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Abstract
Model-based software development can significantly improve the understandability of the software,
decrease the development time, and make the use of automated development methods possible, which
in turns leads to increased productivity. Model processing programs (often called model transformations) are regularly used to update existing models, or generate new ones. Graph rewriting-based
model transformation is a promising candidate for the specification of model processing programs,
because this method has many advantages: (i) Graphs are the most often used formalism for the
specification of visual modeling languages and instance models. By definition, a graph rewriting-based
model transformation specifies the processing of graph-based models. (ii) Graph rewriting-based model transformations are based on the background of algebraic graph rewriting and graph grammars,
which provide a strong formal basis for formal analysis methods. (iii) A graph rewriting-based model
transformation has a special structure, because it is built from operational primitives called rewriting
rules. This structure makes it possible to define transformations at the same abstraction level as the
models and even provide domain-specific concrete syntax for their visualization.
This work focuses on the offline analysis of algebraic graph rewriting-based model transformations.
The goal of our research is to support the automated verification of functional properties of model
transformations by formal methods and to integrate these methods into an existing modeling and
model transformation framework. A verification technique is called offline only if the definition of
the transformation and the language specification that describes the models to be transformed are
used during the analysis process. Functional properties concern the output model only or the relation
between the input and the output models (i.e. how the input model has been modified) and are usually
domain-specific. Most often, formal offline verification of graph rewriting-based model transformations
is performed manually or the methods can be applied only to a certain transformation class in specific
application domains or for the analysis of only certain types of properties, therefore, there is an
increasing need for automated verification methods and tools.
This work provides the mathematical background to formalize artifacts needed to perform formal
analysis of model transformations. We integrate the presented formalism into the theory of algebraic graph rewriting using category theory. Based on this background, we provide a method for the
declarative and platform independent description of individual rewriting rules and complete model
transformations as well.
We provide a formal, logic-based language called Transformation Property Description Language
(TPDL) that consists of atomic formulae. TPDL can express several types of functional (domainspecific) properties to be verified. We provide deduction rules of an inference logic to perform reasoning
on the formulae of TPDL. We prove that the provided inference logic is sound and we analyze its
completeness.
We present formal methods to analyze rewriting rules in an offline way, i.e. to derive properties
that can be proved after the application of a rule independently from the concrete input models. Based
on these methods, we introduce how properties of complete model transformations can be derived.
Our work also deals with the efficient integration of the knowledge of domain experts. We introduce
the terms Model Transformation Analysis (MTA) design patterns and techniques that are similar to
the concept of traditional design patterns in the object-oriented programming paradigm. They are
predefined building blocks that can solve recurring problems of the implementation and verification
of model transformations.
We illustrate the applicability of the theoretical results by realizing them in an existing model
transformation framework VMTS. We show that real-world engineering problems can be solved by
our framework by demonstrating it on a model transformation case study.
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Összefoglaló
A modellalapú fejlesztés jelentős mértékben növeli a szoftver átláthatóságát, csökkenti a fejlesztés
idejét és automatizált fejlesztési módszerek alkalmazását teszi lehetővé. A legtöbb modellalapú
megközelítésben [Kleppe et al., 2003, Sztipanovits and Karsai, 1997] a modellekkel történő munka
során gyakran használunk automatizáltan futtatott modellfeldolgozó programokat, amelyeket modelltranszformációknak is nevezünk. Gráfalapú modellek feldolgozásának formális hátterét általában az
algebrai gráfújraírás elméletével formalizálják. Gráfújraírás-alapú modelltranszformációk használata
több szempontból is előnyös: (i) az elméleti háttér alkalmas – többek között – elosztott és konkurens
rendszerek működésének leírására, (ii) az elméleti háttér sajátosságaiból adódóan a feldolgozás elemi lépései (újraírási szabályok) kifejezhetők egy magasabb absztrakciós szinten, akár szakterületspecifikus konkrét szintaxissal is.
Kutatásom során gráfújraírás-alapú modelltranszformációk offline verifikációjával foglalkoztam.
Munkám célja olyan módszerek kidolgozása volt, melyek segítségével automatizáltan ellenőrizhető a
modelltranszformációk helyessége. Az offline ellenőrzés során csak a transzformáció definícióját és a
modelleket leíró nyelvek specifikációját figyelembe véve látunk be tulajdonságokat. Ezért az offline
ellenőrzés eredménye független a konkrét bemeneti modelltől. A funkcionális követelményeket gyakran
a kimeneti modellen fogalmazzuk meg, vagy a bemeneti és a kimeneti modellek közötti kapcsolatra mondjuk ki, vagyis a funkcionális követelmények azt rögzítik, hogyan kell a transzformációnak
a bemenetet feldolgoznia. A szakirodalomban található verifikációs módszerek gyakran csak egyegy transzformáció- vagy tulajdonságosztály vizsgálatát teszik lehetővé, és sokszor csak manuálisan
végezhetők el. Ezért nagy jelentősége van azoknak a módszereknek, melyek szakterülettől függetlenül,
automatizáltan alkalmazhatók.
Munkám során matematikai formalizmust dolgoztam ki szakterület-specifikus nyelvek, modellek és
a modellek közötti relációk definiálására. A bemutatott formalizmus illeszkedik az algebrai gráfújraírás
elméletéhez, leírásához kategóriaelméletet használok. Ezen matematikai háttér segítségével módszert adtam arra, hogy újraírási szabályokat és teljes modelltranszformációkat deklaratív és platformfüggetlen módon leírjuk.
Definiáltam a Transformation Property Description Language (TPDL) nevű logikai nyelvet, mely
képes kifejezni modelltranszformációk funkcionális tulajdonságainak egy halmazát. Levezetési szabályokat adtam meg, melyekkel következtetéseket tudunk elvégezni TPDL kifejezéseken. A levezetési
szabályok helyességét bebizonyítottam és elemeztem a következtető rendszer teljességét és algoritmikus komplexitását.
Formális módszert dolgoztam ki újraírási szabályok offline elemzésére, mely segítségével automatizáltan tudunk olyan tulajdonságokat bizonyítani, melyek biztosan igazak lesznek a szabályok
alkalmazása után függetlenül az aktuális bemeneti modelltől. Megmutattam, hogy e módszer felhasználásával a teljes modelltranszformációt is tudjuk ellenőrizni. A formális elemzés a korábban bemutatott formalizmus segítségével írható le; a módszer nagymértékben épít a TPDL nyelvhez definiált
kalkulus használatára.
Bevezettem és formalizáltam az MTA (Model Transformation Analysis) minták és technikák fogalmát, melyek az objektumorientált programozási szemléletben megismert tervezési mintákhoz hasonlóan olyan módszereket és gyakran használt modelltranszformáció részleteket írnak le, melyeket
felhasználhatunk a transzformációk fejlesztése és elemzése során egyaránt.
Megmutattam, hogy az általam fejlesztett keretrendszer – amelyet a VMTS modelltranszformációs eszköz részeként valósítottam meg – a mögöttes elmélet alapján képes valós mérnöki problémák
megoldására, és ezt egy esettanulmány bemutatásával igazoltam.
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1
Introduction
1.1

Overview

The goal of this chapter is to introduce the open problems in a specific area of model-based software development: the verification of graph rewriting-based model transformations. We provide the
motivation of our research, the detailed presentation of our goals, and a high-level overview of the
contributions of this thesis.

1.1.1

Model-Based Software Development

Nowadays the application of visual models has become a commonly used technique in software engineering. Model-based software development can significantly improve the understandability of the
software, decrease the development time, and make the use of automated development methods possible, which in turns leads to increased productivity [Stahl et al., 2006]. Moreover, models usually raise
the level of abstraction as well, which is advantageous when designing large and complex systems.
Models can also be understood by domain experts, which is an important step in the evolution of
languages designed for software development. The structure and the formal description of models
is important, because this background determines the types of methods that can be used for their
analysis. In model-based software development, models are not only constructed for documentation
purposes. It is important that they can be formalized and by exploiting their formal background, they
may be used in the specification, design, construction, and verification phases as well. Therefore, they
are primary artifacts that specify the static or dynamic (behavioral) system properties. Typically,
models consist of nodes representing the entities of a domain and edges representing the relations
between the entities. The nodes and edges usually have attributes that specifies the properties of the
elements. Therefore, models can be formalized as graphs that provide a strong mathematical background along with a user friendly visual representation [Ehrig et al., 2006]. Graph-based models are
widely used in different areas of engineering and science. An advantage of the use of such models is
that they may be visualized by domain-specific concrete syntax. Although graphical models are often
used, this is not mandatory, textual models are also an option.
Unified Modeling Language (UML) [Fowler and Scott, 1999] standardized by the Object Management Group (OMG) [Object Management Group (OMG), 2007] is the de-facto standard language
to describe the static structure and behavior of object-oriented systems. Since UML is a general
purpose language, it is not always easy to express aspects related to a concrete application domain. Therefore, domain-specific languages (DSMLs) [Kelly and Tolvanen, 2008] have gained focus
recently to specify modeling languages for specific application domains. This approach to model-based
software development therefore aims to find domain-specific abstractions and make them accessible
through formal modeling. One of the most popular forms to define visual DSMLs is metamodeling [Nordstrom, 1999, Kühne, 2006, Harel and Rumpe, 2000]. Metamodeling means using a specific
DSML to model the specification of a language. This model is called the metamodel of the language
and the models created using this language are referred to as the instance models of the metamodel.
1
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One of the most widely known development framework for the model-based software development
is Model Driven Architecture (MDA) [Kleppe et al., 2003, MDA, 2003] specified by OMG. In MDA,
models and model processing programs called model transformations play a central role. The MDA
development life cycle specifies the development of models that are processed by model transformations. The development starts with a model with a high abstraction-level. This is called the platform
independent model (PIM), because it should be independent from concrete implementation technology. In the next step, the PIM is transformed into one or more platform specific models (PSMs) that
are used to specify the system in terms of the implementation constructs that are available in specific implementation technologies. The last step of the development should be the transformation of
PSMs into source code of the appropriate platforms. MDA also concerns the interoperability between
the generated PSMs. The concept of MDA is illustrated in Figure 1.1. It can be seen that model
transformations plays a central role in the development according to MDA.

PSM2

PSM3

model transformations

model transformations

PIM

PSM1

code

platform1

code

platform2

code

platform3

Figure 1.1: MDA overview
As shown in the case of MDA, in many model-based approaches [Sztipanovits and Karsai, 1997],
model processing programs [Sendall and Kozaczynski, 2003, Bézivin et al., 2006, Mens et al., 2005]
(often called as model transformations) are regularly used to update existing models, or generate
new ones. Typical scenarios for the application of such programs are: (i) code generation, e.g. generating executable program code from UML diagrams or from domain-specific modeling languages,
(ii) generating lower-level models from higher-level ones, or reverse engineering higher-level models
from lower-level ones, (iii) model refactoring, (iv) providing dynamic semantics (behavior) to models [de Lara and Vangheluwe, 2010], (v) synchronizing models. The input and output of such programs are the models themselves. Note that textual code is often treated as a model as well. Of
course, a model processing program can be written in any programming language. However, we have
mentioned that models are usually defined in higher abstraction levels; therefore, it is reasonable to
implement model processing programs using languages that provide the same abstraction level as the
models themselves.
For models that are represented by different types of graphs, algebraic graph rewriting [Ehrig et al., 2006, Heckel, 2006] is a frequently used technique to formalize model transformations. This technique is well-suited to describe several model processing scenarios, for example, in
the design of concurrent and distributed systems, as well as the behavior of structure changing systems [Ehrig et al., 1991, Blostein et al., 1996]. The visual representation and high abstraction level of
such programs makes it possible to use them in larger, more complex systems. In the theory of algebraic graph rewriting systems, rewriting rules specify the operation primitives to modify graphs (this
modification is formalized by the double-pushout (DPO) approach of category theory). Informally, a
rule is defined by a left-hand-side (LHS) and a right-hand-side (RHS) graph. Given an input graph,
the application of a rule means finding an isomorphic occurrence of LHS (match) in the input graph
and replacing the occurrence by RHS. In Figure 1.2, we illustrate a possible application of a rewriting
rule on an input graph. In this example, we assume that we transform colored graphs. In the context
of graph rewriting, the term ’transformation’ sometimes covers the execution of a concrete sequence
2
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Figure 1.2: Illustration for the application of a graph rewriting rule

of rewriting rules on a concrete input model, i.e. in this case a transformation is the execution of the
model processing program on a concrete input. We have already discussed that the term model transformation is also used by MDA where it is interpreted as an arbitrary model processing program. It
can be seen that the name ’transformation’ may have different meanings in different contexts, that is
why we specify our interpretation explicitly. In our terminology, the term model transformation is the
specification (not the execution) of a model processing program whose semantics is based on graph
rewriting systems and is specified by a set of rewriting rules as well as an additional control mechanism
that defines the execution order of the rules. This control structure can be formalized in many ways
(different approaches have been categorized in [Blostein et al., 1996, Syriani and Vangheluwe, 2009])
e.g. as a directed graph whose nodes are the individual rules.

1.1.2

Motivation

Model-driven software engineering techniques are of great importance [Giese and Henkler, 2006,
Wassyng et al., 2010], because in several industries – such as aerospace, automotive, and medical
–, the certification of safety, reliability, or security critical systems is essential [Giese et al., 2010,
Wassyng and Lawford, 2006, Special Comittee of RTCA, 2011], and the formal background of these
techniques largely facilitates the formal analysis. Since models are extensively used, the verification
of the model processing programs has become an emerging research field, because, such programs are
usually applied repeatedly in an automated way [Sendall and Kozaczynski, 2003, Kleppe et al., 2003].
During the verification, we need to guarantee that the program works correctly, hence, we do not need
to validate the output models of each execution separately. Verification means determining the correctness of the transformation in the sense that it satisfies certain functional and non-functional
properties. Functional properties concern the output model only or the relation between the input
and the output models (i.e. how the input model has been modified) and are usually domain-specific.
For example, assume that the goal of a model transformation is to convert UML class diagrams into
relational database schema models. A functional property of this transformation could be to prove
that for each class of the input model, a table is generated in the database that contains the attributes
of the class. Besides the functional properties, non-functional properties of the transformations should
be analyzed, such as termination, semantic correctness and confluence. Termination is an important
property of any program, however, in the case of model transformations, the non-deterministic parts
(e.g. finding a match) of the execution makes it harder to be proved and demands specialized analysis
methods. Semantic correctness is concerned with the correctness of the transformation. The complexity of the analysis of semantic correctness depends on the language to define model transformations.
In the context of model transformations, confluence covers determinism. When a software developer
implements a program, most often, this program needs to produce the same output for the same input
when executed repeatedly. Therefore, although non-deterministic execution comes from the nature of
graph rewriting rules, it is useful to analyze if the result of the transformation will be the same for
different executions.
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Verification of graph rewriting-based model transformations has become possible [Amrani et al., 2012], because the solid mathematical basis of algebraic graph transformations
facilitates their automated analysis. Verification methods for model transformations can be divided
into three categories based on the generality of the results: online, static and offline methods.
• The verification is called online if the output model is validated during the execution [Lengyel, 2006] by the execution engine. This means that when the execution of the transformation successfully finishes, we know that certain properties are satisfied by its output, because
otherwise the transformation would have failed. However, this method does not guarantee that
the transformation successfully terminates. We usually refer to this method as online validation.
• The verification is called static if the correctness of the model transformation is proved with
respect to a concrete input model, however, the analysis is performed without executing the
transformation. An example for such a method can be found in [Karsai and Narayanan, 2008].
To emphasize the importance of this method and the difference between online and static analysis, it worth mentioning that model transformations are often used to define graph grammars
that are a set of rewriting rules along with a concrete input model [Rozenberg, 1997b]. In this
case, not only the application of a concrete rewriting rule may imply non-determinism, but the
rules to be applied are also chosen non-deterministically as in the case of string rewriting. Nondeterminism causes that even if one execution of a model transformation results in a correct
output, it is not guaranteed that the next execution with the same input model also results in
a correct output. Therefore, it can be seen that the results of the static analysis is more general
than that of online validation.
• A verification technique is called offline only if the definition of the transformation and the
language specification that describes the models to be transformed are used during the analysis
process. The results of the offline analysis are general in the sense that they are independent from
the concrete input models. The main advantage of this method is that the offline analysis needs
to be performed only once, because, it guarantees the correctness of the result of any possible
execution. However, the obvious disadvantage of this approach is the increased complexity of
the analysis itself. It worth mentioning that, for example, the termination of a graph rewriting
transformation is undecidable in general [Plump, 1998].
Based on the previous introduction, the importance of graph rewriting-based model transformations
and their role in mode-driven software engineering can be summarized as follows. We have discussed
the importance of the use of formal models defined at higher abstraction levels in model-based software
development and the roles of programs that perform conversions between such models. It is preferable
if these model processing programs are also defined in the same level of abstraction as the models
themselves, because, in this way, the abstraction level of models is maintained during the processing.
Since model processing programs are used repeatedly in an automated way, analysis methods for
their formal verification gained focus recently and have become a research field with high importance.
Graph rewriting-based model transformation is a promising candidate for the specification of model
processing programs, because this method has many advantages:
• Graphs are the most often used formalism for the specification of visual modeling languages
and instance models. By definition, a graph rewriting-based model transformation specifies the
processing of graph-based models.
• Graph rewriting-based model transformations are based on the background of algebraic graph
rewriting and graph grammars, which provide a strong formal basis for formal analysis methods.
• A graph rewriting-based model transformation has a special structure, because it is built from
operational primitives called rewriting rules. This structure makes it possible to define transformations at the same abstraction level as the models and even provide domain-specific concrete
syntax for their visualization. In this case, domain experts may be able to understand certain
aspects of the processing.
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1.1.3

Open Problems

Our research focuses on the offline verification methods. Most often, formal verification of model
transformations is performed manually or the methods can be applied only to a certain transformation class in specific application domains or for the analysis of only certain types of properties [Bisztray and Heckel, 2007, Becker et al., 2006], therefore, there is an increasing need for automated verification methods and tools. It is a usual approach that the verification of a model transformation is performed by converting the transformation itself into a general purpose formal domain
where analysis methods are already available. A typical example is the translation of a transformation
into the input of theorem provers, or a special analyzer tools [Anastasakis et al., 2007]. For example, in 2007, one case study of a graph transformation tool contest (AGTIVE 2007 symposium on
’Applications of Graph Transformation with Industrial Relevance’ [Rensink and Taentzer, 2008]) was
to transform UML activity diagrams into Communicating Sequential Processes (CSP) models. The
motivation of the definition of such a transformation is to provide a formal semantics for UML activity
diagrams [13]. The disadvantage of such methods is that during the analysis of a model transformation, we need to define a mapping, i.e. we translate the requirements to be verified from the current
application domain of the transformation to the formal domain where automated analysis methods
are available. The requirements can be complex and may be domain-specific properties that are hard
to be interpreted in another, general domain. In the opposite direction, when an error is recognized
in the general formal domain, it should be also interpreted in the application domain. It can be seen
that, because the mapping is not always symmetric between the two domains, it is hard to provide
the mapping of the domain specific properties and the found problems of the analysis domain.
Based on the previous discussion, the main challenges related to the offline verification of graph
rewriting-based model transformations can be concluded as follows. It is challenging to develop methods to support the analysis of model transformations in general without notably restricting the types
of the functional properties to be verified or the domains of the definition of the transformations.
Moreover, it is preferable to perform the analysis in the current application domain without translating the transformation into a general domain. Of course, to perform a formal analysis, we have to
work on a formal description of the transformations. In more details, the main open problems can be
summarized as follows in the research field of the formal verification of graph rewriting-based model
transformations:
• However, there exist several methods to translate the problem domain into a general formal
analysis domain, it would be beneficial to provide formalism where the properties to be verified
can be directly expressed, hence, symmetry between the application domain and the analysis
domain does not need to be maintained by translating the properties.
• Moreover, it would be advantageous to provide a coherent formalism for the description of the
rewriting rules such that it could be easily checked if a rule guarantees the satisfaction of many
types of functional properties.
• Similarly, we would need a formalism to describe the control mechanism of the rewriting rules
such that the properties proved to be true by individual rules could be easily propagated through
the control structure. In this way, we could derive properties that are satisfied when the complete
transformation terminates.
• Since the formal verification of graph rewriting-based model transformations is an undecidable
problem, it is challenging to find decidable subsets of the problem. This can be reached by
restricting the possible transformations or the properties to be analyzed. However, the real
challenge is to find a subset that can solve engineering problems.
• It would largely increase the efficiency of the analysis methods to find recurring problems that
are usually need to be solved during the verification of transformations. These patterns could
be used and their results could be applied automatically.
5

1. Introduction

• It is also an important open question if certain problems that are undecidable by the automated
methods could be specified as patterns that could be analyzed in advance.

1.2

Thesis Contributions

This work focuses on the offline analysis of algebraic graph rewriting-based model transformations.
The goal of our research is to support the automated verification of model transformations by formal methods and to integrate these methods into an existing modeling and model transformation
framework. In more details, the goals of our research are as follows:
• To provide a general formal background for the description of model transformation. This makes
it possible to provide platform independent analysis methods that are not restricted to specific
domains, transformation classes or properties.
• To provide a formal language that is able to express functional properties to be verified. We want
this language to be extendable later by new types of properties, hence, the analysis methods
could be improved in the future.
• To provide algorithms that support the automation of recurring tasks during the analysis of
model transformation definitions. The goal of these algorithms is to leverage the efforts of the
manual analysis.
• To provide algorithms for the formal, offline analysis of rewriting rules and control mechanisms.
• Moreover, these methods should be able to perform the analysis using the presented formal
background. This would make it possible to express the properties to be verified as well as the
found errors in a single formal domain that is specific to the current application domain.
• Since the automated verification of all properties is not possible in general, our methods must
be designed to be able to efficiently make use of the knowledge of domain experts by using it
during the application of automated methods. To exploit this knowledge, we wanted to provide
a set of well-specified techniques and design guidelines that makes it possible for the developer
to design a model transformation that can be more efficiently analyzed.
• To provide an implementation of the theoretical analysis framework in an existing modeling and
model transformation tool.
According to these goals, the contributions of this work are as follows:
• We provide the mathematical background to formalize metamodel-model relationships, patterns
of models, abstract attribute constraints defined over models, as well as the relationships between
input-output pairs of models of transformations. We integrate the presented formalism into the
theory of algebraic graph rewriting using category theory.
• We also discuss in details why such a uniform formalism was needed. An important property
of the presented formalism is that it lends itself to the integration of any types of external
constraint logic to analyze the attribute constraints. To make this possible, certain restrictions
have been defined on the constraints.
• We provide a formal language called Transformation Property Description Language (TPDL)
that consists of atomic formulae that can express several types of functional properties to be
verified. TPDL is a propositional logic-based language; hence, it can compose its atomic formulae
by means of the standard logical operators. The interface of the atomic formulae have been
defined in an abstract way, hence, the language can be extended in the future by new types of
properties.
• We provide deduction rules of an inference logic to perform reasoning on the formulae of TPDL.
This logic is used, among other purposes, to decide if logical implications can be proved. We
prove that the provided inference logic is sound and we analyze its completeness.
6
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• Based on the formalism of metamodels, models, patterns of models and the relationships between them, we provide a formalism for the declarative and platform independent description
of individual rewriting rules and the control mechanism of the transformations as well.
• We present formal methods to analyze rewriting rules in an offline way, i.e. to derive properties
that can be proved to be true after the application of a rule independently from the concrete
input models. Based on these methods, we introduce how properties of complete model transformations can be derived.
• Our work also deals with the efficient integration of the knowledge of domain experts. We
introduce the terms Model Transformation Analysis (MTA) design patterns and techniques that
are similar to the concept of traditional design patterns in the object-oriented programming
paradigm. They are predefined building blocks that can solve recurring problems of the model
transformations. Additionally, their manual proofs (provided with the documentation of these
patterns) can be integrated into the framework.
• MTA techniques are guidelines and recurring techniques that often appear during the manual analysis of model transformations. We discuss how these techniques can be formalized
and present how their applications can be supported by (semi-)automated methods. These
techniques serve as a set of tools that the developer can apply during the analysis.
• MTA design patterns are similar to traditional design patterns. They are well-specified model
transformation segments that can be reused during the implementation of the transformations.
However, their importance lies in the fact, that these segments are analyzed in advance, i.e.
a formal analysis of their properties is included in their documentation. This implies that
when a concrete model transformation implements such a design pattern, certain properties
are automatically proved to be true for the appropriate segment, i.e. there is no need to
analyze it further. The definition of the design patterns makes it possible that the automated
verification methods take the results of the manual analysis into account. Moreover, the
MTA methods can be easily integrated into our general analysis framework using TPDL. We
believe that a catalog of MTA design patterns largely increases the efficiency of our proposed
approach.
• We show that real-world engineering problems can be solved by our framework. We demonstrate
it on a model transformation case study.
• We present a realization of the formal framework in an existing modeling and model transformation framework (VMTS – Visual Modeling and Transformation System) developed by our
research group.

1.3

Thesis Outline

In the following, we present the structure of this thesis based on the contributions of our research
presented in Section 1.2. The correspondences between the different parts are illustrated in Figure 1.3.
• Chapter 2 is devoted to the presentation of the mathematical background of our research. We
introduce the theories of graphs, algebraic graph rewriting, category theory and mathematical
logic as well. In that chapter, we also summarize certain notations used throughout this thesis.
• Section 2.4 introduces a sample model transformation in the domain of relational database
schema models. We present this transformation to provide an illustrative case study that will
be used throughout this thesis. We hope that this kind of presentation of the formalism makes
the formal definitions more conceivable. Since this case study will be used for illustration, we
present it without going into technical details.
• Related work is discussed in detail in Chapter 3. Since the contributions of this thesis are all part
of a framework designed for the verification of model transformations, we decided not to provide
separate related work sections for each chapter of this thesis, but to provide one comprehensive
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Implementation of the verification framework and evaluation
Chapter 8
Formal analysis of rewriting rules
Chapter 6
CheckImplication an implementation of the
TPDL inference logic
Formal background of TPDL Inference Logic
TPDL
Chapter 5

MTA techniques and design patterns
Chapter 7
Formalization of model transformations
(rewriting rules, control mechanisms, application
of rewriting rules)
Chapter 6

Formalization of metamodels,(relation) models, (relation) patterns, (relation) pattern morphisms
Chapter 4

Figure 1.3: Overview of the structure of this thesis

chapter devoted to this topic.
• Chapter 4 presents the formalism on which all other contributions of this thesis are based.
Although this formalism consists of many definitions, we try to present them in an intuitive way,
therefore, we provide illustrative examples for these definitions. We also show how the presented
definitions can be integrated into the theory of algebraic graph rewriting and category theory.
• Chapter 5 is devoted to the presentation of the language TPDL, its inference logic, and the
formal analysis of the rules of the logic. A naive implementation of the inference logic is also
presented.
• Chapter 6 introduces the formal description of model transformations and the methods for
the derivation of the properties that are proved to be true after the application of individual
rewriting rules as well as complete transformations.
• Chapter 7 presents the concepts of MTA techniques and MTA design patterns. They are also
defined using the formalism presented in Chapter 4.
• Chapter 8 discusses the realization of our methods in VMTS. We also use the illustrative case
study introduced in Section 2.4 to show the capabilities of this framework.
• Finally, Chapter 9 summarizes our results and elaborates on future work.
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2
Background
This chapter introduces the mathematical background of the theoretical results presented in this
thesis. The topics include category theory (Section 2.1), graph theory (Section 2.2), algebraic graph
rewriting (Section 2.2.3), and mathematical logic Section 2.3. This chapter also presents a case study
in Section 2.4 that will be used for illustration throughout the whole thesis.

2.1

Category Theory

Category
theory
[Pierce, 1991,
Barr and Wells, 1990,
Segura ML, 2001,
Sabetzadeh and Easterbrook, 2003, Martini, 1996] is based on the observation that in many
areas of mathematics, we work with objects and mappings between these objects. The most typical
examples for categories are (i) the sets with functions between them and (ii) graphs with graph
homomorphisms. The main idea behind category theory is to ignore the inner structure of such
objects and characterize the properties by the mappings between them. In category theory, mappings
between objects are abstracted to morphisms. An important benefit of this theory is that it provides
an elegant formalism to describe complex relationships and the possibility to visualize them by
means of diagrams. Based on [Martini, 1996], the most important notations of category theory are
provided in the following definitions.
Definition 2.1 (category). A category C is defined by the following components:
(i) A collection Ob(C) of objects.
(ii) A collection M or(C) of morphisms.
(iii) Two operations dom, codom : M or(C) → Ob(C) assigning to each morphism f two objects called
respectively the domain and codomain of f .
(iv) A composition operator ◦ : M or(C) × M or(C) → M or(C) such that for any pairs of morphism
f, g where dom(g) = codom(f ), g ◦ f is a morphism (called the composite morphism of g and
f ) of the category such that g ◦ f : dom(f ) → codom(g) and the following associativity law
holds: for any morphisms f, g, h ∈ M or(C) where codom(f ) = dom(g), codom(g) = dom(h), the
following holds h ◦ (g ◦ f ) = (h ◦ g) ◦ f .
(v) An operator id : Ob(C) → M or(C) such that for each object A ∈ Ob(C), it assigns the so-called
identity morphism id(A) ∈ M or(C). For the identity morphism the following identity law holds:
for any morphism f such that dom(f ) = A, codom(f ) = B : id(B) ◦ f = f and f ◦ id(A) = f . The
identity morphism of an object A is also denoted by idA , i.e. idA = id(A).
2
Example 2.2 (category Sets). The category Sets consists of sets as objects and total functions as
morphisms. The composition operator produces the traditional composition of two total functions.
It is trivial that the composition of two total functions is also a total function, hence, it is truly a
morphism of the category. The identity morphism of a set A is a total function whose domain and
codomain are both A, and for each element of A, it assigns itself.
9
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Definition 2.3 (diagram). A diagram in a category C is a collection of vertices and directed edges,
consistently labeled with objects and morphisms of C. I.e. if an edge of a diagram is labeled with a
morphism f , and f has a domain A and a codomain B, then the starting point of this edge must be
labeled with A, while its endpoint of this edge must be labeled with B.
2
Diagrams make statements of category theory more comprehensible. In the diagrams, we can
express equations such as equality, or pushout composition that will be introduced later.
Example 2.4 (commutative diagram). Equation 2.1 presents a sample diagram in category theory.
It contains four objects A, B, C and D and four morphisms between them. According the diagram, the
domains and codomains of the morphisms are as follows: f : A → B, g : A → C, f 0 : C → D, g 0 : B → D.
By Definition 2.1, the morphisms g 0 ◦ f and f 0 ◦ g are also morphisms of the category in context. The
sign ’=’ in the middle of the diagram denotes that the two ’paths’ from A to D commutes, i.e.
g 0 ◦ f = f 0 ◦ g.
A
g



C

f
=
f0

/B


(2.1)

g0

/D

Definition 2.5 (pushout). Let f : A → B and g : A → C be two morphisms of a category. The pushout
of the pair f, g is an object D and an additional pair of morphisms g 0 : B → D and f 0 : C → D such that:
(i) g 0 ◦ f = f 0 ◦ g, and (ii) for any other object X and pair of morphisms g 00 : B 0 → X and f 00 : C → X
with g 00 ◦ f = f 00 ◦ g, there exists exactly one morphism h : D → X such that g 00 = h ◦ g 0 and f 00 = h ◦ f 0 .
The definition of the pushout is illustrated in Equation 2.2 where the pushout is denoted by P O. 2
f

A
g

/B

P O g0
f0



C

(2.2)


/D

g 00

f 00

h

'

X

In the following, we illustrate the meaning of pushout constructions in the category of Sets. Intuitively, a pushout is a minimal composition of two mappings along a common interface. In Figure 2.1,
for example, assume that A, B, C, f : A → B, g : A → C are given and we need to compute D, g 0 : B → D
and f 0 : C → D such that g 0 ◦f = f 0 ◦g. It can be seen that many such objects D exists, but the pushout
consists of D that is minimal, i.e. each of its elements have source in either B or C.

A
g
C

f

B

=

g’

f’

D

Figure 2.1: Sample pushout diagram
There are two important properties of pushout constructions that will be referenced later in this
thesis. In the following, we present them without going into deeper details about their proofs.
Fact 2.6. In all categories, the following statements are true:
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(i) Pushouts are unique up to isomorphism.
(ii) Consider the diagram in Equation 2.3.
a) If (1) and (2) are pushouts, then the outer rectangle (A, C, D, F, b ◦ a, c, g ◦ f, e) is also a
pushout.
b) If the outer rectangle is a pushout, (2) commutes and (1) is also a pushout, then (2) is also
a pushout.
A
c

/B

a

(1) d



D

(2)



/E

f

/C

b



(2.3)

e

/F

g

Pullbacks are the dual constructions of pushouts. This means that they are constructed in the
opposite direction, because we start from a pair of morphisms with a common target.
Definition 2.7 (pullback). Let g 0 : B → D and f 0 : C → D be a pair of morphisms with a common
target object D. Their pullback is an object A with two morphisms f : A → B and g : A → C such
that the following conditions hold: (i) g 0 ◦ f = f 0 ◦ g; (ii) for any object X and pair of morphisms
f 00 : X → B, g 00 : X → C with g 0 ◦ f 00 = f 0 ◦ g 00 , there exists exactly one morphism h : X → A such that
f ◦ h = f 00 and g 0 ◦ h = g 00 . The definition of the pullback is illustrated in Equation 2.4 where the
pullback is denoted by P B.
2
X

(2.4)
f 00
h
g 00

A

f

g

PB

 

C

2.2

f0

/' B


g0

/D

Graph Theory

In the following, definitions are based on typed graphs as presented in [Bardohl et al., 2004], the
theory of algebraic graph transformations, and graph rewriting systems [Ehrig et al., 2006]. The main
definitions refer to the graphs and graph morphisms. As it is common in the graph transformation
community, we will use category theory to describe graph rewriting systems. Before defining graphs,
we first present some notations related to traditional functions.

2.2.1

Relation of Functions

In the following, we present two important relations of functions. The first one defines the restriction
of a function to a subset of its domain. The second one presents how the union of two functions can
be composed. This is only possible if the domains of the two functions are disjoint or they are equal
for the common subset of their domains.
Definition 2.8 (subset of a function). Let f : A → B be a function whose domain is A. Another
function f 0 : A0 → B is a subset of f if it is a restriction of f to a subset of its domain, i.e. A0 ⊆ A
and ∀x ∈ A0 : f (x) = f 0 (x). This is also denoted by f 0 ⊆ f .
2
Definition 2.9 (union of functions). Let f : A → B and f 0 : A0 → B 0 be two functions such that
∀x ∈ A ∩ A0 : f (x) = f 0 (x). In this case, the union of f and f 0 (denoted by f ∪ f 0 ) is a function
f 00 : A ∪ A0 → B ∪ B 0 defined as follows: ∀x ∈ A : f 00 (x) = f (x) and ∀x ∈ A0 \A : f 00 (x) = f 0 (x).
2
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2.2.2

Graphs and Graph Morphisms

Definition 2.10 (graph). A graph G = (NG , EG , sG , tG ) consists of a set NG of nodes, EG of edges
and two functions sG , tG : EG → NG , the source and target functions, respectively. The elements of
a graph G are its nodes and edges, i.e. the set NG ∪ EG . Given a graph G, N (G) denotes the set of
its nodes, i.e. N is an operator that selects the set of nodes of the graph given as an argument. Given
a graph G, E(G) denotes the set of its edges. Given a graph G, L(G) denotes the elements of G, i.e.
L(G) = N (G) ∪ E(G).
2
Definition 2.11 (graph (homo)morphism). A graph morphism (or graph homomorphism) f
from a graph G1 = (N1 , E1 , s1 , t1 ) to a graph G2 = (N2 , E2 , s2 , t2 ) denoted by f : G1 → G2 is a pair of
functions (fN , fE ) with fN : N1 → N2 , fE : E1 → E2 such that fN ◦ s1 = s2 ◦ fE and fN ◦ t1 = t2 ◦ fE .
If not stated otherwise, a graph morphism is considered total, i.e. both of its components are total
functions. A graph morphism f : G1 → G2 is called a graph isomorphism if both of its components
are bijective, i.e. both are injective and surjective. In this case, the inverse f −1 = (fN −1 , fE −1 ) of
f is also a graph homomorphism denoted by f −1 : G2 → G1 . Given a graph morphism: f : A → B,
its domain is denoted by dom(f ), and its co-domain is denoted by codom(f ), i.e. A = dom(f ), and
B = codom(f )
2
Definition 2.12 (category Graph). The category Graphs of graphs consists of directed graphs as
objects and graph morphisms as objects.
2
Sometimes, we need to compose the union of two graphs, i.e. to produce a new graph whose nodes
and edges are the union of the nodes and edges of the original two component graphs.
Definition 2.13 (union of graphs). Let G1 and G2 be two graphs, their union is a new graph G
denoted by G1 ∪ G2 such that N (G) = N (G1 ) ∪ N (G2 ), E(G) = E(G1 ) ∪ E(G2 ) and the source and
target functions of G are also composed by the union of the appropriate functions of G1 and G2 . 2
We will use the term jointly surjective graph morphisms [Ehrig et al., 2006]. Informally, two graph
morphisms f : G1 → H and g : G2 → H are jointly surjective if all elements of H has a source in either
G1 or G2 .
Definition 2.14. Let p = {p1 , p2 , . . . pn } be a set where pi : Gi → G0 are graph morphisms whose
common target is a graph G0 . The set p is jointly surjective if all elements of G0 has a source along
at least one of the morphisms, i.e. ∀l0 ∈ L(G0 ) : ∃i, li where 1 ≤ i ≤ n, li ∈ L(Gi ) and pi (li ) = l0 .
2
Based on the definition of directed graphs, we now introduce the definition of typed graphs. These
constructions are suitable to formalize the metamodel-instance model relationships.
Definition 2.15 (typed graph). Let T = (NT , ET , sT , tT ) be a distinguished graph called a type
graph. In this case, the tuple (G, type) of a graph G together with a graph morphism type : G → T
is called a typed graph that is an instance of T . Usually, we do not explicitly note typeG , but we
simply say that G is an instance of T . For such an instance graph G, its clan morphism typeG is
selected by the operator τ , i.e. typeG = τ (G).
2
We can define graph morphisms between instance graphs of a common type graphs. Such a morphism is called a typed graph morphism. In this case, the morphism should take the types of the
elements into account, because a mapping can be defined between only the same type of elements.
Definition 2.16 (typed graph morphism). Let T be a type graph and (G1 , type1 ), (G2 , type2 ) be two
instance graphs of T . A typed graph morphism f from G1 to G2 is a graph morphism such that
∀l ∈ L(G1 ) : type1 (l) = type2 (f (l)), i.e. type1 = type2 ◦ f .
2
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A

AB

B

typ

em

type graph

ism
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ab1
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b1

typ

1
typed morphism
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h
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a3
a2
ab2

ab3
typed graph 2
b2

Figure 2.2: Sample type graph, typed graphs and a typed graph morphism

Example 2.17. Figure 2.2 illustrate the concept of typed graphs and typed graph morphisms.
Definition 2.18 (category of typed graphs). Given a type graph T , graphs typed over T and graph
morphisms typed over T form the category GraphsT .
2
A very common concept used in metamodeling is inheritance between the nodes of a metamodel.
This concept is also an important aspect of the object oriented paradigm. In the following, we present
an extension of type graphs that is capable of handling inheritance.
Definition 2.19 (type graph with inheritance, inheritance clan). A type graph with inheritance
is a double (GT , I) consisting of two graphs, the type graph GT , and inheritance graph I sharing the
same set of nodes N . For each node n ∈ N (N ≡ N (I) ≡ N (G)), the inheritance clan is defined by
clanI (n) = {n0 ∈ N |∃ path n0 →∗ n in I} where path of length 0 is included, i.e. n ∈ clanI (n).
2
Given a node n in a type graph, clanI (n) is the set of nodes that contains n and all nodes that
inherit from n.
An instance of a type graph with inheritance is defined by the instance graph itself and a special type
morphism that assigns an element of the type graph to each element of the instance graph. The type
morphism should take inheritance into account and is called clan morphism.
Definition 2.20 (clan morphism, instance graph of a type graph with inheritance). Given a type
graph with inheritance T = (G, I), and a graph H, a clan morphism type : H → T consists
of two functions typeN : NH → NG , typeE : EH → EG such that: (i) ∀e ∈ EH : typeN ◦ sH (e) ∈
clanI (sG ◦ typeE (e)), and (ii) ∀e ∈ EH : typeN ◦ tH (e) ∈ clanI (tG ◦ typeE (e)). Given a type graph (with
inheritance) T , a double (H, type) of a graph H along with a clan morphism type : H → T is called
an instance of T . In this case, H is said to be typed over T .
2
Definition 2.21 (isomorphic graphs). Two instance graphs G1 and G2 of the type graph with inheritance T is isomorphic (denoted by G1  G2 ) if there exists a typed graph morphism m : G1 → G2
that is injective and surjective.
2
We will introduce morphisms between instance graphs of a type graph with inheritance in Chapter 4. These morphisms will take inheritance into account.
Without going into details about their proof, we present some important properties that are true for
the categories of graphs, typed graphs and sets.
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Fact 2.22. For the category of Sets and GraphT , the following statements are true:
(i) The pushout construction always exists, i.e. given two morphisms with a common source object,
the pushout can be produced.
(ii) Pushouts are also pullbacks if at least one of given morphisms is injective.
Our theory that will be presented in this thesis is based on the definition of typed graphs with
inheritance. In the literature, one can find categories defined for many more type of graphs such as
labeled graphs or attributed graphs [Ehrig et al., 1999].

2.2.3

Algebraic Graph Rewriting

The goal of the theory of algebraic graph transformations and graph grammars is to generalize wellknown rewriting techniques from strings to graphs. The transformation approach [Ehrig, 1979] is
referred to as algebraic, because the underlying graphs are handled as algebraic constructions and
gluing is defined by pushouts in the category of graphs and total graph morphisms. There are two
main branches of algebraic graph rewriting, namely the double pushout (DPO) [Rozenberg, 1997a]
and the single pushout (SPO) [Ehrig et al., 1999] approaches. In the following, the DPO approach is
presented.
Definition 2.23 (graph rewriting rule (production)). A production p = (L ←l K →r R) consists of
finite graphs L, K and R called a left-hand-side (LHS), a gluing graph and a right-hand-side (RHS),
respectively, and two injective graph morphisms l and r.
2
Definition 2.24 (direct graph transformation). Given a graph production p = (L ←l K →r R) and
a graph G with a graph morphism m : L → G, called a match, a direct graph transformation
G ⇒p,m H from G to a graph H is given by the following double pushout (DPO) diagram, where (1)
and (2) are pushouts. We say that p is applicable to G via m if pushouts (1) and (2) exist.
Lo

l

K

r

/R

m

(1)

k

(2)

n

Go

f

D

g





(2.5)


/H

2
In the following, we introduce concurrency theorem that is an important theory in the field of
graph rewriting. It describes how two direct graph transformations can be applied concurrently.
Definition 2.25 (E-concurrent production). Given two productions p1 = (L1 ←l1 K1 →r1 R1 ) and
p2 = (L2 ←l2 K2 →r2 R2 ), an E-dependency relation (E, e1 , e2 ) is given by a graph E and injective
morphisms e1 : R1 → E and e2 : L2 → E, which are jointly surjective. The E-concurrent production
p1 ∗E p2 is a production p = (L ←l K →r R) computed based on the following diagram (Equation 2.6),
where double squares (1)(2) and (3)(4) form double pushouts, and (5) is a pullback.
L1 o

l1

K1

r1

m1

(1)

k1

(2)



L oj

l0



/ R1

L2 o
e1

e2

l2

K2

r2

/ R2

(3)

k2

(4)

n2





/Eo

0

K1 g
l

k10

(5)



0

7 K2
k20

r0

(2.6)


/4 R

r

K
2
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Definition 2.26 (E-related transformation). A transformation G ⇒p1 ,m1 H ⇒p2 ,m2 G0 is called E0
0
related to p1 ∗E p2 if there exist morphisms h : E → H, c1 : K1 → D1 and c2 : K2 → D2 such that
h ◦ e1 = n1 , h ◦ e2 = m2 , (6) and (7) commute and (8) and (9) are pushouts in the following diagram
(Equation 2.7).
L1 o

l1

K1

r1

/ R1
e1

k1



m1

0

(6) K1

n1

Go

(8)

 

K2

l2

e2



c1



L2 o
/Eo



c2

(9)

 

/Ho

D1

0

K2 (7)

m2

h

/ R2

(2.7)

k2



  

r2

D2

n2


/ G0

2
Proposition 2.27 (Concurrency Theorem). Let (E, e1 , e2 ) be an E-dependency relation for the productions p1 and p2 leading to the E-concurrent production p1 ∗E p2 .
(i) Synthesis: Given an E-related transformation sequence G ⇒ H ⇒ G0 via p1 and p2 , then there
is a synthesis construction leading to a direct transformation G ⇒ G0 via p1 ∗E p2 .
(ii) Analysis: Given a direct transformation G ⇒ G0 via p1 ∗E p2 , then there is an analysis construction leading to an E-related transformation G ⇒ H ⇒ G0 via p1 and p2 .
(iii) Bijective correspondence: The synthesis and analysis constructions are inverse to each other up
to isomorphism.
(2.8)
4< H
p1

G

2.3

p2
p1 ∗E p2

"*+3

G0

Mathematical Logic

In the following, we summarize the main notions of propositional logic following the terminology used
in [Ben-Ari, 1993, Huth and Ryan, 2004].
Propositional logic is based on declarative sentences called propositions. Propositions are built from
atomic sentences. Such atoms are indecomposable, i.e. their inner structure is not taken into account by
the system. More complex sentences can be composed according to the rules of negation, disjunction,
conjunction and implication. In the following, we introduce a formalism to define propositional logic
as a formal language. We start with the presentation of the syntax of its sentences, and then the
semantics of the expressions is defined.
Definition 2.28 (syntax of propositional logic). Let A be a set of symbols representing atomic
sentences (atoms) of propositional logic. The formulae of propositional logic are those which we
obtain by using the construction rules below, and only those, finitely many times: (i) Every atom of
A is a well-formed formula. (ii) If φ is a well-formed formula, then so is (¬φ). (iii) If φ and ψ are
well-formed formulae, then so is (φ ∧ ψ). (iv) If φ and ψ are well-formed formulae, then so is (φ ∨ ψ).
(v) If φ and ψ are well-formed formulae, then so is (φ → ψ).
2
The same specification of the language could be provided by a defining grammar in Backus Naur
form (BNF) as follows:
φ ::= p | (¬φ) | (φ ∧ φ) | (φ ∨ φ) | (φ → φ)
(2.9)
where p stands for an atomic proposition and in the right of ’::=’, φ stands for an already constructed
formula.
In the following, we present the semantics of the formulae constructed according to Definition 2.28.
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Table 2.1: Truth table of the logical connectives of propositional logic
p
false
false
true
true

q
false
true
false
true

¬p
true
true
false
false

p∧q
false
false
false
true

p∨q
false
true
true
true

p→q
true
true
false
true

Definition 2.29 (valuation of a formula). The set of truth values contain two elements true and
false. The valuation of a formula φ is an assignment to each propositional atom in φ a truth value.
The valuation function is also called an assignment or interpretation. A valuation can be extended
to determine the truth value of more complex formulae as well: the truth value of a complex formula
according to a valuation is the computation of its truth value based on the semantics of the logical
connectives according to Table 2.1.
2
Given a valuation v and a formulae φ such that the truth value of φ is true according to v, we
also say that v is a model of φ, or v models φ. This name reflects that v specifies a situation when
the logical expression φ is true. This satisfaction relation is denoted as v  φ.
Definition 2.30 (semantic entailment). Let φ1 , φ2 , . . . φn be a set of propositions. ψ is the semantic
entailment of φ1 , φ2 , . . . φn if for all valuations in which all φ1 , φ2 , . . . φn evaluate to true, ψ evaluates
to true as well.
2
The aim of logic in computer science is to develop languages to model the situations we encounter
as computer science professionals, in such a way that we can reason about them formally. Reasoning
about situations means constructing arguments about them; we want to do this formally, so that the
arguments are valid and can be defended rigorously, or executed on a machine [Huth and Ryan, 2004].
Semantic entailment can be analyzed by building the truth table of all atoms that appear in the
propositions. However, we can use proof rules to reason about propositions. Proof rules allow us to
infer formulae from each other. Given a set of formulae called premises, we may apply proof rules to
derive more formulae called conclusions. This derivation is described by a sequence of applications of
proof rules. It is valid if it can be proved that the derived conclusion is indeed a semantic entailment
of the premises.
Given a set of proof rules, we need to analyze two important properties of the calculus. (i) Soundness: are the proof rules correct, i.e. do they preserve truth computed by the truth-table semantics?
(ii) Completeness: is the calculus complete, i.e. for all semantic entailment there exists a proof? Natural deduction of propositional logic consists of several proof rules. This calculus is proved to be sound
and complete.

2.4

Case Study

In the following, we present a sample application domain that will be used as an illustrative case study
in this thesis. We will reference to the elements of this domain to illustrate the formal definitions in
the next chapters in order to make our formalism more understandable.
Our sample domain represents relational database schemata. The metamodel of the domain is
presented in Figure 2.3. Instance models of the metamodel describe database instances with several
tables and columns. A column has several attributes including its name (CName), type (Type), and
others that, for example, specify if the column is a primary key (IsPrimaryKey) or a foreign key
(IsForeignKey). When a column is a foreign key, it must reference a primary key of another
table using an edge of type ForeignKeyReference. Besides models of database schemata, we
have a model transformation that performs normalization steps on such models. Database normal
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forms manage the functional dependencies inside a table [Haan and Koppelaars, 2007]. Functional
dependencies can be modeled by a special type of edge called FunctionalDependencyRelation.
Database

0..*

DBName: srtring
CollationName:string

FunctionalDepencencyRelation

0..1
TableContainment
ForeignKeyReference

0..*
Table
TName: srtring

0..1

TableColumnContainment

Column

CName:string
0..1 Type:string
Length:int
0..1 Constraints:List of strings
IsIndexed:bool
IsNullAllowed:bool
0..* IsPrimaryKey:bool
Refactor:string
ProcessingState:string
IsForeignKey:bool
0..*

Figure 2.3: Database repository metamodel
The model transformation DB2NF performs a normalization step used to make a table satisfy
the requirements of the second normal form. This transformation removes the columns that are
functionally dependent from a non-key column from the table and moves them into a new table.
Given an instance model, we can add edges of type FunctionalDependencyRelation between
the columns. Informally, to make a database schema meet the requirements of the second normal
form of relational databases, the model transformation DB2NF performs the modifications discussed
below.
(1) If
in
a
table,
there
is
a
column
that
has
at
least
one
outgoing
FunctionalDependencyRelation edge, then this column (called the determinant) and the
other columns (called the dependents) that are functionally dependent from this column should
be moved to a new table.
(2) In this new table the primary key will be the determinant.
(3) In the original table a new foreign column key should be created that references the primary key of
the new table. When a concrete model is transformed, the FunctionalDependencyRelation
edges are processed.
When a new table is created, it is named after the attribute Refactor of the determinant, therefore,
the input model should be configured properly, before executing the transformation. Note that the
recognition of the functional dependencies is not the task of this transformation; we assume that the
dependency relations are present correctly in the input models.
We show a pair of sample input and output models in Figure 2.4. The first model depicts a
schema with a single table where data of the members of departments are stored. For each member,
we not only store the identifier of the corresponding department, but the table also contains the
name and the address of the department. This method is redundant, because the unique identifier of
the department determines its name and address. Therefore, functional dependency can be defined
between these columns. The output model still contains the ’Members’ table, however, the columns
related to the departments are moved into a new table whose name is ’Department’, because this is
the value of the Refactor attribute of the source of the dependency relations (DepartmentID) in
the input model. In Figure 2.4, we do not show all attributes of all elements, only those are presented
that are relevant to the transformation. To make these models more understandable, we present the
schema for each of them in Figure 2.5 using a more traditional notation.
The control mechanism of the model transformation is presented in Figure 2.6. This is a directed
control flow graph where the nodes (except the start and the end nodes) represent rewriting rules.
The transformation consists of two rules (Figure 2.7, Figure 2.8). Informally, the application of a rule
is performed as follows: given an input model, the left side of the rule is searched for in the model
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Members[Table]
e1[TableColumnContainment]
MemberID[Column]
IsPrimaryKey:true
e2[TableColumnContainment]

Members[Table]

Department[Table]

e1[TableColumnContainment]

e9[TableColumnContainment]

Name[Column]

MemberID[Column]

e3[TableColumnContainment]

IsPrimaryKey:true

PhoneNumber[Column]

DepartmentID[Column]
IsPrimaryKey:true
Type:Numeric

e2[TableColumnContainment]
e10[TableColumnContainment]

e4[TableColumnContainment]

Name[Column]
DepartmentName[Column]

DepartmentID[Column]

e3[TableColumnContainment]

Type:Numeric
Refactor:Department
e5[TableColumnContainment]

PhoneNumber[Column]
e4[TableColumnContainment]
DepartmentID[Column]

e7[FunctionalDependencyRelation]

e11[TableColumnContainment]
DepartmentAddress[Column]
e12[ForeignKeyReference]

Type:Numeric
Refactor:Department
IsForeignKey:true

DepartmentName[Column]
e6[TableColumnContainment]
e8[FunctionalDependencyRelation]
DepartmentAddress[Column]

Figure 2.4: Sample input and output model of model transformation DB2NF
Members
MemberID
MemberID (PK)
(PK) Name
Name PhoneNumber
PhoneNumber DepartmentID

DepartmentName
DepartmentName DepartmentAddress
DepartmentAddress

Members

Department

MemberID
MemberID (PK)
(PK) Name
Name PhoneNumber
PhoneNumber DepartmentID
DepartmentID

DepartmentID
DepartmentID (PK)
(PK) DepartmentName
DepartmentName DepartmentAddress
DepartmentAddress

Foreign key

Figure 2.5: Database schemata conforming to the sample models of Figure 2.4

such that the constraints specified in the rule are satisfied, and this match is replaced by the right
hand side of the rule. Moreover, the attributes are modified according to the attached imperative code
if there is. The first rule of the transformation creates the new table and the primary key column
for each determinant column, while the second rule is responsible for the moving of the dependent
columns. Both rules are applied exhaustively (denoted by a star next to the name of the rule), which
means that they are applied repeatedly until they cannot be applied anymore.
To summarize the execution of the transformation, given an input model, the first rule is applied
exhaustively. This means that an instance of the rule’s left-hand side (LHS) pattern is searched for
in the input model, and it will be replaced by the right-hand-side (RHS). The attributes of the
appropriate elements are updated according to the imperative code. After a successful application
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START

Rule1*

Rule2*

END

Figure 2.6: Transformation DB2NF: control flow graph
t[Table]
determinant
[Column]

tnew
[Table]

t[Table]
dependent
[Column]

determinant
[Column]

[FunctionalDependency]

dependent
[Column]

[FunctionalDependency]

CONSTRAINT
CONSTRAINT CODE
CODE
determinant.ProcessingState
determinant.ProcessingState !=
!= "processed"
"processed"

key
[Column]
[ForeignKey]

IMPERATIVE
IMPERATIVE CODE
CODE
tnew.TName
tnew.TName == determinant.Refactor;
determinant.Refactor;
key.CName
key.CName == determinant.CName;
determinant.CName;
key.Type
key.Type == determinant.Type;
determinant.Type;
key.IsForeignKey
key.IsForeignKey == false;
false;
key.IsPrimaryKey
key.IsPrimaryKey == true;
true;
determinant.ProcessingState
determinant.ProcessingState == "processed";
"processed";
determinant.IsForeignKey
determinant.IsForeignKey == true;
true;

Figure 2.7: Transformation DB2NF: Rule 1
t1[Table]
c1[Column]

t2[Table]
c2[Column]

[FunctionalDependency]

c1ref[Column]

t1[Table]
c1[Column]

[ForeignKey]

t2[Table]
c2[Column]

c1ref[Column]

[ForeignKey]

Figure 2.8: Transformation DB2NF: Rule 2

of the rules, an instance of LHS is searched again. When the rule cannot be applied anymore, the
execution moves on to the second rule. Note that it is not true in general that after the exhaustive
application of a rule, all instances of LHS will be replaced by an instance of RHS. This is because,
a new instance of LHS is searched for again after each application of the rule and there may be
overlapping instances of LHS in the input model.
The model transformation DB2NF is intended to be an illustrative case study, hence, we omitted
the validation of the input model from the model transformation. This means that, for example, we
assume that there is no functional dependency from a column of a table to column of another table,
and it is also forbidden that a column depends on one of its dependents. We will show that if the
input model does not contain such semantically incorrect constructions, then it works correctly.
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Related Work
Our research focuses on the offline analysis and verification of functional properties of graph rewritingbased model transformations. Therefore, in this chapter, we summarize work related to the following
topics:
• We present different approaches for the specification of model transformations in Section 3.1.
The formal background and the approach how rewriting rules and the control mechanism can
be defined determines what methods can be used for their formal analysis. We briefly outline
approaches for non-graph rewriting-based model processing programs, then, we concentrate on
different methods to define the rewriting rules and the control mechanism of graph rewritingbased transformations.
• Verification of graph rewriting-based model transformation is an algorithmically hard problem.
Therefore, in industrial or academic tools, only certain parts of verification workflow are supported by automated methods. Section 3.2 presents several model transformation tools. We
selected such tools where analysis of the developed transformations is supported by the system,
or case studies with manual analysis have been published.
• Section 3.3 is devoted to the presentation of work related to different verification and analysis methods of graph rewriting-based model transformations. Although, this thesis focuses on
functional properties, we present an overview of the formal analysis of non-functional properties
as well such as termination and confluence, because certain concepts applied in these methods are not restricted to the analysis of only these non-functional properties. The second part
of Section 3.3 presents general analysis methods and case studies of manually analyzed model
transformations.
• In Section 3.4 work related to the application of reusable patterns that can be used in model
transformation languages are discussed.

