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1

INTRODUCTION

"The least movement is of importance to all nature.
The entire ocean is affected by a pebble."
Blaise Pascal
(1623-1662)

Beginning with Aristotle (Krynine 1960), illustrious scientists have been interested in
the geometry and abrasion processes of pebbles (Leonardo da Vinci: Codex Leicester –
Richter 1939; Lord Rayleigh 1942, 1944a,b). A recent series of articles published in
Nature (Ashcroft 1990; Lorang and Komar 1990; Yazawa 1990) indicates that the great
diversity of pebble shapes also attracts considerable attention nowadays, because
investigation of natural shapes formed by abrasion processes (e.g. landforms, asteroids
or pebbles) helps understand abrasion processes itself. Pebble shapes carry important
information on the history of sediment transport and deposition, helping to
differentiate facies. The significance of pebble shape investigations can be clearly
illustrated by the latest discovery of NASA: photos by the Curiosity Rover at Link rock
outcrop show well-rounded, abraded pebbles on the surface of Mars (Figure 1.1).
Solely based on the pebble shapes, NASA scientists concluded that these pebbles must
have been transported by flowing water, so Curiosity’s discovery is the first time
scientist have identified an ancient streambed on Mars.
Despite the long time elapsed since Aristotle, both describing the morphology and
modeling the shape evolution of pebbles still pose scientific puzzles. The aim of this
dissertation is twofold. Firstly, we apply a new, mechanics-oriented classification
system (Várkonyi and Domokos 2006a) to describe pebble shapes and investigate the
practical applicability and the mathematical/mechanical background of this system.
Secondly, we present a new numerical model describing the collective shape evolution
of large pebble populations, based on a recent theoretical result called the box
equations (Domokos and Gibbons 2012). We apply the numerical model to the
Williams River located in the Hunter Valley, Australia. We outline these two research
goals and the motivations behind them in Subsections 1.1 and 1.2.
4

Figure 1.1. An evidence for flowing water on Mars. Left: Ancient streambed
on Mars at Link rock outcrop, imaged by the Curiosity Rover on Sept. 2, 2012.
Observe the well-rounded pebbles probably formed by flowing water. Right: A
similar fluvial conglomerate on Earth. Photo: NASA/JPL-Caltech/MSSS and PSI,
PIA16189

1.1. A MECHANICS-BASED PEBBLE SHAPE CLASSIFICATION SYSTEM
1.1.1. SHAPE INDICES AND ZINGG CLASSES
One of the important tasks of sedimentology is to sort the infinite number of
conceivable pebble shapes into a finite number of classes, because well-chosen classes
carry important information on the history of the sediment, providing clues about
transport and characterizing depositional environments. Although shape is a basic
attribute of all objects, including pebbles, complete characterization of such threedimensional shapes poses formidable difficulties. Despite the large literature on the
topic, there is little agreement on the best classification method for pebble shape
analysis. A variety of shape indices and diagrammatical presentations of grain shape
have been proposed in the past (Wentworth 1922; Zingg 1935; Krumbein 1941;
Aschenbrenner 1956; Sneed and Folk 1958; Smalley 1967; Dobkins and Folk 1970).
These methods for quantitative characterization of pebble shapes have been the
subject of lively discussions during recent years (e.g. Illenberger 1991, 1992a, 1992b;
Benn and Ballantyne 1992; Woronow 1992; Graham and Midgley 2000; Oakey et al.
2005; Blott and Pye 2008). All these classification systems require the measurement of
5

the three orthogonal axis lengths a>b>c of the approximating three-axial ellipsoid,
where a is the longest, b the intermediate and c the shortest axis of the pebble (Figure
1.2a). Based on these axis lengths, a number of shape indices have been used (Table
1.1).
Table 1.1. The most frequently used and most widespread shape indices
Index
First-order indices

Formula

c
(measure of flatness)
b
b (measure of elongation)
a
c
a

c
b
b
a
c
a

Author

Zingg (1935)
Zingg (1935)
Sneed and Folk (1958)

Second-order indices
c2
ba
b2
ca

c2
ba
b2
ca

a2
cb
Indices derived from second-order indices

a2
cb

Krumbein intercept sphericity

3

Corey shape factor
Maximum projection sphericity
Aschenbrenner shape factor

Blott and Pye (2008)
Blott and Pye (2008)
Blott and Pye (2008)

bc
a2

Krumbein (1941)

c
ab

Corey (1949)

c2
ab
ac
b2
3

Sneed and Folk (1958)
Aschenbrenner (1956)

Other indices
10(

Oblate-prolate index

a-b
- 0.5)
a-c
c
a

Dobkins and Folk (1970)

Disc-rod index

a-b
a -c

Sneed and Folk (1958)

Rod index

c+ b
a

Illenberger (1991)

a+c
b
Wentworth flatness index

a+c
b
a+b
2c

Illenberger (1991)
Wentworth (1922)
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Figure 1.2. Classical shape categories. a) The approximating three-axial ellipsoid (bounding box). b)
Zingg diagram (Zingg, 1935) with 4 classes: Disc (I), Sphere (II), Blade (III), Rod (IV). c) Triangular shape
classification diagram by Sneed and Folk (1958), the classes are: Compact (C), Compact-platy (CP),
Compact-bladed (CB), Compact-elongate (CE), Platy (P), Bladed (B), Elongate (E), Very platy (VP), Very
bladed (VB), Very elongate (VE)

The first-order ratios of the three orthogonal axes are the easiest shape indices to
conceptualize. Allowing reciprocal functions, second-order indices are products of two
first-order indices. Most of the proposed shape indices can be related to these firstand second-order indices, and two independent shape indices are required to produce
a particle-form diagram. Most researchers use either the Zingg (1935) or the Sneed
and Folk (1958) methods to graphically represent and classify pebble shapes. Zingg
proposed a Cartesian coordinate system with c/b and b/a as indices for the shape
diagram, where c/b is a measure of flatness and b/a is a measure of elongation (Figure
1.2b). The Zingg diagram is a simple and clear classification system, however, Sneed
and Folk (1958) concluded that Zingg classification is an inadequate tool as it only
contains four classes. They suggested that pebble shapes should be plotted on a
triangular diagram, where c/a is plotted against the Disc-rod index (Figure 1.2c, see
also Table 1.1), and they divided the diagram into 10 shape classes. Several authors
have argued whether the Zingg or the Sneed and Folk system is the most suitable
classification scheme; Blott and Pye (2008) concluded that the Zingg diagram provides
7

a more even distribution of the shape continuum than the triangular Folk diagram.
Zingg classification is probably the easiest and most logical way to estimate pebble
shapes, therefore in our investigations we use Zingg classes as a basis for comparison
to our new, mechanics-based classification method (which will be presented in the
next subsection). However, connection with other classification methods could also be
demonstrated.
The above mentioned classical pebble categories rely on length measurements which
inevitably cause inaccuracies in the classification method, because it is often uncertain
as how to a, b and c should be defined. Also, measurements involve a degree of error
and they might be quite tedious. Most researchers have agreed that a, b and c should
be perpendicular to each other, but they do not need to intersect at a common point.
However, as Blott and Pye (2008) showed, the exact directions of the three axes are
uncertain also in the case of a simple cube. If we define a as the maximum ‘caliper’
dimension (as most authors do), then the longest dimension is the body diagonal of
the cube and the two axes perpendicular to this are not of equal length. Blott and Pye
proposed that the a, b and c dimensions should be defined as the side lengths of the
smallest imaginary box (in volume) which can contain the particle. This definition leads
to an accurate calculation in the case of cube, the three axis lengths are equal to each
other (and to the side lengths of the cube). However, it is unclear how this bounding
box can be determined easily in practice.
It is also apparent that classical pebble shape categories involve arbitrarily chosen
constants to separate shape classes from each other. Zingg system uses an axis ratio
value of 2/3 to discriminate the four classes. The classical Zingg system can be unified
if an internal parameter 0≤p≤1 is introduced (Szabó and Domokos 2010; Domokos et
al. 2010). In the classical Zingg system p=2/3, the generalized Zingg classes can be
given as
Zp(I):
Disc
b/a ≥ p and c/b ≤ p
Zp(II):
Sphere
b/a ≥ p and c/b ≥ p
Zp(III):
Blade
b/a ≤ p and c/b ≤ p
Zp(IV):
Rod
b/a ≤ p and c/b ≥ p
Although not explicitly defined, Zingg assumed that the p=2/3 value is universally
optimal, however, later we will show that the optimal choice of p depends on the
investigated sample. Nevertheless, Zingg’s original guess was a very good choice.

1.1.2. PRIMARY EQUILIBRIUM CLASSES
To avoid the above mentioned difficulties, we apply a completely different
classification scheme for pebble shapes which does not rely on length measurements
8

and shape indices; rather, it involves counting static equilibria, i.e. points of the surface
where the pebble is at rest when placed on a horizontal, frictionless support surface.
During these investigations, we use a convex, rigid body as the mathematical model of
a pebble. Rigidity is a natural assumption, and all rigid bodies roll on their convex hull,
i.e. equilibria of homogeneous, non-convex objects can be studied by looking at
equilibria, of convex, inhomogeneous objects. We note that most worn pebbles are
almost convex in the sense that the difference between the convex hull and the actual
shape is negligible (Figure 1.3). The new application relies on the theoretical results by
Várkonyi and Domokos (2006a), which we outline below.

Figure 1.3. Convex hull of a pebble. a) Planar cross section of a pebble.
b) Magnified planar section and approximate planar convex hull
A convex, rigid body can be described by the scalar distance R measured from the
center of gravity G. In a planar, 2D model R depends on the single variable ϕ , which is
the angle from a fixed direction in the polar coordinate system (Figure 1.4a1). In 3D, R
depends on the two variables ϕ and θ in the spherical coordinate system, where ϕ is
the polar angle (also known as zenith angle) measured from a fixed zenith direction,
and θ is the azimuth angle measured from a fixed reference direction in the plane
passing through the origin and being orthogonal to the zenith direction (Figure 1.4b2).
Static equilibrium points are determined by the stationary points of the gravitational
potential energy function defined by the height of the center of gravity G above a
horizontal, frictionless support surface. However, as Domokos, Ruina and
Papadopoulos (1994) showed, the stationary points of the potential function are
identical to the stationary points of the scalar distance R, thus R can be studied instead
of the potential function. Thus, equilibrium points are the singularities of the gradient
flow associated with the scalar field, defined by the distance R (the gradient flow is
illustrated on an ellipsoid in Figure 1.4b1). It is important that our investigation is
limited to generic shapes, i.e. we assume that all of the equilibrium points are nondegenerate thus R is a Morse function. Regarding pebble shapes, it is a reasonable
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assumption because typical pebble shapes do not exhibit degenerate equilibrium
points.
In the 2D case, a typical convex body may have two types of equilibria (stable and
unstable) corresponding respectively to local minima and maxima of R(ϕ), their
numbers will be denoted by S and U, respectively (Figure 1.4a). In 3D, the gradient flow
determined by the scalar field R(ϕ, θ) can have 3 types of generic singularities: minima,
maxima and saddles. These correspond to three generic types of equilibria, which we
will briefly call stable, unstable and saddle points, and their numbers will be denoted
by S, U and H, respectively. For example, the ellipsoid has S=2 stable points at distance
c from each other, U=2 unstable points at distance a, and H=2 saddle points at distance
b (Figure 1.4b1).

Figure 1.4. Static equilibria in two and three dimensions. a) Typical planar objects have stable (S) and
unstable (U) equilibria, occurring in pairs, i.e. S=U. Example: ellipse in class (2) with S=U=2. a1) The
planar object is described by the scalar distance R(ϕ), measured from the center of gravity G. a2) The
function R(ϕ), stable and unstable points are local minima and local maxima, respectively. b) 3D objects
have typically stable (S), unstable (U) and saddle-type (H) equilibria, and we have S+U-H=2. Example: triaxial ellipsoid in class (2,2) with S=U=H=2. b1) The gradient flow of R(ϕ, θ) is illustrated on the ellipsoid,
equilibrium points occur as singularities. b2) The solid is described in a spherical coordinate system by
the scalar distance R(ϕ, θ).
The Poincaré-Hopf Theorem (Arnold 1998) establishes the relationship S=U in the 2D
case and
S+U-H=2
(1)
10

in the 3D case. Based on this result, a unique classification can be defined for generic,
convex, rigid bodies based on the number and type of their equilibria (Várkonyi and
Domokos 2006a). In 2D, equilibrium class (S) contains all shapes with S stable and U=S
unstable equilibria. It was shown that class (1) is empty (Domokos, Ruina and
Papadopoulos 1994), the ellipse is an example for class (2) and for n>2 a regular n-gon
is an example in class (n). In 3D, class (S,U) contains all generic, convex, rigid bodies
with S stable and U unstable equilibria. We refer to these classes as primary
equilibrium classes. While some explicit examples are apparent (e.g. the ellipsoid in
class (2,2), the tetrahedron in class (4,4) or the cube in class (6,8)), most classes are not
easy to visualize. Várkonyi and Domokos (2006a) showed that all primary equilibrium
classes are non-empty, in particular, the existence in (1,1) was established, the object
in this class is called Gömböc (Várkonyi and Domokos 2006b). Figure 1.5 illustrates
some equilibrium classes by characteristic shapes. The illustrations do not represent all
characteristic shapes of the given class and we show illustration only for a few classes,
although it was proven that all classes are non-empty (Várkonyi and Domokos 2006a).

1.1.3. RESEARCH GOALS AND RESULTS
In the first part of the dissertation, in Chapter 2, we apply the above described
equilibrium-based classification scheme to categorize pebble shapes. We address three
main questions:
Question (1): Do primary equilibrium classes carry any
important information on the geometry of pebbles?
Question (2): Can primary equilibrium classes be reliably
determined on pebbles using hand experiments?
Question (3): Can primary equilibrium classification be refined
to obtain a detailed taxonomy on the shapes of homogeneous,
convex bodies?
We answer question (1) in Subsection 2.1 and in Principal Result 1. We propose a
simplified classification scheme called E-classification and demonstrate that the new
method is practically applicable: simple hand experiments are suitable and easy to use
to determine primary equilibrium classes and E-classes. (The reliability of these hand
experiments will be addressed separately in question (2) and Subsection 2.2). The new
approach does not contain any arbitrarily introduced constants or directions (like
classical shape measurements), since it involves integer numbers by counting static
equilibria. Based on detailed statistical data of 1200 pebbles from several different
European geological locations and lithology, we demonstrate that E-classes are closely
related to the geometric shape of pebbles i.e. equilibrium class is a natural property
which describes pebble geometry well. We compare E-classes to the classical Zingg
11

classes, and show that most of the information contained in the Zingg classification can
be extracted from E-classification. However, the new system provides more detailed
data and it may shed light on special shape features not discovered so far. We also
present an interesting logarithmic relationship between the flatness of pebbles and
the average number of stable points, which also indicates a close connection between
classical shape categories and the new classification system.

Figure 1.5. Primary equilibrium classes for 3D bodies: examples for some of the classes with a few
characteristic shapes. Rows (S) denote the number of stable equilibria (minima of R), columns (U)
denote the number of unstable equilibria (maxima of R). Description of some illustrated examples: (1,1)
Gömböc: stable point at bottom (south pole), unstable point on top (north pole), no saddles. (1,2)
truncated cylinder: stable point at bottom, unstable points at both tips, saddle on top (opposite to
stable point). (2,2) tri-axial ellipsoid: 2 stable points at the ends of the short axis (north and south pole),
2 unstable points at left and right tips (ends of long axis), 2 saddles at the ends of the middle axis. (4,4)
tetrahedron: 4 stable points on the 4 faces, 4 unstable points at the 4 vertices, 6 saddles at the 6 edges.
Simplified equilibrium classes (E-classes) are shaded (for explanation, see Subsection 2.1.2). Observe
that shapes in row 2 (classes E(I) and E(III)) are rather flat, whereas shapes in column 2 (classes E(IV) and
E(III)) are rather thin. Polyhedral (crystal) shapes emerge towards the lower right corner of the table.
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Question (2) will be addressed in Subsection 2.2 and in Principal Result 2. We
demonstrate that equilibria typically appear on two well-separated scales on many
faceted polyhedra, like on the convex hull of pebbles: microscopic equilibria occur in
highly localized groups (flocks), the number of the latter can be reliably determined by
hand experiments since the experimenter only perceives these flocks as macroscopic
equilibrium points. We verify this phenomenon by analyzing the high-precision 3D
scans of 300 pebbles, identifying all micro-equilibria by computer. We compare the
results of computer experiments to our hand experiments by introducing a scalar
parameter measuring the accuracy of the experimenting person (i.e. the error that a
human experimenter cannot distinguish between micro-equilibria). Results verify that
hand experiments are consistent and reliable because for the same experimenter we
measured parameter values in a narrow range, also, the parameter value (and so the
number of equilibria) change only slightly between different experimenting persons.
This result validates the practical applicability of the new, equilibrium-based shape
classification system.
Finally, we answer question (3) in Subsection 2.3 and in Principal Result 3. We show
that primary equilibrium classes can be divided into secondary equilibrium classes,
based on the topology of the so called Morse-Smale complex, which can be
represented by a graph embedded in the pebble’s surface. Equilibrium points are the
vertices of this graph, edges are special integral curves associated with the gradient of
R(ϕ, θ) i.e. they represent the adjacency relationships between equilibrium points. We
prove that all secondary equilibrium classes are non-empty in the sense that for every,
combinatorially possible Morse-Smale complex embedded in the 2-sphere, there exists
a corresponding smooth, homogeneous, rigid, convex solid. Thus, in theory, any of
these graphs can appear in nature among pebble shapes.

1.2. THE NUMERICAL SIMULATION OF THE COLLECTIVE SHAPE
EVOLUTION OF PEBBLES
While in Chapter 2 we deal with the description of pebble shapes, in Chapter 3 we
discuss the evolution of these shapes during abrasion processes. Throughout these
investigations, we will rely on the classical shape description of pebbles which is based
on the length measurements of the three principal axes a, b and c, as described in
Subsection 1.1.1. In this way, our results are readily comparable to previous results in
the literature. Our main goal is to understand and track the collective shape evolution
of large pebble populations in natural environments. For this aim, a suitable tool is the
recently published theoretical result called the box equations by Domokos and Gibbons
(2012). Box equations are able to follow up the shape and size evolution of large
particle populations as the cumulative effect of collisions between particles, frictional
13

abrasion, as well as size-selective sorting and weathering. Therefore, it is an
appropriate tool to model abrasion processes in real sedimentary environments, e.g. in
fluvial or coastal settings. Below we briefly review the box equations based on the
paper by Domokos and Gibbons (2012) and outline the exact topic and research goal of
Chapter 3, the second part of the dissertation.

1.2.1. BLOORE’S EQUATION AND BOX EQUATIONS
1.2.1.1. Bloore’s equation
Box equations are derived from a classical result of Bloore (1977), which is the most
general mathematical model describing shape evolution of a single pebble by
collisional abrasion. Bloore’s partial differential equation (PDE) can be formulated as
follows:
v = 1 + 2AH + BK.
(2)
Here, v is the speed of abrasion at the particle’s surface in the inward normal direction
at every point, H and K are the mean and Gaussian curvatures, respectively. (Mean
curvature is the average of the two principal curvatures κ1 and κ2 , while the Gaussian
curvature is the product of them, so H = (κ 1 + κ 2 ) / 2 , K = κ1κ2 ). In principle, all
variables can be written as functions of the scalar distance R from a fixed reference
point: v includes time derivative, while H and K include space derivatives of R, hence,
(2) is a PDE. Constants A and B can be computed from the geometry of the abrading
particles (Várkonyi and Domokos 2011), assuming that they are identical, i.e. (2)
describes collisional abrasion of a single particle in a constant environment. Very little
is known about analytical solutions of Bloore’s PDE (2), in particular, it is not known
whether it contains non-spherical, nontrivial shapes as stable attractors. Due to the
abundance of initial shapes, the global, numerical investigation of (2) is still out of
reach. Also, since Bloore’s model assumes a constant environment and tracks one
individual particle, it is hardly adaptable to geologically relevant situations and
certainly not comparable to any field data.

1.2.1.2. Deterministic box equations
Box equations are a heuristic approximation of Bloore’s equation (2). As already
presented in Subsection 1.1, pebble shapes are classically described by the three a>b>c
sizes of the bounding box in sedimentology (i.e. the three axes of the approximating
tri-axial ellipsoid). Box equations rely on the shape indices c/a and b/a proposed by
Zingg (1935) and Sneed and Folk (1958) to quantify the overall shape of the particles.
Throughout this subsection and in Chapter 3, these axis ratios (c/a and b/a) will be
14

denoted by y1 and y2, respectively. Also, the semi-major axis a/2 will be denoted by y3.
Instead of tracking the full 3D geometry of a pebble as in (2), box equations aim more
modestly at tracking the two axis ratios, y1 and y2, and the semi-major axis, y3 of the
approximating ellipsoid. While box equations are not a rigorous mathematical
approximation of Bloore’s PDE (ellipsoids are not invariant under (2)) they offer huge
conceptual and computational advantages. Whereas (2) describes the evolution of a
single particle, box equations are based on the concept of mutual abrasion. Their
deterministic version describes the interaction between two particles and the
stochastic interpretation of box equations enable the study of the collective evolution
of large pebble populations, under the effects of mutual abrasion, friction and global
transport. In the deterministic box equations the first particle (y) represents the
abrading environment for the second particle (z) and vice versa, and their mutual
interaction is described by a system of coupled ODEs of the following form:

yɺ = F(y ,z)
zɺ = F(z ,y)

(3)

where y=(y1 y2 y3)T and similarly, the box ratios and the semi-major axis of particle z is
denoted by z=(z1 z2 z3)T. Using this vector notation, the function F=(F1 F2 F3)T is
formulated as follows:

yɺi = Fi (y1 ,y2 ,y3 ,z1 ,z2 ,z3 ) =

Fi E
Fi M
FiG
+ 2A 2 + B 3
y3
y3
y3

yɺ3 = F3 (y1 , y2 , y3 , z1 , z2 , z3 ) = -1 -

A y12 + y22 B 1
y3 y12 y22 y32 y12 y22

3
1 − yi2 G 1 - yi
where Fi = y i -1 , Fi =
, Fi =
for i, j = 1,2; i ≠ j
2y i
yi y2j
E

and A =

M

z3 (z1 + z2 + 1)
z32 (z1 + z2 + z1 z2 )
B
=
,
3
3

(4)
(5)

(6)

(7)

The detailed derivation of box equations (3)-(7) from Bloore’s equation (2) is given by
Domokos and Gibbons (2012), where the agreement with Bloore’s model is verified
analytically, numerically and experimentally. While in (3) y and z only depend on time,
explicit, direct space dependence (as an effect of global transport) can be also included
in the form of additional, coupled equations. Also, effects of friction can be considered
as simple additive terms in the box equations (Domokos and Gibbons 2012).
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Both the original Bloore model (2) and its box approximation (3)-(7) consist of the
linear combination of three terms to which direct physical and geological
interpretation can be attached (based on (2), we will refer to these terms as constant,
mean curvature and Gaussian curvature terms, respectively, even if we speak about
the box equations). In the case of the box equations, the effect of the three terms can
be globally illustrated in the y1– y2 plane (Figure 1.6). We can see that the constant (socalled Eikonal) term is driving shapes away from the sphere, while the two curvature
terms do the opposite. The same behavior can be also observed in the original Bloore
PDE (2): convergence to the sphere for the curvature terms was proven (Firey 1974;
Huisken 1984). The Eikonal term dominates abrasion if the abrading particles are
relatively small with respect to the abraded particle (“sandblasting”), while the
curvature terms dominate in case of large abraders (Bloore 1977; Domokos and
Gibbons 2012). The detailed geometry of the Eikonal term is of particular interest
(Arnold 1986) as it accounts for the formation of sharp edges and planar areas on the
abraded particle (Figure 1.7). This was shown in case of asteroids (Domokos et al.
2009a), and also for the formation of ventifact shapes by wind-blown sand in deserts
(Knight 2008; Várkonyi and Laity 2012).

