude reconstruction algorithms,

performing which accurate measurements can be provided.

In the last main part, we extend the investigation to a group of vehicles. This is

fundamentally different from single vehicle control since the stability of a single vehicle

does not guarantee the same at the group level. Here we investigate how a large number of

vehicles can perform missions together efficiently. The main task will be how a formation

change manoeuvre can be performed, guaranteeing collision-free motion and at the same

time certain robustness measures. The findings in this area is the topic of Chapter 4.
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Chapter 1

Introduction

1.1 Motivation

My research started during the fourth year of my university studies, when I chose a project

on which I had to work on my own. Among many possibilities, two topics aroused my

interest, one was about a submarine, the other about a quadrotor helicopter. Both of these

topics were jointly proposed by the Department of Control Engineering and Information

Technology of the Budapest University of Technology and Economics (BME IIT) and

the Systems and Control Lab of the Institute for Computer Science and Control of the

Hungarian Academy of Sciences (MTA SZTAKI). Surprisingly, both of them were control

related, even though I had better marks in most of the subjects other than control theory.

The reason was simple, these two projects looked by far the most challenging and exciting

problems compared to the others.

After some hesitation, I finally chose the helicopter project, and I did not know it

would be longer than a one and a half year long project whose end would be a master’s

thesis. However, as there appeared more and more challenging tasks to be solved, I

decided to investigate these emerging problems deeper, and after a total of seven years, I

am finally summarising most of my work and new findings in this PhD thesis.

Since the beginning of this project, I have faced several new problems, both theoretical

and application related, and also got in contact with several helpful people with great

experience and knowledge, some of whom I have become colleague of. I soon realised that

even such a narrow branch of science is nearly impossible to get deeply acquainted with.

However, I kept working hoping that after a while I can find something that once turns

out to be useful for other applications as well.

1
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1.2 Contribution and Structure of the Thesis

My work has gradually evolved from dealing with a single quadrotor helicopter, a so-

called unmanned aerial vehicle (UAV), to handling a large group of such vehicles. At

present, unmanned aerial systems (UASs) capture the attention of people working on

various fields, e.g. research, agriculture, rescue, traffic surveillance or military, and they

will be integrated into everyday life in the near future. Taking part of the development

of such systems is definitely fascinating.

UASs are complex systems, however, mostly not only because of mechanical point of

view, but also because in reality they are expected to be as intelligent as humans in some

sense. This is an extremely complex task and therefore, different groups focus on different

aspects of it. To list only a few problems, during the development of an unmanned vehicle

the following have to be taken into consideration:

• How will the vehicle sense its own state?

• Based on the sensed information, how will it react to them?

• How will it sense its environment?

• How will it provide information to its environment about itself?

• How can it possibly cooperate with its environment, possible with other similar

vehicles?

• How can it be guaranteed that it will not damage its environment, even if unexpected

events occur?

Even finding suitable solutions to these questions are insufficient for everyday application

of such vehicles. However, in my work, these are the questions that I have dealt with,

focusing more on some of them and less on others. My research work mostly focuses on

control and state estimation related questions.

The quadrotor helicopter has become a popular research platform, partly due to its

relatively simple mechanical structure. The first articles about quadrotor control had just

been published around the time when I started working on the project. Therefore, soon

after getting familiar with the most commonly applied linear and nonlinear approaches,

I decided to try to improve the available methods and investigate whether different tech-

niques are applicable.

However, signals required by the control algorithms are often not available as on-

board measurements or are of poor quality. Therefore, additional components need to
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be included in the control architecture. Flying vehicles are often equipped with on-board

inertial and magnetic sensors, however, these are not suitable for accurate positioning and

attitude estimation for several reasons. One of them caused by the drift of integration,

which is mostly due to the offset error of accelerometers and angular velocity sensors,

the other is the motion of the vehicles that considerably affects the inertial measure-

ments. Therefore, direct position and angle measurements are required, which are often

provided by a dedicated external positioning system and transmitted to the flight control

computer via wireless communication. I participated in the development of the sensory

system of BME IIT together with László Kis and Zoltán Prohászka in the frame of the

OTKA project K71762 “Advanced Control Theory and Artificial Intelligence Techniques

of Autonomous Ground, Aerial and Marine Robots”. The system is designed to estimate

object’s position and attitude in indoor environment based on locating markers of different

colours. Additionally, my colleagues Ádám Bakos and István Gőzse at MTA SZTAKI had

been developing various types of sensors and I soon joined the development of the novel

phototransistor and TFT based indoor positioning system and mostly worked on methods

for reconstructing the position and attitude of an object based on raw measurements.

When all the measurements are available on-board, it is good practice trying to extract

the most accurate state information of them. The reason is that the measurements are

not all independent from each other, e.g. acceleration is the second derivative of the

position if they are measured in the same coordinate frame, non-zero angular velocity

may affect acceleration measurements. Moreover, measurements are loaded with different

kinds of errors, among which there are deterministic and random components. Sensor

fusion is the concept that aims at providing improved estimations based on mathematical

models of the sensors. The most commonly applied method for estimating signals based

on measurements of various sources is the Kalman filtering and its variants.

The following two chapters of my thesis summarise my work on the topics mentioned

above. The first of these chapters presents the on-board components that consist of the

new controller and sensor fusion algorithm, while the latter deals with the calibration

and spatial position and attitude reconstruction method for our novel indoor positioning

system.

It can be seen that the questions above are beyond the scope of a single vehicle.

There are various tasks that a single vehicle cannot efficiently or at all solve and thus

these tasks are divided so that a number of similar vehicles can perform them, while

in other cases it is more efficient when the vehicles cooperate with each other instead

of operating individually. An illustrative example to the first case is the surveillance of
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large forests where the risk of fire is considerable. Formation flight is a typical example

of the latter, when fuel consumption can dramatically reduce when aeroplanes keep their

relative positions to the others fixed during manoeuvres.

These problems are within the scope of cooperative control, which aims at finding solu-

tions to various problems involving a number of systems that somehow share information

between each other. Cooperative control is also a wide area of research with huge theoret-

ical background, in which new results appear frequently, thus it is an active research area.

When I started to get acquainted with cooperative control, I soon noticed that many

interesting and challenging problems had already been solved, and occasionally, several

solutions had existed to the same problem, applying completely different methodology.

However, different techniques have their strengths and certain weaknesses at the same

time, e.g. robust control techniques can provide controllers suitable for a set of systems

described by an uncertainty set and can guarantee robustness and performance, however,

they are not well suited for ensuring hard constraints. Therefore, after investigating sev-

eral available solutions to various vehicle group related problems, I started focusing on

constructing an architecture which can guarantee that a large number of vehicles in a

relatively compact space can perform manoeuvres without the risk of causing damage

in themselves and the environment, and to do it in possibly an efficient way. The last

chapter of my thesis I show a possible solution that is not only applicable to quadrotor

helicopters but to a wide range of UAVs.

The next chapters follow the same structure. Each begins with a section that describes

how the subject fits in the research, what the aims of the presented work are. Afterwards,

the connection with ongoing research is highlighted, the available results are covered with

attention to the possible improvements that I have been focusing on. The main results

are them presented in detail, with illustrative examples, evaluation and discussion, while

the achievements are summarised and expressed in thesis form.

1.3 Applied Hardware and Software Tools

Since my research is tightly connected to practical problems, a key aspect was developing

methods and algorithms that can be implemented on hardware that is currently available

on the market. Over the years of my research, the computational power of embedded

solutions have increased by more than a magnitude. Likewise, micro-electro-mechanical

systems (MEMS) technology has dramatically improved, thus sensors produced by cutting

edge technology become obsolete after 1 – 2 years (currently, 9-axis inertial sensors with
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digital interface are available within a single package, while the same package contained

1-axis or 2-axis analogue sensors initially). Therefore, instead of describing the actual

hardware in detail, this section is intended to present the methodology of the algorithm

development and general hardware requirements of the final solutions.

Control algorithm development involves a number of steps before real-time tests on the

final hardware. The reason is to minimise the risks of implementing malfunctioning code

and thus avoid unnecessary and costly damages. In control engineering practice, especially

when developing state of the art control algorithms, the most commonly applied tool is

MATLAB with its specific toolboxes and Simulink. The reason for this choice is the

productivity that is provided by the vast number of available design methods, verification

and validation tools and debugging features.

The MATLAB/Simulink environment has further essential features that suit control

algorithm development. These are the physical modelling and simulation capabilities

that are crucial in verifying the operation of the proposed algorithms, while the other is

the embedded code generation. These are key elements in rapid prototyping and safety

critical application development, since the environment can generate code that meets the

specifications of various international standards.

Code generation leads to a further step in the development cycle, which is the so-

called hardware-in-the-loop (HIL) test. This penultimate step includes the mathematical

representation of all the dynamic systems and sensors that interact with the actual on-

board embedded components of the control system including the communication channels

(CAN, SPI and wireless in the case of quadrotor helicopters). The purpose of this step

is to check whether the algorithm can be performed at the desired sampling frequency

and real-time phenomena, e.g. communication delays affect the operation, without the

risk of causing damages. HIL simulations may conveniently be carried out by the aid

of hardware and software products of dSPACE, which were extensively applied during

the control development of a single quadrotor helicopter. These hardware and the micro-

computer executing the high level control algorithms have to be powerful units including

hardware floating point units, since the calculations often have to be performed at a high

frequency (a typical value is 100Hz). Currently, the operating frequency of high perform-

ance embedded processors range from 100MHz to several GHz, which is suitable for most

control and state estimation tasks.

Other components than the primary flight control computer may require low-level and

highly efficient coding that automatic code generation does not suit. Such components

are the motor controllers in the case of quadrotor helicopters. These components do not
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require advanced control algorithms but rather proper utilisation of hardware resources.

Therefore, carefully selected low performance (even 8-bit) microcontrollers may be suitable

for these purposes.

The final phase of the development is the application of the algorithm in the real

environment. The performance of the developed algorithms has to be evaluated during

real-time tests. The essential components in this phase are a monitoring software and a

measurement logging device. The former one is usually a ground station software that

telemeters information about the state of the vehicle during flight and at the same time

may have the function of tuning certain parameters of the on-board software. Since the

bandwidth of wireless communication may prohibit transferring all the state signals to the

ground station in real time, these values are updated at lower frequencies. For post-flight

analysis of the algorithms, the relevant input, measurement and state variables have to

be recorded at every sample time instant. For this purpose, memory card based on-board

data loggers are widely applied.

A powerful tool for creating advanced graphical interfaces is the NI LabWindows/CVI

IDE. Within the environment, software can be coded in the C language. Additionally, a

wide range of data transfer, processing and display functions are available, and the control

of other hardware produced by the same manufacturer are seamlessly integrated.

The applied tools are slightly different for the indoor positioning system. For similar

reasons to those mentioned earlier, I elaborated the reconstruction algorithms in MAT-

LAB. However, the algorithms involve nonlinear optimisation and extensive use of linear

algebraic manipulations, which are computationally demanding. Therefore, the final real-

time implementation needs to be optimised and thus automatic code generation has to be

avoided as it produces relatively inefficient code. Additionally, code generation does not

support the solver algorithms. To tackle these problems, I made use of optimised linear

algebraic (BLAS and LAPACK) and special optimisation libraries (KNITRO [9]). The

result was an increase of more than a magnitude in speed and thus an operating frequency

of 100Hz was achieved on an average PC.

The formation control and safe path generation algorithms are currently available in

MATLAB/Simulink environment. The real-time implementation of the on-board robust

formation controller may be performed according to the steps described above and no

special hardware is required for that. However, as the path generation method requires

a large amount of memory to store adjacency matrices, especially in the case of large

vehicle groups, it is currently more convenient implementing it on PCs. Another reason

for choosing a PC as the target platform is related to the computation steps that the



1.3 Applied Hardware and Software Tools 7

algorithm consists of. As parts of the computations can be performed in a parallel fashion,

graphic processing units may be involved to accelerate calculations. The other demanding

step of the method is the maximum clique search, which can also be parallelised. By this

means, a similar decrease in computation time can be expected as in the case of the indoor

positioning system.



Chapter 2

Control of a Single Quadrotor

Helicopter

2.1 Introduction

In this chapter, we investigate possible solutions for quadrotor helicopter control. Devel-

oping quadrotor helicopters has been a popular research area in the recent years, partly

due to the increasing interest in UAS development, its simple mechanical structure (a

frame equipped with four rotors with parallel axes placed in the vertices of a square) and

also because the system dynamics has a special form, which suits various nonlinear and

linear control methods.

In the following, after deriving the equations of motion of the helicopter and the rotor

dynamics, we propose and compare two control strategies, applying which on a small-

sized quadrotor helicopter, the vehicle can autonomously track complex paths. One of the

control algorithms is based on the backstepping approach, which is a suitable method for a

certain class of nonlinear systems. The other controller consists of carefully tuned classical

robust µ-controllers, since the system becomes decoupled after linearisation. The proposed

control algorithms can be implemented on powerful microcomputers and they make use

of both on-board and external sensor measurements. Since the backstepping controller

requires signals that are not measured, we design an additional Extended Kalman Filter

(EKF) based state estimator. The same is not required for the robust controller as it

inherently contains one.

The chapter is structured as follows. After a short overview on the research field in

Section 2.2, the dynamics of the helicopter including its actuators is derived in detail

8
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in Section 2.3. For technical reasons, system linearisation, which is required for robust

controller design, will be presented in detail in the corresponding section. We present

the two proposed control methods in Sections 2.4 and 2.5, while the characteristics of the

controllers will be discussed in Section 2.6.

2.2 Related Research

As mentioned in the introductory part of this section, control of quadrotor helicopters

have become an attractive area among researchers. The motion of such vehicles can be

described by nonlinear differential equations that have a special structure, i.e. they are

input affine. This structure makes it suitable for various nonlinear control techniques

among which backstepping and sliding mode controllers have become the most frequently

investigated ones. On the other hand, a linearised dynamics can be obtained about a

natural choice of stationary state variables, which occur when the vehicle is hovering.

Moreover, the vehicle is unstable and underactuated, i.e. the degrees of freedom in the

motion is higher than the number of independent control inputs. These factors also

make the system interesting to investigate how it can be controlled by the use of linear

controllers. Even soft computing techniques [14] and vision based control methods [1]

have been proposed for stabilising quadrotor helicopters.

Several research groups have started developing quadrotor helicopter based systems,

including groups at Stanford, Vélizy and Lausanne. Currently, the most remarkable work

is carried out at the Flying Machine Arena at ETH Zürich. Several control strategies have

been proposed and different dynamics related effects have been studied. In the following,

we shall briefly summarise the most relevant results.

The group at Stanford has designed a multi-purpose vehicle that is able to operate both

indoors and outdoors. The design objectives also included the ability of carrying a decent

amount of payload, high on-board computational power and the ability of communicating

with other vehicles. They have placed emphasis on physical modelling of the helicopter,

they have built up thorough aerodynamic, motor thrust, blade flapping models, analysed

airflow effects and carried out validation tests as well [22]. They have also proposed several

control algorithms, even for aggressive manoeuvres [24]. Among these algorithms there

are PID controllers [22,24] and more advanced ones, e.g. integral sliding mode based and

reinforcement learning aided linear ones as well [82], in order to achieve better performance

especially when hovering close to the ground, where ground effect is significant.

Lozano et al. have derived the simplified dynamic equations of a quadrotor helicopter
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using a non-standard attitude representation in [12]. They neglect both the drag and the

gyroscopic effect in their model. They have compared linear PD and nonlinear control

strategies and carried out test flights. The nonlinear control algorithm is a backstepping

controller variant that makes use of saturations to bound the control inputs. They have

published their results in [10,11,26,37], including real-time tests, showing that their vehicle

is able to take off, hover and land autonomously in indoor environment.

In their earlier works [53], Benallegue et al. have developed feedback-linearisation

control to the simplified model (2.13) and proved its effectiveness in simulations, while

they have developed more advanced methods based on the more complex dynamic model

(2.11). These are backstepping based methods, in which they construct a controller in

several steps, presented in [44] and [45]. In the latter, they also take into account the rotor

dynamics. However, these methods have turned out to be sensitive to measurement noises

because of the large number of cascade differentiation steps in the control law, making

the method difficult to implement on a real system. The authors have also proposed a

hierarchical robust controller, applying a feedback linearisation technique together with

the H∞ control theory [54].

Numerous control methods have also been developed during the OS4 platform, which

was initiated in Lausanne. The first development results have been published in [4,

5], where the construction of the vehicle, together with the equations of motion and

the first controller are presented. The group also investigated the applicability of linear

controllers, namely PID and LQ methods [6], then later moved on to nonlinear methods.

Sliding mode and backstepping control strategies have been investigated in [7]. They have

found the backstepping controller to be the best choice and in a further paper presented

an improvement that also takes the rotor dynamics into account [8]. Throughout our

development, controllers have been designed to stabilise the system (2.13). Based on our

simulations, these methods tend to be more robust than those proposed by the group of

Benallague.

In the remainder of this chapter, we propose a control scheme, which not only includes

a stabilising controller, but also the necessary components that provide the conditioned

signals required for correct operation. We intend to design a controller that combines the

strengths of [45] and [8], i.e. we take into account the relevant dynamic effects to guarantee

global stability, while ensuring operability under realistic measurement characteristics. In

order to evaluate the controller, we also design a robust controller.
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2.3 Dynamic Modelling of a Quadrotor Helicopter

Let us assume that a frame (coordinate system) KE fixed to the Earth can be considered

as an inertial frame of reference. The frame fixed to the centre of gravity (CoG) of the

helicopterKh can be described by its position ξ = (x, y, z)T and orientation η = (Φ,Θ,Ψ)T

in roll – pitch – yaw (RPY) angles relative to KE with the z-axis pointing upwards when

Φ = Θ = 0. The orientation can be described by the matrix Rt in the following way:

Rt =







CΘCΨ SΦSΘCΨ − CΦSΨ CΦSΘCΨ + SΦSΨ

CΘSΨ SΦSΘSΨ + CΦCΨ CΦSΘSΨ − SΦCΨ

−SΘ SΦCΘ CΦCΘ






, (2.1)

where Sx and Cx denote sin(x) and cos(x) as usual in robotics.

The relation between ξ̇ and η̇ and translational and angular velocities v and ω of the

helicopter expressed in Kh take the form

ξ̇ = Rtv

ω = Rrη̇,
(2.2)

where time derivative is denoted by dot and the matrix Rr has the form

Rr =







1 0 −SΘ

0 CΦ SΦCΘ

0 −SΦ CΦCΘ






, (2.3)

which is well-known in robotics (cf. [36], pp. 84 – 85). It is worth mentioning that the

inverse of Rr can be computed as

R−1
r =







1 SΦTΘ CΦTΘ

0 CΦ −SΦ

0 SΦ/CΘ CΦ/CΘ







(2.4)

and the derivative of ω can be written as

β = ω̇ = Rrη̈ + Ṙrη̇. (2.5)

Applying Newton’s laws and following the steps of [36] (pp. 109 – 121), the transla-

tional and rotational motions of the helicopter in Kh can be described by

∑

Fext = mv̇ + ω × (mv)
∑

Text = Ihω̇ + ω × (Ihω),
(2.6)
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Table 2.1: Effects considered in the quadrotor model.

Affected motion Effect Notation Description

Translation Gravity Fgr −mRT
t G

Aerodynamic model Fa −Ktv

Rotation Gyroscopic effect Tgy −ω × (IrΩr)

Aerodynamic model Ta −Krω

where Ih is the inertia matrix of the helicopter and for symmetry reasons, it is supposed

that it can be described by a diagonal matrix Ih = diag(Ix, Iy, Iz).
∑

Fext and
∑

Text

represent the forces and torques respectively applied to the quadrotor helicopter expressed

in Kh and can be written as

∑

Fext = F + Fa + Fgr

∑

Text = T + Ta + Tgy.
(2.7)

The first element in both equations is the effect of the lift forces generated by the four

brushless DC (BLDC) motors. The ith BLDC motor exerts a lift force proportional to

the square of its angular velocity Ωi (fi = bΩ2
i ). Thus, the resulting lift force and torque

can be written as

T =







τx

τy

τz







=







lb(Ω2
4 − Ω2

2)

lb(Ω2
3 − Ω2

1)

d(Ω2
2 + Ω2

4 − Ω2
1 − Ω2

3)







F =







0

0

f







=







0

0

b
∑4

i=1Ω
2
i







,

(2.8)

where l, b, d are constants (see Tab. 2.2).

The other force and torque elements in (2.6) are summarised in Tab. 2.1 and are

partly caused by the drag effects Fa and Ta, the force of gravity Fgr in the translational

motion and the gyroscopic effect Tgy in the rotational motion. The forces and torques are

transformed into Kh. Certain effects of the rotating parts, e.g. blade flapping or Coriolis

effect are not considered since rotors are assumed to be rigid bodies and their moment of

inertia is negligible compared to that of the helicopter.

The force of gravity points to the negative z-axis, therefore

Fgr = −mRT
t (0, 0, g)

T = −mRT
t G. (2.9)
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Table 2.2: Parameters in the dynamic equations.

Property of Constant Meaning

Airframe m mass of helicopter

Ih helicopter inertia

l distance between the CoG and motor axes

Kt, Kr aerodynamic coefficients

Actuators Ir rotor inertia

b, d force and torque coefficients

The gyroscopic effect can be modelled as

Tgy = −(ω × k)Ir(Ω2 + Ω4 − Ω1 − Ω3) = −ω × (IrΩr). (2.10)

where Ir is the rotor inertia and k is the third unit vector.

