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Abstract 
The superactivation of zero-capacity quantum channels makes it possible to use two zero-
capacity quantum channels with a positive joint capacity at the output. Currently, we have no 
theoretical background for describing all possible combinations of superactive zero-capacity 
channels; hence, there may be many other possible combinations. In this PhD Thesis I provide 
an algorithmic solution to the problem of superactivation and prove that superactivation effect 
is rooted in information geometric issues.  

I show a fundamentally new method of finding the conditions for the superactivation of 
asymptotic quantum capacity of zero-capacity quantum channels. To discover these 
superactive zero-capacity channel-pairs in practice, we have to analyze an extremely large set 
of possible quantum states, channel models and channel probabilities. My proposed method can 
be a valuable tool for improving the results of fault-tolerant quantum computation and possible 
communication techniques over very noisy quantum channels. I introduce a method of finding 
the superactive quantum channel combinations for which the classical zero-error capacity can 
be superactivated. The zero-error capacity of the quantum channel describes the amount of 
information that can be transmitted perfectly through a noisy quantum channel. My proposed 
algorithmical framework is the first such solution to discover the still unknown superactive 
quantum channel combinations. My results make it possible to determine efficiently the 
conditions of superactivation of the zero-error capacity of quantum channels, without the 
extremely high computational costs exploiting the possibilities in information geometry.  

The success of future long-distance quantum communications and global quantum key 
distribution systems largely depends on the development of efficient quantum repeaters. Using 
the proposed results on the superactivation of zero-error capacity of quantum channels, the 
efficiency of the quantum repeater can be increased greatly, which opens new possibilities for 
future long-distance quantum communications.  

 

1. Introduction 
According to Moore’s Law, the physical limitations of classical semiconductor-based 
technologies could be reached by 2020. We will then step into the Quantum Age. When first 
quantum computers become available on the shelf, today’s encrypted information will not 
remain secure. Classical computational complexity will no longer guard this information. 
Quantum communication systems exploit the quantum nature of information offering new 
possibilities and limitations for engineers when designing protocols. In the first decade of the 
21st century, many revolutionary properties of quantum channels have been discovered. These 
phenomena were previously completely unimaginable. However, the picture has been 
dramatically changed. In the near future, advanced quantum communication and networking 
technologies driven by Quantum Information Processing will revolutionize the traditional 
methods. Quantum information will help to resolve still open scientific and technical problems, 
as well as expand the boundaries of classical computation and communication systems. 
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The capacity of a communication channel describes the capability of the channel for delivering 
information from the sender to the receiver, in a faithful and recoverable way.  

The different capacities of quantum channels have been discovered just in the ‘90s, and 
there are still many open questions about the different capacity measures. Thanks to Shannon 
we can calculate the capacity of classical channels within the frames of classical Information 
Theory1 [Shannon48]. However, for quantum channels, many new capacity definitions exist in 
comparison to a classical communication channel. In the case of a classical channel, we can 
send only classical information. Quantum channels extend the possibilities, and besides the 
classical information we can send entanglement-assisted classical information, private classical 
information, and of course, quantum information [Imre12]. On the other hand, the elements of 
classical Information Theory cannot be applied in general for quantum information—in other 
words, they can be used only in some special cases. There is no general formula to describe the 
capacity of every quantum channel model, but one of the main results of the recent researches 
was the “very simplified” picture, in which the various capacities of a quantum channel (i.e., 
the classical, private, quantum) are all non-additive.  

Contrary to classical channels, quantum channels can be used to construct more 
advanced communication primitives. Entanglement or the superposed states carry quantum 
information, which cannot be described classically. Moreover, in the quantum world there exist 
quantum transformations which can create entanglement or can control the properties of 
entanglement. Quantum channels can be implemented in practice very easily e.g. via optical 
fiber networks or by wireless optical channels, and make it possible to send various types of 
information. The errors are a natural interference from the noisy environment, and the can be 
much diverse due to the extended set of quantum channel models. The advanced properties of 
quantum channels were discovered mainly in the end of the 2000s. These results of Quantum 
Information Theory (QIT) were completely unimaginable before, and the researchers were 
shocked, rather than just surprised.  

Recently, the one of most important discoveries in QIT was the possibility of the 
superactivation of quantum communication channels. The superactivation makes it possible to 
use zero-capacity quantum channels to transmit information. The effect of superactivation was 
discovered in 2008 [Smith08] (and verified in laboratory in 2011 [Smith11]), and later, in 2009 
it has been shown that both the classical zero-error [Duan09], [Cubitt09] and the quantum 
zero-error [Cubitt09a] capacities of quantum channels can be superactivated in certain cases. 
The complete theoretical background of the superactivation is currently unsolved, however, it 
is already known that it is based on the non-additivity (i.e., on the extreme violation of 
additivity) of the various quantum channel capacities.   

 

                                                 

1 Quantum Shannon Theory has deep relevance concerning the information transmission and storage in quantum 
systems. It can be regarded as a natural generalization of classical Information Theory ore more precisely classical 
Information Theory represents a special, orthogonality-restricted case of Quantum Information Theory. 
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1.1 Emerging Quantum Influences 
Quantum Computing has demonstrated its usefulness in the last decade with many new 
scientific discoveries. The quantum algorithms were under intensive research during the end of 
the twentieth century. But after Shor published the prime factorization method in 1994 
[Shor94], and Grover introduced the quantum searching algorithm in 1996 [Grover96], results 
in the field of quantum algorithms tapered off somewhat. In the middle of the 90s, there was a 
silence in the field of quantum algorithms and this did not change until the beginning of the 
present century. This silence has been broken by the solution of some old number theoretic 
problems, which makes it possible to break some—but not just those which are RSA based—
very strong cryptosystems. Notably, these hard mathematical problems can now be solved by 
polynomial-time quantum algorithms. Later, these results have been extended to other number 
theoretic problems, and the revival of quantum computing is more intensive than ever [Imre12]. 
Public key classical cryptography relies heavily on the complexity of factoring integers (or 
similar problems such as discrete logarithm). Quantum Computers can use the Shor algorithm 
to break efficiently today’s cryptosystems. We will need a new kind of cryptography in the 
future. Because classical cryptographic methods in wired and wireless systems are suffering 
vulnerabilities, new methods based on quantum mechanical principles have been developed. To 
break classical cryptosystems, several new different quantum algorithms (besides Shor’s 
algorithm) can be developed and used in the future. After quantum computers are built, 
today’s encrypted information will not stay secure anymore, because although the 
computational complexity of these classical schemes makes it hard for classical computers to 
solve them, they are not hard for quantum computers. Using classical computers, the efficiency 
of code breaking is restricted to polynomial time, however, with a quantum computer this tasks 
can be terminated exponentially faster.  

