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Abstract

In this thesis work, the dynamics of metal cutting processes like turning and
milling are investigated from linear and nonlinear points of view. The turning pro-
cess is considered by means of the one dof orthogonal cutting model. Using both
analytical and numerical techniques, unstable periodic orbits emerge from subcrit-
ical Hopf bifurcation traced up to the appearance of the fly-over effect. The feed
dependency of the bistable (unsafe) zone is shown and the worst case value for the
feed is predicted. A nonsmooth model is introduced in order to model the fly-over
effect in the orthogonal cutting model. Using semi-analytical continuation software,
the bounds of the chaotic attractors and their nature are determined and the results
are confirmed by time-domain simulations. The process damping effect is investi-
gated based on an oscillatory cutting force measurement. The short delay model is
extended and its local behaviour is explored. A general milling model is introduced
and the feed dependency of the local behaviour of milling process performed by ser-
rated cutters is predicted. This effect was validated by chatter tests using aluminium
workpiece. An efficient algorithm to determine the dominant vibration frequencies is
developed for the semi-discretization technique. The behaviour of the unsafe zone,
namely, its feed dependency and the maximum of its feed characteristics is measured
by a specially designed milling process. Lastly, the intricate linear stability properties
of milling processes performed by variable helix tools are shown.
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“The relationship of things happening
at the same time is spontaneous
and irrepressible.
It is you yourself
in the form you have
that instant taken.
To stop and figure it out
takes
time.” (John Cage (1961), 45’ For the Speaker, [1])
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M Number of collocation intervals, first at eq. (F.16).
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ah (rad) amplitude of the harmonic helix variation, first on p. 95.
ap (m) axial depth of cut, first at eq. (5.27).
C set of continuously differentiable functions, first on p. 9.
D(λ) characteristic function, first at eq. (1.22).
D (m) workpiece/tool-shank diameter, first on p. 16.
e effective index, first at eq. (5.17).
f (m/rev) feed per revolution, first on p. 5.
fr (N/m) resultant specific cutting force, first at eq. (4.1).
fq (N/m) q directional specific cutting force component, first at eq. (1.2).
Fq (N) q directional cutting force component, first on p. 5.
fZ (m/tooth) feed per tooth, first on p. 71.
H(ϕ) (m) amplitude of chip thickness variation, first at eq. (4.10).
h (m) chip thickness, first at eq. (1.1).
h0 (m) desired chip thickness, first at eq. (2.3).
hφ (m) shear plane chip thickness, first at eq. (4.13).
hc (m) cut chip thickness, first on p. 6.
Hd (J) hysteresis area, first on p. 45.
hworst (m) worst case chip thickness, first at eq. (2.35).
hg,i,l (m) local geometric chip thickness, first at eq. (5.13).
k lobe number/frequency ratio in Chapter 4, first at eq. (4.7).
kd dominant frequency ratio, first at eq. (6.11).
Kd (Pa) slope of the force hysteresis, first on p. 45.
Kc,q (Pa) q directional cutting coefficient, first at eq. (1.2).
Ke,q (N/m) q directional edge coefficient, first at eq. (1.2).
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N number of considered modes, first at eq. (2.1).
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Nτ number of discrete delays in the system, first at eq. (1.11).
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y solution of first order system, first at eq. (1.7).
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z discretized solution of first order system, first at eq. (1.34).
a part of a corresponding to modal displacement vector q, first at
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at eq. (6.10).
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eq. (6.10).
H(ω)(m/N) frf matrix in receptance, first at eq. (C.8).
P unnormalized modal transformation matrix, first on p. 70.
U (1/
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kg) mass normalized modal transformation matrix (Appendix C), first

at eq. (2.1).
W(θ, t) weight function, first at eq. (5.30).
A linear operator in opde form, first at eq. (1.14).
G nonlinear operator in opde form, first at eq. (1.14).
I unit operator, first at eq. (1.25).
M monodromy operator, first at eq. (1.25).
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U solution operator, first on p. 12.
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Chapter 1

Introduction

The traditional non-abrasive machining processes like turning, drilling and milling
have always been of a great importance in the industry. Along with the abrasive
grinding process, they serve relatively cheap, high quality and high productivity ma-
terial forming techniques that can also be easily automated.

While more-and-more polymer composite structural parts appear in the automo-
tive and aviation industry, like the fuselage of Boeing 787 [4], it is difficult to defeat
some properties of metallic materials, namely, the high carry-load requirements in
train industry, the toughness of huge machined parts in turbine and wind-turbine in-
dustries or the high strength and heat resistance in aviation and space industries. The
high quality of cutting metals makes the metal parts competitive, too. The appear-
ance of 5-axis machine tools opened the way to manufacture spatial ‘sculpture-like’
parts, which led to the decrease of the number of machine elements by one order of
magnitude. This has increased the reliability of complex machines, like an aircraft,
a tanker or a locomotive. The easy recycling of metal parts is also an important
advantage compared to polymer composite parts [5].

Vast design of machine tools are available in the market to satisfy the require-
ments that appear in production. It is important to note that nowadays, machine
tool builders offer entire manufacturing procedures besides the individual machines
[6]. This fact forces the machine tool builders to not only design the machines but
plan reliable operations for them, which fulfil the productivity requirements of the
customers. In order to be successful in this competition, they increasingly start us-
ing simulation/optimization techniques to predict the limits of the offered machining
procedure. Among other problems, the followings need preliminary planning: opti-
mization of the production line, isolation of the machine and/or its environment, the
static stiffness of the structure to reach good quality, the overall dynamical behaviour
that is correctly tuned to the required operations, and the tool path optimization.
While the production line optimization is more like a timing issue [7], and while the
tooth path generation and the static stiffness are geometrical issues, the design of
the machine responses for external excitation or self-excitations requires the tools
and methods of Newtonian mechanics including the recent achievements of nonlinear
differential equations.

In order to reach the required accuracy of the machine tools, first, the controls are
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to guide precisely their high inertia superstructures [8, 9]. Also, the static stiffness
of the machine needs to resist the stationary cutting forces of the chip separation
process to ensure small relative displacement between the tool and the workpiece in
the cutting zone. In addition, in milling, the time-periodic roaming of the tool causes
an additional deviation, the so-called surface location error (sle) [10, 11]. The sle is
actually the result of the appearing time-periodic forced vibration [12]. However,
all the above mentioned efforts for keeping the accuracy of certain machines can be
ineffective if self-excited vibrations arise during the chip removing operation.

Beside the possible occurrence of stick-slip type self-excited vibrations [13], the
regenerative effect is the major cause of stability loss in metal cutting. The regener-
ative vibration leads to poor surface quality and may even damage the machine tool
and/or the workpiece. The regenerative effect appears during the chip separation
process, because the corresponding edge segments (present motion) remove surface
segments of the workpiece that basically contain the past motion-patterns of the tool
left by related edge segments some specific time before. As pioneering works on re-
generative effect, the books of Tlusty, J. and Spacek, L.[14] and Tobias, S.A.[15] have
to be mentioned. They pointed out that the regeneration, especially in turning and
in milling, can cause instabilities, which lead to self-excited vibrations. They also
showed that stable ‘pockets’ exist in the high spindle speed region, allowing the usage
of extremely high depths of cut, which improves productivity. These stability regions
highly depend on the modal behaviour of the machine tool (or that of the workpiece)
and on the properties of the workpiece material. Partially, these observations steered
the industrial applications to high speed milling, which has become one of the most
effective cutting processes. In general, the regenerative effects can be described with
mathematical models of delay-differential equations (dde).

From mathematical point of view, the ddes have intricate properties, namely, their
phase (state) space is infinite dimensional similarly to partial differential equations
(pdes). However, they are said to be ‘closer’ to the ordinary differential equations
(odes) [16]. Most mathematical theorems/tools that were developed for odes were
extended for ddes including existence and uniqueness, spectral and asymptotic prop-
erties and numerical methods [17, 18, 19, 20, 21, 22]. From engineering point of
view, the asymptotic behaviour (stability) around a stationary (cutting) solution is
the most important outcome of a dynamical model of certain cutting operations. The
so-called stability charts are used in the space of technological parameters (usually
spindle speed and depth of cut) to identify expected stable stationary cutting. In or-
der to construct these charts, two different approaches, namely, the frequency-domain
and the time-domain approaches were developed on the basis of [14, 15], respectively.
Mathematically, both approaches are applicable only after the linearization of the
originally nonlinear cutting processes. The linearized system is considered on a linear
subspace [23, 24] at the stationary cutting which is an equilibrium for turning or a
periodic orbit for milling.

From industrial point of view, the frequency domain solutions are more convenient
to fit to modal measurements that provide the so-called frequency response functions
(frfs) [25]. For turning, this method is equivalent to the so-called D-subdivision
method which is widely used to determine stability boundaries [18]. In case of milling,
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equivalent directional factors were introduced by Opitz, H. and Bernardi, F. in [26].
Later the so-called zero order approximation (zoa) was introduced by Altintas, Y. and
Budak, E. in [27]. This method averages out the parametric excitations originated in
the time-periodic sense of milling, and serves a fast and reliable solution for construct-
ing stability charts in most of the cases. The multi frequency solution [28, 29, 30, 31]
is a method that is already capable to take into account the time-periodic parametric
excitation [24] even for highly interrupted cutting [32]. This method is a practically
adapted version of Hill’s infinite determinant method [33], where the dynamics is
again described by means of frfs.

The time-domain based methods discretize the solution in time. In case of ddes
it is essential to model properly the past solution which highly affects the stability
properties of a system. The semi-discretization (sd, [22] ) introduced by Insperger,
T. and Stepan, G. in [34] discretizes only this past solution of the system and ap-
proximates the original system by a finite set of odes. The so-called time-finite
element solution is introduced by Bayly, P.V. et al. in [35]. This approximates the
solution as a concatenation of piecewise smooth polynomial functions with an appro-
priate degree presented by Khasawneh, F.A. and Mann, B.P.[36], and afterwords, a
Galjorkin-projection based error minimization is used. The collocation method also
uses piecewise smooth representation of the solution but the system equations con-
sidered over the so-called collocation mesh are determined by the zeros of Legendre
polynomials [37, 38, 39]. From mathematical view-point, all of the discussed meth-
ods, including also the multi frequency solution, can be considered as special cases of
the weighted residual method that projects the original system onto a finite special
function base defined as weights [40].

Cutting processes are all subjected to nonlinear effects originating in the machine
tool structure like bolt connections, ball-screw drives or bearings [41]. The most
significant nonlinear effect is, however, introduced by the cutting force itself. The
first thorough and detailed experiments on the nonlinear regenerative vibrations by
Shi, H.M. and Tobias, S.A. in [42] often showed small domains of attraction around the
otherwise stable stationary machining, which was proven to be caused by the nonlinear
cutting force characteristics. These investigations demonstrated that stable stationary
cutting can be quite sensitive to external perturbations and stable, large-amplitude
vibrations can appear even in those parameter domains where the stationary cutting is
linearly stable. A rigorous analytical investigation of the nature of the loss of stability
of stationary cutting was performed much later only by means of centre manifold
reduction and normal form calculations by Stepan, G. and Kalmar-Nagy, T. in [43, 44].
The subcritical sense of the cutting process has been shown for several other cutting
models too [45, 46, 47, 48, 49]. In the most critical cases, the bifurcating unstable
periodic orbit separates two independent attractors, namely the stable stationary
cutting and a large-amplitude nonlinear oscillation that is stable in dynamical systems
sense however it is undesirable from engineering viewpoint.

These preliminaries are used in the thesis work, the structure of which is described
below.
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1.1 Outline of the Thesis
The dissertation is divided into two major parts. The first part (Chapter 2, 3, 4) in-
vestigates the one dof model of the turning process, while the second part (Chapter 5,
6, 7, 8) investigates general milling models.

As a technical introduction, Section 1.2 gives an overview of the empirical cutting
force characteristics, and Section 1.3 presents theories related to autonomous and
nonautonomous ddes.

In Chapter 2 we introduce the one dof model of the orthogonal cutting process
subjected to nonlinear cutting force characteristics. With centre manifold reduction
and normal form transformation we prove that the arising Hopf bifurcation has sub-
critical sense in the case of realistic nonlinear cutting force characteristics. We analyse
the properties of the so-called bistable zone where the unstable periodic motions exist.

As a direct continuation, in Chapter 3, we investigate the global behaviour of the
orthogonal cutting process. In this part of the research, we take into account the
so-called flyover effect when the tool has oscillation with such a large amplitude that
it actually leaves the surface of the workpiece. This effect serves a threshold for the
dynamics and introduces an additional nonsmooth behaviour in the system. We show
that the tool motion can have chaotic behaviour in some parameter regions which are
bounded by so-called nonsmooth grazing bifurcations.

In Chapter 4, we introduce an approach that explains some special phase-related
behaviour of oscillating cutting forces during machining. Based on oscillation tests
performed with the help of a special tool holder, we show that an additional tiny delay
can needs to be considered due to the shear plane oscillation. We fit the parameters
of the new model onto the measured data and we provide an example stability chart,
which is compared to the measured stability test of a turning operation.

We investigate the local behaviour of the milling operations performed by so-
called serrated cutters in Chapter 5. We deduce that the linear stability of the
milling operations with this special milling cutters are feed-dependent. These results
are confirmed, again, by cutting tests for corresponding milling operations.

In the subsequent chapter (Chapter 6), we extend the sd method with an ad-
ditional algorithm that is dedicated to the determination of the dominant vibration
frequencies that can be associated with the vibration severity during unstable milling
process. These are the frequencies which can be measured during stability tests of
milling operations and these serve an important information at the design stage of
milling machines. The proposed method is efficient in the sense that it does not
increase much the computational time of the sd method. The proposed dominant
frequencies are predicted and confirmed by milling measurements.

We investigate the behaviour of the bistable (unsafe) zone from practical point
of view in Chapter 7. We compile a special milling test that ‘scans’ the hysteresis
behaviour in vibration amplitude originated in the subcritical sense of the Hopf bi-
furcation (see Chapter 2 and Chapter 3). The measurements were repeated using
different feed rates and we determine the width of the unsafe zone for all measure-
ments.

Finally, in Chapter 8, we analyse the stability behaviour of milling operations
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Figure 1.1: shows the local edge coordinate system and the major components of the cutting force
in case of turning a) and milling b). The local chip separation is depicted in c) that is oblique in the
third dimension by η.

performed by variable helix tool. This leads to a distributed dde due to the special
geometry of the milling cutter. We show that non-uniform helix angles cause intricate
pattern in the linear stability charts. We also investigate the effect of the harmonically
varied helix tools on the stability charts.

1.2 Empirical Cutting Force Characteristics
In mechanical sense, the cutting force is a point force vector that is located in the
3d space and it is considered to be at the tip of the edge of the cutting tool. More
precisely, it is the resultant force of the pressure fields that act on the rake face and
the flank face of the cutting edge (Figure 1.1). The tangential Ft and the radial Fr
directional components of the resultant cutting force are distinguished related to the
primary motion (cutting velocity) and the secondary motion (feed velocity). In case
of the coordinate system we consider in Figure 1.1 and use all along in this study,
both the tangential t and radial r directions are pointing against the cutting edge,
which is in contrast to the standard (iso 3002, [50]), but it makes the geometrical
transformations convenient. The axial component Fa is perpendicular to the previous
two directions. Generally, a component of the cutting force is given as Fq, where the
direction q can be either one of the major directions t, r, a or can be any different
direction, e.g. the principal direction of a vibration mode. For cutting process opti-
mizations, process planning, calculations of required torque and power or for dynamic
analysis, it is important to have a reliable and simple enough empirical expression of
the cutting force.
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During continuous chip separation with feed f , a chip of width w and of thick-
ness hc leaves the workpiece with the chip velocity vch = h/hcvc, where the primary
(or cutting) speed is vc. The feed relates to the so-called desired chip thickness
h, which, in case of orthogonal cutting, is f = h. Note that, all of the existing
empirical cutting force characteristics are based on the above mentioned cutting pa-
rameters. All possible combinations of cutting tool and workpiece materials require
vast amount of measurements using different speeds, feeds and different arrangements
of the tool/workpiece system [51, 52, 53, 54, 50].

As an introduction to many existing cutting force expressions, the cutting force
model of Merchant [52] can be mentioned here. This is based on the assumption
that the cutting force is in equilibrium with the resultant of the shear stresses τs that
occurs in the so-called primary shear zone (shear plane) Figure 1.1c. The magnitude
of the resultant cutting force is of the form

F =
τswh

sinφ

1

cos(φ− α + β)
. (1.1)

Here the shear stress τs and the shear angle φ are specific parameters of the workpiece
material, while the friction angle β = arctanµ is the parameter that characterises
the contact of the workpiece and tool material. The rake angle α is one of the
geometric properties of the cutting edge, besides the clearance angle γ, the lead angle
κ (Figure 1.1) and many others.

In most of the cases, the cutting force model is needed w.r.t. the chip thickness h
and chip width w for a given tool geometry and a given pair of cutting tool and work-
piece materials, since the parameters φ, β, τs and α are considered to be independent
of h and w. Then, the difficult and time consuming identification of the parameters
in (1.1) can be reduced if a simple linear model is used in the form

fq = Ke,q +Kc,qh, q =̂ t, r, a, . . . . (1.2)

Here, fq is the so-called specific cutting force that defines the cutting force as Fq =
wfq. The parameters, namely, the edge coefficient Ke,q and the cutting coefficient
Kc,q can easily be determined using simple force measurements followed by linear
regression. This is the so-called linear cutting force characteristics that is widely
preferred and used in the industry due to its simplicity and the easy way of its
determination [55].

Due to the complex geometry of some cutting tools like rounded inserted turning
tools [57] or serrated milling cutters [58, 59, 60], the formulae (1.1) and (1.2) are also
combined and extended [53, 55] in the form

fq = Ke,q(h, vc, α, η, . . . ) +Kc,q(τs, φ, β;h, vc, α, η, . . . )h. (1.3)

While the edge coefficient Ke depends on the the cutting parameters directly, the
cutting coefficient Kc is expressed via the orthogonal to oblique transformation Ap-
pendix A that uses the intermediate parameters: the shear stress τs, the shear angle
φ and the friction angle β as empirical functions of further basic cutting parameters.
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Figure 1.2: Panel a) illustrates the power and the cubic forms of the empirical nonlinear cutting
force characteristics. Panel b) shows the result of Tobias classical measurements [42] in the case of
full immersion milling with a face mill with large even number of teeth. Panel c) shows the fitted
cubic cutting force characteristics measured by Endres in case of turning [56]. Panel d) shows static
cutting force measurements made using orthogonal cutting conditions for turning (experimental
results released by Altintas, Y. mal [2] at ubc [3]).

By means of these high dimensional empirical functions combined with the orthog-
onal to oblique transformation that provides Kc (A.1), the resultant cutting force can
be derived for complex turning, milling or drilling tools, too. The model showed in
(1.3) can be close to linear or strongly nonlinear (see A.1) depending on the cutting
parameters used to identify the high dimensional empirical functions (Ke, τs, φ, etc.).

The most popular and generally applied relation for nonlinear cutting force char-
acteristics is the power-law

fq = Kν,qh
νq , 0 < νq < 1, (1.4)

whereKν,q and νq are empirical parameters related to the direction q depending on the
cutting conditions like material and tool geometry. The exponent νq may vary from
2/5 [46] through the most popular choice 3/4 [61] to 4/5 [14]. The power expressions
for cutting force are introduced in order to enable linear optimisation tasks in the
log-log space of the technological parameters [51].

Another approach to model cutting force characteristics is to fit a polynomial
function to the experimental data. One of these less frequently used expressions is
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the cubic polynomial approximation [42] of the cutting force characteristics:

fq = ρ1,qh+ ρ2,qh
2 + ρ3,qh

3. (1.5)

From dynamics viewpoint, there are essential differences among the mentioned em-
pirical expressions (1.2, 1.3, 1.4, 1.5) of the cutting force. Apart of the differences
related to linearity or nonlinearity of the characteristics, there are differences that
have rather theoretical (or philosophical) nature.

The linear (1.2) and the orthogonal to oblique model (1.3) contains the edge
coefficient Ke that intends to model the cutting process at low feed rates. However,
those coefficients are rather the results of the applied linear regression than those of
an acceptable physical explanation.

The traditional power-law characteristics have a vertical tangent at the origin (see
Figure 1.2a), where the tool just touches the surface of the workpiece with zero chip
thickness. This feature causes problems in the mathematical treatment of the vibra-
tions at the loss of contact because the uniqueness of solutions no longer holds there.
Apart from causing uncertainties and unpredictable errors in numerical simulations,
this non-uniqueness of solutions in forward time is questionable in physical systems.

The other important difference between the power-law (1.4) and the cubic poly-
nomial force characteristics (1.5) is related to the possible existence of an inflexion
point (see Figure 1.2a).

In the literature, there are several extensive measurement results which provide
a basis for cubic polynomial approximations of the cutting force both for milling
and turning. Shi, H.M. and Tobias, S.A. [42] performed measurements based on full
immersion milling with a face mill of 24 teeth. Due to the high number of cutting
edges, the time periodicity of the parametric tooth-pass excitation could be averaged,
and the mean cutting force characteristics with respect to the mean chip thickness
were found to exhibit an inflexion point (Figure 1.2b).

Another set of experimental data measured by [56] during valve seat turning also
shows the existence of an inflexion point in the cutting force characteristics (Fig-
ure 1.2c). However, the authors fitted an exponential function to the measured data,
and hence the inflexion point could not appear in the analytical approximation and
so its effect was not examined further.

The main goal of these kinds of measurements is to determine the cutting coeffi-
cients

Kc,q =
∂fq
∂h

(1.6)

in different directions which are essential to predict the stability of certain cutting
operations [27, 35, 13, 30, 62, 63].
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1.3 Delay-differential Equations
The dde is a type of so-called functional differential equations (fde [17]) where the
rate of change of the present state of the system depends on its present and past
states. Generally a non-autonomous dde can be given as

ẏ(t) = f(t,yt), (1.7)

where the right-hand-side f depends on the function yt defined by the shift

yt(θ) = y(t+ θ), yt ∈ C, (1.8)

that describes the past motion of the system in the time interval [t− σ, t]. Thus, the
set C = C(R× [−σ, 0];Rn) is in the class of continuous functions. Consider (1.7) has
a stationary solution (fixed point, closed orbit) yt ∈ C. After rejecting the stationary
part of (1.7), the equation can be rewritten as

u̇(t) = A(t; yt)ut + g(t,ut; yt) (1.9)

using a perturbation u around the stationary solution defined as yt = yt+ut. To ease
the notation, introduce A(t)ut := A(t; yt)ut and g(t,ut) := g(t,ut; yt). The linear
part A(t)ut = Dytf(t,yt)ut can be formulated by the Riesz representation theorem
[17, 18] in a Sieltjes integral form

A(t)ut =

∫ 0

−σ
dθη(t, θ)ut(θ), (1.10)

where the measure η : R× [−σ, 0] → Rn×n is a function of bounded variation. Note
that ut(θ) = u(t + θ) similarly to (1.8) and Dytf denotes the Frechet derivative of f
with respect to the second argument, which is a function, actually. The functional
g(t,ut) contains all the higher order terms.

In case of linear ddes, formula (1.10) can represent both simple discrete delays
and more complicated distributed ones. For example, in case of Nτ discrete delays
τj’s the measure in (1.10) can be represented in differential form

dθη(t, θ) =

(
δD(θ)L(t) +

Nτ∑
j=1

δD(θ + τj)Rj(t)

)
dθ (1.11)

leading to simple dde form

u̇(t) = L(t)u(t) +
Nτ∑
j=1

Rj(t)u(t− τj), (1.12)

where δD(θ) is the Dirac delta function.
It is important to mention that an operator F : R × C → C of (1.7) exists

that connects the infinite dimensional function spaces. Thus, equation (1.7) can be
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rewritten in an operator differential equation form (opde) as

ẏt = F(t,yt). (1.13)

Consequently, instead of y(t) the yt ∈ C is the state of the system, that is, an initial
function y0(θ) must be given rather than an initial value to solve initial value problem
on (1.7). The nonlinear function field F can be constructed around the stationary
solution yt(θ), thus, a linear A(t) and a nonlinear operator G(t,ut) can be considered
as

u̇t = A(t)ut + G(t,ut) (1.14)

and

(A(t)ut)(θ) =

{ ◦
ut(θ), if θ ∈ [−σ, 0),
A(t)ut, if θ = 0,

(G(t,ut))(θ) =

{
0, if θ ∈ [−σ, 0),
g(t,ut), if θ = 0.

(1.15)
The formalism used in (1.13) or in (1.14) are equivalent to the original representations
of non-autonomous fdes given in (1.7) and (1.9), however the opde formalism is an

infinite dimensional extension of the odes. Note that,
◦
� = d�

dθ ≡
d�
dt = �̇ is true in

(1.15) due to the definition of the shift at (1.8) [64].
The linearized system at yt is given by the omission of G from (1.14) as

u̇t = A(t)ut. (1.16)

The solution ut of (1.16) can be given by the solution operator U(t) : R × C → C
using an arbitrary initial state u0:

ut = U(t)u0. (1.17)

The linear operator U(t) gives the connection between the actual state ut and the
initial state u0 [24, 65].

1.3.1 Linear Stability of Autonomous ddes

An autonomous fde has the form

ẏt = F(yt), (1.18)

that has a fixed point (equilibrium)

y ≡ yt ∈ C and d
dty = 0 in θ ∈ [−σ, 0]. (1.19)

The linearized system around y is

u̇t = Aut, (1.20)
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where A is defined similarly as its non-autonomous counterpart A(t) in (1.16) after
the drop of the explicit time dependency.

Substituting a general solution ut(θ) = s(θ)eλt in (1.20), the following infinite-
dimensional eigenvalue/eigenvector problem is obtained

(A− λ I)s = 0, (1.21)

where I denotes the unit operator. The kernel of (1.21) provides the characteristic
function D(λ) (see Appendix B) as

ker {A − λ I} 6= {0} ⇒ D(λ) := det
(
λI−

∫ 0

−σ
eλθdη(θ)

)
. (1.22)

The characteristic equation D(λ) = 0 is transcendental, thus, it may have infinitely
many zeros in the plane of complex numbers called characteristic exponents λk (k =
1, 2, . . . ). These can be either real or complex conjugate pairs (λk ∈ C).

The asymptotic behaviour of (1.18) around the stationary solution (1.19) is de-
scribed by the characteristic exponents of the corresponding linearized system (1.20)
according to the Hartman-Grobman lemma [17, 23]. The fixed point y of the original
system is asymptotically stable if Reλk < 0 (for all k = 1, 2, . . . ) and∫ 0

−∞
e−νθ|dηij(θ)| <∞ (1.23)

holds for any ν > 0 and for all the elements ηij of η. Note that, (1.23) is always
satisfied for finite delays if σ < ∞ [66]. The fixed point y of the original system is
unstable if there exists Reλk > 0. It is a well known result in the literature that only
finite number of characteristic exponents can be located in the right-hand-side of the
complex plane where Reλk > 0 [21].

The stationary solution y undergoes a bifurcation in (1.18) if critical characteristic
roots (λcr) cross the imaginary axis as certain bifurcation parameters are varied in the
system. This means, that at a critical value of the bifurcation parameter, the linear
system (1.20) has a nonhyperbolic case: Reλcr = 0. If λcr = 0 then y may undergo
a saddle-node bifurcation, if λcr = λcr = iω then y may exhibit a Hopf bifurcation in
(1.18).

The center subspace of the stationary solution y is spanned by the critical eigen-
vector(s) scr(θ) that can be determined as it is shown in (see Appendix B).