The drag at low speeds and small roll and pitch angles can well be approximated by

the linear formulae Fa = −Ktv and Ta = −Krω.

The equations of motion of the helicopter can be obtained by applying the Newton –

Euler method:

F = mRT
t ξ̈ +KtR

T
t ξ̇ +mRT

t G

T = IhRrη̈ + Ih

(
∂Rr

∂Φ
Φ̇ +

∂Rr

∂Θ
Θ̇

)

η̇ +

+KrRrη̇ + (Rrη̇)× (IhRrη̇ + IrΩr).

(2.11)

All the parameters that appear the equations of motion are listed in Tab. 2.2.

2.3.1 Simplified Dynamic Equations

A simplified model of the quadrotor helicopter can be obtained by neglecting certain

effects and applying reasonable approximations. The purpose of the construction of such

a model is to reduce the complexity of the controller while keeping its performance.

Since the helicopter’s motion is planned to be relatively slow, it is reasonable to neglect

all the aerodynamic effects, namely, Kt and Kr can be approximated by zero matrices.

The other simplification is also related to the low speeds. Slow motion in planar directions

means little roll and pitch angle changes, therefore Rr can be approximated by a 3-by-3

identity matrix. Such simplification cannot be applied to Rt.
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Consequently, the dynamic equations in (2.11) become

F ≈ mRT
t ξ̈ +mRT

t G

T ≈ Ihη̈ + η̇ × (Ihη̇ + IrΩr).
(2.12)

The six equations in detail are the ones that can be found in [7] and [S03].

mẍ ≈ (CΦSΘCΨ + SΦSΨ)f

mÿ ≈ (CΦSΘSΨ − SΦCΨ)f

mz̈ ≈ CΦCΘf −mg

IxΦ̈ ≈ Θ̇Ψ̇(Iy − Iz)− IrΘ̇Ωr + τx

IyΘ̈ ≈ Ψ̇Φ̇(Iz − Ix)− IrΦ̇Ωr + τy

IzΨ̈ ≈ Φ̇Θ̇(Ix − Iy) + τz.

(2.13)

2.3.2 Rotor Dynamics

The four BLDC motors’ dynamics can be described as (k = 1, . . . , 4)

Li̇k = um,k −Rik − keΩk

IrΩ̇k = kmik − krΩ
2
k − ks,

(2.14)

where L and R are the inductance and resistance of the motor, while ke, km and ks

represent the back EMF (electromotive force) constant, the motor torque constant and

the friction constant, respectively. If the motors’ inductance is negligible, (2.14) can be

rewritten to

Ω̇k = −kΩ,0 − kΩ,1Ωk − kΩ,2Ω
2
k + kuum,k, (2.15)

where the motor constants are combined into kΩ,0, kΩ,1, kΩ,2 and ku as

kΩ,0 =
ks
Ir
, kΩ,1 =

kmke
IrR

, kΩ,2 =
kr
Ir

and ku =
km
IrR

. (2.16)

2.4 Nonlinear Control of Quadrotor Helicopters

The control algorithm has evolved from the results of [7] and our research [S03]. The

algorithm presented in this part intends to exploit the advantages of two approaches, that

are the ability to control a dynamic model with the least possible simplification and the

good handling of measurement noises experienced in the case of our earlier algorithm

based on [S03].
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We shall utilise the concepts of backstepping control design, which is a recursive feed-

back control design procedure for a special class of systems shown below:

ẋ = fx(x) + gx(x)z1

ż1 = f1(x, z1) + g1(x, z1)z2

...

żi = fi(x, z1, . . . , zi) + gi(x, z1, . . . , zi)zi+1

...

żk = fk(x, z1, . . . , zk) + gk(x, z1, . . . , zk)u,

(2.17)

where x ∈ R
n is the state vector, z1,. . . ,zk are scalars and u is the control input.

It can be observed that the ith equation depends only on x and zi from the preced-

ing ones, which allows the designer to construct a stabilising control law including the

dynamic equations step by step until reaching the last equation containing the control

input. Stability is guaranteed by nonlinear control theoretic results [43]. Each step con-

sists of constructing of a partial Lyapunov function and a virtual control law design, while

during the last step the control law becomes the real one, hence the name of the design

process. In the general case, zi+1 is the virtual control input and it is assumed that gi is

invertible at each step. However, the choice of partial Lyapunov function candidates and

the corresponding virtual control laws can be chosen in various ways, which makes the

method powerful and flexible. The interested reader may find further details about the

method in [32, 35, 36].

2.4.1 Applying a Backstepping Algorithm to the Helicopter

Since backstepping method can only be applied to a special class of nonlinear systems,

we have to reformulate the equations of motion (2.11) and the motor equations (2.14) as

ξ̈ = fξ + gξuξ

η̈ = fη + gηuη

Ω̇i = fm,i + gm,ium,i.

(2.18)

In the above equations, the terms fξ, gξ and uξ are

fξ = −G− 1

m
RtKtR

T
t ξ̇

gξ =
1

m
diag(rt,3)

uξ = (f, f, f)T ,

(2.19)
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while fη, gη and uη stand for

fη = −(IhRr)
−1

[

Ih

(
∂Rr

∂Φ
Φ̇ +

∂Rr

∂Θ
Θ̇

)

η̇ +

+KrRrη̇ + (Rrη̇)× (IhRrη̇ + IrΩr)

]

gη = (IhRr)
−1

uη = T.

(2.20)

In the last equation of (2.18), fm,i and gm,i are as follows:

fm,i = −kΩ,0 − kΩ,1Ωi − kΩ,2Ω
2
i

gm,i = ku.
(2.21)

Since the vector F contains only one non-zero element,

gξuξ =
1

m
rt,3f =

1

m
diag(rt,3)uξ (2.22)

where rt,3 is the third column of Rt, and diag(•) is a shorthand for a diagonal matrix

constructed by the elements of a vector.

The construction of the control law is as follows. Since the helicopter is underactuated,

the concept is that the helicopter is required to track a path defined by its (xd, yd, zd,Ψd)

coordinates. The helicopter’s roll and pitch angles are stabilised to 0 internally. The

control algorithm can be divided into three main parts. At first, the translational part

of the vehicle dynamics is controlled, which then produces the two missing reference

signals to the attitude control system. The third part is responsible for generating the

input signals of the BLDC motors. The hierarchical structure of the controller is shown

in Fig. 2.1, where indices d and m denote desired and measured values, respectively.

Position

Control

Attitude

Control

Motor

Control

ξd

Φd, Θd Td

fd

u

ηd

ξm

ξ̇m

η̇m

Ωm

ηm

Figure 2.1: The structure of the backstepping controller.
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The speed ratio of the three parts of the structure depends on the physical properties

of the components, especially on the measurement frequency of the sensors. The ideal

values of the sampling times for position and orientation control are between 10 – 30ms.

Kalman filters can tolerate the difference of measurement frequencies of the position and

orientation (vision system) and acceleration and velocity (inertial sensor). The sampling

time of the motor control is set to 10ms.

Position Control

The concept of backstepping control will be explained for position control. First, let us

define the path tracking error as

qξ1 = ξd − ξ. (2.23)

Applying Lyapunov’s theorem [43], we construct a positive definite function whose

time derivative is negative definite. Lyapunov function candidates are most often chosen

energy related and involve a combination of state variables. Their derivatives are generally

made negative definite by selecting the control inputs carefully. The case will be similar

in our case as well. Let the initial Lyapunov function candidate take the form

V (qξ1) =
1

2
qTξ1qξ1 . (2.24)

Its time derivative is then

V̇ (qξ1) = qTξ1 q̇ξ1 = qTξ1(ξ̇d − ξ̇), (2.25)

where the tracking error appears. If we were free to choose

ξ̇ = ξ̇d + Aξ1qξ1 (2.26)

then the time derivative of the Lyapunov function would be

V̇ (qξ1) = −qTξ1Aξ1qξ1 < 0 (2.27)

if the matrix Aξ1 were positive definite.

However, the control input appears in the equation describing the second derivative of

the position, and therefore, another step is required (hence the name backstepping). We

can introduce the virtual tracking error

qξ2 := ξ̇ − ξ̇d −Aξ1qξ1 = −q̇ξ1 − Aξ1qξ1 (2.28)
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and an augmented Lyapunov function as

V (qξ1 , qξ2) =
1

2

(
qTξ1qξ1 + qTξ2qξ2

)
. (2.29)

This choice results in the possibility to find the actual lift force f needed. The augmented

Lyapunov function’s time derivative is

V̇ (qξ1 , qξ2) = qTξ1 q̇ξ1 + qTξ2 q̇ξ2 =

= qTξ1(−qξ2 − Aξ1qξ1) + qTξ2 [ξ̈ − ξ̈d − Aξ1(−qξ2 − Aξ1qξ1)] =

= −qTξ1Aξ1qξ1 − qTξ2qξ1 + qTξ2(fξ + gξuξ)− qTξ2 [ξ̈d −Aξ1(qξ2 + Aξ1qξ1)].

(2.30)

We are now free to choose the control input as

uξ = g−1
ξ [qξ1 − fξ + ξ̈d −Aξ1(qξ2 + Aξ1qξ1)− Aξ2qξ2 ] =

= g−1
ξ [ξ̈d − fξ + (I3 + Aξ2Aξ1)qξ1 + (Aξ2 + Aξ1)q̇ξ1 ],

(2.31)

where I3 is an identity matrix of size 3-by-3. If Aξ2 is positive definite, the time derivative

of the Lyapunov function is

V̇ (qξ1 , qξ2) = −qTξ1Aξ1qξ1 − qTξ2Aξ2qξ2 < 0. (2.32)

Applying the control law (2.31) to (2.18) results in

ξ̈ = ξ̈d + (I3 + Aξ2Aξ1)qξ1 + (Aξ2 + Aξ1)q̇ξ1 , (2.33)

which is equivalent to

0 = (I3 + Aξ2Aξ1)qξ1 + (Aξ2 + Aξ1)q̇ξ1 + q̈ξ1 . (2.34)

Assuming positive definite and diagonal Aξ1 , Aξ2 matrices with diagonal elements aξ1,i,

aξ2,i, the characteristic equations have the form

s2 + (aξ2,i + aξ1,i)s+ (1 + aξ2,iaξ1,i) = 0, (2.35)

which guarantees stability. This also means that the errors exponentially converge to zero

if the calculated values of fξ and gξ are close to the real ones.

Furthermore, if the term involving the second derivative of the reference can be kept

small (ξ̈d ≈ 0) compared to the other terms in (2.32) so that it remains negative definite,

the transfer function from each reference component to the corresponding output takes

the form

Pξi,ξd,i(s) =
(aξ,2,i + aξ,1,i)s+ (1 + aξ,2,iaξ,1,i)

s2 + (aξ,2,i + aξ,1,i)s+ (1 + aξ,2,iaξ,1,i)
, (2.36)
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where the constants aξ,•,i are the ith diagonal elements of Aξ,•. These transfer functions

can later be utilised when designing the higher level control algorithm, which will be the

topic of Chapter 4.

Algebraic manipulations can be performed to gξuξ. The third component of uξ is the

lift force f . The other two components serve different purposes. Multiplying the formula

of (2.31) in brackets by m
uξ

instead of the reciprocal of the appropriate element of gξ yields

an expression for the third column of Rt. Since this change has no effect on the stability,

then if the entire controlled system is stable, gξ has to be convergent and its limit is

(0, 0, 1)T/m. Therefore, the reference signals Φd and Θd can be obtained as follows. First

we modify gξ and uξ as

g̃ξ =
1

m







f 0 0

0 f 0

0 0 CΦCΘ







(2.37)

ũξ =







CΦSΘCΨ + SΦSΨ

CΦSΘSΨ − SΦCΨ

f







=







uξx

uξy

f







. (2.38)

We can extract f as before and then we obtain uξx and uξy using the elements of g̃ξ and

SΦd
= SΨuξx − CΨuξy

SΘd
=

CΨuξx + SΨuξy

CΦ

(2.39)

yield Φd and Θd. The reason why these signals can be considered as reference signals is that

as the helicopter approaches the desired coordinates, they converge to zero. Conversely, if

the helicopter follows the appropriate attitude with the lift force, it will reach the desired

position and orientation.

Note that the function of Φ in the denominator of the latter equation does not cause

singularity in practice since the controller is not designed for aggressive manoeuvres.

Attitude Control

The design is similar to that described in the previous part. Again, let us define the

attitude error as

qη1 = ηd − η (2.40)

and introduce a virtual tracking error, which takes the form

qη2 = η̇ − η̇d −Aη1qη1 = −q̇η1 − Aη1qη1 . (2.41)
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Following the same steps, the result is T = uη, where

uη = g−1
η [η̈d − fη + (I3 + Aη2Aη1)qη1 + (Aη2 + Aη1)q̇η1 ]. (2.42)

A Simplified Control of the Position and Attitude

According to (2.11) and (2.12), a change in fξ, fη and gη results in simpler controller

equations that are formally identical to (2.31) and (2.42).

fξ = −G

fη = −I−1
h [η̇ × (Ihη̇ + IrΩr)]

gη = I−1
h

(2.43)

A further simplification is to assume that the second derivatives of the reference signals

are zero (ξ̈d = 0 and η̈d = 0), thus these terms disappear from the control laws. In the

following sections it will be shown that these simplifications do not deteriorate the overall

performance of the control system.

Rotor Control

There is a slight difference in the calculation of um compared to the other inputs, since

in the third equation of (2.18) only the first derivative of Ωk appears. This means that

there is no need for the virtual error qm2
and the Lyapunov function remains

V (qm1
) =

1

2
qTm1

qm1
, (2.44)

while the control input is

um = g−1
m [Ω̇d − fm + Am1

qm1
]. (2.45)

However, it is worth including the derivative of qm1
similarly as in the previous sections

because of the error dynamics. The resulting control input can be calculated as

um = g−1
m [Ω̇d − fm + (I4 + Am2

Am1
)qm1

+ (Am2
+ Am1

)q̇m1
], (2.46)

with qm1
and fm being

qm1
=









Ω1d − Ω1

Ω2d − Ω2

Ω3d − Ω3

Ω4d − Ω4









and fm=









fm,1

fm,2

fm,3

fm,4









. (2.47)
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Since the four motors are considered to be identical, gm can be any of gm,k-s and therefore

it is a scalar. It is worth noticing that since T and f are linear combinations of Ω2
k, hence

Ωkd are the element-wise square roots of









Ω2
1d

Ω2
2d

Ω2
3d

Ω2
4d









=









0 −(2lb)−1 −(4d)−1 (4d)−1

−(2lb)−1 0 (4d)−1 (4d)−1

0 (2lb)−1 −(4d)−1 (4d)−1

(2lb)−1 0 (4d)−1 (4d)−1









(

T

f

)

. (2.48)

In case Am1
and Am2

are positive definite matrices, the time derivative of the Lyapunov

function becomes

V̇ (qm1
) = qTm1

q̇m1
=

= −qTm1
[(I4 + Am2

Am1
)qm1

+ (Am2
+ Am1

)q̇m1
] =

= −qTm1
(I4 + Am2

+ Am1
)−1(I4 + Am2

Am1
)qm1

< 0,

(2.49)

thus the whole closed-loop system becomes stable.

Tuning of Controller Coefficients

The parameters of the controllers are related to coefficients of low order characteristic

polynomials or elements of positive definite diagonal matrices, hence their choice is simple.

The numerical values are immediately related to the speed of the control. It should also

be taken into account that the increased speed of the control can cause saturation in the

actuators. Simulation experiments can help in parameter tuning (see the results in Tab.

2.8).

2.4.2 Extended Kalman Filtering Based State Estimation

The control algorithm introduced in the previous section requires the signals shown in

Tab. 2.3 for the computation of the control inputs. The signals measured by the sensor

system are marked by asterisk (*). Since there is a signal that is not measured and long

time tests show that the inertial sensor’s signals not only contain noises, but also an offset

(bias) that changes slowly, a state estimator is included in the control algorithm.

The state estimator consists of two hierarchically structured extended Kalman filters

EKF1 and EKF2 that are responsible for the estimation of the attitude and position

related signals, respectively. The structure of the state estimator can be seen in Fig. 2.2.

The subscripts m, e and tr correspond to measured, estimated and transformed signals,
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Table 2.3: The signals required by the control algorithm

Signal Meaning

ξ Position∗

ξ̇ Velocity

η Attitude∗

η̇ Angular velocity∗

Ω Angular velocities of the rotors∗

EKF1(η, ω)

a : KS → KH

ω : KH → KE

EKF2(ξ, a)

ηm

ωm

am

ξm

ηe

ωe

βe

ξ̈tr

η̇e

ξe

ξ̇e

ηe

Figure 2.2: The structure of the state estimator.

respectively. The role of the block in the middle of the diagram is to transform the

measured acceleration from the sensor frame to the helicopter frame. This block separates

the two EKFs.

Before the description of the state estimation, it is necessary to consider that in most

practical cases, the inertial sensors cannot be placed to the centre of gravity of the vehicle.

As a consequence, the inertial sensor’s and the helicopter’s frame Ks and Kh, respectively,

are not identical. Thus, the measurements have to be corrected. This is performed by

transforming the measured acceleration and angular velocity. In the following subsections,

the constant transformation from Ks to Kh are considered known: As (orthonormed) and

ps represent the angular and spatial displacement of the two frames.

Estimating the Attitude and Angular Velocity

As indicated before, the inertial sensor’s outputs consist of three components: the real

values, an additional bias and noise with zero mean. In the sensor frame, it can be written

as

ωm = ωs = ωs,0 + ωs,b + ωs,n. (2.50)
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The subscripted index s refers to Ks and ωm is the actual measurement. The real value

of the angular velocity in Kh is

ω = Asωs,0 = As(ωs − ωs,b − ωs,n), (2.51)

which can be transformed to the reference frame KE as

η̇ = R−1
r ω = R−1

r As(ωs − ωs,b − ωs,n). (2.52)

Since the bias changes slowly, it can be assumed that its time derivative is close to zero.

This can be formulated by the aid of a small virtual noise that affects the change of the

bias’s value:

ω̇s,b = ωs,b,n. (2.53)

We suppose that the measurements of the positioning system do not contain offset

error, the third equation that can be used for state estimation along with (2.52) and

(2.53) is the following:

ηm = η + ηn. (2.54)

If Ts denotes the sampling time, these three equations can be transformed to discrete

time using the Euler’s formula as

x1,k+1 = x1,k + TsR
−1
r,kAs(−x2,k + uk + w1,k)

x2,k+1 = x2,k + Tsw2,k

yk = x1,k + zk

(2.55)

with the following notations:

x1 = η x2 = ωs,b x = (xT
1 , x

T
2 )

T

w1 = −ωs,n w2 = ωs,b,n w = (wT
1 , w

T
2 )

T (2.56)

u = ωm y = ηm z = ηn.

Notice that we changed the sign of ωs,n. Since it is a noise component, this change has

no effect.

The equations (2.55) can be rewritten as

xk+1 = f(xk, uk, wk)

yk = g(xk, zk),
(2.57)
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which is useful for the EKF formulation. Assuming w and z are not correlated, the

estimated attitude values can be obtained by applying the well-known steps of the EKF

algorithm:

1. Prediction:

x̄k = f(x̂k−1, uk−1, 0)

Mk = Ak−1Σk−1A
T
k−1 +Bw,k−1Rw,k−1B

T
w,k−1

(2.58)

2. Time update:

Sk = CkMkC
T
k + Cz,kRz,kC

T
z,k

Gk = MkC
T
k S

−1
k

Σk = Mk −GkSkG
T
k

x̂k = x̄k +Gk(yk − g(x̄k, 0))

. (2.59)

The notations in the above equations are listed below.

Ak−1 =
∂f(x̂k−1, uk−1, 0)

∂x
Bw,k−1 =

∂f(x̂k−1, uk−1, 0)

∂w

Ck =
∂g(x̄k, 0)

∂x
Cz,k =

∂g(x̄k, 0)

∂z

Rw,k−1 = E[wk−1w
T
k−1] Rz,k = E[zkz

T
k ]

Mk = E[(xk − x̄k)(xk − x̄k)
T ] Σk = E[(xk − x̂k)(xk − x̂k)

T ],

(2.60)

where x̂k is the estimated value of x, while x̄k is obtained after the time update phase of

the EKF algorithm and E[] is the expectation operator. Here, Rw,k−1 and Rz,k are the

covariance matrices of the process and measurement noises, respectively, while the other

four matrices are the parameters of the linearised system after each time instant.

The angular rates can be calculated as ωe = As(ωm − ωs,b). Since the angular accel-

eration is also required for further calculations, the derivative of ωe has to be calculated.

To suppress the effect of noise, the robust exact differentiation technique presented in [39]

can be applied.

Estimating the Position and Velocity

The estimation method is similar to that presented in the previous subsection. First, it

has to be considered what an accelerometer’s measurement consists of. Its output not
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only contains the three components of the acceleration, but also the effect of gravity.

Using similar notations as before, the acceleration measurements can be modelled as

as = as,0 + as,b + as,n −AT
s R

T
t G. (2.61)

As the quadrotor’s frame is not an inertial frame, the connection between the acceleration

in Ks and Kh is the following:

as,0 = AT
s (a+ β × ps + ω × (ω × ps)) (2.62)

with β = ω̇. Notice that the reason why the angular acceleration had to be calculated in

the previous section is that it appears in the above transformation.