3.1

Specification of Model Transformations

Although the application of graph rewriting-based transformations has several advantageous properties, this method is not the only possible way to implement model processing programs. The tools referenced in this subsection will be presented in more details in Section 3.2. [Czarnecki and Helsen, 2006]
differentiate (among others) the following categories of model-to-model transformations:
• In direct manipulation approaches, a framework provides an internal model representation
along with a direct Application Programming Interface (API) for its manipulation. Examples for this method are the Java Metadata Interface [Oracle, 2010], Microsoft’s Visual Modeling Tool [Microsoft, 2010], or the MetaEdit+ modeling tool [Tolvanen, 2006,
Tolvanen and Rossi, 2003]. Our modeling framework, VMTS also provides a direct API for each
domain; however, graph rewriting-based model transformations (that are built on this API) are
also available.
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• Operational approaches are similar to direct manipulation, but they offer dedicated support for model transformations, (e.g. by using metamodels, Object Constraint Language [Object Management Group, 2006, Warmer and Kleppe, 2003] and imperative constructs). For example, this concept has been applied in Kermeta that is a metaprogramming
environment based on object-oriented DSLs [Triskell team, 2012].
• In graph transformation approaches, the model transformation framework is based on the theory of algebraic graph rewriting. However, each model transformation framework realizes the
theoretic background of graph rewriting in a different way. This is because, attribute handling is usually performed by imperative code written in a textual programming language like
an imperative dialect of OCL, or general purpose languages like C++ ( [Lédeczi et al., 2001]
C# [VMTS, 2010]. In this chapter, we will present several of these frameworks.
The previous categories along with the category of hybrid frameworks conclude the most commonly
used approaches for implementing model processing programs.
Before continuing with the presentation of graph rewriting-based model transformations, we also
mention certain publications that provide a general introduction about the role of model transformations in model-driven software development. [Mens et al., 2005] provides a better understanding
of what model transformations are. In this work, the following questions are discussed in detail:
(i) What needs to be transformed into what? (ii) What are the important characteristics of a model transformation? (iii) What are the success criteria for a transformation language or tool? (iv)
Which mechanisms can be used for model transformations? Moreover, [Syriani and Vangheluwe, 2009]
and [Klar et al., 2007] provide a general introduction into the application of model transformations
and the comparison of a wide range of different approaches from a practical point of view.
In the following, we continue with the presentation of graph rewriting-based model transformation
methods. As mentioned in Chapter 1, algebraic graph rewriting-based model transformations have several desirable properties that makes formal analysis possible. A more detailed discussion about why
the application of graph rewriting is advantageous can be found in [Blostein et al., 1996]. We also
mention [Mens et al., 2006] where the topics of [Mens et al., 2005] are discussed with respect to the
graph rewriting-based methods. We mention some important work ([Syriani and Vangheluwe, 2009,
Czarnecki and Helsen, 2006, Taentzer et al., 2005]) that provide a comparison and general overview
of graph rewriting-based model transformations. Finally, [Giese and Henkler, 2006] discusses industrial aspects of model transformations. In the rest of this section, we discuss three important aspects
of graph rewriting-based model transformations: (i) formal background of graph rewriting, (ii) different methods for the formal description of rewriting rules and their applications, and (iii) different
approaches for the definition of the control mechanism of model transformations.

Formal Background of Graph Rewriting
There are slightly different approaches to formalize models during the analysis of model transformations. These approaches are all based on different categories of graphs. Typed graphs, typed graphs
with inheritance [de Lara et al., 2007], attributed and labeled graphs [Ehrig et al., 2006] form different categories where graph transformations can be described by means of category theory.
Our formalism is based on typed graphs with inheritance as presented in [de Lara et al., 2007], but
in our framework, attributes are handled in an abstract form, each attribute of a model element has a
name and a value, but its type is not taken into account. A typical method to formalize attributes of
models is the use of typed attributed graphs. In this case, we need to specify the data type algebra.
Our abstraction of the attributes makes it possible to work with attributes and constraints without
explicitly stating anything about the type of attributes. It also makes it possible to integrate general
general type of constraint logic systems.
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Rewriting Rules
In this thesis, we assume that the application of the rewriting rules is based on the Double Pushout
(DPO) approach (detailed in Chapter 2). Single Pushout (SPO) [Rozenberg, 1997b] is an alternative
solution to describe how the input is processed. The main difference between them is that DPO
forbids the creation of dangling edges during the application of a rule. This can happen, when a
node is deleted from a graph, and this node has several edges that are not matched and therefore
not deleted by the rule. In this case, the rewriting engine should automatically delete these edges, or
forbid the application of the rule along the concrete match, otherwise an invalid graph structure would
be created. The first solution (SPO) may be effective as a practical solution, because the rule can be
always applied when a match has been found. However, the transformation will not be invertible. In
model transformation frameworks, DPO is more common; however, for example, the transformation
framework of the tool GrGen.NET [Geiß et al., 2006] is based on the SPO approach.
Control Mechanism
There are many approaches for the definition of a control mechanism (or scheduling) of model transformations. The role of the control mechanism is to define the execution order of the different rewriting
rules. In [Blostein et al., 1996], different approaches are categorized into the following categories:
• The application of the rules can be unordered, i.e. in this case, the rule to be applied is selected non-deterministically. This method is followed in graph grammars where the goal of a
transformation is to generate every possible state that can be reached from a concrete input
graph. The transitions before the states are described by means of rewriting rules. The model transformation tools ATOM3 [de Lara et al., 2004] and AGG [Taentzer, 2004] apply such
methods.
• For the developer, the easiest way is to explicitly define the execution order of the rules by
an explicit control mechanism. The most typical method is to use a directed control flow
graph (similar to the UML activity diagrams), where the nodes are the rewriting rules and
the execution follows the directed edges. Such methods are implemented in VMTS or in the
GReAT [Agrawal et al., 2006] tool.
• In several frameworks, hybrid solutions are used. For example, the rewriting rules to be applied
are selected non-deterministically from certain sets called layers, but the application order of
the layers are explicitly specified. Similar behavior can be achieved by assigning priority values
to the rules. Priority-based graph grammars can also be used in the ATOM3 framework.
• We also mention event-driven ordering of the rewriting rules. In this case, the transformation is executed interactively. The framework replies to events by the execution of rewriting
rules. This method makes model animation and simulation possible ([Guerra and de Lara, 2007,
Syriani and Vangheluwe, 2008]).

3.2

Model Transformation Tools

In MDA, Query, Views, Transformations (QVT) [Object Management Group (OMG), 2008,
Gardner et al., 2003] is a standard for model transformation defined by the Object Management
Group. MDA offers a standard interface to implement model transformation tools. The transformation related part of MDA is the QVT for MOF 2.0. Three types of operations are provided:
queries on models, views on metamodels and transformations on models. The units of the transformation are called rules. QVT can be realized by graph rewriting-based model transformations,
therefore, QVT can utilize the results originating from the formal background of graph transformation [Object Management Group (OMG), 2008].
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AGG [AGG, 2012, Taentzer, 2004, Taentzer, 2003, Taentzer, 2004] is an academic development
environment for attributed graph transformation systems supporting an algebraic approach to graph
transformation. It aims at specifying and rapid prototyping applications with complex, graph structured data. AGG is developed in Java, and the attributes of the model elements can be arbitrary Java
objects. The graph rules can be also attributed by Java expressions and conditions. These expressions
are evaluated during rule applications. Model transformations in AGG are based on layered graph
grammars and the DPO approach. This means that the rules are organized into layers, the rules of
a layer are applied as long as possible, then the execution continues with the next layer. Rule layers
allow specifying a simple control mechanism for a graph transformation. Once the last layer has been
finished the transformation stops. AGG supports automated methods for analyzing pairs of rules and
searching for critical pairs. Critical pair analysis [Ehrig et al., 2006] is known from term rewriting and
usually used to check if a rewriting system is confluent. We introduce critical pair analysis in more
details in Section 3.3. From the set of all critical pairs we can extract the objects and links that cause
conflicts or dependencies.
AToM3 [de Lara and Vangheluwe, 2002, de Lara et al., 2004] is an environment for multiparadigm, multi-formalism and meta-modeling [Mosterman and Vangheluwe, 2004] with simulation
and model animation features. ATOM3 is implemented in the object-oriented, dynamically typed and
interpreted language Python. AToM3 uses model transformations to simulation traces in order to
simulate the operations. AToM3 provides a visual designer to build graph rewriting based transformations. Graph grammars and DPO-based application of graph rewriting rules provide the formal
background of model transformations implemented in ATOM3 . The control mechanism of the rules
consists of layers and the rules are sequenced by priority numbers within the layers. Validation of
the model transformations is basically performed manually; however, there are automated techniques
available [de Lara and Taentzer, 2004]. Critical pair analysis is used to analyze confluence, ATOM3
rules can be translated to AGG where automated critical pair analysis methods can be applied. The
definition of model transformations makes it possible to examine termination criteria proposed in the
literature, such as layering conditions [Heckel et al., 2002] and layering functions [Bottoni et al., 2000].
A sample manual analysis of a model transformation from discrete event systems to timed translation
Petri Nets is presented in [de Lara and Taentzer, 2004].
The Generic Modeling Environment (GME) [Lédeczi et al., 2001] is a general purpose environment for creating domain-specific modeling and program synthesis environments. Domain-specific
environments are defined using metamodels that specify the modeling languages of the application
domains. A modeling language contains all the syntactic, semantic, and presentation information regarding the domain. The domain-specific environment is generated automatically from the previous
artifacts. The metamodeling language is based on the UML class diagram notation and uses OCL
constraints. The metamodels specifying the modeling paradigm are used to automatically generate
the target domain-specific environment. The Graph Rewriting and Transformation (GReAT) toolkit
[Vizhányó et al., 2004, Agrawal, 2003] of GME is used to model graph rewriting-based transformations in a visual way and to execute the transformations. The control mechanism of GReAT is a
hybrid control flow graph [Agrawal et al., 2006]. The control structure of the GReAT allows specifying an initial context for the matching to reduce the complexity of the general matching case.
The attribute transformation is specified by a proprietary attribute mapping language whose syntax is close to the programming language C. LHS of the rules can contain OCL constraint that are
evaluated during the application of a rule. The semantics of the transformation language has been formally defined [Karsai et al., 2003], which makes it possible to formally analyze model transformation
definitions.
VIsual Automated model TRAnsformations (VIATRA2) [VIATRA2, 2012, Varró, 2004] is a general purpose environment dedicated to the specification, design, execution, validation and maintenance of model transformations. Model transformations of VIATRA2 are based on graph rewriting
systems and the theory of Abstract State Machines (ASM) [Böerger and Stärk, 2003]. VIATRA2 has
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its own textual programming language called VTCL [Varró and Balogh, 2007]. Graph patterns are
the key concept in defining model transformations within VIATRA2. A pattern is a declarative query,
specified by a collection of model elements arranged into a certain structure fulfilling additional constraints (as defined by attribute conditions or other patterns). Patterns can be matched on certain
model instances [Bergmann et al., 2008]. Graph patterns are used to define rewriting rules. These
rules contain LHS, RHS patterns along with a set of additional imperative actions. The definition of
the control mechanism of the transformation is similar to the mathematical formalism of Abstract
State Machines [Balogh and Varró, 2006]. There are methods for verifying syntactic correctness and
completeness by planner algorithms [Varró et al., 2002]. Semantic correctness of transformations can
be verified by projecting model transformation rules into an intermediate language, which provides
access to an automated combination of symbolic analysis tools (like model checkers and theorem
provers).
GrGen.NET [Geiß et al., 2006, Geiß and Kroll, 2008] is a programming tool for graph transformations. GrGen.NET makes it possible to work at the abstraction level of graphs, with declarative
pattern matching and rewriting, on a visualization of networks of objects, instead of low level pointer
structure fiddling, chasing objects by following references in the debugger. GrGen.NET rewriting
rules implement the SPO approach, they support the definition of attribute constraints, attribute
recalculation, retyping of nodes and edges. The control language of the rule application supports
logical and sequential connectives, loops, variable handling, visited flags, storage management and
other extended control mechanisms as well. The language to specify model transformations is textual. Although GrGen.NET does not contain verification features, it provides debugging features that
largely support the development of correct transformations. Moreover, GrGen.NET provides graph
validation methods that can be used to analyze graph grammars.
GRaphs for Object-Oriented VErification (GROOVE) [Rensink, 2003] is a project centered around
the use of simple graphs for modeling the design-time, compile-time, and run-time structure of objectoriented systems, and graph transformations as a basis for model transformation and operational
semantics. Basically, it is a graph grammar simulator that is based on algebraic graph rewriting.
However, GROOVE is not a general purpose model transformation tool, it is used to simulate states
of systems formalized by graph-based models. In other words, GROOVE is used to generate the
state space from graph-production systems. Then model checking methods can be used to analyze
these systems. Case studies where this approach is applied can be found in [Rensink et al., 2004]
and [Kastenberg and Rensink, 2006].
FUJABA (From UML to Java and Back Again) [FUJABA, 2012, Klein et al., 1999] is an open
source CASE tool that consists of several components: (i) Its formal, graphical, object-oriented software system specification language is based on UML class diagrams and specialized activity diagrams
called Story Diagrams whose formal background is provided by graph transformations. (ii) FUJABA’s
main goal is to generate Java code from the formal specification of a system’s structure and behavior which immediately results in an executable system prototype. (iii) FUJABA is also an extensible CASE tool framework for researchers to develop their own plugins. There are several plugins
of this kind available, for example, to provide support for modeling and metamodeling based on
eMoflon [Anjorin et al., 2011] framework. Model transformations are defined by means of story diagrams. In story diagrams, the operational primitives are based on graph rewriting rules, but they
have many extended features. In FUJABA, the combination of activity diagrams and collaboration
diagrams are used to express control structures. A story-diagram [Fischer et al., 2000] is written in a
visual programming language that facilitates the specification of complex application-specific object
structures. FUJABA is an efficient transformation tool with solid mathematical background; therefore, transformation verification can be performed. In [Blech et al., 2005], Java code generation is
analyzed and proved to be true with the Isabelle/HOL theorem prover.
ATL (ATLAS Transformation Language) [Jouault et al., 2008] is a textual language for specifying
model-to-model transformations. ATL is inspired by the OMG QVT requirements and builds upon
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the OCL formalism. ATL is a hybrid language, i.e. it provides a mix of graph rewriting-based declarative and imperative constructs. A model transformation consists of definitions of rules. During the
transformation, the source model cannot be modified. ATL is a model transformation tool used in
several academic and industrial projects, therefore, methods for the analysis of ATL transformations
have already been proposed [Büttner et al., 2011, Buettner et al., 2012, Bézivin and Jouault, 2006].
These methods usually translate the transformation programs into a general purpose formalism that
is analyzed separately.

3.3

Model Transformation Analysis Methods

The previous section started with the presentation of a work that provides a classification of different
model transformation approaches. A similar discussion is provided in [Amrani et al., 2012], but that
work concentrates on the verification aspects of model transformations, more precisely, it presents discussions on the definition of the transformations, provides the presentation of many types of properties
that can be taken into account during the verification. [Amrani et al., 2012] also provides a thorough
review of the different verification techniques. Based on the categorization of [Amrani et al., 2012],
in the following, we present a summary of the main approaches used to perform formal analysis of
model transformations.
(i) Many modeling frameworks are extended by the possibility to implement model transformations. A typical approach to implement this extension is to define a specific domain for
the transformations in the original modeling framework. In other words, model transformations are actually models of a ’model transformation language’ [Bézivin et al., 2006]. This
method makes it possible to define model transformations similarly to other models and
to use the API of the framework to implement an execution engine that processes model
transformation models and executes the transformations with concrete inputs. We can see
that, in this case, the verification of model transformations may be performed by the validation of the transformation models. Examples for this verification technique are presented
in [Lucio et al., 2010], [Büttner et al., 2011], [Varró, 2003] and [Rensink et al., 2004].
(ii) As it was briefly discussed in Chapter 1, a typical method for the analysis of model transformations is the translation of the definition of the transformation into a general purpose formal
domain where automated formal analysis methods are available. For example, several techniques
for proving termination exist for Petri Nets, therefore, it is also common that the model transformation is transformed to input of a theorem prover.
(iii) The most difficult method is to perform the analysis of a model transformation in the same
application domain where the models to be transformed are defined. The goal of our framework
is to provide automated support for this task.
(iv) Although it is not a typical method for the analysis of model transformations, we believe that
the use of design patterns can significantly increase the efficiency of the analysis methods if these
patterns could be analyzed in advance. In this thesis, we propose a possible solution for the use
of patterns in the analysis.
(v) The last category consists of the methods that are restricted to specific transformations and are
performed manually. In other words, these methods are transformation- and input-dependent.
Examples for such a manual analysis methods can be found in [Narayanan and Karsai, 2008]
and [de Lara and Taentzer, 2004]. However, such an analysis is performed manually, there may
be important concepts in the verification that could be generalized.
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3.3.1

Formal Methods for the Analysis of Non-Functional Properties

Although this thesis focuses on the analysis of functional properties, we devote this subsection to the
presentation of formal methods related to the analysis of two non-functional properties: confluence
and termination.
Confluence is a property that guarantees that the transformation provides the same output for
the same input in all possible execution paths. Confluence needs to be analyzed only if there are
non-deterministic parts in the transformation execution. Critical pair analysis [Ehrig et al., 2006] is
known from term rewriting and usually used to check if a rewriting system is confluent. Critical
pair analysis has been generalized to graph rewriting. Critical pairs formalize the idea of a minimal
example of a conflicting situation. The analysis of rewriting rules and the searching for critical pairs
help find problematic points of the transformations.
In [Assmann, 2000], it is demonstrated how graph rewriting can be used for the specification and
generation of program optimization. Some rule-based termination criteria are defined which guarantee
the termination. In this approach no parallel edges with the same labels between two nodes are allowed.
Two specific kinds of rules are introduced. One type is the edge-accumulative rule type, such a rule
adds at least one edge which is only incident to nodes with nonadded rule labels. The label and node
sets are finite. Since only one edge with a certain label between two nodes is allowed, the derivation
process must stop after the application of finite number of rules. This leads to a theorem that an
Edge-Accumulative Graph Rewrite System (where all rules are edge-accumulative) terminates. The
second type of rules is the subtractive type. These rules must delete at least one element from a
particular subgraph, hence any sequences of these kind of rules must terminate within finite number
of steps.
In [Bottoni et al., 2005], an approach of measurement functions was introduced to handle the
termination problem. In that paper, the general definition of a measure function for objects is defined
and a termination criterion is presented. It is required that after the application of each transformation
step the value assigned by the measure function to the transformed graph decreases. Hence after finite
number of steps the derivation sequence must terminate. That work extends the termination criterion
based on the measure function by defining other criteria for control expressions. In the case study of
the paper some applications of these approaches are presented, and also some measure functions are
introduced based on the number of nodes and edges.
Termination criteria for layered grammars are presented in [Ehrig et al., 2005]. Layered graph
grammars are used to group the different types of rules and thus group the application order of the
different types as well. In [Ehrig et al., 2005], two kinds of layers, a deletion and a nondeletion type
has been defined. It is shown that for each type of layer there exists no derivation sequence with
injective matches of infinite length. The line of thought can be summarized as follows. Each rule is
assigned to a layer, and thus the order of the different kind of rules is declared. The number of layers
is finite. For the deletion layers the provided criterion ensures that the creation of all objects (edges
or nodes) of a type should precede the deletion of the objects of this type. Each rule in a deletion
layer must delete at least one item, and the criterion ensures that a newly created item cannot be
deleted. Starting from a graph with finite number of items it results that the application of the rules
in each deletion layer must terminate. The nondeletion layer contains rules that do not delete items.
With negative application conditions it is ensured that a rule cannot be applied twice at the same
match and cannot match at the newly created elements. In each layer the rules have to use the input
graph of finite size to match, thus – similarly to the deletion layers – only finite number of rules can
be applied.
The last termination criterion discussed here is introduced in [Levendovszky et al., 2006]. This
method is based on the E-based composition of the sequences of rules. The E-dependency relations
of an infinite sequence of graph productions lead to a sequence of their E-based compositions. If the
size of the cumulative left hand side series of this sequence can be shown to increase infinitely, then
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it can be seen that this sequence cannot be applied to graphs of finite size.

3.3.2

Case Studies of Model Transformation Analysis

In this subsection, we present general case studies where formal verification of model transformations
is carried out. Some of them are manually performed, others are (partly) supported by automated
methods.
In [de Lara and Taentzer, 2004], manual analysis of a model transformation from discrete event
models to timed transition Petri Nets is presented using the tools ATOM3 and AGG. It is proved that
the transformation is confluent, the proof is based on critical pair analysis. The tool AGG is used to
automate the searching for critical pairs. Then, the authors prove that the transformation terminates
by applying a modified layering termination criterion. The functional properties to be analyzed are
provided by specifying the constructs of the Petri Net models that conforms to specific constructs
of the discrete event models. However, it is only informally shown that the transformation preserves
the meaning of the transformed model. Although several parts of the analysis can be automated, the
complete analysis is performed manually.
In [Varró, 2002], syntactic correctness and semantic correctness are aimed to be verified by the
VIATRA transformation system. Semantic correctness covers: (i) verification of correctness requirements, (ii) termination, (iii) completeness, and (iv) uniqueness. The paper presents a static method
to verify model transformations. Converting system models into Kripke structures allows verifying
certain properties of a single transformation starting from a single model.
[Karsai and Narayanan, 2008] presents how behavior preservation of a model transformation can
be verified via goal-directed certification. The proposed verification realized in GReAT is a static
technique, which is based on the generation of assurances for code produced by automatic synthesis
tools.
[Bisztray and Heckel, 2007] presents an approach to verify that during the transformation of
models by specific type of rules (called compositional rules), the semantics is preserved. The goal
of [Bisztray and Heckel, 2007] is different from ours, because that paper verifies the semantic equivalence of two transformation systems. However, the formal approach applied reflects how typed graph
and the DPO approach of category theory can be used to conduct a completely formal analysis.
[Anastasakis et al., 2007] presents an approach where UML metamodels along with embedded
well-formedness rules (typically OCL constraints) are translated to the formalism of Alloy. Alloy [Alloy, 2012] is a language and a related toolkit to model structures with constraints and provides
an Analyzer that is a solver that takes the constraints of a model and finds structures that satisfy
them. Then the Alloy Analyzer can conduct fully automated analysis of the transformation. The goal
of this approach and ours are similar, the analysis of functional properties. The difference between
our approach and the one presented in the paper is that the Alloy Analyzer uses a simulation that
generates a random instance model of the input metamodel, and then analyzes the behavior of the
transformation by transforming this instance model. In other words, the results of this method are
based on testing.
In [Schätz, 2009], [Schätz, 2010], a verification method for graph rewriting-based model transformations is presented. The approach provides a formal representation to describe model transformations as declarative relations in Prolog style. The specification of the transformations is not based on
rule-based graph grammars, but uses a textual description based on a relational, declarative calculus.
[Schätz, 2009] shows that the presented representation can be directly translated into representations for theorem provers. One of the key differences between this approach and ours is the attribute
handling. In [Schätz, 2009], attribute values are explicitly defined in the declarative description of
the rules, while our approach can contain arbitrary constraints by the definition of abstract attribute
constraints.
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The closest work to our approach is presented in [Pennemann, 2009]. The author presents a formalism based on weak adhesive high-level replacement categories [Ehrig and Prange, 2006], therefore,
the results are not restricted to graph rewriting systems. [Pennemann, 2009] introduce the definition
of graph conditions that along with nested conditions can express several functional properties to be
verified. However, these conditions can formulate expressions only on a single model and not on the
relation between the input and output models. The work also presents a notion of structural transformations called programs with interface that are a generalization of programs over transformation
rules. The presented formalism makes it possible to automatically analyze and verify the programs.
However, since these programs are not equivalent to model transformations, certain aspects of the
analysis cannot be applied for any type of graph transformations.
[Büttner et al., 2011] is an example for the verification of model transformations by model checking. [Büttner et al., 2011] presents a method for the translation of ATL transformations into transformation models and shows how the analysis of such models can be used to validate the original
transformations.
We also mention the approach presented in [Cabot et al., 2010]. The authors translate the definitions of graph rewriting rules into an OCL-based representation (OCL invariants), which can be
combined with constraints defined in the metamodels. The extracted invariants are used to perform
the formal verification of the model transformation. They are combined with the source and target
metamodels and are analyzed by external tools [Cabot et al., 2008] such as theorem provers, SAT
solvers, or systems for constraint programming, for example, Alloy, HOL-OCL. The properties to be
verified are functional properties that can be expressed by OCL invariants.
As mentioned before, it is common that certain verification approaches are restricted for specific
application domains. Case studies for such analysis approaches are presented in [Blech et al., 2005],
and [Becker et al., 2006]. The first paper presents the verification of a transformation whose goal is to
generate Java code from formal models. The second paper proposes a verification method for specific
properties of mechatronic systems.

3.4

Reusable Patterns in Model Transformation Languages

Design patterns are widely used in software development [Gamma et al., 1995].
Applying design patterns in graph transformations was introduced in [Agrawal et al., 2004a]. Languages to write graph transformation programs should have a well-defined syntax. However, there are
common recurring tasks in model transformations according to [Agrawal et al., 2004a] that should
not be directly supported by these languages. Rather, they should be available as well-documented,
reusable idioms and design patterns that solve recurring design problems. The main difference between
idioms and design patterns is that the former ones are restricted to a concrete application domain,
while the latter ones are domain-independent. In [Agrawal et al., 2004a], design patterns are used to
define how to implement a concrete functionality in model transformations.
In [Iacob et al., 2008], patterns for recurring tasks (for example Mapping, Refinement, Abstraction) in model transformations are proposed, and their structures are specified with QVT. These
patterns are similar to Model Transformation Analysis patterns introduced in this thesis (Chapter 7),
but problems of automation and analysis are not dealt with.
A catalog of model transformation design patterns are introduced in [Allilaire et al., 2006]. The
aim of the proposed approach is to facilitate the engineering of model transformations and accelerate
the development by applying tried and tested solutions.
The presented approaches do not include general techniques for all aspects of the analysis, however,
several published case studies ([25, de Lara and Taentzer, 2004, Küster, 2006]) contain methods that
28

3.4. Reusable Patterns in Model Transformation Languages

may be improved for general application purposes.
A common disadvantage of the approaches presented above is that they do not include additional
analysis information attached to the documentation of the pattern. Therefore, these approaches are
only design patterns, while our aim is to provide design and analysis patterns as discussed in Chapter 1.
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4
Formal Background for Describing Model
Transformation Properties
4.1

Introduction

The goal of this chapter is to provide the basis of the formal background for the verification of graph
rewriting-based model transformations. We provide the formal definition of several entities that will
be extensively used in the rest of this thesis.
We formalize metamodels and models with attribute values. Their definitions are based on type
graphs and typed graphs. Then, we formalize patterns of models. Patterns specify a graph structure,
but instead of concrete attribute values, they specify only constraints on the attributes. Besides the
models and patterns, we formalize relations between pairs of models that are considered possible
input and output pairs of the model transformations. Using these relations, we can specify how an
input model is transformed to an output model during the application of a model transformation.
This chapter also formalizes mappings between patterns and models. Such a mapping (that is based
on graph homomorphism) can specify how an instance of a pattern can be found in another pattern
or model.
To make this background complete and usable for the formal analysis of model transformations,
important properties of the presented formal framework will be discussed. We show that the presented
specialized graphs and morphisms compose categories where several desirable properties are true.
Therefore, these constructs can be used to describe graph rewriting systems based on the DPO
approach.
Many types of graphs and formal description of graph rewriting systems can be found in related
work [Ehrig et al., 2006, Pennemann, 2009, Bardohl et al., 2004]. Our motivation to specify a new
one is the special handling of attributes and attribute constraints. The goal of our method is to
concentrate on the processing of the structures (graphs) of the models. However, during the analysis
of transformation of the structure, we will use attribute constraints to decrease the number of possible
scenarios that need to be analyzed. To do use, we will use an external constraint logic to analyze
attribute constraints. In this case, this constraint logic means a framework for the analysis of the
relations of constraints [Marriott and Stuckey, 1998, Dechter, 2003]. We want to keep the analysis of
the constraints outside the boundaries of our system, because constraint logic programming has its
own research field. However, to integrate such a logic, we need to specify attribute constraints of
graphs in a special way and we need to make some restrictions on them. This is the main contribution
of the formal framework presented in this chapter, and this is the most important motivation why
this framework has been introduced.
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4.2

Models and Abstract Attribute Constraints

This section formalizes the relations between metamodels and instance models based on typed graphs.
Moreover, we introduce attribute constraints that make it possible to handle attribute constraints in
an abstract way.

4.2.1

Meta- and Instance Models

We formalize metamodels by specifying their interface. Such an interface specifies the types of the
entities (nodes), relations (edges), and their attributes. In metamodel interfaces, attributes are defined
in an abstract form, we specify only their names, because their types are not taken into account by
our system, the background of this decision will be discussed later in details.
Definition 4.1 (metamodel interface). A metamodel interface M is a triple (T, A, attrs), where
T is a type graph with inheritance, A is a set of attributes that are defined on the elements of the type
graphs, and attrs : L(T ) → 2A is the attribute assignment function, which assigns a set of attributes
to each element of the type graph. Because of the inheritance of attributes the following condition
must hold: ∀n, n0 : n ∈ N (T ), n0 ∈ N (T ), n0 ∈ clanI (n) ⇒ attrs(n) ⊆ attrs(n0 ), i.e. if n0 is inherited from
n, then the attributes of n is the subset of that of n0 .
2
For each element l of the graph of the metamodel interface, attrs(l) denotes its set of attributes.
The condition in Definition 4.1 assures that the attributes of a node is a subset of the attributes of
any of its descendants. To facilitate the formalization of attribute constraints and attribute values, in
the following, we assume that V is the set of all possible attribute values regardless of the types of
the attributes. V may be infinite.
Example 4.2. Based on the previous definition, we can easily produce the formal definition of the
metamodel interface of the Database metamodel presented in Section 2.4. Recall that only the sets
of nodes, edges, their attribute assignments need to be defined, since there is no inheritance in this
metamodel. We have provided its complete description in Appendix A (Equation A.1 on page 139). In
the following, the metamodel interface of this domain will be referenced by MDB and its type graph
will be denoted by TDB .
The instance graphs of a metamodel interface M are graphs that are instances of the type graph
of M according to Definition 2.20. Each model is an instance graph of a metamodel interface along
with an attached attribute value assignment, therefore, to formalize models, we need to assign values
to the attributes of the instance graphs.
Definition 4.3 (attribute value assignment). Given a metamodel interface M = (T, A, attrs), and a
graph G typed over T by clan morphism τ (G) = type according to Definition 2.20, an attribute value
assignment is a function v : L(G) × A → V such that ∀(l, a) ∈ dom(v) implies that a ∈ attrs(type(l)).
(Recall that dom(v) denotes the domain of the function v.) The assignment v is called complete if
∀l, a : l ∈ L(G), a ∈ attrs(type(l)) implies that (l, a) ∈ dom(v), otherwise it is called partial.
2
Remark 4.4. In this thesis, we use the operator π to denote the set of all complete assignments over
a graph, i.e. given a graph G, the set of all possible complete attribute value assignments over G is
denoted by π(G).
Definition 4.5 (instance model). An instance model M of a metamodel interface M is defined by
the double (GM , vM ), where GM is an instance graph typed over the type graph of M and vM is a
complete attribute value assignment over GM , i.e. vM ∈ π(GM ).
2
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Remark 4.6. We introduce two operators G and V that are used to select the graph and the attribute
value assignments of a model. Given a model M = (G, v), G(M ) = G and V(M ) = v.
Example 4.7. In our sample domain of database models, we can define an instance graph of the
type graph TDB . Figure 4.1 shows the definition of a sample graph GDB typed over TDB . We use a
concise graphical notation to define the graph. This graph has three nodes and two edges. To facilitate
their identification, each element has a unique name in the graph. For example, node db is of type
Database, while edge e1 is of type TableContainment. In the following, the types of the edges
will not be shown if their types unambiguously follow from the types of their source and target nodes.
In the Database domain, there can be only one type of edge between a Database and a Table node,
therefore, the type of e1 is unambiguous and it would not obligatory to mark it explicitly.

db[Database]
e1[TableContainment]
t[Table]
e2[TableColumnContainment]
c[Column]

Figure 4.1: Sample instance graph GDB of TDB

Example 4.8. A sample instance model MDB of MDB can be defined by the double (GDB , vDB ),
where GDB is presented in Figure 4.1, and vDB is presented in Table 4.1.
Table 4.1: Attribute value assignment vDB
Element
db
t

c

Attribute
DBName
CollationName
TName
CName
Type
Length
Constraints
IsIndexed
IsNullAllowed
Comment
IsPrimaryKey
Refactor
ProcessingState
IsForeignKey
IsCascadeDeletionSetForForeignKey

Value
Test
UTF-8
Index
Id
Numeric
16
True
True
True

False
False

Remark 4.9. Given a metamodel interface M, the set of all possible models is denoted by MM , or
simply M if we do not want to mark M explicitly.
Definition 4.10 (isomorphic models). The models M and M 0 of a common metamodel interface
are isomorphic, denoted by M  M 0 if there exists a traditional graph isomorphism m : G(M ) →
G(M )0 typed over the type graph of the metamodel interface in context such that ∀(l, a) ∈ dom(vM ) :
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0 (m(l), a) where v
0
0
vM (l, a) = vM
M = V(M ) and vM = V(M ). Recall that G(M ) denotes the graph of
the model M and V(M ) denotes its attribute value assignment.
2

4.2.2

Abstract Attribute Constraints

In the following, we introduce the definition of abstract attribute constraints that are logical functions
(i.e. their return values are one of the logical constants true, or false) defined over the attributes of
some elements of a concrete graph. We do not want to make restrictions on the constraint functions
that can be used. To evaluate such a function, we need to specify which attributes of which elements
should be passed to its parameters. Hence, when the concrete values of the attributes are known (e.g.
specified by an attribute value assignment function), then the constraint can be evaluated on a graph.
Definition 4.11 (abstract attribute constraint). Given a metamodel interface M = (T, A, attrs) and
an instance graph G typed over T by the clan morphism τ (G) = typeG , an abstract attribute
constraint c over G is defined by the triple (eval, source, nav), where:
(i) eval is the evaluation function that is the logical function that evaluates the constraint, given
the values of certain attributes. n is the number of the parameters of eval, called the arity of c
and is denoted by |c|, i.e. |c| = n. Therefore, eval : V n → {true, false}. Recall that V is the set
of all possible attribute values.
(ii) source is the source function that assigns graph elements to the parameter indices of the
evaluation function, i.e. source : [1, n] → L(G). Recall that L(G) denotes the set of all elements
of the graph G, i.e. it contains all nodes and edges of G. ([1, n] denotes all integer numbers of
the closed interval from 1 to n.)
(iii) nav is the navigation function that assigns attributes to the parameter indices of the evaluation
function, i.e. nav : [1, n] → A, such that ∀i ∈ [1, n] ⇒ nav(i) ∈ attrs(typeG ◦ source(i)).
2
Example 4.12. In the Database domain, we can specify a sample constraint on the instance graph
GDB (Figure 4.1): ’the value of the attribute Length of element c must be greater than zero’. This
can be described formally as constraint d of Equation 4.1.
evald :V → {true, false} such that ∀ν ∈ V : evald (ν) = true iff ν is a positive number
sourced :{1} → L(GDB ) where sourced (1) = c
navd :{1} → ADB where navd (1) = Length
d =(evald , sourced , navd ), its arity is nd = |d| = 1

(4.1a)
(4.1b)
(4.1c)
(4.1d)

Remark 4.13. In this thesis, constraints will be written in a more traditional and readable format, for
example, the constraint d of Example 4.12 is written shortly as [c.Length > 0], where c denotes the
appropriate element of the graph, its Length attribute is referenced by the name of the attribute separated from the name of the column by a comma. Similarly, we can reference the name of the function
and then enumerate the matches of the parameter indices as, for example, [eval(s1 .a1 , s2 .a2 , . . . sn .an )]
where eval is the evaluation function, it has n number of parameters, and the ith parameter (1 ≤ i ≤ n)
takes its value from the attribute ai of element si . Note that the previous notation is only a simplification that makes it possible to describe constraints in a more readable format.
Definition 4.14 (evaluation of a constraint). Let G be an instance graph of the metamodel interface M = (T, A, attrs), c = (eval, source, nav) be a constraint over G, and v be an attribute value
assignment over G such that for all index i where 1 ≤ i ≤ |c|: (source(i), nav(i)) ∈ dom(v). The
evaluation of the constraint with respect to v is the evaluation of the function eval as follows:
eval(v(source(1), nav(1)), v(source(2), nav(2)), . . . v(source(n), nav(n))). This evaluation is denoted
shortly by v[c]. If a constraint c can be evaluated by an attribute value assignment v (i.e. v satisfies
the requirements specified above), we say that v is complete with respect to c.
2
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Remark 4.15. When v[c] = true, then, using the terminology of mathematical logic, we can say that
v is a possible model of the constraint c, i.e. v satisfies c. This relation can be denoted by v  c (or
v G c if we want to mark the context graph explicitly). Otherwise, when the return value is false, we
say that v does not satisfy c, denoted by v 2 c (or v 2G c), i.e. v[c] = false iff v 2 c. In the following,
the notations v[c] and v  c will be used for not only a single constraint c, but for a set of constraints
C as well. In other words, v[C] = true when all constraints of the set are satisfied. In this case, we
can write v  C as well.
Example 4.16. We can evaluate constraint d of Example 4.12 with the attribute value assignment
presented in Example 4.7, and evald (vDB (c, Length)) = evald (16) = true, since 16 is a positive number. Therefore, vDB [d] = true, i.e. vDB  d.
In the following, we present a method to compose constraints by means of logical operators.
Assume that two abstract attribute constraints c1 and c2 are defined over the same graph. We can
describe the expressions c1 ∧ c2 , c1 ∨ c2 , and ¬c as abstract attribute constraints as well, since these are
also logical functions defined on the elements of the graph in context. We will use the compositions
later, when we will exploit that expressions consisting of attribute constraints and logical operators
can be expressed as valid attribute constraints as well.
Definition 4.17. Let c1 = (eval1 , source1 , nav1 ) and c2 = (eval2 , source2 , nav2 ) be two abstract
attribute constraints over the same graph. c1 ∧ c2 , c1 ∨ c2 , and ¬c1 are abstract attribute constraints defined as follows: c1 ∧ c2 = c3 = (eval3 , source, nav), c1 ∨ c2 = c4 = (eval4 , source, nav),
¬c1 = c5 = (eval5 , source1 , nav1 ) where:
(i) |c3 | = |c4 | = |c1 | + |c2 |, |c5 | = |c1 |
(ii) ∀1 ≤ i ≤ |c1 | let source(i) = source1 (i), nav(i) = nav1 (i), ∀|c1 | + 1 ≤ i ≤ |c1 | + |c2 | let source(i) =
source2 (i − |c1 |), nav(i) = nav2 (i − |c1 |).
(iii) For any possible inputs:
eval3 (ν1 , ν2 , . . . ν|c1 |+|c2 | ) = eval1 (ν1 , ν2 , . . . ν|c1 | ) ∧ eval2 (ν|c1 |+1 , ν|c1 |+2 , . . . ν|c1 |+|c2 | )
eval4 (ν1 , ν2 , . . . ν|c1 |+|c2 | ) = eval1 (ν1 , ν2 , . . . ν|c1 | ) ∨ eval2 (ν|c1 |+1 , ν|c1 |+2 , . . . ν|c1 |+|c2 | )
eval5 (ν1 , ν2 , . . . ν|c1 | ) = ¬eval1 (ν1 , ν2 , . . . ν|c1 | )
2
It is easy to prove that if the constraints c3 , c4 , and c5 are composed from two constraints c1 and
c2 according to Definition 4.17, then c3 is true iff c1 and c2 are both true, c4 is true iff c1 or c2 is true,
and c5 is true iff c1 is not. This is stated formally in Proposition 4.18. The proof of this proposition
is presented in Appendix B.
Proposition 4.18. Let c1 and c2 be two constraints defined over the same graph G and let c3 , c4 , and
c5 be the constraints that are composed of c1 and c2 according to Definition 4.17. ∀v ∈ π(G) : (i) v  c3
iff v  c1 and v  c2 , (ii) v  c4 iff v  c1 or v  c2 , and (iii) v  c5 iff v 2 c1 . Recall that π(G) denotes
the set of all possible attribute value assignments over G and
We would like to emphasize that the previous definition of abstract attribute constraints restricts
the types of constraints that can be defined. We assume that given a segment of a model, an abstract
attribute constraint can be evaluated if it concerns only the elements in this segment. Therefore, it
is not possible to express such constraints as ’the number of the edges that leave node n is at most
k’, because we may need to examine the whole graph to determine the truth value of this attribute.
This is a limitation of this approach. However, this limitation makes it possible to use any external
constraint logic and not only specific ones that are tied to graphs as it will be discussed later.
An important advantage of the abstract definition of constraint is that we do not make restrictions
on the language that can be used for their specification. This means that our approach can work
together for example with OCL or general purpose languages like C# or Java.
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4.2.3

Patterns of Metamodel Interfaces

In the following, we present how to describe patterns of models, where a pattern contains a set of
nodes and edges typed over a metamodel interface along with a set of abstract attribute constraints.
Definition 4.19 (pattern). A pattern P = (G, C) of a metamodel interface M = (T, A, attrs) is an
instance graph G of T and a set C of abstract attribute constraints defined over G. Given a pattern P
and a complete attribute value assignment v over G(P ), v is a valid attribute value assignment of
P if v  C. A pattern P of the metamodel interface M is called valid if there exists at least one valid
attribute value assignment over P , i.e. ∃v ∈ π(G) : v  C. Otherwise, the pattern is called invalid. 2
Remark 4.20. In the following, we introduce some notations and operators related to patterns.
• The constraints of a pattern P = (G, C) are denoted by C(P ) and the graph of P is denoted by
G(P ), i.e. C = C(P ) and G(P ) = G.
• The elements of a pattern (denoted by L(P )) are the elements of the graph of the pattern, i.e.
L(P ) = L(G) = L(G(P )). Similarly, we use the operators to select the nodes and edges of the
pattern as we use them in the case of simple graphs: N (P ) = N (G(P )), E(P ) = E(G(P )).
• The clan morphism of the graph of the pattern is selected by τ , i.e. τ (P ) = τ (G(P )).
• Finally, as in the case of graphs, the set of all possible valid attribute value assignments of a
pattern P is denoted by π(P ), i.e. π(P ) = {v ∈ π(G)|v  C(P )}.
Example 4.21. Figure 4.2 presents two sample patterns of the metamodel interface of the Database
domain. The graphs of both patterns are typed over the type graph TDB . In the left of the figure, the
graph of the pattern PDB consists of four nodes and three edges. The types of the edges are not shown
in the figure, since they follow unambiguously from the types of the nodes. PDB has five constraints
defined. The pattern in the right of the figure is invalid, because no attribute value assignment can
satisfy both of its attribute constraints.

db[Database]

t[Table]

c1[Column]

c1.Length > 0
c2.Length >0
c1.IsIndexed
c2.Type != “Binary”
! c2.IsNullAllowed

c[Column]

c.IsIndexed
!c.IsIndexed

c2[Column]

Figure 4.2: Sample patterns of MDB
When a valid attribute assignment v of a pattern P is found, the graph of the pattern G(P ) and
this attribute value assignment together form a model M , i.e. M = (G(P ), v). In other words, this
model is a possible realization of the pattern. We call this realization minimal, because the model
does not add new elements to the graph of the pattern, but only specifies the attribute values of its
graph. The relation that M is a minimal realization of P is denoted by M . P .
Definition 4.22 (minimal realization model of a pattern). The model M is an minimal realization
model of the pattern P denoted by M . P if both are defined over the same metamodel interface and
G(M ) = G(P ) and V(M ) ∈ π(P ). Another model is also said to be a minimal realization of P , if it is
isomorphic to M , i.e. if M . P and M 0  M , then M 0 . P .
2
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Formalizing Models by Patterns
Until now, we have presented how to formalize models and patterns of models. However, they cannot
be handled in the same way. Models are graphs extended by an attribute value assignment, while
patterns are graphs extended by attribute value constraints. Therefore, we introduce completely specified patterns that are patterns whose constraints unambiguously specify the values of all of their
attributes, therefore, they can be considered to be equivalent to models.
Definition 4.23 (completely specified pattern). A pattern P is completely specified, if there is
exactly one possible complete valid attribute value assignment over P , i.e. |π(P )| = 1. In this case, if
{v} = π(P ), then M = (G(P ), v) is a model that is said to be the equivalent model of P . Similarly,
if M is a model, M . P and P is completely specified, then P is said to be the equivalent pattern
of M .
2
In order to handle patterns and models in a uniform way, we propose a solution to convert models
into equivalent, completely specified patterns. We show how to construct such a pattern by using
special constraints called attribute value specifications. Such a constraint is a traditional abstract
attribute constraint that specifies the value of only a single attribute, i.e. the constraint is true only
when the appropriate value is assigned to the current attribute. It is easy to show, but it is important
that it is possible to construct an equivalent pattern to any model (Algorithm 1). Hence, later in this
thesis, we will be able to work with the equivalent pattern instead of a given model.
Definition 4.24 (attribute value specification). Let G be an instance graph of the type graph of the
metamodel interface M, and let typeG = τ (G). An attribute value specification c is an abstract
attribute constraint over G specified by the triple (l, a, ν) and is denoted by [l.a = ν] where l ∈ L(G),
a ∈ attrs(typeG (l)), and ν ∈ V . The attribute constraint is defined as c = (eval, source, nav), where
(i) |c| = 1; (ii) eval : V → {true, false}, ∀ν 0 ∈ V if ν 0 = ν then eval(ν 0 ) = true, else eval(ν 0 ) = false;
(iii) source : [1, 1] → {l}, i.e. source(1) = l. (iv) nav : [1, 1] → attrs(typeG (l)), where nav(1) = a.
2
Algorithm 1 ConstructEquivalentPattern(M )
G ← G(M )
C ← empty set of constraints
vM ← V(M )
for all (l, a) ∈ dom(vM ) do
add [l.a = vM (l, a)] to C
P ← (G, C)
return P

The attribute value specifications of a pattern constructed as described above unambiguously
define the values of the attributes, therefore, the single attribute value assignment of its graph can
be easily derived. Moreover, we can prove that this assignment is unique and complete. (The proof of
the following proposition is detailed in Appendix B.)
Proposition 4.25 (uniqueness of the attribute value assignment of a model’s equivalent pattern).
Let M = (G, vM ) be an instance model of the metamodel interface M, and PM be its equivalent pattern
constructed as specified in Algorithm 1. Then, vM is complete, it is a valid attribute value assignment
over G, and vM is unique, i.e. P is completely specified.
Example 4.26. In Example 4.7, we have presented a sample instance model MDB of the Database
domain, which consists of a graph GDB (Figure 4.1) and a complete attribute value assignment vDB
over GDB (Table 4.1). Its equivalent pattern PMDB is defined as follows PMDB = (GDB , CMDB ) where
the constraints defined in the set CMDB are presented in Equation 4.2.
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CMDB = {[db.DBName = ”T est”], [db.CollationName = ”U T F − 8”], [t.TName = ”Index”],
[c.CName = ”Id”], [c.Type = ”N umeric”], [c.Length = ”16”], [c.Constraints = ””],
[c.IsIndexed = ”T rue”], [c.IsNullAllowed = ”T rue”], [c.Comment = ””],
[c.IsPrimaryKey = ”T rue”], [c.Refactor = ””],
[c.ProcessingState = ””], [c.IsForeignKey = ”F alse”],
[c.IsCascadeDeletionSetForForeignKey = ”F alse”]}

(4.2)

Mappings Between Patterns
Given two instance graphs of a type graph of a metamodel interface, we can define mappings between them such that inheritance is taken into account. We can map constraints and attribute value
assignments as well.
Definition 4.27 (weakly and strongly typed morphisms). Let G1 and G2 be typed graphs typed over a
E
N
E
type graph with inheritance T . Let type1 = τ (G1 ) = (typeN
1 , type1 ) and type2 = τ (G2 ) = (type2 , type2 )
be the clan morphisms of G1 and G2 , respectively. A weakly typed morphism m : G1 → G2 is
N
a graph morphism such that: (i) ∀n ∈ N (G1 ) : (typeN
2 ◦ m)(n) ∈ clanI (type1 (n)), (ii) ∀e ∈ E(G1 ) :
E
(typeE
2 ◦ m)(e) = type1 (e). Recall that N (G1 ) denotes the set of nodes of the graph G1 and E(G1 )
denotes its edges. If m guarantees that the type of each source node is exactly the same as the target
N
type, i.e. ∀n ∈ N (G1 ) : (typeN
2 ◦ m)(n) = type1 (n), then we call it a strongly typed morphism
(that is equivalent to a traditional typed morphism over the type graph). By definition, weakly
typed morphisms are total morphisms, therefore, they map all elements of their source graph. I.e if
m : G1 → G2 is a weakly typed morphism, then dom(m) = L(G1 ).
2
Definition 4.28 (partial weakly typed morphism). Given two patterns G1 and G2 of the metamodel
interface M, a partial weakly typed morphism m is a mapping from G1 to G2 (denoted by
m : G1 7→ G2 ) if it is a subset of a weakly typed morphism m0 : G1 → G2 . This means that dom(m) ⊆
dom(m0 ) = L(G1 ) and ∀l ∈ dom(m) : m(l) = m0 (l). Recall that the subset of a function is its restriction
to a subset of its domain as presented in Definition 2.8. According to the definition, (total) weakly
typed morphisms are also partial weakly typed morphisms.
2
Weakly typed morphisms make it possible to map elements of one graph to elements of another
graph. The name of such morphisms is weakly typed, because they allow mapping a node to another
node whose type inherits from the type of the source node. This property will be important when
specifying matches of patterns in others. Note that such a mapping does not mean that a node n0
of a target graph could be substituted by a node n. This would be the opposite of the subtype
polymorphism of the object-oriented paradigm, because in that case, the type of the target node is
inherited from that of the source node. The meaning of a weakly tyed morphism could be defined as
follows: let the type of n be N and the type of n0 be N 0 , if a node of type N 0 is present in a graph,
then a node of type N is also present, since N 0 inherits from N .
A strongly typed morphism is a traditional typed graph morphism. By means of weakly typed
morphisms, we can also describe if two graphs or models are isomorphic.
Definition 4.29 (surjective and injective morphisms). A partial weakly typed morphism m : G1 7→ G2
is surjective if codom(m) = L(G2 ), i.e. for each element l0 in L(G2 ), there is source element l in L(G1 )
such that m(l) = l0 . m is injective if ∀l1 , l2 ∈ dom(m) : m(l1 ) = m(l2 ) implies that l1 = l2 .
2
Corollary 4.30 (isomorphic graphs and models). Let G1 and G2 be two graphs of a common type
graph with inheritance. G1 and G2 are isomorphic if there exists a strongly typed morphism m : G1 →
G2 over the type graph such that m is injective and surjective.
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Proof. It directly follows from the definition of isomorphic graphs (Definition 2.21), because a strongly
typed morphism is a traditional typed graph morphism.

