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Chapter 1

Introduction
1.1

Motivation

In the world history, the economic growth has always been accompanied by the development of
the transportation. Consequently, since the middle of the 20th century the continuous growth
of the motorization rate can be observed all over the world. This phenomena together with
the external consequences has generated permanent challenges for traﬃc planners and traﬃc
engineers in the past decades. The negative impacts of road traﬃc represents everyday
occurrence in our days. “Congestion is a major concern, in particular on the roads (...),
and compromises accessibility” warns the White Paper of the European Commission [EU
2011]. The capacity of the traﬃc networks saturates during rush hours. Furthermore, traﬃc
demands cannot be always suitably satisﬁed. As result, external eﬀects [Calthrop and Proost
1998] appear causing considerable additional costs for the society. To assure the sustainable
mobility as well as a satisfying life quality in metropolitan areas, complex and network-wide
management strategies are needed. As a consequence, today’s state-of-the-art research of the
road traﬃc engineering means even more the eﬃcient application of real-time and intelligent
technologies for measurement, control, as well as further applications [Winder and Morin
2009].
Traﬃc management systems [Barceló 1991] are more and more involved by the results
of the control engineering. This fact is not surprising as the control theory has gained a
signiﬁcant part in the engineering practice generally. The modern control theory [Zhou et al.
1996] provide several eﬃcient tools which can be adopted in the traﬃc engineering as well.
Basically, the traﬃc management consists of proper traﬃc measurement, modeling, control,
and forecasting [Tettamanti and Varga 2011a]. Therefore, the problem can be identiﬁed as
a feedback control problem with sensors, control algorithms, and actuators. At the same
time, the successful application of these techniques is not straightforward due to the complex and speciﬁc properties of the transportation systems. Availability of the traﬃc states,
incomplete or missing measurements, time of detection, constraints of the system and the
applicable control measures make the practical problems considerably diﬃcult. The answers
to these questions are not trivial, depend on several aspects, and need careful investigations.
Accordingly, the thesis deals with the practical applicability of modern control methods to
contribute to the research of advanced traﬃc management. Traﬃc measurement and estimation, modeling as well as optimal and robust control of urban road traﬃc are the most
important parts of my research. The thesis applies several tools of the control theory, such
as state space representation [Kalman 1959], Kalman Filter [Kalman 1960], predictive and
robust control [Camacho and Bordons 2007]. Additionally, the applicability of the mobile
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1.2. Contributions of the Thesis
phone events for traﬃc prediction is investigated, which is one of the most popular research
directions of our days [Caceres et al. 2008].
The main aim of the researches of advanced traﬃc applications provided in the thesis
is to contribute to the better understanding and design of urban traﬃc processes. On the
other hand, the achieved research results may serve as practical methods for eﬃcient capacity
exploitation in urban transportation.

1.2

Overview and Contributions of the Thesis

The structure overview of the thesis is illustrated by Fig. 1.1.
After the introductory part (Chapter 1), preliminary sections are developed in Chapter
2 by discussing the advanced road traﬃc management, the urban traﬃc modeling, as well as
the simulation environment for traﬃc applications.
Chapter 3 presents the contributions of Thesis 1. A Kalman Filter based estimation
method is introduced for eﬃcient vehicle queue measurement in signalized traﬃc network.
The technique can be applied for loop detectors or other sensors measuring the traﬃc at the
cross-sections of the road link. The main result of the presented method is characterized by
the cost eﬀectiveness as a pair of detectors or even a single detector may be suﬃcient for
reliable queue length determination in a signalized road link.
Chapter 4 discusses the contributions of Thesis 2. The mobile signaling events are automatically captured through the base transceiver stations. Therefore, cellular phones can
be used as reliable traﬃc detectors without any additional infrastructure investment. The
utilization of the mobility event data, however, needs suitable algorithms. Accordingly, practical methods are presented for the estimation of route choice, O-D matrix and traﬃc ﬂows
in urban road traﬃc network.
Chapter 5 introduces the contributions of Thesis 3. A distributed MPC control scheme is
proposed for real-time signal split optimization in urban road traﬃc network. The solution
of the basic linear MPC formulates as a standard quadratic optimization problem with linear
constraints, constructed from the matrices and vectors of the corresponding traﬃc model. By
applying the projected Jacobi iteration method, a parallel computation based algorithm is
established with global communications among the participating nodes (traﬃc controllers).
The distributed concept provides numerous economic and technological advantages.
Chapter 6 presents the contributions of Thesis 4. A real-time traﬃc control method is
proposed for large-scale urban traﬃc network taking queue and demand uncertainties into
consideration. As a traﬃc control solution, a robust scheme is introduced by using the
principle of minimax optimization approach in a rolling-horizon fashion. To solve the control
problem SDP algorithm is performed. The suggested real-time algorithm represents treatable
computational complexity which enables the application of the robust MPC to large-scale
traﬃc networks.
Finally, Chapter 7 concludes the thesis results and presents future research directions.
The consistency of the thesis contributions is represented by the relation between the
traﬃc measurement and traﬃc control (Fig. 1.1). These notions are coherent as eﬃcient
control process always requires reliable measurements. Thesis 3 and 4 investigate networkwide traﬃc control schemes which need traﬃc state and demand data. The measurements
may be potentially obtained by using the methods proposed in Thesis 1 and 2.
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Chapter 1: Introduction

PRELIMINARIES
Chapter 2: Advanced Design and Management of Urban Road Traﬃc Control

URBAN TRAFFIC MEASUREMENT
Chapter 3: Eﬃcient Vehicle Queue Estimation in Urban Road Traﬃc Network
Chapter 4: Urban Road Traﬃc Flow Estimation by Using Cellular Signaling Events
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Chapter 5: Distributed Model Predictive Control for Urban Road Traﬃc Networks
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Figure 1.1: Structure overview of the thesis

1.3

Related Publications of the Author

The contributions of the thesis are based on previously published journal and conference
papers as well as book chapters (in English and Hungarian) with the participation of the
thesis author. These papers are collected below.
Section 2.3 refers to
T. Tettamanti and I. Varga. Development of road traﬃc control by using integrated VISSIMMATLAB simulation environment. Periodica Polytechnica ser. Civil Eng., 56:43-49, 2012.
Chapter 3 is based on certain parts of the following publications:
T. Tettamanti and I. Varga. Forgalomnagyság mérése városok közúthálózatán. Városi Közlekedés, L(2):99-104, 2010,
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Chapter 2

Advanced Design and Management
of Urban Road Traffic Control
The chapter’s aim is to prepare a framework for the thesis results. Three preliminary subjects
are developed by discussing the advanced road traﬃc management, the urban traﬃc modeling,
as well as the simulation environment for traﬃc applications.

2.1

Advanced Road Traffic Management

First of all, the notion of advanced has to be discussed. This attributive is chosen to indicate that the applied methods and methodologies constitute a state-of-the-art technology.
Typically, an advanced traﬃc management system is designed and operated by the help of
modern computer tools, i.e. special software realizing intensive computational tasks, modeling, simulation, or mathematical optimization.
The typical structure of the urban road traﬃc management is illustrated by Fig. 2.1.
An advanced traﬃc management system is typically represented by real-time applications,
Urban road traffic management
Management,
decision making

Control measure,
action

Traﬃc measurement

(historical/real-time)

Urban road traffic network

Figure 2.1: The structure of the urban road traﬃc management
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e.g. traﬃc-responsive traﬃc signaling or traﬃc dependent route guidance. The elements of
this structure intend to form an intelligent management. Practically, the main goal is to
provide an automatic system with optimal services, also referred as ITS (Intelligent Transportation System) applications.
The main results of the thesis investigate the three grey blocks depicted in Fig. 2.1,
i.e. advanced traﬃc measurement and estimation, control strategies and algorithms, as well
as control actions.

2.1.1

The System of the Urban Traffic Management

The ﬁrst step of the design process of a traﬃc management system is to determine the goals to
achieve. This may seem to be straightforward. However, only the determination of the control
objectives is a complicated problem. The main question can be summarized as follows. What
are the criteria which must be fulﬁlled by the advanced urban traﬃc management system?
The answer is not always evident due to the consequences of the diﬀerent control measures.
Generally, traﬃc engineers want to improve the traﬃc parameters, i.e. optimally operate the
whole traﬃc with a maximized capacity exploitation. At the same time, the user of the
transportation network intends to minimize its own traveling costs. Therefore, system wide
optimal costs diﬀer from the optimal costs of private or even public vehicles. Moreover, the
social aspects can be also taken into consideration in order to minimize the impacts of the
urban road traﬃc (emission, noise, etc.). Another critical problem is the determination of
the scope of control. It is important to know that the optimal traﬃc operation in a limited
network may produce inconvenient eﬀects in the neighborhood of the area. Typically, the
control of local intersection, arterial network, or grid network can be distinguished in urban
environment. Additionally, several economic and political aspects may inﬂuence the aims of
the traﬃc management.
The managed traﬃc process can be represented according to the general block diagram
of the classical control theory [Varga 2006] (see Fig. 2.2). In this concept, the block of the
controlled system represents the managed segment of the urban road traﬃc network. In
case of model-based traﬃc control, an appropriately accurate model is required to follow the
variation of traﬃc (the modeling aspects of urban traﬃc is investigated in Section 2.2).
The block of measurement and estimation consists of traﬃc detection devices installed in
the network, e.g. loop detectors, cameras. The quantity and quality of traﬃc sensors strongly
inﬂuence the eﬃciency of the control. On the other hand, appropriate software tools are also
required to improve the measured data by ﬁltering.
The control strategy is of capital importance in the control loop. The determination of
the control and management purposes, however, is not straightforward as discussed above.
In advanced traﬃc systems, the control aim is usually expressed through an objective function (cost function) which represents the suitable mathematical description of the objectives.
Thus, the control strategy can be realized by the minimization or maximization (or both) of
the cost function with respect to the state and control constraints.
The control measures and actions can be brought to eﬀect by several diﬀerent ways. The
actuators may be very heterogeneous in urban traﬃc area, e.g. traﬃc light, variable message
sign, intelligent on-board system, route guidance, traﬃc policy and regulation. Nevertheless,
the most eﬀective control actions are given by the traﬃc lights as they are obligatory signals
and result in direct eﬀects on the traﬃc dynamics.
The above introduced parts (blocks) of the control process are related by the arrows in
Fig. 2.2. Nevertheless, the input and output signals of the presented system can be deﬁned
as well. Beside the control action discussed above, there is another input of the control
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Disturbances
The managed traﬃc system
Inputs

Outputs

Measurement,
estimation

Actuator

Control strategy,
algorithm
Controller
Objective function

Figure 2.2: Block diagram of the controlled traﬃc process
system; the continuously varying traﬃc ﬂow entering at the border of the network. Furthermore, a third input type is formed by the disturbance eﬀects. In the control theory,
disturbance denotes non-controllable or even non-measurable signals. Disturbances may corrupt the model of the controlled system, and thus cause false control actions. In case of
signiﬁcant disturbances, special control is needed, e.g. application of robust strategy to face
model uncertainties. The outputs of the system may be represented by state variables (traﬃc
volume, speed, etc.) or other performance parameters such as total travel time or throughput
capacity of the network.

2.1.2

Review of the Advanced Urban Road Traffic Management Systems

The advanced urban road traﬃc management systems usually involve traﬃc models which
contain the most important characteristics of the network, i.e. topology, geometry, and other
dynamic parameters [Tettamanti et al. 2007; Varga et al. 2008; Tettamanti 2008]. In general,
these models then become bases for model-based control solutions. With an appropriately
chosen and parameterized model, future traﬃc states can be accurately predicted resulting
in an advanced traﬃc control solution. Since the 1980s, numerous control strategies have
been deployed and implemented which consider traﬃc modeling in optimal traﬃc-responsive
procedures (a review of road traﬃc control strategies is provided by Papageorgiou et al.
[2003]). Without attempting to present a complete survey, the relevant advanced methods
and methodologies in the ﬁeld of model-based traﬃc management are introduced in the
sequel. These methods are widely used in the traﬃc engineering practice up to the present
time.
The SCOOT (Split Cycle Oﬀset Optimization Technique) [Hunt et al. 1982] is an adaptive
urban traﬃc control system developed by the Transport and Road Research Laboratory in
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the UK. The SCOOT operation is based on continuous measurements produced by one loop
detector per road link (detectors are settled near to the upstream end of the links). By
measuring traﬃc ﬂow and occupancy, the SCOOT system models the queue variation of the
given link. The traﬃc is measured on all approaches to intersections in the network and the
system changes the signal splits such that a performance index (weighted sum of delay, queue
length and stops in the network) is minimized. The traﬃc controller makes a decision before
each change of signal stages if the current stage must be changed compared to the nominal
value (prolonged or shortened by maximum 4 seconds). In the SCOOT system, cyclic ﬂow
proﬁles are generated based on the detector measurements. The proﬁle data of each link is
used to predict traﬃc queues. The prediction is based on the SCOOT model illustrated by
Fig. 2.3. The ﬁgure shows a typical ﬂow proﬁle along the loop detector calculated by SCOOT

Figure 2.3: The principles of SCOOT traﬃc model (source: Hunt et al. [1982])
traﬃc model as well as the real queue evolution at the stop line. The vehicle queue grows
during the red phase by using a nominal cruise speed of the vehicles and dissolves during
the green time according to a predeﬁned saturation ﬂow rate. The predicted traﬃc data
of the model is used to optimize three control parameters: green time splits, time between
adjacent signals (oﬀsets), and cycle times of the intersections. The optimization is carried
out continuously, i.e. signal timings are calculated in a traﬃc-responsive manner.
The SCATS (Sydney Coordinated Adaptive Traﬃc System) [Lowrie 1982] is an intelligent
transportation system developed in Sydney, Australia. SCATS realizes a decentralized system
by dividing the traﬃc area into sub-networks (with up to 10 intersections). In this concept,
the split, cycle time and oﬀsets are deﬁned on a strategic level by the regional controller
concerning the given sub-network. At the same time, on a tactical level the local control
units may prolong or shorten the signal stages under the strategic umbrella of the regional
computer. The calculation is carried out based on the measurements of a single detector
per link, similarly to the SCOOT system. Nevertheless, the loop detector is settled at the
8
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downstream end of the link in this case. The goal of the SCATS strategy is again to minimize
the network’s performance index which is a weighted combination of the rate of delay and
the number of stops in all intervals in each intersection.
The OPAC (Optimization Policies for Adaptive Control) [Gartner 1983] is a traﬃcresponsive system developed in the USA. In the third version of the system (OPAC III),
the calculation process is changed to rolling-horizon optimization in order to achieve a more
eﬃcient control. The optimization concept of OPAC III is illustrated by Fig. 2.4. The prePrediction time horizon
0

n

k

Rolling
Prediction time horizon
k

k+n

2k

Rolling

Figure 2.4: The scheme of the rolling-horizon optimization of OPAC III
diction horizon denotes the time interval for which the traﬃc states are deﬁned based on
detector measurements. The optimal signal split is calculated by using the predicted states.
Typically, the prediction horizon is equivalent to the cycle time and divided into smaller time
slices from 1 to n. The OPAC system uses a single detector per link situated at the upstream
end. These detectors provide traﬃc data information until the kth time moment. Then, over
the interval from k to n a traﬃc model estimates the prospective traﬃc as the moving average
of the previous measurements. The optimal signal splits are calculated for the whole horizon
at each step k. Nevertheless, the optimal signals are implemented only until the subsequent
sample time when the prediction horizon “rolls on”. Thus, the optimization is operated in a
cyclic way. The latest version of OPAC (OPAC IV) is further improved in order to realize a
network-wide coordinated control.
The PRODYN traﬃc control [Farges et al. 1983] was developed in Toulouse (initially
for local intersection control). It is based on a sample time with 5 seconds. A pair of
loop detectors per link is involved in the PRODYN method. One of them measures at the
upstream end in order to predict the traﬃc ﬂow of the link. The other detector is situated
50 meters before the stop line, and intends to update the probability distribution function of
the vehicle queue. The average link queue length is determined at each sample time based
on the distribution function, the inﬂow traﬃc, and the actual green times. The PRODYN
also adopts the rolling-horizon approach for signal timing optimization with 75 sec prediction
horizon length. The control strategy carries out the optimization over the whole horizon
taking into account predicted queues and demands. The control measures, however, are
implemented only for the next sampling period. The goal of the strategy is to minimize (via
dynamic programming) the sum of the weighted delays in the controlled traﬃc area. The
augmented version of PRODYN is able for network-wide control in a decentralized1 fashion.
In this concept, each traﬃc controller performs the optimization locally concerning the related
road links, and also estimates the outﬂow over the prediction horizon. The predicted outﬂow
1

In decentralized control structure the subsystems (junction controllers) are communicating with each
other, providing data to the neighbors. At the same time, the controllers do not communicate during their
computation process.
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traﬃc is forwarded to the neighboring controllers which apply these data for traﬃc demand
estimation.
Another similar strategy is the RHODES [Mirchandani and Head 1998] developed in the
USA. The system also applies the rolling-horizon control scheme intending to predict the future traﬃc ﬂows and provide an optimal signal control settings responding to the predictions.
The optimization criterion can be deﬁned based on several traﬃc parameters (average delays,
stops, throughput, etc.).
In the cases of the OPAC, PRODYN, and RHODES, the optimization procedures are
not real-time feasible for network level due to the exponential complexity of the solution
algorithms. Therefore, these systems are realized in a decentralized way. This means that
the intersection traﬃc controllers perform the optimization locally. At the same time, the
local controllers are coordinated by a supervisory control with heuristic methods.
The ﬁrst version of the UTOPIA (Urban Traﬃc OPtimization by Integrated Automation) control was developed in Torino [Mauro and Di Taranto 1983]. It is now a commercial
product representing the main logical part of the whole road traﬃc control system of the
Swarco Corporation. In this concept, a decentralized operation is realized. Each junction
controller has a so-called SPOT-unit which calculates the optimal signal splits by communicating with the neighboring units and the central traﬃc computer. The traﬃc states (queue
length, saturation ﬂow, turning rates) are estimated continuously by the SPOT-units with 3
sec sample time. By using the estimated data, rolling-horizon optimization is performed in
the units with a 120 sec prediction horizon. The optimization, however, is carried out under
the supervisory control of the central computer. Cycle times, oﬀsets, as well as green time
constraints are given by the central controller. The main goal of the control is to minimize
the TTS (Total Time Spent) by vehicles in the network, i.e.
min(T1 + T2 + . . . + Tn ),

(2.1)

where Ti is the TTS of the related links of intersection i. Moreover, the problem is decomposed
by using suitable functions:
min(F1 (T1 )) + min(F2 (T2 )) + . . . + min(Fn (Tn )).

(2.2)

The MOTION (Method for the Optimization of Traﬃc signals In Online controlled Networks) is another well-known system of our days developed by the Siemens Corporation.
The strategy is based on dynamic detector information. A central traﬃc computer performs
data processing to determine important traﬃc parameters. The optimization is realized in a
centralized architecture and involves a dynamic network ﬂow modeling. MOTION calculates
green time splits, oﬀsets, and cycle times for each intersection in every 5-15 minutes.
The last traﬃc management system mentioned in this review is the TUC (Traﬃc-responsive
Urban Control) method; the result of an academic research. At the same time, the system is
also applied in practice. The ﬁrst time, TUC was put in operation in Glasgow [Diakaki et al.
1999b], and a recent implementation was carried out in Macaé (Brazil) [Kraus et al. 2010].
The method applies the store-and-forward traﬃc modeling framework which is discussed in
detail later in Section 2.2.2. The goal of the strategy is to provide traﬃc-responsive control
(green time split, oﬀset, and cycle time) with a centralized computation. TUC performs a
Linear-Quadratic (LQ) optimization technique [Anderson and Moore 1971] for traﬃc control
by minimizing a quadratic criterion. In this concept, the predeﬁned nominal traﬃc states
(link queue lengths) serve as “set points” (denoted by xN ). Practically, the LQ regulator
intends to minimize the deviations compared to the nominal values by using the following
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cost function:
J(k) =

∞ h
i
1X
∆x(k)T Q∆x(k) + ∆u(k)T R∆u(k) .
2 k=0

(2.3)

Q and R are positive semideﬁnite weighting matrices. ∆x denotes the deviation of the
states compared to xN , and ∆u the deviation of the green time splits compared to uN .
The optimization of (2.3) on inﬁnite horizon means the determination of the time invariant
feedback according to the LQ theory:
∆u = −F ∆x,

(2.4)

where F denotes the LQ gain matrix to produce the optimal state feedback. Practically, the
goal in this concept is to minimize the value of ∆x, i.e. the controller intends to decrease the
deviation from the nominal link queue length in the network.

2.1.3

The Future of the Advanced Road Traffic Management

As in other engineering ﬁelds, the researches and applications of the road traﬃc management
turn toward the intelligent solutions. The ITS solutions of the future are represented by
intelligent infrastructure and vehicles composing complex networks. For instance, the development and standardization of wireless communication of vehicle-to-vehicle and vehicleto-infrastructure enlighten the future directions of ITS applications. Additionally, the development of the mobile communication technologies also opens new possibilities for traﬃc
detection, forecasting and control.
The use of predictive traﬃc simulations must also be mentioned as another highly advanced solution. This means that beside the on-line adaptive strategy continuous traﬃc
simulations are also taken into consideration in the traﬃc network management. Naturally,
this concept requires the traﬃc model of the whole controlled area, stored in proper simulation software. By running short-period (30-60 min) traﬃc simulations with on-line measured
and historical traﬃc data simultaneously with the real-word traﬃc control, the future of the
traﬃc states can be predicted, and the control strategy may be modiﬁed. Hence, the eﬃciency of the ITS solutions can be further improved in case of expected or unexpected events
(accidents, road closures, etc.).

