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Introduction

My most important contributions presented in this thesis are from the theory
of fractals (see Chapter 1, 2, 3). Additionally I was a coauthor of altogether
3 papers related to the theory of tilings and mutually unbiased bases. Since
my contribution to these fields was less important, I present only a short
overview of my results (see Chapter 4 and 5 in the thesis).

Chapter 1 contains my first achievement [12] in the field of fractals: an
improvement of the lower estimate of the Hausdorff measure of Sierpinski
triangle Λ. The Sierpinski triangle is constructed as follows: take an equi-
lateral triangle of side length equal to one, remove the inverted equilateral
triangle of half length having the same center, then repeat this process for
the remaining triangles infinitely many times as showed on Figures 1, 2.

E1 E2

E3

E11 E12

E13

E21 E22

E23

E31 E32

E33

Figure 1: The triangles at the 1st, 2nd and the 3rd level

We assumed that the diameter of the Sierpinski triangle is equal to 1.
The Sierpinski triangle is one of the most famous fractals, and the Hausdorff
dimension and measure (see Section 1.1 for definitions) are the most impor-
tant characteristics of a fractal sets. The Sierpinski triangle is defined by
an iterated function system, which satisfies the open set condition (OSC).
Thus it follows from Hutchinson’s theorem that the Hausdorff dimension is
equal to s = log 3/ log 2, and the s-dimensional Hausdorff measure Hs(Λ) of
Λ is positive and finite. Since the Sierpinski triangle has an important role
in many applications, it would be desirable to get a better understanding of
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Figure 2: The Sierpinski triangle

its size. Therefore in the last two and a half decades there have been a con-
siderable attention paid to the computation of the s-dimensional Hausdorff
measure of the Sierpinski triangle:

In 1987 Marion [10] showed that 0.9508 is an upper bound. In 1997
this was improved to 0.915, and later to 0.89 by Z. Zhou [16, 17]. In 2000
Z. Zhou and Li Feng proved that Hs(Λ) ≤ 0.83078 in [18]. The best upper
bound is 0.81794, which was given by Wang Heyu and Wang Xinghua [15]
in 1999 (in Chinese) with a computer algorithm.

In 2002 B. Jia, Z. Zhou and Z. Zhu [8] showed that 0.5 is a lower bound
on the s-dimensional Hausdorff measure of the Sierpinski triangle. In 2004
R. Houjun and W. Weiyi [5] improved it to 0.5631. Finally, in 2006 B. Jia,
Z. Zhou and Z. Zhu [9] proved that 0.670432 is a lower bound.

The main result of Chapter 1 is that Hs(Λ) ≥ 0.77.
The difficulty comes from geometry. Recall that the s-dimensional Haus-

dorff measure of Λ is defined by

Hs(Λ) = lim
δ→0

inf
{ ∞∑
k=1

|Ak|s, where |Ak| < δ and {Ak}∞k=1 is a Λ-cover
}
,

(0.0.1)
where |Ak| denotes the diameter of Ak.

When we estimate the Hausdorff measure we need to understand what
is the most economical (in the sense of (0.0.1)) system of covers. Our most
natural guess for this system is the covers by the level n triangles (the
equilateral triangles on Figure 1). However, this system of covers would
result that the s-dimensional Hausdorff measure of Λ was equal to 1. On the
other hand it is known that Hs(Λ) < 0.81794. Therefore the best system
of covers cannot possibly be the trivial one and this makes the problem
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difficult. To improve the existing best estimate onHs(Λ) I needed to prepare
a computer assisted proof.

In Chapter 2 we consider the arithmetic difference of two random Cantor
sets. This is joint work with K. Simon and B. Solomyak [13], which extends
the previous work of K. Simon and M. Dekking [2]. The motivation for this
work is a problem asked by J. Palis. The arithmetic difference

F2 − F1 = {y − x : x ∈ F1, y ∈ F2}

of the dynamically defined Cantor sets F1, F2 ⊂ R.

Conjecture 0.0.1 (Palis). ”Typically” either the set F2 − F1 is ”small” in
the sense that Leb(F2 − F1) = 0 or F2 − F1 is a ”big” set in the sense that
F2 − F1 contains some intervals.

