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1. Introduction 

Rubbers are important materials in mechanical engineering, because of their favorable frictional and 

wear properties as well as chemical resistance, especially in the field of car, aircraft and chemical 

industry. In spite of the fact, that the frictional resistance of rubber is much higher than many other 

materials, a large number of static and sliding seals are made of rubbers. As the application range had 

been widened in the last century, it became much more essential to understand the complex 

mechanical processes, which led to the experimental and theoretical investigation of the tribology of 

elastomers. Besides many applications, in this dissertation a special rubber application, namely the 

windscreen wiper is the center of interest.  

The sliding friction of wiper blade is important field of modern tribological researches in the last few 

years. Because of the hyperelastic behaviour and the large inner damping the frictional behaviour of 

windscreen wipers differs from the one of other materials. Generally, not only the wet friction of wiper 

blades in reported in the literature but marginal results are also given for the dry case. Wiper blades 

typically work in three operating regimes. A rare case is the dry one, when solid type interaction is 

between contacting surfaces. A more frequent condition is when contacting surfaces are lubricated by 

water causing partial or total hydrodynamic lubrication. However the presents of significant amount of 

water reduces the optical conditions. Between these two regimes there is the so-called tacky condition, 

which is characterized usually by a surprisingly high coefficient of friction. In this lubrication state the 

sticking (dry) zones also cause friction instabilities, vibrations, inequalities in the fluid film, so 

deteriorating visibility.  As it is well known, this complex material causes many problems in the 

design of rubber components, because one has to consider the low modulus, the effect of large 

deformation, incompressibility and temperature dependency of material properties even in the simplest 

cases. Additionally, one of the most typical failure mode of rubbers and rubber-like materials is the 

fatigue failure thus it is essential to establish an accurate material model. All in all we can conclude 

that it is necessary to perform the tribological and constitutive investigations simultaneously. 

Fortunately, nowadays many numerical techniques (e.g. the finite element method, FEM) are available 

to do this.   

First part of this dissertation concentrates on the mechanical characterization of rubbers and rubber-

like materials and the identification of model parameters. The second part deals with the analysis of 

tribological processes both on specimen and structural levels. The results are based on experiments 

and large number of numerical and analytical calculations.  
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1.1. Research objectives 

The first aim of this work is to develop a method for the parameter identification of spring-dashpot 

models, which can be generally used to identify the viscoelastic parameters of widely accepted spring-

dashpot models. During the theoretical part the Standard-Solid model and its extended version the 

generalized Maxwell-model –also called generalized Standard-Solid model- is used, but it is essential 

to see that the concepts are suitable for any other phenomenological model, which does not show 

permanent deformation and consists spring and dashpot elements. 

The second aim is to analyze the tribological behaviour of a commercial windscreen wiper. In the 

specimen level examination the effect of sliding velocity, load and lubrication is tested on coefficient 

of friction and size of contact area and the contact parameters are calculated by numerical techniques. 

Contrary to the literature the tribological behaviour of windscreen wiper is analyzed not only on 

specimen level but also on structural level in order to prove or disprove the assumption that the 

behaviour is identical on both levels.  

 

The questions which will be answered in this thesis are as follows: 

1. How is it possible to describe the non-linear time and frequency dependent behaviour of rubbers 

and rubber-like materials? 

2. How is it possible to widen the measurable time/frequency domain by using the time-

temperature superposition? 

3. How is it possible to identify material model parameters from measurements being available in 

most cases and how wide is their application range?  

4. How is it possible to widen the application range of these methods?  

5. Which phenomenons influence the rubber-glass contact process and the frictional behaviour?  

6. What is the effect of water on the tribological behaviour of windscreen wiper? 

7. What is the correlation between the specimen and structural level tribological behaviour? 

  

In order to answer the emerged questions and to understand the complex material and tribological 

behaviour of windscreen wiper experiments and simulations are carried out. 

 

1.2. Test methods and the structure of the dissertation 

The description of the mechanical behavior of rubber-like materials and the connecting tribological 

phenomenons are very complicated, because of the different processes, which occur simultaneously. 

Generally it is not possible to consider all of them at the same time, so simplifications are needed. In 

this work, firstly I give a general outlook on the different phenomenons individually and then I 

connect them to each other (nonlinear elasticity, the linear viscoelasticity and finite viscoelasticity). 

The theoretical derivations usually are followed by experiments, which are uniaxial tensions, stress 

relaxations and DMTA tests. Based on the results of these experiments and further considerations, a 
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new method is developed and tested for parameter identification using constant strain-rate uniaxial 

tension tests. The new method combined with the genetic algorithm can be effectively used for 

parameter identification in a limited frequency/time domain. In case when it is used in conjunction 

with the WLF theory, we can extend its application range with minimal labor input. It must be 

mentioned that the next chapters are restricted only to the engineering approach, so the mathematical 

derivations are not fully detailed and they concentrate just on the easy to understand forms, which can 

be directly applied in practice. During the analysis of the mentioned processes both analytical and 

numerical (FE) calculations are used. 

The tribological part of the thesis focuses on the experimental results and their explanations. Firstly, 

the specimen level then the structural level examination is detailed. The measurements are carried out 

by means of homemade test rigs. The measurement results are compared to bibliographic data and are 

complemented with numerical simulations, in order to identify the apparent contact area and its 

change over the working conditions. The simulations give valuable informations on none-measurable 

parameters. 

In the literature practically there is no test result on the structural level tribological behavior of 

windscreen wipers. In order to fill this gap a novel test rig is used which consists of a commercial 

wiper blade with the arms and a rotating glass cylinder. Because of the none-circular cross section and 

the eccentricity a pure mathematical model is presented to evaluate the measurement results. The 

model leads to the coefficient of friction under different conditions. Finally the ultimate conclusions 

are given by the comparison of the specimen and structural level results. In this thesis the details of 

important publications are given in the first part of the relevant chapters as a literature survey. 

 

The authors wish to acknowledge the support of the Partners of the Kristal project and the European 

Commission for their support in the integrated project ‘Knowledgebased Radical Innovation Surfacing 

for Tribology and Advanced Lubrication’ (EU Project Reference NMP3-CT-2005-515837). 

Additionally, this work is connected to the scientific program of the “Development of quality-oriented 

and harmonized R+D+I strategy and functional model at BME” project. This project is supported by 

the New Hungary Development Plan (Project ID: TÁMOP-4.2.1/B-09/1/KMR-2010-0002).  

 

Same measurements were carried out in cooperation with the IVW (Composite Material Institute, 

University of Kaiserslautern, Germany), IDS (Institute of Dynamics and Vibrations, University of 

Hannover, Germany), and the DPE (Department of Polymer Engineering, University of Budapest, 

Hungary) for which I wish to thank the facility to perform measurements. 
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2. Rubber in engineering 

After introducing the evolution of rubbers and rubber-like materials, the most important properties are 

detailed in this section, in order to create the facility for further modeling and explanations.  

 

2.1. Brief introduction to rubbers and rubber-like materials 

The history of rubbers and rubber-like materials goes back to almost 4000 years, because they were 

already used before 1500 BC, according to reminders. Firstly, the ancient Mayan people used the 

milky fluid -called latex- to make rubber balls, hollow human figures, and as bindings used to secure 

axe heads to their handles. These rubber balls were used in an important ritual game called Tlachtlic. 

This game was a cross between football and basketball, but had religious significance as it is recorded 

in the Popul Vuh, a Mayan religious document. Basically latex comes from the trunk of many various 

plants like morning glory or the most notably rubber tree. When the latex is exposed to the air it 

hardens into an elastic mass. Both of them were important plants to the Mayan tribe. The latter also 

has some hallucinogen as well as healing capabilities [1].  

After Christopher Columbus discovered the American continent several rolled sheets of rubber were 

sent back to France, where it fascinated the enlightened public. After the rubber made a hit in the 

European public life, there were numerous application areas suddenly. In 1791, an Englishman named 

Samuel Peal discovered a means of waterproofing cloth by mixing rubber with turpentine. English 

inventor and scientist, Joseph Priestly realized that it could be used to erase pencil marks on sheets of 

paper. 

The modern form of rubber is produced by Charles Goodyear, an American whose name is placed on 

the tires under millions of automobiles. Goodyear realized in 1839 that a mixture of rubber, carbon 

black and sulfur leads to a material that came back to its original form, if it is stretched. Nowadays this 

process is known as vulcanization. The new material was resistant to water and chemical interactions 

and did not conduct electricity. Later the invented process was improved and now various chemicals 

are added before the mix is poured into molds and heated generally under pressure.  

The recycling and reusing of rubber connect to the name of Mitchell, who figured it out that the rubber 

material treated with acids can be usable for engineering like solids. The first patent joins to Dunlop 

for the new material for producing bicycle tires [2]. 

In the early years of the 20th century, rubber became an intensively researched area. The world wars 

increased the development speed, as so many other areas. World War II cut the United States off from 

rubber supplies worldwide, so they developed the synthetic rubber for use in the war effort. Today 

about three quarters of the rubber in production is of synthetic product made of crude oil. The spread 

of engine vehicles in the last century increased the number of used rubber tires worldwide. These 

components became essential and nowadays, they are used in one of the largest numbers [3].  
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In Hungary the first rubber producing company, the “Országos Gumiipari Vállalat (OGV)” was 

founded in 1963. Soon after the company expanded and opened a new factory in Szeged. The 

company had 11000 workers in 1970 and was renamed in 1973 to “Taurus Gumiipari Vállalat (TGV)” 

[4]. In 1996 there was the largest rubber innovation in the history of the country, when Michelin 

bought up the Taurus and located the whole east-Europe commercial center to our country. This 

expansion created 1700 new job till 2005. In 2007 the production started at a new industrial center 

founded by Hankook Tire. The total investment was 1000 billion forint till 2008, but the development 

takes up to the present. 

      

2.2. Rubbers and their main properties 

Rubbers and rubber like materials belong to the group of elastomers. Elastomers are a special class of 

polymeric materials, so they built up from long hydrocarbon polymer chains, which are connected 

with each other by chemical bonds. However, it is much practical to say that the materials, which are 

classified as elastomers can suffer several hundred percent of strain without significant irreversible 

(plastic) deformation.  

The rubber and elastomer term are often used like synonyms in engineering practice, because of the 

slight difference between them. According to the ISO 1382:P1996 standard, elastomers are 

macromolecular material which returns rapidly to approximately their initial dimensions and shapes 

after substantial deformation by a weak stress and release of the stress. However rubber is defined as 

an elastomer, which can be, -or already is-, modified to a state, in which it is essentially stable 

(insoluble but can swell), and which -in its modified state- cannot be easily molded to other permanent 

shape by the application of heat and pressure. With these official definitions some engineers think 

“rubber" as natural rubber and not for example applying this term to Neoprene rubber. In spite of the 

exact definition in this work the natural or artificial origin of the material is not distinguished and -like 

many other engineers- I use elastomer, rubber and rubber-like material alternately.  

Rubbers can be divided into two types: thermosets and thermoplastics [2]. Thermosets have three 

dimensional molecular networks with long molecules. Between the molecule chains chemical bonds 

can be found, so this kind of material cannot be reprocessed simply by heating. However thermosets 

absorb solvent and swell. On the other hand the molecules of thermoplastic rubbers are not connected 

by chemical bonds but instead they are joined by physical aggregations. These links are dissolved by 

suitable solvents and importantly soften by heating, so they can be processed repeatedly. In many 

application areas the two material types are used interchangeably, but in the industry of tires, engine 

mounts and rubber spring thermosets are much more popular because of their better elasticity, 

resistance and durability.  

The mechanical properties and its performance can be highly extended by different additives given to 

the raw rubber material. The typical ingredients of rubber compounds are the crosslinking agent, 

reinforcements, anti-degrades, process aids, extenders, and other special additives such as colorants. 
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Generally thermoplastics do not require crosslink agents or reinforcing fibers as the hard domains that 

interconnect the molecules cause strength and elasticity. The molecule chains in undeformed and 

loaded states are depicted in Figure 1 and Figure 2. 

 

 

 

Figure 1 Undeformed molecule chains 
Figure 2 Molecule chains deformed by  

external forces 
 

One of the main influencing features of elastomers are the crosslinks and their density. Modulus and 

hardness increase monotonically with increasing crosslink density and the material becomes more 

elastic and less hysteretic. The increasing density also has a positive impact on the tear and tensile 

strength. However, sometimes the elastomeric materials used in the general engineering applications 

should be water repellent and resistant to alkalies and weak acids. These properties and the elasticity, 

toughness, impermeability, adhesiveness, and electrical resistance make it useful as an adhesive, a 

coating composition, a fiber, a molding compound, and an electrical insulator. In general, synthetic 

rubber has some advantages over natural rubber. They are better against aging and weathering, more 

resistance to oil, solvents, oxygen, ozone and certain chemicals, and resilience over a wider 

temperature range. For these reason, it is recommended to apply nature rubber material when the 

working environment is hot because its greater resistance to tearing [5]. 

In the last decades a lot of elastomeric materials have been developed to serve the different demands 

of engineering applications. In Table 1 the most important rubber-like materials and its main features 

are collected by [3]. 
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The main properties of rubbers [3] Table 1 
Rubber Type Main properties 
Neoprene Rubber Good weatherability and resistance to abrasion. 

NBR Oil and solvents resistance but limited weather resistance. Also called nitrile, 
acrylonitrile, and Buna-N Rubber 

Silicone Rubber Good flexibility and resistance to ozone, sunlight, and oxidation. Very good electrical 
insulator. Also called polysiloxane. 

EPDM Rubber Perfect weather resistance and excellent for outdoor use. 

Natural Gum Rubber Superior resilience, tensile strength, elasticity, and abrasion resistance 

Viton Rubber Resistance against corrosive environments, with exceptional resistance to heat, aging, 
weather, ozone, oxygen, and sunlight, plus fuels, solvents, and chemicals. Good 
flame resistance. Also called FKM. 

Natural Latex Rubber Ultra-elastic has excellent strength and stretch ability. Has exceptional tear 
resistance. 

SBR Rubber Has good abrasion and wear resistance. Also called styrene butadiene 

Vinyl Rubber Good resistance to water, chemicals, and weathering. 

Santoprene Rubber Combines the characteristics of rubber and plastic to produce a material that offers 
excellent weatherability and chemical resistance. 

ECH Rubber Excellent resistance to fuel, oil, and ozone.  

Butyl Rubber Nearly air and gas tight. Has good weatherability, oxidation resistance, and electrical 
resistance. Excellent resistance to alkalies and acids. Often used for inner tubes. Also 
called isobutylene 

Latex-Free TPE 
Rubber 

Transparent elastomer with gel-like consistency to absorb vibration and conform to 
irregular surfaces. Super stretchy. Has great tensile strength. This type of rubber is 
nontoxic and nonallergenic. 

Hypalon Rubber Superior weatherability and resistance to ozone, chemicals, and oil even at high 
temperatures. Resists flex cracking and abrasion from weather, heat, and chemical 
exposure. Low water absorption. Also called chlorosulfonated polyethylene. 
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3. Constitutive models of rubber-like materials 

3.1. Goals 

The aim is to construct a reliable material model, which is able to take into consideration the important 

physical phenomena of elastomers. They include the nonlinear elasticity, the linear viscoelasticity and 

finite viscoelasticity. As a first step the widely used parameter identification methods and the basic 

material models are described. Then, based on experiments and further theoretical considerations, a 

new method is developed and tested for parameter identification using constant strain-rate uniaxial 

tensile tests. The new method can be used effectively for parameter identification in a limited 

frequency/time domain. It is pointed out that by using it in conjunction with the WLF theory its 

application range can be extended with minimal labor input.  

 

3.2. Rate-dependency of rubbers: general literature survey 

Many experimental studies have shown that rubber exhibits complicated mechanical behaviors. For 

instance, under constant strain or stress, rubber exhibits stress-relaxation or creep, respectively while 

under repeated loading its behavior can be characterized by the Mullins effect. Furthermore, as it is 

well known both mentioned effects depend on temperature. In order to simulate these observed -

basically rate-dependent- mechanical responses, considerable work has been done recently. The 

history of rate-dependency dates back to the early sixties when the improving properties of rubbers 

and rubber-like materials required to be experimentally studied. The first experimental studies on the 

rate dependency of rubbers (especially filled ones) showed that the tensile strength increases with 

increasing strain rate [6]. This special property is inherent in the presence of carbon black in the rubber 

matrix [7]. Nowadays, strain-rate dependency of important materials is studied by one of the most 

important and simplest test configurations called stress relaxation measurement. In stress relaxation 

test the specimen is forced to constant strains and the corresponding stress response is recorded. One 

of the first experimental results is created by Gent in [8, 9], who noted that the specimen relaxes 

significantly during the first seconds. However his testing rig was not capable to record data in an 

interval longer than six seconds. Over the remarkable improvement on the high speed digital 

computers and data acquisition systems, in the nineties, Lion [10] took important subsequent studies 

on stress relaxation and uniaxial experiments. Bergström and Boyes in [11] gave more information 

on uniaxial compression and tensile tests, concentrating on the relaxation history of the materials. 

Miehe and Keck [12] studied the material behavior under uniaxial tension and compression while 

Haupt and Sedlean in [13] investigated it under uniaxial and biaxial tension/torsional deformations. 

Some authors approache the rate-dependency in parallel way using creep, relaxation and simple tensile 

tests like Khan and Zhang in [14]. Data for other polymers can be found, among others, in the works 

of Colak [15], Makradi [16] Khan and Lopez-Pamies [17] or Krempl [18].  The relaxation of high 

damping rubbers (HDR) is limited and usually it is reported for compression regime. These reports 
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compare the general relaxation behavior to the one of natural (NR) rubber. HDR is usually applied like 

base isolation device and requires special vulcanization procedure. Only a few studies (e.g. [19]) 

consider its material behavior in the shear regime, where it is often applied. Analyzing the listed 

literature, we can conclude that the rate-dependence and the stress relaxation are much more 

momentous in HDR then other rubbers or rubber-like materials especially the ones having natural 

basis.  

The stress relaxation in elastomers and other plastics always includes a few seconds at the beginning 

of each test when the softening of the material is realized very fast. It is followed by a slow relaxation 

in the long term range. However it is important to see that the relaxation never stops and marginal 

decrease always can be observed which is irrelevant in most engineering applications. The 

vulcanization process usually bears a significant influence on the rubber properties and the mentioned 

rate-dependent properties like it is experimentally shown in [5]. The relaxation and the tensile 

behavior which are the fundamental experiments of the current work are also introduced in latter 

chapters and all important features are analyzed. 

 

3.3. Constitutive models 

In this section, the important constitutive approximations are presented. To maintain simplicity and 

take into consideration the fact, that more complex stress states are only treated by commercial 

softwares, the next chapters are restricted to engineering approach so the mathematical derivations are 

not fully detailed and concentrate just on the easy to understand forms, which can be directly applied 

in practice.  

The complex mechanical behaviour of elastomers can be traced back to four effects which appear 

together in real rubber applications. These include non-linear behaviour in case of large strains 

(hyperelasticity); finite viscoelastic behaviour; finite plastic behavior (which is negligible in most 

cases) and softening. In the following chapters the mechanical background of the mentioned effects 

are detailed after a brief literature survey.  

 

3.3.1. Hyperelasticity 

Materials for which the constitutive behavior is only a function of the current state of deformation are 

generally known as elastic [20, 21]. Under such conditions, any stress measure is function of the 

current deformation gradient. Elastomers usually show nonlinear elastic stress-strain behavior but 

practically there is no rubber, which is purely elastic. Despite of this fact, they are considered to be 

elastic in the classical sense. Upon unloading, the stress-strain curve is retraced and there is no 

permanent deformation thanks to the molecular chains, which also ensure isotropic behavior [21]. 

Constitutive models for rubbers should involve two essential characteristics to describe the basic 

requirements [22]. The model always needs to be involving small number of material constants with 

direct, transparent meaning on the influencing effects. It is much more important that the determined 
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material laws need to be as general as possible so they need to be valid for other loading then they are 

created. Unfortunately it is always hard to find constitutive models which fulfill the above 

requirements.  

In the last decades many attempts have been made to develop material models representing nonlinear 

stress-strain relation that agree with the experimental results. The material models use two 

phenomenological approaches. The first is a continuum mechanics approach which requires the 

existence of a strain energy function. This strain energy function can be interpreted as the work, which 

we need to exert in order to deform an elastic body from its initial state to current position [21]. In the 

second approach the non-linear elastic response of rubber-like materials is modeled by 

micromechanically based statistical or kinetic theory of polymer chain deformations.  

The first important work dates back to 1940 to the common name of Mooney [23], however 

representative research are also made by Treloar [24], Rivlin [25], Yeoh [26], Gent [27] and Ogden 

[28] on the continuum mechanical approach. Besides these idealized network models are also 

proposed in the literature like (James and Guth [29], Wang and Guth [30], Wu and Van der 

Giessen [31], Boyce and Arruda [32] and Miehe [33]). In spite of the fact that tremendous material 

models are available in the literature, the development is continuous and valuable reviews have been 

published in the last years (see for example [34] or [35]). 

These so-called hyperelastic material models are widely used to consider the time-independent 

behaviour of rubber-like materials, because the calculations can be highly simplified this way [21], 

[34]. The application of these models is necessary, because the well-known Hooke-law showing linear 

behavior is unable to describe the experimentally observed non-linear stress-strain relation. The 

typical elastomers show highly viscoelastic (time-dependent) behavior, so I have to mention that the 

theory of hyperelasticity does not give a general tool to predict the mechanical responses of 

elastomers. 

 

 

Figure 3 Initial and current states of a specimen subjected to tension 
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The stress-strain behaviour of a hyperelastic material is derived from the principle of virtual work 

using the strain energy density function [21], which can be expressed by the left or right Cauchy 

deformation tensor. In order to present the hyperelastic approach, let’s consider a rubber specimen 

subjected to tension (see Figure 3) and examine its elongation (∆l(x)).  

The stretch value (λi) can be defined according to Eq. (3.1). 

 m
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In Eq. (3.1) m
iε  is the engineering strain in direction i. In case of incompressibility (constant volume), 

from the strains defined in the three perpendicular directions only two are independent, the third needs 

to be expressed in function of the two others. Consequently the equality of the initial and current 

volumes causes restriction to the product of the three stretches, which must be equal to 1 for 

incompressible materials.  