Definition 4.31 (isomorphism). Let G1 and G2 be two isomorphic instance graphs and let m : G1 →
G2 be an injective, surjective, strongly typed morphism between them. In this case, m is called an
isomorphism between G1 and G2 .
2
Corollary 4.32. Let M1 = (G1 , v1 ) and M2 = (G2 , v2 ) be two models of the metamodel interface M,
M1  M2 iff there exists an isomorphism m : G1 → G2 such that ∀(l, a) ∈ dom(v1 ) : v1 (l, a) = v2 (m(l), a).
Proof. It directly follows from the definition of isomorphic models.



Note that a partial weakly typed morphism is a subset of a mapping defined by (total) weakly typed
morphism. This means that a partial weakly typed morphism may map a single edge without defining
the mapping of the nodes, hence they are not certainly traditional partial graph homomorphisms.
We will discuss the motivation of this definition later, when partial weakly typed morphisms will
be used to specify the mapping of the elements of an input model to the output model of a model
transformation.
In this thesis, we need the attribute value assignments and constraints to be mapped between different
graphs by weakly typed morphisms. This is formalized as follows.
Definition 4.33 (mapping of attribute value assignments). Let G and G0 be two instance graphs of
the metamodel interface M = (T, A, attrs). Let v be an attribute value assignment over the graph G
and let m : G 7→ G0 be a partial, injective, weakly typed morphism. Moreover, let type be the clan
morphism of G, i.e. type = τ (G). The mapping of v by m (denoted by m(v)) is an attribute value
assignment v 0 over G0 and is defined as follows: ∀l ∈ dom(m), a ∈ attrs(type(l)) : v 0 (m(l), a) = v(l, a) if
(l, a) ∈ dom(v) otherwise (m(l), a) < dom(v 0 ).
2
Proposition 4.34 (compatibility of the mapped attribute value assignments). Let G and G0 two
instance graphs of the metamodel interface M = (T, A, attrs). Let v be an attribute value assignment
over the graph G and let m : G 7→ G0 be a partial, injective, weakly typed morphism. Moreover, let
type, type0 be the clan morphisms of G and G0 respectively, i.e. type = τ (G) and type0 = τ (G0 ).
The mapped attribute value assignment v 0 = m(v) is correct, i.e. ∀l ∈ dom(m), a ∈ attrs(type(l)) : a ∈
attrs(type0 (m(l))).
Proof of Proposition 4.34. Because m is weakly typed, by Definition 4.27, if n ∈ dom(m) and n is a
node, then attrs(type(n)) ⊆ attrs(type0 (m(n))), because (type0 ◦m)(n) ∈ clanI (type(n)). If e ∈ dom(m)
and e is an edge, then type(e) = type0 (m(e)), therefore, attrs(type(e)) = attrs(type0 (m(e))).

Definition 4.35 (mapping of constraints by weakly typed morphisms). Let T be a type graph, G1 and
G2 be two instance graphs of T , and let m : G1 7→ G2 be a partial, injective, weakly typed morphism.
Let c = (eval, source, nav) be an abstract attribute constraint on G1 . The mapping c0 = m(c) of c
along m is a constraint c0 defined on G2 , which exists if ∀i ∈ [1, |c|] : source(i) ∈ dom(m). The mapped
constraint c0 is an abstract attribute constraint (eval0 , source0 , nav 0 ) where |c0 | = |c|, eval0 = eval,
source0 = m ◦ source, and nav 0 = nav. Given an injective weakly typed morphism m : G1 → G2 and
a set C of constraints on G1 , we use m(C) to denote the set of existing mapped constraints. (m(C)
may be empty if none of the mapped constraints exists.)
2
In the following, we prove that the mapped constraint is valid, i.e. its composed functions assign
valid attributes of the appropriate elements to the parameters. We start with the presentation of a
lemma to prove a property of type graphs with inheritance. This lemma will be referenced later as
well.
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Lemma 4.36 (relation of inheritance clans). Given a type graph with inheritance (T, I), and two
nodes n, n0 ∈ N (T ) such that n0 ∈ clanI (n). In this case, clanI (n0 ) ⊆ clanI (n).
Proof of Lemma 4.36. It directly follows from the definition of the inheritance clan. Let n00 ∈ N (T ) be
a node such that n00 ∈ clanI (n0 ). By definition, ∃ path p1 from n00 to n0 in I. n0 ∈ clanI (n), therefore,
∃ path p2 from n0 to n through edges in I. Therefore, path p1 + p2 ) is a path from n00 to n0 . Since
there exists a path from n00 to n, n00 ∈ clanI (n) by definition. If ∀n00 ∈ N (T ) : n00 ∈ clanI (n0 ) implies
that n00 ∈ clanI (n), then clanI (n0 ) ⊆ clanI (n).

Proposition 4.37 (validity of the mapped constraints). Given a metamodel interface M =
(T, A, attrs), two graphs G1 , G2 of M, and a partial, injective, weakly typed morphism m : G1 7→ G2 , let
E
N
E
type1 = τ (G1 ) = (typeN
1 , type1 ) and type2 = τ (G2 ) = (type2 , type2 ) be the clan morphisms of G1 and
G2 , respectively. Let c = (eval, source, nav) be a constraint defined over G1 . If the mapped constraint
c0 = m(c) exists, then it is valid, i.e.
(i) ∀i ∈ [1, |c0 |] : source0 (i) ∈ L(G2 ), i.e. the source elements are elements of the graph G2 ,
(ii) ∀i ∈ [1, |c0 |] : nav 0 (i) ∈ attrs(type2 ◦ source0 (i)), i.e. the attributes assigned to the parameters are
valid attributes of the source elements.
Proof of Proposition 4.37. We assume that the mapped constraint c0 exists, therefore, by definition
|c0 | = |c| = n.
(i) ∀i ∈ [1, n] implies that source0 (i) = m ◦ source(i). Since c0 exists, ∀j ∈ [1, n] ⇒ source(j) ∈
dom(m), therefore, l = m ◦ source(i) exists and l ∈ codom(m), i.e. l ∈ L(G2 ).
(ii) ∀i ∈ [1, n] : nav 0 (i) = nav(i) and attrs(type2 ◦ source0 (i)) = attrs(type2 ◦ m ◦ source(i)). By DefN
E
inition 4.27, ∀n ∈ N (G1 ) : typeN
2 ◦ m(n) ∈ clanI (type1 (n)), and ∀e ∈ E(G1 ) : type2 ◦ m(e) =
0
typeE
1 (e), therefore, attrs(type1 ◦ source (i)) ⊆ attrs(type2 ◦ m ◦ source(i)) by Lemma 4.36.
0
Hence, nav(i) ∈ attrs(type1 ◦ source (i)), which implies nav 0 (i) = nav(i) ∈ attrs(type2 ◦ m ◦
source(i)).

In certain cases, we may need to map attribute value assignments in the reverse direction along
an injective weakly typed morphism. The inverse of a weakly typed morphism may not be weakly
typed, therefore, during the mapping, we need to pay attention to the validity of the components. We
note that when the injective mapping is strongly typed, then it does have an inverse morphism, that
is also a strongly typed morphism.
Definition 4.38 (mapping of attribute value assignments in the inverse direction). Let G and G0
be two graphs of the metamodel interface M with clan morphisms type and type0 over G and G0 ,
respectively. Let m : G 7→ G0 be a partial, injective, weakly typed morphism and v 0 be an attribute
value assignment over G0 . The mapping of v 0 along m in the reverse direction is an attribute
value assignment v over G (denoted by m−1 (v)) constructed as follows: ∀l ∈ dom(m), a ∈ attrs(type(l))
let (l, a) be in the domain of v if (m(l), a) ∈ dom(v 0 ) and, in this case, let v(l, a) = v 0 (m(l), a).
2
Proposition 4.39. Let G and G0 be two graphs of the metamodel interface M = (T, A, attrs), with
clan morphisms type and type0 , respectively. Let m : G → G0 be a (total) weakly typed morphism and
v 0 be an attribute value assignment over G0 . If v 0 is complete, then v = m−1 (v 0 ) is complete as well.
Proof of Proposition 4.39. ∀l ∈ L(G), a ∈ attrs(type(l)) : (m(l), a) ∈ dom(v 0 ), because v 0 is complete,
and attrs(type(l)) ⊆ attrs(type0 (m(l))). Hence, by Definition 4.38, v = m−1 (v 0 ) is complete as well. 
We can map attribute value assignments in the reverse direction, and we can use the same method
to map constraints in the reverse direction as well. It may happen that certain attributes referenced by
a constraint are not present in the source of the mapping, in this case, the mapping of the constraint
does not exist.
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Definition 4.40 (mapping of constraints in the reverse direction). Let G and G0 be two graphs of the
metamodel interface M with clan morphisms type and type0 , respectively. Let m : G 7→ G0 be a partial,
injective, weakly typed morphism, and c0 = (eval0 , source0 , nav 0 ) be an abstract attribute constraint
over G0 . If exists, then the mapping of c0 along m in the reverse direction is a new constraint
c = (eval, source, nav) defined over G. c exists if ∀i where 1 ≤ i ≤ |c0 | implies that ∃l ∈ dom(m) such that
m(l) = source0 (i), we denote such an element l by m−1 (source0 (i)). If l exists, it is unique, because m is
injective, i.e. m does not map two differnet elements of its domain into the same element of its target.
If c exists, it is constructed as follows: |c| = |c0 |, eval = eval0 , 1 ≤ i ≤ |c| : source(i) = m−1 (source0 (i)),
and nav = nav 0 . We also use the notation m−1 (c0 ) = c. If C 0 is a set of constraints defined over G0 ,
then its mapping along m in the reverse direction is a set C of constraints over G denoted as
m−1 (C 0 ) = C that contains the existing mapping of each constraint in C 0 .
2
Remark 4.41. Note that similarly to the mapping of attribute value constraints in the reverse direction,
m−1 (C) is only a notation, it does not mean that an inverse of m would be a valid weakly typed
morphism.
Weakly and strongly typed morphisms are basically traditional graph morphisms that take inheritance of types into account. They are typically used to describe mappings between patterns. Because
of their practical relevance in the field of model transformations, we are interested in injective morphisms only. Our methods are based on the analysis of such morphisms as it will be detailed later. In
the following, we present pattern morphisms that are injective, weakly typed morphisms.
Definition 4.42 (pattern morphism). A pattern morphism (or pattern match) is an injective,
weakly typed morphism. A pattern morphism is called strongly typed if the weakly typed morphism
is strongly typed. By definition, pattern morphisms are total if not stated otherwise. A partial
pattern morphism is a partial, injective, weakly typed morphism. We will also use patterns and
models to denote the sources or targets of pattern morphism. Of course, in these cases, the pattern
morphism is actually defined between the graphs of the appropriate entities. For example, if P is
a pattern and M is a model, then p : P → M denotes a pattern morphism that is actually defined
between G(P ) and G(M ).
2
Injective, weakly typed morphisms are called pattern morphisms, because usually, they are defined between graphs of patterns and by the constraints of these patterns, we can categorize these
morphisms.
Definition 4.43 (properties of pattern morphisms). Let P1 and P2 be two patterns of the metamodel
interface M and let p : P1 → P2 be a pattern morphism as defined in Definition 4.42, i.e. p is a (total)
injective, weakly typed morphism between G(P1 ) and G(P2 ). The properties of a pattern morphism
are determined by the relation between the constraints defined on the source and target patterns.
(i) The pattern morphism p is called invalid if P2 is valid, but @v ∈ π(P2 ) : v  p(C(P1 )), i.e. there
is no such valid attribute value assignment over P2 that would satisfy the mapped constraints
of P1 as well.
(ii) The pattern morphism p is called a weak pattern morphism if ∃v ∈ π(P2 ) : v  p(C(P1 )), i.e.
there exists such a valid attribute value assignment of P2 that satisfies the mapped constraints
of P1 as well.
(iii) Finally, the pattern morphism p is called a strong pattern morphism if P2 is valid and
∀v ∈ π(P2 ) : v  p(C(P1 )), i.e. each valid attribute value assignment over P2 satisfies the mapped
constraints of P1 as well.
(iv) If p is not invalid, we call it valid, i.e. when it is a weak or strong pattern morphism.
(v) Let v be a valid value assignment function of P2 , i.e. v ∈ π(P2 ). The pattern morphism p is valid
with respect to v if v  p(C(P1 )).
2
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We have already shown that each model has an equivalent pattern, and it is trivial that a graph is
simply a pattern with an empty set of constraints. Therefore, the previous categories can be applied
when the source or the target is not a pattern, but a graph, or a model, because both can be represented
by patterns. In these cases, several properties can be shown as presented in Proposition 4.44.
Proposition 4.44. Let p be a pattern morphism of the metamodel interface M. In the following, all
graphs, patterns and models are defined over M.
(i) If p : G → P is a pattern morphism where G is a simple instance graph (i.e. a pattern without
constraints), then p is a strong pattern morphism if P is valid, otherwise, p is invalid.
(ii) If p : P → G is a pattern morphism where G is a simple instance graph, then p is valid if and
only if P is valid.
(iii) If p : P → M is a pattern morphism where M is a completely specified pattern such that v is the
single attribute value assignment of M , then p is valid if and only if p is valid with respect to v.
Moreover, if p is valid, then it is a strong pattern morphism as well.
Proof of Proposition 4.44. It directly follows from the definition of invalid, weak, strong and valid
pattern morphisms.
(i) Since G is a graph, there are no constraints defined over G, therefore, if a match of G is found in
P , then any possible attribute value assignment of P will be a valid attribute value assignment
over this match. There exists at least one valid attribute value assignment if P is valid.
(ii) If P is valid, and v ∈ π(P ), then p(v) is a valid (possibly partial) attribute value assignment over
G. Therefore, if we extend p(v) to be a complete attribute value assignment in any way, it will
satisfy p(C(P )).
(iii) This directly follows from the definition, because in this case π(M ) contains a single attribute
value assignment.

Example 4.45 (pattern morphisms). Figure 4.3 presents some pattern morphisms. Five patterns
(P1 , . . . P5 ) with constraints are shown, and the thick arrows represent the mappings of the concrete
elements. Let the pattern morphisms be as follows: m2 : P2 → P1 , m3 : P3 → P1 , m4 : P4 → P1 , and
m5 : P5 → P1 .
• m3 is a valid, weak, total pattern morphism, because it is possible, but not certain that a valid
attribute assignment over P1 satisfies the mapped constraint of P3 . m3 is total, because all
elements of its pattern are mapped.
• m2 is also valid and it is strong, because if the constraint of P1 is satisfied, it is sure that the
mapped constraint of P2 is also satisfied (c1 .Length > 5 implies c1 .Length > 3)
• m4 is an invalid match, because the mapped constraint of P4 and the constraint of P1 cannot
be satisfied at once.
• Finally m5 is a partial pattern morphism, that is strong, because there are no constraints in P5
at all. However, m5 does not map all elements of P5 , therefore, it is partial.
Relationships of Patterns
In the following, we introduce certain definitions and properties related to patterns and pattern morphisms that will be referenced later in this thesis. The proof of the properties is detailed in Appendix B.
Definition 4.46 (inverse morphism). Let G1 and G2 be two graphs, and p : G1 7→ G2 be a partial,
injective, strongly typed morphism. The inverse of p is a partial, injective strongly typed morphism
from G2 to G1 and is denoted by p−1 . dom(p−1 ) = codom(p), codom(p−1 ) = dom(p), and ∀l ∈ dom(p) :
p−1 (p(l)) = l.
2
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Figure 4.3: Sample pattern morphisms

Definition 4.47 (isomorphic patterns). Given two patterns P1 , P2 of the metamodel interface M. P1
is isomorphic P2 to denoted by P1  P2 if there exists an isomorphism p : G(P1 ) → G(P2 ) such that
p(C(P1 )) = C(P2 ). (Recall that G(P1 ) denotes the graph of the pattern P1 .)
2
Proposition 4.48 (pattern isomorphism is commutative). Let P1 and P2 be two patterns of the a
metamodel interface M such that P1  P2 . Isomorphism is commutative, i.e. in this case, P2  P1 .
Note that usually, pattern morphisms are not concerned with the mapping of the constraints, but,
in the case of pattern isomorphism, we require that not only a strongly typed, surjective match must
exist between the two graphs, but the mapped constraints must be identical.
Definition 4.49 (jointly surjective pattern morphisms). Let G be a finite set of graphs (G =
{G1 , G2 , . . . Gn }) over a metamodel interface M and let H be another graph over M as well. Moreover
let p be a set of pattern morphisms such that p = {p1 , p2 , . . . pn }, n = |G| and each pi is as follows:
pi : Gi → H. Moreover, we require that ∀lH ∈ L(H) there exists an index i and an element li such that
li ∈ L(Gi ) and pi (li ) = lH and typei (li ) = typeH (lH ) where typei = τ (Gi ) and typeH = τ (H). In this
case, given the original set G, the set p of morphisms are called jointly surjective morphisms. 2
Definition 4.50 (jointly surjective composition of patterns). Let P be a finite set of patterns of
the same metamodel interface M, i.e. P = {P1 , P2 , . . . Pn }, |P| = n > 0. Let p be a possible set of
jointly surjective pattern morphisms over the graphs of the patterns of P, i.e. p = {p1 , p2 , . . . pn }
where ∀i : pi : Pi → Gp and Gp is a graph of M. Let the constraints Cp be computed as follows: Cp =
p1 (C(P1 )) ∪ p2 (C(P2 )) ∪ . . . pn (C(Pn )). Therefore, for each possible set p of jointly surjective morphisms
we can compose a pattern Qp = (Gp , Cp ). The jointly surjective composition of patterns of P
(denoted by •Pi ∈P Pi or by P1 • P2 • . . . • Pn ) is the set of patterns Qp for all possible p such that the
elements of the set are unique up to isomorphism.
We use the operator ∪ to denote the union of two patterns similarly to the composition of the
union of graphs.
Definition 4.51 (union of patterns). If P1 and P2 are two patterns of the metamodel interface M,
their union P = P1 ∪ P2 is a pattern such that: G(P ) = G(P1 ) ∪ G(P2 ) and C(P ) = C(P1 ) ∪ C(P2 ). 2
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Category of Patterns
In the following, we present the category of graphs typed over a concrete type graph with inheritance
where morphisms are the (total) weakly typed morphisms. We will use Lemma 4.36 and introduce a
new one (Lemma 4.54) to prove properties of the new category. The proof of Lemma 4.54 is detailed
in Appendix B.
Definition 4.52 (composition of partial weakly typed morphisms). Given a type graph with inheritance T , and three instance graphs A, B, C. The composition of a partial weakly typed morphism
f : A 7→ B and another partial weakly typed morphism g : B 7→ C is a mapping g ◦ f : A 7→ C defined
as follows: if l ∈ dom(f ) and f (l) ∈ dom(g), then l ∈ dom(g ◦ f ) and g ◦ f (l) = g(f (l)).
2
Proposition 4.53 (composition of weakly typed morphisms). The composition of two (total) weakly
typed morphisms is also total.
Proof. Directly follows from the definition of composition of weakly typed morphisms.



Lemma 4.54 (composition of partial weakly typed morphisms is weakly typed). Given a type graph
with inheritance T , three instance graphs A, B, C and two partial weakly typed morphisms f : A 7→ B
and g : B 7→ C. Then, g ◦ f is also a partial weakly typed morphism.
Proposition 4.55 (category GraphsWMT ). Given a type graph with inheritance T , the category
GraphsWMT of graphs typed over T with weakly typed morphisms consists of instance graphs
of T as objects and (total) weakly typed morphisms as morphisms.
Proof of Proposition 4.55. The conditions of being a category are satisfied, because of the following:
(i) The composition of two weakly typed morphisms f : A → B and g : B → C is also a weakly typed
morphism g ◦ f : A → C by Lemma 4.54 and Proposition 4.53.
(ii) The associativity law h ◦ (f ◦ g) = (h ◦ f ) ◦ g for weakly typed morphisms is true, since it is true
for all graph morphisms.
(iii) For each typed graph A, the weakly typed identity morphism is the traditional typed identity
graph morphism idA . idA is also a weakly typed morphism, since it is strongly typed.
(iv) For any graph morphism f : A → B, the identity morphisms of A and B satisfy the identity
axiom: idB ◦ f = f ∧ f ◦ idA = f , since these are true for traditional graph morphisms as well. 
Pattern morphisms compose a subset of all weakly typed morphisms, because they are injective
weakly typed morphisms. It can be shown that pattern morphisms are closed under composition,
therefore, graphs with pattern morphisms form a subcategory of GraphWMT .
Proposition 4.56 (category GraphsPMM ). Given a metamodel interface M, the category
GraphsPMM of M consists of instance graphs of M as objects and pattern morphisms as morphisms.
Proof of Proposition 4.56. The proof is based on the proof of Proposition 4.55. The morphisms are
traditional weakly typed morphisms between the graphs of the patterns except that they must be
injective. Therefore, to prove Proposition 4.56, we only need to prove that the composition of two
injective weakly typed morphisms results in an injective weakly typed morphism. Weakly typed morphism are traditional graph morphisms (Definition 4.27), therefore, the composition of two injective
morphisms must be an injective morphism as well.

The category presented in Proposition 4.56 is nothing more than the category of typed graphs
with weakly typed, injective morphisms. An important question is why constraints are not taken into
account in the category, i.e. why not the patterns are the objects of this category and why invalid
morphisms are not excluded? We start with the discussion of the second question.
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(i) We have two reasons not to exclude invalid morphisms from the category:
• Firstly, it is not always possible to compare two constraints and decide if they contradict to each other. As we will discuss it later, constraint logics have their own research
field (Constraint Programming, Constraint Satisfaction – [Dechter, 2003, Tsang, 1993,
Marriott and Stuckey, 1998]), and we try to separate the analysis of constraints from our
framework. Therefore, we cannot rely on that it can be always be proved when two constraints cannot be satisfied at once, because the analysis of this relation is performed by
an external component.
• Secondly, see the patterns and pattern morphisms in Figure 4.4. m1 and m2 are two possible
weak pattern morphisms. Their composition m3 that maps node c1 of pattern P1 to node
c3 of pattern P3 must be a morphism of the category, however, this morphism is invalid.
Therefore, if invalid pattern morphisms would be excluded from the pattern, we could not
guarantee that the composition of certain weakly typed morphisms would be part of the
category.
(ii) We use graphs as the objects, because a morphism describes only the mapping of this structure.
Assume that we want to compute the pushout of two pattern morphisms. According to the
definition of pattern morphisms, we can compute the graph of the pushout construction, however,
it is not straightforward what constraints should be assigned to it. Moreover, as we have outlined
in the introduction of this chapter, our methods focus on the processing of the structure of the
models and constraints are used to only decrease the number of structures that need to be
examined.

c1.Length
c1.Length >> 77

morphism m2

c1[Column]

morhphism m1

pattern P1

pattern P2
c2[Column]
c2.Length
c2.Length >> 55

pattern P3
c3[Column]
c3.Length
c3.Length << 77

morphism m3

Figure 4.4: Mapping chain of constraints

In the following, we introduce certain important properties of the category of patterns. Their proofs
can be found in Appendix B.
Proposition 4.57 (properties of pattern categories). Given a metamodel interface M and the category
GraphPMM , the following statements are true:
(i) GraphPMM is closed under pushouts: the pushout always exists along pattern morphisms,
i.e. if f : A → B and g : A → C are pattern morphisms, then there exists a graph D, and two
pattern matches f 0 : C → D, g 0 : B → D such that P O is a pushout in the following diagram:
A
g



C

f
PO
f0

/B


(4.3)

g0

/D

(ii) Pushouts along strongly typed morphisms: given a pushout of the previous diagram, if f
is strongly typed than so is f 0 .
(iii) (Pair-)factorization of pattern morphisms: given pattern morphisms f : A → C and g :
B → C, there exists a graph D and pattern matches f 0 : A → D, g 0 : B → D, h : D → C such that
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f = h ◦ f 0 , g = h ◦ g 0 , and f 0 , g 0 are jointly surjective.
A

(4.4)

f
f0
g0

%
9D
g

h

/ 9% C

B

4.3

Relation Models and Relation Patterns

When a model transformation processes an input model, it may create new elements, delete existing
ones and modify the attributes of others. For the sake of simplicity, we assume that the transformation
works on a single input model. The result of the processing is a single output model. The input and
the output models are also called the source and target models, respectively. If we take a look at
the input model and the output model, we can see that the output model contains several elements
of the input, hence, it is justifiable to define a strongly typed partial pattern morphism between the
input and output model. Such a morphism along with the two models is called a source-target relation
model. Similarly to the definition of graphs, models and patterns, we will also define relation graphs
and relation patterns. A relation model consists of two graphs and a partial morphism that specifies
a mapping between the two graphs. A relation graph describes the structure of a relation model
that is defined by a relation graph and an additional attribute value assignment over both graphs. A
relation pattern is similar to a relation model, but instead of attribute value assignments, it contains
constraints.
Definition 4.58 ((source-target) relation graph). A (source-target) relation graph δ of a metamodel interface M is defined by the triple (G1 , G2 , r) where G1 and G2 are instance graphs of the
type graph of M and r is a partial, strongly typed pattern morphism from G1 to G2 (r : G1 7→ G2 ).
G1 is called the source graph of δ, while G2 is called its target graph. Given the relation graph δ, its
source is also denoted by S(δ) and its target is also denoted by T (δ).
2
Definition 4.59 (isomorphic relation graphs). Let δ1 = (G1 , G01 , r1 ) and δ2 = (G2 , G02 , r2 ) be two
relation graphs such that G1  G2 and G01  G02 and the isormorphisms between these pairs are
m : G1 → G2 and m0 : G01 → G02 , respectively. δ1 and δ2 are isomorphic to each other if r2 ◦ m = m0 ◦ r1 .
2
Definition 4.60 (attribute value assignment of a relation graph). Let δ = (G1 , G2 , r) be a relation
graph. v is called an attribute value assignment over δ if v is an attribute value assignment over
G1 ∪ G2 . The set of all possible attribute value assignments of δ is denoted by π(δ). Since G1 ∪ G2 is
the union of two distinct graphs, v is also the union of two disjoint attribute value assignment functions
over G1 and G2 , respectively. Let v1 and v2 be these two components. This means that v1 ∈ π(G1 ) and
v2 ∈ π(G2 ). Moreover, according to the definition of the union of functions (Definition 2.9) v = v1 ∪ v2 .
In the following, when we want to emphasize these two components, then v will be denoted as (v1 ∪v2 ),
i.e. if (v1 ∪ v2 ) ∈ π(δ), then v1 ∈ π(G1 ) and v2 ∈ π(G2 ).
2
Definition 4.61 ((source-target) relation model). A (source-target) relation model µ = (δ, v)
consists of a relation graph δ = (G1 , G2 , r) and a complete attribute value assignment v over G1 ∪ G2 .
In this case, µ can be also written as (G1 , G2 , r, v). We use the operator G to select the composed
graph of a relation model, i.e. G(µ) = δ. We also use the operator V to select the attribute value
assignment of the relation model, i.e. V(µ) = v. Given a metamodel interface M, the set of all possible
M if we do not want to mark M explicitly.
source-target relation models is denoted by RM
M or simply R
2
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Remark 4.62. Assume that a relation model µ = (δ, v) = (G1 , G2 , r, (v1 ∪ v2 )) and let M1 =
(G1 , v1 ), M2 = (G2 , v2 ) be two models. In this case, v1 is the complete attribute value assignment
of the source graph of µ and v2 is the complete attribute value assignment of the target graph µ. We
can also say that M1 is the source model of µ and M2 is its target models. Therefore, the relation
model µ can be written as (M1 , M2 , r).
Example 4.63. Figure 4.5 depicts a sample relation model. It consists of the two models M1 and
M2 , and the morphism r between them. r maps the elements db, e1 , tM ember of M1 . Because M1 and
M2 are models, they have attribute value assignments functions. (In the figure, only a subset of the
attribute values is presented.)
attribute value assignment of M1

model M2

db[Database]

db[Database]

e1

tMember.TName = “TestTable1”

cMemberID.CName = “ID”
cMemberID.Type = “Numeric”
...

morphism r

db.DBName = “Test”
db.CollationName = ””

model M1

attribute value assignment of M2
db.DBName = “Test”
db.CollationName = ””

e1

tMember
[Table]

tMember
[Table]

e2

e3

cMemberID
[Column]

cMemberID2
[Column]

tMember.TName = “TestTable2”

cMemberID2.CName = “ID”
cMemberID2.Type = “Numeric”
...

Figure 4.5: Sample relation model

Based on the definition of isomorphic models, we can define isomorphic relation models as well.
Definition 4.64 (isomorphic relation models). Let µ1 = (M1 , M10 , r1 ) and µ2 = (M2 , M20 , r2 ) be two
relation models. µ1 and µ2 are isomorphic if M1  M2 (let m1 be the graph isomorphism), M2  M2
(let m2 be the graph isomorphish) and r2 ◦ m1 = m2 ◦ r1 .
2
After models had been defined, we introduced the definition of patterns that described possible
graphs of models and specified additional constraints on the attributes of the elements. Similarly to
that approach, now, we introduce relation patterns that describe patterns of relation models. We also
present multiple notation for the specification of a relation pattern.
Definition 4.65 ((source-target) relation pattern). A (source-target) relation pattern % = (δ, C)
of a metamodel interface M consists of a relation graph δ = (G1 , G2 , r) and a set of constraints C
defined over G1 ∪G2 . The set of the constraints of % is also denoted by C(%), i.e. C(%) = C. The set C can
contain three kinds of constraints: (i) constraints that are defined over only G1 – let C1 denote their set;
(ii) constraints that are defined over only G2 – let C2 denote their set; (iii) constraints that are defined
over both G1 and G2 – let C denote their set. More precisely: if c ∈ C, c = (eval, source, nav) and
∀i ∈ [1, |c|] : source(i) ∈ L(G1 ), then c ∈ C1 . If ∀i ∈ [1, |c|] : source(i) ∈ L(G2 ), then c ∈ C2 . Otherwise
c ∈ C. Therefore, C is the union of the three disjoint sets C = C1 ∪ C2 ∪ C. Similarly to attribute value
assignments over relation graphs, if we want to emphasize these three components, then instead of C,
we write (C1 ∪ C2 ∪ C). If % = (δ, C) where δ = (G1 , G2 , r) and C = (C1 ∪ C2 ∪ C), then if the patterns
P1 and P2 are defined as P1 = (G1 , C1 ) and P2 = (G2 , C2 ), then the relation pattern is also denoted
as % = (P1 , P2 , r, C).
2
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It is important to understand that a relation pattern describes only a part of a relation model as
patterns describe only partial models. When an attribute constraint is defined over a pattern, this
means that any possible minimal realization of the pattern must satisfy that condition. However, any
value assignment is possible for the attributes, for which we do not specify constraints. We apply the
same approach in the case of relation patterns as well. For example, given a relation pattern, each
element of dom(r) must be preserved. However, there are elements that are not mapped by r. The
relation pattern does not specify if they should be preserved or should be deleted.
Definition 4.66 (valid relation pattern). A relation pattern % = (δ, C) is valid if there exists an
attribute value assignment v ∈ π(δ) such that v  C. Such an attribute value assignment is called a
valid attribute value assignment of %. The set of all possible attribute value assignment of the relation
pattern is denoted by π(%).
2
Proposition 4.67. Let % be a relation pattern such that % = (δ, C) = (G1 , G2 , r, (C1 ∪ C2 ∪ C)) =
((G1 , C1 ), (G2 , C2 ), r, C) = (P1 , P2 , r, C), and let v be a valid attribute value assignment over %, i.e.
v ∈ π(%). If v = (v1 ∪ v2 ), then v1 ∈ π(P1 ) and v2 ∈ π(P2 ).
Proof. It directly follows from Definition 4.60 and Definition 4.65.



Example 4.68. We show an example for a relation pattern in Figure 4.6. The source and target
patterns of the relation pattern are P1 and P2 , their graphs and the additional constraints are shown
in the figure. The morphism r defines that the elements db, e1 , tM ember of P1 are mapped to some
elements of P2 . There are three more items that is part of the definition of the relation pattern:
There is a constraint that is defined on the graphs of both P1 and P2 . This declares that the Length
attribute of the element cM emberID2 of P2 must have the value of Length of cM emberID of P1
plus one. Note that the element cM emberID is not in dom(r). This means that we do not specify if
this element is preserved or not.
pattern P1

pattern P2

db[Database]

db[Database]
morphism r

e1

e1

tMember
[Table]

tMember
[Table]

e2

e3

cMemberID
[Column]

cMemberID2
[Column]

constraints of P1
cMemberID.Length > 5

constraints of P2
tMember.TName != “Test”

constraints of (P1 and P2)
cMemberID2.Length = cMemberID.Length + 1

Figure 4.6: Sample relation pattern

Similarly to the relation between patterns and models, we can define minimal realizations of
relation patterns as well.
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relation graph 2
source
graph

partial morphism

target
graph

pattern morphism
pattern morphism
relation pattern morphism
source
graph

partial morphism

target
graph

relation graph 1

Figure 4.7: Illustration of the concept of relation pattern morphisms

Definition 4.69 (minimal realization of a relation pattern). Given a relation pattern % = (δ% , C) and
a relation model µ = (δµ , v),µ is a minimal realization of % denoted by µ . % if δ% = δµ and v  C.
Moreover, if µ . % and µ0  µ, then µ0 . %.
2

4.3.1

Mapping Between Relation Graphs

Similarly to pattern morphisms, we introduce the definition of relation pattern morphisms that are
defined between two relation graphs. Basically, a relation pattern morphism is a pair of pattern
morphisms defined between the pairs of the sources and targets, respectively, of the two relation
graphs. We will show that these morphisms and relation graphs form a category.
Definition 4.70 (relation pattern morphism). Given two relation graphs δ1 = (G1 , G01 , r1 ) and δ2 =
(G2 , G02 , r2 ) of the metamodel interface M, a relation pattern morphism α from δ1 to δ2 denoted
by α : δ1 → δ2 is a pattern morphism between G1 ∪ G01 and G2 ∪ G02 such that the following conditions
hold:
(i) α is a pair, its components are m and m0 such that m is a pattern morphism from G1 to G2 , m0
is a pattern morphism from G01 to G02 and α = m ∪ m0 .
(ii) m0 ◦ r1 ⊆ r2 ◦ m, i.e. the mapping m0 ◦ r1 is a restriction of the mapping r2 ◦ m to a subset of its
domain.
m and m0 are the two components of α, hence, α can be written as α = (m ∪ m0 ). m is called the
source morphism of α and m0 is called its target morphism. δ1 is called the source of α and δ2 is called
the target of α. Similarly to the case of pattern morphisms, we will use relation models and relation
patterns as well to denote the source and target of a relation pattern morphism, but in both cases,
the relation pattern morphism is actually defined between the graph components.
2
The concept of the relation pattern morphisms is illustrated in Figure 4.7. It is very important
to understand that a relation pattern morphism is basically a traditional pattern morphism between
two graphs with certain restrictions. However, since these graphs both have two disjoint components,
therefore, the morphism between them can be divided into two components as well. This means
that the previously presented properties (weak pattern morphism, strong pattern morphism, invalid
pattern morphism) can be used for relation pattern morphisms as well. Moreover, it is also important
to see that if the source of a relation pattern morphism is a relation pattern or a relation model, the
morphism can map the constraints or the attribute value assignment of its source componentwise.
These important facts are stated formally in Proposition 4.71, Corollary 4.72 and Corollary 4.73.
Proposition 4.71. Let α, β be relation pattern morphisms.
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(i) If α = (m1 ∪ m2 ) and its source is the relation pattern (G1 , G2 , r, C) with C = (C1 ∪ C2 ∪ C), then
α(C) = m1 (C1 ) ∪ m2 (C2 ) ∪ (m1 ∪ m2 )(C).
(ii) If α = (m1 ∪ m2 ) and its source is the relation model (δ, v) with v = (v1 ∪ v2 ), then α(v) =
m1 (v1 ) ∪ m2 (v2 ).
(iii) If α = (a1 ∪ a2 ), β = (b1 ∪ b2 ) then β ◦ α = (b1 ◦ a1 ∪ b2 ◦ a2 ).
Proof of Proposition 4.71. It directly follows from Definition 4.60, Definition 4.65 and Definition 4.70.

Corollary 4.72 (properties of relation pattern morphisms). Let %1 = (G1 , G01 , r1 , (C1 ∪ C10 ∪ C%1 )) and
%2 = (G2 , G02 , r2 , (C2 ∪ C20 ∪ C%2 )) be two relation patterns and let α = (p ∪ p0 ) : %1 → %2 be a relation
pattern morphism. Let P1 = (G1 , C1 ), P10 = (G01 , C10 ), P2 = (G2 , C2 ), P20 = (G02 , C20 ). The properties of a
relation pattern morphism are determined by the relation between the constraints of its source and
target.
(i) α is invalid if %2 is valid, but @v ∈ π(%2 ) : v  α(C(%1 )), i.e. there is no such valid attribute
value assignment over %2 that would satisfy the mapped constraints of %1 as well. Recall that
C(%1 ) denotes the set of all constraints in the relation pattern %1 , i.e. in this case, C(%1 ) =
(C1 ∪ C10 ∪ C%1 ).
(ii) α is weak if ∃v ∈ π(%2 ) : v  α(C(%1 )), i.e. there exists a valid attribute value assignment of %2
that satisfies the mapped constraints of % as well.
(iii) α is strong if %2 is valid and ∀v ∈ π(%2 ) : v  α(C(%1 )), i.e. each valid attribute value assignment
over %2 satisfies the mapped constraints of %1 as well.
(iv) If α is not invalid, it is valid.
(v) Let v be a valid attribute value assignment of %2 , i.e. v ∈ π(%2 ). α is valid with respect to v if
v  α(C(%1 )).
Proof of Corollary 4.72. It directly follows from the properties of patterns, relation patterns and the
definition of relation pattern morphisms.

Corollary 4.73. If v ∈ π(%2 ), v = (w ∪ w0 ) and α = (p ∪ p0 ) : %1 → %2 is a valid relation pattern morphism with respect to v, then p is a valid pattern morphism with respect to w and p0 is a valid pattern
morphism with respect to w0 .
Proof of Corollary 4.73. It directly follows from Proposition 4.71 and the definitions of relation pattern morphisms and valid pattern morphisms.

Corollary 4.74. Let δ1 = (G1 , G01 , r1 ) and δ2 = (G2 , G02 , r2 ) be two relation graphs. Let m : G1 →
G2 and m0 : G01 → G02 be two pattern morphisms such that m0 ◦ r1 = r2 ◦ m. Then, m and m0 are
isomorphisms iff (m ∪ m0 ) : δ1 → δ2 is an isomorphism.
The proof of Corollary 4.74 is detailed in Appendix B.
Example 4.75. Figure 4.8 presents a sample relation pattern morphism α = (s ∪ t) between two
relation patterns λ2 and λ1 . Note that the source and the target of each relation pattern are patterns,
but in this example, these patterns do not contain constraints. However, the relation patterns have
common constraints. It can be seen that α is a strong pattern morphism, because t1 .T N ame = ”T est1”
and t2 .T N ame = ”T est1” implies t1 .T N ame = t2.T N ame.
Before presenting the category of relation patterns, we introduce some definitions that specify important relationships of relation pattern morphisms and relation patterns. We present these properties
and definitions analogously to the relationships of patterns.
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source pattern

pa

db1[Database]

target pattern

tte

rn

mo

db2[Database]

rph

t1[Table]

ism

r2

t2[Table]

COMMON CONSTRAINTS
t1.TName == “Test1”
t2.TName == “Test1”

pattern morphism s

source pattern
t1[Table]

c2[Column]

pattern morphism t

COMMON CONSTRAINTS
t1.TName == t2.TName
pattern morphism r1

relation
pattern
λ1

target pattern
t2[Table]

relation pattern
morphism α=(s ∪ t)

relation
pattern
λ2

Figure 4.8: Sample relation pattern morphism

Definition 4.76 (jointly surjective relation pattern morphisms). Let G = {δ1 , δ2 , . . . δn } be a finite
set of relation graphs over a metamodel interface M where δi = (Gi , G0i , gi ) and let ε = (H, H 0 , h)
be another relation graph of M. Moreover, let p be a set of relation pattern morphisms such that
p = {α1 , α2 , . . . αn }, n = |G| and each αi = (mi ∪ m0i ) is αi : δi → ε. The morphisms of p are jointly
surjective relation pattern morphisms if the following conditions holds:
(i) ∀l ∈ L(H) ∪ L(H 0 ) there must exist an index i : 1 ≤ i ≤ n and an element li ∈ L(Gi ) ∪ L(G0i ) such
that αi (li ) = l and the type of li is equal to that of l.
(ii) ∀l ∈ dom(h) there must exist an index i : 1 ≤ i ≤ n and an element li ∈ L(Gi ) such that mi (li ) = l
and li ∈ dom(gi ).
2
Proposition 4.77. Let G be a finite set of relation graphs (G = {δ1 , δ2 , . . . δn }) over a metamodel interface M where δi = (Gi , G0i , gi ) and let ε = (H, H 0 , h) be another relation graph over M as well. Moreover, let p be a set of jointly surjective relation pattern morphisms such that p = {α1 , α2 , . . . αn }, n =
|G| and each αi = (mi ∪ m0i ) is αi : δi → ε. In this case, m1 , m2 , . . . , mn are jointly surjective pattern
morphisms and similarly, m01 , m02 , . . . , m0n are also jointly surjective pattern morphisms.
The proof of Proposition 4.77 is detailed in Appendix B.
Definition 4.78 (isomorphic relation patterns). Let %1 = (δ1 , C1 ) and %2 = (δ2 , C2 ) be two relation
patterns of a common metamodel interface M. %1 and %2 are isomorphic to each other denoted by
%1  %2 if δ1  δ2 (let α be the isomorphism between them) and α(C1 ) = C2 .
2
Definition 4.79 (jointly surjective composition of relation patterns). Let %1 = (G1 , G01 , r1 , C1 ) and
%2 = (G2 , G02 , r2 , C2 ) be two relation patterns of the metamodel interface M. The jointly surjective composition of %1 and %2 (denoted by %1 • %2 ) is a finite set Γ of relation patterns, i.e.
Γ = {γ1 , γ2 , . . . γn } where γi = (Hi , Hi0 , hi , CHi ), ∀1 ≤ i ≤ n. The set Γ is constructed as follows:
1. Let Γ be an empty set.
2. Take any possible pair (α1 , α2 ) of jointly surjective relation pattern morphisms from %1 and %2 .
Let α1 = (p1 ∪ p01 ) and α2 = (p2 ∪ p02 ).
3. Let γ = (H, H 0 , h, CH ) be the relation pattern such that the graphs H, H 0 and the relation
pattern morphism h are composed by α1 and α2 according to Definition 4.76.
4. Let CH = α1 (C1 ) ∪ α2 (C2 ).
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5. If Γ does not contain any isomorphic relation pattern to γ, then add γ to Γ and continue with
a next possible pair of jointly surjective relation pattern morphisms (item 2).
2

4.3.2

Category of Relation Patterns

In the following, we introduce the definition of the category of relation patterns. The proof that it
satisfies the requirements of a category is provided in Appendix B.
Proposition 4.80 (category RelGraphsPMM ). The category of relation graphs
RelGraphsPMM of a metamodel interface M consists of relation graphs as objects and relation pattern morphisms as morphisms.
In the following, we present only one property of the category RelGraphsPMM . This property
will be referenced during the formal analysis of rewriting rules.
Proposition 4.81 ((pair-)factorization of relation pattern morphisms). Let δ1 = (G1 , G01 , r1 ), δ2 =
(G2 , G02 , r2 ), and γ = (H, H 0 , r) be three relation graphs, and (m1 ∪ m01 ) : δ1 → γ and (m2 ∪ m02 ) : δ2 → γ
be two relation pattern morphisms. In this case, there exists a relation graph  = (Q, Q0 , rQ ) and
relation pattern morphisms (p1 ∪ p01 ) : δ1 → , (p2 ∪ p02 ) : δ2 → , (q ∪ q 0 ) :  → γ such that (p1 ∪ p01 ) and
(p2 ∪ p02 ) are jointly surjective.

4.4

Analysis of Constraints

In previous sections, we assumed that V is the set of all possible values that can be assigned to any
attribute of any element. If it is finite, then all possible attribute value assignments can be enumerated
over a given pattern, or relation pattern. This would make it possible to determine if a pattern is valid
or a pattern morphism is invalid, weak or strong and the analysis of similar properties for relation
patterns and relation pattern morphisms. However, this theoretical approach is not applicable in
practical solutions, because the infinite or too large number of the possible attribute values (e.g. in
the case of integer or floating point numbers).
This section introduces two types of relations of abstract constraints: derivation and conflict. We
will use these relations to compare constraints. For example, assume that the pattern P is valid and we
want to check if a valid match exists from another pattern P 0 into P such that the mapped constraints
of P 0 are satisfied. All possible pattern morphisms can be enumerated, since they are defined between
the finite graphs of the patterns. If we can prove that, for a given pattern morphism, the satisfaction
of the constraints of P implies the satisfaction of the mapped constraints, then we proved that it is a
strong match. This could be performed without enumerating all possible attribute value assignments
of a pattern. However, the analysis of the satisfaction of the constraints is very difficult. This task
can be performed by an external constraint logic. If we can prove that the two sets of constraints can
never be true at the same time, then we can prove that no weak pattern morphisms can exist. Again,
this can be performed by an external constraint logic. If none of the previous relations can be proved,
we know nothing about the satisfaction of the constraints.

4.4.1

Integration with External Constraint Logic

In this section, we provide the mathematical definitions of the previously mentioned two relationships. We also introduce two types of functions, behind these functions lies the external constraint
logic that can analyze the relations of the constraints. The implementation of these functions is beyond the scope of our framework, in our approach, we only rely on the results of these functions.
Depending on the concrete constraint logic behind the different implementations of the functions,
different constraints may be analyzed successfully. We need to specify the requirements such that
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these different implementations must be consistent, i.e. they cannot contradict to each other. In other
words, it may happen that given two constraints c1 and c2 , one implementation of the functions may
prove that c1 and c2 are conflicting. It may also happen that another implementation is not able to
prove it, but it is forbidden that this implementation could prove that c1 and c2 are not conflicting.
It is important to note that the types of the attributes can help during the analysis of the constraints. However, we omitted the attribute types from the definition of metamodel interfaces. The
analysis of the constraints is performed by an external component that is not part of our system. It
can be seen that our framework only relies on the results of the external constraint logic, therefore,
in our system, we do not need to work with attribute types.
Finally, we explain why the constraint logic is separated from our framework and how
this is realized. Analyzing constraints is a very complex task and it has its own research
field [Marriott and Stuckey, 1998, Dechter, 2003, Tsang, 1993], therefore, we define the interface of
constraints to another framework that is outside of the boundaries of our core system. However, to
do this, we need to define constraints in a general way and provide them to the constraint logic in a
way that the constraints are not connected to their graphs closely. If it were not so, we would restrict
the set of possible constraint logics to be applied. Therefore, constraints are described as functions
with a fixed number of parameters, and they are connected to graphs only when they are evaluated.

4.4.2

Determining the Relations of Abstract Attribute Constraints

Definition 4.82 (conflicting constraints). Let C be a set of abstract attribute constraints over the
graph G. C is conflicting (or is in conflict), if @v ∈ π(G) : v  C, i.e. there is no attribute value
assignment such that all constraints of the set are satisfied. Otherwise, C is not conflicting, i.e.
∃v ∈ π(G) : v  C. We use ⊗(C) to denote that the set C of constraints is conflicting.
2
Definition 4.83 (derivable constraints). Given two sets Cder and Cf rom of abstract attribute constraints over the same graph G, Cder is derivable from Cf rom , denoted by Cf rom ⇒ Cder (or
Cf rom ⇒G Cder if we want to mark the context graph G explicitly), if ∀v ∈ π(G) : v  Cf rom implies v  Cder , i.e. if Cf rom is satisfied, it implies that Cder is also satisfied. Otherwise, Cder is not
derivable from Cf rom denoted by Cf rom ; Cder (or Cf rom ;G Cder if we want to emphasize G), i.e.
in this case, ∃v ∈ π(G) : v  Cf rom , but v 2 Cder .
2
Proposition 4.84 (pattern morphism by relations of constraints). Given patterns P1 and P2 of the
same metamodel interface M and a pattern morphism p : P1 → P2 :
(i) p is invalid iff the constraints of P2 and the mapped constraints of P1 are conflicting, i.e.
⊗(p(C(P1 )) ∪ C(P2 )).
(ii) p is a weak pattern morphism iff P2 is valid, and the constraints of P2 and the mapped constraints
of P1 are not conflicting.
(iii) p is a strong pattern morphism iff P2 is valid, and the mapped constraints of P1 are derivable
from the constraints of P2 , i.e. C(P2 ) ⇒G(P2 ) p(C(P1 )).
Proof of Proposition 4.84. Directly follows from Definition 4.42, Definition 4.82 and Definition 4.83.

We introduce the interface of the two functions that are supposed to be able to analyze arbitrary
sets of constraints in order to determine the relations between them. We assume that the implementations of both of these functions are available in our system.
• The function IsInConf lict(C) takes a set C of constraints whose elements are defined over
the same graph. Given any possible parameters, this function returns a value true, false, or
unknown. The value true means that it can be proved that the constraints in the set C are
conflicting, false means that it can be proved that the constraints in C are not conflicting, and
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unknown means that neither can be proved, i.e. the system does not have enough information
to decide.
• The function IsDerivable(Cf rom , Cder ) takes two sets Cf rom , Cder of constraints that are defined
over the same graph. Given any possible parameters, this function returns a value true, false,
or unknown. The value true means that Cder can be proved to be derivable from Cf rom , false
means that it can be proved that Cder is not derivable from Cf rom , and unknown means that
neither can be proved, i.e. the system does not have enough information to decide.
The assumption that we have these two functions seems to be very restrictive, since in complex
attribute constraint description languages, it is really hard to determine the relation between arbitrary
constraints. However, the implementation of the previous functions always has the possibility to return
the value unknown. In several cases, the analysis of the transformations and the verification of the
model properties are based on the relations of certain constraint sets. If the relation between the
sets can be determined by the current IsInConf lict and IsDerivable functions, we can obtain more
information and derive the proof of more properties. However, if the relations between the sets are
unknown, the system may not be able to prove certain properties. Hence, the usability and efficiency
of our framework largely depend on the capabilities of the current implementation of the previous
two functions. We define one more requirement of the implementations of the functions. Because they
are outside the boundaries of our framework, we need them to terminate for all possible inputs.
Definition 4.85 (derivation analyzer function). A function IsDerivable is a derivation analyzer
function over a metamodel interface M if its domain is defined as follows: for any graph G of
M and two sets of constraints Cf rom and Cder defined over G, the double (Cf rom , Cder ) is in the
domain of IsDerivable. Moreover, the return value of the function is one of the members of the set
{true, false, unknown} and the following implications are true:
(i) If IsDerivable(Cf rom , Cder ) = true, then Cf rom ⇒ Cder must be true.
(ii) If IsDerivable(Cf rom , Cder ) = false, then Cf rom ; Cder must be true.
(iii) If IsDerivable(Cf rom , Cder ) = unknown, then Cf rom ⇒ Cder , or Cf rom ; Cder , or none of them
can be true.
An algorithm IsDerivable is a valid implementation of a derivation analyzer function if IsDerivable
satisfies the conditions defined above and terminates for all possible inputs.
2
Definition 4.86 (conflict analyzer function). The function IsInConf lict is a conflict analyzer
function over a metamodel interface M if its domain is defined as follows: for any graph G of M and
a set of constraints C defined over G, C is in the domain of IsInConf lict. Moreover, the return value
of the function is one member of the set {true, false, unknown} and the following implications are
true:
(i) If IsInConf lict(C) = true, then the constraints in C must be conflicting.
(ii) If IsInConf lict(C) = false, then the constraints of C must not be conflicting.
(iii) If IsInConf lict(C) = unknown, then the constraints of C may be conflicting, may not be conflicting, or none of them can be true.
An algorithm IsInConflict is a valid implementation of a conflict analyzer function if IsInConflict
satisfies the conditions defined above and terminates for all possible inputs.
2
It is important to show that different implementations are consistent, i.e. the relations that are
proved in one implementation cannot be proved to be wrong in another. Proposition 4.87 guarantees
the consistency of the functions.
Proposition 4.87 (consistency of the derivation and conflict analyzer functions). Given two different derivation analyzer functions and two different conflict analyzer functions: IsInConf lict1 ,
IsInConf lict2 , and IsDerivable1 , IsDerivable2 , and two sets of constraints C1 , C2 over the same
graph G:
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(i)
(ii)
(iii)
(iv)

If
If
If
If

IsInConf lict1 (C1 ) = true, then IsInConf lict2 (C1 ) , false.
IsInConf lict1 (C1 ) = false, then IsInConf lict2 (C1 ) , true.
IsDerivable1 (C1 , C2 ) = true, then IsDerivable2 (C1 , C2 ) , false.
IsDerivable1 (C1 , C2 ) = false, then IsDerivable2 (C1 , C2 ) , true.