In [14] T.A. Moreira and J.C. Yoccoz answered Palis’ problem positively
for ”typical” non-linear deterministic C2 Cantors sets on the line. However,
the problem is still open for linear Cantor sets. We show that within a
natural family of self-similar random Cantor sets it can happen that F2−F1

has positive Lebesgue measure but contains no intervals almost surely. In
Chapter 2 we investigate this problem for random Cantor sets. We are given
a natural number M ≥ 2 and a vector p = (p0, . . . , pM−1) ∈ [0, 1]M which is
not a probability vector in general. In the first step of the construction we
partition the unit interval I = [0, 1] into M equal subintervals I0, . . . , IM−1.
We choose interval Ik =

[
k
M
, k+1
M

]
with probability pk independently for each

k = 0, . . . ,M − 1. The first approximation F 1 of our random Cantor set is
the union of the intervals chosen in the first step. In the second step for all
of the intervals Ik which were chosen in the first step we repeat the same
process for Ik instead of I independently. So, the level 2 interval

Ik1k2 :=

[
k1

M
+

k2

M2
,
k1

M
+

k2

M2
+

1

M2

]
can be chosen in the second step of the construction only if we selected
Ik1 in the first step. In this case the conditional probability that we select
Ik1k2 conditioned on the event that Ik1 was selected is equal to pk2 . All
selections made are independent of everything. The union of all of these
randomly selected intervals Ik1k2 is denoted by F 2 and is called the level 2
approximation of our random Cantor set. We continue this process in the
same way to define the level n approximation F n as a union of randomly
selected level n intervals of the form

Ikn :=
[
k1 ·M−1 + · · ·+ kn ·M−n, k1 ·M−1 + · · ·+ kn ·M−n +M−n] ,
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where kn = (k1, . . . , kn). Then the random Cantor set F is defined by

F :=
∞⋂
n=1

F n.

Let F1 and F2 be two independent copies of F constructed above. The
authors of [2] gave a condition (see Theorem 2.2.1(a)) under which F2 − F1

contains some intervals (conditional on F1, F2 6= ∅), almost surely. On the
other hand, the authors of [2] also gave a condition (see Theorem 2.2.1(b))
which implies that int(F2 − F1) = ∅, almost surely. Continuing this line
of research in Chapter 2 we consider the same family of random Cantor
sets and we give a condition which implies that the arithmetic difference
set F2 − F1 has positive Lebesgue measure. Using a combination of these
two results, we construct some families of random Cantor sets for which the
Palis conjecture above fails.

In Chapter 3 we present an unpublished extension of the previous work
to higher dimensions by considering the arithmetic sum of two d dimensional
random Sierpinski carpets (see Chapter 3 for definition) instead of random
Cantor sets. Although these proofs are analogue with the previous ones,
but here we need to handle the technically much more complex situation
which is caused by the large number of types in higher dimension.

As a generalization of the theorems in [2] we give conditions whether
the arithmetic sum contains an interior point. In additional we also give
sufficient conditions when the arithmetic sum contains a given fractal. It is
easy to construct an example where none of the random Sierpinski carpets
contains a scaled version of the Sierpinski triangle, but their arithmetic sum
does almost surely (conditioned on non-extinction). In this example the
arithmetic sum remains small in that sense that almost surely it does not
have an interior point. These theorems require additional notations, so we
present them in Chapter 3 only.
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Chapter 1

Hausdorff measure of the
Sierpinski triangle

1.1 Dimension theory of the self-similar sets

We call {f1, f2, . . . , fm} an iterated function system (IFS), where the func-
tions f1, f2, . . . , fm : Rd → Rd are contraction mappings. In this Thesis we
consider only those cases, where the functions f1, f2, . . . , fm are contracting
similarities. Namely, for i = 1, 2, . . . ,m we have

|fi(x)− fi(y)| = ci|x− y|,

where ci < 1.
By a theorem of Hutchinson [6] there is a unique nonempty compact set

F , which satisfies
k⋃
i=1

fi(F ) = F. (1.1.1)

We say that F is the attractor of the IFS. The attractor is often called
fractal because of its self-similar property.

For every s ≥ 0 we define the s-dimensional Hausdorff measure of F .