From this equation, the acceleration a in Kh can be obtained as

a = Asas − β × ps − ω × (ω × ps) +RT
t G−Asas,b − Asas,n. (2.63)

The first part of (2.63) can be interpreted as a transformed value of the accelerometer’s

output:

at = Asas − β × ps − ω × (ω × ps) +RT
t G. (2.64)

This transformation is performed by the central block in Fig. 2.2. The equation is also

an explanation why the two EKFs need to be arranged hierarchically.

Applying the differentiation rule in a moving frame (ξ̈ = v̇ + ω × v) once again and

making the same assumptions about the bias, the positioning system yields the equations

that can be used for state estimation purposes:

v̇ = −ω × v −Asas,b + at + Asas,n

ȧs,b = as,b,n

ξ̇ = Rtv + vξ,n

ξm = ξ + ξn.

(2.65)

Following the steps of the previous section, the discrete time equations of the system

above become

x1,k+1 = (I3 − Ts[ω×]k)x1,k − TsAsx2,k + Tsuk + TsAsw1,k

x2,k+1 = x2,k + Tsw2,k

x3,k+1 = x3,k + TsRt,kx1,k + Tsw3,k

yk = x3,k + Tszk

(2.66)
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with the notations

x1 = v x2 = as,b x3 = ξ

w1 = −as,n w2 = as,b,n w3 = vξ,n (2.67)

u = at y = ξm z = ξn.

The matrix [ω×] represents the cross product and takes the form

[ω×] =







0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0






. (2.68)

From here, the EKF can easily be formed.

2.5 Robust Stabilisation of Quadrotor Helicopters

It is worth investigating how linear robust control methods are possible to apply to a

quadrotor helicopter, and whether it suits our further purposes better.

From a control point of view, it will turn out that a quadrotor helicopter is a system

that is difficult to control due to its inherent unstable nature and also because of its

nonlinear behaviour. Furthermore, some of the quadrotor parameters that may influence

system dynamics considerably are not known precisely in practice, e.g. drag coefficients

or moments of inertia.

Robust control design methods provide a powerful framework for handling uncertain-

ties, imposing robustness and performance constraints on the system to be controlled.

Conventionally, systems are assumed to have uncertainties in an unstructured manner

and the imposed requirements may be satisfied by an H∞ controller. However, H∞ con-

trollers tend to be conservative since uncertainties are often related to known physical

parameters that appear in a structured form, which we would like to exploit. Con-

sequently, µ-synthesis based design is more suitable for our needs, applying which robust

performance may also be achieved.

In the following, we will first present how the dynamic equations are linearised and how

uncertainties are modelled. This step is crucial since an adequate linear model is the core

of controller design. Afterwards, performance and disturbance rejection requirements

are explained, together with their inclusion into the design interconnection. We shall

require the closed loop system to follow a reference model, while it is resistant to certain
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disturbance effects. The controller design makes use of the well-known D–K iteration [85],

and as the resulting controller is intended to be implemented on embedded computers, a

model order reduction step will be necessary to be performed since the initial order of the

resulting µ controller will turn out to be high.

2.5.1 Linearisation and Uncertainty Modelling

The equations that describe the motion of the helicopter have been presented in Section

2.3 and the nonlinear equations are listed in (2.11). These equations may be linearised by

assuming that the helicopter deviates little from its horizontal position and its motion is

slow. The first assumption is equivalent to Φ ≈ 0 and Θ ≈ 0, while the second means that

force and torque components that involve products of speed related signals are negligible.

Since we do not intend to constrain the helicopter’s motion about the z-axis, the

equations of motion do not become entirely linear because of Rt. However, the rotation

about the z-axis can be decoupled from the other two as Rt = RΨRΦ,Θ, where

RΨ =







CΨ −SΨ 0

SΨ CΨ 0

0 0 1






. (2.69)

Since measurements of Ψ are available, it is possible to apply the inverse transformation

of Rt on the control signals. Therefore, controller design may be performed by assuming

small yaw angles (Ψ ≈ 0), too. As a consequence of (2.1), Rt can be approximated by

Rt =







1 −Ψ Θ

Ψ 1 −Φ

−Θ Φ 1






. (2.70)

Since we assume slow motion, RT
t ξ̈ and RT

t ξ̇ can be approximated by ξ̈ and ξ̇, respectively.

For similar reasons, Rrη̈ and Rrη̇ become η̈ and η̇, while both ∂Rr

∂Φ
and ∂Rr

∂Θ
are close

to zero matrices. Furthermore, the torque component

(Rrη̇)× (IhRrη̇ + IrΩr) (2.71)

can also be neglected because they involve products of small values.
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Combining the assumptions above, the linearised equations of motion take the form

F = mξ̈ +Ktξ̇ +







−Θ

Φ

1







mg

T = Ihη̈ +Krη̇.

(2.72)

Since all the matrices appearing in (2.72) are assumed to be diagonal, the equations

are decoupled into SISO systems, which simplifies controller design. Since we intend to

control the position and Ψ, four systems are required. Since the force and torque equations

are connected to each other via Φ and Θ, these can easily be obtained. In transfer function

form, they are as follows:

Wx,τy(s) =
mg

(ms+Kt,x)s
· 1

(Iys+Kr,y)s
(2.73)

Wy,τx(s) = − mg

(ms +Kt,y)s
· 1

(Ixs+Kr,x)s
(2.74)

Wz,u′(s) =
1

(ms+Kt,z)s
(2.75)

WΨ,τz(s) =
1

(Izs+Kr,z)s
, (2.76)

where u′ = u−mg.

For practical reasons, we will consider variations in moment of inertia, aerodynamic

coefficient and actuator parameters. Since the frame of the vehicle can be fabricated

with high precision and inertia and actuator parameters Ix, Iy, Iz and b can be measured

relatively accurately, their uncertainty is assumed to be low. However, drag parameters

Kt,x, Kt,y, Kt,z and Kr,x, Kr,y, Kr,z and the actuators’ z-axis torque coefficient d are

difficult to estimate in practice, thus the associated uncertainties shall be higher.

Parameter variations will be expressed as relative uncertainties, which take similar

form as in the case of Ix:

Ix = Īx(1 + pIxδIx), (2.77)

where Īx is the nominal value of Ix, while pIx and δIx represent the uncertainty, which

is the well-known convention in robust control design literature. The assumed nominal

values and associated variations of the uncertain parameters are listed in Tab. 2.4.

In the following, since design procedure is similar for all the systems, only the system

corresponding to Wx,τy(s) is presented in detail. The system interconnection including

the parameter uncertainties is illustrated in Fig. 2.3. In the diagram, the two subsystems
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Table 2.4: Nominal values and associated uncertainties of the helicopter parameters.

Parameter Nominal value Relative uncertainty

Ix, Iy 1.322× 10−2 kgm2 10%

Iz 2.328× 10−2 kgm2 10%

Kt,x, Kt,y 0.1N s/m 25%

Kt,z 0.15N s/m 25%

Kr,x, Kr,y 0.1Nms 25%

Kr,z 0.15Nms 25%

M 1

Iy
Mτy,n

∫
dt

∫
dt mg 1

m

Mx,n ∫
dt

∫
dt

MKr,y
MKt,x

∆ 1

Iy
∆τy,n

∆Kr,y

∆x,n

∆Kt,x

τy x

Θ̇ Θ ẍ

- -

dτy dFx

Gx,Θ

Figure 2.3: The system corresponding to Wx,τy(s) with uncertain parameters.

corresponding to the rotational and translational motions are connected via Θ. Blocks

namedM 1
Iy

, MKr,y
andMKt,x

with ∆ 1
Iy

, ∆Kr,y
and ∆Kt,x

correspond to the linear fractional

representations of the uncertain parameters 1
Iy
, Kr,y and Kt,y, respectively. The block

diagram contains two more blocks with uncertainty (Mτy ,n and Mx,n with ∆τy ,n and ∆x,n,

respectively), which intend to take into account the neglected dynamics. The measured

signals and disturbances are also shown in the diagram. The system thus has 5 inputs

and outputs related to the uncertainties, 2 disturbance inputs (dτy and dFx
), 1 control

input (τy) and 4 measured outputs (Θ̇, Θ, ẍ and x). We assume that both rotation and

translation may be subjected to disturbing effects, e.g. because of airflow.

The expression 1
Iy

can be represented by a linear fractional transformation (LFT) of

an inverse multiplicative parameter variation as

1

Īy
− pIy

Īy
δIy(1 + pIyδIy)

−1 = Fu(MIy , δIy), (2.78)

where Fu denotes the upper LFT and

MIy =

[

−pIy
1
Īy

−pIy
1
Īy

]

. (2.79)
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Since the other helicopter parameters do not appear in inverse form, the matrices in their

LFT representations take the form of a multiplicative variation’s:

Mq =

[

0 q̄

1 q̄

]

. (2.80)

The forces and torques that we neglect during linearisation do not have considerable

effect when the helicopter is in slow motion. However, during rapid manoeuvres, these

can reach up to 10% of the total values. We shall take into account this model inaccuracy

by the use a frequency weighted component as

s2IyΘ = (1 +Wτy ,n(s)δτy,n)(τy −Kr,ysΘ), (2.81)

where Wτy ,n(s) is a high-pass filter. The model imperfection can be described by an LFT

with

Mτy ,n =

[

0 Wτy ,n

1 1

]

. (2.82)

The uncertainty model is similar for the translational subsystem. The two high-pass filters

are the following:

Wτy ,n(s) = 10−2 ·

0.1

ωτy ,n

s+ 1

1

ωτy ,n

s+ 1
Wx,n(s) = 10−2 ·

0.1

ωx,n

s+ 1

1

ωx,n

s+ 1
(2.83)

with ωτy ,n = 10 rad/s and ωx,n = 1 rad/s. The corresponding poles of the nominal system

are

s1 = −Kr,y

Iy
= −7.5643 rad/s s2 = −Kt,x

m
= −0.0714 rad/s, (2.84)

respectively.

It can be seen in the frequency response of the perturbed system that parameter

uncertainties mostly cause gain variations because of slight pole location changes, the

effect of which can also be noticed in the phase diagram of Fig. 2.4. The gain variation

is about 10 dB over the frequency range. It is also worth mentioning that the system

contains four integrators, and two of the poles of each subsystem are located in the origin.

Therefore, a relatively fast controller will be required to achieve good performance.
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Figure 2.4: Nominal and perturbed x-dynamics.
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∆
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Figure 2.5: System interconnection including weighting filters.



2.5 Robust Stabilisation of Quadrotor Helicopters 32

2.5.2 Robust Controller Design

The interconnection of the closed loop system is depicted in Fig. 2.5. It consists of the

uncertain system Gx,Θ with the uncertainty blocks combined into the diagonal of ∆, the

feedback controller K that we intend to design, the actuator dynamics Wa, and all the

shaping filters corresponding to the performance objectives and signal characteristics. To

achieve better performance, the controller has a two-degrees-of-freedom (2-DOF) struc-

ture. For simplicity, measured signals (the outputs shown in Fig. 2.3) are collected into

the signal m, while those that are involved in performance specifications also appear

separately (x and Θ).

The main objectives of the control design are that the closed loop should show similar

transients as a predefined reference model Mref , while it should adequately suppress

measurement noises and disturbances. We also require the closed loop to be robust against

model uncertainties and to hold the same performance characteristics under parameter

variations as in the nominal plant’s case. In other words, the closed loop should achieve

robust stability and robust performance.

We shall impose performance requirements on the difference e between the closed

loop system and a reference model Mref , the control input u and the pitch angle Θ via

shaping filters Wr, Wu and WΘ, respectively. We assume that measurements are loaded

with additive errors, while the helicopter dynamics is affected by a slight disturbance.

The frequency components of these are characterised by Wn and Wd, respectively. The

shaping filters together with the nominal open-loop system and the reference model are

shown in Fig. 2.6. The open-loop system Gx,Θ and the reference model Mref are shown in

black and green, respectively, while the red and blue lines correspond to the performance

filters Wr, Wu and WΘ and those related to measurement noise or disturbances (Wn and

Wd1, Wd2). The underlying ideas of these filters and systems are explained in the following

paragraphs.

The actuator dynamics can be approximated by a first order system with the transfer

function

Wa(s) =
1

Tas+ 1
, (2.85)

with a time constant Ta = 0.2 s. Since the motor controllers are custom-built with tunable

parameters, it is unnecessary dealing with model imperfections in this case. The actuator

together with the helicopter dynamics Gx,Θ form a fifth-order system, thus we choose the
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Figure 2.6: Shaping filters for µ-controller design.

reference system Mref (s) of the same order:

Mref(s) =
1

(Tms+ 1)5
, (2.86)

where Tm = 0.4 s. It is an important design property that the step response of Mref(s)

is fast and does not overshoot the reference value. The latter is beneficial if we wish to

achieve collision-free motion.

We expect the closed loop to attenuate the effects of measurement noises and dis-

turbances. Therefore, we design the shaping filters Wn and Wd so that they hold the

characteristics of such signals that are common in realistic indoor environments. This

can be ensured by carefully selecting the frequency components of these filters. The four

measured signals are position’s and acceleration’s x-coordinates x and ax and the angle

and angular velocity about the y-axis Θ and Θ̇, respectively.

The indoor positioning system that shall be presented in Chapter 3 can provide pos-

ition and attitude measurements with an accuracy of 2 cm and 2◦, respectively. Acceler-

ation measurements in the xy-plane are loaded by a considerable noise of 1m/s2, while

angular velocities can be measured with an accuracy of 0.1 rad/s. Analysing the simula-
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tion results of the backstepping controller, these values correspond to 2%, 40%, 200%

and 10% noise levels, respectively. We assume that these errors are significant at higher

frequencies, therefore Wn takes the form

Wn(s) =









0.02 0 0 0

0 1 0 0

0 0 2π
180◦

0

0 0 0 0.1









· s+ ωn

s+ 10ωn

, (2.87)

where ωn = 1 rad/s.

The selection of the disturbance and performance channel weights is the most crucial

step in robust control design, since these weights determine whether robust stability and

performance can be achieved or not. Disturbances are assumed to be significant at lower

frequencies due to slow indoor airflow that affects the rotational and translational subsys-

tems by additional torque and force components. As torque and force values are expected

to be less than 0.25Nm and 0.4N in magnitude and we intend to design a controller that

can attenuate 10% of disturbance, we choose filter Wd as

Wd(s) =

[

0.25 0

0 0.4

]

·
0.1

ωd

s+ 1

1

ωd

s+ 1
(2.88)

with ωd = 2 rad/s.

The three performance channel weights Wr, Wu and WΘ are in close relation with

each other. If we impose tight restriction on the applied torque and the allowed pitch

angle, the difference between the output of Mref and the closed loop system may not be

as small as desired. However, if we do not impose reasonably tight constraints on these

values, then the linearised model may become inaccurate or invalid. Therefore, we would

like to limit the pitch angle Θ below 10◦ at all frequencies and τy below 0.25Nm at low

frequencies. The corresponding weighting functions thus become

WΘ(s) =
1

10
π

180◦

(2.89)

and

Wu(s) = 4 ·
0.01

ωu

s+ 1

1

ωu

s+ 1
(2.90)
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Figure 2.7: Upper and lower bounds for the closed-loop µ value.

with ωu = 2 rad/s.

These specifications will allow us to impose tight reference model tracking capabilities

and we may choose Wref as

Wref(s) = 50 ·

0.01

ωref

s+ 1

1

ωref

s+ 1
, (2.91)

where ωref = 1 rad/s. This weighting filter allows the system to track a step of 1m in the

x-coordinate by an error of 2 cm, while at higher frequencies the allowed error significantly

increases.

Performing a D –K iteration with G-scaling with maximum D and G orders 4 and 2

respectively will result in a controller that renders the closed loop robustly stable and

the closed loop achieves robust performance as well. The corresponding γ and structured

singular value µ are 0.810 and 0.768, respectively. The upper and lower bounds for the

closed-loop µ-value can be seen in Fig. 2.7. The controller is stable and has an order of

49.

Since the fastest pole of the controller is located around s1 = −300 rad/s, this high

order makes the controller difficult to implement on an embedded microcomputer. A

possible method for reducing the computational complexity is the truncation of the con-

troller, i.e. neglecting the dynamics that has no considerable effect on the behaviour of

the controller. If the order of the reduced controller is chosen carefully, the closed loop
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characteristics will not deteriorate considerably, i.e. robust stability and performance

are still achieved. Applying the normalised coprime factor based balanced truncation

method, the controller order can be reduced to an order of 8, which significantly reduces

computations. The reduced order controller is stable and captures the characteristics of

the full order one, as shown in Fig. 2.8. The closed loop remains robustly stable and

robust performance is also achieved.

Robust Control Design for the Other Subsystems

As the design procedure is similar for all the other subsystems (i.e. y, z and Ψ), we shall

only present the final design parameters and the ideas behind the choices in this section.

The closed loop interconnection with all the shaping filters and auxiliary system transfer

functions are similar to those in Fig. 2.5.

For symmetry reasons, we can choose all the design parameters to be the same for

the x and y subsystems. As for the other subsystems, the measurement related filters

are similar, except for the z-axis acceleration, which is considerably more accurate in

this direction than it is in the case of planar motion. We also assume similar model

uncertainties and relative input disturbance levels in these two cases. The numerical

values of the design parameters are listed in Tab. 2.5.

The measurements consist of the z-axis position and acceleration in the case of the

z subsystem, while the Ψ angle and the angular velocity about the z-axis are measured

in the Ψ subsystem’s case. The controllers are designed so that the lift force and the

torque about the z-axis do not exceed u′
max = 2.5N and τz,max = 0.1Nm, respectively.

As there is no need for as quick reaction to angle reference changes, the response of the
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Table 2.5: Shaping filters and reference models for the x and Ψ subsystems.

Shaping filter Subsystem

(reference model) z Ψ

Mref (s)
1

(0.4s+ 1)3
1

(0.8s+ 1)3

Wref(s) 50 · 0.1s+ 1

s+ 1

1

5
π

180◦

· 0.1s+ 1

s+ 1

Wu(s) 0.4 · 0.05s+ 1

0.5s+ 1
10 · 0.05s+ 1

0.5s+ 1

Wd(s) 0.25 · 0.05s+ 1

0.5s+ 1
0.01 · 0.05s+ 1

0.5s+ 1

Wn(s)

[

0.02 0

0 0.2

]

· s+ 1

s+ 10




2

π

180◦
0

0 0.1



 · s+ 1

s+ 10

corresponding reference model is slow compared to those of the translational models’.

The speed of the lateral and the z-axis motion are similar.

Controllers obtained after D –K iteration with the design parameters above are stable

and render the closed loops robustly stable and robust performance is also achieved in

both cases. The γ and µ values corresponding to the z and Ψ controllers are γz = 0.919,

µz = 0.896 and γΨ = 0.333, µΨ = 0.297. The controller orders are 15 and 23, while

the real parts of the fastest poles are around s1,z = −36 rad/s and s1,Ψ = −33 rad/s,

respectively. The same model order reduction step presented in the previous section is

performed to each controller after the D –K iteration, thus the controller orders decrease

to 5 in both cases, while they remain stable.

2.6 Evaluation of the Proposed Control Methods

The characteristics of the proposed controllers shall be compared in this section. There-

fore, the quadrotor helicopter will accomplish the same mission with both controllers. The

mechanical and electrical parameters of the helicopter and the actuators are summarised

in Tab. 2.6. These values correspond to those of the quadrotor helicopter developed at

BME IIT, shown in Fig. 2.9. Besides, we consider realistic sensor setup throughout the
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Figure 2.9: The quadrotor helicopter developed at BME IIT.

Table 2.6: The physical parameters of the helicopter and the motors.

Parameter Value

m 1.4 kg

l 0.23m

b 3.05 · 10−1 kgm

d 3.05 · 10−2 kgm2

Ix, Iy 1.32 · 10−2 kgm2

Iz 2.33 · 10−2 kgm2

Ir 5.63 · 10−5 kgm2

Kt diag(0.1, 0.1, 0.15) N s/m

Kr diag(0.1, 0.1, 0.15) Nms

kΩ,0 94.37 rad/s2

kΩ,1 3.02 rad/s

kΩ,2 0.005

ku 139.44V/s2
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Table 2.7: Measurement characteristics.

Measurement Bias Noise range

x, y, z 0m 2 cm

ax, ay 0.03m/s2 1m/s2

az 0.03m/s2 0.1m/s2

Φ, Θ, Ψ 0◦ 2◦

ωx, ωy, ωz 0.4 ◦/s 2 ◦/s

tests. The measured signals include acceleration and angular rate in the inertial sensors’s

frame Ks, while position and attitude in the Earth-fixed frame KE. Measurement noise

characteristics are shown in Tab. 2.7. It can be seen that the noise range corresponds

to the design requirements of the robust controller and the relative measurements are

subject to small bias errors.

To assess the two proposed controllers, we design a complex path that the vehicle has

to track. The path is an equilateral pentagon 3m above the ground and it consists of a

series of waypoints defined by spatial coordinates and the corresponding yaw angles. Five

additional waypoints lead to the first vertex of the pentagon. The helicopter points to the

direction of motion throughout the mission, thus the trajectory consists of straight lines

in all possible directions and also of turning phases.