On the other hand, these very important quantum algorithms cannot be used if there is 
no a stable framework of physical implementations which stands behind these theoretical 
results. There are many new results which have been published in the last decade on the 
development of such physical implementations, and many new paradigms have been provided. 
These physical implementations make it possible to use the theoretical results of quantum 
computation, such as quantum algorithms, and these developments give the theoretical 
background to the processing of quantum information. At the end of the twentieth century 
many new practical developments were realized, and many novel results introduced into the 
field of quantum computation and Quantum Information Processing (QIP). Another important 
research field regarding the properties of the physical implementations of quantum information 
is related to the decoherence and the preciseness of the measurement outcomes. Many 
researchers started to analyze the question, whether entanglement can help to increase the 
precision of quantum computation and the probabilities of the right measurement outcomes. 
The limitations of these quantum algorithms are a different question. This problem has 
brought about the need for the evolution of a new field in quantum computation: quantum 
complexity theory. The main task of this field is to clarify the computational limitations of 
quantum computation, and to analyze the relationship between classical problem classes and 
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quantum problem classes. As the quantum computer becomes a reality, the classical problem 
classes have to be regrouped, and new subclasses have to be defined. The most important 
question is the description of the effects of quantum computational power on NP-complete 
problems. According to our current knowledge, quantum computers cannot solve NP-complete 
problems, hence if a problem is NP-complete in the terms of classical complexity theory, then 
it will remain NP-complete in terms of quantum complexity theory. On the other hand, as has 
been shown by Mosca and Stebila [Mosca06], there are still many open questions, and it is 
conceivable that new results will be born in the near future regarding this problem field. The 
last decade has introduced some new physical approaches to realize quantum circuits in 
practice. The design of quantum circuits involves the physical manipulation techniques of 
quantum states, the development of quantum states and the various techniques of 
measurement of the output. In the beginning of the evolution of this field in quantum 
computation, quantum states were identified with spins or other special degrees of freedom, 
with the ability to realize a two-level quantum system. In the last decade this concept has been 
changed, and it has been shown that quantum systems can be realized by collective system 
manipulation. Many new techniques have been developed in the last decade to implement a 
quantum computer in practice, using linear optics, adiabatic systems and entangled physical 
particles. At the end of the twentieth century many new practical developments were realized, 
and many novel results introduced into the field of quantum computation and Quantum 
Information Processing. 
 

1.2 Challenges 
The concept of a quantum channel models communication on an abstract level, thus it does 
not require the deep analysis of the various physical systems, and instead it is enough to distill 
their essence from information transmission point of view. The capacity of a quantum channel 
gives us the rate at which classical or quantum information increase with each use of the 
quantum channel. We can define the single-use and the asymptotic capacity of the quantum 
channel: the first quantifies the information which can be sent through a single use of the 
channel, the latter quantifies the information which can be transmitted if arbitrarily many uses 
of the quantum channel are allowed. Many capacities can be defined for a quantum channels: it 
has a classical capacity, a quantum capacity, a private capacity, an entanglement assisted 
capacity and a zero-error capacity (classical and quantum). Some of these have also been 
defined in classical information theory, but many of these are completely new. The classical 
capacity of a quantum channel was first investigated by Holevo [B1], who showed that from a 
two-level quantum state, or qubit, at most one bit classical information can be extracted. This 
theory is not contradictory to the fact that the description of a quantum state requires an 
infinite number of classical bits. As we will see, this “one classical bit bound” holds just for 
two-level quantum states (the qubits) since, in the case of a d-level quantum state (called 
qudits) this bound can be exceeded. The classical capacity of a quantum channel can be 
measured in different settings, depending on whether the input contains tensor product or 
entangled quantum states, and the output is measured by single or by joint measurement 
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settings. These input and output combinations allow us to construct different channel settings, 
and the capacities in each case will be different. This is a completely new phenomenon in 
comparison with classical communication systems, where this kind of differentiation is not 
possible. The additivity of a quantum channel depends on the encoding scheme and on the 
measurement apparatus which is used for measuring the quantum states. If we use product 
input states, hence there is no entanglement among them, and if we do not apply joint 
measurement on the output then the classical capacity of a quantum channel will be additive, 
which means that the capacity can be achieved by a single use. If we use joint measurement on 
the outputs then such additivity is not guaranteed [King2000], which also suggests that in 
general the classical capacity is not additive [B1-3].  

Many questions are still not solved in this field, as we will see later Chapter 3 of the 
Ph.D Thesis where the properties of classical capacity of quantum channels will be discussed in 
details.  

The classical capacity of a quantum channel was formulated by Holevo, Schumacher 
and Westmoreland [Holevo98], [Schumacher97] and it is known in QIT as the HSW channel 
capacity. While the classical capacity measures classical information transmission over a noisy 
quantum channel, the quantum capacity of a quantum channel describes the amount of 
quantum information which can be transmitted through a noisy quantum channel.  

The formula of quantum capacity of quantum channels was introduced by Lloyd, Shor 
and Devetak in [Lloyd97], [Shor02], [Devetak03], and after the inventors it is called the LSD 
channel capacity. Both the HSW and the LSD channel capacities provide lower bounds on the 
ultimate limit for a noisy quantum channel to transmit classical or quantum information. One 
of the most important applications of quantum capacity is the transmission of entanglement. 
The quantum error-correction techniques are developed for the optimization of quantum 
capacity in a noisy environment. As in the case of classical channel capacity where we will use 
the Holevo information as measure, for quantum capacity we will introduce a completely 
different correlation measure, the concept of quantum coherent information.  

We note that the generalized quantum channel capacity cannot be measured by the 
single-use version of quantum coherent information (or at least, it works just for some special 
channels), hence we have to compute the asymptotic form. This fact also implies that the 
additivity of the quantum capacities will be violated, too. These questions will be described in 
Chapter 4 of the Ph.D Thesis. Further supplementary information with the Related Work 
subsections are included in Appendices C and D of the Thesis.  
 

