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Introduction
Just wait, the next century is going to be incredible. We are about to be able to build things
that work on the smallest possible length scales, atom by atom. These little nanothings will
revolutionize our industries and our lives.
Richard Smalley, Nanotechnology, Congressional Hearings – Emerging Technologies
in the New Millenium, The U.S. Senate Committee on Commerce, Science and
Transportation, May 12, 1999

The ever increasing complexity of technology around us raises the question: how is it
possible that new working principles and devices with better speed and capacity to satisfy
demands are appearing day-by-day?
Moore’s law, which describes the exponential scaling of the clock speed (or the number of
transistors) of processors, is based on an experimental observation. In reality, the extrapolation
of this law to future time is a self-fulﬁlling prophecy. That is, the industry, and in turn, basic
research are forced to provide newer and better architectures so that sustainable development
is achieved. When we apply this to the photovoltaic (a general term referring to the process
when electricity is generated from light) industry, or biological imaging (a technique to study
and eventually control biological processes in in vivo), we come to the conclusion that current
technologies cannot be easily modiﬁed, enhanced in the next decade.
In case of solar cells, new ideas are referred to as third generation solutions [1], which are
sought to overcome current ﬁrst and second generations by their overall eﬃciency and as well as
their eﬃciency over price ratio. One of the key limiting factors of usual bulk or thin ﬁlm solar
cells is that their solar conversion eﬃciency is limited by the Shockley-Queisser limit [2], which
states that most of the absorbed energy is actually converted to heat instead of electricity. This
is the point where nanocrystals enter the competition. One novel idea holds out the promise
that nanocrystal solar cells may almost double the eﬃciency and ease the construction of solar
cells at the same time. Biological imaging, a process which may be useful to track cancer cells,
requires the usage of small molecules, or nanocrystals, to enter the bloodstream and targeted
cells.
What are nanocrystals? Nanocrystals are chunks of atoms conﬁned into a nanometer sized
1
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space and held together by quantum mechanical forces. On one hand, nanocrystals can be
viewed as big molecules: they have discrete energy levels, and all concepts of chemistry apply
to them, e.g. bonding, antibonding states. This is the well-known “bottom–up” approach.
From the physicists’ point of view, nanocrystals are tiny pieces of solids: their energy levels
can be derived from the band structure of solids by including a conﬁnement potential, thus one
can easily deﬁne valence and conduction bands, even direct and indirect band structures could
make sense in a certain size range. This latter approach is called the “top–down” approach.
The fact that the characteristic size (radius in case of almost spherical nanocrystals) of
these nanocrystals is reduced has several crucial consequences:
volume effect quantum conﬁnement induced enlargement of energy level spacing, including
the gap (for now the following deﬁnition is enough: diﬀerence between the ground and
ﬁrst excited state energy);
surface effect as the surface to volume ratio increases, the behavior of the surface may completely determine the properties of the nanocrystals.
The ﬁrst eﬀect gives rise to properties which are of utmost importance. Due to quantum
conﬁnement, charges are more and more conﬁned, and they interact in an increasing manner.
This may totally change the optical properties of the system. For example, materials that are
“indirect” in the bulk, may have very eﬃcient light absorption, emission at the band edge when
their size is reduced.
At ﬁrst sight, the second eﬀect may sound as a disadvantage since one has to be very careful
while producing nanocrystals. The truth however is that these eﬀects give knobs to turn, a
desired target property can be achieved by tuning a few parameters: ligands attached to the
surface, dopants, etc. The desired functionality could be very simple, e.g. the optical gap,
absorption, or anything we want, even very complicated things, such as the electron-phonon
coupling. The process to tune material’s properties to fulﬁll a desired target function is also
referred to as reverse engineering. Some researchers use the term “wave function engineering”.
The free surface in case of covalent nanocrystals is even more important. Since in covalent
nanocrystals covalent bonds are formed to hold together the structure, the surface – where the
local symmetry is broken – introduces dangling bonds which have to be taken care of. The
usual approach is to passivate them, the passivating substance depends on the material and
substance used during the synthesis. The eﬀect of surface states is somewhat less important
in metallic nanocrystals, where the bonding is more due to delocalized charges.
So far, we have introduced the major key concepts behind the physics of semiconductor
nanocrystals. It is interesting to ponder which materials are best suitable for certain applications. Silicon is the workhorse of the electronic industry. Chips in the order of billions are integrated in devices of common households. The reason behind this success story is the time available to have enhanced its properties. Current silicon wafers are the purest materials on earth,
2
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and their native oxide silicon dioxide provides a very good quality insulator/semiconductor
interface which is the key component to build a MOSFET (metal-oxide-semiconductor ﬁeld
eﬀect transistor). Still, there are several tasks for which the usage of silicon is not a preferred
solution. Silicon has an indirect band gap of 1.1 eV. Though the size of the band gap of silicon is nearly optimal for solar cell application, the absorption of silicon in the visible is very
weak due to its indirect band gap (only phonon-assisted transitions are allowed close to the
band edge) and thick solar cells are required. Still, being compatible with already existing
technologies it is worthwhile looking into this direction. For example, quantum conﬁnement
may help in making silicon absorb light more eﬃciently, however it may also push out the gap
of the solar spectrum. Furthermore, according to Nozik, nanocrystals may produce more than
one electron-hole pairs per absorbed photon [3], which is deﬁnitely a pro when it comes to
photovoltaics and has already been proven to exist in silicon [4].
Fluorescent bioimaging requires materials that are small enough to enter the bloodstream,
non-toxic and ﬂuoresce in the electromagnetic region where the human body absorbs the least
amount of light [5]. In the literature, ﬁrst attempts to use semiconductor nanocrystals for
in-vivo bioimaging were made by using arsenide containing nanocrystals but arsenide is a
toxic material, and its usage has to be avoided whenever it is possible. Even so, because it was
oﬃcially declared as a carcinogen substance by OEHHA (Oﬃce of Enviromental Health Hazard
Assessment) 1 . In this respect, silicon carbide may be the ultimate choice. It is known to be
non-toxic and nanocrystals can be readily made [6]. If the luminescence window would not be
in the right range, dopants may help to have visible emission [7]. Diamond may be also useful
for bioimaging applications, even though its band gap is too large. Recent advancements
allow the size and shape selective preparation of diamond nanocrystals containing few tens
of atoms [8]. Since this allotrope of carbon is probably non-toxic its functionalization with
appropriate ligands may enhance its capabilities to emit light in the visible.
Si

3C-SiC

Diamond

Bulk band gap at RT[eV]

1.12

2.29

5.45

Bulk lattice constant at RT [Å]

5.430

4.3596

3.5668

TD and BU

TD

BU (diamondoids) and TD

Biomarker potential

YES

YES

YES (extrinsic)

Solar cell potential

YES

NO

NO

Property

NC preparation technique

Table 1. Comparison of silicon carbide, silicon and diamond in the light of applications in the
nanocrystal form. TD and BU preparation techniques denote the usual “top-down” and “bottomup” approaches. “RT” denotes room temperature measurements. Interestingly, recent advancements allow for “bottom-up” synthesis of silicon nanocrystals using precursor SiCl4 molecules [9].
1
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Table 1 summarizes the key properties of silicon, silicon carbide and diamond. Interestingly,
silicon carbide has a larger gap, while diamond has the largest. Among the considered materials,
silicon carbide is a bit exceptional because it features a special case of polymorphism: it has
several polytypes with diﬀerent stacking sequences. Since the 3C polytype has the smallest bulk
band gap, most experiments considered this particular phase. Figure 1 shows the primitive cell
of 3C-SiC. It is the typical diamond structure: it consists of two interpenetrating fcc lattices,
all carbon/silicon atom bond in tetrahedral directions. The most stable structure of silicon
and diamond at room temperature is exactly the same structure than that of 3C-SiC, with the
sole diﬀerence that the lattice constant is smaller.

(a) Nanocrystal

(b) Unit cell

Figure 1. Emergence of a SiC unit cell in a nanocrystal. Yellow/turquoise spheres denote
Si/C atoms.

The focus of my research was to understand existing experiments and predict new functionalities regarding silicon, silicon carbide and diamond nanocrystals. Since these nanocrystals
are in the size regime where quantum eﬀects are not at all negligible, the Schrödinger equation
governs the physics. Unfortunately, the Schrödinger equation is not solvable but for very small
or model systems. I used an alternative formulation of quantum mechanics, namely density
functional theory and its time-dependent extension which allow for dealing with systems as
large as that are used in experiments albeit with less but usually controllable accuracy. I used
this framework to investigate the electronic, optical and in some cases the vibrational properties of such nanocrystals: silicon nanocrystals for photovoltaic purposes and silicon carbide,
diamond nanocrystals for realization of in-vivo biomarkers.
In my thesis, I ﬁrst give a detailed description of the theoretical methods (Chapter 1),
then in the second part in each chapter I show results based on one speciﬁc material: silicon
nanocrystals in the ﬁrst (Chapter 2), silicon carbide nanocrystals in the second (Chapter 3),
and ﬁnally diamond nanocrystals in the last (Chapter 4). Finally, I brieﬂy summarize my
ﬁndings and show the room for further progress.

4

Chapter 1

Computational methods
If I were forced to sum up in one sentence what the Copenhagen interpretation says to me,
it would be "Shut up and calculate!"
What’s Wrong with this Pillow? by N. David Mermin, Cornell University, Physics
Today, April 1989

My work is devoted to the description of the optical properties of quantum mechanical objects, nanometer-size crystals that consist of electrons and nuclei. Their motion is governed by
the Schrödinger equation, which together with the coupling with the electromagnetic ﬁeld give
the full description of all the processes of interest. The solution of this equation is numerically
impossible for systems with more than a few degrees of freedom, thus for all practical purposes
one has to resort to alternative formulations of the Schrödinger equation or approximations.
In this chapter I review all the methods that were needed to carry out my research.
First, I give a very brief introduction to the Schrödinger equation (Sec. 1.1). This is followed
by a brief formulation of linear response theory (Sec. 1.2) and connections between theoretically
calculated values of physical quantities and spectroscopic observables (Sec. 1.3). Then I outline
the basics of the revolution of computational physics in the ﬁeld of electronic structure theory,
namely density functional theory (DFT, Sec. 1.4), and give a detailed derivation of timedependent density functional theory (TDDFT, Sec. 1.5). Finally I show the practical aspects
of the implementation of such theories, including how to practically solve the resulting equations
using diﬀerent basis sets (Sec. 1.6) and within the pseudopotential approximation (Sec. 1.7).
Finally I brieﬂy describe the codes (Sec. 1.8) and some necessary tools, algorithms that I used
during my work (Sec. 1.9, Sec. 1.10, Sec. 1.11).

5
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1.1

Schrödinger equation

The Schrödinger equation governs the motion of electrons and nuclei. In the absence of a
time-dependent external ﬁeld, the equation reads:
ĤΨi (R1 , . . . , RM , r1 , . . . , rN ) = Ei Ψi (R1 , . . . , RM , r1 , . . . , rN ),

(1.1)

where Ĥ is the total Hamiltonian, Ψi is the wave function of state i with energy Ei , and
Ri (ri ) denote the coordinates of nuclei(electrons). Here, we already made an approximation
that we are in the non-relativistic limit and we do not consider spin degree of freedom for the
sake of simplicity.
The second approximation can be taken by realizing that the motion of electrons is much
faster than the motion of nuclei, this is the well-known Born-Oppenheimer approximation. In
this case the full wave function can be approximated as a product of a nucleus and electron
wave function, and the electronic wave function will depend parametrically on the position of
the nuclei:
Ψi (R1 , . . . , RM , r1 , . . . , rN ) = θi (R1 , . . . , RM )ψiR1 ,...,RM (r1 , . . . , rN ).

(1.2)

Since we are interested in solving the electronic problem, we only use the electronic part.
In this case, the Born-Oppenheimer Hamiltonian contains the kinetic and potential energy of
electrons, the electron-nuclear interaction and ﬁnally the nuclear-nuclear interaction. Since the
latter is independent of electron coordinates, it is just a constant additive term which I neglect
in the formulas from now on:
M X
M
1X
Zi Zj
,
2 j6=i i=1 |Ri − Rj |

(1.3)

where we used atomic units (Appendix A.1), and which we use throughout this chapter
for convenience. I mention here that according to recent ﬁndings that there exists an exact
factorization of the full quantum mechanical wave function [10].
The Born-Oppenheimer Hamiltonian thus reads:
Ĥ = T̂ + V̂ + Ŵ ,

(1.4)

where
T̂ = −

N
1X
∇2
2 i=1 i

6
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is the kinetic energy of electrons,
V̂ =

M X
N
X

I=1 i=1

Zi
|RI − ri |

(1.6)

is the electron-ion interaction term,
Ŵ =

N X
N
1
1X
2 j6=i i=1 |ri − rj |

(1.7)

is the electron-electron Coulomb interaction. Finally, we end up with the following timeindependent Schrödinger-equation:
Ĥ ψi (r1 , . . . , rN ) = Ei (R1 , . . . , RN )ψi (r1 , . . . , rN ).

1.2

(1.8)

Linear response

We are interested in describing the optical properties of the system, so we ask questions like
“how much light is absorbed by a sample at a speciﬁc wavelength?”. Thus, we need to add a
time-dependent term to the Hamiltonian. There are in general three approximations that are
needed to be made to set up the equations:
• coherent light: In principle, one would need to consider the quantized electromagnetic
ﬁeld. To prove that this is not necessary we need to recall that the intensity of spectroscopic light is large enough so that the electromagnetic perturbation can be treated
classically. This is true if the photon density is large enough. Take for example a typical
W
laser pulse with intensity I = 1014 cm
2 with wavelength λ = 1064 nm. In this case the
number of photons per cubic wavelength is:
Iλ4
≈ 2 × 1010 ,
hc2

(1.9)

which is obviously orders of magnitude greater than one.
• dipole approximation: Second, if the wavelength of the electromagnetic light is in the
region of infrared, visible, ultraviolet part of the spectrum it is enough to resort to the
so-called dipole approximation. In this case the perturbing electromagnetic wave varies on
the order of hundreds of nanometers, which is to be compared with the nanometer scale of
inhomogeneities in the electronic states. Thus, one can approximate the electromagnetic
wave with a spatially homogeneous one. I brieﬂy derive the dipole approximation in
Appendix A.2. At the end of the day, the perturbing term (H1 ) takes the form of

7
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Ĥ1 ≈ ǫrsin(ωt), where ǫ is a unit vector which speciﬁes the direction of polarization of
the perturbing electromagnetic wave.
• low intensity: Third, if the intensity of the light is small enough we are only interested
in linear response. Electric ﬁelds can be considered to be strong if their respective electric ﬁeld strength is comparable to the electric ﬁeld strength felt by the electron in the
V
hydrogen atom: 5.14 × 1011 m
. Well below this value, one can rely on perturbative solutions of the Schrödinger equation, e.g. one can look at linear response, second harmonic
generation, etc. Strong ﬁelds however require treatments beyond standard perturbation
theory as it is not anymore guaranteed that the perturbative expansion is convergent.
Strong ﬁeld phenomena include multi-photon ionization and above-threshold ionization
for example.
In the linear response regime, if we apply a small perturbation to the system, we expect
that the response of the system is also small. Let α̂ be a general physical operator, and its
ground state expectation value:
α0 = hψ0 | α̂ | ψ0 i,

(1.10)

where ψ0 is the ground state wave function with energy E0 . Here, we omitted the r
dependence of ψ for clarity. Let the perturbation take the following form:
Ĥ1 = f (t)β̂,

(1.11)

and time-dependent expectation value of the operator α̂:
α(t) = hψi (t) | α̂ | ψi (t)i.

(1.12)

Now it is clear that α̂ can be expanded as a series:
α(t) = α0 + α1 (t) + α2 (t) + . . . .

(1.13)

In the interaction picture the ﬁrst order term becomes:
α1 (t) = −i

t

Z

t0

which can be transformed to the following:
α1 (t) = −i

Z

t

t0

h

i

(1.14)

h

i

(1.15)

dt′ f (t′ )hψi (t) | α̂(t), β̂(t′ ) | ψi (t)i,

dt′ f (t′ )hψi (t) | α̂(t − t′ ), β̂ | ψi (t)i.

8
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Let us deﬁne the retarded response function as:
h

i

χαβ (t − t′ ) = −iθ(t − t′ )hψi (t) | α̂(t − t′ ), β̂ | ψi (t)i,

(1.16)

with this deﬁnition the ﬁrst order response, which we are interested in, is:
α1 (t) = −i

Z

t
t0

dt′ f (t′ )χαβ (t − t′ ),

(1.17)

with the perturbing Hamiltonian:
Ĥ1 =

Z

d3 r ′ v1 (r′ , t)n̂(r′ ),

(1.18)

where n̂(r) is the density operator: N
i δ(r−ri ), and i runs through the number of electrons
(N ). The ﬁrst order density response takes the form:
P

n1 (r, t) = −i

Z

∞

dt
−∞

′

Z

d3 r ′ v1 (r′ , t)χnn (r, r′ , t − t′ ),

(1.19)

where the density-density response function is:
χnn (r, r′ , t − t′ ) = −iθ(t − t′ )hψi (t) | n̂(r, t − t′ ), n̂(r′ ) | ψi (t)i.


By taking Fourier transforming the equation we arrive at
n1 (r, t) =

Z

d3 r ′ v1 (r′ , ω)χnn (r, r′ , ω).



(1.20)

(1.21)

The density-density response response function in the Lehmann representation reads as
(this is the usual, so-called “sum-over-states” formula):
∞ 
X
hψ0 | n̂(r) | ψi ihψi | n̂(r′ ) | ψ0 i

hψ0 | n̂(r′ ) | ψi ihψi | n̂(r) | ψ0 i
.
η→0
ω − Ωi + iη
ω + Ωi + iη
i=1
(1.22)
The poles of the density-density response function gives access to the many body excitation
energies (Ω), which we are interested in.
χnn (r, r′ , ω) = lim

1.3

−



Electromagnetic perturbation

In this section, following general arguments, we make the necessary connection between calculated and measured quantities when the system is perturbed by an external electromagnetic
ﬁeld.

9
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The transition, or induced dipole due to the applied ﬁeld is deﬁned as:
p1 (t) =

Z

dt′ α(t − t′ )E(t′ ),

(1.23)

where α is the dynamic polarizability tensor and E is the external time-dependent ﬁeld.
This, after Fourier transformation in time, reads as:
p1 (ω) = α(ω)E(ω).

(1.24)

This becomes the below equation for the components:
p1µ (ω) = αµν (ω)Eν (ω).

(1.25)

Let the external perturbation have the following form (light polarized along the ǫ direction,
see Appendix A.2 for the derivation of the dipole approximation):
v1 (r, t′ ) = Eǫrsin(ωt).

(1.26)

Then the µth component of the transition dipole is by deﬁnition:
′

p1µ (t ) = −

Z

d3 rrµ n1 (r, t).

Z

d3 rrµ n1 (r, t).

(1.27)

Thus, the µν element of dynamic polarizability is:
αµν

2
=−
Eǫν

(1.28)

By inserting Eq 1.21 into the RHS of the above formula and using the fact that the perturbation takes the form of v1 (r, ω) = 12 Eǫr in Fourier space, we arrive at the following formula:
αµν (ω) = −

Z

d3 r

Z

d3 r ′ rµ rν′ χnn (r, r′ , ω).

(1.29)

By inserting the known expression of χnn (Eq. 1.22) into the RHS again we get a typical
sum-over-states formula for the polarizability:
αµν (ω) = lim

η→0

∞
X
i=1

(

|hψ0 | r̂µ (r) | ψi i|2 |hψ0 | r̂ν (r) | ψi i|2
−
ω − Ωi + iη
ω + Ωi + iη

)

,

(1.30)

where we deﬁned a sum over electrons for the position operator:
r̂µ =

N
X

ri,µ .

(1.31)

i

It is useful to introduce the mean polarizability (since molecules rotate freely in the vacuum,
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the direction dependence averages out):
∞
X
1
fi
ᾱ = Trα =
,
2 − Ω2
3
(ω
+
iη)
i
i=1

(1.32)

where the oscillator strength is deﬁned as:
fi =

3
2Ωi X
|hψ0 | r̂µ | ψi i|2 ,
3 µ=1

(1.33)

which satisﬁes a sum rule:
∞
X

fi = N .

(1.34)

i=1

This sum rule could serve as a good numerical check in computational algorithms. We note
that several codes that can calculate the dynamic polarizability only deals with ﬁnite number
of transitions thus it is never really known whether the sum rule is fully satisﬁed. What can
be usually extracted from measurements is the photoabsorption cross section, which is related
to the imaginary part of the dynamic polarizability:
σ=

1.4

4πω
ℑᾱµν .
c

(1.35)

Density functional theory

So far, we derived equations based on the solutions of the full many-body Schrödinger equation.
The problem is, however, that this equation can never be really solved but for very small
systems. Thus, one needs to ﬁnd alternative formulations of the Schrödinger equation or
sound approximations.
There are two methodologies that form the basis of state-of-the-art atomistic calculations.
The ﬁrst is the Hartree-Fock theory, that is the root of all modern quantum chemical approaches, such as coupled cluster theory. Hartree-Fock theory is a wave function based approach, the basic variable is the wave function and the pure Coulomb interaction is used. The
Hartree-Fock solution of a system gives the best estimate of the ground state total energy
with a Slater-determinant wave function given the many-body Hamiltonian. Most theories,
that build upon the Hartree-Fock theory, approximate the full many-body wave function as a
sum of excited of Slater determinants or as an exponential ansatz. The former gives rise to
the conﬁgurational interaction (CI) approach, the latter to coupled cluster theory (CC). The
advantage of these approaches is that there exists a very clear way of improving the quality
of the calculation, however the complexity hinders application to real systems which contains
tens, hundreds of atoms. More elaborate approaches have appeared in the literature which

11
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show better scaling as a function of the system size, however their usage is far from trivial
(active space, self-consistent ﬁeld).
This is the ﬁeld where density functional theory entered the competition with being the
most widely used electronic structure theory. To realize the need for a diﬀerent approach, one
only needs to recall that the full many body wave function contains much information on the
system, but only the expectation values of operators are measured. Thus, the ﬁnal answer is
condensed into a few numbers, whose conﬁgurational space is deﬁnitely orders of magnitude
smaller than the space of wave functions. From now on, I mostly follow the derivation from
the book of Carsten A. Ullrich [11].
The main insight is the following: in principle, one should be able to calculate the expection value of any physical operator from the ground state electronic density without knowing
the wave function. Without going into details this basically translates to the following: all
expectation values of interest are functionals of the ground state density. First, it is clear, that
since the density is formed from the wave function, which in turn comes out as a solution of the
Schrödinger equation that the ground state density is a functional of the external potential:
n0 (r) = N

Z

3

d r2 . . .

Z

d3 rN |ψi (r, r2 , . . . , rN )|2 = n0 [v](r).