1.3.2 Linear Stability of Time-Periodic ddes

If the system is time-periodic, operator F in (1.13) is invariant for the time period
T , that is, F(t,yt) = F(t+ T ,yt). Besides the possible fixed points, more general
stationary solutions are also relevant like the time-periodic ones: yt = yt+T ∈ C. The
stability of stationary solutions of time-periodic systems can be investigated generally
by means of the Floquet theory [67, 24]. Although, the original Floquet theory deals
with odes, the extension to ddes has already been established in [68, 17, 24]. The
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theory uses the variational system at the stationary solution yt similarly to the special
case (1.16)

u̇t = A(t)ut, where A(t)ut = A(t+ T )ut. (1.24)

The stability of the periodic solution yt is determined by the monodromy operator
defined by means of the solution operator (1.17) in the formM = U(T ), which maps
the initial state u0 to uT :

uT =Mu0. (1.25)

Moreover, the Floquet theorem also claims that a trial solution can be written as a
product of a time-periodic and an exponential term in the form

ut(θ) = a(t+ θ)eλ(t+θ) ⇒ u(t) = ut(0) = a(t)eλt, (1.26)

where a(t) = a(t + T ) and λ ∈ C is called characteristic exponent. In this manner,
an element of the function space C at the period T can be given as

uT (θ) = u(T + θ) = a(θ)eλT eλθ. (1.27)

If one substitutes (1.27) into (1.25), an infinite dimensional eigenvalue problem can
be formulated as

(M− µI)s = 0. (1.28)

The nonzero complex eigenvalue µ = eλT is called characteristic multiplier. According
to (1.27), the complex eigenvector has the form

s(θ) = a(θ)eλθ, θ ∈ [−σ, 0]. (1.29)

Then, equation (1.28) has a nontrivial solution if

ker{M− µI} 6= {0}. (1.30)

The periodic solution yt of (1.13) is exponentially stable if all the infinitely many char-
acteristic multipliers are in modulus less than one, that is, |µm| < 1, m = 1, 2, . . . ; if
there exists |µk| > 1 then yt is unstable. The stationary solution yt may go through a
bifurcation in non-hyperbolic cases when the critical characteristic multiplier |µcr| = 1
exists crossing the unit circle of the complex plane. In case the so-called transver-
sality condition [24] is satisfied, the stationary solution yt of the original nonlinear
system (1.13) goes through a Hopf bifurcation if the critical multipliers µcr form a
complex conjugate pair. Similarly, period doubling (flip) or cyclic fold (saddle-node)
bifurcation may occur in (1.13) if µcr = −1 or µcr = 1, respectively.

1.3.3 Semi-discretization

The sd is a powerful tool to determine the linear stability of both autonomous and
time-periodic ddes [69, 22]. The method is generally used through the dissertation
for constructing linear stability charts of autonomous dde (distributed short delay
model, see Chapter 4) and time-periodic ddes (milling model, see Chapters 5-8).
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The method is based on the approximation of the solution operator U(t) (1.17)
of the linearized system (1.20, 1.24) over a finite dimensional (discretized) space
D = R(r+1)n, where the so-called delay resolution is r = int(σ/∆θ + 1/2), which
defines the time step ∆θ within the delayed time interval of length σ (see Figure 1.3)
[22]. An element of D can be given as zi = col(ui,ui−1, . . . ,ui−r), where ui−l :=
uti(−l∆θ) = u(ti − l∆θ) (again, see Figure 1.3). In order to ease the explanation,
only systems like (1.12) are considered with finite number discrete delays, which might
be a good approximation of distributed delays, too.

The point of the method is that the delayed terms u(t − τj) (cf. (1.12)) are ap-
proximated over the real time discretization interval t ∈ [ti, ti + ∆t] as

ũj,i(t− τj) =
t− τj − (i− rj)∆θ

∆θ
ui−(rj−1) −

t− τj − (i+ 1− rj)∆θ
∆θ

ui−rj , (1.31)

where, often ∆θ = ∆t is used, rj = int(τj/∆θ + 1/2) and ti = i∆t. This way,
dde (1.12) is approximated by a large system of ode over the time interval t ∈ [ti, ti+1]
as

u̇(t) = Liu(t) +
Nτ∑
j=1

Rj,iũj,i(t− τj), (1.32)

where L(t) and Rj(t) are approximated by their averages in t ∈ [ti, ti+1]

Li =
1

∆t

∫ ti+1

ti

L(t)dt and Rj,i =
1

∆t

∫ ti+1

ti

Rj(t)dt. (1.33)

With the help of the piece-wise analytical solution of equation (1.32), one can for-
mulate a linear map which projects the discretized state to that of the next time
step

zi+1 = Bizi. (1.34)

Matrix Bi is actually the discrete representation of the solution operator U(t) (1.17)
over the time interval t ∈ [ti, ti+1].

Note that in autonomous case, L(t) and Rj(t)’s in (1.12) are time invariant,
consequently, matrix B in (1.34) is also invariant to i. Depending on ∆θ, the spectrum
of B is arbitrarily close to the spectrum of operator U(∆t), thus, the asymptotic
stability of an equilibrium can be predicted by checking the eigenvalues µk of B. If
|µk| < 1 (k = 1, 2, . . . , (r + 1)n) the stationary solution y is locally asymptotically
stable. Note that the characteristic exponents shown at Subsection 1.3.1 can be
constructed by using µ = eλ∆t (see Chapter 6).

In time-periodic cases, the multiple application of (1.34) results in

zi+p = Φ zi = Bi+p−1Bi+p−2 . . .Bi+1Bi zi, (1.35)

where the transition matrix Φ is a finite dimensional discrete approximation of the
monodromy operator M (see (1.25)). The index p is the time-period resolution
[22] that gives the real time step as ∆t = T/p. The finite number of eigenvalues
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Figure 1.3: The solution ‘scarf’ of the governing periodic dde and the phase space discretized by
the sd method.

of the transition matrix can arbitrarily close to the characteristic multipliers of the
monodromy operator depending on the step sizes ∆t and ∆θ of the discretization
in real time and in delayed time, respectively. The discrete representation of the
eigenvalue problem (1.28) can now be formulated as

(Φ− µ I)S = 0, (1.36)

where I is a unit matrix and S is the discrete approximation of the eigenvector s(θ)
defined at (1.29). If |µm| < 1 for all m, then the stationary solution yt is predicted
to be asymptotically stable. Possible bifurcations can be determined similarly as it
was shown at Subsection 1.3.2.
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Chapter 2

Characterization of Bi-stable Zone in
Orthogonal Cutting

Turning is one of the most popular machining processes in industry, since most ma-
chines have a cylindrically symmetric part that rotates. In case of a turning operation
the workpiece performs the primary (rotating) motion and the tool does the secondary
(feed) motion. The lathe machines are usually in horizontal or vertical arrangements
depending on the actual application. In horizontal lathes, long workpieces with mod-
erate diameter are machined usually like turbine shafts. The vertical arrangement is
mostly used for machining workpieces of large mass and diameter such as train wheels
or parts of large bearings [55]. Sometimes, the turning operation is available in ma-
chining centres combined with milling operations, for example, to machine blisks for
combustion engines.

The lathe machines are generally considered to be stiffer than the milling machines,
but clearly, the relevant relative stiffness depends on the shape of the workpiece, the
tool/workpiece configuration and tool position in the workspace of the actual turning
operation. Apart of the vibrations that are transmitted by the engine base, forced vi-
brations may arise when the spindle/chuck/workpiece assembly is not well balanced.
Consequently, forced vibrations, especially close to resonance, can be avoided by the
appropriate vibration isolation of the lathe machine and by the accurate balancing of
the spindle/chuck/workpiece assembly. Note that the forced vibration caused unbal-
ance of the stock decreases drastically after the first shot. Forced vibrations caused
by long rotating workpieces can be eliminated in a lathe machine with the help of
tailstock or steady-rest.

Assuming perfect balancing of the spindle/workpiece system and perfect isolation
of the lathe machine, self-excited vibrations can still occur that may limit the turning
operations besides the power and torque limitations of the machine. This can primar-
ily appear due to the regenerative effect when the surface pattern of the workpiece
cut by the oscillatory tool excites the system after one revolution. In terms of this
vibration, the relative dynamics of tool and workpiece and the characteristics of the
cutting force are of importance to ensure stable stationary cutting both for efficient
roughing and for good quality finishing. As explained in the introduction, the ex-
ploration of the related linear dde models were performed in the 1960’s by Tobias,
S.A. and Tlusty, J. leading to the so-called stability charts for the cutting parameters
[15, 14].
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The first thorough and detailed experiments on the nonlinear regenerative vi-
brations showed small domains of attraction around stable stationary cutting [42].
These investigations demonstrated that stable stationary cutting can be quite sensi-
tive to external perturbations and stable, large-amplitude vibrations can appear even
in those parameter domains where the stationary cutting is predicted to be locally
stable. A rigorous analytical investigation of this peculiar phenomenon at the loss
of stability of stationary cutting was performed much later by means of the centre
manifold reduction and normal form calculations for the nonlinear ddes [43, 44].

The subcritical sense of the loss of stability of the cutting process was also shown
for several other cutting models by [45, 46, 48, 47, 49]. In the substantial situation, the
bifurcating local unstable orbit separates two independent attractors, namely stable
stationary cutting and a large amplitude nonlinear oscillation that is stable by itself
in dynamical systems sense. In engineering, this latter vibration is often referred to
as instability by referring to its harmful nature. The region where this co-existence of
stable stationary cutting and large amplitude chatter can occur is called the region of
bi-stability. The terminology ‘unsafe zone’ is also used for the same idea in production
technology to indicate that chatter may or may not occur in this parameter region.

If forced vibrations are negligible, turning operations can be described by an
autonomous dde, as

q̈(t) + [2ξkωn,k]q̇(t) + [ω2
n,k]q(t) = UTF(qt(θ)), k = 1, 2, . . . , N. (2.1)

Here, ξk and ωn,k are the modal damping ratio and the natural angular frequency
of the kth mode arranged in diagonal matrices. The q ∈ RN contains the modal
coordinates related to the selectedN relevant vibration modes. These can be obtained
from the general (or in special cases, the Cartesian) coordinates r by means of the
modal transformation r = U q, where the matrix U is the mass normalized modal
transformation matrix (see Appendix C) that contains all the selected modeshapes of
the tool/machine/workpiece system. Note that proportional damping is assumed and
the general formulation F(qt(θ)) of the cutting force can handle the nonlinearities,
intricate tool shapes, multiple delays and even distribution of delays (see subsequent
chapters) that can appear in relation to the regenerative effect.

2.1 Regenerative Effect in Orthogonal Cutting
The simplest model of turning process is the so-called orthogonal cutting [55] when
the cutting edge is straight and oriented perpendicularly to the cutting speed (see Fig-
ure 2.1a). In order to have a simple but relevant mechanical model, one dof damped
oscillator is considered that is subjected to a nonlinear cutting force Fq(t) = wfq(t)
(see Figure 2.1), where w is the chip width. The linear elasticity of the machine tool
is modelled in the direction of the essential mode only, which is the most flexible vi-
bration mode of the structure and supposed to be perpendicular to the cutting speed
vc. The corresponding governing equation has the form

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) = wUq,qfq(t), (2.2)
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Figure 2.1: Panel a) shows the arrangement of the machine tool workpiece system in orthogonal
cutting. Panel b) illustrates a planar mechanical model.

where ωn, ξ and Uq,q are the natural angular frequency, the damping ratio and the
(scalar) mass-normalized modal transformation that defines the modal coordinate q by
the Cartesian tool position y = Uq,q q (Figure 2.1b). We can express these parameters
with the modal mass m, the stiffness k and the damping factor b (see Figure 2.1b):
ωn =

√
k/m , ξ = b/(2mωn), Uq,q = 1/

√
m while fq(t) is the corresponding component

of the specific nonlinear cutting force.
Figure 2.1b presents the instantaneous chip thickness h(t) as a function of the

present position y(t) and the delayed position y(t− τ) of the tool, given by

h(t) = y(t− τ)− y(t) + h0 = Uq,q(q(t− τ)− q(t)) + h0, (2.3)

where h0 is the prescribed chip thickness, τ = 2π/Ω is the period of rotation of the
workpiece and Ω is its angular velocity. With cubic expression (1.5) of the cutting
force, the equation of motion (2.2) has the form

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) =

w√
m

(ρ1,qh(t) + ρ2,qh
2(t) + ρ3,qh

3(t)). (2.4)

Its trivial solution provides the equilibrium in modal space and in the real Cartesian
space as

q =
wUq,qfq(h0)

ω2
n

and y = Uq,qq ≡
wfq(h0)

mω2
n
, (2.5)

respectively. In this case, the spring force is balanced by the cutting force Fq(h0) =
wfq(h0) (1.5). Introducing the perturbation x around this modal position by q(t) =
q+x(t), and rescaling the time t with the angular natural frequency ωn and the modal
perturbation x with

√
mh0 lead to the dimensionless variables and parameters

t̃ = ωnt, x̃ = Uq,qx/ h0,

w̃ = wU2
q,q

ρ1,q + 2ρ2,qh0 + 3ρ3,qh
2
0

ω2
n

, τ̃ = ωnτ, Ω̃ =
2π

τ̃
=

Ω

ωn
,

η2 = h0
ρ2,q + 3ρ3,qh0

ρ1,q + 2ρ2,qh0 + 3ρ3,qh2
0

, η3 = h2
0

ρ3,q

ρ1,q + 2ρ2,qh0 + 3ρ3,qh2
0

.

(2.6)
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In the dimensionless form of the equation of motion, the derivatives with respect to
dimensionless time are denoted by primes, while all the tildes are henceforth dropped
and the governing equation has the form

x′′(t) + 2ξx′(t) + x(t) = ∆F (∆x(t)), (2.7)

where ∆F (∆x(t)) := w(∆x(t) + η2∆x2(t) + η3∆x3(t)) is the dimensionless cutting
force variation with ∆x(t) = x(t− τ)− x(t).

2.2 Linear Stability of Orthogonal Cutting
Corresponding to the formulization presented at (1.9, 1.10) the perturbed autonomous
equation of motion (2.4) has the form

u′(t) = Lu(t) + Ru(t− τ) + g(u(t),u(t− τ)), (2.8)

with the usage of the following vector definition

u = col(u1, u2) = col(x, x′). (2.9)

In (2.4), the linear part is defined by the non-delayed and the delayed coefficient
matrices

L =

[
0 1

−(1 + w) −2ξ

]
, R =

[
0 0
w 0

]
, (2.10)

respectively, and the nonlinear part is given by

g(u(t),u(t− τ)) = w

[
0

η2(u1(t− τ)− u1(t))2 + η3(u1(t− τ)− u1(t))3

]
. (2.11)

Similarly to (1.15) the linear operator A and the nonlinear operator G are defined by

(Aut)(θ) =

{ ◦
ut(θ), if θ ∈ [−τ, 0),
Lut(0) + Rut(−τ), if θ = 0,

(G(ut))(θ) =

{
0, if θ ∈ [−τ, 0),
g(ut(0),ut(−τ)), if θ = 0,

(2.12)

From an engineering point of view, the linear stability charts are preferred to be
represented in a plane formed by the spindle speed and chip width. In the stable
domains of these charts, those parameter regions are identified where stationary cut-
ting is possible without chatter. These regions can be determined by the stability
investigation of the linear part u′t = Aut of the opde (1.20). Having solved the in-
finite dimensional eigenvalue/eigenvector problem (1.21), the following characteristic
equation can be derived

D(λ) = 0 ⇔ λ2 + 2ξλ+ 1 + w − we−λτ = 0. (2.13)
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Figure 2.2: In panel a) the linear stability chart can be seen in normalised, dimensionless technolog-
ical parameter space (w/wmin , Ω). In panel b) the dimensionless frequencies ω of the self-excited
vibrations are presented at the limits of stability. (Here ξ = 0.01.)

At the linear stability boundaries, the characteristic function (2.13) has purely
imaginary complex conjugate roots λ = ±iω, where ω ∈ R+ is the dimensionless
angular frequency of the self-excited vibrations arising close to the stability limit.

By substitution of the purely imaginary characteristic roots into (2.13), the sta-
bility limits can be expressed analytically as a parametric function of the frequency
ω (see, e.g., [18]):

wstab(ω) =
(ω2 − 1)2 + 4ξ2ω2

2(ω2 − 1)
, τ(ω) =

2

ω

(
jπ− arctan

ω2 − 1

2ξω

)
,

j ∈ N+ and Ω(ω) =
2π

τ(ω)
, ω ∈ (1,+∞).

(2.14)

The minimum value of the stability limits can be expressed in closed form by [18]

wmin = 2ξ(1 + ξ). (2.15)

The stability boundaries wstab will be normalized with respect to this minimal value
wmin in order to show stability charts independent of the specific value of this lower
boundary. These expressions provide the stability boundary curves (or lobes) wstab(ω)
in Figure 2.2a, while the dimensionless vibration frequency ω against the cutting speed
is given above the lobes at the stability limits in Figure 2.2b. Note that the frequencies
of the corresponding self-excited vibrations are all larger than the natural frequency
of the system, that is, ω > 1. The lobe structure in Figure 2.2a is typical for delayed
oscillators (see [70, 71]).
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2.3 Nonlinear Investigation
In this section, an overview of the applied algebraic and numerical techniques is given
to clarify the dynamic effects of the nonlinear cutting force characteristics. First,
the lengthy Hopf bifurcation calculation is summarized in order to provide analytical
estimate for the nonlinear vibrations in the system. Then, numerical methods are
used to check the different kinds of nonlinear behaviour and also to make the results
quantitatively more accurate.

2.3.1 Hopf Bifurcation Calculation

The fixed point becomes critical (in mathematical terms, it is non-hyperbolic) and
changes its stability at the stability limit (Figure 2.2a) with increasing dimensionless
chip width w that will be considered as a bifurcation parameter. At its critical value
wstab(ω) in (2.14), two pure imaginary eigenvalues λ1,2 = ±iω exist. As the bifur-
cation parameter w increases through wstab(ω), these characteristic roots cross the
imaginary axis with nonzero (actually, positive) speed since the implicit differentia-
tion of the characteristic equation (2.13) gives

γ(ω) := Re
(
dλ
dw
|λ=iω

)
= 2

(ω2 − 1)2

wstab(ω)

γ1(ω)

γ2(ω)
> 0, (2.16)

with the positive expressions

γ1(ω) = 4ξ2τ(ω)ω2 + 4ξ(ω2 + 1) + τ(ω)(ω2 − 1)2 > 0

and

γ2(ω) = 16ξ4τ 2(ω)ω4 + 32ξ3τ(ω)ω2(ω2 − 1) + 8ξτ(ω)(ω2 − 1)2(1 + 3ω2)

+ 8ξ2(ω2 − 1)2(2 + τ 2(ω)ω2) + (ω2 − 1)2(16ω2 + τ 2(ω)(ω2 − 1)2) > 0

(2.17)

for all ω > 1, ξ > 0. This means that the so-called transversality condition is fulfilled
[23], and a Hopf bifurcation occurs along the linear stability limits. Consequently,
a periodic orbit exists in a sufficiently small region of the fixed point. The stabil-
ity/instability of this periodic motion depends on the super-/subcritical sense of the
Hopf bifurcation. The Hopf bifurcation calculation results in the Poincaré-Lyapunov
constant (plc) ∆(ω) (< 0 or > 0) that determines the (super- or subcritical, respec-
tively) sense of the bifurcation. For the bifurcation parameter w close enough to its
critical value wstab(ω), this also leads to the estimate

r(ω,w) ≈

√
− γ(ω)

∆(ω)
(w − wstab(ω)) (2.18)
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for the amplitude r of the corresponding approximately (2π/ω)-periodic motion that
is located in the 2-dimensional Centre Manifold embedded in the infinite dimensional
phase space. At the origin, this Centre Manifold is tangent to the plane spanned by
the real and the imaginary parts of the critical eigenvectors s1,2 of the operator A
belonging to the critical eigenvalues λ1,2 = ±iω. Thus, the periodic solution of the
opde can be approximated as

ut(θ) = u(t+ θ) ≈ r(ω,w)(cos(ωt)Re s1(θ)− sin(ωt)Im s1(θ)), (2.19)

and consequently, the approximation of the periodic solution of the nonlinear dde (2.8)
assumes the form

u(t) = ut(0) =

[
x(t)
x′(t)

]
≈ r(ω,w)(Re s1(0) cos(ωt)− Im s1(0) sin(ωt)). (2.20)

To determine the critical eigenvectors, it is easy to solve the boundary value prob-
lem defined by the infinite dimensional eigenvalue/eigenvector problem (1.21) at the
borders of stability:

(A∓ iωI)s1,2 = 0 ⇒ s1,2(θ) =

[
cosωθ
−ω sinωθ

]
± i
[

sinωθ
ω cosωθ

]
. (2.21)

However, the calculation of the plc ∆(ω) is rather lengthy and is presented in Ap-
pendix D. The calculation follows the same algebraic steps described for similar de-
layed oscillator examples in [72, 43, 73, 44, 74] and it can be found in [64, 75]. The
result is

∆(ω) =
1

2
(ω2 − 1)γ(ω)

(
3η3 +

δ1(ω)

δ2(ω)
η2

2

)
, (2.22)

where

δ1(ω) = 16ξω2(48ξ5τ(ω)ω4 + 48ξ4ω2(ω2 − 1)) + 384ξ4τ(ω)ω4(ω2 − 1)2

+ 48ξ2τ(ω)ω2(ω2 − 1)4 + 64ξ3ω2(ω2 − 1)2(1 + 17ω2)− 32ξω2(ω2 − 1)4(4ω2 − 1),

(2.23)

δ2(ω) = γ1(ω)(ω2 − 1)(36ξ2ω2 + (ω2 − 1)2(4ω2 − 1)2) > 0, (2.24)

and the always positive γ1(ω), τ(ω) and wstab(ω) are given by (2.14) and (2.17)
respectively. Clearly, the sign of ∆(ω) depends on the possible negative values of
δ1(ω). A lengthy but straightforward algebraic manipulation proves the following
analytical estimate:

δ1(ω)

δ2(ω)
> −1, for any ω ∈ (1,+∞) and ξ > 0. (2.25)

Actually, numerical investigation shows that the stricter estimate δ1(ω)/δ2(ω) >
−0.36 holds as well. Also, the cutting force characteristics must always be increas-
ing, which means for the 3 parameters ρ[1,2,3],q of the cubic polynomial cutting force
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Fq = wfq in (1.5) that

∂Fq
∂h

(h) ≥ w
∂fq
∂h

(hinf) = w

(
ρ1,q −

1

3

ρ2
2,q

ρ3,q

)
> 0, ⇔ 3ρ1,qρ3,q − ρ2

2,q > 0, (2.26)

where hinf = −1
3
ρ2,q/ρ3,q is the possible inflexion point on fq(h) (1.5). Using these

estimates and the relations (2.6) between the parameters η2,3 and the original ρ[1,2,3],q

parameters of the nonlinear cutting force, lower bounds can be given for the plc by

∆(ω) >
1

2
(ω2 − 1)γ(ω)(3η3 − η2

2)

=
1

2

h2
0(ω2 − 1)γ(ω)

(ρ1,q + 2ρ2,qh0 + 3ρ3,qh2
0)2

(3ρ1,qρ3,q − ρ2
2,q) > 0.

(2.27)

Thus, the Hopf bifurcation is subcritical all along the stability lobes if the gradi-
ent of the cubic cutting force function is positive at the inflexion point. A negative
derivative at a possible inflexion point on the cutting force characteristic is physi-
cally unreasonable and has not been experienced in machine tool dynamics. As an
important result of the above Hopf bifurcation calculation, it can be concluded that
unstable oscillations exist around the locally stable stationary cutting state when the
chip width gets close to its critical value along the linear stability boundaries. This
result is a generalization of the same conclusion of [46, 49], which was derived for
the power-law approximation of the cutting force, where hence the possibility of an
inflexion point was excluded.

2.3.2 Amplitude Estimation of Unstable Oscillation

The approximation of the unstable periodic motion gives useful information about
the kind of perturbations which allow stationary cutting. The substitution of the
eigenvectors (2.21) into the periodic solution estimate (2.19) for θ = 0 gives

x(t) ≈ r(ω,w) cos(ωt), (2.28)

while the substitution of the plc (2.22) into the amplitude estimate (2.18) results in

r(ω,w) ≈

√
2

ω2 − 1

δ2(ω)

δ1(ω)η2
2 + 3δ2(ω)η3

√
wstab(ω)− w. (2.29)

Clearly, unstable oscillations exist for w < wstab(ω), that is, when the chip width is
smaller than its critical value. The corresponding dimensionless bifurcation diagrams
at 3 points of the 2nd lobe of the stability chart are presented in Figure 2.3b by
the curves denoted by dashed lines. The curves represent the amplitudes of the
unstable vibration (limit cycle) for w/wstab < 1 with different curvatures for different
dimensionless spindle speeds Ω.
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Figure 2.3: In panel a) three parameter points are marked at (a lower value) ω1 = 1.005, at the
minimum point ω2 = 1.01 and at (a higher value) ω3 = 1.1 dimensionless vibration frequency of
the second lobe. In panel b) both numerically (solid lines) and analytically approximated (dashed
lines) bifurcation diagrams are presented which emerge from the chosen bifurcation points for ωk,
k = 1, 2, 3. In the last panel c) a planar projection of the unstable trajectories can be seen at the loss
of contact parameters of the period-one branches where they just touch the switching line. (ξ = 0.01,
h0 = 0.04 mm).

2.3.3 Path-following

The approximation of the unstable limit cycle gets worse as the chip width parameter
gets far below its critical value at the stability limit. Moreover, below a certain
limit, the unstable periodic orbit does not exist at all since the vibration amplitudes
become so large that the tool actually loses contact with the workpiece. In order to
check the range of validity (and also the correctness) of the analytical treatment, the
continuation software dde-biftool [76] was applied to follow the closed unstable
orbits in the parameter space. This software uses the collocation method to solve the
boundary value problem of the returned closed orbits of a delayed system.

The corresponding unstable periodic orbits are represented by their amplitude
curves denoted by solid lines in the dimensionless bifurcation diagram of Figure 2.3b.
The results of the path-following method show very good quantitative agreement
with the analytical results of the Hopf bifurcation calculation in the region 0.9 <
w/wstab(ω) ≤ 1.0.
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Figure 2.4: shows a realistic bifurcation diagram in case of orthogonal cutting. The outside grey area
represents the chattering motion when the tool leaves the surface of the workpiece at least once in
every period. The sub-panel presents an estimated non-smooth nature of the surface in the chatter
area that has still no relevance w.r.t. the location of switching point

2.4 The Region of Bi-stability
As explained above, the identified unstable periodic motion exists only for that pa-
rameter region of the chip thickness where the tool does not leave the workpiece.
This region is called bi-stable or unsafe zone because the vibrations will settle to
the locally stable stationary cutting inside the unstable orbit only, while outside the
unstable orbit the vibrations will grow until the motion settles to a large-amplitude
complex oscillation that involves repeated loss of contact between the tool and the
workpiece (see Figure 2.4).

In order to find the boundaries of the unsafe zone where the unstable periodic
orbits exist, one can consider a projection of the infinite dimensional phase space,
that is the projection to the plane (ut1(−τ), ut1(0)), or equivalently, to the plane
(x(t− τ), x(t)) of the delayed and the actual dimensionless perturbations. These pro-
jections of the unstable orbits (both their analytical and numerical approximations)
are presented in panel c) of Figure 2.3 for chip width parameters wloss(ω) where they
just touch the so-called switching line (actually, a switching hyperplane in the infinite
dimensional phase space) ut1(0) = 1 +ut1(−τ) that represents the first loss of contact
between the tool and the workpiece.

The definition (2.3) of the actual chip thickness provides a simple algebraic for-
mulation for the condition of the loss of contact in the form

h(t)/h0 = 0 ⇒ x(t)− x(t− τ) = 1, for some t > 0, (2.30)

which determines the switching line of slope 1 shifted by 1 in Figure 2.3c. Substituting
the analytical estimate (2.28) of the critical unstable periodic motion into (2.30) at
the critical chip width parameter and using formulae (2.14) for the linear stability
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Figure 2.5: In panel a) the relative widening of the bi-stable region is presented for cubic and
power-law cutting force characteristics. (dashed: analytical solution, continuous: computed by
dde-biftool, dots: results of Tobias measurements [42]). In panel b) three intersections are shown
with respect to the desired chip thickness h0 of the 4th lobe and its unsafe zone (grey area). Here
ξ = 0.01.

limit yields

x(t)− x(t− τ) ≈ r(ω,wloss(ω))(cos(ωt)− cos(ωt− τ(ω)))

= r(ω,wloss(ω))
√

sin2(τ(ω)) + (1− cos(τ(ω)))2 cos(ωt+ ψ)

=
r(ω,wloss(ω))

wstab(ω)

√
(ω2 − 1)2 + 4ξ2ω2 cos(ωt+ ψ).

(2.31)

With the help of the amplitude estimate (2.29), the loss of contact condition (2.30)
can be reformulated in terms of the chip width parameter wloss as a function of the
frequency parameter ω used to parameterize the stability lobes:

wloss(ω) = wstab(ω)

(
1− 1

2

δ1(ω)η2
2 + 3δ2(ω)η3

δ2(ω)

)
. (2.32)

These values of the chip width are also depicted in Figure 2.3b marked with tiny
circles and by the text ‘switching point’ for the 3 different cases of cutting speeds.
These values, which characterize the loss of contact parameters, are in the range of
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0.9 − 0.92. This range is in agreement with the range measured experimentally by
[42]. This means that the bi-stable or unsafe zone is within

wloss(ω) < w < wstab(ω), (2.33)

and the curves representing the unstable orbits in Figure 2.3b are extended hypo-
thetically to the left of the switching points at wloss, since they do not exist for
w < wloss(ω).

