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1. INTRODUCTION 
 

 

Axial resistance of concrete and reinforced concrete columns can be significantly 

increased by using lateral confinement. Frequently used solutions are steel helices, jackets 

or tubes. 

In the last 20 years – instead of steel jackets – the use of FRP (fiber reinforced polymer) 

as confinement has increased due to its high corrosion resistance, high ultimate strength 

and because it is easy to use for repair and/or reinforcement of damaged columns. FRP 

confinement can be applied to any type of cross-sections but most frequently circular- and 

rectangular cross-sections (with rounded edges) are used. 

The relatively high cost of FRP materials is a significant disadvantage, but recently new, 

cheaper manufacturing techniques have appeared, which can give a further boost to the use 

of FRP in building industry. 

In Hungary FRP confinement has already been used for retrofitting of existing structures 

in the nineteen-eighties. Rectangular and hexagonal slag-concrete columns of an office 

building in Budapest in the Fı utca have been confined using glass fiber textile with epoxy 

resin. 

Due to the external loads internal forces develop in the column, which may result in 

failure. The internal forces are: 

- axial force (due to concentric axial load Figure 1.1a), 

- axial force and bending moment (due to eccentric axial – or axial and horizontal – 

load Figure 1.1b) and 

- shear force (due to horizontal load Figure 1.1c – horizontal load also causes 

bending moment). 

In this work confined cross-sections are investigated and only the first two cases are 

considered. 

To calculate the load bearing capacity of a reinforced concrete column the second order 

effects, i. e. the deformations of the column must be taken into account. Due to this effect 

the eccentricity of the axial load (on the cross-section) may increase significantly which 

reduces the failure load of the column. In this work only the cross-sectional analysis will 

be discussed. 

In real design both the ultimate limit state and the serviceability limit state must be 

considered. In case of confined RC the deformations may be significant, but we will focus 

only on the calculation of the failure load. 
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Figure 1.1: Typical loads on a column: concentric compression (a), eccentric compression (b) 

and horizontal load (c). 

1.1 CONFINED CROSS-SECTIONS 

The concrete core of an axially loaded column laterally expands due to the Poisson-

effect. The confinement hinders this expansion and hence the concrete is subjected to 

triaxial compression and its axial resistance increases. 

The confining stress σl in case of concentrically loaded circular cross-sections can be 

calculated as follows (Figure 1.2): 

 f2
l

t

d

σ
σ = , (1.1) 

where σf is the hoop stress in the confinement; t is the thickness of the confinement and d is 

the diameter of the cross-section. 

σl
d

σ tf σ tf  
Figure 1.2: Confined circular cross-section. 

The behavior of confined materials has been investigated for 100 years. Kármán [33] 

experimentally investigated rigid materials (marble and sandstone) in triaxial stress-state 

and found that with proper confinement plastic or even hardening behavior can be 

achieved. The experiments were conducted on marble and sandstone specimens with 

constant lateral confining pressure. The confinement provided by steel jackets (or helices) 

on the concrete core is similar because of the plastic behavior of the confining material. 

Contrary to the steel jackets, FRP behaves elastically until failure which significantly 

affects the behavior of FRP confined concrete. 
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Several experimental results and models can be found in the literature to predict the 

behavior of concentrically loaded FRP confined circular concrete columns; relatively few 

experimental results and models are available for rectangular cross-sections and even 

fewer for eccentrically loaded columns. In the following three Chapters we summarize 

these experimental data, models and design equations for 

- concentrically loaded FRP confined circular concrete columns (Chapter 2), 

- eccentrically loaded FRP confined circular concrete columns (Chapter 3) and 

- concentrically loaded FRP confined rectangular concrete columns (Chapter 4). 

A new model will be introduced, with the aid of which contradictory results are 

explained and open questions are answered. New design methods are also presented which 

can be used in engineering practice. 

1.2 MATERIALS 

FRP confined RC columns consist of three different materials. The material laws – which 

are used in the following chapters – are briefly introduced below. 

1.2.1 Fiber reinforced polymer (FRP) 

FRP behaves in a linearly elastic manner and shows brittle failure. It consists of two 

materials: high strength fibers and an element called matrix. The fibers can be made of 

glass (GFRP), carbon (CFRP) or aramid (AFRP), the matrix material is usually epoxy 

resin. Typical material properties for FRP confinement can be found in Appendix A and C. 