2.2

Modeling of Urban Road Traffic Network

The road traﬃc modeling means the creation of mathematical relations to describe motion
and interaction of vehicles. The models assist traﬃc engineers to better analyze, understand,
or even forecast the traﬃc processes. Furthermore, suitable traﬃc models may represent the
basis for transportation design and traﬃc control.
The description of road traﬃc has two main approaches according to the level of detail:
microscopic and macroscopic modeling techniques. The goal of the microscopic modeling
approach is the accurate description of the topology and the traﬃc dynamics. Hence, the
simulated traﬃc network may be analyzed in detail. Microscopic models consider each vehicle
in the traﬃc process as an individual object with several properties, such as prespeciﬁed driver
behavior, acceleration, following distance, etc. A high-detailed version of this approach is
the submicroscopic traﬃc model. The microscopic and submicroscopic models are usable
mostly for traﬃc simulation purposes as they require large computational capacity and use
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lots of non-measurable parameters in real applications. Between the microscopic and the
macroscopic approaches, there exist mesoscopic models as well which represent mediumdetailed description with individual behavior by means of probabilistic or statistical terms.
Contrarily, the macroscopic description does not specify details of the individual vehicles.
It mostly deals with the traﬃc ﬂows on the whole, trying to describe traﬃc dynamics in a
simple way. Hence, macroscopic modeling is a practical approach in real-word applications
and suitable for online control process.
The traﬃc modeling can be also classiﬁed according to the free ﬂow conditions in the
network. The attributes of vehicle dynamics on longer freeway stretches strongly diﬀer from
that on relatively short links of grid or arterial road network in urban areas. Nevertheless,
the impact of the traﬃc controllers’ signals is the main reason why free ﬂow of urban traﬃc
is hindered.
In the sequel, a brief overview of the traﬃc literature is provided focusing on the macroscopic and dynamic modeling of urban road traﬃc network. What the following models have
in common is that they all represent modeling techniques for signalized traﬃc networks (road
links with traﬃc controllers), and may be potentially applied (among others) in a model predictive framework for traﬃc management. This is emphasized as Section 5 and 6 are formed
around the MPC based urban traﬃc control.
Before investigating the diﬀerent modeling concepts, the vehicle-conservation law is introduced as all urban traﬃc models intending to describe signalized network’s dynamics are
based on the conservation property. The number of vehicles in a given road link is always
computable from the inﬂow and outﬂow traﬃc as long as they are known. By considering a

g(k)

h(k)

Figure 2.5: Traﬃc ﬂows in a link
road link (see Fig. 2.5), the vehicle-conservation equation can be simply deﬁned in discrete
time as follows:
x(k + 1) = x(k) + g(k) − h(k),

(2.5)

where x(k) denotes the number of vehicles within the link, g(k) the entering vehicles, and
h(k) the exiting vehicles, over the time period of [kT, (k + 1)T ] with discrete time step index
k and sampling time T .

2.2.1

Cell Transmission Model

The Cell Transmission Model (CTM) by Daganzo [1994, 1995] applies a convergent numerical
approximation to the continuum model (LWR model) of Lighthill and Whitham [1955] and
Richards [1956] to achieve a discrete time traﬃc description. In the CTM concept, the LWR
traﬃc model is discretized into cells. The method assumes that the road can be divided
into homogeneous segments to realize a chain of cells (with arbitrary length). Moreover, a
ﬁnite time interval (T ) is deﬁned in order to observe the traﬃc process at discrete moments
(t = 0, T, 2T, ...). Practically, the model calculates the number of vehicles transmitted from
one cell to the adjacent cell. The vehicle-conservation is guaranteed by assuming a piecewise
linear relationship between the traﬃc ﬂow and density for each cell. The transmission depends
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on the cell properties, i.e. how many vehicles can leave the upstream cell and how many can
be received by the downstream cell.
CTM applies the following notions (see Fig. 2.6):
• xi (k) denotes the vehicle number in the ith cell at time t = kT .
• xmax
(k) is the maximal number of vehicles in the ith cell at time t = kT . xmax
(k)
i
i
can be calculated by xmax
(k)
=
l
ρ
,
where
l
is
the
length
and
ρ
the
maximal
i max
i
max
i
possible density of the ith cell.
• Qi (k) denotes the maximal throughput of cell transmission, i.e. how many vehicles can
ﬂow from cell i − 1 to the cell i during the time interval of [kT, (k + 1)T ]. This also
means that the outﬂow capacity of cell i − 1 is equal to the inﬂow capacity of cell i.
• yi (k) is the vehicle number transmitting from cell i − 1 to cell i during [kT, (k + 1)T ].

yi−1

yi+1

yi
xi−1

xi

i−1

i

Figure 2.6: Successive cells in the Cell Transmission Model
By following Eq. (2.5), the vehicle-conservation equation can be rewritten with diﬀerent
notation:
xi (k + 1) = xi (k) + yi (k) − yi+1 (k).

(2.6)

Furthermore, a restrictive condition is introduced for the inﬂow traﬃc to hold the vehicleconservation law under the form:
yi (k) = min {xi−1 (k), Qi (k), xmax
(k) − xi (k)} .
i

(2.7)

The last term in this condition represents the empty space in the ith cell at time step t = kT .
The ﬁrst term of Eq. (2.7) refers to the source cell, the second the transmission, and the third
the target cell.
The CTM is not explicitly applicable for urban signalized traﬃc modeling. Nevertheless, an augmented version of CTM [Beard and Ziliaskopoulos 2006] can appropriately model
urban traﬃc dynamics by introducing separate cell for each turning movement of the intersection. Furthermore, if cell i + 1 is a signalized one (i.e. traﬃc signal light is situated at
the end of the cell), green and red phases must be also considered to deﬁne the maximal
throughput.
• Qi+1 (k) = Qmax in case of green traﬃc light during [kT, (k + 1)T ].
• Qi+1 (k) = 0 in case of red traﬃc light during [kT, (k + 1)T ].
The CTM is an eﬃcient tool for traﬃc simulation purposes. At the same time, it is not
easily applicable for online traﬃc control as it requires lots of measurements (observations
are needed at each cell). Moreover, due to its nonlinearity, the application of CTM as the
basis of adaptive traﬃc signal control is not realistic for large-scale urban traﬃc networks.
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2.2.2

Store-and-forward Traffic Modeling

The store-and-forward model [Gazis and Potts 1963] describes the traﬃc dynamics on signalized links. In this concept the links are considered as reservoirs and operate according to the
vehicle-conservation law deﬁned by Eq. (2.5). On the one hand, exiting traﬃc h(k) depends
on the green time interval. On the other hand, h(k) is inﬂuenced by the saturation ﬂow (S)
which is deﬁned as follows:
n
(2.8)
S = P z,
t
P

where tz denotes the sum of green times in one cycle, and n the number of vehicles leaving
link z. In practice, S is approximated by constant values according to Fig. 2.7 where u

q (veh/s)
S

Red

Red-Amber

(Saturation flow)

Green

Amber

Red

t (s)

tz
u
Figure 2.7: Example for the saturation ﬂow
denotes the eﬀective green time interval which comprises the amber signal length beside the
green signal. Typically, during the eﬀective green time S ≈ 0.5 (veh/s), otherwise zero. By
using S and u, Eq. (2.5) can be rewritten as:
x(k + 1) = x(k) + g(k) − Su(k).

(2.9)

An augmented version of the store-and-forward model is applied in the TUC (Traﬃcresponsive Urban Control) strategy [Diakaki et al. 1999a]. This model is introduced in the
sequel. To consider network dynamics, the urban traﬃc area is described by graphs where
node j ∈ J represent the junction and edge z ∈ Z the road link. Figure 2.8 depicts an
example; a signalized intersection with its edges. Ij denotes the set of the incoming edges,
and Oj that of the outgoing edges of junction j.
The concept applies the following notions:
• Cj is the cycle time of junction j. It is advised to choose identical cycle time in the
network, i.e. Cj = C, ∀ j ∈ J.
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Figure 2.8: Network description in the store-and-forward model
• Lj denotes the lost time (the sum of the transition signals during which no vehicle
motion is allowed) of the intersection j.
• vz and vw are the sets of green signal stages on link z ∈ Ij and w ∈ Oj .
• Sz and Sw are the saturation rates for all z ∈ Ij and w ∈ Oj .
• αz,w denotes the turning rate, i.e. the rate of traﬃc ﬂow from z ∈ Ij to w ∈ Oj .
max
• umin
j,i ≤ uj,i ≤ uj,i , ∀i ∈ Fj represents the minimal and maximal green time constraint.
Fj is the set of admissible stages in junction j. uj,i denotes the green time interval of
the ith stage. Depending on the control strategy umin
j,i = 0 may also be allowed.

•

P

i∈Fj

uj,i ≤ C − Lj is another green time constraint of the store-and-forward model.

M

qz

hz
sz

N

dz

Figure 2.9: Traﬃc ﬂow modeling in the store-and-forward concept
Figure 2.9 represents a general urban road link. The dynamics of link z between intersections M and N (z ∈ OM , z ∈ IN ) can be deﬁned as:
xz (k + 1) = xz (k) + T [qz (k) − sz (k) + dz (k) − hz (k)] .

(2.10)

xz (k) is the number of vehicles, qz (k) and hz (k) the inﬂow and outﬂow of the link z during
[kT, (k + 1)T ]. T denotes the control interval which must be not less than the cycle time C
(ideally T = C). In practice, T is chosen to be equivalent to the sampling time. k is the
discrete time index. dz (k) represents the demand ﬂow entering the link (e.g. from parking
garages), and sz (k) the exit ﬂow which leaves the link not at the end during [kT, (k + 1)T ].
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It has to be noted that qz (k) and hz (k) are controllable, but dz and sz are not controllable
terms. Furthermore, vehicle number xz must fulﬁll the following natural restriction:
0 ≤ xz ≤ xmax
,
z

(2.11)

where xmax
is the maximal storing capacity depending on the length of link z.
z
Traﬃc ﬂow sz (k) is determinable as the function of qz (k):
sz (k) = κz,0 qz (k),

(2.12)

where κz,0 is the exit rate; assumed to be constant and known.
The inﬂow of link z is deﬁned as follows:
X

qz (k) =

αw,z hw (k),

(2.13)

w∈IM

where αw,z (w ∈ IM ) denotes the turning rate from link w to z, and hw the outﬂow from
approach w. Turning rates can be assumed to be constant or may be continuously estimated,
e.g. by online constrained state observer method [Kulcsár et al. 2005].
In case of green stage, hz is equal to saturation ﬂow Sz . Therefore, the outﬂow is deﬁned
over a cycle time period as follows:
Sz Gz (k)
.
C

hz (k) =

(2.14)

Gz (k) is the sum of green times on link z:
Gz (k) =

X

uN,i (k),

(2.15)

i∈vz

where uN,i (k) denotes the green time of the ith stage of junction N . Similarly, the inﬂow
traﬃc arriving in the link can be expressed by the help of the green time of junction M :
hw (k) =

Sw

P

i∈vw

uM,i (k)

C

(2.16)

.

By inserting Eq. (2.12)-(2.16) into Eq. (2.10), one arrives at the general store-and-forward
traﬃc model:
xz (k + 1) = xz (k)


+ T (1 − κz,0 )

X

αw,z

w∈IM

Sw

P

i∈vw

uM,i (k)

C

+ dz (k) −

Sz

P

i∈vz

X

w∈IM

αw,z Sw

X

i∈vw

uM,i (k) + T dz (k) − Sz

C

X

(2.17)

uN,i (k).

(2.18)

uN,i (k)

Furthermore, if the control interval is equal to the cycle time (T = C):
xz (k + 1) = xz (k) + (1 − κz,0 )



i∈vz

.

The main advantage of the store-and-forward modeling is the simplicity and the low
computational complexity due to the linear characteristic. Therefore, this model can be
rewritten in linear time invariant (LTI) state space form which is eligible for a number of
highly eﬃcient optimization and control methods, e.g. MPC in Tettamanti et al. [2008c],
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Aboudolas et al. [2009], de Oliveira and Camponogara [2010]. On the other hand, store-andforward model is limited depending on the traﬃc condition. This model is only valid for
saturated traﬃc scenarios, i.e. when saturation ﬂow rates are roughly constant. In case of
undersaturated traﬃc, the positivity of state variable xz cannot be guaranteed in the model.
On the other hand, oversaturated traﬃc may result in queue spill-back phenomena which
also corrupts the model.
An augmented version of the TUC model is able to deal with the above mentioned problems (in oversaturated or undersaturated conditions) by introducing state dependent control
variables in the model [Aboudolas et al. 2009]. However, in case of traﬃc control this model
yields a nonlinear optimization problem which may become computationally expensive for
large-scale traﬃc networks.
In Chapters 3 and 5, the linear store-and-forward based urban traﬃc modeling is used.
In these parts, the applied control is valid with saturated traﬃc conditions. In Chapter 6,
the store-and-forward modeling is augmented with state constraints, and therefore applicable
both in saturated and oversaturated traﬃc conditions.

2.2.3

Nonlinear Spatiotemporal Urban Traffic Model

To overcome the problem mentioned at the end of the previous section another nonlinear
urban traﬃc model (indicated as the BLX model) is introduced by Berg et al. [2007]. The
BLX model is applicable in all traﬃc conditions (undersaturated, saturated, and oversaturated traﬃc). A simpliﬁed version of this concept (S model) is presented by Lin et al. [2009],
which is brieﬂy summarized below (Fig. 2.10).
link i1

link o1

l
qi1,z

link i2

M

l
qi2,z

hlz,o1
link z
qze

haz

nz,o1
nz,o2
nz,o3

link o2

N

hlz,o2

hlz,o3
l
qi3,z
link i3

link o3

Figure 2.10: Traﬃc ﬂow modeling in the S model
The notations of Fig. 2.10 are discussed below.
• IM : the set of input links of junction M . In Fig. 2.10 IM = {i1 , i2 , i3 }.
• ON : the set of output links of junction N . In Fig. 2.10 ON = {o1 , o2 , o3 }.
• xz (k): the number of vehicles in link z at time step k.
• nz (k): the queue length in link z.
• nz,o (k): the portion of nz (k) turning to link o ∈ ON .
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• hlz (k): the ﬂow leaving link z.
• hlz,o (k): the portion of hlz (k) turning to link o ∈ ON .
• qza (k): the ﬂow arriving at the end of the queue of link z.
• haz,o (k): the portion of haz (k) turning to link o ∈ ON .
• qze (k): the ﬂow entering link z.
e (k): the portion of q e (k) arriving from link i.
• qi,z
z

• αz,o (k): the turning rate from link z to o.
• Sz : saturation ﬂow rate leaving link z.
• gz,o (k): the green time during time step k for the traﬃc from link z to o.
• vzf ree : the free ﬂow speed in link z.
• Cz : the capacity of link z (as vehicle number).
• Nzlane : number of lanes in link z.
• c: the cycle time of the junctions (c can be diﬀerent for intersection M and N , but for
simplicity c = cM = cN ).
• lveh : average vehicle length.
The S model is also based on the vehicle-conservation law. Therefore, the number of the
vehicles in link z at step k including the queues is deﬁned as follows:


xz (k + 1) = xz (k) + qze (k) −

X

o∈ON



hlz,o (k) c.

(2.19)

Flow rate hlz,o (k) depends on the intersection capacity, the number of waiting and arriving
vehicles, and the available space in the downstream links:
hlz,o (k) = min





αz,o (k)Sz gz,o (k) nz,o (k)
αz,o (k) (Co − xo (k))
,
+ haz,o (k),
,
c
c
c

(2.20)

where Co denotes the capacity and xo (k) the vehicle number of link o ∈ ON . The number of
vehicles waiting in the queue turning to o ∈ ON is deﬁned as:
h

i

nz,o (k + 1) = nz,o (k) + haz,o (k) − hlz,o (k) c.

(2.21)

Flow haz (k) arrives at the end of the queue after time delay τ (k)c + γ(k):
haz (k) =

c − γ(k) e
γ(k) e
qz (k) (k − τ (k)) +
q (k) (k − τ (k) − 1) ,
c
c z

(2.22)

where
τ (k) = ﬂoor
γ(k) = rem

(Cz − nz (k)) lveh
Nzlane vzf ree c

!

,

(2.23)

!

.

(2.24)

(Cz − nz (k)) lveh
Nzlane vzf ree c
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Flow rate qze (k) is the sum of the upstream entering ﬂows:
qze (k) =

X

e
qi,z
(k) =

i∈IM

X

hlz,o (k).

(2.25)

i∈IM

The introduced S model represents a more accurate concept compared to the store-andforward approach due to the detailed modeling of the queue dynamics. At the same time, the
nonlinearity of the model may result in a high computation complexity for large-scale traﬃc
network, especially in case of real-time MPC. A potential solution to increase the real-time
feasibility is provided by Lin et al. [2011] by reformulating the online optimization into a
mixed-integer linear programming problem.

2.3

Simulation Environment

When traﬃc engineers design intelligent traﬃc control system, the help of an appropriate
simulation environment is indispensable. The application of traﬃc simulators, mathematical
optimization tools, or GIS (Geographic Information Systems) software is more and more
expected during the development process and the validation phase, as well.
In the sequel, all software are brieﬂy introduced which were used to validate and represent
the thesis results. Furthermore, an integrated simulation environment is described which was
developed speciﬁcally for advanced road traﬃc control design.

2.3.1

Traffic Simulators

The road traﬃc modeling is commonly used in practice to assist design and validation of
newly developed control strategies. Users may choose among many diﬀerent road traﬃc
simulators. The greater part of them is commercial software. Additionally, open source
simulators are also available, developed by universities or research institutes. Each of them
has advantages or drawbacks depending on the individual demands of the user. Naturally,
one may also create own traﬃc simulator program for simpler modeling purposes, e.g. a
macroscopic model of a shorter freeway stretch can be obtained by any programming tool.
In the thesis, VISSIM and VISUM, products of PTV Group1 , are used as traﬃc simulation
tools to assist the research. VISSIM is a microscopic simulator based on the so-called psychophysical driver behavior model [Wiedemann 1974]. Contrarily, VISUM is a macroscopic
traﬃc simulation software which is typically used for large-scale traﬃc network modeling
and transportation design. Both programs are widely used for diverse problems by traﬃc
engineers in practice as well as by researchers for developments related to road traﬃc.
Another important aspect of these simulators must be mentioned; the programming ability. VISSIM and VISUM oﬀer user friendly graphical interfaces (GUI) through of which one
can design the geometry of any type of road networks and set up simulations in a simple
way. However, for several problems the GUI is not satisfying. This is the case, for example,
when the user aims to access and manipulate VISSIM/VISUM objects during the simulation
dynamically. For this end, an additional interface [PTV 2011a,b] is oﬀered based on the COM
(Component Object Model) which is a technology to enable interprocess communication between software [Box 1998]. The VISSIM/VISUM COM interface deﬁnes a hierarchical model
in which the functions and parameters of the simulator originally provided by the GUI can be
manipulated by programming. It can be programmed in any type of languages with ability
to handle COM objects (e.g. C++, Visual Basic, Java). Through VISSIM/VISUM COM
1

http://www.ptv-vision.com
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the user is able to manipulate the attributes of most of the internal objects dynamically.
As further possibility, DLL (Dynamic Link Library) interface programming is also available
for speciﬁc parts of the VISSIM simulator (driver model, emission model, signal control and
toll pricing). The APIs (Application Programming Interface) for this option is provided by
the software manufacturer written in C++ language. VISSIM DLL interface programming
allows further ﬂexibility to create own developments. In the thesis, both COM and API
programming are exploited.

2.3.2

Numerical Computing Environment

Numerical computing programs are very useful for easy adaptation of any mathematical
problems and algorithms related to traﬃc control. There exist open source environments
such as OCTAVE1 or SCILAB2 . Nevertheless, MATLAB3 , a commercial program, is one
of the most popular mathematical software used among engineers and researchers. In the
thesis, MATLAB is used for mathematical computation problems. It provides a plethora of
functions and allows the implementation of algorithms, or interfacing with programs written
in other languages including C, C++, Java, and Fortran. MATLAB can be controlled through
COM interface similarly to VISSIM/VISUM. By programming the MATLAB Engine API
MathWorks [2010], MATLAB may be applied as a programmable mathematical subroutine
library. Matlab Engine API is easily programmable either through VISSIM/VISUM COM
interface or VISSIM API.

2.3.3

Integrated VISSIM/VISUM-MATLAB Simulation Environment

The application of VISSIM/VISUM COM or VISSIM API may eﬃciently help the user to
create customized simulations in case of complex problems. At the same time, it may worth
making numerical computations by mathematical software (see Section 2.3.2) concerning
some speciﬁc parts of the simulation. To exploit an external software’s functionality for
VISUM COM
VISSIM COM
VISSIM API

MATLAB ENGINE API

Figure 2.11: The VISSIM/VISUM-MATLAB simulation environment
VISSIM/VISUM, the main prerequisites are the online availability and communication during the simulation. Therefore, the application of Matlab is proposed. MATLAB Engine API
may be integrated into VISSIM/VISUM COM interface or VISSIM API. Therefore, a special VISSIM/VISUM-MATLAB simulation environment can be realized [Tettamanti et al.
2008b,a; Tettamanti and Varga 2012b]; see Fig. 2.11.

2.3.4

Quantum GIS

Projects of geographic information systems enable to visualize, analyze and manage geographical data. Hence, the use of GIS software may become indispensable during the design
process of ITS applications.
1

http://www.gnu.org/software/octave
http://www.scilab.org
3
http://www.mathworks.com
2

20

2.3. Simulation Environment
In the thesis, Quantum GIS1 (QGIS) is applied which is an open source GIS project. An
important advantage of the aforementioned VISUM simulator is the ability to import GIS
data. Moreover, a VISUM network can be exported for VISSIM project as well. Therefore,
both macro- and microscopic traﬃc modeling can be carried out based on exact georeferenced
data.

2.3.5

The Complete Simulation Environment Applied in the Thesis

The main parts of a practical simulation system are introduced in the previous sections.
Now, the ﬁgure illustrating the structure of the urban traﬃc management is recalled (see
Fig. 2.1) and associated with the appropriate software tools. Thus, the complete simulation
environment applied in the thesis is depicted by Fig. 2.12.
Simulation environment
Management,
decision making
Control measure,
action

Traﬃc measurement
(historical/real-time)

C++
MATLAB
VISSIM
VISUM

QGIS
Real-word urban road traffic network

Figure 2.12: The complete simulation environment

1

http://www.qgis.org
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Chapter 3

Efficient Vehicle Queue Estimation
in Urban Road Traffic Network
The advanced urban traﬃc management systems are always based on a reliable traﬃc measurement system, as already mentioned in Section 2.1.2. Considering local or network-wide
control, the eﬃcient traﬃc-responsive operation requires online traﬃc data in order to provide quick response to the variation of the traﬃc conditions. Thus, a proper detection system
has to provide traﬃc parameters with suﬃcient quality and quantity. In our days, a plethora
of sensors are available in the ﬁeld of urban road traﬃc control [Klein et al. 2006]. Nevertheless, the inductive loop detector is still one of the most popular sensor techniques in practice
due the cost eﬀectiveness, reliability and persistence versus extreme weather conditions. In
the sequel, an estimation method is introduced for eﬃcient vehicle queue measurement in
signalized traﬃc network. The technique can be applied with loop detectors or other sensors
measuring the traﬃc ﬂow at cross-sections of the road link. The main result of the presented
methods is characterized by the cost eﬀectiveness as a pair of detectors or even a single
detector may be suﬃcient for reliable queue length determination in a signalized road link.