 )z(oz)y(oy)x(ox)z(o)y(o)x(o llllll ⋅λ⋅⋅λ⋅⋅λ=⋅⋅    →      1zyx =λ⋅λ⋅λ  (3.2) 

As a direct consequence of Eq. (3.2) the dimension changes in the main directions can be expressed by 

only one free parameter (λ) which representing the stretch in the direction x (λx). The vector which 

describes the mapping between the initial and current configuration is called mapping function and –

for uniaxial tension- can be written as 
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The relation between the initial and current configuration is defined by the so-called deformation 

gradient, which can be expressed as 
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In material science, it is common to use the Cauchy-Green strain tensor (also called right Cauchy 

tensor) to characterize the deformation. This strain tensor uses the deformation gradient defined by 

Eq. (3.4) and can be written in the following form 
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The first invariant (trace) of the Cauchy-Green tensor is the sum of the diagonal components, the 

second invariant represents the sum of the main determinants connect to the components in the 
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diagonal while the third invariant is the determinant of the whole tensor. The latter always equals with 

1 because of the incompressibility nature (see above).  

 2
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2 , 1)C(Det)(I3 ==λ  (3.6) 

The widely used material models use these invariants with the purpose of expressing the strain energy 

function (w). The strain energy functions usually assumed to have polynomial or reduced polynomial 

forms. One of the most popular hyperelastic material model –the 2 parameters Mooney-Rivlin model- 

is described by Eq. (3.7). 

 ( ) ( ) ( ) ( )
2

22
1001

201110

1)2(c)21(c
3)(Ic3)(Ic)(w

λ

−λ⋅λ+λ+λ+
=−λ⋅+−λ⋅=λ , (3.7) 

where 0110 c,c  are material constants determined by tests. The correction with the number of 3 is 

general in the invariant based material models because without this, the strain energy function value is 

not zero in the initial state, when the stretch is zero. The correction makes the energy function 

physically comprehensible. 

Certainly, other invariant based material laws are also used in engineering practice. The most preferred 

ones are sum up in Table 2.  In the equations cij denotes to the material parameters, where i = 0…3, 

j = 0, 1 [36].  

After the definition of the strain energy function the engineering ( m
xσ ) and Cauchy stress ( C

xσ ) can 

be directly calculated, utilizing the fact that the defined energy is interpreted like the area under the 

stress-stretch curve.  

The most important hyperelastic strain energy functions [36] Table 2 
Name: Strain energy function 
Neo-Hooke model: ( )3)(Ic)(w 110 −λ⋅=λ  

2 par. Mooney-Rivlin: ( ) )3)(I(c3)(Ic)(w 201110 −λ⋅+−λ⋅=λ  

3 par. Mooney-Rivlin: ( ) ( ) ( )( )3)(I3)(Ic3)(Ic3)(Ic)(w 2111201110 −λ−λ⋅+−λ⋅+−λ⋅=λ  

Signiorini: ( ) ( ) ( )2
120201110 3)(Ic3)(Ic3)(Ic)(w −λ⋅+−λ⋅+−λ⋅=λ  

Second order invariant: ( ) ( ) ( )( ) 2
1202111201110 )3I(c3)(I3)(Ic3)(Ic3)(Ic)(w −+−λ−λ⋅+−λ⋅+−λ⋅=λ  

James-Green-Simpson: ( ) ( ) ( )( ) 3
1302111201110 )3I(c3)(I3)(Ic3)(Ic3)(Ic)(w −+−λ−λ⋅+−λ⋅+−λ⋅=λ  

Yeoh: ( ) ( ) ( )3
130

2
120110 3)(Ic3)(Ic3)(Ic)(w −λ⋅+−λ⋅+−λ⋅=λ  

 

 ( ) ( ) ( )
3

3
1001m

x

1cc2w
)(

λ

−λ⋅λ⋅+
=

λ∂

λ∂
=λσ →  ( ) ( )

2

3
1001m

x
C
x

1cc2
)()(

λ

−λ⋅λ⋅+
=λ⋅λσ=λσ  (3.8) 

The elastic modulus (E) represents the slope of the engineering stress-stretch curve, so it can be 

calculated with the partial differentiation respect to λ. The initial elastic modulus is also expressed by 

substituting λ = 1, which physically means m
i 0ε = . 
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The presented calculation schema is usable to simulate the non-linear mechanical behavior of 

elastomeric materials under any type of loading which is expressable by its mapping function. In 

practice, it is useful to combine the above equations with the least squares method, in order to 

determine the material dependent cij parameters. The most frequent loading types, which are usually 

performed by measurements, are depicted in Table 3 with the mapping functions and deformation 

gradients.  

In the above equations the stress and strain (stretch) values were calculated using the engineering 

concept. Actually, in case of large strains it is also possible to define different strain measures and 

connected stresses. This field is exceptionally important, because in most cases hyperelastic problems 

are solved by using numerical techniques, e.g. the finite element method, where it is sufficient to apply 

one of the built-in formulations. In the commercial finite element software (MSC Marc) what is used 

in this work, the updated Lagrange and total Lagrange formulations are available during any large 

strain calculations [37]. During these calculations, it is always important to pay special attention to the 

stress and strain measures, what is used in the chosen formulation. In order to avoid 

misunderstandings I have been identified the stress and strain measures by FE calculations for small 

strains, Updated Lagrange and total Lagrange formulation, using hyperelastic material laws.  The 

identified stress and strain measures are given in Table 4 without the details of the calculations while 

its conversion equations are presented in Table 5 and Table 6 for uniaxial tension.  

 

Basic loading types, its mapping functions and deformation gradients [36] Table 3 

Loading 
uniaxial 

tension/compression 
Biaxial 

tension/compression 
Planar shear Simple shear 

Initial and 
current shape 
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 Stress and strain measures in the Updated and Total Lagrange formulation Table 4 
 Strain Stress 

Small Strain Green-Lagrange, εGL
 II. Piola-Kirchoff,

 
σ

PK 
Updated Lagrange Logarithmical, 

 
ε

Log Cauchy, σc 

Total Lagrange Green-Lagrange, 
 
ε

GL II. Piola-Kirchoff , σPK 

 

 Strain measure conversions [21] Table 5 
 Engineering Logarithmical Green-Lagrange 

Engineering mε  1e
Logm −=ε ε  112 GLm −+ε⋅=ε  

Logarithmical ( )1ln mLog +ε=ε  mε  
2

)12ln( GL
Log +ε⋅

=ε  

Green-Lagrange ( )[ ]11
2

1 2mGL −+ε=ε  [ ]1e
2

1 Log2GL −=ε ε⋅  GLε  

 

 Stress measure conversions [21] Table 6 

 Engineering Cauchy II. Piola-Kirchoff 

Engineering mσ  m

C
m

1 ε+

σ
=σ  ( )1mPKm +ε⋅σ=σ  
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Figure 4 Stress-strain curves for different loading 

types given in engineering values  

 
Figure 5 Stress-strain curves for different loading 

types given in the total Lagrange formulation 

  

 
Figure 6 Stress-strain curves for different loading types given 

in the updated Lagrange formulation 
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In order to show the difference between the presented formulations, I calculated the stress-strain 

curves of a supposed material having the parameters of c10 = 50 MPa and c01 = 10 MPa of a two 

parameter Mooney-Rivlin material model. The chosen parameters represent the parameters of a rubber 

at low temperature, which initial modulus (see Eq. (3.9)) is 360 MPa. In the following figure stretch 

values are converted to engineering strains according to Eq. (3.1). Figure 4-Figure 6 also show the 

different type of loadings in the positive and negative strain regimes which are tension and 

compression respectively. The strain values on the horizontal axis need to be understand like 1+γ, 

where γ means the shearing strain, while on the vertical axis the related shearing stress values are 

depicted. As it can be seen the same uniaxial stress-strain curves show varying values and 

characteristics according to the different formulations and loadings, therefore it is essential to proceed 

the parameter fitting process carefully. According to the practical recommendations given in [35], it is 

essential to carry out tests, which are most identical with the application of the desired material law. 

The fitting also can be performed by using more than one test results, which increase the facility to use 

the model in general [35]. However it is also important to see that the fitting algorithm and the data 

pares used in the fitting process can importantly influence the accuracy.  

 

3.3.2. Linear Viscoelasticity 

In the previous chapter the characteristic nonlinear mechanical behaviour of rubber-like materials are 

discussed. Viscoelasticity is a further important specialty for elastomers, more exactly for all 

polymeric materials. The viscoelastic behaviour basically causes three phenomenons, which are the 

stress relaxation, the creep and the hysteresis. Though, all of the mentioned viscoelastic marvels are 

linked with the molecular structure, they are always discussed separately, because of the related 

difficult mathematical formulations. However, not only the mathematical descriptions, but also the test 

methods, which are usually customized to retrieve the viscoelastic properties of polymers, are much 

different.  

 

 Mechanical description in time domain 3.3.2.1.

In the mechanical description of polymeric materials two rheological components are used. The first is 

a spring element, which follows the linear Hooke’s law, while the other is an ideal viscous element (or 

dashpot as it is often termed) [38], they are represented in Figure 7. The viscous element represents a 

hydraulic cylinder filled with viscous liquid. When the piston moves in the cylinder the liquid goes 

from one of the chambers to other causing shearing stress (also signed with σ) which follows the 

Newton’s law.  

  ε⋅η=
ε

⋅η=σ &

dt

d   (3.10) 

where η means the dynamic viscosity of the liquid, ε& represents the strain rate. Using the above 

elements, we can model not only the reversible but also the irreversible behaviour of time-dependent 
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materials. In the current dissertation, I only present one of the most frequently used spring-dashpot 

model showing viscoelastic behaviour, namely the so-called Standard-Solid model (or also called 

Zener model or Poynting-Thomson model) and its extended version for more accurate description, 

which is the generalized Maxwell-model (however it should be called generalized Standard-Solid 

model). The Standard-Solid model consists of a linear spring parallel to Maxwell element. The latter 

consists of a linear spring and a viscous element connected in series. Often more similar Maxwell-

model and the Kelvin–Voigt model are also used. These models are often proved insufficient, 

however; the Maxwell model does not describe creep, and the Kelvin–Voigt model does not describe 

stress relaxation behavior. The Standard-Solid model is the simplest that predicts both phenomena, 

which is the reason while it is generally a build in model in most FE softwares. 

 

  
(a) 

 

 
(b) 

Figure 7 Stress-strain characteristic of the linear (a) spring and (b) viscous element 

 
 

Figure 8 Generalized Maxwell-model Figure 9 Standard-Solid model and  
its stress components 

 

The generalized Maxwell-model also known as the Maxwell–Weichert model is the most general form 

of the linear model for viscoelasticity. It takes into account the relaxation but not just at a single time, 

but at distribution of times. Due to molecular segments of different lengths with shorter ones 

contributing less than longer ones, there is a varying time distribution, in contrast to the Standard-
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Solid model. The generalized Maxwell model shows this by having as many Maxwell elements as are 

necessary to accurately represent the mentioned distribution. Therefore, in applications where not only 

a qualitative but also a quantitative analysis is requested a large number of Maxwell terms must be 

used (in many cases more than 20, see [39]). The figures below represent the generalized Maxwell-

model and the stress components of a Standard-Solid model.  

In order to characterize the time dependent modulus of the detailed models let’s analyze Figure 9. In 

the Standard-Solid model the strain values of the Maxwell and complementary term are the same, but 

the stress values differ. According to [38], the stress values in the two parallel terms can be written as  

 ε⋅=σ ∞Ec                   and                 1

t

1M eE τ
−

⋅ε⋅=σ ,  (3.11) 

where σc  and σM mean the stresses in the complementary and Maxwell terms respectively and τ1 

represents the relaxation time, which can be calculated as 

 
1

1
1 E

η
=τ

.
  (3.12) 

The sum of the stresses in the parallel terms is equal with the loading stress, which directly leads to the 

following equation.  

 1

t

1Mc eEE τ
−

∞ ⋅ε⋅+ε⋅=σ+σ=σ   (3.13) 

Exploiting the Hooke’s law and simplifying with ε, we can easily get the Er(t) relaxation modulus  

(time dependent elastic modulus) for the Standard-Solid model as 

 1

t

1r eEE)t(E τ
−

∞ ⋅+= .  (3.14) 

where 
∞E  is the relaxed modulus of the material; E1 and τ1 are the material dependent modulus and 

relaxation time of the Standard-Solid model. Similarly to the above train of thought, we can also 

prescribe the relaxation modulus in a more general form for generalized Maxwell-models as 

 ∑
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t

ir
ieEE)t(E ,  (3.15) 

where Ei and τi are the i-th modulus and relaxation time of the n-term generalized Maxwell-model. In 

practice, the i-th modulus of the generalized Maxwell-model is specified, instead of the Ei value, by an 

ei dimensionless energy parameter.  
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In Eq. (3.16) E0 represents the glassy modulus of the material. From Eq. (3.15) and Eq. (3.16) the final 

form of the relaxation modulus can be compiled like 
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The above equation can be practically used for any elastomeric material in the small strain regime, if 

the material constants (E0, ei, τi) are chosen properly from experiments. Generally the parameters of a 

generalized Maxwell-model -for describing the material behaviour in time domain- are usually 

identified by stress relaxation tests. In the event of stress relaxation, the elastomeric material 

undergoes a completely elastic deformation as a consequence of a theoretically abrupt excitation of 

expansion. Then the strain is kept constant and the rubber becomes delayed elastic with the stress 

decreasing from the initial maximum value, thus undergoing stress relaxation. In real tests, abrupt 

excitation of expansion is not possible; loading phase is realized with a final speed, so the relaxation 

partly takes place before the strain becomes constant. As a result, the maximum stress is not identical 

with the maximum stress of the material with no relaxation in the loading phase. From this reason the 

identified parameters (especially E0) usually represents just mathematically the real behavior and does 

not give reliable informations about the accurate glassy modulus values.  

Furthermore it is also proven that the spring-dashpot models, which parameters are determined by 

stress relaxation test (at one temperature) cover only limited time (or frequency) range. In order to 

partially solve the emerged problem, the so called time-temperature superposition is generally used to 

widen the application range. The superposition can be applied for polymers, which show a strong 

dependence of viscoelastic properties on the temperature at which they are measured. If we plot 

the elastic modulus against the temperature at which it is measured, we get a curve, which can be 

divided up into distinct regions of physical behavior. At very low temperatures, the polymer behaves 

like a glass and exhibit high modulus (which can exceed even 5000 MPa). Actually this state is called 

in Eq. (3.17) as E0. As the temperature is increasing, the polymer undergoes a transition from a hard 

glassy state to a soft rubbery state in which the modulus can be several orders of magnitude lower than 

it was in the glassy state. The transition from glassy to rubbery behavior is continuous and the 

transition zone is often referred to as the leathery zone. The onset temperature of the transition zone, 

moving from glassy to rubbery, is known as the glass transition temperature, or Tg. Time-temperature 

superposition implies that the response time function of the elastic modulus at a certain temperature 

resembles the shape of the same functions of adjacent temperatures [38, 40]. Curves of relaxation 

modulus vs. time at one temperature can be shifted to overlap with adjacent curves, as long as the data 

sets do not suffer from ageing effects during the test time (in this case further vertical shifting is 

needed). With the sufficient number of tests at different temperatures (resulting the isotherms) and 

applying curve shifting to the reference temperature it is possible to obtain the so-called master curve 

representing a more extensive and accurate material description in a wide temperature (or frequency) 

range. I have summarized the general process of master curve construction in Figure 10. 

During the creation of master curve, the shift factors (aT) are defined arbitrarily. If the shifting 

procedure is not within the framework of time-temperature superposition theory (often called WLF 

theory, named by William-Lander-Ferry), then the master curve was generated falsely. The applied 

shift factors can be depicted like the function of temperature and the WLF equation also can be fitted. 
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However the simple WLF equation (in Eq. (3.18)) works accurately only in a relatively narrow 

temperature range around the glassy temperature (Tg); using the Arrhenius supplement the modified 

WLF equation is able to describe the whole log aT vs. temperature curve (see Eq. (3.19) and 

Eq. (3.20)). 

 

 

Figure 10 Relaxation test based isotherm shifting 
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where K1, K2 are constants depending on the material and the temperature; T is the temperature of the 

measured isotherm; Tref is the reference temperature; U
CT is the upper application limit of WLF 

equation; L
CT is the lower application limit of WLF equation; AU, AL are material constants; M is a 

constant equals to log(e) = 0.434294 and R is the universal gas constant (8314.41 J/kmol·K). 

I also use an important aspect of the WLF(-Arrhenius) for transform the master curve to other 

temperatures. This transformation is shown in practice in section 3.5.3.  

 

 Mechanical description in frequency domain 3.3.2.2.

In the mechanical examinations the testing speed can highly influence the resulting material 

behaviour. The tests usually are divided into static (the loading is constant), quasi-static (where the 

loading speed varies a bit) and dynamic (the loading speed is large enough or varies periodically). The 

different test methods -depend on the approximate strain rates- are depicted in Figure 11 [38].  
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 Figure 11 Strain rate ranges of material test methods [38] 

Increasing test speed (generally expressed by the strain rate) or decreasing test time usually causes 

increase in force and decrease in elongation for given load during quasi-static loading. This 

phenomenon occurs because in case of larger speed the polymer chains have no time to arrange or slip 

on each other. This phenomenon is depicted in Figure 12 and Figure 13 for general polymers and 

elastomers, respectively. 

 

 

Figure 12 Tensile curves of general polymers [38]  

 

Figure 13 Tensile curves of elastomers [38] 

However, in dynamic loadings the response of elastomeric material can be described in a much more 

sophisticated manner. In order to light this highly important aspect of elastomeric material, firstly I 

analyze the stress response for a given sinusoidal strain excitation, given in Eq. (3.21). 

 ( ) ( )tsint 01 ⋅ω⋅ε+ε=ε  (3.21) 

where ε(t) is the harmonic strain excitation response; ε1(t) is the middle value of applied strain 

excitation; ε0 is the strain amplitude; ω is the excitation frequency. The elastomers behave like linear 

viscoelastic materials under small strain and small excitation frequency. Therefore in these conditions 

the stress response -showing also sinusoidal nature- can be expressed as,  

 ( ) ( )δ+⋅ω⋅σ+σ=σ tsint 01
, (3.22) 

where σ(t) is the resulting stress response; σ1 is the middle value of stress response; σ0 is the stress 

amplitude; δ is the phase shift between the stress and strain curves.  
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Figure 14 Stress response of polymeric materials for sinusoidal strain excitation [38] 

The σ(t) stress response is composed by two components [37, 38]. The first component is σ’(t) which 

is in phase with the excitation ε(t) and a σ”(t) component which is delayed with π/2. The sinusoidal 

part of the ultimate stress response can be expressed with σ’(t) and σ”(t) according to (3.23). 

 ( ) ( ) ( ) ( ) ( ) ( ) ''i'tcossintsincostsint 000 σ⋅+σ=⋅ω⋅δ⋅σ+⋅ω⋅δ⋅σ=δ+⋅ω⋅σ=σ  (3.23) 

Dividing the above equation by ε0 we come to the definition of the so-called complex elastic modulus, 

E*. 

 δ⋅⋅=⋅+= i** eE''Ei'EE ,          where         
0

0*E
ε

σ
=  (3.24) 

In Eq. (3.24) i is the complex unit vector; E’ and E” are the storage and loss modulus, respectively. 

The detailed modulus vectors can be visually represented on the complex (Argand) plane, which is 

depicted in Figure 15. 

 

Figure 15 Interpretation of complex modulus on the complex plane 

Eq. (3.24) also can be expressed by the loss factor of the material representing how the material is 

disposed to absorb energy during its deformation.  

 ( )δ+⋅=+= 222* tg1'E''E'EE ,        where          
'E
"E

)(tg =δ  (3.25) 

From Eq. (3.25) it can be concluded that the damping increases by increasing δ phase shift or E” 

values. In the literature many mechanical and tribological phenomena are explained by the loss factor 

[41]. In that studies the elastomeric materials often characterized by their dynamic behavior. The most 

common way to analyze the dynamical behavior and get an extensive description of the material is the 

so-called dynamical-mechanical-thermal-analysis (DMTA). In the DMTA test a sinusoidal stress or 

strain load acts on a small rubber specimen and the mechanical response of the material is registered 
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by a PC. During the DMTA test the frequency and the amplitude of the load, as well as the test 

temperature are usually varied. Choosing an excitation frequency and varying the temperature the 

DMTA tests deliver information on the temperature dependence of the complex modulus (E*). The 

(E*) is interpreted as the sum of the storage (E’) and loss moduli (E’’) according to Eq. (3.24) so the 

E’, E” and δ values can also be retrieved. The measured datas are also often used to characterize the 

molecular structure of the investigated elastomeric material and to identify the glass transition 

temperature (Tg). Tg represents the transition temperature between the glassy and rubbery state of the 

material, where the loss factor δ reaches its maximum value. In general cases the simultaneous 

variation of temperature and frequency cannot be accomplished by DMTA tests. As a result of this, the 

storage modulus (E’) vs. frequency curves must be obtained just at different temperatures but at the 

same frequencies (these curves are called isotherms). As a consequence of these curves, it is possible 

to create the storage modulus vs. frequency master curve of the material by adopting the WLF-theory. 

The master curve construction method is identical with the method detailed in section 3.3.2.1. The 

general concept of DMTA based isotherm shifting is summarized in Figure 16, similarly to 

Figure 10. 

 

 

Figure 16 DMTA test based isotherm shifting 

3.3.3. Finite viscoelasticity 

Modeling of rate-dependent (viscoelastic) phenomenons is perhaps one of the most complicated part 

for the rheologists of present scientific works. Due to the complication of high elasticity and time 

dependency the constitutive modeling needs to be generally found on the finite strains which requires 

the special approach of viscoelasticity. In order to take into account the detailed hyperelastic models 

too, the linear viscoelastic theory was generalized by Simo [42] creating the so-called finite 

viscoelasticity. This concept is detailed on the following pages in a digestible way for engineering 

calculations using [37].  

In general, the total Lagrange approach is used in the description of finite viscoelasticity, because the 

formulas are simples, so the resulted stresses are II. Piola-Kirchoff type [21]. The stress function in 
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order to take both strain and time dependence into consideration is defined in a general form for 

elastomers according to Eq. (3.26). 

 ∑
=

∞ +εσ=εσ
n

1i
i

GLPKGLPK )t(T)()t,( , (3.26) 

where σPK(εGL, t) is the II. Piola-Kirchoff stress depends on time (t) and Green-Lagrange strain (εGL); 

)( GLPK εσ∞  is the II. Piola-Kirchoff stress in the relaxed state; while Ti(t) is an external variable 

specifying the time-dependence of the material with reference to term i of an n-term viscoelastic 

spring-dashpot model (for example the generalized Maxwell-model introduced in chapter 3.3.2.1). As 

can be observed, the first part of Eq. (3.26) describes the strain, while the second part defines the time 

dependency. Dependence of the material model on strain can be taken into consideration by the 

hyperelastic material model (see chapter 3.3.1). 

As it is said in the previous chapters, one of the most frequently applied spring-dashpot model 

demonstrating viscoelastic behaviour is the Standard-Solid model or its more general form, the 

generalized Maxwell-model. The equations are also announced for these multiple spring-dashpot 

models for uniformity and practicality.  