2. Motivation 
Quantum channel additivity and the superactivation of the quantum channels are currently 
active areas of research in Quantum Information Theory. To this day, strict additivity for 
quantum channel capacity has been conjectured, but not proven [Hastings09]. The additivity 
property of quantum channels is still an exciting subject of current research. The equality of 
channel capacities is known for some special cases, but the generalized rule is still unknown. 
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Chapter 4 analyzes the advanced properties of the quantum channels, – such as the additivity 
property of quantum channel capacity and superactivation of zero-capacity quantum channels 
[P1-4, C2-C11]. In the proposed work we also investigate whether entanglement across input 
states could help to enhance the transmission of information on quantum channels – as 
entanglement can help in other problems in quantum computation. In practical applications, 
unentangled quantum states can be constructed easier than entangled states, hence 
transmission through optical or wireless quantum channels is mostly based on unentangled 
input states. If entanglement cannot help to improve the capacity of quantum channels, then 
unentangled input states could be used to achieve maximum channel capacity, which statement 
has deep relevance in practice.  

The other, rather challenging nowadays problem of Quantum Information Theory – and 
the main subject of this Ph.D Thesis –  is called superactivation. The problem of 
superactivation of quantum channel capacities will be introduced in Chapter 4. As shown in 
Fig. 1, the problem of superactivation can be discussed as part of a larger problem – the 
problem of quantum channel additivity [B1-B4]. The superactivation property can be discussed 
from the viewpoint of the superactivation of quantum capacity or the classical and quantum 
zero-error capacities of the quantum channel.  

 

Additivity problem

Superactivation of 
quantum channels

Superactivation of 
zero-error
capacities

 
Fig. 1. The problem of superactivation of zero-capacity quantum channels as a sub domain of a larger 
problem set. 
 
Supplementary information is included in Appendix D. The theses on the proposed algorithmic 
superactivation of quantum channel capacities will be presented in Chapters 5, 6 and 7. 
Further supplementary information and the Related Works subsections are included in 
Appendices E, F and G. 

3. Research Objectives 
Exploiting the fusion of the elements of Quantum Information Theory and computational 
geometry, many still open questions regarding on quantum channel capacities can be answered 
in a rather different way in comparison of the well-known methods. A plausible geometrical 
picture can be assigned to each channel model and instead of numerical calculations on their 
capacities; one can utilize the much straightforward geometric representation. 
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Initially, the superactivation property was proven for just one combination of two zero-
capacity quantum channels, which can be used for the transmission of quantum information. In 
this combination, each quantum channel has zero quantum capacity individually, however their 
joint quantum capacity is strictly greater than zero. Later, these results have been extended. 
The superactivation has also opened a very large gap between the single-use quantum capacity 
and the asymptotic quantum capacity, which will be demonstrated in Chapter 4. With the help 
of superactivation the difference between the single-use and the asymptotic quantum capacity 
of a channel can be made arbitrarily large.  

The superactivation has opened the door which could clear up the question of the 
ability to transmit classical and quantum information through a noisy quantum channel. In 
2009 it was discovered that the classical zero-error [Duan09], [Cubitt09] and the quantum zero-
error [Cubitt09a] capacities of the quantum channel can also be superactivated. These could 
have many revolutionary practical consequences in the quantum communication networks of 
the future. With the help of superactivation, temporarily useless quantum channels (i.e., 
channels with individually zero quantum capacity or zero zero-error capacities) can be used 
together to avoid communication problems, and the capacities of the quantum channels can be 
increased. In the initial discovery of phenomenon of superactivation, only two classes of 
superactive zero-capacity quantum channels were known [Smith08]. Later the superactivation 
was extended to classes of generic channels which can be used for superactivation [Brandao11].  
 

4. Research Methodology 
The number of efficient approximation algorithms for quantum informational distances is very 
small, because of the special properties of quantum informational generator functions and of 
asymmetric quantum informational distances. If we wish to analyze the properties of quantum 
channels using today’s classical computer architectures, an extremely efficient algorithm is 
needed. The numerical computation of the Holevo capacity and the classical zero-error capacity 
of quantum channels is an extremely difficult and hard computational problem (NP-complete), 
as has been stated by Beigi and Shor in 2007 [Beigi07]. The proposed solution avoids this 
problem.  

I show a fundamentally new method of finding the conditions for the superactivation of 
asymptotic quantum capacity and classical zero-error capacity of zero-capacity quantum 
channels, based on efficient information geometrical algorithms. To discover the superactive 
zero-capacity quantum channel-pairs, we have to analyze an extremely large set of possible 
quantum states, channel models and channel probabilities. Smith and Yard have found only 
one possible combination for superactivation of quantum capacity [Smith08].  

I show that this result can be confirmed with the proposed method, and this framework 
can be extended to discover other possible channels [P3]. Currently, we have no theoretical 
results for describing all possible combinations of superactive zero-capacity channels; hence 
there should be many other possible combinations. With the help of my efficient computational 
geometric approach, the superactivation of zero-capacity quantum channels can be analyzed 
very efficiently [P1-P4, B1-4].  
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I would like to analyze the properties of the quantum channel using classical computer 
architectures and algorithms since, currently, we have no quantum computers. To this day, the 
most efficient classical algorithms for this purpose are computational geometric methods. I use 
these classical computational geometric tools to discover the still unknown “superactive” zero-
capacity quantum channels, as depicted in Fig. 2. 

 

Computational geometry

Quantum channels
Properties of 

quantum channels

Classical computer
architectures

Quantum System

Classical System  
 

Fig. 2. The logical structure of the proposed analysis. I use current classical architectures to analyze the 
properties of quantum channels. 

 
Computational Geometry was originally focused on the construction of efficient algorithms and 
provides a very valuable and efficient tool for computing hard tasks. In many cases, traditional 
linear programming methods are not very efficient. In the Ph.D Thesis I present that advanced 
geometric methods play a fundamental role in the analysis of the superactivation of zero-
capacity quantum channels. To analyze a quantum channel for a large number of input 
quantum states with classical computer architectures, very fast and efficient algorithms are 
required.  

In my Ph.D Thesis I use these classical computational geometric tools to discover the 
still unknown “superactive” zero-capacity quantum channels. Unlike ordinary geometric 
distances, the quantum informational distance is not a metric and is not symmetric, hence this 
pseudo-distance features as a measure of informational distance. In this Ph.D Thesis I combine 
the results of Quantum Information Geometry (for example the quantum relative entropy-
based distance functions) and the fast methods of Classical Computational Geometry 
(exploiting the elements and tools of information geometry) as illustrated in Fig. 3.  
 

