
Budapest University of Technology and Economics
Faculty of Transportation Engineering and Vehicle Engineering
Department of Control for Transportation and Vehicle Systems

Budapest, Hungary

Hungarian Academy of Sciences
Institute for Computer Science and Control

Systems and Control Lab
Budapest, Hungary

.

Application of LPV methods for improving
the qualitative performances of integrated

vehicle control systems

LPV módszerek alkalmazása az integrált járműirányítási
rendszerek minőségi jellemzőinek javítására

Thesis by

BALÁZS NÉMETH

In Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy

Supervisor:

Prof. Péter Gáspár

2013.



.



Declaration

Undersigned, Balázs Németh, hereby state that this Ph.D. Thesis is my own work
wherein I have used only the sources listed in the Bibliography. All parts taken from
other works, either in a word for word citation or rewritten keeping the original con-
tents, have been unambiguously marked by a reference to the source.

Nyilatkozat

Alulírott Németh Balázs kijelentem, hogy ezt a doktori értekezést magam készítet-
tem és abban csak a megadott forrásokat használtam fel. Minden olyan részt, ame-
lyet szó szerint, vagy azonos tartalomban, de átfogalmazva más forrásból átvettem,
egyértelműen, a forrás megadásával megjelöltem.

Budapest, 2013. 03. 25.

Németh Balázs

The reviews of this Ph.D. Thesis and the record of defense will be available later in
the Dean Office of the Faculty of Transportation Engineering and Vehicle Engineer-
ing of the Budapest University of Technology and Economics.

Az értekezésről készült bírálatok és a jegyzőkönyv a későbbiekben a Budapesti
Műszaki és Gazdaságtudományi Egyetem Közlekedésmérnöki és Járműmérnöki Kará-
nak Dékáni Hivatalában elérhetőek.



.



.

. In Christ are hidden all the treasures of
wisdom and knowledge.

Paul’s Epistle to the
Colossians 2:3



.



ACKNOWLEDGEMENTS

During the last three and a half years in MTA SZTAKI Systems and Control

Lab and BME Department of Control for Transportation and Vehicle Systems I

have grown in several knowledge, which helped me in my researches and writing the

thesis.

Foremost I am grateful to God for working the endurance, giving me strength

and a friendly scientific atmosphere.

I am grateful to my supervisor, Prof. Péter Gáspár, who introduced me to the

pleasures of research activity during our collaboration. This thesis would not have

been completed without his help.

I also wish to thank Prof. József Bokor, who has placed confidence in my Ph.D.

work and ensured his support during my studies.

I would like to thank my closest colleagues, Dr. Tamás Péni, Dr. Gábor Rödönyi,

Prof. Zoltán Szabó, Alfréd Csikós and Dr. Tamás Luspay for all the help I received

from them.

Last, but not least, special thanks for my parents and my family, who have

supported me with their love during the whole period of my studies. My greatest

gratitude goes for my wife, Márta, who has been my helper meet for me throughout

this challenge.



.



ABSTRACT

The thesis proposes a reconfigurable integrated control design method for a driver
assistance system. In the operation of the system a predefined trajectory required
by the driver is followed. During maneuvers the control system generates differen-
tial brake moment and auxiliary front wheel steering angle and modifies the camber
angles of the wheels in order to improve the tracking of the road trajectory. The
performance specifications are guaranteed by the local controllers, i.e., the steering,
the braking and the variable-geometry suspension system, while the coordination
of these components is provided by the reconfigurable integrated vehicle control
strategy. The advantage of the decentralized control architecture is the independent
design of local controllers. The interaction between local systems is guaranteed by
a reconfiguration strategy. In local control design the parameter-dependent Linear
Parameter Varying (LPV) method, which meets the performance specifications, is
used. The reconfiguration strategy is based on the monitoring signals, which are
taken into consideration in the formulation of the local controller performance spec-
ifications. The reconfigurable structure is also able to handle actuator degradation
and faults, since the detected fault signals are built into the reconfiguration strat-
egy. The proposed novel integrated vehicle control structure also incorporates a
driver model, by which the dynamics of human driver is considered in the control
design. The operation of the control system is illustrated through different nor-
mal and emergency vehicle maneuvers using the high-accuracy CarSim simulation
software.

These contributions have been published in international journals and conference
papers.

Keywords: integrated vehicle control, actuator analysis, LPV control design,
driver assistance systems, variable-geometry suspension,



.



ÖSSZEFOGLALÓ

Az értekezés gépjárművek menetstabilizáló rendszereinek rekonfigurálható integ-
rált irányítástervezését mutatja be. A szabályozó differenciális fékezésből szár-
mazó nyomatékkal, addícionális elsőkerék kormányzással és a kerékdőlési szögek
módosításával avatkozik be annak érdekében, hogy a járművezetővel együttműködve
biztosítsa a gépjármű előírt pályán való haladását. A gépjárművel szemben támasz-
tott minőségi tulajdonságokat a kormányrendszer, fékrendszer és a változtatható
geometriájú futómű szabályozói biztosítják. Ezen szabályozott járműkomponensek
integrált irányítása decentralizált struktúrában történik. Ennek előnye, hogy az
egyes komponensek szabályozói egymástól függetlenül tervezhetők. A járműkom-
ponensek szabályozóinak tervezése Lineáris Változó Paraméterű (LPV) módszeren
alapszik, ami a szabályozótervezés során az előírt minőségi tulajdonságok elérését
garantálja. A beavatkozók együttműködését az integrált rendszer rekonfigurálási
stratégiája biztosítja, mely az egyes beavatkozók teljesítmény csökkenését és akár
meghibásodását is kezeli. Az új integrált járműirányítási struktúra magában foglalja
a gépjárművezető modelljét is. A szabályozás tervezése a gépjárművezető kor-
mányzása is figyelembe vehető. A tervezett rendszer működését CarSim program-
csomaggal végzett járműdinamikai szimulációk mutatják be.

Az értekezés új tudományos eredményei nemzetközi folyóirat- és konferenciacikkek
formájában kerültek a szakmai nyilvánosság elé.

Kulcsszavak: integrált gépjármű irányítás, járműkomponens elemzés, LPV sza-
bályozó tervezés, vezetéstámogató rendszerek, változtatható geometriájú futómű,
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1. INTRODUCTION AND MOTIVATION

1.1 Introduction

In the last decade great deal of new research and development has carried out
in the automotive industry [1]. The focus has been on the electrification of vehicle
safety applications in co-operative systems, urban mobility and transport, alter-
native fuels, the development of suitable materials, environmentally-friendly and
efficient manufacturing. Within R&D activities Driver Assistance Systems (DAS)
play an important role, since the requirements of vehicle systems have become more
stringent. There has been a growing demand for vehicles with ever better driving
characteristics in which efficiency, safety, and performance are ensured. In line with
the requirements of the vehicle industry, several performance specifications are in
the focus of research, e.g., improving lateral stability, road holding, passenger com-
fort, lane departure avoidance, guaranteeing the reliability of vehicle components,
reducing fuel consumption and proposing fault-tolerant solutions. In order to meet
these requirements an increasing number of active components with high versatility
are applied.

The contribution of the thesis is the development of the design of reconfigurable
integrated vehicle control. The purpose of the proposed integrated control is to assist
the human driver to improve vehicle maneuvers, lateral stability and driving com-
fort. The system includes the actuator selection method of the steering, the brake
and the variable-geometry suspension. A significant contribution is the analysis and
novel control design of the variable-geometry suspension. The thesis proposes the
integration method of vehicle dynamic subsystems and their local controller design
based on the Linear Parameter Varying (LPV) technique. The presented reconfig-
urable structure is also able to handle actuator degradation and faults, while the
detected fault signals are built into their performance specifications.

Several individual active control mechanisms are applied in road vehicles to solve
different control tasks. In the operation of integrated control systems interference
or conflicts may occur between the control components. Different actuators are
interconnected and described by vehicle dynamic equations. Besides, the chassis of
vehicle does not have a symmetry axle in the center of mass. Therefore the inertial
tensor of vehicle chassis contains non-zero elements in the off-diagonal; there are
interconnections through displacements and rotations. For example when the vehicle
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is steered, the chassis rotates not only around its vertical axis, but also around the
longitudinal axis due to the centrifugal force. In the case of different actuated
brake forces on the wheels, the vehicle rotates around the vertical axis. Moreover,
the generated brake forces decrease velocity and increase the pitch angle. In this
maneuver several dynamic events are combined. By using an integrated controller it
is possible to handle these movements together and create a balance between safety
and stability requirements.

Another important motivation of the integration of vehicle dynamic systems is
the fault-tolerant control. Since some of the actuators have similar influence on
vehicle dynamics, it is possible to modify their control tasks. In the integration of
vehicle dynamic components it is possible to actuate several systems when a fault
occurs. Despite an actuator fault event it is possible to guarantee the stability of
the entire system with another actuator. The reconfiguration strategy requires the
coordination of systems. These components are crucial in improving transport safety
and enhancing passenger comfort. The integration of control systems ensures the
management of resources and it might also result in a fault-tolerant control solution.
The fault-tolerant control system can adapt to the dynamic properties of the faulty
plant or changes in the environment.

The integrated control solution has a beneficial effect on the vehicle on-board
communication. With a large number of independent controllers it can be difficult
to control the network communication and the stability of the controlled systems,
consequently communication buses require switching among controllers. E.g. in the
case of CAN (Controller Area Network) communication network different sensors,
controllers, actuators are connected to the bus. It is not possible to reach signals
simultaneously by one communication bus, which results in uncertainties in the sys-
tem. The integrated control solutions allow an efficient and simpler communication
network design.

Several automotive companies and research institutes develop electronically-
controlled active safety systems. As a consequence of the diversity of the solutions,
these systems do not have a uniform name in practice. Some companies differentiate
DAS and Vehicle Dynamic Management (VDM) systems, which have different roles
in vehicle control, see [88]. In this classification, DAS constantly monitors the ve-
hicle surroundings as well as the driver’s behaviour to detect potentially dangerous
situations at an early stage. Thus, DAS warns and actively supports the driver. The
role of VDM system is to enhance of vehicle stability and improve driving safety,
agility and vehicle dynamics. In this case the emphasis is on the handling of criti-
cal situations. In this thesis the presented vehicle control system is called DAS as
an umbrella term, however some functions improve driving comfort, while others
improve vehicle dynamics.

The integrated vehicle control system has two main architecture structures, see
Figure 1.1. The first solution of the integrated control is the centralized control struc-
ture as illustrated in Figure 1.1(a). In this architecture one integrated controller is
designed which is able to control all of the actuators. Centralized integrated control
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requires the handling of vehicle and all actuator dynamics simultaneously, which
results in a high-complexity control design problem. An advantage of this solution
is that it requires less on-board communication, because there is only one integrated
controller instead of several individual control elements. However, during design
of the centralized controller several numerical problems may arise due to the high
order of the plant. The solution to an integrated control proposed in the thesis is

Actuator1 Actuatori Actuatornb b b b b b

Controller

Vehicle

(a) Centralized structure

Controller1

Actuator1

Controlleri

Actuatori

Controllern

Actuatorn

b b b

b b b

b b b

b b b

Supervisor

Vehicle

(b) Supervisory structure

Fig. 1.1: Architectures of integrated control

a supervisory decentralized control structure (see Figure 1.1(b)), where the control
components are designed independently, see [34]. In the structure the supervisor has
an important role, since it must guarantee coordination between components and
meet performance specifications. The supervisor has information about the current
operational mode of the vehicle, i.e., the various vehicle maneuvers or the different
fault operations gathered from monitoring components. The supervisor is able to
make decisions about the necessary interventions into the vehicle components. A
local controller focuses on their performance specifications and uses scheduling vari-
ables received from the supervisor. These scheduling variables are built into the
performance specifications of the controller by using a parameter-dependent form.
Thus the controller is able to modify or reconfigure its normal operations in order to
improve safety. Moreover, detected fault information is also considered in order to
guarantee the reconfigurable and fault-tolerant operation of the vehicle. The main
point of the proposed approach is that in the control design of the local components
scheduling variables received from the supervisor are used as a key of the integration.

In the supervisory integrated control proposed in the thesis, the role of LPV
methods is fundamental. In the modeling phase the LPV methods allow us to take
into consideration the nonlinear effects in the state space description in such a way
that the model structure is nonlinear in the parameters, but linear in the states. In
the formalism of the control-oriented model, the monitoring components are selected
and built into signals, which are related to the performance requirements. More-
over, in the LPV method both performance specifications and model uncertainties
are taken into consideration. The designed controller meets robust stability and
performance demands in the entire operational region, see [5, 65]. The analysis of
the global stability and performances is performed in the same control framework.

In DAS the characteristics of the drivers’ behavior is taken into consideration in
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the integrated control. The thesis proposes control solutions which create a balance
between driving (or road holding) and comfort and guarantee safety all the time.
This balance often leads to compromises between vehicle functions, which may not
be suitable for all the drivers. For example a driver who wants to minimize the
length of the trajectory in the bend selects the curvature radius as small as possible,
while the driver who requires comfort selects a larger curvature radius. At the
same time, however, the selection of different curvature radiuses is also related to
the possible speed selection, e.g. the larger radius allows the driver to select larger
speed. The control solutions in practice are based on the drivers’ behavior, which is
learnt by the system during traveling. In other solutions the vehicle has a manual
mode switch that ensures the vehicle dynamics according to the driver’s requirement.
The direct incorporation of the driver model in the integrated control system is a
novel approach in DAS. The control solution also incorporates the consideration
of steering comfort. By this new way the cooperation between human driver and
vehicle is guaranteed.

It has been proposed that integrated control system include several vehicle com-
ponents. The simultaneous intervention of actuators raises several questions about
the selection of the actuation. The difficulty is that not only the control forces and
moments must be generated by the actuators, but priority must be guaranteed by
selecting the suitable control components. An important task of the control design
is to generate control signals into different directions. The principles of the actuator
selection are based on different factors, such as physical limits, energy requirements,
effects and dynamics of the actuators. In the present the methodology of actuator
selection procedure has not been devised fully.

In this thesis a new, theory-based actuator selection approach is presented. The
ultimate aim of the analysis is to provide an established theoretical basis for the
coordination of the actuators and priority between them. The procedure is built
into the control design, exploiting the advantages of the LPV methods. In the
proposed method the upper bounds of the reachable set are calculated based on the
constrained LMI feasibility problem. In the nonlinear optimization task the results
of simulation experiments are used. The reachability sets show the operation regions
of the vehicle system. The sets show the similarities of the control systems, in which
there is a possibility for substituting an actuator for another one. The sets show the
differences between the control systems, in which an actuator may not be replaced
by another one.

The variable-geometry suspension system provides a new possibility in DAS for
enhancing road stability and safety. This system affects critical components such
as the height of the roll center and the half track change. The advantages of the
variable-geometry suspension are the simple structure, low energy consumption and
low cost compared to other mechanical solutions such as an active front wheel steer-
ing, see [20, 50]. Several control and vehicle dynamic tasks can be solved by variable-
geometry suspension system, such as trajectory tracking, chassis roll minimization
and the reduction of tyre wear. By controlling the camber angles, the variable-
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geometry system is able to focus on trajectory tracking and assist the driver in
carrying out various vehicle maneuvers. The variable-geometry suspension supports
the driver to perform various vehicle maneuvers, such as sharp bending, overtaking
or double lane changing. During these maneuvers the suspension control helps to
guarantee various crucial vehicle performances. Moreover, a possible way to min-
imize the chassis roll angle is the minimization of the height of the roll center,
which depends on the positions of suspension arms. They have been modified by
the variable-geometry suspension system simultaneously with the orientation of the
front wheels (camber and steering angles). The lateral motion of the contact point
of tyres in the variable-geometry system is also relevant from the aspect of tyre
wear. Using an appropriately designed variable-geometry control the unnecessary
lateral movements of tyre can be eliminated. In the thesis the variable-geometry
suspension system plays an important role in the integrated control system, which
is a novel approach of this actuator application. Since the system is able to handle
several control tasks, it has been accommodated in the integrated control structure,
which incorporates several undeveloped extensions and new possibilities.

1.2 Motivation example for integrated control design

The advantage of controller integration is illustrated through a simulation in the
following. The scenario proposes that some vehicle dynamic maneuvers cannot be
performed without the integration of actuators, which is an important motivation for
vehicle control coordination. In this example the efficiency of the integrated control
is compared to the individually-actuated control systems [GNB12b]. Three actuator
components are applied simultaneously: the steering, the differential brake and the
variable geometry suspension. In the analysis of the individual and supervisory
controllers, the same actuator controllers are used. A typical large family automobile
is used in the simulation, which is performed by the high-fidelity vehicle dynamics
software CarSim.

In the simulation example the vehicle is traveling along a section of Waterford
Michigan Race Track, which is shown in Figure 1.2(a). The velocity of the vehicle
changes along its route as Figure 1.2(b) shows. In Figure 1.3 the vehicle using a su-
pervisory control (dashed line) is compared to the vehicle without any control (solid
line). The aim is to track the centerline of the road. The course has two dangerous
bends, which are shown in Figure 1.3(a)...(d). In these bends the uncontrolled vehi-
cle is not able to track the trajectory, i.e., the driver is not able to keep the vehicle
on the track without a DAS. When a steering system is used only, it is not able to
guarantee trajectory tracking in the first critical bend, see Figure 1.3(a),(b) (white
vehicle: individual control, black vehicle: integrated control). The individual steer-
ing actuator is not able to prevent the lane departure of the vehicle. In this bend
the supervisory integration of the steering and the brake ensures trajectory track-
ing with an acceptable threshold. However, the individual brake control strategy is
not satisfactory, see the second dangerous bend in Figure 1.3(c),(d). When a brake
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system is used only, it generates increased braking pressures to keep the vehicle in
the centerline. However, during braking the slip of the rear tyres increases, which
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leads to a loss of stability, see Figure 1.4(a). In the supervisory integrated system
the brake control is able to consider the slips of tyres and avoid the saturation (−1)
of the longitudinal slip (Figure 1.4(b)). Therefore, none of the individual control
strategies is acceptable. Besides, the integrated control results in the smallest lat-
eral error during the vehicle maneuvers. The simulation example shows that the
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Fig. 1.4: Avoid tyre skidding effect by integrated control

integration of control components improves lateral stability and reduces the risk
of lane departure. Based on a supervisor the coordination of the brake, the steer-
ing and the variable-geometry suspension system can be achieved, road stability is
improved, the lateral error is reduced below an acceptable threshold and actuator
forces required by the maneuver are reduced. The advantage of the integration of
the actuators is that different performances can be achieved simultaneously by using
several actuators. The control system guarantees trajectory tracking and creates a
balance between the actuators.

1.3 Literature overview of integrated vehicle control

The demand for vehicle control methodologies including multiple control com-
ponents arises at several research centers and automotive suppliers. In Hungary the
Systems and Control Laboratory of the Institute for Computer Science and Control,
Hungarian Academy of Sciences (MTA SZTAKI) and the Department of Control
for Transportation and Vehicle Systems, Faculty of Transportation Engineering and
Vehicle Engineering at Budapest University of Technology and Economics (BME)
play a leading role in the research of integrated vehicle systems. The thesis is
connected to the activities of these institutes. Two important earlier vehicle and
control-oriented theses are its direct antecedents. [29] summarized the model-based
control design methods of road vehicles and explains their integration possibilities.
It proposed both linear (H∞,H∞/µ) and nonlinear LPV methods and their applica-
tions in lateral and vertical control design. Another thesis presented the integration
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of the suspension, the steering, the brake and the drivetrain, see [61]. However, the
integration methodology of this thesis is centralized and it is based on the linear
optimal control design.