Proof of Proposition 4.87. For the proof of each item, we apply proof by contradiction.
(i) If IsInConf lict1 (C1 ) = true, then the constraints of C1 are conflicting. Hence, if G is the graph
over which the constraints of C1 are defined, there is no complete value assignment v over G
such that v  C1 . Assume that IsInConf lict2 (C1 ) = false, in this case the constraint set C1 is
not conflicting, i.e. there exists a complete attribute value assignment v over G such that v  C1 .
This is a contradiction, therefore, the original condition must hold.
(ii) Similarly to the proof of item i, assuming the IsInConf lict2 (C1 ) = true, it would contradict to
the fact that IsInConf lict1 (C1 ) = false, i.e. the constraints of C1 are not conflicting.
(iii) IsDerivable1 (C1 , C2 ) = true implies that C1 ⇒ C2 , i.e. there is no complete value assignment
v over G such that v  C1 , but v 2 C2 . Assume that IsDerivable2 (C1 , C2 ) = false, in this case
C1 ; C2 , i.e. there is a complete attribute value assignment v over G such that v  C1 , but
v 2 C2 , which is a contradiction, therefore, the original condition must hold.
(iv) Similarly to the proof of item iii, assuming the IsDerivable2 (C1 , C2 ) = true, it would contradict
to the fact that IsDerivable1 (C1 , C2 ) = false.

Corollary 4.88. Given two patterns P1 and P2 of the same metamodel interface M, a pattern
morphism p : P1 → P2 , a derivation analyzer function IsDerivable and a conflict analyzer function
IsInConf lict:
(i) P2 is valid and IsInConf lict(C(P2 ) ∪ p(C(P1 ))) = true implies that p is invalid.
(ii) IsInConf lict(C(P2 ) ∪ p(C(P1 ))) = false implies that p is a weak pattern morphism.
(iii) P2 is valid and IsDerivable(C(P2 ), p(C(P1 ))) = true implies that p is a strong pattern morphism.
Proof. It directly follows from Proposition 4.84.

4.5



Summary

In this chapter, several definitions have been presented. The main entities and the correspondences
between them are summarized below and illustrated in Figure 4.9.
We have provided a formalism to define metamodels, models, and patterns. Moreover, we have
introduced pattern matches (morphisms) typed over metamodels. This is an extension of the theory
of typed graphs with the ability to handle type inheritance in the mappings as well. However, the
handling of attributes is even more important. In related work, attributes are typically formalized as
attributed graphs, where the attribute types and other properties of the language of the attributes
are specified by a signature and an algebra [Rozenberg, 1997b, Ehrig et al., 2006]. This approach is
good from theoretical point of view, but may be difficult to implement in practice and integrate
into existing modeling frameworks, where the programming language of attributes, constraint code,
and imperative code can be very complex (e.g. typically general purpose languages like C#, Java,
C++ [VMTS, 2010, Klein et al., 1999, Agrawal, 2003]). Moreover, constraint and imperative code
analysis is usually performed by an external constraint logic that may be separated from the core
framework. This is why we have chosen an abstract, ’black box’ description for the attribute constraints. During the verification of the transformations, we will only exploit the information that
the current framework can gather about the relations (derivable, conflicting) of the constraints. Of
course, the efficiency and usability of our method largely depend on the concrete implementation of
the derivation analyzer and conflict analyzer functions.
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Figure 4.9: Illustrative summary of the definitions of the formal framework

Based on patterns, we have introduced relation patterns that are used to specify the relation of
possible input-output pairs of models. We have proposed a method to handle such relation patterns,
relation models and their morphisms analogously to patterns, models and pattern morphisms.
The formalism presented in this chapter could be made more general, if inheritance between
the edges would be supported. To do so, the metamodel interface would need to be extended. The
propositions could be easily adapted to the new type graph analogously to the handling of inheritance
of nodes. Although, inheritance between edges would made our framework more general, we did not
chose to include this feature, because it is not a frequently used method in model transformation
frameworks and it is not used in VMTS either.
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5
Formalizing Functional Properties of Model
Transformations
To perform the formal analysis of model transformations without translating them into a much different formalism, we need to express properties to be verified using the same formalism in which the
analysis is carried out. A ’much different’ formalism means that the formal domain is not symmetric
to the original domain, i.e. it is not straightforward how the entities of the source domain should be
translated. Therefore, we need a formal language to express functional properties of model transformations. Moreover, it would be advantageous to make it possible to extend this language with new
types of properties in the future. We want the language to be able to express the following types of
functional properties: (i) certain elements of the input model has been deleted, (ii) certain elements
of the input model has been preserved, (iii) certain elements of the input model has been preserved
and a certain constraints are true for these preserved elements, (iv) certain elements are present in
the output model independently from the concrete input model.
An important step during the formal analysis is to determine if the satisfaction of one property
implies that of another. Assume for example, that during the formal analysis, a property p1 is proved
to be true for the transformation. Let p2 be a property that needs to be verified. If we could prove that
the satisfaction of p1 implies that of p2 , i.e. whenever p1 is satisfied by the transformation, it implies
that p2 is satisfied as well, then we could verify property p2 . To perform this analysis and prove the
previous implication, we need to be able to reason about the expressions of the formal language.
According to the discussion presented above, the contributions of this chapter are as follows:
(i) We introduce a formal language to specify the functional properties to be verified. Recall that
functional properties are concerned with the relation between the input and output models.
This relation can be formalized by means of relation models presented in Chapter 4. Therefore,
the expressions (formulae) of this language are built from atomic conditions that are logical
functions over the domain of relation models. The atomic conditions are connected by the
standard logical connectives of propositional logic (and, or, not), therefore, the formulae of
this language are propositional logic-based expressions, however, the semantics of the atomic
expressions are precisely defined.
(ii) To reason about formulae, we provide a reasoning calculus for the logic-based language. By the
definition of the language, the deduction rules of the propositional logic that are based on the
semantics of the logical connectives will be valid. However, since the atoms have a well-defined
semantics in the modeling domain, there will be correspondences between the individual atoms.
These correspondences can be taken into account to provide more deduction rules based on the
semantics of the atomic expressions.
(iii) The completeness of a reasoning calculus is an important question, because we want to determine
the classes of problems that are decidable. In the case of our reasoning framework, we will prove
that although the analysis of all implications is an algorithmically hard problem, there is a
practically usable subset of the implications that can be decided by our logic.
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5.1

The Formal Language

In the following, we introduce Transformation Property Description Language (TPDL) that is a
propositional logic-based formal language for the description of functional properties of model transformations. TPDL is defined in an abstract way, only the interface of its atomic expressions will be
specified. Hence, the language can be extended later by the ability to express new types of properties
provided that the new types of properties conform to the presented interface. As mentioned in the
introduction, the atomic expressions are logical functions over the domain of relation models. For
example, a property in the Database domain is as follows: for each Table of the input model, there
will be a primary key Column in the output model. A model transformation satisfies this property if
the statement is true for the relation between any possible input model and its transformed output
model.
Definition 5.1 (atomic TPDL condition). An atomic TPDL condition over a metamodel interface
M is a logical function ϕ : RM → {true, false}, i.e. for all possible relation model, the satisfaction
of the condition ϕ can be evaluated. Recall that RM denotes the set of all possible relation models
of M. An atomic TPDL condition ϕ is a function, but also a logical expression. In the latter case,
each relation µ = (M, M 0 , r) for which the return value of the function is true, is said to satisfy the
condition. Using the terminology of mathematical logic, µ is a possible model of ϕ. This is denoted
by µ  ϕ, i.e. µ  ϕ iff ϕ(µ) = true. Similarly: µ 2 ϕ iff ϕ(µ) = false.
2
Definition 5.2 (syntax of TPDL language). A formula of TPDL is defined as follows: (i) An atom ϕ
is a TPDL formula. (ii) If ϕ is a TPDL formula, then so is ¬ϕ. (iii) If ϕ1 and ϕ2 are TPDL formulae,
then so are ϕ1 ∧ ϕ2 and ϕ1 ∨ ϕ2 . The same definition can be given using the Backus Naur Form (BNF)
in a more compact way: ϕ ::= ψ | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 where ϕ denotes a TPDL formula, and ψ
denotes an atom.
2
Definition 5.3 (semantics of operators). Let µ be a relation model of the metamodel interface and
ϕ be a TPDL formula over M: (i) If ϕ is an atomic TPDL condition, then µ  ϕ iff ϕ(µ) = true
according to Definition 5.1. (ii) If ϕ = ¬ϕ0 , then µ  ϕ iff µ 2 ϕ0 . (iii) If ϕ = ϕ1 ∧ ϕ2 , then µ  ϕ iff
µ  ϕ1 and µ  ϕ2 . (iv) If ϕ = ϕ1 ∨ ϕ2 , then µ  ϕ iff µ  ϕ1 or µ  ϕ2 . In the following, the set of all
possible formulae defined over a metamodel interface M is denoted by FM , or simply F.
2
Given a complex language, the same condition may be specified in several forms. For example, in
propositional logic a ∧ a and a are equivalent, while, the two expressions are not the same. Therefore,
we provide the definition of equivalent relation TPDL formulae.
Definition 5.4 (equivalent TPDL formulae). Let ϕ and ψ be two formulae of TPDL, ϕ and ψ are
equivalent, denoted by ϕ ≡ ψ if ∀µ ∈ RM : µ  ϕ iff µ  ψ. Otherwise, we say that ϕ and ψ are
non-equivalent formulae, which is denoted by ϕ . ψ.
2

5.1.1

Relation Pattern Conditions

A relation pattern condition is a concrete type of atomic TPDL condition, i.e. its semantics is defined
according to the interface presented in Definition 5.1. Relation pattern conditions have two subtypes:
relation pattern condition with positive inner condition and relation pattern condition with negative
inner condition.
(i) A relation pattern condition with positive inner condition is of the form ∃% where % is a relation
pattern. ∃% defines that the relation pattern % must be present in the relation model, i.e. a
relation model µ satisfies ∃% if there is a valid relation pattern morphism from % to µ.
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b where % is a relation
(ii) A relation pattern condition with negative inner condition is of the form ∃%
pattern. Such a condition specifies that an instance of the source pattern of % must be present in
the source model of the relation model such that the following condition holds for this instance:
there is no instance of % in the relation model such that the source of this instance would be
b does not state
the previously found instance of the source of %. It is important to see that ∃%
that there is no instance of % in the relation model. Instead, it states that there is at least one
instance of the source of % in the source of the relation model such that this instance cannot be
extended to be a valid instance of the whole relation pattern.

Definition 5.5 (relation pattern condition). An atomic relation pattern condition with positive inner condition of a metamodel interface M is of the form ∃% where % is a relation pattern
of M. An atomic relation pattern condition with negative inner condition of a metamodel
b where % is a relation pattern of M. The semantics of atomic relation
interface M is of the form ∃%
pattern conditions is defined as follows:
(i) Let µ be a relation model, µ  ∃% iff ∃α : % → µ that is valid with respect to V(µ) where V(µ)
denotes the attribute value assignment of µ. In other words, µ  ∃% if there exists a valid relation
pattern morphism from % to µ.
b iff
(ii) Let µ = (M, M 0 , r) be a relation model and let % = (P, P 0 , p, C) be a relation pattern. µ  ∃%
0
0
0
∃m : P → M that is valid with respect to V(M ) and there is no m : P → M such that (m ∪ m0 )
would be a valid relation pattern morphism from % to µ.
2
Example 5.6. In the following, we demonstrate the meaning of relation pattern conditions in the
Database application domain. Figure 5.1 presents a relation model µ and three relation patterns %1 ,
%2 , and %3 . The attribute value assignment of the relation model is not presented, because the relation
patterns do not contain abstract attribute constraints either. Assume that the presented relation model
is a possible input and output model pair of a transformation. According to the mapping r of µ, this
relation model specifies that during the transformation of the input model M1 , all elements have been
deleted except db. However, a new Table (tM ember3 ), a new Column (cM emberID3 ) and two edges
between them (e1 , e2 ) has been created.
• Let ∃%1 be a relation pattern condition. Informally, this expression states that there must exist
a Database element in the source model that is also present in the target model. µ satisfies
∃%1 , because an instance of this relation pattern can be found in µ (db of P1 can be mapped to
the element db of M1 and db of P2 can be mapped to the element db of M2 ).
b 1 be a relation pattern condition. Informally, this expression states that there must exist
• Let ∃%
a Database element in the source model, such that this element is not mapped to the target
model. In other words, this means that there is an Database element that should be deleted.
This condition is not satisfied by µ, because there is only a single valid mapping from P1 to
M1 , which maps db of P1 to db of M1 . However, db of M1 is mapped by the partial morphism
b 1 is not satisfied.
r, therefore, the condition of ∃%
• Let ∃%2 be a relation pattern condition. Informally, this expression states that there must exist a
Database element in the source model that is also present in the target model and an element
of type Table connects to this element in the target model. Again, µ satisfies this condition,
because of the following mapping: db of P2 can be mapped to db of M1 , db of P20 to db of M2 ,
tM ember of P20 to tM ember3 of M2 , and e of P20 can be mapped to e1 of M2 .
• Let ∃%3 be a relation pattern condition. Informally, this expression states that there must exists
a Table element in the source model that is also present in the target model. µ does not
satisfy this property, since t of P3 can be mapped to either tM ember1 or tM ember2 of M1 ,
however, none of them is present in M2 , since r maps only db of M1 . This example demonstrates
that although there are elements of type Table in both models, the expression is not satisfied,
because the partial morphism defined in the relation pattern is not a subset of the partial
morphism of the relation pattern.
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Figure 5.1: Sample relation patterns and morphisms for illustrating relation pattern conditions

b 3 be a relation pattern condition. Informally, this expression states that there must
• Let ∃%
be a Table element in the source model that is not present in the target model. µ satisfies
this condition, because both tM ember1 and tM ember2 are such Table elements that are not
mapped by the partial morphism of µ.

If we would replace the relation patterns in a formula by isomorphic relation patterns, then the
meaning of the two formulae would be equivalent. This is stated formally in the following definition
and propositions. The proof of Proposition 5.8 is detailed in Appendix B.
Definition 5.7 (isomorphic relation pattern conditions). Let %  %0 . Then, the atomic relation pattern
b is isomorphic to ∃%
b 0 denoted by ∃%  ∃%0 and
condition ∃% is isomorphic to ∃%0 and similarly ∃%
b  ∃%
b 0 , respectively.
∃%
2
Proposition 5.8 (equivalence of isomorphic relation pattern conditions). Let ϕ1 and ϕ2 be two
isomorphic relation pattern conditions, i.e. ϕ1  ϕ2 . In this case ϕ1 ≡ ϕ2 .

5.1.2

Conditions on Single Models

Functional properties of model transformations usually specify required relations between the source
and the target models. However, we often need to express functional properties that are concerned
only with the target model. For example: ’there is Table element in the target model’, or ’there
cannot be a Database element in the target model’. It can be seen that such conditions depend only
on the target model of a relation model. In this subsection, we present how such conditions can be
expressed by means of relation pattern conditions.
We present the definition of sourceless relation patterns. A sourceless relation pattern is a traditional relation pattern whose source is an empty pattern that is an empty graph with no edges and
nodes. Of course, there cannot be constraints defined on the empty graph. Such an empty pattern
is denoted by ∅. When the source of a relation pattern is ∅, then its partial morphism can map no
elements, this morphism is also denoted by ∅. Moreover, since the source is the empty pattern, there
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are no common constraints in the relation pattern. Therefore, a sourceless relation pattern is denoted
by (∅, P, ∅, ∅), where P is the target pattern.
It can be easily showed that relation pattern conditions built from sourceless relation patterns
states properties that can be evaluated using only the target model of a relation model.
Definition 5.9 (sourceless relation pattern). A relation pattern % = (P, P 0 , r, C) is called sourceless
if P has an empty graph, hence, r is also an empty mapping and C has no constraints. Such a relation
pattern is denoted by (∅, P, ∅, ∅) where P is the target pattern.
2
Definition 5.10 (sourceless relation pattern conditions). Let % = (∅, P, ∅, ∅) be a sourceless relation
b are called sourceless relation pattern condipattern, the relation pattern conditions ∃% and ∃%
b is also denoted by
tions. The sourceless relation pattern condition ∃% is also denoted by ∃P and ∃%
b
∃P .
2
Proposition 5.11. Let µ = (M, M 0 , r) be a relation model of the metamodel interface M and let
b . In this case: µ  ϕ1 if and only if there exists a valid match m : P → M 0 .
ϕ1 = ∃P and ϕ2 = ∃P
b .
Similarly: µ  ϕ2 if and only there exists no valid match P → M 0 . This also results that ∃P ≡ ¬∃P
Proof. If ∅ is the empty pattern, i.e a pattern that does not have nodes and edges, then it does not
have constraints either. Let p be the partial morphism of the relation pattern of ϕ1 , by definition,
this is the empty mapping as well. Therefore, given any possible model M , there exists a single graph
morphism from ∅ to M , which is the empty morphism. It is important that this morphism exists
and it is unique. By definition µ  ϕ1 if there is a valid pattern morphism m from ∅ to M such that
there exists a valid pattern morphism m0 : P → M 0 such that m0 ◦ p ⊆ r ◦ m. Since both p and m are
the empty mappings, this second condition is always true. There are no common constraints in the
relation pattern of ϕ1 , therefore, these constraints do not need to be mapped. Therefore, we have
shown that the only requirement is that there must exist a valid pattern morphism P → M 0 . We can
reuse the same lines of thoughts to prove that ϕ2 is satisfied if and only if there does not exist such
a valid pattern morphism.


5.1.3

Expressiveness of TPDL

In the introduction of this chapter, we have discussed that the functional properties that we want to
express by TPDL are as follows: (i) certain elements of the input model has been deleted, (ii) certain
elements of the input model has been preserved and certain constraints are true for the preserved
elements (iii) certain elements are present in the output model. In the following, we show how relation
pattern conditions can be used to express such properties. Recall that separate relation pattern
conditions can be composed into more complex formulae by means of the logical operators.
• Let % = (P, P 0 , p, C) be a relation pattern, ∃% specifies that there exists an instance of P in the
source model and P 0 is present in the target model. The mapping r describes the elements of
P that are preserved, i.e. we can define that certain elements of the input model are preserved.
Using the constraint set C, we can specify attribute constraints on the elements of both P and
P 0 , hence, we can define attribute constraints on the preserved elements.
b specifies that there exists an instance of P in the
• Let % = (P, P 0 , p, C) be a relation pattern, ∃%
source model and an appropriate P 0 does not exist in the target model. In other words, by
means of p, we can specify which elements of P have been deleted.
• We have also showed that by means sourceless relation patterns, we can describe that a pattern
must exist in the output model, or that a pattern cannot be present in the output model.
b specifies a property of one instance of P , however,
• Let % = (P, P 0 , p, C) be a relation pattern, ∃%
it is possible to state properties about all possible instances of P . Consider the TPDL formula
b informally, this states that there is no instance of P in the source model that could not be
¬∃%,
60

5.2. Implications of TPDL Formulae

extended to an instance of (P, P 0 , p, C), in other words, this means that each instance of P in
the source model can be extended to an instance of (P, P 0 , p, C).
• Similarly to the previous TPDL formula, the expression ¬∃% where % = (P, P 0 , p, C) states that
no instances of P can be extended to be an instance of %.
We have shown that TPDL can express an important set of functional properties of model transformations. The last two items of the previous enumeration is presented formally in the following
propositions.
Corollary 5.12. Let % = (P, P 0 , p, C) be a relation pattern and let µ = (M, M 0 , r) be a relation model.
b iff for each valid pattern morphism m : P → M there exists a pattern morphism m0 : P 0 → M 0
µ  ¬∃%
such that (m ∪ m0 ) is a valid relation pattern morphism.
Proof. It directly follows from the semantics of the operator ¬ and the definition of relation pattern
b iff µ 2 ∃%,
b i.e. µ  ∃%
b is not true. µ  ∃%
b states that there is an instance of P in
morphisms. µ  ¬∃%
M that cannot be extended to be an instance of the whole relation pattern % in µ. If this property
is not true, it is because one of the following: (i) there is no instance of P in M , or (ii) if there is an
instance of P in M , this can be extended to be an instance of % in µ. In both cases, we can say that
for each valid pattern morphism m : P → M there exists a pattern morphism m0 : P 0 → M 0 such that
(m ∪ m0 ) is a valid relation pattern morphism.

Corollary 5.13. Let % = (P, P 0 , p, C) be a relation pattern and let µ = (M, M 0 , r) be a relation model.
µ  ¬∃% iff there is no valid pattern morphism m : P → M such that there would exist m0 : P 0 → M 0
and (m ∪ m0 ) is a valid relation pattern morphism.
Proof. It directly follows from the semantics of the operator ¬ and the definition of relation pattern
morphisms, because µ  ¬∃% states that there is no valid relation pattern morphism from % to µ. This
implies that even if there exists a valid pattern morphism from P to µ, it cannot be extended to be
a valid relation pattern morphism from % to µ.

b are two TPDL formulae that are often used to describe
Definition 5.14. However, ¬∃% and ¬∃%
b (ii) ¬∃%
b
properties, therefore, we introduce alternate notations for them: (i) ¬∃% is also denoted by ∀%.
is also denoted by ∀%.
2

5.2

Implications of TPDL Formulae

In the following, we introduce how satisfiability of TPDL formulae can be defined. Moreover, we
introduce the notation of implications as well. Based on the satisfiability, we define properties of
TPDL implications.
Definition 5.15 (satisfiability of TPDL formulae). A TPDL formula ϕ is satisfiable if there exists
a relation model µ that satisfies ϕ, otherwise it is never satisfied (or not satisfiable). ϕ is always
satisfied is all possible relation models satisfy ϕ. When a TPDL formula is satisfiable, but not always
satisfied, we say that it is conditionally satisfiable.
2
Remark 5.16. The correspondences between the notions presented in Definition 5.15 are illustrated
in Figure 5.2.
Definition 5.17 (implication). Let ϕ and ϕ0 be two TPDL formulae. The expression ϕ → ϕ0 is called
an implication that is equivalent to the following TPDL formula: ¬ϕ ∨ ϕ0 . Therefore, we can derive
the definition of the satisfiability of implications according to Definition 5.15 as follows: ϕ → ϕ0 is
always satisfied iff ∀µ ∈ RM : µ  ϕ implies that µ  ϕ0 . (Recall that RM denotes the set of all
possible relation models.) An implication is never satisfied by occurrence if @µ ∈ RM : µ  ϕ ∧ ϕ0 .
2
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satisfiable
never satisfied
(not satisfiable)

conditionally satisfiable

always satisfied

all TPDL formulae

Figure 5.2: Categories of TPDL formulae based on their satisfiability

5.2.1

Decidability of Implications

Although TPDL is extensible by new types of conditions, in this thesis, we discuss only atomic
relation pattern conditions. In the following, we assume that the implications contain only these
types of conditions.
It can be easily shown that it is undecidable in general if an implication is always satisfied and
this is because of the presence of the abstract attribute constraints. Such a constraint can contain any
type of evaluation functions even undecidable ones. If a constraint of a pattern is undecidable, then
the existence of the pattern cannot be decided either. If we do not use constraints in the patterns
and we use only positive inner conditions in the atomic relation pattern conditions, then it becomes
decidable if an implication is always satisfied. The proofs of the following proposition and lemma are
presented in Appendix B.
Proposition 5.18. It is undecidable in general that an implications built from atomic relation pattern
conditions is always satisfied.
Lemma 5.19 (satisfiability of formulae built from atomic relation pattern conditions). Let ϕ be a
TPDL formula built from atomic relation pattern conditions that have only positive inner conditions
and none of these conditions contain constraints at all, then the satisfaction of ϕ is decidable.
Proposition 5.20. It is decidable if an implication built from atomic relation pattern conditions with
positive inner conditions, but without attribute constraints is always satisfied.
Proof of Proposition 5.20. An implication ϕ1 → ϕ2 is always satisfied if there is no relation model µ
such that µ  ϕ1 , but µ 2 ϕ2 , i.e. µ  ϕ1 ∧ ¬ϕ2 . This is equivalent to the following statement: ϕ1 ∧ ¬ϕ2
is not satisfiable. According to Lemma 5.19, the satisfiability of such formulae that does not contain
constraints and does not have negative inner relation pattern conditions is always decidable.

We have shown that when a formula does not contain constraints and does not contain negative
inner conditions, its satisfiability is always decidable, which results that it is also decidable if implications employing such formulae are always satisfied. We would not be able to apply the same method
for relation pattern conditions that contain negative inner conditions as well.

5.2.2

Reasoning by TPDL Inference Logic

Reasoning about TPDL formulae means proving that the satisfaction of one formulae implies the satisfaction of another, i.e. the second formula is a logical consequence of the first
one [Huth and Ryan, 2004].
Definition 5.21 (logical consequence of TPDL formulae). ϕ0 is a logical consequence of ϕ, if
∀µ ∈ RM : µ  ϕ implies µ  ϕ0 . According to Definition 5.17, ϕ0 is a logical consequence of ϕ iff ϕ → ϕ0
is always satisfied.
2
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Reasoning is usually performed by means of inference (or proof) rules. They allow us to infer
formulae from other formulae. By applying these rules in succession, we may infer a conclusion from
a set of premises. In mathematical logic, proof rules are traditionally notated by writing its premises
and its conclusion below each other separated by a horizontal line as presented in the following
equation:
ϕ1
(5.1)
ϕ2
This expression states that ϕ2 is a logical consequence of ϕ1 , i.e. whenever ϕ1 is satisfied by a relation
model, so is ϕ2 . Therefore, this statement is equivalent to the following statement: ϕ1 → ϕ2 is always
satisfied. In this section, we introduce several inference rules and prove that they are sound, i.e. their
conclusions are indeed logical consequences of their premises.
Remark 5.22. We we would like to emphasize the correspondence between the previously defined
notions. Let ϕ and ϕ0 be two TPDL formulae. Assume that we have an inference rule in the form:
ϕ
0
ϕ0 . If this inference rule is sound, then ϕ is the logical consequence of ϕ. Moreover, in this case,
the implication ϕ → ϕ0 is always satisfied. It can be seen that the same correspondence between
the two formulae can be described in three different ways, therefore, these definitions can be used
interchangeably.

5.2.3

Inference Rules of Propositional Logic

The first inference rule is based on the rules of propositional logic. According to Definition 5.2, the
semantics of the TPDL operators ∧, ∨, and ¬ conforms to the traditional meaning of the logical
operators of conjunction, disjunction, and negation. Therefore, we can use the inference rules of
propositional logic to prove implications. For example, we can analyze the implication ∃ϕ1 ∧ ∃ϕ2 ∧
∃ϕ3 → ∃ϕ1 ∨ ∃ϕ2 . This implication is always true independently from the concrete meanings of the
individual atoms. By natural deduction or by the method of truth tables, we can easily show that
whenever the left side of the implication is evaluated to true then the right side of the implication
will be true as well. Note that it is not important if the left side can be evaluated to true at all.
Proposition 5.23. Let ϕ1 and ϕ2 be two TPDL formulae built from atoms by means of the operators
∧, ∨, and ¬. If ϕ1 implies ϕ2 according to the rules of propositional logic, then ϕ1 → ϕ2 is always
ϕ1
satisfied, i.e. ϕ2 is a logical consequence of ϕ1 which is also denoted by ϕ
.
2
Proof. This proposition is true, because the definition of logical consequence is equivalent to the
implication operator of propositional logic and the semantics of the operators ∧, ∨ and ¬ of TPDL
are equivalent to that of the logical operators of propositional logic according to Definition 5.3.


5.2.4

Reasoning about Simple Relation Pattern Conditions

b states that an instance of the source pattern of % exists in the source of a
As presented before, ∃%
relation model such that some other requirements are also satisfied by this instance. Therefore, the
expression that only states that this source pattern is present in the relation model can be inferred
b This inference rule is presented in Proposition 5.25.
from ∃%.

Definition 5.24 (targetless relation pattern). A targetless relation pattern is a relation pattern
whose target pattern has no graph elements and constraint, hence, the mapping of the relation pattern
is the empty pattern morphism. We use the notation (P, ∅, ∅, ∅) to denote a relation pattern whose
source pattern is P , but its target pattern is empty and its set of constraints is also empty.
2
Proposition 5.25. Let % = (P, P 0 , r, C) be a relation pattern over the metamodel interface M. Let
b → ∃%0 is an always satisfied implication,
%0 = (P, ∅, ∅, ∅) be a targetless relation pattern. In this case: ∃%
i.e.

b
∃%
∃%0

is a sound inference rule.
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Proof. It directly follows from the semantics of relation pattern conditions. Let µ = (M, M 0 , r) be a
b if there exists a valid pattern morphism P → M such that the instance of P
relation model. µ  ∃%
in M cannot be extended to be a valid instance of the whole relation pattern. ∃%0 only states that
an instance of %0 exists in µ, however, since %0 has only a source pattern, this is equivalent to the
following: there exists a valid pattern morphism P → M . It can be seen that the satisfaction of the
first relation pattern condition implies that of the second.

The next inference rule is presented in Proposition 5.26. Informally, it states that if an instance
of a relation pattern %1 is present in a relation model, then any subset of this relation pattern is
also present. Therefore, if this subset is specified by a relation pattern %2 , then ∃%1 → ∃%2 is always
satisfied. The proof of Proposition 5.26 is detailed in Appendix B.
Proposition 5.26. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns. If for
all (v1 ∪ v10 ) ∈ π(%1 ) there exists a relation pattern morphism α : %2 → %1 that is valid with respect
∃%1
is a sound inference rule. Recall that π(%1 )
to (v1 ∪ v10 ), then ∃%1 → ∃%2 is always satisfied, i.e. ∃%
2
denotes the set of all possible valid attribute value assignments of %1 .
In theory, with the previous proposition we can decide if one relation pattern condition implies
another, but this method may not be applicable in practice, because we usually cannot enumerate
all possible attribute value assignments over a relation pattern. Therefore, we introduce a sufficient
condition based on the relations of constraint sets to derive the same implication in Proposition 5.27.
Proposition 5.27. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns of
the metamodel interface M. Let q = {α1 , α2 , . . . αn } be the set of all possible non-equivalent relation pattern morphisms such that ∀i, 1 ≤ i ≤ n : αi : %2 → %1 is a relation pattern morphism. Assume that n ≥ 1 and IsDerivable(C(%1 ), ∨∀i:1≤i≤n (αi (C(%2 )))) = true where ∨∀i:1≤i≤n (αi (C(%2 ))) =
α1 (C(%2 )) ∨ α2 (C(%2 )) ∨ . . . αn (C(%2 )). Recall that C(%1 ) denotes the set of all constraints defined in
%1 including the constraints of the source and target patterns as well. In this case, the following
1
implication is always satisfied: ∃%1 → ∃%2 , i.e. ∃%
∃%2 is a sound inference rule.
Proof. Assume that the requirement of the proposition is satisfied, this means that C(%1 ) ⇒
α1 (C(%2 )) ∨ α2 (C(%2 )) ∨ . . . αn (C(%2 )). This means that for any possible valid attribute value assignment (v ∪ v 0 ) over %1 ((v ∪ v 0 ) ∈ π(%1 )), there exists at least one index i (1 ≤ i ≤ n) such that αi (C(%2 ))
are satisfied. In this case, αi is a valid relation pattern morphism with respect to (v ∪ v 0 ), therefore,
the requirement of Proposition 5.26 is satisfied.

A special case of the previous situation is when both relation patterns are sourceless, in this case,
we need to analyze only the constraints of the target patterns, because there are no other constraints
in the relation patterns.
Corollary 5.28. Let %1 = (∅, P10 , ∅, ∅) and %2 = (∅, P20 , ∅, ∅) be two sourceless relation patterns. Let
q = (q10 , q20 , . . . , qn0 ) be the set of all possible non-equivalent pattern morphisms such that ∀i, 1 ≤ i ≤
∃P 0
n : qi0 : P20 → P10 . If n ≥ 1 and IsDerivable(C(P10 )), ∨∀i:1≤i≤n (qi0 (C(P20 ))), then ∃P10 → ∃P20 , i.e. ∃P10 is
2
sound.
Proof. It directly follows from Proposition 5.27.



We have demonstrated how the relations of sets of abstract attribute constraints can be used
instead of the enumeration of all possible attribute value assignments over certain relation patterns.
Therefore, the checking of the sufficient conditions of Proposition 5.27 can be easily realized in an
algorithm. We first need to enumerate all possible relation pattern morphisms between the two relation patterns. This can be performed easily, because relation pattern morphisms are finite mappings
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between two finite graphs. Then we need to call the function IsDerivable. The previously outlined
algorithm is straightforward, therefore, we do not present it in more details.
Example 5.29. By the presented inference rules, we can prove that the implication presented in Equation 5.2 is always satisfied. It can be seen that the left side of the implication defines a stronger condition than the right side. If pattern P1 is present in a concrete source model, then so is P2 , because
P2 is part of P1 . Similarly, the existence of pattern P10 in a target model implies the existence of P20 ,
because the graph of P20 is part of the graph of P10 and the constraint of P10 implies the constraint of P20 .
Formally, there is only one possible pair of pattern morphism from the relation pattern in the right to
the relation pattern in the left when tM ember of P2 is mapped to tM ember of P1 and similarly, the
elements in P20 are mapped to the elements of P10 with the same names. In this case, cM emberID of
P20 is mapped to the node cM emberID of P10 . By Proposition 5.27, the implication is guaranteed to
be true, if IsDerivable([cM emberID.T ype = ”varchar”], [cM emberID.T ype! = ”N umeric”]). If the
external constraint logic can prove this correspondence, then the implication is proved to be always
satisfied.


pattern P1

pattern P1'


pattern P2
tMember
[Table]

morphism r2





db[Database] 










e1








tMember


[Table]
 → ∃







e3
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constraints of P1'
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e1



 tMember

[Table]
∃
















pattern P2'
tMember
[Table]
e3
cMemberID
[Column]
constraints of P2'

cMemberID.Type != ”Numeric”























(5.2)

cMemberID.Type = ”varchar”

The next inference rule presents a condition to infer a relation pattern condition with negative
inner condition from another relation pattern condition with negative inner condition. Similarly to
the previous inference rule, we first present a form (Proposition 5.30) that is based on the attribute
value assignments of patterns, then, we present a sufficient condition to infer the same expressions,
but this form (Proposition 5.31) is based on the relations of abstract attribute constraints. Therefore,
the second form can be easily realized by an algorithm.
Proposition 5.30. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns, and let
idX denote the identity morphism of a pattern X. If ∀v1 , v20 where v1 ∈ π(P1 ), v20 ∈ π(P20 ) : ∃p, p0 such
that p : P2 → P1 is a valid pattern morphism with respect to v1 , p0 : P10 → P20 is a valid pattern morphism
b 1 → ∃%
b 2
with respect to v20 , p0 ◦ r1 ◦ p ⊆ r2 and (p ∪ idP20 )(C(%2 )) ⇒G(P1 )∪G(P20 ) (idP1 ∪ p0 )(C(%1 )), then ∃%
is always satisfied, i.e. b∃%1 is a sound inference rule. (The correspondences between the components
∃%2
of this proposition are illustrated on Equation 5.3.)
b

PO 1 

r1

p

⊆

P2 

r2

/ P0

1

(5.3)

p0


/ P0

2
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The proof of Proposition 5.30 can be found in Appendix B.
Proposition 5.31. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns of the
metamodel interface M. Let {(p1 ∪ p01 ), (p2 ∪ p02 ), . . . (pn ∪ p0n )} be the set of all possible non-equivalent
pair of pattern morphisms such that ∀i, 1 ≤ i ≤ n : pi : P2 → P1 , p0i : P10 → P20 are pattern morphisms
where IsDerivable(C(P1 ), pi (C(P2 ))), IsDerivable(C(P20 ), p0i (C(P10 ))) and p0i ◦ r1 ◦ pi ⊆ r2 . If n ≥ 1
b 1 → ∃%
b 2 is always
and IsDerivable((pi ∪ idP20 )(C(%2 )), ∨∀i:1≤i≤n ((idP1 ∪ p0i )(C(%1 )))) = true, then ∃%
satisfied, i.e. b∃%1 is a sound inference rule.
∃%2
b

Proof of Proposition 5.31 is presented in Appendix B.

5.2.5

Reasoning about Complex TPDL Formulae

In the following, more complex inference rules will be introduced. These rules have more complex
formulae in their premises and conclusions than the previous propositions, where only single atomic
relation pattern conditions have been used.
The first inference rule states that when the instances of two relation patterns can be found in
a relation model, the at least one of all of their possible compositions is also present. The proof
of Proposition 5.32 is presented in Appendix B.
Proposition 5.32. Let ∃%1 and ∃%2 be two atomic relation pattern conditions. ∃%1 ∧ ∃%2 →
∨∀γi ∈(%1 •%2 ) (∃γi ) is always satisfied, i.e. if %1 • %2 = {γ1 , γ2 , . . . γn }, then, ∃%1 ∧ ∃%2 → ∃γ1 ∨ ∃γ2 ∨ . . . ∃γn
is always satisfied. In other words, the following is a sound inference rule:
∃%1 ∧ ∃%2
.
∨∀γi ∈(%1 •%2 ) (∃γi )

(5.4)

b 1 and
Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns and assume that ∃%
b
∃%2 are both satisfied by a relation model. In this case we know that an instance of P1 is present in the

source model such that this instance cannot be extended to an instance of %1 . Similarly, an instance
of P2 is also present in the source model such that this instance cannot be extended to be an instance
of %2 . Since both P1 and P2 are present in the source model, at least one of their possible jointly
surjective composition is also present. Moreover, for this composition, it is true that it cannot be
extended to an instance of %1 or %2 . This correspondence is stated formally in the next inference rule
(Proposition 5.34), but before its presentation, we introduce an important notation in Definition 5.33.
The proof of Proposition 5.34 is presented in Appendix B.
Definition 5.33. Let P1 and P2 be two patterns and let Q be a jointly surjective composition of
P1 and P2 , i.e. Q ∈ P1 • P2 . Let p1 : P1 → Q and p2 : P2 → Q be the two jointly surjective morphisms
that compose Q according to Definition 4.50. The set of all possible triples (Q, p1 , p2 ) is denoted by
J(P1 • P2 ). Let %1 and %2 be two relation patterns and let (Q, p1 , p2 ) ∈ J(S(%1 ) • S(%2 )) where S(%1 )
denotes the source pattern of %1 . (%1 • %2 )|(Q,p1 ,p2 ) denotes the subset of all possible jointly surjective
composition of %1 and %2 where the jointly surjective composition of S(%1 ) and S(%2 ) is Q with jointly
surjective morphisms p1 and p2 .
2
Proposition 5.34. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns, moreover, %01 = (P1 , ∅, ∅, ∅) and %02 = (P2 , ∅, ∅, ∅). In this case, the following is a sound inference rule:
b 1 ∧ ∃%
b 2
∃%

∨∀(Q,p1 ,p2 )∈J(S(%1 )•S(%2 )) (∧∀γ∈((%1 •%02 )|(Q,p

∪(%01 •%2 )|(Q,p1 ,p2 ) )
1 ,p2 )
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5.3

An Algorithm for Analyzing Implications

We have presented a calculus to reason about TPDL properties by providing sound inference rules.
This logic can be used to prove that one formula is a logical consequence of another. Such a correspondence is expressed in a form of implications. To use this calculus in practice, we need an algorithm
that specifies how these inference rules should be applied. It can be shown that there may be infinitely long sequences of the applications of the inference rules. Moreover, as proved before, there are
implications for which it is undecidable if they are always satisfied. Therefore, the algorithm should
also specify when the reasoning should terminate even when it has not decided yet. In other words,
some sort of limit should be defined for the algorithm. It would be advantageous if this limit would
be defined in a way such that the algorithm could always prove if an implication is always satisfied
when the implication is a member of the decidable subset.
In traditional propositional logic, the atoms are only symbols and any possible permutations of
their truth values is permitted. Our logic is non-canonical, because the atomic expressions have specific
semantics, therefore, there are correspondences between the atoms. This means that because of these
correspondences, certain permutation of the truth values for the atoms are not possible. This is why
we have provided specific inference rules that take this semantics into account. Although, there are
algorithms for reasoning about formulae of propositional logic, they cannot be used for the application
of these specific inference rules.
In the discussion above, we have outlined the requirements of an algorithm that realizes the
reasoning logic. This chapter introduces an algorithm for analyzing implications. The goal of the
algorithm is to prove if an implication is always satisfied. This algorithm specifies how the inference
rules should be applied and when the reasoning should terminate even if the problem could not be
decided. We will show that this algorithm is always able to make a decision for the implications
presented in Proposition 5.20. We emphasize that during the specification of the algorithm, our goal
is to present only the concept of the reasoning: how the traditional inference logic of propositional
logic can be integrated with specific inference rules that are based on the semantics of the TPDL
atoms. Therefore, this algorithm is naive and only basic optimization possibilities are discussed. Note
that in its realization in VMTS, we have already applied several implementation-specific optimization
techniques that are not presented in this thesis.
In this section, we introduce the algorithm CheckImplication. Firstly, we define its interface.
Secondly, we outline its main concepts. Finally, we present the algorithm formally.

5.3.1

Implication Analyzer Functions

CheckImplication(ϕ1 , ϕ2 ) : {true, false, unknown} is used to analyze implications. The goal of
the algorithm is to prove that an implication ϕ1 → ϕ2 is always satisfied. The parameters of
CheckImplication are the two TPDL formulae ϕ1 and ϕ2 of the implication. If the implication
is proved to be always satisfied, the return value should be true, and when the implication is proved
to be never satisfied by occurrence, the return value should be false. The return value unknown
can mean that the implication is neither always satisfied, nor never satisfied by occurrence, or the
algorithm cannot make a decision. Formally, CheckImplication is an implication analyzer function
as presented in Definition 5.35. Recall that we have already defined when an implication is always
satisfied, and when an implication is never satisfied by occurrence in Definition 5.17.
Definition 5.35 (implication analyzer function). A function f : F × F → {false, true, unknown} is
an implication analyzer function (where F denotes the set of all possible formulae of a metamodel
interface) if the following correspondences are true:
(i) If f (ϕ1 , ϕ2 ) = true, then ϕ1 → ϕ2 is always satisfied.
(ii) If f (ϕ1 , ϕ2 ) = false, then ϕ1 → ϕ2 is never satisfied by occurrence.
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(iii) If f (ϕ1 , ϕ2 ) = unknown, then ϕ1 → ϕ2 can be arbitrary.

5.3.2

2

Informal Overview of CheckImplication

Let ϕ1 and ϕ2 denote the input formulae of the algorithm, i.e. we want to analyze the implication
ϕ1 → ϕ2 . The outline of the behavior of the algorithm is summarized is this subsection.
We take all (non-equivalent) atoms of both ϕ1 and ϕ2 , let Ψ = {ψ1 , ψ2 , . . . ψn } denote their set.
We build a truth table where the columns are ψ1 , ψ2 , . . . , ψn , ϕ1 and ϕ2 , i.e. the truth table has n + 2
columns. Then we can fill the truth table with all possible permutation of the truth values of the first
n columns. The values of the last two columns ϕ1 and ϕ2 are computed by using the truth values
of the atoms and the semantics of the logical connectives. This means that the table has only 2n
rows, because the values of the last two columns are derived from the others. Since every atom that
appears in either ϕ1 or ϕ2 are present in the truth table as a column, therefore, both ϕ1 and ϕ2 can
be computed. Now, we examine each row of the truth table one-by-one. There are three types of rows:
(1) a proof row is a row where both ϕ1 and ϕ2 are evaluated to true, (2) a refutation row is a row
where ϕ1 is evaluated to true, but ϕ2 is evaluated to false, and (3) an excluded row is a row where
ϕ1 is evaluated to false (in this case the value of ϕ2 is irrelevant).
Let µ be an arbitrary relation model. The evaluation row of µ is the row of the truth table for
which the following condition holds: for each index i (1 ≤ i ≤ n) if the truth value of the column ψi
is true, then µ  ψi , otherwise µ 2 ψi . Since in each row, the truth values of ϕ1 and ϕ2 are computed
according to the semantics of the logical connectives, µ  ϕ1 if the value of the column ϕ1 is true,
otherwise, µ 2 ϕ1 . The same property is true for ϕ2 . The truth table specifies all possible permutations
of the truth values of the atoms of Ψ and, obviously, there are no equivalent rows. Therefore, for any
relation model µ there exists a single row that is the evaluation row of µ. Now, we analyze different
types of rows:
• Assume that there are no refutation rows in the truth table. This means that for any relation
model µ, its evaluation row is either a proof row or an excluded row. In the first case µ  ϕ1 and
µ  ϕ2 , while in the second case µ 2 ϕ1 . Therefore, ∀µ : µ  ϕ1 implies µ  ϕ2 , i.e. the implication
is always satisfied according to Definition 5.17.
• Assume that there are no proof rows in the truth table. This means that for any relation model
µ, its evaluation row is either a refutation row or and excluded row. In the first case, µ  ϕ1 and
µ 2 ϕ2 , while in the second case µ 2 ϕ1 . Therefore, @µ : µ  ϕ1 and µ  ϕ2 , i.e. the implication is
never satisfied by occurrence according to Definition 5.17.
Assume that there are both proof and refutation rows in the truth table. Then, we cannot prove or
refute the implication. However, if we can somehow eliminate certain rows, for the remaining rows,
one of the previous two cases may be true, hence, the algorithm could be able to decide. In order
to eliminate certain rows, we use the extra information from the atomic expressions. Analyzing the
atomic expressions, we might not find them independent. In fact, certain combination of the atomic
expressions can never occur, which eliminates certain rows in the truth table. In other words, a row
can be eliminated if there is no relation model whose evaluation row would be this row. To perform the
elimination, we will use the inference rules presented in the previous chapter. For example, if ∃%1 and
∃%2 are two columns, and ∃%1 → ∃%2 is always satisfied, then the row where the value of ∃%1 is true,
but the value in the column ∃%2 is false can be eliminated. In the algorithm CheckImplication, we
apply two methods to eliminate rows:
(i) Checking inference rules means that by applying the inference rules, we may be able to recognize correspondences between the columns of the truth table. If a row conflicts with such a
correspondence, then it can be eliminated.
(ii) Introducing new atoms means that we extend the truth table with new columns (i.e. new atoms).
Adding new atomic expressions seems counterintuitive, because this increases the size of the truth
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table, however, by introducing these expressions we might reveal further dependencies between
the already existing atomic expressions, therefore, we might be able to eliminate more rows.
Checking inference rules
Inference rules have been specified in a general way, they have parameters that need to be substituted
by concrete expressions. In order to find the dependency between the columns, we attempt to apply
the inference rules to them. This is done by substituting the atomic expressions of the columns into
the parameters of the inference rules. If we capture the correspondence formula between the two
expressions, we can eliminate the rows that contradict the formula.
In the following, we show an example for such a situation. Let P1 and P2 be two patterns such
that ∃P2 → ∃P1 is always satisfied. Moreover, let P be an arbitrary third pattern. We will analyze
the inference ∃P2 ∧ ∃P → ∃P1 . We will use ϕ1 and ϕ2 to denote the formulae ∃P2 ∧ ∃P and ∃P1 ,
respectively. P1 , P2 and P are three different patterns, so the truth table has three plus two columns,
and 23 = 8 rows as presented in Table 5.1. If we would analyze the truth table without taking the
inference rules into account, we could say that (after excluding the rows where ϕ1 is evaluated to
false) there are two not excluded rows, one is a refutation row, the other is a proof row. So in this
case, the algorithm would return unknown. However, after checking the inference rules on the existing
atoms, we find that there is a row that would contradict ∃P2 → ∃P1 . After eliminating this row, the
implication ϕ1 → ϕ2 can be proved.
Table 5.1: Truth table for ∃P2 ∧ ∃P → ∃P1
∃P2
false
false
false
false
true
true
true

∃P
false
false
true
true
false
false
true

∃P1
false
true
false
true
false
true
false

ϕ1
false
false
false
false
false
false
true

ϕ2
false
true
false
true
false
true
false

true

true

true

true

true

Comment
ϕ1 is false (excluded row)
ϕ1 is false (excluded row)
ϕ1 is false (excluded row)
ϕ1 is false (excluded row)
ϕ1 is false (excluded row)
ϕ1 is false (excluded row)
refutation row, but can be eliminated,
because ∃P2 → ∃P1 is not satisfied
proof row

Introducing new atoms
We present an example when the introduction of new atoms makes it possible to prove an implication.
Let P1 , P2 , P3 , P4 , P40 be five patterns that are unique up to isomorphism. Assume that all are defined
over the same metamodel interface M. Moreover, assume that P1 • P2 = {P3 , P4 }, and ∃P4 → ∃P40
is always satisfied according to Proposition 5.32. Assume that we want to analyze the implication
∃P1 ∧ ∃P2 ∧ @P3 → ∃P40 where ϕ1 = ∃P1 ∧ ∃P2 ∧ @P3 and ϕ2 = ∃P40 . The first step is to build the truth
table with four plus two columns. The table is presented in Table 5.2. (To save space, the excluded
rows *where ϕ1 is evaluated to false) are not shown in the table.) It can be seen that there is one
refutation row and one proof row in the table, therefore, in its current state, it cannot be decided if the
implication is always satisfied. The second step is to search for an inference rule such that the following
Table 5.2: Truth table for ∃P1 ∧ ∃P2 ∧ @P3 → ∃P40
∃P1
true
true

∃P2
true
true

∃P3
false
false

∃P40
false
true

ϕ1
true
true

ϕ2
false
true

Comment
refutation row
proof row

condition holds: by substituting some of the atoms into its premises, the resulting conclusion contains
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atoms that are not present in the current truth table. For example, we can apply the inference rule
of Proposition 5.32 by substituting ∃P1 and ∃P2 to its premises. (The general form of the inference
rule has been presented in Equation 5.4.) This results that ∃P1 ∧ ∃P2 → ∃P3 ∨ ∃P4 is proved to be
always satisfied. ∃P1 , ∃P2 , and ∃P3 are already in the table, so the missing atom ∃P4 is appended as
a new column. The updated table is shown in Table 5.3 (again, the rows where ϕ1 is false are not
displayed). There are only four rows where ϕ1 is not evaluated to false. Two of these rows can be
eliminated, because they contradict the implication ∃P4 → ∃P40 , and one can be eliminated, because it
contradicts the implication that has been used to introduce the new column. Therefore, there remains
only one not excluded row and this is a proof row, thus the inference algorithm can prove the initial
implication.
Table 5.3: Truth table for ∃P1 ∧ ∃P2 ∧ @P3 → ∃P40 extended by ∃P4
∃P1
true

∃P2
true

∃P3
false

∃P40
false

∃P4
false

ϕ1
true

ϕ2
false

true

true

false

false

true

true

false

true
true

true
true

false
false

true
true

false
true

true
true

true
true

5.3.3

Comment
refutation row, but can be eliminated, because
∃P1 ∧ ∃P2 → ∃P3 ∨ ∃P4 is not satisfied
refutation row, but can be eliminated, because
∃P4 → ∃P40 is not satisfied
proof row
proof row, but can be eliminated, because
∃P4 → ∃P40 is not satisfied

The algorithm Equiv

We introduce an auxiliary algorithm Equiv. During the algorithmic analysis of TPDL implications,
we often need to compare two formulae to decide if they are equivalent. This is performed by Equiv
that is an implementation of an equivalence analyzer function presented in Definition 5.36.
Definition 5.36 (equivalence analyzer function). A function f : F ×F → {true, unknown} is an equivalence analyzer function if the following condition holds: given two formulae ϕ, ϕ0 , if Equiv(ϕ, ϕ0 ) =
true then ϕ ≡ ϕ0 . If Equiv(ϕ, ϕ0 ) = unknown, then they may be equivalent, but the algorithm was not
able to decide. (Recall that F is the set of all formulae.)
We assume that in some cases, it may be too hard to decide the equivalence, hence, we allow the
algorithm to return the value unknown. Note that there is no return value false, i.e. the refutation of
the equivalence is not a task of this algorithm. If Equiv(ϕ, ϕ0 ) = unknown, ϕ and ϕ0 may be equivalent,
but we cannot prove it. The implementation of Equiv is straightforward, it applies (i) the rules of
propositional logic for checking if two formulae are equivalent, and (ii) Definition 5.7 to decide if
two TPDL atomic relation pattern conditions are isomorphic (according to Proposition 5.8) The
algorithm is presented in Algorithm 2.
Algorithm 2 Equiv(ϕ, ϕ0 )
Ψ = {ψ1 , ψ2 , . . . ψn } ← all atoms of ϕ and ϕ0
Eqs ← ∅
for each pair ψi , ψj ∈ Ψ × Ψ do
if ψi  ψj then
add ψi ≡ ψj to Eqs
if ϕ ≡ ϕ0 by the rules of propositional logic when the correspondences of Eqs hold then
return true
return false
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5.3.4

Formal Presentation of the algorithm CheckImplication

In the following, we introduce the implementation of the algorithm CheckImplication formally. The
pseudocode of the algorithm is presented in Algorithm 3. We ignore, the underlined lines of the pseudocode, these lines are used for only optimization and their role will be discussed later in detail. The
algorithm has a main loop that is used to iteratively process truth tables. In this main loop (from
line 3), we build the truth table for the atoms contained in the variable Atoms. In the first iteration,
Atoms contains the atomic TPDL conditions of the implication under analysis. The rows of each truth
table are checked one-by-one in the for loop starting at line 7. For each row in the truth table, we first
check if all implications that can be derived by the inference rules are satisfied (line 11). The concrete
inference rules that are checked are: Proposition 5.25, Proposition 5.27, Proposition 5.31, Proposition 5.32 and Proposition 5.34. If any of these inference rules is violated, then the current row can
be eliminated. In this case, we store it in the list IgnoredRows and we continue with the checking
of the next row. If the row has not been eliminated, the truth values of ϕ and ϕ0 are evaluated and
stored in the variables V alue and V alue0 , respectively. If V alue is false, then the current row can be
excluded, therefore, again, we store it in the list IgnoredRows and continue with the analysis of the
next row. During the iteration through the rows, if a proof row and a refutation row has already been
found, we can skip the checking of the rest of the truth table and try to introduce new atoms. In this
case, it is not necessary to analyze all rows for each truth table. In Algorithm 3, this is implemented
by defining two Boolean variables HasP roof F ound and HasRef utationF ound that are initially set
to false in each iteration, and during the analysis of each truth table they are set to true if a proof
row or a refutation row has been found respectively. When both are true, we can skip the checking of
the rest of the rows (line 23).
When the checking of all rows finished, it may happen that no refutation rows has been found,
in this case, the algorithm returns true. Similarly, if there are no proof rows, the algorithm returns
false. If there are both proof rows and refutation rows, we try to introduce new atoms by calling
the function IntroduceNewAtoms. If it returns any new atoms, we append them to the original list of
Atoms and restart the analysis of the new truth table. Otherwise, the algorithm returns unknown. It
can be seen that, according to the informal overview, the previously presented part of the algorithm
analyzes the truth table and checks the inference rules in order to be able to eliminate certain rows. The
introduction of new atoms is handled in a separate function that is presented in the next subsection.