The relaxation modulus of the generalized Maxwell-model can be specified according to Eq. (3.17). 

Similarly to the theoretical background of linear viscoelasticity, the external variable Ti(t) in Eq. (3.26) 

can be expressed in the form of a convolution integral as,  

 τ⋅σ⋅= τ

−−

∫ de)t(e)t(T i

)Tt(t

0

PK
0ii & , (3.27) 

where )t(PK
0σ&  is time derivative of II. Piola-Kirchoff stress corresponding to the glassy state. As a 

consequence of the above convolution integral, calculations are performed incrementally at ∆t time 

intervals. The II. Piola-Kirchoff stress corresponding to the relaxed state is defined according to 

Eq.(3.28) using the variables defined in chapter 3.3.1 and chapter 3.3.2.1.  
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 what, I have expanded for a two parameter Signiorini type hyperelastic model for the relaxed 

(Eq.(3.29)) and glassy states (Eq.(3.30)). 
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GLPK
0 ε⋅+ε⋅+=εσ , (3.30) 

By substituting the values of εGL in Eq. (3.29) and (3.30) by Eq. (3.31), I have composed the equations 

to be dependent on t (v denotes the speed of tension).  

 
( )[ ]1

2
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=ε   (3.31) 
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Where ∆l means the specimen length change; l0 is the initial length of the specimen and v denotes the 

tension speed. The t dependent PK
0σ expression can be used for specifying the external variable Ti(t) in 

the form of Eq. (3.32).  

 ( )PK PK
i i i 0 0 i iT (t) e (t) (t t) T (t t)= β ⋅ σ −σ −∆ −α ⋅ −∆  (3.32) 

 
i

t

i e1 τ

∆−

−=α  (3.33) 

 t
i

ii
∆

τ
⋅α=β

 (3.34) 

The output parameters of the calculation are the Green-Lagrange strain and the II. Piola-Kirchoff 

stress. For the sake of comparability with simple tension measurements, the stress and strain values 

need to be converted into engineering values by Table 5 and Table 6. 

The calculation scheme predicts the mechanical behaviour of a rubber-like material by using any type 

of hyperelastic material law, if the Cauchy-Green strain tensor associated with the dominant type of 

loading (uniaxial tension, biaxial tension, simple shear and planar shear) is known and the strain 

energy density is expressed by its invariants. As seen the above calculation works with the 

instantaneous values. Naturally a calculation scheme to be based on relaxation values can also be 

formulated by [43] and [44]. The resulted characteristics and values are the same but the equation 

forms are differing. 

In case of complex geometry or stress state, for example the finite element method (FEM) could be 

used to predict the material behaviour [40]. In the MSC Marc commercial FE software, which is used 

in this dissertation, the input parameters of a visco-hyperelastic analysis are the constant material 

parameters defining the strain energy density corresponding to the glassy state (cij), as well as the 

dimensionless energy parameters (ei) and relaxation times (τi) defining the rate dependancy. In order to 

take into consideration the incompressible nature of elastomers special elements with Hermann 

formula is applied. In latter chapters the FE calculations are computed by these.  

 

3.4. Tests for constitutive characterization 

3.4.1. Uniaxial tensile tests 

In order to create the experimental background of latter concepts, I performed uniaxial tension test on 

a standard (ISO 527-3:1996) specimen cut out of an isoprene rubber (IR) plate. Tests were performed 

at the laboratory of the Department of Polymer Engineering at Budapest University of Technology and 

Economics (BUTE), on a Zwick Z005 type tensile tester [45]. Table 7 shows the main parameters of 

the material tested.  
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 Main parameters of the tested Isoprene rubber Table 7 

Elastomer 

base 

Density  

[g/cm3] 

Shore A 

hardness 

Temperature 

range 

[oC] 

Min. tensile 

strength 

[MPa 

Min. elongation at 

brake 

[%] 

IR 1.5 60 -30 - +60 4 180 

 

The specimens had a nominal length of l0 = 60 mm, width of a0 = 8 mm and thickness of b0 = 10 mm. 

The standard deviation of specimen dimensions did not exceed 5 % of the nominal dimensions. The 

draw of the rubber specimen can be seen in Figure 17. 

 

 

Figure 17 Standard specimen for stress relaxation tests (ISO 527-3:1996) 

 

In order to examine the Mullins effect, the fixed specimen was loaded at a speed of 100 mm/min at 

four consecutive times until 100 % strain level at room temperature (20 oC). Engineering stress (σm)-

strain (εm) curves were calculated from measured force (F) - elongation (∆l) data using Eqs. (3.35) and 

(3.36).  

 
0

m

l

l∆
=ε  (3.35) 
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⋅
==σ  (3.36) 

 
Figure 18 Softening of rubber specimens in the course  

of four consecutive loadings (Mullins effect) 
 

Figure 18 shows the engineering stress-strain curves. The measurement results properly illustrate the 

so-called Mullins effect consequent upon the arrangement of polymer chains in filled rubbers. After 
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the first loading, there is a significant change in the characteristic and values of the curves, while the 

change after the third loading does not exceed 1 %. Therefore, all measurements were carried out four 

times on each specimen and all later curves are average of the test results on three separate specimens. 

All measurements were carried out on room temperature. In addition to cyclic constant strain rate 

tensile tests, measurements were performed to examine the impact of strain rate on the stress-strain 

curve. During the test, specimens were loaded by a constant speed up to 100 % strain level. Figure 19 

shows the engineering stress-strain curves derived from the measured force-elongation curves by Eqs. 

(3.35) and (3.36) at speeds of 1000, 500, 100 and 10 mm/min, corresponding to the strain rate of 0.27, 

0.138, 0.027 and 0.00277 1/s, respectively.  

 

 
Figure 19 Engineering stress-strain curves of tensile tests at different strain rates 

 

There are differences in the values of the curves of identical features: tension at higher strain rate 

causes higher stress values at the same strain level. Despite the two orders of magnitude change in the 

strain rate, the stress difference at ε = 100 % strain is approximately 9 %.  

 

3.4.2. Stress relaxation tests 

In order to study the time-dependent behaviour of Isoprene rubber, I performed stress relaxation tests 

on specimens, similar to the ones applied for tensile tests. After four consecutive loading (in order to 

avoid the Mullins effect) and setting the 60 mm fixing length, the specimens were loaded to 5, 10, 20, 

40, 60, 80 and 100 % strain levels at a speed of v = 1000 mm/min (0.27 1/s strain rate), and stress 

relaxation was measured for t = 200 s. Figure 20 shows the measured relaxation curves. As it can be 

seen, the relaxations slowed down by t = 100 s at all strain levels. At t = 200 s, the differences between 

the maximum and relaxed values of the curves specified at each strain level are 28.68 %, 26.39 %, 

24.61 %, 23.46 %, 22.99 %, 22.77 % and 22.64 %, respectively.  
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Figure 20 Engineering stress-time curves of stress relaxation 

measurements at different strain levels up to t = 200 s 

Figure 21 shows the engineering stress-strain curves corresponding to the relaxation tests. The upload 

phases of relaxation tests can be considered as tensile tests of v = 1000 mm/min similar to Figure 19). 

Furthermore, the figure specifies the relaxed stress values at each strain level after t = 200 s (see the 

dotted line). This dotted curve can be considered as the relaxed tensile characteristic of the isoprene 

material. As can be seen, the stress-strain curve of the 10 mm/min tensile test is very far from the 

relaxed state.  

 
Figure 21 Engineering stress-strain curves of relaxation 

measurements at different strain levels up to t = 200 s 

3.5. New results 

3.5.1. Parameter identification based on stress relaxation test 

It is time-consuming and expensive to measure the time dependent behaviour of viscoelastic materials, 

therefore they are primarily used if the target is to describe the complex mechanical behaviour of the 

material in a broad frequency and temperature range, for which dynamic mechanical thermal analyzer 

(DMTA) measurements are widely applied. By shifting the isotherms measured by DMTA based on 

the time-temperature superposition, large generalized Maxwell-models (number of terms can reach 40) 

can be produced to cover frequency ranges which exceeding even 20 orders of magnitude [39]. This 

type of material examination is introduced in section 3.3.2.2 and an example is given in section 3.5.3.   
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However in the majority of problems occurring in engineering practice, viscoelastic models of a small 

number of terms can be used to describe time and frequency dependent behaviour with appropriate 

accuracy. These models represent the dynamic behaviour of the material in only a small frequency 

range; in the literature, it is recommended that the parameters be determined primarily by stress 

relaxation tests [37, 47].  

In section 3.3.2.1 (in the event of stress relaxation) the rubber undergoes a completely elastic 

deformation as a consequence of a theoretically abrupt excitation of expansion. Then the strain is kept 

constant and the rubber becomes delayed elastic with the stress decreasing from the initial maximum 

value, thus undergoing stress relaxation. In real tests, abrupt excitation of expansion is not possible: 

loading phase is realized with a final speed, so the relaxation partly takes place before the strain 

becomes constant. As a result, the maximum stress is not identical with the maximum stress of the 

material with no relaxation in the loading phase. Accordingly it is questionable how this “pre-

relaxation” influences the accuracy (compared to real test result) of determinable spring-dashpot 

models for linear or finite viscoelasticity. In this section, I will present the theoretical background, the 

related literatures and calculations to examine the accuracy for a given material.   

The majority of commercial FE softwares (MSC Marc, Abaqus, Ansys) have built-in algorithms to fit 

the parameters of a characteristically 10-term generalized Maxwell-model to the relaxation test data. 

The curve fitting algorithm of MSC Marc performs this fitting to a shear modulus vs. time curve 

derived from measurement. In this case Eq. (3.37) contains the shear modulus (G) of the material 

instead of its tensile modulus. In order to determine the shear modulus, the force-time curve yielded by 

the measurement must be converted into an engineering stress-time curve by using Eq. (3.36) (see 

Figure 20). The momentary or relaxation modulus of the material (Er) can be calculated by dividing 

the measured engineering stress values by the strain ε0 applied in the relaxation measurements. The 

shear modulus can be calculated on the basis of relaxation modulus curve by 

 3

E

)1(2

E
G ≈

ν+⋅
= , (3.37) 

where ν is the Poisson ratio of the material (in the case of incompressible ν = 0.5). In the course of 

fitting, the value of the glassy (or instantaneous) shear modulus G0 is also produced. Obviously, this is 

not identical with the real glassy modulus of the material because loading phase was realized with a 

finite strain rate in the stress relaxation measurement. The traditional approach presented so far is only 

suitable for producing the parameters of a generalized Maxwell-model corresponding to small strain 

viscoelasticity due to the fact that the dependence of G0 on strain is not taken into account. In order to 

introduce it, [37] proposes to substitute the value of E0 by a two parameter Mooney-Rivlin 

hyperelastic material law (the most popular strain energy density functions are given in Table 2). The 

parameters can be estimated by using Eqs. (3.38) and (3.39) [37]. Actually Eq. (3.38) expresses the 

same initial modulus value then Eq. (3.9) in case of Signiorini hyperelastic material law derived for 

the two parameter Mooney-Rivlin model. 
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 ( )01100 cc6E +⋅=  (3.38) 

 
4
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c

c

10

01 =  (3.39) 

In the manner described, the parameters of viscoelastic model were produced on the basis of stress 

relaxation (given in section 3.4.2) measured at strain level of 5, 60 and 100 % (see Figure 20). 

Parameters are shown in Table 8.  

 

 Parameters specified on the basis of stress relaxation Table 8.  

ε [-] 5% 60% 100% 

e1 [-] 0.0625 0.122 0.1176 
e2 [-] 0.1289 0.0755 0.0870 
e3 [-] 0.1076 0.0425 0.0309 
τ1 [s] 0.1124 10.007 10.3299 
τ2 [s] 11.0958 78.1938 83.7698 
τ3 [s] 99.6630 123.54 137.777 
E0 [MPa] 3.8804 1.36624 1.5461 

 

 

Using these parameters the FE method applied for calculating the stress-strain and stress-time curves 

at a speed of 1000 mm/min. The material constants of the two parameter Mooney-Rivlin material law 

applied in the calculation are computed from the value of E0 specified in Table 8, using Eqs. (3.38) 

and (3.39). The FE model used is shown in Figure 22. 

 

 

Figure 22 FE model and deformed shape of a standard specimen at 60 % strain  

 

The model consists of 10400 linear hexahedron elements. The coefficient of friction between the rigid 

and meshed parts is µ = 2 in order to avoid slippage. The rigid surfaces shown in Figure 22 approach 

each other according to the arrows indicated during the first 20 s of the calculation, in a way that the 

initial thickness (b0 = 10 mm) of the model is reduced to 6 mm. The next 300 s is a static phase of 
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relaxation, followed by the motion of rigid surface in direction x, according to Figure 22. The speed 

of the motion was constant up to a prescribed strain value. The stress relaxation occurs by keeping the 

rigid surfaces in fixed position. Similarly to the measurements, force and elongation values were 

collected from the calculation and converted into stress-strain and stress-time curves. Figure 23 and 

Figure 24 show the results calculated for the phases of loading and relaxation, respectively. The 

calculations in Figure 23 and Figure 24 are based on viscoelastic parameters given in Table 8 and the 

Mooney-Rivlin parameters (c01, c10) computed from the glassy modulus (E0) by Eqs. 3.38 and 3.39. 

 

 

Figure 23 Measured and calculated stress-strain values of stress relaxation measurement 

 

 

Figure 24  Measured and calculated stress-time curves of stress relaxation measurement 

 

In order to quantify differences between the curves, a so-called standard error is applied. In the case of 

an n number of x and y sampling values, the error can be calculated as 

 
∑
=

−⋅
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ii )yx(

n

1
. (3.40) 

The behaviour measured is overestimated by the material law derived from stress relaxation at a strain 

of 5 % – the standard error being 0.294 MPa –, while it is significantly underestimated by those 

derived from relaxation at strain of 60 % and 100 % with a standard error of 0.637 MPa and 

0.560 MPa, respectively. One of the reasons for this is that at ε = 5 % the material had much less time 

to relax than at ε = 60 or 100 %, so the E0 glassy modulus value determined here approximates the real 
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value better. This difference is also affected by the ratio specified in Eq. (3.39), which is a constant 

value independent of the material composition and test conditions. The characteristics of the curves 

calculated also considerably differ from the characteristics measured since the two parameter Mooney-

Rivlin material law cannot provide stress-strain curve having an inflexion point, which is typical at 

rubbers over a certain strain level. As indicated by the standard errors between the curves defined, the 

method proposed by [37] can be used for modeling the behaviour of rubbers primarily in the range of 

small strains, since in this case the stress relaxation occurring in the course of loading causes a smaller 

problem. Similarly, the difference between the behavior of the two-parameter Mooney-Rivlin material 

law and the real rubber is smaller at small strains than at large ones.  

In order to partially solve the problems of the material laws derived from the relaxation test, I propose  

to apply a multi-parameter – e.g. the Signiorini hyperelastic – material model to be determined from 

stress-strain curves of tensile tests. According to this, free parameters of the hyperelastic model were 

determined from tensile tests conducted at different speeds (see Figure 19) by using the curve fitting 

algorithm of MSC Marc. Table 9 shows the fitted parameters and their ratios.  

 
 Model parameters obtained from curve fitting Table 9 

 min
10

mm
v =

 
min

100
mm

v =
 

min
500

mm
v =

 
min

1000
mm

v =
 

c01[MPa] 1.2665 1.289 1.2835 1.3317 

c10[MPa] -0.6382 -0.6697 -0.6905 -0.6774 

c20[MPa] 0.1104 0.109 0.1099 0.1172 

][
10

01 −
c

c  
-1.9845 -1.9247 -1.8588 -1.9659 

][
20

10 −
c

c  
-5.7808 -6.1440 -6.2830 -5.7799 

 

The ratios of parameters derived from separate tensile tests indicate small standard deviation; 

therefore, as a good approximation, they can be considered as identical regardless of the strain rate. 

Hereafter, the ratios of the 1000 mm/min tensile test are used in the calculations.  

As a first step, the parameters of the hyperelastic material model were recalculated by using the 

parameter ratios (see last column in Table 9) and the glassy modulus (E0 = 3.88 MPa from Table 8) 

determined. To do this the strain energy function of the Signiorini hyperelastic model (in the fourth 

raw of Table 2) was differentiated twice with respect to ε, yielding the E(ε) function. Substituting the 

value ε = 0 produces the expression to describe the connection of E0 and the constant material 

parameters as shown in Eq. (3.41).  

 

)cc(6E 01100 +⋅=  (3.41) 

As can be seen, Eq. (3.41) corresponds to Eq. (3.38) proposed by [37] for two-parameter Mooney-

Rivlin material law. Based on the parameter ratios (given in Table 9) and Eq. (3.41), the recalculated 

material parameter values are c01 = 1.3163 MPa, c10 = 0.6696 MPa, and c20 = 0.1158 MPa, respectively. 
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Figure 25 shows the measured and calculated –by using the recalculated parameters- loading phases 

of relaxation tests at ε = 100 %. 

 

  

Figure 25  Comparison of measured and calculated stress-strain 

curves using Signiorini model  

As can be observed the material law produced is capable to approximate the values measured much 

better than the calculation method proposed by [37]. In this case, the standard error of the loading 

phase is 0.0629 MPa, which is one order of magnitude smaller than the former value. Figure 26 shows 

the measured and calculated relaxation phases of the relaxation test at 5 %, 60 % and 100 % strains. 

 

 

Figure 26  Comparison of measured and calculated stress-time curves  

In all cases, the calculations underestimate the measurements, which is a consequence of the lower 

glassy modulus (E0) value resulting from the relaxation test. The glassy modulus coming from stress 

relaxation measurement is smaller to the real value due to the stress relaxation during the loading 

phase. In the case of relaxation, the standard error between the calculation and measurement is 

0.01945 MPa, 0.0466 MPa, and 0.07519 MPa, respectively.  

3.5.2. Parameter identification based on simple tensile 

The previous chapter showed the possibility of producing the parameters of a material law 

representing real mechanical behaviour through a stress relaxation test of small strain performed at the 

highest strain rate possible. However, the parameters can be obtained without a relaxation test, simply 
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from two tensile tests of different speed. An advantage of this method is that the required material 

parameters, which are able to describe the mechanical behaviour of the material in a limited frequency 

and time range important in practice, can be produced with a minimum amount of test. Beside of the 

relaxation test, the DMTA based material characterization also used in material science. However, it 

must be mentioned that tensile tests are performed even in these cases because they provide essential 

material properties. Consequently it seems to be reasonable to identify model parameters from these 

tensile tests performed at different speeds.  

The method what I propose is based on the recognition that the tensile tests with different strain rates 

result in different stress values at the same level of strain due to stress relaxation (like it can be seen in 

Figure 19). From these differences the parameters of the spring-dashpot model (e.g. generalized 

Maxwell-model) can be identified. 

For the sake of clarity, first a deep explanation comes which highlights the conversion between elastic 

modulus, stress and strain energy. In Figure 27, I show the modulus-strain, stress-strain and strain 

energy density-strain characteristics of a standard-solid model for uniaxial tension with constant 

speed.  

  

 

 

Figure 27 Elastic modulus, stress and strain energy vs. strain 

curves of Standard-Solid model  

All of these curves are calculated by Eq. (3.17) and by its integrated forms. During the calculation the 

initial (undeformed) length of the specimen is considered to be l0 = 10 mm, the parameters of a linear 
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viscoelastic model are E0 = 5000 MPa, e1 = 0.8 and τ1 = 1 s. The tension speed is v = 0.7 mm/s. The 

strain values can correspond to a time-axis as 

 
 0lt

v

ε⋅
= , (3.42) 

where ε is the engineering strain. How it can be seen differentiation and integration make a connection 

among the curves as the arrows show in Figure 27. Break points represent the state over which the 

material practically can be regarded to fully relaxed (the change in the modulus is smaller than 5 %). 

Up to the break point the stress-strain curve is non-linear despite of the linear springs and dashpots. 

Over the break point the stress-strain curve becomes linear. 

The strain rate shifts the break point as it is shown. Table 10 shows the variation of relaxation 

modulus (Er) and the tensile stress (σ) as a function of strain for the examined standard-solid model.  

 

                                  Main physical values of a Standard-Solid model Table 10 

ε [-] 
Er 

[MPa] 
σ [MPa] 

Eo-Er 

[MPa] 

σ1 = σ-E∞·ε 
[MPa] 

ε1s = σ1/ E1 

[-] 

ε1d = ε- ε1s 

[-] 

    .1 1958. 310.1 3041.4 210.1 0.0525 0.0475 

0.2 1229.7 460.2 3770.3 260.2 0.065 0.135 

0.3 1055.1 564.8 3944.9 264.8 0.0662 0.2338 

0.4 1013.2 669.7 39 6.8 269.7 0.0674 0.3326 

0.5 1003.2 769.9 3996.8 269.9 0.0674 0.4326 
 

 

 

Furthermore, the momentary stress and strain values for both spring E1 and dashpot η1 are also 

indicated. σ1 is the stress in the spring and the dashpot, ε1s is the strain of the spring while ε1d is the 

strain of the dashpot. In our case, the relaxed modulus is 
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As seen in Figure 27 the viscoelastic behavior can be identified clearly based on a tensile test if the 

strain rate is chosen properly. Consequently, the model parameters may be determined from tensile 

test too. In the followings, I propose a possible method for parameter identification from strain rate 

tensile tests. The method uses the ratio of two tensile modulus functions (EI(ε) and EII(ε)) obtained 

experimentally from uniaxial tensile tests with constant strain rate Iε&  and IIε&  ( III ε≠ε && ) that 

corresponds to tension speed vI and vII. Parameters of the generalized Maxwell-model are obtained 

from a fit to this non-dimensional ratio. The flow chart in Figure 28 shows all the steps of the 

proposed parameter identification method.  

As seen we need to calculate the first partial derivatives of the stress-strain curves of tensile tests 

measured at two different strain rates. This yields to the elastic modulus-strain curves (EI(ε) and 

EII(ε)). Then the ratio of EI(ε) and EII(ε) values is calculated at different strains (Em(ε)). The non-
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dimensional ratio function (Em(ε)) increases or decreases in function of strain depending on the ratio of 

strain rates. As a next step the expression derived from Eq. (3.17) for generalized Maxwell-model 

)(Efitted
m ε is fitted to the Em(ε) values obtained by substituting the time parameter t with an expression 

including the length (l0) of the specimen, the tension speed (v) and the strain  (similarly to Eq. (3.42)). 

The fitting itself can be performed by the method of least squares for models with a smaller number of 

terms or by genetic algorithm in case of a higher number of terms. However, each Maxwell element (a 

spring and a dashpot connected in series) provides two unknowns (τi, ei), one of them namely the 

relaxation time spectra (τi, i = 1…n) can be determined intuitively too, i.e. without curve fitting. After 

curve fitting, the last step is the calculation of the glassy modulus. For this purpose any of the two 

tensile tests can be used. The only limitation is the convergence of the curve fitting algorithm adopted. 