3.1

Traffic Measurement by Inductive Loop Detector

The loop detectors are able to determine the number of passing vehicles, temporal occupancy,
and time mean speed. More expensive types of modern detectors can also provide additional
information such as vehicle type classiﬁcation, detection of congestion, or loop checking.
The measurement by inductive loop detector is based on the variation of electromagnetic
ﬁeld. Whenever a magnetizable material (road vehicle) enters the area over the loop, the
electromagnetic ﬁeld of the loop (generated by alternating electrical current) is disturbed. The
detection of this disturbance can be used for traﬃc measurement. Practically, the detected
disturbance is an electric impulse whose characteristics depend on the vehicle type and other
physical aspects.
Basically, the loop detectors can be used in two operation modes. In pulse (or passage)
mode, only a single impulse is transmitted by the detector regardless of the passing time over
the loop (see Fig. 3.1). Hence, pulse detector determines the traﬃc ﬂow (or traﬃc volume)
data:
q(k) =

N (k)
,
T

(3.1)

where N (k) denotes the number of impulses, and T the sampling time. The update time
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period of the detector measurements is given by [kT, (k + 1)T ] with discrete time index k.
Occupancy
Impulse
1

0

Time
Leaving the loop

Entering the loop

Figure 3.1: Signal generated by a vehicle crossing a pulse detector
Occupancy
1
Impulse
tj

0

Time
Leaving the loop

Entering the loop

Figure 3.2: Signal generated by a vehicle crossing a presence detector
In presence mode, the detector transmits a continuous signal as long as the vehicle is over
the loop (see Fig. 3.2), i.e. the time occupancy is measured:
N (k)

oT (k) =

X tj (k)

j=1

T

.

(3.2)

It is noticeable that the duration of the impulse (tj ) is inversely proportional to the vehicle
speed:
Leff
j

z

}|

{

det
Lveh
j + Lj
tj =
,
vj

(3.3)

veh the physical vehicle length, and Ldet
where Leff
j
j denotes the eﬀective vehicle length, Lj

the loop detector length. The average value for Leff
j can be estimated based on predeﬁned
observation of the vehicle composition. Furthermore, modern loop detectors are capable for
vehicle classiﬁcation as well.
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By inserting Eq. (3.3) into Eq. (3.2), the time occupancy is reformulated as follows
[Papageorgiou and Vigos 2008]:
N (k)

oT (k) =

X

j=1

Leff
j
, oT ∈ [0, 1].
vj (k)T

(3.4)

The time mean speed vt (the arithmetic mean of the measured individual vehicle speeds)
can also be provided from presence detector data. Moreover, vt can be directly calculated
from the occupancy time by using Eq. (3.3):
vt =

N (k)
N (k) eff
1 X Lj
1 X
vj =
.
N (k) j=1
N (k) j=1 tj

(3.5)

By using a single detector, the measurements are made at a cross-section of the road.
Thus, only temporal traﬃc parameters can be obtained. Temporal data, however, are not
eligible for the determination of spatial parameters in a road link; such as traﬃc density,
space mean speed, average travel time, and vehicle queue length. Therefore, in an advanced
traﬃc management system several loops may be used within a link. In this case, appropriate
ﬁltering is needed to obtain reliable traﬃc information.

3.2

Queue Length Estimation by Kalman Filtering

The detection of the queue lengths (practically number of vehicles) of urban road links is
one of the most important parameters for advanced traﬃc management systems. A logical
approach to the problem is represented by the use of a pair of detectors per link (one at the
upstream and another one at the downstream end of the link). It seems to be straightforward
that the diﬀerence between the traﬃc counts of the loops provides the vehicle number within
the link, i.e. the inﬂow and outﬂow traﬃc is evaluated over a given sampling time according
to the vehicle-conservation law (discussed in Section 2.2). However, the practical experiences
has shown that this measurement approach may fail after a couple of hours operation due
to some uncertain phenomena or potential inaccuracy of the detectors. A couple of factors
responsible for the inaccuracy of this method are listed hereafter:
• Some failure rate is always present during the operation.
• Smaller loops may not cover the whole cross-section of the link. Therefore, motorcyclists
and small cars may evade the loops.
• The links having two or more lanes may result in inaccurate measurement in case of
smaller vehicles.
• Parking lots or parking places along the road may disturb the measurement.
Accordingly, the ﬁltering of the measured data is proposed for link queue length estimation.
Szeto and Gazis [1972] recognized that the application of the well-known Kalman Filter technique [Kalman 1960] can be eﬃciently used to improve road traﬃc measurements by loop
detectors. The algorithm of the Kalman Filter is summarized in Appendix A. Some recent
publications in this ﬁeld are represented by Chu et al. [2005], Zhang and Rakha [2005], and
Vigos et al. [2008].
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The measurement accuracy of loop detectors can be well characterized by zero mean
Gaussian distribution. By exploiting this property, Vigos et al. [2008] introduced a Kalman
Filter based method for vehicle queue length estimation in urban road links. The technique
requires at least three loops per link. By improving this method, however, only two or even
a single loop can be suﬃcient for estimation in urban signalized traﬃc network.

3.2.1

Estimation with Three Detectors per Link

In this part, the main results of Vigos et al. [2008] are summarized as preliminaries for the
next section. The method applies three detectors per link as illustrated by Fig. 3.3; at the
upstream and downstream end of the link, as well as in the middle of the link. The boundary

om
T

m
qout

m
qin

Figure 3.3: Measurement conﬁguration with three loop detectors in a signalized urban link
loops (presence detectors) detect the inﬂow and outﬂow traﬃc volume, and the middle loop
(pulse detector) measures time occupancy.
The link queue dynamics can be deﬁned according to the vehicle-conservation law (see
Section 2.2):
x(k + 1) = x(k) + T (qin (k) − qout (k)) ,

(3.6)

where x(k) is the vehicle number in the link, T the measurement sampling time, qin (k), and
qout (k) the inﬂow and outﬂow traﬃc. Equation (3.6) describes an ideal case if qin (k) and
qout (k) are perfectly known, i.e. equal to the detector measurements. In practice, however,
they can be biased for diﬀerent reasons. Thus, the measured traﬃc ﬂows are written as
follows:
m
qin
(k) = qin (k) + vin (k),
m
qout
(k)

= qout (k) + vout (k),

(3.7)
(3.8)

with vin (k) and vout (k) denote the process noises generated by the upstream and downstream
detectors. By using Eq. (3.7) and (3.8), Eq. (3.6) is reformulated:
m
m
x(k + 1) = x(k) + T (qin
(k) − qout
(k)) + T v(k),

(3.9)

where v(k) = vout (k) − vin (k) is the state noise. Therefore, Eq. (3.9) can be identiﬁed as state
equation in the Kalman Filter algorithm (Appendix A).
By denoting the space argument by δ (0 ≤ δ ≤ ∆), the instantaneous space occupancy
for the whole link can be deﬁned mathematically as follows:
oS =

1
∆

Z

0

∆

oS (δ)dδ,

(3.10)

with
oS (δ) =

(

1 if δ is covered by a vehicle,
0 else.
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veh is assumed by ignoring the short detector length, o can
At the same time, if Leff
S
j = Lj
be approximated by time occupancy oT provided by a measurement point within the link
[Zhang and Rakha 2005; Papageorgiou and Vigos 2008]:

oS (δ) ≈ oT (δ).

(3.12)

In our case, space argument δ deﬁnes the middle of the link. Hence, the middle detector (see
Fig. 3.3) can provide traﬃc data for the measurement equation of the Kalman Filtering:
om
T (k) = oS (k) + z(k),

(3.13)

where output om
T (k) is the measured average time occupancy, and z(k) the corresponding
measurement noise.
By the deﬁnition of Eq. (3.2), the space occupancy is given as
oS (k) =

x(k)Leff
,
∆n

(3.14)

where Leff is the average eﬀective vehicle length, ∆ the link length, and n the lane number.
From Eq. (3.14) the observed vehicle number may be deﬁned:
xm (k) =

∆n m
o (k).
Leff T

(3.15)

By replacing Eq. (3.14) and (3.15) into Eq. (3.13) [Vigos et al. 2008], we ﬁnally obtain the
measurement equation of the Kalman Filter (Appendix A):
y(k) = xm (k) = x(k) + z(k)

∆n
.
Leff

(3.16)

It is assumed that state noise v(k) and measurement bias z(k) fulﬁll the stochastic conditions of the Kalman Filter, i.e. they are independent, zero-mean white Gaussian random
variables. Since the state and measurement diﬀerence equations as well as the system noises
are properly identiﬁed, the linear quadratic estimation can be implemented as described in
Appendix A.
By improving this result, two estimation methods are presented in the sequel, which
can be applied in signalized urban traﬃc networks. The main advantage of the proposed
technique is represented by the achievable cost eﬀectiveness as only a pair of detectors or
even a single loop per link can be suﬃcient for reliable vehicle queue length estimation under
some assumptions.

3.2.2

Estimation with Two Detectors per Link

In the previous part, an estimation technique was investigated applicable for isolated road
link. In urban area, the signalized links forming a network may contribute to a cost eﬀective
estimation by using a pair of detectors per link. The method is based on the idea that the
downstream loops can be replaced by calculation, exploiting the measurement data of the
upstream detectors.
It is assumed that the turning rates of the intersections are known by using constant
average historical value or an appropriate estimation, e.g. Kulcsár et al. [2004]. Hence, the
outﬂow traﬃc of the link can be calculated from the traﬃc data of the upstream detectors.
This means that the downstream loops can be eliminated from the traﬃc network. The
measurement conﬁguration in this case is illustrated by Fig. 3.4.
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7 8
1
2

6
5
4 3

Figure 3.4: Measurement conﬁguration with two loop detectors in a signalized urban link
Accordingly, the state equation of the grey link for the Kalman Filtering is deﬁned as
follows:
x1 (k + 1) = x1 (k) + T (q1m (k) − γ4 q4m (k) − γ6 q6m (k) − γ8 q8m (k)) + T v1 (k).

(3.17)

x1 (k) is the vehicle number in link 1. q m (k) denotes the detected traﬃc ﬂow at the upstream
end of the corresponding link. γ(k) expresses the ratio of the traﬃc arriving from link 1 in
proportion to the whole entering traﬃc of the corresponding link. The values of γ(k) can
be easily calculated so far as the turning rates are known (as assumed previously). v1 (k)
denotes the state dynamics’ noise which is multiplied by sampling time T by reason of the
appropriate dimension. The measurement equation of the Kalman Filter remains the same,
i.e. Eq. (3.16).

3.2.3

Estimation with One Detector per Link

The estimation method with two detectors per link proposed above can be applied either in
saturated or undersaturated traﬃc conditions. At the same time, a single detector per link
can also be suﬃcient for queue estimation with the assumption of saturated traﬃc.
Both upstream and downstream loops of the link can be replaced by corresponding calculation. Nevertheless, the boundary links of the network still require the upstream detectors.
The idea is originated in the store-and-forward traﬃc model (discussed in Section 2.2.2)
which also hypothesizes saturated traﬃc ﬂow in the network. Based on the known saturation
ﬂow and the green times, the outﬂow traﬃc can be determined. This concept assumes a
real-time traﬃc-responsive control providing green time splits which are always fully utilized.
Therefore, the product of the saturation ﬂow and the corresponding green time within the
sampling time provides the exiting vehicle number originally measured by the downstream
detector. Similarly, upstream measurements can be substituted as well. The entering traﬃc
ﬂow of the link can be calculated as the sum of products of the corresponding saturation ﬂows,
green times, and turning rates. The measurement conﬁguration in this case is illustrated by
Fig. 3.5.
In case of saturated traﬃc conditions, the state equation of the signalized road link can
be recast. The description of the grey link is given as follows:
x1 (k + 1) = x1 (k) + u3 (k)α3 S3 + u2 (k)α2 S2 − u1 (k)S1 + T v1 (k),

(3.18)

where x1 (k) is the number of vehicles in link 1, u(k) the green time of the link (calculated by
a corresponding traﬃc controller), α the turning rate concerning link 1, S the saturation ﬂow,
and T the sample time. For simplicity, it is worth to choose T equal to the traﬃc controller’s
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Figure 3.5: Measurement conﬁguration with a single loop detector in a signalized urban link
cycle time. For α and S, constant values can be applied, or they can be appropriately
estimated real-time.
Eq. (3.18) corresponds to Kalman Filter dynamic equation (A.1). The measurement
equation (3.16) of the estimation is still given by the detector at the middle of the link.

3.3

Simulation Results

The proposed estimation methods have been tested and compared in VISSIM traﬃc simulator. The Kalman Filter algorithm was coded in C++ programming language and implemented in VISSIM through its COM interface (see Section 2.3). The simulations were carried
out in a small-scale test traﬃc network with four intersections. The distances between the
junctions varied from 200 to 300 meters. The sample time was set to 60 sec and chosen
identical to the cycle time of the corresponding traﬃc signal control as well. The applied
traﬃc signaling was carried out as a well-tuned ﬁxed-time control. Two simulation scenarios
were applied:
• Scenario 1: undersaturated traﬃc conditions with 1600 veh/h overall traﬃc demand,
• Scenario 2: saturated traﬃc conditions with 4500 veh/h overall traﬃc demand.
The simulation scenarios were run with the above introduced measurement conﬁgurations
(three, two and one detectors per link). The simulation time was set to 30 minutes in all
cases.
Naturally, the virtual loops within the VISSIM simulator provide bias-free measurements.
Therefore, biased detection was realized by corrupting the perfect measurements. State
noise v(k) and measurement noise z(k) were generated during the simulation randomly. The
measure of the noises was set in the ratio (up to ± 25%) of the perfect measurements, and
added to the dynamic equations Eq. (A.1) and (A.2). Moreover, to investigate the robustness
of the methods, the turning rates were modiﬁed randomly in the ratio (up to ±30%) of the
constant nominal values used in the traﬃc model. The application of the Kalman Filter
assumes zero mean Gaussian noises. Therefore, v(k), z(k) and the disturbance on the nominal
turning rates were generated accordingly.
Scenario 1 was run with the method of Vigos et al. [2008], as well as by using the measurement conﬁguration with two detectors. The results are depicted by Fig. 3.6. The numerical
results of the simulations are tabulated to Table 3.1.
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Figure 3.6: Simulation results of Scenario 1 (undersaturated traﬃc) to compare the diﬀerent
detector conﬁgurations
The RMSE and MAPE parameters used in the tables denote the Relative Mean Square
Error and the Mean Absolute Percentage Error, respectively:
RM SE =
M AP E =

q P
n

n

k=1 (x(k) −
Pn
k=1 x(k)

x̂(k))2

100%,

(3.19)

n
x(k) − x̂(k)
1X
100%,
n k=1
x(k)

(3.20)

where x(k) represents the real state and x̂(k) the Kalman Filter estimate of the state variable.
Measurement conﬁguration in the link
3 detectors
2 detectors

Average vehicle number in
the link (veh/sample time)
5
5

Max. estimation
error (veh)
1
2

RMSE

MAPE

11.3%
15.9%

9.5%
17.1%

Table 3.1: Simulation results of diﬀerent detector conﬁgurations with Scenario 1
Scenario 2 was run with the method of Vigos et al. [2008], as well as by using the measurement conﬁguration with two and one detectors per link. The results are depicted by
Fig. 3.7 and 3.8. The numerical results are summarized in Table 3.2.
By considering the results, it can be stated the proposed measurement conﬁgurations are
competent for eﬃcient vehicle number detection. The methods with two or one detectors per
link are able to provide estimation with a similar reliability as in the case with three detectors
per link. The maximal estimation error was 2 vehicles per link with Scenario 1, and 3 vehicles
with Scenario 2. The results of the RMSE and MAPE parameters reﬂect moderate values in
all cases despite the generated disturbances on the turning rates. This represents that the
estimators have some robustness against the uncertainty on turning rate information.
The proposed methods can be potentially applied for traﬃc-responsive control. They can
be even used for state estimation in the control schemes introduced later in Thesis 5 and 6.
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Figure 3.7: Simulation results of Scenario 2 (saturated traﬃc) to compare conﬁgurations with
three and two detectors per link
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Figure 3.8: Simulation results of Scenario 2 (saturated traﬃc) to compare conﬁgurations with
three and one detectors per link
Measurement conﬁguration in the link
3 detectors
2 detectors
1 detectors

Average vehicle number in
the link (veh/sample time)
13
13
13

Max. estimation
error (veh)
2
3
3

RMSE

MAPE

9.1%
14.0%
15.2%

6.4%
13.0%
14.2%

Table 3.2: Simulation results of diﬀerent detector conﬁgurations with Scenario 2
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3.4

Contributions

Thesis 1
Two cost-eﬀective methods have been elaborated for vehicle queue length estimation, applicable
in signalized urban traﬃc networks. The proposed techniques involve the Kalman Filtering
algorithm and the appropriate use of the vehicle conservation-law in urban road link. The
methods can be applied with two diﬀerent measurement conﬁgurations; either two detectors or
a single detector per link. Both conﬁgurations are able to provide eﬃcient traﬃc estimation.
The previous one is valid both in undersaturated or saturated traﬃc conditions, and the latter
one with saturated traﬃc condition.
The application of the linear Kalman Filter is introduced for real-time vehicle queue
estimation. It has been shown that the original measurement conﬁguration adopted from
Vigos et al. [2008] (three detectors per link) can be further improved.
If signalized links form a network, the downstream loop detectors can be replaced by
calculation, exploiting the measurement data of upstream detectors in the adjacent links.
The method assumes an appropriate knowledge of the turning rates of the junctions. This
measurement conﬁguration can be applied in undersaturated or saturated traﬃc as well.
A further improvement can be achieved by using the coherence of the adjacent links.
An eﬃcient measurement system can be established with a single detector per link. In this
case, both upstream and downstream detectors can be replaced by calculations. The outﬂow
traﬃc can be determined as the product of the saturation ﬂow and the corresponding green
time. The inﬂow measurements can be substituted as well by the sum of products of the
corresponding saturation ﬂows, green times, and turning rates. This concept assumes that
the green times are always fully utilized by the vehicles, i.e. the saturated traﬃc condition.
The realization and operation of a measurement system represent signiﬁcant costs in a
large-scale urban traﬃc network. By the application of the proposed methods, these costs can
be potentially reduced. At the same time, the introduced estimation techniques are still reliable, and thus can be applied for advanced urban traﬃc management. Nevertheless, in both
conﬁgurations the boundary links of the network always require the original conﬁguration
with three detectors.
Related publications:
• [Tettamanti and Varga 2010a],
• [Tettamanti and Varga 2010b],
• [Luspay et al. 2011].
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Chapter 4

Urban Road Traffic Flow
Estimation by Using Cellular
Signaling Events
The rapid growth of mobile phone communications has induced novel and emerging developments in the past decades. Signaling data of cellular phones can be used as valuable
information for state-of-the-art traﬃc applications especially in urban areas. The traces of
mobiles like handovers and location area updates may be eﬃciently utilized in the ﬁeld of
road traﬃc measurement and forecasting or even traﬃc control. By detecting and processing
the locomotion of anonymous mobile phones, origin-destination (O-D) ﬂows, and trip distribution can be estimated. This information may serve as important basis for transportation
planning, and even for real-time applications, such as traﬃc control or route guidance.
If a mobile phone (terminal) is moving in its cellular network diﬀerent types of signaling
events are generated due to the principles of the radio frequency based telecommunication.
These events may provide suitably accurate location data of terminals and thus can be exploited to realize location based services [Küpper 2005]. Beside other research ﬁelds, there
are several ﬁnished and ongoing projects which investigate the eﬃcient use of cellular network
data for road traﬃc related applications. The most important advantage of the mobile data
is represented by the availability as almost everyone travels with a mobile phone. Traditional
traﬃc detection systems (camera, loop detector, etc.) require costly infrastructure and are
not able for overall detection of a traﬃc network. Contrarily, signaling events of every user
are automatically captured through the base transceiver stations and stored by the operator
of the telecommunication network. Practically, cellular phones can be used as traﬃc detectors
without any additional infrastructure investment. The utilization of the mobility event data,
however, needs suitable algorithms. Accordingly, in this chapter practical methods are presented for the estimation of route choice, O-D matrix1 and traﬃc ﬂows in urban traﬃc area.
The so obtained traﬃc information may be eﬃciently used in advanced traﬃc management
systems.
1

The O-D matrix contains the number of trips going from each origin to each destination points in a
transportation network.
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4.1

Mobile Signaling Events in GSM Network

Hereunder, the two basic cellular signaling events of GSM network are brieﬂy presented.
The GSM telecommunication network consists of radio cells. A cell represents geographic
coverage area of a base transceiver station. The main task of a base station is to realize
wireless communication between the terminal and the network. The horizontal radius of a
mobile cell depends on antenna parameters and propagation conditions, and may vary from
a couple of hundred meters to several tens of kilometers. The mobile cells of the network
(tens or even hundreds of cells) are grouped into location areas (LA) as shown in Fig. 4.1.

Location Area 1

Location Area 2

Location Area 3

cell

Handover (HO)

Location Area Update (LAU)

Figure 4.1: The scheme of the GSM network (source: Küpper [2005])
Several signaling events are generated whenever a traveling mobile phone crosses a cell
or a location area. The cell change and LA change are the most frequent and thus the most
signiﬁcant occurrences generating handover (HO) and location area update (LAU) events (see
Fig. 4.1). A HO is reported when a phone call in progress is redirected from the current cell
and its used channel to a new cell and channel. In inactive (idle) mode a LAU is generated
when a terminal enters a new location area. Additionally, a mobile phone also performs LAU
periodically even if it is in the same area.
The main potential of the signaling events is the opportunity to use them without any
additional infrastructure. As the terminals automatically report HO/LAU events to the communication system, the cell phone operator may exploit these data (as server-side processing).
The possible applications of the HO/LAU reports have been widely investigated, e.g. in the
papers referred in the next section. To exploit the mobility events, ﬁrst of all, the monitoring
and collecting of signaling data must be realized. Several monitoring methods exist, which
can be classiﬁed as active, passive, client-side, server-side, or third party solutions. A detailed
survey on monitoring possibilities is provided by Valerio [2009].
Naturally, the privacy problem must also be taken into consideration and made clear when
mobility data of phone users are collected. The privacy protection of the users can be ensured
regarding the technical problems. The legal aspects, however, still represent open problems.
The key question concerns the accessibility of location information [Ackerman et al. 2003].
The availability of sensitive personal information originated from mobile events should be
regularized unambiguously by local law. On the other hand, the events are utilized as aggregated mobility data in the proposed method, i.e. travelers’ ﬂows are investigated instead of
individual locomotion.
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4.2

Literature Review of Traffic Applications Based on Mobile
Signaling Data

One of the earliest publications investigating mobile location technique was presented by
Hata and Nagatsu [1980] focusing on the eﬃcient operation of the cellular phone system.
By now, the use of mobile signaling data for traﬃc applications represents a very popular
line of research due to the well-known tendency of motorization rate. Traﬃc ﬂows obtained
via mobile phones may provide reliable and overall information for advanced transportation
management. Moreover, a variety of services can be developed for personal use based on
signaling data, e.g. real-time route guidance, navigation. Accordingly, a large number of
academic papers relevant to this matter have been published in the recent decades. Furthermore, several patents have been issued as telecommunication companies intend to develop
commercial services in this ﬁeld. The studies are concentrating on measurement and estimation technologies of the most important traﬃc parameters such as: speed, travel time,
traﬃc volume, as well as O-D matrix. Moreover, the publications concern methodologies for
ITS, e.g. navigation service, route guidance, incident detection, road monitoring, road use
charging, traﬃc information service. In the sequel, a literature review is presented concerning
the papers which are related to traﬃc applications based on radio signaling data.