1.2.1.3. Stochastic box equations
In the stochastic interpretation, box equations generate a discrete, random Markov
process (Domokos and Gibbons 2012) describing cumulative the size and shape
evolution of a whole particle population. In this approach y and z are random variables
with identical distributions, i.e. we consider N particles from which we choose the two
particles, y and z randomly. Then we run the straightforward discretization of equation
(3) for a very short time period ∆t to obtain the updated data for the two selected
particles (yi+1 and zi+1) from the original status (yi and zi):

y i +1 = y i + Δt ⋅ F(y i , z i )
z i +1 = z i + Δt ⋅ F(z i , y i )

(8)

Such an iterative step is an averaged, summarized result of several collisions between
the two selected particles. The random selection of y and z can be either uncorrelated,
or correlated by size or by size and shape, modeling the effect of sorting by shape
and/or size. We assume that a particle y exits from the population if y3<0 (size
vanishes), or if one of the following holds: y1<0, y2<0, y1>1, y2>1 (axis ratio gets out of
the meaningful region). In the limit of N going to infinity, equation (8) defines the
(deterministic) evolution PDE for the density functions of y1, y2 and y3, i.e. (8) offers a
full statistical description of the evolution of axis ratios and particle size. The numerical
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simulation of (8) is very convenient; on a laptop a few hundred particles can be easily
tracked both statistically and individually.

Figure 1.6. Effect of the individual terms of box equations (Domokos and Gibbons 2012). a) Constant
(Eikonal) term. b) Mean curvature term. c) Gaussian curvature term. Curves represent a few trajectories
on the y1–y2 plane. Although the full system (4)-(5) is three-dimensional, the 3 individual terms
(constant, mean curvature, Gaussian curvature) have 3 planar components which do not explicitly
depend on y3, so the solutions can be illustrated on the y1–y2 plane (Domokos and Gibbons 2012). The
equations for these planar components were given by Domokos and Gibbons (2012).

Figure 1.7. Eikonal equation (v = 1, cf. equation (1)) in 2 dimensions. Typical initial shapes develop
cusps and self-intersections, the latter appear as vertices (in 3 dimensions, sharp edges) on the
physically existing solution (shaded part). In typical 2D cases, the final limit shape is either a ‘triangle’ or
a ‘needle’ shape, depending on whether the maximal inscribed circle touches the initial contour at three
or two points (Domokos et al. 2009a,b).

1.2.2. DOWNSTREAM FINING IN FLUVIAL ENVIRONMENTS
While box equations are a general tool for modeling the shape and size evolution of
pebble populations in various sedimentary environments, this dissertation focuses on
fluvial environments by complementing the original box equations, and by applying
them to simulate numerically the downstream changes in shape and size in the
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Williams River (located in the Hunter Valley, Australia). However, the framework
developed for fluvial environments can be readily applied to other sedimentary
environments as well, and in fact, it is among our future plans to do so. By applying the
box equations to a certain environment, exact geological/geomorphological questions
can be addressed and answered connected to that particular setting. Below we review
the most controversial question in fluvial geomorphology, namely the reason for the
size diminution of pebbles observed along numerous gravel-bed rivers, a phenomenon
called downstream fining.
Downstream fining in gravel-bed rivers has been attributed to two main processes:
abrasion and size-selective transport. While the previous process explains the
observed size diminution by the erosion of particles during their downstream
transport, the latter means the preferential transport of small particles which can also
result in a downstream decrease in size. There is a long-standing debate on the relative
importance of these two processes, size-selective transport versus abrasion in
producing downstream fining (e.g. Brewer et al. 1992; Ferguson et al. 1996; Kodama
1994; Lewin and Brewer 2002; Surian 2002). Most of the authors have emphasized
sorting by size-selective transport as the dominant fining mechanism in various rivers,
because abrasion intensity was judged to be too small to explain the observed
downstream fining rates, especially in cases when the examined part of the river was
very short (e.g. Bradley et al. 1972; Dawson 1988; Ferguson et al. 1996; Seal and Paola
1995). This judgment has been strengthened by the fact that fining rates reported by
laboratory abrasion experiments are usually lower than those observed in the field
(Lewin and Brewer 2002).
However, the effectiveness of abrasion in some fluvial environments has also been
demonstrated (e.g. Kodama 1994; Mikos 1994; Parker 1991b) and it has also been
pointed out that abrasion and sorting are not independent, because the mobility of
particles controls the abrasion rate and vice versa (Jerolmack et al. 2011). Also, direct
measurements of fixed tracers in a river showed that laboratory abrasion rates may be
lower than those observed in the field because „sandblasting”, as additional abrasionin-place process, may play a key role (Brewer et al. 1992). In addition, weathering of
clasts can contribute to a higher abrasion rate in natural systems than in experimental
conditions (Bradley 1970), and inappropriate experimental devices can also cause
discrepancy between field observations and experiments (Lewin and Brewer 2002).
Though there are several physical models of downstream fining, most of them
consider only size-selective transport as the fining process (e.g. Cui et al. 1996;
Ferguson et al. 1996; Hoey and Ferguson 1994; Paola and Seal 1995). In recent years, a
few pioneering studies managed to physically model also the abrasion process during
fluvial transport (Attal and Lavé 2009; Chatanantavet et al. 2010; Le Bouteiller et al.
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2011; Parker 1991a). Some of them are based on very-well documented experimental
results coupled with physical considerations (Attal and Lavé 2009; Le Bouteiller et al.
2011), others were also tested with field data (Chatanantavet et al. 2010; Parker
1991b). Many of these models rely on the widely applied empirical abrasion law by
Sternberg (1875), which describes the exponential downstream decrease in pebble size
observed in many rivers (Surian 2002; Morris and Williams 1999a).
There are surprisingly few field studies which examine the evolution of grain size and
shape simultaneously in a natural stream (e.g. Bradley et al. 1972; Mikos 1994; Ueki
1999), although possible downstream variation in shape can clearly indicate the
relative importance of abrasion. Also, none of the above models (except the box
model) describes the changes in both the shape and size distributions of the particles
during abrasion, since they only deal with the size (or alternatively, the mass) of the
particles. Thus, the box equations offer a great advantage in this topic, since it is able
to track shape and size simultaneously.

1.2.3. RESEARCH GOALS AND RESULTS
In the second part of the dissertation, in Chapter 3, first we complement the original
box equations in Subsection 3.1 to make the model more realistic and applicable to
natural streams: we consider fragment production, i.e. we add the abraded material to
the particle population. We implement box equations and some other features (like
physical weathering and size-selective sorting) in Matlab to obtain a general
framework for size and shape evolution studies in various sedimentary environments.
Then, in Subsection 3.2 we present a case study. We performed a field study along the
Williams River (Australia) in which we collected and measured basalt particles at 12
sampling sites (Szabó, Fityus and Domokos 2013). The main question which we address
and answer connected to this field study is the strongly debated problem presented in
Subsection 1.2.2:
Question (4): The downstream fining observed in the Williams
River is dominantly caused by abrasion or by size-selective
transport?
We answer question (4) in Subsection 3.2 and Principal Result 4. Compared to other
natural streams, the small downstream fining rate observed in the river strongly
indicates that abrasion plays a key role (Surian 2002). We also show that pebbles get
flatter and thinner along the river and so-called aquafacts (Kuenen 1947) emerge in
the downstream reaches. These are especially rare pebble shapes similar to ventifactshapes, having sharp edges and planar faces. Based on the predictions of the box
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equations (Subsection 1.2.1), these phenomena reflect that collisional abrasion by
small abraders („sandblasting”) is important in the lower part of the river. We apply
the implemented framework to simulate numerically the downstream changes along
the river. By introducing two scalar parameters based on physical considerations and
field observations, we reproduce the evolution of both the shape and size distributions
downstream. Results suggest that abrasion is sufficient to produce the desirable
exponential downstream fining for small diminution rates. The simulation allows
tracking the shape and size evolution of the individual particles as well, revealing an
interesting phenomenon on how particle size controls shape evolution in the river. The
excellent match between simulation and field data indicates that box equations, in
combination with existing transport concepts, provide a useful framework for future
shape and size evolution studies in different sedimentary environments.
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2

A MECHANICS-BASED PEBBLE SHAPE CLASSIFICATION
SYSTEM

In this chapter we classify pebble shapes based on the primary equilibrium classes
introduced by Várkonyi and Domokos (2006a) and presented in Subsection 1.1. While
classical shape classification methods (e.g. the Zingg (1935) or the Sneed and Folk
(1958) system) have undoubtedly proved to be useful tools, their application inevitably
requires ambiguous measurements, also, classification involves the introduction of
arbitrarily chosen constants. As opposed to these systems, our method relies on
counting rather than measuring. Our goal is to demonstrate that primary equilibrium
classes describe pebble geometry well (Subsection 2.1), and simple hand experiments
are suitable and reliable to count macroscopic equilibrium points (Subsection 2.2).
Thus, the new system is useful and readily applicable in geological fieldwork. Also, we
refine the classification system based on the topology of the Morse-Smale complex to
obtain secondary equilibrium classes (Subsection 2.3). We prove that all secondary
equilibrium classes are non-empty, thus primary and secondary classes together give a
detailed taxonomy on the shapes of homogeneous, convex bodies.

2.1. PRIMARY EQUILIBRIUM CLASSES
The main goal of Subsection 2.1 is to demonstrate the practical applicability and
usefulness of equilibrium classification. We give instructions on how equilibrium points
can be counted in hand experiments (Subsection 2.1.1). Then we propose a simplified
classification scheme called E-classification (Subsection 2.1.2) which is considerably
faster in practice than the classical Zingg method. We verify the statistical stability of Eclasses (Subsection 2.1.3), compare E-classes to Zingg classes (Subsection 2.1.4) and
discuss the results (Subsection 2.1.5). This comparison between E-classes and Zingg
classes and a strong logarithmic relationship between the mean number of stable
points and the flatness of pebbles (Subsection 2.1.6) demonstrate that the number of
static equilibria is closely related to the overall geometry of pebbles. Finally, we
present the principal result connected to E-classification (Subsection 2.1.7).
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2.1.1. HAND EXPERIMENTS
Equilibrium points can be easily counted using simple balancing experiments. In such
experiments small perturbations, realized by slightly tossing the pebble in one
direction or the other, play a key role. Typical points of a surface are non-equilibrium
points. When placed on such a point on a horizontal surface, the body will roll away,
always in the same direction, even if we toss it slightly in a different way. Stable points
are most easily identified in a hand experiment. When placed on a horizontal surface, a
homogeneuos, convex, rigid body will come to rest at a stable point of equilibrium, and
it will return there after a small perturbation; so stable points behave as attractors
(Figure 2.1a), i.e. the body will always roll back to a stable point from a nearby
location, no matter in which direction it is tossed away.

Figure 2.1. Counting equilibrium points of a flat
pebble in a hand experiment. Arrows show if pebble
rolls away from the equilibrium point or rolls back to
the equilibrium point if we toss it slightly away in that
direction. a) Stable point: when placed on a horizontal
surface, the pebble will come to rest at a stable point
of equilibrium, and it will return there after small
perturbation. b) Unstable point: constrained in the
principal plane, vertical position, one of the maxima
along the edge still appears as unstable equilibrium:
pebble is stable laterally (constrained by hand, see b2
side view), however, unstable in the longitudinal
direction (b1 frontal view). c) Saddle point:
constrained in the principal plane, vertical position,
one of the pebble’s saddle points along the edge
appears as a stable equilibrium: pebble is stable both
laterally (constrained by hand, c2 side view) and
longitudinally (c1 frontal view). The primary
equilibrium class of this pebble: (2,2).
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Unstable points of equilibria appear still as balance points when placed on a horizontal
surface, however, the body will not return there after small perturbations. That is,
unstable points act as repellors, i.e. the body will always roll away from an unstable
point, however, unlike in case of non-equilibrium points, the direction of the roll is
ambiguous, it depends entirely on the direction how we toss it. Differentiation
between unstable points and saddle points requires more attention from the
examiner. Saddle points behave in hand experiments similarly to repellors,
nevertheless, in case of flat objects they can be identified much easier. In such cases
saddles and unstable points are placed along the large perimeter of the flat object. By
constraining the object vertically in the plane of the large perimeter, as the object rolls
around the perimeter, saddles appear as attractors of this constrained problem,
unstable points remain repellors (Figure 2.1b and 2.1c). Since a lot of pebbles tend to
be flat, this is probably the easiest way to count unstable and saddle-type equilibria.
Due to the relationship S+U-H=2 (equation (1)), only stable and unstable points have to
be counted. Saddle points can be used to verify the experiment.

2.1.2. E-CLASSES
Our goal is to demonstrate that primary equilibrium classes carry important
information on the geometry of pebbles, therefore we compare our new, equilibriumbased system to an existing one, namely to the Zingg system. For easier comparison
with the Zingg system, we introduce the simplified E-classification. The latter is based
on equilibrium classes, however, it is radically simplified (Figure 1.5) as follows:
E(I):
E(II):
E(III):
E(IV):

E-classes (2,U), U > 2
E-classes (S,U), S,U >2
E-class (2,2)
E-classes (S,2), S > 2

Pebbles with S,U=1 are extremely rare (Várkonyi and Domokos 2006a), so these classes
do not appear in the above simplified scheme. (In Subsection 2.1.4, we will present
statistical results on 1200 pebbles. None of these has S=1 and/or U=1 stable/unstable
equilibria.) E-classification has the additional advantage that it is very easy to apply in
hand experiments: the examiner has only to decide whether the pebble has two or
more than two (stable and unstable) equilibrium points. Therefore, this simplified
scheme is a very speedy process.
Although E-class does not exactly determine the geometric shape, in some cases the
shape of the pebble is so characteristic that the E-class can be determined even
without counting, just by brief visual inspection. Figure 2.2 illustrates E-classes with
four characteristic pebbles: flat objects typically belong to the simplified E-class E(I),
23

elongate objects typically belong to the simplified E-class E(IV), flat and elongate
objects belong to E(III). Objects neither flat nor elongate typically belong to E(II) (cf.
Figure 1.5). This indicates that simplified E-classes E(i) are closely related to the
generalized Zingg classes Zp(i) introduced in Subsection 1.1.1, since the axis ratio c/b is
a measure of flatness and b/a is a measure of elongation. We validate this statement
with quantitative, statistical data in the next subsection.
As mentioned before, in the case of E-classification the examiner has to make two
binary choices by determining whether the number of stable points (S) and the
number of unstable points (U) is greater or equal to 2. Whether S is greater or equal to
2 can be often be decided without even taking the pebble in hand; as pointed out
above, flat pebbles typically have S=2. Similarly, very elongate pebbles have typically
U=2. If a pebble is neither very elongate nor very flat then the examiner has to start
counting S and U. If any of these numbers exceed 2, we can stop counting; to
determine the E-class, no further information is required.

Figure 2.2. Four characteristic examples for E-classes.
Typically, flat pebbles belong to E(I), elongate pebbles belong
to E(IV), flat and elongate pebbles belong to E(III). Pebbles
neither flat nor elongate belong to E(II). E-classes E(i) are
closely related to the generalized Zingg classes Zp(i). Zp-classes
of the 4 characteristic pebbles are shown in brackets (at a p
value around 0.67).

2.1.3. THE STATISTICAL VARIABILITY OF E-CLASSIFICATION
Our first goal was to verify the variability and applicability of E-classification. Statistical
experiments on real pebbles were performed at two locations. On a beach of Rhodes,
24

Greece, 5 spots within 100 meters were selected and 400 pebbles were randomly
collected at each spot (Várkonyi and Domokos 2006a). Afterwards, macroscopically
convex (51%) and concave (49%) shapes were separated and the primary equilibrium
class was determined for the convex pebbles. Results are shown in Table 2.1, based on
the table published by Várkonyi and Domokos (2006a).
Table 2.1. Primary equilibrium classes for the Rhodes experiment. The structure of the table is the
same as in Figure 1.5. Numbers after ± indicate the variability of the given class among the 5 spots.
Specifically, x ± y denotes that the average of the 5 results was x, and each of the 5 results fell into the
range x–y to x +y. Only one pebble belonged to a class where S<2 or U<2.
U
S
1
2
3
4

0.1

1

2

3

-

74.5 ± 2.2 %
4.5 ± 2.2 %
0.2 ± 0.3 %

17.0 ± 1.9 %
0.4 ± 0.4 %
-

± 0.2 %
-

4

5

1.0
0.1
0.7

-

± 0.8 %
± 0.2 %
± 0.5 %

0.1

± 0.2 %

0.1

± 0.2 %

-

At Vác, Hungary, on the bank of the Danube we did a similar survey: we selected 4
spots along the bank, and collected randomly 400 pebbles at each spot. Then we
separated macroscopically convex (45%) and concave (55%) pebbles and determined
the E-classes for the former. More precisely, E(II) and E(IV) classes were not
distinguished in this experiment, so we classified pebbles into 3 classes (Table 2.2).
These tests have been carried out to study the geometry of convex shapes (Várkonyi
and Domokos 2006a), so here we excluded concave pebbles, however, our method is
equally capable to classify the latter as we will show in later statistics.
Table 2.2. E-classes for the Vác experiment. Results of the 4 spots are presented, as well as the
average of the 4 spots. Numbers after ± in the last column indicate the same as in Table 2.1.

E(III)
E(I)
E(II)+E(IV)

Sample 1

Sample 2

Sample 3

Sample 4

Average and variability of the
4 spots

66.1%
24.4%
9.4%

68.5%
22.3%
9.2%

68.6%
23.2%
8.1%

70.4%
20.1%
9.5%

68.4 ± 2.3 %
22.5 ± 2.4 %
9.05 ± 0.95 %

Table 2.3 summarizes the results. Observe the remarkable small variability in all Eclasses. Our basic assumption is that pebbles in a certain location are well mixed with
respect to E-classes, i.e. samples within a location belong to the same population. For a
given E-class, a Z hypothesis test can be used to compare the 4 or 5 samples within a
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location to see if it is feasible that they come from the same population. Consider the
random variable X with binomial distribution with two parameters: q denotes the
probability associated with the binary choice whether or not a pebble belong to class
E(i) and n denotes the number of random trials. The test can be used if the standard
deviation σ is known, in the binomial case we have
σ=

q(1 - q)
.
n

For a given E-class, we compared the largest and the smallest observed percentages
among the 4 samples collected in Vác, (i.e. for E(III), 66.1% and 70.4%; for E(I), 24.4%
and 20.1%). Since E(II) and E(IV) classes were not distinguished in this experiment, we
studied only classes E(III) and E(I). Based on the selected smallest and largest
percentages, we computed a two-sample Z test statistics. The same procedure was
applied for the 5 samples from Rhodes. Table 2.4 summarizes our results. At a 95%
confidence level we found that all test statistics are less than the critical value of 1.96,
indicating that samples within a location are statistically homogeneous i.e. random
sampling can be performed in a reliable manner.
Table 2.3. Summary and comparison between
Rhodes and Vác.
E-class
E(III)
E(I)
E(II)+E(IV)

Rhodes

Vác

± 2.2 %
18.2 ± 3.1 %
6.0 ± 3.8 %

± 2.3 %
22.5 ± 2.4 %
9.05 ± 0.95 %

74.5

68.4

Table 2.4. Z test statistics within Rhodes and Vác
samples. E(II) and E(IV) classes were not discriminated
in the experiments in Vác, so we could not compute the
statistics on these E-classes.
Z test statistics

Rhodes

Vác

E(III)

0.876

1.021

E(I)
E(II)
E(IV)

0.981

1.628

lack of detailed data

Now we show that the difference between Vác and Rhodes is not due to random
fluctuations, i.e. E-classification is characteristic for the location. Similarly to the
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previous computations, based on the mean values presented in Table 2.3, for a given
E-class we can use the two-sample Z test to compare the two means of the samples of
Rhodes and Vác to see if there is a statistically significant difference between the two
populations. Table 2.5 summarizes our computational results of Z test statistics
between the sample means of Rhodes and Vác. At a 95% confidence level we found
that all test statistics exceed the critical value of 1.96, indicating that the two locations
are different, based on the tested E-classes.
Table 2.5. Z test statistics between Rhodes and Vác
samples. E(II) and E(IV) classes were not discriminated
in the experiments in Vác, so we could not compute the
statistics on these E-classes.
Z test statistic
E(III)
E(I)
E(II)
E(IV)

2.775
2.190
lack of detailed data

So far, we found that E-classes are well mixed among pebbles, so random sampling is
very reliable. We also found that based alone on the statistics of classes E(III) and E(I),
geological locations could be distinguished at high confidence levels. The plausible
explanation for the difference is that abrasion of pebbles in the wave-current is rather
different from the abrasion in the riverbed. (We will return to this in Chapter 3, where
we discuss and model abrasion processes). However, we remark that in this
comparison, rock types were also different (limestone for Rhodes, mostly quartzite for
the Danube bank). A more careful comparison could only be achieved by using samples
with identical rock types. Now we proceed to compare E-classes with Zingg classes.

