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Abstract

The analytical modeling forms a very important field of the performance eval-

uation, characterized by much higher computational efficiency over stochastic

discrete event simulation. As a general rule, performance computations from

analytical models (exact or approximate) augmented and verified by simulation

results can give rise to reliable performance studies which can be a strong basis

for reliable design and dependable operation of ICT systems. This dissertation

deals with some issues arising in telecommunications networks using the analyti-

cal performance modeling with application of Quasi Birth-Death process and its

variants.

In Chapter 2, some aspects of High Altitude Platform (HAP) based High

Speed Downlink Packet Access (HSDPA) networks are investigated using a vari-

ant of the Sigma queueing model. The model is an integrated one with respect

to HSDPA, capable of accommodating many of the intricate aspects of HSDPA

such as, channel allocation policy, loss of packets due to channel fading, bursty

and correlated traffic. Good agreement is observed between the numerical results

of the proposed analytical model and those of an independent simulator of real

HSDPA and radio channel behaviors of HAP.

In Chapter 3, we proposed an analytical model with Markovian time dura-

tions to investigate an application of radio spectrum renting in mobile cellular

networks. We simultaneously integrated the aspects of renting policy involving

a block of user channels and call admission control in wireless cellular networks

in one analytical model. We taken into account that a rented frequency band

accommodates the number of user channels. An operation rule based on a hys-

teresis control with two thresholds is proposed for the network operator to rent or
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give back frequency bands based on the offered traffic. Furthermore, several vari-

ants of the Fractional Guard Channel Policy were incorporated in our model. The

comparison between the proposed queueing model and a simulation confirms that

the queueing model incorporating exponentially distributed call durations can be

used to evaluate the performance of mobile cellular networks with call holding

times following the lognormal distribution as well. Numerical results show that

only the spectrum renting can be used to decrease the blocking probability of

fresh calls without compromising the GoS of handover calls.

In Chapter 4, we enhanced the HM2 algorithm of Domenech-Benlloch et al.,

that enable the approximation of the performance of a multiserver retrial queue

with impatient customers. We derived exact expressions for the computation of

the rate matrix and the conditional mean number of customers. We explored the

behavior of performance measures versus N , then the estimation of threshold N

is derived. We have presented some important properties and provided a proof of

concerning the determination of important quantities. Based on the derivations,

we have constructed an efficient algorithm for the stationary distribution with

the determination of a threshold that allows the computation of performance

measures with a specific accuracy. We have shown that the computational time

complexity of our algorithm is of O(c) and has the same accuracy as of the original

HM2 algorithm.
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Chapter 1

Introduction

1.1 Motivations and purposes

Performance evaluation plays a key role in the efficient operation of ICT (Informa-

tion and Communication Technologies) because the capacity and resource can be

dimensioned by the application of advanced modelling techniques [34, 88]. More

than ten years ago, an intensive research collaboration was started between R.

Chakka and the research group of T.V. Do. The fruitful cooperation has achieved

a number of results (see [17, 18, 19, 24, 32, 34] and references therein). The aim

of my research has been formulated within the framework of the collaboration.

The goals are to apply and enhance methods [17, 18, 19, 24, 32, 34] for

• analysing [J1, C1] certain scenarios in the application of HSDPA for Com-

munications Networks based on High Altitude Platforms,

• modeling [J3] a radio spectrum renting in mobile cellular networks,

• establishing [J4] an efficient algorithm for the M/M/c retrial queue with

impatient customers.

1.2 Research Methodology

This section provides the short overview of methodology applied to solve the prob-

lems in this dissertation. It is worth emphasizing that performance evaluation

-1-



1. INTRODUCTION

can be carried out by either using a simulation program, or using a mathematical

analysis with explicit performance expressions or numerical procedures, or build

the system and then measure its performance [63, 64]. Mathematical analysis of-

ten results in methods of lower computational effort than performance evaluation

using stochastic simulation [30, 34, 88].

The Quasi Birth-Death (QBD) framework is a well known technique for the

performance evaluation of many problems in telecommunications and computer

networks [10, 13, 37, 65, 70, 71, 92]. The state space of a QBD process is described

by two random variables: a phase and a level [65, 69, 71]. Transitions in a QBD

process are possible only within the same level or between adjacent levels.

Two well known methods to solve steady state probabilities of a QBD process

are Matrix-Geometric Method (MGM) [37, 71] and Spectral Expansion Method

(SEM) [13, 14, 69]. Other methods to compute the steady state probabilities of

a QBD process can be found in [47, 84].

In the MGM, a nonlinear matrix equation is first formed from the system

parameters. Then, the minimal nonnegative solution R of this equation is com-

puted by an iterative method. The invariant vector is then expressed in terms

of the powers of R. However, the number of iterations which are needed to com-

pute R to a given accuracy is unknown. It is shown that for certain parameter

values the computational efforts are uncertain and formidably large. Some im-

proved algorithms of the MGM were proposed to enhance the computation of

R [10, 65, 70].

The SEM is based on expressing the invariant vector of the process in terms

of the eigenvalues and the left eigenvectors of the matrix polynomial to compute

the steady state probabilities.

Recently, two new queuing models, the MM
∑K

k=1CPPk/GE/c/LG-queue

with homogenous servers –known as the Sigma queue [19], and with heterogeneous

servers –the HetSigma queue [18] were proposed with application of the SEM.

These models do provide a larger flexibility to accommodate geometric as well as

non-geometric batch sizes in both arrivals and services, and hence are capable of

emerging as generalized Markovian node models or generalized Markovian queues

(GMQ), with proven suitability [18, 19, 25] for modeling many aspects of the
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emerging telecommunication systems and networks. Already, the HetSigma was

used to successfully compute web server performance [24].

The Sigma and HetSigma queues also take into account an application of

negative customers, where negative customers neither wait in the queue, nor are

served. A negative customer removes a positive customer in the queue, according

to a specified killing discipline [15, 45, 50]. The literature on the concept of

negative customers can be found in [35].

The SEM is also applied to solve retrial queues [29, 33] that can be used to

take into account a phenomenon in modern information and telecommunication

systems where blocked customers may re-request for service after a certain time-

out [40]. Do also proposed some enhanced numerical computation algorithms for

computing steady state probabilities with application of the SEM [27, 28, 31].

The contributions of this thesis are derived based on the exploitation of the

properties of Quasi Birth-Death (QBD) processes, the SEM method, the MGM

method, the Sigma and HetSigma queues.

1.3 The organisation of this thesis

In Chapter 2, some aspects of High Altitude Platform (HAP) based High Speed

Downlink Packet Access (HSDPA) networks are investigated. A performance

model and a viable evaluation are provided for the Adaptive Modulation and

Coding (AMC) used in HSDPA telecommunication networks. Inspired by the

need for performability models for HSDPA User Equipment, a Markovian queue

with varying number of servers is conceived [J1]. The arrival and the service

processes, the number of allocated or active servers of the queue are inherently,

and independently (or jointly) Markov modulated. Batch arrivals, batch services,

autocorrelation of inter-arrival times, and autocorrelation of batch sizes can be

accommodated in the queue, by a suitable use of Markov modulation and gener-

alized exponential distribution. The queue has a provision for negative customers

too. Transformations of the balance equations into a computable form are pro-

posed in order to obtain the steady state probabilities with the SEM. The model

is an integrated one with respect to HSDPA, capable of accommodating many of

intricate aspects of HSDPA such as, a channel allocation policy, a loss of packets

-3-



1. INTRODUCTION

due to a channel fading, bursty and correlated traffic [J1, J2]. The new queueing

model is validated with use of ns-2 simulator and is used to evaluate an impact

of the HAP environment on the performance of HSDPA user terminal categories

in communication networks based on the HAP systems [C1].

In Chapter 3, we turn our attention towards the use of radio spectrum, where

network operators can utilize a spectrum renting to increase the efficiency of the

spectrum usage and to relieve a temporary capacity shortage of a particular cell

in a mobile cellular network. Some aspects of the renting policy are integrated

simultaneously involving a block of user channels and call admission control in

wireless cellular networks in one analytical model [J3]. It is taken into account

that (i) a rented frequency band accommodates the number of user channels. (ii)

The operation rule is proposed based on a hysteresis control with two thresh-

olds for the network operator to rent or give back frequency bands based on the

offered traffic. Furthermore, (iii) several variants of the Fractional Guard Chan-

nel (FGC) policy are also taken into account in our model. Then the queueing

model is verified with a simulation, in which call durations follow the log-normal

distribution. The results show that the proposed queueing model can accurately

evaluate mobile networks with call durations following the log-normal distribu-

tion. We show that the variants of the FGC policy provide an efficient tool to

guarantee and enhance the grade of service of handover calls at the expense of

increased blocking probability of fresh calls and the Limited average Fractional

Guard Channel (LFGC) policy is the most convenient way among the variants

of the FGC policy to balance the blocking probabilities. However, only spec-

trum renting can be used to improve the grade of service of fresh calls without

compromising the blocking probability of handover calls.

In Chapter 4, an approach is proposed to enhance the HM2 algorithm of

Domenech-Benlloch et al., that enable the approximation of a performance of a

multiserver retrial queue with impatient customers. Exact expressions are derived

for the computation of the rate matrix and the conditional mean number of

customers. The behavior of performance measures versus N is explored, then the

estimation of threshold N is derived. Some important properties of the algorithm

and a proof of concerning the determination of important quantities are presented.

Based on the derivations, an efficient algorithm is constructed for the stationary
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distribution with the determination of a threshold that allows the computation

of performance measures with a specific accuracy. From the obtained results,

the computational time complexity of our algorithm is of O(c) and has the same

accuracy as of the original HM2 algorithm [J4].

Finally, Chapter 5 summarises the main results of the thesis and discusses

about the applicability of the new results.
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Chapter 2

An Analytical Model of HAP

based HSDPA Networks



2. ANALYTICAL MODEL OF HAP-BASED HSDPA NETWORKS

2.1 Introduction

Due to heterogeneous requirements concerning network technologies and services

that the Next Generation Networks (NGNs) are required to support, the issue

of modeling the packet traffic and the nodes in modern communication networks

has become complicated because of the existence of burstiness (caused by time-

varying arrival or service rates, arrivals or services of packets in batches) and

important correlations among the inter-arrival times [76]. It is observed that the

traffic arriving at a node is often the superposition of traffic from a number of

sources (homogeneous or heterogeneous), which further complicates the analysis

of the system. Self-similar traffic models such as the Fractional Brownian Motion

(FBM) [74] can represent both burstiness and auto-correlations, but they are not

so far analytically tractable in a queuing context.

The compound Poison process (CPP ) defined in [16, 22], and the
∑K

k=1CPPk

(superposition of K independent CPP ’s) based traffic models often give a good

representation of the burstiness (geometric batch size distribution in the first one,

both geometric and non-geometric in the second one), along with mathematical

tractability, of the traffic from one or more sources. The usefulness and appli-

cability, though limited, of these models have been established by measurements

and validation of real traffic burst size distributions, for example as shown in [46].

Recently, two new queuing models, the MM
∑K

k=1CPPk/GE/c/LG-queue

with a fixed number of homogenous servers –known as the Sigma queue [19], and

with a fixed number of heterogeneous servers –the HetSigma queue [18] were pro-

posed. These models do provide a larger flexibility to accommodate geometric as

well as non-geometric batch sizes in both arrivals and services, and hence are ca-

pable of emerging as generalized Markovian node models or generalized Markovian

queues (GMQ), with proven suitability [18, 19, 25] for modeling many aspects of

the emerging telecommunication systems and networks. Already, the Sigma queue

was used to model Optical Burst Switching (OBS) networks successfully and ef-

fectively [19]. The HetSigma queue was successfully used to model certain wireless

networks [18] and also Multiprotocol Label Switching (MPLS) networks [25].

Certain applications in communication networks demand models that can

accommodate varying number of allocated or active servers instead of a fixed

-8-



2.1 Introduction

number. One such important application is High Speed Downlink Packet Access

(HSDPA) in which the number of channels allocated between User Equipment

(UE) and the Node-B is variable and depends on the channel allocation policy.

Also, in HSDPA, loss of packets occurs due to the phenomena of channel fading.

It is very important that the queuing model that is adequate for HSDPA wireless

communications needs to have the capability of accommodating varying number

of servers (representing varying number of allocated channels according to channel

allocation policy) and also an adequate mechanism for accommodating packet

losses due to channel fading. Only then, an integrated and useful model can be

possible in this case.

In [23], an enhanced variant of the Sigma [19] queuing model was used to pro-

vide the first analytical model (a generalized Markovian queue with varying num-

ber of servers) for HSDPA terminal in the terrestrial UMTS wireless networks.

The analytical model was suitable to the problem that was tackled therein, since

(i) traffic correlations and burstiness can be represented by Markov modulation

and by the use of Compound Poisson Processes (CPP), (ii) channel conditioning

due to fading and the resulting CQI can be represented by a finite-state first-

order Markov chain Z, (iii) dynamic channel allocation policy is represented by

varying c servers in the queuing model, modulated by an independent Markov

process U .

In this work, this enhanced variant of the Sigma queuing model is used to in-

vestigate the performance of HSDPA in the HAP environment and investigation

of some interesting phenomena related to the HAP environment. The accuracy

of the model is established by comparing the numerical results with those of the

simulation of the HSDPA with real channel behavior. After validation is done, the

queue is successfully applied to model the communication of UE with the node B

in HAP-based HSDPA wireless systems [2]. Interesting performance comparisons

of several UE categories are also obtained and the comparative performance char-

acteristics are presented in the graphs and figures.

The chapter is organized as follows. Section 2.2 give brief overview of the

HSDPA technology and High Altitude Platform. Section 2.3 revisits the enhanced

variant of the Sigma queuing model with all its components in detail. The Contin-

uous Time Markov Chain (CTMC) representation of the queuing model and the

-9-



2. ANALYTICAL MODEL OF HAP-BASED HSDPA NETWORKS

steady state balance equations are obtained. In section 2.4, the queue is applied

to model an important non-trivial problem, that is the communication between

the UE and the node B in HAP-based HSDPA networks. Detailed explanation is

given on the appropriate mapping of the problem in context onto the model. It

is explained how a number of intricate aspects of the HSDPA are indeed covered

well in the proposed analytical model. Important numerical results are obtained.

2.2 Technical Overview

2.2.1 High Speed Downlink Packet Access (HSDPA)

The Universal Mobile Telecommunications System (UMTS) is one of the tech-

nologies standardized by the International Telecommunications Union Telecom-

munication Standardization Sector (ITU-T) for third generation (3G) networks,

with the aim to provide and support location-independent access to any service

(voice, video and data).

