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1 Introduction
The evolution of wireless telecommunications shows a continuous expansion even in our
days. In several countries of the world the number of mobile subscriptions has often
exceeded the size of the population, indicating the popularity of the mobile telecom-
munications. Since the beginning of the specification phase of the second and third
generations (2G and 3G) of the mobile telecommunications systems several applica-
tions have been appeared in the world of Internet, requiring high transmission rate,
which will be vindicated also by the subscribers of the mobile networks. 3G networks
cannot fulfill the highly increasing data rate demands, essentially based on their ap-
plied radio transmission technologies, making necessary the appearance of essentially
novel physical layer technologies, resulting a next generation of mobile telecommunica-
tion networks. The standardization of the fourth generation (4G) networks is currently
under process, the modifications of the network elements, definition of new functional-
ities are objects of research activities. Providing widely accessible and secure Internet
Protocol (IP) based transmission with much higher data rate than in 3G mobile net-
works means the elementary purpose of 4G.

The International Telecommunication Union (ITU), as a supervisor of the stan-
dardization of different telecommunications systems has drawn up its prescriptions in
2009 according to the performance of the 4G mobile networks, formulating a ’consid-
erable’ improvement of the multimedia services (voice, video, etc.). 100Mbit/s data
rate should be supported for user with high mobility (car, train), and 1Gbps peak
data rate for subscribers with low mobility. The ’4G compliant’ versions of Third
Generation Partnership Project (3GPP) Long-Term Evolution (LTE) and Worldwide
Interoperability for Microwave Access (WIMAX) will have the appellations of LTE
Advanced (LTE-A) and WirelessMAN-Advanced.

The requirements defined above cannot be fulfilled by the radio transmission so-
lutions applied in 2G and 3G networks. Nevertheless, the physical layer transmission
of LTE-A and WirelessMAN-Advanced systems applied the Orthogonal Frequency-
Division Multiplexing (OFDM) technique as the key technology of the radio transmis-
sion, during which the high-speed data is multiplexed into several low bitrate parallel
transmissions with the help of so called subcarriers placed onto orthogonal carrier
frequencies within the available transmission frequency band, achieving robust solu-
tion against the degradation effects of the multi-path propagation and providing high
data rate. The Orthogonal Frequency-Division Multiple Access (OFDMA) denotes the
multi-user version of the OFDM transmission, providing additional gain in terms of
the spectral efficiency with the realization of the multiuser-diversity, which exploits the
fact that the frequency response of the radio channel may differ according to differ-
ent paths towards different users from the Base Station (BS) at the same frequency,
resulting an optimization possibility in terms of the achievable transmission rate.

The spectral efficiency gain of the OFDMA based transmission can be further in-
creased by the application of the multi-antenna techniques, which are often referred
as Multiple-Input Multiple-Output (MIMO). The LTE and WIMAX are applying
M -level Quadrature Amplitude Modulation (QAM) modulation techniques, where M
denotes the total number of possible symbols, which can be adaptively adjusted ac-
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cording to actual state (quality) of the radio channel. Several opportunities can be
found to further increase the spectral efficiency of the OFDMA-MIMO transmission
both at physical- and Medium Access Control (MAC) levels with the help of so called
scheduling solutions (algorithms), generally including transmit power control, adaptive
M -QAM modulation even for each subcarriers, and the allocation of the subcarriers to
the active users within the area of the cell. During the planning- and performance eval-
uation phase of a scheduling algorithm the necessity of the realistic evaluation of the
Symbol-Error-Ratio (SER), Bit Error Ratio (BER) or the transmission rate appears,
which is usually based on the previous two parameters. I have introduced solutions for
the calculation of the SER and BER of M -QAM and M -Phase Shift Keying (PSK)
within Thesis Group I.

During the operation of the telecommunications systems a required Quality of
Service (QoS) (mostly a pre-defined minimal data rate) should be maintained for each
users, even in poor radio propagation circumstances, which often can be performed
only by the ’re-organization’ of the radio resources (frequency, transmit power. etc.),
while maintaining the fairness between the users in terms of the achievable data rates.
To meet this problem, I have defined an algorithm in Thesis II.1. to maintain fairness
between users during a physical layer OFDMA transmission.

Thesis II.2 addresses the scheduling of OFDMA-MIMO radio transmission, con-
taining a realistic performance evaluation for the spectral efficiency in Rayleigh-fading
propagation environment, in contrast to the Shannon-capacity-based capacity evalua-
tion of the related literature. The capacity gain of OFDMA-MIMO transmission can
be increased by the extension of the transmit power allocation to the allocated trans-
mitter antennas, which means a further division of the allocated transmit power levels
to the OFDM subcarriers in order to maximize the spectral efficiency at the concerning
subcarrier.

The efficient operation of OFDMA-MIMO requires the information describing the
actual state of the radio channel – often referred as Channel State Information (CSI)
–, since the scheduling algorithm should operate adaptively according to it. During the
specification process of OFDMA-MIMO based networks the measurement (and evalua-
tion) of the radio channel plays a key role, which is based on so-called reference signals
with known content at the receiver side, so that the radio channel should be calculated
according to the attenuation and phase shift taken place on them. The reference signals
are placed amongst the useful data symbols within the time-frequency 2 dimensional
radio resource grid. Nevertheless, the radio channel cannot be ideally measured not
even if we would fill the time-frequency resource grid exclusively with reference signals,
realizing a considerably expensive radio system only for channel measurement pur-
poses, since the frequency response of the radio channel can only be estimated because
of the additive effects of random phenomenons such as the Additive White Gaussian
Noise (AWGN) or interference. In addition, the radio channel has a time-variant be-
havior, resulting that the evaluated CSI can be considered only in a latter time instant
at the transmitter, since the feedback information has finite propagation time within
the system.

For the MIMO transmission a so called precoding is applied to compensate the spa-
tial correlation circumstances between the channel paths corresponding to the trans-
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mitter and receiver antennas. At the transmitter side a so called precoding matrix can
be created based on the information about the correlation properties of the MIMO
channel paths, and the vector containing the complex data symbols should be multi-
plied with the precoding matrix. The setting of the precoding matrix happens typically
based on a selection from a pre defined matrix set, for which only the index should
be feedbacked from receiver side to the transmitter called often as Precoding Matrix
Indicator (PMI), which can manage an adaptive precoding process. The imperfect
transmission or loss of PMI can result the performance degradation of the system.
Thesis Group III provides error models and investigations of the imperfect CSI feed-
back and precoding matrix selection during an OFDMA-MIMO transmission.

2 Research Objectives
The theoretical capacity of the radio channel can be determined in view of the BER
by further simple calculations. During the calculation process the evaluation of the
BER or SER represents the largest challenge. No calculation solution can be found in
the literature containing the possibility (in a compact form) to give the BER and SER
for arbitrary M values considering multifarious fading situations simultaneously. The
available solutions (see in the introduction of Chapter 2 of the dissertation, page 5) are
realizing either only estimations, or are applicable only for mainly limited interference
scenarios. In order to supplement this deficiency I have defined general analytic calcu-
lation methods for the M level QAM and PSK, which are providing exact results for
the BER and SER values in case of three different fading scenarios (Rayleigh-, Rice-,
Nakagami-) by considering interference scenarios with the wide range of adjustment
possibilities. The calculation methods are presented in Theses I.1-I.4.

I have given a solution in Thesis II.1 to increase the fairness (mentioned in the
Introduction) in case of OFDMA transmission in order to ensure equal chance to ob-
tain radio resources for the different users experiencing significantly different radio
propagation environment. For the realization of this concept, a preliminary distri-
bution of the available transmit power within the BS is needed – before the transmit
power allocation process for the OFDM subcarriers – in such a way that ensuring equal
Signal-to-Noise-Ratio (SNR) level for each users within the examined cell.

The spectral efficiency enhancement of the OFDMA-MIMO transmission has been
targeted, realized within an OFDMA-MIMO Radio Resource Management (RRM) al-
gorithm selected from the literature based on its modernity and high spectral efficiency,
being as a reference algorithm. Within the algorithm – and usually regarding the phys-
ical layer scheduling solutions – a correction seemed to be reasonable, since during the
operation of it the capacity of the transmission is usually calculated based on the well
known Shannon-formula, realizing only a loose upper bound compared to the realistic
capacity of a transmission with modulated symbols over a fading channel. The calcu-
lation with the Shannon-capacity is true for most of the RRM algorithms available in
the related literature. Towards the approximation of the realistic operation during the
execution of the algorithm I have performed the calculation of the overall transmission
rate – based on the resulted (subcarrier, transmit power- and antenna) allocation –
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with the help of the BER calculation methods for Rayleigh-fading channel, interpreted
in Thesis Group I instead of the Shannon capacity formula.

Towards increasing the spectral efficiency realized with the RRM I have performed
a further partition of the transmit power levels for the OFDM subcarriers, onto the
different transmitter antennas, since during a multi-antenna transmission on the signal
paths between the different transmitter- and receiver antennas different channel gains
can be experienced. Considering this fact, an equal transmit power allocation for the
transmitter antennas does not provide the optimal solution certainly. The details of
the method can be found within Theses II.2.-II.4.