2.1.4. STATISTICAL COMPARISON OF E-CLASSES AND ZINGG CLASSES
We examined the agreement between E-classes and Zp-classes on 24 collected pebble
samples from 11 European locations, each sample consisted of 50 pebbles. The
samples are from several different geological settings, representing different
depositional environments, abrasion processes and pebble lithology. We determined
the E-class of all pebbles as well as their axis ratios c/b and b/a. Based on the latter,
the Zp-class can be determined if the parameter p is given (in the classical Zingg case
p=2/3 is assumed). Table 2.6 shows a sample of our table in which all required data can
be recorded.
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Table 2.6. A simple table for statistical comparison between E-classes and Zp-classes. (Sample data
refer to the case p=0.84). If time allows, it is worth using the “full” counting process, and record the
exact number of S and U. If time plays an important role, from the point of E-classification it is enough to
record whether S (or U) is greater or equal to 2.
Axes (mm)
ID
number
1
2
3
…
50

Equilibria

Axis ratios

E-class

Zp-class

Do they
aggree?

a

b

c

S

U

b/a

c/b

26
45
31

26
36
27

19
17
23

3
2
3

4
2
3

1.00
0.80
0.87

0.73
0.47
0.85

E(II)
E(III)
E(II)

Zp (I)
Zp (III)
Zp (II)

no
yes
yes

38

29

18

3

2

0.76

0.62

E(IV)

Zp (III)

no

Instead of assuming a single value for p, we let p vary between 0 and 1 and for each
value we determined the Zp-class. Also, for each value of p we determined the
agreement a(p) between Zp - and E-classification: this value is between 0 and 100 and
expresses the percentage of pebbles where Zp- and E-classes agreed, i.e. if the pebble
was classified in E(i) and it was simultaneously classified into Zp(i). Formally, we can
define this function by assigning the class numbers zp(j) and e(j) to each pebble, e.g.
zp(j)=4, e(j)=3 if the jth pebble (j=1,2,…50) has been classified into Zp(IV) and E(III).
Using these numbers we can define
50

a(p) = 100 - 2∑ sgn( zp ( j) - e( j) ) ,
j=1

where sgn() stands for the sign function and || for absolute value. The function a(p)
we call the Z/E agreement diagram. Figure 2.3 presents such a Z/E agreement diagram.
The diagram has one definite peak, the p-value associated with this peak we denote by
popt. The value a(popt) is the best match between Zp - and E-classes.
Table 2.7 summarizes our experimental results of the 24 samples. We found that for all
locations and all samples, the Z/E diagram has one (and only one) characteristic peak,
in the range 0.55 < popt < 0.89. The values popt are listed in a separate column of Table
2.7. The value a(popt) , i.e. the best match between Zp- and E-classes varies between
56–96% and is also listed separately as well as the percentages in all classes at p= popt.
The definite, single peak in the Z/E curves suggests that there exists an optimal
parameter for each sample at which Zingg classification works most efficiently. For
well-rounded, worn stones the optimal Zingg parameter is higher (between 0.75 and
0.89), for more angular stones it is smaller (between 0.55 and 0.75). This shows that
the optimal Zingg parameter is not universal, however, Zingg’s original guess of p=0.67
was a good one, since it falls into the range we obtained (although Zingg did not have
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any objective tool to estimate this value, only his intuition). Results also show that one
can estimate the value of popt pretty accurately based on the pebble’s angularity. The
shape of the Z/E agreement diagrams is very characteristic for the sample. In case of
well-rounded pebbles (samples 1-15) the curve starts low and has a long monotonic
slope to the peak. In case of rugged shapes (samples 16-24) the curve starts high and
has only a minor slope before the peak. We mention that the results do not seem to
depend on pebble size (in the size range we investigated): samples 12-14 belong to the
same location, correspond to different average sizes (see photos in Table 2.7) and popt
is nearly the same.

Figure 2.3. Z/E agreement diagram. The diagram has one definite peak at
popt. The value a(popt) is the best match between Zp- and E-classes.

2.1.5. DISCUSSION
Based on the values a(popt), we can see that data on Zingg classes can be extracted
from E-classification with fair accuracy (average agreement is 80% with standard
deviation 10%). Conversely, the result of the more objective E-classification can be
obtained from the Zingg classification by using a suitably chosen p value. In our
experiments we only used simplified E-classes since our goal was to compare E- and Zpclasses. Simplified E-classification contains basically the same information as the Zingg
classes, however, the ‘full' primary equilibrium classification admits more subtle
distinction of shapes which cannot be captured by the Zingg classification. As an
example, we mention that Zingg system cannot distinguish between tetrahedral and
cubic shapes, while equilibrium classes (4,4) and (6,8) give clear descriptions of this
shapes.
Statistical results also show that there is a significant difference between geological
locations, this implies that different locations can be distinguished based on
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equilibrium classification. The distribution of pebbles in the different E-classes can
indicate a special abrasion process and/or pebble lithology. For example, collecting
pebble samples of identical rock types can help to distinguish between the abrasion of
wave-current on a beach, were pebbles are dominantly sliding on each other and the
abrasion in a riverbed, where pebbles collide with high energies during floods. Thus,
analysis of pebble shape helps to characterize the sedimentary environment, as an
example we mention the results of Dobkins and Folk (1970) who showed that shape
can separate rivers from beaches, and even sandy beaches from gravelly beaches, and
high-wave energy beaches form low-wave energy beaches. Finally, equilibrium
classification can also indicate a special pebble lithology (e.g. schist pebbles are
dominantly flat because of the lamellar structure of this rock type, see samples 1-3).

2.1.6. EQUILIBRIUM POINTS AND AXIS RATIOS
As already established, flat objects typically belong to E(I) or E(III), while pebbles which
are not flat, typically belong to E(II) or E(IV) (cf. Figure 2.2). We examined the
relationship between flatness (represented by axis ratio c/b) and the number of stable
points in a more elaborate way: based on the above described 24 European samples,
Figure 2.4 shows a strong logarithmic relationship between the mean number of stable
equilibria and the mean value of axis ratio c/b (the equation of the regression curve is
presented in Figure 2.4). Throughout the dissertation, R2 will denote the square of the
Pearson correlation coefficient. In this case, R2=0.852. For detailed data on the 24
samples, see Appendix A. This relationship also verifies that the number of equilibrium
points is a clear descriptor of the overall pebble geometry.

Figure 2.4. Logarithmic relationship between the mean number of stable equilibria ( S ) and the mean
value of axis ratio c/b. S is plotted on log scale. Data points correspond to the 24 European pebble
samples. R2 denotes the square of the Pearson correlation coefficient. Since all pebbles had minimum 2
stable equilibria, the logarithmic regression curve is fitted in the form: a1log(S - 2) + a2 .
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Table 2.7. Comparison between E-classes and Zingg classes for the 24 European pebble samples. Except sample size and popt, all data is given in percentages. Z/E
diagrams are plotted as agreement 0<a<100% between Zp- and E-classes versus Zingg parameter 0<p<1. Peak of Z/E curve corresponds to best agreement a(popt),
values are listed in separate columns. Observe that Z/E curves are characteristic of pebble roudness: samples 1-15 show similar, well-rounded shapes and similar Z/E
curves, samples 16-24 show angular shapes and the Z/E curves are also similar in this group. Percentages in Zp-classes correspond to p= popt.
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2.1.7. PRINCIPAL RESULT ON THE PRIMARY EQUILIBRIUM CLASSES
In Principal Result 1, statistical data of 24 European pebble samples will be referred. As
presented in Subsection 2.1.4, these samples were collected from 11 European
locations, each sample consists of 50 pebbles, meaning 1200 pebbles altogether. 20
samples originate from coastal environments, 4 from rivers. Samples correspond to
different geological and geomorphological settings, so they represent various
sedimentary environments, abrasion and transport processes and pebble lithology. I
measured the axis lengths a>b>c on the pebbles and counted the stable and unstable
equilibrium points which determine the primary equilibrium class (and so the
simplified E-class). Detailed data on these samples can be found in Table 2.7 and
Appendix A.

PRINCIPAL RESULT 1
(Relevant publications: Domokos et al. 2010; Szabó and Domokos 2010; Domokos,
Sipos and Szabó 2012)
Based on the primary equilibrium classes (Várkonyi and Domokos 2006a), I proposed a
simplified classification (E-classification) to categorize pebble shapes. Relying on the
statistical results of the 24 European pebble samples, I compared E-classes to the
classical Zingg classes so that I generalized the Zingg system by introducing a
parameter p separating the classes from each other. Based on the statistical results,
the following statements can be made:
1.1. The optimal choice of p, at which the agreement between the two classifications
is the largest, is not universal: for well-rounded pebbles it is higher (between 0.75
and 0.89), for angular shapes it is smaller (between 0.55 and 0.75).
1.2. The best agreement between E-classes and the generalized Zingg classes is 80%
on average (standard deviation: 10%), i.e. most of the information contained in
the Zingg classification can be extracted from the simplified equilibrium
classification.
1.3. I established a strong (R2=0.85) logarithmic relationship between the mean
number of stable equilibria and the flatness (mean value of axis ratio c/b) of
pebbles. This relationship also verifies that the number of equilibrium points is
closely connected to the overall shape of pebbles.
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2.2. MICRO- AND MACRO-EQUILIBRIA
In this subsection we take a close look at pebble morphology and we demonstrate that
on many-faceted polyhedral surfaces e.g. on the convex hull of pebbles (cf. Figure 1.3),
equilibria typically occur in two scales: ‘through the magnifying glass’ we can observe
many micro-equilibria which typically accumulate in flocks (see Figure 2.5). Needless to
say, if micro-equilibria inside a flock are very close to each other, they cannot be
discriminated in a hand experiment. Instead, the experimenter identifies the flock of
equilibria as one single equilibrium, which we will call a macro-equilibrium. Our goal in
this subsection is to quantify this phenomenon, i.e. to establish the reliability of the
counting process used in hand experiments. To this end, we have to verify that the two
scales (micro and macro) are typically well separated, i.e. micro-equilibria are relatively
close, macro-equilibria are relatively far from each other, so the number of the latter
can be reliably determined by hand experiments.

Figure 2.5. Six stable micro-equilibria on a pebble forming one macro-equilibrium (flock)
In Subsection 2.2.1, we discuss the mathematical background of flocks. Based on highprecision 3D scans of pebbles in Subsection 2.2.2, we compute the convex hull and
identify micro-equilibria on 300 pebbles. In Subsection 2.2.3, we review an algorithm
presented in (Domokos, Sipos and Szabó 2012) which is able to separate micro- and
macro-equilibrium scales by computer. Then, in Subsection 2.2.4, we simulate hand
experiments by computer: we apply the algorithm to compare the results of computer
experiments to our hand experiments, based on the hypothesis that the scalar
parameter introduced in the algorithm is a measure of the accuracy of the
experimenting person. Results verify that the two scales (micro and macro) are wellseparated. Hand experiments are consistent and reliable because for the same
experimenter we measured parameter values in a narrow range, also, the parameter
value changes only slightly between different experimenting persons. In Subsection
2.2.5 we present the principal result connected to micro- and macro-equilibria.

2.2.1. FLOCKS OF EQUILIBRIA
If we examine pebble morphology ‘through the magnifying glass’, we observe that
pebbles have a non-smooth, rugged surface (Figure 1.3). However, equilibrium points
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appear on the convex hull of the real surface, and this convex hull can be fairly
accurately approximated by a many-faceted polyhedron as shown in Figure 1.3.
Smooth, convex curves and surfaces typically exhibit isolated equilibrium points
(Figure 2.6a). By approximating the smooth surface (or curve) by a discrete polyhedron
(polygon), the number of equilibria often increases, however, these micro-equilibrium
points are not uniformly scattered on the surface. Rather, they typically accumulate in
flocks, centered around the equilibria of the original smooth surface (Figure 2.6b). This
behavior was shown by Domokos, Lángi and Szabó (2012) for arbitrary fine, uniformly
discretized curves and surfaces.

Figure 2.6. Micro- and macro-equilibria on planar curves. The curve is characterized by the scalar
distance R(ϕ) from center of gravity G of the enclosed planar object, as described in Subsection 1.1.2.
Red/blue points denote stable/unstable equilibria, respectively. a) Smooth ellipse with S=2 stable and
U=2 unstable points. b) N=100 discretization with S=9 stable and U=9 unstable micro-equilibrium points,
accumulated in 2 stable and 2 unstable flocks (macro-equilibrium points).

We can also describe the stability properties of flocks. Loosely speaking, stable flocks
correspond to a set of ‘nearby’ micro-equilibria located in a ‘large potential valley’,
separated by ‘small’ energy thresholds (see R(ϕ) in Figure 2.7a), unstable flocks (or
saddle flocks) correspond to similar collection of micro-equilibria in the ‘vicinity’ of a
‘large potential peak’ (or saddle) (see R(ϕ) in Figure 2.7b). Based on the paper by
Domokos, Lángi and Szabó (2012), these stability properties can be defined exactly as
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well by studying the fine, equidistant k-discretizations of smooth, convex surfaces: as k
approaches infinity, micro-equilibria are positioned in the small vicinity of the
equilibria of the original smooth surface, and the stability properties of the equilibria
of the smooth surface determine the stability properties of flocks.

Figure 2.7. Illustration of flocks. a) Stable and unstable 2D flocks (macro-equilibria) appearing on the
physical contour of a discretized ellipse and in the scalar distance R(ϕ). b) Some 3D flocks on an ellipsoid.
Red faces denote stable equilibria, unstable points are marked with blue crosses, edges carrying a
saddle point are green.
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The arrangement of micro-equilibria in flocks may exhibit various topologies, some 2D
and 3D examples are illustrated in Figure 2.7. In the 2D case, stable and unstable
equilibria follow each other in an alternating sequence along the perimeter (as local
minima and maxima of R(ϕ) also necessarily follow each other in an alternating
sequence, see Figure 2.7a). Observe that in the case of polygons, the planar object is
supported along a whole edge in the case of stable equilibria. However, the definition
for the equilibrium points is still exact, since R(ϕ) is not constant along such an edge,
but has a well-defined local minimum (Figure 2.7a). The situation is similar for stable
equilibria on the faces, and saddle points on the edges of a polyhedron.
The number of micro-equilibria can also be determined in the limiting case as k
approaches infinity, i.e. micro-equilibria do not necessarily disappear in this limit, they
can be present in arbitrarily fine discretization as well. While our paper (Domokos,
Lángi and Szabó 2012) contains a rigorous mathematical study on the number and
arrangement of micro-equilibria in this limiting case for arbitrary convex curve or
surface, here we only show the simple case of a planar ellipse to reveal the behavior of
flocks. By uniformly discretizing (e.g. according to arc length) an ellipse with S=2 stable
and U=2 unstable equilibrium points and with axis ratio b/a (b=1, a≥1) into a polygon
with N=4k-2 sides and let k→∞, we can observe in Figure 2.8 that the four flocks (two
stable and two unstable) shrink in diameter, however, the number of contained microequilibria approaches a non-trivial constant which only depends on the axis ratio b/a
(or simply on a, since for simplicity we assumed b=1). By expressing the condition for
an equilibrium point on a given edge of the polygon for a given k value, we can easily
compute the limiting value for the total number of equilibria symbolically, as k→∞.
Alternatively, the general expressions for the number of micro-equilibria of convex
curves, published in Domokos, Lángi and Szabó (2012), can also be used to compute
the special case of the planar ellipse). Table 2.8 shows the numbers of stable and
unstable micro-equilibria in the k→∞ limit, contained in stable and unstable flocks,
respectively. These formula for N→∞ agree with the numbers presented in Figure 2.8
 a2 
for N=62, e.g. for a=1.09 we have 2  2
 = 6 , which means that there are 6 stable
 2(a - 1) 
and 7 unstable micro-equilibria in an unstable flock, and there are 7 stable and 6
unstable micro-equilibria in a stable flock. We recall that stable and unstable equilibria
always follow each other in turns along the perimeter, thus a stable flock starts and
ends with a stable micro-equilibrium, while an unstable flock starts and ends with an
unstable micro-equilibrium (cf. Figure 2.7a). Since we have 2 stable and 2 unstable
flocks on an ellipse, for the total number of equilibria we obtain S=U=26. In addition, if
a > 2 , flocks disappear since we obtain S=U=2. Although flocks are well-defined in the
k→∞ limit, we can observe in Figure 2.8, that for a finite discretization, the boundaries
of flocks are well-defined for elongated curves/surfaces, but they are less prominent
for nearly spherical geometries.
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Figure 2.8. Uniform discretization of ellipse. Rows correspond to k=constant, i.e N=4k-2 constant
number of discretizations points, columns correspond to constant axis ratio 1/a. S denotes the total
number
of stable micro-equilibria (in 2D, S=U). Based on Table 2.8, in the N→∞ limit S converges to
 a2 
8 2
 + 2 , since an ellipse has 2 stable and 2 unstable flocks.
 2(a -1) 

Table 2.8. Number of micro-equilibria on the ellipse with infinitely fine, uniform discretization (  
denotes the floor function).
Type of flock

Stable

Unstable

Stable

 a2 
2 2
 +1
 2(a - 1) 

Unstable

 a2 
2 2

 2(a - 1) 

 a2 
2 2

 2(a - 1) 
 a2 
2 2
 +1
 2(a - 1) 

Type of micro-equilibrium
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Although it is obvious that pebbles do not represent arbitrary fine and equidistant
discretization, the agreement between the limiting value (N→∞) and the finite
discretization (here, N=62) qualitatively indicates that studying the well-defined
limiting case can be beneficial regarding real pebble surfaces as well. Particularly, we
demonstrated (Domokos, Lángi and Szabó 2012) that the number of micro-equilibrium
points obtained for the arbitrarily fine, equidistant k-discretizations of smooth, convex
surfaces gives a fair estimate on the actual number of micro-equilibrium points on a
real pebble. For that comparison, we scanned pebbles using a 3D laser scanning
method, which we present in the next subsection.

2.2.2. SCANNING PEBBLES
Application of 3D laser scanning technology in earth science has considerably
increased in recent years (e.g. Bourke et al. 2008; Heritage and Hetherington 2007;
MacMillan et al. 2003; Nagihara et al. 2004). This new technology provides very
accurate and fine spatial resolution data of landforms which offers an opportunity to
extract important geomorphologic features, to measure morphological change and
sediment transport. Most geomorphologic studies use LIDAR (Light Detection And
Ranging, see e.g. Macmillan et al. 2003; Jerolmack et al. 2011) technology (terrestrial
or aerial) to produce high resolution digital elevation maps of surface topography. In
our small-scale work, the portability of the 3D scanner was not a necessary feature;
rather we had to apply a very accurate technology to extract detailed information on
the morphology of pebbles. Therefore, we used a SCANTECH 3D laser scanner
mounted on a Kondia NCT CNC machinery (Figure 2.9a-b). Scanning was performed at
the BME Department of Manufacturing Sciences and Technology. The SCANTECH
scanner is a triangulation scanner which shines a laser on the pebble and uses a CCD
camera to look for the location of the laser dot. The scanner can collect data of 1000
points in a second and achieves a 0.05-0.1 mm scanning accuracy (for more detail, visit
http://www.scantech.com). First we scanned pebbles in 5-7 different positions, then
we fitted together the resulting, partly overlapping point clouds using RapidForm XOR
reverse engineering software (http://www.rapidform.com). The software can
automatically recognize the overlapping parts of the different point clouds. Finally, in
RapidForm XOR, the merged point cloud was converted into a triangulated polyhedron
with approximately 10000-100000 faces, depending on the size of the pebble (Figure
2.9c-f).
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Figure 2.9. Illustration of the scanning process and the construction of the convex hull on a pebble. a)
Kondia NCT CNC machine with added SCANTECH 3D laser scanner. b) Path of laser head above scanned
pebble. c) Picture of pebble. d) Scanned point cloud e) Joining point clouds together in RapidForm XOR.
f) Joined point clouds converted into a closed triangulated polyhedron.

2.2.3. IDENTIFYING MICRO- AND MACRO-EQUILIBRIA ON PEBBLES
In this subsection we review an algorithm published in (Domokos, Sipos and Szabó
2012). The algorithm is based on the work of Edelsbrunner et al. (2003a), and its aim is
to identify flocks and equilibria on the two separate scales on the scanned pebbles. To
this end, we construct the so-called Morse-Smale complex (Milnor 1963) carrying the
adjacency relationships between micro-equilibrium points. Then, by the systematic
simplification of this complex in a one-parameter process, macro-equilibrium points
can be identified.

2.2.3.1. Identifying micro-equilibria
The first task is to identify micro-equilibrium points on the scanned pebbles. We recall
that a rigid body rolls on its convex hull when placed on a horizontal, planar surface,
thus equilibrium points appear on this convex hull. The closed polyhedral surface
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resulting from the scans was imported into our own code in Matlab, where we
constructed the convex hull of this polyhedral surface (Figure 2.10a). Microequilibrium points on the convex hull can be identified along the following line
(Domokos, Sipos and Szabó 2012):
•

•

•

Stable points are located on facets of the polyhedron. The condition for a stable
face is that the normal line of the face through the center of gravity G must
intersect the face.
Unstable maxima are located on vertices of the polyhedron. There is an unstable
maximum at a vertex A if the normal plane to AG through A does not intersect the
polyhedron (except at the point A itself).
Saddle points are located on edges of the polyhedron. There is a saddle point on
edge BC, if the normal line n of BC through G intersects the edge inside BC and the
normal plane to n through BC does not intersect the polyhedron (except at edge
BC itself).