 

 

Figure 28 Block diagram of the tensile test based parameter identification method 
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The parameters of a 3-term generalized Maxwell-model were determined by the built in genetic 

algorithm of Matlab [46], using the 1000 mm/min and 10 mm/min measurement results of isoprene 

rubber, given in chapter 3.4.1. Table 11 shows the identified parameters.  

 

 Identified parameters by the proposed 
  tension based method Table 11.  

 ei [-] τi [s] 

term 1 0.0756 0.101 
term 2 0.0615 8.120 
term 3 0.2039 91.891 

 

Based on analysis of the fitted parameters, it can be stated that the relaxation times correspond, with 

good approximation, to the relaxation times specified on the basis of stress relaxation test at ε = 5 % 

but the sum of dimensionless energy parameters is Σei = 0.299 according to the relaxation 

measurement (see chapter 3.5.1), while Σei = 0.341 on the basis of tensile tests. 

If the viscoelastic parameters are known then the glassy modulus can be determined from the 

equations presented in Figure 28. Contrary to the linear viscoelastic materials, where the glassy 

modulus has no strain dependency in the case of large strain viscoelasticity the glassy modulus 

depends on the strain. Figure 29 shows the glassy modulus determined from the 1000 mm/min 

uniaxial tensile test in function of engineering strain.  

 

 

Figure 29 Glassy modulus identified by curve fitting in function of strain 

 

The glassy modulus curve depicted is not linear and is not defined at ε = 0. Its value for the smallest ε 

is 4.27 MPa which can be considered as the E0 glassy modulus of the material. The identified glassy 

modulus exceeds the 3.88 MPa value of the glassy modulus determined from stress relaxation test at 

ε = 5 % strain. The glassy modulus (E0) and the parameter ratios in Table 9 can be used to determine 

the parameters of the Signiorini material law (c01 = 1.43798 MPa, c10 = -0.73146 MPa, and 

c20 = 0.12655 MPa). Figure 30 shows the measured and calculated characteristics of the relaxation 
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tests measured at 5 %, 60 % and 100 % strain, using the hyperelastic and viscoelastic parameters 

identified. 

 

  

Figure 30 Comparison of simulation and measurement 

As it can be seen, the simulation slightly differs from measurement. After the nearly identical stress 

maximum the calculated relaxation curve does not proceed parallel with the measured one but by 

intersecting it at t = 120 s. The relative error between the measurement and the calculation is 

0.01001 MPa, 0.0164 MPa and 0.03655 MPa, respectively.  

Figure 31 shows the measured and calculated tensile tests at 1000 mm/min and 10 mm/min tensile 

speed. At 10 mm/min the agreement is less good but the accuracy is still acceptable. The standard 

error of the simulation at higher speed is 0.008442 MPa, and that of the simulation at lower speed is 

0.05626 MPa compared to the measurements.  

 

 

Figure 31 Tensile tests of various speeds calculated analytically 

The engineering stress-strain curves of the tensile tests were determined by analytical calculations as 

well, as shown in Figure 32. The figure also shows the states corresponding to the glassy and relaxed 

states. The relaxed state is lower than the one identified by measurement (Figure 21). This is partly 

due to the fact that stress relaxation tests lasted for 200 s, which does not ensure that the final relaxed 

state is identified.  
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Figure 32 Comparison of the engineering stress-strain curves of 

tensile tests with the calculated characteristics 

Figure 33 shows the stress-strain curve of the measurement at 1000 mm/min and Figure 34 shows 

that of the measurement at 10 mm/min, together with the results of the FE calculation using the 

material law set up on the basis of tensile tests and those of analytical calculations.  

 

  

Figure 33 Engineering stress-strain curves of the measurement, 

FE and analytical calculations at 1000 mm/min 

 

Figure 34 Engineering stress-strain curves of the measurement, 

FE and analytical calculations at 10 mm/min 
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As can be observed, the calculations at higher speed approximate the results measured perfectly; the 

standard error of the FE calculation is 0.008442 MPa, while the error of the analytical calculation is 

0.008398 MPa. As compared to the 10 mm/min measurement, the error of the FE calculation is 

0.05626 MPa, while the error of the analytical calculation is 0.0672 MPa. The slight difference 

between the analytical and the FE calculations presumably follows from the discretization applied in 

the numerical adaptation of the equations presented in section 3.3.3.  

 

3.5.3. Velocity-temperature superposition 

In the previous chapter a method is presented for the determination of generalized Maxwell-model 

parameters by simple tensile tests. In spite of the fact that the method is able to serve almost the same 

material model that comes from relaxation tests, the limitation of the demonstrated method is the 

sampling frequency of the tensile test. In order to widen the application range I used the detailed WLF 

theory to shift the relaxation modulus (Er) isotherms (which can be determined from the stress-strain 

relation of tensile test by the fourth raw in Figure 28) to master curve. 

If the gradients (the relaxation modulus, Er) of stress-strain curves are determined and the strain value 

(ε) is formed to time by Eq. (3.44) -with the help of the specimen nominal length (l0) and the tensile 

speed (v)- then it is possible to obtain relaxation master curve sections similarly to the relaxation tests. 

  v

l
t 0⋅ε

=
 (3.44) 

where l0 is the initial (undeformed) length of the specimen, and v is the speed of tension. If we assume 

that the sampling frequency of the tensile test is f = 100 Hz [45] then the first measurement data is 

recorded at t = 0.01 s (see vertical line in Figure 37). In case of elastomers, this time step is too large 

because relaxation processes take place very quickly. However using the WLF equation, it is possible 

to overcome this limitation. In order to prove this statement engineering stress-strain curves are 

analytically calculated at different temperatures by a fitted 40-term generalized Maxwell-model to the 

master curve shifted by the isotherm of a DMTA test.  

The DMTA tests used in this dissertation were carried out on a GABO Eplexor 100N equipment at the 

Institute of Composite Materials of University Kaiserslautern. The tested specimen was cut out from a 

SWF Duotec+ named commercial windscreen wiper blade. The prismatic specimen had a length of 

l0 = 21.7 mm, width of a0 = 3.75 mm and thickness of b0 = 1.32 mm. After the specimen is placed into 

the test chamber a 0.1 N preload was used. Then a sinusoidally varying strain excitation with 1 % 

amplitude was applied. The excitation frequencies were 1, 10, and 100 Hz, respectively, while the test 

chamber temperature was set in the range of -100 oC and +100 oC in 5 oC steps. The storage modulus 

vs. frequency curves (isotherms) measured at different temperatures are shown in Figure 35. 

According to the WLF (Williams-Lander-Ferry) equation given in section 3.3.2.1 the storage modulus 

master curve can be constructed by shifting these isotherms –except the one measured at the reference 
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temperature- horizontally. Figure 36 shows the non-dimensional shift factors of each isotherm. As 

seen the reference temperature was T = 20 oC in the present case.  

 

 

Figure 35  E’ isotherms comes from the DMTA 

test 

 

Figure 36  The values of the shifting factor aT at 

a reference temperature of 20 oC 

 

As a second step 40-term generalized Maxwell-model (see the spring-dashpot model in Figure 8) was 

fitted to the obtained storage modulus-frequency master curve by applying the ViscoData software 

[47]. The software fits Eq. (3.45) to the storage modulus master curve by using genetic algorithm. As 

it is well known Eq. (3.45) defines the storage modulus of an n-term generalized Maxwell-model in 

function of frequency.   
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In the above equation E’(ω) is the storage modulus, E0 is the glassy modulus of the material, Ei and τi 

are the i-th modulus and relaxation time of the n-term generalized Maxwell-model, and ei is the i-th 

non-dimensional energy parameter (ei = Ei/E0). The relaxation modulus of the generalized Maxwell-

model is described by Eq. (3.46) 
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where t denotes the time.  

In order to determine the material behavior at a temperature (3.47) other than the reference one, we 

need to specify the τi parameter in Eq. (3.45) and (3.46) as   

 )T(a)T( Tii ⋅τ=τ  (3.47) 

where τi is the i-th relaxation time at the reference temperature, while τi(T) is the corresponding 

relaxation time at a temperature other than the reference one.  

The relaxation modulus vs. time curves of the fitted 40-term generalized Maxwell-model are shown at 

temperatures of T = -100, -70, -40, +20 and + 100 oC in Figure 37. Figure 38 shows the storage 

modulus-frequency curves at the same temperatures. As Figure 37 and Figure 38 show the time and 

frequency range covered by the fitted material model is larger than 30 orders of magnitude. 
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Figure 37 Er relaxation modulus curves of the 
fitted generalized Maxwell-model at  
T = -100, -70, -40 + 20, and + 100 oC 

 

Figure 38  Frequency dependence of storage 
modulus E’ curves of the fitted generalized 

Maxwell-model at  
T = -100, -70, -40 +20, and +100 oC 

 

The relaxation modulus (Er) can be determined from the stress-strain relation as 

 
ε∂

σ∂
=rE

 (3.48) 

In case of constant strain-rate tensile tests there is a simple interrelation between the time (t) and the 

strain (ε) which can be written as it is given in Eq. (3.44). Substitution of Eq. (3.44) into Eq. (3.46) 

yields to the function Er(ε) from which the stress at a given strain can be computed as   

 ∫
ε

εε=εσ
0

d)(E)(  (3.49) 

At the calculations, I have assumed that the undeformed length of the specimen is 20 mm and the 

tension speed corresponds to the lowest and highest speed of a Zwick tensile tester [45] 

(vmin = 0.0003 mm/s, vmax = 50 mm/s). The shape and the main dimensions of the specimen are given 

in Figure 39.  

 

Figure 39  The shape and main dimensions of ISO 527-2:1993(E) standard 

uniaxial specimen for elastomeric materials 

The calculations were carried out up to the strain of ε = 0.5, at temperatures of  T = -100, -70, -40, +20 

and +100 oC. The assumed sampling frequency is f = 100 Hz. At temperatures other than T = 20 oC the 

i-th relaxation time is computed by using Eq. (3.46). According to the aboves, first point of the σ-ε 

curves corresponds to a time instant of tmin = 1/f = 0.01 s. Contrary to this, the time instant 

corresponding to the last point (ε = 0.5) of σ-ε curves depends on the tension speed (see Eq. (3.44)). At 

vmin t = 33333 s while at vmax t = 0.2 s. As a next step I consider the computed σ-ε curves as 

measurement results consisting of discrete points. Then the equation given in the fourth raw of 



 

50 
 

Figure 28 is used to calculate the relaxation modulus vs. time curves at different temperatures (see 

Figure 40 and Figure 41). 

 
Figure 40  The time dependence of Er relaxation 

modulus calculated at T = -100, -70, -40, +20, 
and +100 oC, v = 0.0003 mm/s 

 
Figure 41  The time dependence of Er relaxation 

modulus calculated at T = -100, -70, -40, +20, 
and +100 oC, v = 50 mm/s 

The lower speed isotherms cover time in a range of 6 orders of magnitude, while the higher speed ones 

cover about one order of magnitude on the time axis. From the isotherms the relaxation modulus 

master curve can be constructed by horizontal shifting (see shift factors in Figure 36). The master 

curves constructed from constant strain rate tensile tests and DMTA measurements are depicted in 

Figure 42 and Figure 43. As it can be seen the master curve obtained from lower speed tensile tests 

cover 18, while the one created from higher speed tensile tests covers 16 orders of magnitude on the 

same axis. At the lowest speed the master curve segments coming from tensile tests overlap each 

other, while at the highest speed there are gaps among them. By reducing the test speed the frequency 

and time interval described by the master curve widens. In order to cover a wide enough 

time/frequency interval with short period of testing time, I recommend applying average test speed 

together with the biggest possible sampling frequency.    

 

 
Figure 42  Master curves constructed from tensile 

and DMTA tests, T = 20 oC, v = 0.0003 mm/s 

 
Figure 43  Master curves constructed from tensile 

and DMTA tests, T = 20 oC, v = 50 mm/s 

  

3.6. Conclusions 

In the present chapter phenomenological material models have been discussed in order to simulate the 

typical behavior for rubber-like materials. In the first part the hyperelastic models are presented using 

the popular invariant based approach. The theory has been formulated to digestible form targeting the 

essentials for engineering calculations. Besides of that conception of linear and finite viscoelastic 
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behavior of elastomeric materials are also analyzed. All the basic thoughts and equations are presented 

for the description in time and frequency domains. Most parts of the theories are given in case studies. 

The general overview (in order to fulfill the first and second research objectives) can be considered 

like literature survey before the core of this chapter, which is a new parameter identification method, 

based on simple tension tests according to my third research objective.  

The new parameter identification method is basically comes from the observation, that the uniaxial 

tension test (performed in most cases for material characterization) shows different stress-strain curves 

depending on the speed of tension. From the differences, the time dependent part of a complex 

material law can be composed, if we can eliminate the time independent part of the material law 

(namely E0). This elimination is accomplished by dividing the two stress-strain curve by each other. 

Then a curve fitting process needs to be performed in order to identify the viscoelastic model 

parameters. The strain dependency also can be produced by the proposed material dependent ratios 

instead of the literaturly proposed ¼ one [37], which application can be considered like the extension 

of the method to the large strains. The constant, time independent part of the material law is retrieved 

from each individual tension test utilizing the identified time dependent parameters. The introduced 

new method is applied for isoprene rubber and it is found that the constructed hyper-viscoelastic 

material model is comparable to the one comes from the well-known and accepted stress relaxation. 

From the statements given in the previous chapters, it can be established that the proposed novel 

method is appropriate to generate hyper-viscoelastic material laws, especially for engineering 

applications, where not just the wide time/frequency description but the rapid and cheap determination 

is needed using minimal labor input. It is important to mention that the proposed technique can be 

generalized, thus one can determine the model parameters not only from tensile tests but also from 

shear or compression tests. 

The proposed tensile test based concept is also complemented with some further thoughts in order to 

expand its application range (fourth resource objective). It is found that using the William-Lander-

Ferry (WLF) theory the isotherms obtained at different temperatures can be shifted to a single master 

curve. It is stated that during the tensile tests the applied tension speed has an effect on the covered 

frequency or time range; however the sampling frequency selection is more important to consider such 

small time intervals which are not available by applying the widely used relaxation test. By this 

approach the 1-2 order of measurable time domain can be extended to 18 orders of magnitude in the 

present examination. From the above case study, it is recommended to apply average test speed 

together with the biggest possible sampling frequency in order to ensure wide covered interval in short 

period of testing time. 
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4. Tribology of windscreen wiper blade 

4.1. Goals 

Rubber wiper blades are designed to remove water and contamination from the glass windshield in 

order to preserve transparency. During the application everybody has experience with the possible 

inconveniences, which are able to enormously reduce driver comfort and safety. From this reason in 

the recent years experimental studies have been came to light which analyze the specimen level 

behavior of wiper blades.  

In the next chapter, I analyze the tribological behavior of a wiper blade specimen sliding on a smooth 

surface with controlled amount of water lubrication. Firstly experimental results are given in order to 

quantify the normal and friction force components under different interference between the rubber and 

the glass surface. The experiments and simulations show steady-state sliding in most cases but also 

indicate friction instabilities in different tribological situations.  

Next a novel windscreen wiper-on-cylinder machine is used to investigate the influence of sliding 

velocity and normal force on the coefficient of friction. Using this machine it is possible to measure 

the friction force not only on specimen level but also on structural level by considering the whole 

windscreen wiper. As measurement results are strongly influenced by both the real, non-circular cross-

section and the eccentricity of the rotating glass cylinder an analytical model has been developed to 

explain the measurement results. The good agreement being found between theory and experiment 

confirms the validity of the model. Majority of the results belongs to partial contact where the wiper 

blade does not contact with the glass counter surface along its total length.  

 

4.2. General tribological overview on rubber friction 

Tribology is an experimental science, which studies the interaction of contacting surfaces. Tribology 

includes the theory and application of friction, lubrication and wear. In a traditional form the existence 

of tribology dates back to the beginning of recorded history. Many well documented examples can be 

found how early civilizations recognized the importance of friction and lubrication [48]. The scientific 

study of tribology also has a long history and many valuable statements are given, especially in the 

general friction theories. According to the study of Amontons and de La Hire in 1699 the source of 

friction is the obstruction of surface roughness peaks. The difference between the static and dynamic 

friction was recognized firstly by Coulomb, while sliding and rolling friction were distinguished 

firstly by Leibnitz in 1706.  

Tomlinson and Hardy considered the friction like an energy loss, which comes from the tear of 

molecular interaction between the atoms which situate close to each other. The proportionality 

between the normal and friction force was examined by Leonardo da Vinci in the late 15th century. 

The concept of friction coefficient can be assigned to the name of Euler while the speed dependence 

of coefficient of friction was analyzed by Archard.  
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The works and statements which are taken above cannot be considered to be general especially for 

rubbers and rubber like materials [49]. However the modern tribological theories came into existence 

from the classic ones with important modifications and refinements. The aim of the current scientific 

researches is to take into account as many influencing parameters as possible and consider real shapes 

of contacting bodies to get much more accurate and detailed description. Nowadays the modern 

computers and softwares make it possible to examine a large number of influencing parameters and 

their interaction on the tribological phenomena.    

 

4.3. The experimental basics of rubber friction 

The friction of rubber like materials differs from other materials. Qualitative experiments by Ariano 

(1929) and Derieux (1934) showed that the coefficient of rubber friction increases with increasing 

sliding velocity which observation was confirmed by Roth, Driscoll and Holt (1942). They found that 

the friction of rubber on glass plates increases slowly with increasing speed but the rate of increase is 

lower than would be given by logarithmic velocity dependence. The temperature dependence of rubber 

friction was reported by Breuil (1910) and Ariano (1930). As they found the coefficient of friction 

decreases importantly with the increasing temperature. 

Schallamach in [50] presents experimental evidence that the load dependence of rubber friction can 

be satisfactorily explained by the assumption, that the frictional force is proportional to the true area of 

contact between a rubber tire and a track. In this study the asperities are treated like half spheres and 

realistic material properties are taken into account. In [51] Schallamach investigated both velocity and 

temperature dependence of rubber friction. The investigation shows that the adhesion plays important 

role in the friction. Denny [52] in 1953 analyzed the friction of lubricated elastomeric surfaces and 

confirmed that the growing pressure decreases the friction coefficient, whose highly increases if the 

surface roughness decreases. It is also established that at very low loads the friction is almost 

proportional to load, whilst at very high loads the contact between specimen and track is full, and the 

friction remains constant. In [53], Greenwood and Tabor were the firsts who divide the friction of 

rubber into the components of adhesion and hysteresis. They also established that under lubricated 

circumstances the hysteretic friction part plays much more important role. Their observations were 

verified and confirmed by Sabey [54] experimentally by using rubber plate vs. steel balls and cones.  

Greenwood and Tabor also pointed out that the rolling and sliding friction generate almost the same 

hysteretic friction part [53]. The pioneer studies of Grosch [55] show that rubber friction, in many 

cases, is directly related to the internal friction of rubber. This statement is confirmed by [56] and is 

experimentally proved that the friction force between rubber and a rough (hard) surface has two 

contributions as adhesion and hysteric components, respectively. Grosch in [55] also gives the first 

valuable results on the temperature and velocity dependence of hysteretic and adhesive component of 

rubber friction, which are highly coupled with the WLF theory. The temperature dependency of 

several polymeric materials -like rubber- has been identified experimentally by Bartenev and Elkin in 



 

54 
 

[57]. The rolling resistance of rubber is analyzed by Flom and Bueche [58] and the resistance is 

allocated also to the viscoelastic properties. In order to deeply connect the viscoelastic parameters to 

the hysteretic friction Norman [59] analyzed the friction process between rubber plate and rigid 

cylinder. He concluded that the friction is proportional to the loss factor of the material. The effect of 

adhesion is analyzed firstly by Bulgin in [60]. According to his opinion during the deformation of 

rubber surface an important amount of energy is stored in the material. When this amount of energy 

reaches its limit value, the adhesive bounds are released. He also concluded that the strength of 

adhesive links is proportional with the loss factor and inversely proportional with the hardness.    

 

4.4. Modern tribological examinations 

In the last 15 years Persson has done pioneer work in modern tribological researches using 

experimental and theoretical basics. In [61] a new theory of rubber friction is presented. In accordance 

with earlier works, he attributes a large fraction of rubber friction to the energy ‘‘dissipation’’ 

occurring in the rubber (caused by the internal friction of rubber, which is called hysteresis in earlier 

part of this thesis), due to the fluctuating surface stresses acting on the rubber induced by the surface 

asperities of the hard substrate. In [62] Persson presents a discussion of how the resulting friction 

force depends on the nature of substrate surface roughness and on the sliding velocity and gives the 

reasonable explanations on its physics. The presented theory is applied in [63] by Zilbermana in order 

to analyze the influence of surface roughness on the adhesion of elastic solids. He presents exact 

analytical results for a simple but fundamental model, and molecular dynamics results for different 

types of idealized surface roughnesses. The analysis of randomly rough surfaces has been published in 

2006 [64] by Persson.  

Another track of the modern tribological examinations connects to the rapid development of the 

performance of personal computers and numerical techniques. In this area large number of 

publications emerged in the last decade, which partly connect to the numerical simulation of friction 

components, especially to the hysteretic part of friction. Other part of these studies analyses micro and 

macro contact states under sliding, rolling and at rest. The general concepts, the possibilities and 

limitations are shortly given in [65] by Popov et al, which work can be considered like a collection of 

modern models for friction and lubrication. The authors emphasize the importance of continuum 

methods (like the finite element method (FE) or boundary element method (BE)), discrete methods 

(molecular dynamics, movable cellular), statistical methods (stochastic differential equations, 

interrelation of statistical and dynamical methods), hierarchical models, and also deal with the model 

verification and parameter identification as well as interrelation of analytical and numerical methods. 

A detailed analysis is shown in [66] where authors take special attention on the wear simulation and 

take into account a large number of relevant processes acting on different scales, including the contact 

mechanism, and hydrodynamic effect at macro and micro scale as well as inelastic deformation and 

detachment of particles. In [67], Renouf and his co-workers developed a numerical tool to overcome 
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the problems encountered in experiments due to the limitations in the local dynamic analysis of multi-

scale systems (mechanisms, bodies in contact, interfaces). The paper can be considered as an 

exhibition of numerical results but also proposes reviewing the literature on the numerical tribology of 

dry contacts by analyzing the different scales involved.  

In spite of the large number of different numerical models we can conclude that the applicability of all 

individual numerical models is limited. This is caused by the complexity of tribological problems, 

where the different phenomena are linked to each other and cannot be treated without the connecting 

phenomena. To overcome this problem different approaches have been proposed to take into account 

the different scales of tribological processes in a single simulation, directly or indirectly. Certain 

works couple the mechanism and bodies in contact to analyze bearings [68, 69] by applying the 

discrete element method or contracting the discrete element method and continuous approaches (like 

FEM) in a single simulation (see for example [70]). In some approaches the influencing effects are 

taken into account by several iteration loops, as it is proposed by Saulot et. al. in [71]. 