Finally, the bi-stable regions can also be represented in the stability charts. The
shaded regions below the stability lobes in Figure 2.5b can be determined easily with
the help of the ratio of the width of the bi-stable region relative to the critical chip
width parameter at the linear stability limit:

∆wbist(ω, h0) =
w(ω)− wloss(ω)

w(ω)
=

1

4

δ1(ω)η2
2(h0) + 3δ2(ω)η3(h0)

δ2(ω)
, (2.34)

where the dependence on the theoretical chip thickness h0 is also emphasized now.
Note, that the parameters η2,3(h0) of the nonlinear cutting force characteristics de-
pend strongly on the theoretical chip thickness h0 as indicated by formulae (2.6).
Consequently, the size of the bi-stable region also depends on h0 as it can be observed
also in Figure 2.5. In case of the power-law approximation, the width of this bi-stable
region does not vary at all.

Figure 2.5a shows the size of the bi-stable region in % according to formula (2.34)
as a function of the chip thickness h0 where the nonlinear cutting force parameters
ρ[1,2,3],q are fixed at the values of Figure 1.2b taken from [42]. The experimental results
from [42] are denoted by dots and they match the analytical prediction closely. This
is remarkable since the conventional power-law characteristics provide a constant 4%
width for the bi-stable region [43]. The worst chip thickness hworst, where the size
of the bi-stable region is maximal, can be calculated approximately analytically at a
theoretical case when the vibration frequency tends to infinite, that is

lim
ω→∞

(
∂

∂h0

∆wbist(ω)

)
= 0 ⇒ hworst = −ρ1,q

ρ2,q

. (2.35)

This is a good and adequate estimate for the location of the largest unsafe zone. In
the meantime, the quantitatively more accurate path-following method determined
the switching points more precisely, and the real size of the maximal bi-stable zone
is shown to be about half of the size of the analytical estimation (see Figure 2.5).
This value is nevertheless at about 50 %, which is about 12 times larger than the one
predicted by the power-law formulation.
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2.5 New Results

Thesis 1

In the one degree-of-freedom mechanical model of orthogonal cutting with nonlinear
cutting force of cubic characteristics w.r.t. chip thickness h:

F (h) = w(ρ1h+ ρ2h
2 + ρ3h

3), ρ1,3 > 0 and ρ2 < 0, (2.36)

it was proven that the Hopf bifurcations related to the linear stability boundaries
w.r.t. chip width w are subcritical for

3ρ1ρ3 − ρ2
2 > 0. (2.37)

This statement coincides with the realistic condition of having positive tangent to
the nonlinear cutting force characteristics at the inflexion, while the existence of an
inflexion is common for high performance cutting.

An improved analytical estimate was given for the size of the bi-stable zone below
the linear stability limit. The estimate was based on the calculation of the critical
cutting parameters where the amplitude of the unstable periodic motion originated
in the subcritical Hopf bifurcation reaches the theoretical chip thickness h0 divided
by
√

2. This result is relevant when the safe globally stable cutting parameters are
needed.

It was shown that the size of the bi-stable (unsafe) chip width zone has a maximum
as a function of the chip thickness at the analytically estimated value

hworst = −ρ1

ρ2

, (2.38)

where the unsafe zone is the largest. With the help of the numerical bifurcation con-
tinuation software dde-biftool, the accurate shape of the feed-characteristics of the
bi-stable zone was given and the estimation of hworst was confirmed with satisfactory
engineering accuracy.

Related publications: [77, 78].
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Chapter 3

Global Dynamics of Orthogonal
Cutting

As a direct continuation of Chapter 2, the global dynamics of orthogonal cutting is
investigated, that is, the fully developed chatter is described and elucidated when
the amplitude of the vibration of the tool-tip is in the range of the desired chip
thickness. The general aim is to understand in detail the dynamical mechanisms
involved in the chatter vibration of turning processes, where the tool leaves and cuts
periodically/quasi-periodically or chaotically the rapidly rotating workpiece. In order
to simplify matters (as in Chapter 2), the analysis is restricted to the special case of
orthogonal cutting depicted in Figure 2.1.

As a result of the nonlinear effects, a typical situation is indicated by the one-
dimensional bifurcation diagram in Figure 3.1b (similarly to Figure 2.4), where the
spindle speed is fixed and the dynamics of the tool is analysed as the chip width is
varied. Here ‖x‖ := maxt x(t) − mint x(t) denotes the peak-to-peak magnitude of
the tool’s motion x(t), so that on branch A, where ‖x‖ = 0, there is linearly stable
steady cutting in which the chip thickness is constant. As the chip width is increased,
steady operation becomes linearly unstable at the Hopf bifurcation point B. Besides
the previous chapter, other theoretical works [43, 48] and measurements [42, 46, 80]
show that the bifurcation is robustly subcritical over a wide range of parameters and
cutting force characteristics. Hence, the branch C of periodic orbits that emanates
‘bends back’ and the periodic orbits on it are themselves unstable and hence are not
observable in experiments.

Historically, it is known from experiments [42, 81] that complicated large ampli-
tude chattering motions (see ‘cloud’ E in Figure 3.1b) are possible at depths of cut less
than that of the Hopf bifurcation point, that is, below the linear stability limit. This
was also shown in Chapter 2 that there is bistability or in other words unsafe zone
in regime 2. In contrast, in regime 1, only steady cutting is possible and in regime
3, only chatter vibration is possible. Qualitatively, this type of behaviour is seen in
many advanced engineering problems, for example, in case of the onset of turbulence
in pipe-flow [82].

The focus of this chapter is the vicinity of the point D marked in Figure 3.1b.
Specifically, the way how the unstable branch C connects to stable chattering mo-
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Figure 3.1: Panel a) shows a photograph of a machined workpiece. The smooth surface to the left
was produced by steady cutting, whereas to the right we may observe so-called sunflower spirals
which are a typical result of tool chatter (photograph provided by IK4-Ideko [79]). Panel b) depicts
a schematic bifurcation diagram showing typical dependence of the tools motion on the chip width
w. Here solid/dashed lines represent respectively stable/unstable steady-state cutting. From the
Hopf point B an unstable period-one branch marked C emerges. Our interest is in point D, which
denotes the onset of chattering motions at E.

tions in region E, and the way how the complexity of these motions develops through
secondary bifurcations is examined. At point D, a non-smooth version of cyclic fold
occurs. The branch C turns back at the instant its orbits attain sufficient amplitude
for the tool to leave the workpiece. This non-smooth fold point has a rather intricate
structure of accumulating branches which may be detected by following through se-
quences of further (non-smooth) fold and (smooth) period doubling bifurcations. See
the monograph [83] for a recent account of non-smooth bifurcation theory.

To analyse these solution structures, numerical continuation software is used,
which is a well established technique for investigating dynamical systems. The key
idea is that one may trace out branches of solutions (which may be equilibria or
periodic orbits) as a parameter is varied without resorting to repeated solution of
the initial value problem. In particular, branches of unstable solutions may be fol-
lowed which subsequently bifurcate to produce stable dynamics, so that competing
stable behaviours can be identified efficiently without an exhaustive search of the
initial value and parameter spaces. The theoretical foundations of numerical contin-
uation were developed in the 1980s (see for example [84, 85, 86] for an overview),
and well-known packages include auto [87] and MatCont [88] for ordinary differen-
tial equations (odes). The analysis of ddes, like the ones arising from regenerative
processes, is complicated by the infinite dimensional state space, but these problems
may be tackled by more sophisticated packages such as dde-biftool [76] (which is
used) and pdde-cont [89].

Unfortunately, numerical continuation depends upon continuous differentiability
of the model with respect to its solutions and parameters, and the used model for
cutting is non-smooth at the instant when the tool loses contact with the workpiece
(see also the cutting force characteristics at the origin in Figure 1.2). Furthermore,
the tool position and its history are not sufficient to follow the solutions of the initial
value problem for chattering motions. This is because when the tool is flying (i.e.,
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has lost contact with the workpiece) a separate variable must be maintained to store
the surface height of the workpiece for future computation after the tool has landed.
This switch gives rise to a combined differential-algebraic system.

The key achievements of this chapter are thus two-fold: 1) a smooth approximation
of the cutting model, with no algebraic effects, is developed which may then be
analysed with the dde-biftool package, and 2) the bifurcation structure of the
smooth approximation is elucidated and related to that of the non-smooth model.
In particular, it is shown that the onset of chattering is happening via a type of
non-smooth fold point.

3.1 Non-smooth Intermittent Contact Model
In this section, the model (2.2) is augmented by the motions where the tool loses
contact with the workpiece. At the instant that contact is first lost, the chip thickness
attains zero and the cutting force is ‘switched off’ until the tool regains contact. In
consequence, the definition of the cutting force is augmented with fq(h) = 0 for h < 0,
and thus it is not differentiable at h = 0 (see Figure 1.2).

Furthermore, since the original equation of motion (2.2) tracks only the position
of the cutting tool and not the surface of the workpiece, equation (2.3) defining the
chip thickness becomes invalid once contact is lost. Thus, the surface height function
χ(t) in the previously showed dimensionless space (2.6) is introduced that is defined
by the recurrence relation

χ(t) =

{
x(t), if cutting,
χ(t− τ) + 1, if flying, (3.1)

where x(t) is the perturbed dimensionless modal position of the cutting tool intro-
duced at (2.6) after the tildes are dropped and used first at (2.7). Note that, the real
surface can be related after transformations as h0χ(t) + y, where the equilibrium y
is defined at (2.5). Clearly, when the cutting tool is in contact with the surface, the
positions of the two are identical. However, when the cutting tool is not in contact,
the surface height is simply the same as it was one revolution earlier, corrected by
the (non-dimensionalised) desired chip thickness, which is just 1. Consequently, the
new expression for dimensionless chip thickness becomes

h(t)/h0 = χ(t− τ)− x(t) + 1 = ∆χ(t) + 1. (3.2)

In summary, the final non-smooth model is a delay-differential algebraic equation
(ddae) defined by (2.2), (3.1) and (3.2). For convenience we define the cutting and
flying vector-fields Sc and Sf respectively in the form

Sc(t) =

 x′(t)
∆F (∆χ(t))− 2ξx′(t)− x(t)

x(t)− χ(t)

 , (3.3)
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where ∆F (∆χ(t)) = w(∆χ(t) + η2∆χ2(t) + η3∆χ3(t)) is defined (with ∆x(t)) after
(2.7) and

Sf(t) =

 x′(t)
−2ξx′(t)− x(t)

χ(t− τ) + 1− χ(t)

 , (3.4)

so that the full model may be summarised by x′(t)
x′′(t)

0

 = H(h(t))Sc(t) + (1−H(h(t)))Sf(t), (3.5)

where H is the Heaviside step function and x′(t) = d
dtx(t). The structure of (3.5)

follows the first order representation of a scalar second order system coupled to an
algebraic condition in its third equation. Now, the (infinite dimensional) phase-space
of (3.5) is given by (xt(θ), x

′
t(θ), χt(θ)) for θ ∈ [−τ, 0] and consequently solutions of

the model could be projected onto a two-dimensional surface in order to be visualised.
In the analysis that follows, the switching surface is defined to be the set of all states
where the switching condition h(t) = 0 is satisfied, and thus where (3.5) switches
between the cutting and flying vector fields.

3.2 Smoothed Equations
Now, the non-smooth system (3.5) of ddae is approximated with a smoothed dde, so
that even chattering motions may be analysed by the standard numerical continuation
package dde-biftool. In this section, continuation computations are demonstrated
and their convergence in the smoothing parameters is studied. In particular, the
nature of the onset of chattering motions (point D in Figure 3.1b) is studied and it is
verified to be a type of non-smooth fold.

3.2.1 Smoothed Intermittent Contact Model

Firstly, the Heaviside step function is approximated in (3.5) with the smooth function

H(h(t)) ≈ Hε1(h(t)) :=
1

2

(
1 + tanh

h(t)

ε1

)
, (3.6)

where ε1 > 0 is a smoothing parameter. Theoretically, the full non-smooth dynamics
is expected to recover in the limit ε1 → 0.

Secondly, a more serious difficulty in (3.5), namely the algebraic recursion have to
be addressed, which cannot be tackled by standard numerical continuation packages
either. The approach is to approximate (3.1) by a differential equation by introducing
a further smoothing in the form of the singular perturbation ε2χ

′(t) (ε2 > 0) in the
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Figure 3.2: Two-parameter bifurcation diagram of the steady-state cutting. The black curve rep-
resents a Hopf bifurcation curve; along this curve the bifurcations are subcritical. Consequently,
there are unstable periodic orbits coexisting with the stable steady-state cutting solutions below the
stability boundary.

third component of (3.5). The fully smoothed dde approximation thus takes the form x′(t)
x′′(t)
ε2χ

′(t)

 = Hε1(h(t))Sc(t) + (1−Hε1(h(t)))Sf(t), (3.7)

where χ is now a fast variable that tracks either x(t) or χ(t − τ) + 1 with the char-
acteristic time scale ε2.

The choice of the smoothing parameters ε1 and ε2 is critical and it has to be
experimented (see Section 3.2.3). In particular, they must be chosen sufficiently
small so as to avoid introducing dynamical artefacts which are solutions of (3.7) but
not of (3.5). In the meantime, pathologically small choices will result in unnecessarily
long computations.

3.2.2 Method of Numerical Investigation

To investigate the dynamics of the system, one-parameter continuations are performed
in the chip width w, with all other parameters held constant, in order to compute
the structure sketched in Figure 3.1b. In each computation, the branch of unstable
periodic orbits is followed starting from the trivial solution x(t) ≡ 0 at the subcritical
Hopf bifurcation. These calculations are at first entirely smooth, since the oscillations
represent small amplitude motions in which the tool does not leave the workpiece, and
which can be followed [78] using the basic model (2.7). However, as the amplitude of
the unstable periodic orbit grows, it begins to incorporate motion in which the tool
flies, for which the full model (3.5) and its smoothing (3.7) are required.

Note that linear stability analysis of the steady cutting solution x ≡ 0 leads to
the well-known lobe structure in the Ω –w stability chart [14, 15, 27, 18, 43, 78], see
Figure 3.2. Such computations are performed that intersect the ‘first’ (rightmost)
lobe at its minimum with respect to w, which is indicated by the vertical section in
Figure 3.2. For all calculations in this chapter, the following parameters are used:
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Figure 3.3: The panels show a series of one-parameter continuations (bold curves) of the smoothed
model (3.7) in the vicinity of the fold-type point at which the branches turn over. The grey curve
indicates a continuation of the unstable periodic orbit of the basic model (2.7) which captures
motions with no loss of contact, and the large circle on this branch denotes the switching point
at which zero chip thickness is attained. In panel a) ε2 = 10−7 is fixed and ε1 is reduced, and in
b) ε1 = 5 · 10−7 is fixed and ε2 is reduced. In these limits, the unstable portion of the branches
accumulate on the branch for (2.7), and the fold points accumulate on the switching point for (2.7)
if ε1 is reduced sufficiently (continuous and dashed lines denote stable and unstable orbits).

ρ1,q = 6109.6N mm−2, ρ2,q = −54141.6N mm−3, ρ3,q = 203769N mm−4 taken from
[42], and η2 = −0.20015, η3 = 0.01946, while Ω ' 1.37 at the minimum of the first
lobe according to (2.7). In all plots the chip width is normalised by its minimum
value wmin at the Hopf bifurcation as in Chapter 2.

Preliminary computations indicate similar bifurcation structure for other constant
Ω sections. Some of this similarity can be explained by the standard dde invariance
property, which relates the lobes to each other. Specifically, if an orbit %(t) is periodic
with time-period T for a particular time delay τ = τ0, then %(t) is also a periodic
orbit for time delay τ = τ0 + jT where j = 1, 2, . . .. However, stability properties are
not preserved by this transformation when flyover occurs. In consequence, whereas
the secondary bifurcations of the continuation through the first lobe include many
period doubling bifurcations, the continuations through other lobes typically involve
Neimark-Sacker bifurcations giving rise to quasi-periodic oscillations which cannot be
continued further by dde-biftool.

3.2.3 Effect of the Smoothing Parameters

The particular interest is the choice of the smoothing parameters, ε1 and ε2, and
how small they must be chosen for the dynamics of the non-smooth model (3.5)
to be reproduced robustly. Furthermore, the nature of the transition to chattering
dynamics will be cleared up at point D in Figure 3.1b.

Figure 3.3 establishes two things. Firstly, as ε1 and ε2 are reduced towards zero,
there is an accumulation in the branches computed from the smoothed model (3.7).

Secondly, Figure 3.3 shows that the branch of unstable periodic orbits emanating
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at the Hopf bifurcation ‘turns over’ in a cyclic fold (saddle node of a limit cycle) at
which it regains stability. The location of this fold may then be examined as ε1 and
ε2 are successively reduced. When this limiting process is followed, the fold for the
smoothed model (3.7) tends to the point at which the orbits of the permanent contact
model (2.7) attain loss of contact between the tool and the workpiece.

In consequence, it seems that the nature of the point D in Figure 3.1b has been
established. The limiting behaviour of the smoothed model indicates that the branch
of unstable periodic orbits of the full non-smooth model (3.5) regains stability via a
non-smooth cyclic fold, at which point its orbits simultaneously lose contact between
the tool and the workpiece. This is a well-known type of grazing bifurcation [83].
However, a detailed investigation of the secondary bifurcation structure beyond the
fold point reveals a more complicated situation.

3.3 Details of Chattering Dynamics
More detailed study of chattering motions is considered in this section related to the
region denoted E in Figure 3.1b. There are two components in this work.

• Firstly, in Section 3.3.1, the numerical continuation of the smoothed model (3.7)
is extended to consider secondary bifurcations that occur beyond the fold point
that have been already examined. In summary, complicated bifurcation struc-
ture is discovered in which many branches of period doubled orbits also accu-
mulate at the fold point, but ‘from the right’ in the sense of Figure 3.3. This
result indicates that the onset of chattering motion is not via a simple grazing
cyclic fold, and that initial chattering motions are probably not simple periodic
orbits.

• Thus secondly, in Section 3.3.2, time-domain simulations of the full non-smooth
model (3.5) are performed in order to eliminate artefacts due to the smoothing
process. In summary, there is an immediate ‘jump’ to chaotic dynamics, and
the way how the dynamics evolve is traced out as the chip width is increased,
demonstrating the correspondence between periodic windows in the time simu-
lation and sections of stable periodic orbits in the numerical continuation.

3.3.1 Numerical Continuation and Secondary Bifurcations

Branches of periodic orbits from Figure 3.3 are continued using the smoothed model
(3.7), as the chip width w is increased beyond the non-smooth fold point D. In
particular, the secondary bifurcations and the branches that emanate from them are
in focus here. It is experienced with computations that the qualitative dynamics of
the smoothed model are relatively robust to the choice of the smoothing parameter ε2,
but the choice of ε1 is critical. Hence throughout ε2 is fixed to 10−7 and sequence of
computations are considered as ε1 is reduced further from 10−7. Figure 3.4 summarises
the results.
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Figure 3.4: Panels a)–d) show the convergence of the bifurcation structure of the smoothed
model (3.7) as ε1 → 0. Throughout ε2 = 10−7 is fixed. In a) there are two period-doubling
bifurcations connected by a branch of period-two orbits. As ε1 is decreased a ‘bubble’ of period-four
orbits emerges as shown in b). Panels c) and d) appear to show the converged bifurcation structure.
All of the left-hand period-doubling bifurcations have moved towards the fold point, which suggests
that all the branches shown actually emerge from the grazing bifurcation in the non-smooth model
(cf. the labelled point D). Isolated branches of period-three and period-six orbits, connected by a
period-doubling bifurcation at point C, are shown in c) and d) respectively (continuous and dashed
lines denote stable and unstable orbits).

Further continuation of the branches shown in Figure 3.3 for ε1 = 10−7 demon-
strates the opening up of a stable period-doubled bubble, as seen in Figure 3.4a.
However, as ε1 is decreased further, see Figure 3.4b, a second stable period-doubled
bubble emerges so as to introduce a window of unstable period-four orbits. Moreover,
the original left-hand period-doubling bifurcation has moved towards the fold. This
process continues in Figure 3.4c and d as ε1 is reduced further and the converged
bifurcation structure of the model is begun to recover. In short, an apparent cascade
of period-doubling bifurcations is discovered, where the left-hand bifurcation of each
new bubble approaches the fold point as ε1 is successively reduced.

Furthermore, as ε1 is decreased, the criticality of the period-doubling bifurcations
changes from supercritical to subcritical. The change in criticality introduces addi-
tional cyclic fold bifurcations into the branch structure, labelled A and B in Figure 3.4.
It appears that, in the limit of ε1 → 0, these cyclic folds also become non-smooth
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Figure 3.5: Panels a) and b) show a zoom of the marked region in Figure 3.4f for a) ε1 = 5 · 10−9

and b) ε1 = 10−9. The period-doubling bifurcation connecting the period-3 and period-6 branches
clearly changes criticality (continuous and dashed lines denote stable and unstable orbits).

fold points. However, no further bifurcating branches are found to emerge from these
extra non-smooth fold points. The change in criticality is further highlighted in Fig-
ure 3.5 which shows the change in the period-3 and period-6 branches as ε1 is varied
from 5 · 10−9 to 10−9.

In consequence, it seems that the onset of stable periodic chattering motion at
the primary fold point, discovered in Section 3.2.3, is an artefact of the smoothing
process. Instead, it seems that the fold point is a more complicated type of grazing
bifurcation from which infinitely many branches of unstable periodic orbits emanate.
This is reminiscent of the ‘Big Bang bifurcation’ of Avrutin, V. and Schanz, M. [90]
and as such this point is labelled B3. The emerging periodic orbits are then absorbed
at period-doubling bifurcations at larger values of the chip width parameter. In
fact, a more detailed investigation also reveals the emanation of branches of unstable
period-three and period-six orbits which do not connect with the period-one/two/four
structure (other than at the fold point) but which can be readily be found by numerical
simulation [91] and then continued.

This bifurcation structure, consisting of an infinite accumulation of unstable peri-
odic orbits, has been discovered in simpler non-smooth dynamical systems [83] and is
associated with the instantaneous onset of localised chaotic dynamics. However, the
study [91] which works directly on the non-smooth model (3.5), demonstrates that
the period doubling cascade is an artefact of the smoothing, and that only the first
two right-most period-doubling bifurcations, see Figure 3.4b, persist in the perfectly
non-smooth model. The ε1, ε2 → 0 limiting process thus has features which we could
not explore fully from mathematical perspective, but the results obtained so far are
also supported by the time-domain simulations of the limiting case.

3.3.2 Time-domain Simulations

To establish the validity of the smoothed model (3.7), we resort to numerical sim-
ulation of the full non-smooth model (3.5). If the smoothed model is an accurate
representation of the non-smooth model, then there should be good agreement be-
tween the results away from any non-smooth grazing bifurcations. Furthermore, the
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results for numerical simulations of the smoothed model (3.7) are presented to enable
a complete comparison of the results.

Moreover, while numerical simulation cannot provide the full bifurcation structure
of the model, it will reveal any chaotic attractors in the system which cannot be stud-
ied directly using numerical continuation methods. Thus, numerical continuation and
numerical simulation are complementary to each other in elucidating the dynamics
of a model.

To integrate (3.5), the Matlab routines dde23 and ode45 are used alternately
to integrate the dde and ode parts of the system respectively; the built-in event
detection features of the Matlab routines enable the switching points to be found
to machine precision (since the switch is defined by an algebraic equation), thus the
accuracy of the integration is unaffected by the switching. The algebraic constraint is
implicitly incorporated into the system through modifications to the initial function
segment provided to dde23. At each parameter value, (3.5) is integrated for 1000
non-dimensional time units and the first 200 time-units of data are then discarded to
account for the transient behaviour. The output of each simulation run is used as the
initial condition for the next simulation run.

Figure 3.6: Shows a two dimensional projection of phase-space and a representative period-one orbit.
Π marks the Poincaré section defined by (3.9) and Σ marks the switching surface that separates the
cutting and flying vector-fields (Sc and Sf).

Figure 3.7 shows results from numerical simulations of (3.5) overlaid with the cloud
from numerical continuation of (3.7). As suggested by the numerical continuation
results, the primary fold point b3 (grazing bifurcation) acts as an organising centre
for the dynamics.

The values on the vertical axis of Figure 3.7 are defined by

ξ := sgn(x(t̂))

√
x(t̂)2 + x(t̂− τ)2, (3.8)

at the time instant t̂ when the orbit intersects the Poincaré section set

Π := {x(t̂) + x(t̂− τ) = 0}. (3.9)

This Poincaré section is chosen for convenience as all periodic orbits pass through it
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Figure 3.7: a) and c) show bifurcation diagrams calculated by numerical integration of the smoothed
(3.7) and the non-smooth (3.5) models, respectively. b) contains the branches of periodic orbits
obtained by numerical continuation overlaid with the results of c) for comparison. The smoothing
parameter ε1 was 5 · 10−9 in a) and b) except for branches p3 and p6 in b) where ε1 was 10−9.
d) shows the relative locations of the different bifurcations, where pd denotes a period-doubling
bifurcation and g denotes a grazing bifurcation.



Figure 3.8: Two-dimensional projections of the Poincaré section (3.9) are shown in panels a)–d)
corresponding to the parameter values marked in Figure 3.7. These show the development of the
bifurcation structure as the bifurcation parameter w is decreased. Panel a) shows a stable period-
two orbit (solid diamonds) and an unstable period-one orbit (open circle). Panel b) shows a chaotic
attractor with unstable period-one (open circle), period-two (open diamond) and period-four (open
square) orbits. Panel c) shows an example in the periodic window of Figure 3.7 a stable period-three
orbit (solid triangles), an unstable period-three orbit (open triangles) and the unstable period-
one, -two and -four orbits. Panel d) shows the chaotic attractor with the unstable periodic orbits
embedded.

(see Figure 3.6). For the parameters chosen here, we have x(t− τ) = χ(t− τ) at the
switching surface. Therefore, the switching surface Σ := {h(t) = 0} is orthogonal to
Π in the (x(t), x(t − τ))-plane and it takes the constant value of ξΣ = 1/

√
2. Thus,

grazing bifurcations (or approximations thereof) can be immediately seen as locations
where the solution branches intersect (or in the smoothed case, come close to) ξ = ξΣ.

At the primary grazing bifurcation (labelled b3 in Figure 3.7), from which many
branches of periodic orbits emerge, a highly localised chaotic attractor also emerges.
This chaotic attractor (cwa) appears to be the global attractor of the system until the
grazing bifurcation of the period-6 orbits (Figure 3.7b where p6 and p3 were continued
using ε1 = 10−9). The numerical simulation also indicates that the period-3 branch
continues further than the numerical continuation results show before terminating at
a fold / grazing bifurcation (g3 in Figure 3.7d), thus extending the chaos-free window
in parameter space. However, for the period-2 and period-1 branches the agreement
between numerical continuation of the smoothed system and numerical simulation of
the non-smooth system is excellent.

Figure 3.8 shows two dimensional projections of the Poincaré section defined by
(3.9). Figures 3.8a and d show the phase-space when there are stable periodic orbits
(solid symbols) and unstable periodic orbits (open symbols), and figures 3.8b and
d show the phase-space when there is a stable chaotic attractor. In both cases,
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the agreement between simulation and continuation is good. In particular, all of
the unstable periodic orbits can be seen to reside within the chaotic attractor as is
expected.

3.4 New Results

Thesis 2

A piecewise smooth nonlinear model was constructed that provides a unified descrip-
tion of the tool-tip motion when it stays in, when it leaves, and when it flies above
the surface of the workpiece. The relevance of the model lies in making it possible to
smooth the equations combined with a singular perturbation. This opened the way
to the application of the bifurcation continuation software dde-biftool.

With this model and method, it was shown that there exists an organising param-
eter centre for the cutting dynamics, where the unstable period-one orbit originated
in the subcritical Hopf bifurcation touches the switching surface that separates the
fly-over and cutting motion of the tool-tip in the infinite dimensional phase space.
At this grazing bifurcation point period-one, -two, -four, -three and -six orbits were
found to emerge. The fact that all numerically continued branches were shown to be
unstable in the neighbourhood of this parameter point refers to a structural explosion
in the dynamics, which explains the terminology of Big Bang Bifurcation (b3).