Figure 2.10a shows the identified micro-equilibrium points on the scanned pebble
presented in Figure 2.9.

Figure 2.10. a) Convex hull of the pebble presented in Figure 2.9 and micro-equilibrium points. Note
the stable micro-equilibrium (red face) on the peak of the pebble (see framed and magnified portion of
the surface). b) The pebble can be physically balanced on this stable micro-equilibrium point. (For the
number of micro-equilibria we obtained S=5, U=11, H=14.)
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Note that there is a stable micro-equilibrium point on the peak of the pebble i.e. in an
unstable flock. We checked the reliability of the scanning and computation process by
trying to balance the pebble on this peak. Figure 2.10b verifies that this stable microequilibrium physically exists, so the scanning process is accurate. The counter-intuitive
balance point of the pebble also sheds light on an interesting phenomenon: the
mechanics of rocking stones i.e. large rocks finely balanced in ‘unlikely’ positions
(Domokos, Sipos and Szabó 2012). While in most cases, objects surrounding us are
balanced on a stable micro-equilibrium in a stable flock, in the case of rocking stones,
the stable micro-equilibrium belongs to an unstable flock. Because of the difference of
the stability properties in the micro- and macro-scale, such an equilibrium is very
sensitive, but, as rocking stones and Figure 2.10b verify, can exist.

2.2.3.2. Morse-Smale complexes
The next task is to accurately identify macro-equilibrium points on the scanned
pebbles. To this aim, we construct and then simplify the Morse-Smale complex (Milnor
1963) carrying micro-equilibrium points. (More details and results on these complexes
will be presented in Subsection 2.3). Morse-Smale complexes and their simplification
play an important role in structural biology in the description of molecular docking
(Cazals et al. 2003; Natarajan et al. 2006; Agarwal et al. 2006). It is also used in
oceanography for temperature extremes, while the most practical applications belong
to imaging such as MRI in medicine and X-ray crystallography in molecular biology
(Edelsbrunner et al. 2003b). Below we briefly review the mathematical background of
Morse-Smale complexes based on (Edelsbrunner et al. 2003a).
As already mentioned, equilibrium points are identical to the singularities of the
gradient flow associated with the scalar distance R(ϕ, θ). We also recall that our
investigation is limited to generic shapes, i.e. we assume that all of the equilibrium
points are non-degenerate, thus R is a Morse function. On smooth surfaces, all nonequilibrium points belong to a unique route (an integral line) which is tangent to the
gradient flow at each point and connects two equilibrium points (Figure 2.11a-b).
Based on these integral lines the surface can be decomposed into stable and unstable
manifolds associated with the aforementioned equilibrium points. The stable manifold
of a stable or saddle-type equilibrium point contains all surface points from where the
gradient flow reaches the equilibrium point along integral lines. The unstable manifold
of an unstable or saddle-type equilibrium point contains all points which belong to
integral lines having the equilibrium point as origin. The stable and unstable manifolds
can have various dimensions. On generic, smooth surfaces the stable and unstable
manifolds associated with saddles are 1-dimensional, whereas the stable manifold of a
stable point and the unstable manifold of an unstable point is 2-dimensional. A Morse
function is called a Morse-Smale function if the stable and unstable manifolds of an
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equilibrium point intersect only transversally. In case of 2D surfaces, it means that the
1-dimensional stable and unstable manifolds of a saddle point cross, when they
intersect. Based on the transversally intersecting integral lines at the saddle points, the
surface can be decomposed into sub-domains which we call the Morse-Smale cells, the
collection of which is referred to as the Morse-Smale complex. We will use a
representation of the Morse-Smale complex by an embedded graph, with vertices
corresponding to equilibrium points, and edges corresponding to integral lines
connecting saddles to stable and unstable points (Figure 2.11b-c). The graph is 3colored (vertex-colored), where colors correspond to the 3 types of equilibrium points
(stable, unstable and saddle). We refer to this graph as the Morse-Smale graph of the
surface. The combinatorial properties of these graphs will be discussed in detail in
Subsection 2.3.

Figure 2.11. a) Gradient flow on a smooth surface (ellipsoid). b) Integral lines (green) and MorseSmale graph (bold black lines) on the surface of a smooth ellipsoid. Red/blue/white vertices denote
stable/unstable/saddle type equilibria, respectively. c) Morse-Smale graph of the ellipsoid drawn on the
plane. d) Gradient flow on a polyhedron (tetrahedron). e) Some routes between equilibrium points
(green) and Morse-Smale graph (bold black lines) on the surface of a tetrahedron. Observe that for
polyhedra, non-critical points along edges belong to more routes between equilibrium points. f) MorseSmale graph of the tetrahedron drawn on the plane.

2.2.3.3. Constructing the Morse-Smale complex
As a next step, we identified the edges of the Morse-Smale complex on the pebbles.
Since we model the pebbles by convex polyhedra arising from our 3D scans, the
Morse-Smale theory for piecewise linear manifolds (Forman 1998) has to be applied.
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This theory also predicts the same three types of generic equilibrium points (minimum
(stable), maximum (unstable) and saddle), equation (1) is applicable and the
dimensions of the associated stable and unstable manifolds also remain unchanged.
However, some of the non-equilibrium points (typically points along edges) can belong
to more routes between equilibrium points, i.e. the integral lines are not uniquely
defined (Figure 2.11d-f). Due to our assumption about genericity, we do not have to
handle degenerate cases, i.e. a saddle point in our complex is always the origin of 4
edges, two of which lead to stable points, the other two originate at unstable points.
The integral curves leading to and originating from the saddle can be traced by starting
at the saddle and following the gradient of R forward or backward until we hit the
adjacent equilibrium point (stable or unstable). This strategy – which in fact is a
steepest ascent approach – defines the adjacent equilibrium points uniquely. After
identifying the paths to and from all saddles we obtain the full Morse-Smale graph on
the scanned pebbles.

2.2.3.4. Simplifying the Morse-Smale complex to identify macro-equilibria
Separating scales and the identification of flocks can be done via the systematic
simplification of the Morse-Smale complex. A flock corresponds to a localized
collection of micro-equilibria, all located in a potential well (stable flock), on top of a
potential hill (unstable flock) or in the vicinity of a saddle (saddle flock). The goal of the
simplification is to remove these micro-equilibria so that only the dominant, global
equilibria persist, corresponding to the large-scale variation of the potential landscape
defined by the scalar distance R(ϕ, θ).
We perform the simplification on the Morse-Smale graph (rather than on the surface
itself). (It is worth mentioning that according to the algorithm of Bremer et al. (2003),
the modification of the surface geometry according to the simplification is also
possible, however, in a different setting: they dealt with general Morse-Smale
functions, not only those describing convex surfaces). Based on the algorithm by
Edelsbrunner et al. (2003a), we use cancellations to simplify the Morse-Smale complex
(Figure 2.12). Each cancellation is a double edge contraction (Diestel 2005) that
removes two neighboring vertices from the graph (an edge contraction is an operation
which removes an edge from a graph while simultaneously merging together the two
vertices it previously connected). We cancel critical points in pairs, i.e. we remove a
saddle point and an unstable point, or a saddle point and a stable point in each step, so
we keep consistence with equation (1) (S+U−H=2).
To determine the order of the cancellations, we assign a ‘weight’ to each edge in the
graph. The weight of an edge is proportional to the difference in the value of the
function R(ϕ, θ) between the ends of the edge i.e. the potential difference between
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the two, adjacent critical points. Formally, we assign a value μij to each edge
connecting equilibrium points i and j by the following definition:
μij =

R ( φi , θi ) - R ( φj , θ j )
Rmax

,

where Rmax is the distance of the furthermost vertex of the surface from center of
gravity G. Observe, that 0≤ μij ≤ μmax ≤1, where μmax =

Rmax - Rmin
Rmax

.

Figure 2.12. Cancellation that removes equilibrium
points y and z from the Morse-Smale graph
As mentioned, a flock is located in a potential well (or on a potential hill), so potential
differences inside a flock are small compared to the large-scale changes in R(ϕ, θ).
Thus, if we rank cancellations according to increasing value of μij (i.e. increasing
potential differences), we can remove micro-equilibria from the flocks, as long as there
remain only the macro-equilibrium points in the graph, which are associated with the
dominant changes of the potential function R(ϕ, θ). (It is worth mentioning that by
removing an edge with minimal μij from the graph (in Figure 2.12, edge yz), we
automatically remove an other, adjacent edge as well (in Figure 2.12, edge xy) and we
do not use any restrictions regarding the value of μij on this adjacent edge).
By this process we define a one-parameter family of graphs G(μ). G(0) is identical with
the original graph and G(μ) is the graph produced from G(0) by cancellations of all
edges with μij<μ. It is easy to see that G(μmax) will only have one stable and one
unstable equilibrium point. This family of graphs defines the scalar function N(μ) as the
total number of equilibrium points of G(μ) and its normalized form n(μ)=N(μ)/N(0). The
function n(μ) (which can be plotted on the unit square) plays a fundamental role in our
work which we describe below. This cancellation strategy does not reveal flocks
directly, however, by plotting n(μ) versus μ we obtain a simple plot on which flocks can
be identified. Observe that n(μ) is monotonically decreasing since, with increasing μ,
points are always removed from the Morse-Smale complex. If n(μ) decreases gradually,
in small steps, then one can not identify flocks. However, a sudden jump followed by a
plateau in n(μ) reveals that equilibria exist on two separate scales, since for a broad
range of μ, the function n(μ) remains constant and this constant corresponds to the
number of macro-equilibria. The initial, high values of n(μ) correspond to micro48

equilibria. Diagram n(μ) for a typical pebble is presented in Figure 2.13. Note that μ is
plotted in logarithmic scale, so the long plateau from μ=0.00047 to μ=0.15440
indicates a very well-separated macro scale. This macro scale can also be interpreted,
as it corresponds to the ‘smoothed’ version of the original pebble’s surface (Figure
2.13c). However, we remark that we did not smooth the surface, rather, we performed
the simplification on the Morse-Smale complex, which is a much more straightforward
procedure in a mathematical sense. Nevertheless, the geometric interpretation of the
simplification (‘smoothing’) could also be considered, however, it is not of interest
from our current point of view. In the next subsection we will compute n(μ) for 300
scanned pebbles. Based on this, the reliability of hand experiments can be quantified
as described below.

Figure 2.13. Micro- and macro-equilibria on the pebble already presented in Figures 2.9-10. a) Microequilibria on the pebble’s surface and the original Morse-Smale complex G(0) on the pebble and on the
plane. Green/yellow edges correnspond to connections between saddle points and stable/unstable
points, respectively. b) μ−n(μ) diagram, μ is plotted on logarithmic scale. The diagram has a sudden jump
near μ=0 and a long plateau from μ=0.00047 to 0.15440, indicating that micro- and macroscales are well
separated. c) Reduced Morse-Smale complex on the plane and a corresponding rough, global, smooth
model of the pebble with its Morse-Smale complex (a flat, triangular shape). Recall that we performed
the simplification on the Morse-Smale complex, not on the surface itself, so it is only a schematic
illustration.
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2.2.4. MEASUREMENT OF THE RELIABILITY OF HAND EXPERIMENTS
The above described simplification algorithm is not only suitable to identify equilibria
on two (micro and macro) scales, the method can also be used to model our hand
experiments. The reliability of the hand experiments depends on the separation of
micro and macro scales i.e. whether the experimenter can identify flocks or not. So,
the sudden jump and the long plateau in Figure 2.13 suggests that hand experiments
are reliable, macro-equilibria remains constant for a broad range of μ, thus the results
of the field experiments are robust. We will examine this observation in a statistical
sense. Our main hypothesis is that a certain μ0 value can be considered as the scalar
measure of the inaccuracy of the experimenting person: below this threshold of the
potential difference, the experimenter misses to distinguish micro-equilibrium points
and substitutes them with a single equilibrium point. So, μ0=0 stands for an
experimenter with absolute accuracy who recognizes each micro-equilibrium point,
and the increasing value of μ0 models the effect of increasing human error in a hand
experiment. We verify this hypothesis and validate our hand experiments by
simulating hand experiments on the computer: we compare hand experiments to the
computer experiments in which we model the precision of the experimenter with the
parameter μ0.
To this end, 300 pebbles from the 24 European pebble samples presented in
Subsection 2.1 were scanned: 40-40 pebbles from samples T1, A1, K1, K3 and K4, 50-50
pebbles from samples N3 and N4, for detailed information, see shaded rows in
Appendix A. For all scanned pebbles, the μ–n(μ) diagram was computed. As already
mentioned, scanning results in a dense triangulated polyhedron, often with 100.000
faces or even more, thus computing the convex hull, identifying micro-equilibrium
points, then building and simplifying the Morse-Smale complex needs high
computational capacity. Therefore, all computations were run on the BME HPC Cluster
(BME Supercomputer), using Octave.
Table 2.9 shows the average number of stable ( S ) and unstable (U ) equilibria for the
7 scanned samples, resulting from my hand experiments described in Subsection 2.1.
The same averages for each sample can be computed from the computer experiments
as well, if the parameter μ0 is given. For each sample, we computed a μ0 , S and a μ0 , U
value for S and U separately, at which sample averages of computer and hand
experiments are the closest, these values are presented in Table 2.9. Note that the
variability of μ0 ( μ0 , S and μ0 , U ) is relatively small compared to the long plateau
presented on a typical pebble in Figure 2.13: μ0 varies from 0.0010 to 0.0129. The
standard deviation, computed from the 2×7 μ0 , S and μ0 , U data is sμ0 = 0.0036.
Although this range means one order of magnitude difference, observe that on our
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example pebble (which qualitatively corresponds to a typical case) the long plateau
involves 3 orders of magnitude difference in the μ values. This suggests that hand
experiments are consistent, the experimenter counts equilibrium points always with
similar accuracy. By computing the μ0 values for the 7 different pebble samples
separately, we could analyze the consistency of my hand experiments. However, by
treating these 2×7 values together, we can describe the average inaccuracy of the
experimenter. Specifically, the mean value of the 2×7 μ0 , S and μ0 , U data, μ0 = 0.0051
describes the precision of my hand experiments well, which we demonstrate below.
Table 2.9. Measuring parameter μ0 for my hand experiments, separately for stable and
unstable equilibria. S and U denote the mean value of the number of stable and unstable
equilibria, respectively, resulting from the hand experiments.
Sample

S

μ0 , S

U

μ0 , U

N3
N4
A1
T1
K1
K3
K4

2.56
2.20
3.48
3.36
2.22
2.08
2.04

0.0010
0.0023
0.0049
0.0030
0.0024
0.0055
0.0013

2.68
2.44
3.48
4.12
2.52
2.28
2.22

0.0039
0.0104
0.0083
0.0020
0.0070
0.0129
0.0069

Mean:

μ0 =0.0051, Standard deviation: sμ0 =0.0036

Based on the statistical results of the 24 European pebble samples, in Subsection 2.1.6
we presented a close logarithmic relationship (R2=0.85) between the average number
of stable equilibrium points and the average flatness of pebbles, represented by the
mean value of c/b. For these 24 samples, axis ratio b/a is almost constant: the average
value is 0.76 with a very small (0.03) standard deviation. (The explanation for this
phenomenon is beyond the scope of this dissertation, but it is an interesting open
question connected to the abrasion processes of pebbles). Since b/a is almost
constant, a similar close relationship (R2=0.86) holds between the average number of
stable equilibrium points and the mean value of axis ratio c/a. The two regression
curves and data points are presented in Figure 2.14a. We also found an interesting
strong relationship (R2=0.96) between the average number ( S ) and the standard
deviation ( ss ) of stable equilibrium points, and a similar regression curve holds for U
versus sU as well (R2=0.93, Figure 2.14b). For detailed information on the data points,
see Appendix A. We examined whether these results of hand experiments can be
modeled with the single parameter μ0 =0.0051. Appendix A presents detailed data on
the result of computer experiments at μ0 =0.0051 as well. Figure 2.14 shows a good
match between computer and hand experiments for all investigated variables, the
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coefficient of determination (i.e. the square of the Pearson correlation coefficient)
based on the predicted regression curves is between R2=0.74 and R2=0.97. The close
match indicates that μ0 =0.0051 is characteristic for the precision of this experimenter.

Figure 2.14. Comparison between my hand experiments and computer experiments. Purple and green
triangles represent hand experiments, blue and red data points show the results of computer
experiments at μ0 =0.0051. The regression curves were fitted to the hand experiments, equations and R2
values are also presented. a) Relationship between the average number of stable equilibrium points ( S )
and axis ratios c/b and c/a. S is plotted on log scale. b) Relationship between the average number ( S )
and the standard deviation ( ss ) of stable equilibrium points, and the average number ( U ) and the
standard deviation ( sU ) of unstable equilibrium points. The diagram is plotted on log-log scale.
Computer experiments fit well to hand experiments at μ0 =0.0051, the squares of the Pearson
correlation coefficient, computed based on the presented equations of the regression curves, are
R2=0.8020, R2=0.8610, R2=0.9681 and R2=0.7372 for relationship S vs. c/b, S vs. c/a, S vs. ss and U
vs.

sU , respectively.
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So far, we demonstrated that the μ0 value is characteristic for one experimenting
person. We were also interested in the variability of μ0 between different
experimenters. Therefore, we employed 8 people (undergraduate students and our
laboratory assistant) to classify the 300 scanned pebbles according to the primary
equilibrium classes, using hand experiments. To measure the μ0 values for them, the
very same procedure was applied as described above. Appendix B summarizes the
results.
It is worth mentioning that μ0 , U values are typically higher than μ0 , S : the overall
average of μ0 , U values for the different people is 0.0082, while the average of μ0 , S
values is 0.0016 (see Appendix B). This means that stable equilibria are more
accurately identified than unstable ones. Observe that this phenomenon is robust, as it
holds consistently for every individual experimenter. This suggests that hand
experiments of one person could be modeled with the two different μ0 , S and μ0 , U
μ0 ,S + μ0 , U
as
2
(computed from the 2×7 μ0 , S and

parameters as well, instead of simply using a general mean value μ0 =
above. In addition, since the standard deviation sμ0

μ0 , U data) partly reflects the difference between average μ0 , U and μ0 , S values, the
consistence of one experimenting person can be more precisely described by the
standard deviations sμ0 , S and sμ0 , U computed separately from the 7 μ0 , S and 7 μ0 , U
data, respectively. As Appendix B shows, most of the experimenters are selfconsistent, because sμ0 , S and sμ0 , U values are small. However, the results of a few
students are not so coherent (observe the three high sμ0 , U values 0.0112 - 0.0132). By
using two different μ0 , S and μ0 , U parameters, R2 values in the graphical comparison
between computer experiments and my hand experiments (Figure 2.14) would change
to R2=0.7897, R2=0.8077, R2=0.8980 and R2=0.8538 for relationship S vs. c/b, S vs.
c/a, S vs. ss and U vs. sU , respectively. Although we obtain a better match for
unstable points (the original R2 value was 0.7372, cf. caption of Figure 2.14), R2 values
for the stable points are less than previously. Therefore, next we rely simply on the μ0
value in comparing different experimenting persons, since this single parameter also
gives a good match.
Observe that μ0 varies in a narrow range between different experimenters, between
0.0024 and 0.0083, the mean value is 0.0049 which is very close to my μ0 value.
Despite the changes in μ0 between the different experimenters, the results of the
primary equilibrium classification is almost the same for different people, since the
standard deviations of the average number of stable and unstable equilibria are small
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compared to the mean values (see last row in Appendix B). For stable points, the
smallest standard deviation is 0.02, for which the average number of (stable) equilibria
is 2.06. The largest standard deviation for stable equilibria is 0.27, for which the
average number of equilibria is 2.43. For unstable points, the smallest standard
deviation is 0.12, for which the average number of (unstable) equilibria is 2.31. The
largest standard deviation for unstable equilibria is 0.46, for which the average number
of equilibria is 3.49. The small variability between different people indicates that hand
experiments are reliable and easy to learn. Thus, these results verify the practical
applicability of primary equilibrium classification as a tool to describe pebble shapes in
sedimentology.

2.2.5. PRINCIPAL RESULT ON MICRO- AND MACRO-EQUILIBRIA
As presented in the previous subsection, 300 pebbles from the 24 European samples
were scanned with a 3D laser scanner: 40-40 pebbles from samples T1, A1, K1, K3 and
K4, 50-50 pebbles from samples N3 and N4. In Principal Result 2, these samples will be
referred as the 300 scanned pebbles. Detailed data on them can be found in Appendix
A and B.

PRINCIPAL RESULT 2
(Relevant publications: Domokos, Sipos and Szabó 2012; Domokos, Lángi and Szabó
2012)
Based on the algorithm identifying micro- and macro-equilibria (Domokos, Sipos and
Szabó 2012) and data of the 300 scanned pebbles, I simulated the hand experiments
on the BME Supercomputer, based on the hypothesis that the scalar parameter μ0
introduced in the algorithm is a measure of the inaccuracy of the experimenting
person during counting equilibrium points. By comparing the results of computer
experiments to hand experiments, the following statements can be made, which verify
the reliability of hand experiments:
2.1. Based on hand experiments of 9 different people, μ0 values are typically higher
for unstable equilibria (mean value: 0.0082) than for stable equilibria (mean
value: 0.0016).
2.2. Parameter μ0 varies in a narrow range for the same experimenter and also, the
results of hand experiments can be modeled well (R2=0.74–0.97) by μ0 (the
mean value of μ0). Thus, hand experiments are consistent and μ0 describes the
inaccuracy of the experimenting person well.
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2.3. Based on hand experiments of 9 different people, μ0 changes only slightly
between different experimenting persons (mean value: 0.0049, standard
deviation: 0.0019). Therefore, the number of stable and unstable equilibria
counted in hand experiments varies also only slightly among different people: the
standard deviation is very small (0.02) for small number of equilibria (2.06) and is
acceptable (0.46) for larger number of equilibria (3.49) as well.