HSDPA was introduced by the 3rd Generation Partnership Project (3GPP)

to satisfy the demands for high speed data transfer in the Downlink direction in

UMTS networks. It can offer peak data rates of up to 10 Mbps, which is achieved

essentially by the use of Adaptive Modulation and Coding (AMC), extensive

multicode operation and a retransmission strategy [2]. The AMC is motivated

by the fact (or assumption) that the stochastic behaviour of the wireless channel

cannot be influenced. The technology should adapt to the behavior of the wireless

channel in order to get an efficient transport of useful information.

Efficient operation of HSDPA does require fast performance evaluation mod-

els in order to design, dimension, operate, maintain and update the system, cost-

effectively and efficiently. Such a performance model should be able to accom-

modate simultaneously all the important features and aspects pertaining to the

operation of HSDPA, e.g., burstiness and the correlation in the data traffic, chan-

nel assignments and allocation policies between voice and data traffics, channel

coding schemes, as well as effects of the wireless environment such as channel

fading.
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A UMTS network consists of three interacting, autonomous domains: Core

Network (CN), UMTS Terrestrial Radio Access Network (UTRAN) and UE or

Subscriber Station (SS). In the UTRAN domain, the Radio Network Controller

(RNC) manages a set of base stations (called Node-B’s) and is responsible for the

radio resource control and management tasks related to the air interface. Node-B

provides the radio interface for the UEs. That is, Node-B is responsible for the

transmission and reception of data across the radio interface (that includes the

interface to and from the UEs).

Downlink channels

HS-DSCH: user data

HS-SCCH: control information

Uplink channels (HS-DPCCH, DCH)

channel quality feedback 

UE

Node-B

Figure 2.1: Channels in HSDPA

In the implementation of HSDPA, several channels are introduced as shown in

Figure 2.3. The transport channel carrying the user data, in HSDPA operation,

is called the High-Speed Downlink Shared Channel (HS-DSCH). The High-Speed

Shared Control Channel (HS-SCCH), used as the Downlink (DL) signaling chan-

nel, carries key physical layer control information to support the demodulation

of the data on the HS-DSCH.

The Uplink (UL) signaling channel, called the High-Speed Dedicated Physical

Control Channel (HS-DPCCH), conveys the necessary control data in the UL.

User Equipment sends feedback information about the received signal1 quality on

1In wireless communications, the quality of a received signal depends on a number of fac-

tors – the distance between the target and interfering base stations, the path-loss exponent,

shadowing, channel-fading and noise.
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SF=8

SF=16

SF=4

SF=2

SF=1

Physical channels (codes) to which HS-DSCH is mapped

SFHSDPA = 16 (example)

Number of codes to which HSDPA transmission is mapped: 12 (example)

 

Figure 2.2: HSDPA mapping to physical channels (3GPP TR 25.848)

HS-DPCCH. That is, the UE calculates the DL Channel Quality Indicator (CQI)

based on the received signal quality measured at the UE. Then, it sends the CQI

on the HS-DPCCH channel to indicate which estimated transport block size,

modulation type and number of parallel codes (i.e.; physical channels) could be

received correctly with reasonable block error rate in the DL. The CQI is integer

valued, with a range between 0 and 30. The higher the CQI is, the better the

condition of the channel and the more the information that can be transmitted.

To enable a large dynamic range of the HSDPA link adaptations and to main-

tain a good spectral efficiency, a user may simultaneously utilize up to 15 codes

(physical channels) in parallel (see Figure 2.2). The available code resources are

primarily shared in the time domain but it is possible to share the code resources

using code multiplexing also. The relationship between modulation, the number

of allocated codes and the maximum throughput is illustrated in Table 2.1.

Fast scheduling and link adaptation are then performed promptly, depending

on the active scheduling algorithms and the user-prioritized scheme employed by

the base station. In HSDPA, the AMC dynamically changes the Modulation and

Coding Schemes (MCSs) in subsequent frames in order to achieve high throughput

on fading channels.

HSDPA uses both Quadrature Phase Shift Keying (QPSK) and 16 Quadrature

Amplitude Modulation (16QAM) to transmit data over radio channels. The

benefit of 16QAM is that four bits of data are transmitted in each radio symbol

as opposed to two in QPSK. 16QAM increases data throughput, while QPSK

is effective under adverse conditions. Depending on the condition of the radio
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Modulation Effective Max. throughput Mbps

code rate 5 codes 10 codes 15 codes

QPSK 1/4 0.6 1.2 1.8

QPSK 2/4 1.2 2.4 3.6

QPSK 3/4 1.8 3.6 5.4

16 QAM 2/4 2.4 4.8 7.2

16 QAM 3/4 3.6 7.2 10.7

Table 2.1: Modulation and max throughput when 5,10,15 codes are allocated for

a specific user

channel, different levels of forward error correction (channel coding) can also be

employed. For example, a three quarter coding rate means that three quarters

of the bits transmitted are user-bits and the remaining one quarter are error-

correcting bits. The process of selecting and quickly updating to the optimum

modulation and coding rate is referred to as Fast Link Adaptation.

2.2.2 High Altitude Platforms (HAPs)

High Altitude Platforms are defined as airships or aircrafts, which are designed

to autonomously fly in the stratosphere at altitudes normally between 17 and

22 km. They can be utilized to provide wireless communications infrastructure.

HAPs offer many advantages comparing to terrestrial base station as larger area of

coverage and no shadowing for high elevation angles. The cell size in HAPs is far

more limited by an antenna radiation pattern than a terrain profile. Comparing to

satellite communications HAPs suffer less Free Space Loss and limited shadowing

at high elevation angles. Another advantage of using HAPs is the low cost of

deployment and a rapid deployment, especially in the event of a disaster [61].

Hence HAP-based communications are very important and highly complementary

to satellite systems, current wireless systems and terrestrial networks in the fully

converged IP based networks.

The ITU has allocated two bands of mm-wave frequencies (47-48 GHz and

28-31 GHz) for Broadband Fixed Wireless Access (BFWA) services from HAPs.
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The frequency spectrum for 3G mobile networks (around 2 GHz) has also been

allocated to HAPs [82].

There have been proposals and attempts (c.f.: the European Union sup-

ported projects such as HELINET, CAPANINA1 and COST 2972) to define HAP

telecommunications network architectures and protocols [9, 58, 87].

In these projects, the HAP-based telecommunication architecture is proposed

in a such way that it can be harmonized and coexisted with the existing solutions

and the evolution of wireless and core network concepts.

An unprecedented success of the second-generation wireless systems has al-

ready been witnessed. Great efforts have been spent by the research commu-

nity and the standards organisations (ETSI, ITU-T, 3GPP, EU ACTS and IST

projects) for the definition of a radio interface and network architectures for the

third-generation (UMTS) wireless networks in order to support a wide range of

services from voice and low-rate data up to high-rate data services, including

multimedia services, and circuit- and packet-oriented services to anyone, any-

time, anywhere. The foreseen evolution of wireless and core network concepts

would integrate and reuse the network elements of the second-generation wireless

networks in order to reduce the cost to the users. Moreover, UMTS as a repre-

sentative of International Mobile Telecommunications-2000 (IMT-2000 family),

is offering wide/broadband services to mobile users. The ITU has endorsed the

use of HAPs to carry base stations for the provision of UMTS wireless services.

From the Radio Frequency (RF) perspective, HAP-based communications have

been assigned the same spectrum as that of the terrestrial UMTS [82].

Therefore, the use of cellular standards from HAPs is generally seen as one

of the more acceptable and feasible scenarios, particularly in the light of allo-

cated frequencies in the 2 GHz frequency band to support IMT-2000 services

from HAPs [54]. Some previous researches have investigated the performance

of 3G standards on HAPs focusing on UMTS, W-CDMA [9, 41, 44, 57, 60] or

HSDPA [86], but results of these works are carried out by simulations.

The use of HAPs for UMTS is straightforward if HAPs carry and perform

Node-B and/or RNC functionality on board as shown in Figure 2.3.

1http://www.capanina.org
2http://www.hapcos.org
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Note that there exist previous works to evaluate a performance of AMC in

HAP-based networks, but that evaluation was performed using only a discrete

event simulation [58].

 RNC+Node-B RNC+Node-B 

RNC 

RNC 
NodeB 

NodeB 

UE UE 
UE 

Iu 

Access Network Domain Core Network 

UE 

Figure 2.3: RNC and Node-B on board, in HAP-based UMTS networks

2.3 The Queuing Model

In what follows the MM
∑K

k=1CPPk/GE/c/LG-queue with varying number

of servers (the Sigmavs queue) is briefly revisited. This will then be used for

modeling HSDPA User Equipments (UEs) in HAP environments in next section.

2.3.1 The arrival process

The arrival process is inherently modulated by an irreducible CTMC X. Let

ix = 1, 2, . . . , NX be the states of X and hence the phases of modulation in

the arrival process. Let QX denote its generator matrix. Then an off-diagonal

element QX(ix, k) , ix 6= k denotes the instantaneous transition rate from phase ix

to phase k. The ithx diagonal element of QX is given by,

QX(ix, ix) = −
ix−1∑
l=1

QX(ix, l)−
NX∑

l=ix+1

QX(ix, l). (2.1)
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Let the integer IX(t) represent the phase of the modulating process X at any

time t.

The arrivals, in each of the modulating phases, are the superposition of K

independent CPP [22] arrival streams of positive customers (referred also as

customers, here after), the parameters of which can depend on the phase of

modulation. The customers of the K different arrival streams are not distin-

guishable. Strictly during the modulating phase ix, the parameters of the GE

inter-arrival time distribution of the kth (k = 1, 2, . . . , K) customer arrival stream

are (σix,k, θix,k). That is, the probability distribution function of the inter-arrival

time (τix,k), strictly during phase ix for the kth stream of customers, is governed

by, Pr(τix,k = 0) = θix,k and Pr(0 < τix,k < t) = (1 − θix,k)(1 − e−σix,k·t). Thus,

each of the K arrival point-processes, strictly during a given modulating phase,

can be seen as batch-Poisson, with batches arriving at each point having geomet-

ric size distribution. Specifically, strictly during phase ix, the probability that a

batch is of size s is (1− θix,k)θs−1
ix,k

, for the kth stream of customers.

We introduce L to denote the queuing capacity, in all phases, including the

customers in service (L can be finite or infinite). We assume, when the number

of customers in the queue is j and the arriving batch size of customers is greater

than L − j (if L is finite), then only L − j customers are admitted and the rest

are rejected.

2.3.2 Varying number of servers and service parameters

The service facility has a number of homogeneous servers in parallel, each with

Generalized Exponential (GE)-distributed service times. The service discipline

is FCFS and each server serves at most one customer at any given time. The

operation of the GE server is similar to that described for the CPP arrival

process above. The allocated number of homogeneous servers and their service

parameters are modulated by an irreducible CTMC Y . Let iy = 1, 2, . . . , NY be

those modulating phases, or the states of Y . Let IY (t) represent the phase of the

modulating process Y at any time t. Then the number of allocated homogeneous

servers at time t is cIY (t), or simply ciy where iy = IY (t). And, each server

is with GE-distributed service time with parameters (µiy , φiy). Without loss of
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generality, we assume that c1 ≤ c2 ≤ . . . cNY
. Define c = cNY

, the largest of all

the ciys. Let QY denote the generator matrix of Y . Then an off-diagonal element

QY (iy, k) , iy 6= k, describes the instantaneous transition rate from phase iy to

phase k, and the ithy diagonal element is given by,

QY (iy, iy) = −
iy−1∑
l=1

QY (iy, l)−
NY∑

l=iy+1

QY (iy, l).

2.3.3 Negative customers

The queue introduced here does have provision for negative customers [15, 45, 50].

Negative customers neither wait in the queue, nor are served. The arrival process

of the negative customers is a CPP whose parameters are also modulated by the

Markov chain Y . Let (ρiy , δiy) be the GE parameters of the negative customer

arrivals in phase iy of Y . A negative customer removes a positive customer in the

queue, according to a specified killing discipline. We consider here a variant of

the RCE (removal of customers from the end of the queue) killing discipline [15],

where the most recent positive customer is removed from the end of the queue,

but which does not allow a customer actually in service to be removed. A negative

customer that arrives when there are no positive customers waiting to start service

has no effect. We may say that customers in service are immune to negative

customers or that the service itself is immune servicing. Such a killing discipline

is suitable for modeling e.g. load- balancing, where work is transferred from

overloaded queues but never the work that is actually in progress.

At time t, the number of allocated servers is ciy where iy = IY (t). When a

batch of negative customers of size l (1 ≤ l < j−ciy) arrives at time t, l (positive)

customers are removed instantly from the end of the queue, leaving the remaining

j − l positive customers in the system. Here j is the number of customers in the

queue just before the arrival of the batch of negative customers. If 1 ≤ j−ciy ≤ l,

then j − ciy customers are removed, leaving none waiting to commence service

(queue length or the number of customers in the system becomes ciy). If j ≤ ciy ,

then negative arrivals have no effect.
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ρiy , the average arrival rate of negative customers in phase iy of Y and ρ, the

overall average arrival rate of negative customers can obtained as,

ρiy =
ρiy

1− δiy
; ρ =

NY∑
iy=1

riyρiy (2.2)

2.3.4 Markov chain representation of the queue

Due to the Markovian nature of the time-distributions and modulations that

are involved, it is possible represent this queue by a CTMC towards possible

further analysis. Let the integer J(t) (0 ≤ J(t) ≤ L) represent the number of

customers in the system at time t. Then, the three-dimensional Markov chain

Z ‘ = {[IX(t), IY (t), J(t)]; t ≥ 0} with state space {1, . . . , NX} × {1, . . . , NY } ×
{0, . . . , L} can represent the queue fully.

The two state variables (IX(t), IY (t)) can be lexicographically sorted to form

a single variable I(t), as illustrated in the Table 2.2. The index transformation

Table 2.2: Ordering of the phase variable I(t)

I (IX , IY )

1 (1, 1)

2 (2, 1)
...

...

NX (NX , 1)

NX + 1 (1, 2)
...

...

2NX (NX , 2)
...

...

NXNY −NX + 1 (1, NY )
...

...

NXNY (NX , NY )
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is determined by the following equations:

I(t) = IX(t) + (IY (t)− 1)NX ,

IY (t) = fY (I(t)) =

⌊
I(t)− 1

NX

⌋
+ 1,

IX(t) = fX(I(t)) = (I(t)− 1) mod NX + 1.

Then we get the equivalent two-dimensional Markov chain Z = {[I(t), J(t)]; t ≥
0} with the state space {1, . . . , N} × {0, . . . , L} on a rectangular lattice strip, to

represent the system. Let I(t), the phase of Z, vary in the horizontal direction,

and, J(t), the level of Z, in the vertical direction. I(t) is essentially is governed by

the joint modulation of X and Y , and hence the generator matrix Q of the phase

process I(t) of Z can be obtained as Q = QY

⊕
QX where N = NX × NY and⊕

is the notation of the Kronecker sum of two matrices. Please note, if I(t) = i,

then we can write ix = IX(t) = fX(i) = fX(I(t)), iy = IY (t) = fY (i) = fY (I(t)).