5.3.5

The Algorithm IntroduceNewAtoms

In the algorithm CheckImplication, we reference the function IntroduceNewAtoms that is invoked
by passing the list of atoms of the current truth table and the original formulae ϕ and ϕ0 . Its return
value is a new list of atoms that are stored again in Atoms. If the return value is an empty list, then
CheckImplication terminates.
In the informal overview before, we have already presented how the new atoms can be introduced
by applying inference rules. The algorithm checks if certain atoms can be substituted into the parameters contained by the premises of an inference rule. If so, it checks if there are atoms in the
conclusions that are not yet present in the current list of atoms. For each a of such found atoms, the
logical function ωP hϕ, ϕ0 i(a) is called. If this function returns true for each atom, these new atoms
will be returned by the algorithm. If for any of these atoms the function above returns false, then
the algorithm searches for a new inference rule to introduce atoms. ωP hϕ, ϕ0 i is called a limit function,
its role will be discussed later. At this point, we only need to know that if new atoms are returned,
these atoms must satisfy some limit conditions. The inference rules that are used in this algorithm to
introduce new atoms are Proposition 5.32 and Proposition 5.34. It can be seen that we do not use all
inference rules to introduce new atoms, this will be discussed in more details later. The pseudocode
of the algorithm IntroduceNewAtoms is presented in Algorithm 4.
71

5. Formalizing Functional Properties of Model Transformations

Algorithm 3 CheckImplication(ϕ, ϕ0 )
1: Atoms ← all atoms in ϕ and ϕ0
2: IgnoredRows ← empty collection of indices
3: loop
4:
T ruthT able ← build a truth table for Atoms
5:
HasP roof F ound ← false
6:
HasRef utationF ound ← false
7:
for RowIndex in T ruthT able.Rows do
8:
if RowIndex ∈ IgnoredRows then
9:
continue for loop with next row
10:
// checking inference rules:
11:
if any of the implications derived by applying inference rules on atoms of Atoms is violated then
12:
add RowIndex to IgnoredRows
13:
continue for loop with next row
14:
V alue ← compute truth value of ϕ in the current row
15:
if V alue = false then
16:
add RowIndex to IgnoredRows
17:
continue for loop (line 7) with next row
18:
V alue0 ← compute truth value of ϕ0 in the current row
19:
if V alue and V alue0 then
20:
HasP roof F ound ← true
21:
if V alue and not V alue0 then
22:
HasRef utationF ound ← true
23:
if HasRef utationF ound and HasP roof F ound then
24:
break for loop
25:
if HasP roof F ound and not HasRef utationF ound then
26:
return true
27:
if HasRef utationF ound and not HasP roof F ound then
28:
return false
29:
// introducing new atoms:
30:
N ewAtoms ← IntroduceNewAtoms(Atoms)
31:
if N ewAtoms has members then
32:
add N ewAtoms to Atoms
33:
adapt IgnoredRows to new truth table
34:
continue loop
35:
else
36:
return unknown

To guarantee that the algorithm CheckImplication terminates, we need to show that when the
function IntroduceNewAtoms is invoked again and again, after a while, it will return an empty list of
atoms. How can we ensure this property? We introduce the definition of limit functions. Informally,
a limit function is a logical function such that there are only finite number of non-equivalent relation
pattern conditions for which the return value is true. We define IntroduceNewAtoms in a way that it
Algorithm 4 IntroduceNewAtoms(CurrentAtoms, ϕ, ϕ0 )
OriginalAtoms ← all atoms in ϕ and ϕ0
for all inference rule R in the set of ’inference rules for introducing new atoms’ do
for all possible substitution of the premises of R by elements of CurrentAtoms do
Conclusions ← atoms in the conclusion of R
N ewAtoms ← ∅
for all a ∈ Conclusions do
if @a0 ∈ CurrentAtoms : Equiv(a, a0 ) = true and @a00 ∈ N ewAtoms : Equiv(a, a00 ) = true then
add a to N ewAtoms
if ∀a ∈ N ewAtoms : ωP hϕ, ϕ0 i(a) then
return N ewAtoms
return empty list
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only returns atoms that satisfy an initially fixed limit function. Therefore, only finite numbers of new
atoms can be introduced. The limit function is defined in a general way in order to make it possible
to extend out method later with new types of TPDL conditions, because these new conditions may
require a new type of limit function.
Definition 5.37 (limit function). The logical function ω : F → {true, false} is a called a limit
function, if there are only finite number of non-equivalent formulae ψ such that ω(ψ) = true.
2
Definition 5.38. Let P denote the set of all possible patterns of a metamodel interface in context.
size : P → N is a function that returns the number of entities of a pattern, which is calculated as
follows: ∀P ∈ P : size(P ) = (the number of nodes in P ) + (the number of edges in P ) + (the number
of constraints in P ), i.e. size(P ) = |N (P )| + |E(P )| + |C(P )|.
2
We will use the function size to provide a valid limit function ωP . Given the fixed formulae ϕ1
and ϕ2 , we take all the patterns that appear in them and compute the sum of their sizes. If ψ is
a formula to be checked, we require the size of the pattern to be at most the previously computed
size for any patterns in ψ. This is a limit to the size of the patterns, which means that the graph
of the patterns can have only finite number of forms. Moreover, the pattern can have finite number
of constraints. However, there may be many types of constraints defined in the patterns. In order to
ensure that only finite number of patterns could be constructed, we require that each constraint of
the patterns of ψ must be present in any of the patterns of ϕ1 or ϕ2 . Therefore, ψ can contain only
finite number of types of patterns.
Definition 5.39 (limit function for patterns). The limit function for patterns is denoted by ωP
and is defined as follows. Let ψ, ϕ1 , and ϕ2 be three TPDL formulae. Let P denote the patterns that
appear in ψ and Q denote the patterns that appear in ϕ1 and ϕ2 . ωP hϕ1 , ϕ2 i(ψ) = true iff ∀P ∈ P :
P
size(P ) ≤ Q∈Q size(Q) and ∀c ∈ C(P ) : ∃Q ∈ Q such that ∃p : P → Q where p is a partial pattern
morphism, p(c) exists and p(c) ∈ C(Q). We use ωP hϕ1 , ϕ2 i to denote the limit function that is initialized
by ϕ1 and ϕ2 . Note that Q and P are the collection of all patterns of the appropriate formulae; they
are not necessarily sets, i.e. these patterns are not required to be unique up to isomorphism.
2
Proposition 5.40 (validity of the limit function for patterns). Given any two TPDL formulae ϕ1
and ϕ2 , the function ωP hϕ1 , ϕ2 i is a valid limit function, i.e. there are only finite number of non
equivalent TPDL formula that satisfy the condition ωP hϕ1 , ϕ2 i.
Proof of Proposition 5.40. Given ϕ1 and ϕ2 , let ψ be a formula with patterns P such that
P
ωP hϕ1 , ϕ2 i(ψ) = true. If P is a pattern of ψ, then size(P ) ≤ n where n = Q∈Q size(Q) and Q
is the collection of patterns of ϕ1 and ϕ2 . This means that P contains at most n number of graph
elements. Since P must conform to a metamodel M whose graph is finite, this means that the graph
of P can have only finite number of different forms. For any constraint c that is part of P , we know
that ∃pc : P → Qi such that Qi ∈ Q and pc (c) ∈ Qi . Since the number of constraints in the patterns
of Q is finite, P can have only finite number of constraints.
We have proved that if P is a pattern of ψ, then P must be an element of a finite set of patterns.
From a finite set of patterns, we can compose only finite number of non-equivalent relation pattern
conditions. Given a finite set of atoms, by means of the logical connectives, we can compose only
finite number of non-equivalent formulae.

The presented limit function is used in the algorithm IntroduceNewAtoms to guarantee that there
is only finite number of atoms that can be returned by the algorithm.
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5.4

Analysis of the Properties of CheckImplication

In the following, we analyze the properties of the algorithm CheckImplication. Firstly, we show that
the algorithm CheckImplication always terminates. Secondly, we prove that the results provided by
the algorithm is always correct, i.e. CheckImplication is indeed a valid implication analyzer function
as defined in Definition 5.35. Finally, we provide a discussion on the complexity of the analysis.

5.4.1

Termination and Correctness

Proposition 5.41 (termination of CheckImplication). The algorithm CheckImplication presented
in Algorithm 3 terminates for all inputs.
Proof. CheckImplication terminates if its main loop is executed only finite number of times, because each part of the inner loop terminates. In each loop, Atoms contains a set of atoms, we call
IntroduceNewAtoms, which adds new atoms to the previous content of Atoms, and restarts the loop.
If there were no new atoms, the algorithm terminates. It can be seen that no other part of the loop
modifies Atoms, therefore, we only need to show that the repeated call of IntroduceNewAtoms will
finish after finite number of iterations.
Let the sequence {A0 , A1 , A2 , . . . } denote sets of atoms where A0 = atoms in ϕ and ϕ0 . Consider
the following sequence:
IntroduceNewAtoms(A0 ,ϕ,ϕ0 )

IntroduceNewAtoms(A1 ,ϕ,ϕ0 )

IntroduceNewAtoms(A2 ,ϕ,ϕ0 )

A0 −−−−−−−−−−−−−−−−−−→ A1 −−−−−−−−−−−−−−−−−−→ A2 −−−−−−−−−−−−−−−−−−→ . . . Aj

(5.6)

We use the algorithm IntroduceNewAtoms to derive more and more atoms whose sets are A1 , A2 , . . . .
We know that each atom a in each set Ai satisfies the condition of the limit function ω, i.e. ω(a, ϕ, ϕ0 ) =
true. However, there are only finite number of such atoms (Proposition 5.40), therefore, the sequence
above stops after finite number of steps. Hence, the algorithm IntroduceNewAtoms returns new atoms
only finite number of times, and the algorithm CheckImplication terminates.

Proposition 5.42. The result of the algorithm CheckImplication is always correct, i.e.
CheckImplication is a valid implication analyzer function.
Proof. CheckImplication is a valid implication analyzer function if the following conditions hold: (i) If CheckImplication(ϕ, ϕ0 ) = true, then ϕ → ϕ0 is always satisfied. (ii) If
CheckImplication(ϕ, ϕ0 ) = false, then ϕ → ϕ0 is never satisfied by occurrence.
For each iteration of the loop, we create a truth table. Each truth table contains all atoms of both
ϕ and ϕ0 , therefore, for each row, ϕ a ϕ0 can be evaluated. Moreover, the truth table is complete, i.e.
the algorithm checks each possible permutation of the truth values.
A row of a truth table is excluded from the analysis if (i) ϕ is evaluated to false, or (ii) it
contradicts an inference rule. According to Definition 5.17, the rows of the first type do not influence
if the implication is always satisfied, hence, these rows can be excluded. Since the inference rules
are sound, if a row contradicts an implication derived by means of an inference rule, then this row
describes an impossible situation, therefore, it can be eliminated. It is straightforward that when there
are no refutation rows, then the implication is always satisfied, and when there are no proof rows,
then the implication is never satisfied by occurrence. Therefore, the algorithm is correct.


5.4.2

Complexity

Before analyzing the complexity of the algorithm, we present the meaning of the underlined lines in
its pseudocode. Assume that we have a truth table with n number of columns, and we have found that
row with index i can be ignored, because ϕ is evaluated to false, or because the row is eliminated,
because it would contradict certain inference rules. In this case, the index i is stored in the collection
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IgnoredRows. Assume that in the next iteration of the main loop, we extend the truth table with
m number of new columns. In this new truth table, there will be 2m number of rows whose first n
columns contain exactly the same values as the ith row of the previous truth table. This is because,
theoretically, we always generate a complete truth table. The truth value of ϕ or ϕ0 cannot change
by extending the truth table with new columns, we introduce new columns only because we hope
that the algorithm can eliminate rows of this new table. Therefore, if the ith row was ignored in
the previous truth table, then 2m rows can be automatically ignored in the current truth table. To
handle this in an efficient way, before starting the analysis of the new table we need to adapt the
original collection of IgnoredRows to the new truth table (line 33), i.e. for each row index i in
IgnoredRows, we compute its equivalent row indices in the next truth table and add these 2m new
indices to IgnoredRows instead of i. In the concrete implementation, we do not store 2m new values
in IgnoredRows. Instead, IgnoredRows is a set of intervals, hence, to add 2m new values, we only
need to store the index i and the width 2m of the interval. (We can guarantee that these 2m rows will
be adjacent in the extended truth table.)
In any of the truth tables, each row can be easily analyzed, because each atom of the columns have
a concrete truth value and only the two formulae ϕ and ϕ0 need to be evaluated. Moreover, inference
rules need to be checked. Therefore, it is reasonable to express the complexity of the algorithm based
on how many rows should be analyzed. When we analyze the time complexity of the algorithm in a
formal way, we need to search for the worst case. However, in case of Algorithm 3, the time complexity
may vary over broad ranges. Assume that in the last truth table there are n number of columns. In
the worst case, this means that at most 2n rows need to be checked, where n is at least the number
of atoms in the initial implication, so this is exponential complexity. However, because of the efficient
handling of ignored rows that should not be analyzed again, our empirical results show that there are
huge intervals of indices that need not to be checked at all.
Proposition 5.43 (complexity of the algorithm CheckImplication). Let ϕ1 → ϕ2 be TPDL implication, and let N be the number of not isomorphic relation pattern conditions in N . Moreover, assume
that during the introduction of new atoms, M new columns are appended to the truth table. In worst
case, the analysis of the implication needs (2M +1 − 1) · 2N number of steps.
Proof. Let C1 , C2 , . . . Ck be the number of the columns in the sequence of the truth tables that are
analyzed during an execution of the algorithm. We know that C1 = N . We also know that in each
iteration of its main loop, the truth table is extended. Therefore, N = C1 < C2 < · · · < Ck = N +M . In a
truth table with Ci columns, at most 2Ci number of rows are analyzed. Therefore, during the algorithm,
the maximal number of rows that need to be analyzed are 2C1 + 2C2 + . . . 2Ck . Since C1 < C2 < · · · < Ck ,
2C1 + 2C2 + . . . 2Ck ≤ (2 · 2Ck − 1) − (2C1 − 1) = 2 · 2N +M − 2N .

As mentioned before, this implication analyzer algorithm is a naive algorithm and implementationspecific optimization techniques have been applied during its realization in VMTS. Moreover, it is
important to emphasize that our algorithms are executed offline, which means that its time complexity
is less important then that of the algorithms that are executed during each execution of a model
transformation.
Besides the time complexity of the algorithm, it is important to analyze its memory consumption.
Besides some variables that can be ignored (e.g. HasP roof Row, Atoms, etc.) because of their minimal
memory need, the variable IgnoredRows is used to contain the row indices that are ignored. If there
are N columns in the truth table, it contains at most 2N number of indices in theory. In practice,
the size of this collection can be easily handled by the system, because we use intervals to store
the indices. In Algorithm 3, there are underlined lines: these are the ones that handle the collection
IgnoredRows. Whenever the memory consumption of our algorithm may become too large, we can
continue the algorithm without adding new row indices to the collection, hence, its size will not
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increase any more. It can be seen that the memory need of the algorithm is very low in practice. If
we limit the number of row indices in IgnoredRows, the more rows need to be checked, i.e. the time
complexity of the algorithm increases.

5.4.3

Decidability of Implications

We have seen that the analysis problem of implications is undecidable in general. This means that without the limit function used in the algorithm IntroduceNewAtoms, the algorithm CheckImplication
may run forever. Proposition 5.44 states that CheckImplication is able to decide the decidable
subset of implications presented in Proposition 5.20 with the previously presented limit function. The
proof of Proposition 5.44 is presented in Appendix B.
Proposition 5.44. Assume that ϕ and ϕ0 are formulae over a metamodel interface consisting of
atomic relation pattern conditions that do not contain constraints at all and do not have negative
inner pattern conditions. In this case, CheckImplication(ϕ, ϕ0 ) decides the implication ϕ → ϕ0 , i.e.
if the implication is always satisfied, then the algorithm returns true, and if it is never satisfied by
occurrence, then the algorithm returns false.

5.5

Summary

In this chapter, we have introduced Transformation Property Description Language, a formal logicbased language to specify functional properties of model transformations. According to the goals
presented in the introduction, we have shown that this language is able to express an important set
of properties.
We have provided a detailed discussion on the implication analysis problem. We have shown
that, although, it is undecidable in general if an implication is always satisfied, there is a subset
of formulae for which the problem is decidable. We have assumed that this subset of the formulae
contains relation pattern conditions with only positive inner conditions and that these conditions
do not contain attribute constraints at all. This assumption is needed, because we cannot guarantee
that the external constraint logic can decide all relations of the analyzed constraint sets. However, an
important direction of our future work would be to define a subset of constraints that can be used in
the formulae such that satisfiability problem of the implications would still remain decidable.
We have provided a set of inference rules to perform reasoning about TPDL formulae. We have
proved the soundness of the calculus and analyzed its completeness.
Another important result of this chapter is the presentation of the algorithm CheckImplication
that is used to analyze implication and prove if they are always satisfied or never satisfied by occurrence. We showed that our algorithm is able to solve the algorithmically decidable subset of the
implication analysis problems.
We have analyzed the complexity of the algorithm, and we have shown that it is exponential in
worst case. However, we would like to make some important remarks about this complexity. Firstly,
our algorithm is used in offline verification. Secondly, this algorithm can be used during the semiautomated analysis of model transformations, i.e. when a user supervises the verification. It can be
easily seen that a domain expert may control this algorithm, for example, by selecting with which
atoms the truth table should be extended, and hence, this manual interaction may help to prove certain
implications. This two notes show that, however, the efficiency of the algorithm is very important, it
may not be a cardinal question.
Our algorithm is naive, it is intended to demonstrate the concept of reasoning in a non-canonical
propositional logic where the semantics of the atoms can be used to capture dependencies between
them. In mathematical logic, there are two main approaches for the analysis of the satisfiability of
formulae. The first is based on truth tables. The second covers the application of specific algorithms
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that make it possible to avoid the construction of the complete truth table. Our algorithm is based on
the first approach, however, an important future direction of our research is to improve this algorithm.
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6
Analyzing Properties on Model Transformation
We have provided the syntax and semantics of TPDL, a formal language that is able to express
properties to be verified of model transformations. The goal of this chapter is to analyze the very
definition of the transformations and prove or refute certain properties expressed by TPDL.

6.1

Formal Definition of Model Transformations

In this chapter, we introduce a formalism to completely define model transformations. This formalism
is well-integrated into the infrastructure presented in the previous chapters. Informally, each model
transformation consists of a set of individual rewriting rules and an additional control structure that
explicitly defines the execution order of the rewriting rules.
Rewriting rules are the operational primitives of model transformations. Since, the topic of this
thesis is the analysis of graph rewriting-based model transformations, we assume that the application
of a rule is based on algebraic graph rewriting and the DPO approach. This means that the modification of the structure of the model is specified by a graph rewriting rule, and the application of
the rule is described by a direct graph transformation. Informally, this means that a rewriting rule
has a left-hand side (LHS) graph, and a right-hand side (RHS) graph. During the application of the
rule, and instance of LHS is searched for in the input model, and this instance will be replaced by
the RHS. Certain elements of LHS should be preserved, this is specified by an additional (partial)
morphism from LHS to RHS. In the DPO approach, instead of this single partial morphism p : L 7→ R
(L is LHS, R is RHS), we use a triple (l, K, r) to define the mapping of the preserved elements. Here,
K is called a context graph and l : K → L and r : K → R are two (total) morphisms. The context
graph represents the elements that are preserved. The application of a rule along a match m of L in
the input model M is defined by the following double pushout diagram (Equation 6.1) where (1) and
(2) are pushouts.
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A rule can be applied on a model M if a match can be found that satisfies the constraints defined
in LHS. Assume that the match selects a node of the input graph and according to the rule, this
node should be deleted. We also assume that this node have at least one connecting edge that is
not matched. After deleting the node, this edge would become a dangling edge that would result in
an invalid graph. To avoid this situation, we have two possibilities. The first one is to automatically
delete these dangling edges, the second one is to forbid the application of the rule on such matches.
We apply the second approach, because the first one would mean that we delete elements of the input
model that are not matched, and we would like to avoid this situation. In the DPO approach, a rule
can be applied only if the previous double pushout construction exists, which ensures that no dangling
edge can be created.
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Additionally, each rewriting rule can modify the attributes of the input model as well with imperative code. The language of this code may vary in different model transformation systems: general
purpose languages (e.g. C#, Java, Python) or special purpose languages (e.g. imperative OCL) are
used. Besides the imperative code, in typical model transformation frameworks, rewriting rules contain constraint code as well. This (usually textual) part of the rule specifies additional constraints
that the input model needs to satisfy, otherwise the rule cannot be applied.
The control mechanism of a model transformation specifies the execution order of the rewriting
rules. In the literature, one can find many different approaches from non-deterministic choice through
priority levels to explicit control flow graphs and the mixtures of these (see Chapter 3 for more details).
In this thesis, we assume that the control mechanism is specified by an explicit, directed graph whose
nodes are the rewriting rules. This approach can explicitly define the execution order of the rules, and
in practical solutions, we found this advantageous. The control flow graph has a distinguished start
node where the execution starts and several end nodes where the execution finishes. The execution
follows the directed edges of the graph whose nodes (except the start node and end nodes) represent
the applications of the individual rewriting rules. This simple concept will be extended with some
features such as the repeated application of the rules and branches based on the applicability of
the rules. The provided language is powerful enough to describe complex model processing scenarios
as well. We also used this method during the implementation of our model transformation system
in VMTS and the control flow graph of the case study presented in Figure 2.6 also meets to these
requirements.
In the rest of this chapter, we assume that the model transformations perform in-place processing,
i.e. the output model is reached by modifying the input model. However, this is not a restriction
on the model transformations, because we can always compose the union of all the models under
transformation, and similarly, we can compose the union of the metamodels of the different models.
Therefore, we can say that the transformation performs an in-place processing on an instance of the
composed metamodel.

6.1.1

Formalizing Rewriting Rules

In the following, we present how rewriting rules can be formalized based on our mathematical infrastructure. It is important to guarantee that the formal description of a rule conforms to the original
rule. In other words, if we prove a property in our formalism, it should be true for the original rule
as well. In the following, we introduce some requirements that the definition of the original rewriting
rules should meet in order to be able to translate them into our formalism.
(i) The constraint code should have a local nature, i.e. the constraints must be able to be evaluated
on the matched part of LHS and it can only depend on the attribute values of the elements of
the matched part. For example, a constraint like the number of nodes of type N is at most 5
cannot be defined, because we may need to examine other parts of the input model (not only
the match of LHS) to decide if it is true. More formally, we also assume that the constraints can
be translated into a set of abstract attribute constraints.
(ii) We also require that the evaluation of the constraints cannot have side effects, i.e. it cannot
modify the input model. This is natural requirement.
(iii) The imperative code must be able to modify only the attributes of the elements that are present
in RHS, i.e. the preserved elements and the newly created ones. This requirement is important,
because in certain model transformation tools, the imperative code is able to perform many
modifications using the API provided for the models. However, in this case, the program is
rather a model processing program written in the current language rather than a strict graph
rewriting-based model transformation.
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Definition 6.1 (rewriting rule interface). A rewriting rule interface of a metamodel interface M
is specified by the tuple (L, l, K, r, R, C) where L, R are patterns of M, K is a graph of M, l : K → L
and r : K → R are strongly typed pattern morphisms and C is a set of constraints defined over
G(L) ∪ G(R). Given a rewriting rule interface, the relation pattern (L, R, (r ◦ l−1 ), C) is called the
extracted relation pattern of the rewriting rule interface.
2
Remark 6.2. Let (L, l, K, r, R, C) be a rewriting rule interface. Since l and r are strongly typed, there
exists a partial, strongly typed pattern morphism r ◦ l−1 . If r ◦ l−1 is given, then K, l and r can
be unambiguously derived, because K is a graph that does not contain constraints. Therefore, the
previous definition is equivalent to (L, R, r ◦ l−1 , C) that is a relation pattern. This notation is similar
to the one used in the SPO approach.
As it can be seen, a rewriting rule interface describes a declarative interface of a rewriting rule. L is
the LHS along with the constraints defined on it. The graph of R is the RHS of the rule. Additionally,
we may be able to derive some constraints that will be true after the application of the rule. These
constraints may concern only the elements of RHS, or the relation between LHS and RHS. Therefore,
R may contain constraints and there is a set of common constraints C as well. A rewriting rule
interface is truly an interface of a rewriting rule because it contains the graph rewriting description
of the original rewriting rule, and contains constraints that are true for the input and the output
models.
We have presented several requirements related to the implementation of the rewriting rules. These
requirements guarantees that the rewriting rules can be translated into rewriting rule interfaces. The
translation consists of the following steps:
1. By the graph production of the rewriting rule, we can produce the graphs of L, K, R and the
pattern morphisms l, r.
2. The constraints of the rewriting rule are translated to the set of constraints of L.
3. By analyzing the imperative code, we may derive abstract attribute constraints of R and C. The
more constraints can be derived, the more information is stored in the rewriting rule interface.
The analysis of the imperative code may be very difficult, but these constraints can be provided
manually as well.
Remark 6.3. It is important that all constraints in the LHS of the original rule should be translated
to abstract attribute constraints. If it were not so, the result of the analysis might be incorrect. For
example, assume that during the analysis of an interface, we prove that a rule can be applied. It
may not be true for the original rule, because there could be additional constraints. However, it is
not a problem, if not all constraints for RHS can be derived. It only results that we cannot use this
information during the analysis, therefore, our system may not be able to prove some properties; but
the proved properties will be true for the original rewriting rule as well.
Example 6.4. Figure 6.1 presents the rewriting rule interface RuleI1 of rule Rule1 of the model
transformation DB2NF using the formalism presented above. Recall that the original rewriting rule
is presented in Figure 2.7. The constraints of LHS can be derived from the constraints of the original
rule. By processing the imperative code, we may be able to derive constraints for RHS and common
constraints between LHS and RHS as well. For example, the constraint [key.IsForeignKey == false]
of RHS can be derived, because there is a line key.IsForeignKey = false in the imperative code,
and it can be seen that there is no other part of the imperative code that would modify the
value of this attribute. It is also important that if we can prove that an attribute of a preserved
LHS element is not modified by the imperative code, then we can derive common constraints like
[RHS.determinant.CName == LHS.determinant.CName], but, to save space, we do not enumerate all of
these constraints in the figure. Note that in the code, the prefixes LHS and RHS are used to select an
element of the appropriate graph in the common constraints, because the names of the elements are
not unique in the whole rewriting rule interface. In a very similar way, we can also derive the rewriting
80

6.1. Formal Definition of Model Transformations

rule interface RuleI2 (Figure 6.2) of rule Rule2 (presented in Figure 2.8) of the model transformation
DB2NF.
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Figure 6.1: Rewriting rule interface RuleI1 of rule Rule1 of model transformation DB2NF
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Figure 6.2: Rewriting rule interface RuleI2 of rule Rule2 of model transformation DB2NF

A rewriting rule interface specifies the pattern that is present before and the pattern that is
present after the application of the rule. However, this is only a declarative interface, so a rewriting
rule interface cannot be applied on the model. A rewriting rule interface does specify how the structure
of the model is rewritten, but does not specify how the attributes should be modified. It only provides
constraints that are known to be true for the input model and constraints that are known to be true
for the output model. However, rewriting rule interfaces can be used to describe the interface of the
application of the original rule.
Definition 6.5 (direct model transformation interface). Let M, D, M 0 be three models of the metamodel interface M and let (L, l, K, r, R, C) be a rewriting rule interface. The diagram in Equation 6.2 is
a direct model transformation interface over M if (m ∪ m0 ) is a valid relation pattern morphism
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(i.e. the mapped constraints are satisfied) and (1)(2) are pushouts.
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An important property of the previous definition is that it is completely symmetric, i.e. the
interface also represents a rewriting rule that is applied in the reverse direction.
Let (L, l, K, r, R, C) be a rewriting rule interface of a rewriting rule and L0 be a pattern, moreover
let m : L → L0 be a pattern morphism. Assume that we know that an instance of L0 is present in a
model and a part of this instance will be transformed by the original rewriting rule. In this case, given
the interface of the rule and the pattern L0 , we may derive a new pattern R0 that will be present after
the application of the original rule. This computation is called the application of the rewriting rule
interface on the pattern L0 . Note that it is only a name, a rewriting rule interface cannot be applied
on a model as discussed above. This name suggests how the new interface is computed in this case.
Definition 6.6 (application of a rule interface on a pattern). Let ruleI = (L, l, K, r, R, C) be rewriting
rule interface and L0 be a a pattern, moreover, let m : L → L0 be a pattern morphism. The application
of ruleI on L0 along the match m is defined as follows:
1. By ruleI and m, we compose the graphs of K 0 , R0 and the morphisms l0 , r0 according to the
following DPO diagram.
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2. We update the constraints of L0 such that the constraint set m(C(L)) is added to its original
constraints.
3. Let the constraints of R0 be constructed as follows: C(R0 ) = m0 (C(R0 )).
4. Let C 0 be a set of constraints defined over G(L) ∪ G(R0 ) such that C 0 = (m ∪ m0 )(C).
The generated entities together compose a new rewriting rule interface: rule0I = (L0 , l0 , K 0 , r0 , R0 , C 0 ).
2
Before moving on to the presentation of the control flow graphs, we introduce an important
property that will be referenced later in this chapter. The proofs of Lemma 6.7 and Proposition 6.8
is presented in Appendix B.
Lemma 6.7. Let L, K, L0 , K 0 , M, D be instance graphs of a metamodel interface M, and let l : K →
L, k : K → K 0 , s : L → L0 , l0 : K 0 → L0 , s00 : L → M, k 00 : K → D, l00 : D → M be pattern morphisms such that
(L, K, L0 , K 0 ) and (L, K, M, D) are pushouts, s00 = s0 ◦ s, and l, l0 , l00 are strongly typed. The presented
entities are depicted in Equation 6.4. In this case, there exists a pattern morphism k 0 : K 0 → D such
that k 0 ◦ k = k 00 , and (L, K 0 , M, D) is a pushout.
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Proposition 6.8. Let rule = (L, l, K, r, R, C) be a rewriting rule interface of a rule, L0 be a pattern
and s : L → L0 be a pattern morphism, let rule0 = (L0 , l0 , K 0 , r0 , R0 , C 0 ) be a rewriting rule that is
produced by applying r on L along s as presented in Definition 6.6. Let M be an arbitrary input model
and s0 : L0 → M be a valid morphism and let s00 = s0 ◦ s. Assume that a direct graph transformation
interface of the application of the original rule along s00 is presented in Equation 6.5, i.e. (L, K, M, D)
and (K, R, D, M 0 ) are pushouts with morphisms s00 : L → M, k 00 : K → D, and t00 : R → M 0 . In this case
there exist valid pattern morphisms k 0 : K 0 → D, t0 : R0 → M 0 such that k 00 = k 0 ◦ k, t00 = t0 ◦ t and (3)(4)
is a valid direct transformation interface.
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Formalizing the Control Mechanism

As mentioned in the introduction of this chapter, besides the individual rewriting rules, each transformation has a control structure that is described by a directed graph. An execution of a transformation
is the application of the rules according to this control flow graph on an input model. The nodes of
the control flow graph represent the application of rules, and the execution follows its directed edges
called links. A rule can be applied once or repeatedly until it is not possible to apply it any more,
this is called exhaustive application. If a rule has been applied successfully at least once, we call
its application successful. Each link has an action value that can be one of the following: success,
failure, or always. These values are used to define branching in the control flow graph based on the
applicability of the rules. A rule node may have exactly one outgoing link with an action always, or
has exactly two outgoing links with actions success and failure, respectively. In the first case, the
execution follows the single outgoing link. In the second case, the link with action success is followed
if the application of the rule was successful, otherwise the edge with action failure is followed. An
important feature of the rewriting rule-based processing is that, by definition, the model cannot be
modified if a rule cannot be applied. This means that checking the requirements of the application of
a rule cannot have side-effects. Besides the rule container nodes presented above, each transformation
has one start node and several end nodes. The start node is the entry point of the execution (therefore,
this node does not have incoming edges), and the end nodes are the ending points of the execution
(therefore, these nodes do not have outgoing edges). The components of a control flow graph are
illustrated in Figure 6.3.
Definition 6.9 (control graph). A control graph CF of a model transformation is defined by the
tuple (start, RC, EN, L, src, trg, exh, ruleOf, R, action), where:
(i) R is the set of the rewriting rule interfaces that are used in the model transformation.
(ii) The nodes of the directed control flow graph are the elements of the following disjoint sets:
{start}, RC, EN . start is the single start node of the transformation, the elements of EN are
the end nodes of the transformation, and RC contain the nodes that represent the applications
of the rewriting rules. The members of RC are called rule container nodes.
(iii) ruleOf : RC → R is a function that assigns the rule interface to be applied to each rule container
node.
(iv) The directed edges of the control flow graph are called links, these are stored in L.
(v) To define the source and target nodes of the links, we need a source and a target function
(src : L → {start} ∪ RC, trg : L → RC ∪ EN ).
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Figure 6.3: Components of control flow graphs

(vi) action : L → {success, failure, always} is a function that assigns the action value to each link.
(vii) exh : RC → {true, false} is a logical function defined over the set of rule nodes that decides if
a rule is applied once or repeatedly (exhaustively) until it cannot be applied any more.
Let rc ∈ RC be a rule container node of a control flow graph, and n ∈ {start} ∪ RC ∪ EN be an
arbitrary node. The incoming links of n are denoted by in(n), similarly, the set of outgoing links
is out(n), i.e. in(n) = {link ∈ L : trg(link) = n}, out(n) = {link ∈ L : src(link) = n}. If we want to
select the outgoing link that is followed when the rule is successfully or unsuccessfully applied, we use
succ(rc) and f ail(rc)m respectively. A control graph is called regular if the following conditions hold:
(i) it has at least one end node, (ii) all nodes can be reached from the start node through directed
links, (iii) the start node has exactly one outgoing link with the action value always, and (iv) each
rule container node has either one outgoing link with action always, or has exactly two outgoing links
with action values success and failure, respectively.
2
Remark 6.10. Note that we separate the set of rewriting rule interfaces (R) and the set of rule nodes
(RC), because it is possible to use the same rewriting rule multiple times at different points of the
transformation.
Although, one can specify model transformations whose control flow graphs are not regular, these
constructs do not have practical relevance, therefore, in the rest of this thesis, we assume that all
control flow graphs are regular.
Example 6.11. The control flow graph of the model transformation DB2NF is very simple. Let
RuleI1 and RuleI2 be the rewriting rule interfaces of the rules of the model transformation as presented in Example 6.4. The complete description of the control flow graph CF2N F of the transformation is provided in Equation A.2 of Appendix A.

6.1.3

Overview of the Analysis of Model Transformations

Based on the formalism of rewriting rule interfaces and control flow graphs, we provide the high-level
overview of our analysis method. The goal of the analysis of a model transformation is to produce
a TPDL formula that is proved to be true for any possible pair of input-output models. This is
called the final formula and is denoted by ϕf inal . The verification of a property expressed by a TPDL
formula ϕver means proving that ϕver is a logical consequence of ϕf inal . If it can be proved that the
implication ϕf inal → ϕver is never satisfiable by occurrence, then we proved that there is no such
output model for which ϕver would be true. The third case is that by analyzing the implication,
we cannot prove that it is always satisfied, or never satisfied by occurrence. In this case, our method
cannot say anything useful about the property to be verified. In the previous chapter, we have already
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presented a framework for the analysis of such implications. The main contribution of this chapter is
the presentation of a method that can produce the final formula.
During the analysis, our goal is to assign a formula to each link of the control flow graph such
that when the execution reaches a link, the assigned formula must be true for the model under
transformation. This process is called the discovery of the formulae. What does it mean exactly that
a TPDL formula is true at a certain point of the execution? In general, a formula states a property
on a relation model, not only on a single model. (Note that there are formulae that can actually be
evaluated on a single model – e.g. sourceless relation pattern conditions – but it is not true for all
types of formulae.) Therefore, it is important to identify the source-target model pair at a current
point of the execution. Let M0 be an input model of a transformation. The schema of the execution
of a transformation is presented in Figure 6.4. This shows that M0 is transformed to M1 by applying
Rule1 , it is transformed to M2 by applying Rule2 , etc. The output model is Mn that is reached
after n number of steps. Let µn be the relation model that is composed by M0 and Mn . Its partial
morphism can be computed, because its domain is the elements of the source model that has not
been deleted. Assume that Mk is the current model right before the application of rule Rulek . µk is
the current relation model that is composed by M0 and Mk . Similarly, after the application of the
rule, we have µk+1 that is composed by M0 and Mk+1 . We have now defined the current relation
model at a certain point of the transformations. This means that if a formula ϕj is assigned to a link
linkj , then for any possible execution the current relation model must satisfy ϕj at this point. The
interface of a rewriting rule application is presented in Equation 6.6: µk = (M0 , Mk , sk ) is transformed
to µk+1 = (M0 , Mk+1 , sk+1 ) where (1)(2) is a direct graph transformation interface. Following the
previous line of thoughts, in the rest of this work, we will use the terminology that a rewriting rule
interface is applied on a relation model. Actually, it means that the rule is applied on the target of
model of the relation model, and therefore this application also modifies the current relation model.
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Figure 6.4: Tracing source-target relation models
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We have mentioned that during the analysis, our goal is to assign a formula to each link of the
control flow graph such that when the execution reaches a link, the assigned formula must be true for
the model under transformation. This process is called the discovery of the formulae.
Definition 6.12 (assignment). The state of assignment (or shortly assignment) of a control flow
graph is a function A : Links → F where Links is the set of links in the control flow graph, and F
denotes the set of formulae over the current metamodel interface.
2
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The initial assignment of a control flow is a function that assigns the logical constant true to all
of the links. We assume that when the analysis starts, this assignment is the current state.
The procedure of the discovery is iterative. Each iteration starts from a current assignment A, and
we extend this to a new state of assignments A0 until the previous one cannot be extended anymore
(A = A0 ). In each iteration, we traverse the control flow graph and analyze the rules independently.
In the left-hand-side of Figure 6.5, a rule container node of a control graph is presented with two
outgoing links. Let the rule container have n number of incoming edges with the assigned expressions
ϕ1 , ϕ2 , . . . ϕn . In this case, we know that ϕ1 ∨ϕ2 ∨. . . ϕn = ϕin is always true right before the application
of the rule. ϕin is called the input formula (defined formally in Definition 6.13). Based on this formula
and the definition of the rule interface we can derive formulae ψ1 and ψ2 . The first one is a formula
that is true if the rule application succeeds, the second one is formula that is true when the rule
application fails. Therefore, if we have exactly one outgoing link from the rule container node with
an action value always, the expression that we know to be true after the rule is ψ = ψ1 ∨ ψ1 (right
side of Figure 6.5). The derived formulae ψ1 , ψ2 and ψ are called the output formulae.
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Figure 6.5: Propagation of formulae through rewriting rules

Definition 6.13 (input formula). Given a rule container node rule of a control flow graph CF
and an assignment A over CF , the input formula ϕin of rule is computed as follows: ϕin =
∨(∀link∈in(rule)) A(link). (Recall that in(rule) denotes the incoming links of the rule container node
rule.)
2

6.2

Analysis of Rewriting Rule Interfaces

This section presents a method for the analysis of rewriting rule interfaces. Given a control flow graph
with a current state of assignments A, the goal of the analysis of one of its rule container nodes is
to derive formulae and assign them to the outgoing links of the node such that these formulae are
proved to be true when the execution follows the links they are assigned to. This leads to a new state
of assignments A0 . What are the parameters that can help the analysis?
• The current input formula (denoted by ϕin ) of the current rule. It may help the analysis if we
know that the input of the rule must satisfy this formula.
• The action we want to analyze (either success, or failure), i.e. if we want to derive a formula
that is true after the successful application of the rule or after the unsuccessful application of
the rule (denoted by action). For example, when a rule cannot be applied, then the input model
is not modified by definition.
• The current output formula. Assume that the action to be analyzed is success. Let ϕaction
be the formula that is currently assigned to the outgoing link of the rule that is followed on
success. This is called the current output formula. For example, assume that there is a possible
input model such that after the application of the rule, the output model does not satisfy the
current output formula. In this case, this input would not be possible. Therefore, it can be seen,
that this parameter can also help decrease the set of possible cases to be analyzed. The current
86

6.2. Analysis of Rewriting Rule Interfaces

output formula is defined as follows: the formula assigned to the outgoing link that is followed
when the action to be analyzed happens. This formula is denoted by ϕaction .
• The exhaustiveness of the rule, i.e. if the rewriting rule interface is applied exhaustively or not.
Now, we can see how the analysis of a rule is performed. Given a rule container node rule of a model
transformation’s control flow graph, let A denotes the current assignment of the control flow. Let ϕin
denote its current input formula, action denote the action to be analyzed, ϕaction denote the formula
that is currently assigned to the outgoing link with action, E denote the exhaustiveness of rule. Given
this configuration (rule, ϕin , action, ϕaction , E) of the previous parameters, our methods derive a new
formula that will be true after the application of the rule according to the situation described by the
configuration.
Definition 6.14 (rule analysis configuration). A rule analysis configuration is given by the tuple
(rule, ϕin , action, ϕaction , E) where rule is a rewriting rule interface, action is success or failure (the
action that is to be analyzed), ϕin , ϕaction are TPDL formulae (that denote the current input formula
and the current output formula followed on action), and E is true or false (the exhaustiveness of
the rule). Assume that given a configuration, ϕout is proved to be true when rule is applied according
to the previous configuration. This correspondence is denoted by {ϕin }(rule, E, action, ϕaction ){ϕout }.
This expression is called a valid derivation of a new output formula.
2
Remark 6.15. The notation presented in Definition 6.14 is similar to the style of Hoaretriples [Ben-Ari, 1993, Floyd, 1967]. In this case ϕin can be considered the precondition, while ϕout is
the postcondition.
We move on to the algorithmic description of the analysis method described above. In this section,
we will present propositions. Each of these propositions defines a sufficient condition and prove that if
the current configuration of the parameters defined above satisfies this conditions, then some TPDL
properties can be derived for the current outgoing link, i.e. the current assignment can be extended
by this formula. Some important points of this method are as follows:
• If the satisfaction of a sufficient condition of a proposition cannot be proved, we cannot derive
new TPDL properties with this proposition.
• It may happen that none of the propositions can be applied, in this case, nothing can be derived
for the outgoing link.
• It may happen that multiple propositions can be applied. In this case, the results of all of the
successfully applied propositions will be true.
• It can be seen that a proposition can be used only if the current configuration satisfies the
sufficient condition of the proposition. Actually, a proposition can be applied if the current
condition is proved to satisfy this condition. It is an important distinction, because, for example,
during the analysis of abstract attribute constraints, we have seen that C1 ⇒ C2 may be true
theoretically, but it may happen that we cannot prove it, because IsDerivable(C1 , C2 ) returns
unknown. Therefore, we will discuss the algorithmic realization of the analysis of the conditions
of the presented propositions.
We present an algorithm AnalyzeRuleNode that performs the application of the propositions. The
propositions are organized into three categories, because they are used by three different algorithms:
(i) Derivation of success formula (performed by the algorithm DeriveSuccessFormula): this
method tries to provide a formula that is proved to be true after the successful application
of the rule. For example, it can be proved that if a rule is applied successfully, then its RHS will
be present in the output model.
(ii) Derivation of failure formulae (performed by the algorithm DeriveFailureFormula): this tries
to provide a formula that is proved to be true when the rule cannot be applied. For example, it
may prove that the LHS of the rule is not present in the model if the rule cannot be applied.
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(iii) Propagation (performed by the algorithm Propagation): the goal of propagation is the same as
the derivation of success formulae: to provide expressions that are proved to be true after the
successful application of a rule. However, to do this efficiently, it focuses on the propagation of
concrete elements of ϕin , i.e. this method decompose the input formula into pieces of expressions,
and tries to prove if any of these expressions will be true after the successful application of the
rule.
In the rest of this section, we present some preliminary propositions that will be referenced later, then
we move on to the description of the three algorithms that are responsible for the application of the
three different types of propositions. The propositions themselves will also be presented. Finally, we
will introduce the algorithm AnalyzeRuleNode that performs the complete analysis of a rule container
node by calling the previous three algorithms.

6.2.1

Applicability of Rewriting Rule Interfaces

During the analysis of a rule it is also important to decide if it can be proved that the rule can be
applied. Recall that it is not enough to show that the LHS is present in the input model, because we
also have the requirement not to produce dangling edges during the application.
Definition 6.16 (dangling edge safe rewriting rule interface). A rewriting rule interface ruleI =
(L, l, K, r, R, C) is dangling edge safe if the rule does not delete nodes. Given a TPDL formula ϕ
that is supposed to be true before the application of ruleI , we say that ruleI is dangling edge safe
with respect to ϕ if the following holds: take a node n ∈ N (L) such that n is deleted by ruleI . Let
t be a type of edge that can connect to n. Extend L by an edge of type t that connects to n according
to the metamodel interface. A new node (the other end of the edge) may be needed to be added to L.
Let the resulting pattern be L0 . For each such node n, each edge type t and each possible extension
L0 , we require that ϕ → @L0 . If it is true, then the rewriting rule interface is dangling edge safe with
respect to ϕ.
2
Dangling edge safe rewriting rule interfaces are important. It is enough to prove that an LHS of a
dangling edge safe rewriting rule interface is present in a model to prove that the rule can be applied
successfully.
Proposition 6.17 (sufficient condition for the applicability of rewriting rule interfaces). Let ruleI =
(L, l, K, r, R, C) be a rewriting rule interface of a rule, and let ϕin be its input formula, i.e. ϕin is
supposed to be satisfied by all inputs. If ϕin → ∃L and the rewriting rule interface is dangling edge
safe with respect to ϕin , then the rule can be applied on any possible relation model µ that satisfies
ϕin , i.e. there exists a direct transformation interface for any input.
Proof. Because of the satisfaction of ∃L, for each input, there exists a valid match from the LHS
of the rule. Moreover, the definition of dangling edge safe rule interfaces guarantees that the rule
can be applied along this match, i.e. the DPO construction exists. In this case, by definition, the
rewriting rule can be applied, i.e. there exists the direct transformation interface of the rewriting rule
interface.

Proposition 6.18 (sufficient conditions for the non-applicability of a rewriting rule interface). Let
ruleI = (L, l, K, r, R, C) be a rewriting rule interface and ϕin be a formula that is supposed to be
satisfied by all relation models before the application of ruleI . If ϕin → @L0 , then the rule cannot be
applied on any possible relation model µ that satisfies ϕin .
Proof. It follows from the definition of rewriting rules that if the LHS cannot be matched, then the
rule cannot be applied.
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To algorithmically prove that a rewriting rule interface is dangling edge safe with respect to a
formula, we need to extend its LHS (L) in all possible ways (L0 ) as presented in Definition 6.16, and
check if CheckImplication(ϕ, @L0 ) = true. If it is so for each L0 , then we can prove that the rule
is dangling edge safe with respect to ϕ, otherwise it may be so, but we cannot prove it. Similarly,
according to Proposition 6.17 and Proposition 6.18 we may prove algorithmically that a rule is always
applicable, or never applicable, but it depends on whether we can prove by CheckImplication that
the implications are always satisfied.

6.2.2

Deriving Success Formulae

In the following, we present the propositions that are employed by the algorithm
DeriveSuccessFormulae. Again, the goal of these propositions is to provide properties that are
proved to be true after the successful application of a rule. We assume that a rule analysis configuration Conf is given, and we try to apply these propositions on this configuration. According
to Definition 6.14, in the following, we assume that that components of the configuration are as
follows: (i) rule = (L, l, K, r, R, C) is the rewriting rule interface that is analyzed, (ii) E is its exhaustiveness, (iii) ϕin is the current input formula, (iv) ϕaction is the current output formula. As mentioned
before, the action that is analyzed by this algorithm is always success. The current output formula
is the formula that is assigned to the outgoing link that is followed on success.
Informally, the first proposition states that if a rule was applied successfully, then its RHS must be
present in the output model. In other words, it provides a sufficient condition to derive ∃RHS.
Proposition 6.19. Given a rule analysis configuration Conf = (rule, ϕin , action, ϕaction , E) where
rule = (L, l, K, r, R, C), and action = success, the following is a valid derivation:
{ϕin }(rule, E, action, ϕaction ){∃R} .
Proof. It follows from the definition of direct transformation interface that a valid match of R can be
found in the output model.

Informally, the next proposition states that if a rule was applied exhaustively and the rule is
dangling edge safe, then, after the application of the rule, its LHS cannot be present in the input
model. This can be shown, because, if the rule is dangling edge safe and its LHS is present, then it can
be applied along this instance, but in this case, the exhaustive application could not have terminated.
Proposition 6.20. Given a rule analysis configuration Conf = (rule, ϕin , action, ϕaction , E) where
rule = (L, l, K, r, R, C), if action = success, E = true and rule is dangling edge safe with respect to
ϕin , then the following is a valid derivation:
{ϕin }(rule, E, action, ϕaction ){@L} .
Proof. According to the sufficient condition in Proposition 6.17, if a valid match of the LHS of a
dangling edge safe rule can be found in the input model, the rule can be applied. Since an exhaustive
application of a rule finishes when the rule cannot be applied anymore, it results that that the LHS
of the rule is not present in the model.

Note that we do not present the algorithm DeriveSuccessFormulae in more details, because it
simply returns all of the output formulae that have been proved by the successful application of the
previous two propositions.
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6.2.3

Deriving Failure Formulae

In the following, we present a proposition that is employed by the algorithm DeriveFailureFormulae.
We assume that a rule analysis configuration Conf is given as in the case of DeriveSuccessFormulae.
Note that the following proposition is for the analysis of action failure. This proposition states that
if a rule is dangling edge safe and it cannot be applied then its LHS cannot be present in the input
model. Since the input model is not modified during the unsuccessful application, we can derive that
@LHS will be true for the output model.
Proposition 6.21. Given a rule analysis configuration Conf = (rule, ϕin , action, ϕaction , E) where
rule = (L, l, K, r, R, C), action = failure, and rule is dangling edge safe with respect to ϕin , then the
following is a valid derivation:
{ϕin }(rule, E, action, ϕaction ){@L} .
Proof. It follows from the applicability of a dangling edge safe rewriting rule that its LHS is not
present in the model when the rule cannot be applied.

Similarly to DeriveSuccessFormulae, we do not detail DeriveFailureFormulae either. Note that
these two algorithms can be easily extended by the checking of new sufficient conditions. Therefore,
the capabilities of our methods can be improved by defining more derivation rules.