To maintain continuous motion, a simple path tracking algorithm is included in the

loop, which provides the controller with the reference signals. The algorithm lets the

helicopter progress towards the next waypoint if at least one of the following conditions

is satisfied for the vehicle’s position together with a condition for the yaw angle. The

conditions for the vehicles position are listed below:

‖ξ(i+1)
d − ξ‖ < ∆ξ0 (2.92a)

‖ξ(i+1)
d − ξ‖ < λ‖ξ(i+1)

d − ξ
(i)
d ‖, (2.92b)

where ξ is the current position, ∆ξ0 is a predefined constant distance, ξ
(i)
d and ξ

(i+1)
d are

two consecutive waypoints of the trajectory (the helicopter has already stepped towards

ξ
(i+1)
d ). The first condition ensures that the helicopter remains in the proximity of the

waypoints, while the other one is responsible for keeping the motion continuous. The

value of λ is a design parameter and its value should be chosen based on the distance

between the waypoints. In our case, λ = 3/4 is a suitable compromise.
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The condition for the yaw angle is

∣
∣
∣Ψ

(i+1)
d −Ψ

∣
∣
∣ < ∆Ψ0, (2.93)

which holds when the yaw angle is close to the desired one. Naturally, this functions as

desired only if the yaw angle is not restricted to be in the range [0, 2π).

Additionally, reference signals are fed through the third order filter

Wf(s) =
1

(Tfs+ 1)3
(2.94)

to make the second derivatives of ξd and Ψd smooth. The filter time constant is Tf = 0.5 s

for the components of ξd and Tf = 5 s for Ψd. The reason why the latter is chosen slower

shall be explained when assessing the robust control method.

2.6.1 Evaluation of the Nonlinear Controller

The coefficients of the backstepping controller are listed in Tab. 2.8. As usual in cascade

control systems, the outer loop has the largest time constants and the innermost loop

is the fastest. The coefficients are tuned according to the closed loop transfer function

(2.36).

Apart from the controller parameters, the state estimator needs also to be initialised.

These values are shown in Tab. 2.9. The superscripts (ξ) and (η) correspond to the EKFs

estimating presented in Section 2.4.2.

Initial tests were carried out in MATLAB/Simulink environment. Apart from find-

ing suitable controller parameters, an additional aim was to check whether the closed

loop remained stable at realistic sample times, which is a crucial implementation related

question. Therefore, simulations were carried out at a sample time Ts = 10ms.

Table 2.8: The parameters of the controller.

Parameter Value

Aξ1 0.7 · I3
Aξ2 0.525 · I3
Aη1 10.5 · I3
Aη2 7 · I3
Am1

0.4 · I4
Am2

0.016 · I4
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Table 2.9: Initial values for the state estimator.

Parameter Value

R
(ξ)
w,0 diag(10−4 · I3, 9 · 10−6 · I3, 6.25 · 10−6 · I3)

R
(ξ)
z,0 3.6 · 10−6 · I3

R
(η)
w,0

(
π

180◦

)2 · diag(0.04 · I3, 1.6 · 10−3 · I3)
R

(η)
z,0

(
π

180◦

)2 · 3.6 · 10−5 · I3

The helicopter’s motion can be seen in Fig. 2.10, while the position and yaw angles

plotted against time are shown in Fig. 2.11. It can be observed in the graphs that the

vehicle deviates little from the path both when translating and rotating. Moreover, the

two types of motion do not affect each other, which will turn out to be a key advantage

over the robust controller. The torques and total thrust can be seen in Figs. 2.12 and

2.13, respectively. Surprisingly, the change of yaw angle is not pronounced in the right

hand side graph of Fig. 2.12 due to the relatively high noise level, unlike in the case of

total thrust changes when the helicopter elevates. It is worth comparing these signals

with those of the robust controller.
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Figure 2.10: 3D trajectory of the quadrotor (nonlinear control).
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Figure 2.11: Position and yaw angle (nonlinear control).
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Figure 2.13: Lift force u (nonlinear control).



2.6 Evaluation of the Proposed Control Methods 43

It is also worth comparing the proposed controller with those presented in [7, 45].

Simulations have shown that the proposed method outperforms [45], especially in terms of

disturbance suppression, while it performs similar to [7]. However, the proposed algorithm

is designed for a more accurate model of the quadrotor, therefore, it can be considered as

an improvement on the previous works.

2.6.2 Evaluation of the Robust Controller

To evaluate the capabilities of the robust controller, the scenario is the same as in the

backstepping control’s case. The helicopter’s trajectory can be seen in Figs. 2.14 and 2.15,

while the control inputs τΦ, τΘ, τΨ and u′ and pitch angle are shown in Figs. 2.16 and

2.17, respectively. It can be seen that the trajectory is considerably smoother compared

to that in the previous case. This is due to the good noise suppression of the robust

controller. The control inputs and the pitch angle also remain within the allowed bounds.

However, one of the major drawbacks of the method is also highlighted in Figs. 2.14

and 2.15, which occurs when the Ψ angle changes. The necessary change of coordinates

forces the helicopter to move towards a wrong direction. Since these transients could

cause collision, this is an unwanted behaviour. To eliminate this effect, Ψ could be fixed
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Figure 2.14: 3D trajectory of the quadrotor (robust control).
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to a constant value. However, this could prohibit its application in certain missions, where

the vehicle needs to point to a specific direction. Therefore, the yaw angle reference is

filtered in order to reduce planar motion during attitude change.

Another drawback of the designed robust controller is implementation related. Even

though the computational requirements for performing a single control input calculation

step is comparable with that of the backstepping controller’s, the required sample time is

considerably lower because of the fast poles of the planar motion controllers designed in

Section 2.5.2.

Considering the disadvantages of the robust controller, we shall choose the backstep-

ping controller as a base for formation control purposes. Furthermore, since the higher

level formation controller to be presented in detail in Chapter 4 includes a robust con-

troller on each vehicle, certain weaknesses of the backstepping controller, e.g. sensitivity

to noise, may be suppressed.

2.7 Summary of the Results

In this chapter we investigated the controllability of a small-sized autonomous quadrotor

helicopter. The quadrotor helicopter is an unstable and underactuated system, which

is inherently difficult to control. We proposed two schemes for stabilising the vehicle.

One of them is based on a backstepping controller, which is an approach suitable for

a certain class of nonlinear systems. It makes use of Lyapunov’s theory and the final

control law is a nonlinear one, allowing the vehicle to track paths defined by spatial

coordinates and Ψ angle. The algorithm requires certain signals that are not measured,

thus a state estimator is also designed, which contains two extended Kalman filters. The

other control algorithm is based on classical robust control theory and requires a linearised

system model. A suitable model is obtained by linearising the system about a nominal

operating point. The consequence of linearisation is that the system splits up into four

independent subsystems, thus allowing us to design controllers with reduced complexity.

Both methods can stabilise the helicopter and in both cases, the closed loop system

can be considered as a linear system, which will be important as we intend to design a

higher level control for several such vehicles. The presented methods have their strengths

and weaknesses, however, the path tracking capabilities of the backstepping controller

makes it a better choice for formation control purposes.

The novelty of our backstepping controller is that it can be applied directly to the

nonlinear equations of motion of the helicopter, without neglecting certain effects or ap-
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proximating any part of the dynamics, which is common among the methods available

in the literature. Furthermore, it outperforms the existing methods in terms of noise

suppression.

The control related results of this chapter are published in the conference papers

[S02, S03] and journals [S04, S07, S08], while design and implementation related aspects

are highlighted in [S01,S11,S12].

The contributions of this chapter can be summarised in the following theses.

Thesis group 1. I developed novel control and state estimation algorithms for

quadrotor helicopters. The control algorithms make use of the backstepping and µ-

synthesis techniques. The developed methods outperform the available similar techniques

in terms of model accuracy, noise suppression (backstepping controller) and robustness

(µ-controller).

The corresponding results are published in conference papers [S02,S03] and journals [S04,

S07,S08].

Thesis 1.1. I developed a new nonlinear control algorithm that renders an unstable

and underactuated quadrotor helicopter stable in a specified spatial position and yaw

angle. The controller is based on a novel backstepping algorithm. The required but

unmeasured signals are estimated by an extended Kalman filter based state estimator.

Thesis 1.2. I proposed a new robust µ-controller based stabilising controller for

quadrotor helicopters. The closed loop achieves robust stability and robust performance

under realistic assumptions about model uncertainty and noise characteristics.

I verified the controllers against the nonlinear quadrotor model in simulation environment.



Chapter 3

Novel Marker Detection Based

External State Estimation

3.1 Introduction

The estimation of attitude and position is of paramount importance in indoor environ-

ments. However, since the requirements are application specific, the solution tends to

be different in every case. Various methods have been elaborated by research groups,

while commercial products are also available that provide the required location inform-

ation. Positioning methods greatly differ from each other based on the applied sensors,

their configuration and also on the way the measurements are processed. This section is

intended to provide a brief insight into the commonly applied methods with their char-

acteristics, which will also reveal the reasons of developing our solution.

Optical positioning is unarguably the most widespread method applied to determine

the position and attitude of an object in indoor environments. A comprehensive survey

on optical positioning is [51], in which the authors compare recent solutions based on

various properties. Apart from purely or partly vision based solutions (e.g. [29, 74] and

[38, 41]), several different sensing methods are utilised. The most common among these

are the ultrasonic [23,57,81], radio frequency identification (RFID) [55,80] methods, while

other solutions, e.g. those in [31, 47] are also proposed. The interested reader is referred

to [40] and the references therein, which gives an overview of wireless technology based

positioning systems.

Among optical systems, camera based ones are the most prevalent in indoor envir-

onments. Various sensor configurations have been investigated, utilising moving, fixed

47
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and both kinds of sensors, single or multiple view methods have been developed. Most

vision-based methods involve feature extraction, i.e. identification of special markers, the

shape of structured patterns projected by light sources, or background patterns. Position

information is most commonly extracted by triangulation or epipolar geometry. Epipolar

geometry based methods often need to solve the so-called correspondence problem, i.e.

find the features in different images that correspond to each other in the three-dimensional

space. Currently, the most accurate systems are among the vision based ones and as the

computation power of embedded systems tends to increase, advanced and complex al-

gorithms can be implemented in real-time. A major drawback of vision based systems

apart from cost, however, can be the disturbing ambient light. Dark rooms or controlled

ambient light are often required for correct operation. Another possibility is the use of

markers covered by retro-reflective materials.

It is not only the abundance of available image processing techniques that explains the

coexistence of several solutions, but also the different application requirements. Determ-

ining the position of humans in a room requires less accuracy than tracking a small-scale

aerial vehicle, while the same applies to the operating frequency in the two cases, espe-

cially if the purpose of positioning is the aid of control algorithms. Also, different methods

are applied when the motion is constrained in a two-dimensional space than in the case of

flying objects. In the case of miniature UAVs, high demands are set towards a positioning

system, i.e. high accuracy (a couple of cm’s and degrees) at a relatively high frequency

(from tens to hundreds of estimations per second).

A further important application specific requirement is the size of the parts (sensors,

markers) that have to be mounted on the object to be tracked, which are required for

the operation of the positioning system. Small-scale UAVs have a certain payload limit,

therefore, a positioning system that suits this constraint has to be selected or designed.

Another aspect can be the space and its size in which objects have to be localised. In

certain cases, a map of the environment has to be constructed and maintained if it changes

dynamically, which may require even more computational resources.

In the following, a short presentation is provided to illustrate the variety of the pos-

sible solutions. Afterwards, our proposed method is presented in detail, including the

measurement principle and hardware setup in Sections 3.3.1 and 3.3.2. The algorithms

required for calibrating the sensor system is dealt with in Section 3.4, while the main

contributions of the chapter, i.e. the position and attitude reconstruction, are presented

in Sections 3.5.1 and 3.5.2. Implementation issues and performance evaluation can be

found in Section 3.6.
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3.2 Commonly Applied Estimation Methods

In this section, a number of indoor positioning methods are presented. The methods are

selected to give a brief insight into state-of-the-art and other commonly applied methods,

which at the same time deploy most of the pose estimation methods. This section does

not intend to introduce all the possible measurement solutions. The order of the methods

is similar to that in the Introduction part of this chapter.

In [29], a method involving ceiling mounted webcams and coloured markers is pro-

posed, which provides accurate and reliable position and attitude estimation when the

light conditions enable the robust detection of the markers. In the practical configuration,

9 distinguishable coloured markers are mounted on a quadrotor helicopter, and accurate

measurements can be obtained in real-time with little delay applying the improved version

of the 7-point algorithm proposed by Hartley [20].

A flexible system involving laser lights of two different colours and a moving camera

is presented in [74]. A number of the laser lights are mounted on the surface of a sphere

and emit light of the same colour in radial direction, while the rest are mounted so that

their lights are parallel to each other. The lights are projected onto arbitrary surfaces in

a room. The sphere acts as an inverse pin-hole camera. A real camera is fixed onto a

moving vehicle and detects the projected laser spots. After calibrating the light projecting

device, highly accurate position and attitude estimation can be obtained at a frequency

of 30Hz.

The next three methods make use of additional sensors. The algorithm presented

in [38] combines camera images and infrared (IR) range sensor measurements together

with encoder based updates. A low-cost camera and an IR sensor are mounted on a mo-

bile robot moving in a space where known visual landmarks are placed. These landmarks

are recognised by the use of the SIFT algorithm [42] and located based on the camera

image and the range sensor by a particle filter method. Since object recognition is a com-

putationally expensive task, the caused delay is compensated by encoder based updates.

The authors report an accuracy of 35 cm and 8.5◦.

Liu et al. propose an hybrid method based on both optical and magnetic measurements

in [41] to tackle the possible occlusion problem. Four faces of a small-scaled (1m3) cubic

space is covered by a large number of magnetic sensors, while four cameras are mounted

onto the remaining faces to achieve optimal coverage. To estimate the position of a moving

object, a lighting marker and a magnet are mounted on it in a known distance from each

other. Calculations are based on the estimation of the marker and the direction of the
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detected magnetic field of the magnet. The authors claim that an accuracy of 1mm can

be achieved in the position estimation.

Ultrasonic systems have the advantage that the whole estimation process can be per-

formed in a distributed manner, the sensing and signal processing can be implemented

on each moving agent separately. In the case of most optical methods, at least raw data

extraction is performed externally. Most of the ultrasonic systems make use of the prin-

ciple of trilateration, based on time-of-arrival (TOA) or time-difference-of-arrival (TDOA)

measurements, which provide an accuracy in the range of a few cm’s [81], while others util-

ise further measurements, e.g. Doppler-shift or received signal strength indicator (RSSI),

as in [23]. The Active Bat solution presented in [81] belongs to the the TOA based solu-

tions. A transceiver is mounted on the moving object, while a grid of 16 receivers are

located in fixed positions. Based on three or more measurements, an accuracy of 10 cm

can be achieved. Another, more precise solution is presented in [57], where TOA measure-

ments are aided by an RF signal that triggers the start of time measurement. Ultrasound

based systems may suffer from interference effects due to reflections or multiple signal

sources. This is the case in this latter method. The authors propose a statistics based

solution to reduce these effects.

RFID based positioning has actively been studied recently. An important advantage

over camera and ultrasound based systems is that no line of sight is required for correct

operation. RFID tags are simple nodes with flash memory that can transmit location

information periodically or upon request. Their uniqueness is guaranteed by an identity

which can be considered as a key in a database. In most cases, RFID based positioning

methods either utilise only the known location of RFID tags, or they make use of TOA

or RSSI measurements.

Wang et al. in [80] present both an active and a passive positioning scheme. In the

active scheme case, two grids of RFID tags are mounted on the floor and the ceiling of a

room, while a moving object is equipped with an RFID reader that activates a number

of tags within its range. The inner and outer borders of the sets of activated tags is

then calculated and two circles are fitted separately to the points on the floor and the

ceiling. The estimated three-dimensional position is obtained from the sizes and centres

of the circles. The passive scheme aims at locating an RFID tag, thus the RFID readers

are placed to fixed positions. The readers are capable of changing their transmit powers,

therefore, by gradually increasing their power, the distance between them and the tag

can be estimated by observing when the tag gets activated. By this latter method, one

can track multiple objects at the same time, though the accuracy (0.6 – 13 cm compared
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to 9 – 90 cm in a room-sized space) and operating frequency are lower (no exact operating

frequency measurements are reported).

An RFID-carpet is involved in the solution presented in [55], where the authors solve

the two-dimensional position and attitude estimation problem using low-range RFID read-

ers in an intelligent ambience. For robustness reasons, four RFID readers aid the estima-

tion process, which is only based on the tags’ positions. The authors claim an accuracy of

1 – 10 cm and 1 – 10◦. Since operating frequency is of little importance in this case, such

results are not reported.

An infrared light based positioning system is presented in [47]. A mobile robot is

equipped with a beacon that transmits a well-distinguishable signal. Five receivers are

mounted on the ceilings of rooms of different shapes and sizes. Positioning is based on

differential phase shift of arrival measurements. A coverage map construction step pre-

cedes the application, based on SNR value thresholds corresponding to the requirements

for accuracy and the speed of the mobile robot. The system can reach 5 cm precision at

a speed of 1m/s.

Bluetooth technology based positioning mostly utilises RSSI, which corresponds to the

distance of the transmitter and receiver devices. In [31], RSSI values are first transformed

into distances based on a signal propagation model. Position is estimated by the aid of

an extended Kalman filter. Currently, the accuracy and sample rate of Bluetooth based

positioning methods do not make them suitable for indoor mobile robotic applications.

Kotanen et al. report an estimation accuracy of 3.76m. A similar approach is presented

in [19], where the authors report a worst case sampling time of 10.5 s.

As it can be seen, high accuracy and operating frequency can most often be achieved

by optical systems. However, few of them are able operate in daylight conditions, provide

accurate and reliable three-dimensional position and attitude measurements at high oper-

ating frequency with little extra payload on the moving object, all these at an affordable

price. This motivated us to develop our own solution, which will be dealt with in the

following parts of the chapter.

3.3 A Novel Indoor Positioning System

The method presented in this chapter can be conveniently applied in indoor environments.

Due to the proposed optical sensing method, it can operate in extreme light conditions,

no special modifications in the environment are required for correct functioning. Further-

more, the small size of the markers enables the system’s application to small-scale aerial
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vehicles. Apart from its advantages, there are certain limitations that will be revealed in

latter parts of the chapter.

The idea of the measurement principle was elaborated by István Gőzse at MTA

SZTAKI who also designed and constructed the hardware as well as implemented the

firmware of the individual sensor units. The next two sections give a short insight into

the operating principle and the hardware setup, while the results of the author, which are

related to the pose estimation, are presented in detail in the following sections.

3.3.1 Operating Principle

The image display method is based upon a setup consisting of three main parts: the

lighting markers, the sensor and a TFT display. Markers are mounted on the object

that is the subject of positioning. LEDs act as active markers. Their small size and low

weight make them ideal for the use on small-sized model vehicles. In the case of most

vision based positioning systems, the sensing element of an active marker is a camera.

However, marker recognition needs to be made robust, which is a complex task even

though sophisticated image processing algorithms are available. To avoid this problem,

the proposed system uses phototransistor based optical sensing. Each marker’s light is

modulated by a PWM signal. Since the frequency of this PWM signal is unique for each

marker, proper signal processing allows us to suppress the disturbing ambient light while

preserving signals required for marker tracking. By this means, a reliable link can be

established between the LED marker and the sensing system. Reliability can be achieved

by proper signal conditioning and digital signal processing methods.

The key element of the whole system is the TFT unit, which makes the position

estimation possible by the displayed picture in its image plane. Fundamentally, a TFT

display consists of two main parts: the TFT layer and the backlight unit. If black and

white are the only colours displayed in the image plane of the TFT, the TFT can be

considered as a special window that can be made transparent or opaque according to

the image in it. This special window is mounted at a distance of about 10 cm in front

of a phototransistor. This way, if only a small-sized patch around the intersection of

the TFT’s plane and the line connecting the phototransistor and the LED marker is

transparent, then the coordinates of the patch specify the direction of the marker relative

to the phototransistor. If the patch can track the marker’s motion, the instrument can

provide direction measurements periodically. The spatial position of a marker can be

reconstructed by geometric methods based on measurements of multiple sensors. The
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Figure 3.1: Operating principle of the sensor units.

operating principle of the system is illustrated in Fig. 3.1.

A suitable indoor positioning system can track multiple markers. This system can

accomplish multiple marker tracking by the use of several patches and independent LED

recognition, since each marker’s light is modulated by different frequency.

3.3.2 Hardware Setup

The structure of the whole positioning system is relatively easily customisable. The

positioning system consists of a number of individual sensor units and a central unit. At

present, our configuration consists of four sensor units mounted on the upper corners of

the laboratory, pointing to the centre. To achieve better coverage, a fifth one is planned,

which will be mounted on the centre of the ceiling, pointing to the ground.

An assembled sensor can be seen in Fig. 3.2. The three printed circuit boards (PCBs)

are responsible for power supply (front), signal processing and communication (middle),

and TFT drive (top). The TFT itself can be seen in the back of the photo. Phototran-

sistors are mounted within a box (black in the picture, between the TFT and the signal

processing board) in order to prevent superfluous light from reaching the phototransist-

ors. The sensor units are mounted to fixed positions so that each segment of the space of

interest is in the field of vision of at least two units. However, more than two increases

the accuracy and performance of the system and it is also beneficial since markers might

be occluded by obstacles or other moving agents.
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Figure 3.2: An assembled sensor unit.

The sensor units are connected to the central unit via CAN bus, which provides the

required bandwidth. There are two modes of operation:

• The central unit collects the coordinates of each marker’s position in the image

plane of every single TFT. In this setup, it is the sensor units’ task to perform the

tracking of each marker in their image planes.

• Using the collected pre-processed measurements, it is the central unit’s task to

calculate where the markers are most likely located in the sensor units’ image planes

and to send these pieces of information to the sensor units.