To investigate the effects of the imperfect feedback of the CSI I have performed
simulations to analyze the spectral efficiency of the system. Inasmuch as in a realistic
system the CSI can be obtained only with a given accuracy at all times, the realistic
error models considering these effects can provide helpful tools during the designing
phase of a realistic transmission system.

3 Research Methodology
The investigations of SER and BER at Thesis Group I have happened according to
analytical calculations considering stochastic fading- and interference models. The
expected values of the SER and BER expression have been expressed, which can be
simplified in many cases thanks to the interpreted model in such a way that we can per-
form the calculation with the known Moment Generating Function (MGF) of different
random distributions.

In order to demonstrate the results of Thesis Group II, the OFDMA and MIMO-
extended OFDMA RRM algorithms have been investigated with the help of simula-
tions. The locations of the of the users within the area of the cell has been randomly
generated, resulting random distance and pathloss values according to it for the dif-
ferent users. The OFDMA-MIMO radio channel has been generated according to a
multi-path correlated Rayleigh-fading model with random delay and pathloss values,
adjustable transmitter and receiver side correlation matrices. Instead of the long-drawn
simulated transmission of the symbols and bits and ’collecting’ the erroneous bits for
determining the empirical BER, I have performed analytical calculations for the trans-
mission rate based on the actually calculated BER values, which is influenced by the
actual gain of the radio channel, the transmit power values (per antenna and sub-
carrier), the spectral power density of the AWGN and the bandwidth of the OFDM
subcarriers.

In order to illustrate the effects of the CSI and PMI error models within Thesis
Group III an LTE link level simulator [13] has been applied, which has been developed
at the Technical University of Vienna. The simulator provides LTE-specific BER and
Block Error Ratio (BLER) values.

Note: The brief definition of the theses has been signed with italics at all times.
The wider expositions of the theses are closed by character ’�’. The expressions and
figures of the dissertation are referenced by 2 digits (separated by a dot); the first digit
refers to the chapter, the second denotes the sequence number of the expression within
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the actual chapter within the dissertation. The expressions and figures are denoted
with single number within the Thesis book in order to avoid misapprehensions.

4 New Scientific Results

4.1 Interference Analysis of Linear Modulation Techniques
This section contains the review of Thesis Group I, containing four theses. The theses
are providing analytic calculation solutions for the error analysis of M -QAM and M -
PSK linear modulation techniques by considering different fading- and interference
models.

THESIS I.1 [J1, J2] I have defined analytic expressions applying the general form
of the spectral overlap within the defined interference model (Section 2.4) for signals
with spectral shapes of sin(x)/x and ’raised cosine’.

Performing error analysis of different modulation techniques, the description of the
energy of the interference signals measured at the investigated receiver is necessary in
addition to the energy both of the useful signal and the AWGN.

The interpreted interference model within the dissertation (Section 2.4, page 10)
considers both the instantaneous received power and the spectral shapes of the inter-
ference signals, based on which we obtain a v (∆fk) spectral overlap value with the
dimension of [s] or

[
1

Hz

]
according to the following expression (see in the dissertation,

page 10)

v (∆fk) =

∞∫
−∞

Sηk
(f − ∆fk)S (f) df

∞∫
−∞

S (f) df
, (1)

in which Sηk
(f − ∆fk) and S (f) refers to the spectral power density functions of the

useful- and the interference signal k respectively, with the frequency domain distance
∆fk between the center frequencies of the useful signal and interference signal k.

The deduction of expression (1) is a scientific result of the co-author of [J1]. In the
current Thesis I have presented an analytic solution for the calculation of expression
(1) for two cases, in which the useful- and the interference signals can be characterized
with spectral shapes of sin(x)/x and ’raised cosine’ identically in couples.

Calculation of the spectral overlap in case of sinc spectral shapes During the
OFDM transmission usually rectangular pulses are applied as the time-domain signals
of the subcarriers, resulting spectral shapes characterized by sinc2 (.) (dissertation,
Appendix A.3). In this case the calculation of expression (1) can be defined in the
following way (dissertation, page 11)

vOFDM (∆fk) = Ts

∞∫
−∞

(
sin(π(f−∆fk)Ts)

π(f−∆fk)Ts

)2( sin(π·f ·Ts)
π·f ·Ts

)2
df

∞∫
−∞

(
sin(π·f ·Ts)

π·f ·Ts

)2
df

, (2)
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Figure 1. Numerical results of the vOFDM(∆fk)/Ts spectral overlap calculation in case of
sinc spectral shapes for arbitrary ∆fk frequency distances and the analytical results for the
l ∈ N integer multiples of ∆fc. Note that vOFDM(∆fk)/Ts = 2/3 = 0.666̇ for l = 0.

where ∆fc = 1/Ts represents the spectral distances of the OFDM subcarriers in [Hz]
with the symbol period of Ts. In case of interference free transmission among the OFDM
subcarriers (Inter-Carrier Interference (ICI)) the spectral distance between two adjacent
subcarriers remains the constant value of ∆fc, resulting the fact that the spectral
distance between the center frequencies of any subcarrier of the investigated OFDM
receiver and any subcarrier of an interfering OFDM transmitter can be expressed by
the integer multiples of the ∆fc subcarrier spacing, according to ∆fk = l · ∆fc, l ∈
Z, resulting a significantly simpler calculation of expression (2) according to (see in
Appendix A.3 of the dissertation)

vOFDM (l · ∆f) =
{ 1

l2π2Ts, l ̸= 0
2
3Ts, l = 0.

(3)

I have given the calculation of expression (2) for real (i.e. not integer) values of ∆fk

in a numeric way, since the analytic calculation includes considerably complex sub-
operations. The numeric calculations and the results of the analytic expression (3)
have been illustrated in Fig. 1, normalized for the ∆fc = 1

Ts
subcarrier spacing.

Calculation of the spectral overlap in case of signals having ’raised cosine’
spectral shapes I have given the calculation of the spectral overlap for signals having
’raised cosine’ spectral shapes in Section 2.4.3 of the dissertation (page 12). I have
considered a simplified spectral form [14] of the raised cosine pulse shaping filter, which
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Figure 2. Illustration of the vrc(∆fk) overlap for raised cosine spectral shapes of the inter-
ferers and useful signal

can be expressed by assuming unit roll off factor [14] as

|Grc (f)| =


Ts
2 [1 + cos (πfTs)]

[
1

Hz

]
, ha |f | ≤ 1

Ts

0, otherwise (4)

I have substituted (4) into (1), utilizing that |Grc (f)|2 = Ts

s0
Src (f), with Src(f) and

s0 being the spectral power density function and instantaneous received power of the
useful signal respectively. After that, I have calculated the value of the integral. After
the detailed calculations I have given the expression of the spectral overlap in the
following closed form

vrc(∆fk) =3Ts

8
− 3∆fkT

2
s

16
+ Ts

6
(∆fkTs − 2) cos (π∆fkTs) +

+ Ts

96
(∆fkTs − 2) cos (2π∆fkTs) + 5Ts

18π
sin (π∆fkTs) +

+ 25Ts

576π
sin (2π∆fkTs)

(5)

for 0 < |∆fk| ≤ 2
Ts

, since the received interference signal contains any measurable
energy only within this frequency domain. The illustration of the analytic calculations
can be observed in Fig. 2 for different ∆fk values.�

THESIS I.2 [J1, C1] I have constituted exact analytic calculation methods for the
Symbol-Error-Ratio (SER) of M -Quadrature Amplitude Modulation (QAM) and M -
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Phase Shift Keying (PSK) with the help of the stochastic interference- and fading model
interpreted in the dissertation.

4.1.1 M-QAM SER

According to the result of co-author of [J1] the following expression can be given (see
in the dissertation, page 11)

N ′
0 = N0 +

K∑
k=1

Ik = N0 +
K∑

k=1
skv (∆fk), (6)

which determines an equivalent energy (or spectral power density) amount including
the N0 energy (or spectral power density) of the AWGN, and the energy measured
in the receiver generated by interferer k ∈ {1, 2, ..., K}, denoted by Ik = skv (∆fk).
Ik contains the effect of sk received power from interferer k and the spectral overlap,
defined in expression (1). Expression (6) handlesN0 and Ik energies additively, since the
time domain ik(t) interference signals (dissertation expression (2.2), page 7) have been
assumed to be crossing a complex Gaussian (i.e. Rayleigh-fading) channel on the path
towards the investigated receiver, enabling the handling of time domain interference
signals as Gaussian Random Variables (RVs) in different time instants.

Applying the N ′
0 overall energy defined in (6) I have given a calculation method

for the SER of the M -level QAM transmission, considering the effects of interfer-
ence. During the calculation the SER expression (2.28) valid for AWGN (dissertation,
page 15) has been extended – towards considering interference – by substituting N ′

0 into
N0 within expression (2.28). After the operation above, we get the following expression
for the SER

Ps,QAM (s0|s, f) = f1 (s0|s, f) + f2 (s0|s, f) , (7)

where

f1 (s0|s, f) = C1

π
4∫

0

exp

− s0Tb

N0 +
K∑

k=1
sk · v (∆fk)

1
C0cos2θ

dθ (8)

and

f2 (s0|s, f) = C2

π
2∫

0

exp

− s0Tb

N0 +
K∑

k=1
sk · v (∆fk)

1
C0cos2θ

dθ, (9)

with Tb being the time interval for carrying a single bit. The definition of C0, C1 and
C2 constants can be found in the dissertation (expressions (2.29), page 15).