4.2.1

Speed and Travel Time Estimation

The estimation of speed and travel time was the ﬁrst popular research subject in the ﬁeld of
the applicability of cellular signaling data.
Hellebrandt et al. [1997] suggested methods of tracing a mobile by evaluating subsequent
signal strength measurements to diﬀerent base stations of GSM system. The raw data are
smoothed by a least square based regression.
Hellebrandt and Mathar [1999] presented a procedure to monitor the position and velocity
of mobiles in a cellular radio network from ﬁeld strength data of surrounding base stations.
Kalman ﬁltering technique was applied for signal strength estimation. The simulated tests
of this approach showed average location error of only 70 meters.
The technical report of Ygnace et al. [2000] proves that cell phone equipped drivers can
be used as traﬃc probes for reliable travel time estimation. The report also advocates the
joint ﬁeld evaluation of GPS, cellular and conventional systems, to allow the identiﬁcation of
the best mix of technologies for future implementations.
Bar-Gera [2007] compared cellular measurements (only HOs) with magnetic loop detector
measurements on a real freeway stretch. A good match has been found between the two
measurement methods, indicating that the cellular phone-based technologies can be used for
reliable traﬃc measurement.
The article of Ramm and Schwieger [2007] investigates a method for accurate positioning
of ﬂoating phones. The location of the terminal is determined such that signal strengths
measurements are matched to a signal strength map. The proposed method use HO event as
probe data exclusively.
Herrera et al. [2010] presented a traﬃc monitoring system based on traveling smartphones
with enabled GPS service. Field test results proved that a 2-3% penetration of such mobile
phones in freeway traﬃc is enough to gain accurate measurements for speed and travel time.
Ludvig et al. [2012] investigated the real-time estimation of travel times in urban traﬃc
network by applying HO/LAU events. The measurements are suggested to be improved by
Kalman Filter estimation.
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4.2.2

O-D Matrix Estimation

Since the beginning of the 2000s, the O-D matrix estimation has been in the focus of the
research exploiting mobile signaling events. The reason for this is due to the fact that O-D
traﬃc ﬂows represents valuable data at traﬃc design, traﬃc control and also commercial
applications.
One of the ﬁrst papers investigating the potential of O-D matrix estimation from mobile
phone data was provided by Transport and Road Research Laboratory (United Kingdom)
with pilot study results [White and Wells 2002]. The proposed technique is based on the
server-side billing information of the mobile operator. The method was introduced for future
applications of the highways agency in order to create a national O-D matrix, covering the
trunk road network in the UK.
The article of Yoo et al. [2005] provides a methodology for O-D matrix estimation on cellular base station information. The method was tested in urban environment by considering
HO events exclusively. At the same time, the proposed technique assumes that the coverage
area information of each base station is provided by the mobile communication operator.
Caceres et al. [2007] and Sohn and Kim [2008] introduced techniques to gather dynamic
O-D information. These contributions are applicable only on freeways. The ﬁrst one describes
a basic methodology to demonstrate the potential use of the LAU based observations in
future traﬃc applications. The latter one, however, applies only HO event recordings which
are processed by Kalman Filtering method.
The paper of Schlaich et al. [2010] investigates the route choice problem when O-D matrix
estimation is carried out by observing mobile signaling data. The method is based on the
location area sequences generated by the traveling terminals, and only applicable for freeway
traﬃc.
The paper of Calabrese et al. [2011a] introduces a system developed by Telecom Italia for
the real-time evaluation of urban dynamics based on the anonymous monitoring of mobile
networks. In addition, instantaneous positioning data of buses and taxis are used to gather
information about urban mobility.
The previous method was also demonstrated by a real case study [Calabrese et al. 2011b].
O-D matrix estimation was validated by census survey data in Boston metropolitan area. The
method provided region based O-D information.

4.2.3

Contribution to the Existing Research

Several papers have been published about O-D matrix estimation based on mobile signaling
data. However, the problem in metropolitan traﬃc area is limited to region level, i.e. the
O-D trips can be estimated among regions. Moreover, beyond the O-D information, the
route choice estimation is not investigated for urban traﬃc network. Accordingly, in the
following parts, a methodology is proposed for O-D traﬃc ﬂow estimation in smaller areas.
Furthermore, eﬃcient route choice estimation and traﬃc assignment method are presented
speciﬁcally for urban traﬃc area. The proposed technique is based on a simple but eﬀective
model for cellular networks, i.e. propagation modeling and 3D environment model are not
necessary.

4.3

Preliminaries for the Thesis

In this section, preliminaries are provided which represent the basis of the later proposed
methodologies. On the one part, the classical four-step system model for urban transportation
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planning and forecasting is summarized. On the other part, the Voronoi tessellation based
network modeling is presented.

4.3.1

Modeling the Transportation Network

The classical four-step system model for urban transportation planning and forecasting consists of trip generation, trip distribution, modal split, as well as traﬃc assignment (route
choice) [de Dios Ortúzar and Willumsen 2001; Gazis 2002]. Basically, the construction of
the O-D matrix represents the ﬁrst steps of the classical road traﬃc forecasting, i.e. trip
generation and trip distribution.
O-D ﬂow estimation can be static or dynamic [Willumsen 1992; Cremer 1991] representing
oﬄine and online applications respectively. Nevertheless, in case of suitable quality and
availability of historical observations, static O-D matrices can also properly characterize the
typical daily variation of the traﬃc, i.e. by using time-sliced O-D matrices. O-D estimation
can be done in a classical way. Household travel interviews, census survey data, or traﬃc
counts represent traditional tools to estimate O-D ﬂows. These methods, however, are costly
and conducted rarely. Another potential solution is the use of mobile signaling events which
may be eﬃciently utilized for O-D ﬂow estimation.
The last element of the forecasting is the route assignment which means the distribution of traﬃc among all related origin and destination zones or nodes; M and N . Several
assignment algorithms have been elaborated since the 1950s. The basic classiﬁcation of trafﬁc assignments may be done by the ability of considering time-varying parameters. Static
or time-independent assignment deals with traﬃc demand assumed to be essentially constant. Contrarily, dynamic assignment methodologies consider time-dependent parameters
(e.g. dynamic O-D matrix, congestion eﬀects) [Brandriss 2001].

4.3.2

Voronoi Tessellation for Cellular Network Modeling

The use of mobile signaling data requires a suitable model of the cellular network. Modeling
is a big challenge as the cells do not form circles. They overlap each other to a greater or
lesser extent especially in urban areas. The signal strengths of the transceiver antennas may
be diﬀerent as well. Furthermore, the behavior of the network are continuously inﬂuenced by
several time-varying parameters [Küpper 2005], e.g. call traﬃc, weather, road traﬃc eﬀects.
Therefore, it is obvious that accurate modeling can be realized only by considering all physical aspects of the radio wave propagation. Such detailed modeling, however, is unrealistic
for large-scale mobile networks. A simple and eﬃcacious alternative for practical modeling
is represented by the application of the Voronoi tessellation method [Baert and Semé 2004;
Candia et al. 2008]. If transceiver antenna coordinates are available the geographic coverage
area of the cells can be estimated. The Voronoi partitioning represents a special decomposition (convex polygons) of a given plane with n generator points. Each generator is associated
with a corresponding Voronoi cell. Practically, a Voronoi polygon is the set of all points
where each point is closer to its generator than to any other generator in the given plane.
Obviously, the locations of transceiver antennas may serve as the generating points for the
tessellation. Figure 4.2 shows the basic concept of the modeling with Voronoi cells. The
circles depict the coverage area of the base stations.
Hence, the area of inﬂuence of each base station can be easily delimited without the
knowledge of the physical aspects of the communication (e.g. radio wave propagation, interference, etc.). Only the locations of antennas are taken into consideration. Thus, Voronoi
tessellation may provide an eﬃcient method to trace the spatial locomotion of a call, e.g. by
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Figure 4.2: Mobile cells modeled by Voronoi polygons
observing mobile signaling events. Nevertheless, this approach has a drawback represented by
some inaccuracy in the modeled cell location. The Voronoi based modeling applies two basic
assumptions. It is hypothesized that the power of all transceiver antennas are identical in the
given plane. Furthermore, the eﬀects of spatial objects (such as buildings, vehicles, etc.) are
neglected. After all, the Voronoi tessellation is a very attractive approach as it enables a
practical method if only antenna positions are available. A possible solution to improve the
accuracy of the tessellation was proposed by Baert and Semé [2004] and Portela and Alencar
[2006]. If the power threshold assigned for each base station is known, a multiplicatively
weighted Voronoi diagram can be created. Thus, the diﬀerent transmitted signal strengths
of the antennas can be also taken into account to improve modeling.

4.4

Route Choice Estimation from Mobile Signaling Events

In this part, a potential method is provided for eﬀective route choice estimation by applying
the mobile signaling events and the route assignment technique.

4.4.1

The Problem of the Accurate Determination of Mobile Traces

In the previous section, the Voronoi tessellation is proposed as an eﬃcient modeling approach
to identify cells in the mobile network. By using Voronoi diagram of the network and measuring signaling events, the locomotion of phones in call can be estimated. HO report contains
the identity codes of the previous and the new cell as well. In case of LA change LAU event
gives information concerning the previous LA and the new cell. If HO/LAU signaling data
are available and it is possible to aggregate them, the routes of the users can be estimated
on cell-level. The estimation, however, is not straightforward especially in dense urban road
traﬃc areas as a single mobile cell may cover several intersections and links; see Fig. 4.3. The
base station data (used here and in the following parts) were gathered from the OpenCellID1
project’s database. The Voronoi tessellation (black lines) was computed concerning one of the
Hungarian mobile operators. The tessellation was carried out by QGIS (see Section 2.3.4).
Beyond the aforementioned accuracy problem other diﬃculties must be also considered
when mobile signaling events are measured. Figure 4.4 shows an example in Budapest by
1

http://www.opencellid.org
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Figure 4.3: Voronoi polygons in the center of Budapest
assuming a ﬁctional trip between two locations in District IX and XI. The red dotted line

Figure 4.4: An example for ideal sequence of Voronoi polygons generated by a traveling
terminal
shows the route of the moving phone. Figure 4.4 demonstrates an ideal case where a clear
sequence of Voronoi cells can be observed in time and space. Nevertheless, this is not the
case in practice for several reasons, e.g. interference eﬀect, varying signal strength, load of
the network. Due to the intra-cell eﬀect the cells may show incoherent order. Intra-cell HO
is a special signaling event when only the used channel changes during the handover and
the cell remains the same. This can happen in case of sector antenna. Another potential
problem may be caused by short-period cell changes which occur ping-pong HO eﬀects. In
case of ping-pong HOs the terminal is “bouncing” quickly between two base stations back
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and forth. A similar eﬀect is the rapid cell change representing short-period cell transitions
among multiple cells. This may be possibly caused by reason of faulty coverage of base
stations. Therefore, if only HO/LAU reports are available the trace of the users cannot be
unambiguously determined at all times. As consequence, it is worth to ﬁlter incoherent HO
events mentioned above. Filtered handovers result in a better sequence of cells which is more
convenient for route choice estimation as well.
An example for ﬁltered Voronoi sequence1 is shown by Fig. 4.5 which is the result of a
real trip with a terminal in call. The test trip covered the same path as given in Fig. 4.4.
The data was gathered by the Mobile Quality Analyzer (MQA) software developed by Nokia
Siemens Networks. The ﬁltered chain of cells well reﬂects the location uncertainty problem.
On the one hand, some cells are beyond the trajectory of the test terminal, e.g. cell 7. On
the other hand, one can observe a “missing” cell (the one between cell 4 and 5) due to
some intermittence of the measurement. To face all of these practical problems concerning

Figure 4.5: The chain of ﬁltered Voronoi polygons generated by a moving terminal
the mobile trace determination introduced above, a practical method is presented in the
following part.

4.4.2

Efficient Method for Route Choice Estimation

By knowing the signaling sequence of a terminal, the corresponding Voronoi cells can be
determined, e.g. as displayed in Fig. 4.5. Naturally, at least two signaling events are needed
to create a chain of cells. The ﬁrst and last HO/LAU reports deﬁne the origin and destination
cells of the trip forming an O-D pair. Thus, the ﬁnal problem is to determine the exact path of
the given O-D pair. Nevertheless, due to the scales of the Voronoi cells a plethora of possible
1

The generated sequence of a terminal is semi-deterministic. The HOs may be produced diversely on the
same path in some measure. Typically, vehicles, weather conditions, or load of the network may affect the
wave propagation resulting in different signaling events. Nevertheless, the main characteristics of the sequence
reflect the route.
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Figure 4.6: Shortest distance between the centroid and an assigned route
routes may be found. The cell size may be several thousands of square meters. Therefore, a
practical solution is to calculate a reliable traﬃc assignment concerning the given O-D pair.
The basic input data of the assignment is represented by the O-D matrix. For now, it
is assumed that such O-D information is available. On the other hand, HO/LAU events
can be eﬃciently used for O-D estimation as indicated later in Section 4.5. The Voronoi
polygons can be identiﬁed as O-D zones. Hence, the corresponding zones are deﬁned as the
ﬁrst and last cells generated by the terminal. Then, the traﬃc assignment procedure can
be carried out resulting in the assigned paths. The next step is to ﬁnd the most probable
route among the assigned ones. The cells are indexed by i = 1, 2, ..., m and the assigned
routes by j = 1, 2, ..., n. A simple and practical solution is proposed by measuring the
squared deviations between each cell and the assigned paths. The measurement means the
calculation of the shortest Euclidean distance (di,j ) from the centroid of the cell (i) to the
given path (j) such that the drawn line is perpendicular to tangent of the path. A simple
example is shown by Fig. 4.6. The centroid (denoted by yellow circle) is determined as the
center of gravity of the Voronoi cell (blue polygon), which usually does not coincide with
the location of the base station. The shortest distance (di,j ) to the assigned route (red line)
is represented by the green arrow. For each potential path j all square deviations can be
calculated and summarized as follows:
Dj =

m
X

d2i,j .

(4.1)

i=1

Thus, to characterize the deviation compared to the assigned routes the squared deviations
are used. Finally, the lowest scalar represents the most likely route choice of the terminal,
i.e.
min(Dj ), j = 1, 2, ..., n.

(4.2)

This means that the chosen path among the n assigned routes best ﬁts the Voronoi cells.
The proposed method can be applicable in oﬄine or online fashion with appropriate sample interval. Practically, any traﬃc assignment method can be used to assist the estimation
40

4.4. Route Choice Estimation from Mobile Signaling Events
problem. If real-time functioning is realized the use of time-varying O-D matrices (if available) can be advantageous. The dynamic traﬃc assignment may result in more accurate
estimates on route choices.
To validate the elaborated estimation method an application example is presented in the
sequel, based on real-world data and test measurements. The O-D pair shown by Fig. 4.5
is investigated. By using real-world network data and MQA measurements the route choice
estimation procedure is realized. VISUM macroscopic traﬃc simulator was applied as simulation environment. VISUM allows GIS-based data management. Hence, the GIS ﬁles of
the Voronoi diagram of the test ﬁeld were simply imported into the simulator. VISUM provides several assignment methods. For the test case the incremental assignment was applied.
The incremental approach takes two following basic assumptions: each trip-maker chooses
a path which minimizes the travel time, the travel time on a link depends on the link ﬂow.
Incremental assignment divides the traﬃc volumes into fractions to be assigned in steps. In
each step, a part of the total demand is assigned based on the all-or-nothing assignment,
i.e. assuming constant link travel times.
Figures 4.7-4.10 represent the results of the incremental assignment calculated in VISUM
between the origin and destination zones of the test area. As the incremental method assigns
a given fraction of the demand in each step, in our case the entire traﬃc demand of the O-D
pair was proportionally distributed into four parts. Thus, four distinct paths were assigned
by VISUM. The assignment result demonstrates the most likely routes of the test O-D pair.

Figure 4.7: Path 1 of the test O-D pair
Table 4.1 contains the main characteristics of the assigned paths.
Path j
1
2
3
4

Distance (km)
2.8
3.5
4.1
4.1

Travel time (min)
7
8
10
8

Table 4.1: Distances and travel times of the assigned paths
By assuming that the traveling terminal uses one of these paths, one is able to estimate
the route choice of the terminal. Naturally, the number of potential paths can be increased
with the appropriate settings of the traﬃc assignment. To ﬁnd the route Eq. (4.1) must
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Figure 4.8: Path 2 of the test O-D pair

Figure 4.9: Path 3 of the test O-D pair

Figure 4.10: Path 4 of the test O-D pair
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be calculated for all assigned paths (n = 4) and cells (m = 14). Table 4.2 contains the
calculation results. In our example the ﬁnal result is obvious (see Fig. 4.10). Nevertheless,
Path j
1
2
3
4

Pm

i=1 di,j

6695
4519
2962
1958

Ratio compared to
the lowest value
3.4
2.3
1.5
1

Dj =

Pm

5130283
3097741
1356076
627122

2
i=1 di,j

Ratio compared to
the lowest value
8.2
4.9
2.2
1

Table 4.2: Sum of deviations and squared deviations for each assigned path
the calculation gives the same result, i.e. Path 4 was chosen by the terminal as min(Dj ) = D4
was found the lowest among the potential routes.
Additionally, to demonstrate the advantage of the squared evaluation the normal sumP
mation ( m
i=1 di,j ) is calculated as well. The ratios of the sums, by taking the lowest value
as basis, are also represented for better interpretation. It can be observed that the squared
approach reﬂects the deviations in a more intense way. This property is not strongly apparent in our test case. Nevertheless, it can be advantageous if the applied traﬃc assignment is
conﬁgured to produce a more extensive result, i.e. dealing with much more potential paths.

4.5

Road Traffic Network Model Arisen from the Cellular
Network

As the preliminary step of the classical four-step system model for urban transportation
(introduced in Section 4.3.1), the main nodes of the traﬃc network have to be deﬁned.
The nodes serve as origins and destinations, i.e. generation and attraction points for traﬃc
ﬂows. If HO/LAU events can be aggregated for traﬃc ﬂow estimation, a practical approach
is proposed for the deﬁnition of the O-D nodes. In this case, the transportation network
description can be adapted to the cellular network. Basically, the O-D nodes can be assigned
according to the position of mobile cells and location areas. The main idea is that the O-D
nodes are deﬁned in the boundary cells of the corresponding LA. This concept is needed as
the cell changes are only reported (HO) when the mobile phone is in call. Contrarily, in idle
mode LAU event always occurs when a terminal passes the LA boundary. Therefore, LA can
be eﬃciently considered for O-D ﬂow estimation.
In urban environment, the radius of a cell is in the order of 100-200 meters or less (naturally the cell shape does not form a perfect circle) and a location area is about a few square
kilometers. Therefore, the size of an LA is suitable for traﬃc estimation. Moreover, an urban
transportation network is covered by a set of LAs which can be considered as independent
subnetworks of the whole area.
By aggregating and processing all HO/LAU generated at the boundary of the subnetwork,
an adequate O-D matrix can be constructed concerning the corresponding LA. Naturally, only
reliable pairs of signaling events must be considered, i.e. one entering and one exiting event per
terminal are required within a proper sample time. In consequence of the proposed concept,
the trips within the LA are neglected. Nevertheless, the intra-traﬃc by cars is generally not
signiﬁcant within an urban LA size area. Once the O-D matrix concerning the LAs of the
network is available, proper traﬃc assignment can be processed to obtain the potential paths
between all O-D pairs as well as the distribution of the traﬃc on all assigned routes.
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Figure 4.11: A location area in Budapest (∼ 2.8 km2 )
As an example, Fig. 4.11 shows a location area of one of the Hungarian operators in Budapest city center (covers parts of District V and XIII). The data is based on the OpenCellID
project’s database and thus may carry ambiguities concerning the cell accuracy. Presumably,
not all the base stations are contained by the OpenCellID data set. Therefore, the Voronoi
tessellation of all base stations with the accurate location would result in smaller cell sizes.
Nevertheless, the order of an urban LA can be suitably interpreted by this database.
The main nodes (yellow circles) are determined by the crossings of the signiﬁcant roads
and the boundary cells. The side streets with small traﬃc load can be neglected in the
network model. Finally, the 11 main nodes represent origin and destination points for which
an O-D matrix can be created.
To summarize the proposed methodology for O-D matrix estimation for a given Location
Area, Algorithm 4.1 is provided. The presented method can be applied in a static way
Algorithm 4.1 O-D matrix estimation concerning a Location Area
The Voronoi tessellation based cellular phone network is given. The algorithm is valid with
a proper sample time.
1. Determine the investigated LA, i.e. the transportation network.
2. Determine the main nodes of the network.
3. Collect all HO/LAU events occurring in the boundary cells of the LA.
4. Filter HO/LAU events. Only the traveling terminals are investigated which cross the
LA.
5. Discover the O-D trips from the relevant signaling data, i.e. create the O-D matrix.
by using historical GSM signaling data, or even in a dynamic fashion, i.e. observing and
evaluating signaling data periodically with a properly chosen sample time.
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4.6

Traffic Flow Estimation Improved by Cellular Event Based
Travel Times

In the previous section, a potential method has been introduced for eﬃcient O-D ﬂow estimation by using all LAUs and HOs occurring at the boundary of the LA, exclusively. At the
same time, the HO events of the terminals can also be recorded within the LA and used to
improve the traﬃc ﬂow estimation. HOs are only generated when a phone call is in progress.
This means that a part of the users can provide path information. The average call duration
is relatively short. In urban areas, the average call duration is about 2-3 minutes in the
daytime [Willkomm et al. 2009]. Nevertheless, the traces and the related travel times of the
cellular phones may contribute to a more reliable traﬃc estimation. Basically, the traditional
traﬃc assignment can be improved with travel time data if they are available within the
current sample time.
The traﬃc network is typically modeled by graphs where nodes denote the intersections
and edges the links. A network object can be characterized by some impedance, i.e. the average travel time which is needed to pass it. A road link, therefore, is expressed as a weighted
edge. Moreover, the turnings of the intersections within the nodes have also impedances,
and thus considered as edges. The basis of the traﬃc assignments using Wardrop equilibrium conditions [Wardrop 1952] is represented by the volume-delay functions (VDF), which
reﬂects the impedances of the traﬃc network objects. There are several variants of VDF.
Nevertheless, a general expression can be formulated for the VDF as follows:
ta (qa ) =

tfa ree



·f

qa
qamax



,

(4.3)

where ta (qa ) denotes the average travel time with traﬃc volume qa , tfa ree the free ﬂow travel
time, and qamax the maximal capacity (ﬂow) concerning edge a. Generally, the traﬃc assignment calculation can be reformulated as a mathematical optimization problem with constraints. For instance, the well-known user equilibrium assignment forms the following nonlinear programming problem:
min
subject to

XZ

qa

a∈A 0
X
qkrs
k

ta (qa )dq,

= q rs ,

XXX

r
rs
qk

s

rs rs
δa,k
qk = qa ,

(4.4)

k

≥ 0,

qa ≥ 0.
A expresses the set of the edges of the transportation network, qa the equilibrium ﬂow on
edge a, qkrs the ﬂow on path k connecting O-D pair r-s, and q rs the total demand (number
rs = 1; otherwise δ rs = 0.
of trips) between r and s. If edge a is on path k from r to s, δa,k
a,k
If the reliable travel times are available from the cellular signaling events, problem (4.4)
can be potentially improved. By applying the Voronoi tesselation based network description
and the aggregated HO/LAU events, the travel times of the terminals can be calculated.
Ludvig et al. [2012] proposed the real-time estimation of travel times in urban traﬃc network
by applying Kalman Filter. The measured mobile travel times can be further used expressing
link travel times within the network. In optimization problem (4.4), each edge a may have
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diﬀerent volume-delay function. Therefore, the VDF of the measured links can be restricted
according to the measured travel times. This means that the following constraints have to
be added to problem (4.4):
m
tm
a (1 − ∆a ) ≤ ta ≤ ta (1 + ∆a ),

(4.5)

where tm
a denotes the average measured travel time and ∆a an uncertainty term. ∆a is needed
due to the problems introduced in Section 4.4.1, and can be deﬁned empirically.
As an illustration of the method, Fig. 4.12 is provided. The blue line depicts the trip
traveled by a terminal from node M to N . The origin and destination nodes can be deﬁned
based on the generated LAU events. At the same time, a chain of HOs are also observable
(yellow cells) as result of a call started and ended within the LA. By using the method
provided in Section 4.4.2, the traveled path can be deﬁned. Moreover, the travel time is also
calculable form the HO events. Hence, the travel times of the road links concerned by the
HO measurements can be used to improve the traﬃc assignment of the network.