(1.36)

We are interested in the opposite statement. It turns out, that it is true as well. The
ﬁrst Hohenberg-Kohn theorem [12] states the following: in a ﬁnite, interacting N-electron
system with a given interaction term and non-degenerate ground state1 there exists a one-toone correspondance between the external potential v(r) and the ground state density n0 [v](r).
In other words, the external potential is uniquely deﬁned by the density, up to an arbitrary
additive constant: v[n0 ](r).
The proof is straightforward with reductio ad absurdum. This theorem can be immediately turned into a much stronger statement. Since the T and W terms are ﬁxed, the total
Hamiltonian is also a functional of the ground state density: Ĥ [n0 ], which in turn means that
all ground and excited state properties of a system is determined by entirely the ground state
density.
One may wonder how one can reconstruct the Hamiltonian given a known density. Kato’s
theorem says that the nuclear charge is nothing else than [14]:
Zi = −

1 ∂n(r)
2n(r) ∂r

,

(1.37)

r=Ri

where Zi is the nuclear charge at position Ri , and n is a spherical average.
Thus, we can apply the following procedure to reconstruct the full many-body Hamiltonian:
• the positions of the cusps uniquely determine the positions of the nuclei;
1

The generalization to degenerate ground states is straightforward [13].
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• the slope and magnitude of the density at the cusps tells us the nuclear charge;
• the integrated density gives the total number of electrons.
The additional variational principle can be used as a tool to obtain ground state energies
and densities:
The total-energy functional is deﬁned by:
Ev0 [n] = hΨ[n] | T̂ + V̂0 + Ŵ | Ψ[n]i,

(1.38)

and it reaches its minimum E0 at n0 (r). Thus the equation
∂
Ev0 [n] − µ
∂n(r)


Z

3 ′

′



d r n(r ) = 0

(1.39)

can be used to ﬁnd the ground state density. However from
Ev0 [n] = F [n] +

Z

d3 rn(r)v0 (r).

(1.40)

F [n] is not known, even though it is a universal functional of the density (universal means
that it does not depend on the external potential):
F [n] = hΨ[n] | T̂ + Ŵ | Ψ[n]i = T [n] + W [n].

(1.41)

Thus, solving the Schrödinger equation is equivalent to solving:
∂F [n]
+ v0 (r) = µ.
∂n(r)

(1.42)

There is some fundamental concern about this equation, the v-representability, which can
be resolved by a constrained search algorithm. So far, we just formulated the Schrödinger
equation in an alternative fashion. The Hohenberg-Kohn framework can be put into practice
by recalling that a non-interacting system has the following form (Ŵ = 0):
Ĥs = T̂ + V̂s =

N
X
i=1

!

∇2i
+ vs (ri ) .
2

(1.43)

Certainly, the HK theorem can be applied to this system as well:
Evs [n] = Ts [n] +

Z

d3 rn(r)vs (r).

(1.44)

Instead of solving the Euler equation (the kinetic energy functional is not really known, the
simplest approximation is due to Thomas-Fermi, however it is quite inaccurate for practical
purposes), it is easier to recall that the wave function of a non-interacting fermionic system
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takes a Slater-determinant form:


φ1 (r1 )


1  φ1 (r2 )
Ψs (r1 , . . . , rN ) = √  .
N !  ..


φ2 (r1 ) · · ·
φ2 (r2 ) · · ·
..
..
.
.



φN (r1 )

φN (r2 ) 

,
..

.

φ1 (rN ) φ2 (r2 ) · · · φN (rN )

(1.45)



where the single particles orbitals φi (r) satisfy the following Schrödinger equation:
!

∇2
+ vs (r) φi (r) = ǫi φi (r),
−
2

(1.46)

and the ground state density is just:
ns (r) =

N
X
i=1

|φi (r)|2 .

(1.47)

The marvelous and yet simple idea – yielding Nobel-prize – is the following. Let us write
the total energy functional in the following form:

Ev0 [n] = T [n] + W [n] +

Z

d3 rn(r)v0 (r) = Ts [n]
+

Z

d3 rn(r)v0 (r) +

1
2

Z

d3 r

Z

d3 r ′

n(r)n(r′ )
+ Exc [n], (1.48)
|r − r′ |

where the classical Coulomb energy is (Hartree term):
1
2

Z

d3 r

Z

d3 r ′

n(r)n(r′ )
,
|r − r′ |

(1.49)

and everything that is not known is wrapped into Exc [n]:

Exc [n] = T [n] − Ts [n] + W [n] −

Z

1
d rn(r)v0 (r) +
2
3

Z

3

d r

Z

d3 r ′

n(r)n(r′ )
.
|r − r′ |

(1.50)

Now we can derive the Euler equation again and compare with the Euler equation of the
non-interacting system, so we remain with:
vs [n](r) = v(r) +

Z

d3 r ′

the vxc potential is just:
vxc [n](r) =
14

n(r)
+ vxc [n](r).
|r − r′ |

∂Exc [n]
.
∂n(r)

(1.51)

(1.52)
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Figure 1.1. Flowchart of the self-consistent DFT cycle. vs is the eﬀective
(0)
one-particle potential and φi (r) are single particle wave functions.

Thus, the ground state of the full many-body system can be obtained by solving a set
of coupled equations (see below Eq. 1.53), also known as Kohn-Sham equations [15]. This
have to be done self-consistently, as the LHS depends on the density. A brief scatch of the
self-consistent cycle can be seen in Figure 1.1.
!

∇2
−
+ vs [n](r) φi (r) = ǫi φi (r).
2

(1.53)

If we solved the Kohn-Sham equations we can take a look at the kinetic energy functional
of the non-interacting system, which is just an implicit functional of the density:
Ts [n0 ] =

N Z
X
i=1

3

d

rφ∗i (r)

∇2
−
2

!

φi (r) =

N
X
i=1

ǫi −

Z

d3 rn(r)vs [n0 ](r).

(1.54)

By plugging Eq. 1.54 into Eq. 1.48 we get an alternative form of the groud state total

15

1.4. Density functional theory

1. Computational methods
energy:

Ev0 [n] =

N
X
i=1

ǫi −

Z

d3 rn(r)vs [n0 ](r) −

1
2

Z

d3 r

Z

d3 r ′

n(r)n(r′ )
+ Exc [n].
|r − r′ |

(1.55)

The success of KS framework is largely due to the fact that the kinetic energy dominates
the physics thus exchange-correlation contributions are expected to be small, this the very
reason that e.g. Mott-insulators are systems where the usual approximations to the exchangecorrelation potential fail.
It is convenient to interpret KS states as physical removal or additional energies, however
it can be shown that it is only true for the highest occupied states (HOMO). Interestingly,
contrary to Koopman’s theorem of HF theory, this is an exact expression [16].
Since the exact form of the exchange-correlation potential is not known, approximations
have to be made. The simplest and most used one is the so-called Local Density Approximation
(LDA).
In this case, the exchange-correlation energy density at each point in space is given by the
exchange-correlation energy density of the homogeneous electron gas:
LDA
Exc
[n]

The LDA potential is thus:

=

Z

LDA
vxc
(r) =

d3 rehxc (n)|n=n(r) .

(1.56)

ehxc (n)
dn

(1.57)

.
n=n(r)

The exchange part has a very simple analytic form, while the correlation is ﬁtted to accurate
Quantum Monte Carlo calculations [17–19].
The LDA functional is still widely used and form the basis of more accurate models, e.g.
LDA+U [20], where a local Hubbard correction is taken into accout, or GW method [21], where
many-body perturbation theory based on the screened Coulomb interaction is used.
LDA usually performs very well for ground state properties and gives values for lattice
constants, bond length, vibrational properties that are usually within 10% of experimental
results. There are numerous examples however where LDA is known to fail, e.g. strongly
correlated systems. Another well-known problem of the LDA functional is that it is not free of
self-interaction error, this error is blamed for the severe underestimation of fundamental gaps
of LDA calculations.
It was generally sought that additional corrections beyond, e.g. gradient corrections may
help a lot by improving the accuracy. However, the so-called gradient expansion approximation
did not really work out as well, and the results were eventually worse than the LDA results.
The key point was that by limiting the expansion at a certain point several sum rules are lost.
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Instead, the generalized gradient approximation is commonly used. In this approximation,
there is no clear order-by-order expansion performed, however these functionals constructed so
as to satisfy as many theoretical constraints as possible. Thus, most of the GGA functionals
are 100% ab initio.
GGA
Exc
=

Z

d3 reGGA
(n(r), ∇n(r)) .
xc

(1.58)

This means that GGA functionals are not unique. In my work I mostly used the wellknown PBE functional which is due to Perdew, Burke and Erzernhof [22]. The BLYP is also a
widespread functional, that was generated in an empirical manner: several parameteres were
ﬁtted to accurate experimental data for molecules.
There is a serious eﬀort in the community to have better and better approximations on the
exchange-correlation potential. This can be viewed by looking at Jacob’s ladder. Higher and
higher rungs yield generally more accurate answers. The ﬁrst rung is the local density approximation, the second rung is the generalized gradient approximation, the third is the practically
not well used meta-GGA (which also depends on the kinetic energy density). We are also
interested in the fourth rung, where the so-called hybrid functionals entered the competition.
Hybrid functionals are functionals that contain a fraction of the Fock exchange. Since they act
as non-local operators (not as a simple multiplication), they have to be represented through
their action to the orbital φi (r):
v̂x φi (r) =

Z

dr ′ vx (r, r′ )φi (r′ ) = −

X

j∈occ.

φj (r)

Z

dr ′

φ∗j (r′ )φi (r′ )
.
|r − r′ |

(1.59)

Strictly speaking, this non-local (which can be seen by looking at the the integral kernel
of Eq. 1.59), explicitly orbital dependent functional cannot be interpreted within the usual
Kohn-Sham scheme, instead the generalized Kohn-Sham (gKS) scheme is invoked [23]. In gKS
the auxiliary system is a weakly interacting one which can be still well described by a single
Slater determinant. Hybrid functionals were extremely successful in the quantum chemistry
community, the success can be attributed to a semi-empirical hybrid functional, B3LYP, which
contains 20% Fock exchange and three of its parameters were ﬁtted to reproduce experimental
results of a well-chosen set of molecules [24–26].
In the solid state community the usage of the PBE0 functional is more common, which
contains 25% Fock-exchange and is based on the PBE functional. It was derived using the adiabatic ﬂuctuation dissipation connection theorem and the percentage was rationalized without
any ﬁtting procedure, thus this functional can still be called ab initio [27] [28].
Many generally more accurate and at the same time computationally expensive functionals
exist, e.g. double hybrids, which also explicitly depend on unoccupied states, or the Random
Phase Approximation (RPA), which is derived through the adiabatic ﬂuctuation dissipation
theorem. Long-range corrected hybrid functionals are also quite popular: in this case, the
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Fock exchange is only applied in the long range (the separation of the interaction is done by
introducing the error and complementary error functions) and the usual LDA, GGA exchangecorrelation is used in the short range. This way the potential has the correct long range
asymptotics (− 1r ), which usually results in better description of the ionization potential and
electron aﬃnity of the system and thus yields a better fundamental gap. In the solid state
literature, the HSE family got widespread, which, contrary to long-range corrected functionals,
employs the Fock exchange in the short range. Parallel to devising better and better ab initio,
or less ab initio functionals, todays’ advancements also come from merging several diﬀerent
ﬁelds while maintaining the advantages of all the components. I brieﬂy mention two such
approaches.
• Hubbard corrections for localized electronic states,
• many-body perturbation theory based on the screened Coulomb interaction.
Hubbard models formed the basis of our current understanding of localized electronic states.
The strong on-site interaction that the Hubbard model introduces is a ﬁrst step towards understanding strongly interacting systems. It was thus not unexpected that simple LDA, GGA
calculations were mixed with the Hubbard model approach to better be able to describe strongly
correlated phenomena, interestingly, recent work proposes that the Hubbard-U approach may
also give detailed insight into molecular reactions [29]. This founding again outlines that multidisciplinary modelling is one of the most promising ways.
The many-body perturbation theory, reformulated by Lars Hedin in his seminal work [21]
is the key towards accurate description of ground and excited state properties of moderately
correlated electronic systems. Although the author himself stated that his contribution is not
really “new”: “Besides the proof of a modiﬁed Luttinger-Ward-Klein variational principle and
a related self-consistency idea, there is not much new in principle in this paper.”, his insights
were proven to be invaluable to the ﬁeld of ab initio condensed matter physics. There is a
very deep insight behind his formulation: instead of adding up perturbative contributions to
an unperturbed system based on the pure Coulomb interaction, the perturbation series is built
upon a screened interaction, which is assumed to be smaller, thus the perturbative series to
be better convergent. It is clear why this picture is physically sound: imagine that we take
out an electron form a cloud of interacting electrons. The remaining positively charged hole
attracts nearby electrons which form an entity called as a polarization cloud. At the end of
day, remaining electrons do not interact with the pure hole itself, but with a “quasihole” whose
Coulomb strength is screened by the polarization cloud.
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1.5

Time-dependent density functional theory

In case of a time-dependent external ﬁeld the total Hamiltonian reads:
Ĥ(t) = T̂ + V̂ (t) + Ŵ ,

(1.60)

where the kinetic energy, electron-electron interaction are the same as in time independent
case. However, the externel potential reads as:
V̂ (t) =

N
X

v(ri , t),

(1.61)

i=1

where v has a time-dependent contribution next to the usual static electron-ion term:
v(r, t) = v(r) + v1 (r, t)θ(t − t0 ).

(1.62)

The time-dependent Schrödinger equation thus reads as:
Ĥ ψi (r1 , . . . , rN , t) = i

∂
ψi (r1 , . . . , rN , t),
∂t

(1.63)

with the initial condition: ψ(t0 ) = ψ0 .
Parallel to the ground state problem there is a theorem, which tells us that the any measurable quantity is a functional of the time-dependent density (and the ﬁxed initial many-body
state). This is the so-called Runge-Gross theorem [30]: “two densities n(r, t) and n′ (r, t), evolving from a common initial many-body states ψ0 under the inﬂuence of two diﬀerent external
potentials: v(r, t) and v ′ (r, t) 6= v(r, t) + c(t) (both assumed to be Taylor-expandable around
t0 ), will start to become diﬀerent inﬁnitesimally later than t0 . Therefore, there is a one-to-one
correspondance between densities and potentials, for any ﬁxed initial many-body state.”2
Thus, for any physical observable:
O(t) = hψ[n, ψ0 ] | Ô(t) | ψ[n, ψ0 ]i = O[n, ψ0 ](t)

(1.64)

In a similar fashion, the external potential, the Hamiltonian and the wave function are
all functionals of the density and the ﬁxed initial many-body state (if we start from a ground
state problem, the latter becomes functional of the ground state density): v(r, t) = v[n, ψ0 ](r, t),
Ĥ (t) = Ĥ [n, ψ0 ](t), ψ(t) = ψ[n, ψ0 ](t).
However, in order to put this into practice we need to have a Kohn-Sham-like framework.
Fortunately, the Van Leeuwen theorem [31] provides the necessary existence theorem: “For
a time-dependent density n(r, t) associated with a many-body system with a given particleparticle interaction w(r − r′ ), external potential v(r, t), and initial state ψ0 , there exists a
diﬀerent many-body system featuring an interaction w′ (r − r′ ) and a unique external potential
2

This theorem is taken from the book of Carsten A. Ullrich [11] without modification.
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v ′ (r, t) [up to a purely time-dependent c(t)] which reproduces the same time-dependent density.
The initial state ψ0′ in this system must be chosen such that it correctly yields the given density
and its time derivative at the initial time.”3
Again, there exists a similar issue with v-representability. The possible release of the
criterium of Taylor-expandable potentials is still under active research. In principle, the timedependent Kohn-Sham single particle potential is not only functional of the density but also
the full many-body wave function and the wave function on the Kohn-Sham system as well:
vs [n, ψ0 , φ0 ](r, t).

(1.65)

If the external potential is given in the form of:
v(r, t) = v0 (r) + v1 (r, t)θ(t − t0 ),

(1.66)

then both ψ0 and φ0 are functional of the density, thus we remain with: vs [n, ψ0 , φ0 ](r, t) =
vs [n](r, t).
In this case the time-dependent Kohn-Sham density will read as:
n(r, t) =

N
X
i=1

|φi (r, t)|2 ,

(1.67)

where the single particle orbitals evolve according to the time-dependent Kohn-Sham equations:
"

#

∇2
∂
−
+ vs [n](r, t) φi (r, t) = i φi (r, t),
2
∂t

(1.68)

with the initial condition:
φi (r, t0 ) = φ0i (r).

(1.69)

The eﬀective single particle potential consists of the external potential (v), the Hartree
term and the exchange-correlation eﬀects vxc :
vs [n](r, t) = v(r, t) +

Z

d3 r ′

n(r′ , t)
+ vxc [n](r, t).
|r − r′ |

(1.70)

Thus in order to deal with any kind of time-dependent problem, one needs to go through
the following steps:
• solve the ground-state Kohn-Sham problem with an approximate functional;
• approximate the time-dependent exchange correlation potential: vxc [n](r, t);
3

This theorem is taken from the book of Carsten A. Ullrich [11] without modification.
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• solve the time-dependent Kohn-Sham equation;
• extract observables.
In principle, the potential has a memory dependence (it explicitly depends on time). In
practice, the adiabatic approximation (exact in slowly varying densities, exact if the system
remains in its instantaneous eigenstate if a perturbation acting on it is slow enough) is applied,
which means that the explicit time-dependence is neglected:
0
A
[n0 ](r)
(r, t) = vxc
vxc

n0 (r)→n(r,t)

.

(1.71)

In principle, if one solves the time-dependent Kohn-Sham equations in real time, after a
long enough simulation observables can be extracted. If the applied ﬁeld is small enough, the
linear response Kohn-Sham equation may be enough to calculate observables (Sec. 1.2).
In this case, the small external potential is turned on after t0 :
v(r, t) = v0 (r) + v1 (r, t)θ(t − t0 ).

(1.72)

The full time-dependent density:
n(r, t) = n[v](r, t)

(1.73)

n(r, t) − n0 (r) = n1 (r, t) + n2 (r, t) + n3 (r, t) + . . . .

(1.74)

is expanded in a series:

where the ﬁrst order response can be calculated once the density-density response function
is known:
n1 (r, t) =

Z

dt′

Z

d3 r ′ χ(r, t, r′ , t′ )v1 (r′ , t′ ),

(1.75)

with the density-density response function:
χ(r, t, r′ , t′ ) =

∂n[v](r, t)
∂v(r′ , t′ )

,

(1.76)

v0 (r)

with which the external potential can be calculated by inversion:
v1 (r, t) =

Z

dt

′

Z

d3 r ′ χ−1 (r, t, r′ , t′ )n1 (r′ , t′ ).

(1.77)

To arrive at useful formulas one also needs to consider the linear response of the Kohn-Sham
system as well. First, we consider the eﬀective single particle potential, which is a functional
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of the density:
vs [n](r, t) = v(r, t) +

Z

d3 r ′

n(r′ , t)
+ vxc [n](r, t).
|r − r′ |

(1.78)

Of course, the density should also be functional of the single particle potential (by inversion):
n(r, t) = n[vs ](r, t).

(1.79)

The density response is again given by an equation similar to Eq. 1.75:
n1 (r, t) =

Z

dt′

Z

d3 r ′ χ(r, t, r′ , t′ )s vs1 (r′ , t′ ),

(1.80)

where we introduced the density-density response function of the Kohn-Sham system:
∂n[vs ](r, t)
∂vs (r′ , t′ )

χ(r, t, r′ , t′ )s =

.

(1.81)

vs [n0 ](r)

The linearized eﬀective potential contains the external potential, the linearized Hartree
term and the linearized exchange-correlation eﬀects:
vs1 [n](r, t) = v1 (r, t) +

Z

d3 r ′

where
vxc1 (r, t) =

Z

dt′

Z

d3 r ′

n1 (r′ , t)
+ vxc1 (r, t),
|r − r′ |

∂vxc [n](r, t)
∂n(r′ , t′ )

(1.82)

n1 (r′ , t′ ).

(1.83)

n0 (r)

We introduce the time-dependent exchange-correlation kernel:
fxc (r, t, r′ , t′ ) =

∂vxc [n](r, t)
∂n(r′ , t′ )

.

(1.84)

n0 (r)

Eq. 1.75 should equal Eq. 1.80 by construction. Let us insert Eq. 1.83 into Eq. 1.80:

n1 (r, t) =

Z

dt′

Z

d3 r ′ χs (r, t, r′ , t′ ) v1 (r′ , t′ )
+

Z

dt′′



Z

d3 r ′′



δ(t′ − t′′ )
+ fxc (r′ , t′ , r′′ , t′′ ) n1 (r′′ , t′′ ) . (1.85)
|r′ − r′′ |




Interestingly, the linear response density should be calculated self-consistently as it appears
both on the LHS and RHS.
We can also compare the density response function of the true many-body and the KohnSham system by inserting Eq. 1.75 into Eq. 1.85:
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Z

dt

′

Z

3 ′

′

′

′

′

d r χ(r, t, r , t )v1 (r , t ) =
+

Z

dt

′′

Z

Z

dt

′

Z

3 ′′

d r

d3 r ′ χs (r, t, r′ , t′ ) v1 (r′ , t′ )




δ(t′ − t′′ )
+ fxc (r′ , t′ , r′′ , t′′ ) n1 (r′′ , t′′ ) . (1.86)
|r′ − r′′ |




We have to realize that the above equation holds for any perturbation v1 , and everything
else appearing in the equation is given by the ground state. Thus, we obtain a Dyson-like
equation for the response function of the interacting (many-body) system:

χ(r, t, r′ , t′ ) = χs (r, t, r′ , t′ )
+

Z

dt′′

Z

d3 r ′′

Z

dt′′′

Z

d3 r ′′′ χs (r, t, r′′ , t′′ )



δ(t′′ − t′′′ )
+ fxc (r′′ , t′′ , r′′′ , t′′′ ) χ(r′′′ , t′′′ , r′ , t′ ).
|r′′ − r′′′ |
(1.87)


In Fourier space, Eq. 1.87 reads as:
′
−1
′
fxc (r, r′ , ω) = χ−1
s (r, r , ω) − χ (r, r , ω) −

1
.
|r − r′ |

(1.88)

It is convenient to add together the Hartree response kernel and the exchange-correlation
kernel:
fHxc (r, r′ , ω) =

1
+ fxc (r, r′ , ω),
|r − r′ |

(1.89)

with this deﬁnition we obtain the TDDFT linear response equation with frequency arguments:
n1 (r, ω) =

Z



d3 r ′ χs (r, r′ , ω) v1 (r′ , ω) +

Z



d3 r ′′ fHxc (r′ , r′′ , ω)n1 (r′′ , ω) .

(1.90)

The frequency-dependent non-interacting response function is given by the usual sum-overstates approach:
∞
X

0∗ ′ 0 ′
φ0j (r)φ0∗
k (r)φj (r )φk (r )
χs (r, r , ω) =
(fk − fj )
,
ω − ωjk + iη
j,k=1
′

(1.91)

where we introduced occupation factors of the Kohn-Sham states (fi ) and Kohn-Sham
transition energies ωjk = ǫj − ǫk . In short form (integrals are implicit) the linear response
equation reads as:
n1 = χs v1 + χs fHxc n1 ,
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or after solving for n1 :
n1 =

χs v1
.
1 − χs fHxc

(1.93)

This result is typical in mean-ﬁeld theories, fHxc renormalizes the response of the noninteracting system. However, contrary to mean-ﬁeld theories, this equation is exact. In practice,
fHxc has to be approximated.
In order to deal with singlet excitations it is convenient to introduce the spin-dependent
formalism. In this case the time-dependent Kohn-Sham equations become:

"

∇2
+ vσ (r, t) +
−
2

Z

#

n(r′ , t)
∂
d3 r ′
+ vxc,σ [n↑ , n↓ ](r, t) φiσ (r, t) = i φiσ (r, t),
′
|r − r |
∂t

(1.94)

with the density being:
n(r, t) =

Nσ
X X

|φiσ (r, t)|2 .