The publications presented so far deal with the general tribological phenomena, which are common in 

rubber applications and in the engineering tribology. However nowadays, there is a growing research 

interest in the tribology of windscreen wipers, particularly in relation to water lubrication. The aim of 

these works is to understand the tribological behavior and improve the wiping quality. Contrary to the 

great importance of the problem there is little published material on this topic. Koenen and Sanon 

[72] experimentally investigate the friction coefficient of a small piece of rubber wiper blade 

(specimen level) sliding on flat glass surface with and without water lubrication. The results show the 

well-known characteristics of rubber/steel sliding pairs but the coefficients of frictions are much 

higher than most materials. Deleau et. al. in [73] presents an experimental work in which a study of 

tribological behavior of simple, half-cylinder shaped rubber specimens by a standard pin-on-disc 

machine was published. They measured the sliding velocity and load dependent coefficient of friction 

and studied the real contact area by micro contact visualization technique. The work reveals high 

adhesion in dry and static conditions and establishes that the friction coefficient is independent on the 

normal load. Under wet condition three lubricated regime is revealed when the sliding speed is 

increased from 25 µm/s to 2 m/s (boundary lubrication regime at speeds lower than 10 mm/s, mixed 

lubrication between 10 and 1000 mm/s and the almost fully lubricated regime at speeds higher than 

100 m/s). 

Persson and Scaraggi [74] present a Hertz solution based theoretical model for studying the transition 

from boundary lubrication to hydrodynamic lubrication in soft contacts. They investigate the problem 

at specimen level by considering cylinder on flat, sphere on flat and flat on flat sliding configurations. 

In order to model solid-solid contact at asperity level they use the general theory of Persson [75]. 

In the last few years many theoretical paper has been revealed, which analyze the tribological 

situations by FE. In a work of Pálfi [76], it is found that the rolling friction of steel ball/ rubber plate 

contact can be accurately computed if the time-and temperature dependent material behavior of rubber 
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is considered properly. It is pointed out that the hysteretic component of sliding rubber friction in case 

of apparently smooth surface is much lower than expected earlier. In [76] the material behavior of 

rubber is modeled by generalized Maxwell-model. A similar examination is given by Felhős in [77] 

which in the friction of steel ball is analyzed during its rolling on an EPDM rubber plate. The 

verification of the model is performed by measurements. They use a 15-term generalized Maxwell-

model during the calculation. Despite of the good agreement between the measured and calculated 

values in [77], the use of the same material model for predicting the friction in ball on plate 

configuration just shows acceptable accordance in some frequencies as it is examined in [76].  

 

4.5. On the tribology of windscreen wipers 

In this chapter I summarize the assumptions and statements given in the last chapters focusing on the 

windscreen wiper application. In order to understand the further concepts we need to see that the 

surfaces of solid bodies always are rough independently the manufacturing processes.  The only 

difference between the surface of an asphalt segment and the surface of a glass plate is the surface 

topography, the shape, the number of asperities and the height of asperities. However it is important to 

see that the peaks of the asperities interact with each other in case of sliding. As it is known, the 

friction of rubber does not follow the Coulomb law because of the rubber’s high elasticity and high 

internal friction. Furthermore the friction is highly linked with the load, velocity and temperature in 

most rubber applications.  

The frictional behaviour is generally divided into dry and lubricated regimes in the general tribological 

examinations. In the windscreen wiper application a rare case is the dry one when the contacting 

surfaces are not separated by outer mediums. The friction of dry rubber comes from two independent 

mechanisms that are the adhesion between the surfaces and the hysteresis [56, 61, 76, 77, 78]. The 

adhesion is any attraction process between dissimilar molecules that can potentially bring them into 

direct contact. This contact can be sheared with additional force, which force is considered to be the 

friction [78]. However we need to see that strong adhesion can just evolve between clean surfaces 

where outer mediums not separate the surfaces and decrease the intensity of adhesion [60, 61, 77]. The 

adhesion always occurs in the real contact area and the intensity is highly affected by the number of 

molecular bonds and the required energy to release them. As the adhesion connects to the layer 

situating between the contacting surfaces, it is easy to see that at high velocities the adhesive joints 

have no time to form, therefore the adhesive friction component generally decreases, as it can be seen 

in [73]. The hysteretic part of friction is generally considered through an energy-based approach. 

During sliding of rough surfaces the asperities force the rubber to repetitive deformation. The work 

which is required for this deformation cannot be totally recovered because of the internal damping of 

viscoelastic solids [55, 59, 66, 77]. The consequence of the loss is an energy transformation into heat, 

so if the sliding speed is constant, continuous energy supply is required to maintain the sliding, which 
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force can be represented like friction. The process can be explained with the asperities which are 

pressed against each other according to the work of Moore in [56]. 

A more frequent condition occurs by lubrication causing partial or total hydrodynamic lubrication 

states depending on the sliding speed, load, geometry and the properties of the lubricant. Generally the 

dominant friction sources are the hysteresis (if solid contact can be experienced) and the resistance of 

fluid film against shearing [73, 74, 77]. However the latter specimen level examinations show that 

adhesion can also occur in cases when the water squeezes out from the surfaces, which gives the 

possibility of molecular interaction. Between the mentioned dry and lubricated states we can also 

distinguish the so-called tacky condition, where the maximal friction coefficient values is expected, 

according to the experimental work of Koenen [72] and Deleau [73]. This high coefficient of friction 

can be explained with the capillary adhesion between the solids [79] which also generates larger 

contact area than in other cases. The friction types which are typical for rubber wiper blades can be 

seen in Figure 44. 

 

 

Figure 44  Representation of typical friction sources:  

(a) adhesion, (b) hysteresis, (c) mixed lubrication and (c) fluid friction 

 

In wet contact the lubrication state is highly influenced by the lubricant properties, which typical 

representation is the Gümbel curve, depicted in Figure 45. This curve is also called Stribeck diagram 

in the literature, however originally Stribeck diagram shows the coefficient of friction like the function 

of sliding velocity. 

 

 

Figure 45  Gümbel curve (sometimes called Stribeck curve) 
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The horizontal axis shows the Stribeck parameter, which can be calculated as 

 

v
S

p
= η

.
 (4.50) 

The Stribech curve highlights the various regimes of lubrication and represents the variation of friction 

coefficient (µ) with the Stribeck parameter (S) which is the function of dynamic viscosity (η), sliding 

velocity (v) and pressure (p). The Stribeck curve is actually the superposition of solid and viscous 

friction components. The latter experimental investigations target the construction of Stribeck curve, 

especially under high velocities, because these conditions coincide with the real application. The latter 

chapters cover specimen and structural level examinations and by analytical and numerical 

calculations other influencing effects and processes.  

 

4.6. Material characterization 

In [72], Koenen at al. found that the coefficient of friction of wiper blade sliding on dry glass is 

proportional to the loss factor (tanδ) of the rubber. At the same time, according to Le Gal et al.’s 

theory [80] the adhesive component of rubber friction depends not only on the real contact area but 

also on the sliding velocity, contact pressure and temperature dependent shear strength of adhesive 

contact. If the sliding velocity is lower than the critical one then the shear strength increases with 

increasing sliding velocity. Above the critical sliding velocity the shear strength is practically constant. 

In respect of a given rubber, there is close correlation between the critical sliding velocity and the 

glass transition temperature (Tg). Generally, it can be stated that lower the glass transition temperature 

higher the critical sliding velocity. The works cited above show clearly that the rubber formulation 

plays critical role in rubber friction.  

 

 

Figure 46  aT shifting factors at T = 15 oC 

 

However, the material properties of elastomers could sustain important changes over a long period of 

time thanks to its time dependent (viscoelastic) properties which is detailed in section 3. The aim of 

this paragraph is to characterize the small strain viscoelastic behavior of the rubber wiper blade 
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studied by DMA (dynamic mechanical analysis), which was introduced in section 3.5.3. The measured 

isotherms can be seen in Figure 35 however in this case the isotherm measured at 15 oC is considered 

to be the reference, so that curve remains in place. The shifting values belonging to each temperature 

are given in Figure 46 by the dimensionless shifting factors aT applied in the WLF theory too. 

To the obtained storage modulus-frequency master curve, I fitted spring-dashpot model by applying 

e.g the ViscoData software [47]. The dimensionless energy parameters and relaxation times of the 

fitted 40-term generalized Maxwell-model can be seen in Table 12 at the reference temperature 

(T = 15 oC). In the table both the glassy and the relaxed modulus are given.  

 

Parameters of the fitted 40-term generalized Maxwell-model at T = 15 oC Table 12. 

No. τi ei No. τi ei 

1 5.56E+02 1.30E-05 21 2.16E-08 4.43E-03 
2 1.68E+02 1.06E-04 22 6.52E-09 3.03E-02 
3 5.06E+01 8.66E-14 23 1.97E-09 1.34E-10 
4 1.53E+01 1.77E-04 24 5.94E-10 6.73E-02 
5 4.60E+00 1.14E-13 25 1.79E-10 1.77E-02 
6 1.39E+00 1.47E-04 26 5.40E-11 6.47E-02 
7 4.19E-01 9.20E-05 27 1.63E-11 8.54E-02 
8 1.26E-01 2.29E-04 28 4.91E-12 1.65E-03 
9 3.81E-02 6.67E-05 29 1.48E-12 1.28E-01 
10 1.15E-02 6.59E-04 30 4.47E-13 8.47E-13 
11 3.47E-03 1.79E-04 31 1.35E-13 1.19E-01 
12 1.05E-03 7.74E-04 32 4.07E-14 9.30E-02 
13 3.16E-04 2.89E-04 33 1.23E-14 3.80E-13 
14 9.52E-05 9.27E-04 34 3.70E-15 1.72E-01 
15 2.87E-05 6.72E-04 35 1.12E-15 2.47E-02 
16 8.66E-06 1.17E-03 36 3.37E-16 4.96E-02 
17 2.61E-06 9.02E-04 37 1.02E-16 1.72E-02 
18 7.88E-07 2.48E-03 38 3.06E-17 5.64E-02 
19 2.38E-07 3.10E-03 39 9.24E-18 4.97E-02 
20 7.17E-08 4.99E-03 40 2.79E-18 4.96E-06 

Eo=5291.76MPa E∞=10.16MPa 

 

Using the constructed linear viscoelastic material model the storage modulus (E’) and loss factor 

(tan(δ)) master curves can be plotted using Eq. (3.45) and Eq. (3.25). The plotted master curves and 

the relaxation behavior can be seen in Figure 47a. As it is shown the measurable three order of 

magnitude frequency range (see Figure 35) could be increased to 30 orders of magnitude by the time-

temperature superposition, while the relaxation behaviour cover 25 orders of magnitude, which also 

cannot be determined by measurements without WLF shifting. 

Figure 48 shows the temperature dependent material properties of wiper blade at f = 10 Hz. The 

results indicate that the glass transition temperature is about -50 °C while the highest value of loss 

factor is 0.6. 
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(a) 
 

(b) 

Figure 47 (a)The storage modulus (E’), loss modulus (E”) and loss factor (tan(δ))  master curves and 

(b) the relaxation modulus vs. time curve 

 

 

Figure 48 Time dependence of the relaxation modulus 
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4.7. Specimen level examination 

In windscreen wiper application, a rubber wiper blade reciprocates on smooth glass surface in order to 

remove water and/or contaminations from the windshield. From traffic safety point of view the 

windscreen wiper has great importance because both the too thick water film and the presence of 

contaminants hinder the view of driver. The hyperelastic, time- and temperature – dependent material 

behavior of rubber, the non-Hertzien contact and the presence of water makes the tribology of 

windscreen wipers a challenging research area. Main aim of the research works dealing with the 

windscreen wiper application is to improve wiping quality, reduce noise generation and extend life 

time.  

The aim of this chapter is to study the tribological behavior of a commercial rubber wiper blade 

sliding on wet/dry smooth flat glass surface. Although there are studies dealing with the tribology of 

windscreen wipers in the literature [72, 73, 74], only few authors (e.g. [B1]) made an effort to analyze 

the effect of real wiper blade geometry on the tribological behavior experimentally. Here it must be 

mentioned that even Koenen at al.’s very recent experimental study presents only few results on the 

variation of coefficient of friction in function of sliding velocity, damping ratio of rubber, and Stribeck 

parameter. A review of the literature, at the same time, revealed that no theoretical study taking into 

account the real geometry of wiper blade on tribological behavior is available. In order to fill these 

gaps a commercial wiper blade sliding on smooth glass surface is investigated here both theoretically 

and experimentally. It is believed that this study is able to highlight the unique behavior of wiper blade 

and contribute to the better understanding of tribological behavior of wiper lip/glass contact pair. 

 

4.7.1. Measurements 

 Test apparatus and test conditions     4.7.1.1.

In order to investigate dry and wet friction of windscreen wipers, I have performed experimental tests. 

The photo of the self-designed and built test apparatus is shown in Figure 49. It consists of a specimen 

holder, a glass plate holder, and two force sensors (HBM typS2 100N and HBM typS2 500N) to 

measure simultaneously the horizontal (tangential) and vertical (normal) force components.  

During the tests, the rubber specimen slides against a horizontally oriented flat glass plate having a 

length of 300 mm and a width of 100 mm. The thickness of the glass plate was 5 mm. The sliding 

velocity of the specimen was varied between 0.1 and 150 mm/s, while its vertical position was 

adjusted with a precision of 10 µm. As the test rig used did not allow us to hold the normal force 

constant during sliding the tests was carried out under constant interference. The interference (s) is 

considered to be zero when the wiper lip touches the glass plate. The interference (see Figure 58a) 

varied between s = 0.3 and 2.4 mm. At real windscreen wipers, each point of the wiper blade moves 

on circular path (see Figure 51) whose radius varies typically from r = 100…200 mm (inner radius) to 

R = 600…800 mm (outer radius). Due to limitations of the test rig used, the highest sliding velocity 
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was 150 mm/s, which corresponds to approximately to the typical sliding velocity of points close to 

the inner radius. However, the sliding velocity at the outer radius is about one order of magnitude 

higher. As it is known the geometrical size, the load (the force with which the wiper blade is pressed 

against the windshield) and the sliding speed depend on car model. Table 13 shows some typical 

values.  

 
(a) 

 
(b) 

Figure 49  (a) Test apparatus and (b) the specimen holder with force sensors 

 

The specimen with a length of lo = 40 mm was cut out from a commercial wiper blade (SWF 

Duotec+). The profile of the wiper blade can be seen in Figure 50.   

 

 

 

 

Figure 50  Profile of the wiper blade 

 (sizes in [mm]) 

Figure 51  Inner and outer radius  

of the wiped area 
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Comparison of the average sliding speed and load of different wiper blades Table 13. 

Car model Length 
[mm] 

Load [N] 
Normal load per 
unit length [N/m] 

Average sliding speed [mm/s] 
at the center point of the wiper 

 
Slow Fast 

Peugeot 206 650 15.8 24.3 620 1150 
Toyota Corolla 650 11.2 17.2 480 930 

Volkswagen Golf V1 600 7.6 12.7 640 980 
Nissan Micra 450 8 17.8 680 1240 

Opel Astra 550 10.7 19.5 590 1050 

 

After analyzing operational conditions of real windscreen wipers and assuming uniform pressure 

distribution along the wiper lip the author found that the mean normal force per unit length is 18 N/m. 

Investigating the velocity of wiping showed in the middle of wiper lip a mean sliding velocity of 600 

as well as 1050 mm/s. Unfortunately the current test rig did not allow us to cover the whole velocity 

range of windscreen wiper application.  

 

 

Figure 52  Deformed shape of the wiper at different s value 

 

In order to obtain reproducible results the following testing protocol was used. Before each 

measurement glass and rubber surfaces were cleaned with acetone and isopropanol, respectively. 
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According to the work of Allen [81] the average contact angle (the angle at which the liquid vapor 

interface meets the solid surface) between the glass surface and a water drop - identified by sessile 

drop test - is less than 30o so the water is able to wet the glass surface. In other words, the clean glass 

surface is highly hydrophilic. A contact angle less than 90° usually indicates that the solid is 

hydrophilic and the water wet the solid. This good wettability is one of the essential elements of the 

hydrodynamic effect. Based on the above due to cleaning the glass surface become perfectly 

hydrophilic, thus it is completely wetted by water. As it is well known the increased wetting 

establishes boundary layer lubrication condition that eliminates solid-solid contact of the rubber with 

the glass. After drying the wiper lip was pressed against the glass surface by controlling the 

interference. In all the cases, measurement was performed at a temperature of 15 oC holding the 

interference constant. Each measurement cycle consists of a forward and a backward motion with a 

stroke of 150 mm. However, the horizontal and vertical force components were recorded during the 

forward motion only. In case of backward motion the velocity was 20 mm/s in every cases. At wet 

testing the amount of water was controlled carefully. Before each test the glass surface was wetted 

with water of 0.25 - 0.3 l/m2 by using a hand sprinkler. The water flowing away the glass surface was 

compensated by continuous water feed. Dry and wet measurements were performed at velocity of 

v = 0.1, 1, 5, 10, 20, 50, 75, 100, 125, 150 mm/s, and with interference of s = 0.3, 0.5, 0.6, 1.2, 1.8, 

2.4 mm. The interference shows how large is the vertical displacement of the specimen from the 

position where it first touched the glass surface. The photos seen in Figure 52 show clearly the 

deformation of wiper lip at different interference values. 

The tribological tests have been performed in the laboratory of Department of Machine and Product 

Design of Budapest University of Technology and Economics. 

The surface topography of the contacting surfaces was measured by a Mitutoyo SJ-301 surface 

roughness tester. The surface roughness profile measured throughout the length of the wiper are 

shown in Figure 53.  

 

 
(a) 

 
(b) 

Figure 53  Surface roughness of (a) the wiper blade and (b) glass surface 

 

The (arithmetical) mean roughness of the glass plate and the rubber surface is Ra = 0.03 µm 

(Rz = 0.11 µm) and Ra = 1.8 µm (Rz = 13.57 µm), respectively. The mean roughness of the glass 

surface is almost two orders of magnitude smaller than the one of rubber specimen, thus we can 

assume that the glass surface is smooth.  
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Figure 54 shows typical measurement results in case of dry testing. In presence of water the results 

are similar but the ratio of friction and normal force becomes smaller than one. This indicates that 

water has significant friction reducing effect. However it must be mentioned that in few cases 

(typically at velocities higher than 100 mm/s) specimens exhibited noticeable vibration in both dry and 

wet testing (see Figure 55). These vibrations were accompanied with perceptible noise during the 

whole stroke. 

 

  

Figure 54  Typical test result (dry measurement, s = 1.2 mm, v = 20 mm/s) 

 

Figure 55  High amplitude vibration observed in the measured force components 
(dry measurement, s = 1.2 mm, v = 125 mm/s) 

 

The gray area in the figures corresponds to the snap of wiper lip, which is caused by the change in 

sliding direction. After the change in sliding direction, measured force components stabilize and 

remain relatively constant during sliding. At the evaluation only the stabilized test results were taken 

into consideration. Table 14 summarizes the interference (s) and sliding velocity (v) values where the 

vibration phenomenon appears. 

 

 Measured force-displacement characteristic of the wiper blade 4.7.1.2.

One of the aims of this part is to analyze the mechanical behavior of wiper lip in depth. To do this I 

carried out experiments and finite element modeling.  

In the course of measurement the wiper lip was bended by moving a steel plate with a velocity of 

1 mm/min (quasistatic case) in x-direction. At the beginning of bending test the interference between 

the lip and the plate was s = 3.9 mm (see Figure 58a). The Ux displacement of the plate is considered 
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to be zero when it first touches the wiper lip. The test configuration and the measurement results are 

shown in Figure 56. At the beginning of measurement primarily the neck of wiper blade deforms 

which results in practically linear force-displacement characteristic. Main parts of the wiper blade are 

depicted in Figure 57. As the wiper lip comes into contact with the body of wiper blade (point “A” in 

Figure 56) the slope of the measured force-displacement curve changes. The second part of the force-

displacement characteristic is basically non-linear and shows degressive behavior. Unfortunately, the 

load cell used did not allow us to measure forces lower than 0.1 N accurately. This is the reason why, 

in Figure 56, the measured force is nonzero at zero displacement. The effect of low forces is taken 

into account by shifting the measured characteristic horizontally (see the dashed line in Figure 56). 

 

Different combination of s and v values. Table 14. 

Cases where vibration appeared are designated by y (yes)   

  Sliding speed [mm/s] 
 

 
0.1 1 5 10 20 50 75 100 125 150 

s 
[m

m
] 

0.6 n n n n n n n n n n 

1.2 n n n n n n n n y y 

1.8 n n n n n n n n y y 

2.4 n n n n n n n n n y 

   

 
 

Figure 56  Measured force-displacement curve of the 
wiper blade.  

Geometrical sizes seen in the inlet are in [mm] 
Figure 57  Parts of the wiper 

 

4.7.2. FE simulation 

Main aim of this paragraph is to investigate the mechanical behavior of wiper blade numerically. To 

do this I constructed and solved a 2D, plain strain finite element model. The model (see Figure 58a) 

consisted of 1244 linear quadrilateral elements. Both the fixture and loading of wiper blade was 

realized through moveable rigid bodies. This is why the modulus of rubber is orders of magnitude 

lower than the one of other components. In order to obtain reliable contact results a six level local 

mesh refinement was used in the FE models. With this technique the average element size in the 
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nominal contact area was less than 1.7 µm. Fixture of the meshed part was realized through the 

vertical and horizontal adjustment of rigid bodies. Figure 58 shows the FE model consisting of the 

rigid and deformable bodies and represents the refined mesh in the small vicinity of contact area. 

 

 

(a) (b) 
Figure 58 (a) FE model, (b) deformed wiper lip and the FE mesh 

 

As a first step, the position of wiper blade was fixed by moving the upper three rigid bodies in proper 

position (see the inlets in Figure 56) then the below rigid body was moved with constant velocity. The 

FE model was built and solved by means of software MSC Marc. 

 

 Calculated force-displacement characteristic of the wiper blade 4.7.2.1.

In this case, the aim of the FE modeling was to identify the elastic modulus of the wiper blade from a 

fit to measured quasistatic force-displacement characteristic. For simplicity, it was assumed that the 

rubber obeys the Hooke-law. As depicted in Figure 59, at a modulus of E = 4.5 MPa the simulation 

agrees well with the measurement. The agreement, however, decays as the wiped lip becomes highly 

distorted. 

 

 

Figure 59 Comparison of measured and simulated force-displacement curve of the wiper: 

measurement vs. simulation 
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 Contact forces 4.7.2.2.