Figure 4.12: An O-D trip traveled within the LA based network
To summarize the proposed methodology for traﬃc ﬂow estimation Algorithm 4.2 is
provided. The presented method can be applied in a static way by using historical GSM
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Algorithm 4.2 Traﬃc ﬂow estimation improved by mobile signaling event based travel times
The Voronoi tessellation based cellular phone network and the corresponding O-D nodes are
predeﬁned. The algorithm is valid with a proper sample time.
1. Collect all HO/LAU events concerning the LA.
2. Filter the signaling events to obtain more reliable data (Section 4.4.1).
3. Discover the O-D trips from the signaling data, i.e. create the O-D matrix.
4. Do traﬃc assignment (4.4) on the network.
5. By considering the terminals generating HO sequences within the network, determine
the most probable paths for them by the help of the assignment achieved in step 4
(Section 4.4.2).
6. By using the path travel times of terminals with HOs, determine the average measured
travel time (tm
a ) for the corresponding links.
7. Do traﬃc assignment (4.4) with additional constraints (4.5) concerning the links with
observed travel times.

signaling data, or even in a dynamic fashion, i.e. observing and evaluating signaling data
periodically with a properly chosen sample time.
As illustrative example, two diﬀerent traﬃc assignments of the LA (Fig. 4.12) were compared. In the simulations, the VDF of the Bureau of Public Roads was applied [BPR 1964]:
ta (qa ) =

tfa ree

1+α



qa
qamax

β !

(4.6)

,

where α and β are appropriately chosen parameters. A calibration example of the parameters
is provided by Jeihani et al. [2006]. On the one part, equilibrium assignment (4.4) was
calculated concerning the O-D nodes. On the other part, an improved assignment was also
achieved by considering the measured travel time in the depicted cells. The travel time of
f ree . This
the concerned links (covered by the yellow cells) was simulated to be tm
a = 0.5ta
practically means that the travel time of the terminal was the half of the free ﬂow travel time.
Moreover, ∆a = 0.2 was applied. The assignment results concerning the traﬃc ﬂows from
node M to N are shown in Fig. 4.13. It is observable that the use of the measured travel
times strongly inﬂuences the traﬃc assignment results. The properties of the assigned paths
of M -N relation is tabulated to Table 4.3.
Traﬃc
assignment
Without travel
time data
Improved with
travel time data

Path
number
1
2
1
2

O-D ﬂow
(PCU/h)
460
540
325
675

Travel time
(min:sec)
9:13
6:19
10:08
6:24

Speed
(km/h)
20
26
18
26

Table 4.3: Traﬃc parameters of the assigned paths
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Distance
(km)
2.1
2.1
2.1
2.1

4.7. Contributions

Figure 4.13: Assignment results in VISUM without (on the left) and with (on the right)
travel time measurement

4.7

Contributions

Thesis 2
A methodology has been elaborated for macroscopic traﬃc ﬂow estimation based on cellular
phone signaling events in urban road traﬃc networks. The concept is based on the practical
approach that transportation modeling can be adapted to the location areas and cells of the
mobile network. The O-D matrix can be deﬁned by the appropriate measurement and ﬁltering
of the signaling events occurred within the corresponding location area. The traﬃc assignment
based on the identiﬁed O-D matrix can be further improved by the help of travel time data
obtained from handover sequences. The method utilizes the measured travel times as additional
constraints in the optimization problem of the assignment to obtain more reliable results.
If cellular signaling events are available in the traﬃc network, O-D ﬂow estimation and
related traﬃc assignment can be achieved. In this case, it is practical to deﬁne the model of
the transportation network in accordance with the cellular network description. An eﬃcient
solution is the use of the LAs as subnetwork units, which boundaries serve as the locations
for origin and destination nodes. This concept is needed as only the LAU events are always
generated by the terminals. Hence, all crossing trips can be measured within an LA, i.e. the
O-D matrix can be constructed. Once the O-D matrix of the LA network is available proper
traﬃc assignment can be performed. The assignment provides potential routes and travel
times between all O-D pairs.
Beside the LAU, the HO sequences of moving terminals can also be useful for more reliable
traﬃc estimation. The HO reports may give information about the travel time if the terminal
passed at least one cell during the call. The measured travel times can be used to restrict the
volume-delay functions of the corresponding links. Therefore, an improved traﬃc assignment
is resulted.
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By using the ﬁnal results of the improved traﬃc assignment, the average traﬃc demands
can be deﬁned on the network links. Basically, it has been demonstrated that the proposed
methodology is an alternative candidate for urban road traﬃc ﬂow estimation.
Related publications:
• [Tettamanti et al. 2012],
• [Tettamanti and Varga 2012a],
• [Ludvig et al. 2012].
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Chapter 5

Distributed Model Predictive
Control for Urban Road Traffic
Networks
The MPC is a very popular control framework in the state-of-the-art engineering practice.
Accordingly, the application of the MPC based control has also appeared in the ﬁeld of the
road traﬃc management. At the end of the 1990s, as a preliminary result, the LQ optimization
technique was introduced for traﬃc control [Diakaki et al. 1999b]. Recently, by following
this line of research, several papers were published investigating the applicability of MPC for
urban traﬃc problems, e.g. Varga [2006], Tettamanti et al. [2008c], Tettamanti and Varga
[2009d], Tettamanti and Varga [2009c], Lin et al. [2009], Aboudolas et al. [2009]. Beside the
eﬃciency of the MPC based control, the computational burdens must be mentioned as well.
In large-scale urban traﬃc networks, the centralized MPC might not guarantee the real-time
feasibility in all cases. Therefore, a distributed control scheme is proposed for urban traﬃc
signal split optimization, e.g. Tettamanti and Varga [2010c], de Oliveira and Camponogara
[2010]. The distributed concept provides numerous economical and technological advantages.

5.1

Concept of the Basic MPC

The MPC is a model based control procedure which can be eﬃciently applied for optimal
control problems restricted by physical constraints [Maciejowski 2002]. The control scheme
of the predictive control is illustrated in Fig. 5.1. The MPC is based on real-time state measurements. The controller comprises an optimization part and a system model. The control
calculation is carried out as an iteration process between the two blocks by the minimization
of an appropriate cost function. During the iteration, the optimization block calculates the
control inputs for the system model. Then, the model provides a state prediction giving back
to the optimization block. The iteration is repeated until the solution appears to converge.
The optimal control signals are then forwarded to the controlled system.
Basically, the MPC achieves a rolling-horizon optimization as already introduced in Section 2.1.2. The concept of the predictive control is represented by Fig. 5.2. System state x(k)
is measured at time step k. Then, for a ﬁnite horizon length (K) predicted states x(k + i|k)
are calculated along with the corresponding control inputs u(k + i − 1|k). The calculation is
carried out by the help of appropriate estimation and numerical optimization methods. The
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Control measures

CONTROLLED SYSTEM

Measurement data

MPC CONTROLLER

OPTIMIZATION
Control

Prediction
SYSTEM MODEL

Cost function
Constraints

Figure 5.1: The control scheme of MPC
predicted state is denoted as
x(k + i|k),

(5.1)

where time step k at the right side within the parentheses denotes the current time, and k
at the left side the prediction step with running index i = 1, 2, . . . , K. At time step k + 0
(i = 0), there is no state prediction as in this case the prediction is equal to the measured
state, i.e. x(k|k) = x(k). The predicted optimal control input is denoted as
u(k + i − 1|k),

(5.2)

where time indexes are used in the same way as in Eq. (5.1). At the end of the optimization
process, from the obtained K control inputs only the current one (u(k|k)) is applied to the
system. At the subsequent time step (k + 1), the prediction horizon rolls on until K + 1.
The controller proceeds the calculation concerning time step k + 1 according to the updated
measurements and estimations. The process is then continued similarly by repeating the
measurement, estimation, and optimization. Accordingly, the MPC is an online technique.
Therefore, it is important to apply a suﬃciently fast optimization tool and appropriate control
interval.
The control inputs of the MPC are computed by minimizing a cost function over the
prediction horizon K:
min

u(k+i−1|k)

J(k),

subject to u(k + i − 1|k) ∈ U,

(5.3)

x(k + i|k) ∈ X,
where U and X denote the polyhedral constraint sets (deﬁned by linear inequalities) if the
system dynamics is restricted along its trajectory. Several objective functions can be used in
the MPC framework [Garcia et al. 1989], [Zaﬁriou and Marchal 1991], [Genceli and Nikolaou
1993], [Muske and Rawlings 1993]. Generally, a quadratic objective function is applied in the
MPC, adopted from the LQ optimization technique [Anderson and Moore 1971], by using a
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Figure 5.2: The concept of the predictive control
ﬁnite horizon:
J(k) =

K h
i
1X
x(k + i|k)T Qx(k + i|k) + u(k + i − 1|k)T Ru(k + i − 1|k) .
2 i=1

(5.4)

Q ≻ 0 and R ≻ 0 in Eq. (5.4) are symmetric weighting matrices which strongly inﬂuence the
performance of the MPC. Therefore, the right values for Q and R must be carefully chosen,
e.g. by using simulations.
The method of a basic MPC controller is summarized in Algorithm 5.1.
Additionally, the stability must be mentioned in case of MPC. Unlike the LQ optimal
control, the MPC is an open-loop control strategy. Therefore, the MPC control sequences
cannot implicitly guarantee the global stability of the controlled system. There are several
techniques to achieve guaranteed stability in MPC [Mayne et al. 2000]. Nevertheless, the
stability is not the main issue in case of urban traﬃc network as it is always stable by nature,
i.e. the number of vehicles in the road links may never become inﬁnite, due to the simple
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Algorithm 5.1 MPC based control
1. Measure state x(k|k).
2. Solve ﬁnite horizon optimal control problem (5.3) to obtain u(k + i − 1|k) for i =
1, 2, . . . , K.
3. Apply u(k|k) in the system.
4. At the end of the current control time period, set k := k + 1.
5. Go to step 1.

physical constraints of the system. Therefore, the question of the stability is not investigated
in the thesis.

5.2

Centralized MPC for Urban Road Traffic Control

In this part, the centralized MPC based urban traﬃc control is summarized, published originally by Varga [2006] and Tettamanti et al. [2008c]. The presented method represents a
preliminary result for the distributed control realization.
First, the state space model of the urban traﬃc network must be constructed. The storeand-forward traﬃc model (introduced in Section 2.2.2) can be transformed to state space
form easily. Thus, the urban traﬃc becomes eligible for MPC based control. The application
of Eq. (2.18) to an urban traﬃc network with n controlled links yields a general (vectorized)
LTI state space form:
x(k + 1) = Ax (k) + Bu (k) + Ed (k) .

(5.5)

Each term of Eq. (5.5) has a real traﬃc meaning, that is deﬁned below.
• x(k) = [x1 x2 . . . xn ]T is the vector of the state variables. xz (k) represents the number
of vehicles (expressed in PCU) in controlled link z. The states may not be directly
measurable but estimated by appropriate methods (Section 3).
• A denotes the state matrix. A is an identity matrix as the coeﬃcient of xz (k) in
Eq. (2.18) is always 1.
• u(k) is the control input vector which contains the green times (in seconds) for all stages.
The numerical values of u(k) are the results of a corresponding controller. The number
of control inputs is equal to the number of the controlled links, i.e. dim(u) = dim(x) = n.
• B denotes the control matrix consisting of turning rates αw,z (k), exit rates κz,0 (k) and
saturation ﬂows Sw (k) and Sz (k) (according to the notation used in Section 2.2.2).
Although B is a time-varying matrix in the reality, it may be considered as a constant
one with ﬁxed nominal rates. If the involved saturation ﬂows or turning rates are
estimated real-time, B can be recalculated for shorter time periods (e.g. in every 15
minutes) but not necessarily for each time step. In the sequel, B matrix is considered
constant.
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• d(k) is the disturbance vector in the state equation. d(k) represents the non-controlled
traﬃc demand which is a time-varying term. In practice, however, it is more reasonable
to redeﬁne d(k) for shorter time periods based on continuous real-time measurements
or historical data.
• E is a constant diagonal coeﬃcient matrix with T in its diagonal.
If Eq. (5.5) is extended for K horizon, the augmented state space model is obtained for
the MPC:
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Since A is an identity matrix and E = diag(T ), the above system of equations can be
reformulated as follows:
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where the bold characters denote hyper-vectors, and the calligraphic notation means a hypermatrix. Hence, objective function (5.4) can be rewritten by the help of x and u:
J(k) =

i
1h T
x Qx + uT Ru .
2

(5.8)

x and u denote stacked hyper-vectors of the predicted states (vehicle numbers on the controlled links) and control inputs (green times); see Eq. (5.7). Q = diag(Q) and R = diag(R)
are block-diagonal hyper-matrices. Q and R are appropriately selected diagonal weighting
which corresponds to the minimatrices. An eﬃcient choice for the elements of Q is 1/xmax
z
mization and balance of network link occupancies [Aboudolas et al. 2010]. The appropriate
value for R can be achieved by simulations in a heuristic way. By inserting Eq. (5.7) into
(5.8):


1
1
J(k) = uT BT QB + R u + cT QBu + cT Qc,
2
2

(5.9)

where the last term is constant. Since the objective function is intended to be minimized
1 T
2 c Qc does not inﬂuence the outcome of the minimization problem, and thus can be eliminated from J(k):
Φ

J(k) =

z


}|

{

βT

1 T
u BT QB + R u + cT QB u.
2
z }| {

(5.10)

Finally, the objective function to be minimized is deﬁned as:
1
J(k) = uT Φu + β T u.
2
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(5.11)
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where Φ is a constant matrix, and β T is a time-varying vector. Expression (5.11) has the
form of a general quadratic optimization problem. Practically, the minimization of J(k)
represents a multivariable nonlinear programming problem which has to be solved with the
corresponding linear constraints (Section 2.2.2).
In the centralized structure, a central controller processes the optimization. The centralized realization is illustrated by Fig. 5.3 where u comprises all control signals, and x the
measured states of the network as indicated previously.
Controller

u

x

System

Figure 5.3: Centralized control architecture

5.3

Realization of Distributed MPC for Urban Traffic Control

In the previous part, an MPC based urban traﬃc control principle was presented. The simplest realization of the proposed control can be established in a centralized fashion. However,
the computational cost of a centralized MPC may be too high in a large-scale traﬃc network to guarantee real-time feasibility in all cases. Therefore, a decentralized realization is
proposed in which the computational tasks are divided among the local traﬃc controllers.
In our case, however, the fully decentralized scheme (when the subsystems calculate without communication) cannot be correctly achieved as the subsystem dynamics of the traﬃc
network are coupled through control matrix B. Hence, distributed solution is suggested
illustrated by Fig. 5.4. The whole traﬃc network is decomposed into m subsystems. Respectively, the centralized control is realized by m controllers. Each controller is responsible
only for its corresponding subsystem. The communication, however, is required between the
adjacent controllers due to the coupled system dynamics. In the following parts, the distributed realization of MPC based urban traﬃc control is presented based on the results of
Tettamanti and Varga [2010c].

5.3.1

Optimization by Using Lagrangian Duality and Jacobi Iteration

According to the results of Section 5.2, the solution of the following quadratic optimization
problem comprises the MPC control for urban traﬃc networks (under the assumption of
saturated traﬃc network dynamics):
1 T
u Φu + β T u,
2
subject to Fu − h ≤ 0.
min
u

J(k) =
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Controller 1

Controller 2

u1

u2

x1

Subsystem 1

...
...

x2

Controller M

uM

...
...

Subsystem 2

xM

Subsystem M

Figure 5.4: Distributed control architecture
Inequality Fu − h ≤ 0 incorporates the green time constraints (already discussed in Section
2.2.2) for K horizon according to the MPC concept:
umin
≤ uz (k) ≤ umax
,
z
z
Oj
X

(5.13)

uj,i (k) ≤ Tjmax ,

(5.14)

i=1

where uz is the green time interval concerning link z, Oj the number of stages at junction
j, and Tjmax = T − Lj (Lj the ﬁxed lost time resulted from the geometry of junction j). F
denotes a hyper-matrix consisting of three blocks:
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−I
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(5.15)

The upper block contains the green time combinations given by the left side of inequality
(5.14). The middle block is a negative, and the lower block is a positive identity matrix used
to express the minimum and maximum green time constraints (5.13). Matrix F is repeated
K times in F. F is structured as follows:




F =



1T1
0
..
.

0
1T2
..
.

0

0

...
...
..
.

0
0
..
.

. . . 1Tn
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where 1Tj is a row vector containing ones, thus assigning the green stages of the intersection
j = 1, 2, . . . , n. Hyper-vector h consists of three vectors according to F:




tsum
 . 
 .. 








h=
















.









tsum
tmin
..
.
tmin

tmax
..
.
tmax

(5.17)

Vector tsum contains Tjmax of the sum of green times j = 1, 2, . . . , n. Furthermore, tmin and
tmax are vectors based on the values deﬁned by inequalities (5.13). Obviously, the vectors
are repeated K times within the blocks.
In urban traﬃc control problem deﬁned by optimization (5.12), hyper-matrix Φ is given
as a symmetric positive deﬁnite matrix (proof is provided in Appendix B). Hence, problem
(5.12) yields a convex optimization problem [Boyd and Vandenberghe 2004]. In this case,
it formulates a standard quadratic optimization problem which can be solved by applying
the Lagrange multiplier method and the projected Jacobi iteration [Bertsekas and Tsitsiklis
1997].
By using the duality theory [Bertsekas and Tsitsiklis 1997], primal problem (5.12) can be
reformulated into the Lagrange dual standard form. The basic idea in Lagrangian duality is
to take the constraints into account by augmenting the objective function with the weighted
sum of the constraint functions. The Lagrangian is deﬁned concerning the primal problem
as:
J(k)

z

}|

{

1
L(u, λ) = uT Φu + β T u +λT (Fu − h),
2

(5.18)

where λT is a row vector containing the Lagrange multipliers associated with the inequality
constraint. The dual function is deﬁned as the minimum value of the Lagrangian function:
Ldual (λ) = inf L(u, λ).

(5.19)

u

By setting the gradient of the Lagrangian equal to zero [Boyd and Vandenberghe 2004]:
∇u L(u, λ) ≡ 0,

(5.20)

the optimal solution u∗ is obtained which minimizes the primal problem:
u∗ = −Φ−1 (β + FT λ∗ ).

(5.21)

Hence, after having inserted u∗ into Eq. (5.18), one arrives to the dual function:
P

w

z }| {
z
}|
{
1
Ldual (λ) = L(u∗ , λ) = − λT FΦ−1 FT λ − λT (FΦ−1 β + h),
2
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where matrix P and vector w are deﬁned for simplicity. Accordingly, the dual problem of the
quadratic programming problem (5.12) is as follows:
1
Ldual (k) = − λT P λ − λT w,
λ
2
subject to λ ≥ 0.
max

(5.23)

After a sign change, the above maximization problem can be converted into an equivalent
minimization problem:
min
λ

L̃dual (k) =

1 T
λ P λ + λT w,
2

(5.24)

subject to λ ≥ 0.
If λ∗ provides the optimal solution for L̃dual (k) then Eq. (5.21) gives the optimal solution for
the primal problem as well [Rockafellar 1970].
It is obvious that the dual problem has a simple constraint set compared with that of
the primal problem. Expression (5.24) is a standard minimization problem over nonnegative
orthant. Basically, the dual problem reduces to the solution of the following system of linear
equations under the nonnegativity condition:
P λ = w.