2.3. SECONDARY EQUILIBRIUM CLASSES
So far, we classified pebble shapes based solely on the number of stable and unstable
equilibrium points; we called these categories primary equilibrium classes. However,
these classes can be divided into secondary equilibrium classes, based on the topology
of the Morse-Smale complex, which was introduced in Subsection 2.2.3.2. As already
discussed there, a Morse-Smale complex can be represented by a graph, having welldescribed combinatorial properties which define a graph class (a graph class is a set of
graphs having some given common properties). Each graph in this graph class
corresponds to a secondary equilibrium class in one of the primary classes. As an
example, we present two different shapes which are both in primary equilibrium class
(2,2), but have different Morse-Smale complexes, so they are in different secondary
equilibrium classes (Figure 2.15).

Figure 2.15. Two secondary equilibrium classes in
primary equilibrium class (2,2). The Morse-Smale graph
of a) a tri-axial ellipsoid, b) an oblique circular cone,
drawn on the surface (bold black curves) and in the
plane. As previously, red/blue/white vertices denote
stable/unstable/saddle type equilibria, respectively.
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Várkonyi and Domokos (2006a) showed that the primary equilibrium classification is
complete, i.e. there exists a convex, homogeneous, rigid body in each class. Based on
this result, a natural and important question is whether all secondary classes are nonempty as well. We show that the answer is yes, i.e. we prove the following statement:
Theorem 1. For every, combinatorially possible Morse-Smale complex
embedded in the 2-sphere, there exists a corresponding homogeneous, rigid,
smooth, convex solid.
With the proof of this statement, we not only refine the original primary equilibrium
classification to obtain a more detailed taxonomy on the shape of homogeneous,
convex bodies, but we also show that, in theory, any of these graphs can appear in
nature among pebble shapes.
Throughout this subsection, we will rely on the specialized vocabulary of graph theory,
so below we briefly list the terms that we will use, based on the book by Diestel (2005).
A graph class is a set of graphs having some given common properties. For example,
planar graphs represent a graph class as they have the common property that all
planar graphs can be drawn on the (Euclidean) plane (or equivalently, on the 2-sphere)
without any crossing. A plane graph refers to a graph which is already drawn on the
plane; or, instead of drawn on the plane, we may equivalently say, embedded in the
plane. A planar map is the equivalence class of topologically equivalent drawings of a
planar graph on the 2-sphere. Strictly speaking, a planar map is different from a plane
graph, because a plane graph always has an external (also called unbounded) face,
which is ‘outside’ the region bounded by the edges. Contrarily, none of the faces of a
planar map have a particular status. In our investigations we did not strictly
discriminated between embeddings in the plane and embeddings in the 2-sphere. The
original Morse-Smale complex can be drawn on the surface of the solid (e.g. pebble),
i.e. it is embedded in the 2-sphere. However, a graph embedded in the 2-sphere can
always be projected onto the plane which defines a particular drawing of that graph.
A walk (of length n) is an alternating sequence of vertices and edges, v1e1v2e2…envn+1,
such that an edge ei = {vi, vi+1} is defined by two vertices (vi and vi+1) for i = 1,2…n. We
call a walk a closed walk if its first and last vertices are the same, i.e. v1 = vn+1 (and vj ≠
v1, j = 2…n). A walk is an open walk, if v1 ≠ vn+1. For a plane graph, a region surrounded
by a closed walk (without any other edge inside the region) is called a face. A path is an
open walk where the vertices vi are all distinct. A path graph Pn is a path with n vertices
(and thus, it is a path of length n-1) (Gross and Yellen 2006). By coloring a graph, we
mean vertex-coloring; k-coloring means labeling the vertices using k labels,
traditionally called ‘colors’, such that no two adjacent vertices share the same color.
The degree of a vertex v is the number of edges connected to that vertex; it is usually
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denoted by d(v). A loop is an edge that connects a vertex to itself. Multiple edges (also
called parallel edges), are two or more edges between the same two vertices. A graph
is a simple graph if it has no multiple edges or loops. A multigraph is a graph which can
have multiple edges, but no loops. By plane quadrangulation we mean a finite graph
embedded in the plane (or equivalently, in the 2-sphere) such that it may have
multiple edges and each face is bounded by a closed walk of length 4 (Brinkmann et al.
2005; Archdeacon et al. 2001). That is, by plane quadrangulation we mean a
multigraph, i.e. the graph may have multiple edges and thus ‘degenerate’ quadrangles
(faces), as illustrated on an oblique cone in Figure 2.15 and on a scanned pebble in
Figure 2.13a. Let us consider a plane quadrangulation with a face F = (v1, v2, v3, v4) with
boundary walk v1e1v2e2v3e3v4e4v5, where v1 = v5 and edges are ei = {vi, vi+1}, i = 1,2,3,4. If
the plane quadrangulation is simple, the named vertices (expect v1 and v5) and edges
are all distinct (Figure 2.16a). Based on the above definitions, if the plane
quadrangulation has multiple edges, there are 2 options for a degenerate face (Figure
2.16b and c). Two diagonal vertices v2 and v4 may coincide (Figure 2.16b), and in this
case the edges e2 and e3 may also coincide (Figure 2.16c). Note that in Figure 2.16b the
internal white domain bordered by the edges e2 and e3 is not a quadrangular face, but
necessarily contains additional vertices as well. In addition, we follow Archdeacon et al.
(2001) and regard the path graph P3 with 3 vertices as a plane quadrangulation (for a
drawing, see Figure 2.21c). The class of 2-colored plane quadrangulations will be
denoted by Q , the class of plane quadrangulations without coloring by Q 0 , and the
class of simple plane quadrangulations without coloring by Q 0,s .

Figure 2.16. Possible faces in a plane quadrangulation. Faces (quadrangles) are shaded. a) The only
possible face in a simple plane quadrangulation. b) and c) Possible ‘degenerate’ faces in a multigraph.
Like in the paper by Brinkmann et al. (2005), triangles incident to some vertices indicate that one or
more edges may appear at that position around the vertex (i.e. the figure only presents a part of a plane
quadrangulation).

The proof of Theorem 1 consists of two parts. In the first part, based on earlier results,
we demonstrate that every Morse-Smale complex associated with a homogeneous,
convex, rigid body can be represented by a 2-colored plane quadrangulation, i.e. a
member of class Q . (Colors will correspond to stable and unstable equilibria). Then,
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we show that class Q can be generated inductively by a combinatorial operation
called vertex splitting from the stem-graph P2 (the path graph with 2 vertices; for a
drawing, see Figure 2.21c). The second part of the proof shows that each vertex
splitting can be realized geometrically on convex bodies as well, by a convexitypreserving, local manipulation of the surface. Since convex bodies carrying MorseSmale complexes isomorphic to P2 exist (e.g. the body called Gömböc, Várkonyi and
Domokos 2006b), this inductive algorithm proves our claim and it also defines a
hierarchical order among convex solids.
In this dissertation we only present the first, combinatorial part of the proof and the
basic idea of the second part. The rigorous mathematical proof of the geometrical part
can be found in the paper by Domokos, Lángi and Szabó (2013). In Subsection 2.3.1,
we summarize the combinatorial properties and the different graph representations of
Morse-Smale complexes. Subsection 2.3.2 describes the inductive algorithm which
generates Q from a single stem-graph. In Subsection 2.3.3, we discuss the cardinality
of secondary equilibrium classes, then, in Subsection 2.3.4 we demonstrate that the
combinatorial operation called vertex splitting arises in a spontaneous way in various
geometric settings, e.g. it appears to be a natural building block for the description of
pebble shape evolution under collisional abrasion. Finally, in Subsection 2.3.5 we
present the principal result connected to secondary equilibrium classes.

2.3.1. GRAPH REPRESENTATIONS OF MORSE-SMALE COMPLEXES
Dong et al. (2006) introduced three different ways for representing a Morse-Smale
complex embedded in the 2-sphere. It was shown by Edelsbrunner et al. (2003a) that
every Morse-Smale complex embedded in the 2-sphere can be uniquely represented
by a 3-colored plane quadrangulation, where colors correspond to the 3 types of
equilibrium points (stable, unstable and saddle), the degree of every saddle is 4, and
each face is bounded by a closed walk consisting of a stable, a saddle, an unstable and
a saddle point in this order around the face (Figure 2.17a). We remark that the
relationship S+U−H=2 (equation (1)) follows from the previous properties. We follow
Dong et al. (2006) and call this representation of the Morse-Smale complex the primal
Morse-Smale graph. These graphs are special 3-colored plane quadrangulations, since
vertices corresponding to one color (saddles) are always of degree 4. These special
vertices can be removed from the primal Morse-Smale graph without losing
information (Dong et al. 2006): first we connect the stable and the unstable point in
each quadrangle, resulting in a triangulated Morse-Smale graph, then we cancel saddle
points and edges incident to them (Figure 2.17b-c). Since the degree of every saddle is
4, the resulting graph is a 2-colored plane quadrangulation belonging to class Q . We
call this representation the quasi-dual Morse-Smale graph (Dong et al. 2006). We
remark that all three representations (primal, triangulated and quasi-dual) are
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equivalent in the sense that they are mutually uniquely identified. Throughout the
first, combinatorial part of the proof of Theorem 1, we will rely on the quasi-dual
representation.

Figure 2.17. Different representations of a Morse-Smale complex. a) Primal Morse-Smale graph b)
Triangulated Morse-Smale graph c) Quasi-dual Morse-Smale graph in class Q . Dashed lines denote
integral curves connecting a stable/unstable point and a saddle, solid lines denote integral curves
connecting a stable point to an unstable point.

It is worth mentioning that due to a well-known bijection (Fusy 2007) between planar
maps and 2-colored plane quadrangulations, Morse-Smale complexes embedded in
the 2-sphere can also be represented by planar maps, which is an even more
‘condensed’ representation. The transformation between the two classes is shown on
Figure 2.18: starting with a graph in class Q , first we connect with an edge the two
(not necessarily distinct) unstable vertices of a face, then we cancel stable points and
edges incident to them. The resulting graph has f=S faces, v=U vertices and e=H edges,
thus, in this representation, the Poincare-Hopf formula S+U−H=2 (equation (1)) is
equivalent with Euler’s formula f+v−e=2. Although the ‘compactness’ of this
representation is a great advantage, it is also a disadvantage: connection between the
first, combinatorial and second, geometric part of the proof (Domokos, Lángi and
Szabó 2013) would be more difficult to build up, therefore we rely on the more
expressive quasi-dual representation.

Figure 2.18. Bijection between planar maps and 2-colored plane quadrangulations. a) 2-colored plane
quadrangulation in class Q b) connecting unstable points on each face c) cancelling stable points results
in a planar map.
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2.3.2. INDUCTIVE GENERATION OF MORSE-SMALE COMPLEXES
2.3.2.1. Vertex splittings on simple, non-colored graphs in Q 0,s
Vertex splitting can be defined as the inverse of a combinatorial operation called face
contraction (Archdeacon et al. 2001; Brinkmann et al. 2005; Negami and Nakamoto
1993). Let us regard a simple plane quadrangulation Qn0,s ∈Q n0,s , where n=S+U denotes
the number of vertices and let F = (v1, v2, v3, v4) be a face of Qn0,s with boundary walk
v1e1v2e2v3e3v4e4v5, where vi are vertices, v1 = v5 and ei = {vi, vi+1} are edges, i = 1,2,3,4.
The contraction of F at vertices {v1, v3} produces a new simple plane quadrangulation
Qn-0,s1 ∈Q n0,s-1 in the following way: it shrinks the region of F by identifying the vertices v1
and v3, the edges e1 and e2, and the edges e3 and e4 (see Figure 2.19a). Since the faces
of Qn-0,s1 are identical to the faces of Qn0,s except F, Qn-0,s1 is also a simple plane
quadrangulation, if n>3. Bagatelj (1989), and also Negami and Nakamoto (1993)
defined face contraction inside the class Q 0,s of simple plane quadrangulations
without coloring (as above) and showed that Q 0,s can be generated inductively from P3
via a sequence of vertex splittings, the inverse transformation of face contraction. This
can be shown by the following line. Beginning with a graph Qn0,s ∈Q n0,s and applying a
set of face contractions, we obtain a sequence of graphs Qn0,s , Qn-0,s1 , Qn-0,s2 ... Q40,s ,Q30,s ,
where Q30,s = P3 . Therefore, by applying the inverse steps, any Qn0,s ∈Q n0,s can be
generated from P3 with a sequence of vertex-splittings.

2.3.2.2. Inductive generation of Q by vertex splittings
The quasi-dual representations Q ∈ Q of Morse-Smale complexes associated with
convex bodies are two-colored plane quadrangulations (corresponding to stable and
unstable points) and might have multiple edges. Thus, a slight generalization of
Subsection 2.3.2.1 is needed. As already presented in Figure 2.16, on multigraphs
Q0 ∈Q 0 the named vertices and edges may not be distinct: two diagonal vertices v2
and v4 may coincide, and in this case the edges e2 and e3 may also coincide. However,
as it is illustrated in Figure 2.19b and c, in these cases both face contractions and
vertex splittings can be applied in complete accordance with the original definition on
simple graphs in Subsection 2.3.2.1. In addition, the exceptional case when from Q30 =
P3 the graph Q20 = P2 is generated, can also be treated as a special face contraction,
when e1 = e4, e2 = e3 and v2 = v4 (see Figure 2.19d), although P2 is clearly not a
quadrangulation. Thus, by subsequent applications of face contraction, any plane
quadrangulation Qn0 ∈Q n0 can be collapsed onto the stem-graph P2. If we list this

60

contraction sequence in reverse order, we obtain the expansion sequence
P2 , P3 , Q40 ,...,Qn-0 1 , Qn0 , where subsequent elements are connected via vertex splittings.

Figure 2.19. Face contraction on a graph in class Q . Triangles incident to some vertices indicate that
one or more edges may appear at that position around the vertex. Here, v1 and v3 are stable points;
their counterparts, which remove an unstable point from the graph, can be performed by swapping the
colors.

Extension of the expansion scheme to colored multigraphs is similarly straightforward.
It is well-known that every graph in Q 0 is bipartite; that is, 2-colorable (see e.g.
Archdeacon et al. 2001; Nakamoto 1999). On each face diagonal vertices have identical
color, so after generating the color-less graph Q0 ∈Q 0 , the 2-colored version Q ∈ Q
can be generated by applying two alternative coloring schemes. Therefore, if Q 0 can
be generated from P2 by vertex splittings, so can be Q . Thus, we showed that
sequences of vertex splittings are sufficient to generate the quasi-dual representation
of Morse-Smale complexes associated with homogeneous, convex bodies from the
quasi-dual Morse-Smale graph of the Gömböc.
Since a face contraction can be applied to any face of a quadrangulation, the sequence
of graphs from Qn ∈Q n to Q2 = P2 is, in general, not unique. In special applications,
additional criteria may be applied to single out one sequence among the
combinatorially possible ones. It can be easily shown that the contraction step applied
in Subsection 2.2.3.4 to simplify Morse-Smale complexes and identify macro-equilibria
(cf. Figure 2.12) is equivalent with the face contraction step discussed here. However,
in that subsection we used the primal representation of the complex, in which a face
61

contraction (defined in the quasi-dual representation) emerges as a double edge
contraction (Diestel 2005). (An edge contraction is an operation which removes an
edge from a graph while simultaneously merging together the two vertices it
previously connected). Since our goal was to produce a hierarchy of increasingly coarse
Morse-Smale complexes, we applied an extra metric criterion, the growing potential
differences on the edges of the graph, which resulted in an unambiguous sequence of
graphs.
As here we do not use any metric criteria while applying face contractions on a plane
quadrangulation, the graph sequence (either during contraction or expansion) is not
unique. Thus, the task in the geometric part of the proof was to show that all possible
vertex splittings, leading from a graph Qk to any Qk+1 can be geometrically performed
on a convex body in a way that convexity is not affected. At an arbitrary vertex vi of Qk,
vertex splitting increases the degree of two incident vertices of vi (on Figure 2.19, the
split vertex is v1 = v3, the incident vertices are v2 and v4). If vi has degree d(vi), we have
 d(v ) + 1 
Pi =  i
 possibilities to choose the two (not necessarily distinct) neighbors. The
 2 
possibilities for splitting a vertex with degree 4 are shown in Figure 2.20a. Since Qk has
k

k vertices, we have altogether

∑P
i

possibilities to generate a graph Qk+1 from Qk. The

i= 1

geometric part of the proof of Theorem 1 shows that all these possibilities can be
geometrically constructed; that is, a convex body can be modified in the vicinity of an
arbitrary stable or unstable point in such a way that it remains convex, and its MorseSmale complex is modified according to an arbitrary splitting of that vertex. Figure
2.20b presents a schematic interpretation of these geometric modifications (in the
case of stable points, an infinitesimally small truncation with a plane). The rigorous
mathematical proof can be found in the paper by Domokos, Lángi and Szabó (2013).

2.3.3. THE CARDINALITY OF SECONDARY EQUILIBRIUM CLASSES
The above described expansion algorithm using vertex splittings is also suitable to
generate the quasi-dual representation of all combinatorially possible Morse-Smale
complexes embedded in the 2-sphere, starting from P2. Thus, the cardinality of
secondary equilibrium classes can be obtained. Due to computational capacities, we
generated quasi-dual Morse-Smale graphs only with S+U<9, results are shown in Table
2.10. Based on other graph representations of Morse-Smale complexes, these
numbers were already published in several other papers. As presented in Figure 2.18,
there is a bijection between planar maps and quasi-dual Morse-Smale graphs. Walsh
(1983) generated planar maps by computer and counted them based on the number of
vertices and edges. Also, based on the triangulated representation of Morse-Smale
complexes of convex bodies, the required graph class was generated also in the paper
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by Kápolnai, Domokos and Szabó (2012) by coloring and filtering a more general plane
triangulation database.

Figure 2.20. Possibilities for vertex splitting at a vertex v with d(v) = 4. Here, v is a stable point, but of
course, v could also be an unstable point. a) Vertex splitting in the quasi-dual representation in class Q .
b) Schematic geometric interpretation of the previous vertex splittings. The truncated piece of the body
is illustrated by the shaded domain.

63

Table 2.10. The cardinality of secondary equilibrium classes. The structure of the table agrees with
that of Figure 1.5: rows (S) denote the number of stable equilibria, columns (U) denote the number of
unstable equilibria.
U
S
1
2
3
4
5
6
7

1

2

3

4

5

6

7

1
1
1
2
3
6
12

1
2
5
12
35
104

1
5
20
83
340

2
13
83
504

3
35
340

6
104

12

2.3.4. DISCUSSION: VERTEX SPLITTINGS IN OTHER GEOMETRIC SETTINGS
Our main goal was to show that all secondary classes are non-empty. The central idea
of the proof (Domokos, Lángi and Szabó 2013) was to associate vertex splittings with
localized geometric transformations, although here we only presented the first,
combinatorial part of the proof. Next we show that vertex splittings arise in a
spontaneous way in various other geometric settings, where they may or may not
exhaust the full combinatorial catalogue. From this point of view, our construction
creates a framework to study these processes.

2.3.4.1. A roadmap of generic bifurcations of one-parameter vector fields
Generic 1-parameter families of vector fields on the 2-sphere produce two types of
singularities: saddle-node bifurcation (which results in a vertex splitting or a face
contraction on the Morse-Smale complex) and saddle-saddle connection (Arnold 1994).
The former is a local bifurcation in which two equilibria (a saddle and a stable point, or
a saddle and an unstable point) meet and disappear. Saddle-saddle connection is a
nonlocal bifurcation, when the outgoing unstable manifold of a saddle combines with
an incoming stable manifold of another saddle at a certain parameter value. Each
vector field can be uniquely associated with the quasi-dual graph representation of its
Morse-Smale complex, so the evolution of one-parameter families can be studied on a
metagraph M the vertices of which are graphs Q ∈ Q , representing the Morse-Smale
complexes, and the edges of M correspond to generic bifurcations in one-parameter
families. Any such family will appear as a path on M. A small portion of M is illustrated
in Figure 2.21a. Vertices are classified based on the number of stable (S) and unstable
(U) equilibrium points, solid edges represent vertex splittings, and dashed edges
represent saddle-saddle connections. Figure 2.21b shows the latter inside the primary
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equilibrium class (S,U)=(2,3). Convex bodies associated with some selected graphs
(selected vertices of M) are illustrated in Figure 2.21c. Observe that M is not oriented,
new critical points may emerge or disappear at generic bifurcations. Contrarily, the
geometric part of our proof (Domokos, Lángi and Szabó 2013) works only in one
direction; it shows that vertex splittings can be geometrically performed, i.e.
equilibrium points are added to the convex body and thus to the Morse-Smale graph.
It is unknown whether the opposite direction, i.e. face contractions could also be
geometrically performed on convex bodies or not; however, such an algorithm would
be of particular interest, since it would automatically produce a mono-monostatic
body from any initial shape. Thus, the algorithm presented in our paper (Domokos,
Lángi and Szabó 2013) corresponds to an oriented subgraph Mv ⊂ M , illustrated in
Figure 2.21d. Graph expansion sequences containing vertex splittings and leading to a
graph Qn ∈Q n appear on this oriented metagraph as an oriented path of length n−2,
starting at the root P2. Observe that in the kth step a vertex in the box-diagonal
S+U=k+2 is selected. Two such sequences are illustrated in Figure 2.21e. Beyond
theoretical interest, these metagraphs admit the study of interesting physical
phenomena some of which we briefly discuss below.