In this chapter, FE modeling is used to compute normal/friction force values and nominal contact area 

in function of interference (s) and coefficient of friction (µ). The model was solved in 1000 steps by 

using the updated Lagrange framework. The average solution time was approximately 250 s. By 

considering the measured coefficients of friction (see later), in the FE simulation, the µ was varied 

between 0 and 2. The zero coefficient of friction corresponds to the frictionless case. The computed 

deformed shapes at s = 0.6, 1.2, 1.8 and 2.4 mm are shown in Figure 60. 

 

 

Figure 60 Computed deformed shapes at s = 0.6, 1.2, 1.8 and 2.4 mm 

 

Normal and friction force values computed are shown in Figure 61 and Figure 62. 

 

 

Figure 61 Variation of normal force in function of s at different coefficients of friction 
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Figure 62 Variation of  friction force in function of s at different coefficients of friction 

 

Analysis of the computed normal force-interference curves reveals that, at constant coefficient of 

friction, the normal force increases nonlinearly (at first progressively then degressively) as the 

interference increases. Further, the results show that if the interference is constant then the friction 

force is inversely proportional with the normal force i.e. the normal force decreases as the coefficient 

of friction/friction force increases. This behavior can be understood if the bended wiper lip is 

considered as a curved beam. As it is well known the free end of a curved beam subjected to a 

horizontal point force F displaces both in horizontal and vertical direction. If we consider force F as 

the friction force acting at the contact of deformed wiper lip and glass then this analogy helps us to 

understand why the normal force decreases as the friction force increases in case of constant 

interference. At real windscreen wipers the normal force that presses the wiper blade against the 

windshield is produced by a spring. As it was mentioned earlier the mean value of normal force is 

between 17.5 and 25 N/m (see the bottom and middle horizontal line in Figure 61). The third 

horizontal line corresponds to a normal load per unit length value of 37.5 N/m. Consequently the total 

load on the wiper specimen, in these cases, is 0.7, 1 and 1.5 N. As it can be seen under constant 

normal force the increasing coefficient of friction/friction force results in increasing interference 

between the wiper lip and the glass. In other words, as the friction force becomes higher and higher the 

wiper approaches the glass surface. At the same time, by increasing the normal force the friction 

induced approach of wiper blade becomes grater. As Figure 61 shows high coefficients of friction 

correspond to the dry case while lower values represent the wet case. In respect of the variation of 

friction force in function of interference it can be concluded that, at constant nonzero coefficient of 

friction, the friction force increases nonlinearly with increasing interference. Additionally, at constant 

interference, the friction force increases as the coefficient of friction increases (see Figure 62). The 

results belonging to constant normal force indicate that the wiper approaches to the glass surface due 

to the increasing friction force. At normal force of 0.7 N the friction force-interference relation seems 

to be linear. However this relation becomes nonlinear at higher normal forces. The ellipses on the 
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constant normal force lines represent the regions of low and high coefficients of friction. As the 

measured coefficient of friction is much higher in dry case than in wet one (see later), we can follow 

the transition from wet to dry friction by moving from one ellipse to another. 

 

Deformation of the windscreen wiper Table 15. 

           Load per unit length [N/m] 
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 Nominal contact area 4.7.2.3.

Figure 63 shows the width of nominal (apparent) contact area in function of coefficient of friction at 

different interference values. The figure shows clearly that, if the interference between the wiper lip 

and the glass is held constant then the width of nominal contact area decreases with increasing friction 

force. Furthermore, at constant coefficient of friction the nominal contact area is proportional to the 

interference i.e the bigger interference yields wider contact area. Holding the normal force constant the 

nominal contact area may show both decreasing and increasing tendencies with increasing coefficient 

of friction. At moderate normal loads the tendency is decreasing while at higher loads it is increasing. 

In other words, the impact of friction force on the nominal or apparent contact area is normal force-

dependent. Consequently, the effect of friction force on the contact pressure distribution is also normal 

force-dependent. If the mean contact pressure is defined as the normal load over the nominal 

(apparent) contact area then, at constant normal load, the increasing contact area implies decreasing, 

while the decreasing contact area implies increasing mean contact pressure. The deformed shapes of 

the wiper blade at the main points of Figure 63 are depicted in Table 15. The calculated deformed 

shapes show that both the increasing coefficient of friction and the increasing normal load value 

increase the deformation. During the deformation the wiper gets closer to the glass surface.   

 

 

Figure 63 Variation of width of the nominal contact area in  

function of coefficient of friction at different s values 

 

 Contact pressure distribution 4.7.2.4.

The computed contact pressure distributions are depicted in Figure 64. As expected the contact 

pressure distribution depends not only on the actual interference value but also on the magnitude of 

coefficient of friction. The results indicate that width of the nominal contact area decreases with 

increasing coefficient of friction, if the interference does not change. Furthermore it can also be 

concluded that the increasing interference yields increasing nominal contact area. It is worth to 

mention that at interference of 0.6 mm (see Figure 64a) the contact pressure distribution is almost 
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Hertzian, however, at bigger interference it is clearly non-Hertzian (see Figure 65). These results 

demonstrate that the friction force has considerable effect on the contact pressure distribution and the 

nominal contact area in size and location at the same time. 

 

 

(a) (b) 

  

(c) (d) 

Figure 64 Effect of coefficient of friction on the contact pressure distribution computed  

at (a) s = 0.6 mm, (b) s = 1.2 mm, (c) s = 1.8 mm, (d) s = 2.4 mm 

 

Furthermore it can also be stated, that at constant coefficient of friction the increasing interference 

yields increasing nominal contact area. Figure 65 shows the contact pressure distributions computed 

at µ = 0, 0.7 and 2. 

It is worth to mention that at s = 0.6 mm (see Figure 65) the contact pressure distribution is almost 

Hertzian, however, at greater interference it is clearly non-Hertzian. These results demonstrate that the 

friction force has a great effect on the contact pressure distribution and the nominal contact area. 
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(a) (b) 

 
(c) 

Figure 65 Effect of coefficient of friction on the contact pressure distribution. 

(a) µ = 0, (b) µ = 0.7 and (c) µ = 2 

 

4.7.3. Results of tribological tests 

During the presentation of measurement results symbols represent the mean values while the vertical 

line segments passing through the symbols show the range within which measurement results scattered 

as the wiper blade slid on the glass surface with constant velocity. Consequently the ends of these 

vertical line segments correspond to the minimum and maximum value of the measured quantity. As it 

was mentioned previously there were cases where the wiper blade showed vibration during sliding 

with constant velocity (see Figure 55). According to the authors’ observation the vibration appeared at 

the same combinations of sliding velocity and interference in both dry and wet testing. Below 

100 mm/s the vibration disappeared in every case. 

 

 Dry friction 4.7.3.1.

The variation of normal force measured at different interference value as a function of sliding velocity 

can be seen in Figure 66a. As the figure shows the range within which the measured quantity 

fluctuates during sliding becomes wider as the sliding velocity increases. Furthermore, results indicate 

that an increase in interference yields increase in normal force, if the sliding velocity is held constant. 

At the same time the normal force seems to be velocity dependent especially at bigger interference 

values where the wiper lip is strongly deformed. Lines going through corresponding data points 

represent the trend of measured data. Plotting the measured friction force against sliding velocity 
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produces the trends seen in Figure 66b. First of all it must be mentioned that the friction force 

increases with increasing interference at any sliding velocity. At velocities lower than 80-90 mm/s the 

normal force decreases, while the friction force increases with increasing velocity. At higher 

velocities, however, this tendency changes; the normal force starts to increase while the friction force 

starts to decrease. In case of roll-shaped specimens (see [73]), the increase of friction force at very 

load sliding velocities is explained, similar to other studies, by the increasing real contact area. 

Unfortunately, in the present study, no measurement results for the real contact area are available. The 

FE simulations (see Figure 62 and Figure 63) however, show that, in case of constant interference, 

the increasing friction force results in decreasing normal force and nominal contact area. 

The coefficients of friction calculated as the ration of mean friction and mean normal force are shown 

in Figure 67. The coefficient of friction exhibits strong sliding velocity dependency at low sliding 

velocities (v < 50 mm/s) only. Contrary to normal and friction force, at constant sliding velocity, the 

coefficient of friction decreases with increasing interference. It is caused by the fact that the normal 

force increases more rapidly than the friction force. 

 

(a) (b) 

Figure 66 (a) Normal and (b) friction force measured at different interference  

value as a function of sliding velocity (dry case) 

 

Figure 67 Coefficient of friction measured at different interference values  

in function of sliding velocity (dry case) 
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In Figure 68, the friction force values are depicted in function of normal force at different sliding 

velocity. The figure shows clearly that friction force increases with increasing normal force. At low 

forces the relation of normal and friction force is approximately linear, however, above FN = 1 N the 

slope of the friction force vs. normal force curves changes significantly. This change in the slope 

yields decreasing coefficient of friction as the normal force increases. 

 

 
Figure 68 Variation of friction force in function of normal force at constant 

sliding velocity (dry case) 

 

Nowadays, it is commonly accepted that basically four mechanisms are responsible for rubber friction 

in dry case. These are the adhesion, the macro- and microhysteresis and the wear. Since, in the present 

study, the wiper blade slides on smooth glass surface in condition where practically no wear is 

produced the rubber friction is due to the adhesion. 

 

 Wet friction 4.7.3.2.

The general aim of the application of windscreen wiper is to remove water and other contaminations 

from the glass in order to preserve the transparency of windshield. In order to examine the effect of 

water lubrication the experiments were repeated in presence of water. The test rig and the operation 

conditions were unchanged but controlled amount of water was applied to glass surface. To do this a 

hand sprinkler was used. 

Normal force values measured under constant interference as a function of sliding velocity can be seen 

in Figure 69a. The figure shows that the sensitivity of normal force against sliding velocity is 

different below and above 10 mm/s. Below 10 mm/s the normal force is practically constant i.e. 

exhibits slight variation. Above 10 mm/s, however, the normal force increases with increasing sliding 

velocity. It can also be seen that the normal force increase increases with increasing interference. The 

friction force vs. sliding velocity curves (see Figure 69b) indicate that above 10 mm/s the friction 

force starts to decrease and the magnitude of friction force decrease is proportional to interference. At 



 

76 
 

an interference of 0.3 mm the friction force has a relatively low value which is practically independent 

of the sliding velocity. This proves that there is no perceptible hydrodynamic effect in this case. 

Measurement results demonstrate that both the normal force and the friction force are different at the 

same values of interference for dry and wet rubber. Normal forces are higher while friction forces are 

lower when the wiper blade slides on wet glass surface. 

 

 

(a) (b) 

Figure 69 (a) Normal and (b) friction force values measured at different 

interference as a function of sliding velocity (wet case) 

 

The friction reducing effect of water is clearly visible from the comparison of wet and dry results. The 

friction force vs. normal force curve (see Figure 70) shows strong sliding velocity dependency. The 

friction force increase induced by increasing normal force decreases as the sliding velocity increases. 

Consequently, the coefficient of friction diminishes with increasing sliding velocity. Above 100 mm/s 

magnitude of the friction force increase, at the beginning, remains approximately constant with 

increasing normal force then starts to decrease. 

 

 

Figure 70 Variation of friction force in function of normal force  
at constant sliding velocity (wet case) 

 

Analyzing the coefficients of friction (Figure 71) and comparing them to dry results it is obvious that 

the water causes perceptible reduction in sliding friction by creating a thin lubricant film between the 
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contacting surfaces. This proves that the water has significant friction reducing effect. At the same 

time, due to the low viscosity of water the reduction of friction force can not be explained by the 

hydrodynamic effect at low sliding velocities. 

 

(a) (b) 

 

(c) 

Figure 71 Coefficient of friction in function of (a) sliding velocity under constant interference,  

(b) Stribeck parameter and (c) sliding velocity under constant normal load (wet case) 

 

In Figure 71a and Figure 71b, the coefficient of friction is depicted in function of sliding velocity and 

Stribeck parameter. In the dimensionless Stribeck parameter (S = η v/p), η is the dynamic viscosity of 

water (η = 0.017 Pas), v is the sliding velocity and p is the normal force (per unit length). Figure 71c 

was constructed on the basis of Figure 70 and shows the variation of coefficient of friction as a 

function of sliding velocity under constant normal load. Similar to Deleau et al.’s investigations on 

roll-shaped rubber specimens [73], at low sliding velocity the friction force is relatively high but its 

value is lower than in dry case. This difference, however, decreases as the normal load increases. 

While at a normal force of 1.5 N the friction force reaches its minimum value at v = 100 mm/s, at 

higher load the minimum appears at higher sliding velocity. It is worth to mention that, as Figure 63 

shows, at FN = 1.5 N the nominal contact area increases in function of coefficient of friction. 

Investigating the wet friction of wiper blades Koenen et al. [72] concluded that a normal load increase 

induces a reduction in coefficient of friction at all velocities. This study, however, shows that below a 

critical sliding velocity a load increase induces not a decrease but an increase in the coefficient of 

friction. Our results indicate that this critical sliding velocity is approximately 100 mm/s. Under a 
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normal load of 1.5 N, the minimum of coefficient of friction vs. sliding velocity curve appears 

approximately at 100 mm/s. In case of higher loads, the minimum is at higher velocities. 

The lower friction measured in wet case is due to the following process. At very low sliding velocities 

the real contact area is practically the same as in dry case. However, within the asperity contact 

regions the surfaces are not perfectly dry. They are covered with a very thin water film (hydrophilic 

solid possesses high surface free energy) which does not allow the formation of adhesion bonds 

(boundary lubrication). As it is well known, in the boundary lubrication regime, the friction force is 

proportional to the shear strength of boundary layer and the real contact area. The shear strength of 

boundary layer depends on many parameters thus it can be determined from measurements. Our 

results indicate that, in the boundary lubrication regime, the coefficient of friction depends strongly on 

the magnitude of normal load. By increasing the sliding velocity the water film, due to the increasing 

fluid pressure, becomes thicker which results in friction force to be controlled by fluid film friction 

and boundary layer friction. Due to the thicker water film the importance of real contact area is much 

less in the mixed friction regime than in the boundary lubrication state. 

 

4.7.4. Further results 

In [73] experiments and calculations are presented for the case where the real windscreen wiper is 

replaced by a half cylinder having a radius of 0.5 mm. In case of normal force of ~0.5 N the calculated 

and measured contact width are 0.14 mm and 0.17 mm, respectively. In the computation of [73] the 

elastic modulus of the glass is 106 GPa, while its Poisson ratio is 0.17. As it is well known the 

physical interaction between clean rubber and glass is van der Waals type the adhesive work coming 

from van der Waals forces is 0.1 J/m2 according to [73] and is between 0.1 and 1 J/ m2 according to 

[81]. Based on these values we can conclude that here is strong adhesion between the rubber and glass 

in dry case.  

According to [60] the hysteretic part of rubber friction is proportional to the loss factor (tanδ) and 

inversely proportional to the shore A hardness (H) as 

 tan

H

δ
µ ≈

.
 (4.51) 

However there are only a limited number of publications where this assumption is compared to 

measurement.  

The loss factor of the wiper blade studied in this thesis can be seen in Figure 47 while its hardness 

measured by Mitutoyo Hardmatic HH-300 is 45 Shore A.  

In a very recent study of Pálfi et al [82, 83] the hysteretic part of rubber friction is analyzed by finite 

element method. Based on its findings it can be concluded that at an arithmetical mean roughness of 

Ra = 0.03 µm (Ra of the glass surface) the effect of hysteresis on rubber friction can be neglected. 

Among others [61, 73 and 82] also prove this.  
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4.8. Structural level examination 

The main motivation for this chapter is the desire to understand the tribological behavior of standard 

or prototype windscreen wipers. A review of the literature has revealed that no experimental results 

have been published for investigating tribological behavior of real windscreen wipers on structural 

level. In this part, the rubber/glass contact pair is investigated experimentally by a windscreen wiper-

on-cylinder machine. Main advantage of this test configuration is that the tribological behavior can be 

studied experimentally for a long time (without changing the sliding direction) by using standard or 

prototype windscreen wipers (structural level). 

 

4.8.1. Experiments 

 Test apparatus 4.8.1.1.

The test apparatus and its main components can be seen in Figure 72 and Figure 73. The electric 

motor with steeples speed control rotated a glass cylinder with a nominal outer diameter of 220 mm 

through a flexible coupling and a gear box. The gearing ratio of the gear box was 51 while the highest 

rotational speed of the motor was 6000 rev/min that corresponds to a tangential speed of 1355 mm/s 

on the surface of the glass cylinder. The length and the wall thickness of the cylinder were 700 mm 

and 5 mm, respectively. Three metal rollers combined with rubber rings guided the cylinder at both 

ends of it. The below ones were supported by helical springs.  

 

 

Figure 72  Windscreen wiper-on-cylinder machine 

 

Figure 73  Left view of the deformed blade 

 

Position of the windscreen wiper pushing against the glass cylinder can be adjusted with an accuracy 

of 0.01 mm in two directions (x- and y-direction in Figure 74). Forces acting on the windscreen wiper 

(Fx and Fy) were measured by force sensors. Before each test the glass cylinder and the rubber blade 

were cleaned by acetone and isopropanol, respectively. The windscreen wiper was pressed against the 

glass cylinder by prescribed vertical displacement called interference in the previous chapter (see s in 

Figure 74) measured from the position where the blade touches first the cylinder.  
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Figure 74  Shape of the wiper blade in case of no contact as well as full 
contact and the variation of normal force/contact area in function of s  

(sizes are in [mm]) 
 

Due to the gravity the wiper blade had a curved form before it touched the glass cylinder at its below 

most point (see the no contact state in Figure 74). In case when the wiper blade was in contact with 

the glass cylinder along its total length (full contact in Figure 74) it becomes straight. Full contact was 

reached when s is about 6 mm. If s is smaller than 6 mm then the length of nominal (apparent) contact 

area is between zero and lc0 = 450 mm where lc0 denotes total length of the wiper blade (Figure 74). 

While the length of the apparent contact area has an upper limit the contact normal force increases 

continuously as s increases (normal force vs. s curve in Figure 74). Variation of both the apparent 

contact area and the contact normal force was determined experimentally by using a plane glass 

counter surface. The contact normal force vs. contact area curve is shown in Figure 75.  

 

 

Figure 75  Variation of contact normal force as a function of contact area 
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Tests were performed at room temperature in dry and wet conditions with sliding speeds of 10, 20, 40, 

80, 200, 400, and 800 mm/s. In wet case, the continuous water lubrication was realized by a hand 

sprinkler. The test rig was designed and built in the frame of integrated EU-project KRISTAL at the 

Institute for Dynamics and Vibrations of University Hannover. 

 

 Results 4.8.1.2.

Experiments are conducted, and, it was found that measured force components fluctuate as the glass 

cylinder rotates. Figure 76 shows a typical force vs. time curve for both force components.  

 

 

Figure 76  Typical force vs. time curve in presence of water (v=80mm/s) 

 

As it can be seen clearly, both the Fx and Fy force component vary periodically. At a sliding speed of 

v = 80 mm/s one complete revolution takes about 8.5 s as indicated in Figure 76. During this time 

period both force components have two different local maxima and minima. In the followings, an 

effort has been taken to understand and explain the measured force vs. time curves by introducing an 

analytical model. 

 

4.8.2. Analytical model 

Firstly, I assumed that the fluctuation in the force vs. time curves is caused by the non-circular cross-

section and eccentricity of the glass cylinder. To prove this assumption the radius of the cylinder was 

measured along its total circumference. Cross-sections measured at different z-coordinates and their 

average can be seen in Figure 77 and Figure 78. 

Adequate visualization of the real cross-section requires that the deviation from the ideal circular 

cross-section to be greatly exaggerated (Figure 78). As seen the real cross-section of the glass cylinder 

is an ellipse whose center point does not coincide with the axis of rotation. Major and minor axis of 

the ellipse are 2a = 220.7 mm and 2b = 220.1 mm (see Figure 79), respectively.  

Eccentricity of the ellipse can be characterized by the horizontal and vertical distance measured 

between the axis of rotation and the center point of the ellipse. These are h = 0.05 mm and 
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k = 0.04 mm, respectively (see Figure 79, where O’ denotes the axis of rotation). For simplifying the 

analytical model it is assumed that the wiper blade is in contact with the glass cylinder at a point 

(denoted by A1 in Figure 80) having constant horizontal and changing vertical position. In the present 

case, x”-coordinate of contact point A1 is s = -4 mm (see Figure 80). 

 

 

Figure 77  Measured cross-section of the glass 

cylinder at different z-coordinates 

 

Figure 78  The average measured cross-section 

of the glass cylinder at different z-coordinates 

 

 

Figure 79  Eccentric ellipse 
Figure 80  Rotating eccentric ellipse (this figure 

can be considered as the left view of the test 
apparatus seen in Figure 72) 

  

As it can be concluded the real cross-section of the rotating glass cylinder is an ellipse (see Figure 78) 

which rotates around the axis z’ (see the right-handed Cartesian coordinate system in Figure 79) that 

does not coincide with the center point O. The right-handed Cartesian coordinate systems x-y-z and 

x’-y’-z’ can be seen in Figure 80. The origin of the coordinate system x-y is assigned to the center 

point O, while the one of coordinate system x’-y’ coincides with the axis of rotation (see point O’ in 

Figure 79). Both coordinate systems rotate together with the ellipse. The motion of the contact point is 

described in the coordinate system x”-y” which is at rest while the ellipse rotates. Its origin is the point 
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O”, which coincides with the point O’ (see Figure 80). The vertical line defined by equation x” = s 

intersects the rotating ellipse at points A1 and A2. In our model, point A1 corresponds to the contact 

point between the wiper blade and the rotating cylinder. 

Eq. (4.52) defines an ellipse in coordinate system x-y. 
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In case of eccentricity, equation of the ellipse as a function of coordinates x’, y’ is defined by 

Eq. (4.53).  
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Finally, Eqs. (4.54) and (4.55) provide the x”- and y”-coordinates in function of x’ and y’.  

 
')sin(')cos(" yxx ⋅−⋅= αα  (4.54) 

 
')cos(')sin(" yxy ⋅+⋅= αα  (4.55) 

As a first step, lets express x’ from Eq. (4.54) then replace x” by s. Eq. (4.56) shows the resulting 

equation 
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Thus, the interrelation between y” and y’ can be written as  
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In order to eliminate y’ from Eq. (4.57) one has to substitute Eq. (4.56) into Eq. (4.53). The resulting 

second-order equation (see Eq. (4.58)) has two roots: y1’ and y2’.  
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Since Eq. (4.58) contains the input data (a, b, k, h, s) and the angle α only, y” can be expressed as a 

function of α, if one substitutes roots y1’ and y2’ into Eq. (4.57). Then Eq. (4.59) provides y1” and y2” 

in function of input data and the angle α.  
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 (4.59) 

 

Figure 81 shows the variation of y1” and y2” in function of α. As seen, there is a sign change in y1” 

and y2” at α = 90o and 270o. Both functions seem constant in the range 0-90o, 90-270o and 270-360o, 

due to the fact that their variation is very small in comparison to the radius of the cylinder. The 

fluctuation in A1y” (see Figure 80) can be made visible by taken into consideration positive values of 
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y1” and y2” only. As the force component Fy is proportional to the A1y”, Figure 81 represents 

qualitatively the force variation during a single revolution. Comparing Figure 81 to Figure 76 it can 

be concluded that the proposed analytical model is able to predict the variation in the measured 

vertical force component (Fy) qualitatively. 