(5.25)

There exist several numerical algorithm to solve Eq. (5.25). In the thesis, the projected
Jacobi iteration is applied which is a special case of the scaled gradient projection methods
[Bertsekas and Tsitsiklis 1997]; an eﬃcient method for distributed calculation.
Since Φ is a positive deﬁnite matrix the jth diagonal element of P is also positive:
pjj = fjT Φ−1 fj > 0,

(5.26)

where fj is the jth row of matrix F. Therefore, for each j the dual cost function is strictly
convex along the jth coordinate. As the strict convexity is satisﬁed it is possible to use the
projected Jacobi algorithm.
The ﬁrst partial derivative of the dual cost is given by
wj +

m
X

(5.27)

pjk λk ,

k=1

where wj and pjk denote the corresponding elements of vector w and quadratic matrix P ,
and m = dim(P ). If the derivative is set to zero, the unconstrained minimum is obtained for
dual problem (5.24) as follows:




X
1 
1
λ̃j = −
pjk λk  = λj −
wj +
pjj
pjj
k6=j

wj +

m
X

k=1

!

pjk λk .

(5.28)

By taking into account condition λj ≥ 0, a Jacobi-type iteration algorithm can be formulated
for the constrained dual problem [Bertsekas and Tsitsiklis 1997]:
(

κ
λj (t + 1) = max 0, λj (t) −
pjj

wj +

m
X

k=1
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!)

pjk λk (t)

, j = 1, 2, . . . , m.

(5.29)
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t denotes the iteration step. κ > 0 is the stepsize parameter which should be chosen suﬃciently small, and some experimentation may be needed to obtain the appropriate range for
it.
Once ﬁnal solution λ∗ of iteration (5.29) is achieved, the solution of the MPC can be
directly calculated by Eq. (5.21), i.e. the optimal green times at time step k.
By exploiting the iteration based solution of dual problem (5.24), the MPC problem can
be implemented in a distributed way with parallel computation and global communication.
Basically, the parallel realization means that several nodes (generally CPUs) are participating
in the computation process, such that the nodes are working on diﬀerent problems at the same
time. In a large-scale urban traﬃc network, the nodes i = 1, 2, . . . , M can be represented
by the CPUs of the junction traﬃc controllers.
The concept consists of splitting global iteration process (5.29) into smaller problems.
The subproblems are deﬁned according to the M nodes. The main idea is that the solution
of subproblem i is carried out with a reduced set of optimization variables. The ﬁnal solution
is achieved as an increasingly accurate approximate solution. The method of the distributed
parallel computation of the MPC based urban traﬃc control is given by Algorithm 5.2.

5.3.2

Simulation Results

To test the distributed MPC in urban traﬃc management a real-world traﬃc network has been
simulated. On the one hand, the goal of the simulations was to demonstrate the eﬃciency of
the MPC based control. On the other hand, the performance of the distributed realization
was investigated during the simulations.
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Figure 5.5: The test network with seven signalized junctions in District X of Budapest
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Algorithm 5.2 Distributed MPC with parallel computation
1. Global communication
The nodes i = 1, 2, . . . , M share their online measurements (number of vehicles) with
each others, i.e. every node learns the network’s states. Hence, time-varying vector w of
dual problem (5.24) can be calculated by each node.
2. Calculation
Index series 1, 2, . . . , m is divided among the M nodes, i.e. subseries mistart , mistart +
1, . . . , miend for i = 1, 2, . . . , M are deﬁned (mistart and miend are integers). ǫ > 0 and
pmax > 0 are appropriately chosen. p := 1. λ(p) := λ∗ , except for k = 1 when λ(p) := 0.
ρ is an appropriately large number.
while ρ > ǫ and p ≤ pmax
parallel computation of nodes i = 1, 2, . . . , M
for j = mistart , mistart + 1, . . . , miend
Do iteration (5.29) which results in λi (p).
end (for)
end (parallel computation)


λ1 (p)
 2

 λ (p) 

 with global communication.
Create vector λ(p) = 
..


.

λM (p)
Calculate ρ = kλ(p) − λ(p − 1)k∞ .
λ(p − 1) := λ(p).
p := p + 1.
end (while)
λ∗ := λ(p).

3. Calculation
Based on Eq. (5.21), each node i = 1, 2, . . . , M calculates the corresponding elements of
u∗ , i.e. vector ui (k|k) which contains the control input of the ﬁrst time step for node i
according to the MPC strategy.
4. Control actuation
Optimal control signal u(k|k) is applied to the traﬃc network.
5. At the end of the current control time period, set k := k + 1.
6. Go to step 1.
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The test network is situated in District X of Budapest (see Fig. 5.5). The test area
contains seven signalized intersections, and 36 controlled links (more than the illustrated
links at the right part of Fig. 5.5 due to the multi-lane roads). Currently, the 7 junctions are
controlled locally. Three of them use ﬁxed-time signal plans. The other four intersections
operate with local traﬃc-responsive control based on detector measurements. The current
traﬃc control of the network is eﬀective but only in case of nominal traﬃc ﬂows as the current
control is based on average historical measurements. Therefore, the system cannot manage
the situations properly when the traﬃc volumes strongly diﬀer from the nominal traﬃc ﬂows.
In consequence, the traﬃc may become congested in the network.
To prove the applicability of the MPC design, it was compared with the current control
system of the test network. The previously proposed distributed MPC was realized in the
simulation environment introduced in Section 2.3. The average traﬃc volume data and ﬁxedtime signal plans were provided by Center for Budapest Transport. MPC horizon K = 3
was found adequate for the controller design. The following weighting matrices were used in
the MPC scheme: Q = I and R = 0.1I. The run time of the simulations was 2 hours long.
At ﬁrst, the same input traﬃc volumes were set for both simulations. As it was expected
similar simulation results were obtained by both control strategies, the MPC strategy did not
show signiﬁcant improvements. Therefore, these results are not presented. This reﬂects that
the current system is correctly designed for nominal traﬃc, i.e. able to manage non-extreme
traﬃc ﬂows eﬃciently.
To compare the two strategies under oﬀ-nominal traﬃc condition, more intensive traﬃc
ﬂows had to be generated during the simulations. The original input volumes were averagely
increased by 10% in the network. These simulations showed diﬀerent results compared to the
previous cases. Four traﬃc parameters were analyzed during the simulations. The results
are displayed in Table 5.1.
Parameter
Average travel time (min)
Average speed (km/h)
Average delay timea (min)
Average number of stops

Fixed-time control
1.9
20.6
1.1
3.8

Distributed MPC
1.6
24.9
0.9
3.1

Variation
-16%
21%
-18%
-18%

Table 5.1: Average simulation results of the test network
a

Average delay time is calculated by comparing the measured travel time to the ideal travel time (assuming
neither vehicles, nor signal control in the network).

It is observable that all important traﬃc parameters improved signiﬁcantly. Additionally,
the variation of the summed queue lengths in the links is illustrated by Fig. 5.6 which also
reﬂects the eﬀectiveness of the proposed method. Basically, the MPC strategy was able to
achieve a better traﬃc-responsive control compared to the current system.
As already mentioned the MPC based control was carried out in a distributed fashion
in the simulation environment as proposed by Algorithm 5.2. Accordingly, the 7 junction
traﬃc controllers served as the nodes for parallel computation in the distributed realization.
The calculation eﬀorts were divided uniformly among the nodes hypothesizing similar CPU
performance of the traﬃc controllers. The dimension of optimization parameter λ of dual
problem (5.24) was m = 129. Termination tolerance ǫ = 10−8 was used in the iteration
process.
As stepsize parameter κ in iteration (5.29) strongly inﬂuences the performance of the
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Figure 5.6: The variation of the summed queue lengths achieved in the simulations
calculation, practical experimentation is required for the appropriate setting. The convergence can be shown if κ = m−1 [Bertsekas and Tsitsiklis 1997]. However, this value may lead
to an unnecessarily slow rate of convergence for some problems. Larger values may be also
suitable to satisfy convergence. Table 5.2 displays the performance results1 of the iteration
κ
m−1
m−0.8
m−0.6
m−0.4
m−0.2
m−0.15

Number of iteration steps
57430
23188
9324
3738
1489
1181

Calculation time (sec)
2.4457
0.9714
0.4114
0.156
0.0621
0.0489

Table 5.2: The variation of the number of iteration steps and the calculation time with
diﬀerent stepsize parameters
with diﬀerent settings of κ. After some experimentation, κ = m−0.15 = 0.4824 was found
as the smallest value which was able to guarantee convergence during the simulations. Finally, to conﬁrm the performance of the proposed distributed optimization, the simulation of
the MPC based traﬃc control was also tested with a centralized solution. The primal optimization problem (5.12) was resolved with the built-in quadratic programming optimization
quadprog function of MATLAB as well (using the same termination tolerance ǫ = 10−8 ). The
average computation times achieved by the proposed distributed method and the quadprog
function based solution are given in Table 5.3. The signiﬁcant performance of the proposed
distributed realization is obvious. The average computation time of the distributed MPC
was 10% of that of the centralized MPC.
1

Simulations were performed on a personal computer with Intel 2.26 GHz CPU and 4 GB of RAM.
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Control method
Distributed MPC using Jacobi iteration (κ = m−0.15 )
Centralized MPC using quadprog

Average computation time (sec)
0.0489
0.5051

Table 5.3: The average computation times of the distributed and centralized MPC

5.4

Contributions

Thesis 3
An eﬃcient distributed MPC design has been elaborated for urban road traﬃc control. The
proposed technique is a traﬃc-responsive signal control, applicable in urban traﬃc networks
under saturated traﬃc conditions. The control algorithm applies the Lagrange multiplier
method and the projected Jacobi iteration to perform parallel computation among the traﬃc
controllers realizing a distributed solution.
The application of basic linear MPC is introduced for real-time traﬃc-responsive control.
By using the store-and-forward modeling concept, an LTI state space representation can be
achieved for urban signalized traﬃc network, which is already eligible for an eﬃcient MPC
based control solution.
It is shown that the solution of the MPC formulates as a standard quadratic optimization
problem with linear constraints; constructed from the matrices and vectors of the traﬃc
model. By applying the Lagrange multiplier method, the quadratic optimization can be
recast in a dual optimization form. The dual problem can be eﬃciently solved with the
projected Jacobi iteration, a special case of the scaled gradient projection methods. The
main advantage of the Jacobi iteration is the applicability for distributed realization. Hence,
a parallel computation based algorithm can be established with global communications among
the participating nodes.
The simulation results showed signiﬁcant results which conﬁrm the eﬃciency of the MPC
based control, as well as the performance of the proposed distributed realization compared
to the centralized solution.
Related publications:
• [Tettamanti and Varga 2009b],
• [Tettamanti and Varga 2009a],
• [Tettamanti and Varga 2010c],
• [Tettamanti et al. 2010],
• [Luspay et al. 2011].
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Chapter 6

Robust Model Predictive Control
for Urban Road Traffic Networks
Advanced dynamic control involves traﬃc models which contain the most important characteristics of the network, i.e. topology, geometry, and other dynamic parameters. In general, these models then become bases for model-based control solutions. With an appropriately chosen and parameterized model, future traﬃc states can be predicted resulting in
an optimal traﬃc light control. However, the applied traﬃc model can be biased by nonmeasurable vehicle ﬂows. Moreover, in case of model predictive control (MPC) framework
(e.g. Aboudolas et al. [2010], de Oliveira and Camponogara [2010], Tettamanti et al. [2008c])
the uncertain knowledge on the demands and states (concerning the whole optimization horizon) may further compromise the accurate modeling. The uncertainty eﬀects in the modeling
might produce imprecise traﬃc signal operation.
One of the ﬁrst papers investigating the consequences of uncertain data used for traﬃc
signaling was published by Heydecker [1987]. Ribeiro [1994] proposed a novel signal calculation method accounting daily traﬃc ﬂow variability. For isolated intersections, Yin [2008]
introduced robustly optimal timing methods to minimize the mean of delays per vehicles
under changing traﬃc ﬂow demand. By using the cell transmission model (CTM) [Daganzo
1995] and formulating a linear optimization problem, Ukkusuri et al. [2010] presented a robust signal split method where origin-destination uncertainties are captured. More recently,
Zhang et al. [2010] developed a stochastic optimization approach including probability information of uncertain and day-to-day changing traﬃc demand.
In the sequel, a real-time traﬃc control method is proposed for large-scale urban traﬃc
network taking traﬃc uncertainty into consideration. As a traﬃc control solution, a robust
scheme is introduced by using the principle of minimax optimization approach in a rollinghorizon fashion. By virtue of the applied methodology, the obtained controller is prepared
for all possible queue and demand uncertainties within given bounds. To solve the control
problem semideﬁnite programming (SDP) algorithm is performed. The suggested real-time
algorithm can be applied to signal split optimization. Oﬀsets and optimal cycle time are
assumed to be ﬁxed or calculated by other algorithms. The proposed method is applicable in
saturated and oversaturated cases. Undersaturated traﬃc condition is not investigated. In
this case (e.g. in night time) ﬁxed-time signaling or local traﬃc-responsive control (minimizing
the delay at individual intersections or along arterials) can perform eﬃciently.
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6.1

Uncertainty in Urban Road Traffic

In a general urban road link (see Fig. 6.1) between two signalized intersections (M and N )
diﬀerent potential traﬃc streams can be observed.

M

g

h

N

s

d

Figure 6.1: Traﬃc ﬂows in a link
g and h represent entering and exiting vehicle ﬂows controlled by traﬃc lights. In an
advanced traﬃc management system g and h are usually measured by detectors. By knowing
the green time interval under saturated traﬃc condition, controlled streams can also be calculated by means of the saturation ﬂow (see Section 2.2.2). Contrarily, entering and exiting
ﬂows d and s are not controllable and might not always be measured. They represent disturbances in the control process. d and s are able to induce uncertainty in the traﬃc modeling
and consequently to corrupt the traﬃc control. In urban road traﬃc network uncertainties
may appear for several reasons. Unexpected traﬃc ﬂuctuations can be caused by parking
garages or on-street parking. Moreover, demand ﬂow (entering at the boundary of the network) may increase the uncertainty if it is imprecisely determined, e.g. based on inappropriate
historical data. These potentially ambiguous traﬃc ﬂows are depicted by arrows in Fig. 6.2.

P

Figure 6.2: Potential uncertainties in urban road traﬃc network
Disturbances d and s are usually assumed to be available as constant nominal values
for traﬃc light control strategies, see Diakaki et al. [1999b], Aboudolas et al. [2009], and
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Aboudolas et al. [2010]. In these contributions s is expressed as the ratio of g and considered ﬁxed and known. Similarly, input d is deﬁned as a constant nominal demand. In
de Oliveira and Camponogara [2010] exiting traﬃc s and demand d are lumped together creating a single (and known) disturbance term. In Lin et al. [2011], a mixed integer linear
programing based MPC is proposed which is also based on nominal traﬃc network model
with known traﬃc demand. Naturally, these approaches use practical assumptions as the
overall and accurate measurement of all vehicle ﬂows would lead to enormous cost increase.
Nevertheless, uncertainties might lead to imprecise traﬃc signaling. If the number of nonmeasured vehicles entering or leaving a given link, for instance, is signiﬁcant relative to the
nominal value (the measured value by sensors) the calculated green signal split might become inaccurate, i.e. too long or too short compared to the real traﬃc demand. Moreover,
this problem may appear more signiﬁcantly if a rolling-horizon control scheme is applied. In
this case, one has to envisage the uncertain demands and states over the whole optimization
horizon.
If certain vehicle ﬂows are not precisely available (e.g. by measurement), a robust approach can be applied for modeling and control purposes. Ambiguous traﬃc is proposed to
be handled as time-varying but bounded model-mismatch based on the store-and-forward
macroscopic modeling. The state equation for generalized urban link z (see Fig. 6.1) can be
formulated as follows:
xz (k + 1) = xz (k) + T (gz (k) − hz (k) + dz (k) − sz (k)),

(6.1)

where xz (k) is the number of vehicles expressed in PCU, gz (k) the inﬂow, hz (k) the outﬂow,
dz (k) the demand traﬃc, and sz (k) the exit traﬃc (traﬃc ﬂows in PCU/h) during [kT, (k +
1)T ]. Moreover, k denotes the discrete time step index and T is the sampling time. sz (k)
can be deﬁned as the ratio of gz (k):
sz (k) = κz gz (k),

(6.2)

where κz is the exit rate, considered ﬁxed and known. Thus, Eq. (6.1) can be rewritten as:
xz (k + 1) = xz (k) + T ((1 − κz )gz (k) − hz (k) + dz (k)),

(6.3)

which represents a nominal traﬃc model. A direct way to consider traﬃc ambiguity in
Eq. (6.3) is to use additional terms:
xz (k + 1) = xz (k) + pxz (k) + T ((1 − κz )gz (k) − hz (k)) + T dz (k) + pdz (k),

(6.4)

where pxz (k) denotes the uncertainty component of state xz (k) and pdz (k) that of traﬃc demand
dz (k) (both expressed in PCU) with the following deﬁnitions:
pxz (k) = δzx (k)γzx xz (k), |δzx (k)| ≤ 1,

(6.5)

pdz (k)

(6.6)

=

δzd (k)γzd T dz (k),

|δzd (k)|

≤ 1.

δzx (k) and δzd (k) express unknown, time-varying, and bounded uncertainties. γzx and γzd are the
uncertainty weights, not necessary constant scaling parameters; γzx , γzd ∈ [0, 1]. Hence, product γzx xz (k) denotes the maximal potential uncertainty deﬁned relative to the state variable
xz (k). Similarly, γzd T dz (k) is the a maximal bound for demand uncertainty. The uncertainty
components are only known to be bounded. This means practically that uncertainty pxz (k)
may arbitrarily vary between −γzx xz (k) and γzx xz (k). Respectively, pdz (k) changes between
−γzd T dz (k) and γzd T dz (k). In virtue of the above deﬁnitions, Eq. (6.4) can be recast as follows:
xz (k + 1) = (1 + δzx (k)γzx )xz (k) + T ((1 − κz )gz (k) − hz (k)) + (1 + δzd (k)γzd )T dz (k). (6.7)
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Uncertain traﬃc model (6.7) captures traﬃc ambiguity caused by any oﬀ-nominal disturbances, deﬁned in terms of scaled state or demand dependent uncertainty. In fact, both
uncertainty components intend to express the uncertainty of state xz (k + 1), i.e. the calculated link queue length in the following time step.
The modeling concept (6.7) is chosen by reason of the diﬀerent types of uncertainties.
x
pz (k) can typically model traﬃc ﬂuctuations of on-street parking or non-measured side streets
in a state dependent way. Thus, the more intensive the traﬃc is, the larger the ambiguous
vehicle mass becomes within the traﬃc network, and vice versa. This approach is especially
reasonable for the links where nominal demand dz (k) is negligible (zero or not available).
Contrarily, pdz (k) intends to capture uncertainty around the nominal traﬃc demand specifically. dz (k) 1is often determined from prior measurement and thus involved in the traﬃc
models. The application of historical data for dz (k), however, may cause modeling error.
Hence, traﬃc ﬂows of parking garages or entering demands (at the boundary of the network)
having nominal dz (k) can be augmented by uncertainty in the model via pdz (k).
The applied structure of the ambiguity given by Eqs. (6.5-6.6) expresses a state (queue)
and demand multiplicative uncertainty description, i.e. uncertainty varies relative to the
nominal traﬃc states and traﬃc demands.
Naturally, the determination of γzx and γzd is of capital importance in this approach. In
fact, their value can be estimated precisely enough based on prior observations in a traﬃc
network. Special mobile detector stations are able to measure exact traﬃc on a link, e.g. by
cameras. Uncertainty weights can be estimated by comparing the measurements of the mobile
detectors and the local detection system of the link. Thus, the ratio of the uncertain and
the nominal traﬃc of a link can be computed. Moreover, γzx and γzd can be deﬁned as timevarying parameters. Ambiguous traﬃc ﬂows induced by parking lots of an oﬃce building, for
instance, can be estimated separately in the early morning, late morning, and midday hours,
resulting in a piecewise linear function of time for the γzd value. Similarly, the typical uncertain
traﬃc generated or absorbed by a non-controlled and non-measured junction can be splitted
into several time subintervals a day. That is to say, an over-bound can be determined by γzx
and γzd to describe ambiguous traﬃc. Although it is possible to use time-varying uncertainty
weight, in the sequel, γzx and γzd are deﬁned as constant and ﬁxed design parameters.
It has to be emphasized that uncertainty components pxz (k) and pdz (k) intend to express
the maximal potential error. Moreover, the dynamics of uncertainties δzx (k) and δzd (k) are unknown. Therefore, it may happen that uncertain traﬃc is present under the maximal potential
value (when δzx (k) = 1 or δzd (k) = 1). If the uncertainty eﬀects are strongly overestimated
by weights γzx and γzd , the minimax control becomes conservative and may underperform.
Hence, one of the goals of the simulation is to investigate the “price” of the robust strategy
(presented in Section 6.4).

6.2

Signalized Traffic Network Modeling with Uncertainty

Equation (6.7) describes a single link dynamics. In order to obtain an overall network model,
each of the link equations of the traﬃc network is required. Moreover, traﬃc lights must be
incorporated into the model by expressing traﬃc ﬂows gz and hz as functions of the green
times.
A network can be represented by directed graphs formed of nodes and arcs. Nodes j ∈ J
denote the controlled intersections and arcs z ∈ Z the links. Equation (6.7) can be embedded
therefore into a network dynamics. The equation for vehicle conservation between signalized
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junctions M and N is given by:
xz (k + 1) = xz (k) + pxz (k)


+ T (1 − κz )

X

αw,z

w∈IM

Sw

P

i∈vw

uM,i (k)

C

−

Sz

P

i∈vz

uN,i (k)

C

+ T dz (k) + pdz (k),




(6.8)

where C is the cycle time and T = C is applied. IM represents the set of incoming links of
junction M . αw,z denotes the turning rate of link w entering junction M towards link z. Sw
and Sz are the saturation ﬂows representing the capacity of the outﬂow of the link during
its green time. The values of α and S are considered known and constant in the sequel.
Nevertheless, they can be assumed to be time-variant and may be continuously measured or
P
estimated, e.g. by online state estimation method [Kulcsár et al. 2004].
i∈vw uM,i (k) and
P
u
(k)
represent
the
green
times
of
intersections
M
and
N
,
respectively.
vw and vz
i∈vz N,i
denote the set of green stages for links w and z.
The derived model (6.8) must satisfy state and control input constraints. This practically
means that a well designed controller is able to choose suitable green times to ensure all
constraints. It is evident that the maximum number of vehicles in a link (xmax
) is determined
z
by the length of link z between two junctions. Thus, the states are subject to hard physical
constraints:
0 ≤ xz (k) ≤ xmax
.
z

(6.9)

uz is limited by the following constraints (already discussed in Section 2.2.2):
umin
≤ uz (k) ≤ umax
,
z
z

(6.10)

Oj

X

uj,i (k) ≤ Tjmax ,

(6.11)

i=1

where Oj is the number of stages at junction j, and Tjmax = T − Lj (Lj is the ﬁxed lost time
resulted from the geometry of junction j).
The conservation property is a crucial point of model (6.8). Originally, store-and-forward
approach was interpreted with the assumption of saturated traﬃc condition1 [Gazis and Potts
1963; Diakaki et al. 1999b]. Therefore, the conservation equation may fail under oversaturated traﬃc condition. A potential solution was provided by Aboudolas et al. [2009] by
= 0. This
proposing a state dependent control input in the control design and allowing umin
z
can be used to help avoiding overspilling eﬀect, i.e. in case of oversaturated traﬃc. Thus,
the zero length minimal green time is adopted producing the following expression instead of
(6.10):
0 ≤ uz (k) ≤ umax
.
z

(6.12)

Hence, the conservation property of the model can be guaranteed in saturated and oversaturated cases through (6.9) and (6.12) indirectly. Condition (6.12) is also needed to assure
the feasibility of the robust optimization for oversaturated traﬃc network (see Section 6.3).
Undersaturated traﬃc condition is not captured by the proposed model.
1

In saturated traffic the green time intervals are fully utilized. This means that arriving vehicles are always
present during the green time period.
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The application of (6.8) to an urban traﬃc network yields a general (vectorized) state
space form by:
x(k + 1) = Ax(k) + Bu(k) + Ed(k) + Gp(k),

(6.13)

p(k) = ∆(k)(Dx x(k) + Dd Ed(k)), k∆(k)k2 ≤ 1.