The existence of this b3 together with the stable period-three and period-two or-
bits identified off the b3 neighbourhood indicate that strange attractors are likely to
exist at the unsafe (bi-stable) cutting parameters. Time-domain simulations present-
ing chaotic windows in the corresponding cutting parameter domains confirmed the
results of the applied numerical continuation method.

Related publication: [92].

41





Chapter 4

Experimental Study of Process
Damping in Turning

The turning machines, in practice, are generally stiffer than the milling machines and
they cannot reach as high speeds as the milling ones since they have to revolve high-
inertia workpieces. This means that the spindle frequency of a turning machine is
usually quite far from any modal frequencies of the machine, that is, the large stable
pockets (‘lobes’) predicted by the regenerative models are not reachable in practice. In
the mean time it is difficult to predict cutting stability at the low speed range because
of the so-called process damping effect that has got significant attention in the research
community [93, 15, 81]. Although, this effect has been qualitatively explained by the
clearance between the flank face and the workpiece, there is no reliable mathematical
modelling for process damping, so far [94, 95, 96, 97, 98]. Thus, it is hard to predict
why and how much the stability properties of the turning process improve at the low
cutting speed range.

In this chapter, we are going to present a possible description of this effect using
the short delay model in orthogonal cutting. Oscillation measurements confirm the
expected behaviour predicted by a simple short delay model. Afterwards, a part of
this chapter is devoted to the extended short delay model and its stability properties.

4.1 Short Delay Model
The same one dof orthogonal cutting model is used in this chapter as it was used in
the previous ones where only a mode perpendicular to the surface is considered (see
modal coordinate q in (2.2)). Consequently, the so-called friction force component Fq
of the resultant cutting force excites the system.

4.1.1 Model Description

The scalar equation of motion is

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) = wUq,qfr,q(t), (4.1)
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Figure 4.1: a) shows the sketch of the considered mechanical model. In b) an example can be seen
for linear stability limit predicted via the short delay model.

where the considered mode is characterised by the damping ratio ξ, the angular
natural frequency ωn and the mode shape component Uq,q as these were introduced
at (2.2). In this chapter the cutting force wfr,q is the resultant force of the pressure
distribution along the rake face in the contact zone s ∈ [0, l(t)] between the tool and
the just separated chip flow (see Figure 4.1a):

fr,q(t) =

∫ l0

0

pq(s, t)ds, (4.2)

where l0 is the mean contact length. At this point, the model includes an empirical
specific force model fq(h) (see Section 1.2) as a pressure distribution

pq(s, t) = fq(h(s, t))ν(s) (4.3)

distributed by a suitable weight function ν(s) in the contact zone (
∫ l0

0
ν(s)ds = 1).

In this short delay model, the instantaneous chip thickness h(s, t) is assumed to move
along the contact zone with cutting speed vc = ΩD/2. Here, D and Ω are the diameter
and the angular velocity of the workpiece, respectively. This means that there is no
chip compression, that is, the mean cut chip thickness is equal to the desired chip
thickness h0 [55]. Moreover, the speed of the chip flow is approximated to be constant,
thus, the spatial coordinate on the rake face s can be directly transformed to (local)
time coordinate ϑ (see Figure 4.1) by

l0 = vcσ ⇒ ds = − l0
σ
dϑ, (4.4)

where σ is the time needed for a chip segment to reach the end of the contact zone.
Besides, with this transformation the instantaneous chip thickness can be expressed
as
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ht(ϑ) = Uq,q(q(t− τ + ϑ)− q(t+ ϑ)) + h0 (4.5)

assuming that it moves along the rake face. Note that, the displacements y(t −
τ + ϑ) and y(t + ϑ) are transformed to modal space in (4.5) by means of modal
transformation described in Appendix C. Here, the desired (theoretical) chip thickness
and the regenerative delay are h0 and τ = 2π/Ω, respectively. Using (4.1 – 4.5), the
equation of motion of the original short delay model has the form

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) =

wUq,q
σ

∫ 0

−σ
fq(ht(ϑ))$(ϑ)dϑ, (4.6)

where weight function $(ϑ) = l0ν(−vcϑ). This is nonlinear dde with distributed
delay where the nonlinearity is originated in the empirical force model fq. As it was
shown in [18], the linear stability of (4.6) has similar parameter dependence as it is
observed experimentally in turning, that is, the stability limit increases in chip width
at low spindle speed range (see Figure 4.1b).

Moreover, if the weight function $(ϑ) is a general solution of an ode, which
is the condition to carry out the integration in (4.6) by parts, the linearised form
of (4.6) can be transformed to a higher order linear dde with discrete delays [16].
This transformation leads to an appearance of additional coefficients at the higher
derivative terms similarly to the model developed in [93]. Higher than second order
terms will also appear in the original short delay model as explained in [18].

Note that the presence of the distributed delay of the governing equation does not
change the local dynamic characteristics of the system, that is, the trivial solution of
(4.6) (the stationary cutting) loses stability with vibrations at Hopf bifurcation occur-
ring in the nonlinear system (4.6) just as shown in (see Figure 2.4 and Figure 3.1b).

4.1.2 Oscillating Cutting Force

One can simulate the cutting force evolution (right-hand side) of (4.6) in time to inves-
tigate the effect of the distributed cutting force or equivalently that of the distributed
delay. In contrast with the traditional orthogonal cutting model using lumped (point)
cutting force variation along the stationary cutting force characteristics (see Chap-
ter 2), a hysteretic cutting force takes place, which leaves the stationary characteristics
around the desired chip thickness (equilibrium) h0 (Figure 4.2a). This means that
the cutting force has a lag compared to the chip thickness variation (as it was pointed
out already in [15]). This can also be viewed as a dissipation in the system since the
enclosed area Hd expresses a negative work. Moreover, the slope Kd,q of the princi-
pal axis of the hysteresis ellipse deviates from the slope of the local tangent of the
stationary cutting force characteristics Kc,q. This is an important property since the
so-called cutting coefficient Kc,q directly influences the stability lobes in the stabil-
ity charts [18, 55]. Due to the consideration of the distributed cutting force, these
two additional effects can stabilise (or destabilise) the system for the parameter plain
(w,Ω) depending on the shape of the weight function $(ϑ) [18].
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Figure 4.2: In a) the properties of the oscillating cutting force can be followed. In b) the measurement
setup is depicted.

In case of an exponential weight function, the variation of the hysteresis ellipses
can be traced along the instability lobes (see Figure 4.1b). Beside the technological
parameters (w,Ω) used in the stability charts, one can describe a certain position on
the stability limits with the lobe number k, which is the integer part of frequency
ratio of the vibration frequency ω and the spindle speed Ω

k = int
(ω

Ω

)
, (4.7)

and with the phase shift ϕ between the delayed state y(t − τ) and the present state
y(t), which is

ϕ = τωmod 2π. (4.8)

In Figure 4.1b one can follow how the shapes of the hysteresis ellipses change for
different frequency ratios and phase shifts. It can be observed, that the phase shift
just scales the size of the hysteresis loop but it does not effect the slopeKd,q. However,
the frequency ratio manly effects the dynamic cutting coefficient Kd,q rather than the
hysteresis area Hd. It can be concluded that the dynamic cutting coefficient Kd,q is
the main cause of the improvement in stability (see Figure 4.1b).

4.2 Oscillation Tests
There have been many attempts to measure the force oscillations during metal cutting.
Apart from the cases of cutting straight wavy surfaces, one of the first real oscillation
tests on regenerative vibration can be found in [15] where the workpiece was externally
excited during turning. The lag of the force and the hysteresis loop were also recorded
in this work for limited frequency ratios and phase shifts. More accurate oscillation
tests were carried out using externally excited tool in turning by [99] and [100].

The measurements presented here were performed by means of a device designed
in the Manufacturing Automation Laboratory (mal [2]) at University of British
Columbia (ubc [3]) to perform tests published in [93].
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4.2.1 Measurement Setup

A horizontal turning machine (hardinge superslant) was used where a steel1045
bar of diameter D = 41.2 mm was fixed by the hydraulic chuck. A special device was
tightened in the turret of the machine (see Figure 4.2b) in a way that it was suitable
to excite the tool harmonically and to measure cutting force components at the same
time. The whole fixture was designed to have one flexible mode perpendicular to
the main shaft axis of the turning machine excited by the piezo shaker. Further-
more, a laser nano sensor (lns) measured the tool motion perpendicular to the shaft.
The force sensor unit was also self-made (mal) which contained two kistler piezo-
dynamometer (see Figure 4.2b). During the measurements, the shaker used harmonic
input from the function generator with frequency ω, besides, the tachometer-signal,
the tool-position and the spatial components of the cutting force were collected by
the data acquiring system cutpro [2].

A parting tool was selected (sandvik coromant LF151.23-2525-40M1) to hold
a simple carbide insert (sandvik coromant N151.2-A156-40-3F) with flat rake
face of 0◦ rake angle. Parting operations were performed with feed f = 0.1 mm/rev
and depth of cut w = 1 mm up to diameter d = 30 mm to avoid significant changes in
the cutting speed. The frequency ratios and phase shifts were set by varying both the
spindle speed Ω and the external excitation frequency ω. Because of some limitations
like the maximum spindle speed of the machine (Ω < 4000 rpm), the working range of
the shaker (60 Hz < ω < 110 Hz), the frequency ratios were chosen to be k = 4, 5, 6
that also ensured the required minimum cutting speed, too. This was realized with
constant spindle speed set at Ω = 1200 rpm, but the exact measured spindle speed
was Ω = 1193.98 rpm during the experiments. In contrast to experiments in [93], out
of phase cuttings were performed and the phase shifts were chosen from the linear
stability chart: ϕ ≈ π, 4π/3, 5π/3, 11π/6 (see Figure 4.1b). Note that before the
oscillation tests were carried out, static cutting force measurements were performed
with identical cutting conditions using a feed grid f = 0.05 : 0.01 : 0.15mm/rev and
overall static (frictional) cutting force coefficient Kc,q = 1360Nmm−2.

4.2.2 Results

The measurement results are presented in Figure 4.3 where besides the raw data
(thin lines) the fit hysteresis ellipses (thick lines) and the tangent of the static force
characteristic (thin straight line) are shown. One can immediately realise that the
cutting force oscillates, indeed, around the static value encircling a negative hysteresis
area. Consequently, this is an additional dissipation in the system. In each column,
the dynamic cutting coefficients Kd,q decrease for higher values of the lobe number k
(4.7). This effect was predicted by the short delay model (see Figure 4.1b).

However, two unexpected phenomena can also be recognised. One of them is
that the dynamic cutting coefficients seem to increase with higher phase shifts. If we
extrapolate this observation till the regenerative phase shift ϕ → 2π, the hysteresis
ellipse seems to turn counter clockwise, which means that in the limit case, the
force keeps oscillating even for in-phase cutting (ϕ = 0, 2π, 4π, . . .) (4.8). This is in
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Figure 4.3: shows the results of the oscillation test (thin grey curves) and the fit solution (thick
black curves).

accordance with the experimental observations of [93]. In other words, the oscillating
cutting force is not the result of the variation ∆h(t) of the theoretical instantaneous
chip thickness h(t) only. To check this, more detailed oscillation tests were done for
k = 4, 5, 6 with the grid ϕ ≈ π : π/6 : 11π/6 for the regenerative phase shift. In
Figure 4.4a, the amplitude function H(ϕ) (dashed line) of the instantaneous chip
thickness h(t) is presented in the following sense

h(t) = y(t− τ)− y(t) + h0,

y(t) := A sin(ωt), ϕ = τω,

∆h(t) = H(ϕ) sin(ωt− ψ(ϕ)),

(4.9)

where
H(ϕ) = Ah

√
1− cosϕ. (4.10)

In the same Figure 4.4a the force amplitude Φ(ϕ) (continuous line) is also presented
against the regenerative phase shift ϕ by fitting a curve to measurement data denoted
by dots. This curve must have similar structure as H(ϕ) since the cutting force
depends on the chip thickness. However, the fit curve is slightly modified, actually,
it is shifted by an additional phase shift ϕa:

Φ(ϕ) = εAh
√

1− cos(ϕ− ϕa), (4.11)

where ε is an adequate constant. According to Figure 4.4a, the additional phase shift
is ϕa ≈ 20◦. We can also view this phenomenon as a cutting force originated in the
difference of a somewhat less delayed tool position y(t− (τ −ϕa/ω)) and the present
position y(t) (see Figure 4.4b). This leads to an improved model discussed in the
subsequent section.
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4.3 Extended Short Delay Model
Based on the above experimental observations, a new distributed regenerative model
is proposed here for orthogonal cutting. The effect related to the additional phase
shift ϕa in (4.11) can be explained by considering the orthogonal cutting model similar
to the ones in [52, 101]. The models suggest that the cutting force depends directly
on the shear plane area defined as

Aφ(t) = wLφ(t), (4.12)

where Lφ(t) is the shear plane length (see Figure 4.4b) and φ is the shear angle. From
geometry, the shear plane length is

Lφ(t) =
hφ(t)

sinφ(t)
, (4.13)

where the shear plane chip thickness is given by

hφ(t) = y(t− (τ − τφ(t)))− y(t) + h0. (4.14)

This yields a similar result as the one in (4.11) obtained from the measurements. The
so-called shear plane delay τφ(t) is a tiny delay which is caused by the shear plane
oscillation characterised by the instantaneous shear angle φ(t) and the shear plane
length Lφ(t). Clearly, the geometry of this configuration (see Figure 4.4b) gives the
shear plane delay in the form

τφ(qt(θ)) =
hφ(t)

vc tanφ(t)
, (4.15)

where qt(θ) = q(t + θ), θ ∈ [−σ, 0] (see (1.8)). Consequently, the shear plane delay
τφ(t) actually depends on the ‘state’ of the system through the shear plane chip
thickness hφ(t), which leads to an implicit definition via (4.14). The chip-flow moves
along the rake face with the chip speed vch = vc tanφ(t) [55].

Although, there are studies about the shear plane oscillation in [102], the instan-
taneous shear angle φ(t) is considered as an unknown function here and approximated
by its mean value φ0. This way, we avoid further complications related to a varying
chip speed. If it is the case, the spatial coordinate can be replaced by the local time
ϑ, again, just as it was explained in the classical short delay model (4.4). Thus, along
the contact zone, the shear plane chip thickness has the form

hφ(t, ϑ) = Uq,q(q(t− (τ − τφ(qt(θ)) + ϑ)− q(t+ ϑ)) + h0. (4.16)

Since hφ(t, ϑ) = h0 for stationary cutting, the static cutting force characteristic fq(h)
can be used in this model, too (see Section 1.2). Finally, the governing nonlinear
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Figure 4.4: a) shows the results of the oscillation test that predicted the existence of an additional
phase shift ϕa. b) presents the sketch of the extended short delay model.

equation with (4.15) becomes a state-dependent distributed dde:

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) =

wUq,q
σ

∫ 0

−σ
fq(hφ(t, ϑ))$(ϑ)dϑ. (4.17)

Equation (4.17) can be considered in its first order form like

ẏ(t) = f(y(t),y(t− τ(yt(θ))), τ(yt(θ))). (4.18)

According to [103], an associated linearized equation can be constructed in the form

u̇(t) = D1f(y,y, τ(y))u(t) + D2f(y,y, τ(y))u(t− τ(y))

+ (D3f(y,y, τ(y))Dτ(y)uθ)(t),
(4.19)

that implies the asymptotic behaviour of the equilibrium y = col(q, 0) of the state-
dependent dde using u(t) = col(x(t), ẋ(t)) = col(q(t) − q, q̇(t)) as the perturba-
tion. The stationary solution q of either (4.6) and (4.17) is equivalent to the one
derived from the original orthogonal cutting model (2.2) keeping in consideration
that

∫ 0

−σ$(ϑ)dϑ = σ (see the definitions in (4.4)). Note that Dkf means the gradient
with respect to the kth argument of f .

Since the state-depend delay τ(yt(θ)) does not appear in (4.17) explicitly D3f ... =
0 is true. This way, it can be considered as a non state-dependent distributed dde in
which a mean delay τ = τ(y) = τ − τφ is present. The mean value of the shear
plane delay can be estimated as τφ = ϕa/ω ≈ 0.011T , where ω ≈ 92.34Hz is the
average of the applied excitation frequencies, while the time-period of the workpiece
is T = τ = 2π/Ω. Then, the associated linear perturbed equation can be expressed
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in the following form

ẍ(t) + 2ξωnẋ(t) + ω2
nx(t) =

wU2
q,qKc,q

σ

∫ 0

−σ
(x(t− τ + ϑ)− x(t+ ϑ))$(ϑ)dϑ, (4.20)

where Kc,q is the corresponding cutting force coefficient defined at (1.6).
In order to calculate the linear stability of (4.20) and so the local behaviour of

(4.17) around the stationary solution q, the short delay σ and the weight function
$(ϑ) have to be determined from the measurement results depicted in Figure 4.3.
An optimization algorithm was developed that provides the unknown parameters of
the following error function

e(σ,$) = Γ

NM∑
l=1

(
Kd,q(σ,$; kl, ϕl)− K̃d,q;l

K̃d,q;l

)2

+

NM∑
l=1

(
Hd(σ,$; kl, ϕl)− H̃d;l

H̃d;l

)2

,

(4.21)
where NM denotes the number of measurements taken into consideration. This error
function takes into account the relative differences in the dynamic cutting coefficients
Kd,q and the hysteresis areas Hd between the model, and the measured system, re-
spectively, where tilde refers to the measurement results. The histeresis area

Hd =
1

2

∫ T

0

∆h(t)∆Ḟr,q(t)−∆Fr,q(t)∆ḣ(t)dt (4.22)

is simply the encircled area by the parametric function of (∆h(t),∆Fr,q(t)) during the
period T . The principal slope of the hysteresis can be determined using the principal
direction v2 = col(v2,1, v2,2) of the ellipse. A fictitious homogeneous elliptic (unit
width) wire related to the smallest principal area moment of inertia Θ2 considered in
the (∆Fr,q,∆h) plane. Thus, the correspondent eigenvalue problem is given(∫ T

0

[
∆F 2

r,q(t) −∆Fr,q(t)∆h(t)
−∆Fr,q(t)∆h(t) ∆h2(t)

]
dt−ΘI

)
v = 0 ⇒ v2, Kd,q =

v2,2

v2,1

.

(4.23)
The formulae in (4.22) and (4.23) were applied to the measurement data after having a
time-periodic fit. The weight Γ was set roughly to be 500 based on the deviation level
of the relative errors in the error function e in case of a fit solution to a measurement
where k = 5 and ϕ = 4π/3 (cf. Figure 4.3).

The fit-solutions can be followed in Figure 4.3 (thick black curves). The results of
the error minimazation are the short delay σ = 0.107T and the weight function $(ϑ),
which is depicted in Figure 4.5a as a hyperbola-like function, which was parametrized
by a Bézier curve. This allowed to control the curve to be only in the positive part
describing friction-pressure only in the direction of the chip separation speed.

The linear stability properties were determined by the sd method (see Subsec-
tion 1.3.3) with the above measured short delay and weight function. In the stability
chart in Figure 4.5b, the process damping effect can clearly be recognized: in the low
speed spindle speed region, the cutting process is stabilized by the short delay effect.
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Figure 4.5: In a) the converged solution for the weight function of (4.17) is depicted with 3rd

Bézier representation (control points are circles), while in b) the linear stability is shown predicted
by using the following converged set of parameters: ξ = 0.027, h0 = 0.1 mm, ωn = 427.5 Hz,
Uq,q = 1.1063 kg−1/2, Kc,q = 1360 MPa, D = 41.2 mm, τφ = 0.011T , σ = 0.1069T, r = 1600 (see
Subsection 1.3.3). A chatter measurement is also depicted in b) provided by mal [2], where • and ◦
denote stable stationary cutting and chattering tests, respectively.

Figure 4.5b also shows that the stabilizing effect starts appearing at around the 20th

lobe and it becomes significant from the 50th lobe.
A set of measurement data is also presented on the above constructed stability

chart. The experiments were performed by mal [2] at ubc [3], the measurement
results are denoted by points in Figure 4.5b. The same horizontal lathe machine
was used with a steel bar fixed in it with 230 mm overhang with same diameter as
in the above described experiments to identify the process damping parameters of
the proposed model (Figure 4.3). Parting operations were performed with different
depths of cut. The stability boundary calculations were performed with the measured
dynamical parameters of the lathe and the cutting parameters of the turning process.
One can realize that the optimized short delay and weight function was able to predict
the onset of the process damping effect, although the measurements showed somewhat
more intense stabilization at low spindle speed region.

It must be noted that the literature results are quite diverse regarding the lobe
number and the material pairs where the process damping effect gets relevant. Some
specialists indicated critical lobe numbers for process damping effect at 4 in [15], at 5
in [99, 104] or even at 20 in [93] that is still lower than our result. Clearly, the proposed
and the experimentally validated model does not explain the whole phenomenon of
process damping, but it can be combined by additional pressure fields like the one
that acts on the flank face as it was proposed in [98].
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4.4 New Results

Thesis 3

One of the existing theoretical models was improved and validated experimentally,
which describes the so-called process damping by means of an additional short delay
effect in the one degree-of-freedom orthogonal cutting model. An experimental set-
up was compiled for a horizontal lathe that made it possible to provide a prescribed
vibration of the cutting tool-tip during cutting and to measure the cutting force and
the tool-tip displacement, synchronously, with high precision.

The experiments clearly presented the hysteresis loop predicted by the short-delay
model in the plane of the chip thickness and cutting force variations, which served
as a qualitative confirmation of the theory. It was also detected, however, that the
principal axes of the experimentally identified ellipses deviate from the theoretically
predicted directions as the phase shift is varied between the wavy just-cut surface and
the wavy surface-to-cut. This deviation was explained by a tiny decrease of the large
delay related to the classical regenerative effect. This tiny decrement of the delay was
identified by means of a series of experiments which were extrapolated to the case of
prescribed zero phase shift.

By means of the analysis of the measurement results of a series of experiments,
the length of the short delay relative to the large delay was identified and the shape
of the weight function of the distributed delay was also estimated. The stability chart
constructed with these parameters clearly presented the process damping effect.

Related publication: [105].
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Chapter 5

Mechanical Modelling of General
Milling Processes

Milling is a preferred technique in automotive and aerospace industries, due the
achievable high productivity combined with high level of automation and with the
high accuracy requirements. Even for metal parts formed by forging or casting with
heat treatment, at least the operating surfaces have to be machined, which are usually
done by milling. For car industries, dies and moulds are typically machined by milling
operation, too. It is not exceptional that 90% of the original pre-casted workpieces
are wasted during milling operations in case of some avionic parts, since slender and
thin-walled structures are impossible to form in any other way. It is still worth doing
this in order to keep the operating mass low in case of aeroplanes and also to decrease
the number of parts radically, which increases the reliability of the aircraft.

Due to the obvious differences between turning and milling, the equations of mo-
tions will be ddes of different types. Apart from the accurate description of milling
operations by state-dependent dde formalism (see [106]), the modelling of these metal
cutting techniques leads to parametrically excited time-periodic dde (see Section 1.3)
due to the interrupted character of the cutting process in case of milling.

A wide variation of milling cutters can be found in the market for different op-
erations from simple helical carbide/high speed steel tools via tools with complex
geometries to indexed cutters. The accurate modelling of their geometries are es-
sential to predict their power/torque requirements and their productivity. Moreover,
the regeneration causing instability also in milling is a pure geometrical issue related
to the accurate geometrical description of milling cutters in order to reconstruct the
intricate variation of the chip thickness. This must be combined with the precise
dynamics of the machine tool to result in an adequate model for process stability
prediction.

In this chapter, a general geometric and dynamic model is introduced that is
capable to predict the linear stability of milling processes in case of possible complex
tool geometries. In order to ease the description of the theory, only 2-axis milling
process is considered with a box-like cutter workpiece engagement (cwe). Note that
the model can be extended for general 5-axis machining based on the methods in [59].

55



Figure 5.1: a) shows the general tool-envelop model that is considered in the dynamical model. b)
depicts the basic local geometrical features of the milling cutter.

5.1 General Model of Milling Cutters
This section is dedicated to the introduction of the geometrical model of milling
cutters with complex geometries. In the first part, a general tool-envelope description
is defined, later the local edge geometry is described that includes uneven pitch-angles,
non-uniform helix angles and serration, too.

5.1.1 General Tool Envelope

Some milling operations, like sculptured surface machining or blisk/blade machining,
require special tool envelope geometries. These tools can be, e.g., ball-, tapered-
ball-, bullnose-endmills, [107]. In the geometrical model presented here, these special
shapes are taken into account with the corresponding envelope geometries, which are
separated to envelope-segments containing conical and toroid parts. Each segments
are determined by five parameters (see Figure 5.1a), besides the overall length of the
tool H and the tool shank diameter D. The shape of the tool envelope is determined
by the envelope radius Re(z) and the envelope lead angle κe(z) (note that cot(κe) = R′e
and R′e = d

dzRe). In order to describe all possible milling tool geometries, local
parameters like helix angle η, pitch angle ϕp, radius R need to be expressed as a
function of the axial coordinate of the tool z.

The so-called lag angle ϕη(z) is the angle with which the local edge portion at
level z is behind relative to the beginning of the edge at zero level (see Figure 5.1b).
Since this model allows varying helix angle η(z) the following differential formula can
be derived between the local lag angle and the helix angle:

ϕ′η,i(z) =
tan ηi(z)

Re(z) sinκe(z)
, i = 1, 2, . . . , Z, (5.1)
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where Z denotes the number of teeth and prime means spatial derivative w.r.t. z.
Note that the derivative of the local lag angle is also named local helix-pitch.

5.1.2 Local Geometry of Milling Cutters

In order to describe possible helix angle variation, a new parameter δ is introduced
that describes the local lag angle variation around a mean lag angle ϕη in the form

ϕη,i(z) = ϕη,i(z)− δi(z). (5.2)

Using (5.1), the local helix angle can be calculated as

ηi(z) = arctan(tan ηi −Re(z) sinκe(z)δ′i(z)), (5.3)

where the mean helices are ηi around which the actual helix angle ηi(z) varies. This
way, we can describe different varying mean helix angles at each cutting edges. In the
same way, tools with constant helix-pitch can also be described by means of constant
rate of change on the mean lag angles ϕ′η,i = const. Note that, in case of a cylindrical
tool with constant helices, the lag angle is simply ϕη,i(z) = 2z/D tan ηi where ηi ≡ ηi,
Re ≡ D/2 and κe ≡ π/2. This continuous variation of the helices still cause the
variation on the pitch angles, too (cf. Figure 5.1b), that is

ϕp,i(z) = ϕp,i,0 + ϕη,i(z)− ϕη,i+1(z), (5.4)

where ϕp,i,0 = ϕp,i(0) is the ith initial pitch angle considered at level z = 0. This
means that in case of a general geometry, the pitch angle can be calculated using the
following integral form

ϕp,i(z) = ϕp,i,0 +

∫ z

0

tan ηi(ζ)− tan ηi+1(ζ)

Re(ζ) sinκe(ζ)
dζ. (5.5)

This results in a simpler formula for cylindrical milling cutter (Re ≡ D/2 and κe ≡
π/2) with non-uniform constant helix angles (ηi ≡ ηi):

ϕp,i(z) = ϕp,i,0 +
tan ηi − tan ηi+1

D/2
z, (5.6)

while in case of a cylindrical cutter that has uniform mean helix angle (ηi = η) with
different variations δi(z) for each tooth, the pitch angles are

ϕp,i(z) = ϕp,i,0 + δi(z)− δi+1(z). (5.7)

Generally, the position angle of the ith local edge is given by (cf. Figure 5.2)

ϕi(z, t) = Ωt+
i−1∑
k=1

ϕp,k(z)− ϕη,1(z), (5.8)
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Figure 5.2: a) shows a serrated tool that can be described by the presented general model. In b)
the possible angular distances are presented between the flutes in the rotational direction (here,
Ri+1(z) < Ri(z) < Ri+l(z)).

where Ω is the angular velocity of the tool. In order to trace serration of milling tools
variation on the local radius and on the local lead angle need to be considered. The
local radius Ri of flute i is defined by

Ri(z) = Re(z)−∆Ri(z), (5.9)

where ∆Ri(z) is the variation of local radius of the ith edge. Similarly, as it was shown
at Section 5.1.1, the local lead angle is geometrically coupled with the local radius as

cotκi(z) = R′i(z). (5.10)

Note that, the minus sign in (5.9) is due to the fact that these variations are made
by grinding operations (Figure 5.2). Also, it is important to note that irregularities
on the local geometries of subsequent edges may cause miss-cuts (see (5.17)).