In the topic of variable-geometry suspension system, several papers have been
published. A review of the first variable-geometry suspensions was presented by [77].
The selection of the suspension components and the influence of the distribution of
vertical forces were analyzed in [6, 9]. A nonlinear model of the McPherson strut
suspension system was published by [22]. By using this model the kinematic pa-
rameters such as camber, caster and king-pin angles were examined. The kinematic
design of a double-wishbone suspension system was examined by [74]. The vehicle-
handling characteristics based on a variable roll center suspension was proposed by
[49, 53, 58]. A rear-suspension active toe control for the enhancement of driving
stability was proposed by [27]. Another field of variable-geometry suspension is the
steering of narrow vehicles. These vehicles require the design of an innovative active
wheel tilt and steer control strategies in order to perform steering as if for a car on
straight roads and leaning in the bends as a motorcycle, see [14, 75]. The active tilt
control system, which assists the driver in balancing the vehicle and performs tilting
in the bend, is an essential part of a narrow vehicle system, see [67].

Recently several important papers have been presented in the integrated vehicle
control topic, see, e.g., [88]. A vehicle control with four-wheel-distributed steering
and four-wheel-distributed traction/braking systems is proposed by [21, 63]. A pro-
cess to design the control strategy for a vehicle with throttle control and automatic
transmission is proposed by [47]. A yaw stability control system in which an active
torque distribution and differential braking systems are used is proposed by [97]. An
integrated control that involves both four-wheel steering and yaw moment control is
proposed by [41, 92]. Active steering and suspension controllers are also integrated
to improve yaw and roll stability [56]. A global chassis control including an active
suspension and ABS is proposed by [36, 94, 69, 98]. Improving agility and ma-
neuverability are the purposes of the integrated active front steering and electronic
stability control, see [11]. The driveline system and the brake are integrated in [71].
A possible integration of the brake, steering and suspension system is presented by
[88, 95, 66]. Redundancy on sensor and actuator levels makes it possible to real-
ize the same functionality using different sensor and actuator configurations, i.e.,
control reconfigurations, see, e.g., [82, 83].

One of the first conception of integrated control was presented by [23]. In the
integration of various control components, which operate only in some limited part
of the overall operating range of the plant, the Multiple Model approach is also
proposed, see [42]. This approach relies on a supervisor to integrate the local con-
trollers and deals with the integration aspects in a central way. Another approach
based on a decentralized integration method by using the concepts of an agent and
a multi-agent system is proposed by [90, 91]. Conflicts between agents, which nat-
urally arise in such systems due to the dependencies between the partial problems
the agents solve, are handled by supervisory activities by adequately coordinating
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the agents. A decentralized control structure is proposed in the realization of the
integrated vehicle control, see e.g., [95, 94, 33]. The advantage of this solution is
that it is possible to design the control components independently by varies suppli-
ers. The coordination of the components is guaranteed by a supervisor. The local
controllers in the integrated control structure often have a hierarchical structure,
in which the high level controller is distinguished from the low level actuator. The
advantage of the two-level method is that the actuator and the local controller are
handled in two independent design steps, see [32]. The supervisory concept was
also shown in more details in [35]. In integrated control systems the characteristics
of the drivers’ behaviour are also taken into consideration in the control, see e.g.
[54]. The control solutions create a balance between driving (or road holding) and
comfort and guarantee safety all the time.

1.4 Structure of thesis

Figure 1.5 illustrates the relations between the chapters and gives an idea of
the selection of the topics. Chapter 2 proposes the linear parameter-dependent
vehicle model and the analysis of the steering and the differential brake systems.
Construction analysis and the control design of the variable-geometry suspension is
presented in Chapter 3. The LPV control design of actuators and the strategy of
reconfigurable integrated vehicle control are found in Chapter 4. Chapter 5 details
the incorporation of driver model and presents the conception of an integrated DAS.
The conclusions of the PhD thesis and the further challenges in integrated vehicle
control topic are summarized in Chapter 6.
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Fig. 1.5: Structure of PhD thesis



2. ANALYSIS OF STEERING AND BRAKING SYSTEMS

The integrated control design requires a balance between the interventions of
different actuators. Different actuators influence the vehicle dynamics in different
ways. In this chapter the steering and the differential brake are analyzed to show
their advantages. The aim is to find vehicle situations in which the interventions of
actuators are important.

2.1 Control oriented modeling of lateral dynamics

The analysis and control design in this thesis are based on the lateral model of
the vehicle. A crucial point in the formulation of lateral dynamics is lateral tyre
force modeling. Several tyre models have been published, see examples [64, 46,
17, 15, 62]. These models formulate longitudinal and lateral tyre forces accurately.
For control design the bicycle model of the vehicle with a linearized tyre model is
used [70], see Figure 2.1. The vehicle is moving in the entire plane of the road,
thus lateral dynamics and the influence of longitudinal dynamics must be taken into
consideration:

Jψ̈ = C1l1

(
δ − β − ψ̇l1

v

)
− C2l2

(
−β +

ψ̇l2
v

)
+Mbr (2.1a)

mv
(
ψ̇ + β̇

)
= C1

(
δ − β − ψ̇l1

v

)
+ C2

(
−β +

ψ̇l2
v

)
(2.1b)

ÿv = v
(
ψ̇ + β̇

)
(2.1c)

where m is vehicle mass, J is the yaw-inertia of the chassis, l1 and l2 are geometric
parameters, C1 and C2 are cornering stiffness of linearized tyre model, ψ is yaw angle
of the vehicle, β notes side-slip angle, ÿv is lateral acceleration and v is longitudinal
velocity. The actuators in the system are the front steering angle (δ) and the brake
yaw moment (Mbr).

Note that longitudinal and lateral dynamics are not independent; there is sig-
nificant interaction between velocity and lateral displacement. (2.1) shows that the
equations depend on velocity nonlinearly. Since the effect of velocity plays an im-
portant role in lateral acceleration of the vehicle, see (2.1c), the use of nonlinear
methods in actuator design are required.
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Fig. 2.1: Bicycle model of vehicle

In the analysis of steering and brake actuators, the first two equations of (2.1)
have efficient role, yaw-rate ψ̇ and side-slip angle β are important vehicle dynamic
signals in the analysis. According to (2.1a) and (2.1b), the motion equations of the
vehicle are transformed into a state space representation form [NG10]:

ẋ = A(ρ)x+B(ρ)u (2.2)

where the state vector of the system is x =
[
ψ̇ β

]T . When the brake control is
used the input of the system is u = ubr =Mbr and when the steering control is used
the input is u = ust = δ.

In the state space representation (2.2) the system matrices depend on the velocity
of the vehicle v nonlinearly. The velocity is assumed to be available, i.e., it is
measured or estimated, see e.g [80]. Using a scheduling vector ρ with the scheduling
variable ρ = v the nonlinear model is transformed into an LPV model. With the
selection of the scheduling variable ρ the state space representation of the LPV
model is valid in the entire operating region of interest.

2.2 Strategy of brake force distribution

The actuation of brake yaw moment to improve lateral dynamics requires brake
pressure generation on the wheel cylinders. The increase in the brake pressure results
in an increase in longitudinal tyre slips κ, which generate longitudinal braking forces.
However, tyre slip has a maximum value to avoid tyre skidding. Thus in such cases
the generation of differential braking must be reduced, while the yaw-motion of
vehicle must be controlled by another actuator.
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The wheel force distribution strategy in the braking process depends on the con-
struction of the brake system. During deceleration the load of wheels is modified due
to the pitch dynamics of the vehicle. In order to improve pitch dynamics the braking
of the front wheels must be increased while the braking of the rear wheels must be
reduced. The optimal distribution of brake forces can be determined according to
the following form, see [99]:

Fr = −Ffr −
mg l2
2h

+

√
Ffr(l1 + l2) mg

hCG
+

(
mg l2
2h

)2

(2.3)

where Fr and Ffr are the wheel forces at the rear and at the front, respectively. hCG
represents center of gravity height. The yaw moment of the brake also increases the
brake forces of the vehicle, thus the yaw-moment should be distributed on one side
of the vehicle between the front and rear wheels using (2.3). The distributed brake
forces must be added to the brake forces coming from the distribution of decelerating
longitudinal forces Fl. The momentary friction margin of the tyre is influenced by
adhesion coefficient µ, for the estimation of µ see [37].

Wheel skidding avoidance during braking is based on the estimation of longitu-
dinal tyre slip κ. It is defined by the next expression [64]:

κ =
v − reω

v
(2.4)

where re is effective rolling radius and ω is wheel speed, which can be measured.
The value of the longitudinal slip is between 0 ≤ κ ≤ 1, and if κ = 1 the tyre skids.
Therefore the estimated longitudinal slip provides information about the skidding
of the tyre. If a skidding incident is imminent, the actuation of the brake moment
must be reduced and it is replaced by the actuation of front wheel steering.

Remark 1: The estimation of adhesion coefficient µ in this thesis is based on the
time-varying Kalman filter technique, see [37]. In this method the adhesion coeffi-
cient is approximated as µ = k(κ− ξ), where k is the slip slope and ξ is the offset.
A linear regression model of the longitudinal tyre slip of different wheels is defined
as:

y(t) = H(t)x(t) + e(t) (2.5)

where y(t) contains measured left and right hand side longitudinal tyre slip values
κl, κr and e(t) is white noise. State vector is x(t) =

[
1/kl(t) 1/kr(t) ξl(t) ξr(t)

]T
and H(t) =

[
µl 0 1 0
0 µl 0 1

]
. The solution to the Kalman filtering problem is found

in [3]. The classification of µ is based on k and the variance of e(t).
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2.3 Bandwidth analysis of actuators

Another viewpoint in the analysis is the bandwidth of the actuators. It gives
information about the actuation speed of different control elements. During high
velocity maneuvers the actuation speed is crucial, because there is less time to modify
vehicle dynamics.

In this section the bandwidths of front-wheel steering and differential braking
actuation are analyzed, which requires the consideration of actuator dynamics. In
the case of front-wheel steering the inertia of the steering system effects a slower
operation of the actuator. The dynamics of steering is described in the following
form [GNB11, NG11c]:

Mst = 2ϑδ̈ +Mres (2.6)

where ϑ is the inertia of the wheel on the axle of steering, δ is steering angle, Mst is
the moment, which rotates the wheels.

• Mst is controlled by a servo-power system according to the rack. Mres =
Mgy +Mch is the sum of the steering resistances, which consists of two main
components.

• In order to the steer the rotated wheels it is necessary to generate energy
against the gyroscopic effect. It is formulated by using the following assump-
tion:

Mgy =
2Jwv

re
δ̇, (2.7)

where Jw is the inertia of the wheel on the axle of rotation.

• During steering the positions of wheels are modified. Since the axle of a steered
wheel is skew the vertical position of the entire chassis also moves. Thus, it is
necessary to generate energy to improve the lateral dynamics of the chassis:

Mch = Bπssusp(sinn) δ, (2.8)

where B is the wheel track, ssusp is the suspension stiffness and n is the angle
between the road and the axle of wheel steering. Note, that n may be differ
from the caster, if the axle of wheel steering is virtual.

The differential equation of the steering system, which is formulated in (2.6)..
(2.8), can be transformed into a second-order proportional transfer function form
(from Mst to δ):

Gst(s) =
1

ϑs2 + 2Jwv
rw

s+Bπssusp(sinn)
(2.9)

In the case of differential braking the input of the actuators is the displacement
of the hydraulic valve of wheel cylinders. The generation of braking force by the
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valve displacement is considered to be fast, therefore this dynamics is ignored in this
analysis. In the analysis of the braking system the brake yaw moment is handled as
input and the output is the yaw-rate.

Now, the bandwidth of steering and that of differential braking actuation can be
compared. In the case of steering it is necessary to combine the bicycle model (2.1)
with the second-order steering model (2.9) in order to transform the steering angle
into a steering moment. Thus the two models can be compared.

Both models depend on the velocity of the vehicle. The bandwidth of the ac-
tuation rate is analyzed as a function of velocity. The example of the presented
analysis is based on the parameters of a large family car. Figure 2.2 shows that
the bandwidth values change significantly with the change of velocity. According
to the inertia of steering, the bandwidth of steering is lower at each frequency than
the bandwidth of differential braking [GNB11]. The fast operation of actuators is
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Fig. 2.2: Bandwidth values of actuators

an important feature mainly at high velocities. Therefore a design criterion is ex-
pressed by the dynamics of actuators. At higher velocities it is recommended to use
differential braking, while at lower velocities the steering actuation is preferred for
practical reasons.

2.4 Analysis of actuator intervention capability

Limits of the actuators have an important role in actuator efficiency and actu-
ation capability analysis. Differential braking has a physical (adhesion) limit, as
analyzed in section 2.2. Besides, both for the steering and the brake there are con-
struction limits, e.g. the value of the front-wheel steering angle or the brake pressure
can not exceed an upper bound. It means that construction limits of the actuators
influence their operation range. The reachable set analysis gives information about
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the operation regions of the steering and brake actuators. The aim is to approximate
the reachable sets of the actuators at the yaw-rate and the side-slip state space.

2.4.1 Proposed method for the approximation of the reachable set

Several papers deal with reachable set computation, some of them are listed in
the followings. [7] introduces the ellipsoidal outer approximation of the reachable set
for linear differential inclusion (LDI) systems. The set theoretic method is applied to
design constrained L2 control and an algorithm is presented for the computation of
the maximum disturbance invariant set in [68]. The reachable set method is applied
at other areas of automotive research, see e.g. [2]. The reachable set computation
method for LPV and qLPV systems are proposed in [79]. Upper bounds for the
reachable set and nonlinear system gains are characterized by polynomial Lyapunov
functions in [87].

The reachable sets of the vehicle systems are approximated by using ellipsoidal
forms. According to preliminary analysis the ellipsoid form is found as an appropri-
ate selection. [7] presents the conditions to find the minimal reachable set for LDIs
and linear systems. The LMI condition of the reachable set is formulated as:[

ATP (ρ) + P (ρ)A+ αP (ρ) + Ṗ (ρ) P (ρ)B2

BT
2 P (ρ) −αI

]
≤ 0 (2.10)

if there exists P (ρ) and α satisfying P (ρ) > 0, α ≥ 0. The Lyapunov function of
the system is chosen as in a parameter-dependent way V (x, ρ) = xTP (ρ)x, and time
derivative of P (ρ) is handled as Ṗ (ρ) = ∂P (ρ)

∂ρ
ρ̇. The upper limit of ρ̇ is predefined

as ν = |ρ̇| and ∂P (ρ)
∂ρ

is computed using the formulation

P (ρ) =
N∑
i=1

fi(ρ)Pi Pi ∈ Rnxn (2.11)

and fi are appropriately-chosen basis functions. In the solution of the LMI feasibility
problem it is necessary to find an α value in which log(det(P (ρ)−1)) is minimal and
which represents the volume over an ellipsoidal cylinder. In the proposed method
the solution of (2.10) is the ellipsoidal approximation of the reachable set: ε =
{x|xTP (ρ)x ≤ 1}.

According to our experience the computation of P (ρ) may be numerically difficult
because of the LMI condition (2.10). Moreover, the selection of fi basis functions
in (2.11) determines the qualification of reachable set approximation. However, the
formulation of the basis function is not a trivial task.

In the thesis a computation method for an outer approximation of the reachable
set is proposed. Simulation experiments are used in order to formulate the shape of
the reachable set. The evaluation of the shape provides preliminary information in
the approximation of the reachable set.
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The operations of the vehicle systems brake (2.1) and steering with steering
model (2.9) are simulated by using a CarSim software, in which the model of the
vehicle dynamics is represented with high accuracy. In this conception it is necessary
to realize the suitable input signals, i.e., the steering moment and the brake yaw
moment with their amplitudes and frequencies, which represent the vehicle dynamics
in the entire range. Based on the appropriate simulation experiments, it is possible
to analyze trajectories of the state variables x =

[
ψ̇ β

]T in the function of velocity
ρ = v. According to the visual information it is possible to identify their shapes
and then provide a formulation of reachable set approximation which fits simulation
results suitably. The trajectories help determine the structure of P (ρ) [NG13a].

It must be verified whether P (ρ) is the solution of LMI (2.10). The advantage of
this method is that it is not necessary to solve the original LMI feasibility problem,
because P (ρ) is already known. If P (ρ) represents the reachable set, then all of the
eigenvalues of the following matrix are negative:

max

(
eig

([
ATP + PA+ αP + Ṗ PB2

BT
2 P −αI

]))
< 0 (2.12)

Note that (2.12) contains an α ≥ 0 parameter, which is not known in the com-
putation of eigenvalues. In addition, P (ρ) function contains some parameters νi,
which are also not known. In the calculation of the reachable set it is necessary
to find the smallest outer approximation. Thus, P (ρ) = P (ρ, νi) function must be
optimized to provide the upper bound of the reachable set.

The optimization task is to find the solution

min
νi,α

log
(
det
(
P (ρ, νi)

−1
))
, (2.13)

while the constrains (2.12) and α ≥ 0 are fulfilled.
Using the proposed method the numerically complex LMI feasibility problem

[7, 79] is replaced by a constrained optimization problem. There are several methods
to solve the constrained optimization [26, 10].

The numerical solution is based on the Nelder-Mead simplex direct search algo-
rithm, see [48]. It uses n+ 1 points for n-dimensional vectors X. At the beginning
of the optimization the algorithm makes a simplex around an initial guess X0 by
adding a small value of each component X0(i) and using these vectors as elements of
the simplex. During the optimization, the algorithm modifies the simplex repeatedly
according to the optimization. The advantages of the replacement of LMI solution
are that the original numerically difficult computation procedure is replaced by an
easier solution and the complex nonlinear basis functions are substituted for using
simulation experiments.

Remark 2: The simulation experiments have an important role in the approximation
of the reachable set. However, it is necessary to emphasize that the proposed method
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always results in an outer approximation of the reachable set. The importance of
the appropriate simulation is the evaluation of the shape of the reachable set. It
helps formulate a suitable formulation of reachable set approximation.

In the next section the proposed procedure for the approximation of the reachable
set is illustrated through a vehicle simulation example.

2.4.2 Simulation conditions and approximation of the reachable set

The initial step of reachable set approximation is to create appropriate simulation
examinations. In these simulations both the steering and the brake systems are
analyzed and the input signals are selected in their entire amplitude and frequency
range. Two kinds of signals are used as excitations, i.e., chirp (sinusoidal with
linearly increasing frequency) and pulse signals. During simulations the velocity of
the vehicle must also be changed because the nonlinear effect of velocity is analyzed.
The velocity range is 50...100 km/h. The simulations are realized by using CarSim
software, which is acceptable in the vehicle industry. The road condition is defined
by an adhesion coefficient, which is within a narrow interval.

The formulation of the parameter-dependent Lyapunov function P (ρ) is the fol-
lowing. The volume and rotation of elliptical cylinder change to the effect of velocity,
therefore this information is used in the formulation of P (ρ). The description of P (ρ)
is used in the approximation of the reachable set:

P (ρ) = T T (ρ)P0T (ρ) (2.14)

where P0 is a level of the elliptical cylinder. T (ρ) is a transformation matrix, which
contains both volume and rotation:

T (ρ) =

(
1 + ν1

(
ρ

ρ0
− 1

))[
cos (ν2ρ) − sin (ν2ρ)
sin (ν2ρ) cos (ν2ρ)

]
(2.15)

where ν1 and ν2 are parameters and ρ0 is the value of the scheduling variable at P0

level.
The algorithm of the reachable set approximation is proposed in section 2.4.1.