2.3.5 Batch departures

It is to be noted that the batch size associated with a service completion (GE

service times) is bounded (maximum limit) by one more than the number of cus-

tomers waiting to commence service at the departure instant. When the state of

Z is (i, j), then the number of allocated servers is ciy where iy = fY (i). If j > ciy ,

then maximum batch size at departure instant would be j − ciy + 1, only one

server being able to complete a service period at any one instant under the as-

sumption of exponentially distributed batch-service times. Thus, the probability

that a departing batch has size s is (1 − φiy)φs−1
iy

for 1 ≤ s ≤ j − ciy and φ
j−ciy
iy

for s = j − ciy + 1. In particular, when j = ciy , the departing batch has size

1 with probability one, and this is also the case for all 1 ≤ j ≤ ciy since each

customer is already engaged by a server and there are then no customers waiting

to commence service.

It is assumed that the first positive customer in a batch arriving at an instant

when the queue length is less than ciy (so that at least one server is free) never

skips service, i.e. always has an exponentially distributed service time. However,

even without this assumption the methodology described in this section is still

applicable with minor modifications.
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2.3.6 Condition for stability

When L is finite, the system is ergodic since the representing Markov process

is irreducible. Otherwise, i.e. when L = ∞, the overall average departure rate

increases with the queue length, and its maximum (the overall average departure

rate when the queue length tends to ∞) can be determined as,

µ =
N∑
i=1

ciy · ri · µiy
1− φiy

, (2.3)

Where ri is the probability that the phase of Z is i. Hence, we conjecture that the

necessary and sufficient condition for the existence of steady state probabilities

is,

σ < ρ+ µ . (2.4)

The above condition is obvious and intuitively appealing.

2.3.7 The steady state balance equations

From the two-dimensional Markov chain Z, the state of the system at any time t

can be specified completely by two integer-valued random variables, I(t) and J(t).

Note that I(t) varies from 1 to N , representing the phase of the joint modulation

by X and Y . Identifier J(t) varies from 0 to L, representing the number of

customers in the system at time t, including any in service. We denote the

steady state probabilities by {pi,j}, where pi,j = limt→∞ Pr(I(t) = i, J(t) = j),

and let vj = (p1,j, . . . , pN,j). Whenever i = I(t), then ix = fX(i) and iy = fY (i).

The process Z evolves due to the following instantaneous transition rates:

(a) Q(i, k) – purely lateral transition rate – from state (i, j) to state (k, j), for

all j ≥ 0 and 1 ≤ i, k ≤ N (i 6= k), caused by a phase transition in the

Markov chain governing the arrival phase process. Q(i, i) is the ith diagonal

element of the generator matrix Q of I(t).

(b) Bi,j,j+s – s-step upward transition rate – from state (i, j) to state (i, j + s),

for all phases i, caused by a new batch arrival of customers of batch size s.

For a given j, s can be seen as bounded when L is finite and unbounded

when L is infinite;
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(c) Ci,j+s,j – s-step downward transition rate – from state (i, j+s) to state (i, j),

(j ≥ ciy + 1) for all phases i, caused by either a batch service completion of

size s or a batch arrival of negative customers of size s;

(d) Ci,ciy+s,ciy
– s-step downward transition rate – from state (i, ciy +s) to state

(i, ciy), for all phases i, caused by a batch arrival of negative customers of

size ≥ s (greater than or equal to s) or a batch service completion of size

s (1 ≤ s ≤ L− ciy);

(e) Ci,ciy−1+s,ciy−1 – s-step downward transition rate, from state (i, ciy − 1 + s)

to state (i, ciy − 1), for all phases i, caused by a batch departure of size

s (1 ≤ s ≤ L− ciy + 1);

(f) Ci,j+1,j – 1-step downward transition rate, from state (i, j+1) to state (i, j),

(ciy ≥ 2 ; 0 ≤ j ≤ ciy − 2), for all phases i, caused by a single departure.

The upward transition rates can be determined as follows.

Bi,j−s,j =
K∑
k=1

(1− θix,k)θs−1
ix,k

σix,k (∀i; 0 ≤ j − s ≤ L− 2 ; j − s < j < L);

Bi,j,L =
K∑
k=1

∞∑
s=L−j

(1− θix,k)θs−1
ix,k

σix,k =
K∑
k=1

θL−j−1
ix,k

σix,k (∀i; j ≤ L− 1);

The downward transition rates are

Ci,j+s,j = (1− φiy)φs−1
iy

ciyµiy + (1− δiy)δs−1
iy

ρiy

(∀i; ciy + 1 ≤ j ≤ L− 1; 1 ≤ s ≤ L− j);

= (1− φiy)φs−1
iy

ciyµiy + δs−1
iy

ρiy (∀i; j = ciy ; 1 ≤ s ≤ L− ciy);

= φs−1
iy

ciyµiy (∀i; j = ciy − 1; 1 ≤ s ≤ L− ciy + 1);

= 0 (∀i; ciy ≥ 2; 0 ≤ j ≤ ciy − 2; s ≥ 2);

= (j + 1)µiy (∀i; ciy ≥ 2; 0 ≤ j ≤ ciy − 2; s = 1).

Define,
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Bj−s,j = Diag [B1,j−s,j, B2,j−s,j, . . . , BN,j−s,j] (j − s < j ≤ L);

Bs = Bj−s,j (j < L)

= Diag

[
. . . ,

K∑
k=1

σix,k(1− θix,k)θs−1
ix,k

, . . .

]
;

ek = [1, 1, . . . , 1] column vector of size k in which all elements are 1

Ek = Diag(ek)

Σk = ENY

⊗
Diag [σ1,k, σ2,k, . . . , σNx,k] (k = 1, 2, . . . , K);

Θk = ENY

⊗
Diag [θ1,k, θ2,k, . . . , θNx,k] (k = 1, 2, . . . , K);

Σ =
K∑
k=1

Σk;

Ij>x = 1 if j > x else 0

Rj = Diag
[
ρ1Ij>c1 , ρ2Ij>c2 , . . . , ρNY

Ij>cNY

]⊗
ENX

;

R = Diag [ρ1, ρ2, . . . , ρNY
]
⊗

ENX
;

∆ = Diag [δ1, δ2, . . . , δNY
]
⊗

ENX
;

Φ = Diag [φ1, φ2, . . . , φNY
]
⊗

ENX
;

Cj = Diag [µ1 min(j, c1), µ2 min(j, c2), . . . , µNY
min(j, cNY

)]
⊗

ENX
;

C = Diag [µ1c1, µ2c2, . . . , µNY
cNY

]
⊗

ENX
;

Cj+s,j = Diag [C1,j+s,j, C2,j+s,j, . . . , CN,j+s,j] ; .
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Then, we get,

Bs =
K∑
k=1

Θs−1
k (EN −Θk)Σk; B1 = B =

K∑
k=1

(EN −Θk)Σk;

BL−s,L =
K∑
k=1

Θs−1
k Σk;

Cj = C (j ≥ cNY
) ;

Rj = R (j ≥ cNY
) ;

Cj+s,j = C(EN − Φ)Φs−1 +R(EN −∆)∆s−1

(cNY
+ 1 ≤ j ≤ L− 1; s = 1, 2, . . . , L− j).

The steady state balance equations are,

L∑
s=1

vL−sBL−s,L + vL [Q− C −R] = 0; (2.5)

j∑
s=1

vj−sBs + vj [Q− Σ− Cj −Rj] +

L−j∑
s=1

vj+sCj+s,j = 0; (2.6)

(0 ≤ j ≤ L− 1)

L∑
j=0

vjeN = 1 . (2.7)

The steady state probabilities vj can be obtained by directly solving the

balance equations or using the more efficient methodology in [18].
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2.4 Performance evaluation of UEs in HAP en-

vironments

In this section, the proposed queueing model in section 2.4.1 is used for per-

formance evaluation of HSDPA UE categories in HAP based communications

networks taking into account a fading channel behavior in HAP environments.

The superposition of Markov modulated CPP ’s can help to model batch ar-

rivals with various batch-size distributions, autocorrelations of inter-arrival times

and autocorrelation of batch sizes. The Markov modulation of the GE service

times and number of allocated servers help to model the required varying num-

ber of servers with batch services. Therefore this model and many of the other

variants of the Sigma and the HetSigma models are applicable to the perfor-

mance evaluation of the emerging high-speed networks, NGN, Next Generation

Internet (NGI) and grid computing systems. The present queuing model is thus

an integrated one, suitable for the non-trivial and complicated task of modeling

HSDPA. The illustration of that applicability is taken up in this section. We

consider a wireless connection between a specified wireless user and its Node-B,

and assume that an ideal feedback channel exists.

2.4.1 An integrated analytical performance model

We consider the wireless connection with an ideal feedback channel between any

specified wireless user and its Node-B. The features of the proposed queueing

model are as follows:

• Packet arrival process:

The packet arrival process is a Markov modulated CPP s process (at the

transport block level). The arrival process is thus inherently modulated by a

continuous time, irreducible Markov process, X, with NX states (i.e. phases

of modulation). Such a traffic model can accommodate both inter-arrival

correlations and traffic burstiness. Let QX be the generator matrix of X. In
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the modulating phase i, the parameters of the GE1 inter-arrival time [22]

distribution of the packet arrival stream are (σi, θi). That is, the inter-

arrival time probability distribution function is 1− (1− θi)e−σit, in phase i.

Thus, the arrival point-process can be seen as batch-Poisson, with batches

arriving at each point having geometric size distribution. Specifically, the

probability that a batch is of size s is (1− θi)θs−1
i , in phase i.

• CQI reporting process:

In HSDPA, the UE calculates the Down Link (DL) CQI based on the re-

ceived signal quality measured at the UE. Then, it sends the CQI (integer

number) on the HS-DPCCH channel to indicate which estimated transport

block size, modulation type and number of parallel codes (i.e.; physical

channels) could be received correctly with reasonable block error rate in

the DL. The higher the CQI is, the better the condition of the channel and

the more information can be transmitted.

Since the CQI integer value sent by an UE varies between 0 and 30, a

continuous time first-order markov chain (called Z) of NZ = 31 states

is used to model the CQI reporting process which depends on the fading

channel dynamics.

• Physical channel allocation for a single user:

Servers in the queueing model correspond to multi-codes allocated for the

specific UE that is under consideration, in this study. In HSDPA an user

may simultaneously utilise up to 15 codes (physical channels) in parallel.

The available code resources are primarily shared in the time domain but

it is possible to share the code resources using code multiplexing too. The

number of available physical channels for a specified user is determined by

the channel assignment scheme (i.e. the resource allocation policy), which

takes into account traffic to and from other users. The dynamic allocation

1The GE [22, 85] is the only distribution that is of least bias, if only the mean and variance

are reliably computed from the measurement data. It will be shown that the GE is accurate

enough to model Internet traffic (i.e.: GE parameters are estimated from the captured Internet

traffic) and to be used for the performance evaluation in telecommunication systems.
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results in a varying number of available (allocated) channels, with respect

to a given user. Since the arrival processes from other users are Markovian,

the resource allocation is reasonably approximated by a Markovian process

from the point of view of a specific user. We assume that the available

channels for the specified user is modulated by a Markov process, called U ,

with NU states and QU generator matrix.

• No packet loss is assumed in the air interface!

The entire system is thus modulated by a single Markov process which is the

result of the combination (resultant generator matrix actually obtained by the

Kronecker sum of the individual generator matrices) of the three independent

Markov modulations: (i) the modulating process (X) of the arrival traffic, (ii)

the Markov process (Z) characterizing the fading channel behavior, and (iii) the

Markov process (U) representing the channel allocation policy.

If Y denotes the effective Markov chain jointly modulating the arrival process,

the wireless channel-fading and the number of channels allocated, then Y can be

determined quite easily from X, Z and U , with NY = NX × NZ × NU states or

phases. The generator matrix of Y can be determined as the Kronecker sum of

the generator matrices of X, Z and U .

QY = QX

⊕
QZ

⊕
QU . (2.8)

Let the queuing capacity be L at Node-B which includes packets under service

and packets waiting to be served. The state space of the queue formed at Node-B

at any time t can be specified completely by two integer-valued random variables,

I(t) and J(t). I(t) varies from 1 to NY , representing the phase of the modulating

Markov chain Y , and 0 ≤ J(t) < L+1 represents the number of positive customers

in the system at time t, including any in service. The queue is now represented

by a continuous time, discrete state Markov process, V , on a rectangular lattice

strip. Let I(t), the phase, vary in the horizontal direction and J(t), the queue

length or level, in the vertical direction. Therefore the entire system now can be

modeled by a special variant of the MM
∑K

k=1CPPk/GE/c/L G-queue presented

in the section 2.3.
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It is worth emphasizing that the calculation of QU is not the focus of this

work. Furthermore, in the numerical study we will apply NU = 1 because we

want to compare the performance of HSDPA UE categories.

2.4.2 Fading channel behavior

Due to operating environment, wireless signals from HAP are affected by envi-

ronments such as rain attenuation, scattering, etc. In order to characterize the

channel behavior in the HAP environment we proceed as follows.

The instantaneous Signal-to-Noise Ratio (SNR) is defined as Γ = R2

BW× N0
,

where BW is the bandwidth, N0 is the one-sided power spectral density of the

noise and R denotes the fading amplitude. Without the loss of generality, BW ×
N0 = 1 is assumed, then the SNR now is equal to the power of the signal with its

average value is Γ̄ = E[R2] (cf. [53]). Then the relation between the probability

density function of Γ and fR(r) – the probability density function of R– is given

as follows1

fΓ(γ) =
fR
(√

γ
)

2
√
γ

. (2.10)

Following Loo’s model [67], the amplitude of the received signal is obtained

from the sum of the Line-of-Sight (LOS) component and the multipath compo-

nent. The LOS path component follows the lognormal distribution with mean

α (in dB relative to LOS) and standard devition Ψ (dB), while the multipath

component is characterized by Rayleigh fading with its average power MP (in

dB relative to LOS). Therefore, its probability density function is given by [67]:

fR(r) =
r

b0

√
2πd0

∫ ∞
0

1

z
exp

[
− (ln z − µ)2

2d0

− r2 + z2

2b0

]
I0

(rz
b0

)
dz (2.11)

where µ, d0 and b0 are related to α, Ψ and MP as:

α = 20 log10(eµ), Ψ = 20 log10(e
√
d0), MP = 10 log10(2b0) (2.12)

1 Ψ is a random variable with the probability density function fΨ(x). Define random

variable Υ = g(Ψ), where g is an invertible function (i.e: Ψ = h(Υ)). Then the probability

density function of Υ is

fΥ(y) = h′(y)fΨ(h(y)) (2.9)
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Using (2.10), the pdf (probability density function) of the SNR is obtained as:

fΓ(γ) =
1

2b0

√
2πd0

∫ ∞
0

1

z
exp

[
− (ln z − µ)2

2d0

− γ + z2

2b0

]
I0

(√γz
b0

)
dz (2.13)

The Level Crossing Rate (LCR) is defined as an expected rate at which the

envelope r crosses a specific level R with positive slope ([75]):

ℵR(rth) =

∫ ∞
0

ṙg(rth, ṙ)dṙ (2.14)

where ṙ is the time derivative of the signal envelope and g(rth, ṙ) is the joint pdf

of the envelope and its derivative ṙ computed when r equals the threshold level

rth. It is straightforward to show that ℵΓ(r2
th) = ℵR(rth).