Most of the researchers agree that the failure of the confined column occurs when the 

confining FRP ruptures. This can be due to the tensile rupture of the fibers in the hoop 

direction (usually when the eccentricity is small) or due to axial compression (when the 

eccentricity is high). Any other mode of failure (i. e. delamination of layers) is considered 

as a result of manufacturing error. Note that the failure of brittle materials is very sudden 

thus in engineering practice the allowable strain is significantly lower than the rupture 

strain. 

The thickness of the confinement is very small compared to the diameter of the column 

(t / d < 5%). Uneven strains may appear especially in case of rectangular cross-sections, 

but this effect is neglected and constant strains and stresses are assumed along the 

thickness of the confinement. 
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1.2.2 Steel 

Steel reinforcing bars and links – if present – are modeled as linearly-elastic, perfectly 

plastic materials. The failure of steel occurs when the ultimate strain is reached. Note, 

however, that this is much higher than the failure strain of FRP (see Appendix A and C) 

and hence the failure state of confining steel is never reached. 

1.2.3 Confined concrete 

When unconfined concrete reaches its uniaxial strength (fc0), the material is in failure 

state. After this point axial cracks appear and the concrete softens and a decreasing path 

appears in the stress-strain diagram (Figure 1.3a). If confinement is used, this post-failure 

behavior can change. 

If the strength of the confining material is low and it has high deformation capabilities 

the decrease in the stress-strain diagram is less significant (Figure 1.3b). 

If the strength of the confining material is higher and it has very high deformation 

capability a new increasing slope can appear on the diagram after the concrete becomes 

“sand” and the confinement starts working again (Figure 1.3c). 

If the strength of the confining material is high the stress-strain diagram becomes 

monotonic as the post-failure slope is increasing (Figure 1.3d). 

Finally, if the strength of the confining material is again low with very small deformation 

capability (low rupture strain), the failure of the confinement can occur before the concrete 

reaches its failure state (Figure 1.3e). 

If the load is eccentric or the cross-section is not circular, the confining stress provided 

by the elastic FRP is not uniform. To follow the behavior of confined concrete we use the 

material law for concrete in triaxial compression proposed recently (2007) by 

Papanikolaou and Kappos [50]. This material law is chosen because it is verified for the 

case when the lateral confining stresses are not equal. 

Detailed description of the material law and its behavior in case of concentrically loaded 

circular columns is given in Chapter 2. For the case of uneven confining stresses a shorter 

description is given in Chapter 3. 

Time-dependent behavior of the materials (creep, shrinkage, relaxation, etc.) is not 

considered. (Note that all experimental results are from short-term loading, verification of 

time-dependent behavior would need an extensive experimental investigation.) 
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Figure 1.3: σ(ε) diagrams of concrete without confinement (a), with confinement with low strength (b), 

with confinement with high deformation capability (c), with confinement with high strength (d) 
and with confinement with low strength and low deformation capability (e). 



8 

2. FRP CONFINED CIRCULAR CONCRETE CROSS-
SECTIONS SUBJECTED TO CONCENTRIC LOADING 

 

 

In this chapter concentrically loaded circular columns are investigated [9]. Several 

experimental results and models can be found in the literature to predict the behavior of 

concentrically loaded FRP confined circular concrete columns. The models can be divided 

into two categories: 

- design-oriented models: empirical models (explicit expressions) based on 

experimental results, 

- analysis-oriented models: analytical models based on concrete material models in 

triaxial compression. 

Examination of these models showed that axial resistance of concrete depends on the 

strength but not on the stiffness of the confining material. 

2.1 BEHAVIOR OF CONFINED CONCRETE COLUMNS 

The confining stress σl can be calculated as given by Equation (1.1) In this chapter only 

columns with unidirectional confinement are investigated. Here the axial resistance of the 

confinement is negligible and σf ≈ Efεf, where Ef is the elastic modulus in the hoop 

direction, εf is the hoop strain. 

The axial stress-strain diagram of unconfined columns decreases after reaching the peak 

stress (Figure 1.3a), while for steel confinement the diagram remains nearly constant. The 

typical stress-strain diagram of FRP confined concrete is monotonic, but with a decreasing 

slope (Figure 1.3c), the peak axial stress is usually reached at the failure of the confining 

FRP. 

The elastic modulus of FRP – especially GFRP – is lower than the modulus of steel. As a 

consequence the strains observed in FRP confined columns are higher than that in the case 

of steel confinement. 