In optimization (2.12) and (2.13) it is necessary to compute the values of ν1 and ν2,
which contain the information about the shape of the ellipsoidal cylinder. Figure 2.3
illustrates the approximation of the reachable set of the steering system, in which the
simulation experiments are used. Red lines illustrate the result of the simulation
experiments in the functions of the state variables β and ψ̇ and the scheduling
variable ρ = v, while blue ellipsoidal cylinders show the outer approximation of the
reachable set. The ellipsoidal cylinders build the reachable set.

The computation results show that ellipsoidal cylinders form an appropriate
choice for this problem. The computed reachable set approximates the simulation
results sufficiently, and fulfils (2.12) and (2.13).
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Fig. 2.3: Simulations and reachable set approximation

2.4.3 Analysis of steering and braking reachable sets

In the following the preliminary results of the reachable set approximations are
presented. The computation of the reachable sets is based on the proposed op-
timization method by using elliptical cylinders. The method requires simulation
experiments. They are realized by using CarSim and TruckSim software systems,
which are acceptable in the vehicle industry. In these softwares the model of the
vehicle is represented with high accuracy.

Different types of vehicles and road surfaces are used in the examinations. In
the analysis two types of vehicles are used, namely a large family car (1823 kg) and
a two-axle bus (7690 kg). The road surfaces are distinguished by different adhesion
coefficients. They are µ1 = 0.85 (dry asphalt), µ2 = 0.6 (wet asphalt) and µ3 = 0.4
(wet and dirty asphalt or dirt-road). The influences of the steering moment and
those of the differential brake yaw moment are analyzed [NG13a].

Remark 3: In the simulation example the effect of adhesion coefficient µ on reachable
sets is analyzed. However, there are other parameters which influence reachable sets
during lateral dynamics, such as cornering stiffness values C1, C2. These parameters
are handled as constant parameters in (2.1) and, but changes in its values may have
an important role in actuator reachable sets. Parameters Ci are expressed [64]:

Ci =
∂Fy
∂α

= FzopKy1 sin

(
2 arctan

(
Fz

FzopKy2

))
, i ∈ [1, 2] (2.16)
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where Fzo is the nominal wheel load, Fz is the actual wheel load. pKy1 and pKy2 are
parameters, which depend on the tyre-road contact, e.g. the adhesion coefficient,
tyre tread and wear. Consequently, other tyre parameters also influence the tendency
of reachable sets. It can be seen, however, that the most important factor of these
parameters is the effect the adhesion coefficient µ. This fact has motivated the
analysis of µ in the example.

The first analysis focuses on the car. The approximation of the reachable sets
is illustrated in Figure 2.4. The ellipsoidal cylinders show the outer approximation
of the reachable sets in the functions of the state variables and the scheduling vari-
able. Blue ellipsoids illustrate the influence of the braking system, while the yellow
ellipsoids illustrate the influence of the steering system. The ellipsoidal cylinders
build the reachable set. In the first analysis the effects of the road conditions are
compared, i.e., the effects of adhesion coefficients µ1 = 0.85, µ2 = 0.6, µ3 = 0.4 are
illustrated in Figures 2.4(a), 2.4(b) and 2.4(c), respectively.

In excellent road (high µ) conditions the reachable set of the steering system is
larger than the entire reachable set of the braking system according to both state
variables in each scheduling variable. Consequently, the steering system should
be used at high µ values, since it includes the reachable set of the brake system.
However, at smaller adhesion coefficients the reachable set of the braking system
is larger than that of the steering system. Both the volume and the rotation of
elliptical cylinders change. In the case of wet or dirty asphalt the brake system is
more effective than the steering. Consequently, the braking system should be used
at smaller µ values, since it includes the reachable set of the steering system.

The second analysis focuses on the bus. The approximation of the reachable sets
is illustrated in Figure 2.5. The reachable set of the steering system is significantly
larger than that of the differential braking system in excellent road conditions. The
analysis of the bus illustrates the same tendency as in the car at smaller adhesion
coefficients, however in this case the volume decrease of the steering system and
the volume increase of the brake system are more limited. Both the volume and
the rotation of the elliptical cylinders change in the case of decreasing adhesion
coefficients.

Thus, the adhesion coefficient has an important role in the approximation of
the reachable sets of the different actuators. The simulation examples show that
changes in the road adhesion coefficient require the interaction between the steering
and the brake systems.

2.5 Design of actuator selection strategy

In this section an actuator selection strategy is formulated in order to incorporate
it in the supervisory control strategy. In the design of actuator selection strategy it
is necessary to consider that the actuation of the different components has energy
requirements. By using differential braking the velocity of the vehicle is decreased,
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(a) µ = 0.85 (b) µ = 0.6

(c) µ = 0.4

Fig. 2.4: Approximation of reachable sets in the case of car with different adhesion coeffi-
cients (blue: brake, yellow: steering)

which must be compensated for by the driveline with additional energy. Therefore
the use of differential braking must be avoided during acceleration and front-wheel
steering is preferred. During deceleration the brake is already being used, thus the
lateral dynamics is handled by the braking for practical reasons. Thus differential
braking is preferred, but close to the limit of skidding, front-wheel steering must
also be generated. The actuation of differential braking causes increased strain on
the tyres. When the vehicle moves in the lateral direction the position of each tyre is
longitudinal and they are not turned. It also shows that using front-wheel steering
is more efficient.

The operations of the actuators are based on the following weighting strategy.
The weighting functions for the front wheel steering and the brake yaw moment are
the following [NG11a, GNB12b]:

Wact,δ = ρst/δmax, (2.17)
Wact,Mbr = ρbr/Mbrmax, (2.18)

where ρst and ρbr are scheduling variables applied to the steering and the brake
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(a) µ = 0.85 (b) µ = 0.6

(c) µ = 0.4

Fig. 2.5: Approximation of reachable sets in the case of bus with different adhesion coeffi-
cients (blue: brake, yellow: steering)

control, δmax and Mbrmax are determined by the constructional maximum of the
steering angle and that of the brake yaw moment. The weighting factors ρst and ρbr
are shown in Figure 2.6.
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Fig. 2.6: Selection of parameters ρst and ρbr

In the case of traction the front wheel steering is preferred, which is determined
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by factor ρst, see Figure 2.6(a). The value is reduced between δ1 and δ2, which
represents the constructional criterion of the steering system. In this interval differ-
ential braking is preferred for practical reasons. The values of ρst also depend on the
velocity of the vehicle. The effect of velocity on the weighting factors is the conse-
quence of the difference between the bandwidth values of the actuators. According
to the inertia of steering, the bandwidth of steering is lower at each frequency than
the bandwidth of differential braking. At higher velocities it is recommended to use
differential braking, while at lower velocities the steering actuation is preferred for
practical reasons. Consequently, two additional design parameters (v1 and v2) are
also introduced.

The prevention of tyre skidding is an important factor in the actuator selection
strategy. Since the intervention of differential braking increases longitudinal tyre slip
κ, it is necessary to monitor all of the braked wheels. It is particularly important
at high velocity, when Mbr is activated. Therefore the maximum κ value of the
wheels influences the actuator selection strategy, see Figure 2.6(b). In case of high
longitudinal tyre slip the intervention of differential braking is reduced, thus steering
is preferred. This strategy requires an interval to reduce tyre skidding (κ1, κ2) and
it also requires an interval to prevent chattering between steering and differential
braking (κ3, κ4).

Contribution of the chapter

A new actuator selection and intervention strategy has been developed in order
to achieve a coordinated control of steering and braking (Sections 2.3 and 2.5). Using
reachable sets calculated by LPV methods the effects of the steering angle and the
differential brake moment on lateral state variables and lateral dynamics have been
analyzed (Section 2.4). In the method the dynamics and limits of the actuators as
well as the vehicle and road parameters are considered.
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3. DESIGN OF VARIABLE-GEOMETRY SUSPENSION SYSTEMS

This chapter focuses on the analysis and control design of variable-geometry
suspension systems. The advantages of the variable-geometry suspension are the
simple structure, low energy consumption and low cost compared to other electro-
mechanical solutions. Variable-geometry suspension systems affect lateral and ver-
tical dynamic. The construction of the suspension and the control design and their
interaction are analyzed, and finally a simultaneous control and construction design
are formulated.

3.1 Extension of the lateral dynamic model

The control-oriented lateral bicycle model has already been proposed in section
2.1. In this description the actuation of the steering and the differential brake are
considered. In this section the aim is to formulate the dynamic effect of the variable-
geometry suspension actuation.

The scheme of a variable-geometry suspension system is illustrated in a double
wishbone suspension example in Figure 3.1. In the proposed suspension the physical
input of the actuator is the lateral motion of the upper arm (points A1 and A2).
This motion results in the modification of the wheel position and orientation. By
modifying the camber angle, the suspension geometry is modified and it affects
the rotation of the front wheel. In the case of a double wishbone suspension the
camber angle γ modifies the wheel rotation around an axis, which is determined
by the steering track-rod end K and the connection point of the lower arm D.
Consequently, a suitable suspension geometry is able to improve the lateral force on
the tyre not only by the camber angle, but also by the steering angle. Through these
signals the variable-geometry suspension has effects on the lateral tyre forces. In
the following two sections the dynamic effects of the variable-geometry suspension
system on steering and wheel tilting are presented. It means, that it is necessary to
formulate the lateral force effect of wheel camber angle modification.

The Magic formula gives a highly accurate description of the lateral tyre force,
see e.g. [64]. However, a simplified form is constructed for numerical reasons and
control-oriented modeling. In the case of small side-slips the lateral tyre forces in
the direction of the wheel ground contact are approximated linearly to the tyre side
slip angles αf , αr. The linearized tyre model is extended with the effects of the
wheel camber angle γ by modifying the vertical offset, see the curve illustrated by
the different lines in Figure 3.2. This control-oriented lateral tyre model in the wheel
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Fig. 3.1: Wheel position related to steering and camber angle

ground contact surface is approximated as [NG11b]:

Fi = Ciδ + Ci,γγ (3.1)

where Ci is cornering stiffness and Ci,γ is wheel camber stiffness, which is a coefficient
representing the degree of offset. Bicycle model (2.1) is extended with (3.1) to

Fy

α

γ

γ = 0
γ 6= 0Magic formula
γ 6= 0 control oriented

Fig. 3.2: Considering the wheel camber in the tyre model
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consider wheel camber effect by the followings:

Jψ̈ = C1l1

(
δd + δc − β − l1ψ̇

v

)
− C2l2

(
−β +

l1ψ̇

v

)
+ C1,γl1γ (3.2)

mv(ψ̇ + β̇) = C1

(
δd + δc − β − l1ψ̇

v

)
+ C2

(
−β +

l1ψ̇

v

)
+ C1,γγ (3.3)

where steering angle δ can be divided in two parts: δ = δd+δc. δd represents steering
angle of the driver and δc is steering angle effected by variable-geometry suspension.
δc and γ signals are control signals of the DAS, which are not independent, both of
them depend on variable-geometry suspension actuation.

3.2 Modeling of a variable-geometry suspension system

3.2.1 Kinematic modeling

In this section the kinematic model of the variable geometry mechanism is pre-
sented. Two constructions are considered: double wishbone suspension (Figure
3.3(a)) and the McPherson system (Figure 3.3(b)). These suspension types are
widely used in vehicles of different categories. The mathematical model of suspen-
sions is illustrated in Figure 3.3(c). In this modeling the connection points of the
suspension arms are considered, and their positions are computed.

Suspension models contain the geometry of the actuator and show the suspen-
sion displacements. Since in these models the masses, inertias and elasticity of the
construction elements are ignored, the arms of the suspensions are modeled as bar
elements. The suspensions are analyzed in a coordinate system which is fixed to the
chassis. Consequently, the rolling of the chassis and the road irregularities have the
same effect in terms of the moving of the wheel. The deduction of the formulation of
the wheel camber angle depends on the geometric position of the suspension points,
road irregularity and the input of the mechanism. The vertical forces of the suspen-
sion are considered as an indirect way in the modeling of the suspension movements.
The effects of the motion of the chassis are similar to those of road irregularity. The
transformation of the double-wishbone and the McPherson suspension parameters
to the parameters of a quarter-car model is presented by [72]. This model is able to
handle the motion of the suspension points, therefore the effects of vertical forces
on the suspension are also considered in the model [NG11d, NG12d].

In the proposed construction the control inputs of the mechanism are different.
Point A in the variable-geometry suspension is able to move only in a horizontal
direction. The change of point A in the y direction is the real input of the mechanism,
which is denoted by ay. Two further points, B and D are marked on the tyre, which
move in both y and z directions. T is the road-wheel contact point, which moves as
a function of the road irregularities, ty, tz. The aim is to formulate the relationship
between input ay, the wheel camber output γ and the displacement of T . In case of
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Fig. 3.3: Suspension constructions and mathematical models

McPherson suspension the control input of the mechanism is the lateral displacement
of C, denoted with cy. The goal is the formulation of the relationship between cy
and γ.

The result and details of formulations are presented in Appendices A and B.

3.2.2 Constructional interactions of the variable-geometry suspension

In section 3.1 the interconnection between wheel tilting and steering has been
mentioned during a double-wishbone suspension example (see Figure 3.1). In the
followings the details of interaction are presented in a double-wishbone suspension.
However, it does not lead to the loss of generality and the method can also be
extended to McPherson suspension construction.

By modifying the camber angle the suspension geometry is modified and it affects
the rotation of the front wheel. In the case of a double wishbone suspension camber
angle γ modifies the wheel rotation around an axis, which is determined by the
steering track-rod end K and the connection point of the lower arm D. Thus, the
position of K has an important role in the rotation of the wheel. The angle between
the axis BK and the road plane defines the relationship between camber angle γ
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and steering angle δc. When the variable-geometry suspension operates besides the
changes in the camber angle an additional steering angle is generated. Consequently,
a suitable suspension geometry is able to improve the lateral force on the tyre not
only by the camber angle, but also by the steering angle [NG13c, NG12a, NVG13].

In the following the position of the wheel will be computed. A kinematic analysis
of the variable-geometry suspension with double-wishbone construction has been
proposed in the previous subsection and details in Appendix A. Note that lateral
and vertical motion of suspension points B and D are determined by control input
ay and disturbance tz. They are denoted by by, bz, dy, dz. Moreover, the rotation of
the wheels is also determined by point K.

First, the orientation of the plane BDK is characterized by its normal vector−→
N . Steering angle δc and camber angle γ are computed by the motion of N in the
following way:

δc = arctan

(
Nx

Ny

)
(3.4a)

γ = arctan

(
Nz√

N2
x +N2

y

)
(3.4b)

where Nx, Ny, Nz are the components of the normal vector
−→
N , which is computed

as: −→
N =

−−→
DB ×

−−→
DK (3.5)

where
−−→
DB and

−−→
DK are vectors between the suspension points and steering track-rod

end. Positions B and D points have been analyzed, see [NG11d]. They require the
measurement of suspension compression and actuation ay, which provides definite
information about positions B and D.

In the computation of point K in directions x, y, z the following statements must
be considered:

• The axis of steering in a double-wishbone suspension is determined by axis
BD.

• The relative positions of points B, D andK to each other are constant, because
these points are the part of a solid wheel-hub. However, the position and
orientation of the wheel-hub change.

• The length of the steering track-rod is also constant.

The statements guarantee that the position of point K can be determined ac-
curately if the positions of B, D and steering rack displacement (by the driver’s
steering wheel) are known. The steering track-rod interconnects the steering rack
(S) and the wheel (K). Since the steering rack is able to move only in lateral di-
rections Sx and Sz are constant, while Sy is determined by the driver’s steering.
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Thus the steering rack displacement is noted with Sy, which is directly measured or
calculated by the measurement of the steering wheel angle.

There are several ways to calculate the position of K. An analytical way is to
imagine K as a point in the intersection of 3 balls. The sections BK, DK, SK are
constant, the positions of B, D and S are known, therefore the following coordinate
geometry equations can be formulated:

BK2 = (Kx −Bx)
2 + (Ky −By)

2 + (Kz −Bz)
2 (3.6a)

DK2 = (Kx −Dx)
2 + (Ky −Dy)

2 + (Kz −Dz)
2 (3.6b)

SK2 = (Kx − Sx)
2 + (Ky − Sy)

2 + (Kz − Sz)
2 (3.6c)

The equations contain three unknown variables (Kx,Ky,Kz), which are the coordi-
nates of K. They depend on the different points B, D, S Although (3.6) results in an
analytic definite solution to the problem, there are some difficulties in its numerical
solution.

Fig. 3.4: Result of the SimMechanics model

The model of the variable-geometry suspension system is built in SimMechanics
toolbox of Matlab, see Figure 3.4. The arms and bodies of the system are elements
which are connected to vehicle chassis by joints. The joints A1 and A2 are actuated
in lateral directions, which results in the change of wheel position and orientation.
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The coordinates of the points are measured, angles δc and γ are calculated by using
(3.4).

Figures 3.5(a), 3.5(b) and 3.5(c) show angles δc, γ and ∆B at different Kz

heights. The aim of the example is to present the relationship between signals.
The variation of Kz has a great influence on angle δc and it modifies γ slightly.
KB is the axis of wheel rotation during the actuation ay, therefore its orientation
influences the relationship between these angles. Since generally δc and γ are in
conflict, it is necessary to find an appropriate solution to parameter Kz. In the
analyzed construction Kz has a significant influence on δc and with an increased
Kz it is possible to achieve high lateral tyre force, see section 3.1. Besides, Kz

influences the lateral motion of T , i.e., the half-track change which is denoted by
∆B. It has an important role in tyre wear, see [28]. Consequently, the steering
angle, the camber angle and the half-track change are functions of the actuation,
i.e., δc = δc(ay), γ = γ(ay), ∆B = ∆B(ay). Moreover, by applying a higher Kz it is
possible to achieve an increased lateral tyre force.
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3.3 Analysis of the variable-geometry suspension

In the following the effects of input ay on vehicle components are analyzed at
double-wishbone suspension type. The relationship between ay and γ has been
proposed in Section 3.2 and Appendix A. The relationship between ay and γ as a
function of tz is illustrated in Figure 3.6(a). An analysis shows that it is possible to
approximate the ay - γ curves with linear functions in the following form:

γ = κ+ ξ1tz + ε1ay (3.7)

Note that both wheels have the same static wheel camber on one axle. The static
components of the lateral forces are approximately equal, thus in the next compu-
tations the constant κ is omitted from (3.7).
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Fig. 3.6: Properties of the variable-geometry suspension system

The construction of the suspension determines the height of the roll center of
the chassis (hM). The roll center is determined by A,B,C,D and T points. The
intersection of the arms (A,B) and (C,D) is marked by K. The intersection of
the line (T,K) and the vertical centerline of the chassis is the roll center itself.
The relationship between ay and hM as a function of tz is shown in Figure 3.6(b).
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The height of the roll center can be divided into static and dynamic components
as follows: hM = hM,st + ∆hM . Component hM,st represents the height of the roll
center of a stationary vehicle, while ∆hM represents the change of the height during
travelling. The dynamic component is expressed in the following form:

∆hM = ξ2tz + ε2ay (3.8)

During traveling the half-track change (∆B) is also an important economic pa-
rameter of the suspension system, since it is related to tyre wear. The relationship
between ay and ∆B as a function of tz is shown in Figure 3.6(c). The figure shows
that although the relationship between ay and ∆B can be approximated linearly
in low values of (ay, tz), the nonlinear effects of the half-track change increase in
the high values of (ay, tz). Thus the linear and nonlinear parts of half-track change
are separated in the analysis. In the low domain the suspension parameter ∆B is
approximated in the following form:

∆B = ξ3tz + ε3ay (3.9)

In the previous part of this section the formulation and analysis of the variable-
geometry suspension are introduced. The control input of the system is the lateral
motion ay of the suspension point A. Note that in the real implementation the ay
motion can be realized by using a hydraulic actuator [52] or an electric motor [20].