Hs(F ) := lim
δ→0

inf
{ ∞∑
k=1

|Ak|s, where |Ak| < δ and F ⊂
∞⋃
k=1

Ak
}

where |Ak| denotes the diameter of the set Ak.
The Hausdorff dimension of the set F is defined as follows:

dimH(F ) = inf{s : Hs(F ) = 0} = sup{s : Hs(F ) =∞}.
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1.2 Estimate of the Hausdorff measure of the

Sierpinski Triangle

1.2.1 Introduction

In this Section we consider the Sierpinski triangle Λ. This is constructed
as follows: take an equilateral closed triangle of side length one with vertices

(0, 0), (1, 0),
(

1
2
,
√

3
2

)
, remove the inverted equilateral opened triangle of half

length having the same center, then repeat this process for the remaining
triangles infinitely many times as showed on Figures 1, 2.

To improve the existing best estimate on Hs(Λ) we use a theorem of B.
Jia. [7]. To state this theorem we need to introduce some definitions.

It is well known (see [3]) and easy to see that

Λ =
3⋃
i=1

Si(Λ),

where

S1(x, y) =

(
1

2
x,

1

2
y

)
,

S2(x, y) =

(
1

2
+

1

2
x, 0 +

1

2
y

)
,

S3(x, y) =

(
1

4
+

1

2
x,

√
3

4
+

1

2
y

)
.

Let E be the equilateral triangle of side length one with vertices: (0, 0),

(1, 0),
(

1
2
,
√

3
2

)
. Now we define the level n triangles

Ei1...in := Si1...in(E) = Si1 ◦ · · · ◦ Sin(E)

for all (i1 . . . in) ∈ {1, 2, 3}n. For i1, . . . , in we also define the level n-
cylinders:

Fi1...in := Si1...in(Λ) = Si1 ◦ · · · ◦ Sin(Λ).

Let µ be the uniform distribution measure on the Sierpinski triangle that is
for all n and for all i1 . . . in

µ(Ei1...in) = µ(Fi1...in) =
1

3n
.
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After B. Jia we introduce the sequence

an = min
|
⋃kn
j=1 ∆

(n)
j |s

kn/3n
= min

|
⋃kn
j=1 ∆

(n)
j |s

µ(
⋃kn
j=1 ∆

(n)
j )

, (1.2.1)

where the minimum is taken for all non-empty sets of distinct level n trian-

gles
{

∆
(n)
1 , . . . ,∆

(n)
kn

}
. It is easy to see that an is non-increasing (see [7]).

Further B. Jia showed ([7]) that an is an upper bound on the Hausdorff
measure of the Sierpinski triangle, and he also gave a lower bound using an:

Theorem 1.2.1 (B. Jia). The Hausdorff measure of the Sierpinski triangle
satisfies:

ane
− 16

√
3

3
·s·( 1

2)
n

≤ Hs(Λ) ≤ an (1.2.2)

Corollary 1.2.2. Theorem 1.2.1 implies that an tends to Hs(Λ).

Unfortunately there seems to be no way to compute an for n ≥ 6. B.
Jia [7] calculated a1 and a2. We can calculate a3, a4, a5, but by (1.2.2) it
results only that Hs(Λ) > 0.54, which is not an improvement on the already
existing lower bound. So instead of this direct approach we give a lower
bound on an for every n. By using Corollary 1.2.2 this lower bound is also
a lower bound on Hs(Λ). Using some complicated algorithm described in
Subsections 1.2.5 and 1.2.6 in the thesis we point out that

an ≥ 0.77

for all n ∈ N. With Corollary 1.2.2 this implies that

Hs(Λ) ≥ 0.77.

We remind the reader that the best existing lower bond in the literature
[9] was given in 2006: Hs(Λ) ≥ 0.670432.

Using the second inequality of Theorem 1.2.1, in Subsection 1.2.3 in
the thesis an upper bound is given on Hs(Λ) as follows: we provide a

carefully selected collection of level 30 triangles
{

∆
(30)
1 , . . . ,∆

(30)
k30

}
. This

collection results an upper bound on a30 which in return gives the upper
bound Hs(Λ) ≤ 0.819161232881177. In 1999 two Chinese mathematicians
[15] published an upper bound which is better than this but their paper was
published in Chinese giving in this way limited opportunity to check if their
algorithm was correct.
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Chapter 2

Arithmetic difference of
Random Cantor sets

2.1 Introduction

2.2 Results

Our main result is about the Lebesgue measure of the set F2 − F1, where
F1, F2 are independent copies of the random Cantor sets constructed below.
We have analogous results for the F − F type random Cantor sets and in
the deterministic cases.