2.1.1 Experiments 

The experimental results collected from the available literature are summarized in Figure 

2.1. These results were found in the following papers: De Lorenzis and Tepfers [13], Lam 

and Teng [36], Jiang and Teng [30], Almusallam [3], Al-Salloum [4], Berthet et al. [5], 

Harries and Kharel [28], Mirmiran et al. [47], Shahawy et al. [64], Toutanji [70]. The 

numerical values of the experiments are summarized in a table in Appendix A. 
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Figure 2.1: Experimental results 

The specimens of all these experiments were prepared in such a way that the fibers are 

arranged primarily in the hoop direction. This could be achieved by using FRP wraps or 

winding the unidirectional FRP with a low angle. In case of reeling, the insignificant axial 

resistance of the FRP was neglected. The failure mode of the columns was the tensile 

rupture of the FRP. (Specimens which failed due to the debonding of the overlapping 

region of the FRP or due to the axial compression of FRP were not included in the 

experimental data.) 

In the presented experiments the diameter of the specimens is between 76 and 200 mm. 

The uniaxial compressive strength of concrete fc0 varies between 19.40 and 112.57 N/mm
2. 

Carbon, glass or aramid fibers were embedded in epoxy matrix. The failure mode of the 

specimens was the rupture of the FRP. 

Failure 

As we stated above, the failure mode was the rupture of the FRP, nevertheless in most of 

the cases the strains measured in the hoop direction were smaller than the ultimate strain of 

the FRP (given by the manufacturer or measured by coupon tests). This phenomenon is 

widely known, a number of authors (De Lorenzis and Tepfers [13], Pessiki et al. [53], 

Shahawy et al. [64], Lam and Teng [36], Harries and Carey [29], Matthys et al. [43]) gave 

similar explanations. The most important reason is the following: 

- small vertical concrete cracks appear under the FRP, which result in localized 

strain-peaks in FRP. 

In addition the following reasons are given: 

- due to the axial compression FRP is in biaxial stress state, which decreases its 

resistance in the hoop direction; 

- the misalignment of the fibers due to manufacturing (especially in case of 

hand-layup). 
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The ratio of the measured strain at failure and the ultimate strain (called strain efficiency 

factor, denoted by κε) varies between 0.6 and 1.0. Experiments show that the higher the 

elastic modulus of FRP, the higher the κε ratio. 

Stress-strain Response 

According to most of the authors the behavior of FRP confined columns can be divided 

into two groups: sufficiently confined or insufficiently confined concrete. In the case of 

sufficiently confined concrete, the stress-strain diagram is either monotonically increasing, 

and the shape of the diagram is approximately bi-linear (increasing type, Figure 2.2a) or 

the stress-strain diagram has a post-peak decreasing branch, where the axial stress at 

ultimate state is higher than the uniaxial concrete strength (decreasing type with fc0 < fcu, 

Figure 2.2b). The stress-strain diagram of insufficiently confined concrete also has a 

decreasing branch, but the axial stress at ultimate state is smaller than the uniaxial concrete 

strength (decreasing type with fc0 > fcu, Figure 2.2c). According to the literature [36] in this 

case a “little strength enhancement can be expected and FRP is likely to rupture at small 

hoop strain”. 

fc0A
xi
al
 s
tr
es
s 
σ c

Axial strain εc
ε ε    = cucc

fc0A
xi
al
 s
tr
es
s 
σ c

Axial strain εc
εcu

fc0

A
xi
al
 s
tr
es
s 
σ c

Axial strain εc

f f  = cu

fcc
fcu

εcc

fcc

fcu

εcuεcc

(a) (b) (c)
cc

 
Figure 2.2: σ(ε) diagrams of concrete with sufficient confinement with monotonic curve (a), 

sufficient confinement with decreasing second part (b), insufficient confinement (c). 

2.1.2 Existing Models 

Models are based either on experimental data (design oriented models) or on triaxial 

concrete material models (analysis oriented models). 

Design-oriented Models 

In these models to calculate the compressive strength of confined concrete – based on 

experimental data – the authors give similar expressions (Table 2.1), which depend on the 

confinement ratio (ρc): 

 c c0/lf fρ = , (2.1) 
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where fl is the confining strength, calculated from Equation (1.1) (fl = 2fft / d), where ff is 

the tensile hoop strength of the confining FRP and fc0 is the uniaxial compressive strength 

of concrete. 

Table 2.1: Design-oriented formulas for the prediction of axial strength. 