3.3.1 Effect of the parameter variations

In this section the effects of suspension construction variation is analyzed. The
influence of the vertical position of suspension point C is presented in an example. In
different double-wishbone suspension constructions the characteristics may change.
In different vehicle types the construction points change, therefore the constants of
(3.7) and (3.9) must be recomputed. The parameter variations must be analyzed for
another reason: the vertical position of C influences the characteristics of suspension,
therefore it has an effect on the control design. Figure 3.7 shows the results of
calculations at different Cz values.

Figure 3.7(a) shows that the increase of Cz causes an increase in the gradient of
the γ = f(ay, tz) function. In approximation (3.7) the values ξ and ε also increase.
Besides it can be determined that the linear tendency of γ = f(ay, tz) does not
change, therefore approximation (3.7) is used in the analyzed range of Cz. Figure
3.7(b) shows the effect of the variation of Cz on ∆B. The radius of the curvature
increases at higher Cz. When Cz is higher, the half track change ∆B increases when
the suspension moves down. For danger of tyre wear it is necessary to guarantee
that |∆B| must be minimized. A possible way of the minimization of ∆B is the
limitation of ay. Another method for the minimization of the half track change is
the choice of an appropriate position of the lower arm. One of the most important
parameter of the suspension is the height of the roll center in the chassis. The roll
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Fig. 3.7: Effect of Cz variation

center is determined by the position of the suspension strut, and the positions of
points B and D. The determination of the height of the roll center is shown in
Figure 3.3 and the details are found in [59]. Since the height of the roll center
has an important role in the roll dynamics of the vehicle [70], the variation of hM
is important at variable-geometry suspension design. Figure 3.7(c) shows that Cz
has effect significantly to hM , therefore it can be established that it is possible to
influence the roll angle by an appropriate selection of Cz.

3.4 Mechanical analysis of suspension actuator

The control input of the system is the lateral displacement of the suspension point
A. In a real implementation the motion ay is realized using a hydraulic actuator
[52, 51, 39] or an electric motor [20]. In the thesis the hydraulic construction is
considered as the real actuator of the system. The goal is to determine the necessary
force value of the actuator which is able to realize ay.

The in-built hydraulic actuator must compensate for different resistances at the
generation of the wheel camber angle. In order to modify the camber angle of
the rotated wheels it is necessary to generate energy against the gyroscopic effect,
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similarly to steering system, see (2.7). The torque of the rotation of the wheel
around its longitudinal axle is formulated by the following assumption:

Mgy = 2Jwv/rwγ̇ (3.10)

where Jw is the inertia of the wheel on the rotation axis and rw is the wheel radius.
During camber actuation the vertical position of the wheel is modified. Since

in most cases the tyre can not be pushed into the road (except sand), the vertical
motion of Tz induces the motion of the chassis as Figure 3.8 shows [NG12d, NG11e].
Tz,1 and Tz,2 are the vertical displacements of the wheels on both left-hand side and
right-hand side.
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Fig. 3.8: Roll dynamics of the vehicle

(Ixx +mh2)ϕ̈ = mghϕ− sszp − kszpd + sszm + kszmd (3.11a)
mz̈s = ss(z1 − zs) + ss(z2 − zs) + ks(ż1 − żs) + ks(ż2 − żs) (3.11b)
mwz̈1 = st(Tz,1 − z1) + sszp + kszpd (3.11c)
mwz̈2 = −st(Tz,2 − z2) + sszm + kszmd (3.11d)

with the notations zp = zs +
B
2
ϕ − z1, zm = zs − B

2
ϕ − z1, zpd = żs +

B
2
ϕ̇ − ż1,

zmd = żs−B
2
ϕ̇−ż1, where ss and ks are the stiffness and dampness ratio of suspension,

st is tyre stiffness. mw weights are the unsprung masses and z1, z2 denote their
vertical displacement. It can be determined that the motion of Tz causes change in
ϕ, z1, z2, zs. It means that the hydraulic cylinder must increase the potential energy
of the system and compensate for the energy dissipation of the damper.



50 3. Design of variable-geometry suspension systems

0 1 2 3 4 5 6 7 8

0

10

20

30

40

50

60

Time (s)

c y (
m

m
)

(a) Necessary ay actuation

0 1 2 3 4 5 6 7 8
−5

−4

−3

−2

−1

0

1

2

3

4
x 10

4

Time (s)

A
ct

ua
to

r 
fo

rc
e 

(N
)

(b) Actuator force

(c) Position of the vehicle

Fig. 3.9: Simulation of actuator force

When the wheel camber angle is modified the hydraulic cylinder must actuate
energy to equalize the two mentioned resistances. Figure 3.9(a) and (b) show the
necessary actuation ay and the necessary hydraulic force. The motion of the chassis
is illustrated in Figure 3.9(c). Dashed lines show the initial position of the chassis.
The lateral motion, the rolling of the chassis and the lowering of the center of gravity
are caused by the actuation of ay.

3.5 Performances of variable-geometry suspension systems

Variable-geometry suspensions have effects on the lateral and roll dynamics, as
proposed in the previous sections. This controlled system is included in a by a DAS,
and it actuates simultaneously with the steering and differential brake systems. In
this section the performances are detailed, which can be guaranteed by a variable-
geometry suspension as a part of the integrated control system. The effects of
construction and also control on the performances are formulated in the followings
[NG13b, NG12b].
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• Trajectory tracking: Variable-geometry suspension control is able to im-
prove trajectory tracking of the driver. In this case the vehicle must follow the
reference yaw-rate, and the yaw-rate error of the vehicle must be minimized:

|ψ̇ref − ψ̇| → min (3.12)

• Minimization of the chassis roll angle: It has also been shown that the
roll center depends on the controller actuation ay and tz. The height of the roll
center has an important role in the roll dynamics of the vehicle [31]. In a gen-
eral case, the vehicle has a generalized planar motion, therefore its acceleration
is described as:

ā = ūR

(
R̈(t)− v2(t)

R(t)

)
+ ū⊥

[
2

R(t)
Ṙ(t)v(t) +R(t)

d

dt

(
v(t)

R(t)

)]
(3.13)

where ūR is the radial unit vector and ū⊥ is the angular unit vector of circular
motion. R(t) is the function of the radius of the circular motion, while v(t) rep-
resents velocity. The roll motion of the vehicle is influenced by the centripetal
acceleration, therefore component ūR is considered in roll dynamics:

(Ixx +m∆h2)ϕ̈ = mg∆hϕ+m

(
R̈(t)− v2(t)

R(t)

)
∆h−Bi

4∑
i=1

Fsusp,i (3.14)

where ∆h is the difference between the height of the center of gravity of the
chassis and the roll center (∆h = hCG− hM), ϕ is the chassis roll angle, Ixx is
the inertia of the chassis, Bi is the half-track and Fsusp,i are the vertical forces of
the suspension. It can be seen that roll dynamics is influenced by R̈(t)− v2(t)

R(t)

through ∆h. In practice component R̈(t) from the centripetal acceleration
is ignored, therefore based on the expression v2(t)

R(t)
= v(t)(β̇(t) + ψ̇(t)), the

formulation of roll dynamics is the following:

(Ixx +m∆h2)ϕ̈ = mg∆hϕ+mv∆h(β̇ + ψ̇)−Bi

4∑
i=1

Fsusp,i (3.15)

A possible way to minimize the chassis roll angle is the minimization of the
height of the roll center hM . Since hM is divided into two parts, i.e., hM =
hM,st+∆hM , two performance criteria are formulated: the difference between
the roll center and the center of gravity must be minimized (3.16a) and the
dynamic displacement of the height of the roll center based on (3.8) must be
minimized (3.16b):

|∆hM | = |ξ2tz + ε2ay| → min (3.16a)
|hCG − hM,st| → min (3.16b)
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In the aspect of (3.16a) performance it can be established that the height of
the roll center in steady state is determined by the suspension construction.
Equation (3.16b) shows that the vertical motion of the roll center is determined
by tz and ay. It means that the minimization of the roll center is determined
by the construction and control of the suspension simultaneously.

• Minimization of the half-track change: An additional important eco-
nomic parameter is the half-track change. The lateral motion of contact point
T is relevant from the aspect of tyre wear [28], when the suspension moves
up and down while the vehicle moves forward. Using an appropriate variable-
geometry control these unnecessary movements can be eliminated. Based on
(3.9) the next performance criterion is formulated in the following form:

|∆B| = |ξ3tz + ε3ay| → min (3.17)

The inadequacy of this performance can be compensated for with another
performance, which extends the half-track change to the nonlinear range:∫ ∫

|∆B|daydtz → min. (3.18)

• Control input minimization: During the control tasks it is necessary to
prevent large control input, because ay has construction limits. Therefore the
next performance focuses on the minimization of the input displacement:

|ay| → min (3.19)

As it has been shown, performances can be divided into two groups: one of
them depends on control system, the others on construction. Control depending
performances (3.12), (3.16a), (3.17) and (3.19) are expressed by linear combinations
of the control input ay and disturbance ty. These performances are arranged to
a performance vector Z1, which are used in variable-geometry suspension control
design as control performances:

Z1 =


ψ̇ref − ψ̇
ξ2tz + ε2ay
ξ3tz + ε3ay

ay

 (3.20)

Performances (3.16b) and (3.18) cannot be expressed by any linear combination and
they are used only in the construction design. Vector Z2 includes the performances
which are used in the construction design:

Z2 =

[
hCG − hM,st∫ ∫
|∆B|daydtz

]
(3.21)
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3.6 Construction optimization in variable-geometry suspension
systems

In the previous sections the influence of the construction on the intervention of
the variable-geometry suspension has been analyzed. Two construction examples
have been proposed, such as the positions of the actuator (subsection 3.3.1) and the
steering track-rod end (subsection 3.2.2). The effect of suspension construction on
the operation of the system motivates the design of an optimal solution. Perfor-
mances in section 3.5 show that both the suspension control and the construction
have an effect on the designed variable-geometry suspension system. In this section
an approach of simultaneous design of the suspension control and the construction
is proposed [NG13b].

Because of this interconnection between, the construction of the system influ-
ences the characteristics γ(ay, tz), ∆B and ∆hM , which are also parts of the control
design according to (3.20). The performances in (3.21) also affect the dynamics
of the vehicle. In the construction design the variables of the suspension system
Φ1 . . .Φn must be taken into consideration. Note that Φi, i ∈ [1, n] have bounds and
they are determined by the construction of the chassis, the wheel hub and the size
of the tyre: Φi = [Φi,min Φi,max], i ∈ [1, n]. The simultaneous design is performed in
three steps.

In the first step the operator Tz,j(Φi) norms in terms of Z1 are computed. The
results of these computations represent the fulfillment of performance Z1 in the
different suspension constructions:

Jz,j(Φ1 . . .Φn) = ∥Tz,j(Φ1 . . .Φn)∥, j ∈ [1, 4]. (3.22)

In the second step it is possible to compute the performances of Z2 in all con-
structions. Performances in Z2 have weights in terms of minimization of both the
chassis roll angle and the half-track change. These performances must be normalized
using the maximum value of the performances and they are multiplied with Wp,k

weights:

Jz,k(Φ1 . . .Φn) = Wp,k · |zk(Φ1 . . .Φn)|/zk,max, k ∈ {5, 6}. (3.23)

The results of these computations represent the fulfillment of performance Z2 in the
different suspension constructions.

In the third step these performance indexes are summarized, which results in a
global cost for the fulfillment of Z1 and Z2 performances in the different suspension
constructions. The global cost based on the performance indexes of the different
suspension constructions is

Jz(Φ1 . . .Φn) =
∑
j

Jz,j(Φ1 . . .Φn) +
∑
k

Jz,k(Φ1 . . .Φn). (3.24)
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Finally, it is necessary to find the construction parameters Φ1 . . .Φn with which
J (Φ1 . . .Φn) can be minimized. The formulated optimization task is the following

inf
Φ1∈Φ1

inf
Φn∈Φn

Jz(Φ1 . . .Φn). (3.25)

The optimization algorithm for solving (3.25) is a subspace trust region method
and is based on the interior-reflective Newton method [44]. In this algorithm each
iteration involves the approximate solution of a large linear system using the method
of preconditioned conjugate gradients. It is noted that during the optimization
procedure the same weighting functions for the control design are used.

3.7 Selection of weighting functions related to suspension
performances

In section (3.5) the functionalities and performances of the variable-geometry
suspension have been presented. Although several performances can be guaranteed,
it is not possible to minimize all of them simultaneously. Besides, the coordination
with the steering and the brake must also be guaranteed. Since in the control de-
sign of the variable-geometry suspension system the performance requirements are
in conflict, a balance must be achieved between them. For this purpose parameter-
dependent weighting functions are applied, and suspension performances are in-
fluenced by using two signals, ρsusp and href . The following weighting functions
represent the priorities between performances [NG12c]:

Wsusp,eψ̇ = ρsusp/eψ̇max
(3.26a)

Wsusp,∆h = (1− ρsusp)/ϕmax (3.26b)
Wsusp,∆B = (1− ρsusp)/∆Bmax (3.26c)

where ρsusp is a scheduling variable, eψ̇max
is the possible maximum of the yaw rate

error, ϕmax is the maximum of the chassis roll angle and ∆Bmax is a maximum of
the half-track change. In the following three vehicle scenarios are distinguished.

• In normal cruising the goal of the variable-geometry suspension control is to
minimize half-track change ∆B. This configuration is achieved by the selection
ρsusp = 0, href = hM . This is the default configuration.

• When the roll angle ϕ increases significantly, the variable-geometry suspension
control must minimize the roll angle. This configuration is achieved by the
selection ρsusp = 0, href = href,max.

• In an emergency maneuver, when the yaw rate error has increased extremely,
the suspension system must focus on the tracking error eψ̇ instead of the
conventional two performances. This configuration is achieved by the selection
ρsusp = 1 and href = hM .
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Note that it is possible to achieve vehicle maneuvers in which there is a balance
between two performances, i.e., the reduction of the half-track change and that of
the roll angle. In these configurations ρsusp = 0 and href is selected in an interval
hM < href < href,max. When the suspension system must focus on the trajectory
tracking, i.e., in emergency maneuvers, the scheduling variable ρsusp = 1 is selected.
The selections of the variables ρsusp and href are shown in Figure 3.10. In the
selection mechanism eψ̇,1,eψ̇,2 and ϕ1,ϕ2 are design parameters.

ρsusp

eψ̇eψ̇,2eψ̇,1

1

0

(a) Scheduling variable ρsusp

href

φφ2φ1

href,max

hM

(b) Reference signal href

Fig. 3.10: Selection of ρsusp and href

3.8 Simulation example of variable-geometry suspension control

In this section the operation of the variable-geometry suspension system is illus-
trated through simulation examples [NG13b]. The control design is performed by
using the Matlab/Simulink software and the verification of the designed controller
is performed by using the CarSim software. The vehicle is traveling along a prede-
fined road, while the variable-geometry suspension supports the driver to guarantee
trajectory tracking. A typical E-segment executive automobile is applied in the
simulation with a human driver model, which is assisted by the active systems in
performing trajectory tracking. The mass of the 6-gear car is 1530 kg and its engine
power is 300 kW (402 hp), and independent double wishbone suspensions belong to
it. The width of the track is 1605mm, the wheel-base is 3165 mm.

The efficiency of the simultaneous design method based on the yaw-rate track-
ing scenario is presented through three different controlled construction systems,
according to three assumptions in the previous subsection, see Figure 3.11.

The first designed variable-geometry suspension Sys1 focuses on roll angle min-
imization according to performances z2 and z5 ((Bz;Dz) = (350; 150)), the second
system Sys2 minimizes the half-track change according to the performances z3 and
z6 ((Bz;Dz) = (450; 150)), while the third system Sys3 actuates control input ac-
cording to the minimization of performance z1 ((Bz;Dz) = (450; 250)). Figure
3.11(a)...3.11(c) shows the relationship between the construction parameters, the
performance weights and the cost values J (Bz, Dz). The optimization procedure
(3.25) results in different optimal constructions and controllers as functions of the
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Fig. 3.11: Cost surfaces and geometries

weighting strategies. Figure 3.11(d) shows the result of the optimization, i.e., the
positions of the suspension arms in the control design tasks.

In a vehicle maneuver an uncontrolled vehicle is compared to controlled systems.
All of the control systems are designed by the proposed simultaneously designed
construction and control design method. Since the aim of the control systems is to
assist the driver in trajectory tracking, the driver generates the steering wheel angle,
and the control system actuates the front wheel camber angles.

The vehicle is traveling along a section of Waterford Michigan Race Track, which
is depicted in Figure 3.12(a). During the maneuver the velocity of vehicle changes
significantly, see Figure 3.12(b). The vertical road is a colored noise resulting from
the application of a first-order shaping filter to a white noise signal, in which the
forward velocity is taken into consideration. The driver is not able to perform
trajectory tracking, the reference yaw-rate signal (computed from steering demand
of the driver) is not tracked by the vehicle, see Figure 3.12(c). It results in an
increase of lateral error, which is significant because the steering actuation of the
driver is inadequate, see Figure 3.12(d). The lateral error of the vehicle is significant
and at 10s and 30s lane departures occur, because the steering actuation of the
driver is inadequate, see Figure 3.12(d). The half-track change of the uncontrolled
suspension is found in Figure 3.12(f). Although the small value of the half-track
change of the uncontrolled suspension has advantages in terms of economy, lane
departure is dangerous; an uncontrolled vehicle is not able to perform trajectory
tracking in this situation.
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Fig. 3.12: Operation of the uncontrolled suspension system

In Figure 3.13 the simulation results using Sys1, Sys2, Sys3 control systems are
shown. All of the systems are designed by the presented simultaneous construction
and control design method. Figure 3.13(a) shows the tracking of the yaw rate signals
of the vehicle with the three simultaneously designed control systems. While the un-
controlled vehicle is not able to guarantee trajectory tracking and causes dangerous
situations, all of the vehicles with variable-geometry suspension satisfy the tracking
of the yaw-rate signal. It results in the decrease of lateral error and this handling
property of critical situations motivates the use of the variable-geometry suspension.
The variable-geometry suspension decreases the necessary steering wheel angle of the
driver, see Figure 3.13(c). Comparing these maximum steering wheel values with



58 3. Design of variable-geometry suspension systems

Figure 3.12(e) it can be established that the variable-geometry suspension is not
only able to perform trajectory tracking, but it also makes steering easier.