Naturally, in both cases, the central unit is responsible for performing the three-

dimensional reconstruction at each time instant. The current operating frequency is set

to 50Hz.

The first mode handles hardware resources better (CAN bus load, processing power on

the sensor units), while the latter can be utilised better during the development process.

At present, the central unit is a PC and the reconstruction algorithm is implemented

on a Windows-based high priority application. In a future version, the PC might be

replaced by a powerful embedded computer with a real-time operating system, to make

the positioning system more compact and to make its operation more predictable.

3.4 Sensor Calibration

For spatial reconstruction purposes, the intrinsic and extrinsic parameters of the sensors

have to be determined. The dimensions of the TFT panels are readily available in the
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datasheet. However, the mounting point and direction of a sensor unit is not exactly

known, the distance between the phototransistors and the TFT panel has a certain inac-

curacy, so does the relative planar position between them.

Literature on camera calibration techniques is vast. A few examples to calibration

techniques can be found in [21, 77, 84] and the references therein. An influential resource

on the topic is the work of R. Tsai [77]. The method described is more complex than what

is required in our case, since our configuration does not contain lenses, therefore, it is not

necessary to deal with distortion correction. Also, the skewness parameter is expected to

be of little significance due to the construction of the TFT.

The keys to a precise calibration are a well-constructed calibration object and reliable

measurements. In practice, the larger the calibration object is, the more precise the

calibration is expected to be. However, building a large object is rather impractical.

Instead, by placing a single marker to certain spatial points, whose relative distances can

be measured, similar results can be achieved. This way, the “calibration object” becomes

a polyhedron. The method only raises one additional problem, which is the reconstruction

of the points’ spatial coordinates from their measured relative distances. Therefore, we

propose a two-step calibration process. The purpose of the first step is to determine the

dimensions and the location of the calibration object based on the distance measurements.

Afterwards, based on the results of the first step and on the measurements which have

been recorded by the sensors in the mean time, the sensor parameters can be estimated.

3.4.1 Calibration Object Reconstruction

Obviously, distance measurements between pairs of points are inaccurate. To achieve the

best accuracy and to utilise all the distance measurements taken, we define a cost func-

tion that penalises the difference between the measured and estimated squared distances

between point pairs building up the calibration object. The problem will turn out to be

an unconstrained optimisation problem, which finds the object that explains the measure-

ments best. Including the relative distances into the optimisation problem as equations

is not appropriate because of the measurement uncertainty.

The optimisation problem can be formulated as follows. Let P denote the set of

vertices and N (i) the neighbours of vertex i (i ∈ P). Vertex j is a neighbour of vertex i if

their relative distance is among the measurements. To avoid taking square roots, the cost

function will be defined as the sum of the squared difference between the measured and

estimated squared distances of the vertices. The squared distance between two estimated
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vertices is

d2ij = (pi − pj)
T (pi − pj). (3.1)

If distance measurements are available between the two vertices, then the squared error

between the measured and estimated values is

e2ij = (d̂2ij − d2ij)
2, (3.2)

where d̂ij is the measured distance. The optimal estimation is then the vector corres-

ponding to the minimum squared error:

popt = argmin
p

∑

i∈P

∑

j∈N (i)

e2ij (3.3)

where p =
[
pT1 , . . . , p

T
n

]T
.

Fixing certain coordinates makes the problem determined, e.g. the origin and x-axis is

determined by two points on the ground and supposing the third one’s z-coordinate in the

same plane is zero. An additional side effect of these assumptions is that the Earth fixed

frame of reference KE becomes determined. In Fig. 3.3, the reconstructed calibration
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Figure 3.3: Calibration object.
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Table 3.1: The calibration object.

Edge No. x [cm] y [cm] z [cm]

1 0* 0* 0*

2 79.02 0* 0*

3 102.02 138.30 0*

4 −16.85 158.24 0

5 −0.55 138.86 72.82

6 74.06 127.73 72.80

7 72.62 7.63 72.92

8 12.95 8.52 72.97

object can be seen. The sensors are also included in the scene as an illustration. The

calibration object consists of eight vertices, four of which lie on the ground and the rest

about 70 cm above. Theoretically, six points would be enough for calibration. However,

more points can improve accuracy. Tab. 3.1 shows the position of the vertices of the

polyhedron after performing the above reconstruction step. It can be seen from the

results that the collected data can be considered reliable. Marked values (∗) are fixed

during the reconstruction, which means they are not included as decision variables.

Reliable measurements are acquired by averaging out a large number of data in each

position. Once measurement data are acquired and the calibration object’s structure

is estimated, the sensor transformation matrix can be calculated. Then, following the

factorisation technique in [16] and [77], the sensors’ extrinsic and intrinsic parameters can

be obtained.

The matrix describing the projection and coordinate transformation takes the form

P = KT = KR
[

I3 −c
]

, (3.4)

where the upper triangular K is called the calibration matrix containing the internal

parameters, which are the “focal lengths” in pixels αx and αy, the image centre (x0, y0)

and skewness (s) arranged in a matrix as

K =







αx s x0

0 αy y0

0 0 1






. (3.5)

Matrix T consists of the first three rows of a homogeneous transformation in which matrix

R and vector c describe the viewing direction and position of the sensor, respectively.
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Table 3.2: Calibration results.

Parameter Value range Dimension

x0 [158.76 . . . 161.39] pixel

y0 [111.07 . . . 115.48] pixel

αx [169.38 . . . 170.58] pixel

αy [169.83 . . . 171.38] pixel

f [6.11 . . . 6.16] cm

s [0.02 . . . 0.63] pixel

The result of the calibration is summarised in Tab. 3.2. The table only includes the

internal parameters, since their values are similar for each sensor unit. As expected, the

skewness parameter has little significance and the internal parameters of the sensors are

similar. The focal length can be computed from αx and αy if the resolution and the

dimensions of the TFT are known. In our case, they are 320×240 and 11.52×8.64 cm,

respectively.

3.5 Spatial Reconstruction

In this section, we shall present how our calibrated sensor system can be applied for

indoor navigation purposes. The key problem is the position reconstruction of a single

marker, which will be addressed first. We will show that in the simplest case, it can be

performed by solving a least squares (LS) problem. The second part of the section deals

with the more complex case when both the position and the three-dimensional attitude of

a moving object is estimated. This requires several markers to be mounted on the vehicle.

We will propose a solution that involves numerical optimisation, since we intend to utilise

information that describe the arrangement of the markers on the vehicle.

3.5.1 Estimating a Single Marker’s Position

The basic three-dimensional reconstruction method is fairly simple for a single marker.

One of the greatest advantages of the sensing method can be utilised, namely that the

so-called correspondence problem does not exist here. Therefore, the centre of the window

corresponding to a marker readily provides direction information. Given that a marker

is visible to a number of the sensor units, its spatial position can be estimated by an LS
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method.

The optimal estimate of the marker’s position minimises the sum of squared distances

from the projecting rays. The method is illustrated in Fig. 3.4 and Fig. 3.5. Sensors are

represented by their focal points (magenta), image planes (green rectangles) and axes.

The size of the sensors is increased for better visibility. A straight line represents their

viewing directions and the camera centres are marked by blue points. Solid lines connect

a spatial point and the focal points of the sensors. The intersection of the projection rays

and the image planes are quantised to pixels so that the real projection rays and those

used for reconstruction (dashed lines) are not identical. In practice, due to the nature of

the tracking method, these values are not necessarily integers as they are calculated from

the sizes of the transparent patches.

The idea behind the reconstruction algorithm is illustrated in Fig. 3.6. The real

position of a spatial point (marker) and focal point are represented by vectors p and

f . The measured and real projections to the image plane are marked by black and red,

respectively. From the origin, r points to the former.

−1

0

1

2

−0.5

0

0.5

1

1.5

2

2.5

0

0.5

1

1.5

2

2.5

x
y

z

−1

0

1

2

−0.5

0

0.5

1

1.5

2

2.5

0

0.5

1

1.5

2

2.5

x

P1P1P1P1

Pr1

y

z

Figure 3.4: Sensor setup and projection rays to the image planes.
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Vectors v and w define a parallelogram, whose area can be calculated as follows:

‖(r − f
︸ ︷︷ ︸

v

)× (p− f)
︸ ︷︷ ︸

w

‖ = d‖r − f
︸ ︷︷ ︸

v

‖, (3.6)

where d is the distance between the real spatial point and the projection ray. The cross

product can be written in matrix form [v×] = V . In the following, matrices are denoted

by upper case, vectors and scalars are denoted by lower case letters, respectively.

The squared distance can be written in the following form:

wTV TV w

vTv
= d2. (3.7)

During the reconstruction step, w contains the unknown parameter p. The cost function

can be defined as

φ(p) =
1

2

Ns∑

i=1

cid
2
i , (3.8)

where

d2i =
(p− fi)

TV T
i Vi(p− fi)

vTi vi
(3.9)

and ci indicates whether a valid measurement is available from sensor i. Formally, it is

defined as

ci =







1 if sensor i can track the marker

0 otherwise.
(3.10)

The optimal estimation is

popt = argmin
p

φ(p), (3.11)

where Ns is the number of the sensor units. This is a standard LS problem and its solution

can be found by equating the cost function’s derivative to zero.

∂φ(p)

∂p

∣
∣
∣
∣
∣
p=popt

=
Ns∑

i=1

ci
V T
i Vi(popt − fi)

vTi vi
=

=
Ns∑

i=1

ci
V T
i Vipopt − V T

i Vifi
vTi vi

= 0.

(3.12)

The optimal estimation can be extracted:

popt =

[
Ns∑

i=1

ci
V T
i Vi

vTi vi

]−1( Ns∑

i=1

ci
V T
i Vifi
vTi vi

)

. (3.13)

The matrix to be inverted has full rank if the configuration is not ill-posed, which is the

case due to the sensor setup.
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It is worth mentioning that the described method differs from the most commonly

applied reconstruction methods, which make use of epipolar geometry [17, 20]. Surpris-

ingly, indoor positioning systems developed by research groups rarely utilise more than

two optical sensing units.

Reliability and Quality Refinements

The robustness and accuracy of the estimation can be improved by utilising additional

information and exploiting the possibilities provided by the hardware architecture.

A plausible refinement is the inclusion of the dimensions of the transparent window on

each sensor module, since the reliability of a measurement can be quantified by the area of

the transparent pixels. Therefore, it is good practice weighting measurements according

to their relative reliability. The cost function can be modified slightly:

φ′(p) =
1

2

Ns∑

i=1

c′id
2
i , (3.14)

where the weights can be calculated as

c′i = ci
1

Ai

. (3.15)

In the above expression, Ai is the area of the window on sensor i in pixels.

This method slightly increases the accuracy of the reconstruction, which is currently

about 1 cm when the marker is stationary. Furthermore, it does not increase the com-

plexity of the calculations. Theoretically, this is not the ideal weighting since accuracy

corresponding to the window size is a function of the distance between the focal point

and the marker. Therefore, the weighting should be changed accordingly.

The distance between the estimated point and the focal point is the projection of w

onto the unit vector pointing to the same direction as v, which is equivalent to

dpr = wT v√
vTv

. (3.16)

The weight of the measurement is inverse proportional to d2pr, which can be written as

d2pr =

(

wT v√
vTv

)2

=
wTvvTw

vTv
. (3.17)

The modified cost function is then

φ′′(p) =
1

2

Ns∑

i=1

c′′i d
2
i , (3.18)
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where

c′′i = ci
1

Aid
2
pr,i

. (3.19)

As a result, the complexity of the cost function increases:

φ′′(p) =
1

2

Ns∑

i=1

ci
1

Ai

wT
i V

T
i Viwi

wT
i viv

T
i wi

. (3.20)

It is obvious that the estimation cannot be obtained directly since p appears through w

and dpr in the weighting and the order of the nominator of φ′′(p)’s derivative is higher than

that of φ(p). As a consequence, the solution can only be obtained iteratively. However,

the solution to the original problem provides a suitable initial guess. Tests show that this

weighting improves the estimation accuracy by 10% already after 5 iterations.

The robustness of the estimation can also be improved. Due to the nature of the

tracking of a marker, there is a theoretical limit on the allowable speed in directions

parallel to the image plane of a sensor unit. However, smart setup can increase this speed

without the need of modification of low level functionality. Suppose that an agent travels

at a speed in a certain direction so that sensor unit l cannot track it. If the agent’s position

can be estimated without the measurements of this sensor, then projecting the estimated

spatial point to the image plane of sensor l can increase the speed of convergence of the

marker tracking. This can be performed side by side with the reconstruction algorithm

without significantly increasing the computational demand on the PC.

3.5.2 Attitude and Position Estimation

Depending on the requirements of the application, estimating an object’s position only

might not be sufficient. Therefore, several markers need to be mounted on the vehicle.

Since the estimation of all the three attitude angles is the more general case and this is

what is required in aerial vehicles’ case, this will be discussed in the remainder of the

section.

In general, the problem is as follows. Let KV be the frame fixed to the centre of gravity

of the vehicle and KE the Earth fixed frame of reference. Suppose that the markers’

coordinates are constant in KV . The aim of attitude and position reconstruction is to

find the transformation parameters between KE and KV .

Other notations in this section will also appear. The origins of KE and KV in their

frame are denoted by OE and OV , respectively. Spatial points are denoted by capital

letters, the vectors pointing to points are denoted by lower case letters.
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It is straightforward that at least three markers are required to calculate the attitude of

a flying vehicle. However, more markers are recommended, even though the computation

requirement increases, since their use can increase the robustness of the method.

The basic idea of attitude and position estimation is that a cost function is defined that

penalises the squared distances between all the markers and the corresponding projection

rays (as previously introduced), and additionally, the deviation of the estimated structure

of the markers from the “known” is also included. The term “known” is important in

the sense that the structure might only be known to a certain precision. If the mounting

points of the markers are designed by the use of a CAD program, then the structure

is well defined. However, there is always the possibility to mount them randomly (in a

sensible way). The distinction is important since somewhat different methods are suitable

for the two cases. It is worth mentioning that even imprecise information on structure

might significantly simplify attitude estimation, since the reconstructed structure will be

the same as the expected one.

Exact Information Based Structure Reconstruction

If the mounting points of all the markers are known exactly (e.g. by CAD design), then

it is reasonable adding structure information to an optimisation problem as equation

constraints. Constraints should be as simple as possible in order not to make the problem

overly complex. Such constraints could be distances between pairs of markers or angles

between two edges connecting markers, etc. Since purely angle information specify similar

objects of different sizes, distance information is more useful and has the same complexity.

Therefore, mostly these will be considered in practice.

The problem can be formulated as follows. Let the cost function φM be the aggregate

penalty for each marker as in (3.8) 1

φM =

Nm∑

m=1

φm =
1

2

Nm∑

m=1

Ns∑

i=1

cm,id
2
m,i, (3.21)

whereNm is the number of markers, dm,i is the distance of markerm and the corresponding

projection ray of sensor i and cm,i is the associated weighting defined as in (3.10).

As hinted above, the domain of the optimisation is restricted to a subspace of R3Nm

defined by a set of equation type constraints. The equation constraints that describe the

arrangement of the markers can be collected into the set of equations φS = 0. An example

1The sum of the cost functions in (3.14) or (3.19) can also be used and yield slightly better results.
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constraint equation is

r2(pi, pj)− r20(pi, pj) = 0, (3.22)

where r(pi, pj) is the distance between two markers calculated using the estimated marker

positions and r0(pi, pj) is the designed distance between them.

The task then is to find

popt = argmin
p

φM

s.t. φS = 0,
(3.23)

from which the attitude and position information can be extracted. The problem can be

solved by the Lagrange multiplier method, which is the well-known special case of the

Karush–Kuhn–Tucker approach in nonlinear optimisation. Several advanced algorithms

exist (e.g. interior point methods) that can solve these types of problems, many of which

are available as callable software libraries.

Structure Reconstruction Based on Approximate Information

One way of the problem formulation is as follows. Let φM be the aggregate penalty for

each marker defined similarly as in (3.21).

Structure information can be included in various ways. The simplest method is to

measure the distances between a number of marker pairs and include and additional term

in the cost function that penalises the deviation from these values:

φS =
∑

(i,j)∈Ns

[
r2(pi, pj)− r20(pi, pj)

]2
. (3.24)

Here Ns denotes the set that includes the marker pairs (i, j) the distance between which

is measured. Distance can also be measured more reliably than angles, therefore this kind

of additional penalty seems to be the most reasonable among all the possibilities.

The total cost function is the weighted sum of the two above,

φ = φM + cφS, (3.25)

where the coefficient c is a fixed design parameter.

The problem above is a fourth order unconstrained optimisation problem, which is

more complex than the one introduced in Section 3.5.1. Since no direct solution exists in

this case, either, iterative solution involving search is still needed. Not only the order of

the problem makes it complex, but also its dimension, which is 3Nm. As a consequence,

the required operating frequency limits the maximum number of markers.
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The reason why the structure of the markers is not included as equation constraints

in the optimisation problem is the following. Since these pieces of information contain

uncertainty, it might happen that the constraints could not be satisfied at the same time.

As a consequence, the result might be far from ideal.

It can be seen that the inclusion of more distances increases the computational costs of

the calculation of both the cost functions and the derivatives. Therefore, for computation

power reasons, it is good practice including only the fewest possible distance measurements

that fully determine the structure, keeping in mind that occlusion might occur.

Extracting Position and Attitude Information

Ideally, a homogeneous transformation defines the relative position and attitude of the

world frame and the vehicle fixed frame. This description is commonly used in robotics

and computer graphics. The transformation matrix is composed of a rotation and a

translation part as

T =

[

R p

0T 1

]

=

[

I p

0T 1

][

R 0

0T 1

]

. (3.26)

However, it is not good practice calculating this transformation matrix directly (e.g. by

an LS method) for several reasons. One of them is the possible loss of precision in the

case when the distance between OE and OV is large, and another is that the rotation part

has special structure that the result should possess. Hence, decomposing the problem is

beneficial. As a first step, the position information should be extracted, followed by the

estimation of the attitude angles.

It is worth mentioning that typically, the markers cannot be placed exactly in OV ,

which adds extra calculation steps to the reconstruction algorithm.

If the spatial alignment of the markers is known exactly, three of the markers uniquely

defines the position of OV in KE. By simple vector algebraic manipulations, the origin’s

coordinates can be found. A possible method is as follows. Let p0, p1 and p2 be the

vectors pointing to three markers in KV that uniquely span the plane P. Let v1 = p1−p0

and v2 = p2 − p0. The vector p0 is a linear combination of v1, v2 and n, which is the

normal vector of P.

p0 = p
‖
0 + p⊥0 (3.27)
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with the notations

p
‖
0 = αv1 + βv2

p⊥0 = γn,
(3.28)

where

γ = pT0 n

n =
v1 × v2
‖v1 × v2‖

(3.29)

Since the values of α, β and γ are known in advance, the relative position of OV from p0

can easily be calculated. The method is illustrated in Fig. 3.7.

Slightly more complex is the case when the reconstructed spatial alignment of the

markers does not match the model exactly. An approach similar to the one in Section

3.5.2 can be applied, i.e. penalising the deviation of the estimated position of OV from the

expected one. The computational requirements for this step is not significant compared

to that of the structure reconstruction step.

Attitude estimation is straightforward then. First, the OV (and all the markers) should

be shifted so that OE = OV . Then, the rotation part R of T can be determined by an LS

method. Two issues might arise, though. Firstly, rank deficiency might cause problems,

which can be tackled by adding a proper virtual marker to the points. Secondly, the

resulting matrix might not hold the properties of a rotation matrix, i.e. its eigenvalues
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Figure 3.7: Determining the position of OV
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are not of unit length. However, since in practice the length does not differ significantly

from 1, it can be extracted from the rotation part of the quaternion obtained by applying

the method presented in [2].

Depending on which attitude description is required, the representation (Euler angles,

quaternions, etc.) can be extracted as desired [15,73]. The RPY representation described

in Section 8.11 of [15] suits best our needs, as it can be seen in the previous chapter.

3.6 Implementation and Performance Evaluation

Before (quasi-)real-time implementation, the methods were tested in synthetic environ-

ment. MATLAB is a suitable environment for initial simulations. The setup of the sensor

units can be modelled in a virtual environment. All the required parameters of the sensor

units are readily available since the calibration procedure described in Section 3.4 has

already been carried out. During the initial steps of the development, real measurement

data were not available. Thus, measurements needed to be generated by virtually pro-

jecting markers onto the image planes of the TFTs. Measurement errors and calibration

imperfections can also be modelled in this environment. Besides, MATLAB provides great

flexibility during debugging, evaluation and fine tuning of the algorithms.

The efficiency of the proposed algorithms can be compared before the final implement-

ation by carrying out simulations in MATLAB. Based on a simulation with 200 different

spatial positions and an additional noise component that models the measurement uncer-

tainty, the estimated positions were within a range of 1 – 2 cm about the “real” ones.

Performance tests based on real-time measurements prove that the expected accuracy

can be reached in reality. Tests were carried out by fixing a marker to various positions

in the laboratory while logging the reconstruction data using our application. The results

can be seen in Figs. 3.8 and 3.9. It can be observed that the estimated position remains

within a narrow range when the marker remains still. Also, when a sensor loses sight

of the marker, smaller jumps appear in the estimation, as it can be seen in the right

hand side of Fig. 3.9. These transients correspond to the decreasing size of a transparent

window in a sensor’s TFT and can almost perfectly be eliminated by the back projection

method described in Section 3.5.1.