After the substitution above the SER is not depending only on s0 and N0 any
more, since the sk instantaneous received power values and fk carrier frequencies are
also influencing it, which are grouped in the following two vectors with K elements
according to

s = {s1, s2, ..., sk, ..., sK} , (10)
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and
f = {f1, f2, ..., fk, ..., fK} . (11)

The SER, expressed by the introduced new parameters should be considered as an in-
stantaneous amount. Considering the elements of vectors s and f as RVs with ’almost
arbitrary’ distribution means the principal assumption related to the SER and BER
calculations in the current and the following Thesis. This assumption transforms the
resulted Ps,QAM (s0|s, f) expression into a conditional amount, depending on the ele-
ments of s and f . Pursuant to this fact, I have defined a solution for the calculation of
the average SER considering the interference (power, carrier frequency) amounts given
above. The authors of [4] have formulated a similar problem, emphasizing that the
calculation of the expected value for average SER would require K-fold integration for
(8) and (9) separately, in terms of the RVs sk and fk, applying the selected probabil-
ity density functions for them. In addition, within expressions (8) and (9), the term
K∑

k=1
sk · v (∆fk) is expressed as the sum of RVs, and to top it all, it is located within

the denominator of the resulted

γ, = Eb

N ′
0

= s0Tb

N ′
0

(12)

effective SNR producing further computational difficulties.
A mathematical transformation defined in [4] (dissertation, page 16) gives the so-

lution for the emerging complex computational task, which can be given with the
following Lemma.

Lemma 1. For any x, y > 0

exp
(

−y

x

)
= 1 −

∞∫
0

J1 (2
√
z)√

z
exp

(
−zx

y

)
dz, (13)

with J1(.) representing the Bessel function of first order and first kind.
After applying (13), the numerators and denominators in expressions (8) and (9)

will be reversed as

f1 (s0|s, f) = C1

π
4∫

0

1 −
∞∫

0

J1 (2
√
z)√

z
e

− z
s0

C0
Tb

K∑
k=1

skv(∆fk)cos2θ

e
− z

s0
1

Tb
N0C0·cos2θ

dz
 dθ

(14)
and

f2 (s0|s, f) = C2

π
2∫

0

1 −
∞∫

0

J1 (2
√
z)√

z
e

− z
s0

C0
Tb

K∑
k=1

skv(∆fk)cos2θ

e
− z

s0
1

Tb
N0C0·cos2θ

dz
 dθ.

(15)
Let us consider the benefits of the transformation above, which seems to be an unnec-
essary complication at first sight:
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• Lemma 1 transforms the problem of the K-fold integrations (in the case of in-
dependent RVs) into a simpler problem, since the sum

K∑
k=1

skv (∆fk)cos2θ of RVs
has been moved into the exponent within expressions (14) and (15), enabling the
calculation of the expected value with the help of the known MGFs for different
distributions,

• or with a single integration in case of independent and identically distributed
(i.i.d.) RVs, by raising to a power K the exponential forms, as it was detailed
in [4, eq. (37) and below].

• The values of s0 and sk can be fully separated, enabling further assumptions
within the calculations. (The own calculation results generated by the MGF
within the interference model will be shown in Thesis I.4.)

I have defined the average SER for M -QAM transmission as (dissertation expression
(2.44), page 18)

Ps,QAM (s0) = M − 1
M

−
∞∫

0

J1 (2
√
z)√

z
ψ1,QAM

(
z

s0

)
dz−

∞∫
0

J1 (2
√
z)√

z
ψ2,QAM

(
z

s0

)
dz, (16)

where

ψ1,QAM (z) = C1

π
4∫

0

ϕQAM

(
C0

Tb
z, θ

)
e

−z
N0
Tb

C0·cos2θ
dθ, (17a)

ψ2,QAM (z) = C2

π
2∫

0

ϕQAM

(
C0

Tb
z, θ

)
e

−z
N0
Tb

C0·cos2θ
dθ. (17b)

ϕQAM() denotes the MGF, which has expressed forms for determined interference mod-
els in Thesis I.4.

Note that the resulted Ps,QAM (s0) SER expression can still depend on s0, when
considering it as an instantaneous amount. In this case s0 should be handled as a RV
in order to consider the effects of different fading models [4, IV.A.].

4.1.2 M-PSK SER

In Section 2.6 of the dissertation (page 19) – similarly to the M -QAM case –, I have
substituted the extended γ, Signal-to-Noise-Ratio value into the PSK-SER expression of
[6], which is valid for AWGN transmission. Performing the transformation in expression
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(13), I have get the following form

Ps,PSK (s0|s, f) = 1
π

M−1
M

π∫
0

exp

− s0Tb

C3 (θ)
[
N0 +

K∑
k=1

sk · v (∆fk)
]
 dθ

= 1
π

M−1
M

π∫
0

1 −
∞∫

0

J1 (2
√
z)√

z
e

− z
s0

C3(θ)
Tb

K∑
k=1

sk·v(∆fk)
e

− z
s0

C3(θ)N0
Tb

dz
 dθ,

(18)

in which

C3 (θ) = 1
log2M

 sin
(

π
M

)
sin

(
(M−1)

M
π − θ

)
2

. (19)

The resulted probability of Ps,PSK (s0|s, f) – similarly to the QAM case – can also be
considered as a conditional RV, depending on the elements of s and f .

With the notation of the MGF we get the following SER expression for the PSK
transmission, depending on the s0 average power, i.e.

Ps,PSK (s0) = M − 1
M

−
∞∫

0

J1 (2
√
z)√

z
ψPSK

(
z

s0

)
dz, (20)

where

ψPSK (z) = 1
π

M−1
M

π∫
0

ϕPSK

(
C3 (θ)
Tb

z, θ

)
e

−z
N0
Tb

C3(θ)
dθ (21)

denotes the specific MGF for the assumed interference model (see explicit calculation
results in Thesis I.4 ).�

THESIS I.3 [J2, C2] I have constituted exact analytic calculation methods for the
Bit Error Ratio (BER) of M-QAM and M-PSK applying the stochastic interference-
and fading model interpreted in the dissertation, while considering Gray-mapping of
data bits to the modulation symbols.

4.1.3 M-QAM BER

Similarly to the SER calculations I have built the extended interference model – ac-
cording to expression (6) – into a closed form expression [10], valid for only AWGN
(dissertation Section 2.7, page 25), giving the BER of M -QAM by applying Gray-
coding (mapping) as

Pb = 1
log2

√
M

log2
√

M∑
l=1

Pb (l), (22)
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in which the expression of

Pb (l) = 1√
M

×

×
(1−2−l)√

M−1∑
i=0

{
(−1)

⌊
i2l−1
√

M

⌋ (
2l−1 −

⌊
i · 2l−1
√
M

+ 1
2

⌋)
erfc

(
(2i+ 1)

√
3γi,jlog2M

2(M − 1)

)}
(23)

is valid for bit l, with l ∈ {1, 2, ..., log2M} and considering γ = Eb
N0

, which has been
substituted by the effective γ′ SNR expression according to (12). In order to enable
the application of the the exponentital transformation given in (13), the term erfc(.)
in (23) should be modified by using

erfc (x) = 2
π

∫ π
2

0
exp

(
− x2

cos2 θ

)
dθ (24)

as (and with the substitution of γ′) and defining the following function

f3(s0, i|s, f) = 2
π

∫ π
2

0
exp

− s0Tb(2i+ 1)2

C4

[
N0 + Ts

K∑
k=1

skv (∆fk)
]

cos2θ

 dθ, (25)

in which 1/C4 = 3
2

log2 M
(M−1) . Performing the exponential transformation according to (13)

I have get the

f3(s0, i|s, f) = 2
π

∫ π
2

0

[
1 −

∫ ∞

0

J1(2
√
z)√

z
exp

(
− z

s0
C4
N0

Tb
cos2θ

)
×

× exp
(

− z

s0
C4
Ts

Tb

K∑
k=1

skv (∆fk) cos2θ

)
dz

]
dθ,

(26)

conditional RV, depending on s0 and the elements of s and f .
Applying the notation of the MGF in Theses I.2 and I.3 we get

f3(s0, i) = 1 −
∫ ∞

0

J1(2
√
z)√

z
ψ
(
z

s0
, i
)
dz, (27)

in which
ψ(z, i) = 2

π

∫ π/2

0
ϕ

(
C4

Tb(2i+ 1)2 z, θ

)
e

−z
N0

Tb(2i+1)2 C4 cos2 θ
dθ. (28)

Using the results above, we get the

Pb (s0)

= 1
log2

√
M

log2
√

M∑
l=1

1√
M

(1−2−l)√
M−1∑

i=0

{
(−1)