 

 
Figure 81  y”-coordinate of the contact point vs. angle of rotation 

 

For understanding the effect of geometry and eccentricity on the measured vertical force component 

completely four different cases (centric circle, centric ellipse, eccentric ellipse with non-zero h, and 

eccentric ellipse with non-zero h and k) have been investigated analytically. All of the results are 

presented in Figure 82.  

In case of centric circle, the distance A1y” is constant i.e. does not depend on angle α. In case of centric 

ellipse, the distance A1y” varies periodically between a minimum and maximum value. Finally, as seen 

in Figure 82, eccentricity h causes two different local maxima while eccentricity k induces two 

different local minima during a single revolution. The similarity between the case corresponding to 

non-zero h and k and the measured vertical force component (Figure 76) proves that the rotating glass 

cylinder has an ellipse cross-section with eccentricity h and k.  

 

 

 

Figure 82  Variation of A1y” in case of centric circle, centric ellipse, eccentric ellipse with non-zero h, 

and eccentric ellipse with non-zero h and k 
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As the wiper blade slides on the rotating glass cylinder non-zero contact force can be measured in 

direction x and y, i.e. in horizontal and vertical direction. These forces and their normal and tangential 

components are shown in Figure 83. 

 

 

Figure 83  Contact forces exerted on the wiper blade (Fh and Fv) and 

their normal and tangential components (FTh, FNh, FTv, FNv) 

 

 The figure represents the case when s has a negative value, i.e. the contact point is left from the axis 

of rotation. As shown angle β is function of the angle with which the glass cylinder is rotated 

(angle α). Introducing the coefficient of friction the interrelation between the total tangential and 

normal force is 

 ( ).NhNvTvTh FFFF +=− µ  (4.60) 

Inserting the value of Fh and Fv (measured horizontal and vertical forces) we have 

 ( ) ( ) ( ) ( )( ).sincossincos ββµββ ⋅+⋅=⋅−⋅ hvvh FFFF  (4.61) 

Hence the measured horizontal force in function of the measured vertical force is 

 
( ) ( )

( ) ( )
.

sincos

sincos

βµβ

ββµ

⋅−

+⋅
= vh FF  (4.62) 

If one substitutes Fv with Eq. (4.59) – this can be done because Fv is proportional to y” – then 

Eq. (4.62) shows qualitatively the variation of horizontal force Fx in Figure 76.  

By assuming that angle β is small Eq. (4.62) can be written as 
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Finally, the coefficient of friction may be expressed from Eq. (4.61) as 
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or, by assuming angle β to be small, as 
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As Eq. (4.64) shows, the coefficient of friction can be determined if not only the measured force 

components (horizontal and vertical) but also the local tangent (β) at the contact point are known. 

Angle β denotes the inclination of local tangent from the coordinate axis x”. From Eqs. (4.54) - (4.55) 

we can express coordinates x’ and y’ of the contact point as 

 ),sin(")cos(' αα ⋅+⋅= ysx  (4.66) 

 ),sin()cos("' αα ⋅−⋅= syy  (4.67) 

where y” is defined by Eq. (4.59), while s substitutes x”. The interrelation between coordinates x, y 

and x’, y’ is defined by Eqs. (4.52) - (4.53) thus we know coordinates of the contact point in the 

coordinate system x - y too. From the differentiation of Eq. (4.52) with respect to x we obtain the slope 

of the local tangent in coordinate system x-y, and x’-y’ (see Figure 83) 
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The same can be obtained if we express y from Eq. (4.52) and differentiate it with respect to x. Similar 

to Eq. (4.59) there is a sign change in the slope at α = 90 and 270°. According to the above the 

inclination of the local tangent in coordinate system x-y and x’ - y’ is tan-1 (m1,2). Angle β can be 

determined on the basis of slope m and angle α. For instance if angle α is between 0 and 90° then 

 
.)(tan 2,1

1 αβ −= −
m  (4.69) 

Variation of angle β in function of angle α is shown in Figure 84 for one complete revolution. 

 

 

Figure 84  Variation of β in function of α 

 

As it can be seen from Figure 84 angle β is about 2° in the present case. Due to this, as a good 

approximation, the total contact normal force is equal to Fv, while the total tangential force is equal to 

Fh.  
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4.8.3. Discussion of experimental results 

As a first step all the experimental results measured in wet condition are collected and analyzed. Each 

test is performed at constant s and sliding velocity but their values changed test by test. The variation 

of vertical force at a constant s is similar to Figure 76 in each case. By considering all the 

measurements we can identify an upper (Fvmax) and a lower limit (Fvmin) for the vertical forces 

measured. Thus, we can state that the force can not be higher than Fvmax and lower than Fvmin at none of 

the measurements. As a second step seven different force values (0.2, 0.8, 1.2, 3, 5.2, 11 and 16N) are 

selected from the range Fvmin - Fvmax. Based on the measured force vs. time curves it is possible to 

identify time instants where the vertical force measured equals to the one selected. As a next step the 

horizontal as well as the vertical force values measured at the time instants identified are collected. At 

the end of the former section it is concluded that the coefficient of friction can be computed, in the 

present configuration, as the measured horizontal force over the measured vertical force. Results are 

presented in Figure 85 and Figure 86. As it can be seen the coefficient of friction decreases as the 

sliding speed or the vertical force increases. It must be noted that the specimen level investigations 

[72, 73, 74] show the same tendency. Figure 87 is almost the same as Figure 86. The only difference 

is that vertical force values are divided by the length of the apparent contact area taken from Figure 

75. While in Figure 86 different normal force belongs to each curve this tendency cannot be observed 

in Figure 87 where instead of normal force values the normal load per unit length ones are used. In 

other words, the curves in Figure 87 cannot be separated from each other on the basis of normal load 

per unit length values. Drastically different coefficient of friction belongs to the approximately same 

normal load per unit length values. 

 

 

 

Figure 85  Horizontal force vs. sliding speed curves at different 

vertical forces (in presence of water) 
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Figure 86  Coefficient of friction vs. sliding speed curves at different 

vertical forces (in presence of water) 

 

 

Figure 87  Coefficient of friction vs. sliding speed curves (vertical force 

values are substituted by the vertical force per unit length values) 
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4.9. Conclusions 

In the present chapter the tribological behaviour of windscreen wipers had been studied.  

Firstly the specimen level examination was given, which in the sliding friction of a 40 mm wiper blade 

segment was in the center of attention. The examination was based on experimental analyzes and 

numerical simulations. The tests were performed on a modified milling machine in order to precisely 

vary the operation conditions. The tests have been carried out under dry and wet conditions and wide 

sliding speed and vertical displacement were examined (5. and 6. research objective). 

The results demonstrate that the friction force has considerable effect on the contact pressure 

distribution and the nominal contact area. It is also proven that an increase in interference yields 

increase in normal force, if the sliding velocity is held constant. The friction force increases if the 

interference increases at any sliding velocity. The coefficient of friction exhibits strong sliding 

velocity dependency at low sliding velocities (v < 50 mm/s) only. Contrary to normal and friction 

force, at constant sliding velocity, the coefficient of friction decreases with increasing interference. It 

is caused by the fact that the normal force increases more rapidly than the friction force. Finally it is 

also proved that the friction force increases with increasing normal force. At low forces the relation of 

normal and friction force is approximately linear, however, above FN = 1 N the slope of the friction 

force vs. normal force curves changes significantly. This change in the slope yields also decreasing 

coefficient of friction as the normal force increases.  

The results of the computed normal force-interference curves reveals that, at constant coefficient of 

friction, the normal force increases nonlinearly (at first progressively then degressively) as the 

interference increases. Further, the results show that if the interference is constant then the friction 

force is inversely proportional with the normal force i.e. the normal force decreases as the coefficient 

of friction/friction force increases. As it can be seen under constant normal force the increasing 

coefficient of friction/friction force results in increasing interference between the wiper lip and the 

glass. In other words, as the friction force becomes higher and higher the wiper approaches the glass 

surface. At the same time, by increasing the normal force the friction induced approach of wiper blade 

becomes grater. 

This study also revealed that below a critical sliding velocity a load increase induces not a decrease 

but an increase in the coefficient of friction. Our results indicate that this critical sliding velocity is 

approximately 100 mm/s, on the examined wiper blade. Under a normal load of 1.5 N, the minimum 

of coefficient of friction vs. sliding velocity curve appears approximately at 100 mm/s. In case of 

higher loads, the minimum is at higher velocities. This tendency supplements and specifies the 

statement in the literature whereby increased loads lead to a decreased coefficient of friction at all 

velocities in the presence of water. 

In the second part, a novel test apparatus, namely the windscreen wiper-on-cylinder machine has been 

analyzed. This machine enables the tribological behavior of standard and prototype windscreen wipers 

to be investigated not only at specimen level, as the former studies in the literature, but also at 
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structural level. Furthermore it makes possible to study both the full contact and partial contact states. 

In the latter case, the wiper blade is not in contact with the glass counter surface along its total length. 

It is found that experimental results are strongly affected by the eccentricity and the real, non-circular 

cross section of the glass cylinder. One of the main contributions of this paper is the development of a 

mathematical model for explaining qualitatively the experimental results. The mathematical model 

uses geometrical equations and its solution to take into account the shape and the eccentricities of the 

rotating cylinder. A good agreement is found between the theoretical model and the measurement. 

Using the constructed mathematical model the experimental results are evaluated. The presence of 

water experiments show that the coefficient of friction decreases as the normal force as well as the 

sliding velocity increases. It is also found that the normal load per unit length value can be considered 

to be independent on the operation conditions which cause one order of magnitude difference in the 

friction coefficient. This large difference is comes from the alternating apparent contact area which is 

not can be observed at the specimen level examinations (7. research objective).  
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5. Outlook 

Basically, the work connected to an EU supported project, which targeted the understanding of 

tribological phenomenons on reliable working. However the work also deals with such concepts and 

uses such models, which could be also applied in many other cases, when elastomeric materials are 

required. If we think over how many elastomeric seals, tires and other elastomeric parts are used 

worldwide, then it can be easily seen that the application of the worked out models give direct access 

to results, which could be just. However it is essential to also see that the examination of elastomeric 

materials and solid bodies made of elastomers is a complicated task. Take into consideration all the 

influencing parameters are almost impossible and from this reason the current dissertation is focusing 

just on a little segment of the phenomenons. The examinations given in this work are not 

concentrating on the temperature dependency, which could generate high change in the material 

properties (near to the glassy temperature the modulus of an elastomeric body could even reach the 

5000 MPa or more contrary to the 20 MPa at room temperature). From this reason, I am sure that the 

consequences of the tribological examinations also could reveal important and fascinating 

phenomenons, if the test would be repeated on low/high temperatures.  

The dissertation also does not cover the effect of rubber types, filler materials and additives in spite of 

the fact, that those materials have a great impact on the mechanical and tribological performance. The 

variety of the examination and the amount of valuable and useful conclusions could be also 

propagated by the consideration of different cross section wiper blades. According to the best 

knowledge of the author, this type of examination cannot be found in the literature and could be 

performed by the devices introduced in this dissertation. The tribological system considered to be ideal 

so the contacting surfaces are not separated by outer mediums (dry case) or the medium between the 

surfaces is clear water (wet case). If think about the real application, it can be easily seen that this 

conditions never occur because the surfaces are contaminated and the water always contains 

impurities.  

It is also possible to use the examined viscoelastic material models and detailed tribological 

phenomenons to analyze the lubrication state of different engineering components like seals [B18] or a 

wiper blade [B13]. The mentioned lubrication analysis requires the pressure distribution, which can be 

obtained by the worked out FE models. By most simple approaches the leakage value of other lipped 

seals can also be determined, which calculation also requires the pressure distributions as it is 

described in [B13, 25]. However the current work does not cover the three dimensional (3D) pressure 

distributions, which does not influence importantly the examinations, because the length of the wiper 

blade is much larger, than its other dimensions. The application of finite element simulations also 

could be used to examine the tribological system of windscreen wiper blade acoustically (as it is given 

in [72]), dynamically (like stick-slip vibration) or thermally but these examinations also could go 

beyond the border of this work. 
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6. Tézisek magyar nyelven 

1. Új módszert dolgoztam ki kis-alakváltozások elméletére épülő általánosított Maxwell-

modell paramétereinek állandó alakváltozási sebességű húzóvizsgálatokból történő 

meghatározására. A módszert nagy-alakváltozásokra is kiterjesztettem a Green-féle 

alakváltozási tenzor invariánsain alapuló, nagy-rugalmas (hiperelasztikus) 

anyagtörvényekben szereplő paraméterek meghatározása céljából. A módszer 

alkalmazhatóságát öt vagy annál kisebb ágszám esetén saját kísérleti eredmények 

felhasználásával igazoltam. A kiterjesztésnek köszönhetően két eltérő, de állandó 

alakváltozási sebességű húzóvizsgálatból a viszkoelasztikus paramétereken túlmenően, az 

anyagi viselkedés alakváltozás függése is leírhatóvá válik.  

Az értekezés kapcsolódó fejezete: 3.5.2. 

Kapcsolódó publikációk: [B2, B3, B4] 

 
2. A száraz és nedves körülmények között üzemelő ablaktörlő lapát próbatest szintű viselkedését 

méréseken és végeselem szimuláción keresztül vizsgáltam. A méréseket egy saját tervezésű mérő 

berendezésen végeztem el. A vizsgálati eredmények alapján az alábbi megállapításokat tettem: 

2a) Az ablaktörlő lapát vízzel kent mérési eredményei alapján megállapítottam, hogy egy 

adott csúszási sebességnél kisebb sebességen a terhelésnövekedés nem csökkenő, hanem 

növekvő súrlódási tényezőt okoz. Ez a kísérleti megfigyelés kiegészíti és pontosítja a 

szakirodalom azon megállapítását, mely szerint a terhelésnövekedés 10 és 2000 mm/s 

csúszási sebesség között csökkenő súrlódási tényezőt okoz víz jelenlétében. Az átmenet a 

növekvő és csökkenő tendenciák között 100 mm/s-os csúszási sebességnél adódik. A 

súrlódási tényezővel ellentétben, a súrlódó erő a növekvő felületeket összeszorító (normál) 

erő hatására 0.1 és 150 mm/s-os sebességek között minden esetben növekszik. A súrlódási 

erő növekedése azonban 100 mm/s felett sokkal kisebb, mint alatta. Méréseim szerint a 

súrlódási tényező nagysága 100 mm/s csúszási sebesség esetén jó közelítéssel független a 

normál erő nagyságától. 

 

2b) A végeselemes szimulációk alapján megállapítottam, hogy állandó normál erő esetén a 

súrlódási erő nagysága hatással van a névleges érintkezési tartomány nagyságán és 

elhelyezkedésén kívül a törlő él és az üveg felület egymáshoz viszonyított pozíciójára is. A 

névleges érintkezési tartomány szélessége növekvő és csökkenő tendenciát is mutathat a 

növekvő súrlódási erő függvényében. 37.5 N/m vonalterhelés esetén növekvő, azonban 25 

N/m terhelésnél már csökkenő tendencia figyelhető meg. A növekvő súrlódási erő hatására 

az ablaktörlő ugyanakkor egyre közelebb kerül az üveg felülethez. 

Az értekezés kapcsolódó fejezete: 4.7. 

Kapcsolódó publikációk: [B10, B25] 
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3. Matematikai modellt dolgoztam ki a teljes ablaktörlő lapát szerkezetszintű tribológiai 

viselkedésének feltárása céljából végzett mérések eredményeinek értelmezésére. A modell 

kapcsolatot teremt a forgó henger alakhibája/excentricitása és a mért erő komponensek 

ciklikus ingadozása között. A modell alkalmazásával megállapítottam, hogy a horizontális 

és vertikális erő komponensek ingadozása a forgó üveg henger alakhibájának és excentrikus 

ágyazásának következménye. Megállapítottam továbbá, hogy a mért horizontális és 

vertikális erő komponensek jó közelítéssel súrlódó és normál erőknek tekinthetők.  

Az értekezés kapcsolódó fejezete: 4.8.2. 

Kapcsolódó publikációk: [B1, B12] 

 
4. Az ablaktörlő lapát részleges felfekvése esetén, a szerkezetszintű tribológiai mérési 

eredményekből megállapítottam, hogy a vizsgált ablaktörlő lapát vonalmenti terhelés 

értéke, a látszólagos érintkezési tartomány változása következtében, gyakorlatilag 

függetlennek tekinthető a jelentősen eltérő súrlódási tényezőket eredményező vizsgált 

működési paraméterektől. Ez a jelenség teljes felfekvés esetén (mely a szakirodalomban 

részben vizsgálat alá kerül) nem figyelhető meg. A mérések rámutattak, hogy a 

szakirodalmakban fellelhető próbatest szintű vizsgálatokhoz hasonlóan a súrlódási tényező 

jelentősen csökken a növekvő csúszási sebesség vagy a felületeket összeszorító erő 

csökkenésének hatására, vízzel kent esetben. A szerkezetszintű vizsgálatoknál az ablaktörlő 

él felfekvésének hossza változó, mely a növekvő terhelés mellett is közel változatlan 

vonalmenti terhelés értéket idéz elő különböző súrlódási tényezők mellett.  

Az értekezés kapcsolódó fejezete: 4.8.3. 

Kapcsolódó publikációk: [B1, B12] 
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7. Theses in English 

1. I developed a new method for identifying the parameters of the generalized Maxwell- model 

based on the small strain theory from tensile tests of constant strain rate. I extended the 

method to large strains as well in order to determine the parameters of the Green strain 

tensor’s invariant-based hyperelastic model. I verified the applicability of the method using 

own experimental results for five or less Maxwell terms. As a result of the extension, the 

strain dependence of material behavior can also be described, in addition to the viscoelastic 

parameters, from two different tensile tests of constant strain rate.  

Related chapter of the dissertation: 3.5.2. 

Related publications: [B2, B3, B4] 

 

2. I tested the specimen-level behaviour of windscreen wipers operated in dry and wet conditions 

through measurements and finite element simulations. Measurements were performed on a test 

rig of own design. I drew the following conclusions based on the results:  

2a) On the basis of the test results of wiper lips lubricated by water, I concluded that at a 

sliding velocity lower than a given one the load increase results not decreasing but 

increasing coefficient of friction. The statement above supplements and specifies the 

statement in the literature whereby increased loads lead to a decreased coefficient of 

friction at velocities between 10 and 2000 mm/s in the presence of water. The transition 

from increasing tendency to decreasing one is realized at 100 mm/s. Contrary to the 

coefficient of friction, the friction force increases with increasing normal load at any 

velocity between 0.1 and 150 mm/s. However, the friction force increase above 100 mm/s is 

much less than below it. According to my measurements the magnitude of the coefficient of 

friction is practically independent of the normal force at a sliding velocity of 100 mm/s. 

 

2b) On the basics of the FE simulation, I concluded that, at constant normal load, the 

friction force influences not only the nominal (apparent) contact area and the location of the 

contact area but the relative position of the wiper blade and the glass surface. The nominal 

contact area can show both decreasing and increasing tendencies with increasing friction 

force. At a load per unit length of 37.5 N/m the tendency is increasing however, at a load of 

25 N/m decreasing tendency can be observed. At the same time, the wiper gets closer to the 

glass surface due to the increasing friction force.  

Related chapter of the dissertation: 4.7. 

Related publications: [B10, B25] 
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3. I developed a mathematical model to explain the results of structural-level tribological 

measurements of the complete windscreen wiper. The model establishes a connection 

between the shape distortion / eccentricity of the rotating cylinder and the cyclic 

fluctuations of the measured force components. I established by applying the model that the 

periodic fluctuation of horizontal and vertical force components is a consequence of the 

shape distortion and eccentricity of the rotating glass cylinder. I further established that the 

measured horizontal and vertical force components can be considered as friction and 

normal forces. 

Related chapter of the dissertation: 4.8.2. 

Related publications: [B1, B12] 

 

4. I allocated from the structural level measurement results, that in partial contact, the load 

per unit length value of the examined wiper blade can be considered to be independent on 

the working parameters which causing drastically different coefficient of frictions, because 

of the changing nominal contact area. This phenomenon cannot be observed in specimen 

level (which is examined in the literature). The test results show that under water 

lubrication, similarly to the specimen level results in the literature, the coefficient of friction 

value importantly decrease by the increasing sliding velocity or the decrease of the clamping 

force. In the structural level examination the contact length can change, which causes 

approximately constant load per unit length value at different coefficient of friction values 

and increasing normal forces.  

Related chapter of the dissertation: 4.8.3. 

Related publications: [B1, B12] 

 
 

 
 
 
 
 
 

 

 

 

 

 

 

 

 



 

96 
 

8. Bibliography 

[1] J. Loadman: Tears of the Tree: The Story of Rubber--A Modern Marvel, Oxford University 

press, 2005, ISBN 9780198568407 

[2] M. John, J. Loadman: Analysis of Rubber and Rubber-like Polimers, Kluwer Academic 

publisher, 1998, ISBN 0412819708 

[3] http://www.emachineshop.com/machine-shop/Types-of-Rubber/page519.html, (downloaded at 

2011.03.17) 

[4] J. Németh: Gumiiapi technológia I.: A gumiipar nyersanyagai, Ipari Szakmai Továbbképző 

Intézet, Taurus Gumiipari Vállalat, Budapest, 1984., ISBN 963-10-8191-5 

[5] C. E. Wischt: The Effect of Carbon Black on Elastic and Viscoelastic Properties of Elastomers, 

Ph.D. Thesis, University of Akron, USA. 1998 

[6] M. L. Dannis: Stress–strain testing of rubbers at high rates of elongation, Rubber Chem. 