2.2.1 Preliminaries

We use the same definition of the random Cantor set as in [2, p. 206]. We
are given a natural number M ≥ 2 and a vector p = (p0, . . . , pM−1) ∈ [0, 1]M

which is not a probability vector in general. The construction steps of the
random Cantor set is described in the Introduction.

In this chapter, if we do not say otherwise, we always consider the arith-
metic difference of two independent copies F1, F2 of this random Cantor set.
As above, the level n approximation of F1, F2 is denoted by F n

1 , F
n
2 respec-

tively. For the precise definition of the probability space (Ω,F ,P) of pairs
of independent random Cantor sets see [2, p. 206]. It is well known (see e.g.
[2, Fact 2]) and easy to see that

F2 − F1 = Proj45◦(F1 × F2).
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It follows (cf. [2, p. 207]) that whenever
M−1∑
k=0

pk <
√
M the difference of the

Cantor sets F2 − F1 has Hausdorff dimension smaller than 1.
Now we can define the cyclic autocorrelations γk by

γk :=
M−1∑
j=0

pjpj+k ( mod M) for k = 0, . . . ,M.

Theorem 2.2.1 (Dekking, Simon [2]). Conditional on F1, F2 6= ∅,

(a) if γk > 1 for all k, then F2 − F1 contains an interval almost surely,

(b) if there exists k ∈ {0, . . . ,M−1} such that γk and γk+1 are both less
than 1, then F2 − F1 almost surely does not contain any intervals.

2.2.2 The main result

To state our main result we introduce

uk :=

{
p0pk + · · ·+ pM−k−1pM−1, if 0 ≤ k < M ;
0, if k = M .

(2.2.1)

Note that γk = uk + uM−k.

Theorem 2.2.2. We assume that

Γ := γ0 · · · γM−1 > 1, (A1)

(A2) and for every 0 ≤ k ≤M − 1 we have

min(uk, uk+1) > 0 or min(uM−k, uM−k−1) > 0.

Then conditional on F1, F2 6= ∅,

Leb(F2 − F1) > 0

holds almost surely.

Remark 2.2.3. The second assumption of our theorem is rather techni-
cal. However, it always holds whenever all the probabilities p0, . . . pM−1 are
positive.

Remark 2.2.4. Our result is close to be sharp. Namely, our theorem asserts
that if the geometric mean of the γi’s is greater than 1 and (A2) holds, then
the difference set F2 − F1 has positive Lebesgue measure. On the other
hand, as it was noted in [2, p. 215], if the algebraic mean of γi’s is less than
1, then dimH F1 + dimH F2 < 1 so, Leb(F2 − F1) = 0.
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Remark 2.2.5. Dekking and Grimmett investigated a related problem in
[1]. Namely, they considered a higher dimensional random Cantor set and
studied the Lebesgue measure of its orthogonal projections. They worked
with the generated branching process in random and varying environment.
From this respect we use the same method, however, in our case we use a
45◦ projection which implies that we have two different types of individuals
and we need to take care of the independence of their line of inheritance.
This is one of the reasons that the implementation of the method introduced
in [1] becomes much more complicated in our proof.

It follows from the main result of [2] and our theorem together that the
Palis Conjecture (Problem 0.0.1) mentioned above does not hold in our case.

Corollary 2.2.6. Let M = 3 and

(p0, p1, p2) = (0.52, 0.5, 0.72).

In this case we have

γ0 = p2
0 + p2

1 + p2
2 = 1.0388, γ1 = γ2 = p0p1 + p1p2 + p2p0 = 0.9944,

This implies that the difference of random Cantor sets almost surely contains
no interval (by Theorem 2.2.1 part (a)). On the other hand, the product

γ0γ1γ2 = 1.0272

is greater than 1. Thus it follows from the main result of this chapter that
this difference of random Cantor sets almost surely has positive Lebesgue
measure, conditioned on non-extinction.

Remark 2.2.7. Conditioned on F 6= ∅, we have (see [4], [11])

dimH F = log

(
M−1∑
i=0

pi

)
/ logM

almost surely. The condition (A1) implies that
∑M−1

i=0 pi >
√
M , thus

conditioned on non-extinction dimH F > 1/2 almost surely.