(1.95)

d3 r ′ χs,σσ′ (r, r′ , ω)vs1σ′ (r′ , ω),

(1.96)

σ=↑,↓ i=1

The density response reads:
n1σ (r, ω) =

XZ
σ′

similarly the linearized eﬀective potential:
vs1σ [n](r, t) = v1σ (r, t) +

XZ

d3 r ′ fHxc,σσ′ (r, r′ , ω)n1σ′ (r′ , ω),

(1.97)

σ′

where the Hartree-exchange-correlation kernel is just:
fHxc,σσ′ (r, r′ , ω) =

1
+ fxc,σσ′ (r, r′ , ω),
|r − r′ |

(1.98)

and the non-interacting Kohn-Sham susceptibility:
χs,σσ′ (r, r′ , ω) = δσσ′

∞
X

(fkσ − fjσ )

j,k=1

′
0∗ ′ 0
φ0jσ (r)φ0∗
kσ (r)φjσ (r )φkσ (r )
,
ω − ωjkσ + iη

(1.99)

where we used the spin polarized version of the occupation numbers (fjσ ) and Kohn-Sham
transition energies: ωjkσ = ǫjσ − ǫkσ .
These equations can be recast into a matrix equation, whose solutions give the exact excitation energies (Ω) of the many body system. This is the so-called Casida formalism. If the
ground state Kohn-Sham orbitals are real (for example, due to time-reversal symmetry) than
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the pseudo eigenvalue problem is the following:
A B
B A

!

X
Y

!

−1 0
=Ω
0 1

!

!

X
,
Y

(1.100)

where we introduced the below blocks:
Aiaσ,i′ a′ σ′ (Ω) = δii′ δaa′ δσσ′ ωa′ i′ σ′ + Kiaσ,i′ a′ σ′ (Ω)

(1.101)

Biaσ,i′ a′ σ′ (Ω) = Kiaσ,i′ a′ σ′ (Ω).

(1.102)

and

0
The integrals of K, with the shorthand notation for the pseudodensities: Φjkσ (r) = φ0∗
jσ (r)φkσ (r),
are given by:

Kjkσ,j ′ k′ σ′ (Ω) =

Z

3

d r

Z

d3 r ′ Φjkσ (r)fHxc,ασ (r, r′ , Ω)Φ∗j ′ k′ σ′ (r′ ).

(1.103)

Eq. 1.100 is an inﬁnite dimension anti-Hermitian problem. Once the solutions are found,
the density response is given by:
n1σ (r, Ω) =

X

[Φ∗iaσ (r)Xiaσ (Ω) + Φiaσ (r)Yiaσ (Ω)] .

(1.104)

ia

By clever algebraic manipulations we can transform the problem to a Hermitian one by
further assuming that fxc is frequency independent (adiabatic approximation):
CZ = Ω2 Z.

(1.105)

C = (A − B)1/2 (A + B)(A − B)1/2 ,

(1.106)

Z = (A − B)1/2 (X − Y ).

(1.107)

Let’s deﬁne a new matrix:

and a new vector:

With these deﬁnitions we arrive at the equation:
i
√
δii′ δaa′ δσσ′ ωa2′ i′ σ′ + 2 ωaiσ ωa′ i′ σ′ Kiaσ,i′ a′ σ′ (Ω) Zi′ a′ σ′ = Ω2 Ziaσ ,

X h

i′ a′ σ′

(1.108)

which is what is implemented in most of the codes.
The following expression holds for the oscillator strengths, which are needed to calculate
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the polarizability:

3
2
2X
rTj (A − B)1/2 Zn ,
3 i=1

fn =

(1.109)

where rj is the transition dipole (rjiaσ = d3 rjΦiaσ )in the j = x, y, z direction associated
with the eigenvector Zn .
If the ground state is not spin-polarized, there can be singlet and triplet transitions. Since
only singlet excitations have non-zero oscillator strength, only these excitations contribute to
the absorption spectrum. In this case spin-up and spin-down eigenmodes are in phase:
R

n1↑ (r, Ω) = n1↓ (r, Ω).

(1.110)

In my work, I have only dealt with singlet excitations. If the ground state is spin polarized,
spin-conserving and spin-ﬂip transitions may occur, however spin-ﬂip transitions require a
diﬀerent formalism than presented here. Applications in high-spin ground state defects would
require such a formalism.
If we were to use a hybrid functional (functional with a ﬁxed percentage of non-local
exchange) than the form of A and B matrices change. Let us introduce the following notation:
(jk|v|j ′ k′ ) =

Z

d3 r

Z

0
d3 r ′ φ0∗
jσ (r)φkσ (r)

and
(jk|fx |j ′ k′ ) =

Z

d3 r

Z

1
′
φ0′ ′ (r)φ0∗
k ′ σ′ (r )
|r − r′ | j σ

′
0∗
0
′
0
d3 r ′ φ0∗
jσ (r)φkσ (r)fx (r, r , Ω)φj ′ σ′ (r)φk ′ σ′ (r ),

(1.111)

(1.112)

where fx is just the exchange part of the exchange-correlation kernel. With these deﬁnitions,
the coupling matrix changes in the following way:

Kjkσ,j ′ k′ σ′ (Ω) =

Z

d3 r

Z

d3 r ′ Φjkσ (r)fHxc,ασ (r, r′ , Ω)Φ∗j ′ k′ σ′ (r′ )
− cx δσσ′ [(jj ′ |v|kk′ ) − (jk|fx |j ′ k′ )]. (1.113)

If cx is 1 and the correlation in the functional is set to zero then we obtain equations that
are formally the same as Time-Dependent Hartree-Fock (TDHF) equations. Care must be
taken though, as TDHF equations require Hartree-Fock and not DFT orbitals. In my work,
I have used this adiabatic approximation of TDDFT with the PBE (TDPBE) and with the
PBE0 (TDPBE0) functional. Interestingly, the TDPBE0 functional performs surprisingly well
and gives an overall good and balanced description of valence and Rydberg excitations as well
in organic molecules [32].
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The problem with typical adiabatic TDDFT calculations is somewhat similar to problems
related to the ground state. There is no simple procedure to have an order-by-order increase
in expected accuracy. It is observed however, that TDDFT with the usual local, semilocal
functionals tend to be superior to TDHF results and provide very good accuracy for local,
valence excitations. Double excitations are usually missing, because they require treatments
beyond the adiabatic approach, in other words, a frequency dependent kernel is needed to
have additional poles beyond the Kohn-Sham poles [33], charge-transfer (where the initial and
ﬁnal states are non-overlapping, in other words, localized in diﬀerent regions of space) and
Rydberg excitations are described with typically lower accuracy than valence excitations, and
there is a tendency to underestimate their energy. This is mostly because usual exchangecorrelation kernels have the wrong asymptotic decay (e−αr instead of −1/r), which results
in an overbinding of such states. Simple cures include range-separated functionals, in which
the correct asymptotic decay is restored by having the full exchange in the long range of
the functional. In this scheme, correlation is included only in the short range and the range
separation parameter is an empirical constant [34]. However, the empiricy can be turned to
a fully ab initio scheme by selecting the range separation parameter in such a way that the
method satisﬁes the Koopmans’ theorem [35]. It has been recently shown that such functionals
give a better description of Rydberg and charge-transfer excitations [36].

1.6

Basis sets

So far, our equations are still not solvable, they have to be represented on a ﬁnite basis set.
The two most famous approaches are either use basis functions that are centered at atoms or
use plane waves as a basis set, which are independent of the coordinates of nuclei.
atom-centered orbitals
In the ﬁrst case, we expand a single particle wave function as a sum of atom centered
orbitals:
φi (r) =

X
jk

cijk ϕj (r − Rk ),

(1.114)

where Rk are nuclei coordinates and j is a collective quantum number (n, l, m) for the
orbital sitting on the nucleus Rk .
In this case, atom centered orbitals are usually chosen to be spherical harmonics multiplied by some radial distance dependent functions. The straightforward choice would be
to use Slater-type orbitals (STO), where the radial part is: |r|l e−β|r| , where n is principal
quantum number of the orbital. This choice gives guarantees that wave functions have
cusps. There is a drawback however, matrix elements of the Coulomb interaction are
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not analytic, thus one needs to resort to numeric quadratures. In order to overcome this
problem, Gaussian basis set were introduced (GTO), where the radial dependence is the
following (we consider the so-called spherical primitive Gaussians, Cartesian Gaussians
2
may also be used): α|r|l e−βr . By this, all integrals containing the Coulomb interaction
become analytic and can be tabulated. The drawback is that in order to correctly describe
cusps and localized states one usually has to use a sum of Gaussian orbitals with ﬁxed
coeﬃcients. These basis functions are called contracted Gaussians. During a calculation
for a given molecular structure, both α and β can be optimized in principle, in practice β
parameters are optimized for speciﬁc calculations (eg. atoms) and then kept constant in
further calculations. This is good to be able to compare results between diﬀerent research
groups without publishing all the coeﬃcients. A reliable basis set source can be found
online4 [37].
I used two typical basis sets during my work:
• DZP -like basis sets (“double-zeta polarized”) contain two contracted Gaussians per
atomic orbitals and one polarization function with angular momentum higher than
valence orbitals in the atom. This allows for ﬂexibility in non-spherical environments.
• aug-cc-pVDZ-like basis sets (“augmented correlation-consistent valence double zeta
polarized”) contain two contracted Gaussians per valence atomic orbitals, polarization functions and importantly the basis set is augmented with a diﬀuse, low
exponent basis function whose spread is much larger than usual localized basis functions. The term correlation-consistent refers to the fact that these basis sets were
optimized for high-level Hartree-Fock based approaches.
The problem with almost all GTO-like calculation is that the basis set expansion cannot
be straightforwardly enhanced as there is no clear way to make the Hilbert space more and
more complete. Practically, one can increase the angular momentum or add more diﬀuse
functions but this usually results in linearly dependent orbitals and serious convergence
errors. We note that in case DFT, matrix elements of the exchange-correlation functionals
are not analytic as they are very complicated functions of the density or gradient of the
density. Thus, a numerical grid has to be set up to evaluate exchange-correlation integrals.
We further note that in case of Quantum Monte Carlo calculations, the usage of Slatertype orbitals have become more and more the choice of solution, as one tries to recover
most of the correlation energy and correctly describing the cusps is essential. Also, there
is no need to have an analytic integral formula for the Coulomb interaction.
plane waves
4

https://bse.pnl.gov/bse/portal
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Plane wave calculations rely on the following basis set expansion:
φki (r) =

X

ciG ei(k+G)r ,

(1.115)

G

where k is a new quantum number given by the (artiﬁcial) periodicity of the system and
G is a reciprocal lattice vector. Usually, k is chosen to be the so-called Gamma point:
Γ = (0, 0, 0). This basis set is independent of origin and assumes that there is a spatial
periodicity of the system. Thus, molecules have to be modelled as an artiﬁcial array of
molecules. Practically, one can set up a large enough lattice constant so that the artiﬁcial
molecular crystal built can be considered to be as an array of non-interacting molecules.
The ﬁneness of the calculation can be increased by increasing the so-called kinetic energy
2
cutoﬀ: G2 , which determines the number of reciprocal lattice vectors to be taken into
account, which in turn, is in correlation with the smallest spatial variations (r) that one
wants to describe: r ≈ |G|1max . The larger the G the larger the spatial variation that one
can describe.
The advantage of such an approach is that the quality of the basis set can be easily
enhanced by adding more and more plane waves, the drawback is however, that the
expansion quickly blows up for highly localized states. Typically, hundred thousands of
plane waves are used for a molecule, while not more than thousands of Gaussian orbitals
are used in Gaussian basis set codes for the same molecular entity. Thus, one usually
replaces core electrons with a pseudopotential, that is smoother and requires less plane
waves.
Other approaches include mixed basis sets, where atomic centered functions are augmented
by plane waves, or wavelets where orbitals retain their ﬁnite domain and at the same time the
quality of the basis set can be easily improved. Linear scaling methods can only be obtained
if the basis orbitals have small enough spread so that the Hamiltonian becomes sparse.

1.7

Pseudopotentials

Unfortunately, even with the approximations made so far, obtaining the electronic structure of
large structures is prohibitively expensive. The reason is the following. Consider the molecule
SiH4 . In this case 14+4=18 electrons should be taken into account, that is at least 9 occupied
states have to be calculated. This approach becomes prohibitively expensive when larger and
larger systems are considered. It seems a reasonable assumption that energetically deep lying
core electrons (in our previous example 1s2s2p states of silicon) do not signiﬁcantly aﬀect
chemical bonding and thus most questions can be answered if we take them into account in an
approximate way. This thinking naturally leads to a separation of core and valence electronic
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states. This partitioning can be easily veriﬁed for light elements, such as silicon, however
it is increasingly hard to separate core and valence states from each other with increasing
atomic number, one thus usually introduces the concept of “semicore” states. In this case, the
separation is somewhat arbitrary.
Thus, the main idea is to replace the eﬀect of core electrons and the strong Coulomb attraction of nuclei with a pseudopotential. The eﬀect of core electrons on remaining valence electrons
is only indirect, it is wrapped into a pseudopotential (which is not anymore self-consistent). In
principle, if the separation lies on ﬁrm grounds, then these pseudopotentials are atomic speciﬁc, do not depend on the environment, and thus they are transferable. Without going into
details, the real all electron wave functions (φae
i ) will be replaced by smooth (nodeless) pseudo
PS
wave functions (φi ) for the valence electrons that feel a diﬀerent potential. This potential is
obtained by solving and inverting the Schrödinger equation for atoms and by prescribing that
the eigenvalues for valence electrons are exactly the same with and without the pseudization.
Pseudo wave functions do not have nodes and smoother than original wave functions below
a cutoﬀ radius (rc ). Beyond this cutoﬀ radius they coincide with all electron wave functions
by construction. It is important to note there is a freedom of choice in deﬁning pseudopotentials (they are not unique). In principle, by using larger values of rc results in smoother
pseudopotentials, care must be taken though, because transferability decreases. Finding an
appropriate cutoﬀ and pseudization scheme are almost considered to be an art. Fortunately,
there are ongoing eﬀorts to make all ever generated pseudopotentials available for the electronc
structure community5 .
Using pseudopotentials has two major advantages. First, pseudo wave functions are smoother
therefore a plane wave expansion needs less plane waves. Second, we only need to take into
account valence electrons in our calculations.
Besides using norm-conserving functionals [38, 39] I also applied ultrasoft pseudopotentials
[40] and the projected augmented wave approach in the frozen core approximation [41]. In the
latter two cases the norm-conserving constraint is released and pseudo wave functions can be
chosen to be even smoother at the expense of more complicated expressions. This results in
a non-zero overlap matrix, thus a generalized eigenvalue problem has to be solved. Missing
charges, also known as augmentation charges, have to be taken into account as well.

1.8

Codes

turbomole turbomole [42] is an all-electron Gaussian basis set code. The TDDFT part
is implemented in the Casida-formalism [43–46]. Symmetry plays a key role in running
turbomole calculations. As a general rule, by applying a symmetry constraint the
computational eﬀort reduces by about 1g , where g is the order of the group. I used this
5

eg. the pseupotential vault: http://nninc.cnf.cornell.edu/
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code to calculate the optical absorption of nanocrystals given ﬁxed nuclei coordinates.
siesta siesta [47, 48] is a pseudopotential supercell code with numerical atomic orbital basis
set. This code is very fast and was used to relax silicon carbide structures. It relies
on numerical atomic basis sets: radial basis functions are given on a numerical grid.
Though Siesta is an eﬃcient code to calculate total energies and forces based on density
functional theory it has some disadvantages. First, the numerical grid used to represent
the radial part of the wave functions has to be small dense enough so that egg-box eﬀects
are negligible (“egg-box” eﬀects arise if the smallest spatial variations of quantities of
interest are comparable to the ﬁneness of the grid). Second, since the basis set used to
expand wave functions is basis set dependent and it is at the same time incomplete, the
usual Hellmann-Feynman theorem does not apply and one faces with an additional term,
called Pulay-force. This Pulay force vanish by deﬁnition once the basis set is complete or
the basis set is independent of position of the nuclei (e.g. plane waves). Failure to meet
these criteria, corrections have to be applied given by the derivative of the basis function
with respect to the coordinates of the nuclei.
I used Troullier–Martin type pseudopotential, where the radial part of pseudo wave
function has the following form below the cutoﬀ radius: φlTM (r) = r l exp(p(r)), p(r) is a
sixth order polynomial of r 2 [49]
VASP is planewave supercell code applying the projector augmented wave approach. I used
this code as a tool to obtain Bader charges. To calculate Bader charges one needs charge
density maxima at the ionic positions, which can be calculated once the all-electron charge
density is recalculated.
Quantum-Espresso is a package of plane wave pseudopotential codes, and norm-conserving,
ultrasoft and PAW methods are implemented to deal with the electron-nuclei interaction. I used the PWscf code to perform structural relaxations of silicon and diamond
nanocrystals and to do some tests on silicon carbide nanocrystals. This code was also
used to calculate TDDFT absorption spectra of silicon nanocrystals within a diﬀerent
formalism than described in previous chapter. This so-called density-functional perturbation theory formalism (DFPT) allows to extract the full absorption spectrum of a given
structure, however no information is given on the origin of peaks [50].
To visualize nanoparticle geometries, I used the VMD code [51]. This is a highly capable
package for visualizing the result of molecular dynamics or quantum mechanical calculations.
Most of the time I relied on the so-called CPK representation of molecules, which is also known
as the ball-and-stick model.
Molecular geometries were partially edited by the code avogadro6 and code macmolplt7
6
7

http://avogadro.openmolecules.net/wiki/Main_Page
http://www.scl.ameslab.gov/~brett/MacMolPlt
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[52]. The latter is capable editing the molecular geometry with symmetry constraints.
To apply symmetry constraints I used a freely available code [53, 54]: 8 , which is capable
of symmetrizing molecular entities within a given threshold. Though the siesta code does
not know any symmetries, with the help of Lev Kantorovich’s tools 9 the code may be recompiled with force constraints ensuring that during relaxation calculations the forces respect the
symmetry of the molecule.
Symmetry arguments can also help interpreting absorption spectra where only dipole allowed transitions contribute with non-negligible oscillator strength.

1.9

Vibrational frequencies

Raman and infrared (IR) absorption measurements are common experimental techniques to
measure the vibrational freedom of quantum mechanical objects. As the the name suggests,
the energy of vibrations is in the infrared range. Vibrational frequencies within the BornOppenheimer and harmonic approximations can be very easily calculated once one can extract
forces acting on nuclei. In my work I only calculated vibrational frequencies thus transition
matrix elements (which deﬁne intensities in Raman and IR measurements) are not taken into
account.
If we expand the total energy of the systems of interest around the equilibrium position
of the nuclei, we obtain the following expression (at the minimum ﬁrst derivative of the total
energy with respect to the displacements vanishes):
E0 (Rαi + Sαi ) = E0 (Rαi ) +

1 XX
∂2E
2 αi βj ∂Sαi ∂Sβj

Sαi Sβj + . . . ,

(1.116)

Rαi

where Rαi is ith component of the equilibrium position of the αth atom and S is a small
displacement. After deﬁning interatomic force constants:
βj
Fαi
=

∂2E
∂Sαi ∂Sβj

,

(1.117)

Rαi

we can set up a classical harmonic equation of motion for the nuclei:
Mα S̈αi = −

X

βj
Fαi
Sβj .

(1.118)

βj

This can be solved by an exponential displacement ansatz:
Sαi = √
8
9

1
uαi e−iωt .
Mα

downloadable from http://www.ccp14.ac.uk/ccp/ccp14/ftp-mirror/symmol/
http://www.cmmp.ucl.ac.uk/~lev/codes/lev00/index.html
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With this, we arrive at the equation:
−ω 2 uαi +

X
βj

1
F βj uβj = 0.
Mα Mβ αi

p

1
F βj
Mα Mβ αi

βj
After introducing the dynamical matrix Dαi
= √

quencies can be obtained by a diagonalization:
X
βj

βj
Dαi
uβj − ω 2 uαi = 0.

(1.120)
the square of vibrational fre-

(1.121)

If the molecule has N atoms, it has 3N degrees of freedom, which results in 3N coupled
equations. If the molecule is non-linear, then ﬁrst six frequencies correspond to translations
and rotations, therefore there are 3N-6 vibrational degrees of freedom. The zeroness of the
ﬁrst six modes is usually a good numerical benchmark. Negative squared frequencies and
thus imaginary harmonic frequencies imply that the that the geometry used to calculate the
dynamical matrix was not at a real local minimum – it may have been a saddle point.
The most time consuming part is obtaining the force constants, in the SIESTA code we
used symmetric ﬁnite diﬀerences, that is each atom is displaced by small amount in each spatial
direction both in positive and negative direction. This is the so-called frozen-phonon approach,
which thus requires 6 × 3N self-consistent steps to get the dynamical matrix. Since the cost
of an electronic step is roughly N 3 with usual local, semilocal functionals, the calculation of
vibrational frequencies scales as N 4 . This prohibits application of the method to large systems.

1.10

Bader charges

Atomic charge is a useful concept that helps analyzing the bonding nature of molecules, solids.
However, it is a concept that is theoretically not very well deﬁned. There are several diﬀerent
approaches how one can partition the total electronic charge as a sum of atomic charges and
they all have advantages and disadvantages. The most famous one is the Mulliken approach,
which relies on the overlap of atomic orbitals of the atom in question with the full wave
function [55]. This kind of partitioning is quite arbitrary however and depends on the speciﬁc
choice of basis set. Furthermore, since the space spanned by atomic orbitals is usually less
complete than the space of the basis set used to derive a charge density, one usually faces the
situation where charges of atoms do not add up to the total number of electrons; the missing
charge is usually called as non-bonding charge.
A diﬀerent partitioning can be deﬁned which is free of such errors [56]. In this case, an
atom is deﬁned as a region of real space bounded by surfaces through which there is no ﬂux in
the gradient vector ﬁeld of n, that is the surface is not crossed by any trajectories of ∇n(rs ).
This atomic surface, the so-called interatomic surface satisﬁes the zero-ﬂux boundary con33
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dition:
∇n(rs ) · e(rs ) = 0,

(1.122)

where e is the unit vector normal to the surface at rs .
Thus, one has to ﬁnd zero-ﬂux surfaces and integrate charges within separated regions
of space. The integrated charges attributed to atoms are the Bader charges. This approach
ensures that atomic charges are independent of the basis set used and there is no missing
charge.
I used the VASP code to obtain all-electron charge densities and a code interfaces with
VASP to perform the Bader charge analyzis10 .

1.11

Own developments

During my work I wrote several diﬀerent codes to perform additional post processing calculations. One that is worth mentioning is a real-space code which calculates one and two-electron
integrals with wave functions printed on a three-dimensional cuboid real-space grid. I used
this code several times to manipulate single particle wave functions or to benchmark codes by
calculating dipole matrix elements, Coulomb integrals.
I also wrote a C code to generate nanocrystal geometries with arbitrary shape by cutting
out atoms lying inside a user-deﬁned region of space.
These codes are available for download, upon request.