For the slowly varying LOS, the LCR for Loo’s model is derived in [75] using

the pdf-based approach:

ℵΓ(γth) =

√
βγth

π2b0

√
d0

exp

(
− γth

2b0

)∫ ∞
0

1

z
exp

[
− (ln z − µ)2

2d0

]
∗ exp

(
− z2

2b0

)∫ π/2

0

cosh

(√
γthz cosx

b0

){
exp [−(εz sinx)2]

+
√
πεz sin (x)erf(εz sinx)

}
dxdz (2.15)

where cosh(.) is the hyperbolic cosine, erf(.) is the error function given by

erf(y) =
2√
π

∫ y

0

exp (−x2)dx.

Others parameters are derived from the material in [75] with some simplifications:

β = 2b0f
2
d (π2 − 8)

ε =
2√

b0(π2 − 8)

where fd is the mobility-induced Doppler spread.

The popular model for HAP communications divides the channel behavior

(between the HAP and ground terminal) into three states [42, 83]. The chan-

nel is in the LOS state when the ground terminal and the HAP are in the LOS
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condition. The second state represents the lightly shadowed channel condition,

while the third state represents the channel condition of deep shadow. The fad-

ing amplitude of the received signal in each state follows the Loo distribution

with different {α,Ψ,MP} triplets. Then the instantaneous SNR of the channel

can be modeled as independent random variables A, B, C for the three states,

respectively. Denote PA, PB and PC as the occurrence probabilities of LOS (A),

shadowed (B) and blockage (C) states, respectively. Then the mixed pdf (prob-

ability density function) of the SNR can be given as:

fmix(γ) = PAfA(γ) + PBfB(γ) + PCfC(γ) (2.16)

and the mixed LCR can be obtained as:

ℵmix(γth) = PAℵA(γth) + PBℵB(γth) + PCℵC(γth) (2.17)

Since the CQI integer value sent by UE varies between 0 and 30, we partition

the range of the SNR into NZ = 31 intervals and use a continuous time first-

order Markov chain Z of NZ states to characterise the fading channel (that is,

the SNR in state i (denoted by Si) is associated with γ ∈ [γi, γi+1). Note that

γ1 = 0, γNZ+1 =∞ dynamics. Each interval corresponds to a CQI value reported

by a specific UE to its Node-B. The CQI corresponding to the fading channel state

Si is i − 1, for i = 1, 2, . . . , NZ . These NZ intervals (partitions) are determined

based on the equation between CQI and SNR [11]:

CQI =


0, SNR ≤ −16⌊
SNR
1.02

+ 16.62
⌋
, −16 ≤ SNR ≤ 14

30, SNR ≥ 14

(2.18)

The elements of the generator matrix, QZ , can be determined as follows

QZ(k, k + 1) = ℵk+1/πk (k = 1, 2, . . . , 30)

QZ(k, k − 1) = ℵk/πk (k = 2, 3, . . . , 31) (2.19)

The level crossing rate (ℵn) of mode n (the AMC mode n is chosen when

the channel is in state Sn) is obtained using equation (2.17) as ℵn = ℵmix(γn),
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n = 1, 2, . . . , 31, and

πk =

∫ γk+1

γk

fmix(γ) dγ. (2.20)

2.4.3 A Numerical Study

We assume that data is transferred from the network to a specified UE (withNU =

1 assumed), which means the number of allocated channels to an UE depends

only on the channel state (i.e. the state of process Z). The queuing capacity at

Node-B of this specified UE is assumed to be 150. Traffic is assumed to follow

the GE distribution with parameter pair (σ = 151.360101(1/sec), θ = 0.544786),

which are estimated from the Auckland traffic trace [3], based on the method

of moment matching. It is worth emphasizing that the service parameter for

each UE category is determined based on the statistical data of the length of

data packets from the trace and the transfer data unit of each UE specified

in [1, 2]. The channel parameters in Table 2.3 for the study are based on the

result reported in [43], which have been calculated from part of the ESA/ESTEC

(European Space Agency) Land Mobile Satellite (LMS) measurement database.

Thus, we can calculate the necessary parameters for our analytical evaluation.

From Table 2.3 and a traveling speed of UEs (which have impact on the Doppler

spread), we can have the summary of the statistics of the reported CQI values

from UE in Table 2.4.

2.4.3.1 Validation with a simulation

To validate our model, we compare the results obtained by the simulation with

those obtained by our analytical model. The starting point of our investigation

is to modify the ns-2 based EURANE1 simulator, which was designed to simu-

late the HSDPA. The first modification in the code was performed to feed the

simulator with the Auckland Internet traffic trace [3]. The traffic input is 2 hour

traffic trace from the Auckland VI traceset as shown in Figure 2.4. The second

modification was done in order to incorporate the HAP channel model presented

in Section 2.4.2.

1http://www.ti-wmc.nl/eurane

-30-



2.4 Performance evaluation of UEs in HAP environments

Table 2.3: Model parameters for different elevations and different channel condi-

tions (A: LOS, B: intermediate shadow and C: deep shadow)

Elevation

Urban, hand-held antenna Suburban, car roofted antenna

α Ψ MP Occurrence α Ψ MP Occurrence

(dB) (dB) (dB) prob. (dB) (dB) (dB) prob.

10o A -0.7 1.9 -38.3 0.0496 -0.1 0.5 -19.0 0.4389

B -18.4 8.6 -14.7 0.1397 -8.7 3.0 -12.0 0.2599

C -24.4 9.4 -23.9 0.8107 -12.1 6.0 -25.0 0.3012

20o A 0.7 2.1 -25.5 0.0018 0.0 1.5 -25.0 0.6666

B -10.0 4.9 -23.3 0.1058 -6.3 3.5 -20.0 0.1609

C -25.3 7.9 -26.5 0.8924 -9.0 5.0 -21.0 0.1725

30o A 0.4 2.5 -34.0 0.1215 -0.5 1.0 -15.0 0.7467

B -11.5 5.4 -16.0 0.2726 -4.7 1.5 -19.0 0.1511

C -19.2 7.0 -22.0 0.6059 -7.0 3.0 -20.0 0.1022

40o A -0.2 1.0 -32.9 0.0219 -0.3 1.5 -14.0 0.1626

B -8.6 3.8 -16.1 0.1403 -4.5 1.0 -21.0 0.7642

C -15.1 2.6 -16.0 0.8378 -7.1 2.0 -21.0 0.0732

50o A 0.0 0.5 -34.5 0.0602 -0.5 1.0 -17.0 0.0275

B -6.1 2.7 -17.0 0.2739 -6.5 2.5 -17.0 0.7611

C -13.0 4.3 -17.7 0.6660 -14 2.5 -20.0 0.2114

60o A 0.1 1.9 -27.2 0.0669 -1.0 1.0 -15.0 0.0634

B -6.9 2.2 -18.6 0.2863 -6.0 2.5 -17.0 0.5337

C -13.1 4.2 -19.7 0.6468 -10.2 4.0 -15.0 0.4029

70o A -0.7 1.8 -25.1 0.0040 -0.2 0.5 -15.0 0.0000

B -5.7 1.0 -23.8 0.1680 -6.0 2.1 -17.0 0.8956

C -12.7 3.2 -20.2 0.8280 -11.5 2.0 -20.0 0.1044
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Other assumptions made in the simulation are (i) no packet loss in air interface

and (ii) Hybrid Automatic Repeat Request (HARQ) is not used.

Figure 2.4: First 2 hour captured traffic from Auckland VI/20010612-060000-e1

traceset.

In Figure 2.5 we present results related to the UE category 10 (similar results

are obtained for other categories). It can be observed that our model can provide

a good estimate for the performance of the UE categories.

2.4.3.2 Impact of an elevation of HAP

In what follows the impact of the elevation of the platform on the throughput of

the UEs is investigated. In Figure 2.6, we compare the throughput of different
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Figure 2.5: Validation of analytical results with simulation (throughput in Mbps)

Table 2.4: Average of CQI vs elevation angles

Elevation

Average CQI

Suburban area Urban area

(5km/h) (50km/h)

10o 14.322561 4.548156

20o 15.215819 2.879117

30o 19.258761 7.625977

40o 17.093137 8.51484

50o 16.110073 11.339293

60o 13.116639 11.060468

70o 13.53116 9.932253
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UE categories in a suburban environment with the elevation angle of 20o, an UE

traveling speed of 50km/h is assumed and normalized LOS ranges from 4dB to

10dB. It is observed that higher UE categories cannot provide advantage for the

subscribers in this environment.
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Figure 2.6: Comparison of different UE categories

Figure 2.7 plots the throughput of the UE category 10 versus the elevation

angle for an urban area with traveling speed of 3km/h (pedestrian user) and

a suburban area with a traveling speed of 50km/h (subscribers traveling in a

car). The behavior of the curves can be explained by the characteristic of the

reported values of CQI (see Table 2.4). It worth emphasizing that the intention

of Figure 2.7 is not to compare the throughput of UE traveling at different speeds

(because the measurement data concerning each traveling speed may not reflect

the same condition (c.f. [43]). It turns out that subscribers traveling in a car get

approximately stable throughput performance. It is observed that the throughput

of a pedestrian subscriber strongly depends on the elevation angle. For example,
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Figure 2.7: Throughput versus elevation angles (SNR=5dB, UE 10)

when the elevation angle changes from 10o to 20o, the performance decreases,

which can be interpreted when we plot the probability of the CQI as in Figure 2.8.

The good news for the pedestrian users is that their elevation angle is not changed

rapidly due to their low traveling speed (3km/h assumed).

Now, let us focus on the impact of traveling at higher speed (we fix the

elevation angle to be at 20o) in a suburban area. In Figure 2.9, we compare the

the throughput of UE category 3-4, 5-6, and 10 for traveling speeds of 50km/h

and 72km/h. It can be observed that in low normalized power of LOS, the

speed of the 72km/h case provided higher throughput. However, the increment

of throughput curves in 50km/h is much faster, and those curves exceed the curves

of the 72km/h case as expected, when normalized power of LOS increases.

The throughput with the traveling speed 50 km/h in the urban area is plotted

in Figure 2.10. It can be observed that the curves pertaining to 20o and 300 as

well as the curves pertaining to 50o and 60o have the same form.

-35-



2. ANALYTICAL MODEL OF HAP-BASED HSDPA NETWORKS

 1e-006

 1e-005

 0.0001

 0.001

 0.01

 0.1

 1

 10

 0  5  10  15  20  25  30

Pr
ob

ab
ili

ty

CQI

elevation=10 degree
elevation=20 degree
elevation=30 degree

Figure 2.8: Probability of CQI values

 1.1

 1.15

 1.2

 1.25

 1.3

 1.35

 1.4

 3  4  5  6  7  8  9  10  11

A
ch

ie
ve

d 
th

ro
ug

hp
ut

 (
M

bp
s)

Normalized power of LOS (dB)

UE10, 50km
UE5-6, 50km
UE3-4, 50km
UE10, 72km

UE5-6, 72km
UE3-4, 72km

Figure 2.9: Comparison of different speeds in suburban with elevation angle is

200

-36-



2.4 Performance evaluation of UEs in HAP environments

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 3  4  5  6  7  8  9  10  11

A
ch

ie
ve

d 
th

ro
ug

hp
ut

 (
M

bp
s)

LOS in dB

10 degree elevation
20 degree elevation
30 degree elevation
50 degree elevation
60 degree elevation

Figure 2.10: Throughput via different elevation angles

-37-





Chapter 3

A Radio Spectrum Renting

Model in Mobile Cellular

Networks



3. SPECTRUM RENTING IN MOBILE CELLULAR NETWORKS

3.1 Introduction

At present, the exclusive access right to certain radio frequency bands is licensed

to mobile network operators by governments. The license of frequency bands is

guaranteed based on the result of spectrum auctions. However, it is recognized

that the exclusive access may lead to the inefficient use of spectrum [56, 77].

Network operators can utilize spectrum renting to increase the efficiency of the

spectrum usage [48, 56, 73, 77, 90, 91] and to relieve the temporary capacity

shortage of a particular cell in a mobile cellular network. For example when the

number of calls increases in a specific area, a network operator could decide to

rent a frequency band from another operator to keep or enhance the grade of

service of calls.

In the literature, there are several works [90, 91] which attempted to model the

aspects of spectrum renting. However, the assumption [90, 91] that user channels

(one user channel is used to serve one subscriber) can be rented in one unit is not

realistic because of the current specifications for mobile cellular networks. Since

the separate blocks of user channels are defined in each frequency band, and each

block should be controlled by a single network operator, it is impossible to rent

one channel due to the control and security reason.

In this chapter, we simultaneously integrate the aspects of renting policies

involving a block of user channels and call admission control in wireless cellular

networks in one analytical model. The main contributions of this work are as

follows. We take into account that (i) a rented frequency band accommodates

the number of user channels. We propose (ii) the operation rule based on a

hysteresis control with two thresholds for the network operator to rent or give

back frequency bands based on the offered traffic. Furthermore, we incorporate

(iii) several variants of the Fractional Guard Channel (FGC) policy [79, 80] in our

model. We show that (iv) the proposed queueing model can accurately evaluate

mobile networks with call durations following the log-normal distribution and

only spectrum renting can be used to decrease the blocking probability of fresh

calls without compromising the grade of service of handover calls.

The rest of this chapter is organized as follows. We explain the technical

background behind our modeling approach in Section 3.2. Modeling assumptions
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are presented in Section 3.3. A queueing model is described in Section 3.4. A

numerical study is given in Section 3.5.

3.2 Technical Background

3.2.1 Block of User Channels

To satisfy the demand of voice calls from a large number of subscribers the whole

coverage area of a specific mobile network operator is divided into a number of

regular shaped cells, each assigned a number of frequency bands and controlled

by a base station [49, 66]. Note that radio frequency bands are taken from the

spectrum licensed to the mobile network operator.

At present there are two main alternatives for multiple access technology

in the radio interface between mobile phones and base stations to support the

simultaneous voice communication of subscribers.

• The first alternative is the Frequency and Time Division Multiple Ac-

cess (FDMA/TDMA) technique that is specified in the most popular stan-

dard for Global System for Mobile Communication (GSM) networks [66].