Classical computational
geometric methods

Quantum
Informational

Geometry

Quantum informational
distance function 

Classical
Computational

Geometry 

 
 

Fig. 3. Quantum information as distance measure in classical computational geometric methods. 
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At present, computational geometry algorithms are an active, widely used and integrated 
research field. Many difficult problems can be extended to computational geometric methods, 
however these geometric problems require well-designed and efficient algorithms [P1, P2, P3, 
C1-C10]. In my work, I will use quantum informational function as distance measure instead of 
classical Euclidean distance function. The distances between the density matrices are calculated 
by the quantum relative entropy function. I combined the elements of computational geometry 
with the elements of the Hilbert space and the mathematical framework of quantum mechanics. 
I also used analytical and numerical analysis. The results of the Ph.D Thesis demonstrate that 
computational geometric methods can support the analysis of superactivation of zero-capacity 
quantum channels very efficiently. 
 

5. Preliminaries 
5.1 The Quantum Channel  
Communication through a quantum channel cannot be described by the results of classical 
information theory; it requires the generalization of classical information theory by quantum 
perception of the world. In the general model of communication over a quantum channel , 
the encoder encodes the message in some coded form, and the receiver decodes it, however in 
this case, the whole communication is realized through a quantum system. Besides the fact 
that the Bloch sphere provides a very useful geometrical approach to describe the density 
matrices, it also can be used to analyze the capacities of the various quantum channel models. 
From algebraic point of view, quantum channels are linear CPTP maps, while from a 
geometrical viewpoint, the quantum channel is an affine transformation. While, from the 
algebraic view the transformations are defined on density matrices, in the geometrical 
approach, the transformations are interpreted as Bloch vectors. Since, density matrices can be 
expressed in terms of Bloch vectors, hence the map of a quantum channel also can be analyzed 
in the geometrical picture [B1], [Imre05].  



The image of the quantum channel’s linear transform is an ellipsoid on the Bloch sphere 
(see Fig. 4). To preserve the condition for a density matrix , the noise on the quantum 
channel  must be trace-preserving (TP), i.e.,  , and it must be 

Completely Positive (CP), i.e., for any identity map I, the map  maps a semi-positive 
Hermitian matrix to a semi-positive Hermitian matrix.  

r

( )( ) (Tr Trr =

 IÄ

)r
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Fig. 4. Geometrically the image of the quantum channel is an ellipsoid. 
 
The distinction of terms unital and non-unital quantum channels means the following thing: for 
a unital quantum channel , the channel map transforms the I identity transformation to the 
I identity transformation, while this condition does not hold for a non-unital channel. This 
difference can be rephrased in a geometrical interpretation, and the properties of the maps of 
the quantum channels can be analyzed using informational geometry. The geometrical 
interpretation of a unital and a non-unital quantum channels are illustrated in Fig. 



5. 

 
Fig. 5. The geometrical interpretation of a unital and a non-unital quantum channels. 
 
The geometrical approaches can help to reduce the complexity of the analysis of the different 
quantum channel models, and as we will show, many algebraic results can be converted into 
geometrical problems.  
For further supplementary information see Appendix B. 
 

5.2 Quantum Channel Capacity 
Quantum Information Processing exploits the quantum nature of information. It offers 
fundamentally new solutions in the field of computer science and extends the possibilities to a 
level that cannot be imagined in classical communication systems. For quantum 
communication channels, many new capacity definitions were developed in comparison to 
classical counterparts. A quantum channel can be used to realize classical information 
transmission or to deliver quantum information, such as quantum entanglement. To describe 
the information transmission capability of the quantum channel, we have to make a distinction 
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between the various capacities of a quantum channel. The encoded quantum states can carry 
classical messages or quantum messages. In the case of classical messages, the quantum states 
encode the output from a classical information source, while in the case of quantum messages 
the source is a quantum information source. The encoding and the decoding mathematically 
can be described by the operators  and , realized on the blocks of quantum states. The 
model of communication through noisy quantum channel with encoding, delivery and decoding 
phases is illustrated in Fig. 

 

6.  



Noisy quantum channel

Classical or quantum
source

Source

Encoder

Receiver

Decoder


 

Fig. 6. Communication over noisy quantum channel. According to the noise of the quantum channel, 
the pure input state becomes a mixed state. 
 
In the first decade of the 21st century, many revolutionary properties of quantum channels 
were discovered. These phenomena are purely quantum mechanical and completely 
unimaginable in classical systems. Recently, the one of most important discoveries in Quantum 
Information Theory was the possibility of transmitting quantum information over zero-capacity 
quantum channels.  
 

5.3 Superactivation of Quantum Channels 
The superactivation of zero-capacity quantum channels makes it possible to use two zero-
capacity quantum channels with a positive joint capacity for their output. The phenomenon 
called superactivation is rooted in the extreme violation of additivity of the channel capacities 
of quantum channels.  

Currently, we have no theoretical background to describe all possible combinations of 
superactive zero-capacity channels. In practice, to discover such superactive zero-capacity 
channel-pairs, we must analyze an extremely large set of possible quantum states, channel 
models, and channel probabilities. In 2008, Smith and Yard [Smith08] have found only one 
possible combination for superactivation of quantum capacity. Since the revolutionary 
properties of superactivation quantum channel capacities were first reported on, many further 
quantum informational results have been achieved. Recently, Duan [Duan09] and Cubitt et al 
[Cubitt09] found a possible combination for the superactivation of the classical zero-error 
capacity of quantum channels, which has opened up a debate regarding the existence of other 
possible channel combinations. Later, these results were extended to the superactivation of 
quantum zero-error capacity by Cubitt and Smith [Cubitt09a]. 
As was shown by Smith and Yard [Smith08] for the combination of any quantum channel  

that has some private classical capacity  and a “fixed” 50% erasure symmetric 

channel , the following connection holds between the 

1

( )1 0P >

2
( ) ( 1

1 2Q Ä )  single-use and the 
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( ) ( 1
1Q Ä )2 2 asymptotic quantum capacity of the joint structure , and the 

private classical capacity : 

 1 Ä

( )1P

( ) ( ) (  1
1 2

1

2
Q Ä = )1P ,                                    (1) 

and 

( ) (  1 2 1
1

2
Q Ä ³ )P .                                      (2) 

The channel combination for the superactivation of the asymptotic quantum capacity of zero-
capacity quantum channels is shown in Fig. 7. 