10

http://theory.cm.utexas.edu/bader/
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Chapter 2

Silicon
Multiple exciton generation in quantum dots is a very important process that, if harnessed,
could lead to a new solar conversion efficiency limit.
Matthew C. Beard, J. Phys. Chem. Lett. 2 1282 (2011)

We have investigated high energy excitations in ∼1-2 nm Si nanocrystals (NC) by ab initio
time-dependent density functional calculations, focusing on the inﬂuence on excitation spectra, of surface reconstruction, surface passivation by alkyl groups, and the interaction between
NCS. We have found that surface reconstruction may change excitation spectra dramatically
both at low and high energies above the gap; absorption may be enhanced non-linearly by the
presence of alkyl groups, compared to that of unreconstructed, hydrogenated Si NCs, and by
the interaction between NCs. Our ﬁndings can help interpreting the recent experiments on
Multi-Electron-Generation in colloidal semiconductor NCs, as well as help optimizing photovoltaic applications of NCs.
Publication related to the chapter:
[T1] High Energy Excitations in Silicon Nanoparticles
Adam Gali, Márton Vörös, Dario Rocca, Gergely T. Zimanyi, and Giulia Galli
Nano Letters 9, 3780-3785 (2009)

2.1

Introduction

Recently, eﬀective Multi-Exciton Generation (MEG) was reported in several colloidal semiconductor nanocrystals (NC) [57]. In the initial step of the MEG process a high energy incident
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photon generates a high energy exciton when absorbed by a semiconductor. This exciton may
decay through two main relaxation channels: either by emitting phonons or by creating other
excitons. In bulk semiconductors the Coulomb interaction is strongly screened, thus the excitonic channel is almost suppressed. On the other hand, a high density of vibrational states is
available for excitons to relax by emitting phonons. For these reasons, MEG is a one percent
eﬀect in excitonic relaxation in bulk semiconductors, and it is thus irrelevant for photovoltaic
(PV) applications.
In contrast, in NCs quantum conﬁnement eﬀects reduce electronic screening, thus eﬀectively
enhancing Coulomb interactions, and vibrational density of states are reduced, with respect
to the bulk, inducing a so called “phonon bottleneck” [58]. These concomitant factors may
help decrease the probability of excitons to decay through phonon emission and enhance the
probability of excitonic relaxations, thus opening the way for multi-exciton formation to become
a dominant relaxation channel.
In MEG processes much of the incident photon energy is retained in electronic excitations;
therefore proposals [59, 60] to use of MEGs in NCs for eﬃcient solar energy conversion raised
high hopes. Highly eﬃcient MEG was initially reported in environmentally unfriendly II-VI
compounds, e.g. PbSe and CdTe. However, recent studies on II-VI and III-V semiconductor
nanocrystals found that MEG eﬃciencies are less pronounced than originally suggested [61–66].
It was also found that these eﬃciencies depend on the surface chemistry, the concentration of
NCs in the solution and even on extrinsic eﬀects such as the stirring of the solution, related to
possible charging of the NCs [67–69].
Recently, MEG has also been reported for more environmentally friendly materials, such as
Si. In particular, eﬀective bi-exciton generation was found in colloidal silicon nanocrystals [4]
and in Si NCs embedded in a SiO2 matrix, where the size and the distance of Si NCs were
both ∼3 nm [70]. In the latter case the photon absorbed by the NC is (partly) transferred to
generate a distinct excited state within another, nearby Si NC. The energy transfer process
is accompanied by the relaxation, in the NC where it originated, from a highly excited state
towards the lowest-energy excited state [70]. For fabrication purposes, in PV applications allsolid embedded Si NC systems may be superior to colloidal architectures, however a strong
dependence on the surface/interface structure may be present in both cases.
A poignant demonstration of the sensitivity of the photoluminescence (PL) spectrum to
the presence of surface/interface defects has been recently presented for Si NCs embedded in
SiO2 [71]. The defects were originally identiﬁed by the features they induced in the spectrum.
Then they were passivated by hydrogenation and subsequently re-introduced in the system
by ultraviolet irradiation [71]. The corresponding features in the spectrum disappeared and
re-appeared accordingly. In contrast, it has been shown that alkyl-functionalized colloidal Si
NCs exhibit a PL spectrum which is insensitive to UV irradiation or water treatment [72, 73].
Remarkably, alkyl-functionalized Si NCs were found to exhibit an enhanced absorption,

36

2.1. Introduction

2. Silicon

with respect to hydrogentated dots, suggesting an important role of the electronic surface states
associated with alkyl groups. Moreover, Rosso-Vasic et al. fabricated silicon nanocrystals of
diameter of about 1.5 nm and capped them with diﬀerent alkyl-groups in hexane solution [72].
These NCs exhibited signiﬁcantly enhanced absorption and emission in solutions with higher
concentration, and this was attributed to the electronic coupling between the NCs. A similar
eﬀect was also observed in previous MEG studies [67, 72].
On the theoretical side, three interesting proposals were put forward to explain MEG processes [74–76]. (i) The Impact Ionization (II) theory of Zunger et al. [75], based on detailed
pseudopotential and Conﬁgurational Interactions (CI) calculations, suggests that the Coulombinteraction between the exciton and multi-exciton states is responsible for the eﬃcient MEG.
The work of Ref. [75] was followed by a theoretical screening of candidate materials [77] and
by a detailed analysis speciﬁc to PbSe nanocrystals [78]. A full non-equilibrium description of
the MEG process, emphasizing the immportant role of the density of states of the one-exciton
states was given in Ref. [79].
(ii) The Klimov group developed the alternative scenario of “virtual exciton generation”
(VEG) [74]. In this picture the generation of the initial high energy exciton takes place simultaneously and coherently with the generation of additional excitons.
(iii) Finally, Efros et al. suggested a third explanation [76]. In their Coherent Exciton
States (CES) picture the incident photon generates a single exciton, which then coherently
evolves into a multi exciton state, enabled by the degeneracy of these states [76].
Noticeably, all these theoretical frameworks build on a detailed knowledge of single particle
excitations; nevertheless most studies have so far focused on low lying excitations [80–85],
with very few studies exploring high energy excitation spectra [75, 77]. In addition, none of
the existing calculations has used ab initio techniques and has investigated the role played by
surface states.
In order to contribute to the understanding of the MEG process, we focus here on high
energy excitations in Si nanocrystals and we investigate the role of surface states, surfactants
and NC interactions on absorption processes. To this end, we have determined the excitation
spectrum of Si NCs using time-dependent density functional theory at “low” energies: 1× Eg <
E < 2 × Eg , and high energies: 2 × Eg < E.
We ﬁnd that electronic surface states accompanying surface reconstruction may give rise
to absorption processes substantially diﬀerent from those of unreconstructed, hydrogenated Si
NC, both at low and high energies. In addition, absorption is enhanced non-linearly both by
the presence of alkyl groups bound to the surface, and by the interaction between Si NCs.
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We carried out calculations with supercell geometries, plane wave basis sets and pseudopotentials [86], using the pwscf code. We used a 35 and 150 Ry cutoﬀ for the wavefunction
and charge density expansions, respectively. We checked the convergence of our results on
representative Si NCs by increasing the cutoﬀs up to 60 and 300 Ry. The distance between the
surface hydrogen atoms of the periodic images was larger than 0.7 nm. All geometries were
fully relaxed. Absorption spectra were calculated using time-dependent density functional
theory (TD-DFT), with the generalized gradient PBE functional in the exchange-correlation
kernel [22] and the technique proposed in Ref. [87]. For relatively small cluster, TD-DFT may
provide a qualitatively correct description of excitation processes (unlike for the case of bulk
solids) and it is used here to discuss trends in excitation spectra of small Si dots, as a function
of surface structure and composition. We consider NCs with 1.2 to 2 nm diameter (d). While
the optical gap at such small sizes is too big for direct PV applications, our results provide
indications about the relative importance of surface states, passivants and NC-NC interaction.
In addition, our results can be directly compared to recent experiments on alkyl-capped Si NCs
of similar sizes [72].
Unfortunately, the technique proposed in Ref. [87] does not allow to analyze the nature of
electronic transitions, it only gives access to the absorption spectrum. In order to understand
the nature of the transitions we also performed TD-DFT calculations within the Casida formalism as it is implemented in the Turbomole cluster code. The Casida formalism, contrary to
the one described in Ref. [87] does allow to extract information regarding the initial and ﬁnal
states contributing to a given optical transition. TURBOMOLE [42] is a localized basis set
code without employing periodic boundary conditions and it is used here as a tool to obtain
the above information. For this purpose, the usage of standard double–zeta polarized (DZP)
basis set was enough, as it will be shown below.
We simulated Si NCs with diﬀerent surface terminations. First we considered NCs where
each surface dangling bond was terminated by a hydrogen atom (see Figure 2.5), the chemical
formulas for the respective models are the following: Si66 H64 and Si220 C144 . This model may
represent the “perfect”, unreconstructed Si NCs with no surface states. We then investigated
the eﬀect of surface reconstruction of hydrogenated Si NCs (with chemical formulas of Si66 H40
and Si220 C120 ). Finally, we studied NCs terminated with alkyl groups, including hexyl and
methyl groups present experimentally in hexane solvents. These molecules bind to the surface
by forming Si-C bonds.
The interaction between the Si NCs was investigated by considering two diﬀerent conﬁgurations in our supercell calculations: simple cubic and tetrahedral lattices of Si NCs (see
Figure 2.5).
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First we discuss the eﬀect of the surface reconstruction on absorption spectra. In Si NCs, a
2×1-like reconstruction may take place on (100) facets. Figure 2.1 illustrates the spectrum for
un-reconstructed and reconstructed Si NCs with d=1.2 nm and d=2 nm diameters. Figure 2.2
shows the results of TURBOMOLE calculations. It is reassuring that the spectra obtained
with the two diﬀerent methods show good agreement and the applied DZP basis set is enough
to analyze the nature of transitions. Several features are apparent from these ﬁgures.
(i) The optical gap (Eg ) is substantially reduced by the surface reconstruction from 3.0 eV to
2.0 eV in d=1.2 nm Si NC. This is consistent with similar reductions reported in the literature,
e.g. in [80,84]. While the weight of the lowest energy peaks is visibly small in the reconstructed
case, the absorption exceeds that of the non-reconstructed NC from about 2.7 eV onward, in
the d=1.2 nm Si NC. The gap of non-reconstructed d=2 nm Si NC decreases to 2.0 eV and the
surface states appear as resonances below and close to the HOMO (highest occupied molecular
orbital) and right above the LUMO (lowest unoccupied molecular orbital); these states give
rise to peaks in the excitation spectrum of the reconstructed cluster, at about 2.2 and 2.4 eV,
that are not present in the unreconstructed case. In other ∼2 nm reconstructed clusters [80],
the LUMO state has been found to be a surface state. It is therefore reasonable to expect that
in clusters of about 2 nm, in reconstructed Si nanocrystals, one ﬁnd surface states very close
to the LUMO.
(ii) The absorption increases dramatically in the low energy region of the reconstructed
cluster. This is evident both from the emergence of the pronounced new peaks in the 2.73.0 eV range for d=1.2 nm Si NC and in the 2.2-2.4 eV range for d=2 nm Si NC, respectively,
as well as the increase of the integrated spectral weight in the 1 × Eg − 1.5 × Eg energy window.
(iii) The increase of the absorption of the reconstructed clusters (versus the non-reconstructed
one) is non-linear: the spectra integrated over higher energy windows increase more moderately
than over the low energy window.
(iv) The presence of surface states gives rise to resonances at high energies.
The lowering of the gap induced by reconstruction and the substantial enhancement of the
spectrum in the high energy region suggest that surface reconstruction may help enhance MEG
processes, whose onset is at 2Eg , and maximum eﬃciency enhancement is obtained from the
bi-exciton generation in the 2 − 3 × Eg high energy range.
Importantly, we note that excitations in the low energy region of 1 − 2 × Eg also contributes
to MEG process, as shown in Ref. [79], since the bi- and tri-exciton states are created from all
possible combinations of single excitonic states (subject to selection rules, of course). Therefore
an increase in the low energy density of excitations is a possible indication, although clearly
rather indirect, of enhanced MEG eﬃciency.
We also note that surface states can act as traps for excited carriers with relatively long
lifetime in small Si NCs. Hence they may be responsible for charging of NCs in transient
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absorption spectroscopy measurements and can lead to possible problems in interpretation of
experiment.
We note that the increase of the eﬀective Coulomb interaction in NC, compared to bulk,
poses design challenges for their use in PV applications: while such an increase may enhance the
eﬃciency of MEG, in principle it makes the extraction of the charge generated by MEG harder
than in the bulk. However the presence of surface states, as predicted by our calculations,
might help to make the charge extraction more eﬀective.
We now turn our attention to the eﬀect of the solvent on the spectrum of Si NCs. In the
photoluminesce experiments on colloidal NCs alkyl groups are often attached to the surface.
To gauge an understanding of the eﬀect of various passivants, we studied methyl ligands, the
shortest alkyl group and hexyl, the longest alkyl group considered in this work. We simulated
a hierarchy of representative samples, created by substituting H atoms at the surface by alkyl
groups, with alkyl coverage varying from 1.5% to 25% (see Figure 2.3). Since the presence of
long hexyl groups lead to very CPU intensive calculations, in this case we focused only on two
coverages, 1.5% and 19%, and on 1.2 nm NCs. The hexyl groups were placed at the positions
minimizing the repulsive interaction between the alkyl groups (see the inset in Figure 2.3).
Figure 2.3 shows the calculated spectra. Consistent with previous studies [81], we found
that the alkyl groups do not change the optical gap of the host Si NCs. At low surface coverages
with methyl groups, the absorption spectrum does not change considerably relative to the one
of purely hydrogen-terminated Si NCs. However, at higher coverages the spectrum exhibits
new peaks above Eg . The new peaks correspond to transitions involving states localized on
the surface Si-C bonds as it is shown for a typical resonant excitations in the Figure 2.3, the
peak was identiﬁed from a Turbomole calculation (see Figure 2.4). The intensity of these
peaks increases with increasing coverage by either the methyl or hexyl groups. We found that
in the energy window from zero up to 2 × Eg and up to 3 × Eg the increase of absorption
is around 45% and 10%, respectively for methyl terminated Si NCs (at 25% coverage), while
it is more than 100% and more than 60% for hexyl terminated Si NCs (at 19% coverage).
The numbers associated here to spectral enhancement are indicative of trends and not meant
to be quantitative estimates for direct comparison with experiment. We also found that the
enhancement of the spectrum is non-linear and it is more pronounced in the case of hexyl
group, which might then be the most promising solvent for MEG processes.
The high sensitivity of the spectrum to the type of solvent may explain the recent observations that the MEG depends on the ligands attached to the NCs and on charging effects [67, 69, 88].
In addition to various ligands, experimentally one may have diﬀerent concentrations of
NCS whose distance could be, in some cases, just a few Angströms (see Refs. [69, 88]). Such
distances can be directly modeled in our calculations. As shown in Figure 2.5, in a simple
cubic arrangement we calculated the spectrum for NC-NC distance (D1 ) varying from 0.7 to
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Figure 2.1. a) The absorption spectra of reconstructed and non-reconstructed d=1.2 nm Si NCs.
The peaks arising at low energy in the case of reconstructed surfaces and falling in the gap of
the excitation spectrum of non-reconstructed ones are due to transitions between localized surface
states. HOMO: highest occupied molecular orbital. LUMO: lowest unoccupied molecular orbital.
The states on the right hand side are indexed relative to the HOMO and LUMO states. The
red/green lobes represent the isosurface of the positive/negative values of the corresponding square
moduli of the wave function. b) The absorption spectra of reconstructed and non-reconstructed
d=2 nm Si NCs. The peaks just above the LUMO for the reconstructed Si NC are due to transitions
between localized surface states.

1.3 nm along the three axes of the cell, while in the tetrahedral conﬁguration the distance (D2 )
was varied between 0.25 and 0.4 nm with D1 =0.7 nm. In the tetrahedral conﬁguration two
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Figure 2.2. Comparison of absorption spectra of reconstructed and non-reconstructed Si NCs
obtained with the two diﬀerent TDDFT implementations. While “supercell” denotes the QuantumEspresso implementation, “DZP”(TZP, TZVP) refer to the localized basis set calculation with the
corresponding basis set. a) absorption spectra of non-reconstructed d=1.2 nm Si NC. The DZP
basis set already provides a satisfactory. b) absorption spectra of reconstructed d=1.2 nm Si NC.
The agreement is less perfect in this case, the main transitions can still be well analyzed, though. c)
absorption spectra of reconstructed and non-reconstructed d=2 nm Si NCs. The baseline diﬀerence
can be attributed to the fact that the supercell implementation yields the absorption spectrum
in the entire energy range, while in the localized basis set only ﬁnite number of transitions are
calculated. The long tail of high energy absorption (not shown in the ﬁgure) yields a diﬀerent
baseline for low energy peaks.

NCs were close to each other along one axis while they were D1 =0.7 nm apart from each other
along the remaining two axes. In both cases D1 and D2 were deﬁned as the minimum distance
between the hydrogen atoms bound to two neighboring NCs.
The calculated excitation spectrum for un-reconstructed NCs is plotted in Figure 2.5 from
Eg up to 3 × Eg . Apparently, the onset of absorption starts at the same energy, about 2.9 eV.
This energy is close to the experimental value (∼3.5 eV) for Si NC with similar size [72]. The
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Figure 2.3. Excitation spectra of Si NCs terminated by methyl and hexyl groups compared to
that of purely hydrogenated Si NCs. The peaks in the spectrum of alkyl-terminated dots can
be attributed to the strong Si-C bonds present at the surface. The red/green lobes represent
the isosurface of the positive/negative values of the square moduli of wave functions. HOMO:
highest occupied molecular orbital. LUMO: lowest unoccupied molecular orbital. In the inset the
conﬁguration of 19% coverage with hexyl groups is shown.

ﬁrst peak originates from the HOMO→LUMO transition. The position of HOMO and LUMO
energies did not change as a function of the distance between the NCs.
At higher energies, however, the absorption clearly increases in all energy ranges as the
NCs approach each other, and additional peaks can be detected. This can be qualitatively
understood in terms of overlaps between single particle orbitals: As excitation energies are
increased, states become more delocalized and hence the overlap between states belonging to
neighboring NCS increases.
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Figure 2.4. Comparison of excitation spectra of Si NCs terminated by methyl groups at 25% coverage with the two different TDDFT implementations. While “supercell” denotes the
Quantum-Espresso implementation, “DZP” refers to the localized
basis set calculation with the corresponding basis set. The DZP
basis set already provides a satisfactory agreement. The deviation
is due to the fact that in Turbomole only ﬁx number of lowestlying transitions are calculated.

We integrated the intensity of absorption between Eg and 2 × Eg , and compared to that
integrated between 2 × Eg and 3 × Eg in order to estimate the enhancement of the absorption.
By taking the two extreme cases of our samples, the cubic D1 =1.4 nm and the tetrahedral
D2 =0.25 nm - D1 =0.7 nm values, the enhancement is about twice as large between Eg and
2 × Eg than between 2 × Eg and 3 × Eg . Our results show that the NC-NC interactions increase
the absorption profoundly. Moreover, the enhancement is non-linear as a function of excitation
energy due to the interaction of the NCs. Therefore, in order to understand the high energy
phenomena such as the MEG, the NC-NC interaction needs to be taken account.

2.4

Summary

In summary, we have investigated high energy excitations in silicon nanocrystals using TDDFT. We found that surface reconstruction, surface termination with alkyl groups (mimicking
possible solvent eﬀects) and NC-NC interactions are all responsible for an enhancement of
photon absorption, with respect to that found for isolated, hydrogen terminated and unreconstructed clusters. The enhancements found in our calculations depend non-linearly on the
energy: they are stronger in the 1 × Eg - 2 × Eg low energy region than in the 2 × Eg - 3 × Eg
high energy region. Our ﬁndings provide indications how onto enhance the eﬃciency of the
MEG pathway for solar energy conversion. Encouragingly, the trends observed here are all
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Figure 2.5. Excitation spectra of hydrogen terminated d=1.2 nm Si nanocrystal with unreconstructed surfaces. Two diﬀerent arrangements of SiNC within our supercell are shown schematically: i) the simple cubic conﬁguration where the distance between neighboring SiNCs is D1 in each
direction, ii) tetrahedral conﬁguration where two neighboring SiNCs are closer to each other (D2 )
in one direction while the distance between their periodic images is D1 for all the other directions.
The calculated absorption spectra are shown for diﬀerent D1 ,D2 conﬁgurations. The tendency of
increasing absorption for closer SiNCs is due to the interaction between delocalized empty states,
as shown, e. g. in the ﬁgure for the D1 =7 Å,D2 =2.5 Å conﬁguration. The red/green lobes represent
the isosurface of the positive/negative values of 4.5×10−3 1/bohr3 of the square moduli of wave
function. This state is mostly responsible for the peaks at around 3.5 eV as indicated by the arrow.

consistent with those reported in recent experimental studies of colloidal NCs.
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Chapter 3

Silicon Carbide
Nanotechnology allows the use of nanotools and nanodevices to interact with biomolecules
to detect and alter biological processes at the cellular and molecular level. The use of
luminescent nanoparticles promises to help promote in vitro and in vivo diagnostics to the
next level of performance.
Jörn Probst et al., Expert Rev. Mol. Diagn. 12, 49 (2012)

The electronic structure and absorption spectrum of hydrogenated silicon carbide nanocrystals (SiC NCs) have been determined by ﬁrst principles calculations. We show that the reconstructed surface can signiﬁcantly change not just the onset of absorption but the shape of the
spectrum at higher energies. We compare our results with two recent experiments on ultrasmall
SiC NCs. We have also investigated the absorption of 0.9-1.4 nm silicon carbide nanocrystals
(SiC NCs) with focusing on the eﬀect of various oxygen adsorbates of the surface. We have
found that Si-O and C-O single bonds result in relatively large optical gaps in the ultraviolet
region while Si=O and C=O double bonds will dramatically lower the optical gap into the
visible blue and red regions, respectively. Our ﬁndings can help interpret recent experiments
on colloidal SiC NCs and their utilization in biological applications.
Publications related to the chapter:
[T2] The absorption spectrum of hydrogenated silicon carbide nanocrystals from ab initio calculations
Márton Vörös, Péter Deák, Thomas Frauenheim, Adam Gali
Applied Physics Letters 96, 051909 (2010)
[T3] Time-dependent density functional calculations on hydrogenated silicon carbide nanocrystals
Márton Vörös, Péter Deák, Thomas Frauenheim, Adam Gali
Mater. Sci. Forum 679 - 680, 516 (2011)
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[T4] Electronic and optical properties of silicon carbide nanotubes and nanoparticles studied by density
functional theory calculations: eﬀect of doping and environment
Márton Vörös, Adam Gali
Journal of Computational and Theoretical Nanoscience 9, 1906 (2012)
[T5] The absorption of oxygenated silicon carbide nanoparticles
Márton Vörös, Péter Deák, Thomas Frauenheim, Adam Gali
The Journal of Chemical Physics 133, 064705 (2010)
[T6] Inﬂuence of oxygen on the absorption of silicon carbide nanoparticles
Márton Vörös, Péter Deák, Thomas Frauenheim, Adam Gali
Mater. Sci. Forum 679 - 680, 520-523 (2011)