⌊
i2l−1
√

M

⌋ (
2l−1 −

⌊
i · 2l−1
√
M

+ 1
2

⌋)
f3(s0, i)

}
(29)

BER expression for M -QAM, depending on s0.
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4.1.4 M-PSK BER

During the development of the calculation method, a BER expression [11] for M -PSK
transmission has been considered as the starting point, which is valid for AWGN and
Gray-coding similarly to [10]. The authors of [11] have defined the following expression
(dissertation, page 30)

Pb = 1
log2(M)

M−1∑
m=1

d (m)P (m), (30)

in which d (m) means a so called average distance spectrum, denoting the average
number of bit positions differing adequately to the alternatives of the received signal
with the description of

d (m) = 2
∣∣∣∣mM −

⌊
m

M

⌉∣∣∣∣+ 2
log2(M)∑

i=2

∣∣∣∣m2i
−
⌊
m

2i

⌉∣∣∣∣. (31)

Within expression (30), the probability of P (m) refers to the fact that the received
signal vector falls into the decision region of Rm, in the case of X = 0 has been sent
from the symbol alphabet of {0, 1, ...,M − 1}. In this case

P (m) = Pr {Y ∈ Rm|X = 0} . (32)

The expression above has been given in [12, eq. (3)] (denoted by Am) in the following
form

P (m) =
∞∫

0

f (z)
[
Q
[
ϑ+ z · tan

((
M

2
− 2m− 1

)
π

M

)]
−

−Q
[
ϑ+ z · tan

((
M

2
− 2m+ 1

)
π

M

)]]
dz,

(33)

with ϑ =
√

2 · log2(M) Eb

N0
and f (z) = exp (−z2/2) /

√
2π. By using P (m) we would get

the BER of M -PSK. Nevertheless, expression (30) is not suitable in its current form
to involve the extended interference model according to (6), since the SNR is not the
argument of an exponential function. Hence, I have re-defined P (m) – within (30) –
according to the following (dissertation, page 32) form

P (m) = 1
2π

β1(m)∫
0

exp
(

−Es

N0

sin2 (φ1(m))
sin2 (φ1(m) + θ)

)
dθ−

− 1
2π

β2(m)∫
0

exp
(

−Es

N0

sin2 (φ2(m))
sin2 (φ2(m) + θ)

)
dθ,

(34)

in which φ1(m) = π 2m−1
M

, φ2(m) = π 2m+1
M

, β1(m) = π − (2m− 1)π/M , and β2(m) =
π − (2m+ 1)π/M . By applying the expression above, we get the desired exponential
form for P (m) as

P (m) = f4(s0,m) − f5(s0,m), (35)
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with

f4 (s0,m|s, f) = 1
2π

β1(m)∫
0

exp

− Es

N0 +
K∑

k=1
sk · v (∆fk)

1
C5 (θ,m)

dθ, (36)

and

f5 (s0,m|s, f) = 1
2π

β2(m)∫
0

exp

− Es

N0 +
K∑

k=1
sk · v (∆fk)

1
C6 (θ,m)

dθ. (37)

The definition of β1(m), β2(m), C5 (θ,m) and C6 (θ,m) can be found in the dissertation
(page 32). The two expressions above are already containing the extended γ′ SNR value
influenced by the elements of vectors s and f . After the exponential transformation
according to (13) we get the following result

f4(s0,m|s, f) = 1
2π

∫ β1(m)

0

[
1 −

∫ ∞

0

J1(2
√
z)√

z
exp

(
−z N0

s0Ts
C5 (θ,m)

)
×

× exp
(

− z

s0Ts

K∑
k=1

sk · v (∆fk)C5 (θ,m)
)
dz

]
dθ,

(38)

f5(s0,m|s, f) = 1
2π

∫ β2(m)

0

[
1 −

∫ ∞

0

J1(2
√
z)√

z
exp

(
−z N0

s0Ts
C6 (θ,m)

)
×

× exp
(

− z

s0Ts

K∑
k=1

sk · v (∆fk)C6 (θ,m)
)
dz

]
dθ.�

(39)

THESIS I.4 [J2] I have provided analytical calculation results for the stochastic
interference model related to the previous four theses, considering interferers with (a.)
frequency hopping, (b.) Poisson planar distribution and (c.) both the useful- and
interferer signals considered having ’raised cosine’ spectral shapes.

I have previously shown in Thesis I.2 that after the exponential transformation
according to (13) the introduced sk and fk RVs will appear within the exponent,
as it can also be observed at expressions (38) and (39), enabling the expected value
calculation of the SER or BER with the help of the Moment Generating Function.

After expressing the calculation of the expected value for f4(s0,m|s, f) we obtain

ϕ4 (z, θ,m) = E
[
exp

(
− z

s0Ts

∑K

k=1
skv (∆fk)C5 (θ,m)

)]
. (40)

The form of ϕ5 (z, θ,m) can be calculated similarly with the help of C6 (θ,m). In the
following we consider only ϕ4 (z, θ,m) due to the high level of similarity.

OFDM interference with frequency hopping I have defined an investigation
environment (dissertation, Section 2.9.1, page 34) where the interference signals have
been assumed having ’sinc’ spectral shapes and allocated to OFDM subcarrier fre-
quencies (dissertation, Section 2.4.2, page 11). I have calculated the expected value of
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expression (2.84) (dissertation, page 34) according to the ∆fk = lk∆fc = |f0 − fk| fre-
quency distances related to the f0 center frequency. In this interference model the lk
values have been assumed as discrete i.i.d. RVs with the lk ∈ {1, 2, ..., N} possible val-
ues. The fk frequencies can be located in both directions from the f0 center frequency
within the spectrum with Bch = 2N∆fc bandwidth, since ∆fk refers to the absolute
value of the frequency distance. In addition, let s1 = sk and l = lk, ∀k. After that I
have calculated the expected value as

ϕ4 (z, θ,m|s1) = E
[
exp

(
−z s1

s0Ts
v (l · ∆fc)C5 (θ,m)

)]K

=
[ 1
N

∑N

l=1
exp

(
−z s1

s0

1
l2π2C5 (θ,m)

)]K

=

 1
N

∑N

l=1
exp

−z10− αdB
10

l2π2 C5 (θ,m)

K

,

(41)

with N being the number of the possible ∆fk values (i.e. not the number of the OFDM
subcarriers), αdB represents the fraction of s1/s0 in [dB]. The illustration of the calcu-
lation can be found in Figures 2.13 and 2.14 of the dissertation (page 35 and 36) at
different Signal-to-Interference-Ratio (SIR) and K values.

Poisson field of interferers It is substantial to note that the calculation results
interpreted in this section can be considered as the extensions of the calculations in
[4, V.D.]. In this case, the K number of interferers has been assumed as a RV with
Poisson distribution for an area of A [m2], with the density of λ [Intererer/m2/Hz].
In this case Pr {K = k} = (Aλ)k

k! e−Aλ. The distance between the investigated receiver
and interferer k will be denoted by rk. The received power of interference signal from
source k will be assumed as sk = sk,tr

−β
k , in which β denotes the pathloss exponent.

The distance rk has the distribution of f(rk) = 2rk/(D2 − D2
0) with the D radius of

the investigated area and a D0 initial radius from the receiver with the same center
position. The sk,t has been considered as the transmit power of interferer k for which
sk,t/s0 = 1 will be assumed. After that I have calculated expression ϕ4 (z, θ,m) with
expected value calculation in terms of three different RVs, i.e. for K, r1 = rk ∀k and l
respectively, resulting

ϕ4 (z, θ,m) =
∞∑

k=0

(λπD2Bch)k

k!
e−λπD2Bch

(∫ D

D0

1
N

N∑
l=1

e−r1−βz 1
l2π2 C5(θ) 2r1dr1

D2 −D2
0

)k

, (42)

in which Bch = N ·∆fc = N/Ts represents the investigated bandwidth. Exploiting that
∞∑

k=0

Ak

k!
e−ABk = eA(B−1) (43)

we get the following form of

ϕ4 (z, θ,m) = exp
(
λπD2

Ts

(
N∑

l=1

∫ D

D0
r1 exp

(
−r1

−β

l2
K1 (θ,m)

)
2dr1

D2 −D2
0

−N

))
, (44)
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with K1 (θ,m) = z 1
π2C5 (θ,m), and I have calculated that

∫ D

D0
r1e

− r1
−β

l2
K1(θ,m)dr1 =

r2
1
β

(
r−β

1 K1 (θ,m)
l2

) 2
β

Γ
(

− 2
β
,
r−β

1 K1 (θ,m)
l2

)
D

D0

. (45)

In the expression above Γ(ρ, a) =
∫∞

a e−ttρ−1dt is defined as the incomplete Gamma
function. The results of the calculations can be observed in Fig. 2.15 of the dissertation
(page 37) for different λ = 10−4 and 10−5 intensity values.

Interferers with raised cosine spectral shapes In terms of this scenario I have
considered the expression of vrc(∆fk) according to expression (2.24) of the dissertation
(page 13). I have performed an analysis by assuming ∆fk as RVs with uniform dis-
tribution within the interval [0, 2

Ts
). Accordingly, I have calculated the expected value

within ϕ4 (z, θ,m|∆fk, sk) by assuming s1 = sk, ∆f1 = ∆fk for ∀k and s1/s0 = 10− αdB
10 .