Reference Formula 
Eurocode [20] 

,a
,a c0

c0cc

,ac0
,a c0

c0

1 5 , if  0.05

1.125 2.5 , if  0.05

l
l

l
l

f
f f

ff

ff
f f

f

+ ≤

=

+ >







 

Samaan et al. [62] 0.7

cc

c0 c0

1 6.0 l
ff

f f
= +  

Saafi et al. [61] 0.84
cc

c0c0

1 2.2 l
f f

ff

 
  
 

= +  

cc

c0 c0

1 2 lf f

f f
= +  

Lam and Teng [36] 

,acc

c0 c0

1 3.3
lff

f f
= +  

Youssef et al. [80] 1.25
cc

c0c0

1 2.25 l
f f

ff

 
  
 

= +  

Wu et al. [76], 
average stiffness 
confinement 

2
cc

c0c0 c0

1.0530.745 3.357 l l
f f f

ff f

 
−   

 
= +  

high stiffness 
confinement 

2
cc

c0c0 c0

0.61 2.755 l l
f f f

ff f

 
−   

 
= +  

data provided by 
manufacturer 

2
cc

c0c0 c0

3.250.408 6.157 l l
f f f

ff f

 
−   

 
= +  

Xiao and Wu [77] 2
cc c0

c0 c0

4.1 0.751.1 l

l

f

E

f f

f f

  
  −
  

  
= + , where 

f2
l

E t
E

d
=  

 

The typical form of design-oriented expressions is as follows: 

 3
cc cc0 1 2/ kf f k k ρ= + . (2.2) 

Here k1, k2, k3 are constants, the value of k1 is usually 1, the values of k2 and k3 are 

different for each model. 

Comparing the experimental data and the design oriented models De Lorenzis and 

Tepfers [13] showed that either the formulas proposed by Samaan et al. [62], Saafi et al. 

[61] or Spoelstra and Monti [67] may be used. 
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The formula proposed by Lam and Teng [36] is similar but it also considers the 

difference between the measured strain and the ultimate strain of FRP at failure. Lam and 

Teng [36] and Youssef et al. [80] also propose a formula to calculate the stress-strain 

diagram of confined concrete. 

Wu et al. [76] propose three different expressions: one should be used if the material 

properties of the FRP are predicted by the manufacturer, the other two should be used 

when the properties of the FRP are predicted by experiments (Table 2.1). In the table the 

expression for “high stiffness” confinement should be used if the elastic modulus of the 

confinement is 378 kN/mm2 ≤ Ef ≤ 640 kN/mm
2. 

The expression recommended by Xiao and Wu [35] contains the effect of the stiffness of 

the confinement, however according to De Lorenzis and Tepfers [13] this estimation of the 

compressive strength is inaccurate. 

Most of the researchers agree that the effect of the stiffness of the confining FRP on the 

compressive strength of confined concrete is negligible. 

Analysis-oriented Models 

The analysis-oriented models are based on the triaxial concrete material models with 

strain and stress compatibility between the concrete and the FRP. 

Several models are based on nonlinear elastic material laws (not considering 

plastification). In this case there is a direct relationship between stresses and strains: 

 ij ijDσ ε= , (2.3) 

where σij is the stress tensor, εij is the strain tensor and D  is the tensor of incremental 

moduli. 

The elements in tensor D  depend on the current level of stresses. In uniaxial loading 

with monotonic axial strain the elastic modulus of concrete decreases meanwhile the 

Poisson’s ratio increases. After reaching the peak stress elements of D  become negative. 

Based on these models explicit expressions can be derived for the strength of confined 

concrete. These are summarized in Table 2.2. 

In these models the actual confining strength (fl,a) is used, which is calculated from 

Equation (1.1) (fl,a = 2σft / d), however σf is usually lower than the tensile strength of 

composite, and (for unidirectional confinement) it is calculated as σf ≈ Efεf, where εf is the 

experimentally measured hoop strain at rupture (εl). 
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Table 2.2: Analysis-oriented formulas for the prediction of axial strength. 