Figure 3.13(d) shows the control inputs of the different systems. In system
Sys3 the minimization of the control input ay is preferred, while in the other two
systems larger control actuation is generated during the maneuver. The value of
actuation ay is influenced significantly by the appropriate selection of Wp,i. The
front wheel camber angles of the controlled systems (Figure 3.13(e)) are close to each
other, which has two consequences. First, all of the variable-geometry suspensions
guarantee yaw-rate tracking - it is a control consequence. Second, using different
control inputs ay it is possible to generate almost the same wheel camber angle - it
is a construction consequence. These consequences are the result of simultaneously
designed construction and control. The half-track changes in the front wheels are
shown in Figure 3.13(f). Using Sys2 system the half-track change can be reduced.
The minimum value of the half-track change and control input ay are located at
different (Bz;Dz). As a result that Sys2 has minimal half-track change values, but
it has the largest control input values - and vice versa. In the aspect of these two
performances variable-geometry control Sys1 guarantees a balance. The roll angle
of the chassis is shown in Figure 3.13(g). In Figure 3.11(a) and 3.11(b) it is shown
that the minimal J (350, 150) cost and J (450, 150) cost at Sys1 are close to each
other. As a result the roll angles of chassis are close to each other at Sys1 and Sys2.
In the case of Sys3, the roll angle increases because of the increase of |hCG− hM,st|.

Contribution of the chapter

A new method has been developed in which the construction of a variable-
geometry suspension and the design of a robust suspension control are performed
simultaneously in order to enhance vehicle stability (Sections 3.1 and 3.2). The dif-
ferent constructions of the suspension system have been analyzed (Sections 3.3, 3.4
and Appendix) and the performance specifications have been formed (Section 3.5).
Since there is an interaction between the construction design and the control design
a balance must be achieved between them by developing an optimization algorithm
(Sections 3.6 and 3.7).
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Fig. 3.13: Operation of the controlled suspension system
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4. DESIGN OF RECONFIGURABLE INTEGRATED VEHICLE
CONTROL

In the previous chapters the vehicle dynamic actuators have been analyzed.
These analyzes are based on the dynamics of actuators and reachable set approx-
imations. A reconfigurable supervisory strategy of the actuator selection which is
able to handle faults in the system is proposed. Finally, the architecture of the
supervisory integrated control is presented.

4.1 Design of the integrated control based on LPV methods

4.1.1 Global performances and weighting of the integrated control system

In the previous chapters the interventions of actuators have been analyzed. The
priorities of actuator interventions have been influenced by actuator weights, as
formulated in Section 2.5 and Section 3.7:

Wact,δ = ρst/δmax (4.1a)
Wact,br = ρbr/Mbr,max (4.1b)
Wsusp,1 = ρsusp/eψ̇max

(4.1c)

Wsusp,21 = (1− ρsusp)/ϕmax (4.1d)
Wsusp,22 = (1− ρsusp)/∆Bmax (4.1e)

where ρst, ρbr and ρsusp are the weights of intervention. These weights depend on
several factors, as illustrated in Figure 2.6 and Figure 3.10. The role of the actuator
selection is to guarantee vehicle dynamic performances. Several performances are
formulated, which must be guaranteed by the integrated control system. Some of
them are detailed in Section 3.5. They are special performances of the variable-
geometry suspension. Now, the performances of the integrated control system are
proposed.

In the control design the purpose is to solve the tracking problem. In trajectory
tracking the reference signal is the yaw rate defined by the steering angle of the
driver ψ̇ref . The performance of the control system is the minimization of the yaw
rate tracking error:

z1,1 = ψ̇ref − ψ̇; |z1,1| → min! (4.2)

A relevant quantity of trajectory tracking is lateral error. It means the difference
between the actual lateral position of the vehicle and reference lateral position. The
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following performance must be minimized to guarantee lane departure avoidance:

z1,2 = yv,ref − yv; |z1,2| → min! (4.3)

Performance z1,2 is directly guaranteed by driver of the vehicle, thus the goal of
control system is to assist the driver to perform it. Since both of z1,1 and z1,2
performances are related to trajectory tracking of the vehicle, they are arranged
into one performance vector:

z1 = [z1,1; z1,2]
T = [ψ̇ref − ψ̇; yv,ref − yv]

T (4.4)

The interconnection between z1,1 and z1,2 are detailed in chapter 5.
The design of the active steering control Kst, in which the only performance is

the yaw rate tracking, is based on a robust control design method. The control input
of active steering is the front wheel steering angle δ, which is added to the steering
angle of the driver δd. In the design of the active brake control Kbr, similarly to the
previous case, the only performance is the yaw rate tracking.

In the control design of the variable-geometry suspension system other perfor-
mances - related to road stability - are also introduced. Trajectory tracking problem
can be solved by the variable-geometry suspension, but it is also used for other rea-
sons. The main role of the variable-geometry suspension control Ksusp is to minimize
the chassis roll angle and the half-track change and, in an emergency, reduce the
yaw rate error. In Section 3.5 the influence of variable-geometry suspension to roll
angle has been presented (3.16a). The aim is the minimization of roll arm ∆hM by
ay:

z2,1 = ∆hM = ξ2tz + ε2ay; |z2,1| → min! (4.5)

Besides, half-track change is an important economic parameter of suspension control,
as detailed in (3.17). The aim is the minimization of ∆B

z2,2 = ∆B = ξ2tz + ε3ay; |z2,2| → min! (4.6)

These performances are related only to the variable-geometry suspension, therefore
they are arranged into a common performance vector:

z2 = [z2,1; z2,2]
T = [∆hM ; ∆B]T (4.7)

Finally, the interventions of actuators are handled as performances of the system.
The actuator selection is influenced during the limitations of control inputs δc, Mbr:

z3,1 = δc; |z3,1| → min! (4.8a)
z3,2 =Mbr; |z3,2| → min! (4.8b)

The performances of actuator limitations are arranged into a common vector z3:

z3 = [z3,1; z3,2]
T = [δc; Mbr]

T (4.9)
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Note that the limitation of γ is handled by performance vector (4.7), therefore extra
performance equation is not necessary.

The formulated actuator selection weights (4.1) and performances z1, z2, z3 have
an important role in control design. The aim is to design the steering, differential
brake and the suspension controllers independently. The coordination between them
is based on the parameters ρst, ρbr, ρsusp. The design is performed by LPV method,
which is able to handle the parameter dependence of the controller. In the following
part of this Section the method of actuator controller design is presented.

4.1.2 Closed-loop structures of local controllers

In the design of the control system the advantages of the LPV methods are
exploited. These methods allow us to take into consideration the highly-nonlinear
effects in the state space description in such a way that the model structure is
nonlinear in the parameters, but linear in the states. The designed controller meets
robust stability and performance demands in the entire operational region, see [5,
65]. In the supervisory integrated control scheme each controlled subsystem has
its own LPV controller, and the scheduling variables of these LPV controllers are
selected by a supervisory logic. The control design is based on a weighting strategy,
which is formulated through a closed-loop interconnection structure. Because of
the differences in performances in the steering, the brake and the variable-geometry
suspension, the closed-loop structures are different. Each local controller contains
two scheduling variables: ρv = v and its own scaling parameter (ρst, ρbr, ρsusp).

First, the closed-loop interconnection structure of the steering and the differen-
tial brake actuators are presented [GNB12c], see Figure 4.1. The selection of input
and output weighting functions is typically based on the specifications of distur-
bances and the performances, their purpose are to guarantee the balance between
performances. The goal of weighting function Wp is to guarantee yaw-rate track-
ing z1,1 performance, see (4.2). It is selected as a second-order proportional form:
Wp = γp(ϵ2s

2 + ϵ1s+ 1)/(T1s
2 + T2s+ 1), where ϵ1, ϵ2, T1, T2 are design parameters.

The purpose of the weighting function Wn is to reflect sensor noises, it has been
also selected in a linear and proportional form. Since the model to be used in the
control design contains uncertain parameters (mass, inertia, cornering stiffness) and
dynamic effects that are neglected, a robust control must be designed. ∆ block con-
tains the uncertainties of the system, such as unmodelled dynamics and parameter
uncertainty. The magnitude of the neglected dynamics is handled by a weighting
Wu. The weighting is selected as Wu = γu(ϵus + 1)/(Tu + 1). ∆ represents the
unmodelled dynamics of the system (e.g. tyre elasticity, chassis stiffness). The role
of Wact,i is to guarantee the desired actuation of controlled systems. It differs at the
local LPV control design of the steering (Wact,i = Wact,δ, see (4.1a)) and the brake
(Wact,i = Wact,br, see (4.1b)). At this point of control design the analysis of actua-
tors and their selections and intervention are matched during parameter dependent
weighting functions. Since (4.1) weighting functions are built into the performance
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Fig. 4.1: Closed-loop structure of the steering and brake control design

of the actuators, ρst, ρbr and ρsusp are selected as scheduling variables of the con-
trolled systems in the LPV design. In the following it is assumed that ρ weights
have been designed, and they are used by the supervisor logic of the system. uext
represents the external control signals, which are not computed by the actual local
controller. Wext weight is related to uext for the scaling of external input signals.
In case of steering uext = [Mbr; γ]

T and Wext = diag(Mbr,max; γmax), while in brak-
ing uext = [δ; γ]T and Wext = diag(δmax; γmax). The measured signal y for each
controller is yaw-rate ψ̇ of the vehicle.

Second, the closed-loop structure for local control design of variable-geometry
suspension is proposed [NG12c], see Figure 4.2. Variable-geometry suspension must
guarantee several performances, as detailed in Subsection 4.1.1. The weights (4.1c)...
(4.1e) are related to the performances (4.2) and (4.7), and they have been applied in
the closed-loop structure. In case of suspension the external control signals contains
uext = [δ; Mbr]

T , and Wext = diag(δmax;Mbr,max). The input signals of controller
are yaw-rate error and roll center height error.

4.1.3 LPV design of local controllers

In the design of local controllers LPV methods are used. In case of LPV control
the resulting closed-loop system is quadratically stable and the induced L2 norm
from w to z is less than γ̄. The existence of a controller that solves the quadratic
LPV γ̄-performance problem can be expressed as the feasibility of a set of Linear
Matrix Inequalities (LMIs), which can be solved numerically. The constraints set
by the LMIs are not finite. The infiniteness of the constraints is relieved by a finite,
sufficiently fine grid. To specify the grid of the performance weights for the LPV
design the scheduling variables are defined through lookup-tables. Gridding reflects
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Fig. 4.2: Closed-loop structure of the suspension control design

the qualitative changes in the performance weights, i.e., the scheduling variables ρ.
If the rate bound on ρ is assumed a less conservative result for the class of systems
is yielded. Stability and performance are guaranteed by the design procedure, see
[65, 85, 93].

The control design is based on the LPV method that uses parameter-dependent
Lyapunov functions, see [5, 93]. The quadratic LPV performance problem is to
choose the parameter-varying controllerK(ρ) in such a way that the resulting closed-
loop system is quadratically stable and the induced L2 norm from the disturbance
and the performances is less than the value γ̄. The minimization task is the following:

inf
K

sup
ϱ∈FP

sup
∥∆∥∞<1

sup
∥w∥2 ̸=0,w∈L2

∥z∥2
∥w∥2

. (4.10)

where w is the disturbance and ∆ represents the unmodelled dynamics. The exis-
tence of a controller that solves the quadratic LPV γ̄-performance problem can be
expressed as the feasibility of a set of Linear Matrix Inequalities (LMIs), which can
be solved numerically. Finally, the state space representation of the LPV control
K(ρ) is constructed, see [65, 93]. When the controller has been synthesized, the
relation between the state and the variable ρ = σ(x) is used such that a nonlinear
controller is obtained.

In the parameter-dependent Lyapunov functions the controller depends explicitly
on ρ̇. Thus, in order to construct a parameter-dependent controller, both ρ and ρ̇
must be measured or available. When ρ̇ is not measured in practice, a suitable
extrapolation algorithm must be used to achieve an estimation of the parameter
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ρ̇. Balas et al. proposed a possible method to perform a ρ-dependent change of
variables to remove ρ̇ dependence, see [65]. In case of the steering, differential brake
and suspension actuators the ρst, ρbr, ρsusp signals are available from the supervisory
control logic, while velocity ρv = v is measured.

In Figure 4.3 a simulation example is shown to illustrate the efficiency of the
scheduling variable modification. Two scenarios are compared: the variation of ρst
and ρbr. The solid line in Figure 4.3(a) shows the reference values of the lateral
position of the vehicle, while the dashed line illustrates the achieved values. The
scheduling variables ρst and ρbr are set in advance in three cases. When ρbr = 1, ρst =
0 the maneuver is performed by using only the differential brake, see the front
steering angle and the brake yaw-moment in Figure 4.3(b). When ρbr is reduced,
then steering angle δc increases and brake yaw-moment Mbr decreases. For example
when ρbr = ρst = 0.5 there is an interaction between steer and brake, see Figure
4.3(c). When ρbr = 0 and ρst = 1 the maneuver is performed by using only steering,
see Figure 4.3(d). The achieved values of the lateral positions show that all of the
control systems guarantee acceptable accuracy.
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(b) Control inputs (ρbr = 1, ρst = 0)
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(c) Controls (ρbr = ρst = 0.5)
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Fig. 4.3: Effect of scheduling variables to actuator intervention
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4.2 Analysis of stability and performances of the entire system

The stability of the individual LPV controllers is guaranteed by the design
method. When several controllers are used simultaneously it is necessary to guaran-
tee the stability of the global closed-loop system. Since each LPV controller contains
one scheduling variable, the global system uses three additional scheduling variables
[ρbr, ρst, ρsusp]. This section focuses on the stability and the performances of the
entire system. In order to provide a formal verification of the achieved control per-
formance on a global level, the problem must be formulated globally. Only on this
extended level are the performance variables which are relevant for the whole vehicle
available. Once the local controllers have been designed, however, it is possible to
perform an analysis step in the same robust control framework on a global level
[GNB12a, GNB12b].

The architecture of the controlled supervisory system is shown in Figure 4.4.
The global control system contains all of the controllers. Consider that the convex
polytopic set depends on the scheduling variables. A common Lyapunov function
for the polytopic set of closed-loop systems must exist. The open-loop LPV system
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Fig. 4.4: Architecture of the supervisory system

considered for H∞ control synthesis has the following state space representation
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form:

ẋp = A(ρ)xp +B1(ρ)w +
∑

B2i(ρ)ui (4.11a)

z = C1(ρ)xp +D11(ρ)w +
∑

D12iui (4.11b)

y = C2(ρ)xp +D21w (4.11c)

where the control signal u is generated by the controllers and some of the matrices
depend affinely on the vector ρ with the scheduling variables. xp represents the
states of the entire open-loop system. The ith controller is considered in LPV form:

ẋi = Aci(ρ)xi +Bci(ρ)yi (4.12a)
ui = Cci(ρ)xi +Dci(ρ)yi (4.12b)

where yi = C2ix. Then the closed-loop LPV system in the state space
x =

[
xp x1 x2 x3

]T can be obtained in the following form:

ẋ = Acl(ρ)x+Bcl(ρ)w (4.13a)
z = Ccl(ρ)x+Dclw (4.13b)

where

[
Acl Bcl

Ccl Dcl

]
=


A+

∑
B2iDciC2i B21Cc1 B22Cc2 B23Cc3 B1

Bc1C21 Ac1 0 0
Bc2C22 0 Ac2 0 0
Bc3C23 0 0 Ac3 0

C1 +
∑
D12iDciC2i D121Cc1 D122Cc2 D123Cc3 D11

 (4.14)

Using these forms the stability and performances for LPV systems can be anal-
ysed. An affinely parametrized Lyapunov function is considered in [25, 96].

Theorem 1: [96] The closed-loop LPV system is exponentially and asymptotically
stable and with its L2-gain less than γ, if there exists an X(ρ) > 0 satisfying the
following linear matrix inequality for all ρ :ATclX +XAcl + d/dt(X) XBcl γ−1CT

cl

BT
clX −I γ−1DT

cl

γ−1Ccl γ−1Dcl −I

 < 0 (4.15)

If a solution exists, xTX(ρ)x is a parameter-dependent Lyapunov function for the
closed-loop system for all ρ. The proof is found in [96].

Note that other methods for stability and performances have also been proposed,
see e.g., [93].

The relationship between the supervisor and the local controllers guarantee
that the system meets the specified performances. Applying parameter-dependent
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weighting functions balance, coordination and priorities between different controllers
are achieved. In different critical cases related to extreme maneuvers or performance
degradations/faults in sensors or actuators the controllers reconfigure their opera-
tions. However, situations in which different critical performances must be achieved
simultaneously may occur. These difficult situations are necessary to examine in
different time domain scenarios using a simulation software.

For example in a high-speed cornering maneuver the risk of a rollover increases
significantly. The performances are in contradiction: deviating from the lane might
cause the vehicle to run off the road while increasing roll dynamics might lead to
rollover. This maneuver requires an intensive cooperation between the steering and
the brake control systems. The supervisor sends critical signals to the controllers
and consequently these control systems are activated. However, in order to reduce
the rollover risk the yaw signals are modified and consequently, the deviation from
the predefined path may increase. In contrast reducing the deviation from the path
might increase the rollover risk. Since both interventions are critical the supervisor
is not able to resolve the problem entirely, thus the performances are handled by
the actuators with performance degradation, [30].

4.2.1 Simulation example on actuator selection strategy based control

In this section the operation of the supervisory integrated system is illustrated
through simulation examples [GNB12a]. The vehicle is driven along a section of
Waterford Michigan Race Track, which is shown in Figure 4.5(a). Two scenarios
with different velocities are shown. In each case the velocity also varies, see Figure
4.5(b). The road trajectory contains several difficult and sharp bends. The driver
without an assistance system is not able to follow the track, leaves the lane and
the lateral error increases significantly as Figure 4.5(c) shows. At the same time,
however, the supervisory integrated control significantly reduces the lateral error
and improves the road stability of the vehicle. In the first bend the lateral error of
the controlled vehicle is smaller at a higher velocity than that of the uncontrolled
vehicle at a smaller velocity. It is the result of the minimization of the yaw rate
error, see Figure 4.5(d). Time responses of the vehicle are shown in Figure 4.6.

The minimization of the yaw rate signal is achieved by integrating the control
systems. Active front wheel steering angles δ in the case of the two different velocities
are shown in Figure 4.6(a). Without DAS the driver needs to turn the steering wheel
in the entire steering range, which is uncomfortable and dangerous. In controlled
case the driver turns the steering wheel to a smaller degree and relatively smoothly.
Consequently, the integrated control system is able to improve road stability and
comfort simultaneously. The control moment of brake system and the actuation of
the suspension system are shown in Figure 4.6(b) and Figure 4.6(c). The suspension
control modifies the wheel camber angle as Figure 4.6(d) shows. The direction of
the camber angle is chosen according to the performance requirement and it results
in the change of the wheel position. In normal conditions the minimization of the
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Fig. 4.5: Vehicle course in the simulation example

half-track change is preferred, which is illustrated in Figure 4.6(f). When the roll
angle is in the focus, the height of the roll center is raised, which reduces the chassis
roll angle, see Figure 4.6(e).

The actuator selection is based on monitoring signals which are used as schedul-
ing variables. The selection variables of the steering and the brake controllers ρst
and ρbr are shown in Figure 4.7(a) and Figure 4.7(b). In the variable-geometry
suspension system the the reference signal href and the scheduling variable ρsusp
are used, see Figure 4.7(c) and Figure 4.7(d). When href is set higher the control
focuses on the roll angle, see Figure 4.6(g). When ρsusp is set 1, the control focuses
on the trajectory tracking. Using these variables the coordination of the actuators
and priority between them can be achieved.