After that I have get the following expression (dissertation, expression (2.90), page 37)

ϕ4 (z, θ,m|s1) =
(

2
∫ 2

Ts

0
exp

(
−z s1

s0Ts

vrc (∆f1)C5 (θ,m)
)
d∆f1

Bch

)K

=
(

2
Bch

∫ 2
Ts

0
exp

(
−z s1

s0Ts

vrc (∆f1)C5 (θ,m)
)
d∆f1

)K

=

Ts

∫ 2
Ts

0
exp

−z10− αdB
10

Ts

vrc (∆f1)C5 (θ,m)

d∆f1

K

,

(46)

assuming Bch = 2
Ts

.�
The illustration of the calculation results can be found in the dissertation in Fig. 2.16

(page 38) for 4-, 8- and 16-PSK transmission by different K values.
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4.2 Radio resource management for OFDMA transmission
THESIS II.1 [C3] I have developed a Preliminary Power Control (PPC) solution
regarding the transmit power, which has been embedded into an advanced Downlink
(DL) Radio Resource Management (RRM) algorithm (available in the literature) for
Orthogonal Frequency-Division Multiple Access (OFDMA) transmission. I have shown
that higher fairness can be realized among the users in terms of the available data rates,
than in the case without the application of the PPC solution. The proposed PPC method
is based on the compensation of the different pathloss values of the radio channel for the
different users, realizing (near) equal Signal-to-Noise-Ratio levels within each mobile
receivers in the system.

The so called PPC solution can be considered as the key component of the inter-
preted OFDMA RRM algorithm (dissertation, Section 3, page 41). Within the ’fair-R’
and ’fair-F’ [9] algorithms (dissertation, Sections 3.2.1 and 3.2.2, page 47), the trans-
mit power available within the BS is equally distributed among K pieces of users after
the allocation of the OFDM subcarriers, considering the actual CSI. After that, the so
called waterfilling algorithm [2] will be performed for each K users separately, consid-
ering the Pk transmit power values – allocated for the users – as the input parameters
at the start of the operation of the waterfilling algorithm. The waterfilling algorithm
performs adaptive M -QAM modulation and transmit power allocation over the OFDM
subcarriers (details in dissertation, Section 3.1.3, page 44).

The equal transmit power allocation for the users cannot ensure sufficient data
rates in each cases for the users, located at much larger distance measured from the
BS compared to the other users (experiencing larger pathloss), resulting a low degree
of ’fairness’ in terms of the allocated resources.

In order to reduce the probability of the situations defined above, I have introduced
a so called PPC solution, to enable equal γ average SNR for each users within the
area of the investigated cell. During the realization, I have considered the actual CSI
for each users, and allocated the transmit power within the BS for the different users
based on it, fulfilling the

γ = γk = Pk|Hk|2

N0∆fc
, (47)

condition, ∀k. Within the expression above I have introduced an |Hk| average pathloss
(power attenuation) value for user k according to

|Hk| =
Nc∑

n=1
|Hk,n|, (48)

in order to characterize the radio channel at all the Nc pieces of frequencies of the
OFDM subcarriers with a single scalar parameter. Within expression (47) N0 denotes
the spectral power density of the AWGN, and ∆fc refers to the frequency domain
distance of the OFDM subcarriers. In addition, Pk represents the transmit power (at
the BS) for user k. Hk,n means a single selected element of the channel matrix given
in expression (3.1) of the dissertation (page 43) for subcarrier n and user k.
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I have considered the Pmax transmit power constraint within the BS as

Ptot =
K∑

k=1
Pk ≤ Pmax, (49)

in which Ptot denotes the total consumed transmit power within the BS. After substi-
tuting (47) into (49) we get

Ptot = N0∆fc

K∑
k=1

γ

|Hk|2
, (50)

from which we get the desired SNR value as

γ = Ptot

N0∆fc
K∑

k=1

1
|Hk|2

. (51)

Finally, based on the Hk values we are able to determine the Pmax transmit power levels
to be allocated to the users within the system, i.e.

Pk = Pmax

|Hk|2
K∑

k=1

1
|Hk|2

, (52)

which enables equal γ SNR level for each users.
I have applied the PPC solution after the subcarrier allocation process (to the users)

embedded into the so called ’fair-R’ and ’fair-F’ [9] reference algorithms, followed by
the waterfilling algorithm for each users, using the Pk input parameters determined by
the PPC solution, performing a further distribution on the subcarriers allocated to the
users.

I have shown the increased fairness results resulted by the PPC with the help of
simulations. Within the simulation cycles the spatial positions of the users has been
generated randomly according to uniform spatial. I have calculated the received power
of the desired signals (at the receivers of users) according to the distance from the BS
considering Okumura-Hata pathloss model [15]. I have estimated the available data
rates at the user equipments based on the M -QAM BER results of [10], which are valid
for AWGN.

The simulation parameters can be found in Table 3.1 of the dissertation (page
49). Fig. 3 illustrates the differences in terms of fairness between ’Fair-R’ and PPC-
combined ’Fair-R’ solutions according to the average Jain’s fairness index [5]. The
horizontal and vertical axes are determining fairness values between 0 and 1. The
fairness results of the reference ’Fair-R’ and PPC-combined ’Fair-R’ algorithms should
be interpreted as the coordinates of the points in Fig. 3. The points are determining
fairness results belonging to identical simulation cycles at the axes related to the two
different algorithms. A single simulation cycle can be characterized as a spatial ’layout’
of the users (snapshot) within the investigated cells, as an instantaneous result of the
random spatial distribution. The points are moving towards the ’direction’ of the
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Figure 3. Fairness comparison of the ’Fair-R’ and PPC combined ’Fair-R’ algorithms.
Horizontal axis: the fairness results of the reference ’R-scheme’, vertical axis: the fairness
results of the ’R-scheme, extended with the PPC’
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PPC-combined solution (up the line from a theoretical line with a direction of 45◦),
confirming that the PPC has ensured extra fairness in most of the simulation cycles.
In order to express an average behavior of the results, I have fit a regression curve to
the resulted points. Fig. 4 illustrates the same investigation by executing ’Fair-F’ and
PPC-combined ’Fair-F’ solutions. Larger amount of extra fairness can be experienced
similar to the previous case, since ’Fair-R’ considers the fairness only as a secondary
aspect compared to the maximization of the total available data rate of the system.�

4.3 Radio resource management of OFDMA-MIMO trans-
mission

The following two theses can be found in details in Section 4 of the dissertation.

THESIS II.2 [J3, C4] After my literature overview work regarding OFDMA-MIMO
RRM algorithms, I have selected an advanced algorithm [18], which has been considered
as an outstanding solution through its high computational efficiency and the method of
optimization of the user data rates. During the operation of the algorithm the calcula-
tion of the transmission rate has been performed several times not only at the end of
the several scheduling periods, but within the iterative cycles, based on the well known
Shannon expression, resulting a theoretical maximum as a loose upper bound for the
available data rates for the users. Towards adapting the operation of the algorithm to
realistic radio propagation environments, I have extended the algorithm with the ca-
pacity calculations based on the BER results of the adaptive M -QAM transmission,
applying the contribution of Thesis I.3, instead of the Shannon theoretical limit.

I have introduced an OFDMA-MIMO scheduling algorithm [18] in Section 4.3 of
the dissertation (page 59) in details, which I have selected as a reference solution after
my literature research work due to its high computational efficiency and advanced
RRM optimizing features. The algorithm will be a reference in order to illustrate the
spectral efficiency gains of my solutions formulated in theses II.3 and II.4 The selected
algorithm provides suboptimal solution for the capacity maximization of the OFDMA-
MIMO radio transmission, providing proportional fairness. The optimization process
happens in terms of the tasks of subcarrier allocation and transmit power control,
performed as separated sub-tasks within the algorithm in a sequential way, reducing
the computational capacity.

The algorithm evaluates the available transmission rate with the help of the Sha-
nnon formula [17], determined by its scheduling results (subcarrier allocation, transmit
power control) and considering the actual CSI, resulting only a loose upper bound for
the transmission rate, which would be available in a realistic (fading-affected) radio
environment. A defective operation of the algorithm can be also occurred in a realistic
propagation environment, since multiple evaluations of the data rate of subcarriers
is needed during the operation within the scheduling periods, since the subcarrier
allocation (for the users) happens based on that. Accordingly, the Shannon-formula does
not evaluate the factual transmission rate for a measured SNR value, the resulted data
rates will be located at a larger theoretical maximum. A large difference between the
realistic and theoretical results will eventuate the improper operation of the algorithm.
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Due to this fact, I have extended algorithm [18] in order to give a realistic evaluation
for the transmission rate, involving the analytical calculation of the BER of un-coded
physical layer M -QAM transmission to determine the transmission rate. The Rayleigh-
fading model provides a realistic framework for the dispersive signal propagation, which
is necessary for the efficient operation of the MIMO transmission.