Zero-capacity quantum channel with 
some private capacity

50% erasure channel

1
n 1Q  0

2
n

 2Q  0

   1 2

1

2
n

Q P


1 0    

 1 0P 
Asymptotic quantum capacity

 2 0P 

 
Fig. 7. The first channel has some positive private classical capacity, and the second quantum channel 
is a 50% erasure channel with zero quantum capacity. 
 
In what follows, we will see that it is possible to find other combinations of quantum channels 

 and , which has individually “zero-capacity” in the sense that  1 2

 1 2Ä

( ) ( ) 1 2 0,Q Q= =                                          (3) 

and still satisfy 

( ) 1 2 0Q Ä > .                                           (4) 

This rather strange phenomena is called superactivation. For the channel combination 
 the positive single-use quantum capacity ( ) ( 1

1 2Q Ä )  was proven using simple 

algebra [Smith08]. The difference between the superactivated single-use quantum capacity 
( ) ( 1

1Q Ä )2 )

) nÄ

 and superactivated asymptotic quantum capacity  can be 

made arbitrarily high, if we use a different channel combination [Smith08], [Smith09b]. The 
asymptotic quantum capacity of this structure will be denoted by 

( 1 2
Ä

Ä
n

Q

( ) (   1 2 2
n

dQ Q
Ä

Ä = Ä ,                              (5) 
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where  is the random phase coupling channel and  is the 50% erasure channel. In the 
case of the single-use quantum capacity, this channel realizes the following map as depicted in 
Fig. 

d 2

8:  

d

50% erasure
channel

   1
2 2dQ   

Single-use quantum capacity

Random phase coupling channel

  0dQ 

 2 0Q 

  0dP 

 2 0P 

 
Fig. 8. The single-use quantum capacity of the channel construction, which consist of the random phase 
coupling channel and the 50% erasure quantum channel.  
 
In this case, the single-use quantum capacity of the joint channel is measured by the 
maximized quantum coherent information, as  

( ) ( ) ( )   1
2 2

 ,
max : 2

i i
d coh A d

all p
Q I

r
rÄ = Ä £ ,                    (6) 

since ( ) ( )1 2dQ £ or ( ) ( )1
2 0Q = . On the other hand, if we measure the asymptotic 

quantum capacity for the same channel construction ( , then we will find that  ) 2d Ä

( ) ( ) ( ) (   1
2 2

1
log

8

n
d dQ d Q

Ä
Ä ³ Ä ) ,                       (7) 

where d is the input dimension. This asymptotic version of the previously seen construction is 
shown in Fig. 9.  

n
d


50% erasure
channel

   2

1 1
lim log

8
n

dn
Q d

n



  

Asymptotic quantum capacity

Using n-times the
joint channel

Random phase
coupling channel

  0dQ 

 2 0Q 

  0dP 

 2 0P 

 
Fig. 9. The asymptotic capacity of the channel combination. There is a big gap between the quantum 
maximized coherent information and the asymptotic quantum capacity of the analyzed channel 
construction.  
 
If we have a joint channel combination which contains a random phase coupling channel and a 
50% erasure channel, then the convexity of quantum capacity will be also satisfied, since for 
this combination the joint quantum capacity greater than the sum of individual capacities. 
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Moreover, for this channel combination while the single-use quantum capacity of the structure 
is bounded by 2, the asymptotic quantum capacity can be significantly increased.  

 

6. New Results 
6.1 Geometric Interpretation of Superactivation  
In Chapter 5 of the PhD Thesis an informational geometric object is defined to analyze the 
superactivation of quantum channel capacities. The theoretical background of the construction 
of the proposed informational geometric approach is also shown. The algorithmical framework 
for the computation of the quantum superball to the superactivation analysis will be presented 
in Chapters 6 and 7 of the Ph.D Thesis.  

I apply the geometric tools to solve the problem of superactivation of quantum channel 
capacities and define a new informational geometric object. By using the proposed information 
geometric approach the NP-completeness of computation of Holevo information - which was 
shown by Beigi and Shor [Beigi07] can be avoided and efficient algorithms can be constructed.  

The geometrical interpretation of the capacities of the quantum channels was studied 
by Hayashi et al [Hayashi03], Cortese [Cortese02-03], Ruskai et al. [Ruskai01].  
 

6.2 The Quantum Informational Superball 
The main result on the information geometric analysis for the superactivation effect is 
summarized in Thesisgroup 1.  
 
Thesisgroup 1. I proved that the superactivation of arbitrary quantum channels can be 

determined by means of an appropriate information geometric object. I discovered that the 
superactivation effect is rooted in information geometric issues.  
 

Thesis 1.1. I showed that the superactivation of arbitrary quantum channels can be 
determined by an abstract geometrical object called the quantum informational superball 
[P1, P2, P3, B1, C1-C15], [Chapter 5, Appendix D, Appendix E].  

 
The quantum superball is illustrated in Fig. 10. We emphasize that the quantum informational 
ball is an abstract hyperball; the structure of the ball is distorted according to the relative 
entropy function. 
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Fig. 10. Geometric interpretation of superactivation of single-use quantum capacity in the quantum 
superball representation. The superball is an abstract hyperball using quantum informational distances. 
If additivity holds, then the radius of the superball strictly will be equal to the sum of the individual 
channel capacities. 
 
The smallest enclosing quantum informational superball represents the convex set of the 
possible quantum states of channel output of joint channel construction . The convex hull 
includes the interior of the smallest quantum informational ball as well as the boundary of the 
ball.  

12

 
The proof of the thesis is detailed in Section 5.3 and Appendix E of the Ph.D Thesis. 
 

6.2.1 Geometrical Structure 
For simplicity, assuming qubit channels in the joint channel structure , the Bloch ball 
representation and the quantum superball representation can be compared as follows. In  Fig. 

12

11(a), we depicted the single-channel view of the joint structure . The optimal state of 

channel  between Alice and Bob is denoted by ; the average state is . For the 

channel between Alice and the environment, these states are depicted by r  and , 

respectively. From these states, the single-use quantum capacity 

12

1 1
ABr 1

ABs

1
AE

1
AEs

( )1 ( )1Q  is determined by 

the optimal state  and the average state s . For simplicity, the average states 
are assumed to be the center of the Bloch sphere. The radii between the average states and the 
optimal states of channels between Alice and the environment, and between Alice and Bob are 

depicted by 

1
AB AEr -

1
AB AE-

( )( )1 *
1
AE
r  and ( )( )1 *

1
AB
r , from which the single-use quantum capacity ( ) ( )1

1Q  is 

described by the radius  r .  ( ) 1AB AE- ( *)
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In Fig. 11(b), the quantum superball representation is shown for the joint channel 
structure . The joint optimal and average states for the channel between Alice and 

Bob are denoted by  and .  