4.3 Control strategy based on reachable sets

In the following a reconfiguration control strategy based on the reachable set
analysis (see Sections 2.4.2,2.4.3) is presented. In general conditions the operation
of the supervisory integrated control is determined by the variables ρst, ρbr, ρsusp
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Fig. 4.6: Time responses of the vehicle dynamics

according to their functions (see Figure 2.6 and Figure 3.10). However, in some
vehicle dynamic situations this coordination of actuators must be revised because
of actuation limits. The importance of the consideration of actuation limits us-
ing reachable sets has been proposed in Section 2.4.3. Steering and differential
brake controllers have similar influence on lateral dynamics, therefore they can be
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Fig. 4.7: Scheduling variables used in the operation

exchanged. However, the intervention limits of actuators result in different reacha-
bilities and capabilities.

The main guaranteeing performance of steering and differential brake actuators
is yaw-rate tracking, as formulated in Section 4.1.1. In this performance the aim is
to reach a reference yaw-rate ψ̇ref . The simulation results of Section 2.4.3 illustrate
that there are states in the state space which cannot be achieved by an actuator.
However, these states may be reachable by another actuator of the vehicle. This
is the basis of the reconfiguration of the control structure, in which the aim is to
guarantee acceptable yaw-rate tracking during the journey [NG13a].

Figure 4.8 illustrates the reconfiguration strategy. The initial state vector of the
system is x0 and the reference state vector is xref = [ψ̇ref , βref ]

T , where ψ̇ref is
calculated by using a driver model (see chapter 5) and βref is a parameter, which
depends on vehicle dynamics and road conditions. It is assumed that actuator λ1
provides a reachable set R1, which is illustrated by the solid blue ellipsoid. Since
xref is outside from the reachable set of actuator λ1, it is not achievable. However,
actuator λ2 is able to achieve xref , which is illustrated by the solid red ellipsoid R2.
Thus, in order to achieve xref the reconfiguration from actuator λ1 to actuator λ2
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Fig. 4.8: Reconfiguration strategy

must be solved. Weights ρ1 and ρ2 are introduced for the selection of actuators λ1
and λ2, respectively, with the following constrains 0 ≤ ρ1, ρ2 ≤ 1.

There are two other ellipsoids in Figure 4.8: the dashed blue ellipsoid R1d is
related to actuator λ1 and dashed red ellipsoid R2d is related to actuator λ2. These
ellipsoids are chosen to the borders of reachable sets as close as possible.

Generally, the reconfiguration strategy is the following:

• If (x0 & xref ) ∈ Ri, the reachable set of actuator λi contains both the initial
and reference states. Thus, xref can be achieved by the actuator λi without
actuator reconfiguration. The actuator weights are selected ρi = 1 and ρj = 0.

• If x0 ∈ Ri and xref ∈ Rj, the reachable set of actuator λi is not able to
achieve xref . Since actuator λj is able to achieve xref a reconfiguration between
actuators is needed. The abrupt activation of actuators may results in large
transients, which may degrade the performance properties of the vehicle. The
state trajectory of the system is illustrated by the the green line in Figure 4.8.
In terms of the state x1 the trajectory achieves the border of R1d, therefore
actuation of λ1 must be reduced and actuation of λ2 must be increased. In
state x2, which is at the border of R1 the operation of λ1 is stopped and only
actuator λ2 works since R2 contains xref . In this way the abrupt activation of
actuators should be avoided. The transition between λ1 and λ2 in a given xk
is defined by the following weights

ρ1 =
|xk,2| − |xk|
|xk,2| − |xk,1|

(4.16a)

ρ2 = 1− ρ1 (4.16b)



74 4. Design of reconfigurable integrated vehicle control

where xk,1 and xk,2 are determined by the actual state xk. Note that since
the value x2 is unknown when the actual state is xk, an estimation of xk,2 is
needed, see Figure 4.9. The estimation can be solved by using an observer.

bb x1xk
b
x2 β

ψ̇

b
xk,2

b xk,1

R1d

R1

Fig. 4.9: Illustration of the actuator reconfiguration

• If xref ̸∈ (Ri∪Rj), the available actuators are not able to achieve the reference
state. In this case the previous reference signal ψ̇ref must be followed until the
reference state is within the reachable sets.

The reconfiguration strategy is illustrated based on the reachable sets. The
reconfiguration is provided by weighting parameters ρst and ρbr:

Kst = Kst(ρst) (4.17a)
Kbr = Kbr(ρbr) (4.17b)

The weighting parameters are determined by the proposed reconfiguration strategy.
The strategy requires look-up tables, which contains the results of the analysis of
steering and braking reachable sets. During the journey the actuator selection re-
quires four signals: they are the side-slip angle β, adhesion coefficient µ, yaw-rate
ψ̇ and velocity v in order to select the actual reachable set from the table. In prac-
tice, v and ψ̇ are measured signals, µ is estimated by the algorithm [37], while β
must be estimated on-line by using an observer. The application of reachable sets
in the reconfiguration technique requires the knowledge of the actual state variables
x =

[
ψ̇ β

]T
. The signals ψ̇ and β can be estimated by designing and applying

an observer. Therefore this observer must be applied in the reconfiguration control
system.
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4.3.1 Simulation example on reachable set based reconfiguration

The applicability of the reachable set is illustrated based on the operation of
a supervisory control through a simulation example. The maneuvers of the driver
along a course is assisted by the integrated control, which uses both steering angle
and differential brake moment in this example. It is assumed that road frictions and
velocities change along the route.

Figure 4.10(a) shows the course of the vehicle, while Figure 4.10(b) and Figure
4.10(c) show the changes of the velocity and the adhesion coefficient, respectively.
The bends in the course are hazardous from the aspect of lane departure. The
actuator selection weights ρst and ρbr are shown in Figure 4.10(d). The steering
system is activated mainly on the first and last sections of the road, while on the
middle sections the differential braking is dominant. This actuator selection is based
on the velocity, the adhesion coefficient and the reachable sets. Figure 2.4 shows that
using the steering system at high µ it is possible to achieve an increased state space
compared to the reachable set of the brake system. In the first and last sections of
the road the tyre-road adhesion is high, while at the middle sections low. In section
at low µ the brake system has higher reachable set, therefore on the middle sections
the brake is preferred.

The results of the control system is compared to the car without a DAS. Both
the yaw-rate error and the lateral error of the uncontrolled vehicle are extremely
high, see Figure 4.10(e) and Figure 4.10(f). In this case the vehicle leaves the road.
In these figures the time responses of the control system are also shown. The control
system is able to guarantee lane departure avoidance, since both the yaw-rate error
and the lateral error are acceptable. Figure 4.10(g) and Figure 4.10(h) show both
the steering angle and the differential brake moment of the control system.

4.4 Fault tolerant reconfiguration of the control system

In the followings an extension of the supervisory integrated control is presented.
The steering, the differential brake and the variable-geometry suspension actuators
have similar effects on lateral dynamics, therefore some of them can be replaced by
another actuator. In this section the previously proposed supervisory strategy is
extended with a fault-tolerant reconfiguration logic.

The architecture of the controlled supervisory system is shown in Figure 4.11.
In the fault-tolerant scheme fault detection and isolation filters (FDIs) for actuators
are assumed to be used. In this thesis three kind of actuator faults are considered:
the faults of the steering control system, braking circuits and variable-geometry
suspension hydraulic actuator. There may be various fault scenarios, e.g the leakage
of the hydraulic systems in braking or steering servo, or the steering mechanism
becomes jammed. The different change in the operation of an actuator makes it
possible to realize the detection of fault. The filters are able to detect different
types of faults in the operation of the actuators. An H∞ method to design a fault
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Fig. 4.10: Time responses of vehicle maneuvers
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detection and isolation LPV filter was presented by [4, 19, 86].
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Fig. 4.11: Architecture of control system

Three actuators are operated in cooperation in order to provide a reconfigurable
fault-tolerant control system. In case of a detected fault either the brake yaw mo-
ment Mbr or the front wheel steering δ can be changed, which have similar dynamic
effects. At the fault of wheel camber angle γ the yaw-rate tracking effect can be
replaced by the steering and the brake. The idea of the consideration of fault infor-
mation is the followings [NGB+12, NGS+12].

The monitoring signal κi is introduced. It represents the fault information of
a local control system (0 ≤ κi ≤ 1). It is assumed that performance degradation
occurs in the operation of a local system. When an FDI filter has detected this fault,
it sets the variable κi > 0. This information is transmitted to the reconfiguration
supervisory logic, and the original scaling parameter ρi is masked:

ρi,new = κi · ρi (4.18)

When a fault or performance degradation occurs in the operation of the steering
system, all the lateral control tasks must be realized by using the brake yaw moment
Mbr and variable-geometry camber angle γ. The actuation of steering system is not
permitted in this case, thus the weight of steering is masked (ρst,new = 0):

κst = 0 (4.19)
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When a fault occurs in the operation of a brake circuit the actuated brake yaw-
moment is reduced. Moreover, the reduction of the brake yaw-moment is asym-
metric. For example, in case of the fault of a brake circuit on the left-hand side of
the vehicle, the generated positive brake yaw-moment is reduced, or it is zero. In
this case steering is activated to substitute for the actuation of braking and provide
trajectory tracking. However, the negative Mbr can be realized by the healthy right
brake circuits. Consequently, the weight of braking ρbr depends on the sign of the
desired Mbr. In the case of a left-hand-side brake circuit fault, positive Mbr is not al-
lowed, therefore ρbr = 0. However, if Mbr < 0 then ρbr > 0. The actual modification
of ρbr is based on κbr design parameter:

ρbr,new = κbr,j · ρbr (4.20)

where κbr,j; j ∈ [left; right] is selected according to Figure 4.12.

κbr,left κbr,right

κbr,j

Mbr0κ
−

κ+

1

Fig. 4.12: Weighting functions at brake faults

When a fault occurs in the operation of variable-geometry suspension, the lateral
control task of this actuator can be replaced. The steering and the brake systems
are able to guarantee partly the performances of the variable geometry suspension
system. In case of a fault both ρst and href are set to the default values (see Section
3.7):

κsusp = 0 → ρsusp,new = 0 (4.21a)
href,new = hM (4.21b)

It results that the reference of the roll center height href is also masked.

4.4.1 Simulation examples on reconfigurable control

In this section the operation of the control system is illustrated through simula-
tion examples. The vehicle is traveling along a predefined road, while the integrated
control system supports the driver to guarantee trajectory tracking. During the sim-
ulations different faults occur and these faulty cases are compared with a healthy
simulation. A typical E-Class automobile is applied in the simulation. The mass
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Fig. 4.13: Trajectories of vehicles

of the 6-gear car is 2023 kg, its engine power is 300 kW (402 hp). The width of
the track is 1605 mm and the wheel-base is 3165 mm. In the simulation examples
the vehicle is traveling along a section of Waterford Michigan Race Track, which
is shown in Figure 4.13(a). The velocity of the vehicle changes along its route as
Figure 4.13(b) shows.

In the first simulation a steering fault occurs in the controlled system. Note that
the DAS is not able to modify front wheel steering angle, but the driver can steer the
front wheels. The control system actuates only brake yaw-moment Mbr. Figure 4.14
shows the faulty simulation case compared with a healthy one. The lateral error of
the system and the yaw-rate tracking are illustrated in Figure 4.14(a) and Figure
4.14(b). The integrated control system can tolerate a steering fault, the lateral error
and the yaw-rate of faulty simulation results are close to the healthy cases. The
largest difference is at the last bend. In this bend the longitudinal slip of the wheels
reach −1, while in the fault-free case it can be reduced using the actuation of the
front wheel steering. The reason for the skidding is the increased brake pressures,
compared to the fault-free case, see Figure 4.14(e) and Figure 4.14(f). In Figure
4.14(c) and Figure 4.14(d) the steering and braking actuations of the controller
are shown. If a fault occurs in the steering the actuation of Mbr and the brake
pressures are increased. Figures 4.14(g) and Figures 4.14(h) illustrate the change in
the weighting ρ of controllers. In the case of a steering fault the weight of steering
ρst is equal to zero, while the weight of braking is influenced by skidding.

In the second simulation example one of the rear brake circuits fails. In Figure
4.15(a) the effect of brake faults is shown. In the first bend the vehicle turns right,
which means that the rear right-hand-side wheel brake is actuated to perform the
maneuver. Therefore rear right-hand-side brake circuit fault increases the lateral
error. In the case of bends to the left the fault of the rear left-hand-side wheel
circuit increases the lateral error. Figure 4.15(b) illustrates the steering wheel angle,
which is actuated by the driver. It can be seen that the fault in the brake system
necessitates faster and more intensive intervention by the driver. A deterioration
of the braking effect induces an increase in the front wheel steering to perform
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(e) Brake pressures (fault)
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(f) Brake pressures (fault-free)
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Fig. 4.14: Steering fault compared to the fault-free integrated control
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the maneuver, see Figure 4.15(c). If a fault occurs in the brake the actuated Mbr

moment has a limitation, as shown in section 4.4. In the case of a left-hand-side
brake circuit fault the vehicle is not turned anti clockwise, therefore positive Mbr is
not allowed and vice versa. The actuated brake-yaw moments can be seen in Figure
4.15(d). Figures 4.15(e) and 4.15(f) show the actuated brake pressures, which prove
the limitation of the brake-yaw moment.
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(e) Brake pressures (fault in the left
brake circuit)
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Fig. 4.15: Comparison of a fault in the left-hand-side brake circuit with a fault in the
right-hand-side brake circuit

In the third simulation example all of the rear brake circuits have leakage. This
situation is compared to a fault-free case and an uncontrolled situation. Figure
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4.16(a) shows the lateral errors of the vehicle in the three cases. The lateral error
of the vehicle increases because of faults and the faulty controlled system tracks the
trajectory more accurately than the uncontrolled vehicle. Front wheel steering angle
are illustrated in Figures 4.16(c). The fault of the brake-yaw moment affects the
increased actuation of the front wheel steering.
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Fig. 4.16: Comparison of the faults in the rear brake circuits with the fault-free integrated
control

In the fourth simulation example the reconfiguration of the control system during
a variable-geometry suspension fault is presented. The fault of the suspension (e.g.
the sticking of the hydraulic cylinder) affects the mask of suspension actuation γ ≡
0. Thus, the control task is solved by steering and braking systems. In Figure
4.17(a),(b) the yaw-rate error and the lateral errors of uncontrolled, faulty and
fault-free scenarios are illustrated. The errors are reduced effectively by the control
system, while the effect of the actuator fault is not significant. The prevention
of lane departure is also guaranteed in the event of a suspension fault, which is
important in terms of reliability. The reduction of wheel camber actuation (Figure
4.17(c)) is recovered by the increased intervention of Mbr (Figure 4.17(d)) and δc
(Figure 4.17(e)). The driver’s steering wheel angle is also increased slightly when
a suspension fault occurs, see Figure 4.17(f). The reconfiguration of actuators is
realized by the scheduling variables ρsusp, ρst, ρbr, as illustrated in Figure 4.17(g),(h).
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(b) Yaw-rate error of vehicle
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(c) Wheel camber angle γ
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(d) Braking torque Mbr
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(e) Steering control angle δc
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(f) Driver steering wheel angle δd
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Fig. 4.17: Suspension fault compared to the fault-free integrated control
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Contribution of the chapter

A decentralized integrated control method has been developed in which the steer-
ing, the brake and the variable-geometry suspension system operate in cooperation
(Section 4.1). In the design of local controllers the performance specifications and
priorities are formed in a parameter-dependent way and designed by LPV methods.
The quadratic stability of the integrated system is guaranteed by the existence of the
common Lyapunov function (Section 4.2). The design method of the reconfigurable
integrated system has also been developed (Section 4.3). With this reconfiguration
method the effects of fault scenarios can be handled if performance degradation and
fault information have been built into the control design (Section 4.4).



5. CONCEPTION OF INTEGRATED CONTROL IN DRIVER
ASSISTANCE SYSTEMS

The supervisory integrated control system has been presented in the previous
chapter. The control system is able to coordinate the steering, the brake and the
variable-geometry suspension systems using a supervisory reconfiguration strategy.
Performances of the entire controlled system are formulated and the local controllers
are designed. The aim of the integrated control system is to assist the driver in
improving the stability and the trajectory tracking of the vehicle. Since the driver
has an important role in vehicle control, it is necessary to consider the human factor.
In this section the consideration of the human driver in the control design is detailed.

5.1 Architecture of the supervisory integrated Driver Assistance
System

In the first section of this chapter the location of driver in the control system ar-
chitecture is illustrated. The entire control system contains several controllers, such
as the brake, the steering and the suspension system. Although the controllers are
designed independently (see section 4.1), they must assist for the driver to perform
various driving maneuvers. The architecture of the supervisory integrated control
system with incorporated driver is illustrated in Figure 5.1 [GNB12a]. The system
architecture contains a model of human driver, which generates the steering angle
of the driver δd by using the difference between the lateral position of the vehicle
yv and the reference lateral position yref is minimized by the driver. Minimization
of lateral error is the most important role of driver, as formulated in performance
z1,2, see (4.3) in section 4.1. Several signal generator (SG) blocks are also built in
the scheme. One of them calculates the reference yaw rate ψ̇ref based on the driver
steering angle, and another one calculates the error of the chassis roll height ehM .
These signals are used in the steering, the brake and the suspension controllers,
which generate the control signals, i.e., δc,Mbr, ay.

In the control architecture the supervisor has information about the current op-
erational mode of the vehicle, i.e., the various vehicle maneuvers or the different fault
operations gathered from monitoring components and fault-detection and identifi-
cation (FDI) filters. It uses the yaw rate error to improve trajectory tracking, and
it also uses velocity, front wheel steering angle and longitudinal slips of tyres to
determine the scheduling variables ρbr, ρst, ρsusp.
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Fig. 5.1: Architecture of the integrated vehicle control

5.2 Control-oriented modeling of human driver behaviour

In the specifications of the performance criteria the driver behaviour must be
taken into consideration through various driver models. In the following a brief sur-
vey is given before the driver model used for control-oriented purposes is presented.

[45] developed a hybrid driver model, in which the discrete event system theory
is combined with the classical control theory. In the driver model visual perception
is divided into two classes, i.e., the traffic-relevant and the vehicle-relevant factors.
The model handles both the lateral and longitudinal motions of the vehicle. Based
on the physical limitations, the prediction and adaptation capabilities of drivers [55]
set up driver models both in longitudinal and lateral directions. A method for the
detection of driver lane changes is developed by [73]. The driver behaviour in the
context of the intelligent transportation system was analyzed by [13, 16]. Multiple
driver models were constructed for the DAS by [24]. Based on the inverse of the
bicycle model and the proposed voting and switching rule the necessary steering
operation is calculated. Neural network model, fuzzy logic and genetic algorithm
approaches of the driver models are also widely used, see e.g., [43].