Besides the single marker based estimation, multiple marker based attitude and po-

sition estimation was also tested, which involves optimisation steps. A crucial step in

nonlinear optimisation is finding an appropriate starting point since it can dramatically

reduce the time required for reaching the optimum. Fortunately, a reasonable initial
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Figure 3.10: Marker setup and reconstruction.

guess can easily be provided, simply by disregarding the structure constraints. As seen in

Section 3.5.1, this reduces the problem to an LS one, which can be calculated independ-

ently for each marker in a single step, and this step requires little time compared to the

optimisation.

The first intended experimental application of our attitude reconstruction method aids

the control of a small-sized indoor unmanned quadrotor helicopter. The helicopter will be

equipped with four markers placed in the edges of a square. The diagonal of the square

is 20 cm and its centre lies 3 cm above the centre of gravity. Mounting four makers on

the airframe is sensible both for symmetry and robustness reasons. As an illustration,

the helicopter and the results of an example reconstruction are also included in Fig. 3.10,

where the black parts correspond to the “real” vehicle and the estimation is coloured red.

The green point shows the direction of the helicopter and a virtual marker is coloured

blue.

As the airframe is completely designed in a CAD program, it is reasonable applying

the reconstruction method presented in Section 3.5.2, paired with the simpler vector

algebraic position calculation and attitude extraction methods in Section 3.5.2 in the

final solution. However, to compare the methods, tests were also carried out applying the

method described in Section 3.5.2.
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Environment Method ∆tmar ∆ttot epos eatt

MATLAB Lagrange 84.52ms 85.88ms 0.28 cm 0.8◦

MATLAB WD 81.96ms 95.88ms 0.28 cm 0.8◦

C Lagrange 10.00ms 0.28 cm 0.8◦

Table 3.3: Performance comparison between the proposed methods.

MATLAB provides great flexibility during the evaluation and fine tuning of the al-

gorithms in this case as well. It is also important examining which methods suit the best

each other. It turned out during simulation steps that all the structure reconstruction

methods could be improved by adding extra constraints/penalties. Even though includ-

ing all the distance information between the markers uniquely define the alignment, the

four markers rarely lie in the same plane after the optimisation, not even in the case of

constrained optimisation, which causes inaccuracy in attitude estimation. An additional

constraint, i.e. the midpoints of the diagonals of the square should coincide, improves

the quality of reconstruction. Its effect turned out to be significant when its weight was

set relatively large compared to the weight of the original constraints. The reason for

this phenomenon is the steeper derivative in certain search directions, which enables the

algorithm to converge to the optimum faster.

The idea that including an additional virtual marker improves the calculation of the

matrix R describing the attitude of the vehicle was motivated by the fact that this sym-

metric structure always results in rank deficient matrices.

Despite its advantages, MATLAB has a major drawback, which is its performance.

An efficient program performing the same algorithm may perform 10 – 100 times better,

depending on the platform and the nature of the algorithm, especially if it makes use of

graphics processing unit (GPU) acceleration. Based on MATLAB simulations though, the

relative efficiency of the proposed algorithms can be estimated before selecting the one

to be implemented efficiently. Tab. 3.3 shows a comparison of average time required for

different methods. The results are based on 2000 different position and attitude combin-

ations, run on a 2.2GHz Windows based PC. The reason for the choice of the operating

system is the lack of driver available for the special CAN communication capable card

that is used. The abbreviations “Lagrange” and “WD” correspond to the constrained and

unconstrained methods. It can be seen that the majority of time is spent on estimating the

position of the markers (see ∆tmar and ∆ttot). As a comparison, the average time required
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for the whole process is shown in the last row, when the algorithm is coded efficiently. An

increase of a magnitude can be seen in the performance, which confirms the expectations.

Notice that the average error of the position estimation decreases significantly compared

to that of single marker based estimation.

The method involving constrained optimisation is implemented as a program coded in

C language in the same hardware and operating system environment. The key to efficient

implementation is a suitable nonlinear optimisation library. Such libraries are available.

For simplicity, the student version of KNITRO [9] was chosen as it is supported by the

Optimization Toolbox of MATLAB. It is free of charge for a limited period. Therefore,

in the future it is likely to be replaced by Ipopt [79], which is a free of charge tool with

similar interface, provides great flexibility, although some of its supported solvers are not

free for commercial purposes.

In general, these optimisation libraries provide an interface through which the func-

tion to be minimised, the constraint functions, the derivatives and the Hessian can be

evaluated. These functions have to be implemented by the user, which is rather tedious

compared to an implementation in MATLAB.

For efficient linear algebraic manipulations, BLAS and LAPACK routines are used

and the libraries are compiled from source in order to achieve maximum performance. As

a result, it is not the position and attitude estimation algorithm that limits the operating

frequency of the positioning system.

3.7 Summary of the Results

In this chapter, we have presented a solution to the three-dimensional position and at-

titude reconstruction problem based on the measurements of a novel, affordable marker

based indoor positioning system. The system is capable of providing high accuracy po-

sition and attitude measurements at a fairly high frequency (50Hz). The sensors utilise

a novel optical marker detection method. The PWM modulated light of the markers

are sensed by phototransistors, while direction information is provided by the position of

transparent windows displayed on TFT panels without their backlight modules.

After the details of the calibration process of the system, the position reconstruction

method for a single point is presented, which is followed by the more complex position

and attitude estimation method based on multiple marker detection. The simplest case of

estimating the position of a single point turns out to be a least squares problem. Attitude

estimation requires more complex computations, which involve numerical optimisation.
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We have proposed two possible solutions to the problem, which are suitable for various

marker arrangements. One of the methods involves constrained, while the other utilises

unconstrained optimisation. The same accuracy can be achieved by the two methods at

similar computational efforts. The main difference between the two methods lay behind

the quality of the structure information describing the markers mounted on the object to

be tracked.

Tests were carried out to assess the accuracy and real-time performance of the al-

gorithms. We have shown that the reconstruction methods can be performed in real-time

on an average PC at a rate that is greater than the current marker detection rate.

The principle and basic operation of the positioning system is presented in [S06]. In

particular, it deals with the measurement principle, the hardware setup, the calibration

of the individual sensor units and the position reconstruction method of a single marker.

The advanced method which provides and improved estimation to the position and also

calculates three-dimensional attitude is presented in [S05]. Both articles contain a section

dealing with performance evaluation as well.

The contributions of this chapter can be summarised in the following theses.

Thesis group 2. I developed calibration and reconstruction methods for marker

based indoor positioning systems. Precise indoor navigation can be performed by the

accurately calibrated indoor positioning systems, which can estimate object’s position

and attitude with an accuracy of 1 – 2 cm and 1 – 2◦. The estimation methods utilise LS

and unconstrained optimisation methods in the case of one marker, while constrained and

unconstrained optimisation techniques in the case of multiple markers.

The corresponding results are published in conference papers [S05,S06].

Thesis 2.1. I elaborated a two-step calibration method for accurately estimating

the internal and external parameters of indoor positioning systems. The calibration pro-

cess involves only one marker. The first step of the algorithm aims at reconstructing a

“calibration object”, while the parameters of the positioning system are simultaneously

estimated for each sensor unit during the second.

Thesis 2.2. I proposed methods for multi-view marker based three-dimensional posi-

tion and attitude estimation. The numerical optimisation based reconstruction algorithms

take into account a priori information about the relative position of the markers that are

mounted on the object to be tracked. The achieved accuracy and update frequency make

the solution suitable for indoor navigation of small-scale ground and aerial vehicles.



Chapter 4

Robust Formation Control and Safe

Formation Change

4.1 Introduction

Increasing attention has been focused on the problem of controlling large scale systems

that are built up from several smaller subsystems, e.g. a group of UAVs. Controlling a

group of vehicles together can result in better overall performance and certain tasks can

also be performed more effectively. Examples to such cases are surveillance missions, fuel

consumption reduction by travelling in formation or space applications involving satellites.

Advances in communication technology, miniaturisation and increased computation

power open the way to implement not only local, but also formation-level control al-

gorithms on board of a single vehicle. Performing all the required calculations in a cent-

ralised manner is often not viable. In such cases, distributed solutions are required, even

though additional problems arise, e.g. communication errors or delays.

Several methods have been elaborated that solve certain problems related to multi-

vehicle systems. Each of them have their strengths and weaknesses, thus they have evolved

in parallel. Two of the most frequently applied methods are the model predictive control

(MPC) and robust control techniques.

Obstacle and collision avoidance is most often solved by applying MPC methods

[27, 52, 64, 71]. MPC involves numerical optimisation (occasionally mixed integer pro-

gramming) at every sample time instant and it is a flexible framework, various objectives

can be included into the problem formulation. The cost is the increased computational

complexity that may require more computational power than what currently exists.

74
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Other approaches include robust control methods [48,49,56,60,72] that can guarantee

certain types of robustness and performance but cannot handle hard constraints the way

MPC can. This is the motivation of the method we propose in the following. A promising

formation stabilising algorithm is presented in [56], which ensures that vehicles reach a

desired formation, even if the communication topology changes almost arbitrarily and

arbitrarily rapidly. It utilises the graph theoretical results of [18]. However, it does not

guarantee that vehicles’ trajectories are collision-free. We extend this approach by a

higher level method which effectively tackles the above mentioned problem, even for a

relatively large group of vehicles (up to 50 – 100).

This chapter is structured as follows. After a brief overview of related research in

Section 4.2, preliminary results are briefly summarised in Section 4.3, which include the

previous results of the authors and present the method, the capabilities of which is exten-

ded by our new method. The main contribution of the thesis, i.e. the safe path generating

algorithm is presented in Section 4.4. Refinements and improvements including obstacle

avoidance are detailed in Section 4.5, which is followed by two practical examples in

Section 4.6. The chapter ends with a short conclusion and summary of the results.

4.2 Overview of Related Research

Before the detailed presentation of the proposed method, we introduce the terminology

related to the field and classifying the approaches that can be found in the literature.

The following subsections summarise how the structure of the group of vehicles and the

control objectives affect the problem formulation and list the most frequently applied

control design techniques.

4.2.1 System Interconnection Structure

The terms decentralised and distributed need to be made clear since there is a fundamental

difference in the structure and control design between the two approaches. A control

algorithm is said to be decentralised if interconnection is only between the subsystems.

This means that the controllers do not share any kind of information between each other

and only the subsystems are interconnected (via their states or inputs). If linkage between

the agents is weak, then there is a decent chance that a suitable controller can be designed

that is capable to drive the specific subsystem to the desired state. This type of approach

might raise stability or performance issues and is often not suitable for handling a group
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of vehicles, either.

The term distributed means there does exist information exchange between the con-

troller units, not only between the subsystems. The information exchange generally con-

sists of the state variables of the controllers and the estimated states of the controlled

subsystems. The linkage between the controllers generally follow the pattern of intercon-

nection of the subsystems, which is a natural choice.

Crucial questions arise in problem description and solution that are related to the

systems constituting the group:

• Does any of the systems have a distinctive role?

• Can the interconnection of the systems change during the mission?

• Can all the systems be described by the same dynamics?

Based on the questions above, distinction can be made between the common methods

in cooperative control. Certain problems, e.g. among vehicles in a platoon, the first vehicle

always behaves different from the others, therefore this formation can be considered as a

leader – follower structure and the leader is generally controlled in a different way than the

rest. String stability considers such problems (e.g. in [72]). However, even if there is no

physical reason, there can be difference between the systems, e.g. because of the control

method as in [66]. In contrast, when no difference is made between the systems, the

structure of the controller of each can be the same (refer to the work of d’Andrea [13,34]

and Massioni [48–50] for examples).

The second question is related to whether the systems’ interconnection is static or

dynamic. When aircraft or satellites need to maintain a fixed formation during flight,

it is reasonable to describe the formation by a static interconnection (see [48] for an

example application), while a collision avoidance problem typically belongs to the second

case because vehicles only need to exchange information between each other when there

is a risk of collision (see [33, 71] for details).

It is also important to know whether the group of systems to be controlled is ho-

mogeneous or heterogeneous (built up from identical or different subsystems). There

are examples of both in the literature (see e.g. [48, 56] for homogeneous and [63, 72] for

methods applied to heterogeneous systems).
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4.2.2 Commonly Applied Control Design Methods

Numerous control design methods can be found in the literature, as problems of interest

are diverse. Several aspects of multi vehicle systems can be investigated, such as path

planning [65], collision avoidance [64,65,71], existence of finite-time convergence [83] etc.

There exist design methods that suit each problem and have successfully been applied to

different cases.

Receding horizon control (RHC) or model predictive control (MPC) has a long history

and has been a popular method applied to a wide range of problems. A comprehensive

summary of the topic can be found in [36, 52]. MPC differs from other control design

methods in that it consists of an optimisation step in every sample time instant during

operation. The attractive property of the method is its flexibility, i.e. versatile require-

ments can simply be incorporated into an optimisation problem given by a cost function

and constraints, and powerful optimisation methods can be utilised to solve them. In

the case of UAVs, e.g. fuel or power consumption, time of flight, limits of the dynamics,

collision avoidance are a few aspects that can be considered. As computational power

of embedded microcomputers have rapidly increased, more and more complex problems

can be solved in real-time. [27, 33, 64, 71] are only a few articles where the problem is

formulated as MPC problems.

Apart from MPC, the results of LQ, H2, H∞ optimal control have gained increasing

significance in cooperative control [3], [59, 61–63], [13, 34, 56]. Much attention has been

focused on the effect of model uncertainties, process and measurement noises in modern

control theory. Powerful methods have been elaborated which guarantee robust stability

and performance for a set of models with bounded uncertainties. Several control problems

can be formulated so that they fit into these frameworks, e.g. outdoor UAVs that need

to fly in stable formation under wind gusts, controlling a set of vehicles that have only

slight difference in their dynamics etc.

Results of other areas can also be utilised in problem formulation and solution. With

the notation of graph theory, many properties of a group of systems can be described and

analysed, including connection or information flow between systems and overall stability

[18,34]. Cooperative control problems can also be considered game theoretical problems,

e.g. as described in [46].

As it can be seen, the choice of methodology is not evident, it depends heavily on

the problem to be solved. The forthcoming sections will focus on a group of identical

vehicles. The objective is to find a method that coordinates a change of formation which
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is robust against sudden changes in communication topology while it satisfies certain hard

constraints. Therefore, the proposed method will consist of two separate layers which will

be responsible for guaranteeing robustness with constraints.

4.3 Preliminary Results

The relation between formation stability of connected linear systems and graph-theory

was discussed in the pioneering work of Fax and Murray [18]. They revealed that the

stability of a formation of a group of identical systems is closely related to the eigenvalues

of the normalised Laplacian associated to the communication topology graph of the group.

Based on their work, Popov and Werner presented a control design method in [56]

that extends this analysis framework. They incorporate communication topology and its

change as a disturbance into the control design. Thus, by the aid of well-known robust

control design techniques, formation-level controllers can be obtained locally. The design

is robust against communication topology changes and is scalable in the sense that it

is independent of the number of the vehicles forming the group. This robust formation

control method is briefly summarised in the following.

This robust formation control method is suited to our control system applied to quad-

rotor helicopters, which is presented in detail in Chapter 2. It can also be extended to

include model uncertainties. Our method is a backstepping control algorithm that sta-

bilises the nonlinear dynamics of the quadrotor in a specified 3D position and yaw angle.

Thanks to the backstepping control’s linearising and decoupling effect, the closed loop

system can be treated as four separate linear systems for each vehicle.

4.3.1 Laplacian Matrix and Communication Topology

Algebraic graph theory and in particular, graph Laplacians play an important role in

the description of interconnection between a group of linear systems. Let us consider

the formation of N linear systems communicating with each other. The communication

topology is defined by a directed graph. In the graph, vertices correspond to the linear

systems and edges indicate the communication links. The head of an arrow points to

the receiver. Let Ji denote the set of neighbours from which node i receives information

and let |Ji| be its cardinality. We assume normalised Laplacian matrix L of type N ×N
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defined as

Lik =







1, k = i

− 1

|Ji|
, k ∈ Ji

0, k /∈ Ji

(4.1)

The following important properties of such matrices can easily be proved by linear

algebraic considerations and are also highlighted in [18]:

• One eigenvalue of L is zero and the corresponding right eigenvector is 1 (all ones),

• All eigenvalues λi of L lie in the unit disk (Perron disk) centred at 1 + 0j which

means that λi = 1 + δi where |δi| ≤ 1,

• If L is undirected, then L has only real eigenvalues.

4.3.2 Closed Loop Formation Stability

Suppose the dynamics of a system in the formation with its local controller can be de-

scribed by

ẋi = Axi +Bui

vi = Cxi,
(4.2)

while its local formation-level controller takes the form of

ẋc,i = Acxc,i +Bcei

ui = Ccxc,i.
(4.3)

One measure of the ith system in the formation may be the equally weighted sum of

errors of the sensed neighbours:

ei =
1

|Ji|
∑

k∈Ji

eik. (4.4)

Here eik describes the error between the ith and kth unit and is defined as

eik = (ri − vi)− (rk − vk) = r̃ik − (vi − vk), (4.5)

where r̃ik is the desired relative pose in the formation and vi, vk are the transmitted

outputs of the vehicles i and k, respectively. Observe that the above choice makes clear

the role of normalised graph Laplacian introduced in the previous subsection.

For brevity reasons, H(s) shall denote a system with its local stabilising and formation

controller, i.e. the transfer function between input ei and output vi. The formation-level
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Local formation control
KF (s)

Backstepping
control

Quadrotor
ξ̈i = fξ,i + gξ,iuξ,i

η̈i = fη,i + gη,iuη,i

ei ui uξ,i

uη,i

vi

yi

H(s)

P (s)

Figure 4.1: Single quadrotor with local controllers.

controller itself is KF (s) and has input ei and output ui. A single system with its local

controller can be characterised by P (s) such that vi = P (s)ui. As an illustration, a single

quadrotor with its local controllers is depicted in Fig. 4.1. Here, the vector yi contains

the measurements required by the backstepping control.

The communication structure of the whole formation can be described by the Kro-

necker product L(p) = L ⊗ Ip where p is the number of outputs of a single unit. With

r = (rT1 , . . . , r
T
N)

T and v = (vT1 , . . . , v
T
N)

T , the formation-level error e = (eT1 , . . . , e
T
N)

T

yields

e = L(p)(r − v). (4.6)

The following theorem is adapted from Fax and Murray [18] and appears in [56].

Theorem 4.3.1. A controller KF (s) stabilises the closed loop formation (Fig. 4.2) if and

only if it simultaneously stabilises the following set of N systems:

ẋi = Axi +Bui

vi = λiCxi

i = 1, . . . , N, (4.7)

where λi are the eigenvalues of L.

H(s)

L(p)

H(s)

r e

e1

eN

v1

vN

v

-

Figure 4.2: Closed loop formation.



4.3 Preliminary Results 81

Theorem 4.3.1 provides a sufficient and necessary condition for the existence of a local

formation-level controller. Notice that λi may be complex, hence the theorem requires

the stability of systems with complex parameters.

Since the eigenvalues of L lie in the Perron disk, λi = 1 + δi where δi is complex

number and satisfies |δi| ≤ 1. Therefore,

vi = Cxi + δiCxi, i = 1, . . . , N. (4.8)

The matrix C can be factorised as C = DδCδ by singular value decomposition. Thus,

signals zi = Cδxi and wi = δIqz can be introduced, the second playing the role of uncer-

tainty description, where q is the rank of C and ‖δ‖ ≤ 1 [56].

For stability investigation, the N units can be covered as a single one with uncertainty

‖δ‖ ≤ 1 and a transfer function Tz,w =: G(s) as follows:

ẋ = Ax+Bu

z = Cδx

v = Cx+Dδw

u = −KF v.

(4.9)

Notice that the robust control problem is similar for each component, hence the index has

been omitted. The resulting system is Fl(G(s), KF (s)) where Fl is the linear fractional

transformation from w to z.

The following theorem is from Popov and Werner [56].

Theorem 4.3.2. The controller KF (s) stabilises the closed loop formation for any number

of agents N and under fixed, as well as any time-varying communication topology if the

H∞ norm of the system Fl(G(s), KF (s)) is smaller than 1 (Fig. 4.3(a)).

δλIq

G(s) Ḡ(s)

KF (s) KF (s)

(a) (b)

wδ zδ

ũ

ṽ

-

ẽ

ũ ẽ

wδ

wP

zδ

zP

T (s) T̄ (s)

Figure 4.3: Plant interconnection.
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WK(s)

WS(s)

P (s)

zP

zδ

ũ

wδ

wP

ṽ

-
ẽ

Ḡ(s)

Figure 4.4: H∞ design setup.

Theorem 4.3.2 provides a practical tool for obtaining a universal formation-level con-

troller, which is identical for all the vehicles in the formation, regardless the size of the

group and the communication topology between the vehicles

The properties of the distributed formation control can be sharpened by sensitivity

filter WS(s) and control sensitivity filter WK(s) (Fig. 4.4). The interconnection with the

controller and the augmented plant can be seen in Fig. 4.3(b).

4.4 Safe Formation Change

The most crucial strengths of the algorithms in the preliminaries are that they are capable

of stabilising a group of any number of vehicles with almost any kind of communication

topology that holds certain connectivity properties. However, there is a major drawback

that is not explicitly tackled by the algorithm, i.e. it is not guaranteed that the vehicles

keep safe distance from each other during the transients. Linear robust control methods

cannot satisfy such constraints. Therefore, either different control algorithms are required

for such problems, such as model predictive control (MPC), or collision avoidance must

be implemented at a higher level.