The calculation of the transmission rate of the M level QAM transmission is based
on the analytic BER expression of the dissertation, previously shown in Thesis Group
I. I have shown the well-known task of the adaptive modulation in the dissertation
(Section 3.1.3, page 44), and illustrated in Fig. 3.2. The operation of the adaptive
modulation needs the measurement of the actual SNR and the calculation of the re-
sulted BER, which enables the determination of the achievable capacity of the radio
transmission. After that, we make the decision according to the M level of the modu-
lation, such that we ensure the maximal spectral efficiency at a measured SNR value,
compared to the cases of applying each other available M values. After selecting M , I
have calculated the BER values of the M -QAM transmission according to (dissertation,
eq. (2.65) page 26)

Pb = 1
log2

√
M

log2
√

M∑
l=1

1√
M

(1−2−l)√
M−1∑

i=0

{
(−1)

⌊
i2l−1
√

M

⌋ (
2l−1 −

⌊
i · 2l−1
√
M

+ 1
2

⌋)
f3(s0, i)

}
,

(53)
where function f3(s0, i) has been defined in the dissertation (expression (27), page 12)
after the detailed introduction of the fading model. For the calculation of the available
transmission rate I have applied the conditional entropy function and the expression of
the capacity of the binary channel, in terms of expression (2.66) and (2.67) respectively
(page 27). The SNR has been assumed within the introduced system model as

γn = |Hn|2 Pn

N0 · ∆fc
= Esn

N0
= Ebn log2(Mn)

N0
, (54)

in which Pn denotes the transmit power allocated for subcarrier n, Esn and Ebn denote
the symbol- and bit-energy values respectively for subcarrier n. ∆fc and Mn are
representing the spectral subcarrier distance and the modulatoin level for subcarrier n
respectively.

Fig. 5 illustrates the available spectral efficiency within the system in [bit/sec/Hz]
for MIMO transmission with different number of transmit- and receiver antennas ac-
cording to the calculations with the Shannon-formula and capacity available with M -
QAM transmission for 4-, 16- and 64-QAM. The calculation with M -QAM capacity
does not provide any spectral efficiency gain certainly. Fig. 5 only illustrates the inac-
curacy of the capacity calculation with the Shannon-formula, as the difference between
the curves with identical colors (MIMO transmission modes), which are growing with
the measured SNR.�

THESIS II.3 [J3, C4] I have worked out an antenna selection method for OFDMA-
MIMO Radio Resource Management, which activates the ’appropriate’ L transmitter
antennas – in the presence of L available Radio Frequency circuits at the transmitter
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Figure 5. Capacity calculations based on M -QAM adaptive modulation compared to the
theoretical maximum

side – among NT > L available transmitter antennas at the end of each scheduling
periods, so that the selection realizes the largest possible spectral efficiency.

I have shown within the dissertation (Section 4.2.5, page 58) that L = min(NT, NR)
pieces of transmitter antennas should be allocated – i.e. to be selected simultaneously
from available NT antennas – within the transmitter equipment by switching the avail-
able Radio Frequency (RF) circuits at the selected transmitter antennas, assuming
NT ≥ NR. In order to realize the transmitter antenna selection, antenna-specific CSI
is needed. The calculations with the entire OFDMA-MIMO channel matrix would in-
troduce unnecessary complexity into the process of the antenna selection. Avoiding
this fact, I have aimed the calculation of NT pieces of scalar values, which are able to
characterize the quality of the different channel paths. I have calculated these scalar
values with the help of averaging operations on the Hk,n user- and subcarrier-specific
channel matrix according to expression (4.4) (dissertation, page 56).

As the first step of the transmitter antenna selection process, I have introduced an
NT ×NR sized so called average channel matrix according to

H = 1
K

1
N

K∑
k=1

N∑
n=1

|Hk,n| . (55)

I have performed a further transformation on the H average matrix to obtain NT
pieces of hnT scalar values, which are feasible to characterize numerically the radio
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transmission possibilities realized by the nT transmitter antennas, i.e.

hnT = 1
NR

NR∑
nR=1

H. (56)

During the transmitter antenna selection I have selected the largest L pieces from NT
pieces of hnT in each optimization periods, i.e.

arg max
nT

1
NR

NR∑
nR=1

hnT,nR . (57)

The solution above realizes a processing gain in terms of the spectral efficiency, com-
pared to a fix or random antenna selection procedure. I have realized the solution
embedded into the algorithm [18], I will illustrate its spectral efficiency gain together
with the results of the following Thesis in Fig. 7, since this way of transmitter antenna
selection method is in a close relationship with the content of Thesis II.4.�

THESIS II.4 [J3, C4] Towards enhancing the spectral efficiency gain of the antenna
selection algorithm proposed in Thesis II.3, I have developed a transmit power control
method on the previously selected transmitter antennas. The transmit power control
happens in an adaptive way, considering the instantaneous eigenvalues characterizing
the MIMO channel as CSI information.

According to our former assumptions, the resulted (by the antenna selection) L ×
NR = NR × NR sized (!) MIMO radio channel matrix can be expressed equivalently
as Mk,n = NR pieces of parallel Single-Input Single-Output (SISO) channels, and the
Mk,n pieces of equivalent ’channel path’ can be characterized by real valued parameters
of λ(i)

k,n, representing the power attenuation of the equivalent SISO channel paths.
Remark: The values of λ(i)

k,n are the eigenvalues of matrix Hk,nHH
k,n, resulted ac-

cording to expression (4.4) (dissertation, page 56), which are ’specific’ for user k and
subcarrier n. At the beginning of the power control over the transmitter antennas the
subcarrier allocation process (for the users) has been already performed, hence we con-
sider only Nc ×Mk,n pieces of λ(i)

k,n values on the allocated Nc subcarriers in the current
phase of the optimization.

The Pn transmit power values allocated for the subcarriers need to be further di-
vided on each subcarriers in order to drive the selected NT transmitter antennas. The
partition could happen in a uniform way, nevertheless the λ(i)

k,n values are different on
subcarrier n, it is worth to optimize the transmit power allocation in terms of the avail-
able spectral efficiency. Note that the transmit power control could be also performed
simultaneously (among subcarriers and antennas), I have performed the two sub-tasks
separately in order to reduce the computational complexity. In this case I have calcu-
lated the elements of an introduced β(i)

n vector by solving the formalized task below
(dissertation, page 63)

arg max
β∈RN×Mk,n

K∑
k=1

N∑
n=1

ρk,n

Mk,n∑
i=1

log2

1 +
λ

(i)
k,nβ

(i)
n Pn

N0Bch

 , (58)
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Figure 6. The capacity function of a three-antenna scenario with different power allocation

in which ∑Mk,n

i=1 β(i)
n = 1, ∀n and 0 ≤ β(i)

n ≤ 1, ∀i, n. The values of β(i)
n are representing

the further division of Pn transmit power allocated to subcarrier n according to the
original operation of the algorithm between the different antenna paths, such that the
value of the allocated transmit power will have the value of β(i)

n Pn for transmitter
antenna i. Since β(i)

n are independent over the subcarriers, the optimization can be
separated into Nc parallel tasks.

Note that the optimization task defined in expression (58) has a very similar form
to the solution of the general water-filling problem with the own extension that the
channel gain values (power attenuation) are substituted by the λ(i)

k,n eigenvalues of the
equivalent SISO channel paths, and the Nc number of subcarriers means the Mk,n

number of the SISO paths.
Fig. 6 illustrates different β(i)

n distributions for L = 3. The introduction of the
transmit power control over the antennas seems to be reasonable, since the maximal
capacity cannot be found at the equal

β(1)
n = β(2)

n = β(3)
n = 1/L = 1/3 (59)

transmit power distribution. Considering the analogies above I have previously formal-
ized the water-filling solution for the transmitter antennas in expression (4.12) of the
dissertation (page 58), i.e.

β(i)
n + N0Bch

λ
(i)
k,n · pn

− α = 0, i = (1, 2, ...,Mk,n). (60)

The possibility of the parallelization means the advantage of the solution above, sig-
nificantly accelerating the optimization operation.
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After that, let us consider the illustration of the spectral efficiency gain of the
antenna selection shown in Thesis II.3, and the power allocation defined in the current
Thesis in Fig. 7. I am presenting the results according to the three different power
allocation methods enumerated below for 4 × 2, 6 × 4 and 8 × 6 MIMO antenna
configurations.

1. Operation without transmit power control (curves marked by circles): None of
the transmit power allocation modes introduced above is activated, i.e. neither
for OFDM subcarriers nor for transmitter antennas. Note that the results of this
transmission mode has been depicted only for illustration purposes.

2. Power control over subcarriers and antenna selection (curves marked by *): Only
the power control of algorithm [18] is activated (details in the dissertation, Section
4.2.4, page 58), i.e. the original operation of algorithm [18].

3. The transmit power control over subcarriers extended by the transmit power
control for the selected transmitter antennas (curves marked by ♢).