6.2.4

Propagation

The goal of propagation is the same as that of deriving success formulae, however, the propositions
used during the propagation are slightly different. Instead of analyzing a rule in general and try to
derive formulae that will be true after the application of the rule, we concentrate on the input formula,
and analyze if it can be propagated, i.e. if the input formula will be true after the application of the
rule. More precisely, we try to propagate the input formula component-by-component, because it is
easier than proving that a complex formula can be propagated. In other words, we use the components
of the input formula as hints that suggest what should be tried to be proved.
To illustrate this difference, we present a small example. Assume that a rule interface rule =
(L, l, K, r, R, C) and an input formula ϕin = ∃P1 ∧ ∃P2 ∨ ∃P3 are given and we want to derive the formulae that are true after the successful application of the rule. According to the previous propositions,
we know that, for example, ∃R will be true. However, it is reasonable to analyze the input formula
itself and decide which parts of this formula will be true after the rule. For example, we can focus on
∃P1 and check if it can be propagated, i.e. if it can be proved to be true after the application of the
rule. We can do the same with ∃P2 and ∃P3 . Assume that we can prove that if ∃P1 is true before the
rule, then ∃P1 will be true after the rule as well. Moreover, assume that we can prove that if ∃P3 is
true before the rule, then some ∃P30 will be true after the rule. However, we assume that ∃P2 cannot
be propagated, i.e. we know nothing about the transformed model when ∃P2 is satisfied by the input.
The input formulae was ∃P1 ∧ ∃P2 ∨ ∃P3 . If ∃P1 ∧ ∃P2 is true before the rule, then so is ∃P1 , therefore,
according to our assumption, ∃P1 will be true after the rule. However, it may happen that ∃P1 ∧ ∃P2
is not true before the rule, but in this case ∃P3 must be true. We know that in this case ∃P30 will be
true after the application of the rule. Therefore, we have shown that either ∃P1 or ∃P30 will be true
after the application of the rule. It can be seen that after the application of the rule ∃P1 ∨ ∃P30 will
be true, because the input satisfies the input formula ∃P1 ∧ ∃P2 ∨ ∃P3 . As it can be seen, propagation
focuses on the analysis of some components of the input formulae, therefore, the propositions that will
be presented in this section will be specialized to the analysis of certain types of formulae. Not only
atoms can be tried to be propagated, but more complex parts of the input formula (e.g. ∃P1 ∧ ∃P2 )
as well.
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When a concrete component of the input formula is to be propagated, the algorithm checks each
proposition. If there is one where the formula to be propagated can be substituted by the concrete
component of the input formula, then we check if the current configuration satisfies the condition
defined by the proposition. If so, the proposition specifies the formula that will be true after the rule.
This will be the propagated formula. We show an informal example for such a proposition in order
to illustrate how these propositions are applied. Let a sufficient condition for propagation is defined
as follows: assume that ∃Q is true before the application of a rule and the rule does not modify any
instances of the pattern Q. In this case, ∃Q will be true after the rule as well.
Sufficient Conditions for Propagation
In the following propositions, Conf will be the current configuration and ϕprop will be the formula to
be propagated. We explicitly define the formula to be propagated for each proposition and, also the
sufficient conditions that the current configuration should satisfy. We require that the action that is
analyzed should be success.
Proposition 6.22 presents a sufficient condition for the propagation of formulae of the form ∃P where
P is a pattern. Intuitively, this proposition claims that if P is present in a model on which the rule
can be applied, then at least one jointly surjective composition of LHS and P is present. If, after the
application of the rule interface on each of these compositions, we can prove that P is present in the
output model, then ∃P is proved to be true for any output model. The proof of the proposition is
detailed in Appendix B.
Proposition 6.22. Let ϕprop be a TPDL formula to be propagated and let Conf =
(rule, ϕin , action, ϕaction , E) be the current configuration.
Requirements:
(i) The formula to be propagated ϕprop must be of the form ∃P where P is a pattern.
(ii) action = success.
(iii) Take each possible triple (L0 , m, n) where L0 is a pattern, m : L → L0 and n : P → L0 are pattern
morphisms, and (L0 , m, n) is a jointly surjective composition of P and L. Exclude the triples
where ⊗(C(L0 )) or ϕin → ¬∃L0 is always satisfied. (Recall that ⊗(C) denotes that the constraints
of the set C are conflicting.) Apply the rule interface on L0 (according to Definition 6.5) as
presented in the DPO diagram in Equation 6.7. Exclude the triples where ϕaction → @R0 . We
require that for each triple (L0 , n, m), the following implication be always satisfied: ∃R0 → ∃P .
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In this case, the following derivation is valid:
{ϕin ∧ ∃P }(rule, E, action, ϕaction ){∃P } .
The previous proposition has presented a sufficient condition. However, the algorithmic analysis of
the satisfaction of this sufficient condition is not trivial. Therefore, we present Algorithm 5 that is used
to perform the propagation based on the previous proposition. Note that to algorithmically analyze the
sufficient condition, we only need to replace ’⊗’ by ’IsInConflict’, ’⇒’ by ’IsDerivable’, and ’→’
by ’CheckImplication’. In other words, whenever the relations of abstraction attribute constraint
sets should be analyzed, we use the algorithms IsInConflict and IsDerivable. Moreover, when
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satisfiability of implications should be analyzed, we use CheckImplication. If these algorithms are
not able to prove the current statement, then the sufficient condition cannot be proved to be satisfied
algorithmically. In this case, we know nothing about the output of the rule, i.e. we only know that
the output satisfies the constant expression true. Note that in the algorithm, we have exploited the
fact that given two graphs, all of their possible jointly surjective composition can be enumerated.
As presented, the implementations of the application of the propositions above can be easily
provided, hence, for the rest of the theoretic propositions, we will not detail how they should be
realized.
Algorithm 5 PropagationRule1(ϕin , rule, ϕaction , ϕprop , out ϕout )
1: // ϕprop is the target formula that is tried to be propagated
2: // ϕout is an output parameter, this is the propagated formula
3: if ϕprop is of the form ∃P where P is a pattern then
4:
Compose each possible jointly surjective composition L0 of the patterns L and P where the jointly surjective
morphisms are denoted as n : P → L0 , m : L → L0 .
5:
for all (L0 , n, m) do
6:
if IsInConflict(C(L0 )) then
7:
continue
8:
if If CheckImplication(ϕin , @L0 ) = true then
9:
continue
10:
apply rule on L0 along the match m according to Definition 4.17 using the notations of the DPO diagram
of Proposition 6.22
11:
if CheckImplication(ϕout , @R0 ) = true then
12:
continue
13:
if CheckImplication(∃R0 , ∃L0 ) = true then
14:
continue // for the current application of the rule, ∃R0 is proved for the output model
15:
else
16:
ϕout ← true // the propagation rule cannot be applied
17:
return
18:
ϕout ← ∃P
19:
return // the propagation rule can be applied and the propagated formula is ∃P
20: else
21:
ϕout ← true // the propagation rule cannot be applied
22:
return

The next propagation rule is very similar to the previous one, but it tries to propagate @P and
we apply the previous reasoning in the opposite direction. We try to search for a contradiction by
showing that if P is present in the output model, then P would have been present in the input model
of the current rule. This would be a contradiction, because we would like to propagate @P , i.e. we
assume that @P is true before the application of the rule. The proof of the proposition is detailed
in Appendix B.
Proposition 6.23. Let ϕprop be a TPDL formula to be propagated, and let Conf =
(rule, ϕin , action, ϕaction , E) be the current configuration.
Requirements:
(i) ϕprop must be of the form @P where P is a pattern.
(ii) action = success.
(iii) Take each possible triple (R0 , m0 , n0 ) where R0 is a pattern, m0 : R → R0 and n0 : P → R0 are
pattern morphisms, and (R0 , m0 , n0 ) is a jointly surjective composition of P and R. Exclude the
triples where ⊗(C(R0 )) or ϕaction → @R0 is always satisfied. Apply the rule interface on R0 in the
reverse direction according to Definition 6.5 as presented in the DPO diagram in Equation 6.8.
Exclude the triples where ϕin → @L0 is always satisfied. We require that for each triple (R0 , n0 , m0 )
the following implication must be valid ∃L0 → ∃P ,
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In this case, the following derivation is valid:
{ϕin ∧ @P }(rule, E, action, ϕaction ){@P } .
Example 6.24. To show an example for the application of a propagation rule, we present a sample
pattern P of the metamodel interface MDB in Figure 6.6. This pattern shows two columns that
functionally depend on each other. This ’loop’ of functional dependency is semantically incorrect,
hence, forbidden in database schema models. Therefore, we require any input model to satisfy this
requirement: @P . So assume that @P is true before the first rule of the transformation DB2NF. Assume
that this rule is applied successfully and P is present in the output model. Each jointly surjective
composition of P and the RHS of the rule can be constructed. We can apply the rule interface in
the reverse direction on this constructed pattern. What we have constructed is all possible patterns
from which at least one had to be present in the input model before the application of the rule. If
all of them contain P , it would be a contradiction. Therefore, if for each possible jointly surjective
composition of RHS and P , we can show that P is present in the constructed pattern, then we can
show that P cannot be present in the output model. By applying the same method, we are able to
prove that @P will be true after the application of the second rule of DB2NF as well.
[FunctionalDependency]
c1[Column]

c2[Column]

[FunctionalDependency]

Figure 6.6: Sample (semantically incorrect) pattern of MDB
Informally, the next propagation rule states that if a rule with LHS L and RHS R is applied
repeatedly (exhaustively), then (if certain conditions are true) for all L of the current input model,
there will be an instance of R in the output model. Moreover, if we know that for each P in the
input model of the whole transformation, there is an instance of P 00 in the current model of the
rule such that there is a strong morphism L → P 00 , then for each P of the input model of the whole
transformation, there will be an instance of R in the output model of the rule.
Proposition 6.25. Let ϕprop be a TPDL formula to be propagated and let Conf =
(rule, ϕin , action, ϕaction , E) be the current configuration where rule = (L, l, K, r, R, C).
Requirements:
(i) We require ϕprop to be in the form ∀σ (where σ = (P, P 0 , p, Cσ )) such that there exists a strong
b
pattern morphism f : L → P 0 . (Recall that ∀σ is an alternate notation for ¬∃σ.)
(ii) action = success.
(iii) We require rule to be applied exhaustively (E = true).
(iv) We require rule to be dangling edge safe.
(v) Compute each possible triple (L0 , m, n) where L0 is a pattern, m : L → L0 and n : L → L0 are
pattern morphisms, and (L0 , m, n) is a jointly surjective composition of L and L. Exclude the
triples where n ≡ m, or ⊗(C(L0 )), or ϕin → @L0 is always satisfied. Apply the rule interface on
L0 according to Definition 6.5 as presented in the DPO diagram in Equation 6.9. Exclude the
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triples where ϕout → @R0 is always satisfied.
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Let q = r0 ◦ l0−1 ◦ n be a partial pattern morphism from L to R0 , let % be the extracted relation
pattern of the original rewriting rule interface (i.e. % = (L, R, r ◦ l−1 , C)), and let %0 be the extracted relation pattern of the generated rewriting rule interface, i.e. %0 = (L0 , R0 , r0 ◦ l0−1 , R0 , C 0 ).
(Recall that extracted relation patterns have been defined along with rewriting rule interfaces
in Definition 6.1.) For each triple (L0 , n, m) check if q is a total and strong morphism. If it is so,
the current triple is said to be a proof triple. If not, then let Γ = {α1 , α2 , . . . αk } be the set of
each possible relation pattern morphism from % to %0 where αi = (n ∪ n0i ) (1 ≤ i ≤ k), i.e. the first
component of each pattern morphism is n. If it is true that |Γ| > 0 and C(%0 ) ⇒ ∨∀αi ∈Γ (αi (C(%))),
then the current triple is a proof triple as well. (Recall that C(%) denotes the set of all constraints
in the relation pattern %.) We require all, not excluded triples to be proof triples.
Apply the rule interface rule along f according to Definition 6.5, hence, we obtain a new rule interface
according to the diagram in Equation 6.10.
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Let p0 = r00 ◦ l00−1 ◦ p and σ 0 = (P, P 00 , p0 , ∅). In this case, the following is a valid derivation rule
{ϕin ∧ ∀σ}(rule, E, success, ϕaction ){∀σ 0 } .
Decomposing Input Formulae
As mentioned before, during the propagation, we decompose the input formula into components, then
we try to propagate them separately. Finally, we compose the results of the individual propagations
symmetrically to the decomposition. The decomposition and composition is actually performed by
the function AnalyzeRuleNode, so it will be presented in the next section.
The algorithm Propagate only tries to apply the previous propositions similarly to the functions
DeriveSuccessFormulae and DeriveFailureFormulae, therefore it will not be presented in more
details. In the following, we discuss how the decomposition is performed.
Let ϕin be an input formula that is composed from the literals a1 , a2 , . . . an by means of operators
∧ and ∨, i.e. ϕin = fin (a1 , a2 , . . . an ). A literal is a positive or a negative atom, i.e. if b is an atom, then
b and ¬b are both literals. We assume that the composition function fin does not use negation, only
the operators ∧ and ∨. (This can be easily achieved, for example, if fin composes the literals into the
conjunctive normal form.) Given a literal ai , we try to propagate it using the function Propagate.
Assume that we try to propagate ai by the previous propagation rules, let a0i be the propagated
formula. (If none of the propositions can be applied, then a0i = true.) In this case, we know that
fin (a01 , a02 , . . . a0n ) will be the expression that is true after the application of the rule. The correctness
of this method is proved in Proposition 6.26.
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Proposition 6.26 (decomposition of complex formulae). Let ϕin , ϕaction , ϕ1 , ϕ2 , ϕ01 , ϕ02 be arbitrary
TPDL formulae, and let ruleI be a rewriting rule interface, the exhaustiveness of its application
is denoted by E. Let action be either success, or failure. Moreover, let the following derivations are valid: {ϕ1 }(ruleI , E, action, ϕout ){ϕ01 }, {ϕ2 }(ruleI , E, action, ϕout ){ϕ02 } In this case, the
following correspondences are also valid derivations: {ϕ1 ∧ ϕ2 }(ruleI , E, action, ϕout ){ϕ01 ∧ ϕ02 } and
{ϕ1 ∨ ϕ2 }(ruleI , E, action, ϕout ){ϕ01 ∨ ϕ02 }.
Proof. It directly follows from the definition of a valid derivation of the a new output formula.



As it can be seen, we try to propagate only the literals of ϕin . We do so, because the propositions
that have already been defined are capable of propagating only these types of expressions. The algorithm could be extended by the capability to propagate more complex formulae as well, but in its
current state, it focuses on only literals.

6.2.5

Algorithmic Processing of Rewriting Rule Interfaces

Algorithm 6 presents the steps to analyze a rule container node rc given the current state of assignments A. The return value of the algorithm is a new assignment A0 . The most important variables
used in the algorithm and their role is presented in Table 6.1.
Table 6.1: Variables Used in Algorithm AnalyzeRuleNode
variable
rc
A
A0
ϕin
ϕsuccess
ϕ0success
ϕf ailure
ϕ0f ailure
ϕalways

description
the rule container node to be analyzed – parameter of the algorithm
the current state of assignments – parameter of the algorithm
the new state of assignments – return value of the algorithm
the input formula of rc
the formula in the current state of assignments that is true when the rule is applied successfully
the newly computed formula that is true when the rule is applied successfully
the formula in the current state of assignments that is true when rc cannot be applied
the formula that will be true when the rule cannot be applied
in the current state of assignments, the formula that is assigned to the single outgoing link of rc.

The most important part of the algorithm is the computation of the derived formulae. In line 8,
we define function fin . We assume that a1 , a2 , . . . an are the literals of ϕin , which are composed into
an expression by a function fin , i.e. fin (a1 , a2 , . . . an ) = ϕin . According to the previous discussion, fin
does not apply the negation operator (¬) to connect the atoms. As it can be seen in the next line
of the algorithm, we try to propagate each literal of ϕin separately, then we compose the previously
computed expressions symmetrically, according to fin . The computed expression ϕpropagated will be
always satisfied by the output.
In the rest of the algorithm, we set the new assignments of the outgoing links. It is important
that we update an assignment of a link if and only if the algorithm was able to prove new properties,
i.e. the newly assigned formula cannot be inferred from the original one. This is analyzed by the
CheckImplication function. It is also important that the previously assigned formula will still be
valid after computing the new one, therefore, we compose the two formulae using the operator ∧, and
this expression will be assigned to the link. When there is only one outgoing link, we check if we can
prove or refute that the rule will be applied successfully. If one of them can be showed, we assign the
appropriate formula to this link, otherwise, we need to compose ϕ0success and ϕ0f ailure by using the
operator ∨.
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Algorithm 6 AnalyzeRuleNode(rc, A)
1:
2:
3:
4:
5:
6:
7:
8:
9:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

// rc is a rule container node, A is the current state of assignments
A0 ← A
ϕin ← ∨∀link∈in(rc) (A(link))
ϕf ailure ← A(f ail(rc))
ϕsuccess ← A(succ(rc))
E ← isExhasutive(rc) // The exhaustiveness of the rule
ϕ0f ailure ← DeriveFailureFormulae(rc, ϕin ∧ ϕf ailure )
fin (a1 , a2 , . . . an ) = ϕin //ϕin is composed from the literals a1 , a2 , . . . an by function fin
ϕpropagated ← fin (Propagate(rc, E, ϕin , ϕsuccess , a1 ),
Propagate(rc, E, ϕin , ϕsuccess , a2 ),
...
Propagate(rc, E, ϕin , ϕsuccess , an ))
ϕ0success ← DeriveSuccessFormulae(rc, E, ϕin , ϕsuccess ) ∧ ϕpropagated
if rc has a single outgoing link ealways then
ϕalways ← A(ealways )
if rc can be applied according to Proposition 6.17 then
// we can prove that the rule can be applied successfully, hence, only the success formula is needed to be added
to the single outgoing link
if CheckImplication(ϕalways , ϕ0success ) , true then
// the newly derived formula cannot be inferred from the previous formula of the link
A0 (ealways ) ← ϕ0success ∧ ϕalways
else if CheckImplication(ϕin , @L) then
// it can be proved that the rule cannot be applied according to Proposition 6.18
if CheckImplication(ϕalways , ϕ0f ailure ) , true then
A0 (ealways ) ← ϕ0f ailure ∧ ϕalways
else
// we cannot prove or refute if the rule can be applied Proposition 6.17
if CheckImplication(ϕalways , ϕ0f ailure ∨ ϕ0success ) , true then
A0 (ealways ) ← (ϕ0success ∨ ϕ0f ailure ) ∧ ϕalways
else
// the rule has two outgoing links
esuccess ← succ(rc)
if CheckImplication(ϕsuccess , ϕ0success ) , true then
A0 (esuccess ) ← ϕsuccess ∧ ϕ0success
ef ailure ← f ail(rc)
if CheckImplication(ϕf ailure , ϕ0f ailure ) , true then
A0 (ef ailure ← ϕf ailure ∧ ϕ0f ailure
return A0

6.3

Analysis of Control Flow Graphs

The complete analysis of a model transformation is performed by traversing of the control flow graph.
As mentioned previously, during the processing of the control flow graph, we call AnalyzeRuleNode
for each rule container node iteratively until the current assignment cannot be extended anymore. We
do not present this algorithm formally, because its implementation is really simple. The order of the
analysis of the different rules influences the time of the execution of the analysis, and in its current
implementation we do apply some optimization, however, from the theoretical framework’s point of
view, these are marginal.
There is another reason why the execution order is not so important. Our practical experiences
gained from the implementation of the framework in VMTS shows that the typical scenario for the
analysis of a model transformation is not the fully automated verification of the control flow graph.
The developer rather selects the rules to be analyzed, and reviews the formulae assigned to the links.
Then, the developer may extend some of them by manually adding formulae to the links and selects
the next rule to be analyzed. This method helps find the problematic points of the control flow graph.
We would like to emphasize that the integration of the knowledge of the developer (domain expert)
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into our approach is a very important aspect, since, the verification of all possible properties is not
possible in general.
After the algorithm produced the final state of assignments A, we can compose the final formula
ϕf inal according to Definition 6.27. We assume that all analyzed model transformations have regular
control flow graphs, therefore, the execution can only finish by reaching an end node. Informally, we
compose the disjunction of the assigned formulae of all incoming links of all end nodes, because we
only know that the end node where the execution terminated was reached through one of these links.
In other words, when an end node is reached, the formula assigned to the finally followed link must
be true. This results that at least one of the formulae of these ’final’ links must be satisfied.
Definition 6.27 (final formula). Let EN be the set of ending nodes of a control flow graph, and
A be the current assignment. The final formula ϕf inal with respect to the current assignment is
computed as follows: ϕf inal = ∨∀link,end:end∈EN,link∈in(end) (A(link)).
2
Given the final formula, we try to prove that it implies that satisfaction of the formula that
specifies the property to be verified.
• A verifiable formula ϕver is proved to be true if CheckImplication(ϕf inal , ϕver ) = true.
• A verifiable formula ϕver is refuted if CheckImplication(ϕf inal , ϕver ) = false.
• Otherwise, the framework is not able to say anything about the property specified by ϕver .
The verification algorithm presented above will be illustrated by the presentation of the analysis of
our case study, the model transformation DB2NF in Chapter 8.

6.4

Summary

In this chapter, we have introduced a formalism to describe model transformations. Our method to
specify rewriting rules is based on the commonly used Double Pushout approach. In related work,
one can find many types of control mechanisms that are applied in different systems (see Chapter 3
for more details). In this thesis, we assume that the control structure can be formalized as directed
control flow graphs. We believe that it is a good choice, because it makes it possible to specify the
execution order of the rules explicitly, which is a typical way how programmers would approach the
implementation of a model transformation. Moreover, the elements of our control flow graph can be
extended, for example by a node that makes possible the nondeterministic choice of a set of rules.
The main contribution of this chapter is the presentation of an algorithm (and the propositions
used by the algorithm) that is able to analyze a rewriting rule and derive formulae that are proved to
be true after the application of the rule. This makes it possible to traverse the whole control flow graph
and discover more and more information at various points. As it was shown, during the presentation of
propagation rules, our framework largely exploits the existence of the algorithm CheckImplication.
We would like to emphasize that the approach presented in this framework provides the basis
of an extensible framework. The capabilities of our methods can be extended in several ways. The
analysis of the rewriting rules can be extended by providing more sufficient conditions. Moreover,
more complex, automated methods for the analysis of the control flow graph can be developed.
It is also important that using our method, the complete analysis of a model transformation can
be performed in a formal domain that is symmetric to the original application domain where the
model transformation has been specified. We can specify the properties to be verified in this domain
as well. It is also important that the developer has the possibility to manually refine and extend
the assignments during the analysis. Therefore, the algorithm can exploit the knowledge of domain
experts.
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7
Model Transformation Analysis (MTA)
Methods
7.1

Introduction and Motivation

In the previous chapter, we have provided a method to analyze rewriting rules algorithmically. We
also discussed that the analysis of the complete control flow graphs of model transformations can be
performed by examining each rules separately. A possibility to improve this method was to manually
provide formulae for different links of the control flow graphs. This may help verify properties that
the framework is not able to prove automatically. This chapter provides another method for the semiautomated verification of segments of a model transformation. The goal of this method is to assign
more expressions to the links of the control flow graph.
We have formally analyzed various model transformations, our experience is summarized in the
following statements: (i) There are recurring parts in the proofs of different model transformations.
(ii) There are recurring techniques in the analysis of a transformation as well as in the design of
implementation. (iii) Analysis techniques can be generalized. (iv) Applying predefined patterns that
are analyzed in advance during the design of a transformation largely facilitates the analysis process.
(v) Some of these techniques are worth being taken into account when one designs model transformation languages or frameworks, therefore, the analysis of transformations in the current framework may
become easier. From this experience, we have distilled frequently recurring techniques and solutions
referred to as Model Transformation Analysis (MTA) methods. We define two types of MTA methods:
(i) MTA techniques and (ii) MTA design patterns:
(i) There are recurring techniques that are usually applied intuitively in the formal analysis of
model transformations, but are not defined separately. An MTA technique is a precise, formal
documentation of such a method which cannot be expressed as a partial transformation to be
inserted along with the scope where it should be applied. We have multiple intentions with
defining an MTA technique: (i) The current intuitive method should be known by others. (ii)
The formal definition of a technique makes the automation of the technique possible in several
cases, which supports the analysis process.
(ii) MTA design patterns are similar to traditional design patterns [Gamma et al., 1995] used in
object-oriented systems. An MTA design pattern expresses a more or less complex construction
that describes how to implement a concrete functionality as a graph rewriting-based transformation segment. In other words, we define a partial model transformation that solves a general
recurring transformation task. By customizing a design pattern, it can be applied in a concrete
transformation, where a variant of the documented situation occurs. An important feature of
MTA design patterns is that the defined constructions (partial transformations) can be analyzed separately, and the analysis could be attached to their documentation. This independent
analysis can be reused in the analysis of the concrete model transformation, where the MTA
design pattern is used. In other words, the application of a pattern results that certain properties
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automatically hold for the related part of the concrete transformation. This method facilitates
the analysis of complex transformations and also supports automation.
In this chapter, we contribute MTA techniques and design patterns, and we want to demonstrate that
this approach can be used in the formal analysis of model transformations. We hope that combined
MTA techniques and MTA design patterns can efficiently support the analysis process and help in
the design phase of model transformations as well.
MTA methods will be presented in a uniform way similar to the representation used
in [Agrawal et al., 2004b] and [Gamma et al., 1995]. (i) Motivation and applicability: the class of
problems, where the need for the method arises. (ii) Structure: the abstract specification of the
method. (iii) Benefits: the advantages of applying the method. (iv) Analysis: in case of MTA design patterns, analysis may be documented along with the pattern itself. (v) Automation: possibilities
to automate the application of the MTA method.

7.2

Model Transformation Analysis Techniques

This section introduces two methods that are commonly used during the formal analysis of model
transformations. (i) The finding of the intact elements is a technique for decreasing the number of
rules that need to be analyzed for the analysis of certain properties by searching for the rules that can
be proved not to influence the satisfaction of the concrete properties. (ii) Composite rule technique is
used to compute the composition of two sequential rules that help analyze complete rules sequences
as one single rule.

7.2.1

Intact Elements

Motivation. When a concrete property is needed to be verified for a model transformation, it may
be beneficial to exclude some rules that do not influence the satisfaction of the property. This can
happen if the excluded rules work on only the types of elements that does not appear in the formula
that specifies the property to be verified. In other words, when the processing of an element is followed
throughout a whole transformation control flow, it is important to determine which rules influence the
processing of the element. Note that it is possible that such an excluded rule may indirectly influence
the satisfaction of the property (e.g. it may influence the execution order of the rules), but in several
cases it may be beneficial to find these rules. Intact elements are the ones that are not modified by
a rule, as we will define it formally. In a semi-automated analysis of a model transformation, the
framework can leverage the work of the developer if intact elements can be automatically found.
Applicability. This technique helps analyzing a transformation process by decreasing the number of
rules that need to be analyzed when concentrating on the processing of a concrete element in the
input model.
Structure. The intact elements MTA technique is formalized in the following definition. Informally,
it states that given a rewriting rule interface rule and a pattern P , if a match of P is present in the
input model before the application of the rule implies that the same elements must be present in the
output model and vice versa, then the rule leaves pattern P weakly intact. It is important that the
same elements are present, not just an arbitrary instance of the pattern. The pattern is left strongly
intact if the attributes of instances of P are not modified at all.
Definition 7.1 (intact pattern). Let P be a pattern of the metamodel interface M and let rule
be a rewriting rule interface. We say that rule leaves P weakly intact if the following conditions
hold: Let µ = (M, M 0 , r) be a relation model such that the direct model transformation interface from
M to M 0 can be described by rule according to Definition 6.5. We require that for any possible
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relation model µ, if there exists a valid match p : P → M , then there must exist a valid match
p0 : P → M 0 such that p0 = r ◦ p. Similarly, we require that if there exists a valid match p0 : P → M 0 ,
then there must exist a valid match p : P → M such that p0 = r ◦ p. Let v = V(M ), v 0 = V(M 0 ). We
say that P is left strongly intact by rule rule if P is left weakly intact and it is always true that
∀l ∈ L(P ), ∀a ∈ attrs(type(l)) : v(p(l), a) = v 0 (p0 (l), a) where type = τ (P ) is the clan morphism of the
graph of P .
2
Automation. This technique is based on a simple definition, but examining many rewriting rules
manually is time-consuming and may lead to errors. An appropriate tool support may automatically
determine if some patterns are left intact by some rules. The conditions in the following proposition
guarantee that a rule leaves a pattern intact.
Proposition 7.2. Let P be a pattern and r = (L, l, K, r, R, C) be a rewriting rule interface. Compose
each possible jointly surjective composition of P and L. The result is a pattern L0 with two jointly
surjective pattern morphisms p : P → L0 , m : L → L0 as presented in Equation 7.1. We ignore the cases
where ⊗(C(L0 )). (Recall that ⊗(C) denotes that the constraints of the set C are conflicting.) After the
application of the rewriting rule interface on L0 , let s = r0 ◦ l0−1 and let p0 = s ◦ p. For each possible
such construction, we require p0 to be a total pattern morphism such that C(R0 ) ⇒ p0 (C(P )).
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We repeat the procedure, in the reverse direction, i.e. we compose each possible jointly surjective
composition of R and P , which result in R0 , n : R → R0 , p0 : P → R0 . We ignore the cases where ⊗(C(R0 )).
We apply the rewriting rule interface on R0 in the reverse direction, which results in the construction
of the following diagram. Let s0 = r0 ◦ l0−1 We require that for each possible construction there exists
a total pattern morphism p : P → L0 such that s ◦ p = p0 and C(L0 ) ⇒ p(C(P ))
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If the previous two requirements are satisfied, then rule rule0 leaves pattern P weakly intact. Let
r0 = (L0 , l0 , K 0 , r0 , R0 , C 0 ) be the extracted rule of the previous constructions. If for each possible such
rule0 , ∀l ∈ L(P ), a ∈ attrs(typeP (l)) : C(rule0 ) ⇒ [p(l).a == p0 (l).a] (where typeP = τ (P )), then rule
also leaves P strongly intact. (Recall that [x.a == y.b] denotes an abstract attribute constraint that
specifies that the attribute a of the element x must be equal to the attribute b of y.)
Proof. According to the definition of the application of rewriting rule interfaces, it can be seen that the
first requirement guarantees that if P is present in the input model, the same elements will be present
in the output model such that their constraints will be satisfied. Similarly, the second requirement
performs the same operation, but in the reverse direction. Finally, it can be seen that a pattern is
left strongly typed, if the last requirement is satisfied, because it explicitly states that the attribute
values are not modified.
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It is important that these conditions can be algorithmically checked by replacing ’⇒’ by
IsDerivable, ’⊗’ by IsInConflict, and ’→’ by CheckImplication.
Benefits. When following the processing of elements throughout a whole transformation process, it
is important to distinguish between rules that create, delete, or modify the element, and the ones
that leave them intact. Sometimes, the modification of the attributes is unimportant in the sense
that it does not influence the applicability of other rules, in this case, the definition of weakly intact
patterns contains enough conditions. It is also important that automated support can be provided to
determine if a rule leaves a pattern intact. The method can be improved by taking the current input
formula of the rule into account. It may happen that a rule does not leave a pattern intact, but in
the current configuration when the input model must satisfy a specific input formula, the pattern is
actually left intact.
Known uses. Analysis methods often apply the concept of Intact Element, but the formal description
of the fact that a rule does not delete, does not create, does not modify a concrete type of element
has not yet been stated as a recurring technique.
Example 7.3. Consider the first rule of the model transformation DB2NF as shown in Figure 2.7. It
can be seen that patterns that contain elements of type Table are not left intact by this rule, because
the rule creates a new Table. If a pattern contains elements of type Column, then the pattern can
be left only weakly intact, because the rule modifies the attribute of a Column.

7.2.2

Composite Rule MTA Technique

Motivation. When analyzing the processing of a model by a rule sequence, we usually need to treat
this sequence as a single direct graph transformation that can be described as the application of a
single composite rule. If multiple compositions of the rule sequence may exist, we only know that the
application of the rule sequence can be substituted by one of the possible compositions, but we do
not know which one. If we can prove a property for all possible compositions, the property will be
true for the whole sequence. The Composite Rule MTA technique formalizes how the composition of
two sequential rules can be computed. The computation of the structure of the composed rules (i.e.
their graphs) is performed based on the definition of the E-concurrent production. (See Section 2.2.3
for more details about the composition of graph rewriting rules.) However, it is also important to
exclude scenarios where the composed constraints are conflicting and to compute the constraints of
the composed rule as well.
Applicability. The use of the Composite Rule MTA technique is advantageous in many situations:
• Suppose that a transformation does not implement an MTA design pattern precisely. For example, a step that should be defined with one rule is realized by two rules because of additional
requirements of the implementation. Replacing the two rules with the E-concurrent production
(with the composite rule) may result that the transformation becomes well-formed enough to
be a complete implementation of the pattern. In other words, the composite rule technique is
used to reshape a transformation to facilitate further analysis, for example, to be well-formed
enough to apply certain analysis patterns automatically.
• Another motivation of using Composite Rule is that it may facilitate the analysis of a rule
sequence by reducing the complexity of the transformation. As mentioned in the motivation, we
need to examine each possible composition separately and if we can prove a property for all of
them, then the property will be true for the whole sequence as well.
• Composing rules along a loop in a control flow can be really helpful if a structural regularity
can be observed. The propositions in [Levendovszky et al., 2006] use this technique to decide
termination.
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Structure. This MTA technique is based on the definition of E-concurrent production of rules, its goal
is to produce all possible composition of two sequential rules. The composition and its correctness is
formalized in the following definition and proposition.
Definition 7.4. Given two rewriting rule interfaces r1 = (L1 , l1 , K1 , r1 , R1 , C1 ) and r2 =
(L2 , l2 , K2 , r2 , R2 , C2 ), the set of all possible composition of r1 and r2 is denoted by r1 ∗ r2 that is
a set of rewriting rule interfaces produced as follows. We compose each possible jointly surjective
composition of R1 , L2 where E is the composed pattern and e1 : R1 → E, e2 : L2 → E are the jointly
surjective morphisms. If ⊗(C(E)), then we can ignore the current E. Otherwise, by applying r1 in
the inverse direction on E, and by applying r2 on E, we got the following diagram according to
the definition of E-concurrent production where (1)(2) and (3)(4) form double pushouts and (5) is a
pullback.
L1 o l1 K1 r1 / R1
L2 o l2 K2 r2 / R2
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In this case, the rewriting rule interface r = (L, l, K, r, R, ∅) is in the set r1 ∗ r2 . Similarly to the
notation of E-concurrent production, a concrete rewriting rule interface r that is composed by a
concrete pattern E is denoted by r1 ∗E r2 , i.e. r1 ∗ r2 = ∪∀E (r1 ∗E r2 ).
2
Definition 7.5 (E-related transformation). Let M be an arbitrary input model, whose processing
along the match m1 : L1 → M according to the rewriting rule interface r1 is presented in Equation 7.3.
Let H be the result of the processing. Then, the processing of H along the match m2 according to
the rewriting rule interface r2 is also presented in Equation 7.3. This processing results in M 0 . This
transformation sequence is denoted by M ⇒r1 ,m1 H ⇒r2 ,m2 M 0 . The transformation is called E-related
to r1 ∗E r2 if there exist morphisms h : E ⇒ H, c1 : K10 → D1 and c2 : K20 → D2 such that h ◦ e1 = n1 ,
h ◦ e2 = m2 , (1)(2), (3)(4), (5)(6), (7)(8) form double pushouts, m1 = s01 ◦ s01 and n2 = s02 ◦ s2
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2
Proposition 7.6 (concurrency theorem for rewriting rule interfaces). Let (E, e1 , e2 ) be an Edependency relation for the rewriting rule interfaces r1 and r2 leading to the E-concurrent production
r1 ∗E r2 .
(i) Synthesis: given an E-related sequence of direct transformation interfaces M ⇒ G ⇒ M 0 via r1
and r2 , then there is a synthesis construction leading to a direct transformation M ⇒ M 0 via
r1 ∗E r2 .
(ii) Analysis : given a direct transformation interface M ⇒ M 0 via r2 ∗E r2 , then there is an analysis
construction leading to an E-related sequence of direct transformation interfaces M ⇒ H ⇒ M 0
via r1 and r2 .
(iii) Bijective correspondence: The synthesis and analysis constructions are inverse to each other up
to isomorphism.
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The proof of Proposition 7.6 is provided in Appendix B.
Example 7.7. An example of creating the E-concurrent production of two rules is presented in Figure 7.1. One of the possible E-graphs is depicted in middle of the figure. As formally presented, the
E-graph is a graph that contains RHS of the first rule and LHS of the second rule as well. In other
words it describes how elements in RHS of the first rule are mapped to the elements in LHS of the
second rule. Note that there are other possible E-graphs as well, but only one is presented in this
figure.
Automation. In the case of the composite rule MTA technique, tool support can be provided to
compose the E-concurrent production of two rules. Frameworks should take constraints into account
when computing all possible composite rules.
Benefits. It is advantageous to apply this pattern for the scenarios that have been discussed in the
motivation of this MTA technique.
Known uses. Replacing a rule sequence with the composite rule can be used in various cases.
In [Lambers et al., 2008], sufficient criteria for applicability and non-applicability of rule sequences
are defined. The contributed methods use the composite rule of sequential rules to make application
of criteria possible. In [Levendovszky et al., 2006], a termination criterion based on the application of
composite rules is presented.

7.3

Model Transformation Analysis Patterns

This section expresses the deeper concepts of MTA methods, since as elaborated later, MTA design
patterns are not only design patterns that can be used to implement a concrete functionality, but are
also partial transformations analyzed in advance, therefore, their application automatically implies
that some properties hold for the related part of the concrete model transformation where the MTA
design pattern is used. Analysis in advance means that additional formal analysis may be attached
to the documentation of the design pattern, therefore, the corresponding segment of the model transformation may not need to be analyzed. Another benefit is that automation of the analysis process
is supported with the attached analysis, since, a model transformation framework can automatically
apply the properties of this analysis to the concrete transformation.
In Section 7.3.1, we introduce an MTA design pattern that specifies how iterative processing of
the instances of a certain pattern can be described as a general design pattern. The presented MTA
design pattern is formally analyzed.

7.3.1

Traverser MTA Design Pattern

Motivation. During the processing of a model, it is a usual scenario that we want to process each
instance of a certain pattern iteratively. It is usually performed as follows: a rule ’selects’ one instance
of the pattern, marks it, and then comes the transformation segment that actually processes the
marked instance. The marking means modifying some attributes of certain elements or transforming
this instance into something else. The transformation segment that processes the marked instance
of the pattern may consist of several rules composed by a complex control flow graph. After the
processing of the current instance, the execution returns to the ’selector’ rule that tries to select a new
instance and so on. The selector rule should assure that the same instance could not be selected twice
and we also require that the transformation segment that actually processes the marked instance
should not create new instances of the pattern. The execution should proceed to the rest of the
transformation only when the selector rule cannot be applied anymore. Although the transformation
control flow explained above is very simple, the following questions arise when implementing it: (i) Will
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Figure 7.1: Example for the application of the Composite Rule MTA technique

7.3. Model Transformation Analysis Patterns

all instances of the pattern be processed? (ii) When can it be guaranteed that the transformation
terminates? (iii) What requirements should the transformation segment that performs the actual
processing meet?
Applicability. The motivation above discusses when this pattern should be used.
An MTA design pattern is a design pattern used during the implementation of model transformations, therefore, it defines a schema of a transformation segment with requirements on the rules
and the control flow graph of the current segment such that the implementation or recognition of this
segment could be automated in an existing model transformation tool. In each MTA design pattern,
we need to define the requirements formally.
Structure. Figure 7.2 presents the schema of an implementation of the traverser MTA design pattern.
The current transformation segment has exactly one entry point, i.e. exactly one link targets its rules.
Similarly, it has exactly one exit point (outgoing link). Rule1 and Rule2 are rewriting rules that are
applied not exhaustively, while inner processing can be an arbitrary transformation segment with a
single outgoing link that points to Rule2 . Informally, if this design pattern is used to process instances
of a pattern P , then we require that Rule1 transforms an instance of P into P 0 , the inner part leaves
P and P 0 intact, and finally, Rule2 transforms an instance of P 0 into P 00 . This means that in each
inner loop there should be exactly one instance of P 0 that is processed, and when the execution leaves
the implementation of the design pattern, then each P of the input model is transformed into P 00 . We
need to make several restrictions to guarantee this behavior.
1. The schema of the transformation segment that implements the traverser design pattern must
conform to the one presented in Figure 7.2.
2. Let Rule1 = (P, l1 , K1 , r1 , P 0 , C 0 ) be the rewriting rule interface of the first rule. This should
satisfy the following conditions:
a) Rule1 must be dangling edge safe with respect to P .
b) Each instance of P that is not matched exactly to the place of LHS of Rule1 cannot be
modified at all by the rule.
c) The rule must create exactly one instance of P 0 . I.e. if after the rule there exists another
instance of P 0 than RHS of Rule1 , then this instance must have been present before the
application of the rule as well.
d) Rule1 must leave P 00 strongly intact.
3. Let Rule2 = (P 0 , l2 , K2 , r2 , P 00 , C 00 ) be the rewriting rule interface of the second rule. This should
satisfy the following conditions:
a) Rule2 must be dangling edge safe with respect to P 0 .
b) Each instance of P 0 that is not matched exactly to the place of LHS of Rule2 cannot be
modified at all by the rule.
c) The rule must create exactly one instance of P 00 . I.e. if after the rule there exists another
instance of P 00 than RHS of Rule2 , then this instance must have been present before the
application of the rule as well.
d) Rule2 must leave P strongly intact.
4. The inner part must leave patterns P, P 0 , P 00 strongly intact.
Attached Analysis. In the following, we provide the formal analysis of the Traverser MTA design
pattern. (The proofs of its properties are detailed in Appendix B.)
Proposition 7.8. Assume that in an implementation of the traverser pattern, φin is a formula assigned to the entry link of the transformation segment. Let % = (P, P, idP , ∅), i.e. a relation pattern
whose source and target are both P , and its partial morphism is the identity morphism of P . Assume
that φin → @P 0 ∧ @P 00 ∧ ∀(P, P, idP , ∅)], i.e. there is no instance of P 0 or P 00 in the current input model
and each instance of P in the input model of the whole transformation has been preserved until this
point. If the requirements above are satisfied, then the following conditions hold:
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single exit point
single entry point

failure
Rule1
always

success

inner processing
Rule2

always

Figure 7.2: Structure of Traverser MTA design pattern

(i) If the inner part of the transformation segment terminates for any possible inputs, then the
current transformation also terminates and its loop is executed n number of times where n is
the number of instances of P in the current input model.
(ii) Let p = r2 ◦ l2 −1 ◦ r1 ◦ l1 −1 and let %0 = (P, P 00 , p, ∅) be a relation pattern. When the transformation
leaves the current segment, the following TPDL expression is true: @P ∧ @P 0 ∧ ∀(P, P 00 , p, ∅).
(iii) If φin → ∃P , then ∃P 00 is also true for the link that leaves the transformation segment.
Automation. Model transformation frameworks could support the use of MTA design patterns. If it
were so, the analysis process could automatically apply the results proved in the attached analysis of
the pattern. It is also important to give tool support to recognize the existence of a design pattern in
a concrete transformation.
Benefits. As mentioned before, an important benefit of all MTA design patterns is that they support
automation, since these patterns are formally predefined, therefore, their application can be supported
in model transformation tools. Another benefit of this concrete pattern is the possibility to analyze
the termination of the control flow and to estimate the number of times the loop is executed, which
helps estimating the time complexity of the whole transformation.
Known uses. The breadth-first search algorithm can be implemented in a way that the restriction
of this pattern would be satisfied and the conditions in Proposition 7.8 would be satisfied as well. A
similar solution called leaf collector pattern is proposed in [Agrawal et al., 2004a]. Traversing hierarchical models that are tree structures (for example, user interface models) can also be performed by
this pattern.
As it can be seen, the definition of this design pattern means that we have specified several sufficient
conditions on the rewriting rules and the control mechanism of the transformation segment. If a
segment of a concrete model transformation satisfies these conditions, then the properties provided by
the analysis can be automatically derived for this segment. It can be seen that the presented conditions
can be algorithmically analyzed by the methods presented in the previous chapters. However, since
these conditions are only sufficient, a possible improvement of this MTA design pattern is to provide
less restrictive conditions that can be still analyzed algorithmically.

7.3.2

Catalog of MTA Design Patterns

The presented concept of MTA design patterns makes it possible to integrate the knowledge of domain
experts into the analysis method described in this thesis. For example, in the case of the Traverser
design pattern, certain properties are expressed as TPDL formulae. During the analysis, we have
proved that certain formulae can be assigned to specific links of the control flow graph. This makes
it possible to extend the current state of assignments by using MTA design patterns.
We have detailed how the documentation of such MTA design patterns should be provided and
which aspects of the design patterns need to be specified. We believe that this approach can lead to
a catalog with numerous design pattern instances.
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7.4

Summary

In this chapter, we have introduced the concept of Model Transformation Analysis (MTA) techniques
and design patterns. We have defined instances of MTA techniques and design patterns and demonstrated how structure of different design patterns can be documented. MTA design patterns can be
applied during the design phase of model transformations and are used in the analysis process as well.
The main advantages of using MTA methods can be summarized as follows. (i) Solutions to recurring
problems related to implementation of model transformations are documented. (ii) In the case of MTA
techniques, the proposed analysis methods can be supported by model transformation frameworks and
can be automated. (iii) In the case of MTA design patterns, the reuse of separate, pre-analyzed partial
transformations facilitates both the implementation and the analysis of the transformation.
We have emphasized the importance of proper tool support to apply model transformations, tools
could support the detection of the presence of design patterns and their implementation as well.
Pieces of information acquired from the presence MTA design patterns and the application of MTA
techniques should be glued together to integrate into the formal analysis of model transformations.
Along with the presentation of each MTA method, we have summarized the possibilities and tasks
related to the automation of these methods.
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8
Applications of the Theoretical Results
This chapter focuses on the realization of the theoretical framework detailed in the previous chapters.
We wanted to develop a platform-independent, (semi-)automated tool for the offline analysis of graph
rewriting-based transformations.
In this chapter, we present the implementation of the verification framework in an existing model transformation tool. We demonstrate how the use of this framework can be integrated into the
transformation development workflow. We illustrate the practical relevance of our theoretical results
by analyzing the model transformation presented in the case study in Chapter 2.

8.1

VMTS Model Transformation Framework

Visual Modeling and Transformation System (VMTS) [VMTS, 2010] is a graph-based metamodeling,
modeling, and model transformation framework implemented by the members of Visual Modeling
and Software Design Group of Department of Automation and Applied Informatics (DAAI). In the
following, we delve into deeper details about its capabilities.

8.1.1

Metamodeling and Model Processing

Any model created in VMTS can be used as a metamodel that defines a visual language for its instance
models. The nodes and edges of the graph-based models have attributes that can have several built-in
types or reference other model elements. VMTS provides an user interface to visually create and edit
models. VMTS also supports domain-specific development. Domain-specific visualization (concrete
syntax) can be defined for the models of the different metamodels and the user interface of the editor
can also be customized.
VMTS provides three methods to process the created models. Firstly, for each domain, VMTS
generates a specific application programming interface (API) as a .NET class library, hence, models
can be reached programmatically. Secondly, VMTS supports T4 templates [Microsoft, 2012] and provides an editor to create such programs. Finally, VMTS has a graph rewriting-based component that
makes it possible to create model transformations and execute them. Actually, the rewriting rules and
the model transformations are models of specific metamodels (MTRMETA and TCFMETA, respectively), and VMTS provides a separate transformation engine that generates executable code from
them.
The architecture of VMTS is illustrated in Figure 8.1 [14, Mészáros, 2011]. The bottom-most level
is the Data Repository that represents the different data persisting stores that can be connected to
the system. VMTS can persist models in file-based (XML format) or database-based repositories.
Above the repositories, the VMTS Exchange Framework (VXF) and VMTS Modeling Framework
(VMF) can be found. VXF provides a uniform interface for the levels above independently from
the concrete repository type used for persisting. As mentioned before, for each metamodel, VMTS
generates a domain-specific API. This API can be specialized for different purposes, e.g. its classes can
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be optimized for performance, when change notification for the UI is not generated. The in-memory
objects representing a model are part of the VMF.

Figure 8.1: The architecture of VMTS

Example 8.1. We have already presented the Database metamodel in Figure 2.3 as a domain where a
model transformation for normalization has been introduced. Figure 8.2 presents the metamodel as it
is implemented in VMTS. Note that several aspects, e.g. the types of the attributes, are not presented
in the figure. Figure 8.3 presents a sample instance model of the Database as defined in VMTS. We
show its visualization using the default abstract syntax applied in VMTS, and using a domain-specific
concrete syntax displayed by a separately implemented plugin for the framework (Figure 8.4). Again,
several aspects are not shown in the figures, because, for example, the attributes of the elements can
be edited through a property grid and these values are not visualized by the abstract syntax.

8.1.2

Model Transformations in VMTS

In VMTS, the graph rewriting-based transformations are defined with the use of two modeling languages: the Visual Control Flow Language (VCFL) and the Visual Transformation Definition Language (VTDL) [Lengyel et al., 2006, 26]. The activity diagram-like VCFL models controls the execution order of the rewriting rules, while the rewriting rules are expressed with VTDL models. The
application of the rewriting rules is based on the DPO approach. The in-depth presentation of the
visual languages of model transformations and the transformation engine can be found in [14].
In a rewriting rule model, the elements of LHS and RHS are defined in a single graph in order
to simplify the notation. Blue elements are newly created by the rule, red elements are deleted and
gray elements are preserved, but imperative code is attached to them, this code may modify their
attributes. Constraints and imperative code can be attached to any element of the model. Constraints
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Figure 8.2: Metamodel of Database domain in VMTS

Figure 8.3: An instance model of the Database domain visualized by the abstract syntax plugin of
VMTS

Figure 8.4: An instance model visualized by the concrete syntax plugin developed for the Database
domain

can be specified in OCL or C#, while imperative code can be specified only in C#. VMTS makes it
possible to replace a matched edge, these replaced edges are denoted by yellow color. This feature is
110

8.2. VMTS Verification Framework

equivalent to the deletion of the original edge, creation of a new one and copying the attributes of
the original edge to the new one.
Example 8.2. Figure 8.5 and Figure 8.6 present rewriting rules of the model transformation DB2NF
as they are defined in VMTS. We also show the attached code segments.
The model of a control flow in VMTS is very simple and is based on the formalism presented
in Definition 6.9. It contains a start node, several end nodes and rule container nodes. By each rule
container, a corresponding rewriting rule model is referenced. Rules can be applied exhaustively, this
is denoted by a curly arrow in the top right corner of the rule. For each edge of the control flow graph,
its action can also be specified, edges with action always are black, edges with action success are
gray and edges with action failure are gray and dashed.
Example 8.3. Figure 8.7 presents the control flow graph of the model transformation DB2NF as
implemented in VMTS.

Figure 8.5: First rewriting rule model of model transformation DB2NF as implemented in VMTS

Figure 8.6: Second rewriting rule model of model transformation DB2NF as implemented in VMTS

8.2

VMTS Verification Framework

In this section, we present VMTS-VF (VMTS Verification Framework), the realization of the theoretical methods.
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Figure 8.7: Control flow model of model transformation DB2NF as implemented in VMTS

8.2.1

MTV Programming Language

Before presenting the architecture of our verification framework, we introduce a textual programming
language called MTV. MTV stands for Model Transformation Verification and this language has been
developed to specify artifices needed for the analysis of model transformations. Actually, MTV is used
to write code that defines metamodel interfaces, (relation) patterns, (relation) pattern morphisms,
constraints, rewriting rule interfaces, control flow graphs and TPDL formulae, i.e. components of the
theoretical framework presented in the previous chapters. In other words, given a metamodel, a model
transformation and a set of verifiable properties, we can create a program in MTV that conforms to
the formalism presented in the previous chapters. Our verification framework reads such program code
and performs the analysis of the model transformations specified in it. The most important entities
that can be specified by MTV are enumerated in Table 8.1. Note that the in-depth presentation of
the complete language is beyond the scope of this thesis, it is only important for the users of our
verification framework. We do not present the syntax of the language either, because, it strictly follows
the formal background, therefore, it can be understood easily.
Table 8.1: MTV programming language
keyword
meta
graph
pattern
constraints
pmorphism
rpattern
rpmorphism
transformation
rule
formula

description
metamodel interface
instance graph of a type graph
pattern of a metamodel interface
set of abstract attribute constraints
pattern morphism
relation pattern
relation pattern morphism
control flow graphs of model transformations
rewriting rule interface
TPDL expression

related definitions
Definition 4.1
Definition 2.20
Definition 4.19
Definition 4.11
Definition 4.42
Definition 4.65
Definition 4.70
Definition 6.9
Definition 6.1
Definition 5.2, Definition 5.5

Example 8.4. Listing 8.1 presents the code that describes the Database metamodel, the keywords
are bold. It can be seen that according to Definition 4.1, MTV specifies the name of the metamodel, a
set of nodes (entities) and edges (relations) and for each of them, a set of attribute names. Recall that
in this metamodel, there is no inheritance defined, however, MTV is able to express such relations as
well. In Appendix A, we also present the code for the description of the rewriting rule interfaces of
the model transformation DB2NF (Listing A.1 on page 140 and Listing A.2 on page 142) as well as
the code for the description of the control flow graph (Listing A.3 on page 143).
Listing 8.1: MTV code for Database metamodel
1
2
3
4
5

meta DatabaseRepository
{
entity Database {attrs DBName CollationName Refactor ProcessingState }
entity Table {attrs TName Refactor ProcessingState }
entity Column {attrs CName Type Length Constraints IsIndexed IsNullAllowed
Comment IsPrimaryKey Refactor ProcessingState IsForeignKey
IsCascadeDeletionSetForForeignKey }
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relation
relation
relation
relation

6
7
8
9
10

TableContainment from Database to Table
TableColumnContainment from Table to Column
ForeignKeyReference from Column to Column
FunctionalDependencyRelation from Column to Column

}

The language is able to describe TPDL formulae as well. We can use the operators and, or, and
as the logical connectives. The syntax of an atomic relation pattern condition is as follows: (E
+ relation pattern) for an atomic relation pattern condition with a positive inner condition, or (E relation pattern) for an atomic relation pattern condition with a negative inner condition. (relation
pattern should be replaced by a concrete relation pattern, or a name of a previously defined one.)
not

Example 8.5. The code segment in Listing 8.2 defines a pattern (named p_initial_1). In this
pattern, there are two nodes, t of type Table and c of type Column. Moreover, there are two
edges of type TableColumnContainment between these nodes. The specified pattern is senseless
according to the semantics of the Database domain, because a column cannot be contained twice by the
same table (actually, a column should have exactly one edge of type TableColumnContainment).
Therefore, we formulate an expression name phi_initial_1 that states that the given pattern is
not present. Therefore, we define s sourceless relation pattern. The target pattern of this relation
pattern is p_initial_1.
Listing 8.2: Sample TPDL formula
1
2
3
4
5
6
7
8
9
10
11
12
13
14

pattern p_initial_1 [DatabaseRepository] {
node t[Table]
node c[Column]
edge e1[TableColumnContainment] from t to c
edge e2 [TableColumnContainment] from t to c
}
formula phi_initial_1 =
not (
E + rpattern rp_initial_1 [DatabaseRepository] {
source 0
target pattern p_initial_1
mapping 0
}
);

The MTV programming language is the basis of our framework, because the input for the verification is written as MTV code. Therefore, our verification framework is not restricted to the analysis
of model transformations implemented in VMTS, any model transformation framework can translate
their programs into MTV, which can be processed by our system. Of course, to translate a model
transformation developed in another tool into MTV code, the language for the definition of the model transformations should meet certain requirements. Recall that we have already discussed these
requirements in Section 6.1.1.