The proposed method follows the latter approach and is the main contribution of

the chapter. Given a number of identical vehicles in an initial formation (defined by

spatial points Si ∈ R
3), the task is to occupy the specified target positions Tj within

finite time and keeping a predefined minimum distance ds between each other during the

transition. Vehicles are assigned a target position dynamically during the path generation.

The vehicles track straight paths between the start and target positions and may not

necessarily move all at the same time since one might act as an obstacle to the other,

depending on the structure of the initial and target formation. The algorithm also takes
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into account that the vehicles have a maximum travelling speed. There is only one

restriction, which is related to the formation and the predefined safety distance. The

ratio between the minimum distance between each pair of vehicles in their initial and

target positions and the safety distance should exceed a constant value specified later:

min
i,j
i 6=j

‖Si − Sj‖
ds

> c min
i,j
i 6=j

‖Ti − Tj‖
ds

> c, (4.10)

where ds is the safety distance. The main objective of the rest of the section is to find the

smallest possible c. As it will be revealed later, the above constraint is not overly restrictive

in real applications since the safety distance is related to the physical dimensions of the

vehicles.

In the following, the safe path generating method will be presented, then as an illus-

tration, a formation changing scenario will be shown.

4.4.1 Path Generating Algorithm

The basic idea of the proposed algorithm is to avoid online path planning and optimisation

at every sample time instant. Instead, trajectories will be generated in a simple but

efficient way only if the formation of the vehicle group has to be changed. The generated

paths will be safe at the same time. Throughout the chapter, safety region of a point or

a route has the following meaning.

Definition 4.4.1 (Safety region). The safety region of a spatial point P is the set points

for which the following condition holds:

RP,ds =
{
Q ∈ R

3
∣
∣ ‖P −Q‖ ≤ ds

}
, (4.11)

where ds is the safety distance. Safety region can be defined for a line segment ST simil-

arly:

RST,ds
=
{
Q ∈ R

3
∣
∣ d(ST ,Q) ≤ ds

}
, (4.12)

where d(ST ,Q) is the distance between ST and Q.

The proposed formation change logic is integrated into the control logic as shown in

Fig. 4.5, while the steps of the method are described in Tab. 4.1. The first two phases may

consist of several steps. During phase 1, as many vehicles as possible move directly from

their initial positions to certain target positions. In phase 2, certain vehicles that have

already reached a target regroup so that empty targets are generated in the proximity

of vehicles left at their initial position after phase 1, so that these empty target points
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Figure 4.5: Formation change logic.

become reachable. In the last phase, vehicles that still remain in their initial positions

can simultaneously move to a target.

The key in each phase is how to determine which vehicles are allowed to move at

the same time. Graphs will be constructed that contain information about the risk of

collision. The number of vehicles taking part in each step will correspond to the size of a

clique in these graphs (a clique is a fully connected subgraph). For computational reasons,

certain heuristics will also be included in the algorithm. The main theorems are stated

first, while their proofs will be presented after the details of the steps of the algorithm.

Table 4.1: Algorithm overview.

Phase 1 Direct transition

1.1) Selecting candidate paths

1.2) Conflict search in ”dual” graph

1.3) Maximum clique or single route search

1.4) Found new route?

Phase 2 Correction routes

2.1) Selecting candidate correction routes

2.2) Conflict search in ”dual” graph

2.3) Maximum clique or single correction route search

2.4) Found new correction route?

Phase 3 Resolving trapped targets

3.1) Checking all routes for conflicts

3.2) Maximum clique search

Yes

Yes

No

No

Finished
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Theorem 4.4.1. Let N denote the number of vehicles in a group, Si their initial positions

and Tj the target points, for which (4.10) holds with c = 4/
√
7. Applying phases 1 and 2

in Tab. 4.1 to the group will transfer every vehicle but the trapped ones to a target position

in less than or equal to N steps, while the distance between any two vehicles throughout

the manoeuvre will never be less than the safety distance ds.

Theorem 4.4.2. All the vehicles remaining in their start position after phases 1 and 2 in

Tab. 4.1 can be transferred to the remaining target positions simultaneously in one final

step, keeping a minimum distance ds from each other during the motion.

Observe that the above theorems require only the start and target positions to satisfy

a condition (separately). If this condition holds for both groups of locations, the vehicles

can always reach all the target points if their paths are generated by the algorithm in

Tab. 4.1.

Phase 1 –Direct Transition

During every step of this phase, the aim is to find as many routes as possible, along which

vehicles can occupy empty targets in parallel. Routes are defined as follows.

Definition 4.4.2 (Route). A route connects an occupied start position and an unoccupied

target point directly with a straight line.

First, we form a graph G describing the candidate routes. The vertices of the graph

correspond to the initial and target positions and an edge corresponds to a route between

an initial and a target point. Since in the simplest case every vehicle has the possibility of

travelling towards any target point, this graph is a complete bipartite graph (see Fig. 4.6).

Next, those routes that have vehicles within the safety region ds have to be filtered

out from the current step, since they are not allowed to travel along such paths because of

the risk of collision. Then it should be checked whether a route conflicts with another, to

check which vehicles may move at the same time. In this context, conflict can be defined

as follows.

Definition 4.4.3 (Conflicting routes). Two routes are in conflict with each other if the

distance between the two line segments is less than the safety distance ds.

This definition is obviously conservative in the sense that it does not take into account

the motion of the vehicles, only their paths. These pieces of information can be collec-

ted into a “dual” graph Gd where each vertex corresponds to an edge in G (marked by

green in Fig. 4.6) and there is an edge between two vertices if the distance between the

corresponding two routes is greater than ds.
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Figure 4.6: Path search graph.

The task is then to find as many routes as possible among which there do not exist

pairs that are in conflict with each other. In other words, a maximum clique has to be

found within A(Gd), which is the adjacency matrix of Gd.

It is known that the maximum clique cannot contain more vertices than the number

of vehicles. However, in most cases the size of the maximum clique is less than this value,

due to the fact that vehicles can act as obstacles to each other, i.e. they are inside the

safety region of a route. Therefore, the above method has to be repeated as long as there

are new vehicles that can find their way to the targets.

Phase 2 –Correction Routes

Since the algorithm above cannot guarantee that all the vehicles reach a target position,

a variant of this method can be applied afterwards, which further reduces the number of

vehicles that cannot reach a target point. For this purpose, we introduce the notion of

correction routes.

Definition 4.4.4 (Correction route). A correction route connects an occupied initial posi-

tion with an unoccupied target point via a chain of routes defined by intermediate occupied

target points. The constituting routes must hold the property that no other vehicles stay

within their safety regions.
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ds

di,a
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di,a < di,x
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T

Occupied start position

Occupied target

Empty target

Figure 4.7: Correction route generation.

The motivation of introducing correction routes is that along the segments of each

such route the vehicles can regroup creating an unoccupied target point in the vicinity of

an occupied starting point, which can be reached by a new vehicle. It will be shown that

cmin in Theorem 4.4.1 guarantees that all the vehicles but the one in a start position may

move in parallel without entering the safety region of another, which reduces the total

time and energy required for the change of formation. Furthermore, in Section 4.4.3 it

will be shown how correction routes can be performed in a single step.

The construction of a correction route is an iterative process and consists of the steps

shown in Tab. 4.2. The first check cancels correction route generation if there are at least

two occupied start positions within the safety region of the target (lines 2 – 4). If this is the

case, it is impossible to generate a correction route that ends in the current target because

of safety distance violation. The following steps (lines 5 – 9) aim at finding the occupied

intermediate point Pint which lies within the safety region of the line section between the

current start and target positions (initially
−→
ST in Fig. 4.7) and its distance from the line

section is the least among such points. The reason for selecting this specific point is to

minimise the total length of the correction route. If no such point is found, the route

is generated (lines 6 – 8). If the point is an occupied start position, a shorter correction

route can be constructed, therefore the operation is cancelled (lines 10 – 12). Otherwise,

target points to be avoided are updated (line 13) and correction route generation is split

into two parts and thus the safety region to be examined changes (lines 14 – 15). This is

the reason for the iterative nature of the process. Finally, when the process is successfully
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Table 4.2: Correction route generation.

1) function r := GenCorrRoute(S, T , Sa, Ta, ds)

Parameters

S, T : start and target

Sa, Ta: start and target points to avoid

ds: safety distance

2) if 1 < |RT,ds
∩ (S ∪ Sa)|

3) return r := ∅

4) end

5) Pconfl := RST,ds
∩ (Sa ∪ Ta)

6) if Pconfl = ∅

7) return r :=
−→
ST

8) end

9) Pint := arg min
P∈Pconfl

d(ST , P )

10) if Pint ∈ Sa

11) return r := ∅

12) end

13) Ta := Ta \ Pint

14) ra := GenCorrRoute(S, Pint, Sa, Ta, ds)

15) rb := GenCorrRoute(Pint, T , Sa, Ta, ds)

16) if ra = ∅ ∨ rb = ∅

17) return r := ∅

18) end

19) return r := Concat(ra, rb)

20) end

finished, the intermediate points are collected in the right order (line 19). Correction route

generation is illustrated in Fig. 4.7. The first intermediate target point found during the

process is Ti,a since the other candidate Ti,x lies farther from
−→
ST . The subscript letters of

the intermediate points in the figure correspond to the order they are found during the

algorithm.

When searching for correction routes, it has to be ensured that each intermediate

point is closer to the target point than the previous one, including the starting point.

Otherwise, correction routes could possibly be infinite. This causes certain difficulties

that will be revealed later.

If correction routes that satisfy the above requirements exist, another search, similar to
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Occupied start position

Empty target

Occupied target

d d

ds

d

Figure 4.8: Correction route extremal case.

the direct transition phase can be performed. The only difference lies behind the meaning

of conflict between a pair of correction routes.

Definition 4.4.5 (Conflicting correction routes). Correction routes are in conflict with

each other if the distance between any pairs of the constituting routes are in conflict with

each other.

A more lenient definition could have been introduced, e.g. checking only each sub-

sequent pair of routes back from the empty targets till the starting points. However, in

that case, it is not guaranteed that the vehicles are allowed to move all at the same time.

Additionally, this would almost certainly increase the time required for performing the

manoeuvre.

It can be proved geometrically that if none of the segments of a correction route is

shorter than 2√
3
ds, then all the intermediate points in the correction route are closer to the

target than the previous one including the initial point. This follows from the fact that

the longest side of a triangle is opposite the largest angle (recall that for two consecutive

correction route segments
−→
PQ and

−→
QR, intermediate point Q lies within RPR,ds

). In the

extremal case (shown in Fig. 4.8), three consecutive points form an equilateral triangle.

This corresponds to cmin = 2√
3
.

For two reasons, the above condition is not suitable in practice. The first one is
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that the condition is valid only when one vehicle is allowed to move in a correction route

without violating the safety distance constraint. The other reason is that the first segment

of a correction route not necessarily satisfies it, therefore the first two segments should

be checked more carefully. As a consequence, cmin will have to be increased, as it will be

shown in the following and in Section 4.4.2.

Phase 3 –Trapped Targets

In occasional cases, certain target points are left empty after phases 1 and 2. We will call

these targets trapped.

Definition 4.4.6 (Trap/trapped target). A target point is said to be trapped if it is

within the safety region of two or more vehicles remaining in their initial positions after

the correction route generation phase.

Such configuration is shown in Fig. 4.9. The most straightforward way to resolve

these situations is to ensure that all the vehicles remaining in their start positions are

involved in trapping target points and within every trapped region there is only one

empty target point. If the rather strict constraint cmin = 2√
3
is increased to cmin =

√
2,

this condition holds and safe paths can be generated in one step by taking into account

the dynamic motion of each vehicle (see Fig. 4.9). The change of the distance ratio has

no real restrictive effects considering that the original one meant that the densest possible

configuration was the same as placing as many spheres in a certain volume as possible,

while the latter one corresponds to a cubic grid of the same edge length. Moreover, this

Occupied start position

Empty target

Trap region

d

d

ds

ds

Figure 4.9: Trapped vehicles (extremal case, c =
√
2).
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Occupied position

Vehicle in motion

ds

2ds

ds

d d

Figure 4.10: Minimum distance between moving vehicles (extremal case, c =
√
2).

value is the lowest that guarantees that two consecutive vehicles in a correction route can

move at the same time without entering each other’s safety regions when travelling at the

same speed (see Fig. 4.10), as it will be proved in Section 4.4.3.

4.4.2 Generating Suitable Correction Routes

The problem mentioned in Section 4.4.1 is illustrated in Fig. 4.11. Suppose a correction

route has to be generated from start position S and target T . When generating the

correction route, vehicles may have already occupied target positions in the red area,

which is within the safety region of route
−→
ST . The distance between a vehicle in the red

area and the target is greater than ‖−→ST‖. Since these points cause divergence from the

target, it should be avoided that correction routes include them as intermediate points.

A solution to this problem is as follows. If all the routes and correction routes that

end in a target point which has at least one occupied initial point within an increased

safety distance d′s are filtered out, then it is ensured that suitable correction routes can

be found in each step. The ratio between d′s and ds can be read from the figure when

d = c · ds:

d′s = ds · c

√
√
√
√2

(

1−
√

1− 1

c2

)

. (4.13)

The downside, however, is that cmin has to be increased by the same ratio, as it

is revealed by the configuration depicted in Fig. 4.12. A vehicle in the red region in

Fig. 4.11 may block vehicles from reaching targets. If these points are kept empty, they

may act as if they were trapped, thus they are treated as trapped. Therefore, the ratio

between d and d′s should be kept at
√
2, which yields cmin = 4√

7
. It has to be mentioned
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ds
d′
s

d

c ds

S T

Figure 4.11: Ensuring convergence to the target.

that the change is less than 7%, and it is necessary since this is also the minimum value.

Note also that in case
√
2 < c, every vehicle in a correction route can move at the

same time without the risk of collision, apart from the vehicle in the start position. It

ds

d
′

s

Occupied start position

Occupied target

Empty target

The rest of the formation

Figure 4.12: Difficulty caused by vehicles in the red zone in Fig. 4.11.
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has to be checked separately whether there is a risk of collision with the next vehicle or

not. The reason is that in this case, only the safety distance constraint holds and since

the first segment may be shorter than c ds, safe distance is not guaranteed between the

first two vehicles if they move at the same time.

4.4.3 Unifying the Distance Measure

Previously, the dynamic motion of the vehicles along the straight paths was not considered

at all during the conflict search steps in the first two phases. In contrast, when we

examined whether all the vehicles were allowed to travel at the same time along the

correction routes, we did utilise these pieces of information. The last phase, which provides

a solution to the trapped targets, also makes use of the dynamic motion but from the

very beginning of the phase. The reason is that otherwise the problem cannot be solved

along the restrictions. However, it has not been presented in detail how vehicles assigned

a reference path as a function of time.

An additional motivation of unifying the distance measure is that changing it in the

first two steps will also mean that the number of vehicles involved in each step never

decreases since the original measure is the strictest possible.

Let us parametrise a line segment in the following well-known way:

γp0 + (1− γ)p1, γ ∈ [0; 1], (4.14)

where p0 and p1 are the vectors pointing to the ends of the line segment. In this context,

γ may be interpreted as the time variable. Parametrising paths makes it convenient

calculating minimum distances between pairs of routes as well as generating the final

trajectories. Since the vehicles are supposed to have a maximum travelling speed, this

means that only the vehicle which travels the longest distance in the actual step reaches

this speed, while the others will travel at a speed that ensures that each of them stop

their motion at the same time. Therefore, there is no need to split up the distance

check between two routes into a part when both vehicles move and another when one has

already reached its target. This also simplifies the computations. However, it has to be

investigated whether the proofs of Theorems 4.4.1 and 4.4.2 hold.

It is straightforward that the trapped targets’ case is the only crucial part. It will

be shown that the distance between the vehicles will never be lower than ds during this

phase. This will be shown by solving a constrained optimisation problem.

The vector describing the relative position of two moving vehicles is the difference of
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two points’ coordinates:

d(γ) = γ(p0 − q0) + (1− γ)(p1 − q1). (4.15)

The aim of the optimisation is to find the minimum of the squared distance between two

vehicles, while satisfying certain distance related constraints. The problem to be solved

is as follows:

fmin = min
p1,q1,γ

dTd (4.16a)

subject to

0 ≤ γ ≤ 1 (4.16b)

(p1 − p0)
T (p1 − p0) ≤ d2s

(p1 − q0)
T (p1 − q0) ≤ d2s

(q1 − q0)
T (q1 − q0) ≤ d2s

(4.16c)

(p1 − q1)
T (p1 − q1) ≥ (c ds)

2. (4.16d)

Here p0 and q0 are the initial positions of the two vehicles. Without loss of generality, let

p0 be the origin and q0 = [c ds 0 0]T . The constraints in (4.16c) ensure that both targets

p1 and q1 are trapped, while the constraint (4.16d) is necessary because of the distance

between the targets.

The problem is equivalent to the following constrained optimisation problem.

fmin = min
p1,q1,γ,εi

dTd (4.17a)

subject to

0 = γ(1− γ)− ε20

0 = (p1 − p0)
T (p1 − p0)− d2s + ε21

0 = (p1 − q0)
T (p1 − q0)− d2s + ε22

0 = (q1 − q0)
T (q1 − q0)− d2s + ε23

0 = (p1 − q1)
T (p1 − q1)− (c ds)

2 − ε24.

(4.17b)

This is equivalent to the unconstrained optimisation problem

fmin = min
p1,q1,γ,εi,λ

dTd+ λT c, (4.18)
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where the vector c contains the right hand side of the equation constraints above and λ is

the vector containing the Lagrange multipliers. The minimum can be found by equating

the gradient to 0.

∂f

∂p1
= 0 = 2d(1− γ) + 2 [λ1(p1 − p0) + λ2(p1 − q0) + λ4(p1 − q1)] (4.19a)

∂f

∂q1
= 0 = 2d(γ − 1) + 2 [λ3(q1 − q0) + λ4(q1 − p1)] (4.19b)

∂f

∂λ
= 0 = c (4.19c)

∂f

∂γ
= 0 = 2dT [(p0 − q0) + (p1 − q1)] + λ0(1− 2γ) (4.19d)

∂f

∂εi
= 0 =







2λiεi i = 0, . . . , 3

−2λiεi i = 4.
(4.19e)

Summing (4.19a) and (4.19b) yields

λ1(p1 − p0) + λ2(p1 − q0) + λ3(q1 − q0) = 0. (4.20)

For any λi in the above equation, λi = 0 implies that either all λi’s are zeros, thus neither

(4.19a), nor (4.19b) holds, or the four points lie on the same line, satisfying the constraints

in (4.19c), which is a local maximum. Therefore, the three vectors can only form a triangle

if the four points lie in a common plane. Also,

λi 6= 0 i = 1, . . . , 3 ⇒ εi = 0 i = 1, . . . , 3. (4.21)

As a consequence, ‖p1 − p0‖ = ‖p1 − q0‖ = ‖q1 − q0‖ = ds.

From (4.19d),

0 = 2 [γ(p0 − q0) + (1− γ)(p1 − q1)]
T [(p0 − q0)− (p1 − q1)] + λ0(1− 2γ) =

= 2
[
γ‖p0 − q0‖ − (1− γ)‖p1 − q1‖+ (1− 2γ)(p0 − q0)

T (p1 − q1)
]
+ λ0(1− 2γ) =

= (1− 2γ)
[
(p0 − q0)

T (p1 − q1)− 2(c ds)
2 + λ0

]
.

(4.22)

If we choose 1− 2γ = 0, then

(p0 − q0) + (p1 − q1) ⊥ (p0 − q0)− (p1 − q1) (4.23)

holds, which is equivalent to ‖p0 − q0‖ = ‖p1 − q1‖ = c ds.
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The four points p0, p1, q0 and q1 thus form a trapezium, the fourth side of which is

of length (c2 − 1)ds. It can be shown that the configuration corresponds to the minimum

value. Therefore, the minimum distance is

dmin =
√

fmin =
c2

2
ds, (4.24)

The minimum distance is not less than ds only if
√
2 ≤ c, therefore, Theorems 4.4.1 and

4.4.2 hold for this distance measure.

4.4.4 Clique Search in A(Gd)

A number of maximum clique search algorithms have already been developed by research

groups, see e.g. [30, 68–70, 75, 76, 78]. The algorithm presented in [30] is considered as

an efficient method in most cases, thus it is applied to our problem as well. In general,

maximum clique algorithms consist of a vertex selection method and a test whether the

new candidate vertex and the growing clique form a clique together or not. These two

steps are repeated until the maximum clique is found. The vertex selection is based on

graph colouring, which is a computationally hard problem. Therefore, all methods utilise

some kind of heuristics that intend to reduce the search space.

Since finding a maximum clique in a graph is known to be NP-complete [25], certain

modifications are necessary to be applied to the algorithm so that it is tractable even

if the number of vehicles reaches the order of 50 or more. One way of accelerating the

search is that during the graph construction step, only a subset of all possible routes are

considered. There are a number of possibilities of selecting these routes:

• Taking only the n closest targets to each initial position,

• Taking only the n closest initial positions to each target,

• Combining the first two methods,

• First sorting the target distances from each initial position. Afterwards, n routes

are selected so that the order indices are distributed as evenly as possible (e.g. if

n = 3 and there are 5 empty targets, we select the 1st, 3rd and 5th shortest routes).

The idea behind the first two methods is that selecting the shortest routes in every step

seems to be computationally the cheapest, especially during the correction route phase.