3.1

Introduction

Eﬃcient visible photoluminescence (PL) has been recently measured from 3C-SiC nanocrystals
(NC) in solution [89]. The emitted color has shown correlation with the size distribution of the
SiC NCs, so the variation of the color was attributed to quantum conﬁnement [89, 90]. Most
recently, a similar eﬀect has been found in hexagonal (6H) SiC NCs [91] which show PL in
the deep blue or ultraviolet range due to the larger band gap of the bulk material1 . In our
study, we consider the cubic 3C-SiC NCs that could produce visible luminescence in a wide
range. Another favorable property of SiC is its bio-compatibility [92,93]. Combining that with
the visible luminescence makes 3C-SiC NCs very promising candidate for realizing Cd-free,
bioinert, ﬂuorescent biomarkers, which are of high importance for in vivo imaging of biological
molecules in cells. Indeed, two independent groups have recently applied ultrasmall 3C-SiC
NCs, without any protective shells, as biological labels in cells [94, 95], showing no toxicity
for several days [94, 95]. Preferential killing of cancer cells using 3C-SiC NCs has been also
reported [96].
While these ﬁrst results are encouraging, the absorption spectrum obtained in the two
experiments are puzzling: whereas the absorption started already above 1.8 eV for NCs with
mean diameter d ≈ 1.6 nm according to Ref. [94], it started only at about 2.7 eV (with
a shoulder at about 4.5 eV) for NCs with d ≈ 3.9 ± 1.1 nm according to Ref. [95]. This
runs against the quantum conﬁnement argument which would predict the opposite trend: the
smaller the NC, the larger the band gap [89, 90]. The prepared SiC NCs were either preoxidized in air [95] or they certainly were partially oxidized in water [94]. The presence of
oxygen-related defects at the surface of SiC NCs may play an important role in the excitation
spectrum of small SiC NCs applied as biomarkers in cells. For instance, it is known that the
1

The band gap of cubic 3C, the hexagonal 6H and 4H-SiC is 2.4, 2.9, and 3.2 eV, respectively.
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optical gap (Eg ) of small hydrogenated silicon NCs is signiﬁcantly reduced in the presence of
silicon-oxygen bonds [97, 98]. Indeed, having recognized the importance of surface structure
for SiC NCs, recently, many experimental papers have appeared focusing on the eﬀect of the
interfacial environment of 3C-SiC NCs [99–101, 101, 102, 102]. Furthermore, a very recent
studies have claimed bright emission from glycerol bonded 3C-SiC NC thin ﬁlms [103] and
UV-blue photoluminescence from SiC NC ﬁlms. The dynamics of photogenerated carriers has
been also studied [104] indicating the importance of microscopic mechanisms. In Ref. [100]
results were interpreted by surface studies of bulk SiC [100, 105] in order to understand the
eﬀect of surrounding water molecules. However, due to the very small size (e.g. mean diameter
d ≈ 1.6 nm, according to Ref. [94] and d=1.5-6.5 nm according to Ref. [100]) and spherical
shape of the nanocrystals [94, 95, 99, 100] there are only facets of very small area present at the
surface of nanocrystals. This can qualitatively change the behavior of the nanocrystal surface
compared to the surface of the bulk counterpart, moreover quantitative predictions for the
absorption could only be achieved by using more realistic, i.e. spherical nanocrystal models.
In order to contribute to the understanding of the excitation spectrum of spherical SiC
nanocrystals in biological applications, we investigate the role of surface structure and oxygen
adsorbates in the absorption processes. To this end, we have determined the excitation spectrum of SiC NCs using time-dependent density functional theory up to the high ultraviolet
(∼5 eV). In case of the oxygen related defects, we have also calculated the vibration spectrum
in order to provide additional means for the experimental conﬁrmation of our results through
infrared spectroscopy (IR) measurements.
In the the following subsections, we summarize our results on the absorption properties of
SiC NCs. We will discuss the optical properties of hydrogenated SiC NCs with and without
special surface reconstructions and we characterize oxygen related defects at the surface. To
this end we performed density functional theory based calculations.

3.2

Methodology

Model NCs were constructed by cutting approximately spherical clusters out of the perfect
3C-SiC crystal with varying diameter in such a way that maximum two dangling bonds per
surface atom were allowed. The spherical shape was chosen based on the results of transmission
electron microscope measurements (TEM) [89, 94, 95]. We will refer to these structures as
“ideal” ones that serve as reference for clusters with diﬀerent surface reconstructions and with
oxygen adsorbates.
The diameter of the resulting clusters excluding hydrogens (d) is ranged from 0.9 to 3.2 nm.
The spherical shape was chosen based on the results of transmission electron microscope measurements (TEM) results [89,94,95]. The dangling bonds of the surface atoms were saturated by
hydrogen atoms. We considered the following ideal SiC nanocrystals (SiC NCs): Six Cy Hz and
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Siy Cx Hz clusters with x=19,38,38,43,79,92,152,177,236,381; y=16,28,40,44,68,80,152,176,216,396;
z=36,64,76,100,120,168,196,232,324 and Si555 C532 H412 , Si763 C784 H524 .
The geometry of these structures were optimized by using the PBE functional [22] within
density functional theory (DFT). For geometry optimization we have utilized the SIESTA
code [48] using numerical atomic double-ζ polarized basis set and Troullier-Martins pseudopotentials [106].2 . Since SIESTA is a supercell code, at least a distance of 10 Å was ensured
between periodic images. All the atoms were allowed to relax until the forces acting on atoms
were below 0.02 eV/Å. The d ≈1 nm SiC NCs were checked in well converged plane wave
calculations.3 The results agreed within 0.02 Å for the geometries and 0.1 eV for the electronic
band gaps. The latter were deﬁned as the energy diﬀerence of the single particle levels of
the HOMO and LUMO. Based on a PBE0 ground state we applied adiabatic time-dependent
DFT (TDDFT) with the PBE0 functional [27] in the kernel (TDPBE0), in order to obtain the
absorption spectrum of the SiC NCs. For these calculations the Turbomole cluster code [43]
was utilized, applying an all-electron Gaussian basis set with the same quality for the valence
electrons as used in the SIESTA code. This choice of basis set ensured that relevant PBE
single particle energy diﬀerences obtained with Turbomole practically coincided with that
of the SIESTA results. This also suggests that the pseudopotential approach is a very good
approximation for this kind of system. We used a frequency-domain linear response TDDFT
method that allowed us to calculate and analyze the nature of low-lying excitations [43]. We
note that TDPBE0 optical gaps on small diamond nanocrystals agreed quantitatively with the
experimental ones [108] and similar hybrid functional based TDDFT-methods yielded superior results for small hydrogenated nanoclusters and molecules over TDPBE (TDDFT with
PBE functional in the kernel) results, and fairly reproduced the experimental spectrum and/or
highly accurate quantum chemistry results [109], thus we expect similar accuracy for the optical
gaps of SiC NCs. We emphasize here, that using time-dependent density functional theory, we
could calculate the relevant low-energy part of the absorption spectrum of the SiC NCs up to
d ≈1.5 nm, therefore experimental size could be reached with our largest calculated SiC NC.
Vibrational spectra were computed for d=0.9 nm and d=1 nm SiC NCs. The vibrational frequencies were calculated from the numerical derivative of the forces, assuming quasi-harmonic
potentials (see for instance Ref. [110]).
2
In our calculations we employed a confinement energy shift of 0.02 Ry for the atomic orbitals and a plane
wave equivalent cutoff of 180 Ry for the radial grid. We used the following cutoff radii for our pseudopotentials:
1.25/1.25/1.39/1.89 a.u. for H/C/O/Si atoms, respectively.
3
For this purpose the PWSCF code [107] was applied with using standard ultrasoft pseudopotentials (Si.pben-van.UPF, H/O/C.pbe-rrkjus.UPF files for Si/H/O/C atoms, respectively, all these pseudopotentials are available at http://www.quantum-espresso.org/pseudo.php.) and 40/400 Ry plane wave/charge density cut-off
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3.3
3.3.1

Results
“Ideal” nanocrystals and the effect of surface reconstruction

Since silicon carbide is a covalent material, the bonding situation of surface atoms may strongly
aﬀect the properties of the whole cluster. In order to mimic the eﬀect of hydrogen rich or
deﬁcient conditions, we removed some selected hydrogen atoms from the surface of “ideal”
nanocrystals and allowed the geometry to relax. This results in long Si-Si bonds on the surface.

(a)

(b)

(c)

2.67 (d)

2.45

2.57

Figure 3.1. (a) The non-reconstructed d=1.0 nm SiC NC, (b) typical Si 2×1-type reconstruction in d=1.0 nm SiC NC (c) a part
of 3×1-type reconstructions in d=1.5 nm SiC NC (d) a part of
step-like reconstruction in d=2.1 nm SiC NC. The bond length
of the long Si-Si bonds are shown in Å. Small(big) cyan(yellow)
and white balls represent C(Si) and H atoms, respectively. The
red(green) lobes show the positive(negative) isosurfaces of the
LUMO states.

We ﬁrst considered the non-reconstructed SiC NCs. These nanocrystals are either atom
or bond centered. Since these nanocrystals are not strictly stoichiometric we also investigated
models where Si and C atoms were exchanged. This allowed us to deal with diﬀerent surface
terminations. These two types of SiC NCs yield detectable diﬀerence in both the electronic
and optical gaps. Generally, the gaps are smaller for those NCs that contain more Si-H than
C-H bonds at the surface. For d >1.4 nm NCs the diﬀerence is below ≈0.2-0.1 eV.
As apparent from Fig. 3.1a, there may be strong steric repulsion between some H-atoms
on the surface of the non-reconstructed NCs. The steric repulsion is especially strong for the
Si-terminated surface. This is expected since the second neighbor distance between the Si-atom
is about 3.0 Å in SiC, and the corresponding Si-H bonds are about 1.5 Å. This eﬀect is less
pronounced for the C-terminated surface where the C-H distance is about 1.1 Å. Typically, 2×1type reconstructions occurred at the (100) facets (see Fig. 3.1b), in agreement with previous
PBE [111] and density functional based tight binding [84] calculations. In some cases, we have
found 3×1-type (Fig. 3.1c) and step-like (Fig. 3.1d) reconstructions at Si-terminated facets. In
the case when the surface reconstruction leads to a reduction of the gap, HOMO and LUMO
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states are usually localized on the reconstructed surfaces. This can be seen in Fig. 3.1 for
the LUMO and in Fig. 3.2 for the HOMO states. We note that the Si–Si bonds are longer in
3×1-type and step-like reconstructions than in 2×1-type reconstructions. The appearance of
the 3×1-type and step-like reconstructions depends strongly on the actual shape of SiC NC
surface, and are not as common as the 2×1-type reconstructions at the Si-terminated (100)
facets.

(a)

(b)

(c)

(d)

Figure 3.2. (a) The non-reconstructed d=1.0 nm SiC NC, (b) typical Si 2×1-type reconstruction in d=1.0 nm SiC NC (c) 3×1-type
reconstructions in d=1.5 nm SiC NC (d) step-like reconstructions
in d=2.1 nm SiC NC. Small(big) cyan(yellow) and white balls
represent C(Si) and H atoms, respectively. The red(green) lobes
show the positive(negative) isosurfaces of the HOMO states.

If the formation of SiC NCs is driven by kinetics, then in principle any of the surfaces
previously discussed could be formed. If SiC NCs are formed at near equilibrium conditions,
then 2×1-type reconstructions could occur most frequently besides the non-reconstructed one
[111].
In the following we show that the absorption obtained using the conventional PBE functional cannot be obtained by appyling a rigid shift to the TDPBE0 spectrum. We compare
three diﬀerent approaches to calculating the absorption spectrum: (i) Fermi’s golden rule
(FGR) based on SIESTA PBE orbitals and energies, (ii) TDPBE using an all-electron PBE
ground state and (iii) TDPBE0 using an all-electron PBE0 ground state. Since the pseudopotential approximation is a very good approximation in this kind of system, we will concentrate
on diﬀerences coming from the diﬀerent methodology to calculate the absorption spectrum.
Fig. 3.3 show the calculated spectra for ﬁve diﬀerent clusters: two 71 atom cluster (d=1.0 nm)
and their reconstructed counterparts and a larger 247 atom cluster (d=1.4 nm). In order to
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Figure 3.3. Comparison of the absorption spectrum of diﬀerent nanocrystals
obtained with the TDPBE, TDPBE0, FGR methods. (a),(b) d=1 nm “ideal”
SiC NCs and (c),(d) their 2×1 reconstructed counterparts, (e) d=1.4 nm “ideal”
SiC NC. The arrows show the ﬁrst dipole allowed excitations. All spectra have
been broadened by a Gaussian function with a σ of 0.1 eV. Note the diﬀerent
x-axes.

emphasize the ﬁne details of the spectra and to concentrate on relative difference, we shifted
and renormalized FGR and TDPBE spectrum so that the energy and oscillator strength of
the ﬁrst peak matches the TDPBE0 one. As it can be seen the three diﬀerent approaches give
similar spectra around the gap but do not even give qualitatively the same behavoir at higher
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energies where there is a serious redistribution of oscillator strength and shifting of peaks,
generally oscillator strength obtained by TDPBE or FGR methods are sligthly redistributed to
the red with respect to the TDPBE0 ones. It is worth noting that “ideal” nanocrystals exhibit
ﬁrst dipole allowed transitions with very low oscillator strength compared to the second one.
On the contrary, the height of the ﬁrst peaks in reconstructed nanocrystals are similar to the
second ones. This can be understood by the fact that the localization of the HOMO, LUMO
wavefunctions of the reconstructed nanocrystal changes considerable with the respect to “ideal”
nanocrystals (see Fig. 3.1 and Fig. 3.2).
In the forthcoming sections we always used the TDPBE0 approach.

Figure 3.4. Convergence of the optical absorption spectrum with respect to
the quality of the all-electron basis set for a d=0.9 nm SiC NC. Naming of the
basis sets follows the standard quantum chemistry naming. Optical spectrum
is calculated with the PBE/PBE0 (a/b subﬁgure) functional in the TDDFT
kernel. All spectra have been broadened by a Lorentzian function of 0.05 eV.
Note the diﬀerent x-axes.

It is a viable question whether the basis set for a converged ground state is enough to have
a converged excited states. It is generally believed that due to the more diﬀusive behavior of
unoccupied states, one needs a larger basis set for accurate absorption spectra than for ground
state properties. As it can be seen in Fig. 3.4 changes of less than 0.15 eV appear for the
excitation energies as the basis set is enlarged from the DZP basis set, and oscillator strengths
are not aﬀected that much. Since the expected accuracy of our method is larger than this error
and by enlarging the basis set the calculations become more and more expensive - thus limiting
our capabilities of handling large nanocrystals - the DZP basis set is a considered to be a good
compromise between accuracy and speed. The relatively good convergence of the spectra with
respect to the size of the basis set can be understood by the fact that by converging to the
limit of bulk crystal, one has conduction states that are similarly localized as valence states.
Although this argument seems reasonable, one has to keep in mind highly diﬀuse, Rydberg-like
states which may appear in some type of nanocrystals. Interestingly, diamond nanocrystals
have very diﬀusive LUMO states which do not seem to be disappearing as the nanocrystal’s
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Oscillator strength (a.u.)

size is enlarged [108, 112]. As mentioned in the methodology section, we do not have to deal
with this issue, since our planewave calculations suggest that we do not have low lying Rydberg
states for nanocrystals with diameter of ≥1 nm.

2.8

“ideal” Si92C80H120
2×1
“ideal”
3×1

0.02×

Si79C68H76

2×1
0.2×
3.2

3.6

4.0 4.4 4.0 5.0 6.0
Energy (eV)

Figure 3.5. Left panel: calculated absorption spectrum of the
ensemble of 1.0 ≤ d ≤ 1.5 nm SiC NCs. Black (straight) curve:
ideal=non-reconstructed NCs; red (dotted) curve with 0.2 scaling:
2×1-type reconstructed NCs; green (dashed) curve with 0.02 scaling: 3×1-type reconstructed NCs. Right panel: the absorption
spectrum of individual nanocrystals; (top) an ideal d=1.5 nm and
(bottom) a 2×1 reconstructed d=1.4 nm nanocrystal.

We show the calculated absorption spectrum of the ensemble of hydrogenated 1.0≤d≤1.5 nm
in Fig. 3.5. We used Lorentzian broadening of 0.05 eV for each individual peak to construct
the spectrum. The black curve shows the spectrum of the non-reconstructed SiC NCs. A peak
appears at ≈4.1 eV that belongs to the transition between the delocalized HOMO→LUMO
states (see Fig. 3.1a) of the largest SiC NC in our sample. The typical peak at 4.6 eV is due
to the wave functions that cause the Γ-L enhanced absorption at similar energy in bulk cubic
SiC. This is a common peak for all the considered SiC NCs. We scaled the other spectrum
to match their intensity at this point in order to compare the shape of the spectrum readily.
The red curve (with 0.2 scaling) shows the spectrum for the typical 2×1-type reconstruction.
Overall, the intensity of the absorption in the relevant energy region is signiﬁcantly larger than
for the non-reconstructed NCs. This is partly due to the enhanced dipole transition strength
between the localized states (see Fig. 3.1b), and partly due to the higher density of states near
the HOMO and LUMO (Fig. 3.6). In the experiments the measured absorbance depends on
the concentration of NCs, therefore, the calculated enhanced absorption cannot be used as
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Figure 3.6. The PBE total density of states (DOS)
near to the HOMO and the LUMO for the d=1.5 nm,
non-reconstructed nanocrystal (black curve) and for
its 3×1 reconstructed counterpart (gold curve). Arrows show the relevant states which are responsible
for the giant ∼3.6 eV peak in the absorption spectrum.

a ﬁngerprint for the reconstructed surface. We emphasize here that not just the intensity of
absorption is very diﬀerent for these two cases but the shape of the corresponding spectrum
signiﬁcantly changes. While the ﬁrst peak is around the same position both for the black and
red spectrum, the relative intensities at ≈4.1 eV and at 4.6 eV are very diﬀerent for the two
curves: it is ≈1:3 for the non-reconstructed NCs while ≈1:1 for the 2×1-type reconstructed
NCs. Besides that, a shoulder at ≈4.3 eV is detectable in the red curve. This indicates that
the non-reconstructed and 2×1-type reconstructed NC can be distinguished by simple absorption
measurements that can be used as a fingerprint of the surface structure. This eﬀect is more
trivial for the 3×1-type reconstruction. In that case the optical gap is dropped to 3.1 eV. That
is due to the very long and weak Si-Si bonds of the d=1.5 nm SiC NC (Fig. 3.1c) where the
bonding-antibonding energy levels appear in the “gap” of the non-reconstructed NCs giving
rise the ﬁrst peak in the absorption spectrum. Due to the very strong localized surface states
close to the HOMO and LUMO in energy will lead to a strong dipole transition moment at
∼3.6eV. It is more important to notice that the relative intensity of the prominent peak at
≈3.6 eV compared to the peak at 4.6 eV is ≈2.8:1. This is signiﬁcantly diﬀerent from the
2×1-type (≈1:1) or the non-reconstructed (≈1:3) cases.
Our study on SiC NCs agreed with previous studies on silicon and diamond NCs [80,84,112]
that the quantum conﬁnement eﬀect on the optical gaps can be obscured by surface reconstruction for small semiconductor NCs. We investigated the eﬀect of surface reconstruction for larger
SiC NCs that we could not address directly at TDPBE0 level but only at PBE level. Thus, we
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studied whether a simple correction may apply to the “gap” obtained at PBE level. In previous
studies [80, 112] the correction was calculated only for a single and very small (d ≈1 nm) NC
and was only assumed that the obtained correction applies for larger NCs, too. We calculated
the correction energy (deﬁned as TDPBE0−PBE diﬀerence) for a set of 0.9 < d < 1.6 nm nonreconstructed SiC NCs. We found that by adding 1.0 eV to the PBE gaps we can reproduce the
calculated TDPBE0 optical gaps within 0.03 eV for the non-reconstructed 1.0 ≤ d ≤1.5 SiC
NCs (see Fig. 3.7). This is due to that both the PBE0−PBE diﬀerence (corresponding roughly
71
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Figure 3.7. The calculated gaps of SiC NCs with diﬀerent methods as indicated. The curves show our ﬁt (see text). The experimental value is taken from Ref. [95]. “Ideal”: non-reconstructed,
“rec”: reconstructed. Si-c (C-c) indicates Six Cy Hz (Siy Cx Hz )
nanocrystals. The expression after “rec” denotes the type of reconstruction: eg. “rec Si 2×1” means 2×1 reconstructed surface
with long Si-Si bonds.

to the necessary quasiparticle correction) and the TDPBE0−PBE0 diﬀerence (the binding energy of the exciton) are decreasing continuously with increasing size by approximately the same
amount (by about 0.3 eV from d≈0.9 nm to d≈1.5 nm).4 Both eﬀects are understandable, if
we consider that by increasing the size of the NCs, the screening is enhanced, reducing the
quasi-particle correction, while the HOMO and LUMO wave functions can become more delocalized, increasing the exciton radius. Since the two eﬀects cancel each other almost perfectly
this will cause a quasi rigid shift for the non-reconstructed SiC NCs.
The surface of our non-reconstructed hydrogenated SiC NCs is perfectly passivated. Fan
et al. have recently fabricated d=3.9±1.1 nm SiC NCs [95] where the surface was perfectly
passivated by oxidation in air, and the measured onset of absorption was at ≈2.75 eV (Fig. 3.7).
d ≈ 3.9 nm SiC NC contains ≈3500 atoms that is barely accessible even at PBE level including
4
We note that the TDPBE and PBE gaps practically coincide with indicating unphysical vanishing exciton
binding energies.
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full relaxation. Thus, we ﬁt the PBE data with the function E(d) = 1.41 + A/dB (d in nm,
energy in eV) ﬁnding A = 2.7386, B = 1.3722 (black curve in Fig. 3.7) and added 1.0 eV
to this function (red dotted curve in Fig. 3.7) in order to get the optical gap of SiC NCs
at larger diameters. The (E(d)+1.0) function ensures that the optical gap will approximate
the gap of bulk SiC (2.41 eV) at d → ∞ limit. When comparing our results with the those
measured by Fan et al. [95], we have to consider the eﬀect of oxidation. Puzder et al. showed
that oxygenated and hydrogenated Si NCs have the same gap for d ≥3.5 nm even in the
case of multiple oxygen coverage [97]. We assume that this is valid for SiC NCs. Indeed, our
calculations also support this (as it will be shown in later), namely Si-O-Si bonds on the surface
of NCs do not considerably alter the optical gap of hydrogenated SiC NCs. Our extrapolated
value for the optical gap at d=3.9 nm agrees nicely with the experimental data. Our calculation
indicates that the fully passivated d=1.6 nm SiC NC should show a band gap of about 4.0 eV.
This is much larger than was detected by Botsoa et al. in Ref. [94], ≈1.8 eV. We found a
strong reduction of the optical gap for the small reconstructed SiC NCs. Our lowest calculated
TDPBE0 value is around 3.0 eV for d=1.5 nm SiC NC. This is still far above the measured
one and its shape does not follow the monotonous increase of the absorption as a function of
energy even for the ensemble of SiC NCs (see Fig. 3.5). We also note that the trend based
on PBE gaps (Fig. 3.7) indicates that the states from surface reconstructions do not lower the
gap for d ≥3 nm SiC NCs. This suggests that hydrogenated SiC NC models are not enough to
understand the experiments and further investigation is needed to ﬁnd the reason of the large
reduction of the optical gap in that experiment. Since the eﬀect of oxygen may be diﬀerent
than just a single oxide layer we study the eﬀect of many oxygen related adsorbants at the
surface of SiC NCs. In the forthcoming section, we turn our attention to the study of the eﬀect
of oxygen related defects.