5.1.3 Regenerative Delays Occurring in General Milling Model

Assume that the actually trochoid-shape trajectories of tooth-segments can be ap-
proximated by circles. This is a standard approximation as opposed to the strict
description of the edge trajectories showed in [106]. The assumption is appropriate if
the feed per revolution is negligible compared to the essential diameter of the milling
tool. If this condition is fulfilled then the expression of the cutting force can be related
to the specific angular position ϕi(z, t) of the ‘just cutting’ ith edge segment and the
(i+ l)th cutting edge segment that was at the same angular position ϕi+l(z, t− τi,l(z))
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but some time earlier, when it cut the same surface segment at the time instant
t− τi,l(z). Consequently, the following is considered

ϕi(z, t) = ϕi+l(z, t− τi,l(z)). (5.11)

The continuous delay function τi,l(z) can be expressed as

τi,l(z) =
1

Ω

l−1∑
k=1

ϕp,(i+k) modZ(z). (5.12)

The continuous sense of τi,l(z) is due to the possible non-uniformity and possible
variation on helix angles ηi(z), while the index l expresses the missed-cut effect that
happens because of possible variation on the local radius Ri(z). In (5.12), τi,l(z) is
actually the time needed for the ith edge segment to reach the same angular position
of the (i+ l)th edge segment (see (5.11)) at constant spindle speed Ω at the axial level
z (see Figure 5.2b). Note that, (5.12) includes all possible delays that may participate
in the regenerative effect during a general milling operation. For example, (5.12) can
describe the single delay τ in case of conventional milling tools, multiple discrete
delays τk (k = 1, 2, . . . , Nτ ) in case of variable pitch and/or serrated tools and the
continuous or distributed delays τi(z) in case of non-uniform helix tools. The delay
effect in case of any other strange tool geometry can also be modelled by the general
formula (5.12).

5.1.4 Resultant Cutting Force

As it was shown in Section 1.2, all empirical cutting force characteristics depend on
the uncut chip thickness h. Geometrically, the chip thickness is defined approximately
as the local distance between the previously and the just cut surfaces in the direction
of the local normal vector ni(z) of the ith flute at axial level z. Define the geometric
chip thickness hg,i,l(z, t) between the ith and the (i+ l)th flutes at level z as

hg,i,l(z, t) ≈ ri,l(z, t)ni(z, t), (5.13)

which is not restricted to be positive, consequently, it does not necessarily represent
the physical chip thickness that is always positive. The local movement of flute i
relative to flute (i+ l) at the same angular position in Figure 5.3a is defined by

ri,l(z, t) :=ri(z, t)− ri+l(z, t− τi,l(z))

=

 (Ri(z)−Ri+l(z)) sinϕi(z, t) + fi,l(z, t)
(Ri(z)−Ri+l(z)) cosϕi(z, t)

0

+ ∆ri,l(t),
(5.14)

where ri(z, t) and ri+l(z, t− τi,l(z)) are the vectors in the absolute coordinate system
pointing to the tip of the edges at z. As it is shown by the last part of the formula
(5.14), the local movement of the flute involves a geometric stationary part that
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Figure 5.3: In a) the possible missed-cut effect of the serrated tool is presented (the corresponding
surface segments cut by subsequent flutes mark with continuous, dashed and dots-dashed lines). b)
shows the elementary forces acting on an infinitesimal dz axial segment on the ith edge. Note that
dFtra,i = ftra,idsi.

includes the feed fi,l(z, t) over the delay τi,l(z), and a dynamic part that is related to
the regeneration between the flutes i and (i+ l) at level z:

∆ri,l(z, t) = r(t)− r(t− τi,l(z)). (5.15)

Note that the relative motion of the tool centre is given in the Cartesian coordinate
system as r(t) = col(x(t), y(t), z(t)). The local normal vector of the ith flute at level
z for optional radii defined by the lead angle κi is given as

ni(z, t) =

 sinκi(z) sinϕi(z, t)
sinκi(z) cosϕi(z, t)
− cosκi(z)

 . (5.16)

The effective geometric chip thickness can be evaluated as the minimum of the
geometric chip thicknesses by taking all the past flutes into account at level z [108],

hg,i,e(z, t) =
Z

min
l=1

hg,i,l(z, t). (5.17)

Since the number of the missed-cuts can change along z and may be different on each
flute, the effective index can vary along the axial coordinate and also in time, that is
e := ei(z, t), and consequently, the effective time delay is τi,e(z, t) := τi,ei(z,t)(z). This
intricate notation of the effective index tries to express the time dependent digital-like
effect related to the time and space varying missed-cuts. Then, the regeneration on
the ith edge segment can be expressed as

∆ri(z, t) = r(t)− r(t− τi,e(z)). (5.18)
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The physical chip thickness of the ith flute at level z can be defined as

hi(z, t) := gi(z, t)hg,i,e(z, t), (5.19)

where the screen function

gi(z, t) = gri,i(z, t)gh,i(z, t) (5.20)

is a multiplication of two different functions related to radial immersion

gri,i(z, t) =

{
1, ϕen < (ϕi(z, t) mod 2π) < ϕex,
0, otherwise, (5.21)

and to the missed-cut effect

gh,i(z, t) =

{
1, hg,i,e(z, t) > 0,
0, otherwise. (5.22)

The entry angle ϕen and the exit angle ϕex are measured clockwise from the y axis
(5.8).

The cutting force per unit axial depth of cut (also called specific cutting force) at
a particular edge location is expressed (Figure 5.3b) in edge tra coordinate system as,

ftra,i(z, t) := −f(hi(z, t)), (5.23)

where f(h) is the empirical cutting force vector determined in tangential t, radial r
and axial a directions, which is a function of the chip thickness (see Section 1.2). The
specific cutting forces are projected in feed x, normal y and axial z directions as

fi(z, t, rt(θ)) := −gi(z, t)Ti(z, t)ftra,i(z, t), (5.24)

where the negative signs are related to the relative positions of the coordinate systems
involved and the transformation matrix between the tra and xyz coordinate systems
has the form

Ti(z, t) =

 cosϕi sinϕi sinκi sinϕi cosκi
− sinϕi cosϕi sinκi cosϕi cosκi

0 − cosκi sinκi

 , (5.25)

with ϕi := ϕi(z, t), κi := κi(z). For the subsequent analytical description, rt(θ) =
r(t + θ) (see (1.8)) is introduced in the argument of the specific cutting force fi and
also in the argument of the resultant cutting force F to emphasize that these forces
depend on the tool tip position rt(0) at the time instant t, on the past positions
rt(−τk) identified by possible discrete delays τk (k = 1, 2, . . . , Nτ ) and/or on the
distributed delayed positions rt(θ), θ ∈ [−σ, 0) through the chip thickness hi(z, t) as
given in (5.13, 5.14) that leads to the specific cutting force characteristics (5.23).

The total cutting force F acting on the cutting tool is evaluated by integrating
the differential forces along the flute and summing the contributions of all flutes in
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cut (see Figure 5.3b)

F(t, rt(θ)) =
Z∑
i=1

∫
si

fi(z(si), t, rt(θ))dsi, dsi =
dz

cos ηi(z) sinκi(z)
, (5.26)

where si is the arc-length coordinate along the cutting edge of the corresponding ith
flute. The force is evaluated along the axial depth of cut as

F(t, rt(θ)) =
Z∑
i=1

∫ ap

0

fi(z, t, rt(θ))

cos ηi(z) sinκi(z)
dz. (5.27)

The integration in (5.27) is approximated numerically by a sum of forces at discrete
points along the z axis.

5.2 Dynamics of Milling Process
The vibration of the tool/workpiece/machine tool system is described by means
of the modal coordinates q = col (q1, q2, . . . , qN) and mode shape vectors Uk,
k = 1, 2, . . . , N . Note that the following description demands linear machine tool
structure, that is, the cutting force characteristics is the only nonlinearity in the
system, which is a realistic engineering approximation for machine tools. The mass
normalized modal matrix U = [U1 U2 . . . UN ] as described in details in (C.5). The
transformation matrix U may not be quadratic since the cutting force can be de-
scribed by the tool tip’s spatial coordinates r(t) = Uq(t). More modes can be
considered here than the dimension of r(t), which is 3, generally. The dde, which
represents the system dynamics, can be expressed directly in the modal space as,

q̈(t) + [2ξkωn,k]q̇(t) + [ω2
n,k]q(t) = UtF(t,Uqt(θ)), (5.28)

where [2ξkωn,k] and [ω2
n,k] are diagonal matrices containing the experimentally ob-

tained natural frequencies and damping ratios of all the selected modes. The stan-
dard approximation of proportional damping (see Appendix C) is used here so the
modes are coupled through the dynamic cutting force components only. The trans-
pose of the direct normalised modal transformation matrix U distributes the spatial
(3-dimensional) cutting force on to the modal coordinates q in the N -dimensional
modal space. The cutting force is subjected to the regenerative effect expressed by
the argument qt(θ) = q(t+ θ), θ ∈ [−σ, 0] (see (1.8)). The solution of the governing
dde (5.28) can be separated as

q(t) = q(t) + x(t), (5.29)

where the stationary solution q(t) = q(t+ T ) is a periodic function with a principal
period T , and its perturbation x(t) is considered to be small. Note that the period T
may relate to the tooth pass period 2π/(ZΩ) or its integer multiples in simple cases
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like conventional milling tools with regular pitch angles and helices. The variational
system can be obtained by the linearization of the cutting force around the periodic
stationary solution q(t) in the general form:

UTF(t,Uqt(θ)) ≈ UTF(t) +

∫ −0

−σ
W(θ, t) (xt(θ)− xt(0)) dθ, (5.30)

where F(t) = F(t,qt(θ)) is T -periodic and r(t) = Uq(t) (see (5.27)). Generally,
uneven helix angles cause distribution in regeneration that can be expressed in the
following form

W(θ, t) =
Z∑
i=1

Ninv,i∑
l=1

UT Dqt(θ)fi (zi,l(θ), t,U qt(θ))

cos ηi(zi,l(θ)) sinκi(zi,l(θ))
|z′i,l(θ)| (5.31)

in the delayed-time interval θ ∈ [−σ, 0). In (5.31), zi,l(θ) (l = 1, 2, . . . , Ninv,i) are the
lth local inverse functions of θ = −τi,e(z). The term |z′i,l(θ)| in (5.31) represents the
integration by substitution with dz = |z′i,l(θ)|dθ. However, weight function is defined
for uniform helix tools more simply as

W(θ, t) =
Nτ∑
j=1

δD(θ + τj)U
TDqt(−τj)F(t,U qt(θ)), (5.32)

when discrete delays appear in the regeneration. The coefficient matrix of the present
solution in (5.30) is originated from the weight function as

H(t) := UTDqt(0)F(t,Uqt(θ)) =

∫ −0

−σ
W(θ, t)dθ. (5.33)

Both H(t) and W(θ, t) are T -periodic in real-time t, that is, H(t) = H(t + T ) and
W(θ, t) = W(θ, t+ T ).

Thus, the variational equation can be written as

ẍ(t) + [2ξkωn,k]ẋ(t) +
(
[ω2

n,k] + H(t)
)
x(t) =

∫ −0

−σ
W(θ, t)xt(θ)dθ. (5.34)

Consequently, this dde is a special case of (1.16) in the Introduction when the new
coordinates u = col(x, ẋ) are introduced.

5.3 Model Validation with Serrated Cutters
In order to verify the general model of milling processes, a cylindrical serrated cutter
is considered with uniform pitch angles ϕp,i(z) ≡ ϕp = 2π/Z and helix angle ηi(z) ≡ η
for all i = 1, . . . , Z in this section. Serrated end mills have flutes with waves that are
described by cubic polynomials as presented in [58]. The feed f is always set in the
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x direction as shown in Figure 5.2a.
The variation ∆Ri(z) introduced at (5.9) can be written by the dimensionless

profile function ρ(ζ) Figure 5.4

∆Ri(z) = aρ (z/L− ψi/(2π)) , (5.35)

where a is the peak-to-peak amplitude and the axial coordinate z is scaled with the
wavelength L of the serration (Figure 5.5b). The angle ψi indicates the phase shift

Figure 5.4: shows the dimensionless profile of a possible serration shape.

variation on the ith flute which is, in practice, a uniform division of the revolution
expressed as

ψi = (i− 1)ϕp, i = 1, . . . , Z, (5.36)

where ϕp is the constant pitch angle between the subsequent flutes in this case (Fig-
ure 5.2b).

Here, the orthogonal to oblique model [53, 55] of the local specific cutting force is
used that was described at (1.3). The identified orthogonal cutting parameters of the
al7075-t6 work material [58] include the effects of chip size h(mm), cutting speed
vc(m/min) and rake angle α(deg), and are given as,

τs = 297.05 + 1.05α (MPa),
φ = 24.20 + 36.67h+ 0.0049vc + 0.3α (deg),
β = 18.79 + 6.7h− 0.0076vc + 0.2561α (deg),

(5.37)

where τs, φ and β are the shear stress, shear angle and friction angle, respectively.
Using the orthogonal to oblique transformation described in Appendix A one can
give the cutting coefficient vector Kc in the local coordinate system, while the edge-
coefficient vector is given in the same reference [58] as

Ke =

 23.41− 0.0014vc − 0.26α
35.16− 0.0011vc − 0.51α

0

( N
mm

)
. (5.38)

This way, the specific cutting force can be calculated following (1.3).
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5.3.1 Instantaneous Force and Torque Measurements

Figure 5.5: a) presents a result of a stationary force simulation done by tool1 (details in Table 5.1)
(here, Ft, Fr and Fa are the resultant tangential, radial and axial forces and ap = 3mm,Ω =
5000 rpm, half immersion down milling). Thin and thick lines show the forces of the serrated cutter
and a conventional tool. b) shows the chip separation process in a revolution of the serrated tool
(black, light grey and dark grey mark different successive edges). The chip volumes cut by edges are
depicted with greyscale corresponding to the edge-greyness (the hypothetical chip volume cut by a
conventional tool is indicated by dashed frames). Note that dAi,1(z) + dAi+2,3(z) ≈ 3 dAC.

The chip thickness and cutting force models are first validated experimentally
in chatter free cutting tests before their incorporation to the stability model. Since
the chip thickness distribution is extremely nonuniform along the cutting edges of
all flutes, the classical mechanistic calibration of cutting force coefficients can not
be employed on serrated end mills. The cutting force coefficients are evaluated from
orthogonal to oblique transformation formulation given in [55]

Table 5.1: The selected serrated tools for the force (tool1) and for the stability (tool2) measurement.

name profile cutter type Z
D

(mm)
η

(deg)
a

(mm)
L

(mm)

tool1
mitsubishi

vcsfprD1600 4 16 20 0.38 1.8

tool2
mitsubishi
ammrD2000 3 20 37.5 0.67 3.25

Sample, vibration free cutting force simulation results are shown in Figure 5.5a
where the resultant tangential, radial and the axial components of the cutting force
are presented for serrated and regular end mills. The regular end mills produce
periodic and uniform cutting forces, whereas the serrated end mills have non-uniform
amplitudes at tooth passing intervals due to irregular chip load distribution among
the flutes. However, the serrated end mills have a periodic pattern at spindle rotation
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periods as shown in Figure 5.5a (see 1-2-3-4), which is caused by the phase shifts
ψi, since the cut and missed-cut ‘parts’ of the tool are different for each flute (see
Figure 5.5b). Although both regular and serrated end mills remove the same amount
of material per spindle revolution, the serrated end mills cut thicker chips which
results in lower average cutting forces, torque and power due to size effect. Then,
the multiple sized chip thickness does not cause the same rate of increase in cutting
force due to the degressive sense of the cutting force characteristic, which might be
simply approximated by using the edge coefficients Ke,tra (Figure 5.6) and the cutting
coefficientsKc,tra. However, while the torque/power cost is lower for the serrated tool,
the cutting edges which cut thicker chips are worn more quickly than the regular end
mills are. This might require special cooling techniques especially in case of difficult
to cut materials [109].

Figure 5.6: The effect of the degressive cutting force characteristic with missed-cut effect. Infinites-
imal cutting forces dFtra are considered for the chip areas dAC = hCdz, dAi+2,3(z) = hi+2,3(z)dz
depicted in Figure 5.5b; the appr. three times larger chip area results only appr. 50% larger cutting
force.

Cutting tests have been conducted on a 3 axis horizontal milling machine centre
using al7075-t6 workpiece in order to test the model at a large spindle speed range
and deep cuts. Titanium requires more rigid machine and the cutting speed range
is limited due to tool wear constraint. However, the proposed mathematical model
is valid for any metal. A short carbide tool (tool1 in Table 5.1) was attached to a
shrink fit tool holder to increase stiffness and minimize run-out. Three spatial force
components Fx, Fy, Fz and the acceleration ay perpendicular to the feed motion were
collected. The acceleration signal was used to check whether the cut was stable or
unstable during the tests.

Three sample measurements are compared against simulated forces for regular
and serrated end mills in Figure 5.7abc at different feeds per tooth. The feed rate is
normalized against the peak-to-peak amplitude of the serration waves as

ε =
fZ
a

=
f

Za
, (5.39)

The dimensionless feed ε indicates how the cutting force amplitudes are affected by
the regular end mills as the feed increases. It can be seen that the measurements
(thin lines) and the predictions (thick lines) fit well except in the z direction due to
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Figure 5.7: The first three panels show examples of the performed force measurements (the thick
and thin lines are the simulated and the measured forces of the serrated cutter; the dashed lines
shows the simulated forces of a conventional tool without serration). One after another the presented
time-force evolutions were performed with fZ = 0.02mm/tooth, fZ = 0.1mm/tooth and with fZ =
0.25mm/tooth respectively. Panel d) shows in percentage the predicted (continuous line) and the
measured (◦) torque characteristic of the serrated cutter (tool1). (Here, ap = 3mm,Ω = 5000 rpm,
half immersion down milling.)

the unmodelled edges on the tool tip. An average position angle can be approximated
as,

ϕ ≈ ϕen + ϕex

2
. (5.40)

The corresponding average tangential cutting force component can be expressed as

F t = F x cosϕ− F y sinϕ, (5.41)

which is used to construct the average cutting torque as

M = ReF t, (5.42)

where Re is the radius of the tool envelope. In Figure 5.7d, the predicted torque
(thick curve) is compared with the required torque of the equivalent conventional
tool (dashed line). This torque characteristics clearly imply that the serrated tool
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Figure 5.8: The continuous transformation of the linear stability of a serrated cutter (tool2)(tick lines)
between the stability of its equivalent non-serrated one fluted (dashed line) and its N fluted (thin
line) counterparts. The non-integer flute numbers Z̃ and the non-dimensional feeds ε are marked in
each panels. The calculation were performed with the measured modal parameters presented later
in Table 5.2 in case of half immersion down-milling and with average but cutting velocity dependent
cutting coefficients (5.45) based on the orthogonal to oblique definition of al7075-t6 (5.37).

needs lower drive torque to perform the same material removal rate at low feed range
than an equivalent non-serrated tool. On the other hand this difference vanishes at
relatively high feed rates (ε ≈ 1). In Figure 5.7d, ◦’s represent the average drive
torque estimated from the force measurements described by (5.40–5.42).

5.3.2 Effect of Feedrate on Stability

Since the used serrated tools (cf. Table 5.2) have uniform pitch angles and uniform
constant helix angles, the regeneration is related only to multiple discrete delays
originated in the missed-cut effect. This means that the general linearized form at
(5.34) of the milling process simplifies to

ẍ(t) + [2ξkωn,k]ẋ(t) +
(
[ω2

n,k] + H(t)
)
x(t) =

Nτ∑
j=1

Hj(t)x(t− τj), (5.43)
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where

H(t) =
Nτ∑
j=1

Hj(t), and Hj(t) =

∫ −0

−σ
δD(θ + τj)W(θ, t)dθ. (5.44)

If the cutting force model is linear, one does not need to calculate the periodic solution
r(t) = U q(t) since non of the derivatives in (5.44) depend on the modal coordinates
q. If the cutting force model is nonlinear, a time consuming solution of a nonlinear
boundary value problem leads to the determination of q. Since the cutting force
model has slightly nonlinear dependency on the chip thickness h as shown in (5.37),
the cutting coefficients Kc are averaged with the average chip thickness h for the
spindle period T . Then the resulting specific dynamic cutting force becomes linear
(cf. (1.3))

f(h) = Ke(Ω, α) + Kc(h,Ω, αr, η)h, (5.45)

and the time-periodic coefficients Hj in (5.44) become invariant to the time-periodic
stationary solution q. This property is inherited from the simple milling models where
the linearized time periodic governing equations could also be obtained without the
exact calculation of the stationary time-periodic motion of the milling tool.

The stability of the parametrically excited linear system (5.43) is determined by
means of sd method (see Subsection 1.3.3). Note that (5.43) must be represented
in first order form with choosing the usual representation u = col(x, ẋ). During the
calculation of the characteristic multipliers (1.36), only the linear map Φ is determined
numerically and the actual vibration is not traced. Consequently the original form
(5.17) of the actual chip thickness is not suitable to determine the possible missed-
cuts due to the serrations. Instead of the instantaneous geometrical chip thickness
hg,i,l(z, t), one can use its stationary part only, which has the form (cf. (5.13,5.14)):

hgst,i,l(z, t) = (Ri(z)−Ri+l(z)) sinκi(z) + fi,l(z, t) sinκi(z) sinϕi(z, t), (5.46)

and the effective index e can be determined from

hgst,i,e(z, t) =
Z

min
l=1

hgst,i,l(z, t), (5.47)

which is needed to rearrange the different parts of the resultant force (5.27) according
to the delays τj occurring in the dynamic model of the serrated tools. The missed-cut
part of the screen function gh,i in (5.22) has to be modified similarly to (5.47).

A set of simulated stability charts is given for serrated and regular end mills
in Figure 5.8 at different feeds. The tool has Z = 3 serrated helical flutes, see
tool2 in Table 5.1 for the geometric parameters. The dynamic parameters of the
tool/toolholder/spindle structure are experimentally identified and listed in Table 5.2.
The stability charts of the three-fluted serrated tools (thick lines) are compared to
its equivalent three and one fluted non-serrated counterparts (thin and dashed lines,
respectively). It can be observed in Figure 5.8 that the serrated cutter behaves like
an equivalent one fluted non-serrated tool at low feed rates (the thick and dashed
lines almost cover each other). However, when the feed rate is increased, the stability
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limits of the serrated three-fluted tool gradually approaches the stability limits of the
equivalent non-serrated three-fluted tool (Figure 5.8b− f). Since the higher the feed
rate is, the more portions of the edges participate in cutting, and the missed-cuts
stop occurring, the tool starts behaving like its non-serrated counterpart.

The operation can be characterized with an equivalent non-integer flute number:

Z̃ = Z − e+ 1, (5.48)

The missed-cuts are averaged along the edges for a time period T ,

e =
1

Z

Z∑
i=1

1

µi

∫
µi

ei(z, t)dµ (5.49)

where
µi := µ ({(z, t) ∈ [0, ap]× [0, T ] | gi(z, t) > 0}) . (5.50)

is a measure of ‘being in cut’, which is defined above the axial direction z up to the
depth of cut ap and the time t up to the principal period T where the edges are in
cut.

Globally, the minimum of the stability limit is shifted downwards, and the system
approaches the stability of the conventional three-fluted cutter with an equivalent
number of flutes given in (5.48) [55].

5.3.3 Chatter Experiments

Figure 5.9: The measurement setup with accelerometers and with the mql system.

The proposed stability model is experimentally verified in milling Al7075-T6
workpiece material at a wide range of cutting conditions using uncoated tool2 with 3
flutes (Table 5.1). The tool was placed in a shrink fit holder with a large overhang
(Lo = 105mm). The measured frfs were subjected to a rational fraction polynomial
[110] fitting method, the identified modal parameters are given in Table 5.2.

70



Figure 5.10: The first three panels present the result of a chatter test performed by serrated tool2
(Table 5.1) using different feeds (◦ and • mark stable stationer cutting and cutting subjected to
chatter vibration). Panel d) to f) show a measurement sample signed with an arrow in the stability
charts. The measured acceleration signal in x direction is presented in panel d); its integrated fast
Fourier transform (fft) is in panel e) and the surface left by the cutter is presented in panel f).
Besides the feed dependency of the stability the typical surface pattern left by an unstable tool can
be recognized at the last part of f). The measurements were performed under half immersion down
milling.

The milling tests have been conducted on a horizontal milling machine with mql to
avoid build up edge. The feed dependency of the stability is investigated by conduct-
ing cutting tests at three different feeds (fZ = 0.1mm/tooth, fZ = 0.2mm/tooth, fZ =
0.3mm/tooth). The travel distance in each feed zone corresponds to about 500 spin-
dle rotations, thus the zone lengths are different as can be distinguished in the photo
shot in Figure 5.10f . The depth of cut ap was increased step-by-step starting below
the predicted stability limits (Figure 5.8) until the chatter limit was reached during
the experiments. Sound pressure, and the accelerations of the spindle were measured
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Table 5.2: The measured modal parameters (natural frequency ωn,k, damping factor ξk and modal
stiffness kk) and the modal matrix of the corresponding kth (k = 1, 2, . . . , 5) mode.

k ωn,k(Hz) ξk(%) kk(N/µm) unnormalized modal matrix (C.5)
1 667.87 3.876 18.244 P = [p1 p2 . . . p5]
2 995.21 3.4374 12.834

=

 1 1 0 0 0
0 0 1 1 1
0 0 0 0 0

 .3 639.95 6.4268 11.715
4 922.78 2.4004 19.612
5 1110.6 5.9988 18.509

in the feed and the normal directions.
Chatter was identified by the recognition of increasing characteristic peaks (see

Figure 5.10e) in the spectrum of the acceleration and sound signals, and by the chatter
marks left on the cut surface of the workpiece (see Figure 5.10f).

Chatter frequencies are presented in Hz at the different cutting speeds in Fig-
ure 5.10abc, which are close to the measured modes given in Table 5.2 except the case
of the right-most experiment marked with pd. This type of stability loss is related to
period doubling (pd, also called flip) in milling [111], [30], [63] and [112]. However,
the prediction of this period doubling requires more sophisticated mechanical mod-
elling where the switching between constant delays depends on the vibration itself
(compare the chip thickness representations in (5.17) and (5.47)). This may lead to
the use of state-dependent delay models similar to the ones in [113] and [106]. The
predicted and measured stability limits are in sufficient agreement as demonstrated
in Figure 5.10.

5.4 New Results
Thesis 4

A general geometrical model of milling tools was constructed, which was adapted
in the dynamical model of the corresponding milling process that involves intricate
regeneration effects due to the serrated edges of the tool. In the cases when the chip
thickness is much smaller than the amplitude of the serration waves, it was derived
from the theoretical model that the number of delays increases and the serrations
attenuate the regeneration, consequently, the stability limits increase. It was also
shown that when the feedrate increases, the material contact along the serrated flutes
increases, the stability limits are reduced and the machining process approaches the
performance of regular, smooth end mills.

An easy-to-use but counter-intuitive engineering rule was formed, namely, that
the serrated cutters can be used for stable cutting with the number-of-flutes-times
higher axial depth of cuts than the regular end-mills provided that the feed rate is
less than the peak-to-peak amplitude of serration waves. In other words, serrated
cutters behave as one-fluted regular end mills at low feed ranges.

With the help of detailed experimental stability charts for milling with serrated
cutters, the theoretical predictions were confirmed.

Related publications: [31, 114, 115].
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Chapter 6

Prediction of Multiple Dominant
Chatter Frequencies in Milling
Processes

Apart from the limit depths of cut provided by the stability charts, the frequencies
of the self-excited vibrations are of importance, too, since they can help to tune the
parameters of different parts of the machine to avoid chatter.

In practice, two major goals can arise at the design stage of a machine tool. On one
hand, the machine needs good static accuracy to reproduce the desired shape of the
workpiece with good quality. This depends on the static stiffness and the control of
the machine tool. On the other hand the machine has to handle the desired operation
(e.g. roughing) without any instabilities, which requires good dynamical characteristic
of the structure. At this stage, the prediction of the dominant frequencies is of
importance since the ‘weak’ modes of the machine can be identified and the structure
can be tuned according to the calculated spectrum.

As it was shown in [116], the occurring vibration during milling is usually far more
complex than the one occurring in turning. In both stable and unstable cutting pro-
cesses, the spectra of the developed vibration of milling operations contain harmonics
related to the time-periodic forced excitation, too. However, unstable milling opera-
tions also include self-excited frequencies and their harmonics. The identification of
all of these spectral properties is essential for machining diagnosis.

Some machining operations, like aluminium milling, usually initiate the high-
frequency modes related to the tool/toolholder, while some other materials, such
as difficult-to-cut materials [109], induce the low-frequency structural modes. Con-
sequently, the machine has to be dynamically designed to fit the required cutting
operation.