Technol. Vol.36, 28(1963) pp. 283–296; doi:10.5254/1.3539547 

[7] D. Felhős: Dry Sliding and Rolling Tribotests of Carbon Black Filled EPDM: Elastomers and 

Their FE Simulations, PhD dissertation, Kaiserslautern, 2008 

[8] A. N. Gent: Relaxation processes in vulcanized rubber. I. Relation among stress relaxation, 

creep, recovery, and hysteresis, J. Appl. Polym. Sci., Vol.6, 22(1962) pp. 433–441;  

doi:10.1002/app.1962.070062207 

[9] A. N. Gent: Relaxation processes in vulcanized rubber. II. Secondary relaxation due to network 

breakdown, J. Appl. Polym. Sci. Vol.6, 22(1962) pp. 442–448;  

doi:10.1002/app.1962.070062208 

[10] A. Lion: A constitutive model for carbon black filled rubber: experimental investigations and 

mathematical representation, Continuum Mech. and Thermodyn., Vol.8, 3(1996) pp. 153–169; 

doi:10.1007/BF01181853 

[11] J. S. Bergström, M. C. Boyce: Constitutive modeling of the large strain time-dependent 

behavior of elastomers, J. Mech. Phys. Solids, Vol.46, 5(1998) pp. 931–954; 

doi:10.1016/S0022-5096(97)00075-6 

[12] C. Miehe, J. Keck: Superimposed finite elastic–viscoelastic–plastoelastic stress response with 

damage in filled rubbery polymers. Experiments, modeling and algorithmic implementation, J. 

Mech. Phys. Solids, Vol.48, 2(2000) pp. 323–365; doi:10.1016/S0022-5096(99)00017-4 

[13] P. Haupt, K. Sedlan: Viscoplasticity of elastomeric materials: experimental facts and 

constitutive modeling, Arch. Appl. Mech., Vol.71, 2-3(2001) pp. 89–109; 

doi:10.1007/s004190000102 

[14] A. Khan, H. Zhang: Finite deformation of a polymer: experiments and modeling, Int. J. 

Plasticity, Vol.17, 9(2001) pp. 1167–1188; doi:10.1016/S0749-6419(00)00073-5 



 
 

97 
 

[15] C. O. Colak: Modeling deformation behavior of polymers with viscoplasticity theory based on 

overstress, Int. J. Plasticity, Vol.21, 1(2005) pp.145–160; doi:10.1016/j.ijplas.2004.04.004 

[16] A. Makradi, S. Ahzi, R. V. Gregory, D. D. Edie: A two-phase self-consistent model for the 

deformation and phase transformation behavior of polymers above the glass transition 

temperature: application to PET, Int. J. Plasticity, Vol.21, 4(2005) pp. 741–758; 

doi:10.1016/j.ijplas.2004.04.012 

[17] A. S. Khan, O. Lopez-Pamies: Time and temperature dependent response and relaxation of a 

soft polymer, Int. J. Plasticity, Vol.18, 10(2002) pp. 1359–1372; doi:10.1016/S0749-

6419(02)00003-7 

[18] E. Krempl, F. Khan: Rate (time)-dependent deformation behavior: an overview of some 

properties of metals and solid polymers, Int. J. Plasticity, Vol.19, 7(2003) pp. 1069–1095; 

doi:10.1016/S0749-6419(03)00002-0 

[19] A. F. M. S. Amin: Nonlinear dependence of viscosity in modeling the rate-dependent response 

of natural and high damping rubbers in compression and shear: Experimental identification 

and numerical verification, International Journal of Plasticity, Vol.22, 9(2006) pp. 1610–1657 

doi:10.1016/j.ijplas.2005.09.005 

[20] G. A. Holzapfel: Nonlinear Solid Mechanics: A Continuum Approach for Engineering, Wiley, 

2000, ISBN 0471823198 

[21] J. Bonet, R. D. Wood: Nonlinear Continuum Mechanics for Finite Element Method, Cambridge 

University Press, 2008, ISBN 978-0-511-39468-3 

[22] A. D. Drozdov, J. Christiansen: Constitutive equations for nonlinear elastic response of rubbers, 

Acta Mechanica, Vol.185, 1-3(2006) pp. 31-65; doi:10.1007/s00707-006-0342-7 

[23] M. A. Mooney: A theory of large elastic deformation, Journal of Applied Physics, Vol.11, 

9(1940) pp. 582-592; doi:10.1063/1.1712836 

[24] L. R. G. Treloar: The elasticity of a network of long-chain molecules, Transactions of Faraday 

Society, Vol.39, 42(1943) pp. 36-41; doi: 10.1039/TF9433900036 

[25] R. S. Rivlin: Large elastic deformations of isotropic materials I, Fundamental concepts, 

Philosophical Transations of the Royal Society of London, Vol.240, 822(1948) pp. 459-490; 

doi:10.1098/rsta.1948.0002 

[26] O. H. Yeoh: Some forms of strain energy function for rubber, Rubber Chemistry and 

Technology, Vol.66, 6(1993) pp. 754-771; doi:10.5254/1.3538343 

[27] A. Gent: A new constitutive relation for rubber, Rubber Chemistry and Technology Journal, 

Vol.69, 1(1996) pp. 59-61. 

[28] R. W. Ogden: Large deformation isotropic elasticity – on the correlation of theory and 

experiment for the incompressible rubber-like solids, Proceedings of Royal Society London A, 

Vol.46, 369(1973) pp. 565-584; doi:10.5254/1.3542910 



 

98 
 

[29] H. M. James, E. Guth: Theory of elastic properties of rubber, Rubber Chemistry and 

Technology, Vol.11, 10(1943) pp.455-481; doi:10.1063/1.1723785 

[30] M. C. Wang, E. Guth: Statistical theory of networks of non-Gaussian flexible chains, Journal of 

Chemical Physics, Vol. 20, 2(1952) pp.1144-1157; doi: 10.1063/1.1700682 

[31] P. D. Wu, E. van der Giessen: On improved 3-D non-gaussian network models for rubber 

elasticity and their applications to orientation hardening in glassy polymers., Journal of the 

Mechanics and Physics of Solids, Vol.41 3(1993), pp.427-456; doi:10.1016/0022-

5096(93)90043-F 

[32] M. C. Boyce, E. M. Arruda: Constitutive models of rubber elasticity: a review, Rubber 

Chemistry Technology, Vol.73. 3(2000) pp. 504-523. 

[33] C. Miehe, S. Göktepe, F. Lulei: A micro-macro approach to rubber-like materials—Part I: the 

non-affine micro-sphere model of rubber elasticity, Journal of the Mechanics and Physics of 

Solids, Vol.11 (2004) pp. 2617-2660; doi:10.1016/j.jmps.2004.03.011 

[34] A. Aidy, M. Hosseini and B.B. Sahari: A Review of Constitutive Models for Rubber-Like 

Materials, American J. of Engineering and Applied Sciences, Vol.3, 1(2010) pp.232-239 

[35] L. Hossa and R. J. Marczak: A new constitutive model for rubber-like materials, Mecánica 

Computacional, Vol.29, (2010) pp. 2759-2773 

[36] S. Sharma: Critical comparison of popular hyperelastic material models in design of anti-

vibration mounts for automotive industry through FEA, Constitutive models for rubber III., 

2003., ISBN 9058095665 

[37] MSC Marc: Experimental elastomer analysis, Version 2007 

[38] G. Bodor, L. M. Vas: Polimerek anyagszerkezettana, Műegyetemi Kiadó, Budapest, 2001. 

[39] L. Pálfi, T. Goda, K. Váradi: Numerical modeling of hysteretic friction in ball on plate 

configuration, eXPRESS Polymer Letters, Vol.3, 11(2009) pp. 713–723 

[40] MSC Marc Volume A: Theory and user informations, Version 2007 

[41] J. A. Greenwood, H. Minshall, D. Tabor: Hysteresis losses in rolling and sliding friction, 

Proceedings of the Royal Society of London. Series A, Vol.259, 1299(1960) pp. 480-507; 

doi:1960; 10.1098/rspa.1961.0004 

[42] J. C. Simo: On a Fully Three-dimensional Finite Strain Viscoelastic Damage Model: 

Formulation and Computational Aspects, Computer Methods in Applied Mechanics and 

Engineering, Vol.60, 2(1987) pp. 153-173;  

doi:10.1016/0045-7825(87)90107-1 

[43] G. A  Holzapfel: Nonlinear Solid Mechanics: A Continuum Approach for Engineering Science, 

Springer, 2002, ISBN 0-471-82319-8 

[44] B. Marvalova: Identification Of Viscoelastic Model Of Filled Rubber And Numerical 

Simulation Of Its Time Dependent Response, Vibration problems, Vol.126 (2009) pp. 273-

279; doi: 10.1007/978-1-4020-9100-1_28 



 
 

99 
 

[45] Zwick/Roell: product information and catalogues, www.zwick.com 

[46] Matlab, Version 7: The Language of technical computing, Genetic Algorithm and Direct Search 

Toolbox for Use with MATLAB User’s Guide, The Mathworks Inc, Natick, USA, 2004 

[47] M. Herdy: Introductory Theory Manual ViscoData and ViscoShift, IBH-Ingenierbüro, 2003. 

[48] D. Dowson, History of tribology, Longman Group Limited, New York, ISBN 0582447666, 

1979 

[49] F. P. Bowden and D. Tabor: The friction and lubrication of solids, Oxford University press, 

2008, ISBN 978-0-19-850777-2 

[50] A.  Schallamach: The  load  dependence  of  rubber  friction, the proceedings of physical 

society, Vol.65, 9(1952) pp.657-661; 

[51] A.  Schallamach: The Velocity and Temperature Dependence of Rubber Friction, Proc. Phys. 

Soc, Vol.66, 5(1953) pp.386-392; doi:10.1088/0370-1301/66/5/306 

[52] D. F. Denny: The influence of load and surface roughness on the friction of rubberlike 

materials, Proc. Phys. Soc., Vol.66, 721(1953) pp.721-727; doi: 10.1088/0370-1301/66/9/301 

[53] J. A. Greenwood, D. Tabor: The Friction of Hard Sliders on Lubricated Rubber: The 

Importance of Deformation Losses, Proceedings of the Physical Society, Vol.71 6(1958) 

pp.989-1001; doi: 10.1088/0370-1328/71/6/312 

[54] B.  E.  Sabey: Pressure Distributions beneath Spherical and Conical Shapes pressed into a 

Rubber Plane and their Bearing on Coefficients of Friction under Wet Conditions,  

Proceedings of the Physical Society, Vol.71, 6(1958) pp.979-988; doi:10.1088/0370-

1328/71/6/311 

[55] K. A. Grosch: The Relation between the Friction and Visco-Elastic Properties of Rubber, Proc. 

R. Soc. Lond., Vol.274, (1963) pp.21-39; doi:10.1098/rspa.1963.0112 

[56] D. F. Moore: The Friction and Lubrication of Elastomers, Pergamon Press, Oxford, 1972. 

[57] G. M. Bartenev, A.I. Elkin: The friction of polymers at the international stage of sliding in 

various temperatutre ranges, Wear 11, 393-403, 1968, doi:10.1016/0043-1648(68)90549-8 

[58] D. G. Flom, A. M. Bueche: Theory of rolling friction for spheres, J. Appl. Phys., Vol.30, (1959) 

pp.1725-1730; doi:10.1063/1.1735043 

[59] R. H. Norman: The rolling friction of cylinders on planes, Br. J. Appl. Phys., Vol.13, (1962) 

pp.358-361; doi:10.1088/0508-3443/13/7/320 

[60] D. Bulgin, G.D. Hubbard, M.H. Walters: Road and laboratory studies of friction of elastomers, 

Proc. 4th Rubber Technology Conf., London 173-188, (May,1962) 

[61] B. N. J. Persson: On the theory of rubber friction, Surface Science Vol.401, (1998) pp.445–454 

[62] B. N. J. Persson: Theory of rubber friction and contact mechanics, Journal Of Chemical Physics 

Vol.115, 8(2001) pp.3840-3861 

[63] S. Zilbermana, B.N.J. Persson: Adhesion between elastic bodies with rough surfaces, Solid 

State Communications,  Vol.123 (2002) pp.173–177 



 

100 
 

[64] B. N. J. Persson: Contact mechanics for randomly rough surfaces, Surface Science Reports 

Vol.61 (2006) pp.201–227 

[65] V. Popov, G.P. Ostermeyer: Numerical Simulation Methods in Tribology: possibilities and 

limitations, Tribology International Vol.40 (2007) pp. 915 

[66] V. L. Popov, S. G. Psakhieb: Numerical simulation methods in tribology, Tribology 

International, Vol.40 (2007) pp.916–923 

[67] M. Renouf, F. Massi , N. Fillot, A. Saulot: Numerical tribology of a dry contact, Tribology 

International Vol.44 (2011) pp.834–844 

[68] N. Weinzapfel, F. Sadeghi: A discrete element approach for modeling cage flexibility in ball 

bearing dynamics simulations J. Tribol., Vol.131, 2(2009) pp. 278-392; 

doi:10.1115/1.3063817 

[69] F. Massi, J. Rocchi, A. Culla, Y. Berthier: Coupling system dynamics and contact behaviour: 

modelling bearings subjected to environmental induced vibrations and false brinelling’ 

degradation, Mech Syst Signal Process, Vol.24, 4(2010) pp.1068–1080; 

[70] I. Temizer, P. Wriggers: A multiscale contact homogenization technique for the modeling of 

third bodies in the contact interface, Comput Methods Appl. Mech. Eng., Vol.198 (2009) 

pp.377–96; 

[71] A. Saulot, M. Renouf, Y. Berthier: Fem-dem dialogue for tribological under-standing. 

Proceedings of the ASME/STLE international joint tribology conference; 2008. 

[72] A. Koenen, A. Sanon: Tribilogical and vibroacustic behaviour of a contact between rubber and 

glass (application to wiper blade), Trib. Int., Vol.40 (2007) pp.1484-1491 

[73] F. Deleau, D. Mazuyer, A. Koenen: Sliding friction at elastomer/glass contact: Influence of the 

wetting conditions and instability analysis, Trib. Int., Vol.42 (2009) pp.149-159. 

[74] B. N. J. Persson, M. Scaraggi: On the transition from boundary lubrication to hydrodynamic 

lubrication in soft contacts, J. Phys. Condens. Matter, Vol.21 (2009) pp.1-22. 

[75] B. N. J. Persson. Relation between interfacial separation and load: a general theory of contact 

mechanics, PRL 99, 125502 (2007) 

[76] L. Pálfi, T. Goda, K. Váradi, E. Garbayo, J. M. Bielsa, M. A. Jiménez: FE prediction of 

hysteretic component of rubber friction, Advances in Tribology, Vol. 2012, (2012) 

[77] D. Felhős, D.  Xu, A. K. Schlarb, K. Váradi, T. Goda: Viscoelastic characterization of an 

EPDM rubber and finite element simulation of its dry rolling friction, Express Polym. Lett., 2, 

157-164, 2008 

[78] E. Vámos, M. Kozma, L. Molnár, L.Tóth: Tribológia kézikönyv, Műszaki könyvkiadó, 1983, 

ISBN: 963-10-4976-0 

[79] M. Kozma: Tribológia, Egyetemi Kiadó, Budapest, 2001 

[80] L. A. Gal, M. Klüppel: Investigation and modelling of rubber stationary friction on rough 

surfaces, Journal of Physical: J. Phys. Condens. Matter 20 (2008) 015007 



 
 

101 
 

[81] J. S. Allen: An analytical solution for determination of small contact angles from sessile drops 

of arbitrary size, J. Coll. and Int. Sci., Vol.261, 2(2003) pp.481–489; 

doi:10.1016/S0021-9797(03)00127-9 

[82] L. Pálfi: Finite element modeling of the hysteretic part of friction considering rubber rough 

counter surface sliding pairs, Ph.D thesis, Budapest University and technology, 2011 

[83] L. Pálfi, T. Goda, K. Váradi, E. Garbayo, J. M. Bielsa, M. A. Jiménez: FE prediction of 

hysteretic component of rubber friction, Advances in Tribology, Vol. 2012, (2012) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

102 
 

9. Publications by Gábor Bódai 

Papers: 

[B1] G. Bódai, T. Goda: Friction force measurement at windscreen wiper/glass contact, Tribology 

Letters, Vol.45, Nr.3 (2012) pp. 515–52, IF: 1.574 (2010) 

[B2] G. Bódai, T. Goda: Identification of large strain viscoelastic parameters of generalized Maxwell-

models: Application oriented approach for engineers, Acta Polytechnica Hungarica, Vol. 8, 5(2011) 

pp. 89-108., IF: 0.284 (2010) 

[B3] G. Bódai, T. Goda: Parameter identification methods for sprig-dashpot material models, 

engineering approach for small strain elasticity, Materials Science Forum, 659(2010) pp. 379-384. 

[B4] G. Bódai, T. Goda: On the relation between stress relaxation and constant strain rate tensile 

behavior for linear viscoelastic materials; an engineering approach, Materials Science Forum, Vol. 729 

(2013) pp. 314-319 

[B5] G. Bódai, K. Váradi, L. Molnár, L. Oroszváry: Temperature dependent Examination of Brake 

Cylinder Membrane (Part I), FE Modelling of the Tension Examination of Cord-reinforced 

Specimens, Periodica Politechnica, 54/1 (2010) pp. 3–8 

[B6] G. Bódai, K. Váradi, L. Molnár, L. Oroszváry: Temperature-dependent Examination of Brake 

Cylinder Membrane (Part II) FE Modelling of Cord-reinforced Rubber Membrane Behaviour, 

Periodica Politechnica, 54/1 (2010) pp. 9–13 

[B7] L. Molnár, K. Váradi, G. Bódai, P. Zwierczyk: Simplified modeling for needle roller bearings to 

analyze engineering structures by FEM, Periodica Politechnica, 54/1 (2010) pp. 27–33 

[B8] G. Bódai, K. Váradi, A. Szabó, L. Zóbory: Thermal simulation of pin on rotating cylinder jacket 

system, article submitted to Periodica Politechnica 

[B9] G. Bódai, K. Váradi, L. Molnár, L. Oroszváry: Thermal simulation of a pin on a rotating cylinder 

jacket system, Periodica Politechnica 56/2 (2012) pp. 1–8 

 

Conferences with proceedings: 

[B10] G. Bódai, T. Goda: Identification of the wiper blade coefficient of friction, XVII International 

Conference on Mechanical Engineering, Gheorgheni, Romania, 23-26 April 2009, EMT Technical 

Review Special Edition, (2009) pp. 64-67. 

[B11] G. Bódai, S. Bisztray-Balku: Reciprocating elastomeric hydraulic seals’ tribology and leakage 

calculation, Proceedings of the Sixth Conference on Mechanical Engineering, G-2008-B-1, 29-30 May 

2008, Budapest, Hungary 

[B12] G. Bódai, T. Goda: Analysis of the windscreen wiper on rotating glass cylinder test rig, 

Proceedings of the Seventh Conference on Mechanical Engineering, 29-30 May 2010, Budapest, 

Hungary 



 
 

103 
 

[B13] G. Bódai, T. Goda: Mixed Friction Of Windscreen Wiper: Numerical Analysis, Proceedings of 

the Seventh Conference on Mechanical Engineering, 24-25 May 2012, Budapest, Hungary 

[B14] Bódai G., Váradi K., Bisztray-Balku S.: A tömítőnyomás végeselemes számítása és a 

résveszteségek meghatározása elasztomer dugattyúrúd tömítéseken, GÉP, 58. évfolyam, 2007/10-11, 

pp. 13-16. 

[B15] Bódai G., Goda T.: Ablaktörlő lapát kvázistatikus és dinamikai viselkedésének mérése és 

modellezése, GÉP, 59. évfolyam, 2008/10-11, pp. 3-6. 

[B16] Bódai G., Goda T.: Hiperelasztikus anyagok mechanikai viselkedésének elmélete és 

alkalmazása, AGTEDU konferencia 2009 , Kecskemét, 2009 november 5. pp. 155-160 

[B17] Bódai G., Váradi K., Molnár L., Pálfi L.: Polietilén gázcső elszorítás kísérleti és numerikus 

vizsgálata, GÉP, 60. évfolyam, 2009/10-11, pp. 14-17.  

[B18] Goda T., Bódai G.: O-gyűrű szivárgás számítása korszerű numerikus módszerrel, GÉP, 60. 

évfolyam, 2009/10-11, pp. 43-46. 

[B19] Molnár L., Váradi K., Bódai G., Zwierczyk P.: Tűgörgős csapágyak egyszerűsített modellezése 

mérnöki szerkezetek végeselemes analíziséhez, GÉP, 61. évfolyam, 2010/9-10, pp. 55-58.  

[B20] Bódai G.:, Váradi K., Molnár L., Oroszváry L.: Fékhenger-membrán hőmérsékletfüggő 

állapotvizsgálata, GÉP, 61. évfolyam, 2010/9-10, pp. 111-114. 

[B21] L. Molnár, K. Váradi, G. Bódai, L. Oroszváry: Fékhenger-membrán numerikus 

állapotvizsgálata, XIX Nemzetközi gépészeti találkozó OGÉT 2011. Csíksomlyó, 04.28-05.01, pp. 

160-164. 

[B22] G. Bódai, T. Goda: Mixed Friction Of Windscreen Wiper: Numerical Analysis, Special Phd 

Proceedings of the Seventh Conference on Mechanical Engineering, 29-30 May 2012, Budapest, 

Hungary (accepted for special edition of the conference)  

[B23] G. Bódai, T. Goda: Measurements and FE calculations of windscreen wiper; examination of 

quasi-static and dynamic behaviour, IV European Conference on Computational Mechanics (ECCM), 

16-21 May 2010, Paris, France 

[B24] G. Bódai, K. Váradi, L. Molnár: Experimental and numerical examination of Brake Cylinder 

Membrane, Danubia-Adria-Symposium, Siófok, 2011. szept. 28.- okt.1. 

 

Submitted paper: 

[B25] G. Bódai, T. Goda: Sliding friction of wiper pared with glass surface: Measurement, FE 

modeling and elastohydrodynamic calculation, submitted to Tribology International 

 

 

 

 

 



 

104 
 

10.  Acknowledgements 

The present work was completed at the Department of Machine and Product Design at the Budapest 

University of Technology and Economics.  

 

I would like to express sincere thanks to my supervisor Tibor Goda, for his profound knowledge, and 

his patient instruction which has given me the greatest help in all my study. Without his invaluable 

guidance and encouragement this work has not been possible.  

 

I also would like to express my deep thanks to Prof. Károly Váradi the one how initiated me in the 

fundamentals of tribology and FEM, and gave me all the possibilities to deepen it in varies areas of 

mechanical engineering and inspirited me to start Ph.D. studies.   

 

Thanks also go to many, many colleges especially for Ferenc Forányi, László Máté, Róbert Mógor-

Győrffy, János Szücs and Péter Zwierczyk for to be friendly disposed all days and nights.  

 

I also would like to express my deep gratitude to Bea Buzai for she always stuck with me and was 

patient and understanding.  

 

Finally but foremost I dedicate these theses to my mother and sister, and would like to thank the 

unremitting encouragement and gave me more than possible. 

 

 

 

 

 

 

Thank you ever so much! 

 

 

 

 

 