The whole spectrum owned by the operators is divided into a number of

single carrier channels of 200 KHz. Then, each carrier channel is subdivided

into eight time slots, which accommodate eight full-rate or sixteen half-rate

speech channels per radio frequency. Furthermore, a control channel such

as Slow Associated Control Channel (SACC) is also defined in each carrier

channel.

• The second alternative for the radio interface is the Code Division Multiple

Access (CDMA) based on spread-spectrum technology and a code division

scheme [81]. Normally, a number of spectrum bands of a certain size (e.g.,

1.25 Mhz in CDMA2000, 5 Mhz in W-CDMA) are licensed to a specific

mobile network operator. A spread spectrum multiple access technique as-

signs a different code, that is orthogonal to a code used by another user

equipment, to each user to modulate their signal. The different codes will
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help to separate information of users in the same spectrum band. As a con-

sequence, the allocation of codes must be carefully planned and controlled

by an operator whom mobile phones request a channel from.

At present, the blocks of speech channels are defined in each frequency band, and

each specific block should be controlled by a single network operator. Therefore,

each rented frequency band comes with a number of channels for a mobile network

operator.

3.2.2 An Environment for Spectrum Renting

Peha [77] outlined several examples of spectrum-sharing model with a spectrum

policy reform. We assume that network operators cooperate with each other in a

dynamic market to perform spectrum renting based on some economic principles

and bid mechanism [12, 48, 51, 52, 56, 62].

3.2.3 Call Admission Control

When a subscriber initiates a new call, a specific base station (often the nearest

base station at the instant the call is initiated) should assign a channel to the

new call. The competition for channels begins when a subscriber moves from

one cell to another cell during the call. Ongoing calls from subscribers that are

traveling from one cell to another cell are termed as handover calls. The limited

number of channels in a specific cell and the competition between calls may cause

great annoyances for traveling subscribers because of the ongoing call disruption

problem at the boundary of cells. Therefore, the network operator must apply

an appropriate procedure to ensure the minimal interruption of ongoing calls.

The guard channel policy is the well-known technique to provide a priority for

handover calls over fresh calls in order to minimize the ongoing call disruption.

Network operators exclusively reserve some so-called guard channels for handover

calls [55]. The FGC policy as the generalization of the guard channel concept

was introduced by Ramjee et al. [80], which can be used to control call admission

policy in mobile cellular networks.
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3.3 Modeling Assumptions
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Figure 3.1: Resource contention and spectrum renting

We consider a particular cell in a cellular mobile system with infinite user

population (see Figure 3.1). Without renting frequencies there are n channels

to serve incoming calls. Let I(t) denote the number of occupied channels in a

specific cell and J(t) (0 ≤ J(t) ≤ L) be the number of rented frequencies, where

L is the maximum number of rented frequency bands. The number of available

channels is Nj = n + jnR for J(t) = j if nR is the number of channels in one

rented frequency.

The interarrival times of new calls and handover calls are exponentially dis-

tributed with rate λF and λH , respectively. Let λ = λF + λH .

We assume that call durations (of new calls and handover calls) in the cell

are exponentially distributed with mean 1/µ to obtain a mathematically tractable
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model. This assumption is normally applied in various queueing models for mobile

networks [8, 31, 33, 89, 90, 91]. We will show in Section 3.5 that our model with

the exponential distribution of channel holding times can be used to evaluate

the performance of cellular networks where the holding times of calls follow the

log-normal distribution. Note that Jedrzycki and Leung [59] first reported that

the holding times of calls in cellular networks have the log-normal distribution.

In what follows we explain the interaction between the arrival of calls, the

admission policy and the spectrum renting policy illustrated in Figure 3.1.

3.3.1 Call Admission Policy

The FGC policy has a call admission rule that accepts a new call with prob-

ability βi,j and handover calls with probability 1 for I(t) = i and J(t) = j.

Following [21], several variants of the FGC policy can be established with the

appropriate setting of parameters:

• the Limited average Fractional Guard Channel (LFGC) policy is defined

with the following values of the parameters: βi,j = 1 (0 ≤ i ≤ Nj−bgc−2),

βNj−bgc−1,j = 1− g+ bgc and βi,j = 0 (Nj −bgc ≤ i < Nj), where g denotes

the real number of reserved channels.

• the FGC becomes the Uniform Fractional Guard Channel (UFGC) policy

if βi,j = β (0 ≤ i < Nj).

• the Quasi-Uniform FGC (QUFGC) policy is defined with the following set-

ting: βi,j = 1 (0 ≤ i ≤ Nj−bgc−2), βi,j = 1−g+bgc (Nj−bgc−1 ≤ i < Nj),

where g denotes the real number of reserved channels.

• the FGC is Non Prioritization Scheme (NPS) for βi,j = 1 (0 ≤ i < Nj).

3.3.2 Spectrum Renting Policy

We assume that a frequency band can be rented for a limited time period called a

lease time that follows the exponential distribution with parameter η. Of course,
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an appropriate value should be chosen to improve the performance of the op-

erators. Besides a lease time, the following policy is also applied based on the

following hysteresis control with two thresholds for the network operator:

• if the number of free channels is equal to or less than t1 upon the acceptance

of a call based on the FGC policy, the network operator initiates the request

to rent a new frequency band. Let ϑ denote the probability that the request

for a new frequency band is successful. If the request for a new frequency

band fails (with probability 1−ϑ), the network operator retries with rate α

as long as the number of free channels less than or equal to t1. In addition,

a new frequency will be utilized as long as the number of free channels

less than or equal to t1. Note that there may be several requests for an

additional frequency at a specific time instant. In this work, we assume

that the operator should send necessary identifiers to group requests (note

that requests for frequency band j + 1 belong to the same group when the

number of rented frequencies is j). Furthermore, the first success will cancel

all the requests belonging to the specific group. The owner will not release

any further positive answer (to requests from the specific group) after the

first positive acknowledgement of allowing the use of a new frequency.

• if the number of free channels is equal to t2 + nR and the number of rented

frequencies is j upon the departure of a call, the operator returns one rented

frequency.

Two parameters t1 and t2 of the spectrum renting policy are used to tune the

performance of the system. It is obvious that the later the network operator

returns back frequency bands, the smaller the blocking probabilities of fresh calls

and handover calls are. However, the trade-off is a rate a network operator

should pay for a rented frequency band, which is an incentive to return the rented

frequency band as soon as possible.

3.4 A Queueing Model

The system is modeled by a two-dimensional Continuous Time Markov Chain

(CTMC) on the state space of pairs (I(t), J(t)). The system is driven by the
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following types of events:

1) the arrival of new calls and handover calls;

2) the departure of calls;

3) the request process for a spectrum (the request is immediately started when

the number of free channels reaches the threshold value t1 and the number

of rented frequencies below L. If the first request was unsuccessful, the

retrial request for a frequency happens with rate α as long as the number

of free channels remain below t1); and

4) the expire of the lease time of rented frequencies.

Therefore, the following types of transitions are possible between the states of

the CTMC:

• (i, j) ⇒ (i + 1, j) for 0 ≤ i < Nj and 0 ≤ j ≤ L: these transitions are due

to the acceptance of calls based on the call admission policy,

• (i, j)⇒ (i, j+ 1) for i ≥ Nj − t1: these transitions are due to the successful

request for a new frequency,

• (i, j)⇒ (i− 1, j) for i > 0 (if j = 0) or 0 < i 6= Nj − t2 + 1 (if j > 0): these

transitions happen when a call departs from the system,

• (i, j)⇒ (i− 1, j − 1) for i = Nj−1− t2 + 1 and 0 < j ≤ L: these transitions

are initiated by the departure of a call and the decision to release the rented

frequency,

• (i, j)⇒ (min(i, Nj−1), j−1) for 0 ≤ i ≤ Nj and 0 < j ≤ L: these transitions

happen when the lease time is expired and the rented frequency is taken

back.

The transitions between the states are ordered as follows:
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• The (Nj + 1) × (Nj + 1) matrix Aj (j = 0, . . . , L) contains the transition

rate Aj(i, k) from state (i, j) to state (k, j). We can write

Aj(i, k) =


λi,j if k = i+ 1, i = 0, . . . , Nj − 1,
iµ if k = i− 1, 0 < i ≤ Nj

0 otherwise,

where λi,j = (λFβi,j + λH). Furthermore, Aj(Nj−1 − t2 + 1, Nj−1 − t2) =

0 for j > 0, because transition Nj−1 − t2 + 1 ⇒ Nj−1 − t2 initiates the

returning of a rented frequency.

• The (Nj + 1)× (Nj+1 + 1) matrix Bj (j = 0, . . . , L− 1) includes the rate of

transitions from state (i, j) to state state (k, j + 1). We obtain

Bj(i, k) =

{
αϑ(1− ϑ)1/ϑ−1 max(i−Nj + t1, 1) if k = i, i ≥ Nj − t1
0 otherwise,

• The elements of the (Nj + 1)× (Nj−1 + 1) matrix Cj (j = 1, . . . , L) are the

rates of transitions from state (i, j) to state (k, j−1). The nonzero elements

of matrix Cj (0 < j ≤ L) are Cj(Nj−1− t2 +1, Nj−1− t2) = (Nj−1− t2 +1)µ

and Cj(i,min(i, Nj−1)) = η.

As a consequence, the generator matrix of the CTMC is written as

QX =



A
(1)
0 B0 0 0 . . . . . .

C1 A
(1)
1 B1 0 . . . . . .

0 C2 A
(1)
2 B2 . . . . . .

...
...

...
. . . . . . . . .

0 0 . . . CL−1 A
(1)
L−1 BL−1

0 0 . . . CL A
(1)
L


,

where

A
(1)
j =


A0 −DA0 −DB0 if j = 0,
Aj −DAj −DBj −DCj if 0 < j < L,
AL −DAL −DCL if j = L.

Note that DZ (Z = Aj, Bj, Cj) is a diagonal matrix whose diagonal element is

the sum of all elements in the corresponding row of Z.
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The steady state probabilities are denoted by pi,j = lim
t→∞

Pr(I(t) = i, J(t) = j)

and πj = (p0,j, . . . , pNj ,j).

The balance equations can be expressed as follows:

π0A
(1)
0 + π1C1 = 0, (3.1)

πk−1Bk−1 + πkA
(k)
1 + πk+1Ck+1 = 0, 1 ≤ k < L, (3.2)

πL−1BL−1 + πLA
(1)
L = 0. (3.3)

To compute the steady state probabilities, we shall proceed as follows. Let

us define matrices Rk’s such as πk = πk−1Rk for k = 1, 2, . . . , L. Then, based on

equations (3.2) and (3.3), matrices Rk’s can be recursively computed using

RL = −BL−1(A
(1)
L )−1, (3.4)

Rk = −Bk−1[A
(1)
k +Rk+1Ck+1]−1, (k = L− 1, . . . , 1). (3.5)

This means, πk (k = 1, 2, . . . , L) can be expressed in π0 and the already computed

Rk’s as

πk = π0

k∏
i=0

Rk, (k = 0, . . . , L), (3.6)

where R0 is the identity matrix by definition. Equation (3.1) can be rewritten as

π0(A
(1)
0 +R1C1) = 0. (3.7)

To compute π0 (and then the stationary probabilities) we utilize the normal-

ization equation
∑L

k=0 πkek = 1 and equation (3.7).

The performance measures are

• the blocking probability of handover calls

PH =
L∑
j=0

pNj ,j,

• the blocking probability of fresh calls

PF =
L∑
j=0

Nj∑
i=0

pi,j(1− βi,j).
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3.5 Numerical Results

3.5.1 Comparison with Simulation

In this section, numerical results obtained by our queueing model and a simulation

model are compared. All results are obtained with n = 24, nR = 8, t1 = 3,

t2 = 8. The channel holding times follow the log-normal distribution with the

mean of 3.29 s and the standard deviation of 1.17 s in the simulation model

(note that parameter values are taken from [59], which were obtained from fitting

with real traffic data). Therefore, 1/µ = e3.29+1.172/2 = 53.22 s is chosen for the

computation with our queueing model. Simulation runs were performed with the

confidence level of 99.9%. The confidence interval is ±0.6% of the collected data.

Let denote ρ = λ/(nµ) and p = λH/λ.

The curves of the blocking probabilities in Figures 3.2, 3.3 and 3.4 for the

LFGC policy show the excellent agreement between the analytical and simulation

results. Similar observations (the maximum discrepancy is less than 5% in the

investigated scenarios) are obtained with wide ranges of parameters and other

variants of the FGC policy as well. The comparison shows that our queueing

model can be used to evaluate the performance of networks accurately where call

holding times follow the log-normal distribution.

3.5.2 Impacts of Spectrum Renting Policy

As expected the variants of the FGC policy provide an efficient tool to guarantee

and lower the blocking probability of handover at the expense of increased block-

ing probability of fresh calls (see Figures 3.2, 3.3, 3.4 and 3.5). As observed from

Figure 3.5, the LFGC policy is the most convenient way among the variants of

the FGC policy to balance the blocking probabilities.

However, for high load we can not decrease the blocking probability of fresh

calls below a certain threshold (e.g., 1% guaranteed by network operators) with-
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Figure 3.2: Comparison with simulation for p = 1/3, L = 0
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Figure 3.3: Comparison with simulation for g = 2.9, p = 1/3, α = 0.15 1/s,
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Figure 3.4: Comparison with simulation for ρ = 0.85, p = 1/3, α = 0.15 1/s,
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Figure 3.5: Blocking probabilities vs g for n = 24, ρ = 0.85, p = 0.1, g = 1.5,

L = 3, nR = 8, t1 = 3, t2 = 8, α = 0.15 1/s, ϑ = 0.9, 1/η = 3 h
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out increasing the probability of handover calls if no spectrum renting is per-

formed. The curves in Figures 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7 clearly show that

spectrum renting can decrease the blocking probability of fresh calls and handover

calls as well. This means, renting spectrum really relieves the network from the

temporary shortage of capacity. We observe from Figure 3.7 that thresholds t1

and t2 have a strong impact on the reduction of the blocking probabilities as well.

That is, the decrease of the blocking probabilities can be or more than one order.
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4. AN ENHANCED ALGORITHM FOR RETRIAL QUEUES

4.1 Introduction

Retrial queues have been used to take into account a phenomenon in modern infor-

mation and telecommunication systems that blocked customers may re-request

for service after a certain timeout [4, 6, 7, 26, 31, 33, 39, 40, 93, 94]. In re-

trial queues a client who does not receive the allocation of a server joins the

orbit and later initiates a request for service. The M/M/c retrial queue has

been analyzed by many researchers because the stationary distribution when the

number of servers is larger than two can be only obtained using approximate

techniques [4, 5, 6, 39, 40, 95].