Remark 2.2.8 (The deterministic case). We use the same construction as
before but we assume that all the probabilities pi are either zero or one. The
Cantor set obtained in this way is denoted by F . This situation was settled
(essentially completely) in [2, Section 8]. However, it was not remarked there
that the proof of [2, Theorem 2] implies that the Palis conjecture holds in
this case. That is either Leb(F − F ) = 0 or F − F contains an interval.
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2.2.3 The case of F − F type random Cantor sets

Theorem 2.2.9. If both conditions (A1) and (A2) of Theorem 2.2.2 hold,
then conditional on F1 6= ∅, we have

Leb(F1 − F1) > 0

almost surely.

2.2.4 A generalization

Here we consider the same problem as in Theorem 2.2.2 but we assume
that the random Cantor sets are constructed with different probabilities:
p = (p0, . . . , pM−1) and q = (q0, . . . , qM−1). That is, the probability that
Ii1...ik is selected given that Ii1...ik−1

was selected, is equal to pik for F1 and
(independently) qik for F2. Following the notation of [2, Section 4.4] let

γ̃k :=
M−1∑
j=0

qjpj+k ( mod M).

Then the conclusion of Theorem 2.2.2 remains valid under the following
assumptions:

Theorem 2.2.10. Let F1, F2 be two independent random Cantor sets con-
structed as above. We assume that the following hold:

Γ̃ := γ̃0 · · · γ̃M−1 > 1, (Ã1)

(Ã2) for every 0 ≤ k ≤M − 1 we have 0 < pk and 0 < qk.
Then conditional on F1, F2 6= ∅,

Leb(F2 − F1) > 0

holds almost surely.
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Chapter 3

Arithmetic sum of random
Sierpinski carpets

3.1 Results

In this chapter we extend the work of K. Simon and M. Dekking [2] in
several ways. They investigated whether the arithmetic difference of two
independent copies of 1-dimensional random Cantor set contains an interior
point. As a continuation of this work we prove an analogues result in higher
dimension. The novelty of the method presented here is the introduction
of types, which makes it possible to handle the geometrically much more
complex structure of the intersection of the product set with hyperplanes in
higher dimension.

In this chapter we consider arithmetic sum instead of difference. Al-
though the arithmetic difference of 1-dimensional sets can be easily pre-
sented using left and right triangles, we cannot use the same approach in
higher dimenson. It is more convenient to use the sum to describe the
structure of these systems if the dimension is greater than 1.

We start with the construction of the higher dimensional random Cantor
sets, which we call random Sierpinski carpets. Let d > 0 and M ≥ 2 be
integers. We construct a d-dimensional M -array random Sierpinski carpet
F defined by the probabilities p(i) ∈ [0, 1], where i = (i0, i1, . . . , id−1) ∈ Γ =
{0, 1, . . . ,M − 1}d. We call the level 0 approximation of F the unite cube
F 0 = I = [0, 1]d. Let us partition I into Md equal sub cubes:

Ii1 :=

[
i
(1)
0

M
,
i
(1)
0 + 1

M

]
×

[
i
(1)
1

M
,
i
(1)
1 + 1

M

]
× · · · ×

[
i
(1)
d−1

M
,
i
(1)
d−1 + 1

M

]

where i1 = (i
(1)
0 , i

(1)
1 , . . . , i

(1)
d−1) ∈ Γ. As the first step, for each i1 ∈ Γ we
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choose the cube Ii1 with probability p(i1) independently from the other
choices. The set of retained cubes is called F 1, the level 1 approximation of
F . We continue the process using each retained cube Ii1 independently: at

the second step for each i2 = (i
(2)
0 , . . . , i

(2)
d−1) ∈ Γ the cube

Ii1,i2 =

[
i
(1)
0

M1
+
i
(2)
0

M2
,
i
(1)
0

M1
+
i
(2)
0 + 1

M2

]
× · · · ×

[
i
(1)
d−1

M1
+
i
(2)
d−1

M2
,
i
(1)
d−1

M1
+
i
(2)
d−1 + 1

M2

]
is retained with probability p(i2) (conditioned on the cube Ii1 is retained at
the first step). The union of the retained cubes at the second step is called
F 2, the level 2 approximation of F . All selection occurs independently. We
continue the process the same way for infinitely many steps. Let us denote
the corresponding probability measure and the expected value by P and E.
The set which retained after infinitely many steps

F =
∞⋂
n=1

F n

is called the random Sierpinski carpet F defined by {p(i)}i∈Γ. If at least
two of the probabilities are 1 and the rest of them are 0, then we call the
remaining set a deterministic Sierpinski carpet, and if none of the them are
0 or 1, then strictly random Sierpinski carpet (in this case the set might
be empty with positive probability). See Figure 3.1 for a deterministic and
Figure 3.2 for a strictly random example.