However, they tend to focus on a relatively small subset of vehicles, target points and

routes in a confined space. The effect is that the maximum clique size is considerably

smaller than that of the full graph. The third method is a definite improvement on the
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first two, though it still shows similar behaviour. The last in the list performs the best

in most cases. It keeps the closest, mid-range and distant targets and the density of the

kept routes correlate with the spatial alignment of the vehicles and targets. Note that

the most important in the selection method is that the shortest route should always be

selected, which ensures that at least one vehicle will reach a target in every step. Also

note that this step is also important since considerable time is required for creating the

adjacency matrix itself, since its size is N2-by-N2!

Even though this modification greatly reduces the search space, finding the maximum

clique in the reduced graph may still require a long time. A possible method is to limit

the total search time after the first candidate. Another tweak is an experimental one. In

most practical cases a first candidate clique is found in a short time, the size of which

is not much less than that of the maximum clique. Finding new candidates can be time

consuming. Thus, a timer is introduced that resets after a new candidate clique is found

and breaks the clique search if no new candidate is found within a specified time limit.

The above modifications are destructive in the sense that applying them most likely

results in finding a clique whose size is less than that of the maximum clique of the original

adjacency matrix. However, all the vehicles still reach a target point, though the number

of iterations may increase.

The next type of modification has only slight impact on the size of the clique found.

It rather aims at finding cliques that involve the shortest path possible. The purpose is

obviously that time and thus energy consumption should be kept as low as possible, even

though this is not the major objective of the whole process. This can be accomplished

by a simple tweak. Route lengths are already available when the clique search begins.

Therefore, these pieces of information can be utilised as a tie-breaker when sorting the

vertices based on their degree (c.f. lines 9 – 13 of Fig. 4 in [30]). This way, the shortest

routes are checked as early as possible. The modified algorithm is shown in Tab. 4.3.

4.4.5 Proofs of Theorems 4.4.1 and 4.4.2

Proof of Theorem 4.4.1. It is straightforward that routes found in phase 1 may be con-

sidered as correction routes. It is sufficient to show that omitting phase 1 and applying

phase 2 from the beginning of trajectory generation leaves only trapped targets. Since

after every step in phase 2, the number of occupied start positions decreases, it is obvious

that the number of required steps is not greater than N .

The first part of the theorem follows from the fact that a target point Tj is possibly
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excluded from the search only if there exists a start position Si for which Si ∈ RTj ,d′s

holds. Otherwise, there exists an occupied start position Si closest to Tj and there exists

a correction route from Si to Tj if the points satisfy (4.10) with c = 4√
7
.

Table 4.3: Modified maximum clique search algorithm based on [30].

1) function MaxCliqueDynMod(R, C, level)

Parameters

R: set of candidate vertices

C: vertex colouring

level: recursion level

Global variables

Q: currently growing clique

Qmax: maximum clique

S(level): sum of steps performed up to the current level

Sold(level): sum of steps performed up to the previous level

2) S(level) := S(level) + S(level − 1)− Sold(level − 1)

3) Sold(level) := S(level − 1)

4) while R 6= ∅

5) Choose a vertex p with maximum C(p) from R (last vertex)

6) R := R \ p

7) if |Qmax| < |Q|+ C(index of p in R)

8) Q := Q ∪ p

9) if R ∩ Γ(p) 6= ∅

10) if S(level)/ALL STEPS < Tlim

11) Sort vertices in R ∩ Γ(p) in a descending order by the corrsponding route distances

12) Calculate the degrees of vertices in G(R ∩ Γ(p))

13) Sort vertices in R ∩ Γ(p) in a descending order by their degrees

14) end

15) [R′, C ′] := ColorSort(R ∩ Γ(p))

16) S(level) := S(level) + 1

17) ALL STEPS := ALL STEPS + 1

18) MaxCliqueDynMod(R′, C ′, level + 1)

19) elseif |Qmax| < |Q|

20) Qmax := Q

21) end

22) else

23) return

24) end

25) end

26) end



4.5 Refinements and Extensions to the Path Generating Algorithm 99

Proof of Theorem 4.4.2. Let the distance ratio be c = 4√
7
>

√
2. The greatest distance

between two points within the intersection of two start positions Si and Sj is strictly less

than c ds (see Fig. 4.9). Therefore, no intersection of RSi,ds and RSj ,ds can contain more

than 1 empty target. Since the number of vehicles trapping targets is equal to the number

of trapped target points after phases 1 and 2, these intersections cannot be empty. As a

consequence, trapped positions can only form closed chains or closed three-dimensional

surfaces (they may form disjoint similar structures). In case vehicles travel at constant

speeds along straight lines as in Section 4.4.3, they never enter the safety region of other

vehicles.

4.5 Refinements and Extensions to the Path Gener-

ating Algorithm

In this section, first, an important but not necessary refinement is presented, which is

related to the correction route generation phase of the original algorithm. It aims at

reducing the total time required for performing the whole formation change manoeuvre.

This will be made possible by a slight change of the trajectory generation of every first

two vehicles in a correction route.

In the second part of this section, we shall show how this framework can be extended.

It will be shown that the crucial problem of handling malfunctioning vehicles or obstacles

can effectively be included in the proposed control architecture.

4.5.1 Performing Correction Routes in One Step

Even though it is shown previously that the algorithm in Tab. 4.1 guarantees that the

vehicles reach the targets, there still remains a disturbing detail that is related to the

correction routes. This is that the first segment of each correction route may violate the

safety distance condition if all the involved vehicles start their motion. It will be shown

in the following that the issues can be tackled by carefully designing the paths in the

correction routes, without needing to change the basic concept of the path generation.

It was indicated in the previous section that it should be checked whether the vehicle

in the start position can move together with all the other vehicles within a correction

route. The question is crucial since it is related to the total consumed energy and time

required for the manoeuvre. Therefore, it needs to be investigated whether it is possible

to design the trajectory of the first vehicle in the correction route without increasing cmin
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Figure 4.13: Trajectory design for the first correction route segment.

so that it remains safe while it is not separated from the other vehicles’ motion. Recall

that in case c = 4√
7
, then ds is the minimum distance between S and TiT but not the

minimum of d(γ).

A possible solution to the problem is illustrated in Fig. 4.13 and is based on the

following idea. Let the vehicle in Ti start its motion while the vehicle in S remains

stationary and schedule its route so that it starts moving when there is no risk of collision

and reaches Ti when the other vehicle reaches T . The figure also shows how the place of

such point is found. The point after which the vehicle in S can safely start its motion

corresponds to T ′
i .

The distance vector between the two vehicles when both of them are in motion is as

follows.

d(γ′) =
−−→
ST ′

i + γ′−−→T ′
iX, γ′ ∈ [0; 1]. (4.25)
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The distance is kept safe if

ds‖
−−→
T ′
iX‖ ≤ dmin‖

−−→
T ′
iX‖ = d1‖

−→
SX‖. (4.26)

Note that it is only necessary finding the place of T ′
i when

1√
2
c ds ≤ r ≤ c ds. (4.27)

Since the conditions

d1 ≤ ds,
1√
2
c ds ≤ r ≤ c ds, c ds ≤ R (4.28)

hold, the place of T ′
i is restricted as follows.

T ′
i =







Ti, r = c ds
ti + t

2
, r =

1√
2
c ds, R = c ds

αti + (1− α)t, otherwise (α ∈ [0; 1]),

(4.29)

where ti and t are the vectors pointing to Ti and T , respectively.

The worst case ratio between the time required for completing a correction route in

two separate steps and in one step can be calculated. If the whole correction route consists

of two segments, the time required for the one-step case is

∆t1-step = max

(

‖−−→TiT‖
vmax

,
‖−→STi‖
vmax

· ‖
−−→
TiT‖

‖−−→T ′
iT‖

)

=
‖−−→TiT‖
vmax

·max

(

1 ,
‖−→STi‖
‖−−→T ′

iT‖

)

, (4.30)

while for the two-step case it is

∆t2-step =
‖−→STi‖
vmax

+
‖−−→TiT‖
vmax

. (4.31)

The worst case (maximum) value of ∆t1-step
∆t2-step

shows the benefit of applying the presented

method.

∆t1-step
∆t2-step

=

‖−−→TiT‖
‖−→STi‖
‖−−→T ′

iT‖
‖−→STi‖+ ‖−−→TiT‖

=

‖−−→TiT‖
‖−−→T ′

iT‖

1 +
‖−−→TiT‖
‖−→STi‖

. (4.32)

It directly follows from (4.29) that

∆t1-step
∆t2-step

≤ 2

1 + 1
= 1. (4.33)
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Further, it can be shown that

∆t1-step
∆t2-step

≤ 2

1 +
√
2
= 2

(√
2− 1

)

< 1 (4.34)

when M lies inside △STiT and △TiXT (the latter condition is equivalent to T ′
i ∈ TiT ).

Therefore, this method guarantees that all vehicles in a correction route may reach

their target in a single step and the time required for this step is definitely less than the

time required for two separate steps.

4.5.2 Obstacle Avoidance and the Improved Algorithm

Suppose that a vehicle stops receiving state information from the other vehicles or does

not access the reference trajectory but is still capable of maintaining its position in the

frame of reference. A similar case is the existence of static obstacles in the environment

that constrain the motion of the vehicles. We will show that a slight modification to the

presented algorithm enables us to treat such cases.

The main problem with malfunctioning vehicles is that they act as obstacles. In

phases 1 and 2 of the original algorithm the case was similar. However, in phase 2,

vehicles could be involved in correction routes, which solved the problem. This is not true

for malfunctioning ones. Therefore, a modified concept is needed, so that the correction

route method could still be applied.

The key idea is that we introduce virtual occupied target points around each malfunc-

tioning vehicle. When correction routes are generated, it has to be ensured that along the

segments of each correction route no vehicle enters the safety region of malfunctioning

vehicles. A suitable way of ensuring this is that virtual targets are distributed over the

surface of a sphere with a radius c ds around the vehicle. The distance between the virtual

targets should be as long as possible and at the same time short enough to guarantee that

correction routes will remain on the “surface” of the sphere. A close to optimal choice of

this distance is ds.

The algorithm of phase 1 needs no modification since during this phase there is no

difference between a malfunctioning vehicle and a vehicle in a target position. These

vehicles only need to be included as targets to avoid. In phase 2, in contrast, distinction

has to be made between real and virtual targets for two reasons:

• Virtual targets are close to each other, which affects correction route generation.

• A vehicle has to travel from a real target to another real one, occasionally along

virtual target points.
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The second reason is rather technical since it is only important when determining the

trajectories of vehicles that travel along these virtual targets. The first one, however,

needs explanation. Correction route generation is effective if the virtual targets do not

divert a vehicle to a wrong direction. This can be avoided if the closest neighbours of a

virtual intermediate point are filtered out from the set of new candidate virtual points.

This condition can be formalised as follows. If

‖tv − ti‖2 <
1

2
‖si − ti‖2 (4.35)

holds for a virtual target tv, when si and ti are the current start and end point of the

correction route segment, then it is ignored. This has the additional benefit that the

correction route leaves the surface around malfunctioning vehicles as soon as possible,

not at the closest point to the end of the route.

The method presented here will be illustrated in the second example in the following

section.

4.6 Practical Examples

4.6.1 Simple Formation Change Scenario

As first illustrative example, a formation change manoeuvre involving a group of 25 quad-

rotors is presented. The vehicles are placed randomly in the 3D space and the target

positions are chosen randomly in the xy-plane, satisfying the constraints of (4.10) with

the constant c = 4√
7
. The vehicles point to the same direction (Ψd,i = 0) throughout the

mission.

Communication topology is chosen so that each vehicle exchanges information with 5

others on average. For simplicity, the topology is fixed throughout the mission.

The coefficients of the backstepping controller discussed in Section 2.4 can be seen in

Tab. 2.8. The resulting transfer functions take similar form to (2.36).

The formation controller parameters are obtained by setting the weighting functions

in Fig. 4.4 to
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WS,ξi = 107
( 1

20
s+ 1

1
10−3 s+ 1

)2

WK,ξi = 3 · 10−2

( 1
7.5·101 s+ 1

1
3·102 s+ 1

)3

WS,Ψ = 102
1
10
s+ 1

1
10−3 s+ 1

WK,Ψ = 3 · 10−1

( 1
2
s+ 1

1
2·102 s+ 1

)3

.

(4.36)

The transitional dynamics have to satisfy more stringent constraints. Since formation

change involves steady linear motion, vehicles should diverge from the path as little as

possible. Thus, instead of the commonly applied routine, the difference from a ramp input

is penalised, which corresponds to an increased gain at lower frequencies in the weighting

function WS,ξi. Moreover, this method ensures that it is not necessary to split up the

motion into accelerating, travelling and decelerating parts. Acceleration is bounded by

the aid of WK,ξi.

Performance requirements for the rotation about the z-axis are less stringent and thus

the order of the controller is lower (6, compared to 7 in the case of translational motion).

Robust stability with desired performance are achieved in both cases and all the designed

controllers are stable. The full formation-level controller is obtained by placing the four

controllers in the diagonal of a 4-by-4 matrix.

Reference paths are generated so that the speed of vehicles never exceeds 1m/s. Such

setting is also necessary for guaranteeing the stability of the backstepping controller of

each vehicle. Reference paths in each formation change step are designed so that vehicles

involved in the current step start moving and reach target at the same time (coordinated

motion). Computation time statistics are shown in Tab. 4.4 for 25 quadrotors, where

columns tA(Gd), tMC and |MC| show the time required for adjacency matrix generation,

finding a maximum clique and the clique’s size, respectively. Tests were performed by the

aid of MATLAB on an average P4 PC. All the algorithms were executed on a single core.

It can be seen that the most time consuming step is the first, in particular the adjacency

matrix generation, which is common in general situations.

Test runs were also performed for larger groups as well, which show that calculating

A(Gd) takes considerably longer time. The total required time for a group of 50 vehicles

takes 10 times more in MATLAB, though the number of elements in the matrices are 16

times more than in the case of 25 vehicles. However, calculations may be performed in a
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Table 4.4: Path generation statistics.

Phase Step # tA(Gd) tMC |MC|

Direct 1 0.8356 s 0.0288 s 11

2 0.3865 s 0.0241 s 8

3 0.0650 s 0.0024 s 4

Correction 1 0.0261 s 0.0007 s 2

distributed fashion together with the maximum clique search [67], to utilise the computing

power of all the vehicles. Notice also that, the most crucial is the time required for the

first step, since vehicles can start the manoeuvre after the calculation of this step finishes.

The steps of the example formation change are shown in Figs. 4.14, 4.15, 4.16 and

4.17. Each figure consists of two main parts. The left hand side graph shows the paths

of vehicles involved in the transition step. Start and target positions are marked by red

crosses and blue circles, respectively. Only vehicles that change position in the current

step are shown for transparency reasons. An additional dashed arrow connects the starting

and end point of each correction route in the figures presenting the correction steps. Black

arrows show the motion of vehicle 12 (the one which starts from initial position 12 and

reaches target point 13 via target point 10). In the right hand side part, the sparsity

pattern of G(M) is shown. The upper pattern is the original one, the lower pattern is

obtained by sorting the rows and columns based on the degree of each vertex, which is

intended to show the benefit of the applied heuristics presented in Section 4.4.4. The

number of nonzero elements of the matrices are also shown. At each step, a maximum

of 5 of all the possible routes are selected from each occupied start position. Conflicts

are checked only among these routes, in order to accelerate path generation. It is worth

mentioning that trapped targets occur rarely in practice since vehicles that might be

involved in such situations usually find their way to different target points.

Fig. 4.18 shows the distances between vehicle 12 and all the other vehicles through-

out the manoeuvre. Vertical dashed lines separate the steps in the formation change

algorithm. The safety distance is set to 0.45m. It can be seen that safety distance is

kept between the vehicles. The other vehicles show similar behaviour. The minimum dis-

tance between two vehicles during the whole formation change process is 0.46m between

vehicles 22 and 23 at t = 7.2 s.
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Figure 4.14: Example scenario, direct phase, step 1.
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Figure 4.15: Example scenario, direct phase, step 2.
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Figure 4.16: Example scenario, direct phase, step 3.
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Figure 4.17: Example scenario, correction phase, step 1.
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Figure 4.18: Distance between vehicle 12 and the other vehicles.

4.6.2 Obstacle Avoidance Manoeuvre

The second example involves 18 quadrotors, two of which malfunction. The task is that

the other 16 vehicles move above these vehicles so that they can safely land without

risking a collision. The vehicles are initially in random places in the 3D space and the

targets lie within two parallel planes. The points satisfy the distance constraints. All the

other settings are similar to the previous example’s.

Only the correction route generation step involving virtual target points is shown in

Fig. 4.19, the other steps are similar to the previous example’s. Green coloured crosses de-

pict the virtual targets, while the black crosses correspond to the malfunctioning vehicles.

To illustrate the algorithm better, the radii of the spheres around the malfunctioning

vehicles is increased to 2ds, thus the number of virtual targets around a malfunctioning

vehicle is 49.

Calculations are performed on the same machine as before and the total time required

for the formation change manoeuvre design is 0.8 s. The required time for the calcula-

tions in both cases can be considered acceptable, especially considering that an optimised

implementation in C language can increase the performance by a magnitude.
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Figure 4.19: Obstacle avoidance scenario 2, correction phase, step 1.

4.7 Summary of the Results

In this chapter we proposed a two-level formation control architecture that can efficiently

handle a large number of identical vehicles. The key strength of the method is that

it exploits the advantages of robust control theory while satisfies hard constraints. As

a result, a large number of vehicles can perform complex manoeuvres along realistic

trajectories without the risk of collision.

The task is split into two problems, one related to robust formation stability, the

other related to feasible trajectory generation. Robust formation control is based on the

results of Sections 2.4, 4.3 and 4.4. The robust formation-level controller is fine tuned so

that the paths provided by the formation change algorithm can be tracked at adequate

performance with specified robustness.

The main contribution of this chapter is the path generating algorithm. The algorithm

is capable of transferring a group of vehicles to specified target points along straight lines

in a number of steps. Target points are assigned each vehicle dynamically. The designed

paths are safe, i.e. a minimum safety distance is kept between every pair of vehicle
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throughout the whole manoeuvre. The only restriction is that the distance ratio between

the two closest starting points and the safety distance and the two closest target points

and the safety distance must exceed a certain (relatively low) limit.

Path generation is split up into three phases. Phase 1 involves vehicles that can directly

reach unoccupied target points simultaneously. During phase 2, correction routes are

generated, when further targets are impossible to be reached directly but via intermediate

points. All vehicles remaining in their original place reach a target in one step in the final

phase.

It is further shown that obstacle avoidance can simply be performed within the pro-

posed framework, which can make it a powerful tool for controlling large groups of vehicles.

The results of this chapter are published in one journal [S09] and one conference

paper [S10].

The contributions of this chapter can be summarised in the following theses.

Thesis group 3. I proposed a novel two-level formation control strategy that can co-

ordinate formation change manoeuvres of large groups of identical vehicles. The strategy

allows for arbitrarily quick changes in communication topology and ensures that the dis-

tance between vehicles is never less than a predefined safety distance. The system consists

of a formation-level controller and a path generation method. The controller is designed

by H∞ techniques to ensure robust formation stabilisation, while paths are generated that

guarantee the vehicles safe motion even in the case when motion is restricted to a limited

space and static obstacles are present.

The corresponding results are published in the conference paper [S10] and journal [S09].

Thesis 3.1. I developed a new path generation algorithm that is suitable for formation

change manoeuvres involving a large number of vehicles with identical dynamics. The path

generation method together with a robust formation-level controller guarantee collision-

free motion throughout the whole formation change mission. The whole manoeuvre is

performed in distinct steps and vehicles are assigned target positions during the path

generation.

Thesis 3.2. I extended the capabilities of the algorithm of the previous thesis, making

it capable of safe path generation even when static obstacles are present. The obstacle

avoidance problem is solved by auxiliary virtual target points. The steps of path gener-

ation requires no change, only a slight modification to the correction route generation is

made.



Chapter 5

Applications and Future

Development Directions

The results of the thesis may be applied to various practical problems. The primary

motivation of the research was the quadrotor helicopter project initiated by BME IIT

and MTA SZTAKI. Control and on-board state estimation algorithms developed during

the research were tested on the quadrotor test bed. The research was supported by the

project “Advanced Control Theory and Artificial Intelligence Techniques of Autonomous

Ground, Aerial and Marine Robots” under grant No. OTKA K71762 at BME IIT.

The developed position and attitude estimation algorithms can be utilised in a variety

of applications, including ground and aerial vehicles or vehicle groups. Currently, two

working indoor positioning systems are assembled that make use of the algorithms, one at

MTA SZTAKI, the other at BME KAUT. A waypoint tracking demonstration involving a

miniature autonomous coaxial helicopter has been developed in collaboration with István

Gőzse at MTA SZTAKI.

As of 2012, the research was also supported by the MTA–BME Control Engineering

Research Group. The group focuses on optimal modelling and control of dynamic systems.

Cooperative control algorithms developed during the research fit in the research objectives

of the group and can be demonstrated in real applications.

The results of stereo image processing [58] as well as the control algorithms based

on LQ, nonlinear input/output linearisation and H∞ techniques [28], developed for a

single quadrotor helicopter, have been implemented in real time within the confines of the

project OTKA K71762.

The implementation of the backstepping and µ-synthesis based control algorithms

as well as the safe formation change algorithm presented in the thesis are in progress.

Testing may be started after completing the developments related to mechanics and image

processing.
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