In this chapter, it is shown that the semi-discretization (sd, see Subsection 1.3.3)
method is able to detect the strengths of the multiple chatter frequencies in an efficient
way. Moreover, the presented method can give the spectra of the just developing self-
excited vibrations for more complex milling models implemented in time-domain.

73



6.1 Multiple Vibration Frequencies
The stability boundaries are the curves in the parameter plane of the depth of cut
ap and spindle speed Ω, where critical multipliers |µcr| = 1 occur (cf. (1.30)). In the
stable side of these boundaries (usually below), the tool vibration tends to the time-
periodic stationary orbit yt (Subsection 1.3.2). In the other side of the boundaries,
the system loses its stability and it approaches a higher amplitude stable attractor
(like in Figure 2.4 or in Figure 3.7) that is a threshold of the unstable motion. These
non-smooth orbits are referred to as chatter vibration in the machine tool industry.
Note that this ‘outside’ attractor, related to its non-smooth sense, can simply be a
stable periodic orbit, quasi-periodic orbit or a stable chaotic attractor [92, 117] (see
Chapter 3). All of these structures are basically originated in the orbits emerging at
the linear stability limit (like in Figure 5.8), which means that the spectra of these
non-smooth orbits contain the ‘shadow’ of the just-bifurcated orbits. This explains
the practical observation that the measured spectrum is close to the one predicted by
the linear theories, only.

In this chapter the variational equation of the general milling model is considered
as the governing dynamic equation (5.34), which can be rewritten in first order form
similarly as in (1.16). If the initial state is in the form u0(θ) =

∑∞
m=1 bmsm(θ), then,

according to (1.27) and (1.29), the solution at each period lT (l = 1, 2, . . . ) is given
as

ulT (θ) = b1µ
l
1s1(θ) + b2µ

l
2s2(θ) + · · ·+ bcrµ

l
crscr(θ) + bcrµ

l
crscr(θ) + . . . . (6.1)

If |µm| < 1 for all integer m except the critical |µcr| = 1 then (6.1) shows that all of
the terms will die out except the critical one(s) if l is sufficiently large i.e.,

lim
l→∞

ulT (θ) = bcrµ
l
crscr(θ) + bcrµ

l
crscr(θ). (6.2)

The critical characteristic exponents in (1.26) corresponding to the critical character-
istic multipliers can be derived using complex logarithm, that is,

λcr,k =
1

T
(ln|µcr|+ i(argµcr + 2k π)) , (6.3)

where λcr,k = αcr + iωcr,k (k can be any integer number) and the multiple frequencies
can be expressed as

ωcr,k = |ωcr,0 + Ωpk|, where Ωp = 2π/T. (6.4)

Here ωcr,0 = (argµcr)/T is the base frequency that can be calculated directly from
the critical multiplier and it indicates the lowest possible vibration frequency, which
satisfies the linear map (1.25) formulated by the Floquet theorem [67, 24], i.e.,
Tωcr,0 ∈ [−π,π]. Equation (6.4) implies that infinitely many vibration frequencies
arise in the spectrum. These frequencies are separated by the principal frequency Ω
as it was shown in [116] and also coincides with [29]. Note that along the stability
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boundaries, the critical real part αcr is zero, but in practice, during the preparation of
a stability chart, the calculated points are never located exactly on the border. Thus,
for the further investigations, αcr = (ln|µcr|)/T should also be calculated. Using the
sd method at a point in the vicinity of the stability boundary, the approximated
spectrum of the monodromy operator M (1.25) can be calculated and the critical
multiplier µcr and the discretized version of the corresponding eigenvector Scr can be
determined numerically (see (1.36)). The definition of the eigenvectors at (1.29) gives
the possibility to construct the time-periodic term acr(θ) of the critical eigenvector
and to write it in Fourier series form

acr(θ) = scr(θ)e−λcr,0θ =
∞∑

k=−∞

acr,keikΩθ (6.5)

where λcr,b = αcr + iωcr,0. Note that, any λcr,k could be substituted instead of λcr,0 in
(6.5), since eλcr,kT = µcr, but their use might cause numerical and indexing difficulties
in the analysis later. In order to obtain the dominant vibration level, the velocity
of the vibration should be considered. According to the usual transformation u =
col(x, ẋ) to get the first order form of second order equations of motions like (5.34),
the Fourier coefficient vectors can be decomposed to parts corresponding to the modal
displacement vector acr,k and modal velocity vector vcr,k as

acr,k = col(acr,k,vcr,k). (6.6)

In this way, the dominant vibration frequency is associated with the maximum (high-
est infinite norm) of the calculated Fourier coefficients of the vibration velocity. An
implicit formula for the dominant frequency ratio kd can be given as

vcr,kd =
∞

max
k=−∞

‖vcr,k‖∞. (6.7)

Note that any eigenvector s(θ) and any of its periodic term a(θ) are defined in the in-
terval θ ∈ [−σ, 0]. This may cause representation problem of a(θ) when the condition
σ = T does not hold, e.g., for uneven pitch cutters [118]. In this case, mathemati-
cally, only the truncated versions of the eigenvectors are available, which means, their
‘periodic’ terms cannot be restored in the entire period. In order to overcome this
issue, the interpretation of the perturbed state ut(θ) should be given over an extended
interval θ ∈ [−T, 0] corresponding to the principal period T of the milling process.

Using the sd method, only the discrete representation of the critical eigenvectors
can be determined in the following form

Scr = col(Scr,i,Scr,i−1, . . . ,Scr,i−r). (6.8)

The elements of the discretized critical eigenvector in (6.8) contain parts associated
with the modal displacement vector Scr,i and modal velocity vector Wcr,i as Scr,i =
col(Scr,i,Wcr,i), similarly to (6.6). The discrete counterpart of the periodic terms can
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be defined based on (6.5) in the form

Acr =


Acr,i

Acr,i−1
...

Acr,i−r

 =


Scr,ie−λcr,0·0

Scr,i−1eλcr,0∆θ

...
Scr,i−reλcr,0 r∆θ

 , (6.9)

where again Acr,i = col(Acr,i,Vcr,i) as in (6.6). Note that, the parts corresponding
to the modal displacements and velocities are vectors defined by means of the modal
directions q (5.28) in the form

Acr,k =


Acr,k,q1
Acr,k,q2

...
Acr,k,qN

 and Vcr,k =


Vcr,k,q1
Vcr,k,q2

...
Vcr,k,qN

 , (6.10)

where k = i, i−1, . . . , i−r. The vector Acr is periodic in the sense Acr,i = Acr,i−r and
has the form on which low resolution discrete Fourier transform (dft) or fft can be
performed in each modal directions.

During the construction of the transition matrix Φ (see Subsection 1.3.3) the irrel-
evant directions can be omitted in order to speed up the sometimes costly calculation
[119, 120]. Basically, in milling, the ignored directions are the past modal velocities
ẋ(t + θ), where θ ∈ [−σ, 0), since these do not show up in the governing equation
(5.34). Therefore, vcr,k in (6.6) cannot be determined directly from Acr by dft or
fft. Instead, one can calculate the approximate Fourier coefficients of the vibration
levels as vcr,k = iωcr,kacr,k.

The dominant frequency ratio kd can be determined from the resultant approxi-
mate Fourier coefficients vcr,k applying (6.7). Consequently, the dominant vibration
frequency is given by

ωcr,d := ωcr,kd = |ωcr,0 + kdΩp|, (6.11)

according to (6.4).
The main advantage of the above elucidated method is that it does not have a

noticeable effect on the speed of the sd technique. Since the size of the window equals
to the principal period T , the dft or the fft provides spectrum with the resolution
of the principal frequency Ωp = 2π/T [25]. Consequently, the discrete peaks actually
coincide with the original peaks acr,k, which are also separated uniformly by the
principal frequency Ωp due to its definition in (6.5).

In this way, the dominant frequencies can be calculated efficiently along the stabil-
ity limits and an improved frequency plot can be provided above the stability diagram.
One can plot the harmonics of the dominant vibration frequencies and represent their
weights based on their amplitudes. This frequency plot may help to identify the
source of certain vibrations occurring during machining.
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Figure 6.1: Panel a) shows the dominant vibration frequencies (black) along the stability border.
The strengths of the harmonics are indicated by greyscale. ωn,l (l =1, 2) are the natural frequencies
of the modes considered in the calculation. Panel b) shows the stability chart and the unit circles
with the characteristic multipliers in the complex plain for points (A, B, C, D) (Kc,t = 900 N/mm2

and Kc,r = 270 N/mm2 and for the modal parameters see Table 6.1).

6.2 Case Study
In this section the above calculation is shown through an example of half-immersion
down-milling operation with a three fluted cutter taken from [31]. Two modes in
orthogonal directions of the tool/toolholder/spindle structure are considered with
the modal parameters shown in Table 6.1. As it is shown by the modeshape vectors
p1 and p2 (Appendix C) the modes coincide with the x and y directions. According
to the variational system of the general milling model (5.34), this model has the
following variational form

ẍ(t) + [2ξkωn,k]ẋ(t) +
(
[ω2

n,k] + H(t)
)

x(t) = H(t)x(t− τ). (6.12)

The calculations were carried out using the first order sd method with p = r = 90
elements to discretize the state ut(θ) of the first order representation (5.34) of (6.12).
The stability chart shown in Figure 6.1b was created by a fractal method based on
triangle elements [121]. The spectra of the discrete periodic vectors Acr of the critical
eigenvectors were calculated at the closest points of the stability limits. In the fre-
quency plot in Figure 6.1a, the dominant vibration frequencies are indicated by thick
black lines along the stability boundaries. The strengths (6.7) of the other harmonics
were indicated by greyscale except the peaks that are less than 20% compared to the
strength of the dominant frequency. Certain resonant frequencies Ωl = ωn,l/Z of the
modes are pointed out in Figure 6.1 referring to the resonant spindle speeds, the flip
regions, and the mode interaction zones [122]. In Figure 6.1a, one can observe that
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Figure 6.2: Panels a) show the critical eigenvectors of the transition matrix. In panels b) the
periodic terms of the critical eigenvectors are depicted. Panels c) present the dfts of the periodic
terms (denoted by black dots) and the ffts of time-domain simulations of the variational system
(6.12) (denoted by continuous line). The triangles mark the base vibration frequency ωcr,0. Dashed
lines refer to the tooth passing frequencies.

the dominant vibration frequencies are those, which are usually the closest to the
natural frequencies. Point D corresponds to stability loss related to period doubling
(flip) bifurcation. This can be detected in Figure 6.1a as the frequencies lie on the
lines that are odd multiples of a straight line with slope 1/2 [123]. Point B and D
represent simple cases, when only one dominant frequency is strong. For points A
and C some other strong harmonics also show up besides the dominant one. The
relevant multipliers with the unit circle are depicted in Figure 6.1b and the type of
the stability loss can be associated with the parameter points A, B, C, D, this way.

Table 6.1: The modal parameters of the modes considered in the calculation of the case study
corresponding with Figure 5.2.

l ωn,l(Hz) ξl(%) kl(N/µm) pl (C.5)
1 510 4 96.2 [ 1 0 ]ᵀ

2 802 5 47.5 [ 0 1 ]ᵀ

Figure 6.2ab show the discretized critical eigenvectors Scr (6.8) and their corre-
sponding periodic counterparts Acr (6.9). More exactly, to simplify the figures, only
the real parts of the displacements within Scr and Acr are shown, namely, the Re Scr,l’s
and ReAcr,l’s (l = i, i − 1, . . . , i − r). In panel a) and b) the values at θ = 0 corre-
spond to Scr,i and Acr,i, while the values at θ = −σ correspond to Scr,i−r and Acr,i−r,
respectively. If σ = T the discrete representation Acr of the periodic term acr(θ) is
complete, that is, Acr,i = Acr,i−r in Figure 6.2. The black and the grey lines refer to
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the two modal directions q1 and q2 of the model. The dft spectra of vcr,k in (6.6)
determined by the sd method are compared to the fft spectra of the modal velocity
ẋ(t) in (5.34) calculated by time-domain simulations (standard dde23 [124] routine
in Matlab) of the variational system (6.12). These are depicted in Figure 6.2c.

One can immediately recognize in Figure 6.2a that the eigenvectors Scr are not
time-periodic as it follows from (1.29). They oscillate around zero, since those eigen-
vectors are derived from the variational system where, in fact, the amplitude of the
theoretical stationary solution is zero. The corresponding periodic counterparts Acr,
however, may have constant components, too (see e.g. point D in Figure 6.2b). In
this case, the dominant vibration frequency is actually the calculated base frequency
ωcr,0, that is, kd = 0 (cf. (6.4) and (6.7)). In all of the other cases (see points A, B, C),
the periodic terms seem to oscillate around zero, since they have different dominant
vibration frequency as the base one, thus, kd is non-zero (see the triangles denoting
the base frequencies in Figure 6.2c).

6.3 Experimental Verification
The presented method to predict the dominant vibration frequencies was verified
experimentally. In this section, we give an overview of the measurements and the
results of the tests performed for conventional milling operation.

6.3.1 Measurement Setup

A measurement setup shown in Figure 6.3 was created to have a clear and flexible
mode perpendicular to the feed direction x. Four modes (one in the x and three
in the y directions) and the corresponding measured modal parameters are given in
Table 6.2. A continuous variation of the axial depth of cut ap was achieved by using
a ramp-like (or roof-like) mirror slope on steel (c45) workpiece with 5 mm highest
axial depth of cut in the middle (see Figure 6.4d). This strategy can lead to a more
accurate and also quicker determination of the practical limit of the stability than the
often used ‘step-cutting’ strategy. However, the identification of the accurate depth
of cut is not a straightforward task.

Figure 6.3: shows the measurement arrangement used for chatter tests.
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The average depths of cut of the individual teeth were considered, which yields
to a shift (D/π) of the effective position compared to the center of the tool (thin
vertical line in Figure 6.4d). The tool was a four fluted Z = 4 inserted cutter with
helix angle η = 20 deg and diameter D = 32 mm. Because of the limited width of the
workpiece, near-full-immersion milling was performed successively side-by-side with
31 mm radial immersion. This causes 20.36 deg deviation in the entry angle ϕen (see
Figure 5.2) compared to the perfect arrangement.

Preliminary tests were performed to identify the cutting coefficients of the linear
cutting force model [55]. The tangential and the radial cutting coefficients were
identified to be Kc,t = 1459 N/mm2 and Kc,r = 259 N/mm2, respectively.

Table 6.2: The modal parameters of the measurement setup.

l ωn,l(Hz) ξl(%) kl(N/µm) pl (C.5)
1 94 0.66 58.38 [ 0 1 ]ᵀ

2 230.6 1 161 [ 1 0 ]ᵀ

3 336.3 0.3 773.4 [ 0 1 ]ᵀ

4 375.6 1 632 [ 0 1 ]ᵀ

During the measurements, accelerations were collected by a data acquisition sys-
tem in the feed direction x and the direction perpendicular to the feed y. Eight
different speeds were selected and six of those are shown in Figure 6.4c, where black
and grey colours correspond to the y and x directions, respectively. The selected
speeds were: ΩA,B,C,D,E,F,G,H=1420, 1480, 1600, 1750, 2000, 2400, 2600, 3000 rpm.
The maximum axial depths of cut were kept to be 4 mm for safety reasons except
during the measurements A and H that were both stable all along the shots (cf. Fig-
ure 6.5). Above measurement-sketch in Figure 6.4d the time-histories of the cutting
processes show that the jumps to chatter take place at higher axial depths of cut than
they are restored to stationary cutting. This can be explained by the existence of the
so-called unsafe zones (Chapter 2) and will be discussed in details later in Chapter 7.

6.3.2 Evaluation of the Results
The limit depths of cut were calculated indirectly from the measured tool motion
along the coordinate s (Figure 6.4d) using the actual time when the tool entered
into the slope, the time when it lost its stability and the actual value of the feed
f = 0.8 mm/rev. The time instant of entering into the workpiece can be obtained
directly from the time-domain representation of the signals (Figure 6.4c). In order
to find the instant of stability loss, the strength of the just-developing dominant
frequency (chatter frequency, ωC) of the self-excited vibration must be compared to
the strongest peak of the forced vibration (usually the peak of the tooth passing
frequency, ωT ). For this purpose, short-time Fourier transform (stft) was applied
on the time signals using sliding Hann window of length 1 s with time-step 0.1 s and
the acceleration spectra were transformed to velocity vibration level |fft(v(t))| in the
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Figure 6.4: Panel b) and a) show the stability chart and the frequency diagram of the full immersion
milling process. In panel a) the black and thick lines denote the dominant self-excited vibration
frequencies along the stability limits, while the weaker frequencies are shown by thick grey-scale.
The measured frequency peaks are indicated by circles of sizes proportional to their strengths (cf.
panel e). In panel b) the crosses mark the limit depths of cut of the tests where the processes
lost stability. The arrows show the maximum possible depths of cut that were reached by stable
machining using test arrangement depicted in d). Six samples of acceleration signals are plotted in
c). The spectra in panels e) correspond to the critical windows of stft denoted by dashed lines in
panels c). In c) and e) the black and grey colours are associated with the y and the x directions,
respectively (cf. Figure 6.3). In panel a) and e) the dashed black lines, the grey dashed lines and
the black dotted lines indicate the tooth passing frequencies ωT , the flip-lines ωM and the spindle
frequencies Ω and their harmonics, too. The measured dominant chatter peaks are marked by ωC
with their actual values given in panels e).



frequency domain. The cutting process was declared to be unstable when the peaks of
the self-excitation and the corresponding forced vibration were roughly equal. Using
this strategy, relatively large error in tool-position s results in negligible error in axial
depth of cut due to the gentle slope on the workpiece. On Figure 6.4b, the measured
stability limits are indicated by crosses while the stable shots are denoted by arrows
with tips up to the reached maximum depths of cut. These measured points tend to
the shape of predicted instability ‘lobe’ (solid line).

The predicted frequencies of the self-excited vibrations and their harmonics are
plotted in Figure 6.4a by thick grey-scale, in a way that the dominant vibration fre-
quencies ωcr,d (6.11) are black. The thin grey lines show the non-operating (strengths
less than 2.5%) multiple harmonics ωcr,k (6.4) of the dominant frequencies. The hor-
izontal and the inclined dashed black lines indicate the natural frequencies ωn,1...4
(Table 6.2) and the tooth passing frequencies ωT = ZΩ together with their har-
monics, respectively. The inclined grey dashed lines ωM = ωT/2 together with their
harmonics are related to the double period (flip) self-excited vibrations [123].

Figure 6.4a also shows that only the first three modes have effect on the stability
since the dominant frequencies lie close to the first three natural frequencies ωn,1...3.
On the other hand some harmonics of the self-excited frequencies are also active
(grey-scale), but in the region of the measurements (Ω ∈ [1400, 3000] rpm) only small
portions of them are significant. Note that the higher harmonics do not show up
if one uses exact full-immersion milling model during the calculations. In this case,
the internal symmetry due to the full-immersion sense and the approximated circular
orbits of the flutes make the periodic force ‘smoother’ than it is in reality. Generally,
the predicted frequencies agree well with the measured chatter frequencies and their
harmonics depicted by circles in Figure 6.4a. The size of the circles are proportional
to the measured peaks and the values next to the circles show the strength (6.7) of the
predicted peaks (in percentage) compared to the strength of the dominant frequency.

The critical stft time-windows, where the stability losses were first identified
are denoted by dashed lines in Figure 6.4c. The ffts of the signal over the critical
time-windows are presented in panels e) for cases C, D, E and G. The continuous and
dashed guidelines in panels e) correspond to those in Figure 6.4a, while dotted lines
denote the harmonics of the spindle frequency Ω. The black and grey lines indicate the
spectra in x and y directions. In all samples, the peaks that do not coincide with any
harmonics of the spindle frequencies are the frequencies of the self-excited vibrations
(practically the chatter frequencies ωC) and/or their harmonics. One can realise that
these samples are taken from the critical time-windows since the chatter peaks are
close to the level of the strongest forced frequency. Note that for case D, the strongest
forced frequency is in the feed direction x, while chatter occurs in the perpendicular y
direction. For case E, the third spindle harmonic (arising due to the possible run-out
of the tool) is the strongest forced peak since it is in resonance with the first natural
frequency of the system ωn,1 (see arrows above the frames of Figure 6.4e). It can
be seen that the level of the chatter peaks and their harmonics correlate well to the
predicted frequencies and their levels shown by grey-scale in panel a). The second
mode, which is in the feed direction, resonates with the harmonics of the self-excited
vibration. This phenomenon is similar to the so-called mode interaction introduced
in [122].
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Figure 6.5: shows the workpiece after all test were performed. The marks left by the chattering tool
can be realized easily.

Even though plain milling was performed, the face of the milling cutter leaves
strong marks on the workpiece during chattering motion due to the bending vibrations
of the tool. This results in an indirect visible manifestation of the stability lobes on
the workpiece shown in Figure 6.5.

The strategy of the stability-loss-detection applied here in combination with a fast
stability prediction can give a tool for real-time stabilization of milling processes. As
it can be recognized in Figure 6.4c the loss of stability was detected much before the
onset of the large amplitude chatter vibration (cf. the length of the critical time-
windows in Figure 6.4c). For case C, for instance, the detection was realized at about
one second before the chatter was fully developed.
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6.4 New Results
Thesis 5

The idea of ‘dominant vibration frequencies’ was introduced by means of the relevant
part of the kinetic energy of the vibration that occurs at the dynamic loss of stability of
linear time-periodic parametrically excited delayed systems like milling. It was shown
that the magnitudes of the vibrations corresponding to these dominant frequencies are
large compared to the infinitely many harmonics of the vibration frequencies emerging
from the Floquet multipliers of the monodromy operator. A method was developed
that can select the dominant frequencies among the infinitely many harmonics of
the non-harmonic quasi-periodic self-excited vibration. The method is based on the
decomposition of this vibration signal and on the calculation of that periodic part
which has the time-period of the parametric excitation. The dominant frequencies
are selected by means of the Fourier components of this time-periodic part of the
corresponding critical vibration signal.

Based on the above theoretical result, the semi-discretization method was ex-
tended by a time-efficient numerical algorithm that determines the dominant vibra-
tion frequencies numerically for linear parametrically excited delayed systems at the
limit of stability. The approximate multipliers are determined as the eigenvalues of
the transition matrix constructed by means of semi-discretization as the finite dimen-
sional counterpart of the monodromy operator. The strengths of the harmonics can
be determined by means of the Fourier components, and the efficiency of the method
is guaranteed by the application of a low resolution fft applied for one period of the
calculated critical periodic part.

Milling experiments confirmed the predicted dominant frequencies. These frequen-
cies are usually grouped around the natural frequencies of the machine tool structure,
but the experiments captured intricate cases when strong frequency components ap-
peared far from the natural frequencies exactly where they were predicted by the
theory and calculated by the numerical algorithm.

Related publication: [125]
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Chapter 7

Experimental Investigation of Unsafe
Zone in Milling

The aim of this chapter is to present measurement results that show the existence and
prove the feed characteristic of the so-called unsafe zone where the milling operation
shows bi-stability (cf. Chapter 2). The presented measurements can be considered as
a continuation of the pioneering work of Shi, H.M. and Tobias, S.A. [42] whose tests
contained data referring to the aforementioned feed dependency of the thickness of the
unsafe zone. While the occurrence of a possible maximum of the feed characteristics
of the unsafe zone (Figure 2.5a) was not realizable in their conventional experimental
setup, their predicted nonlinear force characteristics forecasted the basic phenomena
of nonlinear regenerative machine tool vibrations. As explained in Chapter 2, the
zero-width unsafe zone would correspond to the linear cutting force characteristics
(1.2), and the constant-width unsafe zone would correspond to the classical power-
law characteristics (1.4). However, neither of these are confirmed by our experiments
presented in this chapter and it will also be explained why they rather fit to the
nonlinear framework suggested by Tobias, S.A. in 1984 [42].

Recalling Figure 2.4 and Figure 3.1, Figure 7.1 summarizes the unsafe zone (see
uz in Figure 7.1b) phenomenon by depicting the hysteresis effect that is typical in
case of subcritical Hopf bifurcations [23]. The two dynamically stable motions, the
stationary cutting (1.9) and the large amplitude stable vibration (3.5) are separated by
an unstable periodic motion. Although the experimental identification of this unstable
periodic motion is practically impossible, the unsafe parameter zone can be detected
experimentally where the hysteresis is observed during the appearance/disappearance
of chatter for increasing/decreasing chip width (trace vectored path of the parameter
variation during the experiments in Figure 7.1b).

7.1 Reduced Milling Model
In order to measure the hysteresis effect where the unsafe zone takes place, a specially
prepared fixture with one degree of freedom flexibility perpendicular to the feed direc-
tion (see Figure 7.2) has been used (similarly to the one Chapter 6). Full immersion
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Figure 7.1: a) Instability lobes for reduced 1 dof model of cutting (dashed black lines) and for
multi-dof model of milling (black line). b) represents the unsafe zone (uz) of stationary cutting
below the critical depth of cut (hb), above which unstable stationary cutting (usc, dashed straight
line) occurs; the large amplitude oscillation (chatter, ch) is often chaotic (grey cloud), while the
globally stable stationary cutting (gsc, grey solid line) appears below the turning point (Big Bang
Bifurcation, b3). hb and b3 are connected by an unstable ‘ghost’ oscillation (dashed curved line)
that separates the locally stable stationary cutting and the chatter. Vectored solid line refers to the
measurement process along a hysteresis loop (cf. Figure 7.3).

milling of steel (c45) was performed with a cutter having Z = 4 teeth and diam-
eter D = 32 mm. The measured linear cutting coefficients were Kt = 1495 MPa,
Kr = 538.7 MPa. With this arrangement, the tooth pass frequency can be tuned
close to the relevant natural frequency to study the first lobe of the stability chart
(Figure 7.1a). The continuous variation of the axial depth of cut ap was provided by
a special ‘ramp-like’ workpiece (see the sketch at the left-hand-side of Figure 7.3c),
which was attached to the special fixture in the feed direction. The experimental
modal analysis confirmed the existence of the relevant flexible mode in y direction
with ωn = 95.88Hz, ξ = 0.007 and m = 140.7 kg apart from the other less signifi-
cant modes in x, y and z directions. These data are slightly different from the ones
in the previous chapter (see Table 6.2) due to the slightly different dimensions and
arrangement of the workpiece on the fixture. Since the tool is a regular cutter with
uniform pitch and helixes, the formula for the ith tooth position (5.8) simplifies to
ϕi(t) = Ωt+ 2π(i− 1)/Z (see Figure 7.2b).

Based on the general model of milling operation (5.28), the above described milling
process can be governed in the following one dof form:

q̈(t) + 2ξωnq̇(t) + ω2
nq(t) = apUq,q

Z∑
i=1

fy,i(t), (7.1)

where Uq,q is the relevant modeshape component in the y direction (see Appendix C).
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Figure 7.2: a) shows the special fixture and tool used during the measurement. b) represents the
mechanical model.

The specific cutting force component in y direction has the form

fy,i(t, hi(t)) = gi(t) (ft(hi(t)) sinϕi(t)− fr(hi(t)) cosϕi(t)) (7.2)

according to the simplified form of Subsection 5.1.4. In this model, the tool is con-
sidered to be rigid and the workpiece is considered to be flexible, thus, the force ftra,i
acts on the workpiece, and consequently, the negative sign at (5.23) is dropped. The
cut chip thickness on the ith insert can be expressed as

hi(t) = hi(t,∆q(t)) = fZ sinϕi(t) + ∆q(t)Uq,q cosϕi(t), (7.3)

where the regenerative term ∆q(t)Uq,q = ∆y(t) = y(t − τ) − y(t) involves a change
of sign as compared to (5.15) due to the same reason as explained at (7.2). The
periodic coefficients in (7.2) and (7.3) induce periodic stationary solution with the
tooth passing period T = 2π/Ω/Z. The variation x1 is introduced here as q(t) =
q(t) + x1(t) corresponding to the small perturbation x at (5.29). This leads to the
following boundary problem for the stationary solution q(t) q̈(t) + 2ξωnq̇(t) + ω2

nq(t) = apUq,q

Z∑
i=1

fy,i(t, hi(t,∆q(t))),

q(t) = q(t+ T ).

(7.4)

Observe that ∆q(t) = q(t − τ) − q(t) = 0, since τ = T in this case. The perturbed
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system then has the form

ẍ1(t) + 2ξωnẋ1(t) + ω2
nx1(t) = apUq,q

Z∑
i=1

∞∑
k=1

1

k!