Falin [38] presented necessary and sufficient conditions for ergodicity of the

retrial queues M/M/c. A well-known approximation is based on the truncation

of the state space at a sufficiently large level related to the number of customers

in the orbit [38]. Another approximation based on the homogenization of the

model was pioneered by Neuts and Rao [72], where the M/M/c retrial queue is

approximated by the multiserver retrial queue with the total retrial rate that does

not depend on the number of clients in the orbit as long as the orbit contains the

number of clients greater than the specified value N . Note that the discussion

for the choice of N is presented in the recent book by Artalejo and Gómez-Corral

on retrial queues [6]. With this assumption, the stationary probabilities of the

M/M/c retrial queue can be estimated by any algorithm based on the Matrix-

Geometric Method (MGM) [10, 65, 69, 70, 71].

Recently, Domenech-Benlloch et al. [36] considered a multiserver retrial queue

with the impatient phenomenon of customers waiting in the orbit. They proposed

two different generalized truncated methods (called HM1 and HM2) based on the

homogenization of the state space beyond a given number of users in the re-

trial orbit. The steady-state probabilities of the multiserver retrial queue with

impatient customers are approximated with a modified retrial queue where the

retrial rate beyond a certain level only depends on the conditional mean value of

the number of customers in the orbit. Domenech-Benlloch et al. [36] also com-

pared their methods with other well-known algorithms that belong to different

categories [5] (approximations, finite truncated methods, generalized truncated

methods). The authors [36] showed that the proposed HM2 method outperforms
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previous approaches from the aspect of accuracy at the price of increasing com-

putation cost.

Based on the HM2 algorithm of Domenech-Benlloch et al. [36], our contri-

butions allow an efficient computation for the stationary distribution and the

performance measures. First, we revisit an approach based on the homogeniza-

tion of the state space and provide an efficient method with the time complexity

of only O(c) to compute the rate matrix R. The method is based on a property

that the characteristic matrix polynomial has only a single non-zero eigenvalue

and this single non-zero eigenvalue can be computed using the bisection method.

Second, we derive an exact expression for the conditional mean number of cus-

tomers. Third, we develop simplified equations that allow the memory-efficient

implementation of the computation of the performance measures. Fourth, we

construct an efficient computation for the stationary distribution with the deter-

mination of a threshold, which guarantees a specific accuracy for the computation

of performance measures.

The rest of this chapter is organized as follows. In Section 4.2 we summarize

the considered queueing model with impatient customers. In Section 4.3 we

present our new results that serve as the foundations of the computation. In

Section 4.4 we provide some numerical results to illustrate the efficiency of our

algorithm. Finally, Section 4.5 concludes our work.

4.2 A Retrial Queueing Model with Impatient

Customers

We consider a retrial queueing model with c homogenous servers and impatient

customers. Inter-arrival times of customers are exponentially distributed with

parameter λ. Holding times are exponentially distributed with parameter µ.

Random variable (t)ג represents the number of occupied servers at time t, hence

0 ≤ (t)ג ≤ c holds. A client joins the orbit in order to wait and retry upon

when (t)ג = c. Let k(t) be the number of clients in the orbit waiting for retrial

at time t. Each customer retries with rate µr. Hence, the total effective retrial

rate, when k(t) = j, is jµr. A retrying customer either leaves the queue with

-59-



4. AN ENHANCED ALGORITHM FOR RETRIAL QUEUES

probability Pim if all servers are busy upon the retrial or rejoins the orbit with

probability 1 − Pim. Note that a time between subsequent retrials of a specific

user follows the exponential distribution with parameter µr.

This system can be represented by a two-dimensional Continuous Time Markov

Chain (CTMC) Y = {k(t),(t)ג} with a state space {0, 1, . . . , c}× {0, 1, . . .}. Let

the steady-state probabilities of Y be denoted by πi,j = lim
t→∞

Pr(ג(t) = i,k(t) = j).

Define the row vector vj = [π0,j, . . . , πc,j].

4.2.1 Notations

The CTMC Y is driven by the following transitions.

(a) Aj(i, k) denotes the transition rate from state (i, j) to state (k, j) (0 ≤
i, k ≤ c ; j = 0, 1, . . .), which is caused by either the arrival of a customer

(when i < c) or the leaving of a client after the expiry of a holding time.

Matrix Aj is of size (c + 1) × (c + 1) with elements Aj(i, k). Since Aj is

j-independent, it can be written as Aj = A. The nonzero elements of Aj

are Aj(i, i−1) = iµ for i = 1, . . . , c+ 1, and Aj(i, i+ 1) = λ for i = 0, . . . , c.

Because Aj is j-independent, it can be written as

Aj = A =


0 λ 0 . . . 0 0 0
µ 0 λ . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . (c− 1)µ 0 λ
0 0 . . . 0 cµ 0

 , ∀j ≥ 0 .

(b) Bj(i, k) represents the one-step upward transition rate from state (i, j) to

state (k, j+1) (0 ≤ i, k ≤ c ; j = 0, 1, . . .), which is caused by the arrival of

a request when all servers are busy (i.e., when i = c), thus increasing k(t)

by 1. Matrix Bj (B, since it is j-independent) is of size (c+1)×(c+1) with

elements Bj(i, k). The only nonzero element of Bj is Bj(c, c) = λ. Thus,
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we get

Bj = B =


0 0 0 . . . 0 0 0
0 0 0 . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 0
0 0 . . . 0 0 λ

 , ∀j ≥ 0 .

(c) Cj(i, k) is the transition rate from state (i, j) to state (k, j − 1) (0 ≤ i, k ≤
c ; j = 1, 2, . . .), which is due to the successful retrial of a request from the

orbit. Matrix Cj is of size (c+ 1)× (c+ 1) with its elements Cj(i, k). The

nonzero elements of Cj (j ≥ 1) are Cj(i, i + 1) = jµr for i = 0, . . . , c and

Cj(c, c) = jµrPim. Matrix Cj (∀j ≥ 1) with elements Cj(i, k) is written as

Cj =


0 jµr 0 . . . 0 0 0
0 0 jµr . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 jµr
0 0 . . . 0 0 jµrPim

 , ∀j ≥ 1.

Note that C0 = 0 by definition.

Let DA, DC and DCj , j ≥ 1 denote diagonal matrices with the diago-

nal elements DA(i, i) =
∑c

k=0A(i, k), DC(i, i) =
∑c

k=0C(i, k) and DCj(i, i) =∑c
k=0Cj(i, k) for i = 0, . . . , c. The balance equations, which equate the probabil-

ity fluxes from and to the states of the CTMC Y , and the normalization equation

pertaining to the CTMC Y can be written as follows (see [6, 31]):

v0Q
(0)
1 + v1Q

(1)
2 = 0, (4.1)

vj−1Q
(j−1)
0 + vjQ

(j)
1 + vj+1Q

(j+1)
2 = 0 (j ≥ 1), (4.2)

∞∑
j=0

vje
T = 1.0 (normalization),

where Q
(j)
0 = B, j ≥ 0; Q

(j)
1 = A−DA − B −DCj , j ≥ 0; Q

(j)
2 = Cj, j ≥ 1 and

e is the row vector of size c+ 1 with each element equal to unity.
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Using the similar argument as in [6, 26], the infinitesimal generator matrix

of Y , that satisfies [v0,v1, . . .]QY = 0, can be constructed from equations (4.1)

and (4.2) as follows:

QY =



Q
(0)
1 Q

(0)
0 0 . . . . . . . . . . . . . . . . . .

Q
(1)
2 Q

(1)
1 Q

(1)
0 0 . . . . . . . . . . . . . . .

0 Q
(2)
2 Q

(2)
1 Q

(2)
0 0 . . . . . . . . . . . .

0 0 Q
(3)
2 Q

(3)
1 Q

(3)
0 0 . . . . . . . . .

...
...

...
...

...
...

...
...

...

. . . . . . . . . Q
(j)
2 Q

(j)
1 Q

(j)
0 . . . . . .

. . . . . . . . . . . . Q
(j+1)
2 Q

(j+1)
1 Q

(j+1)
0 . . . . . .

. . . . . . . . . . . . . . . Q
(j+2)
2 Q

(j+2)
1 Q

(j+2)
0 . . .

...
...

...
...

...
...

...
...

...


.

It is clear that QY is a block tridiagonal matrix with

• QY (j, j + 1) = Q
(j)
0 , j ≥ 0, in the upper diagonal,

• QY (j, j) = Q
(j)
1 , j ≥ 0 in the main diagonal,

• QY (j, j − 1) = Q
(j)
2 , j ≥ 1 in the lower diagonal.

4.2.2 An Approximation

Domenech-Benlloch et al. [36] suggested that the M/M/c retrial queue with impa-

tient customers can be approximated by the solution of the modified multiserver

retrial queue with the retrial rate

µr(j) =

{
jµr if j < N
M(N)µr if j ≥ N

,

where M(N) = E[J |J ≥ N ] is the conditional mean number of customers.

As a consequence, the modified multiserver retrial queue is described by a

CTMC Z = {Z(t),kZ(t)ג} with state space {0, 1, . . . , c}×{0, 1, . . .}, where Z(t)ג

represents the number of occupied servers at time t and kZ(t) is the number of

clients in the orbit waiting for retrial at time t. The steady-state probabilities of

CTMC Z are denoted by π̃i,j = lim
t→∞

Pr(גZ(t) = i,kZ(t) = j), j ≥ 0, 0 ≤ i ≤ c,

and the row vectors ṽj = [π̃0,j, . . . , π̃c,j], j ≥ 0.
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We define the transition rate matrices associated with CTMC Z as Ãj, Ã, B̃j,

B̃, C̃j and C̃ for j ≥ 0. Note that we have Ãj = Ã = A and B̃j = B̃ = B for

j ≥ 0. Furthermore, C̃j = Cj for 0 ≤ j < N and

C̃j = C̃ =


0 M(N)µr 0 . . . 0 0 0
0 0 M(N)µr . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 M(N)µr
0 0 . . . 0 0 M(N)µrPim

 ,
∀j ≥ N.

For j ≥ N , the balance equation of CTMC Z can be rewritten as

ṽj−1Q̃0 + ṽjQ̃1 + ṽj+1Q̃2 = 0 (j ≥ N), (4.3)

where Q̃0 = B̃, Q̃1 = Ã−DÃ − B̃ −DC̃ , Q̃2 = C̃.

The coefficient matrices in the difference equations (4.3) are j-independent.

This leads to the following solution based on the MGM (see [65])

ṽj = ṽN−1R
j−N+1 (j ≥ N − 1), (4.4)

where R is the unique minimal nonnegative solution of the quadratic matrix

equation Q̃0 + RQ̃1 + R2Q̃2 = 0 (see [65, 71]). After the computation of R,

the rate matrix, the steady-state probabilities for states 0 ≤ j ≤ N − 1 can be

determined by solving the balance equations pertaining to the levels 0 ≤ j < N

and the normalization equation.

Algorithm 1 The HM2 algorithm

M0(N) = N

k = 0

repeat

k = k + 1

Compute R matrix based on the logarithmic reduction algorithm [65]

Compute Mk(N) using equation (4.5)

until |Mk(N)−Mk−1(N)|/Mk−1(N) < εM

Solve for vj for j = 0, . . . , N
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Because R and ṽN depend on M(N), we can get the fixed-point iteration

M(N) =

∞∑
j=N

jṽje

∞∑
j=N

ṽje

=
ṽN [R(I−R)−1 +NI](I−R)−1e

ṽN(I−R)−1e
, (4.5)

where I is the identity matrix of size (c+1)× (c+1). Hence, Domenech-Benlloch

et al. proposed Algorithm 1 (called HM2) in [36].

4.3 An Enhanced Algorithm

The stationary distribution of CTMC Y is approximated by the steady-state

probabilities of CTMC Z. Therefore, we need to compute the following quantities

associated with CTMC Z:

• the rate matrix R,

• the conditional mean number of customers M(N),

• the steady-state probabilities for states 0 ≤ j ≤ N − 1,

• the estimation of N .

Note that R can be computed by the original algorithm of the MGM [71]

and further improved algorithms of the MGM [10, 65, 70]. However, the time

complexity of these algorithms is O(c3).

In what follows, we provide a method to compute the rate matrix (Theorem 1)

in Section 4.3.1. We derive the exact and simplified formula for the computation

of the conditional mean number of customers in the orbit (Corollary 2). As a

consequence, we can compute the rate matrix R and the conditional mean number

M(N) of customers in a very efficient way. We provide a method to determine the

steady-state probabilities for states 0 ≤ j ≤ N − 1 in Section 4.3.2. We provide

the new formulae of performance measures and the relation between performance

measures in Section 4.3.3. Next, we present our new result and our algorithm for

the computation of the initial value of N in Section 4.3.4.
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4.3.1 The computation of matrix R and M(N)

In Theorem 1 we prove that the characteristic matrix polynomial has only a

single non-zero eigenvalue, and it can be computed using the bisection method.

As a consequence, the rate matrix R has a special form and a method can be

constructed to compute the rate matrix R with the computational complexity of

O(c). The property that the characteristic matrix polynomial has only a single

non-zero eigenvalue allows the derivation of an exact equation for the conditional

mean number of customers M(N).

Theorem 1 The rate matrix R has all rows of elements equal to zero except the

last row r = [r0, r1, . . . , rc], where rc = xc is the single eigenvalue of characteristic

matrix polynomial Q(x,M(N)) = Q̃0 + Q̃1x + Q̃2x
2 in the interval (0, 1) (the

corresponding left-eigenvector is ψc = [ψc,0, ψc,2, . . . , ψc,c] with ψc,c = 1) and ri =

xcψc,i for 0 ≤ i < c. The computational complexity for rc and ψc is O(c).

Proof. The steady-state probabilities of the CTMC Z are expressed as

ṽj =
c∑

k=0

bkψkx
j−N+1
k (j ≥ N − 1), (4.6)

where bk are suitable coefficients to be determined using the balance equations

pertaining to rows 0 to N − 1 and the normalization equation, (xk,ψk), k =

0, . . . , c are the left eigenvalue-eigenvector pairs of Q(x,M(N)) = Q̃0+Q̃1x+Q̃2x
2

inside the unit circle. They satisfy, ψkQ(xk,M(N)) = 0; det[Q(xk,M(N))] =

0, k = 0, . . . , c.

Since the (c+ 1)× (c+ 1) tri-diagonal matrix Q(x,M(N)) can be expressed

Q(x,M(N)) =



q1,1(x) q1,2(x) 0 . . . 0 0
q2,1(x) q2,2(x) q2,3(x) . . . 0 0

0 q3,2(x) q3,3(x) . . . 0 0
...

...
...

...
...