3.3.2

Effect of oxygen: optical and vibrational properties

We considered the following oxygen defects at the surface: -OH termination, =O bonds, Si-O-Si,
C-O-C bridges. The geometry of the considered oxygen adsorbates is depicted in Fig. 3.8. We
used d=0.9-1.4 nm SiC NCs as reference NCs: Six Cy and Siy Cx nanocrystals were considered
with x=19, 38, 79; y=16, 28, 68. We substituted the hydrogen atoms with all the aforementioned defects with varying number of substitutions. In all case, there were no dangling bonds
present on the surface of the nanocrystals.
We deﬁne the surface coverage as the number of removed hydrogen atoms divided by the
number of hydrogen atoms at the surface of the “ideal” nanocrystals. Besides these defects we
also considered the oxygen interstitial between Si and C atoms at the surface. Furthermore,
a recent experimental study proposed carboxyl acid groups at the surface of SiC NCs [99],
thus we investigated the eﬀect of this radical at the surface. We note that a double bonded
oxygen and an OH group are attached to the carbon atom in the carboxyl acid group, where
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Figure 3.8.
Ball and stick geometries (white/red/yellow/cyan colored balls represent hydrogen/oxygen/silicon/carbon atoms, respectively) and HOMO, LUMO wavefunctions for several selected
d=1 nm nanocrystals with oxygen related defects at the surface: (a) C-O-C, (b) Si-O-Si, (c) Si-OH,
(d) C-OH, (e) Si=O, (f) C=O. Structure and HOMO, LUMO wavefunctions for (g) the carboxyl group
attached to a Si atom, (h) an Oi defect on the d=0.9 nm SiC NC.

the remaining dangling bond of the C-atom can interact with the surface of SiC NC. Due
to the interaction of SiC NCs with polar solvents, defects may be charged [99] thus we also
investigated how charging aﬀects the absorption and vibration properties of SiC NCs.
Neutral absorbants First, we discuss the inﬂuence of hydroxyl groups on the absorption
gap. For the smallest considered nanocrystal with diameter d=0.9 nm, we found that Si-OH
groups do not alter the optical gap, even high Si-OH coverage reproduces the optical gap
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Figure 3.9.
Ball and stick geometries (white/red/yellow/cyan colored balls represent hydrogen/oxygen/silicon/carbon atoms, respectively) and HOMO, LUMO wavefunctions for several selected
d=0.9 nm nanocrystals with C-OH defects at the surface: (a) single C-OH group, (b) 8% surface coverage,
(c) 33% surface coverage, (d) 67% surface coverage.

of the “ideal” cluster within 0.1 eV. If a SiC NC had only Si rich surface, the absorption
threshold of the Si-OH covered NC would be in the deep ultraviolet (≈230 nm). In contrast,
for C-OH groups we found that a small reduction (≈ 0.3 eV) of the gap occurs for a single
defect, and 8% coverage gave a ≈ 0.6 eV gap reduction with respect to the hydrogenated SiC
NC. Interestingly, 67% C-OH coverage of the d=0.9 nm nanocrystal results in an optical gap
lowered by ≈2.9 eV compared to that of “ideal” cluster, but this is not present in the d=1.4 nm
cluster. We attribute this large reduction of Eg in the d=0.9 nm SiC NC to the large charge
transfer between surface C-O bonds which aﬀects the entire SiC NC. In the d=1.4 nm SiC NC
the surface to volume ratio is dropped by about 35%, thus C-O bonds polarize only the outer
shells, while the inner shells remain intact resulting in small Eg reduction.
In Fig. 3.8 we show some selected nanocrystal geometries with their HOMO and LUMO,
since usually the HOMO and LUMO orbitals are involved in the ﬁrst excitation of the system.
As it is apparent from Figs. 3.8(c),(d), there is a highly localized HOMO for 8% coverage of
C-OH bonds, but no localized state appear in the case of Si-OH bonds. We note here, that
the HOMO and LUMO states are localized in diﬀerent regions in the case of small coverage
C-OH defects: while the HOMO is localized on the defect, the LUMO state is localized in the
core (see Figs. 3.9(a),(b)) For the larger coverage, this is not the case: both the HOMO and
LUMO states are defect localized (Figs. 3.9(c),(d)). It is well known, that the usual adiabatic
TDDFT approximation underestimates the energy of charge transfer excitations [113]. Even
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taking into account this error we expect that C-OH bonds cannot be responsible for the large
gap reduction observed in experiments [94].
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Figure 3.10. The schematic representation of the
structures and the color of the absorption gap of the
most important defects on the d=1.4 nm SiC NCs:
(a) 12% coverage C=O, (b) 48% coverage C=O, (c)
12% coverage Si=O, (d) 48% coverage Si=O defects,
and (e) carboxyl group at the surface. White rectangle represents deep ultraviolet wavelength.

In contrast, double bonded oxygen atoms signiﬁcantly change the spectrum. A single Si=O
bond can shift the optical gap towards the red by about 1.1 eV. This eﬀect is known for SiNCs,
too [98, 114]. C=O bonds can, however, reduce the optical gap even more dramatically, by as
much as 2.5 eV, also depending on the actual surface coverage. The larger the surface coverage,
the larger the red-shift of the optical gap. Due to the oxygen double bonds, strongly localized
HOMO and LUMO states appear (Figs. 3.8(e),(f)). This is understandable since C=O bonds
are weaker than Si=O bonds, and the weaker the bond, the smaller the bonding-antibonding
splitting, so one obtains a smaller gap. We also considered oxygen interstitials (Oi ) between
Si and C atoms at the surface, and found that a strong reduction of the optical gap occurs
(≈3 eV), due to localized states in the gap (Fig. 3.8(g)). However, the total energy diﬀerences
for systems with same number of atoms showed that Si=O is favored by ≈2.5 eV compared to
that of Oi defects because Oi defects contain frustrated chemical bonds. Therefore, we expect
that the formation of the more stable double bonded oxygen is preferred over the oxygen
interstitials in realistic experimental conditions.
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Next, we turn our attention to the inﬂuence of Si-O-Si and C-O-C bonds on the absorption
of the d=1-1.4 nm nanocrystals. We note here, that Si-O-Si bonds could be considered as
the ﬁrst shell of a SiO2 matrix. We found that Si-O-Si bridges do not alter the gap by a
considerable amount (only a decrease in the magnitude of ≈0.1 eV with respect to the “ideal”
SiC NCs), while C-O-C bridges shift the optical gap to the red by as much as ≈1.1 eV in the
case of d=1.4 nm SiC NC, which results in a deep purple absorption color. As noted earlier
– generally, C-O bonds are weaker than Si-O bonds, therefore the corresponding defect states
appear in the gap (Figs. 3.8(a),(b)). As apparent the lone-pair orbitals of oxygen are strongly
mixed in these states.
Finally, we considered the carboxyl acid group covered SiC NCs. Since the carboxyl group
consists of a C=O bond it may be expected that similar gap reduction occurs as for the single
C=O defect at the NC surface. This is indeed the case for the smallest considered nanocrystal
with a carboxyl group bonded to a Si/C atom, where a gap reduction of ≈1.1/0.1 eV occurs
due to localized states in the gap (Fig. 3.8(g)). However, we found that only a reduction of
≈0.0/0.2 eV appears in the d=1.4 nm SiC NCs if the carboxyl group is attached to a C/Si
atom, which means that the absorption starts still in the ultraviolet part of the spectrum
(≈4 eV≈310 nm). To understand the diﬀerence between the eﬀect of a single C=O and a
carboxyl group we carried out Bader analyzis 5 on the d=0.9 nm cluster with a single carboxyl/C=O group. We found that in the case of a single C=O bond, the carbon atom is
negatively polarized (-0.41|e|), while the carbon atom of the carboxyl group is positively polarized (+0.74|e|/+1.51|e|) due to the additional OH group of the carboxyl acid. This is the main
reason why the carbon-oxygen double bond behaves diﬀerently in the carboxyl group than in
the single C=O defect.
In summary, among neutral adsorbants, the most important ones that posses excitation
energy in the visible part of the spectrum: (i) low coverage Si=O(C=O) bonds with deep purple(red), (ii) multiple Si=O(C=O) coverage with blue(dark red) absorption color. In contrast,
the color of the neutral carboxyl group, whose presence has been suggested by a recent experimental study [99] remains in the ultraviolet region independently on the surface coverage.
In Fig. 3.10 we show the most important defects and their absorption color on the d=1.4 nm
cluster.
Since the natural solvent in biological applications is water [94, 95], it is important to
know, whether the most important defect (C=O bond) remains stable in the presence of water
molecules. In order to calculate the stability of these bonds in an ab initio manner, a molecular
dynamics calculation should be carried out which would naturally take into account solvent
and temperature eﬀects. However, this is computationally prohibited even for our smallest NC
considered in our work. Therefore, we refer to previous experimental and theoretical studies.
We utilized the plane-wave code VASP [115] with a cut-off of 420 eV and the PAW-method [116] with
standard PAW projectors at the SIESTA geometries to get the charge density and the freely available Bader
Charge Analysis program [117] to obtain Bader charges [56]
5
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Recently, it has been showed that in SiNCs the red-shift of the measured optical spectra is
due to the presence of Si=O bonds on the nanocrystal surface [98, 114]. Interestingly, two
theoretical papers appeared, where it was claimed that these bonds on small Si molecules
might not be stable in water [118, 119], the latter concluded that the stability of a molecule
containing a Si=O group increases with increasing number of Si atoms. In the SiC NC case,
C=O bonds lower the optical gap the most. In organic molecules the smallest molecule that
contains a single C=O bond is formaldehyde (H2 C−O), the second smallest is acetaldehyde
(CH3 CH−O), while a ketone, called acetone ((CH3 )2 C−O), a common solvent, is the molecule
in which the coordination of the C atom resembles the most to the case of SiC NC, when the
C atom is bonded to two Si atoms. It is known experimentally that these molecules react
with water, and the result is a compound having two hydroxyl groups bound to the same C
atom [120]. However, the equilibrium constant of such reactions (see eq. 3.1 for the reaction
involving acetone) strongly depends on the actual bonding situation of the C atom. While this
constant is much bigger than one for formaldehyde (2 × 103 ), indicating that the formation of
H2 C(OH)2 is favored) and nearly one (1.06) for acetaldehyde, it is much smaller than one for
acetone (2 × 10−3 ), indicating that in equilibrium the left side of eq. 3.1 is favored.
−−
⇀
(CH3 )2 −C−O + H2 O ↽
−
− (CH3 )2 −C−(OH)2

(3.1)

The trend is clear, the more C-C bonds are present, the more stable the C=O bond. Naturally,
in our case, the C atom of the C=O group is bonded to Si atoms instead of carbon atoms.
Nevertheless, the aforementioned trend indicates that C=O groups on the SiC NC surface may
be stable in water.
These defects could give rise to detectable ﬁngerprints in IR spectra [99, 100]. Hence we
studied the change in the vibration spectrum of the d=0.9 nm and d=1 nm SiC NCs due to
diﬀerent oxygen related defects at the surface. We draw a qualitative comparison between our
results and IR measurements below.
We plotted the vibration density of states for several selected clusters in Fig. 3.11. As
expected Si-H stretching modes appear at around 2100 cm−1 while C-H stretching modes
occur at above 3000 cm−1 . Obviously, these vibrational modes are also present in the case of
“ideal” SiC NCs. We note here that the vibration density of states of the “ideal” SiC NCs also
contains a scissor-like bending mode of the H-C-H complex at ≈1350 cm−1 (shown in Fig. 3.11
for the cluster with the carboxyl group attached to the surface). Si-C vibrational modes appear
below 1000 cm−1 , suppressing adsorbate-related bending modes. Therefore, we plot only the
spectrum above ≈920 cm−1 . The vibration modes at around ≈3500 cm−1 are the stretching
modes of O-H bond, clearly present also in the experiments [99]. The peak slightly below
1250 cm−1 is a result of the stretching mode of the Si=O bond, while the C=O stretching
mode gives rise to a peak at about 1650 cm−1 . In the case of C-O-C bridges, scissor-like
vibration modes appear just above the frequency of the Si=O vibration, furthermore similar
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Figure 3.11. Comparison of the vibration density of
states of SiC NCs with several diﬀerent oxygen related surface defects as indicated. “sc” denotes surface coverage. In the case of Si-COOH (carboxyl
group) both C=O and C-OH bonds are present.

frequency occurs for the hydroxyl group, which is a result of a Si-C-OH scissor mode. Since
the carboxyl group consists of a hydroxyl and a carbonyl group, similar vibrational frequencies
occur as for isolated hydroxyl and carbonyl groups (Fig. 3.11).

Figure 3.12. Ball and stick geometries for the (a) Si-O− (b) cis-Si-COO− (c)
trans-Si-COO− defect on the d=0.9 nm SiC NC and (d) color code.

In conclusion, we found that for the experimentally relevant d=1.4 nm nanocrystal, SiOH and C-OH defects do not lower the gap into the visible region. In contrast, Si=O and
C=O bonds result in an optical gap in the visible region depending on the surface coverage
(Figs. 3.10(a)-(d)). In our calculations, the smallest gap for Si=O defect is about 2.5 eV in
d=1.4 nm. For medium sized nanocrystals (d=5-6 nm) quantum conﬁnement for “ideal” SiC
NCs produces the same optical gap [90], thus our results indicate that the eﬀect of Si=O
bonds may be not visible for medium or large SiC NCs. If C=O defects are present together
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with Si=O defects at the surface then C=O bonds determine the optical gap even for large
nanocrystals producing optical gap at about 1.7 eV.

Vibration DOS (a.u.)

Charged absorbants In addition to neutral defects, charged defects may also also appear
due to the interaction between the SiC NC and the polar solvent. Here we discuss the eﬀect
of Si-O− , Si-COO− complexes on the absorption and vibration properties of SiC NCs.
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Figure 3.13. Comparison of the vibration density of
states of SiC NCs with three diﬀerent oxygen related
surface defects as indicated.

First, we discuss the inﬂuence of Si-O− defects, in this case, the Si atom is bonded to
three carbon atoms (see Fig. 3.12(a)). For the smallest considered nanocrystal with diameter
d=0.9 nm a single Si-O− complex on the NC surface results in a huge optical gap reduction
compared to the “ideal” SiC NC (3.83 eV vs. 5.53 eV). This reduction is also present in the case
of the d=1.4 nm SiC NC, where two Si-O− complexes were introduced in order to have nearly
the same defect surface coverage. The gap in this case is 3.08 eV, while the gap of the “ideal”
NC is 4.22 eV. The color of the absorption gap of the experimentally more relevant d=1.4 nm
NC is still in the deep violet (403 nm), indicating that these defects cannot be responsible for
the gap in the red.
Next, we turn our attention to the Si-COO− defect, where the Si atom is bonded to three
carbon atoms. Due to the relatively long three-atom chain of the -COO− ligands, these defects
could strongly interact with neighboring hydrogens (see Fig. 3.12(b), (c)). We found two
metastable conﬁgurations, depending on the C-Si-C-O dihedral angle (where C-Si is part of
the SiC NC core, and C-O is part of the -COO− ligand). The ﬁrst one, the cis geometry, when
hydrogen atoms are closer to one of the oxygen atoms gives rise to an absorption gap of 3.8 eV
(Fig. 3.12(b)). The second one, the trans geometry, when the C-Si-C-O angle is rotated by 90
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degrees with respect to the ﬁrst one, yields 2.95 eV for the optical gap (Fig. 3.12(c)). According
to our calculations the cis conﬁguration is 0.4 eV more stable than the trans conﬁguration. We
found that the reduction in the calculated absorption gap may be even larger for d=1.4 nm SiC
NC with a single Si-COO− defect. In this case, the cis geometry is ≈0.5 eV more stable than the
trans geometry. The optical gap of the trans(cis) conﬁguration is lowered to 1.69 eV(3.34 eV)
from the gap of the “ideal” SiC NC, 4.22 eV. This means that the absorption color is deep red
(734 nm) for the trans geometry, while it is still in UV part of the electromagnetic spectrum
(334 nm) in the case of the cis conﬁguration. Though the trans defect is less stable than the
cis one, interaction with the solvent may stabilize one geometry over the other. The huge
diﬀerence between these two cases indicates that the surface treatment of SiC NCs should be
well understood.
These defects could give rise to detectable ﬁngerprints in IR spectra [99, 100]. Hence we
studied the change in the vibration spectrum of the d=0.9 nm SiC NCs due to diﬀerent oxygen
related defects at the surface. We draw a qualitative comparison between our results and IR
measurements below.
We plotted the vibration density of states for the d=0.9 nm clusters in Fig. 3.13. As expected
Si-H stretching modes appear at around 2100 cm−1 while C-H stretching modes occur at above
3000 cm−1 . Obviously, these vibrational modes are also present in the case of “ideal” SiC
NCs. We note here that the vibration density of states of the “ideal” SiC NCs also contains
the bending mode of the H-C-H complex at ≈1350 cm−1 . Si-C vibrational modes appear
below 1000 cm−1 , suppressing adsorbate-related bending modes. Therefore, we plot only the
spectrum above ≈920 cm−1 . The peak slightly below 1080 cm−1 is a result of the stretching
mode of the Si-O bond of the Si-O− defect, while the C=O stretching mode of the Si-COO−
defects gives rise to a peak at about 1750 cm−1 . In the case of Si-COO− defects, scissor-like
vibration modes appear at about 1250 cm−1 .
We emphasize here that the characteristic stretching mode of C=O bond has been found in
a recent experiment for colloidal SiC NCs [99] that was associated with carboxyl groups bonded
to the surface of SiC NCs. According to our calculations the optical gap of neutral carboxyl
group covered SiC NCs remain ultraviolet even for the d=1.4 nm nanocrystal (Fig. 3.10(e)), in
contradiction of the measured absorption spectrum in Ref. [99] showing excitation gap at the
wavelength of red light. Our calculations showed that simple neutral C=O bonds at the surface
produce the optical gap of red light (Figs. 3.10(a),(b)) as well as the characteristic stretching
mode of C=O bond. Besides these defects, the negatively charged Si-COO− group may also
be responsible for the gap reduction.
Our models naturally explain both the excitation and vibration spectrum detected in Ref. [99].
Our calculations indicate that these adsorbants at the surface may be responsible for the onset
of absorption below the gap of bulk 3C-SiC which runs against the quantum conﬁnement eﬀect.
This is not the case for the nanocrystals prepared by Fan and co-workers [95]. According
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to them, the absorption started above the gap of bulk 3C-SiC which satisﬁes the prediction of
quantum conﬁnement eﬀect. As they measured the characteristic vibrations of e.g. O-H groups,
but no C=O vibrations were present, we believe that their nanocrystals were diﬀerently oxidized
than those of prepared by Refs. [94, 99]: according to our calculations C-OH, Si-OH groups,
or C-O-C, Si-O-Si bridges could be also formed without signiﬁcant modiﬁcation of the optical
gap of “ideal” SiC NCs.
Our results show that the surface treatment of SiC NCs should be well understood and
controled for their utilization in biological applications. If a thin oxide layer containing Si-O-Si
bonds completely covers the SiC NCs then the size of the SiC NCs determine their excitation
properties due to quantum conﬁnement eﬀect like for traditional II-VI quantum dots. However,
if oxygen adsorbates with double bonds are present on the surface of SiC NCs then these oxygen
adsorbates determine the excitation spectrum of SiC NCs. According to this scenario we can
divide the fabricated SiC NCs into two types: (i) fully oxidized where quantum conﬁnement
is important, (ii) partially oxidized with oxygen adsorbates where local surface defects are
important. We note here that a traditional way to label the targeted biological molecules for
in vivo applications is to attach a ligand to the surface of the nanocrystals. Our calculations
indicate that this labeling procedure must be done with a great care particularly for type (ii)
SiC NCs where the attached ligand (for labeling) and the local surface defects (responsible
for the excitation properties of the SiC NCs) may interact with each other in an uncontroled
fashion.
We note that the considered nanocrystal surface defects could also be important in embedded 3C-SiC@SiO2 systems [121–123]. Since these systems also contain oxygen, similar
defects could arise [124]. At the 3C-SiC and SiO2 interface Si-O-Si bridges may form that
do not signiﬁcantly alter the excitation spectrum of “ideal” SiC NCs, therefore the quantum
conﬁnement eﬀect of SiC NCs could determine the onset of absorption. However, experimental studies reported blue luminescence independent from the size of the embedded small SiC
nanocrystal [122] which might be related to Si=O interface defects according to our results.
IR measurements showed a shoulder at about 1250 cm−1 for this embedded 3C-SiC@SiO2 system [122] which is the characteristic stretching mode of Si=O bonds, further supporting our
model.