 1 Ä 2

)

)2

2

12
ABr 12

ABs

For the channel between Alice and the environment, these states are depicted by  

and . From these superballs, a quantum superball is constructed with radius , 

which measures the  single-use quantum capacity of the joint channel 

structure . The quantum ball is determined by the average joint state  and 

the optimal joint state  of the joint structure .  

12
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                            (a)                   (b) 
Fig. 11. Comparison of the single channel view (a) and the superball representation (b) of the single-use 
quantum capacity of the joint channel structure. The quantum ball cannot be decomposed as the radii of 
independent channels; however, the single channel representation makes it possible to use an easily 
accessible representation of the abstract superball structure. 
 
The geometric interpretation of the ( ) ( 1

1Q Ä

1

)2

2

 superactivated single-use capacity of 

 assuming an amplitude damping channel  with  1 Ä ( ) ( )1
1 0P >  is parameterized 

as follows.  
Using the single channel view of  of  in Fig. ( ) ( ) 1

1Q Ä
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Fig. 12. a: Determination of superactivated quantum capacity of the joint structure assuming an 
amplitude damping quantum channel as the first channel, b: the movement of the center from the 
optimal position increases the radius of the quantum superball (single channel view). 
 

 
Thesis 1.2. I proved that the radius of the quantum superball measures the 
superactivated capacities of the joint channel structure, where the elements of the joint 
structure are arbitrary dimensional quantum channels [P1, P2, P3, B1, C1-C15], 
[Chapter 5, Appendix D, Appendix E]. 

 
The quantum informational radius between the  center of the superball and the 

optimal joint state  is equal to the joint single-use quantum capacity, see Figs. 
12
AB AEs -

12
AB As -

12
AB AEr - 10 and 

11(b).  An important conclusion will be made on the  joint average output state and 

the  optimal output states of the superactivated joint structure .  

E

12
AB AEr -   12 1 2= Ä

 
The proof of the thesis is detailed in Section 5.3 and Appendix E of the Ph.D Thesis. 
 

Thesis 1.3. I proved that the superactivation of the joint structure of arbitrary 
quantum channels is determined by the properties of the quantum relative entropy 
function [P1, P2, P3, B1, C1-C15], [Chapter 5, Appendix D, Appendix E]. 

 
As I found, the “product state formula” form expresses that the channels  and  of the 

joint structure  cannot activate each other, and the capacity of the joint structure  
will be zero. If we prove that the radius of the quantum superball cannot be decomposed, we 
also have proved 

1 2

12 12

Thesis 1.3.  
 
The proof of the thesis is detailed in Section 5.3 and Appendix E of the Ph.D Thesis. 
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From Thesis 1.3 also follows that possible set of superactive of quantum channels  is 
also limited by the mathematical properties of the quantum relative entropy function, i.e., the 
superactivation effect is related to information geometric properties.  

 1 2Ä

 
The properties of the quantum relative function also determine the superactivation of quantum 
channels, since the results have demonstrated the effect of superactivation also depends not 
only on the channel maps and the properties of the quantum channels of the joint structure as 
was known before, but on the basic properties of the quantum relative entropy function. 
Factoring relative entropy function does not work if the quantum channels in  can activate 

each other (i.e., if the capacity of the joint channel  is positive but individually, the 
channel capacities are equal to zero) [P2]. As follows, there is a very elegant alternative way to 
discover the superactive channel combinations and to avoid the hard numerical computations.  

12

12

 
The proof of the thesis is detailed in Section 5.3 and Appendix E of the Ph.D Thesis. 
 

6.3 Information Geometric Superactivation of 
Asymptotic Quantum Capacity 
The proposed informational geometric solution is the first efficient algorithmic solution to 
discover the still unknown combinations to determine the superactivation of the zero-error 
capacity of quantum channels, without the extremely high computational costs [P1-P3, C5-
C11]. 

Chapter 6 shows a new method of finding the conditions for the superactivation of 
asymptotic quantum capacity of zero-capacity quantum channels. In practice, to discover these 
superactive zero-capacity channel-pairs, we have to analyze an extremely large set of possible 
quantum states, channel models and channel probabilities. An extremely efficient algorithmic 
tool is still missing for this purpose. In Chapter 6, I present an algorithmic solution to reveal 
these still undiscovered superactive channel combinations. My method can be a very valuable 
tool for improving the results of fault-tolerant quantum computation and possible 
communication techniques over very noisy quantum channels. For the complete description of 
the theoretical background of superactivation see the book of Imre and Gyongyosi [Imre12]. 
The main result of Chapter 6 is summarized in Thesisgroup 2.  
 
Thesisgroup 2. I constructed an algorithm to determine the conditions of superactivation 

of the asymptotic quantum capacity of arbitrary dimensional quantum channels. 
 
In Chapter 6, first the theoretical background of the proposed information geometrical solution 
is presented, then we give the details of the algorithm.  
Recently, the possibilities of the application of computational geometric methods in quantum 
space have been studied by Kato et al. [Kato06] and Nielsen et al. [Nielsen07-08], Nielsen et al. 
[Nielsen08b] and Kato et al. [Kato06] have shown a method to compute the Voronoi diagrams 
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between the quantum states. The complexity of the numerical calculation of the Holevo 
capacity and the zero-error classical capacity was studied by Beigi and Shor [Beigi07].  

For further information see the Related Work subsection of Appendix F and the book 
of Imre and Gyongyosi [Imre12]. 
 

6.3.1 Quantum Relative Entropy based Interpretation of 
Superactivated Quantum Capacity  
Both the classical and the quantum capacities of a quantum channel can be measured 
geometrically, using quantum relative entropy function as a distance measure. Schumacher and 
Westmoreland have shown in [Schumacher2000] that for a given quantum channel , the 
Holevo quantity for every optimal output state  can be expressed as 



kr ( ) ( )  krD s=

r

, 

where  is the optimal average output state and the relative entropy function of 

two density matrices can be defined as 
k kps = å

( ) ( ) ( )( )log logk k k krr s r r r s= -D T . Finally, for 

non-optimal output states d  and optimal average output state , we have k kps = å r

( ) ( ) (  kD Dd s r )= £ s .  We will use the geometrical interpretation of the Holevo 

quantity, using the quantum relative entropy function as a distance measure, to express the 
asymptotic quantum capacity of the quantum channel.  
 