...
0 0 . . . qc,c−1(x) qc,c(x) qc,c+1(x)
0 0 . . . 0 qc+1,c(x) qc+1,c+1(x)


,
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where

q1,1(x) = −(λ+M(N)µr)x,

qi,i(x) = −(λ+M(N)µr + (i− 1)µ)x

(i = 2, . . . , c),

qc+1,c+1(x) = λ− (λ+ cµ+M(N)µrPim)x

+M(N)µrPimx
2,

qi,i+1(x) = λx+M(N)µrx
2 (i = 1, . . . , c),

qi+1,i(x) = µix (i = 1, . . . , c).

It is easy to verify thatQ(x,M(N)) has c zero-eigenvalues. Let the null-eigenvalues

be x0, . . . , xc−1 with corresponding independent left-eigenvectorsψ0 = [1, 0, . . . , 0],

ψ2 = [0, 1, 0, . . . , 0],. . . ,ψc−1 = [0, 0, . . . , 1, 0], respectively. As a consequence,

Q(x,M(N)) should have a single non-zero eigenvalue xc strictly inside the unit

disk to ensure that the stationary distribution of CTMC Ỹ exists.

Let L(x,M(N)) and U(x,M(N)) denote the component matrices in the LU

decomposition of Q(x,M(N)) = L(x,M(N))U(x,M(N)) for any specific value

x. Due to the tri-diagonal structure, the component matrices of the LU decom-

position of Q(x,M(N)) can be written as follows

L(x,M(N)) =



l1(x,M(N)) 0 0 . . . 0 0

µx l2(x,M(N)) 0 . . . 0 0
...

...
...

...
...

...

0 0 . . . µ(c− 1)x lc(x,M(N)) 0

0 0 . . . 0 µcx lc+1(x,M(N))


,

U(x,M(N)) =



1 u1(x,M(N)) . . . 0 0 0 0

0 1 u2(x,M(N)) . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 1 uc(x,M(N))

0 0 . . . 0 0 1


.
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By equating the corresponding elements of L(x,M(N))·U(x,M(N)) andQ(x,M(N)),

and using some algebraic simplifications, we get

l1(x,M(N)) = q1,1(x) = −(λ+M(N)µr)x, (4.7)

li(x,M(N)) + µ(i− 1)xui−1(x,M(N)) = qi,i(x),

(i = 2, . . . , c+ 1), (4.8)

li(x,M(N))ui(x,M(N)) = λx+M(N)µrx
2,

(i = 1, . . . , c). (4.9)

Based on the elementary rules of matrix algebra, we obtain

Det[Q(x,M(N))] = Det[L(x,M(N))]Det[U(x,M(N))]

=
∏c+1

i=1 li(x,M(N)). (4.10)

From equations (4.7),(4.8) and (4.9), it can be verified that li(xc,M(N)) 6=
0 (1 ≤ i ≤ c). Hence, Det[Q(xc,M(N))] = 0 (from equation (4.10)) gives rise to

lc+1(xc,M(N)) = 0. This means xc is the root of lc+1(x,M(N)) in the interval

(0, 1). The bisection method [78] can be applied to find the root of lc+1(x,M(N))

in the interval (0, 1).

Since (xc,ψc) are left eigenvalue-eigenvector pair, we can write

ψcQ(xc,M(N)) = 0,

ψcL(xc,M(N))U(xc,M(N)) = 0,

ψcL(xc,M(N))U(xc,M(N))U(xc,M(N))−1 =

0U(xc,M(N))−1,

because U(xc,M(N)) is non-singular,

ψcL(xc,M(N)) = 0.

(4.11)

Expanding equation (4.11) we obtain the recursive relations ψc,i =
−(i+1)µxcψc,i+1

li+1(xc)

between ψc,i and ψc,i+1, for i = c− 1, . . . , 0.

There are a number of eigenvectors corresponding to the same eigenvalue, but

the ratio of the elements in these eigenvectors does not change. Applying this
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property, we can determine ψc = [ψc,0, ψc,1, . . . , ψc,c] by setting ψc,c = 1 and using

the above recursive relations and equations (4.7),(4.8), (4.9), to compute ψc,i for

i = c− 1, . . . , 0.

From (4.4) and (4.6) we get R = Ψ−1 · diag(0, 0, . . . , 0, xc) · Ψ, where Ψ =

[ψ0, ψ1, ..., ψc]
T . Therefore, the rate matrix R has all rows of elements equal to

zero except the last row r = [r0, r1, . . . , rc]. Furthermore, we get ri = xcψc,i for

0 ≤ i < c and rc = xc after a simple algebraic step.

The complexity for computing rc is O(c) as the consequence of the following

facts: (i) the last element lc+1(x,M(N)) in the main diagonal of L(x,M(N)) can

be determined after c+ 1 steps due to the tri-diagonal structure of Q(x,M(N));

(ii) the number of iterations in the bisection method for finding a root in the

interval (0, 1) to achieve the solution tolerance εr is log2(1/εr) (see [78]). �

Corollary 2 The conditional mean value M(N) = E[J |J ≥ N ] of the number

J of customers in the orbit under the condition J ≥ N can be expressed in the

following closed-form:

M(N) = N − 1 +
1

1− rc
= N +

rc
1− rc

. (4.12)

Proof. The consequence of Theorem 1 and (4.4) is

ṽN = ṽN−1R = π̃c,N−1r, (4.13)

rR = rcr, R2 = rcR. (4.14)

Substituting (4.13) to (4.5) we obtain

M =
π̃c,N−1r[R(I−R)−1+NI](I−R)−1e

π̃c,N−1r(I−R)−1e

= r[R(I−R)−1+NI](I−R)−1e
r(I−R)−1e

. (4.15)

Since R has all rows with zero-elements except the last row, the rank of R

is 1. Applying the result of [68], we can write

(I−R)−1 = I− I(−R)I

1− tr(RI)
= I +

R

1− rc
, (4.16)
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where the trace tr(RI) of matrix RI is the sum of all the elements on the

main diagonal of matrix RI. Substituting (4.16) into (4.15) and utilizing (4.14)

yields (4.12) after some algebraic steps. �

Corollary 2 expresses that the conditional mean value M(N) = E[J |J ≥ N ]

of the number J of customers in the orbit under the condition J ≥ N is the

simple function of the single eigenvalue and N . Note that this result is the direct

consequence of Theorem 1.

4.3.2 The computation of the steady-state probabilities

The task is to compute the steady-state probabilities for states 0 ≤ j ≤ N − 1

by solving the balance equations pertaining to the levels 0 ≤ j < N and the

normalization equation.

Let us introduce auxiliary variables ui,j = π̃i,j/π̃c,N−1 and uj = [u0,j, . . . , uc,j],

j ≥ 0. Hence uc,N−1 = 1. Note that π̃−1,j = u−1,j = 0 by definition.

From (4.4), we have ṽN = ṽN−1R. Thus, π̃i,N = riπ̃c,N−1 for i = 0, . . . , c.

Using the relation between π̃c,N−1 and π̃i,N , we can write the balance equations

for level N − 1 as

(
λ+ iµ+ (N − 1)µr

)
π̃i,N−1 = λπ̃i−1,N−1 +M(N)µrπ̃i−1,N + (i+ 1)µπ̃i+1,N−1

= λπ̃i−1,N−1 +M(N)µrri−1π̃c,N−1 + (i+ 1)µπ̃i+1,N−1,

for 0 ≤ i < c.

(
λ+ cµ+ (N − 1)µrPim

)
π̃c,N−1

= λπ̃c−1,N−1 +M(N)µrπ̃c−1,N + λπ̃c,N−2 +M(N)µrPimπ̃c,N

= λπ̃c−1,N−1 +M(N)µrrc−1π̃c,N−1 + λπ̃c,N−2 +M(N)µrrcPimπ̃c,N−1.

Therefore, we obtain(
λ+ iµ+ (N − 1)µr

)
ui,N−1 = λui−1,N−1 +M(N)µrri−1 + (i+ 1)µui+1,N−1,

for 0 ≤ i < c. (4.17)
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and(
λ+ cµ+ (N − 1)µrPim

)
= λuc−1,N−1 +M(N)µruc−1,N

+λuc,N−2 +M(N)µrPimuc,N

= λuc−1,N−1 +M(N)µrrc−1 + λuc,N−2 +M(N)µrrcPim.

Expanding the balance equation pertaining to level j, 0 ≤ j < N − 1, we get

(
λ+ iµ+ jµr

)
π̃i,j = λπ̃i−1,j + (j + 1)µrπ̃i−1,j+1 + (i+ 1)µπ̃i+1,j,

for 0 ≤ i < c, 0 ≤ j < N − 1, (4.18)

(
λ+cµ+jµrPim

)
π̃c,j = λπ̃c−1,j +(j+1)µrπ̃c−1,j+1 +λπ̃c,j−1 +(j+1)µrPimπ̃c,j+1,

for 0 ≤ j < N − 1, (4.19)

which follow

(
λ+ iµ+ jµr

)
ui,j = λui−1,j + (j + 1)µrui−1,j+1 + (i+ 1)µui+1,j,

for 0 ≤ i < c, 0 ≤ j < N − 1, (4.20)

and

(
λ+cµ+jµrPim

)
uc,j = λuc−1,j+(j+1)µruc−1,j+1 +λuc,j−1 +(j+1)µrPimuc,j+1,

for 0 ≤ j < N − 1. (4.21)

Note that both equations (4.17) and (4.20) have the tridiagonal form if ui−i,j+1

is determined in the previous step:

αijui−1,j + βi,jui,j + γijui+1,j = ωi,j

for 0 ≤ i ≤ c−1 and 0 ≤ j ≤ N−1. Therefore, the Thomas algorithm can be used

to solve the steady-state probabilities in an efficient way [20]. The adaptation of

the Thomas algorithm for the present problem is presented in Algorithm 2, where

line 6 is the result of equating the flow rate into and out of level j of the orbit.
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Algorithm 2 Computation of the stationary probabilities ṽj, j = 0, . . . , N − 1

1: b0,j = 0; D0,j = 0

2: for j = N − 1 to 0 do

3: if j == N − 1 then

4: uc,N−1 = 1

5: else

6: uc,j =
(j + 1)µr

λ

(
c−1∑
i=0

ui,j+1 + Pimuc,j+1

)
7: end if

8: b0,j = 0; D0,j = 0

9: for i = 0 to c− 1 do

10: βi,j = λ+ iµ+ jµr

11: γi,j = −(i+ 1)µ, αi,j = −λ
12: if i > 0 then

13: if j == N − 1 then

14: ωi,j = Mµrri−1

15: else

16: ωi,j = (j + 1)µrui−1,j+1

17: end if

18: bi,j =
iµ(bi−1,j + jµr)

bi−1,j + β0,j

19: Di,j = ωi,j −
αijDi−1,j

bi−1,j + β0,j

20: end if

21: end for

22: for i = c− 1 to 0 do

23: ui,j =
Di,j − γi,jui+1,j

bi,j + β0,j

24: end for

25: end for

From the normalization equation
∑N−2

j=0 ṽje + ṽN−1(I−R)−1e = 1, we get

π̃c,N−1 =
1

N−2∑
j=0

uje + uN−1(I−R)−1e

.
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Then, we obtain

π̃i,j = ui,jπ̃c,N−1 =
ui,j

N−2∑
j=0

uje + uN−1(I−R)−1e

.

4.3.3 Performance Measures

The blocking probability Pb, the immediate service probability Pis, the delayed

service probability Pds, the nonservice probability Pns and the mean number of

users in the retrial orbit Nret can be determined [36] as follows:

Pb =
N−1∑
m=0

ṽm z + ṽN(I−R)−1z,

Pis = 1− Pb,

Pds = λ−1µr

[
N−1∑
m=0

mṽm o +M(N)ṽN(I−R)−1o

]
,

Pns = λ−1Pimµr

[
N−1∑
m=0

mṽm z +M(N)ṽN(I−R)−1z

]
,

Nret =
N−1∑
m=0

mṽm e + ṽN
(
R(I−R)−1 +NI

)
(I−R)−1e, (4.22)

where z = [0, 0, . . . , 0, 1], o = [1, 1, . . . , 1, 0], e = [1, 1, . . . , 1, 1]. Note that e =

o+z. Because Pis+Pds+Pns = 1 (see [36]) and Pis = 1−Pb, we get Pb = Pds+Pns.

However, the direct application of equations (4.22) defined in [36] is not effi-

cient when one implements a computer program. To compute the performance

measures in an efficient way, we derive simpler equations than (4.22) after some

algebraic steps that are presented in Proposition 1, 2, 3 and 4. Note that the

equations for the performance measures are utilized in Algorithm 4 (see Sec-

tion 4.3.4).
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Let us define the following quantities

a = ṽN
(
R(I−R)−1 +NI

)
(I−R)−1 (4.23)

a1 =
N−1∑
m=0

mṽmo +M(N)ṽN(I−R)−1o (4.24)

a2 =
N−1∑
m=0

mṽmz +M(N)ṽN(I−R)−1z. (4.25)

Therefore, Pds = λ−1µra1.

Proposition 3 The non-service probability is expressed as

Pns = λ−1Pimµra2 = λ−1Pimµr

(
N−2∑
m=1

mπ̃c,m +
(M(N)− 1) π̃c,N−1

1− rc

)
. (4.26)

Proof.

Substituting (4.16) to the definition of a, we obtain

a = ṽN
(
R(I−R)−1 +NI

)
(I−R)−1

= ṽN

(
R(I +

R

1− rc
) +NI

)
(I−R)−1

= ṽN

(
R

1− rc
+NI

)
(I−R)−1 (using (4.13))

= π̃c,N−1r

(
R

1− rc
+NI

)
(I−R)−1 (using (4.14))

= π̃c,N−1

(
rcr

1− rc
+Nr

)
(I−R)−1 (using (4.13))

= π̃c,N−1M(N)r(I−R)−1 (using (4.12))

= M(N)ṽN(I−R)−1 (using (4.13)) (4.27)

= π̃c,N−1M(N)r

(
I +

R

1− rc

)
(using (4.16))

= π̃c,N−1M(N)

(
r +

rcr

1− rc

)
(using (4.14))

=
π̃c,N−1M(N)

1− rc
r. (4.28)
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Substituting (4.28) into (4.25), we obtain

a2 =
N−1∑
m=0

mṽm z + a z

=
N−1∑
m=0

mṽm z +
π̃c,N−1M(N)

1− rc
r z

=
N−1∑
m=1

mπ̃c,m +
π̃c,N−1M(N)rc

1− rc

=
N−2∑
m=1

mπ̃c,m + π̃c,N−1

[
N − 1 +

rcM(N)

1− rc

]

=
N−2∑
m=1

mπ̃c,m +
(M(N)− 1) π̃c,N−1

1− rc
(using (4.12)).

(4.29)

Equation (4.29) yields (4.26).�

Proposition 4 The mean number of users in the retrial orbit is

Nret = a1 + a2. (4.30)

Proof. From the definition of a1 and a2, we get

a1 + a2 =
N−1∑
m=0

mṽm(o + z) +M(N)ṽN(I−R)−1(o + z)

=
N−1∑
m=0

mṽme +M(N)ṽN(I−R)−1e.