I have illustrated the spectral efficiency gains in Fig. 7 by adjusting the transmit power
emitted from the BS onto the entire Bch transmission bandwidth, since the perfor-
mance evaluation of the scheduling algorithm is relevant from the operators’ point of
view. In addition, the spatial positions of the users (and also the pathloss related to
the BS’s positon) within the investigated cells are random parameters, hence the per-
formance evaluation should happen based on the result of an averaging operation. I
have calculated the points of the curves of Fig. 7 by averaging the resulted spectral effi-
ciency values for 50 scheduling periods. The detailed list of the simulation parameters
can be found in Table 4.1 of the dissertation (page 64). The curves are suggesting that
the antenna selection applied simultaneously with power control over subcarriers re-
sults significant spectral efficiency gain within the lower transmit power region, growing
with the number of the antennas. The absolute spectral efficiency can be observed at
the upper part of the Figure, the lower part contains the spectral efficiency gain in case
of different anntenna numbers compared to the un-controlled case (no ctrl.). The
8 × 6 MIMO transmission provide the maximal difference, about 1 [bit/sec/Hz], which
can be ’translated’ into transmission power gain of 5Mbit/sec for the assumed 5MHz
channel bandwidth during the simulations, which can be considered as significant gain
over the scarce radio resource.�
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Figure 7. Illustration of the spectral efficiency gains of antenna selection and adaptive
transmit power control on the selected antennas, based on the capacity calculation of M -
QAM transmission in Rayleigh-fading channel.
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4.4 Investigation of the effects of CSI estimation imperfec-
tions in OFDMA-MIMO radio transmission

The availability of the CSI means a key aspect for the correct operation of OFDMA-
MIMO radio transmission both at transmitter- and receiver sides. Nevertheless, the
reality enables only the estimation of the CSI with certain accuracy, largely influencing
the performance of the system. I have provided models for the imperfections for the
CSI estimation in Thesis III.1, followed by the introduction of the results of the with
the help of simulations.

I will provide a model and simulation investigations in Thesis III.2 for the erroneous
transmission of the Precoding Matrix Indicator (PMI), in connected to the so called
precoding-matrix, which is inspired to improve the correlation properties of the MIMO
channel. The simulations have been performed with an own developed simulator and
an open source LTE (MATLABTM) radio link simulator, which has been developed at
the Vienna University of Technology [13].

THESIS III.1 [C5] I have defined three different error models for the evaluation of
the MIMO-OFDMA radio channel:

a.) Based on the OFDMA-MIMO Hhyp 5-dimensional channel hiper-matrix (Section
5.1.1 of the dissertation, page 74) I have defined a D error matrix with identical
size, representing the difference between the (5-dimensional) Ĥhyp matrix – con-
taining the evaluated elements of the radio channel, available at the receiver –
and the factual channel matrix Hhyp. The elements of D are generated according
to independent and identically distributed Gaussian random variables with zero
mean an adjustable variance (Section 5.3.1 of the dissertation, page 77).

b.) I have defined a so called interpolation error model for the evaluation of the
OFDMA-MIMO radio channel. The evaluation happens through interpolation
based on the reference signals affected by AWGN and located only at defined po-
sitions (subcarriers) within the available frequency band (Section 5.3.2 of the dis-
sertation, page 78).

c.) I have established a quantization error model for the possible storage at differ-
ent bit-sizes of the Ĥhyp hiper-matrix, characterizing the OFDMA-MIMO radio
channel within the receiver. The resulted quantization error can be modified by
the adjustment of the bit size of the variables, which are storing the elements of
Ĥhyp within the receiver (Section 5.3.3 of the dissertation, page 80).

Simulations have been performed for the OFDMA-MIMO radio transmission, applying
the error models defined above, followed by the summarization of them based on the
resulted Bit Error Ratio, and Block Error Ratio values – as the outputs of the simulation
– by adjusting the parameters of the different error models.

Channel model I have defined a channel model in the dissertation (Section 5.1.1,
page 74) appropriate for the investigation of the Multi-User (MU)-OFDMA-MIMO
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transmission. I have characterized the entire MU-MIMO-OFDMA radio channel by a
complex Hhyp channel (hyper) matrix with the size of NT ×NR ×K×Nc ×Nsamp, with
the number of transmit- and receiver antennas, the users, the OFDM subcarriers and
the time samples of the radio channel respectively. I have investigated the NT × NR
sized MIMO transmission with the help of two-dimensional Hk,n,ns channel matrixes,
generated by the indexing of

Hk,n,ns =



H
(k,n,ns)
1,1 H

(k,n,ns)
1,2 · · · H(k,n,ns)

1,NR

H
(k,n,ns)
2,1

...
... . . .

H
(k,n,ns)
NT,1 . . . H

(k,n,ns)
NT,NR


. (61)

I have generated each elements of Hk,n,ns matrix according to a multi-path Rayleigh-
fading model, by assuming L propagation paths in terms of the model defined in
[7, Section 9.1.3.5.2], in which the time-variant channel frequency response has been
modeled by a discrete Finite Impulse Response (FIR) filter. The model needs unique
τl delay and αl complex pathloss values for channel path l according to

bm =
L∑

l=1
αlsinc

[
τl

Tsch

−m

]
, (62)

in which m ∈ {1, ..., Nf}, l ∈ {1, ..., L} and Nf denotes the filter order. Tsch = 2 1
2Bch

=
1

Bch
denotes the sample period of the modeled baseband channel with the bandwidth of

Bch. I have considered the values of τl and αl specific for the indexes of nT, nR, k, n and
ns, but the notation of theem has been neglected at the exposition above. According to
the Discrete Fourier Transform (DFT), the complex frequency response of the channel
can be expressed as

H (f) =
∞∑

k=−∞
bke

−j2πfTsch k =
∞∑

k=−∞
bke

−j2πf k
Bch (63)

at frequency f .
Towards the investigation of the effects of assuming imperfect CSI at the receiver

let us briefly review the operation of the most simple MIMO receiver solution, i.e. the
so called Zero Forcing (ZF) strategy [8, Section 10]. According to the channel model
defined above K ×Nc ×Nsamp pieces of NT ×NR sized MIMO transmission should be
performed in the following way

x̂ = Gk,n,ns · y = (Hk,n,ns · Wj)† · y

=
[
(Hk,n,ns · Wj)H(Hk,n,ns · Wj)

]−1
(Hk,n,ns · Wj)H · y,

(64)

with Gk,n,ns being the pseudo inverse of matrix product (Hk,n,ns · Wj), defined in [3],
and (.)H refers to the conjugate transpose (Hermitian) of a matrix with complex ele-
ments. Furthermore, Wj means the precoding matrix j from the pre-defined

Aprecod =
{
W1,W2, ....,Wj, ...,WNp

}
(65)
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matrix-set with Np elements, from which the receiver selects a single element according
to the actual CSI in terms of defined algorithm, which maximizes the transmission rate.

Towards representing the channel estimation imperfections I have introduced D
and Ĥhyp hyper-matrixes, with the same sizes as Hhyp has. The elements of D are
containing the amount of the channel estimation error, namely the differences of the
elements of Hhyp and Ĥhyp with the same indexing. The effect of the CSI is enforced
in the receiver by the substitution of NT × NR sized Hk,n,ns matrixes with NT × NR

sized matrixes constituted from Ĥhyp within expression (64), namely

Ĥk,n,ns = Hk,n,ns + Dk,n,ns . (66)

Gaussian error model In this theoretical error model, the elements of the 5-
dimensional D error hypermatrix will be generated according to independent complex
Gaussian RVs with independent Xe and Ye real- and imaginary parts, with zero mean
and adjustable σ2

est variance equal for the real and imaginary components. According
to that, a single element of D can be expressed as

d(k,n,ns)
nT,nR

= Xe + j · Ye. (67)

Fig. 8 illustrates the BER results of coded 2 × 2 MIMO transmission for σ2
est = 0.1

and 0.2 according to the Gaussian error model. The Channel Quality Indicator (CQI)
values has been set to 4, 8 and 11, activating 4-, 16- and 64-QAM modulation within
the LTE link level simulator, with variable turbo-coding rate. The detailed list of the
simulation parameters can be found in the dissertation (Section 5.5.1, page 82). The
simulation results are suggesting that growing σ2

est degrades the BER performance. In
addition, the amount of BER destruction is growing at higher SNR domain with the
M levels of the QAM modulation.

Interpolation error In the current model I have estimated the OFDMA-MIMO
radio channel with the help of frequency domain interpolation over the time-frequency
radio resource grid, based on reference signals – with known content at the receiver –,
which are located only at certain time- and frequency ’positions’ within the grid. The
r̂(n, ns) reference signals arriving at the receiver can be expressed as

r̂(n, ns) = H(n, ns) · r(n, ns) + ν(n, ns), (68)

with n referring to the subcarrier index of the reference signal at time sample ns,
H(n, ns) refers to the frequency response of the channel, and ν(n, ns) represents the
complex realizations of the AWGN with the defined indexing. The reference signals at
the output of the transmitter has been denoted by r(n, ns). After that, the frequency
response of the time-variant radio channel can be evaluated with

Ĥ (n, ns) = r̂ (n, ns)
r (n, ns)

(69)

at the positions of n and ns. I have illustrated the BER results of the interpolation
error model in Fig. 9 for spectral power density N0 = −174 dBm/Hz of AWGN. I
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Figure 8. Illustration of the user’s BER in case of Gaussian estimation error model with
σ2 =0.1 and 0.2 values

have performed two different simulations for the cases of 4, 8 and 11 CQI parameters
piecewise; I have compared the results of the operation with perfect CSI knowledge
(solid curves) to the BER values of the operation with interpolation, based on the
’noisy’ reference signals (dashed curves). The operation with interpolation based on
the noisy reference signals will provide unfavorable BER, which phenomena can be
observed less and less at higher SNR values (at CQI: 11), since the reference signals
are influenced in a decreasing way by AWGN at higher SNR.