2.3.4.2. Inhomogeneous bodies
Our first examples are inhomogeneous bodies. So far, throughout the dissertation we
assumed material homogeneity. Relaxing this constraint is equivalent to keeping the
convex surface as the boundary of the body, but letting the mass be concentrated at
the center of gravity G. As the location of G is varied in time as a curve rG(t), it
generates a one-parameter family of gradient vector fields on the boundary of the
body. A classical result in catastrophe theory states that the number of critical points
of the gradient changes if and only if rG(t) transversely passes through one of the two
caustics of the body (Poston and Stewart 1978). Caustics (also known as focal surfaces)
are the two surfaces formed by the curvature centers corresponding to the principal
curvatures of the boundary of the body. Figure 2.22a-c shows the two caustics of an
ellipsoid. When rG(t) transversely crosses the caustic defined by the minimal principal
curvature (Figure 2.22a), a saddle and an unstable point meet at a saddle-node; when
rG(t) transversely crosses the other caustic (Figure 2.22b), a saddle and a stable point
collide. Every saddle-node bifurcation corresponds to a vertex splitting (or face
contraction, depending on the direction) on the quasi-dual Morse-Smale graph, so at
each such event the corresponding path on M will move from one box-diagonal S+U=k
to one of its neighbor diagonals S+U=k ± 1. Figure 2.22d shows the different quasi-dual
Morse-Smale graphs in the different domains determined by the intersections of the
two caustics. It is easy to see that if G is located far enough from the center of gravity
of the homogeneous body, then the corresponding Morse-Smale complex is
represented by the path graph P2.
65

Figure 2.21. a) Metagraph M corresponding to generic bifurcations in one-parameter families of
vector fields on the 2-sphere. b) Saddle-saddle connections inside the primary equilibrium class (2,3). c)
Examples for convex bodies with some selected graphs. d) Oriented subgraph Mv corresponding to
vertex splittings. e) Two selected expansion sequences. f) Morse-Smale complexes associated with real
pebbles, derived with vertex splittings from the ellipsoid.
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Figure 2.22. Caustics of an ellipsoid. a) Caustic defined by the minimal principal curvature. b) Caustic
defined by the maximal principal curvature. c) Superposition of the two caustics. d) Quasi-dual MorseSmale graphs in the different domains, shown on the plane section through axes x and z.

2.3.4.3. Collisional abrasion
Our second example is pebble abrasion via collisions. As already discussed in the
introduction in Subsection 1.2, this process is most often described by averaged
geometric PDEs like Bloore’s equation (2), which is an adequate tool to follow the
evolution of the overall shape of the pebble, both analytically and numerically.
However, the actual physical process is based on discrete collisions, where small
amounts of material are being removed in a strongly localized area. Simple but natural
interpretations of the discrete, physical abrasion process are chipping algorithms
(Domokos et al. 2009b; Sipos et al. 2011; Krapivsky and Redner 2007), where in each
step a small amount of material is chipped off at point p by intersecting the body with
a plane resulting as a small parallel translation of the tangent at p. We call such an
operation a chipping event, and their sequence a chipping sequence.
It is not very difficult to show that any sufficiently small chipping event will either leave
the Morse-Smale complex invariant or result in one or two consecutive vertex
splittings, thus a chipping sequence corresponds to a path on the oriented metagraph
Mv . Chipping sequences do not represent a rigorous, algorithmic discretization of the
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PDEs, rather, they can be regarded as an alternative, discrete approximation of the
physical process. As we pointed out in Subsection 2.2, pebble surfaces display
equilibria on two, well-separated scales. While the PDE description accounts for the
evolution of macroscopic equilibria, micro-equilibria, corresponding to the fine
structure of the surface are only captured by the chipping model. One motivation
behind chipping algorithms is to better understand the interplay between the two
scales. Figure 2.21f illustrates two, rather short expansion sequences containing vertex
splittings leading to Morse-Smale complexes associated with real pebbles. MorseSmale complexes were identified using the scanning and computing method described
in Subsection 2.2. While the abrasion of these pebbles was not monitored, given their
simple Morse-Smale complex and nearly-ellipsoidal shape, it is realistic to assume that
these expansion sequences are subsequences of the actual physical abrasion process
(modeled by chipping sequences) which produced these shapes. Needless to say, many
more experiments are needed to verify this theory. It is among our future plans to
perform well-controlled laboratory experiments in which the evolution of both the
micro- and macro-equilibria and the Morse-Smale complexes can be traced, using the
3D scanning method described in Subsection 2.2.

2.3.5. PRINCIPAL RESULT ON THE SECONDARY EQUILIBRIUM CLASSES
PRINCIPAL RESULT 3
(Relevant publication: Domokos, Lángi and Szabó 2013, under review)
I refined the primary equilibrium classification (Várkonyi and Domokos 2006a) by
defining secondary classes, based on the topology of the Morse-Smale complex. Every
Morse-Smale complex associated with a homogeneous, convex, rigid body can be
represented by a 2-colored plane quadrangulation (Dong et al. 2006), we denote this
graph class by Q . I showed that class Q can be generated inductively by a
combinatorial operation called vertex splitting from the stem-graph P2 (the path graph
with 2 vertices). With this, I generalized the result of Bagatelj (1989) and Negami and
Nakamoto (1993), who showed the same for simple plane quadrangulations without
coloring. Also, this combinatorial result is a first building block in the proof of a more
complex theorem (Domokos, Lángi and Szabó 2013). The theorem states that all
secondary classes are non-empty, i.e. for every graph in Q , there exists a
corresponding homogeneous, rigid, convex solid.
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3

NUMERICAL SIMULATION OF THE COLLECTIVE SHAPE
EVOLUTION OF PEBBLES

While in Chapter 2 we discussed how to describe the morphology of pebbles, in this
chapter we discuss the evolution of these shapes during abrasion processes. In
Subsection 3.1 first we complement the original box equations (3)-(7) presented in
Subsection 1.2.1. We consider fragment production during binary collisions by using
reasonable assumptions for the geometry and energy of the fragmentation
(Subsection 3.1.1). By implementing the supplemented box equations and some
related features in Matlab, we obtain a new framework for the numerical simulation of
the collective size and shape evolution of large pebble populations (Subsection 3.1.2).
In Subsection 3.2 we apply this framework for the Williams River located in New-South
Wales, Australia and investigate the relative importance of size-selective transport
versus abrasion in causing downstream fining along the river. First, in Subsection 3.2.1
we present the geological and geomorphological background of the study area, and
the reasons for choosing to sample only the basalt particles in the Williams River: the
basalt sediment source is localized in the headwaters, and there is no other basalt
source along the river, so by collecting only basalts, the investigated system is
undisturbed by additional lateral input. Subsection 3.2.2 discusses the sampling and
measuring techniques applied, and we also show the statistical results on the
downstream variation of grain size and shape.
In Subsection 3.2.3 we discuss field results and observations. Size diminution follows
the well-known exponential decrease with distance. Compared to other natural
streams, the relatively small exponent (or diminution coefficient, as it is usually
referred to) found in the Williams River suggests that abrasion is important in
explaining downstream fining (Surian 2002; Morris and Williams 1999a). Average axis
ratios decrease in the lower part of the river i.e. pebbles become flatter and thinner.
Based on the predictions of the box equations (Subsection 1.2.1), this indicates that
collisional abrasion by small particles (sand) is dominant (Domokos and Gibbons 2012)
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in that part of the river. Also in the lower part of the river, we have found several
interesting and especially rare pebble shapes, having sharp edges and planar faces.
These shapes are very similar to those of ventifacts (specifically, to those of ein-, zweiand dreikanters, Greeley et al. 2002) and are called aquafacts when occurring in fluvial
or coastal environments (Kuenen 1947). Although the occurrence of aquafacts was
established long ago in river and coastal environments (Kuenen 1947; Frankel 1955;
Taljaard 1939), so far, minimal attention has been given to them. It is well known that
ventifact shapes are formed by wind-blown sand (Knight 2008). Also, Bloore’s (1977)
model (equation (2)) predicts the formation of such shapes by collisional abrasion by
relatively small particles (Domokos et al. 2009a). Therefore, the emergence of
aquafacts qualitatively indicates that the abrasion-in-place process, observed already
by Brewer et al. (1992), is present in the Williams River, i.e. these shapes are formed by
the impacts of the over-passing suspended load. The emergence of aquafacts is in
accordance with the statistical field results, i.e. that average axis ratios decrease in the
lower part of the river, since this also reflects collisional abrasion by sand, based on the
predictions of box equations.
Based on our field observations and the modified box equations, we present a new
numerical model in Subsection 3.2.4 which reproduces the downstream changes in
shape and size measured along the Williams River. The simulation is based on
collisional abrasion, however, it also incorporates the effect of size-selective sorting.
The simulation results (presented in Subsection 3.2.5) not only indicate that the
observed decrease in the axis ratios (and the presence of aquafact shapes in the lower
reach) is due to „sandblasting” by small particles produced in collisions, they also
suggest that abrasion is significant enough to produce the observed exponential
downstream fining, at least for the small diminution coefficient found in the river. In
addition, the evolution of the shape and size of individual particles in the numerical
model sheds light on an interesting phenomenon whereby particle size controls shape
development. While this phenomenon was predicted analytically based on the box
equations (Domokos and Gibbons 2012), this is its first confirmation based on field
measurements. Finally, we summarize our results by presenting Principal Result 4 in
Subsection 3.2.6.

3.1. FRAMEWORK FOR THE NUMERICAL SIMULATION OF THE
COLLECTIVE SIZE AND SHAPE EVOLUTION OF PEBBLES
3.1.1. FRAGMENT PRODUCTION
The original stochastic box equations (8) and the numerical simulations by Domokos
and Gibbons (2012) do not consider fragment production during binary collisions, i.e.
the abraded material disappears from the system. In our numerical simulation, we add
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the abraded material to the particle population to make the model more realistic. In
each time step ∆t (i.e. in each “averaged” binary collision), the abraded volume of the
two colliding particles is “converted” to sand-size particles based on the assumption
that in every iterative step, the same number of new small particles appears. (We also
assume that these new particles are spherical as we will discuss it later, in Subsection
3.2.4). The effect of the fragment production on the long-term behavior of the
numerical model will be discussed in Subsection 3.2, where we will demonstrate that
the abrading effect of sand-size particles is important in the Williams River, which can
be directly modeled by the modified simulation.
Beyond modifying the numerical simulation, fragment production can be considered
directly in the original stochastic equations (8) as well, so next we discuss the effect of
fragment production on the equations. However, the below described modification to
the original equations is only a rough and simplistic model, other solutions could be
also considered, which will be developed in the future. As mentioned, we assume that
in every iterative step (averaged collision), the same number of new small particles
appears. It seems to be a reasonable assumption, because Le Bouteiller et al. (2011)
found in their experiments that the number of fragments produced in collisions does
not depend on the size of the pebble. (However, more experiments are needed to
verify more strongly this assumption or, to replace it with another one). We also
assume that particle velocity is constant along the river, in this way the collisional
energy Ec is proportional to the combined mass (my + mz) of the two colliding particles:
Ec ∝ my + mz. Although particle velocity scales linearly with fluid velocity (Attal and Lavé
2009, Lajeunesse et al. 2010), and fluid velocity typically increases in the downstream
direction along a river, this change is approximately proportional to the 0.10-0.18
power of the discharge (Leopold 1953; Carlston 1969), thus velocity changes much
more slowly downstream than particle mass. So, for simplicity, here we neglect this
effect. However, we remark that if the velocity profile for the whole river is known,
then it can be directly and easily implemented into a numerical simulation. Now we
consider fragment production, i.e. the abraded material (∆my + ∆mz) breaks up into
small pieces which touch each other in their original arrangement along fissures at a
contact surface S. We assume that the energy Eb needed for the breakup is
proportional to this contact surface (cf. Griffith 1921). Because the same number of
new particles appear in every collision, S is proportional to (∆my + ∆mz)2/3, so we have
Eb ∝ S ∝ (∆my + ∆mz)2/3. If the ratio of collisional energy to fragmentation energy
depends neither on time nor on particle size, we obtain (∆my + ∆mz) ∝ (my + mz)3/2. The
linear length change in the three dimensions is approximately (∆my)1/3 for pebble y,
and from the previous equation we approximately have (∆my)1/3 ∝ (my + mz)1/2. Of
course, the same holds for pebble z as well. From this, we obtain that yɺ ,zɺ ∝ (my +
mz)1/2, so we can use a symmetric mass multiplier to modify equation (8):
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y i +1 = y i + Δt ⋅ F(y i , z i ) ⋅ C (y i , zi )
z i +1 = z i + Δt ⋅ F(z i , y i ) ⋅ C (z i , y i )

(9)

i
i
i
i
1/2
3
3 1/2
where C (y , z ) = C (z , y ) = (my + mz ) = (y1 y2 y3 + z1 z2 z3 ) . Although this is just a

schematic model, C has an important effect on the equations regarding the
downstream size decrease which we will discuss in the next subsection. We remark
that C can be non-dimensionalized as well, but it is not necessary here, since it only
affects the speed of abrasion, not the solution in the (y1,y2,y3) space.

3.1.2. NUMERICAL FRAMEWORK
Box equations are easy to implement and flexible, e.g. they can handle physical and
chemical weathering, the effect of additional material from tributaries, and in addition
to collisional abrasion, pure size-selective transport and explicit space-dependence can
both be implemented directly into the system. Box equations can also treat frictional
abrasion which is surely important in a coastal environment, where sediment
movements by the swash and the backwash are the dominant mechanical processes.
We implemented the modified box equation (9) in Matlab with which we obtained a
numerical model which is able to follow up the evolution of the shape and size
distributions of large pebble populations, if the initial distributions are given (which
can be obtained from field measurements or laboratory experiments). Thus, we
generate an initial pebble population with N0 particles and track the evolution of the
population through binary collisions, i.e. we choose two particles in each time step and
run the discretization of the equations, as described in Subsection 1.2.1.3. As
mentioned in the previous subsection, the model also handles fragment production
during binary collisions. The current numerical framework can also consider the effect
of size-selective sorting on abrasion, which will be described in detail in Subsection
3.2.4. Beside this, frictional abrasion is also implemented, which are modeled by
simple additive terms in the equations (Domokos and Gibbons 2012). Also, there is an
option for physical weathering, which means that pebbles break in two with a given
probability. Although not all these facilities were applied while simulating the
downstream changes along the Williams River, they are all essential to build up a
complex framework which is able to simulate shape evolution in various environments.
Our current numerical model is the first step in this direction, and our future plan is to
perform more field studies (not only in fluvial, but also in coastal, and perhaps in eolian
environments), where probably many more phenomena will appear which we will
need to implement into the system. Also, depending on the actual environment, the
physical assumptions presented in Subsection 3.1.1 have to be changed accordingly,
which calls for the need of well-controlled future laboratory experiments. The current
program can be executed, under Octave, on the BME Supercomputer as well, which
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makes very convenient to perform parameter-studies, i.e. parallel executions with
different parameter values. Although here we only presented an overall view on the
numerical framework to show the opportunities in the model, we will discuss some
features in more detail in Subsection 3.2.4. In Subsection 3.2 we apply the simulation
to the Williams River, by introducing two reasonable, physically-based parameters.

3.2. CASE STUDY: WILLIAMS RIVER
3.2.1. STUDY AREA
The 148 km long Williams River is located in the Hunter Valley, New South Wales,
Australia (Figure 3.1), draining a catchment of more than 1000 km2 (Erskine 2001). The
headwaters of the Williams River are on the Barrington Plateau, at an elevation of
around 1100 m (Figure 3.2) and the river flows to the south/south-east until it joins the
Hunter River at Raymond Terrace. The Barrington Plateau is a geomorphic feature
derived from the Cenozoic-aged Barrington Shield Volcano (Sutherland and Fanning
2001), and consequently, the first 5 km of the river are incised into basalt rocks as the
river drops through the escarpment of the plateau. This is the only significant source of
basalt detritus anywhere along the river, with the rest of its length passing through
sedimentary and felsic volcanic rocks of Carboniferous age. The Williams River is
unaffected by significant anthropogenic interventions such as dams which would alter
sediment dynamics. Its only substantial tributary, the Chichester River, has its
headwaters in a geologically different part of the mountains, in the Permian-aged
Barrington Tops Granodiorite pluton (Sutherland and Fanning 2001). The Williams
River was selected for this study because it provided an opportunity to study the
downstream variation of basalt particle shape and size, in a sample of material which
has traveled a known distance from its strongly localized point source. Basalt itself has
favorable properties: it has a characteristic appearance allowing it to be positively
identified in a mixed sample, and it is relatively homogeneous and isotropic, so shape
evolution is not strongly affected by a directional fabric such as in rocks with
sedimentary bedding planes or foliation.
Throughout the studied reach, which extends from 6 km to 102 km from its source, the
river has a gravel bed and large mobile gravel bars. In the upper 15 km of the study
reach, the river runs in a classical, narrow V-shaped valley. Below this, the gradient
decreases considerably and the river starts to meander. Downstream the study reach,
in the last 50 km, the river becomes deeper and wider, and no gravel bars can be
found: the submerged river bed is dominated by sands. This phenomenon is called
gravel–sand transition and was documented in many other downstream-fining studies
(e.g. Ferguson 2003; Frings 2011; Jerolmack and Brzinski 2010).
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Figure 3.1. Study area and the 12 sampling sites.

Figure 3.2. Approximate elevation based on Google Earth. The shaded part indicates the examined,
gravelly part of the river.

74

3.2.2. SAMPLING METHOD AND FIELD RESULTS
3.2.2.1. Sampling and measuring methods
Basalt particles larger than 20 mm were collected from the surface layer of gravel bars
at 12 sampling places along the study reach, the localities were approximately
regularly spaced with an average spacing of about 9 km (Figure 3.1). If possible, gravel
samples were taken consistently at the center of the bars, in order to reduce bias due
to local variations of grain size within a bar with large scale downstream fining. Since
we tracked only the basalt particles, classical grid-based sampling methods like
Wolman pebble count (Wolman 1954) were inappropriate to collect the samples.
Therefore, we framed a nominal rectangular area and collected every basalt particle
from the surface within that area. The size of this area was chosen to yield a sample of
between 100-200 basalt particles. The size of the required rectangle increased with
increasing distance downstream as the relative frequency of basalt fragments larger
than 20 mm decreased. Data from the first and the last sampling sites are presented as
an example in Table 3.1 in Subsection 3.2.4. The average sample size was 140 basalt
particles. Sizes of the bounding box (i.e. the three axes where a>b>c) of each particle
were measured, using measuring frames for boulders and cobbles, and a digital caliper
for pebbles. From this, axis ratios y1=c/a and y2=b/a tracked by the box equations, as
well as the semi-major axis y3=a/2 can be computed.

3.2.2.2. Statistical results
Field results are shown in Figure 3.3, where all variables (y1, y2, y3) are plotted against
the distance from source (x). Detailed data on the results of the 12 pebble samples can
be found in Appendix C. Axis ratios y1, y2 are nearly constant in the first part of the
river, however, there is an apparent decrease in the lower reaches. Since the seminal
paper of Sternberg (1875), the following exponential law has been adopted to describe
the downstream decrease of particle size (or alternatively, particle mass) in many
rivers (Morris and Williams 1999a):

y3 (x ) = y30 ⋅ e-α ⋅ x ,

(10)

0

where y3 is the semi-major axis at the source of the river, x is the distance from the
source and α is the so-called diminution coefficient. We applied this classical equation
to approximate downstream fining. This allows us to compare the exponent found in
the Williams River to the fining rate of other natural streams, as we show it in the next
subsection.
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Figure 3.3. Field results and simulation results. All variables are plotted against x, the distance from the source of the river. Field results are represented by black
triangles, model results are shown by thick grey lines. On diagrams a) and b), standard deviation of the field results is also indicated, the corresponding model results
are represented by gray circles. On diagrams c) and d), black trendlines, exponential equations and the squares of correlation coefficients are also presented. a)
Mean value of axis ratio y1 (axis ratio c/a). b) Mean value of axis ratio y2 (axis ratio b/a). c) Mean value of particle size 2y3 (axis length a). d) Maximum of particle size
2y3 , where maxima are computed as the average of the 5 largest particles. Note that sizes are multiplied by 2 because y3 denotes the semi-major axis.
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3.2.3. INTERPRETATION OF THE FIELD RESULTS AND FIELD OBSERVATIONS
3.2.3.1. Downstream decrease in size
Thanks to the thorough database in the literature (Surian 2002; Morris and Williams
1999a), the diminution coefficient α (cf. Sternberg’s law (10)) observed in the Williams
River can be directly compared to the exponents found in other natural streams. Based
on the literature, large α values (according to the field results cited by Surian (2002),
approx. from 0.052 to 1) usually correspond to rivers where size-selective transport is
more dominant, while small exponents (approx. α values from 0.001 to 0.032) were
usually found in rivers where abrasion is more important (cf. the excellent summary
table by Surian (2002, Table 2)). The relatively small diminution coefficient (α=0.0088
km-1 for the mean size and α=0.0177 km-1 for the maximal size) found in the Williams
River strongly suggest that abrasion is more important in our case.
In addition, Abbott and Peterson (1978) found in their laboratory experiments that
basalt pebbles are relatively non-durable: out of 12 different rock types, basalt was the
third least durable, being less resistant than gabbro, granodiorite, gneiss,
metasandstone, obsidian, metabreccia, rhyolite, quartzite and chert (respectively, in
increasing order of durability), and only more resistant than schist and marble. A very
good summary table on the diminution coefficients of different rock types measured in
various laboratory experiments are given by Morris and Williams (1999a), although
unfortunately, basalt does not appear in their table. A few maximum values from the
table are: andesite, α=0.2 km-1; limestone, α=0.01 km-1; gneiss, α=0.0069 km-1; granite,
α=0.0042 km-1; obsidian, α=0.0033 km-1; quartzite, α=0.0005 km-1. Although the
hardness of rocks is substantially determined by the exact mineral composition of the
particular rock, these reported laboratory results indicate that basalt abrasion may
produce the observed diminution coefficient in the Williams River. Also, it is worth to
mention that laboratory-derived α values likely reflect the lower bound of natural
diminution coefficients (Morris and Williams 1999a), because weathering can play a
significant role (Bradley 1970). Weathering is clearly present in our case with basalts,
based on our field observations on fractured basalt samples. This phenomenon
probably speeds up the abrasion process (Frings 2004) because the weathered skin of
the particle is less durable.