Utilizing (4.27) and the definition of Nret, we obtain equation (4.30). �.

Proposition 5 We can obtain the blocking probability Pb as follows:

Pb =
N−2∑
m=0

π̃c,m +
π̃c,N−1

1− rc
. (4.31)
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Proof. Utilizing (4.16), we obtain

Pb =
N−1∑
m=0

ṽm z + ṽN(I−R)−1z

=
N−1∑
m=0

ṽm z + ṽN−1R(I +
R

1− rc
)z

=
N−1∑
m=0

ṽm z + ṽN−1
R

1− rc
z

=
N−1∑
m=0

ṽm z + π̃c,N−1
r

1− rc
z

=
N−2∑
m=0

ṽm z + ṽN−1z + π̃c,N−1
r

1− rc
z

=
N−2∑
m=0

π̃c,m + π̃c,N−1 + π̃c,N−1
rc

1− rc

=
N−2∑
m=0

π̃c,m +
π̃c,N−1

1− rc
.�.

Proposition 6 The following relation exists between the performance measures

Nret =
λ

µr

(
Pns(1− Pim)

Pim
+ Pb

)
. (4.32)

Proof. From Pds = λ−1µra1, Pns = λ−1Pimµra2, Pb = Pds + Pns and Nret =

a1 + a2, we get

Nret =
λ

µr
(
Pns
Pim

+ Pds)

=
λ

µr
(
Pns
Pim

+ Pb − Pns)

=
λ

µr

(
Pns(1− Pim)

Pim
+ Pb

)
.�
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4.3.4 An Estimation of N

Domenech-Benlloch et al. [36] presented some numerical results concerning choos-

ing the appropriate value of threshold N to achieve the required accuracy of

the approximation of performance measures. However, the authors [36] did not

present a systematic way to find the appropriate value of threshold N . In this

section, we will show an efficient method to estimate threshold N .

 0
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 0  500  1000  1500  2000  2500

r c

N (c=50, ρ=0.8, Pi=0.2)

µr=0.05
µr=0.1
µr=0.5

µr=1
µr=10

Figure 4.1: rc vs N for c = 50, ρ = 0.8, Pim = 0.2 and µ = 1

From equation (4.4), the tail of the distribution ṽj is geometrically distributed

with parameter rc. In the stable state of the system described by CTMC Ỹ , the

higher the value N we choose, the smaller the value of vN is. It is anticipated

that the higher the chosen value of N is the smaller the value of rc is if the system

is in the stable state (see Figure 4.1).

As one observes from Figure 4.2, the slope of the tangent line to the curve

1/(1 − rc) − 1 increases as rc approaches 1, and M(N) − N too. Let rth be the

selected upper limit of rc (the purpose of the selected upper limit is to search for

the initial value of N to save the computational time), i.e., 0 < rc ≤ rth.
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1

1- rc

-1

Figure 4.2: 1/(1− rc)− 1 vs rc

Algorithm 3 To choose N
1: N ← Nini

2: repeat

3: N ← N + 1

4: until lc+1(rth, N − 1 + 1/(1− rth) ≤ 0

As stated before we also need to find the initial value of N . To save the

computational time of the search for the initial value of N , we only check whether

lc+1(x,M(N)) has a root in the interval (0, rth] instead of determining rc. Because

lc+1(0,M(N)) = λ holds, we have to examine whether lc+1(rth,M(N)) ≤ 0 in the

first stage of our proposed solution. However, M(N) is not known in advance.

To resolve this problem, Theorem 7 is applied to choose the initial value of N

(see Algorithm 3), where lc+1(rth, N − 1 + 1/(1− rth)) ≤ 0 is verified.

Theorem 7 If rc is the eigenvalue of Q(x,M(N)) in the interval (0, 1), and

lc+1(rth, N − 1 + 1/(1− rth)) ≤ 0 for rth > 0, then rc is bounded by rth (i.e., 0 <

rc ≤ rth).
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Proof.

Assume that rth < rc, which follows lc+1(rth,M(N)) > 0 because rc is the

eigenvalue of Q(x,M(N)) in the interval (0, 1) (i.e., lc+1(rc,M(N)) = 0) and

lc+1(0,M(N)) = λ.

Note that lc+1(x, y) is a monotonically decreasing function with respect to y

for any constant x, 0 < x < 1, because

• lc+1(0, y) = λ holds,

• lc+1(x, y) has a single root with respect to x in the interval (0,1) for any

constant y, and

• the higher the value of y is the smaller the root with respect to x is.

We have N−1+1/(1−rth) < M(N) = N−1+1/(1−rc) from the assumption.

Therefore, lc+1(rth, N − 1 + 1/(1− rth)) > lc+1(rth,M(N)).

Using lc+1(rth,M(N)) > 0, we obtain lc+1(rth, N − 1 + 1/(1− rth)) > 0, which

contradicts the given condition lc+1(rth, N − 1 + 1/(1 − rth)) ≤ 0. Therefore,

rth < rc does not hold, which yields that rc is bounded by rth. �

Theorem 7 is used in our proposed Algorithm 4 to find the initial value of N .

4.3.5 The Convergence Criterion of a Proposed Algorithm

We present the details of a proposed computational procedure in Algorithm 4

that integrates key results in Section 4.3.1-4.3.4. In Algorithm 4 two loops are

applied after the initial choice of N . The inner loop is needed to find M(N) of a

certain value N , while the outer loop is to tune N to obtain the required accuracy

of the estimation of performance measures. A notable feature of the proposed

procedure compared to the HM2 algorithm is that the computation of M(N)

does not require the computation of the steady-state probabilities. Furthermore,

the algorithm is enhanced with the computation of threshold N .

To define the convergence criterion Converge we made the following inves-

tigation: we compute the performance measures by running the core (between

lines 4 and 19 of Algorithm 3) of our algorithm with fixing N for parameters
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Algorithm 4 Proposed algorithm

1: Call Algorithm 3 to choose N

2: step← 1

3: repeat

4: N ← N + step

5: M0 ← N

6: k ← 0

7: repeat

8: k ← k + 1

9: Compute the root xc of lc+1(x,Mk−1) in the interval (0, rth]

10: Mk = N + rc
1−rc (using equation (4.12))

11: iteration error = |Mk −Mk−1|/Mk−1

12: if lc+1(xc,Mk−1) > εr then

13: k ← 0

14: N ← N + 1

15: M0 ← N

16: iteration error = 1

17: end if

18: until iteration error < εM

19: Compute ψc and R

20: Call Algorithm 2

21: Compute performance measures

22: Compute Converge

23: until Converge
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Figure 4.3: Nret vs N for c = 50, ρ = 0.4, µ = 1/180, µr = 0.01, Pim = 0.2

µ = 1/180, µr = 0.01, Pim = 0.2, εM = 10−3 and εr = 10−10 (Figures 4.3-

4.10). From Figures 4.3-4.10 the performance measures converges as N grows.

Furthermore, a high oscillation is observed in Figures 4.7-4.10 as well. Therefore,

the convergence criterion (to determine when the performance measures reach

the ”stable state”) is defined as the relative error between two moving averages

concerning a specific performance measure

Converge :=
|
∑K

i=L χi/(K − L+ 1)−
∑K

i=1 χi/K|∑K
i=L χi/(K − L+ 1)

< εp,

where χi’s, i = 1, . . . , K, are the latest values of a chosen performance measure

(e.g., Nret) determined so far by the algorithm, εp is the specified accuracy, K and

L are parameters. It is obvious that the minimum choice of K and L is K = 3
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Figure 4.4: Pb vs N for c = 50, ρ = 0.4, µ = 1/180, µr = 0.01, Pim = 0.2
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Figure 4.5: Pds vs N for c = 50, ρ = 0.4, µ = 1/180, µr = 0.01, Pim = 0.2
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Figure 4.6: Pns vs N for c = 50, ρ = 0.4, µ = 1/180, µr = 0.01, Pim = 0.2
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Figure 4.7: Nret vs N for c = 50, ρ = 1.4, µ = 1/180, µr = 0.01, Pim = 0.2
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Figure 4.10: Pns vs N for c = 50, ρ = 1.4, µ = 1/180, µr = 0.01, Pim = 0.2

and L = 2. Furthermore, the higher the values of K and L are, the more time is

needed, but the better the guarantee of convergence is ensured.

In Table 4.1 we summarize the computational time of the algorithm for ρ =

λ/(µc), µ = 1/180, µr = 0.01, Pim = 0.2. As observed the algorithm successfully

stops in the stable region of performance measures (see Figures 4.3-4.10). From

numerical results, the minimum choice of K = 3 and L = 2 can guarantee that

the proposed algorithm steps over the ”oscillation period”. Results in Table 4.1

empirically show that Pns can be set as the main performance measure in the

convergence criterion Converge for determining all performance measures.

4.4 The computational time complexity

We plot the computational time versus c and N in Figures 4.11 and 4.12, on

a machine with Intelr Core
TM

2 Duo T9400 2.53 GHz processor (note that the

algorithm is implemented in Mathematica) for parameters ρ = λ/(µc) = 0.8,
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µ = 1, Pim = 0.2, εr = 10−10, εM = 10−3. In the curves the computational time

of the HM2 algorithm [36] and the core (between lines 4 and 19 of Algorithm 4)

of our algorithm. As observed the computational time of the original algorithm

HM2 is a rapidly increasing function of c, while the computational complexity of

the core of our algorithm is only O(c).
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Figure 4.11: Computational time vs c for µ = 1, µr = 0.5, ρ = λ/(µc) = 0.8,

Pim = 0.2, εM = 10−3 and εr = 10−10

In Figure 4.13, we plot the computational time of our algorithm versus ρ and

c. It is observed from Table 4.1 and Figure 4.13 that ρ impacts the convergence of

the algorithms. The explanation behind this phenomenon is that the higher ρ is

the more likely the oscillation is (see Figures 4.7-4.10). Therefore, more compu-

tational time is needed to step over the oscillation. In other words, the algorithm

needs more time to reach the convergence due to the oscillation phenomenon at

large values of ρ. However, the computational time complexity is still of O(c) for

a specific ρ.

Remark. It is worth emphasizing that approaches belonging to the category
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Figure 4.12: Computational time vs c for µ = 1, µr = 0.05, ρ = λ/(µc) = 0.8,
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Pim = 0.2, εM = 10−3, εp = 10−5 and εr = 10−10, rth = 0.95
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”Approximations” (Domenech-Benlloch et al. [36]) produced unacceptable errors

in most cases. Therefore, we do not focus on the comparison with these algorithms

in this work. The HM2 algorithm overcomes other approaches in the term of the

accuracy. Our algorithm has the same accuracy as the HM2. However, it is much

faster than the HM2 algorithm. We have shown that the computational time

complexity of our algorithm is of O(c). To our best knowledge, we do not know

that there is any other algorithm which has the computational time complexity

of O(c) for the M/M/c retrial queue with impatient customers and has the same

accuracy as of the HM2 algorithm (see Domenech-Benlloch et al. [36] and Do [31]

for the overview of the latest algorithms).

4.5 Summary

We have presented our contributions that enable the approximation of the per-

formance of a multiserver retrial queue with impatient customers.

We derived exact expressions for the computation of the rate matrix and the

conditional mean number of customers. We explored the behavior of performance

measures versus N , then the estimation of threshold N is derived.

We have presented some important properties and provided a proof of con-

cerning the determination of important quantities. Based on the derivations, we

have constructed an algorithm to solve the multiserver retrial queue with impa-

tient customers.

The proposed algorithm is applicable to queueing problems [31, 33] in cellular

mobile networks.
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Chapter 5

Summary

The own contributions of this thesis are derived based on the application of QBD

processes, the SEM method, the MGM method, the Sigma and HetSigma queues.

My achieved results can be categorised into three groups of claims and are sum-

marised as follows:

Claim 1: Analysing certain scenarios in the application of HSDPA for

Communications Networks based on HAPs (published in one conference

paper [C1], Journal on Information Technologies and Communications [J2] and

Acta Informatica [J1])

• Claim 1.1: I incorporated the HAP channel model (Subsection 2.4.2) into

the queueing model, which is able to capture the features of wireless com-

munications, such as traffic-burstiness, channel fading, channel allocation

policy, etc., in an integrated way (Subsection 2.4.1).

• Claim 1.2: I developed a method to validate the proposed analytical model

using real traffic traces as Auckland Internet traffic trace, and a channel

behavior (Subsection 2.4.3.1).

• Claim 1.3: I showed that the performance experienced by pedestrian users

does vary a lot with angle of elevation of the HAP (Figure 2.7).

Claim 2: Modeling a radio spectrum renting in mobile cellular net-

works (published in Computer Communications [J3].)
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• Claim 2.1: I proposed a radio spectrum renting policy (Subsection 3.3.2)

based on a hysteresis control with two thresholds for the network operator to

rent or give back frequency bands based on the offered traffic as illustrated

in Figure 3.1.

• Claim 2.2: I provided an analytical model for modeling a mobile cellular

network with the proposed radio spectrum renting policy (Section 3.3). The

model takes into account that (i) a rented frequency band accommodates the

number of user channels and (ii) several variants of the Fractional Guard

Channel Policy. Then I constructed a two dimensional CTMC based on the

proposed model (Section 3.4).

• Claim 2.3: I showed that the proposed queueing model can accurately evalu-

ate mobile networks with call durations following the log-normal distribution

(See Figures 3.2, 3.3 and 3.4) and only the radio spectrum renting can be

used to decrease the blocking probability of fresh calls without compromising

the grade of service of handover calls (See Figures 3.2-3.7).

Claim 3: An efficient algorithm for the M/M/c retrial queue with

impatient customers (accepted for Computers & Industrial Engineering [J4])

• Claim 3.1: I derived exact expressions for the computation of the conditional

mean number of customers (Corollary 2) after obtaining the closed form of

R using the method proposed in [31] (See Theorem 1). Corollary 2 expresses

that the conditional mean value M(N) = E[J |J ≥ N ] of the number J of

customers in the orbit under the condition J ≥ N is the simple function of

the single eigenvalue and N .

• Claim 3.2: I explored the behavior of performance measures versus N (See

Subsection 4.3.3) and then derived an estimation of the threshold N (Sub-

section 4.3.4).

• Claim 3.3: I provided an efficient algorithm for the stationary distribution

(See Algorithm 2 and Algorithm 4) with the determination of the threshold

N (See Algorithm 3) that allows the computation of performance measures

with a specific accuracy.
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• Claim 3.4: I showed that the computational time complexity of our algorithm

is of O(c) (See Figures 4.11, 4.12 and 4.13) and has the same accuracy as

of the original HM2 algorithm (Table 4.1).

The achieved results are useful tool to determine an appropriate resource for

respective systems.
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