A detailed analysis of a mathematical model for the driver steering control was
formulated in [78]. The driver model was linked to a non-linear vehicle dynamics
model so that the vehicle follows a prescribed path. In the approach the longitudinal
and lateral position of the center of gravity of vehicle, the vehicle yaw angle and the
vehicle longitudinal velocity are taken into consideration. Various control scenarios
were analyzed, such as steering control, speed control and path following control.
A driver model of the steering control operating in the closed-loop system was con-



5.2. Control-oriented modeling of human driver behaviour 87

structed by [38]. The driver model is divided into high and low-frequency compen-
sation elements. The high-frequency compensation refers to frequencies around the
crossover frequency of the overall system.

[57] constructed a two-level driver model for steering control. The goal of the
anticipatory part, which is based on the lateral dynamics, is to generate the refer-
ence curvature of the road and the preview position. The compensatory part, which
is based on a set of PID controllers, corrects both the yaw angle and the lateral dis-
placement. The selection of the appropriate PID controller is based on a switching
mechanism. On the basis of the two-level approach the driver’s steering model was
extended to higher lateral accelerations by [18]. [89] focused on an adaptive lateral
preview driver model. Although the template of the driver model has only a few
parameters they are adjusted such a way that it tends to the steering actions of
an average human driver as well as drivers with different driving styles. Different
methods were proposed for a preview driver model, in which the future path infor-
mation is directly concerned in the space-horizon model, see e.g., [40]. [8] developed
a race driver model, in which the focus is the trajectory planning, since the goal of
the race car driver is to obtain the lowest lap time. Thus, either the length of the
course must be minimized or the speed of the car must be maximized.

A framework of controlling a system with multiple interactive control loops in-
cluding a continuously activated primary loop and discretely activated secondary
loops was proposed by [54]. The primary loop includes the driver while the sec-
ondary loops include electronic devices.

5.2.1 Driver model for control design purposes

In the thesis a driver model is applied to control-oriented purposes. Since the
driver operates in a closed-loop system together with the active components such
as the active steering and the brake, the design of the DAS requires the model of
the driver. The model should be selected in such a way that the accuracy of the
combined driver/vehicle model will be acceptable and the model can be easily used
in the control design. The control-oriented driver model was selected as a work of
[38].

The input of the driver model is the difference between the lateral position of
the vehicle realized by the driver yv and the reference lateral position of the road
yv,ref :

ey = yv,ref − yv. (5.1)

The output is the steering wheel angle of the driver δd.
The driver model has been divided into high and low frequency compensation

elements as Figure 5.2 illustrates. The high-frequency driver compensation describes
a decade range around the crossover frequency of the overall driver/vehicle open-
loop return ratio. It is defined by three components with loops. The driver model
GNM is a second order transfer function of the neuromuscular system of the driver’s
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Fig. 5.2: Driver model for control design purposes

arms: GNM = KN/(TN1s
2 + TN2s + 1), where TN1, TN2 are time constants. GP1

and GP2 represent feedback of variables derived from the motion of human limbs
and muscle tissue. Their forms are GP1 = K1s/(T1s+ 1) and GP2 = K2/(T2s+ 1).
The low-frequency driver compensation is defined by two components with a delay.
Inherent human signal processing delay is represented by a time delay GL. The
time delay is approximated with a first order transfer function: GL = 1/(TLs + 1).
The low frequency compensation of the driver model is represented by GC , which
is formulated as GC = KC(TCs+ 1). The driver model between the lateral error ey
and the steering output δd is formulated as:

Gd = (I +GNMGP2GP1 +GNMGP1)
−1GNMGLGC (5.2)

In this formulation the degree of numerator is 3, while degree of denominator is 5,
therefore in state space representation the state vector of driver model is:

xdr =
[
xdr,1 xdr,2 xdr,3 xdr,4 xdr,5

]T (5.3)

Another crucial point of driver model is the computation os reference yaw-rate
signal from driver inputs. While the driver model requires the guarantee of lateral
error minimization performance z1,2 (4.3), the control systems improves performance
z1,1 (4.2). Thus, it is necessary to find the relationship between ψ̇ref and yv,ref . The
desired yaw-rate, which is the reference signal of the system, can be computed by
using the following first order reference system [81, 70], which is represented by a
transfer function from steering angle δd to reference yaw-rate signal ψ̇ref :

Gref (s) =
v

l1 + l2 +
η
g
v2

1

τs+ 1
(5.4)

where η is an understeer gradient [64], g is acceleration of gravity. τ can be computed
as:

τ =
Jv

l1C1(l1 + l2)
(
1 + η

g(l1+l2)
v2
) (5.5)

The side-slip angles of the tyres influence the actual yaw rate, which differs from
the reference yaw rate. Thus, the cornering maneuver may lead to understeering
or oversteering. In the state space representation Gref results in one state variable
xSG.
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5.2.2 Steering performance of the human driver

The incorporation of the driver model allows the consideration of the possibility
of human intervention. In subsection 1.2 the advantages of the integrated control
have been proposed by a simulation example (Figure 1.2...1.4) [GNB12b]. It has been
shown, that neither the steering, nor the braking is able to prevent lane departure
individually because the lateral error increases, see Figure 5.3(a). However, there is
another criterion for DAS, such as the effects of actuator interventions by the driver,
see Figure 5.3(b).

When a steering system is used only, the driver needs to turn the steering wheel
in the entire steering range, which is uncomfortable and dangerous. When a brake
system is used only, the driver turns the steering wheel relatively smoothly. In
the supervisory integrated control case the driver must increase the steering angle
slightly compared to pure braking. This simulation example illustrates that the
control strategy has an important effect on driver intervention. The driver in the
closed-loop structure has a similar role to that of the control elements, see Figure
5.1, and the driver steering wheel angle δd is influenced during the lateral position yv
by δc, Mbr and γ. In this subsection the relationship between the design of integrated
control and human steering performance is presented.
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Fig. 5.3: Driver interventions at different control strategies

The driver steering wheel angle has two aspects, which must be influenced by
control design [NGB13].

• The amplitude of δd: during a vehicle maneuver the steering wheel must be
rotated by the driver. Generally the steering wheel is rotated with two hands,
which means that driver must change the grip on the steering wheel. It can
be hard for the human driver if the grip is changed too frequently . Therefore
the goal is to limit the amplitude of δd to reduce the number of grip changes:

z4,1 = δd; |z4,1| → min! (5.6)
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• The frequency of δd: besides the amplitude of the steering wheel angle, the
speed of rotation is also important. The frequency of steering wheel angle
rotation is limited and the high frequency of δd is tiring for a human driver.
Therefore the following performance criterion is formulated:

z4,2 = δ̇d; |z4,2| → min! (5.7)

z4,1 and z4,2 performances are included in the weighting strategy of the closed-loop
interconnection structure scheme, see subsection 4.1.2. The performances of the
system are considered using different weights W . The weights W are formulated as
transfer functions, thus the amplitude and frequency limitations are included by the
following performance weight:

Wdr = δd,max
(ϵdr,1s+ 1)(ϵdr,2s+ 1)2

(Tdr,1s+ 1)(Tdr,2s+ 1)2
(5.8)

where δd,max is the maximum permitted driver steering wheel angle. The role of this
part is to guarantee the limitation of δd according to performance z4,1. ϵdr,1, ϵdr,2
Tdr,1 and Tdr,2 are design parameters, which have role in the limitation of the steering
wheel angle frequency according to z4,2, see Figure 5.4. Thus, in the formulation
of (5.8) both driver performances are incorporated. In the following control design
scheme it is sufficient to consider the following performance instead of (5.6) and
(5.7):

z4 = L(δd(t)) ·Wdr(s); |z4| → min! (5.9)

In Figure 5.4 the Bode magnitude plot of Wdr is illustrated. The region of
δd operation is limited and it has low frequency and high frequency ranges. In
the low frequency ranges the limitation of δd guarantees a maximum acceptable
value. However, in high frequency ranges the actuation must be limited to avoid the
actuation with high steering wheel rotational speed. thus Wdr is limited out of the
operation region.
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Magnitude (dB)

20log|Wdr|

operation range of human steering
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Tdr,1 Tdr,2ǫdr,2

20log|δd,max|

Fig. 5.4: Weighting of δd
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5.3 Driver model in the closed-loop system

The lateral displacement from the reference lateral position has a significant role
for the driver. An aim of the driver is to minimize the lateral error to avoid lane
departure. The lateral position of the vehicle (2.1c) is formulated in the lateral
dynamical vehicle model (2.1), see Figure 2.1:

ÿv = v
(
ψ̇ + β̇

)
(5.10)

In this model the steering angle is divided into two components: δ = δc + δd.
Primarily the driver generates the steering angle δd by using the steering wheel.
This angle δc is modified by the automatic control systems: the additional steering
angle and the variable-geometry suspension.

The previously formulated state space representation of the system x =
[
ψ̇ β

]T
is extended to compute the lateral position of the vehicle: x =

[
ψ̇ β ẏv yv

]T . In
this state space representation the yv output of the system is considered, which is the
input of driver model in Figure 5.1. The other signal yv,ref , which is the reference of
the system, is from the trajectory of the road. The reference of the road geometry
is defined by using a world coordinate system (Xgl and Ygl), in which the coordinate
system of the vehicle rotates together with the vehicle. The lateral position of
the vehicle is calculated in both coordinate systems, see yv and ygl in Figure 2.1.
Therefore, it is necessary to consider the rotation of vehicle in the calculation of the
reference road geometry:

yv,ref = −sin(ψ) xgl,ref + cos(ψ) ygl,ref (5.11)

where yv,ref is the lateral position of the reference road geometry in the coordinate
system of the vehicle, xgl,ref and ygl,ref are the longitudinal and lateral coordinates
of the reference road geometry in the world coordinate system.

In the design of supervisory integrated control the role of driver must be consid-
ered. The integrated control scheme contains three local subsystems (the steering,
the brake, the suspension), which reduce the error eψ̇ between the computed ψ̇ref

and the measured ψ̇ signals, see Figure 5.1. Besides, the driver can be considered
as a fourth controller of the entire system, whose dynamics must be formulated as
(5.2). The actuation of the driver model is the driver steering wheel angle δd, which
influences vehicle dynamics efficiently and ψ̇ref is determined using δd, see (5.4) and
(5.5). It means that driver actuation has an important role in the operation of the
closed-loop system, therefore driver model is recommended to be incorporated in
the control design [GN12, GNB12d].

The driver model is handled together with the vehicle model, as illustrated in
Figure 5.5. The plant of the control design methodology is extended with the driver
model and the reference yaw-rate computation block. Thus, the state space rep-
resentation of the entire system Gsys is matched using the following state space
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representations:

ẋveh = Avehxveh +Bveh,1

[
δc Mbr γ

]T
+Bveh,2

[
δd
]

yveh,1 = ψ̇ = Cveh,1xveh

yveh,2 = yv = Cveh,2xveh (5.12a)
ẋdr = Adrxdr +Bdr

[
yv,ref − yv

]
ydr = δd = Cdrxdr (5.12b)

ẋSG = ASGxSG +BSG

[
δd
]

ySG = ψ̇ref = CSGxSG (5.12c)

(5.12a) representation of the vehicle is based on the dynamic equations of the vehicle,
see (2.1) and (3.2). (5.12b) is formed according to (5.2) (5.4) and (5.5).

Vehicle

Kst(ρst)

Kbr(ρbr)

Driver

δc

Mbr

δd

yv

ψ̇

yv,ref

Gsys

ey

eψ

Reference

ψ̇ref

signal
generator

Ksusp(ρsusp)

γ

yv

Fig. 5.5: Architecture of the vehicle and driver system

According to the matching and rearrangement of the subequations of (5.12), the
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state space representation of the entire system is the following:

ẋgl =

ẋvehẋdr
ẋSG

 =

 Aveh Bveh,2Cdr 0
−BdrCveh,2 Adr 0

0 BSGCdr ASG

xvehxdr
xSG

+ (5.13a)

+

Bveh,1

0
0

 δc
Mbr

γ

+

 0
Bdr

0

 yv,ref (5.13b)

ygl = eψ̇ =
[
−Cveh,1 0 CSG

] xvehxdr
xSG

 (5.13c)

In this description the control input signals of the system are ugl =
[
δc Mbr γ

]T
and yv,ref is the reference, which must be tracked by the system. ygl is the output
of the combined vehicle and driver systems Gsys. It is also the input of the local
controllers.

5.3.1 Driver model in local control design

The consideration of the driver model modifies the design of local controllers,
which has been proposed in section 4.1.2. In that section the design of local con-
trollers is based on the vehicle model. However, the matching of the vehicle model,
the driver model and ψ̇ref signal generator modifies the original plant to the entire
plant Gsys (5.13). Therefore, the previously proposed closed-loop structure of the
LPV control design methodology (Figure 4.1,4.2) must be modified.

The new closed-loop structure, with the incorporated driver model is illustrated
in Figure 5.6 [GNB12d]. In this figure the closed-loop structure of the steering and
the brake controllers is shown. The modification of the variable-geometry suspension
control design can be performed in the same way. The control input u, weights wext,
Wact,i and scheduling variables ρi, ρv are the same in all the systems as presented
in Figure 4.1. The most significant change in the interconnection structure is the
modification of the yaw-rate tracking performance z1,1 to lateral error minimization
z1,2. The reason for this change is the consideration of the driver model and ψ̇ref
signal generator in Gsys new plant. Thus, the reference of the system is also modified
to lateral vehicle position yv,ref , such as the performance weighting functionWp. The
input of the controller is yaw-rate error eψ, see Figure 5.6. However eψ is determined
out of the plant in Figure 5.6, while in this structure ψ̇ref − ψ̇ is computed inside
Gsys, see (5.13). Therefore sensor noise weighting functions Wn and Wu are also
modified as in section 4.1.2. Figure 5.6 is extended with an additional block Wdr.
According to subsection 5.2.2 the human driver steering performance is considered
with Wdr and δd.
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Gsys(ρ)
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∆
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Wref

Wu
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z3,i

P

∆

K

Wdr

z4δd

Fig. 5.6: Closed-loop structure for steer and brake control design

5.3.2 Simulation example on incorporated driver model control

In this section the operation of the proposed control design is illustrated through
a simulation example [NGB13]. Several software packages are used for the design
and analysis of the controlled system. The control design is performed by using the
Matlab/Simulink software. The verification of the designed controller is performed
by using the CarSim software. A typical E-Class automobile is applied in the sim-
ulation. The mass of the 7-gear car is 1833 kg, the width of the track is 1605 mm
and the wheel-base is 3165 mm. The aim of the driver is to travel along the course
of the Waterford Michigan Race Track, see Figure 5.7. The road trajectory contains
several difficult and sharp bends. The data of the driver model are found in Table
5.1.

KC TC KN TN1 TN2 K1 T1 K2 T2
10 2 1 0.01 0.1414 5 5 8 4

Tab. 5.1: Data of driver model

The driver model is analyzed by using a real car in a simulation environment.
A hardware-in-the-loop simulation environment is built in such a way that the sim-
ulator tends to the real vehicle functions as much as possible. The challenge is to
keep the original vehicle functions intact while implementing simulation functions.
Although the vehicle stands in the same position during the simulations and only
the wheels rotate on a bogie, the driver has a driving sensation similar to the real
experience: there is engine sound and screech while skidding; the dash panel displays
the current speed and rev. The simulation environment contains several important
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components such as a human-machine interface, a high-accuracy validated simula-
tion software operated on a workstation and a visual system with real-time graphics.
The driver can perform various vehicle maneuvers by using the steering wheel and
the accelerator/brake pedals of the car. Various journey scenarios are generated by
the simulation system in order to analyze the driver model.

In the simulation two scenarios are compared: in the uncontrolled case there is
no driver assistance system in the vehicle, while in the controlled case the proposed
integrated driver assistance system assists the driver. The driver changes the velocity
along the road, as shown in Figure 5.8(a). The sharp bends of the track result in
an increase of the lateral error of the vehicle ey = yref − yv. The driver without
an assistance system is not able to follow the track, leaves the lane and the lateral
error increases significantly. The proposed integrated control system is able to assist
the driver in its operation and reduce the lateral error. The difference between the
errors in the two cases |ey,uncontrolled|−|ey,controlled| is illustrated in Figure 5.8(b). The
proposed driver assistance system reduces the lateral trajectory error significantly.
Figure 5.9(a) shows that not only ey is reduced by the driver assistance system, but
also the steering wheel angle δd. The appropriately designed weighting function Wz3

makes steering more comfortable. The parameters of the weighting Wz3 according
to (5.8) are selected ϵdr,1 = 20, ϵdr,2 = 0.2, Tdr,1 = 10, Tdr,2 = 0.1 and δd,max = 3.18.

However, it should be noted that there is a trade-off between the reduction of δd
and the actuation of the inputs δc and Mbr. Since δd is the source of the calculation
ψ̇ref , see (5.4), it also affects the control inputs. The reduction of δd and ψ̇ref
requires larger and more frequent control interventions. The control inputs δc and
Mbr required by the maneuvers are illustrated in Figure 5.9(b) and Figure 5.9(c).
The interventions of actuators are controlled by the selection weights ρst and ρbr,
see Figure 5.9(d). The appropriate selection of ρst and ρbr guarantees the priority
between controllers in the driver assistance system.



96 5. Conception of integrated control in driver assistance systems

0 500 1000 1500 2000
30

40

50

60

70

80

90

Station (m)

V
el

oc
ity

 (
km

/h
)

(a) Velocity

0 500 1000 1500 2000
−0.5

0

0.5

1

1.5

Station (m)

La
te

ra
l e

rr
or

 im
pr

ov
em

en
t (

m
)

(b) Lateral error improvement

Fig. 5.8: Driving of vehicle

Contribution of the chapter

A control design method has been extended to a combined architecture (Section
5.1) in which the driver model is incorporated into the integrated vehicle model
(Section 5.3). A new performance specification which is able to consider the human
driver behavior has been formulated for the extended system (Subsection 5.2.2).
The control design method has been proposed to design a driver assistance system
(Section 5.3.1).
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Fig. 5.9: Interactions between driver and control system
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6. CONCLUSIONS AND FURTHER CHALLENGES

6.1 Conclusions

This thesis has proposed a reconfigurable integrated control methodology for a
driver assistance system. Three actuators are applied in the integrated structure, the
steering, the differential braking and the variable-geometry suspension. All of these
subsystems are analyzed through different techniques. The purpose of the analy-
sis is the determination of vehicle dynamic influences of actuators to be utilized in
the coordination. The analysis of the steering and the brake has been performed
according to practical and theoretical considerations. Their intervention limits are
determined by reachable set approximations. Thus the vehicle dynamic role and
actuation strategies of the steering and the differential brake have been described
for the integrated control. A nonlinear model of variable-geometry suspension sys-
tem has been formulated and the parameter variations of construction have been
analyzed. The performances of the system have been formulated, which are related
to the lateral and roll dynamics of the vehicle. A novel method for designing control
and construction simultaneously has been developed by an optimization algorithm.