3.4

Summary

In summary, by using hybrid functional based time-dependent density functional calculations
we showed that the optical gap of non-reconstructed hydrogenated silicon carbide nanocrystals
follows the quantum conﬁnement trend. More speciﬁcally, by calculating the optical gap of
hydrogenated silicon carbide nanocrystals with diameter of 0.9–3.2 nm, we found that the size
dependence of optical gaps can be described by the equation E(d) = 1.41 + 2.74/d1.34 , where E
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is given in eV and d is the diameter of the nanocrystals in nanometer. Furthermore, we showed
that 2 × 1, 3 × 1 and step like surface reconstructions give rise to defect states within the gap
for smaller than ≈3 nm nanocrystals.
We also investigated whether some speciﬁc oxygen related defects could be responsible for
the contradicting experimental measurements [94, 95, 99]. In particular, we looked at the eﬀect
of oxygen interstitials, bridges, hydroxyl-, oxo- and carboxyl groups formed at the surface of
d=0.9, 1.0, 1.4 nm silicon carbide nanocrystals on the calculated optical gap as a function
of surface coverage and, in some cases, the charge state. In case of the largest considered
nanocrystals with d = 1.4 nm, we found that the neutral C=O double bond shrinks the optical
gap the most: the gap decreases from the ultraviolet region (4.2-4.3 eV) to the red of visible
region (1.8-1.9 eV). This particular group resolves the experimental contradiction, which is
further supported by additional calculations on the vibration properties. The C=O stretching
bond at 1650 cm−1 was detected in experimental infrared measurements. By looking at
the defects in negative charge state, we found that the carboxyl group may give rise to very
similar optical and vibrational signals than that of the C=O group. Futhermore, according to
our calculations, the presence of neutral Si=O double bond on SiC NCs may give a possible
explanation of the optical properties of silicon carbide nanocrystals embedded in silicon dioxide
matrix, as both the calculated 1250 cm−1 Si=O stretching mode and the calculated 2.780 eV
absorption edge (obtained with the d=1.4 nm nanocrystal model) correlates with experimental
ﬁndings [122].
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Chapter 4

Diamond
A diamond is a chunk of coal that is made good under pressure.
Henry Kissinger

Absorption spectrum of small nanodiamonds, i.e., diamondoids has been recently measured
exhibiting features that are not understood. Previous calculations, even beyond standard
density functional theory (DFT), failed to obtain the experimental optical gaps (Eg ) of diamondoids. We show that all-electron time-dependent DFT (TD-DFT) calculations including
hybrid functional in the TD-DFT kernel are able to provide quantitatively accurate results.
Our calculations demonstrate that Rydberg transitions are characteristic even for relatively
large nanodiamonds resulting in low Eg , but still in the ultraviolet part of the electromagnetic
spectrum. The non-monotonic size dependence of Eg is explained by symmetry considerations.
Furthermore, we show that by varying the number of C=S double bonds at the surface of diamondoids, the absorption onset can be tuned toward the infrared spectral region. Our ﬁnding
has an important implication for in vivo biological applications where toxic and unstable dye
molecules may be substituted by the luminescent sulfurized diamondoids.
Publications related to the chapter:
[T7] Optical absorption of diamond nanocrystals from ab initio density-functional calculations
Márton Vörös and Adam Gali
Physical Review B 80, 161411(R) (2009)
[T8] The Absorption of Diamondoids from Time-dependent Density Functional Calculations
Márton Vörös, Tamás Demjén, Adam Gali
MRS Spring Meeting Proceedings, 1370: mrss11-1370-yy02-07 (2011)
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[T9] Tuning the optical gap of nanometer-size diamond cages by sulfurization: A time-dependent
density functional study
Márton Vörös, Tamás Demjén, Tibor Szilvási, Adam Gali
Physical Review Letters 108, 267401 (2012)

4.1

Introduction

The optical gap of semiconductor nanocrystals (NC) can be tuned by reducing their size that
is called the quantum conﬁnement (QC) eﬀect [125]. This is now a major focus of nanoscale
research in the applications of biomarkers, photovoltaics and photocatalysis, therefore, understanding the optical properties of small semiconductor NCs is of high interest. Due to
computational limitations accurate ab initio methods for calculating optical response of NCs
are restricted to single, perfect and isolated structures [126–129] with relatively small particle
size which cannot be directly compared to experimental data taken usually from larger NCs
with unknown surface structure and various size distributions.
Recently, ultrasmall diamond nanocrystals (DNC), also called diamondoids, containing 1026 carbon atoms have been isolated and puriﬁed from petroleum [130]. The resulted DNCs
were selected by diﬀerent size and shape via high performance chromatography [130]. The
optical spectrum of the 99% puriﬁed DNCs have been very recently detected by ultraviolet
absorption spectroscopy at room temperature and above [131]. The obtained optical spectrum
of DNCs measured by Landt et al. [131] is rather surprising because, i) on the contrary of the
indications of previous experimental [132–134] and theoretical studies [135, 136], the optical
gaps do not show a clear monotonic decrease as the function of the size of DNCs, ii) the optical
gaps are relatively close to the indirect band gap of bulk diamond, iii) none of recent theoretical
studies could predict quantitatively the optical gaps of nanodiamonds, e.g. Diﬀusion Monte
Carlo (DMC) calculations overshot the gap by ≈1 eV [136].
The DNCs fabricated by Landt et al. [131] have a fundamental importance: i) their chemical structure is exactly known, ii) they build perfect bulk-like structures, iii) their surface is
perfectly passivated by hydrogen atoms. The absorption spectrum of the selected DNCs were
recorded in the gas phase that makes possible the direct comparison of the measured and calculated spectrum. Experiments on these diamondoids have revealed a special role of DNCs
within the group IV family of nanocrystals [132]. In addition, the nanodiamond materials
have increasing signiﬁcance in the nanoscale materials science and technology [137–140]. The
present discrepancy between theory and experiment may stem the successful application of
small diamond nanocrystals.
In the ﬁrst part of this chapter we calculate the absorption spectrum of pure diamondoids
(Fig. 4.1) by time-dependent density functional theory (TD-DFT) using all-electron high qual-
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ity basis set. We apply PBE0 hybrid functional in the TD-DFT kernel [27]. We show that the
calculated and measured optical gaps are within 0.15 eV. The non-monotonic size dependence
of the optical gaps is explained by the symmetry of DNCs. In addition, we are able to identify
the Rydberg excitations in their absorption spectrum that explains the relatively small optical
gap of DNCs.
The second part of this chapter is concerned about changing the electronic and optical
properties of pure diamondoids by appropriate surface ligands so as to satisfy the criteria for
bio-markers. Small molecule-sized ﬂuorescent emitters are needed as probes to image and track
the locations of targeted nano-sized objects with minimal perturbation, and are much soughtafter for applications ranging from novel materials development to probing protein interactions
in living cells [141]. Dye molecules have a very high brightness per unit volume or mass, but are
inherently not photo-stable at room temperature. While there are attempts to develop photostable dye molecules for in vivo bioimaging [142], alternatively, quantum dots may be applied
instead that exhibit the desired photo-stability [143, 144]. The typical quantum dots need a
thick outer passivation that brings the total size up to the 10 nm range. These quantum dots
are about thousands of times heavier than typical dye molecules and the targeted molecules,
thus quantum dots may bias the normal operation of the studied (bio)molecules.
Smallest size diamond cages, i.e. diamondoids [130, 145–147] has about the same size like
typical dye molecules, and they contain exclusively sp3 C-atoms, in contrast to dye molecules.
Diamondoids are thus photo-stable at room temperature, however, the luminescence takes
place in the ultraviolet region [131, 148] that inhibits their application for in vivo bioimaging
applications where infrared emission in the range of 700 and 1000 nm is desired. While increasing the size of these diamondoids increases the optical gap [131, 136, 149, 150], it is still
in the ultraviolet spectral region due to quantum conﬁnement eﬀects. Previous calculations
and experiments showed that it may be possible to lower the optical gap of diamondoids by
functionalization or by introducing color centres [151–154], however the infrared range is still
far from being reached.
In the second part of the present chapter, thus we show by TDDFT calculations that if
appropriate hydrogen atoms are subsequently substituted by sulfur atoms in the diamondoids
then the ﬁrst excitation energy of the diamondoids can be gradually shifted from the ultraviolet
downward to the infrared spectral region. These sulfurized diamondoids may fulﬁll the stringent
criteria of photo-stability, size and range of emission for in vivo biomarker applications, and
may substitute the unstable dye molecules and the too large quantum dots.

4.2

Methodology

The geometry of the diamondoids was optimized by the supercell plane-wave PWSCF code
[107] using ultrasoft pseudopotentials [86] and PBE functional [22] at DFT level. We used
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35 Ry for the wave function cutoﬀ and 280 Ry for the charge density cutoﬀ. We applied
>10 Å vacuum between the periodic images of the structures that provides charge density
and geometry without spurious interaction between them. We allowed the relaxation of all
the atoms until the forces were below the given threshold of 0.001 Ry/Bohr. We used these
optimized geometries in further calculations. The absorption spectrum of DNCs was calculated
with the cluster code TURBOMOLE [42] at TD-DFT level with hybrid functional PBE0 in
the kernel [43]. The PBE0 hybrid functional uses 25% mixing of Hartree-Fock exchange into
the PBE functional where the mixing parameter was derived from perturbation theory [27]. We
applied frequency domain linear response TD-DFT method to calculate the lowest lying dipole
allowed singlet transitions. We note that Cioﬁni et al. have shown on small molecules consisting
of 3-5 atoms that due to the well-behaving asymptotic behavior of the PBE0 functional one
can achieve quantitatively good results for the absorption spectrum even in the presence of
low lying Rydberg states when PBE0 functional in the TD-DFT kernel is applied [155]. We
emphasize that no spurious interaction between the DNCs occurs in the cluster code during
the calculation of the absorption spectrum that could be present in a supercell approach.
TURBOMOLE utilizes localized basis functions. We found in agreement with Ref. [136] that
very high level of basis set was needed for convergent calculations. We applied an all-electron
aug-cc-pVTZ basis set [156]. 1

4.3
4.3.1

Results
Pure diamondoids

We studied all the diamondoids that were measured in the experiment [131]. The structures
are shown in Fig. 4.1 where we label their name and symmetry. The smallest diamond cage
is called adamantane that has 10(16) carbon(hydrogen) atoms. By adding more carbon atoms
to this cage one can build larger nanodiamonds with diﬀerent shapes and symmetry where all
the surface carbon atoms bind to only one or two hydrogen atoms. We deﬁne the eﬀective
diameter (d) of diamondoids as the largest distance between any two carbon atoms in DNCs.
We ﬁrst discuss convergence of the absorption spectrum of the smallest diamondoid, adamantane. Fig. 4.2a) shows that typical polarized basis sets are not enough to describe the ﬁrst
optical transition at all, eg. by using the DZP basis set the optical gap is overestimated by
almost 3 eV. Additional diﬀuse basis functions are needed for a correct description of the ﬁrst
optical transition. Note that while doubly augmented basis sets provide an even accurate
description of the absorption, they are computationally very expensive to use. In Fig. 4.2b)
the result of a special, hand-made basis set used (denoted as “+Rydberg”) ensuring fast conWhile we applied a different functional in the geometry optimization (PBE) than in optical calculations
(PBE0), tests showed that this slight discrepancy results in an error less than 0.05 eV for the optical properties,
thus can be safely ignored.
1
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adamantane diamantane triamantane [121]tetramantane [123]tetramantane
Td

D3d

C2h

C2v

C2

[1(2)3]tetramantane
[12312]hexamantane [1(2,3)4]pentamantane
[1212]pentamantane
C3v
D3d
Td
C2v

Figure 4.1. Ball and stick geometries of the studied diamondoids: their name and point group
symmetry.

vergence for excited state properties is shown. In this case, an additional ghost atom was
introduced in the charge center of adamantane (with zero nuclear charge and mass), thus this
atom was only present with its basis set in the calculation. As a good compromise we used the
aug-cc-pVTZ basis set throughout the calculations. It has to be kept in mind, though, that
while the error for the ﬁrst excited state is in the order 0.01 eV, the energy of the second peak
is more severely aﬀected, it has a numerical uncertainty of ≈0.2 eV.

Figure 4.2. Convergence of the absorption spectrum adamantane: several well-known basis sets
as they are found in Turbomole, and basis sets extended by low exponent functions centered at
the middle of adamantane (denoted as “+Rydberg”). The presence of diﬀuse basis functions is
essential for an accurate description.

Next, we discuss the experimental absorption spectrum of DNCs. The threshold of ab72
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sorption of the measured spectra (Egap ) was determined by a simple integration criterion,
R
Abs(E)dE = C 0Emax Abs(E)dE, where “Abs” is the intensity of the absorption and C
0
is a small positive number. According to Ref. [131], C is set to 0.0005. The error bar of this
procedure for the optical gap was estimated to be 0.03 eV [131]. The obtained numbers are
listed in column “Exp1” of Table 4.1. By close inspection of the experimental spectra revealed
us that they are relatively noisy showing wiggles that might be due to the not 100% purity of
the samples and temperature eﬀects. In the column “Exp2”of Table 4.1 we show the derived
optical gaps with C=0.001. By comparing columns “Exp1” and “Exp2” it is apparent that all
the optical gap values remain approximately in the estimated error bar except for diamantane:
the gap was shifted upward by ∼0.07 eV. In any case, the optical gaps are very close to the
band gap of bulk diamond, 5.45 eV. The average diameter of the DNCs is very small and much
larger optical gaps (with several eV) are expected from simple QC eﬀect [125].
R Egap

Table 4.1. The atomic structure of the studied DNCs and their calculated gaps. First, second,
third and fourth columns: name of DNCs, chemical structure, symmetry and its diameter (d) in
nm. Fifth, sixth, seventh, eighth and ninth columns: calculated PBE, TDPBE, PBE0, TDPBE0
and DMC gaps [136] in eV, respectively. Exp1 shows the experimental gap with C=0.0005 [131]
while Exp2 with C=0.001 (see details in text). H→L(n): the contribution of HOMO→LUMO+n
transition to the onset of absorption in %.
Name
adamantane
diamantane
triamantane
[123]tetramantane
[121]tetramantane
[1(2)3]tetramantane
[1(2,3)4]pentamantane
[1212]pentamantane
[12312]hexamantane

DNC
C10 H16
C14 H20
C18 H24
C22 H28
C22 H28
C22 H28
C26 H32
C26 H32
C26 H30

Sym.
Td
D3d
C2v
C2
C2h
C3v
Td
C2v
D3d

d
0.36
0.46
0.56
0.64
0.69
0.56
0.56
0.80
0.64

PBE
5.73
5.41
5.17
5.04
5.04
5.09
5.03
4.91
4.87

TDPBE
5.79
5.87
5.21

PBE0
7.53
7.15
6.89
6.74
6.71
6.78
6.70
6.57
6.54

TDPBE0
6.66
6.75
6.12
6.01
6.25
6.04
5.99
5.86
6.12

DMC Exp1 Exp2 H→L(n)
7.61(2) 6.49 6.55 98(0)
7.32(3) 6.40 6.47 98(1)
6.06 6.10 98(0)
5.95 5.98 98(0)
6.10 6.15 98(2)
5.94 5.96 97(0)
7.04(6) 5.81 5.85 97(0)
5.85 5.90 97(0)
5.88 5.91 97(1)

In addition, no clear trend is visible between the diameter and optical gaps of the DNCs.
In Table 4.1 we compare the experimental data with recent available DMC results [136]. DMC
overshoots the optical gap by ≈1 eV. We show our TD-DFT results for the optical gaps in
column TDPBE0 of Table 4.1. We obtained discrete transitions in our calculations. In order to
simulate the ﬁnite lifetime of the excited states we applied a Lorentzian broadening of 0.002 Ry
on each peak. The overall agreement with the experiment is very good. The absolute mean
error is ≈0.15/0.11 eV when comparing to “Exp1”/”Exp2” values. The largest deviation comes
from the diﬀerence between the measured and calculated optical gap of diamantane (≈0.3 eV).
Our result indicates that the absorption spectrum of diamantane may be re-measured possibly
with better puriﬁcation of the sample and/or at lower temperature. We note here that the
temperature eﬀects further complicate the direct comparison of the calculated and measured
spectrum. The strong C-C (∼0.2 eV) and C-H (∼0.4 eV) vibrations at elevated temperatures
“smear” the experimental spectra, particularly, at high energies where the excited states are
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close to each other in energy. At low energy region, characteristic vibration bands in the
spectrum appear as blue shift next to the peak of pure electronic transitions [157]. We treated
the structures statically, thus smearing eﬀects due to vibrations were not taken into account
in our calculations. Since vibrations broaden the peaks the calculated optical gaps would be
even closer to the experimental values. All in all, our calculated optical gaps follow closely
the experimental values and show no clear trend of QC eﬀect. The optical gaps are indeed
relatively close to the band gap of bulk diamond. We note here that TD-DFT optical gaps
with traditional LDA [158] or PBE functionals (Table 4.1) yield too low values compared to
the experiments.
Our calculations make possible to reveal the nature of the optical gap of DNCs. In a crude
approximation the optical gap is the energy diﬀerence between the Kohn-Sham DFT levels
of LUMO and HOMO. In earlier calculations [131, 136] the delocalization of LUMO has been
shown and it was referred as “surface-like state”. In addition, it has been found [132, 136] that
LUMO energies show no QC eﬀect at all while HOMO energies do show. We also found that
LUMO energies are within 0.1 eV for all DNCs while the energy of HOMO increases by about
1.0 eV going from adamantane to pentamantane2 . We demonstrate that LUMO is not a surface
state but a 3s-like Rydberg state. The Bohr-radius of this Rydberg state is about twice of the
radius of the corresponding DNCs explaining the almost size independent LUMO energies. 3s
Rydberg state character of LUMO is particularly evident for Td symmetry structures (see the
insets in Fig. 4.3a and Fig. 4.3b1) and less visible for DNCs with lower symmetry. Obviously,
the s-like Rydberg states are distorted at larger extent for DNCs with lower symmetry than with
Td symmetry. The QC eﬀect of HOMO energies with the ﬁxed energy position of LUMO would
still indicate QC eﬀect of the gap in this crude approximation (see the PBE gaps in Table 4.1),
thus the non-monotonic size dependence of the measured optical gap is not explained by the
nature of LUMO.
The symmetry inﬂuences not only the shape of LUMO. The selection rules govern which
transitions are allowed in the absorption. Now, we restrict our analysis only for the pure
electronic transitions. Then, the optical gap may be approximated as the ﬁrst allowed dipole
transition between the Kohn-Sham DFT states. We realized that the symmetry of the measured DNCs widely scatters that strongly inﬂuences the transition probability. In the case of
low symmetries (C2 ,C2v ,C2h ) the single particle states can mix to each other forming wider
spectrum and there will be only few or no such pairs of states where the transitions are dipole
forbidden. Figure 4.4 shows this trend clearly for the occupied states near HOMO: the higher
the symmetry the more “peaky” is the density of states. The trend is not so visible for the
unoccupied states near LUMO consisting of delocalized states.
We note here that the excitation energy was deﬁned in the DMC calculation [136] as the
energy diﬀerence of the excited and ground states where the excited state was constructed by
2

We used the 1s Kohn-Sham levels of C-atoms as reference energy.
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Figure 4.3. a) Calculated and experimental absorption spectrum for selected diamondoids.
Green(dashed) line shows the experimental spectrum while black(continuous) line is the calculated
spectrum. Arrows: see text. Inset: radial distribution function of LUMO; vertical line: radius of
DNC b) States associated with Rydberg-like excitations in [1(2,3)4]pentamantane are illustrated
and indicated with numbers in the spectrum. Red(dark) and yellow(bright) lobes show the selected
positive and negative isovalues of the corresponding PBE0 unoccupied states. Large(small) spheres
indicate C(H) atoms.
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Figure 4.4. Density of states close to HOMO and LUMO for DNCs with same number of atoms
but diﬀerent point group symmetries as indicated. Note the broken axis in midgap.

changing the occupation number of HOMO and LUMO orbitals of the ground state to zero
and one, respectively. In the case of diamantane this may be not a correct method since the
LUMO state does not contribute to the ﬁrst transition. The role of symmetry has been recently
recognized in Ref. [131] parallel to our study based on DFT calculations. However, DFT is a
ground state theory, thus principally, it cannot certainly provide the true single particle states
contributing to the optical gap of DNCs. Time-dependent DFT methods can provide reliable
excitation spectrum. By analyzing our TDPBE0 results we found that the optical gaps are
primarily (over 97%) originated from the single particle transition from HOMO to LUMO or
to LUMO+1 or to LUMO+2 depending on the selection rule. For instance, tetramantane
with C2h symmetry has the ﬁrst dipole active transition between HOMO and LUMO+2 while
between HOMO and LUMO for C3v and C2 symmetry structures. This will raise the optical
gap of C2h conﬁguration by about 0.2 eV with respect to that of the other two structures. This
is the main reason why no clear QC eﬀect occurs for these small DNCs.
Next, we plot the calculated and measured absorption spectra of DNCs in Fig. 4.3. Apart
from a small energy shift of about 0.15 eV our calculated excitation spectra follow closely the
experimental spectra except for the vibration bands (marked by solid arrows for adamantane
known experimentally [157], and by dashed arrows suggested by us in analog with adamantane,
shown in Fig. 4.3), particularly at low energy region.
The nature of the peaks in the absorption spectra of DNCs is generally not understood.
Raymonda demonstrated for the smallest DNC, adamantane, that the second sharp peak is a
Rydberg-excitation [157]. Based on the ﬁt of the selected sharp peaks to the Rydberg equation
Raymonda claimed that the second sharp peak is a 3p excitation while the ﬁrst sharp peak
might be a 3s excitation [157]. Raymonda also suggested that the ﬁrst transitions should be
the excitations from the non-degenerate a1 state in order to explain that the intensity of 3s
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peak is smaller than that of 3p peak, or if the transition occurs from the degenerate t2 state
than the ﬁrst sharp peak might be a 4p Rydberg-excitation [157]. Landt et al. claimed that
the sharp resonances characteristic for Rydberg excitations vanished for larger DNCs [131]. We
demonstrate on the spectrum of [1(2,3)4]pentamantane with Td symmetry in Fig. 4.3 that the
ﬁrst optical transition is a typical Rydberg excitation to a 3s-like state despite the t2 character
of HOMO, and the higher energy sharp peaks also show the character of Rydberg excitation
with higher order of angular momenta. The ﬁrst peak is associated with a HOMO→LUMO
transition where the HOMO is a triply degenerate t2 state strongly localized within the DNC
(not depicted) showing no atomic orbital character at all while LUMO is a 3s Rydberg state
(Fig. 4.3b 1). The second sharp peak is a three-times degenerate 3p Rydberg transition that
transform as t2 in Td symmetry (Fig. 4.3b 2). We note that this picture holds for adamantane
as well. Despite, HOMO transforms as t2 the ratio between the calculated oscillator strength
of HOMO→ 3s and HOMO→ 3p transitions is about 3(10) for pentamantane(adamantane).
Both t2 → a1 (3s) and t2 → t2 (3p) transitions are allowed but the latter has higher joint density
of states that will lead to larger intensity in the absorption for the 3p Rydberg excitation.
We were able to identify the responsible unoccupied states participating in “1-6” transitions
as shown in Fig. 4.3b. Above the s and p states we could identify d-like (Fig. 4.3b 3,4)
and f -like (Fig. 4.3b 5,6) states. The d and f -like states split due to Td symmetry. Some
f -states perturbed considerably by the antibonding bulk-like orbitals. We emphasize that
the Rydberg series in the absorption spectrum are not typical for such large semiconductor
nanocrystals. For instance, silicon nanocrystallites with similar size and shape have been
recently investigated by TD-DFT method but no delocalized state has been reported [129].
Our calculations revealed that even the largest diamondoids measured recently by Landt et
al. have Rydberg excitation in the spectrum [131] despite they have not been unambiguously
recognized but only for adamantane. While we show our results for [1(2,3)4]pentamantane in
detail we emphasize here that the nature of the ﬁrst peak is common for all the DNCs: it is a
3s-like Rydberg excitation except for diamantane, [121]tetramantane, and [12312]hexamantane
where 3s-like Rydberg excitations are dipole-forbidden, therefore, 3p-like Rydberg transitions
occur. We note that the delocalization of the spherical function-like empty states makes the
convergent calculation within supercell approach very challenging and indicate that the typical
vacuum size applied for the ground state calculations, ∼1 nm, is not suﬃcient for the excited
states of isolated nanodiamonds.