3.2.3.2. Axis ratios and shape
Pebble shape changes along a river are indicators on the importance of abrasion. As
presented in section 1.2.1, in the presence of sand, pebbles typically get flatter and/or
thinner (cf. Figure 1.6a). The observed decrease in the axis ratios along the Williams
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River reflects this process, i.e. indicates that “sandblasting” by the over-passing
suspended load becomes important in the lower part of the river.
This hypothesis is strengthened by two qualitative field observations. First, as was
already mentioned in Subsection 3.2.1, the amount of sand significantly increases with
increasing distance downstream (see Figure 3.4); this phenomenon is usually referred
to as gravel–sand transition (Ferguson 2003; Frings 2011; Jerolmack and Brzinski 2010).
Second, in the lower tracts of the river, at the lowest three sampling places we found a
few aquafact (Kuenen 1947) shapes. Some especially characteristic pebbles, having
sharp edges, are presented in Figure 3.5. Although there is an extensive literature on
ventifacts abraded by sand particles carried by the wind (for a thorough review, see
Knight 2008), we found only two publications on the occurrence of similar shapes
called aquafacts in natural streams (Taljaard 1939; Kuenen 1947). In section 1.2.1 we
showed that Bloore’s equation (2) predicts the emergence of these shapes in the case
of continual collisions with relatively small particles, i.e. sand. The quantitative
characterization of the abundance vs. rarity of aquafacts at a given place would be a
very hard task, since there is no objective measure which would help to distinguish
between aquafacts and non-aquafacts. However, the emergence of several, extremely
characteristic shapes in the lower reaches qualitatively indicates the same abrasional
process as the statistical result, i.e. “sandblasting”. In the lower part of the Williams
River, some of the river bars are partly stabilized by vegetation, which may facilitate
the formation of aquafacts since pebbles become less mobile and the abrasion effect
of the over-passing sandy sediment can start to develop sharp edges on the pebbles.
Also, the sharp edges on these shapes are very sensitive against collisions with large
particles and would round off quickly if a different type of abrasion would be
dominant.

Figure 3.4. The smallest observed particles at sampling places number 3, 6 and 11, showing that the
amount of sand-sized particles increases and average sand size decreases.
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Figure 3.5. Aquafacts found in the lower part of the Williams River. Observe the sharp edges and flat
faces.

3.2.4. NUMERICAL SIMULATION
Based on the field observations and results discussed in the previous section, we
present a numerical abrasion model, relying on the box equations with fragment
production (equation (9)), to explain downstream fining and shape variation along the
Williams River. Our model includes the effects both of abrasion and of size-selective
sorting. The presence of the former is suggested by the small diminution coefficient,
the latter may have significant influence in the upper, high-gradient reaches of the
river (Frings 2004).

3.2.4.1. Input data and sample sizes
The numerical model simulates the downstream changes in the basalt particle
population of the Williams River, using the observed shape and size distributions of the
first sampling place as a starting point. Then, from this initial condition, the evolution
of the distributions can be tracked in the model and compared with the field results at
the remaining 11 sampling places. Axis ratios follow a normal distribution along the
whole river, and at the first sampling place we obtain very good approximation using
the parameters μ=0.453 (mean) and σ=0.138 (standard deviation) for y1, and the
parameters μ=0.726 and σ=0.131 for y2 (see Figure 3.6). The observed size
distributions (y3) can be best approximated by log-normal distributions in the river, as
it also has been found in other sedimentary environments (Blott and Pye 2001). In our
case, the size distribution at the first sampling place is described by a log-normal
distribution with parameters μ=4.122=ln(61.702) and σ=0.729 (Figure 3.6). Using these
theoretical distributions, a random initial sample with arbitrary number of particles
can be generated.
We have also considered input data on sample size, and in particular, the change in the
relative frequency of particles larger than 20 mm from the first sampling place to the
last sampling place. (Recall that we collected and measured basalt particles larger than
20 mm). Table 3.1 shows that at the first sampling place, 141 particles greater than 20
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mm were found in an area of 1.8 m2. If all of these particles were to survive without
abrasion, then the maximum number of particles expected in the 6.25 m2 sample area
at the last place would be 490. However, as shown in Table 3.1, exactly 100 particles
greater than 20 mm were found in the 6.25 m2 sample area at the last place. Therefore
using this data we started the simulation with approximately 490 particles bigger than
20 mm and stopped it when 100 particles remained that were larger than 20 mm. Of
course, it does not mean that this is the smallest size in the simulated particle
population, as we will see it in the next subsection.

Figure 3.6. Shape and size distributions at the first sampling place. Axis ratio y1 (first column) is
approximated with a normal distribution with parameters μ=0.453 and σ=0.138, axis ratio y2 (second
column) with a normal distribution with parameters μ=0.726 and σ=0.131, and size y3 (third column)
with a log-normal distribution with parameters μ=4.122=ln(61.702) and σ=0.729. Observe the very good
agreement on the probability-probability plots (P-P plots).

We remark that our present numerical model does not contain directly the effect that
the abrasion rate is strongly controlled by lithology. This effect is only buried indirectly
in the ratio of the starting and ending sample sizes, and the linear connection between
model time and the distance from the source. Since the model tracks one single
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lithology, namely basalts, this simplification does not have an effect on the results.
However, in future works, the presence of different lithologies could be easily
considered in equations (9) by applying different constant multipliers to the different
rock types, based on reported abrasion rates in various laboratory abrasion
experiments (e.g. based on the review by Morris and Williams 1999a).

Table 3.1. Estimation of the starting and ending sample size in the numerical model. Sample sizes
refer to particles larger than 20 mm.
Sampling place

First sampling place

Last sampling place

Sample size

141

100

Area size

1.2×1.5 = 1.8 m

Expected sample size in 6.25 m2

~490

2

2.5×2.5 = 6.25 m2
100

3.2.4.2. Model assumptions and parameters
To identify the actual river environment, some model parameters are needed. We are
able to reconstruct the observed downstream changes in the Williams River with only
two, physically-based parameters (controlling sand production and size-selective
sorting, respectively) which can be coupled with our field observations discussed in
section 3.2.3.

Sand production
The first parameter is connected to the increasing amount of sand noticed along the
river. As presented in Subsection 3.1.1, our model considers fragment production and
we assume that in each (averaged) binary collision, the same number of new
fragments appears which is in conjunction with the experiments of Le Bouteiller et al.
(2011) and leads to equation (9). Specifically, in every iterative step, n=1000 new
particles are created, so n is our first parameter in the numerical simulation. At first
sight n may seem to be overestimated, but we recall that one iterative step is the
averaged, cumulative effect of several collisions. (We also mention that the abrasion
simulation of Le Bouteiller et al. (2011), which was compared to their laboratory
experiments, shows similarly high number of newly created particles). In addition, we
assume that the new particles are spherical and that they do not abrade any more. The
effects of these assumptions on the numerical results are negligible, they are only
convenient simplifications which substantially help to reduce execution time (since in
this way, the n particles produced in one iterative step are identical and can be stored
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in one vector). Although the first assumption (spherical particles) modifies the true
shape distribution of new small fragments, this has almost no effect on the evolution
of the much bigger pebble-, cobble- and boulder-size particles, which we tracked in the
model and collected in the field. However, well-controlled laboratory experiments (e.g.
Le Bouteiller et al. 2011) would be needed to obtain not only the size-distribution, but
also the shape-distribution of fragments produced in collisions for different rock types.
These functions could be then directly applied in the model to be able to track the
shape and size evolution of the full particle range, not only particles larger than sands.
Since we have no field data on sands, this was not our current objective. Non-abrasive
new fragments are not a critical assumption, because the number of new particles is
three orders of magnitude larger than the number of iterative steps (since n=1000), so
even if some new particles would disappear due to wear in the collisions, their total
number would change only slightly. Also, a compressive model by Kendall (1978)
shows that the energy needed to damage very small grains tends to the infinity.
Of course, the average size of the sand produced also depends on the time step ∆t,
because the amount of abraded material is proportional to ∆t. Thus, ∆t is not an
independent parameter, but is proportional to n, and hence, the real parameter in the
system is the fraction n/∆t, the number of new particles per unit time. ∆t has to be
fixed to a sufficiently small value to reach a reasonable approximation of box
equations, and then n can be treated as the free parameter. In our case ∆t=1/1000
which induces a small (2.92%) mean volume loss in each iterative step.

Sorting by size
The second parameter in the simulation is associated with a field observation. The
effect of size-selective transport and deposition can be observed along the river:
average particle size markedly decreases within individual river bars from bar head to
bar tail, and the small particles are often only deposited in isolated patches
downstream of larger boulders in the upper parts of the river. These phenomena have
been reported in many other rivers as well (e.g. Rice and Church 2009; Paola and Seal
1995). Therefore, beside abrasion, our model also considers the effect of size-selective
sorting, emphasized so strongly in the literature. Sorting is modeled in the following
way: for every iterative step, first we randomly (with equal probability) choose a
particle y from the particle population. Second, we choose k potential z particles, again
randomly from the whole particle population (i.e. newly produced sand particles are
also included). Then, from these k particles, we select the particle which is the closest
in size compared to particle y, i.e. we choose the one as particle z where z3 - y3 is
minimal. In this way, we model that particle collision is more likely with particles that
are nearer in size because of size-selective sorting, and k is proportional to the
intensity of sorting. The number of possible z particles, k, is determined in a way that it
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always corresponds to the 1/m part of the total volume Vtotal of the whole population,
where constant m is our second parameter. So, k is computed in every iterative step
with the following formula:
 Vtotal 
k=

 m ⋅ Vaverage 

(11)

where Vaverage is the current average particle volume,   denotes the ceiling function.
In our case m=100000, so we assume a weak sorting. The above described sizecorrelated random selection is only a simple sorting model, other methods could be
also figured out.

3.2.5. MODEL RESULTS AND DISCUSSION
3.2.5.1. Interpretation of the simulation results
Model results are presented together with field results in Figure 3.3. Observe that the
simulation results fit very well to the field results with parameters n=1000 and
m=100000, since not only do the mean values agree, but also the standard deviation of
the axis ratios and the maximal particle sizes match well.
Figure 3.7a shows the downstream decrease of the average new particle size
appearing in the simulation: in the upper reaches, where boulders collide with high
energies, very coarse sand is produced, while in the lower part of the river, it changes
to medium and fine-grained sand. Compared to the field observations (see Figure 3.4),
these decreasing values, resulting directly from the assumption that in every collision
the same number of particles are born, seem to be realistic. However, we do not have
field data on sands which could verify this correspondence, so it remains only a
qualitative observation. Note that because the newly created particles are smaller than
20 mm, they do not affect the shape and size distributions computed only from the
particles larger than 20 mm.
Since sand-sized particles appear rapidly in the particle population (and so Vaverage
drops quickly), k grows suddenly in the first few km (see Figure 3.7b, left axis, black
line). Thus, the role of sorting in the simulation is substantial at the beginning, when
the number of newly created sand particles (and so the total number of particles) is
not too high and the effect of sorting can prevail (see Figure 3.7b, right axis, grey line).
In this way, the simulation predicts that in the high-gradient upper reaches sizeselective sorting is important, therefore big boulders will collide more likely with
boulder/cobble size particles which cover the river bed or travel in the water during
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large floods (it can be imagined as transport by saltation). However, after a while, the
amount of sand in the simulation is so high that the modeled sorting effect diminishes
(pebbles will almost always collide with sand) and pure abrasion can prevail (see Figure
3.7b, right axis, grey line). Thus, the simulation predicts that the “sandblasting” process
dominates in the low-gradient downstream reaches. (The volume ratio of sand to nonsand particles is approx. 100:1 at the end of the simulation, indicating the gravel-sand
transition observed along the river). This shift from the dominant effect of sizeselective sorting to pure abrasion is in conjunction with the conclusion of Frings (2004),
based on the work of Morris and Williams (1999a,b): he argues that the degree of
transport selectivity is determined by the river gradient (cf. Figure 3.2).

Figure 3.7. The effect of model parameters. a) Average sand size appearing in the particle population
if n=1000, ∆t=1/1000. Each data point is computed as an average of 100 consecutive iterative steps. b)
Left axis, black points: k versus the distance from source (see equation (11), m=100000). Right axis, grey
points: the proportion k/N versus the distance from source, where N is the total number of particles
(including sand particles).

However, it is important to mention that size-selective transport and abrasion should
not be separated so strictly, since it is clear that the mobility of particles controls
abrasion rate and vice versa (Jerolmack et al. 2011). Although a small particle is easier
to mobilize, the time spent in movement is related to the number of collisions with
other particles i.e. the abrasion rate. If we assume that the number of collisions is
proportional to the distance traveled, our model can be thought of as being ruled by
the number of collisions, not by time.
As for the shape change in the simulation, in the upper reaches average axis ratios are
nearly constant, because the effect of sorting and the appearance of sand particles are
“in balance”. It is worth to mention that the absence of a significant change in the
shape parameters does not necessarily mean that abrasion is ineffective; abrasion
itself can produce self-similar shapes as is shown by Domokos and Gibbons (2012).
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After a while, collision with sand particles becomes dominant which causes average
sample shapes to be flatter and thinner, as predicted by the box equations.
To summarize our results, we reproduced the evolution of both the shape and size
distributions along the river by introducing two scalar parameters based on physical
considerations and field observations. Model predictions, and the good match
between field and model results suggest that abrasion is efficient enough to produce
the well-known exponential downstream fining, at least for small diminution
coefficients. Results also suggest that the effect of sorting on abrasion plays an
important role in the upper, high-gradient reaches, while pure abrasion by the
suspended sandy load prevail in the low-gradient downstream reaches.

3.2.5.2. The sensitivity of the numerical simulation
The sensitivity of the model results regarding the parameter values was also
investigated. The model was run with double and half parameter values (see the 4
parameter pairs in the rows of Table 3.2), and the resulting (discrete) functions were
compared to the original results. For the 4 diagrams investigated in Figure 3.3, Table
3.2 shows the maximal differences of the functions resulting from the original
parameter values and the modified parameter pairs. Differences are given in
percentages of the corresponding function value at n=1000, m=100000. Small
differences suggest that the model is structurally stable regarding the parameters.
Table 3.2. The sensitivity of model results. Differences are given in percentages of the corresponding
function value at n=1000, m=100000.

n

500
2000
1000
1000

Maximal difference (%)
compared to the results at n=1000, m=100000

m

100000
100000
50000
200000

y1

y2

2y3

2max(y3 )

3.3
8.2
8.2
11.0

4.5
4.0
7.3
5.2

4.8
5.3
11.2
7.7

8.2
10.8
16.2
8.0

3.2.5.3. Prediction on the individual pebble trajectories
Beyond reproducing the history of the particle population, the numerical model allows
tracking of the shape and size evolution of the individual particles as well, offering a
much more detailed picture of the abrasion process. Figure 3.8a presents the
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trajectories of 100 randomly selected particles on the y1–y2 plane, showing that a
typical trajectory has a sharp U–turn on this plane. This is due to the following: when
„sandblasting” becomes dominant, typical particles start to move towards flatter and
thinner shapes (y1 and y2 decrease, cf. Figure 1.6a); however, when they reach an
average 40-60 mm size, they turn back because the environment (the average size of
the other particles, which is rapidly dominated by sands) is relatively not so small any
more, and so the second and third, curvature driven terms of equations (4)–(5) start to
dominate, pushing shapes towards the sphere. This phenomenon appears to be very
robust: it was predicted analytically for constant environment and it has also been
verified by simple laboratory experiments by Domokos and Gibbons (2012). Those
pebbles which start with a size below this average 40-60 mm, do not exhibit this U–
turn because they set off directly towards the sphere. It is important to remark that
the U–turns occur at different times for the different particles, since the original
particle size distribution is quite wide. Also, the velocity along these trajectories is not
constant during the abrasion process: around the turning point, abrasion slows
(pebbles “hesitate” in which direction to move on) and rapid evolution toward the
sphere usually starts only below the 20 mm size. This explains why we do not see this
U–turn in the averages presented in Figure 3.3.

Figure 3.8. a) Numerical model: trajectories of individual particles on the y1–y2 plane. Direction is
marked on a few selected curves. b) Field data: the whole particle population is ordered by size and
averaged in this order, each point corresponds to approx. 300 consecutive particles. Numbers beside
the data points refer to the average size of the particles.

However, it can be shown that the field data exhibits similar behavior. To see this, we
treated the 12 collected samples as one particle population (i.e. we handled them
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together, regardless of the sampling site), then we ordered the particles by size and
averaged them in this order so that each mean corresponds to approximately 300
particles. Results are shown in the y1–y2 plane in Figure 3.8b, numbers beside the data
points refer to the mean size. The similar U–turn on this diagram (at an average size of
54.78 at the turning point) suggests that our simulation is realistic, i.e. particle size
influences the abrasion process in the real river as well.

3.2.5.4. Future plans
In our current numerical simulation, we fitted two scalar parameters which reproduce
the complete downstream evolution of shape and size distributions in the river and we
justified our parameters based on physical considerations. However, our future plan is
to couple our model with existing transport models like the widely-used concept of
Shields stress (e.g. Frings 2004). Also, pure size-selective transport could be directly
implemented in the model (e.g. Cui et al. 1996; Hoey and Ferguson 1994). Our final
goal is to be able to predict parameter values, based on measurable field variables
and/or laboratory experiments. Thus, we hope that our numerical model based on the
box equations, in combination with existing transport models, can provide a
framework for future shape and size evolution studies in various sedimentary
environments.
Our other future plan is to understand shape evolution during different abrasion
processes considering the new, equilibrium-based classification system, presented in
Chapter 2. As every shape can be encoded by natural numbers (the numbers of
equilibrium points), the change of this code on an individual pebble can be followed up
with the appropriate mathematical and technical tools in well-controlled laboratory
experiments as well as in a suitable abrasion model. Our goal is to understand the
changes in the morphology through the changes of this code, and to assign different
code sequences to different abrasion processes.

3.2.6. PRINCIPAL RESULT ON THE NUMERICAL SIMULATION OF THE
COLLECTIVE SHAPE EVOLUTION OF PEBBLES
In Principal Result 4, the pebble samples collected along the Williams River will be
referred as the 12 Australian pebble samples. Altogether 1626 basalt pebbles were
collected, average sample size is around 140. A map on the sampling places and a
description of the sampling method can be found in Subsections 3.2.1 and 3.2.2. I
measured the axis lengths a>b>c on the pebbles. Detailed data on the samples can be
found in Appendix C.
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PRINCIPAL RESULT 4
(Relevant publication: Szabó, Fityus and Domokos 2013, under review)
Based on the box equations (Domokos and Gibbons 2012), I developed a flexible
numerical model for simulating the collective shape and size evolution of large particle
populations in different sedimentary environments. Using this model with only two,
physically-based parameters, I reproduced the downstream evolution of pebble shape
and size distributions measured along the Williams River in the 12 Australian pebble
samples. Based on this simulation, which was run on the BME Supercomputer, the
following statements can be made:
4.1. I complemented the stochastic box equations (Domokos and Gibbons 2012) by
considering fragment production during collisional abrasion. By adding the
fragments to the particle population, the abrasive effect of sand-size particles,
which turned out to be important in the Williams River, could be directly
simulated.
4.2. While most researchers explain the well-known exponential downstream fining
in grain size, observed in numerous gravel-bed rivers, by the effect of sizeselective transport, through the example of the Williams River I demonstrated
that abrasion is efficient enough to produce this size decrease for small
diminution coefficients.
4.3. I verified that the phenomenon predicted analytically by Domokos and Gibbons
(2012), in which a pebble that first moves away from the sphere, turns back and
finally converges to the sphere, is demonstrable in a real sedimentary
environment as well.
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4

SUMMARY AND PRINCIPAL RESULTS

The aim of this dissertation was twofold. Firstly, I applied a new, mechanics-based
classification system (Várkonyi and Domokos 2006a) called primary equilibrium
classification to describe the morphology of pebbles. I demonstrated the practical
applicability of the system, as well as its close connection to the widely-used Zingg
classification relying on length measurements (Principal Result 1). Based on the
measurements of 9 different experimenters, I also verified that the hand experiments
applied to count equilibrium points are consistent and reliable (Principal Result 2). In
addition, I refined the primary equilibrium classification, by dividing the primary
classes into secondary equilibrium classes, based on the topology of the so called
Morse-Smale complex (Principal Result 3). We proved that all secondary equilibrium
classes are non-empty (Domokos, Lángi and Szabó 2013). Secondly, I presented a new
numerical model describing the collective shape evolution of large pebble populations,
based on the recent theoretical result called the box equations (Domokos and Gibbons
2012), and I applied the simulation to the Williams River located in the Hunter Valley,
Australia (Principal Result 4).
Throughout my principal results, statistical data of 3 pebble sample collections will be
referred. These are:
1.

The 24 European pebble samples
24 pebble samples collected from 11 European locations, each sample consists
of 50 pebbles, meaning 1200 pebbles altogether. Samples correspond to
different geological and geomorphological settings, so they represent various
sedimentary environments, abrasion and transport processes and pebble
lithology. I measured the axis lengths a>b>c on the pebbles and counted the
stable and unstable equilibrium points. Detailed data on these samples can be
found in Table 2.7 and Appendix A.
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2.

The 300 scanned pebbles
300 pebbles from the 24 European samples were scanned with a 3D laser
scanner: 40-40 pebbles from samples T1, A1, K1, K3 and K4, 50-50 pebbles from
samples N3 and N4. Detailed data on them can be found in Appendix A and B.

3.

The 12 Australian pebble samples
12 pebble samples were collected along the Williams River, Hunter Valley,
Australia. Altogether 1626 basalt pebbles were collected, average sample size is
around 140. A map on the sampling places and a description of the sampling
method can be found in Subsections 3.2.1 and 3.2.2. I measured the axis
lengths a>b>c on the pebbles. Detailed data on the samples can be found in
Appendix C.