∂kfy,i
∂∆qk

(t, hi(t, 0)) ∆xk1(t), (7.5)

where ∆x1(t) = x1(t − τ) − x1(t). Since ∆q = 0, the stationary chip thickness (7.3)
on the ith tooth is only hi(ϕi(t)) := hi(t, 0) = fZ sinϕi(t). With this and with the
standard assumption fr(h) = ςft(h) (see [55]) in (7.2), the partial derivatives in (7.5)
of fy,i can be expanded by means of the chain rule

∂kfy,i
∂∆qk

(t, hi(t, 0)) =
∂fy,i
∂ft

(t)
∂kft
∂∆qk

(t, hi(ϕi))

=
∂fy,i
∂ft

(t)
∂kft
∂hk

(hi(ϕi))U
k
q,q cosk ϕi,

(7.6)

where (7.2) implies

∂fy,i
∂ft

(t) = gi(t)(sinϕi − ς cosϕi) with ϕi = ϕi(t), (7.7)

and ς is the radial/tangential catting force ratio. Note that the derivatives at (7.6)
has the form due to the linear dependency of ft in fy,i at (7.2) using ς.

In order to use the results of the nonlinear analysis of orthogonal cutting derived
in Chapter 2, a one dof autonomous dde is formed using time averaging [42]. The
partial derivatives of ft w.r.t. h can be expanded around the average chip thickness
h̃ = 2fZ/π for quarter rotation of the tool (that is, for the tooth pass period T ), thus

∂kft
∂hk

(hi(ϕi)) ≈
3∑
l=k

1

(l − k)!
f

(l)
t (h̃)(hi(ϕi)− h̃)l−k. (7.8)

Only the first three nonlinear terms are used due to the normal form calculations in
Chapter 2 where the approximation in (7.8) is limited up to the third derivative of the
specific cutting force characteristics ft(h). This results in the following approximated
form with ϕi = ϕi(t):

ẍ1(t) + 2ξωnẋ1(t) + ω2
nx1(t)

= apUq,q

Z∑
i=1

gi(t) (sinϕi − ς cosϕi)
3∑

k=1

Uk
q,q cosk ϕi

k!

3∑
l=k

f
(l)
t (h̃)(hi(ϕi)− h̃)l−k

(l − k)!
∆xk1(t),

(7.9)

which is still non-autonomous. Since, the tool has uniformly distributed four inserts
and full immersion is performed, only two teeth are in engagement, that is, the
screen function gi(t) can be omitted from (7.9) in the interval of ϕi ∈ [0,π/2] using
ϕi+1 = ϕi + π/2 (see Figure 7.2b). Also, the sinϕi and cosϕi can be averaged
w.r.t. tooth pass period T corresponding to π/2. This way we get an autonomous
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dde model of the milling process in the form

ẍ1(t) + 2ξωnẋ1(t) + ω2
nx1(t) = apUq,q(K1∆x1(t) +K2∆x2

1(t) +K3∆x3
1(t)), (7.10)

where the coefficients are

K1 = ςUq,q

(
−f ′t(h̃) +

1

3
f ′′t (h̃)h̃− 3π2 − 16

96
f

(3)
t (h̃)h̃2

)
,

K2 = U2
q,q

(
2

3π
f ′′t (h̃) +

3π2 − 32

48π
f

(3)
t (h̃)h̃

)
,

K3 = −1

8
ς U3

q,qf
(3)
t (h̃).

(7.11)

This can be transformed into the dimensionless form (2.7) as it was explained at (2.6),
where the linear coefficient

apUy,y
K1

ω2
n
7→ w (7.12)

is the dimensionless chip width proportional to the axial depth of cut ap, and the
coefficients of the nonlinear terms assume the form

η2(h̃) = −h̃ 2

ς π

32K ′t(h̃) + (3π2 − 32)h̃K ′′t (h̃)

96Kt(h̃)− 32h̃K ′t(h̃) + (3π2 − 16)h̃2K ′′t (h̃)
,

η3(h̃) = h̃2 12K ′′t (h̃)

96Kt(h̃)− 32h̃K ′t(h̃) + (3π2 − 16)h̃2K ′′t (h̃)
.

(7.13)

The tangential cutting coefficient (function) is defined as Kt(h) = f ′t(h). Note that
the average chip thickness h̃ plays the role of the uncut chip thickness h0 (cf. (2.6)).
For example, if one assumes the cubic form (1.5) of the tangential cutting force
characteristic, these nonlinear coefficients simplify to

η2(h̃) = −h̃ 2

ςπ

32ρ2,t + 9π2ρ3,th̃

48ρ1,t + 64ρ2,th̃+ 9π2ρ3,th̃2
,

η3(h̃) = h̃2 36ρ3,t

48ρ1,t + 64ρ2,th̃+ 9π2ρ3,th̃2
.

(7.14)

If we substitute all these into the formula (2.34) derived in Chapter 2 for the
relative width ∆wbist of the unsafe zone, we obtain

∆wbist(h̃) =
1

4

(
δ1(ω)

δ2(ω)
η2

2(h̃) + 3η3(h̃)

)
=

ω→∞

3

4
η3(h̃). (7.15)

This yields to an invariant expression to vibration frequency ω of the relative width of
the unsafe zone, which serves a good approximation for realistic small damping ratios
ξ. This allows to deduct qualitative results related to the unsafe zone calculation
presented in Chapter 2 from the above described milling measurements.
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7.2 Power-Law Force Characteristics and Unsafe Zone
Width

If the shifted linear cutting force characteristics introduced in (1.2) is considered then
the first and second derivatives of the cutting coefficient function Kt(h̃) are zero,
thus, η2, η3 ≡ 0 and the width of the unsafe zone is zero, too. This means that the
hysteresis effect with increasing and decreasing chip width cannot occur, which is in
contradiction with the experimental observations.

If the nonlinear coefficient η3 (7.13) is substituted into the approximation of ∆wbist

(7.15), a non-autonomous ordinary differential equation (ode) can be formulated
w.r.t. the cutting force coefficient characteristics Kt(h):(

(3π2 − 16)∆wbist(h̃)− 9
)
h̃2K ′′t (h̃)− 32∆wbist(h̃)h̃K ′t(h̃) + 96∆wbist(h̃)Kt(h̃) = 0.

(7.16)
This can be solved analytically in simple cases. Let us suppose that the relative width
of the unsafe zone is invariant to the (average) chip thickness, that is, ∆wbist(h̃) ≡
∆wbist. In this case, the differential equation at (7.16) becomes an Euler type ode,
that can be solved analytically using a coordinate transformation w.r.t. h̃, which
induces a power type general solution

Kt(h̃) = C1h̃
α1 + C2h̃

α2 , (7.17)

where the exponents are

α1 ≈ −
32

3
∆wbist,

α2 ≈ 1 +
64

9
∆wbist,

(7.18)

if the higher degrees of ∆wbist are negligible, which is the case in practice. The
primitive function of (7.17) gives the general form of a theoretical nonlinear cutting
force characteristics:

ft(h̃) = Kν,t,1h̃
1+α1 +Kν,t,2h̃

1+α2 + ft,0. (7.19)

For small chip thickness, a typical value of the relative width of unsafe zone is
∆wbist ≈ 4% [42, 44]. Then we have α1 ≈ −0.43 and α2 ≈ 1.28. The boundary
condition ft(0) = 0 leads to ft,0 = 0, while the other ‘boundary condition’ that the
cutting force has a softening characteristics leads to Kν,t,2 = 0. This means that
we obtain the widely used power-law for the specific cutting force in case of a feed-
independent unsafe zone in the form: ft(h̃) ' Kν,th̃

0.57 (Kν,t ≡ Kν,t,1).
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7.3 Unsafe Zone Characterisation by Measurement
Experiments were carried out on the measurement setup described in Section 7.1
(see also Figure 7.2). Eight different feeds were selected between fZ = 0.0583 and
0.2508 mm/tooth, where the minimum value was limited by the edge radius of the
insert, while the maximum value was related to highest recommended feed per tooth.
The shots were performed subsequently on a workpiece with symmetric ramps using
the fixed spindle speed Ω = 1600 rpm (see Figure 7.2a). The slope of the ramps
was designed by means of the predicted stability chart (thick lines in Figure 7.2a).
The result was a ramp of 5 mm height in the middle of the workpiece (see next to
Figure 7.3c and point m with thin horizontal dashed lines in wavelet transforms and
time-histories). For safety reasons, the maximum depth of cut was kept at 4 mm.

In Figure 7.3, the measured time-histories of acceleration signals are presented
together with their wavelet transformations (time-frequency diagrams). The natural
frequencies ωn,1 = ωn and ωn,2 corresponding to the vibration modes in y direction ap-
pear in the horizontal (frequency) axes of the wavelet transforms presented by vertical
dashed lines through the diagrams. Following [126], all the essential frequencies were
identified in these wavelet transforms (see inserted vertical lines at top and bottom in
Figure 7.3): the harmonics of the spindle frequency Ω (short dashed lines), those of
the tooth pass frequency ωT = ZΩ (long dashed lines), the harmonics |ωC + kΩ| and
|ωC + kωT | of the chatter frequency ωC by the spindle frequency (short black lines)
and by the tooth pass frequency (long black lines) (k = ±1,±2,±3, . . . ), respectively.

The wavelet transforms in Figure 7.3 identify the start (sc) and the finish (fc)
of cutting. The onset of chatter (oc) can be identified by means of the traces of the
higher harmonics of the chatter frequency in the time-frequency diagrams (see small
arrows in the left sides of each panel). The higher harmonics were chosen instead of
the dominant chatter frequency ωC because of two reasons: on one hand ωC is close to
the natural frequency ωn,1 of the system, which can be excited by stochastic forcing
always present in the cutting operation. On the other hand, the time-frequency
diagram generally has better time resolution at high frequency regions.

The end of chatter (ec) can also be identified by means of the acceleration signals
in the time-domain: the system ‘falls back’ to stable stationary cutting from the large-
amplitude chatter ‘almost’ immediately (see right-most arrows in each panel). The
onset (oc) and the end (ec) of chatter are also marked by thick horizontal dashed
lines. Still, this also leaves its trace in the time-frequency representation at higher
harmonics for the end of chatter (ec). In some high-feed range cases (see panel g),
the cutting operation leaves the chattering motion in more noisy way and only an
interval can be identified where stability is likely to be regained (see the interval at
ec in Figure 7.3g and the grey line in Figure 7.4). Also, in the high feed zone the
acceleration level is really high in chattering motion comparing to stationary cutting
that decrease the convenience of the time-frequency diagrams.

As it was explained above, cutting process goes along the hysteresis loop shown
in Figure 7.1b that is unfolded to a top-down straight line with arrows vertically in
time along the spatial dimension of the workpiece in Figure 7.3b. The experimentally
identified oc corresponds to the Hopf bifurcation (hb), and ec corresponds to the
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Figure 7.3: Frequency-time diagrams of wavelet transforms (left side) of the acceleration
(small white, large black) signals in y direction and time histories (right side) of accelerations in x
(grey) and in y (black) directions. The path for the increasing/decreasing variation of the depth
of cut along the hysteresis loop in Figure 7.2b is unfolded to the straight arrowed line with the
corresponding critical points.



Big Bang Bifurcation (b3) introduced in Chapter 3. The relative size of the unsafe
zone can easily be calculated from the measurements as

∆wbist =
wB3 − wHB

wHB
=

(oc− sc)− (fc− ec)

oc− sc
. (7.20)

The relative width of the unsafe zone is depicted in Figure 7.4 where the feed
dependency of the unsafe (bistable) zone can be identified: it has a maximum point
as predicted in Chapter 2. It is clear, however, that more detailed measurements are
needed in order to reconstruct the precise force characteristics based on the unsafe
zone width characteristics (7.16). Still, the existence of an inflexion on the cutting
force characteristics is confirmed by these dynamic experiments without measuring
the cutting force itself.

�
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�

Figure 7.4: shows the extracted relative width of the unsafe zones with respect to the feed per
tooth. The predicted maximum presented in Chapter 2 can be realized in the results. The grey
line shows the uncertainty on the end of the chattering motion in the measurement performed at
fZ = 0.2233 mm/tooth.
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7.4 New Results
Thesis 6

A dynamic measurement method was developed to identify the cutting force charac-
teristics against chip thickness based on the result of Thesis 1. During the experi-
ments, full immersion milling is performed on a ‘ramp-like’ workpiece that is mounted
on a fixture, which has only one well separated vibration mode to ease the precise
modelling of the dynamics.

The existence of the bi-stable zone excludes the linear sense of the cutting force
characteristics. Furthermore, the well distinguishable trend on the feed characteristics
of the bi-stable zone precludes also the power-law characteristics, which would imply
a bi-stable zone independent of feed.

The feed characteristics of the bi-stable zone width was measured using the above
special workpiece and fixture. The experiments confirmed indirectly that the cutting
force has neither the linear nor the power-law characteristics with respect to the chip
thickness. The experiments also confirmed the existence of a maximum of the bi-
stable zone on feed, which was predicted by normal form transformation in Thesis
1. These results show that the third degree polynomial cutting force characteristics
introduced by Tobias, S.A. is the appropriate approximation from nonlinear dynamics
view-point among the available formulae used in practice.

Related publication: [127]
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Chapter 8

Effect of Harmonic Helix Angle
Variation on Milling Stability

Helical milling tools of non-uniform helix angles are widely used in manufacturing
industry. While the milling tools with these special cutting edges are already available
in the market, their cutting dynamics has not been fully explored. Also, there have
been several attempts to introduce complex harmonically varied helix tools, but the
manufacturing of harmonic edges is extremely difficult and their effect on cutting
dynamics cannot be predicted either.

As it was explained in Chapter 5, the regeneration can be described by ddes,
which has time-periodic coefficients in case of milling operations. Moreover, in the
case of variable helix tools, the time-periodic dde has distributed regeneration, that
is, instead of one specific discrete delay, an interval of delays operates with strengths
defined by a weight distribution function.

These special type of cutters are effective in the same way as other techniques
known in the machine tool industry used to avoid chatter: they are all based on the
‘variation’ or ‘perturbation’ of the regeneration. The spindle speed variation [128, 129]
causes time dependent delay, the serrated cutter [114, 58] causes piecewise smooth
switching between discrete delays, while the variable pitch tools operate with several
discrete delays [118, 130] instead of the single delay of conventional milling.

In this chapter, we show that the tools with helix variation can be described by
ddes with distributed delay. This can be considered as an extension of the mathe-
matical modelling started in previous works [131, 132, 133].

8.1 Mechanics of Variable Helix Cutter
In this section, we recall the mechanical modelling of general milling cutters explained
in Chapter 5. In terms of variable helix tools, it is the variable pitch that plays the
major role in special stability properties. Since this tool is not serrated, the missed-
cut effect does not occur and the delay functions between subsequent edge segments
are simplified to

τi(z) =
1

Ω
ϕp,i(z), (8.1)
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Figure 8.1: a) shows a real harmonically varied helix milling tool (see acknowledgement). b) shows
the parameters on a sketch of a harmonically varied helix tool.

from the one derived at (5.12), where ϕp,i(z) is the ith pitch angle variation along
the tool (see Figure 8.1b and (5.4)). These delay functions cause distribution in
regeneration

∆ri(z, t) = U(qt(0)− qt(−τi(z))), (8.2)

which follows from (5.18). The corresponding linearized system around the stationary
solution q(t) = q(t+ T ) has the form

ẍ(t) + [2ξkωn,k]ẋ(t) +
(
[ω2

n,k] + H(t)
)

x(t) =

∫ −0

−σ
W(θ, t)xt(θ)dθ (8.3)

as explained at (5.34).

8.2 Weights of Distributed Delays
As it was shown in Section 5.2, continuously changing helices cause continuous vari-
ation in the delays. This means that the axial force distribution can be considered as
a weight distribution (8.3) with respect to the delayed time θ. Because of the time
periodicity of the original system, the weight distribution is time periodic too, that
is, W(θ, t) = W(θ, t+ T ), where T is the principal period of the milling process.

In Figure 8.2, one can follow how the weight distribution W(θ, t) is originated in
the edge pattern and the cutter-workpiece engagements (cwes, shaded areas). It can
be realized that the variations of helices (the axial variations of pitch angles) ‘smear’
the ‘sharp’ effect of a constant delay occurring in case of conventional milling tool
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Figure 8.2: Edge pattern of non-uniform and harmonically varied helix tools (left panels) and the
corresponding weight distributions (right panels). Minimum, zero level and maximum values are
denoted by black, middle grey (see top part of panel b)) and white in panels b) and d). In panel b)
τmax = maxi,z τi(z) and τmin = mini,z τi(z).

(see Figure 8.2bd), where −ϕp,0/Ω denotes the corresponding discrete delay value that
would be described by a Dirac delta function as weight distribution. Note that all the
examples shown in Figure 8.2 are constructed at Ω = 5000 rpm and ap = 15mm in
case of half immersion down-milling. The tool used for the simulation has diameter
D = 30mm and the number of flutes is Z = 4.

A typical pattern caused by non-uniform helices can be seen at Figure 8.2b (the
grey-scale refers to weights with white for high values and black for low values). Apart
of the fact that an interval of distributed delays appears instead of a discrete delay,
it is also true that subsequent flutes with varying helices induce wide delay inter-
vals compared to the discrete delay of conventional milling. The realized repeatable
pattern in Figure 8.2a assumes ηi = 30, 34, 30, 34 deg. One may find more complex
patterns, too, but it remains linearly distributed in case of non-uniform constant
helices as shown in Figure 8.2b.

The other case in Figure 8.2cd shows the edge pattern and the weight distribution
for harmonically varied helix tool with Lh = 15mm wavelength and ah = 10 deg
variation amplitude. Here, the variations δi(z) from (5.2) have the following form

δi(z) = ah sin

(
2π

z

Lh
+ ψh,i

)
, (8.4)
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Figure 8.3: Occurrence density of delays (black is zero, while white is four occurrences).

where ψh,i are the phase shifts between harmonic variations of subsequent flutes (see
Figure 8.2c). In case of uniform phase shifts, we have ψh,i =

∑i−1
k=1 ϕp,i,0. According

to (5.7) and (8.4), the varying pitch angles related to the ith flute can be expressed
as

ϕp,i(z) = ϕp,i,0 + Φp,i sin

(
2π

z

Lh
+ εi

)
, (8.5)

where Φp,i and εi are the amplitudes and the phase shifts of the variations. Note
that Φp,i =

√
2 ah and εi = π/4, 3π/4, 5π/4, 7π/4 in case of a Z = 4 fluted tool with

uniform initial pitch angles ϕp,0 := ϕp,i,0 = π/2. This obviously means that the larger
the variation amplitude ah is, the wider the delay distribution will be.

One may expect a continuous weight function for the delay distribution due to the
presence of harmonically varied helix angle, but this is not the case in Figure 8.2cd.
The discontinuities are presented by the sharp changes in the grey-scale of Figure 8.2d,
which can be explained with the intricate combinations of the entering and leaving
edge segments of the cutter as it follows from the general definition of the weight
function (5.31). Figure 8.3 presents an example where the occurrence densities of
different delays are denoted by grey-scale.

8.3 Linear Stability
The linear stability of the stationary solution of dynamical systems like (8.3) can be
investigated by the sd method [69, 22]. Note that, the cutting tools dealt with in the
previous sections need discretization along the axial direction to cover correctly the
helix variations along the edges. However, the discretization along the distributed
delay θ should result in a proper representation of the weight distributions W(θ, t),
which is not an obvious task due to the above described discontinuity properties of
the delay distributions.

As in all previous chapters, the sd method (see Subsection 1.3.3) is used to con-
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Figure 8.4: The panels show the effect of the non-uniform constant helices on the linear stability of
half immersion down-milling process compared to a milling operation performed by a conventional
helical tool with η = 30 deg (dashed lines).

struct linear stability limits for milling operations performed by variable helix tools.
The method has not been modified, thus, the weight functions are approximated by
finite many Dirac delta functions (corresponding discrete delays) originated from a
fine axial (spatial) discretization of the milling tool.

8.3.1 One dof Model

The stability properties of two sets of milling operations are shown in Figure 8.4 and
Figure 8.5 in comparison with the linear stability of a milling operation performed
by a conventional Z = 4 fluted helix tool with constant η = 30 deg helix angle
(see dashed lines in all panels of both figures). The elucidated milling processes
are half immersion down-milling operations. Only one dominant mode is considered
in the perpendicular direction to the feed. The modal parameters can be found in
Table 8.1. The parameters are realistic values taken from experiments using linear
cutting force characteristics (1.2) with Kc,t = 900 MPa and Kc,r = 300 MPa. Note
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Figure 8.5: The panels show the effect of the harmonic variation of the helices on the linear stability
of half immersion down-milling process compared to a milling operation performed by a conventional
helical; η = 30 deg (dashed lines).

that, more accurate cutting force model can be considered using orthogonal to oblique
transformation (1.3) that can track the effect on the local force ftra,i (5.23) of varying
helix angle. However, the effect would be far smaller than the effect of the ‘smeared’
regenerative effect occurring due to the special geometry.

Table 8.1: Modal parameters used for simulations.

ωn (Hz) ξ (%) k (N/µm) direction
410 2 20 y

The first set of milling operations is considered with a milling tool with non-
uniform constant helix angles ηi’s. Since the tools with non-uniform helices have
uniform initial pitches ϕp,0 := ϕp,i,0 = π/2 the linear stability chart looks roughly the
same at small depth of cut region as the linear stability boundaries of its conventional
counterpart (Figure 8.4). In Figure 8.4abcd, one can follow that the island shaped
unstable domains are shrinking as they leave the conventional linear stability bound-
aries (dashed lines) with an increasing difference on the constant helices. This yields
larger linearly stable areas purely as an effect of the non-uniform helix angles. As an
unrealistic limit case, the unstable islands will disappear with further increasing the
difference of helix angles on subsequent edges. Note that, the rightmost islands are
the well known period doubling ones [32, 30, 63, 134, 112], which will also disappear
one-by-one.

The other set of milling operations is considered with harmonic variation on its
edges with wavelength Lh = 15mm, with various amplitudes ah = 5, 10, 15 deg
and with uniform phaseshift ψh,i on (see (8.4)). The wavelength is set unchanged
in the investigation since smaller wavelengths might be hard to produce while larger
ones might have no effect in the range of realistic milling operations. The effect of the
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Figure 8.6: shows linear stability of milling process performed by non-uniform constant helix tools
with symmetric engagement defined by ∆ϕ (thick continuous line) besides the linear stability of
processes performed by a conventional milling tool (thin dashed lines).

harmonic variation on linear stability is moderate compared to the case of non-uniform
helix variations. Generally, small variation does not cause large differences compared
to the conventional milling operation (dashed lines in Figure 8.5a). However, larger
variations on the amplitude ah extend and widen the so-called ‘resonant’ stable areas.
Also, in unrealistic limit cases, this widening can be so large that it actually stabilizes
all the milling operations. Note that in case of the last calculation (Figure 8.5c), the
amplitude of the variation is already unrealistic.

In general, the one dof model of variable helix tools predicts larger stable cutting
parameter domains especially at the range of low spindle speed milling operations.

8.3.2 Cylindrically Symmetric Two dof Model

In this section, cylindrically symmetric dynamics is investigated (see Table 8.2) with
two identical dominant modes in the parallel x and perpendicular y direction to the
feed. The special stabilizing effect caused by the non-uniform varying helix angles
practically disappears due to the new (second) mode in case of an ordinary half im-
mersion down-milling operation that was investigated in the previous section. How-
ever, the instability island structure can ‘survive’ the existence of this new mode in
case of highly interrupted milling operations as explained below. More realistic multi
dof case is shown in Appendix E titled ‘Behaviour of Variable Helix Tools in Multiple
Mode Environment’, where it is shown these special tools can gain stability in the
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Figure 8.7: shows linear stability of milling process performed by harmonically varied helix tools
with symmetric engagement defined by ∆ϕ (thick continuous line) besides the linear stability of
processes performed by a conventional milling tool (thin dashed lines).

low spindle speed zone.
The linear stability properties of some interrupted milling operations performed

with variable helix tools are shown in Figure 8.6 and Figure 8.7 in comparison with
the linear stability of a conventional Z = 4 fluted helix tool with constant η = 30 deg
helix angle (see dashed lines in all panels of Figure 8.6 and 8.7). The process is sym-
metrically interrupted milling characterised by the immersion angle ∆ϕ = ϕex − ϕen,
that is ϕen = π/2−∆ϕ/2 and ϕex = π/2 + ∆ϕ/2. Two sets of numerical calculations
were performed related to non-uniform helix angles with ηi = 30, 34, 30, 34 deg and
related to a tool with harmonic variation on its edges with wavelength Lh = 15mm,
amplitude ah = 10 deg and uniform phaseshift ψh,i.

Note that the presented stability charts include practically unrealistic parameter
domains especially with respect to the high depths of cut values. However, the ex-
tended parameter domains help to identify the intricate stability properties of the
process. It can be observed in Figure 8.6d and in Figure 8.7abc that these tools have
good dynamic properties for extremely high axial depths of cut with extremely high
material removal rate without leading to self-excited vibrations.

As it can be also recognized in Figure 8.6, the tool with non-uniform helix angles
has a completely different dynamical behaviour compared to the conventional milling
tools of uniform helix angle. However, this effect decreases as the symmetric immer-
sion angle ∆ϕ increases. In case of low symmetric engagement, the milling process
performed by a non-uniform constant helix tool shows large stable domain in contrast
with the conventional milling where the well-known lobe structure survives [48]. As
the symmetric immersion is increased, special instability islands show up, while the
large stable domain in between becomes separated into disjunct stable islands ending
up at the traditional lobe structure (see Figure 8.6bcd). The unstable islands seem
to be located along steep lines starting from the origin.

A series of stability charts are also shown in Figure 8.7 in case of different symmet-
ric engagement angles ∆ϕ for milling processes with harmonically varied helix tools.
It can be seen that the special stable tongues are gradually lost with the increase of

102



Table 8.2: Modal parameters used for simulations.

ωn, [1,2] (Hz) ξ1,2 (%) k1,2 (N/µm) direction
410 2 20 x& y

the symmetric immersion angle ∆ϕ (Figure 8.7abc). This effect was not recognized
in the previous subsection [135] where only one vibration mode was modelled and the
stable tongues remained important even for half-immersion down milling. In both
cases (Figure 8.6 and Figure 8.7), the stability limits increase at low spindle speeds in
case of low symmetric engagements. Note, however, this is essentially different from
the increased linear stability caused by the process damping effect [93] at low spindle
speeds, in spite of the fact, that similar distributed delay models may also be used to
explain the process damping phenomenon [81, 105, 98].

In Figure 8.8, the dominant vibration frequencies (see Chapter 6 and [136]) are
plotted in case of a non-uniform constant helix tool for a milling process with symmet-
ric engagement angle ∆ϕ = 20 deg (Figure 8.6c). It can be seen that the instability
islands that are located near to the standard linear stability limits have dominant
chatter frequencies close to the natural frequencies of the system. Instability islands
at higher depths of cut regions correspond to higher dominant frequencies further
away from the natural frequencies. This is against the rule of thumb that dominant
chatter frequencies are in the neighbourhood of the natural ones.

Figure 8.8: The dominant (chatter) frequencies along the linear stability boundaries in the case
of non-uniform constant helix tools Figure 8.6c (dashed lines represents the dominant vibration
frequencies of the same operation with conventional tool).
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8.4 New Results

Thesis 7

The time-periodic parametrically excited distributed delay constructed at Thesis 4
was used to describe the dynamics of milling tools with non-uniform continuous varia-
tion on their helix angle. In order to carry out the stability analysis of the correspond-
ing milling process, an axial discretization of the milling tool geometry was used in
the calculations and the semi-discretization method was applied to the resulting time
delayed mathematical model. It was proven for a machine with one dominant mode
only that both the non-uniform and the harmonically varied helix angle on milling
tools improves the linear stability compared to their conventional counterpart. For
cylindrical symmetric machine tool dynamics with two nearby modes, however, the
improvement in stability can be identified for symmetric highly interrupted cutting
operations only.

Related publication: [137].
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Appendix A

Orthogonal to Oblique
Transformation

In the orthogonal to oblique transformation [53, 55] the cutting coefficients Kc =
col(Kc,t, Kc,r, Kc,a) (see (1.3)) can be determined in the following way

Kc,t =
τs

sinφ

cos(β − α) + tan η tan ηc sin β√
cos2(φ+ β − α) + tan2 ηc sin2 β)

,

Kc,r =
τs

sinφ cos η

sin(β − α)√
cos2(φ+ β − α) + tan2 ηc sin2 β)

,

Kc,a =
τs

sinφ

cos(β − α) tan η − tan ηc sin β√
cos2(φ+ β − γ) + tan2 ηc sin2 β)

.