The local controllers of the three subsystems in reconfigurable integrated control
are designed independently based on the Linear Parameter Varying (LPV) method.
The coordinations of subsystems are made possible by taking the monitoring signals
into consideration in the formulation of their performance specifications. As part of
the integration a reconfiguration strategy of the entire system has been described
according to the previous analyses. Performance degradation and fault events of the
actuators are handled by the reconfiguration methodology. A conception plan has
been proposed for the extension of the integrated vehicle dynamic control structure
to driver assistance system by the incorporation of the driver model into the struc-
ture. For this purpose the driver model is used, which generates the steering angle of
the driver, thus the reference of the system is calculated and driver performances and
dynamics are considered. The operation of the control system has been illustrated
through different normal and emergency vehicle maneuvers through CarSim simu-
lations. The simulation examples show that the integration of control components
reduces the lateral error, improves road stability and reduces the roll angle. The
proposed integrated vehicle control systems assist the driver in performing driving
maneuvers.
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6.2 New scientific results

Thesis 1. A new actuator selection and intervention strategy has been developed
in order to achieve a coordinated control of steering and braking. Using reachable
sets calculated by LPV methods the effects of the steering angle and the differential
brake moment on lateral state variables and lateral dynamics have been analyzed. In
the method the dynamics and limits of the actuators as well as the vehicle and road
parameters are considered.
For more details see Chapter 2 and publications [NG11a, GNB11, GNB12b, NG10,
NG11c].

Thesis 2. A new method has been developed in which the construction of a
variable-geometry suspension and the design of a robust suspension control are per-
formed simultaneously in order to enhance vehicle stability. The different construc-
tions of the suspension system have been analyzed and the performance specifications
have been formed. Since there is an interaction between the construction design and
the control design a balance must be achieved between them by developing an opti-
mization algorithm.
For more details see Chapter 3 and publications [NG12d, NG11d, NG12c, NG13c,
NG12a, NG12b, NG11e, NG11b, NG13b, NVG13].

Thesis 3. A decentralized integrated control method has been developed in which
the steering, the brake and the variable-geometry suspension system operate in coop-
eration. In the design of local controllers the performance specifications and priori-
ties are formed in a parameter-dependent way and designed by LPV methods. The
quadratic stability of the integrated system is guaranteed by the existence of the com-
mon Lyapunov function. The design method of the reconfigurable integrated system
has also been developed. With this reconfiguration method the effects of fault scenar-
ios can be handled if performance degradation and fault information have been built
into the control design.
For more details see Chapter 4 and publications [NG13a, NGB+12, GNB12a, GNB12c,
NGS+12, GNB12b].

Thesis 4. The integrated control design method has been extended to a combined
architecture in which the driver model is incorporated into the integrated vehicle
model. A new performance specification which is able to consider the human driver
behavior has been formulated for the extended system. The control design method
has been proposed to design a driver assistance system.
For more details see Chapter 5 and publications [GN12, GNB12d, NGB13].
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6.3 Further challenges in integrated vehicle control research

Possible further research directions and challenges in the topic of integrated
vehicle control are suggested. The presented topics of the thesis can be extended in
several ways.

• Connected to the topic of integrated control oriented actuator analysis, reach-
able set computation has several applicable methods, which might be beneficial
to the more accurate determination of the sets. There are nonlinear techniques,
which allow the consideration of further nonlinearities of the vehicle model.
The uncertainties of the model are also considered, and the simplified linear
vehicle model is extended with the formulated uncertainties, [NG12d].

• Fault-tolerant control is an important topic in safety-critical automotive appli-
cations. By extending the handling of performance degradation, the analysis
and matching of reconfigurable control are made possible. In this topic the
interaction between control reconfiguration and FDI filter can be analyzed,
[76, 84].

• Since human factors have an important role in driver assistance systems, fur-
ther performances of human driver are suggested to be involved, such as the
age of driver or driver experience. A more accurate and sophisticated method
of the determination of reference signals for the integrated control can be a
useful area to improve vehicle dynamic and driver performances.

• The consideration of longitudinal dynamics in the proposed integrated vehicle
control architecture is a further extension towards a global chassis control.
There are interactions between longitudinal and lateral dynamics which are
suggested to be considered, such as the relationship between tyre slips and
forces.

• A further step in the proposed integrated vehicle control methodology is the
design of the supervisor in the decentralized control scheme. In the thesis im-
portant principles of actuator selection and strategy of reconfigurable design
have been proposed, which can be the basis of the supervisor design. The
chattering at actuator switching, real physical circumstances and computa-
tion limitations of the system, and human-machine interaction should also be
investigated.

• A higher level in the architecture of vehicle control topology is the coopera-
tion between vehicle-vehicle and vehicle-traffic environments. In this case the
interfaces of the proposed integrated vehicle control must be designed. The
reference signals of integrated vehicle control are determined according to the
cooperation of the traffic elements, [60].
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APPENDIX





A. GEOMETRIC MODEL OF DOUBLE-WISHBONE SUSPENSION

In this Appendix the kinematic model of the double-wishbone suspension is pro-
posed by two approaches. The aim is the formulation of the relationship between
control input ay and wheel camber angle γ. First an analytic solution is presented,
and then an iterative approach.

A.1 Analytic solution

The geometric model of the double-wishbone suspension system is shown in Fig-
ure 3.3(c). In the analysis of the suspension geometry the angles of the quadrangle
are used: ∠CAB +∠ABD +∠ACD +∠CDB = 360◦. The main idea of geometric com-
putation is the following. Three sides of quadrangles, i.e., LAB, LBD, LCD depend
on the suspension construction and they are constant while the fourth side, i.e., LAC
varies. LAC can be computed from the other sides

LAC =
√

(Az − Cz)2 + (Ay − ay − Cy)2 (A.1)

Moreover, LAC depends on the displacement of the variable-change mechanism ay.
According to the law of cosines, the diagonals of the quadrangle are expressed as:

k21 = L2
AC + L2

CD − 2LACLCD cos∠ACD = L2
BD + L2

AB − 2LBDLAB cos∠ABD (A.2)
k22 = L2

CD + L2
BD − 2LCDLBD cos∠CDB = L2

AC + L2
AB − 2LACLAB cos∠CAB (A.3)

In the analysis ∠ACD is selected as a parameter, which is used in the calculation
of the angles in the quadrangle. Angle ∠ABD is computed from (A.2):

∠ABD = arccos
2LCDLAC cos∠ACD + L2

BD + L2
AB − L2

AC − L2
CD

2LABLBD
(A.4)

Then angle ∠CAB is computed from (A.4):

∠CAB = (360◦ − ∠ABD − ∠ACD)− ∠CDB = ∠x − ∠CDB (A.5)

Inserting (A.5) into (A.3) leads to the following equation:

(2LCDLBD − 2LACLAB cos∠x)∠CDB − 2LACLAB∠x sin∠CDB =

= L2
BD + L2

CD − L2
AC − L2

AB (A.6)
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The coefficients and constants of (A.6) can be rearranged in a short form. Use
the following notations: A∠ = 2LCDLBD − 2LACLAB cos∠x, B∠ = −2LACLAB∠x,
C∠ = L2

BD + L2
CD − L2

AC − LAB. Equation (A.6) is formulated in the following
way: A∠ cos∠CDB + B∠ sin∠CDB = C∠. Using the general trigonometric form
sin(x+ y) = sinx cos y + cosx sin y, the following form is given

sin

(
arcsin

(
A∠√

A2
∠ +B2

∠

)
+ ∠CDB

)
=

C∠√
A2

∠ +B2
∠

(A.7)

From (A.7) ∠CDB is yielded:

∠CDB = arcsin

(
C∠√

A2
∠ +B2

∠

)
− arcsin

(
A∠√

A2
∠ +B2

∠

)
(A.8)

After the computation of the angles of the quadrangle, the wheel camber angle
is computed. The relationship between the angles is formulated, see Figure 3.3(b):

∠ĀCA + ∠ACD + ∠DCC̄ = 180◦ (A.9)

where ∠ĀCA = arctan((Ay−ay−Cy)/(Az−Cz)). Because of the parallelism of DD̄,
BB̄ and CC̄, angle ∠DCC̄ can be expressed as:

∠CDB = ∠DCC̄ + (γ + γ0) (A.10)

where γ0 is the angle of LBD with axle z in an unloaded steady state. From a
construction point of view it is not necessary that in the unloaded steady state they
should be parallel. Substituting (A.9) and (A.10), the wheel camber angle can be
expressed:

γ = (∠ĀCA + ∠ACD + ∠CDB)− 180◦ − γ0 (A.11)

Finally, according to (A.11), the wheel camber angle depends on the angles ∠ĀCA,
∠ACD and ∠CDB. Note that the displacement ay and ∠ACD are the components of
the variable-geometry suspension. Therefore the wheel camber angle γ depends on
ay and ∠ACD in the following form:

γ(∠ĀCA(ay),∠ACD,∠CDB(ay,∠ACD)) = γ(∠ACD, ay) (A.12)

In practice, the ∠ACD angle is not a real parameter of the suspension. Instead, the
vertical displacement of the tyre-road contact point T is used. This displacement
depends on road roughness and the vertical loads of the suspension. It is determined
by the vertical displacement of point D and the rotation of the triangle DTB around
D. The displacement of point D is computed:

dz = LCD(sin(90
◦ − ∠ĀCA − ∠ACD)− sin(90◦ − ∠ĀCA − ∠ACD,0)) (A.13)
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where ∠ACD,0 is the unloaded steady state of the ∠ACD angle. The rotational part
of the displacement of point T is computed as follows:

tz,rot = LDT (cos∠D̄DT − cos(∠D̄DT − γ)) (A.14)

The vertical displacement of point T is the sum of (A.13) and (A.14):

tz = dz + tz,rot. (A.15)

The lateral displacement of T , which is called half-track change, is also an important
parameter of the suspension system, since it influences tyre wear. The form of the
displacement ty:

ty = dy + ty,rot. (A.16)

where the translational and the rotational parts are

dy = LCD(cos(90
◦ − ∠ĀCA − ∠ACD)− cos(90◦ − ∠ĀCA − ∠ACD,0)) (A.17)

ty,rot = LDT (sin∠D̄DT − sin(∠D̄DT − γ)) (A.18)

(A.15) shows that tz significantly depends on both γ and ∠ACD. Similarly, (A.16)
shows that ty depends on both γ and ∠ACD. Using (A.12) γ depends on both ∠ACD

and ay, therefore ty and tz also depend on the same signals. Consequently, based on
∠ACD and ay, the geometry components γ, ty, tz are computed.

A.2 Iterative solution

The coordinates of the points of double-wishbone suspension (Figure 3.3(c)) can
be determined by using the following equations:

D2
y +D2

z = L2
DC (A.19a)

(Dy −By)
2 + (Dz −Bz)

2 = L2
BD (A.19b)

(Ay −By)
2 + (Az −Bz)

2 = L2
AB (A.19c)

(Dy − Ty)
2 + (Dz − Tz)

2 = L2
TD (A.19d)

(By − Ty)
2 + (Bz − Tz)

2 = L2
TB (A.19e)

where (Ay, By, Cy, Dy, Ty,Az, Bz, Cz, Dz, Tz) are the coordinates of suspension points
in directions y and z, LAB,LDC are the lengths of arms, LBD, LTB, LTD are distances
between points. The values of point coordinate A are divided into two parts: Ay =
Āy + ay and Az = Āz + az. Similarly, the values of the other point coordinates are
divided into two parts by using components (Āy, B̄y, C̄y, D̄y, T̄y,Āz, B̄z, C̄z, D̄z, T̄z)
and (ay, by, cy, dy, ty,az, bz, cz, dz, tz). The first part represents the constant nominal
values of the suspension coordinates, i.e., the steady state position of the vehicle,
while the second part shows the displacements of the suspension points. There are
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constrains on the suspension system, which are defined by az = 0, cy = 0 and cz = 0.
The output of the system is the camber of the wheel:

γ = arccos
Bz −Dz

LBD
(A.20)

The goal of this model is to formulate the relationship between the actuator
motion ay and the wheel camber. Using equation (A.19) the relationship is formu-
lated between ay and the variables η =

[
by bz dy dz ty

]T . In the equation tz is
the disturbance. To use the separation of the point coordinates two components of
(A.19), i.e., (A.19c) and (A.19d), are rearranged as an example:

[by + 2(B̄y − Āy)]by + [bz + 2(B̄z − Āz)]bz =

= [−ay − 2(Āy − B̄y)]ay (A.21a)
[dy + 2(D̄y − T̄y)]dy + [dz + 2(D̄z − T̄z)]dz+

+ [ty + 2(T̄y − D̄y)]ty = [−t2z − 2tz(2T̄z − 2D̄y)] (A.21b)

Consequently, (A.19) is arranged into the following form:

Aη(η) η = K(tz) +Bη(ay) ay (A.22)

Moreover, (A.20) is also transformed into the following form:

Cηη = Dη (A.23)

where Cη =
[
0 1 0 −1 0

]T and
Dη = [LBD cos(γ) +Dz −Bz]. Finally, the vector η is expressed from (A.22) as the
following form:

η = Aη(η)
−1[K(tz) +Bη(ay)ay] (A.24)

Substituting (A.24) in (A.23):

CηAη(η)
−1[K(tz) +Bη(ay)ay] = Dη (A.25)

From (A.25) the input of the mechanism ay is expressed in the following form:

ay = (CηAη(η)
−1Bη(ay))

−1[Dη − CηAη(η)
−1K(tz)] (A.26)

Equation (A.26) gives the relationship between γ and ay. It is a parameter-
varying expression, which depends on η, tz and ay. In this equation η is unknown,
the variables Aη, Dη, and K(tz) change as a function of η and tz. Moreover, Bη

depends on ay. Consequently, the input of the variable geometry mechanism ay can
only be computed by using an iterative procedure.

To solve this expression it is necessary to know the road excitation tz and choose
accurate initial values for both η0 and ay0. In the first step a new η is determined
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based on (A.24). In the second step the input ay is computed based on (A.26). In
the third step a mean square error is computed:

ϑ =
∑

((η − η0)
2 + (ay − ay0)

2) (A.27)

The numerical solution of the problem is acceptable, if ϑ < ε, where ε is a predefined
small real number. Otherwise the re-iteration is performed by selecting ay0 = ay
and η0 = η. Some methods for numerical solutions are found in [44, 12].
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B. GEOMETRIC MODEL OF MCPHERSON SUSPENSION

The mathematic model of the variable-geometry McPherson suspension is illus-
trated in Figure 3.3(d). The suspension is analyzed in a coordinate system which is
fixed to the chassis.

In the variable-geometry suspension the change of point C in the y direction is the
real input of the mechanism, which is denoted by cy. In the notation Cy means the
lateral coordinate of point C and Cy,0 is the coordinate in the steady-state position,
while cy is the actuation. The actual lateral position of C is: Cy = Cy,0+cy. Point B
is marked on the tyre, and it is able to move both in y and z directions. The upper
end of the damper is point A, which is a Silent-block in the real construction of the
suspension. In the geometric model it is considered as a joint, such as points C and
D. Point B is a virtual point, where the alignment of the suspension strut intersects
the wheel hub. Note that in the case of the McPherson suspension the lower end of
the suspension strut is connected fixed to wheel hub. T is the road-wheel contact
point, whose motion has two reasons. The first reason is road irregularity. Note that
the coordinate system is fixed to the chassis, therefore the roll of the chassis causes
the same effect. These movements are denoted by wy and wz. The second reason is
the control actuation. According to the motion of cy the position of the tyre changes,
which causes the lateral and the vertical movements of point T . The movements
are denoted by ty and tz. The combined movements of T are: Ty = wy + ty and
Tz = wz + tz. The aim is to formulate the relationship between the input cy, the
wheel camber output γ and the displacement of T .

Consider the ABDC quadrangle, which is the basis in the computation of the
positions of suspension points. In this quadrangle all of the sides are known. Length
LAB is determined by the compression of the suspension, which is measured. LBD
and LCD are constant, while LAC is computed in the knowledge of the positions
of points A and C. The position of point A is fixed, the vertical position of C is
also constant, and the control input cy is known. It means that all sides of the
quadrangle are computed and it is necessary to compute the positions of B and D.

It has been mentioned that the suspension strut is connected to wheel hub fixed
and point B is on the wheel hub. It can be established that ∠ABD is fixed and it
is known from the construction of the suspension. In the knowledge of ∠ABD and
using the law of cosines, LAD is computed:

L2
AD = L2

AB + L2
BD − 2LABLBD cos∠ABD (B.1)

Considering the ACD triangle, the change in ∠ACD is computed according to the
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law of cosines:
∠ACD =

arccos(L2
AC + L2

CD − L2
AD)

2LACLCD
(B.2)

In the knowledge of these two angles and the lengths of sides, it is possible to
compute the positions of B and D. The original positions of the suspension points
are known in the steady-state position of the vehicle. In the case of the actuation
of cy and suspension compression, the CD suspension arm rotates around C. The
new position of D is computed in the following way:

−−→
AD =

([
1 0
0 1

]
+
LCD
LAC

·
[
cos(π − ∠ACD) − sin(π − ∠ACD)
sin(π − ∠ACD) cos(π − ∠ACD)

])
−→
AC (B.3)

Adding
−−→
AD vector to point A the coordinates of D are computed. The coordinates

of point D are computed in the same way.

−→
AB =

(
LAB
LAD

·
[
cos(∠DAB) − sin(∠DAB)
sin(∠DAB) cos(∠DAB)

])
−−→
AD (B.4)

where ∠DAB is computed using the law of cosines:

∠DAB =
arccos(L2

AD + L2
AB − L2

BD)

2LADLAB
(B.5)

Adding
−→
AB vector to point A the coordinates of B are computed. At the end of

these computations all coordinates of the suspension points are known.
In the last step it is necessary to determine the camber angle. It is computed

using the coordinates of B and D:

γ = arctan
By −Dy

Bz −Dz

(B.6)

Moreover, the tyre-road contact point T is computed using a rotation matrix:

−→
DT =

([
cos γ − sin γ
sin γ cos γ

])
−→
DT 0 (B.7)

where
−→
DT 0 is the vector, which is determined in the steady-state position of the

vehicle. Adding
−→
DT to the coordinates of D, the coordinates of T are computed.

In the knowledge of the new coordinate of T , the half track change is computed:
∆B = Ty−Ty,0, where Ty,0 is the contact point lateral coordinate in the steady-state
position of the vehicle. The lateral motion of T contact point is relevant from the
aspect of tyre wear [28] when the suspension moves up and down while the vehicle
moves forward.



LIST OF NOTES

LPV Linear Parameter Varying
DAS Driver Assistance Systems
ψ yaw angle
β side-slip angle
γ wheel camber angle
m mass of vehicle
J yaw-inertia of chassis
α1, α2 lateral slip of front/rear tyre
l1, l2 distance between vehicle center of gravity and front/rear axle
C1, C2 cornering stiffness of front/rear tyre
C1,γ wheel camber stiffness of front tyre
yv lateral vehicle position
δ front steering angle
δd steering angle by driver
δc steering angle by controller
Mbr brake yaw moment
v velocity
Ffr brake force on front wheels
Fr brake force on rear wheels
g acceleration of gravity
µ adhesion coefficient
κ longitudinal tyre slip
B wheel track
∆B half-track change
z performance
ρ scheduling variable
ρst scheduling variable of steering
ρbr scheduling variable of brake
ρsusp scheduling variable of suspension
ay actuation of variable-geometry suspension
tz vertical road irregularity
hM height of roll center of chassis
hCG height of center of gravity
∆h roll arm (hCG − hM)
href reference height of roll center



ϕ roll angle of chassis
R radius of circular motion
Φ construction parameter of suspension
eψ̇,1, eψ̇,2, ϕ1, ϕ2 design parameters
W performance weight
Kst(ρst) steering controller
Kbr(ρbr) brake controller
Ksusp(ρsusp) suspension controller
κst steering degradation signal
κbr brake degradation signal
κsusp suspension degradation signal
Gd driver model transfer function
Gref transfer function from δ to ψ̇ref