(6.14)

Equations (6.13-6.14) describe a linear fractional representation (LFR) with norm-bounded
uncertainty model frequently used in control theory, e.g. Boyd et al. [1994]. Each term of
(6.13) has a real traﬃc meaning. The elements of the state vector x(k) = [x1 x2 . . . xn ]T
represent the number of vehicles (expressed in PCU) on each of the controlled links (links
having controlled traﬃc lights). The values of x(k) may not be directly measurable but
estimated by appropriate methods [Vigos et al. 2008]. State matrix A is an identity matrix.
Control input vector u(k) contains the green times (in seconds) for all stages. The latters’
numerical values are the results of the corresponding controller actions. The number of
control inputs is equal to the number of the controlled links. Matrix B consists of three
basic elements: turning rates, exit rates and saturation ﬂows. Although, B is a time-varying
matrix in the reality, it may be considered as a constant one with ﬁxed nominal rates. If
the involved saturation ﬂows or turning rates are estimated real-time, B is time-variant and
can be recalculated for shorter time periods (e.g. in every 15 minutes) but not necessarily
for each time step. Constant B matrix is used in the following parts. Disturbance vector
d(k) represents the non-controlled traﬃc demand which is a time-varying term. In practice,
however, it is more reasonable to redeﬁne d(k) for shorter time periods based on continuous
real-time measurements or historical data. Coeﬃcient matrix E is a constant diagonal matrix
with T in its diagonal. G = [I|I] is a non-quadratic hyper-matrix containing two identity
matrices and p(k) is the uncertainty vector. Dx and Dd are the constant diagonal scaling
hyper-matrices containing weights, such as:


Dx =

γ1x











..





 d
 γ1




0

.
γnx

0



Dd =
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,





(6.15)



.
γnd





,





(6.16)

where γ1x , . . . , γnx and γ1d , . . . , γnd are predeﬁned design parameters introduced in Section
6.2 and n denotes the number of states. Hyper-matrix ∆(k) is organized as:


δ1x (k)

∆(k) =

"

∆x (k)
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=

d

∆ (k)




..



.
δnx (k)

δ1d (k)

..

.
δnd (k)
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6.3. Minimax Approach for Robust Control
By substituting (6.14) in (6.13), the traﬃc model can be recast as a dynamics with state
and demand multiplicative uncertainty under the form:
x(k + 1) = (A + G∆(k)Dx )x(k) + Bu(k) + (I + G∆(k)Dd )Ed(k), k∆(k)k2 ≤ 1. (6.18)
The derived traﬃc model (6.18) is only valid with constraints. Constraints (6.9), (6.11),
and (6.12) determine two sets of linear inequalities; one set for state and one for control input.
These are denoted by X and U, respectively. The dynamic equation described in (6.18) is
restricted along its trajectory by the following sets for all k:

6.3

xz (k) ∈ X,

(6.19)

uz (k) ∈ U.

(6.20)

Minimax Approach for Robust Control

A possible control method to deal with the uncertainty problem was published in Löfberg
[2003]. The model of the uncertain traﬃc network is described by Eqs. (6.13-6.14). For
a system like this, the minimax strategy in MPC framework is certainly one of the most
eﬃcient design techniques. The traﬃc control criteria is to minimize the weighted vehicle
queue lengths over a future and predicted time-horizon as:
min max
u

∆

K−1
Xh

i

x(k + i|k)T Qx(k + i|k) + u(k + i|k)T Ru(k + i|k) ,

i=0

subject to u(k + i|k) ∈ U,

∀∆ ∈ ∆,

x(k + i|k) ∈ X,

∀∆ ∈ ∆,

(6.21)

∆(k + i|k) ∈ ∆.
Q ≻ 0 and R ≻ 0 are diagonal weighting matrices. K denotes the prediction horizon length.
∆ represents the set of potential uncertainties. The minimum cost is aimed to be reached
under possible model-mismatches and disturbance eﬀects with appropriately chosen green
times u(k + i|k). That is to say, the goal is to ﬁnd the minimum of the objective function
under the maximizing eﬀect of uncertainties. Consequently, this is a worst-case optimization
problem formulated by Eq. (6.21).
The cost function of the optimization problem (6.21) can be written alternatively in a
vectorized form as:
min max xT Qx + uT Ru.
u

(6.22)

∆

Q and R are block diagonal matrices with Q and R in their blocks. x and u are stacked
vectors of the predicted states and inputs up to K elements:
x =
u =

h

iT

xT (k|k) xT (k + 1|k) . . . xT (k + K − 1|k)

h

iT

uT (k|k) uT (k + 1|k) . . . uT (k + K − 1|k)

Assume the availability of the state, one can write:
x(k|k) = x(k).
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,

(6.23)

.

(6.24)

(6.25)
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Moreover, by reason of the rolling-horizon modeling framework only the ﬁrst element of
optimal control sequence u will be implemented:
u(k|k) = u(k).

(6.26)

In addition to (6.22), a prediction for the uncertainty of the system is also required. Hence,
auxiliary parameter (6.14) is deﬁned as:
h

iT

p = pT (k|k) pT (k + 1|k) . . . pT (k + K − 1|k)

.

(6.27)

By means of (6.27) the following LFR model can be formulated for the prediction of the
uncertain system:
x = Ax + Bu + Ed + Gp + c,

(6.28)

K

p = ∆ (Dx x + Dd Ed),

(6.29)

where d is deﬁned as:
h

iT

d = dT (k) . . . dT (k)
due to the assumption:

(6.30)

,

d(k) = d(k|k) = d(k + 1|k) = . . . = d(k + K − 1|k),

(6.31)

and
h

iT

c = xT (k) 0 . . . 0

(6.32)

.

The deﬁnition of matrices A, B, E, G, Dx , Dd , and ∆K in Eqs. (6.28-6.29) are given in
Appendix C.
Optimization problem in (6.21), however, is NP-hard to be solved directly [Alamo et al.
2007; Vavasis 1991]. This practically means that the computation time increases exponentially
if the network size or the optimization horizon length grows. This is due to the minimax
concept. The worst case is calculated by maximizing the objective function concerning all
potential uncertainties.
Based on the results of Ghaoui et al. [1998] and Löfberg [2003] the problem statement
can be reformulated to an eﬃciently solvable form. First, (6.22) is relaxed by a convex
minimization problem [Löfberg 2001; Shimizu and Aiyoshi 1980]:
min
u, t

t,

(6.33)

subject to xT Qx + uT Ru ≤ t, ∀∆ ∈ ∆,

where t is the scalar objective. Then, problem (6.33) can be reformulated by using the Schur
complement [Boyd and Vandenberghe 2004] and the results of Ghaoui et al. [1998]. Therefore, instead of solving the minimax problem in (6.21) directly, a relaxed convex optimization
form involving linear matrix inequalities (LMI) is achieved:
min

t,

subject to



u, t,τ






t
x̃T
−1
x̃ Q − ΛTΛT
u
0
Ψ
−ΩTΛT
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uT
ΨT
0
−ΛTΩT
−1
R
0
0
T − ΩTΩT





  0,


(6.34)
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with t being the scalar objective, τ the vector of multipliers, and T = diag(τ ). The details of
the relaxation procedure is tabulated to Appendix D, including the deﬁnitions of x̃, Λ, Ω, Ψ.
As discussed in Section 6.2, the urban traﬃc system has several constraints which must
be satisﬁed over the entire prediction horizon K. The robust LMI based control oﬀers input
and state constraint handling as well. The semideﬁnite optimization problem (6.34) can be
augmented by additional linear inequalities obtained from the sets (6.9), (6.11), and (6.12):
H u u ≤ fu ,

(6.35)

H x x ≤ fx .

(6.36)

(6.35) and (6.36) deﬁne the bounded polyhedral constraint sets of control inputs and states
considering K horizons, i.e. u(k + i|k) ∈ U and x(k + i|k) ∈ X. Matrices Hu , Hx and vectors
fu , fx can be deﬁned according to (6.9), (6.11), and (6.12). Constraint (6.35) can be directly
added to the SDP optimization. State constraint (6.36), however, needs special handling due
to the state uncertainty of the model. Note that state prediction (6.28) contains uncertainty
component (6.29). Derivation of the robust satisfaction of the state uncertainties is provided
in Appendix E.
The proposed control method is able to minimize the risk of spill-over phenomena in the
traﬃc network, i.e. when vehicles “overﬂow” in the link for lack of space, and thus may stick
in the middle of the intersection. On the one hand, this can be achieved by the appropriate
choice of weighting matrices Q and R of control objective (6.21) by balancing the link queue
lengths [Diakaki et al. 1999b]. On the other hand, the application of state constraints and
= 0) also assist to avoid overspilling eﬀect.
zero length minimal green time constraint (umin
z
To summarize the real time robust control scheme for urban traﬃc control Algorithm 6.1
is provided. The steps of the algorithm is to be repeated at each cycle, i.e. at every time step
kT (assuming that T = C).
Algorithm 6.1 Robust traﬃc control
1. Measurement
Measure disturbance d(k) (if it is possible) or get the nominal value for d(k).
Measure state x(k) by using loop detectors and appropriate estimation method.
2. Optimization
By using the updated value of x(k) and d(k), the robust optimization method (6.34)
by SDP can be performed with green time and state constraints (6.35-6.36).
3. Control actuation
Once the solution by SDP is found, only the ﬁrst element of optimal and robust control
input sequence u, u(k|k) is implemented for real-time control by reason of the MPC
strategy. Optimal signal plan can be redetermined and implemented in the traﬃc
network for the next cycle, i.e. [kT, (k + 1)T ].
4. At the end of the current control time period, set k := k + 1.
5. Go to step 1.
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6.4

Real-world Application Example

To test the elaborated robustly designed method, real-world network data were used for
simulations in a closed-loop test environment introduced in Section 2.3. The average traﬃc
volume data and ﬁxed-time signal plans were provided by Center for Budapest Transport.

6.4.1

Simulation Setup

The robust traﬃc control strategy was realized by using the SDPA package [Yamashita et al.
2010] which is an open-source software for solving SDP optimization eﬃciently. SDPA was
applied through the YALMIP toolbox in MATLAB [Löfberg 2004]. The simulations were
carried out in the closed-loop environment introduced in Section 2.3.
To test the applicability and computational feasibility of the robust predictive approach a
real-world urban traﬃc network was realized in the simulation environment. The test traﬃc
network is part of the centrally located District VI, in Budapest, including 9 signalized intersections with 33 measured and controlled links (see Fig. 6.3). Real-word network geometry,
signal settings, measured traﬃc ﬂow demands, and uncertainty data were used to initialize
the simulation scenarios and ﬁt the emulated environment as close to the reality as possible.
1
2
9
8
7

3
4
6
5

Figure 6.3: The test network and the signalized intersections (part of District VI, Budapest)
The controlled links are depicted in black. The gray roads represent the uncontrolled
parts of the network, including output and input links. The circles denote the signalized
junctions. The lengths of the controlled links vary between 120 and 340 meters. Certain
links are situated on multi-lane roads and one-way streets are also contained by the network.
Figure 6.4 illustrates the traﬃc model of the test network. Dashed arrows denote the
output traﬃc leaving the network through signalized junctions. Continuous arrows represent
the controlled and measured roads. The gray links are assigned for uncertainty, potentially
generating or absorbing vehicles by non-controlled intersections or parking actions in the
simulations.
The details of the dynamics parameters of the test area are tabulated into Appendix F.
Disturbance traﬃc ﬂows d(k) and s(k) were predeﬁned for the simulations. Traﬃc demands
d at the boundary of the controlled part of the network were determined by considering
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Figure 6.4: Schematic view of the test network
average traﬃc measurements in District VI, Budapest, during peak hours in the morning.
These average values were chosen as nominal demands and considered as known (measured)
values in the simulations. Similarly, values for κz were also predeﬁned to express nominal
exiting traﬃc ﬂows s(k).
In Fig. 6.4, eight uncertain links can be identiﬁed. Link 19 starting at the parking lot
d =0.4. This means that by considering
was modeled with ambiguous traﬃc demand using γ19
±40% uncertainty on the nominal demand (500 P CE/h), the simulated inﬂow traﬃc could
vary between 300 and 700 P CE/h. In the case of the other 7 uncertain links the ambiguous
traﬃc ﬂows were simulated (the test network has 7 uncontrolled junctions which were able
to generate unmeasured in- and outﬂow). According to the traﬃc model (6.13-6.14) the
uncertainty weights were deﬁned as relative maximal percentages in (6.15-6.16). Weights γzx
and γzd are presented in Table F.1; varying between ±10% and ±40%.
To explain the uncertainty generation in the simulation scenarios deﬁnitions (6.5) and
(6.6) are recalled. Note that γzx xz (k) and γzd T dz (k) in (6.5-6.6) show the maximal bounds
of the potential uncertainty. Furthermore, uncertainty components pxz (k) and pdz (k) are expressed by δzx (k) and δzd (k) which are, in fact, unknown factors. In the simulations, however,
they must be realized. Therefore, δzx (k), δzd (k) ∈ [−1, 1] were modeled as truncated random
parameters with zero-mean normal distribution. They were produced by a C++ random
function online for each time step kT repeatedly. Accordingly, the uncertain traﬃc pxz (k)
and pdz (k) in the simulator could be scaled randomly. Random parameters were generated
independently for the 8 uncertain links at each cycle.
The measurements of the states (number of vehicles) were realized by applying the method
of Vigos et al. [2008]. Three loop detectors were simulated per link: one at the upstream end,
one at the downstream end, and one in the middle of the link.
A 1 hour long simulation scenario was selected for demonstration purposes. The control
cycle time was set to T = 90 sec identically for all junctions. The signal control used ﬁxed
stage order in all simulation runs. The optimization horizon K = 3 was found adequate
for controller design. The problem investigating the proper choice of the horizon length is
discussed in Section 6.4.3. Disturbance vector d(k) was set to be constant over the optimiza-
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tion horizon similarly to Varga [2006]; Aboudolas et al. [2010]; de Oliveira and Camponogara
[2010].

6.4.2

Simulation Results

To measure the eﬀectiveness of the robust control design method three diﬀerent strategies were compared: ﬁxed-time signal settings, nominal MPC (NMPC), and robust MPC
(RMPC). Fixed-time control represented the original signal settings which is a well-tuned
strategy for nominal traﬃc. NMPC strategy was implemented by purely using nominal system dynamics, i.e. as optimization problem (6.21) without maximization:
min
u

K−1
Xh

i

x(k + i|k)T Qx(k + i|k) + u(k + i|k)T Ru(k + i|k) ,

i=0

subject to u(k + i|k) ∈ U,

(6.37)

x(k + i|k) ∈ X.
Therefore, in this case the control inputs were calculated as a constrained quadratic optimization problem. RMPC strategy was realized based on the SDP algorithm
(6.34). The

)2 and
following weighting matrices were chosen for both MPC design: Q = diag 1/ (xmax
z
R = 0.001I.
All strategies were simulated under nominal (saturated) as well as congested (oversaturated) demand scenarios. Moreover, all simulations were run with and without uncertain
traﬃc ﬂows. The nominal traﬃc was deﬁned by the real-world average traﬃc ﬂow of the test
network. Congested traﬃc was created in the simulator by increasing all traﬃc demand by
20%. Four diﬀerent simulation scenarios were applied with the following characteristics:
1. nominal traﬃc with uncertainty,
2. congested traﬃc with uncertainty,
3. nominal traﬃc without uncertainty,
4. congested traﬃc without uncertainty.
By using simulations, ﬁxed-time, nominal and robust control strategies were compared in
the presence of traﬃc uncertainties. Five traﬃc parameters were chosen for evaluation. The
absolute results of the simulations are displayed in Table 6.1. Table 6.2 shows the variations
of the traﬃc parameters. Three comparisons are highlighted:
1. nominal MPC compared to ﬁxed-time control: NMPC vs. Fixed,
2. robust MPC compared to ﬁxed-time control: RMPC vs. Fixed,
3. robust MPC compared to nominal MPC: RMPC vs. NMPC.
The ﬁrst and second row blocks in the tables contain the results achieved by the simulations with uncertainty generation as described in Section 6.4.1. In these cases, all traﬃc
parameters improved gradually. As expected, NMPC performed better than ﬁxed-time strategy as well as RMPC compared to NMPC. The relative variation of the parameters (Table
6.2) in case of NMPC vs. ﬁxed-time strategy is roughly similar, both under nominal and
congested traﬃc conditions. At the same time, the comparison of RMPC vs. NMPC shows
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Average travel
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traﬃc
without uncertainty

Total traveled
distanceb (km)

Congested traﬃc
with uncertainty

Throughput of the
networka (PCU)

Nominal traﬃc
with uncertainty

Control
strategy

Scenario
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Fixed
NMPC
RMPC
Fixed
NMPC
RMPC
Fixed
NMPC
RMPC
Fixed
NMPC
RMPC

7755
8136
8298
7982
8438
8950
8075
8309
8087
8024
8787
8597

6971.8
7325.2
7461.7
7024.1
7491.6
8031.5
7356.8
7520.5
7428.2
7354.0
8099.0
7754.1

5.5
4.5
4.0
6.8
5.6
4.9
3.8
3.5
3.5
5.7
4.0
4.3

9.9
12.1
12.9
7.8
9.5
11.0
14.5
15.7
15.5
9.6
13.7
12.5

13.6
10.1
8.7
18.5
13.6
11.5
7.5
6.8
7.1
13.8
9.3
9.8

Table 6.1: Simulation results of the ﬁxed-time, nominal and robust control strategies

Average number
of stops

Congested
traﬃc
without uncertainty

Fixed
Fixed
NMPC
Fixed
Fixed
NMPC
Fixed
Fixed
NMPC
Fixed
Fixed
NMPC

Average speed

Nominal
traﬃc
without uncertainty

vs.
vs.
vs.
vs.
vs.
vs.
vs.
vs.
vs.
vs.
vs.
vs.

Average travel
time

Congested traﬃc
with uncertainty

NMPC
RMPC
RMPC
NMPC
RMPC
RMPC
NMPC
RMPC
RMPC
NMPC
RMPC
RMPC

Total traveled
distance

Nominal traﬃc
with uncertainty

Throughput of the
network

Throughput of the network measures the number of vehicles that have left the network.
Total traveled distance sums up the distances performed by all active and arrived vehicles in the network.