PRINCIPAL RESULT 1
(Relevant publications: Domokos et al. 2010; Szabó and Domokos 2010; Domokos,
Sipos and Szabó 2012)
Based on the primary equilibrium classes (Várkonyi and Domokos 2006a), I proposed a
simplified classification (E-classification) to categorize pebble shapes. Relying on the
statistical results of the 24 European pebble samples, I compared E-classes to the
classical Zingg classes so that I generalized the Zingg system by introducing a
parameter p separating the classes from each other. Based on the statistical results,
the following statements can be made:
1.1. The optimal choice of p, at which the agreement between the two classifications
is the largest, is not universal: for well-rounded pebbles it is higher (between 0.75
and 0.89), for angular shapes it is smaller (between 0.55 and 0.75).
1.2. The best agreement between E-classes and the generalized Zingg classes is 80%
on average (standard deviation: 10%), i.e. most of the information contained in
the Zingg classification can be extracted from the simplified equilibrium
classification.
1.3. I established a strong (R2=0.85) logarithmic relationship between the mean
number of stable equilibria and the flatness (mean value of axis ratio c/b) of
pebbles. This relationship also verifies that the number of equilibrium points is
closely connected to the overall shape of pebbles.
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PRINCIPAL RESULT 2
(Relevant publications: Domokos, Sipos and Szabó 2012; Domokos, Lángi and Szabó
2012)
Based on the algorithm identifying micro- and macro-equilibria (Domokos, Sipos and
Szabó 2012) and data of the 300 scanned pebbles, I simulated the hand experiments
on the BME Supercomputer, based on the hypothesis that the scalar parameter μ0
introduced in the algorithm is a measure of the inaccuracy of the experimenting
person during counting equilibrium points. By comparing the results of computer
experiments to hand experiments, the following statements can be made, which verify
the reliability of hand experiments:
2.1. Based on hand experiments of 9 different people, μ0 values are typically higher
for unstable equilibria (mean value: 0.0082) than for stable equilibria (mean
value: 0.0016).
2.2. Parameter μ0 varies in a narrow range for the same experimenter and also, the
results of hand experiments can be modeled well (R2=0.74–0.97) by μ0 (the
mean value of μ0). Thus, hand experiments are consistent and μ0 describes the
inaccuracy of the experimenting person well.
2.3. Based on hand experiments of 9 different people, μ0 changes only slightly
between different experimenting persons (mean value: 0.0049, standard
deviation: 0.0019). Therefore, the number of stable and unstable equilibria
counted in hand experiments varies also only slightly among different people: the
standard deviation is very small (0.02) for small number of equilibria (2.06) and is
acceptable (0.46) for larger number of equilibria (3.49) as well.

PRINCIPAL RESULT 3
(Relevant publication: Domokos, Lángi and Szabó 2013, under review)
I refined the primary equilibrium classification (Várkonyi and Domokos 2006a) by
defining secondary classes, based on the topology of the Morse-Smale complex. Every
Morse-Smale complex associated with a homogeneous, convex, rigid body can be
represented by a 2-colored plane quadrangulation (Dong et al. 2006), we denote this
graph class by Q . I showed that class Q can be generated inductively by a
combinatorial operation called vertex splitting from the stem-graph P2 (the path graph
with 2 vertices). With this, I generalized the result of Bagatelj (1989) and Negami and
Nakamoto (1993), who showed the same for simple plane quadrangulations without
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coloring. Also, this combinatorial result is a first building block in the proof of a more
complex theorem (Domokos, Lángi and Szabó 2013). The theorem states that all
secondary classes are non-empty, i.e. for every graph in Q , there exists a
corresponding homogeneous, rigid, convex solid.

PRINCIPAL RESULT 4
(Relevant publication: Szabó, Fityus and Domokos 2013, under review)
Based on the box equations (Domokos and Gibbons 2012), I developed a flexible
numerical model for simulating the collective shape and size evolution of large particle
populations in different sedimentary environments. Using this model with only two,
physically-based parameters, I reproduced the downstream evolution of pebble shape
and size distributions measured along the Williams River in the 12 Australian pebble
samples. Based on this simulation, which was run on the BME Supercomputer, the
following statements can be made:
4.1. I complemented the stochastic box equations (Domokos and Gibbons 2012) by
considering fragment production during collisional abrasion. By adding the
fragments to the particle population, the abrasive effect of sand-size particles,
which turned out to be important in the Williams River, could be directly
simulated.
4.2. While most researchers explain the well-known exponential downstream fining
in grain size, observed in numerous gravel-bed rivers, by the effect of sizeselective transport, through the example of the Williams River I demonstrated
that abrasion is efficient enough to produce this size decrease for small
diminution coefficients.
4.3. I verified that the phenomenon predicted analytically by Domokos and Gibbons
(2012), in which a pebble that first moves away from the sphere, turns back and
finally converges to the sphere, is demonstrable in a real sedimentary
environment as well.
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APPENDIX A:
DETAILED DATA ON THE 24 EUROPEAN PEBBLE SAMPLES
Detailed data of the collected 24 European pebble samples and comparison between
hand experiments and computer experiments. Samples were collected from 11
locations; each sample consists of 50 pebbles, meaning 1200 pebbles altogether. 20
samples originate from coastal environments, 4 from rivers. Samples correspond to
different geologic and geomorphologic settings, so they represent various sedimentary
environments, abrasion and transport processes and pebble lithology. Axis lengths
a>b>c were measured on the pebbles and the stable and unstable equilibrium points
were counted.
Explanation for the columns of the table:
a : mean value of axis length a
U : mean value of number of unstable equilibrium points
sU : standard deviation of unstable equilibrium points

S : mean value of number of stable equilibrium points
ss : standard deviation of stable equilibrium points
−
 c  : mean value of axis ratio
 
b
−
 c  : mean value of axis ratio
 
a 

c
b
c
a

For more data on these samples, see also Table 2.7 in Chapter 2.
300 pebbles from these samples were scanned with a 3D laser scanner: 40-40 pebbles
from samples T1, A1, K1, K3 and K4, 50-50 pebbles from samples N3 and N4, see
shaded rows. Results of computer experiments are given at μ0 =0.0051, where the
investigated variables of computer experiments are the closest to that of hand
experiments. The results of hand experiments correspond to my measurements.
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U

Sample size
#
ID

Location

1.
S1

Via Mala,
Graubünden,
Switzerland

GPS
coordinates

46°39'25.1"N
9°26'59.8"E

Hand
experiments /
Computer
experiments

50

sU

S

ss

−
c
 
b

−
c
 
a

Characteristic rock
types

Average
pebble size
( a in mm)

mica schist
quartz schist
marble
gneiss
amphibolite
phyllite

43.2

2.64

0.80

2.16

0.47

0.44

0.34

42.8

2.28

0.45

2.20

0.49

0.46

0.34

38.7

2.62

0.70

2.04

0.20

0.42

0.32

mica schist
quartz schist
marble
gneiss
amphibolite
phyllite
mica schist
quartz schist
marble
gneiss
amphibolite
phyllite

Hand experiments /
Computer experiments
at μ0 =0.0051

Hand experiments /
Computer
experiments

2.
S2

Via Mala,
Graubünden,
Switzerland

46°39'25.1"N
9°26'59.8"E

50

3.
S3

Via Mala,
Graubünden,
Switzerland

46°39'25.1"N
9°26'59.8"E

50

4.
N1

Navagio beach,
Zakinthos,
Greece

37°51'34.5"N
20°37'29.0"E

50

porous limestone

50.2

2.48

0.65

2.22

0.51

0.58

0.43

5.
N3

Navagio beach,
Zakinthos,
Greece

37°51'34.5"N
20°37'29.0"E

50 /
50

porous limestone

51.1

2.68 /
2.58

0.94 /
0.81

2.56 /
2.24

0.91 /
0.55

0.64 /
0.64

0.46 /
0.46
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U

Sample size

−
c
 
b

−
c
 
a

Characteristic rock
types

50 /
50

porous limestone

26.5

2.44 /
2.66

0.64 /
0.87

2.20 /
2.12

0.49 /
0.39

0.60 /
0.60

0.45 /
0.45

50

quartzite
gneiss
compact limestone
sandstone

40.1

2.30

0.46

2.12

0.44

0.55

0.40

36°24'30.5"N
25°29'10.2"E

50

scorious basalt
plagioclase andesite
pyroxene andesite
oxyandesite
microcrystalline
basalt

45.6

2.50

0.58

2.10

0.42

0.47

0.39

Red beach,
Santorini,
Greece

36°20'56.3"N
25°23'36.8"E

50

scorious andesite

38.1

2.32

0.55

2.14

0.40

0.57

0.41

Red beach,
Santorini,
Greece

36°20'56.3"N
25°23'36.8"E

50

scorious andesite

34.3

2.34

0.52

2.24

0.48

0.61

0.46

Location

6.
N4

Navagio beach,
Zakinthos,
Greece

37°51'34.5"N
20°37'29.0"E

7.
V1

Danube bank,
Vác,
Hungary

47°47'15.5"N
19°6'53.7"E

8.
M1

Monolithos
beach,
Santorini,
Greece

10.
R2

S

ss

Average
pebble size
( a in mm)

#
ID

9.
R1

sU

GPS
coordinates

Hand
experiments /
Computer
experiments

Hand experiments /
Computer experiments
at μ0 =0.0051

Hand experiments /
Computer
experiments
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U

Sample size
#
ID

Location

GPS
coordinates

Hand
experiments /
Computer
experiments

11.
R3

Red beach,
Santorini,
Greece

36°20'56.3"N
25°23'36.8"E

50

12.
K1

Kamari beach,
Santorini,
Greece

36°22'16.9"N
25°28'56.5"E

50 /
40

13.
K3

Kamari beach,
Santorini,
Greece

36°22'16.9"N
25°28'56.5"E

50 /
40

14.
K4

Kamari beach,
Santorini,
Greece

36°22'16.9"N
25°28'56.5"E

50 /
40

15.
P1

Perissa beach,
Santorini,
Greece

36°21'23.0"N
25°28'33.6"E

50

Characteristic rock
types

oxyandesite
plagioclase andesite
slightly porous
andesite
biotite andesite
rhyolite
amphibole andesite
quartzite
slightly scorious
andesite
trachyandesite
microcrystalline
andesite
quartzite
slightly scorious
andesite
trachyandesite
microcrystalline
andesite
quartzite
slightly scorious
andesite
trachyandesite
microcrystalline
andesite

pumice

Average
pebble size
( a in mm)

sU

S

ss

Hand experiments /
Computer experiments
at μ0 =0.0051

−
c
 
b

−
c
 
a

Hand experiments /
Computer
experiments

36.7

2.30

0.51

2.22

0.46

0.65

0.51

38.4

2.52 /
2.66

0.61 /
0.69

2.22 /
2.20

0.65 /
0.56

0.56 /
0.56

0.45 /
0.44

25.5

2.28 /
2.48

0.45 /
0.85

2.08 /
2.10

0.34 /
0.38

0.47 /
0.47

0.33 /
0.34

16.8

2.22 /
2.36

0.42 /
0.63

2.04 /
2.05

0.20 /
0.22

0.49 /
0.51

0.36 /
0.36

21.2

2.54

0.76

2.50

0.74

0.68

0.52
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U

Sample size

sU

S

ss

−
c
 
b

−
c
 
a

Characteristic rock
types

Average
pebble size
( a in mm)

50 /
40

porous limestone
marlstone
compact limestone
breccia
cherty limestone
andesite

38.0

4.12 /
3.36

1.08 /
0.90

3.36 /
3.13

1.10 /
1.03

0.71 /
0.75

0.56 /
0.55

37°41'13.7"N
20°52'3.7"E

50

compact limestone
breccia
marlstone
dolomite limestone
porous limestone

33.1

3.54

1.47

3.50

1.09

0.77

0.59

18.
A1

Argassi beach,
Zakinthos,
Greece

37°45'57.4"N
20°55'23.0"E

50 /
40

fine-grained
sandstone
limestone breccia
porous limestone
scorious andesite

25.1

3.48 /
3.90

1.39 /
1.41

3.48 /
3.50

1.11 /
1.15

0.75 /
0.76

0.58 /
0.55

19.
A2

Argassi beach,
Zakinthos,
Greece

37°45'57.4"N
20°55'23.5"E

50

andesite tuff
sandstone

51.6

3.76

1.29

3.18

1.17

0.66

0.51

20.
M2

Monolithos
beach,
Santorini,
Greece

36°24'31.0"N
25°29'10.5"E

50

pumice

37.0

2.68

0.71

2.84

1.04

0.70

0.54

#
ID

Location

GPS
coordinates

16.
T1

Marathonis
beach,
Zakinthos,
Greece

37°41'12.8"N
20°52'3.1"E

17.
T2

Marathonis
beach,
Zakinthos,
Greece

Hand
experiments /
Computer
experiments

Hand experiments /
Computer experiments
at μ0 =0.0051

Hand experiments /
Computer
experiments
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U

Sample size

sU

S

ss

−
c
 
b

−
c
 
a

Characteristic rock
types

Average
pebble size
( a in mm)

50

pumice

31.6

2.96

0.90

3.58

1.28

0.79

0.63

36°22'16.8"N
25°28'56.9"E

50

pumice

30.5

3.94

1.38

4.18

1.17

0.81

0.66

Janubio beach,
Canary Islands,
Spain

28°56'15.2"N
13°49'55.1"W

50

scorious basalt
olivine basalt
vescicular basalt

41.2

3.22

1.11

3.76

1.42

0.79

0.59

Janubio beach,
Canary Islands,
Spain

28°56'16.2"N
13°49'54.3"W

50

scorious basalt
vescicular basalt
basalt tuff

41.4

4.54

1.34

5.28

2.01

0.76

0.60

#
ID

Location

GPS
coordinates

21.
R4

Akrotiri beach,
Santorini,
Greece

36°20'56.9"N
25°24'2.6"E

22.
K2

Kamari beach,
Santorini,
Greece

23.
C1

24.
C2

Hand
experiments /
Computer
experiments

Hand experiments /
Computer experiments
at μ0 =0.0051

Hand experiments /
Computer
experiments

106

APPENDIX B:
MEASUREMENT OF THE RELIABILITY OF DIFFERENT
EXPERIMENTING PERSONS
Detailed data on the 7 pebble samples (300 pebbles) which were scanned with a 3D
laser scanner and used to compute the reliability of different experimenters.
Explanation for the columns of the table:
S : mean value of number of stable equilibrium points, resulting from the hand
experiments
U : mean value of number of unstable equilibrium points, resulting from the hand
experiments
μ0 ,S : a scalar measure of the inaccuracy of the experimenting person, computed for S
μ0 ,U : a scalar measure of the inaccuracy of the experimenting person, computed for U
μ0 , S : mean value of μ0 ,S
sμ0 , S : standard deviation computed from the 7 μ0 ,S data
μ0 ,U : mean value of μ0 ,U
sμ0 , U : standard deviation computed from the 7 μ0 ,U data
μ0 : average of μ0 , S and μ0 ,U
sμ0 : standard deviation computed from the 2×7 μ0 ,S and μ0 ,U data
In the last two rows, mean values and standard deviations are computed from the
columns above.
Experimenter abbreviations stand for the students employed for the task, our
laboratory assistant and me:
TSZ: Tímea Szabó
SB: Sarolta Bodor
KK: Kata Kovács
OZ: Orsolya Zelenai
GYD: Györgyi Dalmadi
ZCS: Zita Csörge
ASZ: Attila Szalai
EH: Eszter Holczer
ZD: Zoltán Dobi
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Experimenter

Sample N3

Sample N4

Sample A1

Sample T1

scanned sample size: 50

scanned sample size: 50

scanned sample size: 40

scanned sample size: 40

S

μ0 ,S

U

μ0 ,U

S

μ0 ,S

U

μ0 ,U

S

μ0 ,S

U

μ0 ,U

S

μ0 ,S

U

μ0 ,U

TSZ

2.56

0.0010

2.68

0.0039

2.20

0.0023

2.44

0.0104

3.48

0.0049

3.48

0.0083

3.36

0.0030

4.12

0.0020

SB

2.66

0.0007

2.52

0.0063

2.30

0.0013

2.38

0.0131

4.05

0.0019

3.13

0.0162

3.83

0.0009

2.93

0.0156

KK

3.06

0.0003

2.58

0.0047

2.94

0.0002

2.51

0.0076

4.10

0.0018

2.78

0.0362

3.85

0.0009

3.30

0.0051

OZ

2.66

0.0007

2.68

0.0039

2.22

0.0023

2.56

0.0059

4.13

0.0017

3.72

0.0058

3.68

0.0013

3.58

0.0033

GYD

2.50

0.0013

3.06

0.0016

2.22

0.0023

2.78

0.0027

4.08

0.0018

4.05

0.0037

3.90

0.0008

4.30

0.0018

ZCS

2.66

0.0007

2.76

0.0035

2.30

0.0013

2.74

0.0028

3.85

0.0023

3.48

0.0083

3.98

0.0006

3.50

0.0039

ASZ

2.82

0.0004

2.62

0.0045

2.72

0.0002

2.66

0.0048

4.22

0.0013

2.80

0.0350

3.98

0.0006

3.10

0.0085

EH

2.70

0.0006

2.50

0.0064

2.32

0.0012

2.40

0.0129

3.88

0.0023

3.40

0.0092

3.78

0.0010

3.25

0.0055

ZD

2.70

0.0006

2.60

0.0045

2.64

0.0003

2.46

0.0092

4.38

0.0008

2.78

0.0362

4.13

0.0005

3.30

0.0051

Mean value

2.70

0.0007

2.67

0.0044

2.43

0.0013

2.55

0.0077

4.02

0.0021

3.29

0.0177

3.83

0.0011

3.49

0.0056

Standard deviation

0.16

0.0003

0.17

0.0015

0.27

0.0009

0.15

0.0040

0.26

0.0012

0.45

0.0140

0.22

0.0008

0.46

0.0042
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Experimenter

Sample K1

Sample K3

Sample K4

scanned sample size: 40

scanned sample size: 40

scanned sample size: 40

μ0 , S

sμ0 , S

μ0 ,U

sμ0 , U

μ0

sμ0

S

μ0 ,S

U

μ0 ,U

S

μ0 ,S

U

μ0 ,U

S

μ0 ,S

U

μ0 ,U

TSZ

2.22

0.0024

2.52

0.0070

2.08

0.0055

2.28

0.0129

2.04

0.0013

2.22

0.0069

0.0029

0.0017

0.0073

0.0037

0.0051

0.0036

SB

2.29

0.0012

3.20

0.0019

2.13

0.0041

2.43

0.0064

2.05

0.0013

2.25

0.0068

0.0016

0.0012

0.0095

0.0055

0.0056

0.0056

KK

2.66

0.0004

2.49

0.0073

2.58

0.0003

2.48

0.0040

2.08

0.0011

2.28

0.0063

0.0007

0.0006

0.0102

0.0116

0.0054

0.0093

OZ

2.32

0.0011

2.78

0.0033

2.10

0.0046

2.60

0.0032

2.05

0.0013

2.28

0.0063

0.0019

0.0013

0.0045

0.0014

0.0032

0.0019

GYD

2.34

0.0010

2.88

0.0027

2.10

0.0046

2.50

0.0039

2.05

0.0013

2.53

0.0035

0.0019

0.0013

0.0028

0.0009

0.0024

0.0012

ZCS

2.44

0.0006

2.95

0.0025

2.18

0.0026

2.38

0.0073

2.05

0.0013

2.43

0.0040

0.0013

0.0008

0.0046

0.0023

0.0030

0.0024

ASZ

2.34

0.0010

2.85

0.0028

2.13

0.0041

2.15

0.0239

2.05

0.0013

2.15

0.0279

0.0013

0.0013

0.0153

0.0132

0.0083

0.0116

EH

2.34

0.0010

2.63

0.0056

2.20

0.0019

2.30

0.0097

2.08

0.0011

2.23

0.0069

0.0013

0.0006

0.0080

0.0027

0.0047

0.0040

ZD

2.34

0.0010

2.43

0.0097

2.15

0.0037

2.28

0.0129

2.10

0.0008

2.38

0.0046

0.0011

0.0012

0.0117

0.0112

0.0064

0.0095

Mean value

2.37

0.0011

2.75

0.0048

2.18

0.0035

2.38

0.0094

2.06

0.0012

2.31

0.0081

0.0016

0.0011

0.0082

0.0058

0.0049

0.0055

Standard
deviation

0.12

0.0006

0.25

0.0027

0.15

0.0016

0.14

0.0066

0.02

0.0002

0.12

0.0075

0.0006

0.0040

0.0019
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APPENDIX C:
DETAILED DATA ON THE 12 AUSTRALIAN PEBBLE SAMPLES
Field data on the 12 pebble samples collected along the Williams River, Hunter Valley,
Australia. Altogether 1626 basalt pebbles were collected. Details of the study area and
the sampling method can be found in Subsections 3.2.1 and 3.2.2. Axis lengths a>b>c
were measured on the pebbles.
Explanation for the columns of the table:
2y3 = a : mean value of axis length a
2max(y3 ) = max(a) : maximal axis length a, computed as the mean value of the 5 largest

particles
−
c
c
y1 =   : mean value of axis ratio
a
a
−
 b  : mean value of axis ratio b
y2 =  
a
a

sy1 = s c  : standard deviation of axis ratio c
a
 

a

sy2 = s b  : standard deviation of axis ratio b
 
a

a
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#

Location

GPS coordinates

Sample
size

Distance
from
source
[km]

2y 3 = a
[mm]

[mm]

−
c 
y1 =  
a 

−
b
y2 =  
a

sy1 = s c 

sy2 = s b 

2max(y3)
= max(a)

 
a

 
 a

1.

Rocky Crossing

32° 6'57.16"S
151°29'16.39"E

141

6

84.74

444.8

0.45

0.73

0.14

0.13

2.

Barrington Tops

32° 9'5.15"S
151°31'37.58"E

142

12

90.16

515.6

0.47

0.72

0.14

0.13

3.

Rumbel’s road

32°12'24.93"S
151°33'30.22"E

142

19

117.82

362.0

0.48

0.75

0.12

0.13

4.

Underbank

32°15'4.11"S
151°36'20.19"E

123

29

87.51

289.2

0.47

0.74

0.13

0.12

5.

Brownmore

32°16'41.15"S
151°39'3.20"E

155

39

87.80

183.0

0.49

0.73

0.12

0.13

6.

Munni

32°19'12.47"S
151°41'12.97"E

193

50

65.40

203.6

0.42

0.73

0.11

0.13

7.

Bandon Grove

32°18'6.13"S
151°43'0.57"E

87

55

55.34

137.8

0.43

0.69

0.12

0.13

8.

Fosterton

32°19'29.31"S
151°44'55.11"E

158

62

45.27

119.4

0.45

0.71

0.12

0.15

9.

Dungog

32°23'29.42"S
151°45'41.42"E

115

75

45.88

111.0

0.42

0.72

0.12

0.14

10.

Alison road

32°28'10.07"S
151°45'41.05"E

137

91

48.23

106.2

0.38

0.69

0.13

0.15

11.

Brookfield

32°29'30.81"S
151°46'51.62"E

133

97

38.39

90.0

0.38

0.67

0.13

0.16

12.

Glen William

32°31'13.38"S
151°47'57.35"E

100

102

47.29

101.0

0.36

0.65

0.12

0.14

111