4.3.2

Diamondoids with double bonded sulfur at the surface

We studied the smallest diamond cage, adamantane, and a larger one, pentamantane[1(2,3)4]
that contain 10 and 32 C-atoms, respectively (see Fig. 4.5). Some surface C-atoms bond to
two hydrogen-atoms where the two H-atoms may be substituted by a single sulfur atom with
creating a double bond between the C and S atoms. We substituted 1,2,4, and 6 S-atoms in
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Figure 4.5. The structures and the lowest energy excitations are shown for sulfurized (a) adamantane, (b)
pentamantane[1(2,3)4] as a function of the number of =S double bonds at the surface. Cyan balls depict
C-atoms. Hydrogen atoms are not shown for clarity. The =S substitutions are indicated by numbers
on the upper x-axis of the plots for adamantane and by letters for pentamantane[1(2,3)4], where the
dictionary for the letter-number correspondance is the following: a=1; b=1,12; c=1,9,10; d=1,3,10,12;
e=1,4,5,7,10,11; f=1,4,5,7-11; g=1-3,6-12; h=1-12. These numbers on the structures next to the graphs
represent C atoms to which S atoms bond. C=S double bonds are involved in the excitations. See text
for more details.

adamantane while 1,2,3,4,6,8,10 and 12 S-atoms in pentamantane[1(2,3)4] where we considered always the lowest energy conﬁguration among the possible structures in the excitation
calculations. Their calculated lowest energy transitions can be seen in Fig. 4.5.
As apparent the calculated optical gaps are gradually decreasing with increasing number of
thio groups on the surface of diamondoids. In adamantane, maximum six thio groups may be
attached while twelve sulfur atoms in pentamantane[1(2,3)4]. Accordingly, the reduction of the
optical gap for pentamantane[1(2,3)4]is larger, and it eventually reaches the infrared spectral
region. Adamantane with =S substitution of two H-atoms has already been synthetized [159],
and it is known as adamantanethione. Previous measurements indicated that =S functionalized
adamantanes are stable in solution, in addition, in the presence of S-H functional group it can
form an S-S bond [160] which is one of the most common method to immobilize the ﬂuorescent
agent, especially using quantum dots, on a biomolecule [161]. Therefore S-modiﬁed diamondoids can covalently bond to biomolecules similarly to quantum dots, without passivation by
its own nature and the tracking of the location of the targeted biomolecule may be detected
optically. The number of atoms in sulfurized pentamantane[1(2,3)4] is in the range of that of
typical dye molecules but exhibits much stronger photo-stability due to the lack of extended
aromatic systems, thus we propose it as a good candidate for realizing in vivo biomarkers.
We note that experimental studies indicate that it may be indeed possible to fabricate
diamondoids with more than one C=S double bond at the surface [162]. Eg. adamantane with
two C=S double bonds, adamantane-dithione, is a well known structure synthesized by using
the corresponding ketone [162]. This transformation is also known as thionation and may be
achieved by using thionation reagents, such as P2 S5 [162] or P4 S10 [163]. Since adamantane
with 3 C=O bonds at the surface has already been produced [164], it is expected that higher
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5.32 eV
5.03 eV

5.31 eV

Figure 4.6. (a) Total and projected density of states (PDOS) of adamantanethione are shown where H
and L denote the HOMO and LUMO energies, respectively. The projected s and p orbitals of sulfur atom
are depicted by red and green lines, respectively. (b) Schematic diagram about the order of single particle
states. On the left the localization of the molecular orbitals is labeled while the symmetry of these orbitals
are shown on the right. The HOMO state is n(b2 ) while the LUMO is π ∗ (b1 ). Arrows are representing
the calculated lowest excitations between these states. The corresponding excitation energies are also
given. (c) Adamantanethione structure: small white, larger cyan and largest yellow balls depict H, C,
and S-atoms, respectively. The isovalue of the calculated wave functions are shown where red(yellow)
color represents the positive(negative) values with the corresponding label of the molecular orbitals.

coverage of higher diamondoids is also possible.
It is imperative to understand the nature of low-energy excitations in these structures.
First, we analyze the single C=S double bond in adamantanethione as a case study in order
to unravel its eﬀect on the excitation spectrum. To our knowledge, this is the only structure
among the proposed sulfurized diamondoids where the corresponding experimental absorption
spectrum is available [163] and can be directly compared to our calculations. The HOMO of
the pristine adamantane with Td symmetry is originated from the bonding combination of sp3
bonds between C and H atoms (σ state), while the LUMO is a “superatom” 3s-type Rydbergstate [108,157] where the TDPBE0 gap (which is the short notation for the ﬁrst dipole allowed
optical transition calculated at the TDDFT level with the PBE0 functional) is about 6.7 eV.
By substituting two hydrogen atoms with a =S bond, the symmetry is reduced to C2v and the
TDPBE0 gap is decreased down to 5.0 eV. The HOMO state is a lone pair on S-atom (n state)
while the LUMO is the anti-bonding combination of the π bond between neighbor C and S
atoms (π ∗ state). The bonding combination (π state) yields the HOMO-1 level (one state below
HOMO in energy). However, the HOMO has b2 symmetry whereas LUMO has b1 symmetry,
and the transition between these two states is dipole forbidden, thus the HOMO-LUMO gap
does not correspond to any dipole allowed optical transition. Instead, the 5.0 eV optical gap is
given by the dipole allowed transition between HOMO and 4s – where 4s is a Rydberg state –
LUMO+1 (the nearest state above LUMO in energy). This is still signiﬁcantly lower than that
of pristine adamantane. See Fig. 4.6a) for the projected density of states this structure, showing
that HOMO-1, HOMO, and LUMO states have signiﬁcant contributions from sulfur atomic
orbitals and Fig. 4.6b-c) for the ordering and isovalue surfaces of the single particle states.
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In the experiments it was claimed that the ﬁrst optical transition is a π → π ∗ transition with
energy ≈5.3 eV, and the second lowest transition is a n → 4s transition with energy 5.4 eV. The
proximity of these two peaks suggests that there is a ﬁne interplay between local (where local
transition means that the spatial localization of the initial and ﬁnal molecular orbitals is similar)
and Rydberg-like excitations. Our calculations correctly describe the π → π ∗ transition having
an excitation energy of 5.3 eV, however the Rydberg transition is underestimated by ≈0.4 eV.
This discrepancy can be attributed to the long range behavior of the PBE0 functional [165].
Our ﬁndings of the calculated lowest energy peaks are summarized in Fig. 4.6(b). We note
that Bader-analysis3 shows a slight positive polarization on S-atom and negative polarization
on C-atom in C=S double bond.
After justiﬁcation of our methodology on experimentally known structures we added more
C=S double bonds in the adamantane cage in order to decrease the optical gap toward the
desired energy range. Because the positively polarized S-atoms repel each other, they sit the
farthest in the most stable conﬁgurations. In the case of 2 C=S double bonds the single particle
levels close to the HOMO and LUMO in energy are similar to those of adamantanethione.
However, the symmetry is D2d , thus the n → π ∗ transition is dipole allowed. As a consequence,
the optical gap is reduced to 3.6 eV but it is still in the ultraviolet energy region. In the case
of 4 C=S bonds the symmetry is again D2d but the optical gap is 2.4 eV lying in the visible
energy region. Interestingly, by introducing 6 C=S double bonds the optical gap does not
reduce further but slightly increases up to 2.6 eV which is still in the visible energy region. In
these cases, the dependence of the HOMO-LUMO gap on the number of C=S double bonds
correlates with the optical gap.
By adding more and more C=S double bonds, we found that the shape of the HOMO,
LUMO wave functions do not change considerably, however Bader-analysis showed that the
charge transfer from the sulfur atoms toward carbon atoms increases. One may model the
eﬀect of neighbor C=S groups as a dipole with increasing charge on the given C=S double
bond where the wave functions are localized. The eﬀect of this dipole with a charge of ∆ × e
on the energies of HOMO, LUMO states may be described
 perturbation theory,
 by ﬁrst order
1
e2
1
in this case the correction to the states is: hφ(r)|∆ 4πǫ0 |r−rS | − |r−rC | |φ(r)i, where rS and
rC are the positions of the sulfur and carbon atoms, respectively, and φ(r) is either the HOMO
or LUMO state extracted from our ab initio calculations on adamantanethione. Shifts of the
HOMO-LUMO gap calculated by this model are in the same order of magnitude as obtained
from ab initio calculations and follow the trend closely.4 This conﬁrms that the main driving
force of the gap reduction is the charge transfer, which is caused by the steric interaction
between close sulfur atoms. This ﬁnding, together with the selection rule dictated by the
Bader-analysis was done by the help of VASP code with using standard projectors to eliminate the core
electrons at the optimized geometry obtained from pwscf calculation.
4
In principle the screened coulomb interaction should be used to evaluate such a model picture. However, the
screening in small nanocrystals approaches the vacuum limit, thus approximating the screening by the screening
of vacuum can be considered to be a good estimate.
3
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symmetry of structures explains the complex behavior of the gap dependence on the number
of sulfur atoms. All in all, we demonstrated here that sulfurized adamantane may exhibit
excitation energy in the visible energy range close to blue color that may serve as a biomarker.
Insight on the eﬀect of C=S double bonds on the excitation spectrum inspired us to extend
our investigations on sulfurized pentamantane[1(2,3)4] where the combination of C=S double
bonds allows more play with the symmetry and the mixture of C=S related states than that in
adamantane. Pentamantane[1(2,3)4] has Td symmetry and contains only 32 C-atoms, so its size
is still comparable with that of dye molecules. For instance, 1 C=S double bond will lower the
symmetry to C1h and introduces n HOMO and π ∗ LUMO states. Because of the low symmetry
the n → π ∗ transition is dipole allowed, and one obtains 2.6 eV for the lowest excitation energy
which is a substantial decrease of the gap from 6.0 eV of the pure pentamantane[1(2,3)4]. Only
by single C=S double bonds in pentamantane[1(2,3)4] one can achieve a visible emission. By
introducing 2,3,4,6 C=S double bonds there is no signiﬁcant further redshift of the gap, eg.
the optical gap of pentamantane[1(2,3)4] with 6 C=S double bonds is 2.4 eV. This can be
understood by the fact, that in these cases the sulfur atoms sit relatively far away from each
other with no steric interaction, which would result in additional charge transfer. However, as
at least 8 C=S double bonds are on the surface of pentamantane[1(2,3)4], close sulfur atoms
repel each other, which results in a more pronounced charge transfer, causing the optical gap
to decrease even further as our model described in the case of adamantane, predicts. Finally,
the lowest excitation energy is in the desired infrared energy region, it is 1.5 eV in the case of 12
C=S double bonds. The HOMO and LUMO states of this sulfurized diamondoid, responsible
for the ﬁrst dipole allowed transition, are shown in Fig. 4.7 where the strong interaction between
close sulfur atoms is apparent. This is the basic driving force of the redshift in the excitation
spectrum of sulfurized pentamantane[1(2,3)4].

4.4

Summary

In summary, we determined the absorption spectrum of several diamondoids with PBE0 hybrid
functional based TDDFT calculations. Even though the optical gaps were expected to be above
8 eV according to the quantum conﬁnement picture [125], experiments showed that these
values are in the range of 5.8-6.5 eV for diamondoids containing 10-26 carbon atoms [131]. Our
calculated spectra are in a very good agreement with the available experimental spectra and our
analysis showed that ﬁnal states of lowest energy optical transitions in diamond nanocrystals
are very diﬀuse, Rydberg-like states. These states are responsible for the relatively low optical
gap of diamondoids. We also showed that ﬁrst optical transition is dipole forbidden in the
case of diamantane, [121]tetramantane, [12312]hexamantane due to symmetry reasons. This
ﬁnding may be the reason for the non monotonous size dependence of the gap. Furthermore, we
demonstrated that the optical gap of diamondoids can be tuned by the number of double bonded
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Figure 4.7. Isovalue representation of the (a) HOMO
and (b) LUMO states of 12 C=S double bonds in
pentamantane[1(2,3)4] where red(yellow) color represents the positive(negative) values with the corresponding molecular orbitals. Small white, larger
cyan and largest yellow balls depict H, C, and Satoms, respectively.

sulfur atoms at the surface. In particular, we found double bonded sulfur atoms push the optical
gap towards the visible region in case of adamantane and [1(2,3)4]pentamantane. Full surface
coverage may yield optical gaps that are in the infrared region: the ﬁrst dipole allowed optical
transition is as low as 1.5 eV for [1(2,3)4]pentamantane. The transitions responsible for the
gap shrinkage are n → π ∗ transitions. This ﬁnding may serve as a guide to ﬁnd alternative
solutions to existing ﬂuorophores.
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Thesis points of the dissertation
1. First Thesis point My time-dependent density functional theory calculations showed
that: (a) 2 × 1-like surface reconstruction decreases the optical gap (Eg ) of the d=1.2 nm
hydrogenated silicon nanocrystal from 3.0 eV to 2.0 eV, furthermore it yields enhanced
absorption in the 0 − 2 × Eg region. The d=2 nm nanocrystal showed no gap reduction
upon 2 × 1-like reconstruction, but the absorption was increased in the 0 − 2 × Eg region
due to enhanced density of states around band edges. (b) In case of 25% surface coverage the presence of surface methyl groups give rise to 45(10)% increase in the integrated
absorption in the 0 − 2 × Eg (0 − 3 × Eg ) region. The presence of surface hexyl groups
with 19% surface coverage yields 100(60)% increase in the respective energy regions. (c)
By increasing the concentration of silicon nanocrystals, the absorption gets enhanced in
the 0 − 3 × Eg energy region due to overlapping unoccupied states. These ﬁndings explain recent experimental measurements where increased absorption was measured with
increasing nanocrystal concentration and may help optimize nanocrystal based photovoltaic cells[T1].
2. Second Thesis point I showed that the calculated optical gap of hydrogenated silicon
carbide nanocrystals with diameter of 0.9–3.2 nm can be described by the equation E(d) =
1.41 + 2.74/d1.34 , where E is given in eV and d is the diameter of the nanocrystals in
nanometer. Furthermore, I showed that 2 × 1, 3 × 1 and step like surface reconstructions
give rise to defect states within the gap for smaller than ≈3 nm nanocrystals [T2,T3,T4].
3. Third Thesis point I showed by means of time-dependent density functional calculations on the 1.4 nm silicon carbide nanocrystals that some speciﬁc oxygen related defects
signiﬁcantly alter the optical and vibrational properties: (a) The neutral C=O double
bond shrinks the optical gap the most: the gap decreases from 4.2-4.3 eV (ultraviolet
region) to 1.8-1.9 eV (red part of the visible region). I found that the calculated characteristic C=O stretching bond is at 1650 cm−1 . (b) The neutral Si=O double bond has a
calculated stretching mode of 1250 cm−1 and an absorption edge of 2.8 eV. These results
explain well experimental ﬁndings[T4,T5,T6].
4. Fourth Thesis point My time-dependent density functional theory calculations with
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the PBE0 hybrid functional kernel on 10-26 atom diamond nanocrystals (diamondoids)
showed that (a) the lowest energy excited states are Rydberg-like states for all the considered structures with showing practically no quantum conﬁnement; (b) our calculated
optical gaps are in agreement with the experimental ﬁndings with mean absolute deviation of 0.15 eV; (c) the calculated optical gaps show non-monotonous behavior as a
function of the number of carbon atoms in the system which is due to dipole forbidden
optical transitions in diamantane, [121]tetramantane, [12312]hexamantane[T7,T8].
5. Fifth Thesis point My time-dependent density functional theory calculations showed
that if hydrogen atoms are replaced by double bonded sulfur atoms on the surface of
two selected diamondoids (adamantane and [1(2,3)4]pentamantane) then the optical gap
is pushed towards the visible region. I found that at full surface coverage the energy
of the ﬁrst dipole allowed optical transition is 2.6 eV for adamantane and 1.5 eV for
[1(2,3)4]pentamantane. The transitions responsible for the gap shrinkage are n → π ∗
transitions. This ﬁnding, together with the biocompatibility of diamond, may help in
realizing new generation of in vivo biological markers[T8,T9].
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Summary and Outlook
In summary, I have investigated the optical properties of semiconductor nanocrystals by using
time-dependent density functional theory in the adiabatic PBE and PBE0 approximations. I
showed that in some cases even accurate results can be obtained, mostly however we were
interested in trends.
The largest portion of critique could attack the predictive power of these functionals. One
could argue that statistically PBE0 is always shown to be one of the best functional. However,
there are pathological cases where it is known to fail miserably. There are several ways to go
beyond standard density functional theory. One can take ideas from many-body perturbation
theory, in this case the common technique is the GW method (G comes from Green’s function,
and W from the screened Coulomb interaction), which is supposed to give quite accurate
results for moderately correlated systems. One can also get insights from the hierarchy of
quantum chemical calculations: perturbation techniques with the pure Coulomb interaction
and a density functional reference state are also getting widespread.
I would like to close my thesis with quoting Tamás Hornos, graduated in 2009 from the
group of Adam Gali: “Not mentioning multi-scale methods, hybrid functional and GW methods are expected to become publicly available in recent ab initio codes, that can provide very
accurate results and needed for problems where plain LDA or GGA provides qualitatively
wrong results.” Indeed, several open-source packages are available to perform such calculations: Abinit, Yambo, SAX, GWΓ, BerkeleyGW, molGW etc. Still, their usage is far from
being trivial and requires very special care in the standard sum-over-states implementations.
Nevertheless, there seems to a be boost in applying methods with ever increasing complexity
and generally better predictive power. I think we will face a drastic change in the very near
future regarding ab initio calculations predicted discoveries.
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Appendix A

Calculational methods
A.1

Atomic units

It may be easier to redeﬁne several constants so that equations become shorter and everything
(energy, length, time) is measured in units which are in accordance with the corresponding
energy, length, and time scales of atomic systems. These are the so-called atomic units:
• m = 1;
• e = 1;
• ~ = 1;
•

1
4πǫ0

= 1.

Using this unit systems the unit of energy is the Hartree energy EH ≈ 27.211 eV, the unit
of length is the Bohr radius: ≈0.529 Å, and the unit of time 2.42 × 10−2 fs.
I note here that the PWscf part of the Quantum-Espresso package uses Rydberg atomic
units, which is nothing else just:
~ = 2m =

1
e2
=
=1
2
4πǫ0

(A.1)

In this case the unit of energy is the Rydberg constant: ERyd ≈ 13.6 eV, the unit of length
is again the Bohr radius, and the unit of time is 4.84 × 10− 2 fs.

A.2

Dipole approximation

In this chapter I brieﬂy derive how to take into account an external monochromatic wave
within the classical electromagnetic ﬁeld and dipole approximation. The transition probability
per unit time is also expressed using Fermi’s golden rule.
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Consider a simple one-electron Hamiltonian, the generalization of this procedure to manyelectron Hamiltonian is straightforward.
Ĥ0 =

p2
+ v0 (r).
2

(A.2)

Its eigenstates are denoted as |ii with energy Ei . Then switch on a classical electromagnetic
ﬁeld with scalar and vector potential:

E = −∇φ −

1 ∂A
,
c ∂t

(A.3)

B = ∇ × A.

(A.4)

After introducing the necessary terms in the Hamiltonian:
H=

1
A
p−
2
c


2

+ φ + v0 (r),

1
A A2
A
H=
·p−p·
+ 2
p2 −
2
c
c
c

!

+ φ + v0 (r).

(A.5)

(A.6)

By adopting the Coulomb gauge (∇ · A = 0) the following equality holds:
p · A = A · p.

(A.7)

Neglecting the second-order term (A2 ):
H=

∇2 A · p
−
+ φ + v0 (r).
2
c

(A.8)

Consider a monochromatic wave propagating in the z direction and polarized in direction
ǫ:
A(z, t) = A0 ei(kz−ωt) = A0 ǫei(kz−ωt) .
E(z, t) =

iω
A0 ǫei(kz−ωt) .
c

(A.9)

(A.10)

We this form, φ = 0, thus we arrive at the following Hamiltonian
H = H0 + H1 (t),

(A.11)

where the time-dependent pertubation is:
H1 = −

A·p
,
c
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(A.12)

A.2. Dipole approximation

A. Calculational methods
more speciﬁcally:
H1 = −

A0 ǫ · p i(kz−ωt)
e
,
c

(A.13)

after taking the dipole approximation:
eikz = 1 + ikz + . . . ,

(A.14)

the perturbation is just:
H1 (t) = −

A0 ǫ · p −iωt
e
,
c

(A.15)

Using standard time-dependent perturbation theory, that is Fermi’s golden rule, we can
express the transition probability per unit time as:
Wi→f (ω) = 2π hi| −

2
A0 ǫ · p
|f i δ(ω − (Ef − Ei )),
c

(A.16)

by realizing that
[r, H0 ] = ip,

(A.17)

hi|p|f i = −ihi|[r, H0 ]|f i = i(Ef − Ei )hi|r|f i.

(A.18)

so that

Thus one ﬁnally arrives at the equation:
Wi→f (ω) = 2π i

2
A0
ωhi|ǫ · r|f i δ(ω − (Ef − Ei )).
c

(A.19)

In practice this is never used, because the eigenstates of the unperturbed Hamiltonian
are not known. If one uses time-dependent density functional theory in the linear response
the poles of the polarizability give the true excitation energies (Ei ). However these energies
are not simply diﬀerences of Kohn-Sham energies, they are dressed by time-dependent Hartreeexchange-correlation eﬀects. Transition dipole terms, however, show up in any implementation;
in localized basis set codes the equality of hi|p|f i = i(Ef − Ei )hi|r|f i may not precisely hold
due to basis set incompleteness, in practice the velocity gauge may give better results than the
length gauge should the basis set be incomplete.
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Appendix B

Silicon carbide gaps
We provide a table about the calculated optical gaps for all of the nanocrystals considered in
our work.
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B. Silicon carbide gaps

Table B.1. The optical gaps of the calculated oxygen related defects. First column: type of defect. Close to the center of the
nanocrystals either C or Si atoms may be present. We labeled
the C and Si centered nanocrystals by “C-c” and “Si-c”, respectively. In parenthesis we refer to these two diﬀerent cases. For
instance, the formula of the d=1.4 nm “C-c”(“Si-c”) SiC NP is
Si68 C79 (Si79 C68 ). Second, fourth columns: surface coverage (cov.)
in %, where the surface coverage is deﬁned as the number of removed hydrogen atoms divided by the number of hydrogen atoms
in the “ideal” cluster. Third (ﬁfth) column: optical gap in eV
for the surface coverage speciﬁed in the second (fourth) column.
First row after the horizontal lines: diameter of the clusters in nm,
and the optical gaps of the defect free (i.e. hydrogenated) “ideal”
clusters.

type
d=0.9 nm, (C-c, Si-c)
C-OH (C-c, C-c)
C-OH (Si-c, C-c)
Si-OH (Si-c, Si-c)
Si-OH (C-c, Si-c)
C=O (C-c, C-c)
Si=O (Si-c, Si-c)
Oia (Si-c)
Oib (Si-c)
C-COOH (Si-c)
Si-COOH (C-c, C-c)
d=1 nm, (C-c, Si-c)
C-OH (Si-c)
Si-OH (C-c)
C=O (C-c, C-c)
Si=O (Si-c, Si-c)
C-O-C (C-c)
Si-O-Si (Si-c)
d=1.4 nm, (C-c, Si-c)
C-OH (Si-c, Si-c)
C-OH (C-c, C-c)
Si-OH (C-c)
C=O (C-c, Si-c)
Si=O (Si-c, Si-c)
C-O-C (C-c)
Si-O-Si (Si-c)
C-COOH (C-c, C-c)
Si-COOH (Si-c)

cov. (%)
0
3
33
3
33
6
6
6
6
3
3
0
5
5
19
19
38
38
0
6
24
6
12
12
24
24
1
12
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gap (eV)
5.83
5.52
4.52
5.45
6.22
4.39
5.18
3.64
2.48
5.42
4.73
5.03
4.22
5.08
1.82
3.04
3.71
4.68
4.31
3.85
3.94
4.31
1.92
3.39
3.18
4.15
4.31
4.04

cov. (%)
0
8
67
8
67
33
33

gap (eV)
5.53
5.25
2.95
5.53
5.71
3.04
4.43

11
0

4.64
4.88

75
75

1.68
2.53

0
24
48

4.22
3.86
3.65

48
48

1.80
2.78

12
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