Thesis 2.1. I showed that the superactivated single-use and asymptotic quantum 
capacity of the joint structure of arbitrary quantum channels can be determined by the 
proposed information geometric object [P1-P2, P7, B1, C11-C15], [Chapter 6, Appendix 
D, Appendix E, Appendix F, Appendix G]. 

 
I defined the single-use quantum capacity ( ) (1Q )  of a quantum channel  by the 

radius  of the smallest quantum informational ball as  
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where  is the Holevo quantity of Bob’s output,  is the information leaked to the 

environment during the transmission,  is Bob's optimal output state,  is the 

AB AE
AB
kr

AE
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environment’s optimal state,  is Bob's optimal output average state,  is the 
environment’s average state, while  is the final optimal output channel state and 

 is the final output average state. The term AB-AE denotes the information which is 
transmitted from Alice to Bob minus the information which is leaked to the environment 
during the transmission [P2], [B1].  

ABs

( )

AEs

( )2

AB AE
kr

-

AB AEs -

 
The proof of the thesis is detailed in Sections 6.3.1, 6.3.2, 6.3.3 and Appendices E, F of the 
Ph.D Thesis. 
 

6.3.2 Geometric Definition of Asymptotic Quantum Capacity  
I defined the asymptotic quantum capacity of the joint structure by  as:  *
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The quantum superball of  with radius  for the case of the 

superactivated asymptotic quantum capacity Q  is depicted in Fig. 

( *
1 2superr Ä

)2(1 Ä 13. 

 
Fig. 13. The quantum superball defined for the analysis of superactivation of zero-capacity quantum 
channels.  
       
In Fig. 13, we illustrated the smallest enclosing ball of balls using the Bloch sphere 
representation. We denote the set of n d-dimensional balls by , where { 1B b=  }, , nb
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( ,ib Ball s r=

*
superr

)i i 2,  with center  and radius . For , the radius of the superball is 

, which is referred as  in the single channel view. The centers of the balls are computed 

by the quantum Delaunay triangulation as described in Chapter 6 of the Ph.D Thesis, while 
the complete iteration process of the fitting of the quantum superball is achieved by the core-
set algorithm.  

is ir  1 Ä

*r

 
Fig. 14. The smallest enclosing ball of a set of balls in the quantum space (single channel view). 
 
In the superactivation problem, we have to use different quantum channel models  and . 

For these channels, the superactivated single-use quantum capacity Q  of 

 can be determined by the superball radius 
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)2 . The superactivated 

asymptotic quantum capacity  of  is equal to the superball radius 

. A necessary condition for the information geometric superactivation of the 

joint channel construction  is given in 

( ) 1 2Q Ä
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 Thesis 2.2. 
 

Thesis 2.2. I proved that the proposed geometric properties can be exploited to 
construct an information geometric algorithm for the algorithmic superactivation of 
arbitrary dimensional quantum channels [P2, P7, B1, C11-C15], [Chapter 6, Appendix 
D, Appendix E, Appendix F, Appendix G]. 

 
Combining the theories of Chapter 5 on the information geometric description of the quantum 
capacity of the joint channel structure  with the theories of Chapter 6, the following 
statement can be made regarding the proposed information geometric algorithm as it is 
summarized in 

 1 Ä

Thesis 2.3. 
 
The detailed proof of the thesis is detailed in Sections 6.3.1, 6.3.2, 6.3.3 and Appendices E, F 
of the Ph.D Thesis. 
 



Laszlo Gyongyosi, Ph.D Thesis Booklet, 2013. 
 

page 22

Thesis 2.3. I constructed an efficient information geometric algorithm to study the 
superactivation of the quantum capacity of arbitrary quantum channels [P1, P2, P7, 
B1, C11-C15], [Chapter 6, Appendix D, Appendix E, Appendix F, Appendix G]. 

 
The proposed iteration process is summarized as follows. The inputs of the geometric 

construction of the quantum superball are the channel output states of the two separate 
quantum channels  and . This process yields the superball radius as described 

above. The iterated joint channel construction is denoted by , while the output 

of the rounded box is the radius  of the quantum informational superball. The 

generic view of the proposed algorithm is depicted in Fig. 

1
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Fig. 15. The recursive algorithm iterates on the input, channel models, and error probabilities of the 
channels to find a combination for which superactivation holds. 
 
The recursive iterations are made on three parameters: quantum channel models, channel 
probabilities (will be referred as p and set of input states. The main goal is to find a channel 

probability parameter p , for which the joint capacity of the tensor product channel  1 2Ä  is 
than zero.  

), 

greater 
The detailed proof of the thesis is detailed in Sections 6.3.1, 6.3.2, 6.3.3 and Appendix F of the 
Ph.D Thesis. 
 

6.4 Information Geometric Superactivation of Classical 
Zero-Error Capacity 
The superactivation of zero-error capacity of quantum channels may be the starting-point of a 
large-scale revolution in the communication of future quantum networks. The superactivation 
of the zero-error capacity of quantum channels makes it possible to use two quantum channels, 
each with zero zero-error capacity, with a positive joint zero-error capacity. The possible 
combinations which enable the superactivation of the zero-error capacity of quantum channels 
are still unknown. The classical zero-error capacity and its properties were discussed in Chapter 
3 of the Ph.D Thesis. In Chapter 7 of the Ph.D Thesis I present an information geometric 
approach for the superactivation of classical zero-error capacity. The details of the algorithm 
can be found in Appendix G. 
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In case of a quantum communication system computing the classical zero-error capacity 
of a quantum channel is an NP-complete problem [Beigi07], [Cubitt10]. This section studies the 
superactivation property of the classical zero-error capacity of quantum channels. Since the 
revolutionary properties of superactivation of quantum channel capacities have been reported 
on, many new quantum informational results have been developed. Recently, Duan [Duan09] 
and Cubitt et al. [Cubitt09] have found only one possible combination for superactivation of 
the classical zero-error capacity of quantum channels, and also one combination has been 
shown for the quantum zero-error capacity by Cubitt and Smith [Cubitt09a]. Their results have 
opened the debate on the existence of other possible channel combinations.  
 
The main result of Chapter 7 is summarized in Thesisgroup 3. 