8.2.2

Architecture of the Verification Framework

In the following, we present the implementation of the framework in VMTS. At the top of Figure 8.8,
the workflow of the analysis of a model transformation is presented. Given a model transformation
definition, it first needs to be converted to MTV code.
We have implemented a component for VMTS that is able to automatically generate the MTV
code from a model transformation definition.
• It processes the control flow model and generates the specification of a control flow graph
according to Definition 6.9. This can be done easily, since the control mechanism of VMTS
model transformations conforms to the definition of control flow graphs.
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• For each rewriting rule referenced by the control flow graph, a rewriting rule interface is generated. The LHS and RHS graphs can be easily derived, because they are explicitly defined in
the rewriting rule models in VMTS.
• An important step is the generation of abstract attribute constraints. We need to parse the
constraints defined in LHS, and parse the attached imperative code. The current implementation
is able to recognize certain constructions (such as simple value assignments, comparisons, etc.)
in these code segments. If there are code segments that could not be interpreted, the generator
engine marks them.
• The developer can revise the generated code, examine the marked code segments, and modify
or extend the generated code.
The framework is able to parse MTV code, recognize the model transformation definitions and it
generates a custom user interface where the current assignment can be seen. The user can choose the
rewriting rule to be analyzed, or is able to manually attach formulae to any of the links, hence, during
the next rule analysis, this information can be taken into account. After the manual refinement of the
state of assignments, the final formula is computed and checked if the verifiable formula (provided by
the user) can be inferred. At the bottom of Figure 8.8, the components of the realized framework are
presented.
Artifacts implemented during the implementation and verification of model transformations

Formal
description
(MTV code)

State of
assignemtns

Final formula
φ final

TPDL inference

Rewriting rule
definitions

Verifiable formula
φ ver
Discovery

Transformation
definition

Generating MTV code

Metamodel
definition

Verification
result

Semi-automated refinement

User interface for manual
refinement
Discovery algorithm
TPDL Inference Logic

Transformation control flow modeling
Rewriting rule modeling
VMTS Modeling Framework

MTV code compiler
VMTS - MTV
code
generator

Transformation analysis
framework

External
constraint
logic

Components of the implemented model transformation verification framework

Figure 8.8: Conceptual overview of the model transformation verification framework
We would like to emphasize that the model transformation framework and the analysis framework
are two different components. They only communicate with each other using MTV program code.
Therefore, it is not obligatory that the MTV code that is processed has to come from an existing VMTS
model transformation. Other model transformation frameworks can also translate their transformation
definition into MTV and provide it for the framework. We need to mention that in the current state
of implementation, the user interface of the verification framework is integrated into that of VMTS,
so VMTS need to be started in order to analyze MTV code. In the future, we would like to provide
the verification framework as a standalone application.
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8.2.3

Tool Support for MTA Techniques and Design Patterns

An important feature of VMTS is that it can be extended by addons. These separately developed
components can use and extend the services of the core VMTS framework. This makes it possible to
provide new functionality easily and make these functions available from the user interface. The API
of VMTS provides access to both the VMTS models and the in-memory representation of the already
parsed MTV code.
To provide automated support for the application of MTA techniques, separate addons need to
be developed. VMTS supports the application of the two MTA techniques presented in Section 7.2,
according to their formal description.
After specifying a pattern, VMTS can analyze the rewriting rules of a model transformation and
check if they leave the current structure weakly or strongly intact. The language used in the rewriting
rules for the description of constraints and imperative code is C#, hence, these code segments may
contain complex expressions as well. For these expression, it may be hard to decide if they modify an
attribute. At its current state, VMTS is able to recognize certain patterns in the code and determine
by them if certain attributes may be modified by a rule.
Our verification framework also provides automated support for the composition of rewriting rule
interfaces. The use of this feature is not restricted to the rewriting rules that have been implemented
in VMTS. The verification framework can provide the interface of all possible compositions of any
rewriting rule interface sequence specified by MTV code. Similarly, the composite rewriting rule
interfaces are provided as MTV code.
To make it possible to use MTA design pattern efficiently in the implementation and verification of
model transformations, a tool needs to support (i) how instances of the design patterns can be inserted
during the implementation phase, how (ii) instances can be recognized during the verification, and
(iii) how results of their formal analysis can be taken into account during the verification phase.
In our tool, design patterns can be used by defining partial models separately and inserting them
into another model [Mészáros, 2011]. During this process we can customize the pattern, therefore,
the new part in the model is not only a copy of the original pattern. This approach is useful when
defining MTA design patterns and pasting them into models of model transformations. However, it is
important to note that an MTA design pattern cannot be always specified as a separate model. For
example, in the Traverser MTA design pattern, the ’inner part’ can be an arbitrary transformation
segment, hence its rules and control mechanism are not defined explicitly in the documentation of the
design pattern. For such patterns, we can define only separate segments of the structure, and then,
these segments can be inserted with the previously presented tool support. Moreover, the structure
of the different rules may be also domain-specific. Of course, in this case, their insertion cannot be
automated. For complex design patterns, one can develop separate addons to provide design patternspecific functions.
At its current state, VMTS does not provide a general framework where a developer can model how
design patterns should be recognized. This means that for each concrete design pattern, a separate
addon has to be developed to make it possible to use it during the analysis. The role of such an addon
is to analyze the control flow graph and the rewriting rules, recognize the instances of the concrete
design patterns, and apply the results of its formal analysis during the verification. Such an addon
can provide a user interface as well where the user can help the recognition of the instances of the
design pattern.
According to the previously presented architecture, we have developed a separate addon for the
Traverser design pattern. Most part of the structure of this design pattern contains transformationspecific rules, and we only require that these rules satisfy certain requirements. Therefore, the automatic insertion of the instances of this design pattern is not supported. Moreover, since the structure
of this design pattern is very complex, at its current state, this addon is not able to automatically
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recognize instances of this design pattern, but the user can select a transformation segment and
declare that it is an instance. After recognizing this instance, the addon can help analyze the required properties: it can be checked if there is only one incoming and outgoing links to the current
transformation segment, and it can be checked if the rules of the transformation segment leave the
appropriate elements intact. Based on the patterns used in the two main rewriting rules of the current
instance, the addon can derive the properties that are proved to be true when the execution leaves
this transformation segment according to Proposition 7.8, and the TPDL formula that describes this
property can be assigned to the appropriate link.
According to the presentation above, it can be seen that the integration of the handling of new
MTA methods needs manual work, but VMTS provides an extensible framework for which addons can
be developed. The main methods for the working with MTA methods in VMTS can be summarized
as follows
• For each MTA technique, VMTS needs to be extended by new addons. The API makes it possible
to reach VMTS models and the in-memory representation of the parsed MTV programs and
work on them.
• If a design pattern can be defined as a parametrized partial model, then VMTS provides a
general framework for their customization and insertion into model transformations.
• There is no general framework integrated into VMTS for the definition of design patterns,
therefore, again, a separate addon should be implemented. The role of this addon is to support
the insertion and recognition of instances of the design pattern as well as to use the results of
their manual analysis in the verification of the model transformation process.

8.3

Verification of the Case Study

We demonstrate how the VMTS Verification Framework can be used for the analysis of the model
transformation DB2NF. The framework can automatically verify certain properties of the transformation, e.g. the one detailed in the following.
In Figure 8.9, a relation pattern denoted by %ver = (P1 , P2 , r, ∅) is presented. During the verification
of the model transformation, one of the properties that is needed to be verified is ∀(P 1, P2 , r, ∅),
i.e. each functional dependency relation of the input model will be transformed according to the
normalization step of the second normal form. The description of this property in MTV is presented
in Listing A.4 in Appendix A (page 143).
When analyzing this property, we need to prove that any possible input-output pair of models
satisfies it. However, there may be semantically incorrect input models. For example, a model is
semantically incorrect where a Column uses a ForeignKeyReference edge to reference another
Column of the same table. In a database schema, the foreign key has to come from another table.
Given such a semantically incorrect input model, the transformation still can be executed, but the
output may not satisfy the verifiable property. However, this is not a problem, because the validation
of the input model is not the task of this model transformation. Therefore, during the verification,
we need to verify only the semantically correct subset of the input models.
During the analysis if we assume that the input model is semantically correct, this information
will help to prove the verifiable properties. We can describe the properties of the semantically correct
input models as a TPDL formula and assign this initial formula to the single outgoing link of the start
node of the transformation. Therefore, we have provided the initial assignment that is refined during
the analysis. Note that in a model transformation framework like VMTS, we can attach constraints
to the elements of the metamodels and also specify multiplicities for the edges. In other words, the
domain language itself can specify the requirements of the semantically correct models. In this case,
the previously presented initial formula could be generated automatically and does not need to be
specified manually.
116

8.3. Verification of the Case Study

To describe the properties of the semantically correct database schema models, we define a set of
patterns that are forbidden to be present in the input model. The instances of these patterns would
result that the current model would be incorrect. For example, the pattern presented in Figure 6.6, or
the one specified in Listing 8.2 are both forbidden to be present. There are 13 such incorrect patterns
all together. Informally, by forbidding these patterns, we can guarantee the following properties.
• A Column can be contained only by one column, and there cannot be two
TableColumnContainment edges between the same Table and Column.
• There can be only one outgoing ForeignKeyReference edge from a Column. Such edges
cannot be defined between two columns of the same table. A column that is a foreign key of
another column cannot reference another foreign key.
• From
a
Column,
there
cannot
be
two
outgoing
edges
of
type
FunctionalDependencyRelation to the same target Column. A determinant of a
functional dependency cannot be a dependent of another functional dependency. In each
Column, there can be only one incoming edge of type FunctionalDependencyRelation.
In Listing A.5 in Appendix A (page 143), we present the MTV code that completely specifies all such
patterns. Let Q1 , Q2 , . . . Q13 denote these patterns, then we can assign the formula ¬∃Q1 ∧ ¬∃Q2 ∧
. . . ¬∃Q13 to the outgoing link of the start node.
By applying Proposition 6.23, it can be shown that these forbidden patterns cannot appear in the
output model either, because the rules cannot create them. Then, after proving that these constructions cannot be present, the algorithm is able to prove ∀%ver ) by applying Proposition 6.25 for both
rules.
pattern P1

pattern P2
t[Table]

t[Table]

dependent
[Column]

morphism r

determinant
[Column]

t2[Table]
determinant
[Column]

[FunctionalDependency]

dependent
[Column]

c1ref
[Column]

[ForeignKey]

CONSTRAINTS
CONSTRAINTS
determinant.ProcessingState
determinant.ProcessingState !=
!= "processed"
"processed"

Figure 8.9: Relation pattern %ver

Evaluation of the Realized Verification Framework
The long-term goal of our research is to develop a verification tool for graph rewriting-based model
transformations. Such a tool should have a strong mathematical background and its practical relevance
should be demonstrated by industrial case studies.
With respect to this long-term goal, the scope of this thesis can be outlined as follows. This
thesis concentrates on providing a strong and extensible formal background for the verification. Although during the development of the mathematical framework, we made attention to the algorithmic
realization of the methods, the main contribution is still the formal description of a uniform verification approach. To demonstrate the practical relevance of this formal framework, we have defined
how it can be realized algorithmically, and presented its implementation in VMTS. However, no
implementation-specific optimization techniques are discussed in this thesis, and the efficiency of the
presented methods has not been measured either. Of course, these are the next steps towards a really
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usable framework. In the following, we would like to summarize our practical experience regarding
the efficiency of the VMTS Verification Framework.
It can be seen that the memory need of the presented algorithms is very limited. Of course, the
transformation and some auxiliary data need to be kept in memory, however, memory consumption
never caused problem.
The time complexity of the verification of model transformations largely depend on the concrete
transformation itself. We have already analyzed the algorithm CheckImplication and showed that its
time complexity varies over broad ranges, and this algorithm is only one component of the framework.
Our practical experience gained from the verification of several case studies shows that when the
algorithms are able verify a property, then they do it quite efficiently and quickly. However, when
the algorithms are not able to verify (or refute) a property, it may happen that the user manually
terminates their execution.
Our experience shows that the efficiency of the algorithms is largely influenced by the user who
performs the analysis. During the presentation of the discovery of the control flow graphs, we have
already emphasized that the verification is an interactive process. For example, by analyzing the
current state of assignment, a user may find which rule is problematic, i.e. which rule causes that the
property cannot be verified, hence, the user can improve the rules. The user can easily integrate the
results of manual analysis by manually refining the current state of assignments. It can be seen that
the verification is an iterative process.

8.4

Summary

In this chapter, we have presented Visual Modeling and Transformation System, a multi-level metamodeling and model transformation framework developed by our research group in our department.
The contribution presented in this chapter is the realization of the theoretical results as an analysis
framework integrated into VMTS. We have presented the architecture of the framework, we have
shown how the analysis of the model transformations can be performed, and introduced a platform
independent textual programming language (MTV) to specify artifacts used during the analysis. MTV
makes it possible to analyze model transformations implemented in other frameworks as well. We have
also implemented a component that is able to automatically generate the MTV code from existing
model transformations implemented in VMTS. This component can efficiently convert the constraint
and imperative code attached to the rewriting rules as well. For example, the description of the model
transformation DB2NF has been automatically generated by this component.
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9
Conclusions
9.1

Summary of Contributions

The scientific results of my research are summarized in four theses that are further divided into
subtheses. During my research, I have formally proved that our theoretical results are correct and
illustrated their applicability by outlining a framework implemented in VMTS. The theses are outlined
in the following. Their structure and the correspondences between them are illustrated in Figure 9.1.
Translating VMTS transformations to MTV
code
Subthesis IV.2

VMTS Verification Framework
Subthesis IV.3

MTV programming language
Subthesis IV.1
Thesis IV – Implementation of the verification framework
MTA techniques
Subthesis III.3

MTA design patterns
Subthesis III.4
Formal analysis of rewriting rules
Subthesis III.2

Algorithmic realization of the inference logic
Subthesis II.1

Declarative interface of rewriting rules and
their applications
Subthesis III.1

TPDL inference logic
Subthesis II.1
TPDL
Subthesis II.1
Thesis II – Specifying properties to be verified
Definition and properties of graph-based
categories
Subthesis I.2

Thesis III – Analysis of transformations
Theory of integrating external constraint logic for
the analysis of attribute constraints
Subthesis I.3

Formalization of primary artifacts
Subthesis I.1
Thesis I – Formal background

Figure 9.1: Outline of the theses
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Thesis I – Formal Background for the Analysis of Model Transformations
This thesis provides formalization of several artifacts that provide the background of my verification
framework. In this thesis, I present how metamodels, models, pattern of models and relations between
possible source and target models of a model transformation can be specified. Attributes of the models
and constraints defined on the attributes are handled in an abstract way. I have defined restrictions on
the constraints, which makes it possible to propagate their analysis to general constraint logic systems
that are outside the boundaries of our core framework. This is advantageous, because constraint logic
programming has its own research field and, hence, we are able to integrate its methods. To be able to
use these formal artifacts to describe graph rewriting systems, I introduce new categories and prove
several desirable properties of them using category theory.
Thesis I is presented in Chapter 4 of the dissertation.
Publications related to this thesis are: [5, 23, 4, 3, 18, 36].
Subthesis I.1
I have provided a formalism that is able to describe artifacts (including metamodels, models, patterns
of models and relations between these entities) used during the formal analysis of model transformations, I have proved that models can be equivalently described by patterns. I have shown that
an attribute value assignment of a source graph can be mapped to a target graph along a pattern
morphism, and I have proved that the mapped attribute value assignment is compatible with the
target graph, i.e. it is valid attribute value assignment of the target graph. I have also shown that
an abstract attribute constraint of a source graph can be mapped to a target graph along a pattern
morphism, and I have proved that the mapped constraint is compatible with the target graph. I have
defined the mapping of attribute value assignments along pattern morphisms in the reverse direction,
and I have proved that the mapping of a complete attribute value assignment of a target graph along a
weakly typed morphism in the reverse direction results in a valid complete attribute value assignment
of a source graph.
Subthesis I.2
I have proved that GraphsWMT is a valid category in category theory. Similarly, I have proved that
the set of pattern morphisms is closed under composition, and, hence, GraphsPMM is also a valid
category in category theory. I have proved that the category GraphsPMM satisfies the following
three properties: (i) the pushout can be always constructed along pattern morphisms, (ii) given two
pattern morphisms with a common source, if one of them is strongly typed, then the opposite pattern
morphism will be also strongly typed in the resulting pushout construction, (iii) given a pair of pattern
morphisms with a common target graph, a minimal pair-factorization can be always constructed. I
have proved that RelGraphsPMM is a valid category in category theory.
Subthesis I.3
I have defined relations of sets of abstract attribute constraints. I have provided sufficient conditions
to derive the properties (if they are valid, invalid, weak or strong) of patterns and pattern morphisms
from these relations. I have defined the interface of functions that are used to analyze the relations
of constraints, and, hence, I have shown that external constraint logic that is used to determine the
validity of the abstract attribute constraints can be integrated into my framework. I have proved that
different implementations of the presented function interfaces cannot contradict to each other, i.e. the
requirements of the functions guarantees consistency.
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Thesis II – Formalizing Functional Properties of Model Transformations
In this thesis, a propositional logic-based language called Transformation Property Description Language (TPDL) is defined that can express a set of functional properties of transformations to be
verified. To perform reasoning on the expressions of TPDL, inference rules are introduced and their
soundness and completeness are analyzed. A method to realize the reasoning in the form of an algorithm is also presented.
Thesis II is presented in Chapter 5 of the dissertation.
Publications related to this thesis are: [5, 23, 22, 4, 2, 19, 15, 16, 9].
Subthesis II.1
I have provided the interface of a propositional logic-based formal language (TPDL) that is able
to express several functional properties of model transformations including correspondences between
the source and target models. I have provided the syntax and the semantics of a concrete type of
TPDL atom called relation pattern condition that are built from relation patterns. I have proved that
equivalent relation pattern conditions can be specified by means of isomorphic relation patterns used
in the expressions. I have proved that according to the semantics of TPDL, the inference rules defined
for propositional logic are valid inference rules in TPDL inference logic.
Subthesis II.2
I have provided a set of inference rules for TPDL expressions and I have proved that these inference
rules are sound. I have provided sufficient conditions for the applicability of the inference rules and
provided algorithms for the decidability of these conditions. I have proved that it is undecidable in
general if an implication is always satisfied. I have proved that there is a subset of the implications
for which the previous property is algorithmically decidable.
Subthesis II.3
I have provided the definition of limit functions and introduced a valid limit function. I have provided
an algorithm for analyzing the satisfiability of implications built from TPDL formulae. I have proved
that the algorithm always terminates if a valid limit function is provided for any input. I have proved
that the algorithm always retrieves a solution for the algorithmically decidable subset of the problem
domain presented in Subthesis II.2 when the previously introduced limit function is used.

Thesis III – Formal Analysis of Transformation Segments
This thesis presents how individual rewriting rules of model transformations can be analyzed to prove
properties of the model transformations. By the analysis of a rewriting rule, my goal is to prove
properties that are true after the application of a rule independently from the concrete input. By
propagating these properties through the control flow of the model transformation, the properties
that will be true when the complete transformation finishes can be derived.
Another contribution of this thesis is the definition of MTA (Model Transformation Analysis)
techniques and design patterns that are my pre-analyzed building blocks. These constructions make it
possible to formalize and automate the application of several recurring techniques and transformation
design patterns used during the implementation and formal verification of model transformations.
Thesis III is presented in Chapter 7 and 8 of the dissertation.
Publications related to this thesis are: [5, 23, 21, 22, 4, 27, 1, 17, 11, 2, 3, 7, 8, 34, 33, 26, 13].
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Subthesis III.1
I have provided a formalism to declaratively specify the interface of rewriting rules based on the
category GraphsPMM . I have specified the declarative interface of a direct graph transformation
that is based on the interface of rewriting rule interfaces. I have provided a sufficient condition for
the applicability of a rewriting rule based on its interface. I have provided a sufficient condition for
the non-applicability of a rewriting rule based on its interface.
Subthesis III.2
I have provided a formalism to specify control flow graphs of model transformations. I have provided
sufficient conditions to derive formulae that are proved to be true after the successful application of
rules based on their interface. I have provided sufficient conditions to derive formulae that are proved
to be true after the unsuccessful application of rules based on their interface. I have shown how the
previous sufficient conditions can be algorithmically analyzed.
Subthesis III.3
I have introduced MTA (Model Transformation Analysis) techniques that are used to automate recurring tasks during the formal analysis of graph rewriting-based model transformations formalized
by the formal framework presented in Thesis I. I have introduced and formalized the Intact Element
MTA technique. I have given a sufficient condition for the detection of weakly and strongly intact
elements of a rewriting rule interface. I have provided the interface of the composition of sequential
rules and the interface of the application of the composed rule. Based on this definition, I have presented the Composite Rule MTA technique. According to this technique, I have adapted concurrency
theorem to the formalism presented in Thesis I. and proved the validity of the adapted theorem.

Subthesis III.4
I have introduced and formalized the Traverser MTA design pattern that is a generally described
transformation segment with an attached formal analysis for the iterative processing of a set of
elements. I have formally described the structure of the design pattern. By the formal analysis of this
design pattern, I have given sufficient conditions for the termination of the transformation segment. I
have also showed how the execution time can be computed in the case when the sufficient conditions
hold. I have proved a TPDL formula that can be proved to be true after the application of the
transformation segment. I have proved that for any model transformation that implemented this
design pattern, the results of the analysis automatically hold.

Thesis IV. Application of the Novel Scientific Results
The theoretical framework presented in my thesis has been realized in Visual Modeling and Transformation System (VMTS), a multi-level modeling and model transformation framework. During its
implementation, my goal was to illustrate the applicability of the theoretical results. The tool can be
publicly accessed at http://vmts.aut.bme.hu.
Applications of the scientific results are presented in Chapter 9 of the dissertation.
Publications related to this thesis are: [14, 24, 25, 27, 32, 20, 28, 30, 31, 11, 35, 12, 10, 6, 29].
Subthesis IV.1
I have designed a tool-independent textual programming language called MTV that is able to specify
model transformations with the formalism presented in Thesis I. I have shown that typical engineer122
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ing verification problems can be formulated as MTV programs. Also, I have demonstrated that by
using MTV, the transformations to be analyzed by the implemented framework are not restricted to
transformations implemented in VMTS.
Subthesis IV.2
I have provided algorithms that are able to process model transformations defined in VMTS and
automatically generate MTV code from them ready for analysis. I have shown that the verification
framework can be implemented such that it is able to analyze control flow definitions.
Subthesis IV.3
I have demonstrated that my theoretical framework can be realized as a component-based reusable,
and extensible software package that can reason about an arbitrary MTV input, and is able to compose
predefined MTA patterns, and integrate them into the reasoning process.

9.2

Future Work

In this section, we summarize the known open issues that need further research to improve the
presented theoretical results and their implementations. Many components of our system can be
improved. However, when the scope of the dissertation has been defined, we wanted to provide a
strong formal basis for a verification framework that is already applicable to engineering problems.
We wanted our system to be improved by enhancing with new capabilities and developing more
efficient algorithms in the future. Therefore, the formal basis has been designed to be extendable. We
plan to implement more complex model transformations with industrial relevance and use them to
test and improve our methods.
The possible directions of further research to enhance the theoretical aspects of our framework are
summarized as follows.
• We have shown that there is a subset of implication problems for which the satisfiability can
be decided. However, we had to exclude attribute constraints from these implications, because,
we could not guarantee anything about the capabilities of the external constraint logic. If we
could find different subsets of the constraints for which certain relations are decidable, we could
expand the subset of decidable problems. Therefore, it would be beneficial to integrate the
results of the theory of constraints satisfaction and constraint logic programming.
• The algorithm CheckImplication is extensively used by other components of our system. Therefore, the improvement of its performance and efficiency would largely influence the capabilities
of the whole framework. In its current form, it would be beneficial to analyze its performance by
measurements and develop more optimization techniques for the processing of the truth tables.
• Another possible direction to improve CheckImplication is to replace the truth table-based
analysis of implications by adapting algorithms that are efficiently used for reasoning in propositional logic. In this case, external tools, e.g. SAT solvers, could be integrated.
• The language TPDL is designed to be extensible. We plan to introduce more types of atomic
TPDL formulae in order to be able to express more types of functional properties of model
transformations. If a new type of formula is developed, many components of our framework
should be extended by the capability of handling and analyzing these new formulae. We believe
that these components could be extended easily, and they do not need to be redesigned.
• The efficiency of our verification approach is based on the analysis of rewriting rules. It would
be beneficial to introduce more derivation and propagation rules. Once such new propositions
are provided, they can be easily integrated into the rule analyzer algorithm.
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• Our methods are based on the analysis of single rewriting rules, however, by analyzing the
control flow graph of a model transformation, we could prove more properties. It would be also
beneficial to extend the definition of control flow graphs in order to be able to describe more
types of control mechanisms, e.g. non-deterministic choice, priority-based ordering, etc.
• Our future work addresses the more complex MTA design patterns distilled from industrial
applications. We plan to a collect a high number of MTA design patterns and provide a catalog
with their description.
• Although our research focuses on the verification of functional properties of model transformations, the analysis of rules and control flow graphs could be useful in the analysis of nonfunctional properties as well. Hence, methods for the analysis of termination or confluence could
be integrated into our framework.
Besides the enhancement of the theoretical background, we plan to improve the realization of the
framework currently implemented in VMTS.
• We plan to provide a standalone application as a platform-independent verification framework.
This would make it possible to integrate these methods into other tools, which would lead to
more case studies.
• We also want to develop a fully functional tool support for all aspects of MTA methods to
promote automated transformation analysis.
• The use of a separate language (MTV code) to specify TPDL formulae has some drawbacks.
Therefore, we plan to provide methods to be able to describe TPDL formulae in OCL, or other
general programming languages that are used in model transformation frameworks.
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A
Detailed Examples
Formal Specification of Database metamodel
In the following, we provide the specification of the Database domain presented in Section 2.4:
NDB ={Database, Table, Column}

(A.1a)

EDB ={TableContainment, TableColumnContainment, ForeignKeyReference,
(A.1b)

FunctionalDependencyRelation}
sDB : EDB → NDB
sDB (TableContainment) = Database
sDB (TableColumnContainment) = Table
sDB (ForeignKeyReference) = Column
sDB (FunctionalDependencyRelation) = Column

(A.1c)

tDB : EDB → NDB
tDB (TableContainment) = Table
tDB (TableColumnContainment) = Column
tDB (ForeignKeyReference) = Column
tDB (FunctionalDependencyRelation) = Column
I
NDB ={Database, Table, Column}
I
={}
EDB
I
sDB : EDB → NDB
tIDB : EDB → NDB
I
I
, sIDB , tIDB )
, EDB
IDB =(NDB

(A.1d)

TDB =(NDB , EDB , sDB , tDB , IDB )

(A.1h)

(A.1e)
(A.1f)

(A.1g)

ADB ={DBName, CollationName, Refactor, ProcessingState, TName, CName, Type, Length,
Constraints, IsIndexed, IsNullAllowed, Comment, IsPrimaryKey, IsForeignKey,
IsCascadeDeletionSetForForeignKey}

(A.1i)

A

attrsDB :L(TDB ) → 2

attrsDB (Database) = {DBName, CollationName, Refactor, ProcessingState}
attrsDB (Table) = {TName, Refactor, ProcessingState}
attrsDB (Column) = {CName, Type, Length, Constraints, IsIndexed, IsNullAllowed,
Comment, IsPrimaryKey, Refactor, ProcessingState, IsForeignKey,
IsCascadeDeletionSetForForeignKey}

(A.1j)

attrsDB (TableContainment) = {}
attrsDB (TableColumnContainment) = {}
attrsDB (ForeignKeyReference) = {}
attrsDB (FunctionalDependencyRelation) = {}
MDB =(TDB , ADB , attrsDB )

(A.1k)
(A.1l)
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Formal Specification of the Control Flow Graph of the Model Transformation DB2NF
Equation A.2 presents the formal representation of the control flow graph of the model transformation
DB2NF.
CF2N F =(start, RuleContainers2N F , EndN odes2N F , Links2N F , source2N F ,
target2N F , isExhaustive2N F , ruleOf2N F , Rules2N F , action2N F )
RuleContainers2N F ={RuleContainer1 , RuleContainer2 }
EndN odes2N F ={end}
Links2N F ={link0 , link1 , link2 }

(A.2a)
(A.2b)
(A.2c)
(A.2d)

source2N F :Links2N F → {start} ∪ RuleContainers2N F
source2N F (link0 ) = start
source2N F (link1 ) = RuleContainer1
source2N F (link2 ) = RuleContainer2

(A.2e)

target2N F :Links2N F → RuleContainers2N F ∪ EndN odes2N F
target2N F (link0 ) = RuleContainer1
target2N F (link1 ) = RuleContainer2
target2N F (link2 ) = end

(A.2f)

isExhaustive2N F :RuleContainers2N F → {true, false}
isExhaustive2N F (RuleContainer1 ) = true
isExhaustive2N F (RuleContainer2 ) = true
Rules2N F ={RuleI1 , RuleI2 }

(A.2g)
(A.2h)

ruleOf2N F =RuleContainers2N F → Rules2N F
ruleOf2N F (RuleContainer1 ) = RuleI1
ruleOf2N F (RuleContainer2 ) = RuleI2

(A.2i)

action2N F :Links2N F → {success, failure, always}
action2N F (link0 ) = always
action2N F (link1 ) = always
action2N F (link2 ) = always

(A.2j)

MTV Code Examples
In the following, we present code segments of the MTV program that specifies the artifacts of the
model transformation DB2NF.
Listing A.1: MTV code for rule ExtractPrimaryKey of model transformation 2NF
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

graph 2NF_ExtractPrimaryKey_LHS_GRAPH [DatabaseRepository] {
node t [Table]
node determinant [Column]
node dependent [Column]
edge MatchedRelation0 [TableColumnContainment] from t to determinant
edge MatchedRelation1 [TableColumnContainment] from t to dependent
edge MatchedRelation2 [FunctionalDependencyRelation] from determinant to dependent
}
constraints 2NF_ExtractPrimaryKey_LHS_CONSTRAINTS on graphs
2NF_ExtractPrimaryKey_LHS_GRAPH {
constraint [determinant.ProcessingState != "processed"]
}
pattern 2NF_ExtractPrimaryKey_LHS [DatabaseRepository] {
graph 2NF_ExtractPrimaryKey_LHS_GRAPH
constraints 2NF_ExtractPrimaryKey_LHS_CONSTRAINTS
}
graph 2NF_ExtractPrimaryKey_CONTEXT [DatabaseRepository] {
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17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73

node
node
node
edge
edge
edge

t [Table]
determinant [Column]
dependent [Column]
MatchedRelation0 [TableColumnContainment] from t to determinant
MatchedRelation1 [TableColumnContainment] from t to dependent
MatchedRelation2 [FunctionalDependencyRelation] from determinant to dependent

}
graph 2NF_ExtractPrimaryKey_RHS_GRAPH [DatabaseRepository] {
node t [Table]
node determinant [Column]
node dependent [Column]
node tnew [Table]
node key [Column]
edge MatchedRelation0 [TableColumnContainment] from t to determinant
edge MatchedRelation1 [TableColumnContainment] from t to dependent
edge MatchedRelation2 [FunctionalDependencyRelation] from determinant to dependent
edge MatchedRelation3 [ForeignKeyReference] from determinant to key
edge MatchedRelation4 [TableColumnContainment] from tnew to key
}
constraints 2NF_ExtractPrimaryKey_RHS_CONSTRAINTS on graphs
2NF_ExtractPrimaryKey_RHS_GRAPH {
constraint [determinant.ProcessingState == "processed"]
constraint [determinant.IsForeignKey == "true"]
constraint [key.IsForeignKey == "false"]
constraint [key.IsPrimaryKey == "true"]
}
pattern 2NF_ExtractPrimaryKey_RHS [DatabaseRepository] {
graph 2NF_ExtractPrimaryKey_RHS_GRAPH
constraints 2NF_ExtractPrimaryKey_RHS_CONSTRAINTS
}
pmorphism 2NF_ExtractPrimaryKey_LEFT from 2NF_ExtractPrimaryKey_CONTEXT to
2NF_ExtractPrimaryKey_LHS {
t -> t
determinant -> determinant
dependent -> dependent
MatchedRelation0 -> MatchedRelation0
MatchedRelation1 -> MatchedRelation1
MatchedRelation2 -> MatchedRelation2
}
pmorphism 2NF_ExtractPrimaryKey_RIGHT from 2NF_ExtractPrimaryKey_CONTEXT to
2NF_ExtractPrimaryKey_RHS {
t -> t
determinant -> determinant
dependent -> dependent
MatchedRelation0 -> MatchedRelation0
MatchedRelation1 -> MatchedRelation1
MatchedRelation2 -> MatchedRelation2
}
constraints 2NF_ExtractPrimaryKey_COMMONCONSTRAINTS on graphs
2NF_ExtractPrimaryKey_LHS_GRAPH, 2NF_ExtractPrimaryKey_RHS_GRAPH {
constraint [tnew.TName == determinant.Refactor]
constraint [key.CName == determinant.CName]
constraint [key.Type == determinant.Type]
constraint [key.Length == determinant.Length]
constraint [key.Comment == determinant.Comment]
}
rule 2NF_ExtractPrimaryKey [DatabaseRepository] {
lhs 2NF_ExtractPrimaryKey_LHS
left 2NF_ExtractPrimaryKey_LEFT
context 2NF_ExtractPrimaryKey_CONTEXT
right 2NF_ExtractPrimaryKey_RIGHT
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rhs 2NF_ExtractPrimaryKey_RHS
constraints 2NF_ExtractPrimaryKey_COMMONCONSTRAINTS

74
75
76

}

Listing A.2: MTV code for rule MoveDependent of model transformation 2NF
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

graph NF_MoveDependent_LHS_GRAPH [DatabaseRepository] {
node t1 [Table]
node c1 [Column]
node c2 [Column]
node t2 [Table]
node c1ref [Column]
edge MatchedRelation0 [TableColumnContainment] from t1 to c1
edge originalContainment [TableColumnContainment] from t1 to c2
edge MatchedRelation2 [FunctionalDependencyRelation] from c1 to c2
edge MatchedRelation4 [ForeignKeyReference] from c1 to c1ref
edge MatchedRelation3 [TableColumnContainment] from t2 to c1ref
}
constraints NF_MoveDependent_LHS_CONSTRAINTS on graphs NF_MoveDependent_LHS_GRAPH {
}
pattern NF_MoveDependent_LHS [DatabaseRepository] {
graph NF_MoveDependent_LHS_GRAPH
constraints NF_MoveDependent_LHS_CONSTRAINTS
}
graph NF_MoveDependent_CONTEXT [DatabaseRepository] {
node t1 [Table]
node c1 [Column]
node c2 [Column]
node t2 [Table]
node c1ref [Column]
edge MatchedRelation0 [TableColumnContainment] from t1 to c1
edge MatchedRelation4 [ForeignKeyReference] from c1 to c1ref
edge MatchedRelation3 [TableColumnContainment] from t2 to c1ref
}
graph NF_MoveDependent_RHS_GRAPH [DatabaseRepository] {
node t1 [Table]
node c1 [Column]
node c2 [Column]
node t2 [Table]
node c1ref [Column]
edge MatchedRelation0 [TableColumnContainment] from t1 to c1
edge MatchedRelation4 [ForeignKeyReference] from c1 to c1ref
edge MatchedRelation3 [TableColumnContainment] from t2 to c1ref
edge originalContainment [TableColumnContainment] from t2 to c2
}
constraints NF_MoveDependent_RHS_CONSTRAINTS on graphs NF_MoveDependent_RHS_GRAPH {
}
pattern NF_MoveDependent_RHS [DatabaseRepository] {
graph NF_MoveDependent_RHS_GRAPH
constraints NF_MoveDependent_RHS_CONSTRAINTS
}
pmorphism NF_MoveDependent_LEFT from NF_MoveDependent_CONTEXT to NF_MoveDependent_LHS {
t1 -> t1
c1 -> c1
c2 -> c2
t2 -> t2
c1ref -> c1ref
MatchedRelation0 -> MatchedRelation0
MatchedRelation4 -> MatchedRelation4
MatchedRelation3 -> MatchedRelation3
}
pmorphism NF_MoveDependent_RIGHT from NF_MoveDependent_CONTEXT to NF_MoveDependent_RHS {
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57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76

t1 -> t1
c1 -> c1
c2 -> c2
t2 -> t2
c1ref -> c1ref
MatchedRelation0 -> MatchedRelation0
MatchedRelation4 -> MatchedRelation4
MatchedRelation3 -> MatchedRelation3
}
constraints NF_MoveDependent_COMMONCONSTRAINTS on graphs NF_MoveDependent_LHS_GRAPH,
NF_MoveDependent_RHS_GRAPH {
constraint [c1.ProcessingState == c1.ProcessingState]
}
rule NF_MoveDependent [DatabaseRepository] {
lhs NF_MoveDependent_LHS
left NF_MoveDependent_LEFT
context NF_MoveDependent_CONTEXT
right NF_MoveDependent_RIGHT
rhs NF_MoveDependent_RHS
constraints NF_MoveDependent_COMMONCONSTRAINTS
}

Listing A.3: MTV code for the control flow graph of the model transformation 2NF
1
2
3
4
5
6
7
8
9

transformation DB2NF {
start StartNode0
end EndNode0
container RuleContainer0 execute rule 2NF_ExtractPrimaryKey exhaustively
container RuleContainer1 execute rule NF_MoveDependent exhaustively
link flowEdge0 from StartNode0 to RuleContainer0
link flowEdge1 from RuleContainer0 to RuleContainer1
link flowEdge2 from RuleContainer1 to EndNode0
}

Listing A.4: The property to be verified of the model transformation DB2NF
1
2
3
4
5
6

formula phi_ver =
not (E - rpattern rpVer [DatabaseRepository] {
source pattern 2NF_ExtractPrimaryKey_LHS
target pattern NF_MoveDependent_RHS,
mapping { t -> t1 determinant -> c1 dependent -> c2 MatchedRelation0 ->
MatchedRelation0 }
}) ;

Listing A.5: Initial formula of the model transformation DB2NF
1
2

pattern p_initial_1 [DatabaseRepository] { node t[Table] node c[Column] edge
e1[TableColumnContainment] from t to c edge e2 [TableColumnContainment] from t to c }
formula phi_initial_1 = not (E + rpattern rp_initial_1 [DatabaseRepository] { source 0
target pattern p_initial_1 mapping 0 });

3
4

5

pattern p_initial_2 [DatabaseRepository] { node t1[Table] node t2[Table] node c[Column]
edge e1[TableColumnContainment] from t1 to c edge e2 [TableColumnContainment] from
t2 to c }
formula phi_initial_2 = not (E + rpattern rp_initial_2 [DatabaseRepository] { source 0
target pattern p_initial_2 mapping 0 }) ;

6
7
8

pattern p_initial_3 [DatabaseRepository] { node c1 [Column] node c2[Column] edge e1
[ForeignKeyReference] from c1 to c2 edge e2 [ForeignKeyReference] from c1 to c2 }
formula phi_initial_3 = not (E + rpattern rp_initial_3 [DatabaseRepository] { source 0
target pattern p_initial_3 mapping 0 }) ;

9
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10

11

pattern p_initial_4 [DatabaseRepository] { node c1 [Column] node c2 [Column] node
c3[Column] edge e1[ForeignKeyReference] from c1 to c2 edge e2 [ForeignKeyReference]
from c1 to c3 }
formula phi_initial_4 = not (E + rpattern rp_initial_4 [DatabaseRepository] { source 0
target pattern p_initial_4 mapping 0 }) ;

12
13

14

pattern p_initial_5 [DatabaseRepository] { node c1 [Column] node c2[Column] edge
e1[FunctionalDependencyRelation] from c1 to c2 edge e2[FunctionalDependencyRelation]
from c1 to c2}
formula phi_initial_5 = not (E + rpattern rp_initial_5 [DatabaseRepository] { source 0
target pattern p_initial_5 mapping 0 });

15
16

17

pattern p_initial_6 [DatabaseRepository] { node t[Table] node c1 [Column] node c2
[Column] edge e1[TableColumnContainment] from t to c1 edge
e2[TableColumnContainment] from t to c2 edge e3[ForeignKeyReference] from c1 to c2 }
formula phi_initial_6 = not (E + rpattern rp_initial_6 [DatabaseRepository] { source 0
target pattern p_initial_6 mapping 0 }) ;

18
19

20

pattern p_initial_7 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
e2[FunctionalDependencyRelation] from c2 to c3}
formula phi_initial_7 = not (E + rpattern rp_initial_7 [DatabaseRepository] { source 0
target pattern p_initial_7 mapping 0 }) ;

21
22

23

pattern p_initial_8 [DatabaseRepository] { node c1[Column] node c2[Column] edge
e1[FunctionalDependencyRelation] from c1 to c2 edge e2[FunctionalDependencyRelation]
from c2 to c1 }
formula phi_initial_8 = not (E + rpattern rp_initial_8 [DatabaseRepository] { source 0
target pattern p_initial_8 mapping 0 }) ;

24
25

26

pattern p_initial_9 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
e2[FunctionalDependencyRelation] from c3 to c2}
formula phi_initial_9 = not (E + rpattern rp_initial_9 [DatabaseRepository] { source 0
target pattern p_initial_9 mapping 0 }) ;

27
28
29

pattern p_initial_10 [DatabaseRepository] { node c1 [Column] node c2[Column] edge
e1[ForeignKeyReference] from c1 to c2 edge e2[ForeignKeyReference] from c2 to c1}
formula phi_initial_10 = not (E + rpattern rp_initial_10 [DatabaseRepository] { source
0 target pattern p_initial_10 mapping 0 }) ;

30
31

32

pattern p_initial_11 [DatabaseRepository] { node c1 [Column] node c2[Column] node
c3[Column] edge e1[ForeignKeyReference] from c1 to c2 edge e2[ForeignKeyReference]
from c3 to c1}
formula phi_initial_11 = not (E + rpattern rp_initial_11 [DatabaseRepository] { source
0 target pattern p_initial_11 mapping 0 }) ;

33
34

35

pattern p_initial_12 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
e2[ForeignKeyReference] from c3 to c2 }
formula phi_initial_12 = not (E + rpattern rp_initial_12 [DatabaseRepository] { source
0 target pattern p_initial_12 mapping 0 }) ;

36
37

38

pattern p_initial_13 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
e2[ForeignKeyReference] from c1 to c3 }
formula phi_initial_13 = not (E + rpattern rp_initial_13 [DatabaseRepository] { source
0 target pattern p_initial_13 mapping 0 }) ;

39
40

pattern p_initial_14 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
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41

e2[ForeignKeyReference] from c3 to c1 }
formula phi_initial_14 = not (E + rpattern rp_initial_14 [DatabaseRepository] {
0 target pattern p_initial_14 mapping 0 }) ;

source

42
43

44

pattern p_initial_15 [DatabaseRepository] { node c1[Column] node c2[Column] node
c3[Column] edge e1[FunctionalDependencyRelation] from c1 to c2 edge
e2[ForeignKeyReference] from c2 to c3 }
formula phi_initial_15 = not (E + rpattern rp_initial_15 [DatabaseRepository] { source 0
target pattern p_initial_15 mapping 0 }) ;

45
46
47

formula phi_initial =
phi_initial_1 and phi_initial_2 and phi_initial_3 and phi_initial_4 and phi_initial_5
and phi_initial_6 and phi_initial_7 and phi_initial_8 and phi_initial_9 and
phi_initial_10 and phi_initial_11 and phi_initial_12 and phi_initial_13 and
phi_initial_14 and phi_initial_15;
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Detailed Proofs
Proofs of Chapter 4
Proof of Proposition 4.18
Proof. In this proof, we will use the symbols introduced in Definition 4.17:
v[c3 ] = eval3 (v(source(1), nav(1)), v(source(2), nav(2)), . . . v(source(|c1 | + |c2 |), nav(|c1 | + |c2 |)))
= eval1 (v(source1 (1), nav1 (1)), v(source1 (2), nav1 (2)), . . . v(source1 (|c1 |), nav1 (|c1 |)))
∧ eval2 (v(source2 (|c1 | + 1 − |c1 |), nav2 (|c1 | + 1 − |c1 |)),
v(source2 (|c1 | + 2 − |c1 |), nav2 (|c1 | + 2 − |c1 |)),
...
v(source2 (|c1 | + |c2 | − |c1 |), nav2 (|c1 | + |c2 | − |c1 |)))
= v[c1 ] ∧ v[c2 ]
v[c4 ] = eval4 (v(source(1), nav(1)), v(source(2), nav(2)), . . . v(source(|c1 | + |c2 |), nav(|c1 | + |c2 |)))
= eval1 (v(source1 (1), nav1 (1)), v(source1 (2), nav1 (2)), . . . v(source1 (|c1 |), nav1 (|c1 |)))
∨ eval2 (v(source2 (|c1 | + 1 − |c1 |), nav2 (|c1 | + 1 − |c1 |)),
v(source2 (|c1 | + 2 − |c1 |), nav2 (|c1 | + 2 − |c1 |)),
...
v(source2 (|c1 | + |c2 | − |c1 |), nav2 (|c1 | + |c2 | − |c1 |)))
= v[c1 ] ∨ v[c2 ]
By applying the previous method, it can be also shown that v[c5 ] = ¬v[c1 ].



Proof of Proposition 4.25
Proof. Let the clan morphism of G be typeG , i.e. typeG = τ (G). PM is the equivalent pattern of
M , therefore, G(PM ) = G(M ) = G. By Algorithm 1, vM is a complete attribute value assignment
over G, because M is a model. Also by Algorithm 1: ∀l, a : l ∈ L(G), a ∈ attrs(typeG (l)) implies that
∃[l.a = ν] ∈ C(P ) : ν = vM (l, a). Since there are no other constraints in C(P ), vM  C(PM ). Recall that
C(P ) denotes the set of constraints of the pattern P .
Assume that there exists a valid, complete attribute value assignment vP over P such that vM , vP .
Both vM and vP are complete assignments over G, hence dom(vM ) = dom(vP ). If vP , vM , then ∃l, a :
l ∈ L(G), a ∈ attrs(typeG (l)) such that vM (l, a) , vP (l, a). However, in this case vP 2 [l.a = vM (l, a)].
But [l.a = vM (l, a)] is a constraint of P , therefore, it would be a contradiction.

Proof of Proposition 4.48
146

Proof. In the previous definition, we assumed the existence of a pattern morphism p : P1 → P2 . This
maps all elements of P1 . This is surjective, i.e. all elements in P2 have a source in P1 . Moreover, it is
strongly typed, therefore, there exists its inverse p−1 . By the properties of p it follows that p−1 maps all
elements of P2 , it is strongly typed, and it is surjective as well. By definition p−1 ◦ p = idP1 where idP1
denotes the identity morphism of P1 . We know that p−1 (C(P2 )) = p(p−1 (C(P1 ))) = idP1 (C(P1 )) = C(P1 ).
This results that p−1 is a morphism that proves that P2  P1 .

Proof of Lemma 4.54
E
N
E
Proof. Let the clan morphisms of A, B, and C be typeA = (typeN
A , typeA ), typeB = (typeB , typeB ),
N
E
and typeC = (typeC , typeC ), respectively.
We know that f and g are both partial weakly typed morphisms, therefore, there exist weakly
typed morphisms f 0 : A → B and g 0 : B → C such that f ⊆ f 0 and g ⊆ g 0 . Let f 0 ◦ g 0 be a mapping from
A to C defined as follows ∀l ∈ L(A), let g 0 ◦ f 0 (l) = g 0 (f 0 (l)). Since both f 0 and g 0 are traditional graph
morphisms, their composition is also a graph morphism. We also need to prove that g 0 ◦ f 0 satisfies
0
0
N
the conditions of weakly typed morphisms, i.e.: (i) ∀n ∈ N (A) : typeN
C (g ◦ f (n)) ∈ clanI (typeA (n)),
E
0
0
E
and (ii) ∀e ∈ E(A) : typeC (g ◦ f (e)) = typeA (e)).
0
N
N 0 0
By Definition 4.27, ∀n ∈ N (A) : typeN
B (f (n)) ∈ clanI (typeA (n)) and typeC (g (f (n)) ∈
0
0
N
clanI (typeN
Applying Lemma 4.36, clanI (typeN
thereB (f (n)) ⊆ clanI (typeA (n)),
B (f (n)).
N
0
0
N
E
0
fore, typeC (g (f (n))) ∈ clanI (typeA (n)). Similarly, ∀e ∈ E(A) : typeB (f (e)) = typeE
(e)
and
A
E
0
0
E
0
E
0
0
E
typeC (g (f (e))) = typeB (f (e)), therefore, typeC (g (f (e))) = typeA (e). Now, we have shown that
g 0 ◦ f 0 is indeed a weakly typed morphism as it is total as well.
f ⊆ f 0 and g ⊆ g 0 this means that for the elements in the domain of f and g, f = f 0 and g = g 0 ,
therefore, ∀l ∈ dom(f ) if f (l) ∈ dom(g), then g 0 ◦ f 0 (l) = g ◦ f (l), i.e. g ◦ f ⊆ g 0 ◦ f 0 . (Recall that f ⊆ f 0
means that f is a restriction of f 0 to a subset of its domain as presented in Definition 2.8.) This
implies that g ◦ f is a partial weakly typed morphism.


Proof of Proposition 4.57
Proof. The easiest way to prove the properties presented above is to show how the required entities
can be constructed.
(i) Assume that f : A → B and g : A → C are pattern matches. Let D be a graph with clan morphism
τ (D) = typeD and the pattern morphisms g 0 : B → D, f 0 : C → D be constructed as follows.
Let the clan morphisms of A, B and C be typeA , typeB and typeC respectively, i.e. τ (A) =
typeA , τ (B) = typeB , τ (C) = typeC . For all edge lA ∈ E(A) let lD be an edge of D such that
typeA (lA ) = typeD (lD ). Moreover, let g 0 ◦ f (lA ) = f 0 ◦ g(lA ) = lD . For all node lA ∈ N (A): let lD
be a node of D. Let lB = f (lA ) and lC = g(lA ). If the type of lB is inherited from that of lC
(i.e. typeB (lB ) ∈ clanI (typeC (lC ))), then let typeD (lD ) = typeB (lB ), otherwise let typeD (lD ) =
typeC (lC ). Moreover let g 0 ◦ f (lA ) = f 0 ◦ g(lA ) = lD . For all elements lB of B that do not have
a source in A by the match f let lD be an element of D such that typeD (lD ) = typeB (lB ) and
g 0 (lB ) = lD . Similarly, for all elements lC of C that do not have a source in A by the match g, let
lD be an element of D such that typeD (lD ) = typeC (lC ) and f 0 (lB ) = lD . Now, we have defined
g 0 , f 0 and D.
It is trivial that g 0 and f 0 are pattern morphisms, because all elements of B and C are in the
domain of g 0 and f 0 , respectively. It is trivial that g 0 ◦ f = f 0 ◦ g, i.e. it commutes. Finally, we
need to prove that the constructed entities compose a pushout, i.e. for any graph X and pair
of matches h : B → X, k : C → X such that h ◦ f = k ◦ g, there exists a unique pattern match
x : D → X such that x ◦ g 0 = h and x ◦ f 0 = k. Take one possible triple X, h, k specified above
and let typeX = τ (X) be the clan morphism of X. We show that an appropriate pattern match
x : D → X can be constructed.
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• Let lB be an edge of B, hence, ∃h(lB ) ∈ E(X) and typeX (h(lB )) = typeB (lB ). Moreover,
∃g 0 (lB ) ∈ L(D), and typeD (g 0 (lB )) = typeB (lB ). Therefore, we can define that x(g 0 (lB )) =
h(lB ).
• In the very same way, we can define the mapping of edges of C as well. If there is an edge
lA ∈ E(A), then f (lA ) ∈ L(B) and g(lA ) ∈ L(C). However, in the previous two constructions,
we have defined the mappings of all edges of B and all edges of C separately. Therefore,
we need to show that for such edges, these constructions cannot lead to a contradiction.
It is trivial that if there is an edge lA ∈ E(A), then h ◦ f (lA ) = x ◦ g 0 ◦ f (lA ) = k ◦ g(lA ) =
x ◦ f 0 ◦ g(lA ), hence, the previous two definitions cannot lead to a contradiction.
• Similarly, we can show that the nodes of D can be mapped to the nodes of X as well.
Let lB be a node of B, hence, ∃lX ∈ N (X) such that h(lB ) = lX and typeX (h(lB )) ∈
clanI (typeB (lB )). Assume that there is a node lC ∈ N (C) such that k(lC ) = h(lB ), hence,
typeX (k(lC )) ∈ clanI (typeC (lC )). We know that there is an element lD = g 0 (lB ) = f 0 (lC ) ∈
L(D) such that typeD (lD ) is either typeB (lB ) or typeC (lC ) according to the construction
of D. Therefore, we can define that x(lD ) = h(lB ) = k(lC ) and this is a valid weakly typed
mapping, because the type of x(lD ) must be the same of inherited from that of lD . If there
is no node lC ∈ L(C) such that k(lC ) = h(lB ), then let x(g 0 (lB )) = h(lB ). Again, this is a
valid mapping, because in this case, typeB (lB ) = typeD (g 0 (lB )).
• In the very same way, we can define the mapping for each node lC of C for which there is
no node lB ∈ L(B) such that g 0 (lB ) = f 0 (lC ). For such a node, x(f 0 (lB )) = k(lB ).
Since D does not contain elements that do not have a source in either B, or C, the previously
constructed x is a total. We have also shown that x is a valid weakly typed morphism. Moreover,
by construction, x is injective. Therefore x is a pattern match. Moreover, the construction above
is the only possible way to assure that h ◦ f = k ◦ f 0 , hence, the diagram in the proposition is
indeed a pushout.
(ii) This follows from the construction of the pushout object, which has been presented in the
previous item. When nA is a node of A, then g 0 ◦ f (nA ) = f 0 ◦ g(nA ) = nD . We know that if
nB = f (nA ) and nC = g(nA ), then nD has the type of nB or nC . If the type of nB and nC is
equal, then the type of nD is the type of nC , otherwise, because f is strongly typed, nC must
have a type that inherits from the type of nA . In this case, by the construction specified in the
previous item, the type of nD will be the type of nC as well. Pattern morphisms preserve the
types of the edges, because there is no inheritance between the edge types. Therefore, f 0 will be
strongly typed as well. Note that the diagram is symmetric, hence, if g is strongly typed, then
so will be g 0 .
(iii) In the following, we will use the following notations: if n and n0 are two node types of a type
graph and either n ∈ clanI (n0 ) or n0 ∈ clanI (n), then descendant(n, n0 ) returns n in the first
case, and n0 in the second. In other words, descendant(n, n0 ) returns the type that is inherited
from the other. Let the clan morphisms of A, B and C be τ (A) = typeA , τ (B) = typeB , and
τ (C) = typeC , respectively. We construct a graph D with a clan morphism τ (D) = typeD , and
pattern matches f 0 : A → D, g 0 : B → D as follows:
For each edge lA of A, let lC ∈ E(C) such that f (lA ) = lC . If lC has a source lB in B by g,
then let lD be an edge of D, let typeD (lD ) = typeC (lC ) = typeA (lA ) = typeB (lB ). Moreover, let
f 0 (lA ) = lD , g 0 (lB ) = lD and h(lD ) = lC . If lC does not have a source in B along g, then let lD
be an edge of D, let typeD (lD ) = typeC (lC ) = typeA (lA ), and let f 0 (lA ) = lD and h(lD ) = lC . In
this case, lD will not have a source in B along g 0 . For each edge lB of B, let lC ∈ E(C) such
that g(lB ) = lC . If lC does not have a source in A along f , then let lD be an edge of D, let
typeD (lD ) = typedC (lC ) = typeB (lB ), and let g 0 (lB ) = lD and h(lD ) = lC . In this case, lD will not
have a source in A along f 0 .
For each node lA of A, let lC be the node of C such that f (lA ) = lC . In this case, we
know that clanI (typeC (lC )) ⊆ clanI (typeA (lA )). If lC has a source node lB in B by g, then
148

we know that clanI (typeC (lC )) ⊆ clanI (typeB (lB )). Let lD be a node in D, let typeD (lD ) =
descendant(typeA (lA ), typeB (lB )). Moreover, let f 0 (lA ) = lD , g 0 (lB ) = lD and h(lD ) = lC . If lC
does not have a source in B by g, then let lD be a node in D, let typeD (lD ) = typeA (lA ),
and let f 0 (lA ) = lD , h(lD ) = lC . In this case, lD will not have a source in B by g 0 . For each
node lB of B, let lC be the node of C such that g(lB ) = lC . In this case, we know that
clanI (typeC (lC )) ⊆ clanI (typeB (lB )). If lC does not have a source in A by f , then let lD be
a node in D, let typeD (lD ) = typeB (lB ), and let f 0 (lB ) = lD , h(lD ) = lC . In this case, lD will not
have a source in A by f 0
It is easy to show that the previously constructed morphisms f 0 , g 0 are jointly surjective pattern
matches and h is also a pattern match. It can be also seen from the construction method that
h ◦ f 0 = f, h ◦ g 0 = g.