Figure 3.1: The sets F 1, F 2, F 3, F 4 when d = 2, M = 2 and p((0, 0)) =
p((0, 1)) = p((1, 0)) = 1, p((1, 1)) = 0. In this case the set F is the Sierpinski
gasket.

Definition 3.1.1. For any integer n > 0 let us call the following vectors
the level n lattice vectors:{( v0

Mn
,
v1

Mn
, . . . ,

vd−1

Mn

)
| v0, . . . , vd−1 ∈ N

}
.
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Figure 3.2: The sets F 1, F 2, F 3, F 4 when d = 2, M = 2 and p((0, 0)) =
p((1, 1)) = 0.8 and p((1, 0)) = p((0, 1)) = 0.2.

Definition 3.1.2. We say that a set A contains a deterministic Sierpinski
carpet G at a regular position, if there exist n > 0 and a level n lattice
vector v such that

1

Mn
G+ v ⊂ A.

In this chapter we consider the algebraic sum

F1 + F2 = {x+ y | x ∈ F1, y ∈ F2}

of two random Sierpinski carpets with parameters M1, d1 and M2, d2. The
constructions of the Sierpinski carpets F1, F2 are always independent. See
Figure 3.3 for example. We also consider a determinsitic fractal with param-
eters M3 and d3. We always assume that M1 = M2 = M3 and d1 = d2 = d3

hold.

+ =

Figure 3.3: An example for a realization of F 3
1 , F 3

2 and their sum. This is a
2-dimensional case where M1 = M2 = 3.

Theorem 3.1.3. Let G be an arbitrary deterministic Sierpinski carpet and
ε > 0. Then there exists probabilities {p(i)}i∈Γ, {q(i)}i∈Γ such that for
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the random Sierpinski carpets F1, F2 defined by the probabilities {p(i)}i∈Γ,
{q(i)}i∈Γ respectively, the following four assertions hold.

1. The sets F1 and F2 are strictly random Sierpinski carpets, that is none
of the probabilities {p(i)}i∈Γ, {q(i)}i∈Γ are 0 or 1.

2. If F1, F2 6= ∅, then F1 + F2 contains the set G almost surely.

3. dimH(F1 + F2) < dimH G+ ε almost surely.

4. Neither of the sets F1, F2 contain a scaled version of G, almost surely.

Corollary 3.1.4. There exists strictly random Sierpinski carpets F1 and
F2 on the plane, such that F1 + F2 contains a Sierpinski gasket defined on
Figure 3.1 at a regular position (conditioned on non-extinction of F1 + F2),
but F1+F2 has no interior point, almost surely. Moreover, neither of the sets
F1 and F2 contain a scaled version of the Sierpinski gasket, almost surely.

Remark 3.1.5. Section 3.2 in the thesis contains generalised versions of
theorems from [2]. They require additional definitions.

Remark 3.1.6.

Now we define γ(k) for each k = (k0, k1, . . . , kd−1) ∈ {−1, 0, . . . ,M−1}d,
which takes an important role:

γ(k) :=
∑

x0+y0∈{k0,k0+M}
...

xd−1+yd−1∈{kd−1,kd−1+M}

p((x0, x1, . . . , xd−1))q((y0, y1, . . . , yd−1))

where x0, . . . , xd−1, y0, . . . , yd−1 are integers. This is a generalisation of the
cyclic autocorrelations, which is used in the previous chapter and in [2].

Let F1 and F2 be two independent random Sierpinski carpets defined by
strictly positive probabilities {p(i)}i∈Γ, {q(i)}i∈Γ, respectively. The general-
izations of Theorem 1 from [2] is the following:

Theorem 3.1.7. 1. If all the probabilities {p(i)}i∈Γ, {q(i)}i∈Γ are posi-
tive and γ(j) > 1 for all j then F1 + F2 contains an interior point
almost surely, conditioned on non-extinction.

2. If there exists j = (j0, . . . , jd−1) ∈ Γ such that

max
b0,b1,...,bd−1∈{0,1}

γ((j0 − b0, . . . , jd−1 − bd−1)) < 1

then F1 + F2 does not contain an interior point almost surely.
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