(A.1)

All cutting parameters (φ, β, γ) related to the normal plane. The so-called Stabler’s
assumption can be used which says the chip flow angle is approximately equal to
the inclination (oblique) angle, that is, ηc = η [55]. Measured orthogonal to oblique
models can be found in literature as in [55].
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Appendix B

Linear Stability of Autonomous
Systems

As it is discussed in Subsection 1.3.1 a general solution ut(θ) = s(θ)eλt (λ ∈ C) can
be substituted in the linearized system according to (1.20). This basically leads to a
boundary value problem considering the definitions (1.15) and (1.10) as

λs(θ) =

{
◦
s(θ), if θ ∈ [−σ, 0),∫ 0

−σ e
λθdη(θ)s(θ), if θ = 0.

(B.1)

Equation (B.1) is a first order system subjected to an algebraic condition. Exponential
trial function s(θ) = beλθ can be used, which leads to an identity in the interval
[−σ, 0). But, at θ = 0 the following holds(

λI−
∫ 0

−σ
eλθdη(θ)

)
b = 0, (B.2)

which has non-trivial solution for b if D(λ) = 0 as it is discussed in (1.22).
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Appendix C

Connection Between Time- and
Frequency-domain Model through
Modal Analysis

The modal analysis is the most important mathematical tool in engineering that
transforms the system described in Cartesian system into an abstract space which
is characterised by the modal coordinates. Most of the measurement techniques,
discussed in the field of experimental modal analysis, are intended to measure the
so called frfs. In this appendix the modal analysis description summarised from
practical point of view concerning problems occurring in machine tool vibrations.

Two different ways are summarized in Figure C.1 that is suitable to model dy-

Figure C.1: The two different considerations of a flexible part: descriprion by general coordinates
a) and by modal coordinates b).
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namically a flexible structure. Using spatial discretization and mass reduction (mr,j

in Figure C.1a) the flexible structure can be considered as an elastic-net connected
by stiff and damped kj, cj nodes that are described by the general coordinates rj(t).
Note that, here the general coordinates are considered to be only spatial translations.
Afterwards the system has the following form

Mr̈(t) + Cṙ(t) + Kr(t) = Fr(t), (C.1)

where M, C and K are the mass, damping and stiffness matrices related to the chosen
set of general coordinates r(t). The ‘nodal-force’ is considered by Fr(t) that has the
same dimension as r(t).

Proportional Damping

In case of proportional damping the damping matrix is a linear combination of the
mass and stiffness matrices as

C = kMM + kKK. (C.2)

Using the general solution r(t) = p eλt the following eigenvalue/eigenvector problem
is formulated

(Mλ2 + kMMλ+ kKKλ+ K)p = 0, (C.3)

where p is the unnormalized eigenvector of the system. Since (C.2) holds the system
remains symmetric, consequently the eigenvectors are all real.

It can be shown by algebraic manipulations considering λ = −ωnξ + ωdi and
ωd = ωn

√
1− ξ2 that (C.3) is equivalent with the eigenvalue/eigenvector problem

formulated from the undamped system [25] as

(−ω2
nM + K)p = 0. (C.4)

The natural angular frequencies ωn,k can be calculated from characteristic equation
det(•) = 0. The mass normalized eigenvectors can be introduced here and the trans-
formation between the general and modal coordinates can be defined as

r(t) = Uq(t), where U = [c1p1, c2p2, . . . , cNpN ], (C.5)

where the normalization coefficient is ck = (pkMpk)
−1/2 and U = [U1,U2, . . . ,UN ]

leading to UTMU = I. Substituting (C.5) into (C.1) the system can be given in the
modal space

q̈(t) + [2ωn,kξk]q̇(t) + [ω2
n,k]q(t) = UTFr(t). (C.6)

With the Fourier transformation of both side of the previous equation the modal
displacement in frequency-domain can be given

Q(ω) = ([ω2
n,k]− ω2I + [2ωn,kξk]ω i)−1UTFr(ω). (C.7)
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Using (C.5) (here, R(ω) = UQ(ω)) the frf matrix has the form

R(ω) = H(ω)Fr(ω), where H(ω) = U([ω2
n,k]− ω2I + [2ωn,kξk]ω i)−1UT. (C.8)

By means of the algebraic definition of inverse matrix the frf matrix is given by

H(ω) =
U adj([ω2

n,k]− ω2I + [2ωn,kξk]ω i)UT

det([ω2
n,k]− ω2I + [2ωn,kξk]ω i)

. (C.9)

Since the arguments of adj(•) and det(•) are diagonals, thus

adj([ω2
n,k]− ω2I + [2ωn,kξk]ω i) = diagk

 N∏
l=1
l 6=k

ω2
n,k − ω2 + 2ωn,kξkω i

 and

det([ω2
n,k]− ω2I + [2ωn,kξk]ω i) =

N∏
k=1

ω2
n,k − ω2 + 2ωn,kξkω i.

(C.10)

Taking the definition of the modal transformation matrix (C.5) and performing the
simplifications the frf matrix for a proportionally damped system can be give as

H(ω) =
N∑
k=1

1/mk pkp
T
k

ω2
n,k − ω2 + 2ωn,kξkωi

, (C.11)

where mk = (UT
kUk)

−1 is the modal mass.

Non-proportional Damping

In case of non-proportional damping a system like (C.1) can be transformed to first
order form introducing a new coordinate (Cauchy normal form [24, 25]) as v(t) =
col(r(t), ṙ(t)), that is, v(t) : R → Rn, since r(t) : R → RN and thus n = 2N . Then
(C.1) is given by

Av̇(t) + Bv(t) = Fv(t), (C.12)

where B is symmetric and

A =

[
C M
M 0

]
, B =

[
K 0
0 −M

]
, Fv(t) =

[
Fr(t)

0

]
. (C.13)

The general solution of (C.12) can be given as v(t) = p eλt, where again λ =
−ωnξ + ωdi. Note that, the eigenvector p can be complex in contrast with (C.3)
since the symmetry of the system is not guaranteed. After substitution the following
eigenvalue/eigenvector problem can be formulated

(λA + B)p = 0. (C.14)
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Normalized eigenvectors Uk and normalized modal transformation matrix can be
introduced in order to get rid the coefficient matrix of the first order term similarly
as in (C.5)

U = [c1p1, c2p2, . . . , cnpn], and ck =
1√

pT
kApk

. (C.15)

The transformation between the general and modal coordinates now has the form

v(t) = Uq(t). (C.16)

Then, normalized form is given by

q̇(t)− [λk]q(t) = UTFv(t), (C.17)

where [λk] contains all characteristic exponents of the system (λk = −ωn,kξk + ωd,ki)
and [λk] is a diagonal. Note that, since the system is real, that is, A and B are real
matrices the characteristic exponents and the eigenvectors occur with their complex
conjugate pairs

λk = λl, Uk = Ul (C.18)

Taking the Fourier transform of both side of (C.17) the modal displacement can
be expressed in frequency-domain as

Q(ω) = (iωI− [λk])
−1UTFv(ω). (C.19)

In the same way as it is shown in case on proportional damping the frf matrix has
the form

H(ω) =

n/2∑
k=1

Qkpk pT
k

iω − λk
+
Qkpk pH

k

iω − λk
, (C.20)

where Qk = c2
k (see (C.15)) is the so-called modal scaling factor.

In case of a proportionally damped system the scaling factor is purely imaginary
Qk = iQI,k and the mode shapes pk are real. Then, (C.20) can be transformed in the
well known common numerator form considering (iω − λk)(iω − λk) = ω2

n,k − ω2 +
2ωn,kωξki

H(ω) =

n/2∑
k=1

−2ωd,kQI,kpkp
T
k

ω2
n,k − ω2 + 2ωn,kωξki

. (C.21)

The the modal scaling factor in case of proportional damping can be given by the
modal mass or stiffness, as

QI,k = − 1

2ωd,kmk

, QI,k = − ωn,k

2
√

1− ξ2
kkk

. (C.22)
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Appendix D

Normal Form Transformation of Hopf
Bifurcation in Autonomous ddes

This appendix is connected to Chapter 2 where the results of the nonlinear inves-
tigation of orthogonal cutting is discussed. Here the centre manifold reduction is
summarised for nonlinear autonomous ddes (even more detailed description can be
found in [43, 44]).

At the linear stability limit, the Hopf bifurcation can be studied on a two-dimensional
centre manifold embedded in the infinite dimensional phase space. The tangent sub-
space of the centre manifold at the origin is spanned by the real and imaginary part
of the critical eigenvectors of the linear operator A (1.15, 2.12) (see Figure D.1).

The critical eigenvectors are calculated from

(As)(θ) = iωs(θ), s(θ) = sR(θ) + i sI(θ). (D.1)

Considering the definition of operator A at (2.12), and solving the corresponding
boundary value problem, the real and the imaginary part of the eigenvectors are
obtained

sR(θ) =

[
cosωθ
−ω sinωθ

]
and sI(θ) =

[
sinωθ
ω cosωθ

]
. (D.2)

Figure D.1: Sketch of the tangent subspace and the centre manifold at the steady state

113



Since the base of the tangent space defined by (D.2) is not orthogonal, to make the
projection, the reciprocal base spanned by nR and nI is needed, which satisfy the
adjoint problem

(AHn)(ϑ) = −iωn(ϑ), n(ϑ) = nR(ϑ) + inI(ϑ), (D.3)

where ϑ ∈ [0, τ ] and the adjoint operator AH is defined as

(AHv)(ϑ) =

{ d
dϑv(ϑ), if ϑ ∈ (0, τ ],
L v(0) + R v(τ), if ϑ = 0.

(D.4)

The orthonormality of the critical eigenvectors are prescribed by the conditions

〈nR, sR〉 = 1, 〈nR, sI〉 = 0, (D.5)

where the scalar product is defined by

〈v,u〉 =

∫ 0

−τ
vH(θ + τ)R u(θ)dθ + vH(0)u(0). (D.6)

The solution of the linear boundary value problem (D.3) provides the critical normed
adjoint eigenvectors

nR(ϑ) = b1(ω) cosωϑ− b2(ω) sinωϑ,
nI(ϑ) = b1(ω) sinωϑ+ b2(ω) cosωϑ, ϑ ∈ [0, τ ],

(D.7)

where the coefficient vectors are

b1(ω) =
4(ω2 − 1)

Ψ(ω)

[
2(−κ(4κ+ τ(ω)) + 2(2κ2(1 + κτ(ω))− 1))ω2 + (2 + κτ(ω))ω4)

4κ2τ(ω)ω2 + 4κ(ω2 − 1)− τ(ω)(ω2 − 1)2

]
,

b2(ω) =
4ω(ω2 − 1)

Ψ(ω)

[
4κ2τ(ω)(ω2 − 2) + 4κ(ω2 − 1) + τ(ω)(ω2 − 1)2

4(1 + κτ(ω))(ω2 − 1)

]
,

Ψ(ω) = 16κ4τ 2(ω)ω4 + 32κ3τ(ω)ω2(ω2 − 1) + 8κτ(ω)(ω2 − 1)2(1 + 3ω2)

+ 8κ2(ω2 − 1)2(2 + τ 2(ω)ω2) + (ω2 − 1)2(16ω2 + τ 2(ω)(ω2 − 1)2)

(D.8)

and τ(ω) can be found at (2.14).
With the help of the new coordinates z(t) = col(z1(t), z2(t)) the phase space can

be decomposed in the following way:

ut(θ) = ut(z(t),wt(θ)) = z1(t)sR(θ) + z2(t)sI(θ) + wt(θ) = (T z)(θ) + wt(θ), (D.9)

where the transformation operator is

(T z)(θ) = [sR(θ), sI(θ)]z(t), (D.10)
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and the corresponding projector operator will be

T put = [〈nR,ut〉 , 〈nI,ut〉]T ⇒ z(t) = (T put)(t). (D.11)

With the new coordinates, we can express the transformed opde as[
z′(t)
w′t(θ)

]
=

[
J 0
O A

] [
z(t)

wt(θ)

]
+

[
(T pG(ut(z(t),wt(θ))))(t)

Q(z(t),wt(θ))

]
, (D.12)

where
Q = G − T (T pG) (D.13)

and the Jordan block at the critical parameters assumes the form

J =

[
0 ω
−ω 0

]
. (D.14)

The centre manifold is bent, so its second degree approximation with the new coor-
dinates z(t) is

wt(θ) ≈ w̃(θ, z(t)) = 1
2
(h1(θ)z2

1(t) + 2h2(θ)z1(t)z2(t) + h3(θ)z2
2(t)), (D.15)

where the unknown coefficient functions are calculated from a linear boundary value
problem. That results in the following

h(θ) =

 h1(θ)
h2(θ)
h3(θ)

 = eKhθuh + Mh cosωθ + Nh sinωθ, (D.16)

where

Kh =

 0 −2ωI 0
ωI 0 −ωI
0 2ωI 0

 ,uh =
4(ω2 − 1)η2

Ξ(ω)


1 + 8(3κ2 − 1)ω2 + 21ω4 − 22ω6 + 8ω8

−4κω2(ω2 − 1)(1 + 2ω2)
2κω(ω2 − 1)(1 + 2ω2)

−ω(−1 + 6(1− 2κ2)ω2 − 9ω4 + 4ω6)
2ω2(6κ2 + (ω2 − 1)2(4ω2 − 1))

4κω2(ω2 − 1)(1 + 2ω2)



Mh = −8

3

ω2 − 1

ωw(ω)

η2

Ψ(ω)


µ1(ω)
ωµ2(ω)
µ3(ω)
−ωµ4(ω)
µ5(ω)
ωµ6(ω)

 , Nh =
8

3

ω2 − 1

ωw(ω)

η2

Ψ(ω)


−µ2(ω)
µ1(ω)
µ4(ω)
ωµ3(ω)
−µ6(ω)
µ5(ω)


(D.17)
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and

µ1(ω) = 4ω(ω2 − 1)(4κ3τ(ω)ω2 + (ω2 − 1)2 + 2κτ(ω)(ω2 − 1)2 + 4κ2(ω2 + 1)),

µ2(ω) = −32κ4τ(ω)ω4 − 32κ3ω2(ω2 − 1)− 12κ2τ(ω)ω2(ω2 − 1)2 + τ(ω)(ω2 − 1)4

− 4κ(ω2 − 1)2(5ω2 − 1),

µ3(ω) = 16κ4τ(ω)ω4 + 16κ3ω2(ω2 − 1) + τ(ω)(ω2 − 1)4 + 4κ(ω2 − 1)2(ω2 + 1),

µ4(ω) = 2ω(ω2 − 1)(2− 4κ2 + κτ(ω)− 2(2 + κ(τ(ω) + 2κ(1 + κτ(ω))))ω2

+ (2 + κτ(ω))ω4),

µ5(ω) = 4ω(ω2 − 1)(8κ3τ(ω)ω2 + 2(ω2 − 1)2 + κτ(ω)(ω2 − 1)2 + 4κ2(2ω2 − 1)),

µ6(ω) = −16κ4τ(ω)ω4 − 16κ3ω2(ω2 − 1) + 12κ2τ(ω)ω2(ω2 − 1)2 + 2τ(ω)(ω2 − 1)4

+ 8κ(ω2 − 1)2(ω2 + 1),

Ξ(ω) = 1 + 2(18κ2 − 5)ω2 + 33ω4 − 40ω6 + 16ω8.

(D.18)

During the lengthy calculations, the restriction of the non-linear operator G (2.12) on
the centre manifold requires the following substitution of the nonlinear function

g(ut(0),ut(−τ)) ≈ g̃(ut(z(t), w̃(0, z(t))),ut(z(t), w̃(−τ, z(t))))

≈ wstab(ω)

 0
η2(a2(z(t))− z2

1(t) + 2a(z(t))w̃1(−τ, z(t))− z1(t)w̃1(0, z(t)))
+η3(a3(z(t))− z3

1(t))

 ,
(D.19)

a(z(t)) = w−1
stab(ω)((1− ω2 + wstab(ω))z1(t) + 2ξωz2(t)) and η2, η3 come from (2.6)

The first two scalar equations of (D.12) describe the flow on the centre manifold,
where the Hopf bifurcation takes place. Its second and third order terms assume the
form

(T pG(ut(z(t),wt(θ))))(t) ≈ (T pG(ut(z(t), w̃(θ, z(t)))))(t)

=

[ ∑
j,k≥, j+k=2, 3 ajkz

j
1(t)zk2 (t)∑

j,k≥, j+k=2, 3 bjkz
j
1(t)zk2 (t)

]
.

(D.20)

The Poincaré-Ljapunov Constant (plc) can be expressed directly with the help of
the coefficients from (D.20) [18]

∆(ω) =
1

8ω
(a20+a02)(−a11+b20−b02)+

1

8ω
(b20+b02)(a20−a02+b11)+

1

8
(3a30+a12+b12+3b03).

(D.21)
The results based on D.21 can be followed in Chapter 2.

116



Appendix E

Helix Tools in Multiple Mode
Environment

A special case is considered with a milling tool of Z = 3 flutes. The dynamics
of the tool is taken from a real modal experiment performed on a MITSUBISHI
AMMRD2000 (tool2 in Table 5.1) tool with Ls = 105 mm overhang. The tip2tip
measurements and the quality of the fitting algorithm are presented in Figure E.1.
The extracted modal parameters can be found in Table E.1.

During the application of the fitting algorithm, non-proportional damping was
considered (see Appendix C), which means that the mode shapes are complex vectors
and the frf can be presented in the form of (C.20).

For the stability calculations, simple quarter immersion down-milling is considered
with simple straight cutting as a (desired) stationary cutting process. The parameters
Kc,t = 763.4N/mm2, Kc,r = 110.8N/mm2 and Kc,a = 368.5N/mm2 are taken from
the orthogonal to oblique (see Appendix A) model of al7050t745 [58] considering
mean helix angle η = 37.5 deg.

In these general cases both the non-uniform constant variation and the harmonic
variation cause roughly the same effect, namely, the stability increases in the low

Figure E.1: shows the results of tip2tip FRF measurements (thin) and the result of the fitting process
(thick).
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Table E.1: presents the extracted modal parameters using ration fraction polynomial method

k
ωn,k

(Hz)
ξk
(%)

Qk

(104 s/kg) pk

1 646.5 5.34 0.89− 0.90i x : −0.93 + 0.36i
2 935.0 2.65 0.18− 1.33i x : −0.98 + 0.20i
3 1096.0 9.95 2.08− 1.83i x : −0.89 + 0.45i
4 1893.8 8.47 1.41 + 0.35i x : 0.71− 0.70i
5 2294.5 1.81 −0.14 + 0.09i x : −0.06 + 0.99i
6 2482.9 5.20 0.35− 0.14i x : 0.84− 0.54i
7 4004.5 1.02 0.25 + 0.13i x : −0.44 + 0.90i

8 653.0 4.05 1.32− 0.18i y : −0.81 + 0.59i
9 1008.1 3.54 2.40 + 0.58i y : 0.57− 0.82i
10 1200.6 4.03 −0.17− 0.56i y : 1 + 0i
11 1985.0 4.20 0.70− 0.61i y : −0.83 + 0.55i
12 2360.6 5.18 0.21− 1.09i y : 1 + 0i
13 3979.6 2.13 0.65 + 0.31i y : 0.59− 0.80i

spindle speed zone, which is similar to the effect of the process damping. The bigger
the helix variation is, the more the stability increases towards the high spindle speed
zones. The harmonic variation ah = 15 deg can be considered as a large amplitude
variation that is already difficult to realize.

The two sets of simulations show that most of the ‘advantageous’ stability prop-
erties of non-uniform constant helix tools described in Chapter 8 for single mode ma-
chine tools disappear in case of large number of dof(see Figure E.2 and Figure E.3).
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Figure E.2: Linear stability boundaries of milling for conventional tool (thin) and for non-uniform
constant helix tool (thick).

Figure E.3: shows how the harmonically varied helix tools affect the linear stability boundaries. The
thin lines are the stability boundaries of an operation performed by a conventional tool.
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Appendix F

Short Introduction to dde-biftool

The dde-biftool is a free source Matlab package which was developed by Engel-
borghs, K. et al. [76] at the Department of Computer Science at K.U. Leuven. The
package provides powerful numerical techniques, with which one can perform struc-
tural dynamic analysis of deterministic smooth autonomous dynamical systems with
constant delays, like

ẏ(t) = f(y(t), . . . ,y(t− τj), . . . , µ), j = 1, 2, . . . , Nτ (F.1)

similarly to (1.7).
The user only needs to define several ‘definition files’ that contain the ‘right-hand-

side’ of the first order representation (F.1) of ddes and the derivatives w.r.t. the
states (y(t),y(t− τj)) and all defined parameters µ. The package serves tools to find
equilibria (fixed points, steady states) and periodic orbits, calculate their asymptotic
behaviour and find the location of their bifurcation points in the parameter space. It
can continue these special solutions w.r.t. one parameter µ and bifurcation points of
equilibria w.r.t. two parameters. Moreover, the package is able to find heteroclinic
connection between equilibria.

Figure F.1: The sketch of the pseudo-arclength method.

The continuation is generally performed by using the so-called pseudo arc-length
method [138], that solves an extended system described by the following implicit
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formula
F(Y(s),µ(s)) = 0, (F.2)

where s is the arclength coordinate along the continued branch (Figure F.1). For the
prediction of the tangent vector of (F.2) can be determined as

d
ds

F(V(sk)) =
∂

∂V
F(Vk)

d
ds

V(sk) =
∂

∂V
F(Vk)Wk ≡ 0, V(s) =

[
Y(s)
µ(s)

]
,

(F.3)
where Wk is actually the tangent unit vector at the point sk and it can be calculated
from (F.3) taking the assumption ‖Wk‖ = 1. The next prediction can be calculated
as Ṽk+1 = Vk + ∆sWk. Using the initial guess of Ṽk+1, the following system is to
be solved

F(V(s))
d(Vk −V(s))−∆s

}
= 0⇒ Vk+1, (F.4)

with Newton-Raphson iteration (here, d(•) denotes distance). Note that the arc-step
∆s usually is reset according to the number of iterations in (F.4).

F.1 Computing Properties of Equilibria
The equilibria is simply found by its definition at (F.1) as

f(y, . . . ,y, . . . ,µ) = F(y, µ) = 0, (F.5)

where y = y(s), µ = µ(s) and now (F.3) simplifies to V(s) = col(y(s), µ(s)). Us-
ing the pseudo-arclength method given in (F.4), the branches w.r.t. a user defined
parameter µ(s) can be found.

The asymptotic behaviour of an equilibrium y can be determined by means of
the characteristic exponents λk (1.22). In order to do this, dde-biftool uses linear
(multi) k-step (lms, [139], ui := u(i∆t)) method

1∑
i=−k+1

αi+kui = ∆t
1∑

i=−k+1

βi+1fL(ui, . . . ,uj,i, . . . , µ) (F.6)

for the linearized vector-field around the equilibrium y = y(t)− u(t), which has the
form

fL(u(t), . . . ,u(t− τj), . . . , µ) = L(y, µ)u(t) +
Nτ∑
j=1

Rj(y, µ)u(t− τj (F.7)

similar to (1.12). The delayed solution is approximated by Norsieck polynomials [139]
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as follows

uj,i := u(i∆t− τj) ≈ ũj,i :=
s+∑

m=s−

ψm,j(εj)u−Nj+1+m+i,

ψm,j(εj) =
s+∏

n=s−,m 6=n

εj − n
m− n

, Nj = d τj
∆t
e, εj = Nj −

τj
∆t
, s+ = bp

2
c and s− = dp

2
e,

(F.8)

where p represents the order of the approximation on the delayed term (usually set
to p = 4). Based on (F.6), this leads to the following linear map

1∑
i=−k+1

αi+kui = ∆t
1∑

i=−k+1

βi+1

(
L(y, µ)ui +

Nτ∑
j=1

Rj(y, µ)ũj,i

)
, (F.9)

which can be reformulated with the discretized state used also in Subsection 1.3.3

zi+1 = Bizi. (F.10)

The characteristic exponents are determined using the eigenvalues µk of the dis-
cretized version of the solution operator Bi as

λk =
1

∆t
(ln|µk|+ i argµk), (F.11)

similarly to (6.3). By means of the constant parameters αl and βl, one can set
different explicit or implicit integration schemes to work with (e.g., the defaults are
αl = −1, 0, 1 and βl = 1

3
, 4

3
, 1

3
, which refers to simple trapezoidal rule). Note that

stability analysis of equilibrium y using sd leads to the same linear map presented
at (F.10).

For the calculation of the bifurcations of the steady state y the dde-biftool uses
the characteristic matrix based on (F.7)

∆(y, λ,µ) = L(y,µ) +
Nτ∑
j=1

Rj(y,µ)e−λτj − λI. (F.12)

Saddle-node or fold bifurcation of a steady state solution originates from

f(y,µ)
∆(y, 0,µ)v

vTv − 1

 = F(y,µ) = 0, (F.13)

where y = y(s), µ = µ(s) and V(s) = col(y(s),µ(s)). Also, ‖v‖ = 1 and v ∈ Rn.
In case of Hopf bifurcation, the characteristic exponents and their corresponding
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eigenvectors become complex and

f(y,µ)
∆(y, iω,µ)v
vHv − 1− 0 i

 = F(y,µ) = 0, (F.14)

where ω is the vibration frequency of the excelling period-one orbit and v ∈ Cn.
Note that in case of finding the bifurcations of steady state solutions, one parameter
is necessary like µ1. An other parameter like µ2 should be used for the two-parameter
continuation of bifurcations, thus µ = col(µ1, µ2).

F.2 Computing Periodic Orbits
To find periodic solutions, the dde-biftool rescales the time by the actually un-
known time-period T as t/T → t, that is

ẏ(t) = T f(y(t), . . . ,y(t− τj), . . . ,µ), j = 1, 2, . . . , Nτ , (F.15)

where τj/T → τj. The condition y(t) = y(t+ 1) (F.15) is actually a boundary value
problem represented in the dimensionless time interval t ∈ [0, 1]. More specifically,
the solution is defined in a concatenated way by using piecewise smooth pth order
Lagrange polynomial form as

y(t) ={M−1
i=0 yi(t),

yi(t) =

p∑
l=1

yi,lPi,l(t), Pi,l(t) =

p∏
r=0,r 6=l

t−(tl+ r
p

∆t)

tl+
l
p

∆t−
(
tl+

r
p

∆t
) , (F.16)

where the solution is traced by the points yi,l at the representation mesh ti,l = ti +
l−1
p

∆t (ti = i∆t). The periodic orbits are integrated at the collocation mesh ci,l =

ti+cl∆t defined over the representation mesh ti,l, where cl are the roots of a pth order
Chebyshev polynomial. This provides stable and fast convergence of the so-called
collocation equation obtained from (F.1)

...
ẏi(ci,l)− T f(yi(ci,l), . . . ,yi(ci,l − τ̂j), . . . , µ)
... i=0,1,...,M−1, l=1,2,...,p

y0,1 − yM,1

p(yi,l)


= F(V) = 0, V :=


...

yi,l
...
T
µ


(F.17)

considering that ẏi,l(t) =
∑p

l=1 yi,lṖi,l(t) and τ̂j = τj −bτj/T cT . The last equation in
(F.17) is the phase condition [38] that is necessary in case of autonomous systems to
identify the orientation of periodic orbits during the Newton-Raphson iteration.

Once the periodic orbit y(t) = y(t + 1) has been found, the variational system
can be created as it is defined at (1.12). The perturbation u(t) = y(t) − y(t) is
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represented by means of the same shape functions as in (F.16), that is,

u(t) = {M−1
i=0 ui(t) and ui(t) =

p∑
l=1

ui,lPi,l(t). (F.18)

By its substitution into (1.12), the collocation version of the variational equation
around y(t) can be formulated as

...
u̇i(ci,l)− T

(
L(ci,l)ui(ci,l) +

∑Nτ
j=1 Rj(ci,l)ui(ci,l − τ̂j)

)
... i=0,1,...,2M−1, l=1,2,...,p

 = 0. (F.19)

Expanding this collocation equation to the double period of length 2M , the equation
has the form

Az0 + BzT = 0, (F.20)

and the transition matrix (1.35) can be determined as

zT = Φz0 = −B−1Az0, (F.21)

where the state over the period and after the period are defined by

z0 =


...

ui,l
...


i=0,...,M−1,
l=1,...,p

and zT =


...

ui,l
...


i=M,...,2M−1,

l=1,...,p

. (F.22)

The asymptotic behaviour of the periodic orbit y(t) is determined by the characteristic
multipliers µm of (F.21).
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