Quantization error model I have fixed the assumption regarding this model that
the elements of the hypermatrix Hhyp containing the information regarding the factual
channel are stored in variables with different bit sizes, causing a quantization error,
depending on the bit size. The quantized channel elements are in the positions of
the Ĥhyp matrix with identical indexing. I have considered the effect of the error
within the receiver with the substitution of Ĥhyp hipermatrix into the place of Hhyp in
expression (64). During the simulation investigations I have stored the channel elements
in variables with 4 and 8 bit sizes. I have investigated this error model with the help
of the own developed MATLABTMsimulator for uncoded physical layer transmission
with simulation parameters enumerated in Section 5.5.1 of the dissertation (page 82).

I have illustrated the BER results for the different modulation levels (4-, 16-, 64-
QAM) in Fig. 10. The results of 4 and 8 quantization has been compared to the
un-quantized transmission. It can be established that 8-bit quantization provides con-
siderably ’close’ results to the BER performance of the un-quantized transmission,
which enables still a reasonable accuracy. However, the storing of the reference signals
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Figure 9. Illustration of the user’s BER in case of the channel interpolation error model

can be performed in relatively small number of bits. The 4 bit quantization operation
shifts the BER curves significantly close to the 0.5 worst case of BER, even in the case
of the most robust 4-QAM.�

THESIS III.2 [C6] I have defined an appropriate error model for the so called –
transmitter side – precoding operation applied for MIMO transmissions, which hap-
pens adaptively in accordance with the spatial correlation properties of the MIMO radio
channel in a periodic manner with given length time periods. The transmitter ap-
plies a precoding matrix selected by the receiver, which informs the transmitter by the
feedbacked PMI which determines a selection from an available precoding matrix set.
According to the error model, the data packet carrying the PMI will be lost with a
given probability. In case of packet loss, the transmitter considers the last received
PMI valid, which not definitely represents the optimal choice in terms of maximizing
the transmission rate. I have investigated the performance of a physical layer channel
coded transmission with the help of simulations in terms of the BER and BLER by set-
ting different probability values for the PMI packet loss (Section 5.4 of the dissertation,
page 81).

As it is declared also in the dissertation (Section 4.1.2, page 55), the capacity of the
MIMO channel is strongly influenced by the spatial correlation of the channel paths,
which can be decreased by adequate compensation at the transmitter side in order to in-
crease capacity. The compensation is represented by a multiplication of the transmitted
complex symbol vector by a so called spatial precoding matrix at the transmitter side.
The spectral efficiency of the transmission can be increased by sending the resulted
complex vector at the input of the transmitter equipment. The re-calculation of the
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precoding matrix should be done periodically, if the MIMO channel has time-variant
spatial correlation properties.

A solution of the precoding task has been introduced in [16], the authors of that
have created an optimal and a suboptimal algorithm in terms of the available capacity,
which manages the selection of the Wi, i ∈ (1, 2, ...,Mp) precoding matrix from a pre-
determined set having Mp pieces of possible precoding matrixes according to a defined
TPMI time period, by the index i. The suboptimal solution performs an averaging over
pre-defined number D < Ncarr of OFDM subcarrier groups instead of the optimization
for all subcarriers, significantly reducing the computational complexity, producing near
identical results compared to the optimal solution at the same time. The authors of [16]
have defined the precoding matrix set according to the LTE specification [1], and the
resulted i index has the name of Precoding Matrix Indicator (PMI) according to the
LTE terminology. Note that the solution defined in [16] is applicable only for MIMO
sizes larger than 2 × 2.

I have defined an error model for the feedback of the PMI from the receiver to the
transmitter, in which the PMI information is carried by data packets, characterized by
a Pr(loss,PMI) loss probability. In case of a PMI packet loss, the precoding matrix
is selected according to the PMI within the last correctly decoded packet, which does
not provide the optimal solution certainly within the actutal precoding period, if the
channel state has been changed during this time. The value of Pr(loss,PMI) can be
adjusted within the model, for different value of that the performance of the physical
layer turbo-coded transmission can be investigated in terms of the BER and BLER.
The results of the erroneous PMI feedback are illustrated in the dissertation (Section
5.5.4, page 85).
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Figure 11. Effects of the PMI feedback loss with 4×2 spatial multiplexing and ’Vehicular-A’
channel model in terms of the BLER

The detailed definition of the simulation parameters can be found in Section 5.5 of
the dissertation (page 82). In our case TPMI = 1ms, which is identical to the scheduling
period within the LTE. Let us investigate the BLER results by Pr(loss,PMI) = 0.08
and 0.16 settings in Fig. 11 in case of 4×2 MIMO transmission, which I have compared
by the PMI packet loss free case of Pr(loss,PMI) = 0. I have summarized the amount of
BER and BLER performance degradation for different Pr(loss,PMI) values in Table 1.
At first it is worth to fix that the rule of thumb BLER=0.1 is fulfilled in each cases

Table 1. Summarization of the results of PMI feedback error model

NT ×NR 4 × 2
Pr(loss,PMI) 0.08 0.16

BER degradation (%) 6.37 14.05
BLER degradation (%) 27.58 111.67

as the requirement of operability. By growing Pr(loss,PMI) we experience increasing
BER and BLER, and at higher SNR values the correct PMI feedback will have an
ascendant significance.�

The spectral efficiency degradation resulted by the CSI estimation errors within the
different error models leads to the incorrect (non optimal) operation of the adaptive
modulation, since the available spectral efficiency decreases at fixed SNR values com-
pared to the CSI error-free transmission. To put it the other way around: in the CSI
estimation error-free case the SNR points belonging to the available spectral efficiency
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values are shifting upwards. The process of the adaptive (coded) modulation hap-
pens based on for the CSI estimation error-free case, i.e. the switching between the M
modulation levels is performed according to pre-defined SNR switching points, which
should be certainly corrected due to the spectral efficiency values caused by the CSI
estimation error, since without it we cannot maintain (’select’) the maximal transmis-
sion rate at each SNR values. If during the designing process of a receiver equipment
we would be able to predict the amount of the average PMI estimation error, and the
spectral efficiency degradation caused by that, the switching SNR points of the adap-
tive (coded) modulation should be re-defined and the capacity degradation could be
compensated to a certain extent.

5 Application of the Results
With the help of the analytical SER and BER calculation results interpreted in Thesis
Group I a wide range of interference models and three types of fading models (Rayleigh,
Rice, Nakagami) can be considered for the performance evaluation during the planning
and operation of a radio transmission. There is no need for complicated and long-drawn
simulations with modulating the transmitted symbols, affecting them within the radio
channel and counting the erroneous symbols or bits at the receiver side. Note that for
the simulation of sufficiently low BER or SER values of e.g. 10−6 the simulation requires
at least 106 bits or symbols, the number of generated bits symbols affects the running
time of the simulation, which can be even longer by considering the defined interference
model, in which the generation of the random interference parameters needs sufficiently
large number of simulation cycles likewise. In addition, the SER, BER or throughphut
values should be averaged over the simulation cycles. The analytical error calculation
eliminates the complicated simulation, and provides a wide range of interference and
fading ’scale’ in order to provide a feasible tool for the planning and the operation of a
realistic wireless telecommunication system (e.g. cell planning, or adaptive re-planning
based on traffic data). I have also provided calculation results for the application of the
M -QAM in the dissertation (Section 2.7.5, page 27), which contains an investigation
for an LTE interference scenario.

The results of Thesis Group II are offering optimization solutions for a general
OFDMA-MIMO transmission, since arbitrary OFDM subcarrier can be allocated for
any user, even alternating over all neighboring subcarriers. In addition, the adaptive
modulation and the transmit power control happens over the subcarriers. In a realistic
OFDMA-MIMO based system(LTE, WIMAX) the subcarrier allocation and the trans-
mit power control happens over larger ’frequency units’, i.e. on groups of pre-defined
number of neighboring subcarriers, which could decrease the optimization gains of the
solutions interpreted in Thesis Group II. With the evolution of the telecommunication
standards and the network elements the optimization possibilities are widening, and
will be able to be performed even over each subcarriers independently, the permeation
of the a 4G will induce by growing network load situations the consideration of the
issues formulated in Thesis Group II (fairness, efficient usage of the radio resources).

The error models defined within Thesis Group III can provide useful tools for
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the planning and standardization process of physical layer of OFDMA-MIMO based
wireless systems. The persistent monitoring of the channel states is substantial for the
correct operation of the radio transmission, the effects of the imperfect CSI estimation
on the spectral efficiency should also be taken into account during the planning phase
of a transmission system.
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