 
6.4.1 Information Geometric Superactivation of Zero-Error 
Capacities of a Quantum Channel  
 
Thesisgroup 3. I proposed an algorithm to determine the conditions of superactivation of 

the classical zero-error capacity of arbitrary dimensional quantum channels. My proposed 
polynomial approximation method avoids the problem of NP-completeness. 

 
We connect the results of Chapters 5 and 6 to give an interpretation of superactivation of 
classical and quantum zero-error capacities. 

 
Thesis 3.1. I showed that the superactive channel combinations and the input 
conditions of the superactivation of classical zero-error capacity of quantum channels 
can be discovered by the proposed information geometric approach [P3, B1, C1-C10], 
[Chapter 7, Appendix D, Appendix E, Appendix F, Appendix G]. 

 
I derived the information geometric representation of the superactivated asymptotic classical 
zero-error capacity of . For two different quantum channels  and , I 

defined the asymptotic classical zero-error channel capacity C  by the superball 
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The proof of the thesis is detailed in Section 7.3 and Appendix G of the Ph.D Thesis. 
 

6.4.2 Efficient Algorithm for the Superactivation of Zero-Error 
Capacity 
I constructed an algorithm to discover the conditions of the superactivation of classical zero-
error capacity of quantum channels.  
 

Thesis 3.2. I proved that the superactivation of classical zero-error capacity of 
quantum channels can be analyzed by the proposed algorithm with minimized error by 
using the smaller subset of input density matrices [P3, B1, C1-C10], [Chapter 7, 
Appendix D, Appendix E, Appendix F, Appendix G]. 

 
As depicted in Fig. 16 [P3], the proposed analysis combines the results of weak core-set 

methods [Feldman07], [Chen07] the properties of efficient clustering algorithms [Ackermann08] 
and the sum of these approaches investigates a completely new framework to study the 
superactivation effect. By using the core-set method, we can construct a more efficient 

-approximation algorithm in quantum space, using only a small subset of the original 

larger input set, where the input system consists of n density matrices [P3]. 
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Fig. 16. Decomposition of the proposed geometrical approach. The output of the algorithm is the radius 
of the superball. 
 
The core-set technique has deep relevance to classical computational geometry. A core-set of a 
set of output quantum states has the same behavior as the larger input set, so clustering and 
other approximations can be made with smaller core-sets.  
 
The proof of the thesis is detailed in Section 7.4 and Appendix G of the Ph.D Thesis. 
 

Thesis 3.3. I proved that by using -similar quantum informational distances and the 
weak core-set of quantum states, the superactivation of zero-error capacity of quantum 
channels can be determined by a polynomial approximation algorithm without the 
problem of NP-completeness [P3, B1, C1-C10], [Chapter 7, Appendix D, Appendix E, 
Appendix F, Appendix G]. 

m
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The clustering process of the density matrices is illustrated in Fig. 21. In the clustering process, 
our algorithm computes the median-quantum states denoted by , using a fast weak core-set 
and clustering algorithms. In the next step, we compute the convex hull of the median 
quantum states and, from the convex hull, the radius of the smallest quantum informational 
ball can be obtained. The quantum superball defined in Chapter 5 measures the superactivated 
classical zero-error capacity of , (using the single channel view the radius is depicted 

by  in Fig. 21(b)) 

is

 1 Ä 2

*r

 
Fig. 17. Clustering of quantum states. The smallest quantum informational ball contains the computed 
medians. 
 
We have also stated previously that the numerical calculation of the classical zero-error 
capacity of quantum channels is an NP-Complete problem [Beigi07]. Our polynomial-
approximation method solves the problem with polynomial time complexity. 
 
The details can be found in Section 7.4 and Appendix G of the Ph.D Thesis. 
 

6.4.3 Future Work 
Chapter 7 introduced a fundamentally new algorithmic solution for superactivation of the 
asymptotic zero-error capacity of quantum channels. With the help of the proposed 
informational geometric approach, the complexity of the computation of the zero-error capacity 
of the quantum channels can be dramatically decreased. Using my method, a larger set of 
superactive quantum channels can be discovered very efficiently and my method can bridge the 
gap between theoretical and experimental results. The proposed algorithmic solution can be the 
key to finding other possible channel models and channel parameter domains, with possible 
combinations being proved by theory.  

 

7. Conclusions 
Quantum computing offers fundamentally new solutions in the field of computer science. The 
superactivation cannot be imagined for classical systems. In the near future, superactivation 
can revolutionize communication over long-distances, and it can help to enhance the security of 
quantum communication and the performance of quantum repeaters. I presented an 
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algorithmic solution to the problem of superactivation of quantum channels. The currently 
known theoretical result on superactivation is only one possible solution and the problem set of 
superactivation can be extended to a larger set of quantum channels. My proposed algorithmic 
solution can be the key to finding other possible channel models and channel parameter 
domains in future, with possible combinations being proved by theory. My information 
geometric algorithms were demonstrated for the superactivation of asymptotic quantum 
capacity and the classical zero-error capacity of quantum channels, without the problem of NP-
completeness.  

 

8. Application of the New Results 
The biggest problem in future quantum communications is the long-distance delivery of 
quantum information. Since the quantum states cannot be copied, the amplification of 
quantum bits is a more complex compared to classical communications. The success of future 
long-distance quantum communications and global quantum key distribution systems largely 
depends on the development of efficient quantum repeaters. Using the proposed results on the 
superactivation of zero-error capacity of quantum channels, the efficiency of the quantum 
repeater can be increased greatly, which opens new possibilities for future long-distance 
quantum communications. Exploiting the superactivation effect, it is possible to develop 
superactivated quantum repeaters [P2, C1, C7, C9] with the elimination of the very inefficient 
and expensive purification process. In the near future, superactivation can revolutionize 
communication over long-distances, and it can help to enhance the security of quantum 
communication and the performance of quantum repeaters. The efficiency of the quantum 
repeater can be increased, since the purification steps can be completely removed, and the long-
distance quantum communication techniques can be revolutionized.  Using the superactivation 
of quantum channels, the effectiveness of the communication techniques in the future’s 
quantum networks - in long-distances, or in a noisy metropolitan area - can also be increased 
[P3, C11-15]. In addition to aiding metropolitan and long-distance quantum communication, 
the perfect information transmission through a quantum channel can have deep relevance both 
in military and secret government applications, and in other cases where extremely high 
security is required. 
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