Scenario

b

Control strategy
comparison

a

4.9%
7.0%
2.0%
5.7%
12.1%
6.1%
2.9%
0.1%
-2.7%
9.5%
7.1%
-2.2%

5.1%
7.0%
1.9%
6.7%
14.3%
7.2%
2.2%
1.0%
-1.2%
10.1%
5.4%
-4.3%

-18.2%
-27.1%
-10.9%
-17.4%
-27.6%
-12.4%
-7.7%
-6.7%
1.0%
-29.2%
-24.4%
6.8%

22.2%
30.3%
6.6%
21.8%
41.0%
15.8%
8.3%
6.9%
-1.3%
42.7%
30.2%
-8.8%

-25.7%
-36.0%
-13.9%
-26.8%
-37.8%
-15.1%
-9.3%
-5.3%
4.4%
-32.6%
-29.0%
5.4%

Table 6.2: Comparison of the traﬃc parameters obtained by the simulation runs
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improvement in congested traﬃc in contrast to the nominal case. This result represents
that the robust strategy can achieve stronger amelioration under congested traﬃc load if
uncertainty phenomena is present in the network. It also appears that even nominal MPC
is able to provide good performance despite the uncertain eﬀects. This is due to the traﬃcresponsive feature of nominal MPC. Furthermore, NMPC has some robustness per se respect
to disturbances [Papamichail et al. 2010].
The third and fourth row blocks in the tables show the results obtained without uncertain
traﬃc. In these cases, the results of the NMPC are better compared to the ﬁxed-time control
due to the traﬃc-responsive capability of the nominal MPC. The performance of the NMPC
vs. the ﬁxed-time strategy could achieve smaller amelioration (2-9%) under nominal conditions. This is caused by the fact that the applied ﬁxed-time control is a well-tuned strategy
for nominal traﬃc. Thus, ﬁxed-time control operated eﬃciently when no uncertain eﬀect
appeared in the network. Nevertheless, even smaller improvements can be signiﬁcant from
a macroeconomic point of view, e.g. fuel savings. On the other hand, in case of congested
traﬃc without uncertainty NMPC could perform signiﬁcant improvements (9-42%).
Nevertheless, the main aim of these simulations is to explore the impact of the robust
control to the performance when uncertain traﬃc ﬂuctuations do not appear in the network.
The changes of the traﬃc parameters in case of RMPC vs. ﬁxed-time control show good
results as well. This means that the robust control may perform well even without any
ambiguous ﬂow as the traﬃc-responsive capability may compensate the “absence” of the
uncertainty. The results of RMPC, however, are worse compared to NMPC, especially under
congested traﬃc conditions. This conﬁrms the sensitivity of the robust performance with
respect to the estimation of the uncertainty. Robustness against uncertainties is achieved for
a “price”. The minimax strategy provides the best results for worst-case scenario. Therefore,
the robust solution may underperform the nominal case if no ambiguous traﬃc appear in the
network, i.e. under perfect nominal conditions. This implies that the adequate estimation of
the maximal potential uncertainty is an important part of the robust traﬃc control design.
To represent the eﬀects of the diﬀerent control strategies on link level an uncertain link
(from node 7 to 8) is chosen. State and control input variations of the link are depicted
in Figs. 6.5-6.8 (simulation scenarios with nominal and congested traﬃc). It can be observed that ﬁxed-time settings results in a longer queue length. At the same time, both
MPC strategies are able to attenuate the uncertain eﬀects but in diﬀerent measures. The
state trajectories show that the RMPC strategy assures the best performances during the
operations averagely. Figures 6.6 and 6.8 intend to represent the variation of NMPC and
RMPC green times. NMPC tried to follow the state variations similarly to RMPC. NMPC,
however, calculates diﬀerent green times compared to RMPC due to the occasional erroneous
measurements.
Additionally, it has to be noted that these trajectories provide isolated results concerning
the given link. The designed strategy, however, realizes a network-wide control, i.e. the state
and control variations of a link are always inﬂuenced by upstream and downstream links as
well. Therefore, an average network parameter was investigated as well:
Pn

max
z=1 xz (k)/xz

n

,

(6.38)

where n denotes the number of states. Expression (6.38) simply reﬂects the relative average
link occupancy of the network. By calculating parameter (6.38) at each time step kT , the
relative occupancy variations can be achieved. Figures 6.9-6.10 conﬁrm that RMPC assures
the best performance both under nominal and congested traﬃc load.
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Figure 6.5: State trajectories on the link form node 7 to 8 (nominal traﬃc scenario with
uncertainty)
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Figure 6.6: Control input trajectories on the link form node 7 to 8 (nominal traﬃc scenario
with uncertainty)
Finally, the processing time of the optimization can also be investigated. The robust
minimax problem was reformulated to an uncertain SDP task. The relaxation of the original
problem resulted in an optimization with only polynomial complexity. This property is
crucial if the robust control is realized in large-scale urban traﬃc network. Simulations
were performed on a personal computer with Intel 2.26 GHz CPU and 4 GB of RAM. The
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Figure 6.7: State trajectories on the link form node 7 to 8 (congested traﬃc scenario with
uncertainty)
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Figure 6.8: Control input trajectories on the link form node 7 to 8 (congested traﬃc scenario
with uncertainty)
average computation time (CPU time) of the SDP optimization was 7.6 s (K = 3) which
is considerably low considering the 33 controlled links. This result demonstrates that the
proposed SDP based control can be eﬃciently applied as a real-time traﬃc control candidate.
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Figure 6.9: Relative average link occupancies of the network under nominal traﬃc load
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Figure 6.10: Relative average link occupancies of the network under congested traﬃc load

6.4.3

Optimization Horizon Length

The suitable choice of the optimization horizon length is always an important aspect of the
predictive control design. By increasing the horizon K, the performance usually improves
in the nominal MPC problems. In case of robust predictive control, the amelioration of the
performance by longer horizon is not straightforward due to the uncertainty. The latter might
lead to uncertain predictions where only conservatively chosen green times can minimize the
criteria function. Therefore, the eﬀect of the horizon number was investigated. By using
simulations, RMPC strategy was tested with diﬀerent horizon lengths. These simulations
were carried out under nominal traﬃc conditions with uncertainty. The results are shown
in Table 6.3. Average travel time, speed and number of stops were analyzed to determine
a suitable horizon length. The best values of these parameters were obtained with horizon
length K = 3. At K = 4 the performance dropped on the level of K = 2. A slight
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Horizon
2
3
4
5
6
10

Avg.
travel
time (min)
4.8
4.0
4.8
4.6
4.5
4.5

Avg.
speed
(km/h)
11.3
12.9
11.5
11.9
12.2
12.1

Avg. number of
stops
11.1
8.7
10.5
9.9
9.8
9.9

Avg. computation
time (sec)
6.6
7.6
13.4
18.5
28.4
55.8

Table 6.3: Simulation results with diﬀerent horizon lengths in RMPC strategy
amelioration could be observed from K = 4 to K = 6 which still underperformed compared
to K = 3. From K = 4 to K = 6 further improvement could not be achieved. At the same
time, horizon length K = 10 required a relatively high computation time. As consequence,
K = 3 was chosen for the simulations presented in Section 6.4.2.
A possible explanation for the weakening simulation results in line with the increase
of the horizon length is the fact that the applied model of the control is diﬀers from the
nonlinear VISSIM traﬃc model. Therefore, on longer horizon the diﬀerence may weaken
the performance. Moreover, the best result at K = 3 is interesting as it coincides with the
suggestion of Aboudolas et al. [2010]: “a satisfactory optimization horizon K should be in
the order of the time needed to travel through the network”. Note that one horizon period
was 1.5 min. Thus, K = 3 presents itself as a proper choice for K only by following the
previous advice.

6.5

Contributions

Thesis 4
A real-time robust control has been elaborated for urban road traﬃc networks. The applied
dynamic representation is based on the store-and-forward paradigm augmented by state and
demand uncertainties. The traﬃc-responsive signal control is formulated in a centralized
rolling-horizon fashion. For eﬃcient online solution of the problem, SDP optimization is
suggested. The proposed technique is able to explicitly handle model-mismatches, and applicable under saturated as well as oversaturated traﬃc conditions.
The advanced traﬃc management is usually based on a reliable model of the system. The
traﬃc models, however, may be biased by non-measurable vehicle ﬂows causing uncertainties
in the dynamic representation. Hence, uncertainty eﬀects might result in a network performance loss despite the application of any appropriately designed nominal traﬃc-responsive
control. To solve this problem, the application of robust control is suggested.
As the basis of the robust algorithm, an extended dynamical representation is used to
address state and demand uncertainties in the urban traﬃc model. Basically, an uncertain
LTI model is deﬁned augmented by multiplicative model-mismatch information. The traﬃc
control objective is to minimize the overall weighted queue lengths in a given network over
a ﬁnite prediction horizon. The proposed algorithm represents a robust MPC optimization
which is able to explicitly handle uncertainties. The obtained minimax control problem can
be relaxed and eﬃciently solved by SDP optimization.
As an illustrative example, a simulation study has been carried out to demonstrate the
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eﬀectiveness and computational feasibility of the robust predictive approach for real-time signal control in urban traﬃc network. The proposed robust traﬃc light algorithm is compared
to well-tuned ﬁxed-time signal settings as well as to nominal predictive solution both under
nominal and congested traﬃc conditions. Simulation results proved that the robust MPC is
an appropriate choice for traﬃc control in uncertain network.
Generally speaking, the designed strategy can improve the traﬃc parameters. Moreover,
the SDP based robust control is treatable (computationally speaking). Based on the case
study, the performance does not increase considerably with longer optimization horizon.
Therefore, smaller horizon length can be applied enabling the application of the robust MPC
to large-scale traﬃc networks.
Related publications:
• [Tettamanti et al. 2011],
• [Tettamanti and Varga 2011b],
• [Luspay et al. 2011],
• [Tettamanti et al. 2013].
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Chapter 7

Conclusions and Future Research
In the present work, advanced methods and methodologies were presented as potential candidates for practical applications in the ﬁeld of urban road traﬃc engineering. My research
results are concluded in four distinct theses.
The main results can be summarized as follows:
• Cost-eﬀective methods have been elaborated for vehicle queue length estimation, applicable in signalized urban traﬃc networks involving Kalman Filtering. The methods
can be applied either with two detectors or a single detector per link.
• A methodology has been elaborated for macroscopic traﬃc ﬂow estimation based on
cellular phone signaling events in urban road traﬃc networks. Practical methods are
presented for the estimation of route choice, O-D matrix and traﬃc ﬂows in urban road
traﬃc network.
• An eﬃcient distributed MPC design has been elaborated for traﬃc-responsive urban
road traﬃc control. The proposed algorithm applies parallel computation among the
traﬃc controllers realizing a distributed control solution.
• A real-time robust signal control has been elaborated for urban road traﬃc networks.
The proposed technique is able to explicitly handle vehicle queue and demand uncertainties.
The planned future research concern the results of Thesis 2 and 4:
• The proposed traﬃc estimation methodology based on the cellular events is a potential candidate for further state-of-the-art ITS applications in urban environment. The
method may be applied similarly for arbitrary wireless network with regard to the
speciﬁcs of the given system, e.g. WI-FI, RFID, Bluetooth, etc. Furthermore, the estimation technique can be further improved through the artiﬁcial generation of HO/LAU
reports by the operator at given locations within the traﬃc area. Therefore, the controlled signaling events may contribute to more detailed traﬃc estimation.
• The presented robust signaling method is a centralized traﬃc control solution. In case of
large-scale urban traﬃc network, this technique can still be adapted by replacing a part
of the network (smaller or less important intersections) as uncertainties. Hence, nominal
large-scale traﬃc network can be transformed in a lower scale uncertain network. As an
extension of the presented robust method future research work also consists of carrying
out a decentralized or distributed traﬃc control.
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Appendix A

Kalman Filter
Kalman [1960] published a novel solution to the linear ﬁltering problem. The recursive
solution algorithm provides an eﬃcient estimation of dynamical systems with noisy inputs.
The method is introduced for the case of a general discrete LTV system.
Let us consider the state and measurement diﬀerence equations of a discrete LTV system:
x(k + 1) = A(k)x(k) + B(k)u(k) + v(k),
y(k) = C(k)x(k) + z(k).

(A.1)
(A.2)

x(k) ∈ Rn denotes the state variable of the system, u(k) ∈ Rm the deterministic control
input, and y(k) ∈ Rp the measurements. The system is given with known and constant
system matrices; A(k) ∈ Rn×n , B(k) ∈ Rn×m , and C(k) ∈ Rp×n . State noise v(k) and
measurement noise z(k) are both stochastic signals having zero mean Gaussian distribution,
i.e. E {v(k)} = 0 and E {z(k)} = 0. The noise covariances and are assumed to be known:
n

o

Rv (k) = E v(k)v(k)T ,
n

(A.3)

o

(A.4)

e− (k) = x(k) − x̂− (k),

(A.5)

e(k) = x(k) − x̂(k).

(A.6)

Rz (k) = E z(k)z(k)T .

The covariance matrices may change at each time step. They express the measure of the
that there
between the
disturbances in Eq.(A.1) and (A.2). It
n is also assumed
o
n is no correlation
o
T
T
state and measurement noise, i.e. E v(k)z(k)
= 0 and E z(k)v(k)
= 0, respectively.
−
Denote x̂ (k) the a priori and x̂(k) the a posteriori state estimation. Accordingly, the
estimate errors can be deﬁned:

Moreover, the a priori and a posteriori estimate error covariances can be given as
n

o

P − (k) = E e− (k)e− (k)T ,

(A.7)

n

(A.8)

o

P (k) = E e(k)e(k)T .

The Kalman Filter can be formulated in a single linear equation as follows:
x̂(k) = F (k)x̂(k) + G(k)y(k) + H(k)u(k),
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(A.9)

where x̂(k) indicates the statistically optimal estimate of the underlying system state x(k).
F (k), G(k) and H(k) denote the system matrices. Basically, Kalman Filtering represents a
minimum mean square error estimation vie the minimization of P (k) (under the assumption
that E {e(k)} = 0 for all k).
F (k), G(k) and H(k) can be given in compact forms [Lantos 2001, 2003]:
F (k) = (I − G(k)C(k))A(k),

(A.10)

H(k) = (I − G(k)C(k))B(k).

(A.11)

Therefore, only G(k) has to be determined. For this reason, the calculation of a priori state
x̂− (k) is given at time step k:
x̂− (k) = A(k − 1)x̂(k − 1) + B(k − 1)u(k − 1).

(A.12)

The a priori estimate error covariance is deﬁned as:
P̂ − (k) = A(k)P (k)A(k)T + Rv (k).

(A.13)

Moreover, the a posteriori state is calculable as follows:
x̂(k) = x̂− (k) + G(k)(y(k) − C(k)x̂− (k)),

(A.14)

where G(k) denotes the Kalman gain which intends to minimize P (k). The Kalman gain is
given as follows:
G(k) = P̂ − (k)C(k)T (C(k)P̂ − (k)C(k)T + Rz (k))−1 .

(A.15)

Finally, the a posteriori estimate error covariance is formulated as:
P (k) = (I − K(k)C(k))P̂ − (k).

(A.16)

According to the above, the linear Kalman Filtering can also be summarized in the wellknow two-phase algorithm:
Algorithm A.1 Kalman Filter algorithm
1. Prediction (time update between measurements):
x̂− (k) = A(k − 1)x̂(k − 1) + B(k − 1)u(k − 1),
−

T

P̂ (k) = A(k)P (k)A(k) + Rv (k).

(A.17)
(A.18)

2. Correction (measurement update):
G(k) = P̂ − (k)C(k)T (C(k)P̂ − (k)C(k)T + Rz (k))−1 ,
−

−

x̂(k) = x̂ (k) + G(k)(y(k) − C(k)x̂ (k)),
−

P (k) = (I − G(k)C(k))P̂ (k).
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(A.19)
(A.20)
(A.21)

Appendix B

Proof of the Positive Definiteness of
Matrix Φ in (5.12)
The positive deﬁniteness of Φ must be proved, i.e. Φ ≻ 0 where
Φ = BT QB + R,

(B.1)

in virtue of Eq. (5.10).
First, the positive semideﬁniteness of BT QB is investigated. Note that if matrix Γ has
only real entries, then product ΓT Γ gives a positive semideﬁnite matrix. This property can
be also used for BT QB. As Q is a positive deﬁnite diagonal matrix,
1

1



1

T

BT QB = BT Q 2 Q 2 B = Q 2 B

1

Q 2 B  0.

(B.2)

Therefore, it can be stated that BT QB  0 is valid for any real matrix B.
Note that positive semideﬁniteness and positive deﬁniteness are deﬁned as follows: any
symmetric n × n real matrix Λ is said to be positive semideﬁnite if z T Λz ≥ 0, and positive
deﬁnite if z T Λz > 0, for any non-zero vector z of n real numbers. Moreover, if M  0 and
N ≻ 0, then M + N ≻ 0. It can be proved as follows.
z T (M + N )z = z T M z + z T N z,

(B.3)

where z T M z ≥ 0 and z T N z > 0. Hence, the sum of these products is certainly positive,
i.e. z T (M + N )z > 0. This can be analogously used to prove that Eq. (B.1) is positive
deﬁnite by using M = BT QB  0 and N = R ≻ 0 in our case. Therefore, it can be stated
that Φ ≻ 0.
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Appendix C

Matrix Definitions for Minimax
MPC
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0 0
G 0
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.
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∆
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∆
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(C.3)

(C.4)


,

(C.5)




,

(C.6)

Dx

Dd

(C.2)



.

.

(C.1)


.

(C.7)

Appendix D

Semidefinite Relaxation of Minimax
Problem (6.22)
The following derivation is based on Löfberg [2003] with the diﬀerence that disturbance term
d is also involved in the system. This is the reason for the detailed derivation given below.
Equation (6.28) can be reformulated as follows:
x = (I − A)−1 (Bu + Ed + Gp + c) .

(D.1)

By using deﬁnitions (6.29) and (D.1), p can be written as:




p = ∆K Dx (I − A)−1 (Bu + Ed + Gp + c) + Dd Ed .

(D.2)

Furthermore, (D.2) can be reformulated to obtain p only at the left side:


p = I − ∆K Dx (I − A)−1 G
By inserting (D.3) into (D.1):

−1





· Dx (I − A)−1 (Bu + Ed + c) + Dd Ed .

∆K

(D.3)

x = (I − A)−1 (Bu + Ed + c


+G I − ∆K Dx (I − A)−1 G


−1

∆K

(D.4)


· Dx (I − A)−1 (Bu + Ed + c) + Dd Ed
Finally, (D.4) can be rewritten as:

.

x = x̃ + Λ∆K (I − Ω∆K )−1 Ψ,

(D.5)

with the following auxiliary deﬁnitions:
x̃ = (I − A)−1 (Bu + Ed + c) ,
−1

Λ = (I − A)

(D.6)
(D.7)

G,
−1

G,

(D.8)

−1

(Bu + Ed + c) + Dd Ed.

(D.9)

Ω = Dx (I − A)

Ψ = Dx (I − A)

(D.5) will be used in the reformulated minimax problem.
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Minimax optimization (6.22) can be relaxed by a convex minimization problem [Löfberg
2001; Shimizu and Aiyoshi 1980]:
min

t,

u, t

subject to max xT Qx + uT Ru ≤ t, ∀∆ ∈ ∆,

(D.10)

∆

where t is the scalar objective. Since it is obvious that
max xT Qx + uT Ru ≤ t ⇐⇒ xT Qx + uT Ru ≤ t,
∆

(D.11)

for all ∆ ∈ ∆ if minu, t t is solved, the minimax problem (6.22) is relaxed as follows:
min

t,

u, t

subject to xT Qx + uT Ru ≤ t, ∀∆ ∈ ∆.

(D.12)

The following lines present the reformulation of (D.12) into SDP form. The derivation
exploits the Schur complement [Boyd and Vandenberghe 2004], i.e. if W ≻ 0, W = W T and
X = X T , then for any X  0:
T

X −Z W

−1

X ZT
Z W

Z  0 ⇐⇒

!

 0.

(D.13)

By reformulating quadratic constraint in (D.10) as follows,
T
t−u
Ru − |xT{zQx} ≥ 0,
{z }

|

(D.14)

Z T W −1 Z

X

the Schur complement can be applied:

t − uT Ru xT
x
Q−1

!

 0.

(D.15)

Moreover, (D.15) can be reformulated:
t xT
x Q−1

!

−

uT
0

!

R



u 0



 0.

(D.16)

Schur complement can be used again on (D.16) and thus the constraint of (D.10) is recast as
an uncertain LMI:




t xT
uT


−1
0   0, ∀∆ ∈ ∆.
 x Q
u
0
R−1

(D.17)

By inserting (D.5) into (D.17), the following LMI is resulted:








0
t x̃T
uT



 

−1
0  +  Λ  ∆K (I − Ω∆K )−1 Ψ 0 0
 x̃ Q
0
u
0
R−1




ΨT



+  0  (I − ∆K ΩT )−1 ∆K 0 ΛT
0
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0



 0, ∀∆ ∈ ∆.

(D.18)

Based on the lemma of Ghaoui et al. [1998], it is stated that (D.18) holds for every ∆ ∈ ∆
if there exists T such that






t
x̃T
x̃ Q−1 − ΛTΛT
u
0
Ψ
−ΩTΛT

uT
ΨT
0
−ΛTΩT
−1
R
0
0
T − ΩTΩT





  0,


(D.19)

where T = diag(τ ) and τ is the vector of multipliers (τi ≥ 0).
Finally, (D.10) is given as follows:
min

u, t,τ

t,

subject to (D.19).

(D.20)

Hence, the relaxation of (6.22) resulted in SDP optimization (D.20) which is still implicitly
depends on uncertainties.
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Appendix E

Robust Satisfaction of the State
Constraints
The following derivation presents the robust satisfaction of the state constraints based on
Löfberg [2003].
Equation (D.5) can be inserted into (6.36). Thus, state constraint is rewritten as:
Hx (x̃ + Λ∆K (I − Ω∆K )−1 Ψ) ≤ fx , ∀∆ ∈ ∆.

(E.1)

By multiplying (E.1) with 2 and rearranging the expression:
2(fx − Hx x̃) − 2Hx Λ∆K (I − Ω∆K )−1 Ψ ≥ 0.

(E.2)

It can be observed that (E.2) is applicable for the lemma of Ghaoui et al. [1998] if it is
expressed concerning the ith constraint:
2(fx − Hx x̃)i − (Hx )i Λ∆K (I − Ω∆K )−1 Ψ − ((Hx )i Λ∆K (I − Ω∆K )−1 Ψ)T ≥ 0,
∀∆ ∈ ∆.

(E.3)

Hence, it is stated that (E.3) holds for every ∆ ∈ ∆ if there exists S such that
2(fx − Hx x̃)i − (Hx )i ΛSΛT (Hx )i )T
Ψ − ΩSΛT (Hx )Ti

ΨT − (Hx )i ΛSΩT
S − ΩSΩT

!

 0,

(E.4)

is satisﬁed where S = diag(s) and s is the vector of multipliers (si ≥ 0).
To satisfy the state constraints in optimization (6.34) LMI (E.4) must be involved into
the SDP where s represents an additional optimization variable similarly to τ .
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Appendix F

Dynamic Parameters and Turning
Rates of the Simulation (Section
6.4.1)
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Link z

Nominal demand
dz (PCU/h)

Saturation ﬂow
Sz (PCU/h)

Exit rate
κz

Uncertainty weight
γzx , γzd

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

1100
0
1000
80
0
0
300
1000
60
800
60
0
0
300
380
40
0
60
500
40
350
350
0
0
65
300
0
1300
150
300
125
200
0

3600
3240
3600
3600
3600
3600
1800
3600
2700
3600
3600
3600
3600
3600
1800
1800
3600
1800
3600
5400
3600
3600
1800
1800
1800
1800
3600
3600
3600
3600
3600
1800
3600

0
0
0
0.1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0.2
0
0
0
0.2
0
0.1

0
0
0
γ4x = 0.2
0
0
0
0
γ9x = 0.1
0
0
0
0
0
0
x = 0.1
γ16
0
0
d = 0.4
γ19
x = 0.2
γ20
0
0
0
0
x = 0.3
γ25
0
0
0
x = 0.2
γ29
0
x = 0.3
γ31
0
0

Table F.1: Dynamic parameters of the simulation
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Turning rates from link z to

left

straight

right

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

0
0
0
0
0
0
0.45
0
0
0
0
0
0
0
0.2
0.2
0
0.5
0.5
0.15
0.05
0
0
0
0.2
0.3
0
0
0.3
0.35
0
0.3
0

0.7
0.9
0.8
0.9
0.95
1
0.5
0.8
0.8
0.7
0.7
1
1
0.5
0
0.8
0.9
0.1
0.5
0.7
0.95
0.5
0.7
0.9
0.8
0.5
0.8
0.9
0.2
0.5
1
0.1
0.8

0.3
0.1
0.2
0.1
0.05
0
0.05
0.2
0.2
0.3
0.3
0
0
0.5
0.8
0
0.1
0.4
0
0.15
0
0.5
0.3
0.1
0
0.2
0.2
0.1
0.5
0.15
0
0.6
0.2

Table F.2: Turning rates in the test network
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