Proof of Corollary 4.74
Proof. Assume that m and m0 are both isomorphisms, then G1  G2 and G01  G02 , i.e. (G1 ∪ G01 ) 
(G2 ∪ G02 ) and m ∪ m0 is the isomorphism.
Assume that (m ∪ m0 ) is an isomorphism, i.e. (m ∪ m0 ) is an injective, surjective, strongly typed
morphism. According to the definition of the components of a relation pattern morphism, m : G1 → G2
and m0 : G01 → G02 are pattern morphisms. Since (m ∪ m0 ) is surjective and the domains of m and m0
are disjoint, therefore, m and m0 must be surjective as well. Moreover, since (m ∪ m0 ) is injective and
strongly typed, so are m and m0 , i.e. m and m0 are both isomorphisms.

Proof of Proposition 4.77
Proof. A relation pattern morphism is also a pattern morphism according to its definition. According
to Definition 4.76, the set of relation pattern conditions are also jointly surjective pattern morphisms
as well. Therefore, intuitively, they can be decomposed to their components.
The proof of the proposition is indirect. Assume that m1 , m2 , . . . , mn are not jointly surjective
pattern morphisms, i.e. there exists an element l ∈ L(H) such that there is no index i : 1 ≤ i ≤ n and
element li ∈ L(Gi ) such that mi (li ) = l and their types are equal. However, l ∈ L(H)∪L(H 0 ), therefore,
according to Definition 4.76, there must exist an index i : 1 ≤ i ≤ n and an element li ∈ L(Gi ) ∪ L(G0i )
such that αi (li ) = l and the type of li is equal to that of l. We now that for all index, m0i maps elements
only for the elements of H 0 , i.e. codom(m0i ) ∩ L(H) = ∅, therefore, if the relation pattern morphisms of
p are jointly surjective pattern morphisms, then there must exist an index i and an element li ∈ L(Gi )
such that αi (li ) = (mi ∪ m0i )(li ) = mi (li ) = l. This is a contradiction.
In the very same way, we can prove that the pattern morphisms of the set m01 , m02 , . . . , m0n are also
jointly surjective pattern morphisms.

Proof of Proposition 4.80
Proof. In the following, let α = (f ∪ f 0 ), β = (g ∪ g 0 ), γ = (h ∪ h0 ) be relation pattern morphisms,
δ = (A, A0 , a), ε = (B, B 0 , b) and ν = (C, C 0 , c) be relation graphs. The category of relation graphs over
a metamodel interface M is indeed a category, because the following conditions hold:
(i) The composition of two relation pattern morphisms α : δ → ε and β : γ → ν is also a relation
pattern morphism of the category.
Proof. β ◦ α = (g ∪ g 0 ) ◦ (f ∪ f 0 ) = ((g ◦ f ) ∪ (g 0 ◦ f 0 )).The morphisms f, g, f 0 , and g 0 are (total)
injective, weakly typed morphisms, therefore, so are g ◦ f and g 0 ◦ f 0 . We know that f 0 ◦ a ⊆ b ◦ f
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and g 0 ◦ b ⊆ c ◦ g, therefore, g 0 ◦ f 0 ◦ a ⊆ g 0 ◦ b ◦ f ⊆ c ◦ g ◦ f .
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/ C0

(ii) The associativity law α ◦ (β ◦ γ) = (α ◦ β) ◦ γ must hold.
Proof. α ◦ (β ◦ γ) = (f ∪ f 0 ) ◦ ((g ∪ g 0 ) ◦ (h ∪ h0 )) = ((f ◦ (g ◦ h)) ∪ (f 0 ◦ (g 0 ◦ h0 ))). For each item
of this pair, the associativity law holds, therefore, ((f ◦ (g ◦ h)) ∪ (f 0 ◦ (g 0 ◦ h0 ))) = (((f ◦ g) ◦ h) ∪
(f 0 ◦ g 0 ) ◦ h0 )) = (α ◦ β) ◦ γ.
(iii) For each relation graph δ, there must be an identity morphism ιδ .
Proof. The identity relation pattern morphism can be constructed by the identity pattern
morphisms of the source and the target, respectively, i.e. let iA and i0A be the identity morphisms
of A and A0 , respectively. In this case, ιδ = (iA ∪ i0A ). iA and i0A are strongly typed morphisms
and i0A ◦ a = a ◦ iA , therefore, i0A ◦ a ⊆ a ◦ iA is also true.
(iv) For any relation pattern morphism α : δ → ε, the identity morphisms ιδ , ιε on δ and ε respectively
must satisfy the identity axiom:ιε ◦ α = α ◦ ιδ .
Proof. This follows from the construction of the identity morphism.

Proof of Proposition 4.81
Proof. To prove this property, we present how the required constructions can be constructed. Let
Q be a graph such that ∃q : Q → H, p1 : G1 → Q, p2 : G2 → Q that are pattern morphisms, p1 , p2
are jointly surjective, and q ◦ p1 = m1 , q ◦ p2 = m2 . Such a Q exists according to the factorization
property of the category GraphsPMM (Proposition 4.57). We can construct Q0 similarly to Q by
pattern matches p02 : G02 → Q0 , p01 : G01 → Q0 and q 0 : Q0 → H 0 such that p01 , p02 are jointly surjective,
q 0 ◦ p01 = m01 , q 0 ◦ p02 = m02 .
Let rQ : Q → Q0 be a partial pattern morphism defined as follows: ∀l1 ∈ dom(r1 ), p1 (l1 ) ∈ dom(rQ )
and rQ (p1 (l1 )) = p01 ◦ r1 (l1 ). Similarly ∀l2 ∈ dom(r2 ), p2 (l2 ) ∈ dom(rQ ), and rQ (p2 (l2 )) = p02 ◦ r2 (l2 ).
What happens if there are elements l1 ∈ dom(r1 ) and l2 ∈ dom(r2 ) such that lQ = p1 (l1 ) = p2 (l2 ). In this
case, we have defined the mapping of lQ twice. However, these two constructions do not lead to conflict,
since it is not possible that l1 ∈ dom(r1 ), l2 ∈ dom(r2 ), p1 (l1 ) = p2 (l2 ), but p01 ◦ r1 (l1 ) , p02 ◦ r2 (l2 ),
because as follows: p1 (l1 ) = p2 (l2 ) implies that q ◦ p1 (l1 ) = q ◦ p2 (l2 ), hence, m1 (l1 ) = m2 (l2 ). Therefore,
r ◦ m1 (l1 ) = r ◦ m2 (l2 ), i.e. m01 ◦ r1 (l1 ) = m02 ◦ r2 (l2 ). This implies that q 0 ◦ p01 ◦ r1 (l1 ) = q 0 ◦ p02 ◦ r2 (l2 ),
hence, p01 ◦ r1 (l1 ) = p02 ◦ r2 (l2 ).
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The correspondences between the graphs and morphisms are illustrated in Equation B.2. It can be
seen that the previous construction leads to a valid (pair-)factorization according to the requirements
of the proposition.
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Proofs of Chapter 5
Proof of Proposition 5.8
To prove Proposition 5.8, we introduce a lemma that informally states the following. Let P1 , P2 and Q
be three patterns, p : P1 → P2 and q : P2 → Q be two pattern morphisms and v a valid attribute value
assignment over Q. Assume that for each attribute value assignment of P2 when the constraints of P2
are satisfied then p(C(P1 )) (the constraints mapped from P1 along p) are also satisfied. In this case
if q is valid, i.e. v satisfied q(C(P2 )) (the constraints mapped from P2 along q), then v also satisfies
q ◦ p(C(P1 )) (the constraints mapped from P1 along p and q).
Lemma B.1. Let P1 and P2 be two patterns, and let p : P1 → P2 be a pattern match such that
C(P2 ) ⇒ p(C(P1 )). Recall that C(P2 ) denotes the set of constraints of the pattern P2 and C(P2 ) ⇒
p(C(P1 )) denotes that the satisfaction of the second constraint set can be derived from that of the
first one. Let Q be a third pattern with a valid attribute value assignment v, i.e. v ∈ π(Q), and let
q : P2 → Q be a pattern match that is valid with respect to v. Then, it holds that v  q ◦ p(C(P1 )). Recall
that when v is an attribute value assignment of a graph and C is a set of constraint of the same
graph, then v  C denotes that v satisfies these constraints, i.e. the evaluation of the constraints with
the attribute values provided by v is true, i.e. v[C] = true. In other words, the composition of valid
pattern morphisms is also valid pattern morphism.
Proof of Lemma B.1. Let v be a valid attribute values assignment over Q, q is a pattern morphism,
hence, (according to Proposition 4.39) v2 = q −1 (v) is a complete attribute value assignment over G(P2 ).
We know that C(P2 ) ⇒ p(C(P1 )), hence v2 [p(C(P1 ))] = true. Recall that v[c] denotes the evaluation
of a single constraint c with the values attribute values provided by the attribute value assignment
v. Similarly v[C] denotes that evaluation of all constraints in the constraint set C, that is true if all
constraints are satisfied by the attribute values provided by v.
∀(l, a) ∈ dom(v2 ) : v(p(l), a) = v2 (l, a) as defined in Definition 4.38. Therefore, v[q ◦ p(C(P1 ))] =
v2 [p(C(P1 ))] because of Definition 4.35. Hence, we have proved that v[q ◦ p(C(P1 ))] = true, i.e. v
satisfies q ◦ p(C(P1 )). In other words, the composition of valid pattern morphisms is also valid pattern
morphism.

Proof of Proposition 5.8. Let %1 = (P1 , P10 , r1 , C1 ) and %2 = (P2 , P20 , r2 , C2 ) be two relation patterns.
And let µ = (M, M 0 , r) be an arbitrary relation model of the metamodel interface in context.
Firstly, we will prove that µ  ∃%1 implies that µ  ∃%2 . So, we assume that µ  ∃%1 , i.e. there exists a
valid relation pattern morphism α : %1 → µ. %1 and %2 are isomorphic, therefore, there exists a relation
pattern isomorphism β : %2 → %1 , such that C(%1 ) = β(C(%2 )). This results that C(%1 ) ⇒ β(C(%2 )). α ◦ β
is valid, because the attribute value assignment of µ satisfies α ◦ β(C(%2 )) by Lemma B.1. This means
that µ  ∃%2 . The proof is symmetric, therefore, for any relation model µ: µ  ∃%1 iff µ  ∃%2 . Similarly,
µ 2 ∃%1 iff µ 2 ∃%2 .
b 1 and ∃%
b 2 where %1  %2 .
Secondly, we apply the same method for the analysis of the expressions ∃%
0
b 1 iff µ  ∃%
b 2 . Let µ = (M, M , r) be an arbitrary
We prove that for any relation model µ, µ  ∃%
b 1 , i.e. there exists a valid pattern
relation model of the metamodel interface in context such that µ  ∃%
morphism m : P1 → M for which there is no valid pattern morphism m0 : P10 → M 0 such that (m ∪ m0 )
b 2 is
would be a valid relation pattern morphism. By proof by contradiction, we will prove that ∃%
also satisfied by µ. The correspondences between the objects and morphisms that will be presented
are depicted in the diagram of Equation B.3. Let p and p0 be the isomorphisms between P2 and P1
and P2 and P10 , respectively, and let q = m ◦ p. The pattern morphism q is a valid pattern morphism
from P2 to M , because m is valid, and p is an isomorphism, therefore, Lemma B.1 can be applied.
Assume that there exists a valid pattern morphism q 0 : P20 → M 0 such that (q ∪ q 0 ) is a valid relation
pattern morphism. In this case, q 0 ◦ r2 ⊆ r ◦ q. Let p0−1 be the inverse of p0 , this exists and this is a
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strongly typed morphism, because p0 is an isomorphism. Similarly, let p−1 be the inverse of p (p is
also an isormorphism). Let m0 = q 0 ◦ p0−1 , this is a valid pattern morphism from P10 to M 0 , since we
can apply Lemma B.1 again.
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Since (q ∪ q 0 ) is a relation pattern condition: q 0 ◦ r2 ⊆ r ◦ q. We know that q 0 ◦ r2 = q 0 ◦ p0−1 ◦ p0 ◦
r2 = q 0 ◦ p0−1 ◦ r1 ◦ p = m0 ◦ r1 ◦ p, because p0 is an isomorphism. Similarly, r ◦ q = r ◦ m ◦ p, therefore,
m0 ◦ r1 ◦ p ⊆ r ◦ m ◦ p, which results that m0 ◦ r1 ⊆ r ◦ m, because p is surjective. We have proved
that α = (m ∪ m0 ) is a relation pattern morphism, because m and m0 are valid and m0 ◦ r1 ⊆ r ◦ m.
We will prove that α is valid. By assumption β = (q ∪ q 0 ) is a valid relation pattern morphism. Let
γ = (p ∪ p0 ) be the relation pattern isomorphism from %2 to %1 , in this case γ −1 = (p−1 ∪ p0−1 ) is also
a valid relation pattern morphism. α = β ◦ γ −1 , hence, by Lemma B.1, α is also valid. This would be
a contradiction, because it would mean that m could be extended with m0 such that (m ∪ m0 ) is a
valid relation pattern morphism. Therefore, the assumption that q 0 exists cannot be true, i.e. q 0 does
b 2.
not exists. This means that q is a morphism that proves that µ  ∃%
b 1 , then µ  ∃%
b 2 . The opposite direction
We have proved that for any relation model µ: if µ  ∃%
b
b
b 1 iff µ  ∃%
b 2 , and µ 2 ∃%
b 1
(µ  ∃%2 implies µ  ∃%1 ) is true, because the proof is symmetric, hence, µ  ∃%
b
iff µ 2 ∃%2 .

Proof of Proposition 5.18
Proof. We provide simple implications that contain constraints whose satisfiability can be reduced
to an undecidable problem (namely the Post correspondence problem [Post, 1946, Sipser, 2005]). We
show that if there would be an algorithm for the analysis of such implications, then there would be
one for the Post correspondence problem as well.
Assume that M is defined such that it contains a node type N odeT ype and an attribute of
N odeT ype is called a. Hence, in the patterns of M, graphs can contain nodes of type N odeT ype and
they can contain constraints on the attribute a of such atoms.
The input of the instances of the Post correspondence problem is two finite lists α1 , α2 , . . . αn and
β1 , β2 , . . . βn of words over a finite alphabet having at least two symbols. A solution to the problem
is a sequence of indices i1 , i2 , . . . ik where 1 ≤ k, 1 ≤ ik ≤ n such that αi1 αi2 . . . αik = βi1 βi2 . . . βik . It
is known that in general it is undecidable if such a solution exists. Assume that the two lists of the
input are coded as two strings (i.e. by writing down the elements of a list and separating them by a
symbol that is not the element of alphabet). Let the logical function f be defined as follows: f has
two string parameters that are considered to be input lists. The return value is true if a solution for
the problem exists, otherwise it is false. Let P1 , P2 , P3 be three patterns such that G(P1 ) contains
exactly one node of type N odeT ype denoted by n1 . The graph of P2 is isomorphic to the that of
P1 , its single node is denoted by n2 . G(P3 ) contains two nodes of type N odeT ype denoted by n3
and n4 , respectively. Let c1 and c2 be two attribute value specifications (Definition 4.24) written as
[n1 .a = list1 ], [n2 .a = list2 ] defined over G(P1 ) and G(P2 ), respectively. Let c3 = [f (n3.a, n4.a)] be a
constraint of P3 . Finally, let ∃P1 ∧ ∃P2 → ∃P3 be an implication.
Let list1 and list2 be an input instance of the Post correspondence problem. It can be seen that
if the current problem is proved to be solvable, then the implication is always satisfied, i.e. for any
relation model, if P1 and P2 is present, then P3 is also present.
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Let µ = (M, M 0 , r) be a relation model defined as follows: M is an empty graph, hence r is an
empty morphism as well, M 0 consists of two nodes m1 , m2 of type N odeT ype whose attributes a have
the values list1 and list2 respectively. If the current problem is not solvable, then the implication is
not always satisfied, because µ satisfies ∃P1 ∧ ∃P2 , but does not satisfy ∃P3 . Therefore, we have shown
that the implication is always satisfied if and only if the current problem (implicitly specified in the
implication) is satisfied.

Proof of Lemma 5.19
Proof. Intuitively, the proof is carried out as follows. Assume that there is a relation model that
satisfies ϕ. There are atoms in ϕ that are satisfied and there are atoms that are not satisfied by µ.
When an atom ∃%i is satisfied, there is a relation pattern morphism αi : %i → µ. (All relation pattern
morphisms are valid, because there are no constraints defined.) Remove the elements from µ that
does no have a source by any αi . Let ν be the remaining relation model. ν satisfies all atoms that
are satisfied by µ, because we did not remove elements that have been mapped by any of αi . The
atoms that are not satisfied by µ, are not satisfied by ν either, because, we only removed elements
from µ. If %1 , %2 , . . . %k are the relation patterns that compose the relation pattern conditions that
are satisfied by µ, then it can be seen that the relation graph of ν is a subset of one of the jointly
surjective compositions of %1 , %2 , . . . %k . For each γ ∈ %1 • %2 • . . . %k , there exists γ 0 ∈ %1 • %2 • . . . %n where
%1 , %2 , . . . %n are all the relation patterns that appear in ϕ such that ∃β : γ → γ 0 . All members of
%1 • %2 • . . . %n can be enumerated, therefore, if there is at least one relation model that satisfies µ, then
we can found one by enumerating all relation graphs of the finite set above and checking all possible
sub-relation graphs of them.
Let ϕ be a TPDL formulae built from atomic relation pattern conditions by means of the logical
operators ∧, ∨ and ¬. We assume that these atoms have only positive inner conditions and none of
them contains constraints. Let Φ = {φ1 , φ2 , . . . φn } be the atoms of ϕ. i.e. each atom of ϕ is of the
form φi = ∃%i where %i = (δi , ∅) and δi = (Gi , G0i , gi ) is a relation graph. (∅ denotes that there are no
common constraints in the relation pattern.)
Assume that ϕ is satisfiable, i.e. there is a relation model µ = (M, M 0 , r) such that µ  ϕ. For this
concrete µ, some elements of Φ are satisfied, others are not. If φi is satisfied by µ, then there exist
pattern morphisms mi : Gi → M and m0i : G0i → M 0 such that m0i ◦ gi ⊆ r ◦ mi . There are no more
requirements, since there are no constraints in %i . If φi is not satisfied by µ, then there are no pattern
morphisms mi : Gi → M, m0i : G0i → M 0 that would satisfy the previous requirement.
Because the ordering of the elements in Φ is not relevant, we can assume that for a concrete relation
model µ, the elements φ1 , φ2 , . . . φk are satisfied by µ, while φk+1 , φk+2 , . . . φn are not (0 ≤ k ≤ n).
Assume that k = 0, in this case, 1 ≤ i ≤ n : µ 2 φi . Since, each φi is a relation pattern condition
with a positive inner pattern condition and none of them contains constraints, therefore, if we remove
all elements from µ, the resulting model still do not satisfy φi . Therefore, if µ∅ is an empty model that
has an empty graph, then µ∅ 2 φi for each index. Therefore, µ∅  ϕ, i.e. µ∅ is a model that satisfies ϕ.
Assume that 1 ≤ k. Let N be a model that is a subset of M defined as follows: let lM be an
element of M that has a source in any of Gi by the pattern morphism mi where 1 ≤ i ≤ k. The
attribute values for the elements of N are the same as the attribute values for the elements of M .
Formally: ∀l ∈ L(M ) : l ∈ L(N ) iff ∃i, li such that 1 ≤ i ≤ k, li ∈ L(Gi ) and mi (li ) = l. Let vM = V(M )
and vN = V(N ), in this case, ∀(l, a) ∈ dom(vM ) : if l has a corresponding element lN in N , then let
(lN , a) ∈ vN and let vN (lN , a) = vM (l, a). We can compose N 0 exactly the same way by the elements
of M 0 that have a source in any G0i by a morphism m0i (1 ≤ i ≤ k). Let o : N → M be the pattern
morphism that maps each element of N to its corresponding element in M and let o0 : N 0 → M 0 be
the pattern morphism that maps each element of N 0 to its corresponding element in M 0 . We define
a partial pattern morphism rN from N to N 0 as follows: if lM ∈ dom(r) and lM has a corresponding
0 where l0 ∈ N 0 and l0 is the corresponding
element lN in N , then lN ∈ dom(rN ) and rN (lN ) = lN
N
N
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element of r(lM ), i.e. o0 ◦ rN = r ◦ o. For each index i, where 1 ≤ i ≤ k, we can construct pattern
morphisms ni : Gi → N and n0i : G0i → N 0 such that mi = o ◦ ni and m0i = o0 ◦ n0i . In other words, we
have created the factorization of the relation pattern morphisms (mi , m0i ) (1 ≤ i ≤ k). This exists
because of the previous construction.
It can be seen that ν = (N, N 0 , rN )  φi , 1 ≤ i ≤ k, because of ni , n0i . Assume that for an index j
such that k + 1 ≤ j, ν  φj , i.e. there exist pattern morphisms nj : Gj → N and n0j : G0j → N 0 such that
n0j ◦ gj ⊆ rN ◦ nj . In this case, let mj = o ◦ nj and m0j = o0 ◦ n0j . It can also be seen that mj and m0j are
pattern morphisms that would prove that µ  φj , which is a contradiction according to our previous
assumption. This result that for all index i where 1 ≤ i ≤ n: µ  φi iff ν  φi . This implies that ν  ϕ.
Let σ = ((G(N ), G(N 0 ), rN ), ∅) be a relation pattern. It can be seen that any minimal realization of σ
satisfies ϕ, because there are no constraints in any of the atoms of ϕ. By the construction of N, N 0 ,
and rN and Definition 4.79, it can be seen that σ ∈ %1 • %2 • . . . %k . By the definition of jointly surjective
compositions, if σ ∈ %1 • %2 • . . . %k , then ∃σ 0 ∈ %1 • %2 • . . . %n such that σ is a part of σ 0 , i.e. there exists
a relation pattern morphism β : σ → σ 0 .
What we have already proved is that if ϕ is satisfiable, then there is a relation graph σ 0 ∈ %1 • %2 •
. . . %n such that there exist a relation graph σ and relation pattern morphism β : σ → σ 0 and all possible
minimal realization of σ satisfies µ. It can be seen that all such σ can be enumerated, because the set
of all possible jointly surjective composition is finite. Hence, the satisfiability of ϕ is decidable.

Proof of Proposition 5.26
Proof. Let µ = (M, M 0 , r) be a relation model such that µ  ∃%1 . In this case, there exists a valid
relation pattern morphism (m ∪ m0 ) : %1 → µ. Let vP1 = m−1 (V(M )) and vP0 1 = m0−1 (V(M 0 )). (Recall
that V(M ) denotes the attribute value assignment of the model M .) They are both complete and
valid attribute value assignments over P1 and P10 . Because of the condition of the proposition, in this
case, there exists a relation pattern morphism (p ∪ p0 ) : %2 → %1 that is valid with respect to (vP1 ∪ vP10 ).
Therefore, (m ∪ m0 ) ∪ (p ∪ p0 ) is also a valid relation pattern morphism according to Lemma B.1. We
have proved that µ  ∃%2 as well.

Proof of Proposition 5.30
b 1 also satisfies ∃%
b 2 . Let
Proof. In the following, we prove that every relation model µ that satisfies ∃%
0
b 1 , i.e. there is a pattern morphism m : P1 → M that
µ = (M, M , r) be a relation model that satisfies ∃%
is valid with respect to v = V(M ), but there is no relation pattern morphism α = (m∪m0 ) : %1 → µ that
would be valid with respect to the attribute value assignments of µ. We apply proof by contradiction,
b 2 . This can happen when one of the following is true: (i)
hence, we assume that µ does not satisfy ∃%
there is no valid pattern morphism from P2 to M , or (ii) for any valid pattern morphism q from P2 to
M , q can be extended to a valid relation pattern morphism from %2 to µ. In the following, we show
that none of the previous cases is possible. The patterns and the morphisms that are reference during
the proof are presented in Equation B.4.
2 >M 

/ M0
> K

(B.4)

m0

m

q

r

PO 1 

r1

/ P0
1

p

⊆

p0

P2 

r2

q0


/ P0
2

We start with item (i). v1 = m−1 (v) is a complete and valid attribute value assignment over P1 ,
since v is a complete attribute value assignment over M , m is a pattern morphism that is valid with
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respect to v. According to the conditions in the proposition, there exists p : P2 → P1 that is valid with
respect to v1 , hence, m ◦ p is a valid pattern morphism. (Lemma B.1).
We continue with item (ii). Again, this states that for any valid pattern morphism q from P2
to M , q can be extended to a valid relation pattern morphism from %2 to µ. We show that in this
case, there exists a pattern morphism m0 : P1 → M 0 such that (m ∪ m0 ) : %1 → µ is a valid relation
pattern morphism, which would be a contradiction, because of the assumption that m is a morphism
b 1 . Therefore, in the following, we prove that (a) m0 exists, (b) m0 ◦ r1 ⊆ r ◦ m and (c)
that proves ∃%
µ  (m ∪ m0 )(C(%1 )).
(a) Again, let v1 = m−1 (v) and let p : P2 → P1 be a pattern morphism that is valid with respect to
v1 . Let q = m ◦ p, this is a pattern morphism that is valid with respect to v. We know that there
exists a pattern morphism q 0 : P20 → M 0 that is valid with respect to v 0 = V(M 0 ), because (by
the initial assumption) q can be extended to a relation pattern morphism (q ∪ q 0 ) : %2 → µ. Let
v20 = q 0−1 (v 0 ) that is also a complete, valid attribute value assignment over P20 . Therefore, there
exists p0 : P10 → P20 that is valid with respect to v20 . Let m0 = q 0 ◦ p0 , because of the construction of
m0 , we know that it is a valid relation pattern P10 → M 0 .
(b) By definition, q 0 ◦ r2 ⊆ r ◦ q, hence, q 0 ◦ p0 ◦ r1 ◦ p ⊆ r ◦ q, because p0 ◦ r1 ◦ p ⊆ r2 . r ◦ q = r ◦ m ◦ p,
therefore, q 0 ◦ p0 ◦ r1 ⊆ r ◦ m, i.e. m0 ◦ r1 ⊆ r ◦ m.
(c) We know that (q ∪ q 0 ) is a valid relation pattern morphism with respect to (v ∪ v 0 ), i.e. (v ∪ v 0 )[(q ∪
q 0 )(C(%2 ))] = true. (q ∪ q 0 ) = (m ∪ q 0 ) ◦ (p ∪ idP20 ), i.e. (v ∪ v 0 )[(m ∪ q 0 )((p ∪ idP20 )(C(%2 )))] = true.
By the condition of the proposition, this means that (v ∪ v 0 )[(m ∪ q 0 )((idP1 ∪ p0 )(C(%1 )))] = true
as well. By the construction of the pattern morphisms, (m ∪ q 0 ) ◦ (idP1 ∪ p0 ) = (m ∪ m0 ), in other
words (v ∪ v 0 )[(m ∪ m0 )(C(%1 ))] = true.
The previous line of thoughts proves that (m ∪ m0 ) is a valid relation pattern morphism, which is a
contradiction.

Proof of Proposition 5.31
b 1 is satisfied by µ.
Proof. Let µ = (M, M 0 , r) be an arbitrary relation model such that ∃%
Let m : P1 → M be a pattern morphism that makes the previous condition true. Assume
that IsDerivable((pi ∪ idP20 )(C(%2 )), ∨∀i:1≤i≤n ((idP1 ∪ p0i )(C(%1 )))) = true, i.e. (pi ∪ idP20 )(C(%2 )) ⇒
∨∀i:1≤i≤n ((idP1 ∪ p0i )(C(%1 ))) In this case, there exists at least one index i (1 ≤ i ≤ n) such that
(pi ∪ idP20 )(C(%2 )) ⇒ (idP1 ∪ p0i )(C(%1 )). For this index, let qi = m ◦ pi be a pattern morphism from
P2 to M . qi is valid, because m is a valid pattern morphism and IsDerivable(C(P1 ), pi (C(P2 ))). By
b 2 is satisfied, i.e. qi cannot be extended to be a
proof by contradiction, we show that qi proves that ∃%
valid relation pattern morphism from %2 to µ. Assume that there would exist qi0 : P20 → M 0 such that
(qi ∪ qi0 ) be a valid relation pattern morphism. In this case, let m0 be defined as follows: m0 = qi0 ◦ p0i .
m0 is valid, because q 0 is valid and C(P20 ) ⇒ p0i (C(P10 )), because of IsDerivable(C(P20 ), p0i (C(P10 ))). The
rest of the proof can be carried out analogously to the proof of Proposition 5.30, because, in the very
same way, it can be shown that (m ∪ m0 ) is a valid relation pattern morphism.


Proof of Proposition 5.32
Proof. We assume that ∃%1 and ∃%1 are satisfied by a relation model µ. We will show that a relation
pattern γ can be constructed that is a member of the set %1 • %2 such that ∃γ is true.
Let µ = (M, M 0 , r) be a relation model that satisfies ∃%1 ∧ ∃%2 where %1 = (P1 , P10 , r1 , C1 ) and %2 =
(P2 , P20 , r2 , C2 ). In this case, µ  ∃%1 and µ  ∃%2 , hence, according to Definition 5.5, there exists pattern
morphisms m1 : P1 → M, m01 : P10 → M 0 , m2 : P2 → M, m02 : P20 → M 0 such that m01 ◦ r1 ⊆ r ◦ m1 , m02 ◦ r2 ⊆
r ◦ m2 , m1 and m01 are valid with respect to v = V(M ) and v 0 = V(M 0 ), respectively, and m2 and m02
are also valid with respect to v and v 0 , respectively. Moreover, (v ∪ v 0 )  (m1 ∪ m1 )0 )(C1 ) and v ∪ v 0 
(m2 ∪m02 )(C2 ). According to Proposition 4.81, we can compose the factorization of the relation pattern
morphisms (m1 ∪ m01 ) and (m2 ∪ m02 ). This leads to the construction of the entities of Equation B.5
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where Q, Q0 are patterns whose graphs are composed by the jointly surjective morphisms p1 , p2 and
p01 , p02 , respectively.
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Let C(Q) be p1 (C(P1 )) ∪ p2 (C(P2 )). Let C(Q0 ) = p01 (C(P10 )) ∪ p02 (C(P20 )). Let CQ be a set of constraints
defined over Q ∪ Q0 such that CQ = (p1 ∪ p01 )(C1 ) ∪ (p2 ∪ p02 )(C2 ). Now, we have constructed Q, Q0 ,
rQ , CQ , so we can define a relation pattern γ = (Q, Q0 , rQ , CQ ). By the previous line of thoughts
it can be seen that µ  ∃γ, because the relation pattern morphism (q ∪ q 0 ) satisfies the conditions
of Definition 5.5. By the construction method defined in Definition 4.79, it can also be seen that
γ ∈ %1 • %2 , therefore, we have proved that the implication is always satisfied.

Proof of Proposition 5.34
Proof. The proof is similar to that of Proposition 5.32. We assume that ϕ1 and ϕ2 are satisfied
by a relation model µ. We will show that some relation patterns specified in Equation 5.5 can be
constructed.
b 1 ∧ ∃%
b 2 where %1 = (P1 , P 0 , r1 , C1 ) and
Let µ = (M, M 0 , r) be a relation model that satisfies ∃%
1
%2 = (P2 , P20 , r2 , C2 ). According to Definition 5.5, there exist valid pattern morphisms m1 : P1 → M, m2 :
P2 → M for which there are no pattern morphisms m01 : P10 → M 0 and m02 : P20 → M 0 such that m01 ◦ r1 ⊆
r ◦ m1 , m02 ◦ r2 ⊆ r ◦ m2 , (m1 ∪ m01 )(C(%1 )) would be satisfied, and (m2 ∪ m02 )(C(%2 )) would be satisfied.
1. Let Q be a pattern such that ∃q : Q → M, p1 : P1 → Q, p2 : P2 → Q that are pattern morphisms,
p1 and p2 are jointly surjective, and q ◦ p1 = m1 , q ◦ p2 = m2 . Q exists because of the factorization property of the category GraphsPMM . Let C(Q) be p1 (C(P1 )) ∪ p2 (C(P2 )), therefore,
(Q, p1 , p2 ) ∈ J(P1 • P2 ).
2. Since %02 has an empty target pattern, (%1 • %02 )|(Q,p1 ,p2 ) contains exactly one relation pattern.
b 1 is satisfied by µ, because q : Q → M is a valid
Let this relation pattern be denoted by γ1 . ∃γ
b
pattern morphism, and according to ∃%1 , q cannot be extended to be a valid relation pattern
from γ1 to µ.
3. Similarly, since %01 has an empty target pattern, (%2 • %01 )|(Q,p1 ,p2 ) contains exactly one relation
b 2 is satisfied by µ, because q is a valid pattern morphism and according to ∃%
b 2,
pattern: γ2 . ∃γ
q cannot be extended to be a valid relation pattern from γ2 to µ.
Hence,
we
have
proved
that
∃(Q, p1 , p2 ) ∈ J(S(%1 ) • S(%2 ))
such
that
b
∧∀γ∈((%1 •%02 )|(Q,p ,p ) ∪(%01 •%2 )|(Q,p ,p ) ) ∃γ is satisfied by µ, therefore, the inference rule is proved to
1 2
1 2
be sound.

Proof of Proposition 5.44
Lemma B.2. Let ϕ1 and ϕ2 be two formulae that contain only relation pattern conditions with positive
inner conditions composed by the logical operators. Let φ1 , φ2 , . . . φn be the relation pattern conditions in
ϕ1 and ϕ2 , i.e. ∀1 ≤ i ≤ n : φi = ∃%i where %i is a relation pattern. If the algorithm CheckImplication
returns unknown, then for any sequence of indices 1 ≤ i1 < i2 < · · · < ij ≤ n (1 ≤ j ≤ n) and relation
pattern σ where σ ∈ (%i1 • %i2 • . . . • %ij ), the truth table contains ∃σ as a column.
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Proof of Lemma B.2. In the following, let %i = (Pi , Pi0 , ri , Ci ) and let σ = (Q, Q0 , rQ , CQ ). We use proof
by induction. In the base case, we show that the statement of the lemma is true if j = 1. In the
inductive step we show that if the statement is true for j = z, then it is also true for j = z + 1.
Base case. The base case can proved easily, since if j = 1, then σ = %k for a given k (1 ≤ k ≤ n).
In the first loop, the algorithm analyzes the truth table that contains exactly the atoms of ϕ1 and
ϕ2 , hence it contains ∃%k for all 1 ≤ k ≤ n.
Inductive step. We assume that for any sequence of indices if j = z, the statement is true. The
proof of the inductive step is indirect, we assume that for a certain σ ∈ %i1 • %i2 • . . . • %iz+1 , ∃σ is not
a column of the last truth table. In this case, we show that the function IntroduceNewAtoms would
return new atoms that satisfy the limit condition, which would be contradiction.
Let I = {i1 , i2 , . . . iz+1 }, i.e. I is the set of indices in context, similarly, let I 0 = {i1 , i2 , . . . iz }.
σ ∈ (%i1 • %i2 • . . . • %iz+1 ), therefore, ∀ index k ∈ I, there exists a relation pattern morphism αk =
(qk ∪ qk0 ) : %k → σ such that (qk ∪ qk0 )(C(%k )) ⊆ C(σ). Moreover, the relation pattern morphisms of the
set {αi1 , αi2 , . . . αiz+1 } are jointly surjective, hence, the pattern morphisms of the set {qi1 , qi2 , . . . qiz+1 }
are jointly surjective. Similarly, the pattern morphisms of the set {qi01 , qi02 , . . . qi0z+1 } are jointly surjective
as well.
Let γ = (S, S 0 , rS , CS ) be a relation pattern constructed as follows:
1. S ∈ (Pi1 •Pi2 •. . . Piz ) such that if p = {si1 , si2 , . . . siz } is the set of the jointly surjective morphisms
that compose S from Pi1 , Pi2 , . . . Piz respectively, then there exists a pattern morphism t : S → Q
such that ∀k ∈ I 0 : t ◦ sk = qk . The construction of S is depicted in Equation B.6. (Note that the
pattern S exists, because of the factorization property of the category of patterns as presented
in Proposition 4.57.) In other words, S is a part of Q that consists of jointly surjective mappings
from Pi1 , Pi2 , . . . Piz . Let C(S) = si1 (C(Pi1 )) ∪ si2 (C(Pi2 )) ∪ . . . siz (C(Piz )).
Pi1
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2. We compose S 0 exactly the same way, but from Pi01 , Pi02 , . . . Pi0z by the jointly surjective pattern
morphisms p0 = {s0i1 , s0i2 , . . . s0iz }. In this case, we will have a pattern morphism t0 : S 0 → Q0 such
that ∀k ∈ I 0 : t0 ◦ s0k = qk0 . The construction of S 0 is depicted in Equation B.7. The constraints of
S 0 are composed similarly to that of S, i.e. C(S 0 ) = s0i1 (C(Pi01 )) ∪ s0i2 (C(Pi02 )) ∪ . . . s0iz (C(Pi0z ))
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3. Let rS : S → S 0 be a partial pattern morphism defined between S and S 0 . ∀k ∈ I 0 if l ∈ dom(rk ),
then sik (l) ∈ dom(rS ), rS (sik (l)) = s0ik (rk (l)). There may be elements lk1 ∈ dom(rk1 ), lk2 ∈
dom(rk2 ) (k1 , k2 ∈ I 0 ) such that sk1 (lk1 ) = sk2 (lk2 ), but it is not a problem, since they
will be mapped to the same element according to both of the previous specifications, i.e.
s0k1 ◦ rk1 (lk1 ) = s0k2 ◦ rk2 (lk2 ). This is so because of the following: let sk1 (lk1 ) = lS ∈ L(S).
qk0 1 ◦ rk1 ⊆ rQ ◦ qk1 = rQ ◦ t ◦ sk1 , i.e. rQ ◦ qk1 (lk1 ) = rQ ◦ t ◦ sk1 (lk1 ) = rQ ◦ t ◦ sk2 (lk2 ) = rQ ◦ qk2 (lk2 ).
Since qk0 2 ◦ rk2 ⊆ rQ ◦ qk2 , qk0 2 ◦ rk2 (lk2 ) = rQ ◦ qk2 (lk2 ) in this case.
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4. Let CS = ∪∀k∈I 0 ((sk ∪ s0k )(Ck )).
5. It can be seen that we have constructed a pair-factorization of two relation pattern morphisms.
By the previous construction, it can be seen that γ ∈ %i1 • %i2 • . . . %iz .
By the inductive hypothesis, ∃γ is a column of the last truth table. By Definition 4.79, σ ∈ γ •%iz+1 . Let
us try to apply the inference rule in Proposition 5.32. ∃σ will be a new atom in the right side of the new
implication. Since σ is an element of the jointly surjective composition of the relation patterns of the
original atoms, by Definition 5.39, all relation patterns in the right side of the generated implication
satisfies the limit condition provided by ωP hϕ1 , ϕ2 i. Hence, IntroduceNewAtoms should return the
new atom ∃σ that could be used to extend the truth table.

Proof of Proposition 5.44. Let ϕ and ϕ0 be the formulae of the implication ϕ → ϕ0 where neither ϕ,
nor ϕ0 contains constraints. We apply an indirect method for the proof. Assume that the implication
is either always satisfied or never satisfied by occurrence, but the algorithm returns unknown.
Let us start with the first case, i.e. we assume that the implication is always satisfied, but the
algorithm return unknown. The algorithm returns unknown if there are refutation rows in the last
truth table such that the algorithm was not able to eliminate them. Assume that there is such a
refutation row. Let ∃%1 , ∃%2 , . . . , ∃%n be the original atoms of ϕ and ϕ0 . In the current row, we have
the concrete truth value of each ∃%i column. Because the ordering of the columns is not important, we
assume that there is an index k (0 ≤ k ≤ n) such that the truth value of ∃%i where 1 ≤ i ≤ k is true,
but the truth value of ∃%i where k + 1 ≤ i ≤ n is false. Let us assume that 1 ≤ k. In this case, we can
take the first k columns and compose their jointly surjective compositions %1 • %2 • . . . %k . It contains
z number of different relation patterns: σ1 , σ2 , . . . σz (1 ≤ z). We know that for all σi (1 ≤ i ≤ z) ∃σi is
a column of the truth table according to Lemma B.2. There must be an index i such that the truth
value of the column ∃σi is true. Otherwise the implication ∃%1 ∧ ∃%2 ∧ . . . ∃%k → ∃σ1 ∨ ∃σ2 ∨ . . . ∃σz
would not be true, but it is always satisfied, and it is checked for all rows, because of the inference rule
of Proposition 5.32. This means that for an index i, ∃σi has the truth value true. Let us summarize
what we have already shown: (i) there is a refutation row in the truth table, i.e. in this row ϕ is
evaluated to true, while ϕ0 is evaluated to false. If %1 , . . . %n are the atoms of ϕ and ϕ0 , then the
truth value of %1 , . . . %k is true in this current row, while the truth value of %k+1 , . . . %n is false.
Moreover, there is an index i such that ∃σi is a column of the truth table, its truth value in the
current row is true and σi ∈ %1 • %2 • . . . • %k .
Let l be an arbitrary index such that k + 1 ≤ l ≤ n. Let us examine the implication ∃σi → ∃%l . Note
that k + 1 ≤ l, hence, the truth value of ∃%l is false in the current row. Since there are no attribute
constraints in any of the relation patterns, this implication is either always satisfied or never satisfied
by occurrence. Assume that it is always satisfied. This means that there exists a relation pattern
morphism from %l to σi . We know that during the analysis of the truth tables, Proposition 5.27
is checked for each pair of atoms. Therefore, the previous implication is also taken into account.
By Proposition 5.27, this implication can be proved to be always satisfied, again, because there are
no constraints. Since it can be proved that ∃σi → ∃%l is always satisfied, and the frameworks takes
this into account, it is not possible that the truth value of σi is true and that of %l is false in this
current row. In this case, this row should have been eliminated. Therefore, we can assume that the
implication ∃σi → ∃%l is never satisfied by occurrence for all k + 1 ≤ l ≤ n.
Let µ be an arbitrary minimal extension of σi . µ exists, because there are no attribute constraints.
∀j where 1 ≤ j ≤ k: µ  ∃%i (since σi ∈ %1 • %2 • . . . • %k ) and ∀j where k + 1 ≤ j ≤ n: µ 2 ∃%j , because
of the line of thoughts in the previous paragraph. This µ is a concrete relation model and we have
just shown that the current row is the evaluation row of µ. In the current row, the truth value of
ϕ is true, but the truth value of ϕ0 is false, because this is a refutation row. It means that we
have constructed a relation model that proves that the original implication is not always satisfied.
However, our assumption was that the implication that is analyzed is always satisfied, therefore, this
is a contradiction, so the algorithm cannot return unknown.
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We are almost ready except that we had an assumption during the previous proof, i.e. that 1 ≤ k.
What happens if all original atoms are false in the current row? In this case, let µ∅ denote a relation
model that has no nodes, no edges, therefore, there is no partial morphism. For this relation model,
it is true that all atoms are evaluated to false, i.e. µ 2 ∃%i , so again, the definition of this concrete
relation model leads to a contradiction.
Until now, we have only examined one case, when the implication is always satisfied, and there is
a refutation row in the last truth table such that the algorithm was not able to eliminate this row.
We have shown that this scenario would lead to a contradiction. The other case is when we assume
that the implication is never satisfied by occurrence, and there is a proof row in the last truth table
that the algorithm cannot eliminate. The proof of this case could be carried out similarly to that of
the previous case, therefore, it is not detailed in the following.


Proofs of Chapter 6
Proof of Lemma 6.7:
Proof. Assume that k 0 : K 0 → D exists such that k 00 = k 0 ◦ k and s0 ◦ l0 = l00 ◦ k 0 . In this case, the pushout
decomposition property of category theory implies that (L0 , K 0 , M, D) is indeed a pushout, because
(L, K, M, D) and (L, K, L0 , K 0 ) are both pushouts, and L0 , K 0 , M, D commutes (according to 2.6).
Therefore, we only need to prove that such k 0 exists. We apply proof by contradiction.
l00 is strongly typed, hence there exists l00−1 that is a partial pattern morphism. Let k 0 be defined
as follows: k 0 = l00−1 ◦ s0 ◦ l0 . It can be seen that by definition s0 ◦ l0 = l00 ◦ k 0 . Hence, we only need to
prove that k 0 is total.
To prove that k 0 is total, we show that all elements of K 0 are mapped by it.
• Assume that x0K is an element of K 0 that is not mapped by k 0 . Assume that there is an element
xK in K such that k(xK ) = x0K . In this case, l00 ◦ k 00 (xK ) = s00 ◦ l(xK ), since (L, K, M, D) is a
pushout. Therefore, l00 ◦ k 00 (xK ) = s0 ◦ l0 ◦ k(xK ) = xM that is an element of M , and there exists
xD in D such that l00 (xD ) = xM . However, in this case, by construction, x0K must be mapped
by k 0 .
• Assume that there is no element in K such that x0K would be its image along k. Let x0L be
l0 (xK ). Note that l0 is total, therefore, l0 (xK ) exists. Since (L, K, L0 , K 0 ) is a pushout, there is
no element xL in L such that x0L = s(xL ).
• Otherwise, x0K should have a source in K as well. There is an element xM in M such that
xM = s0 (x0L ). Since s00 = s0 ◦ s, there is no source of xM in L along s00 . However, (L, K, M, D),
is a pushout, therefore, there is an element xD in D such that xM = l00 (xD ). In this case, by
construction, k 0 maps x0K .
By analyzing both cases, we have shown that k 0 is total. k 0 = l00−1 ◦ s0 ◦ l0 , therefore, k 0 ◦ k = k 00 .

Proof of Proposition 6.8:
Proof. To prove that (3)(4) is a valid direct transformation interface, we need to prove that (i) (3)(4)
is a double pushout construction, and (ii) (s0 ∪ t0 ) is a valid relation pattern morphism. Moreover, we
want to prove that (iii) s00 = s0 ◦ s, k 00 = k 0 ◦ k, and r00 = t0 ◦ t.
(i) By the definition of direct model transformation interface, (L, K, M, D) and (K, R, D, M ) are
pushouts. Similarly, by the definition of the application of a rewriting rule interface on a pattern,
(1)(2) is also a double pushout construction. We can apply Lemma 6.7 twice, which results that
there exist k 0 : K 0 → D and t0 : R0 → M 0 such that k 00 = k 0 ◦ k and r00 = r0 ◦ t. Moreover, in this
case, (3)(4) is also a double pushout construction.
(ii) Let v = π(M ) and v 0 = π(M 0 ), i.e. v and v 0 are the attribute value assignments of M and
M 0 , respectively. By assumption, s0 is valid. We also know that t00 is valid, i.e. v 0  t00 (C(R))
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However, C(R0 ) = t(C(R)) and t00 = t0 ◦ t, therefore t0 is also valid. Similarly, C 0 = (s ∪ t)(C),
hence (v ∪ v 0 )  (s0 ∪ t0 )(C 0 ). We have proved that (s0 ∪ t0 ) is a valid relation pattern morphism.
(iii) We have already proved this.

Proof of Proposition 6.22
Proof. Assume that a model M1 is transformed by the rewriting rule along the pattern morphism
sL : L → M1 . We know that ∃P is true, therefore, there exists sP : P → M1 . By the factorization
property of the category GraphPMM , we can construct morphisms m : L → L0 , n : P → L0 , s0L : L0 →
M1 such that s0L ◦ m = sL , s0L ◦ n = sP , and n, m are jointly surjective, hence L0 is a jointly surjective
composition of P and L.
According to Proposition 6.8, we can describe the interface of the transformation of M1 as presented in Equation B.8. We know that s0R is a valid morphism, and we also know that ∃R0 → ∃P is
an always satisfied implication. Therefore, we have proved that ∃P will be true after the application
of the rule.
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Proof of Proposition 6.23:
Proof. The proof of this proposition can be performed using the same method as the proof of Proposition 6.22. The only difference is that we apply the rule interface in the reverse direction, because
we want to prove that if P exists in the output model, then P must have been present in the input
as well, which would be contradiction.

Proof of Proposition 6.25:
Proof. Consider the diagram in Equation B.9 where M0 is an input of the whole model transformation,
M1 is the input of the current rewriting rule, M2 is the generated model. Assume that there exists a
valid pattern morphism tP : P → M0 . If it is not so, then there is no instance of P in M0 , therefore,
∀σ 0 is true. If there is valid tP , then according to ∀(P, P 0 , p, Cσ ) there exists t0P : P 0 → M1 such that
(tP ∪ t0P ) is a valid relation pattern morphism.
We can describe the direct model transformation interface of the application the rewriting rule
along the the match t0P ◦ f as presented in Equation B.9.
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If the rule was applied successfully, then, according to Definition 6.6, (t0P ∪ t00P ) is a valid attribute
value assignment. We know that (tP ∪ t0P ) is also a valid attribute value assignment, therefore, tP and
160

t00P are both valid pattern morphisms. This means that the relation pattern condition ∀σ 0 is satisfied

by tP and (M0 , M2 , rM ◦ lM −1 ◦ r), because there are no common constraints in σ 0 .

Proofs of Chapter 7
Proof of Proposition 7.6
Proof. The proposition above is an extension of the traditional concurrency theorem, since we have
constructed the composite rule exactly the same way as it was constructed for any possible category.
The difference is that (i) we have excluded some E-graphs (the ones that have conflicting constraints),
and (ii) we have added constraints to L and R of the composed rule. Therefore, to prove the proposition, we only need to prove that (i) the excluded cases are truly invalid, and (ii) the input model
must satisfy the constraints of L, and (iii) the resulting model will satisfy the constraints of R.
Firstly, we have excluded the cases where the constraints of E are conflicting. In an E-related
transformation, H must satisfy the constraints of E, because of Proposition 6.8. If the constraints of
E are conflicting, then it is impossible to produce a model H that would satisfy them, therefore, this
case can be excluded. Secondly, again according to Proposition 6.8, M must satisfy the constraints of
s01 (L) if H satisfies the constraints of h(E). (Note that, in this case, we apply Proposition 6.8 in the
reverse direction, but the definition of rewriting rule interfaces is symmetric.) Analogously, it can be
seen that s02 must also be valid, because the constraints of s02 (R) must be satisfied by M 0 .

Proof of Proposition 7.8
Proof. We prove each item of the proposition above separately.
(i) Assume that there are n number of instances of P in the current input model when the execution
reaches the current transformation segment. If n = 0, then Rule1 fails, and the loop is not applied
at all. If n > 0, then Rule1 can be applied and because of the requirements, there will be exactly
one instance of P 0 and n − 1 instances of P in the current model. This is not changed during
the execution of the inner part, because it leaves patterns P, P 0 , P 00 strongly intact. Since there
is exactly one instance of P 0 in the model, after the application of Rule2 , there will be n − 1
instances of P , 0 instance of P 0 and 1 instance of P 00 . By applying the same method, it can
be seen that the loop is executed n number of times and in the end, there will be n number of
instances of P 00 , and 0 instance of P and P 0 . If the inner part always terminates, then each loop
terminates, because each loop consist of the sequential application of Rule1 , the inner part and
Rule2 where Rule1 and Rule2 are applied non-exhaustively.
(ii) Assume that an instance of P is transformed to an instance of P 0 according to the rewriting
rule interface Rule1 as presented in Equation B.10. This means that for the relation between
the current input model M and the current output model M10 , the following expression is true:
∃(P, P 0 , r1 ◦ l1 −1 , ∅). After the application of the inner part, assume that M10 is transformed to
M20 , in M20 the same instance of P 0 will be present, i.e. according to the following diagram
(Equation ii) there exists a valid pattern morphism p02 : P 0 → M20 such that q ◦ p01 = p02 where q
specifies the relation between M10 and M20 . This means that for the input model of Rule2 (M20 ) and
the output model of Rule2 (M 00 ) the following expression is true ∃(P 0 , P 00 , r2 ◦ l2 −1 , ∅). Moreover,
no other instances of P 00 could be found in M20 . Therefore, Rule2 processes the same instance
that is produces by Rule1 , which results that ∃(P, P 00 , r2 ◦ l2 −1 ◦ r1 ◦ l1 −1 , ∅) is true for the relation
between M and M 00 . By the proof of the previous item, it can be also seen that if M0 is the input
model of this transformation segment and Mn is the output model of the whole transformation
segment, then ∀(P, P 00 , r2 ◦ l2 −1 ◦ r1 ◦ l1 −1 , ∅) is true for the relation between M0 and Mn . It is
easy to show that this property and ∀(P, P, idP , ∅) implies that ∀(P, P 00 , r2 ◦ l2 −1 ◦ r1 ◦ l1 −1 , ∅) is
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B. Detailed Proofs

true when the execution leaves the implementation of the Traverser design pattern. We can
apply the same method that was used in the proof of Proposition 6.25.
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(iii) If ∃P is true for the input model of the transformation segment, then Rule1 will be applied
successfully at least once, therefore, at least one instance of P 00 will be present in output model
of the transformation segment.
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