Reference Formula 
Spoelstra and Monti 
[67] 

0.5
cc ,a

c0c0

0.2 3 lf f
ff

 
  
 

= +  

Mander et al. [42] 
,acc ,a

c0c0c0

7.94
1.254 2.254 1 2 llf ff

fff
= − + + −  

Berthet et al. [6] 
cc

1 ,a
c0

1 l

f
k f

f
= + , where 

1 c0
c0

3.45
,  if 20 50k f

f
= ≤ ≤  

( )1 c01.25

c0

9.5
,  if 50 200k f

f
= ≤ ≤  

Binici [7] 
,acc ,a

c0c0c0

9.9
1 llf ff

fff
= + +  

Li et al. [40] 
,a 2cc

c0 c0

1 tan 45
2

lff

f f

ϕ 
 
 

= + +� , where 

c036 1 45
35

f
ϕ = + ≤

 
 
 

� � �  

Turgay et al. [71] ( )6 2 0kα ξ ξ ρ+ − = , where 

0.23550.462α ξ −= , 
2

,a ,a
c0

c0 c0

4.07 0.89 0.807
l lf f

k f
f f

= − +
  
     

, 

( )cc ,a

2

3
lf fρ = − , 

,a cc2

3

lf f
ξ

+
=  

 

Elastoplastic concrete models (when the plastification is taken into account) give more 

reliable modeling of concrete. The incremental strain tensor is calculated as: 

 pel
ij ij ijd d dε ε ε= + , (2.4) 

where el
ijdε  is the incremental elastic strain tensor and p

ijdε  is the incremental plastic strain 

tensor. 

The stresses are: 

 el
ij ijDσ ε= , (2.5) 

i.e. the plastic strains do not indicate stresses. In the models the plastic behavior depends 

either on the volumetric plastic deformations or on the internal energy. 
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These models are reliable, however the calculation is rather complex and requires 

numerical procedures. They were used by Meláo Barros [44], Karabinis and Rousakis [32] 

and Deniaud and Neale [16], however none of them investigated the effect of the stiffness 

of the confinement. 

In all the analysis-oriented models the plastic behavior of concrete is described by a yield 

criterion (Kaliszky [31]). The yield criteria used by the above-mentioned authors: Drucker-

Prager (Turgay et al. [71], Deniaud and Neale [16] and Karabinis and Rousakis [32]), 

Ottosen (Meláo Barros [44]), Willam-Warnke (Mander et al. [42]), Leon-Pramono (Binici 

[7]), Mohr-Coulomb (Berthet et al. [6], Li et al. [40]). The yield criterion can be illustrated 

in a three-dimensional stress space, where the axes are the principal stresses. The yield 

surface can be invariant during the loading path [6],[7],[16],[40],[76], or it can change its 

shape or location [32],[44]. The latter models are called hardening-softening models. In 

elastoplastic models according to the classical plastification theory, the direction of 

incremental plastic strain vector is perpendicular to the yield surface (associated flow 

[16]), however experiments showed that this is not true for concrete. Models taking into 

account that the incremental plastic strain vector is not perpendicular to the yield surface 

are non-associated models [32],[44]. 

The comparison of experimental results and the predicted confined compressive 

strengths of different closed-form equations can be seen in Figure 2.3. 
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Figure 2.3: Comparison of experimental results with design-oriented models using confinement strength 
measured from coupon tests (a), analysis-oriented models based on measured hoop strain at rupture (b). 

(The authors of the experimental results are the same as in Figure 2.1.) 

There are different recommended formulas to predict the axial strain at rupture, these are 

summarized in Table 2.3. 
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Table 2.3: Formulas for the prediction of axial strain at peak stress. 

Reference Formula 
De Lorenzis and 
Tepfers [13] 

0.8
0.148cc

c0c0

1 26.2 l
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E
f
f

ε

ε
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= +  
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ε ϕ
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= + +� , where 
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f
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In their comparative study De Lorenzis and Tepfers [13] summarized various formulas. 

Comparing these to the experimental data they found that the prediction of axial strain is 

not satisfactory and they suggested a new approximate expression. 

We summarized the recommended expressions for stress-strain diagrams in Table 2.4. 

Note that all the recommended curves are either monotonic or they have a monotonic 

increasing and a monotonic decreasing part. 

Insufficient Confinement 

Low confining pressure leads to small increase in strength, which cannot be reliably 

predicted and therefore it should be avoided. According to Lam and Teng [36] the 

confinement is insufficient if the stress-strain diagram decreases with fc0 > fcu (Figure 2.2c). 

To reach sufficient confinement a minimum value for the confinement ratio is 

recommended. Mirmiran et al. [46] suggested c0/ 0.15lf f > , while Spoelstra and Monti 

[67] gave a lower value c0/ 0.07lf f >  according to their experimental results. Also based 

on experiments Xiao and Wu [77] proposed a formula which contains the stiffness of the 

confinement: 2 -1
c0f2 / 0.2 MPaE t df > . Lam and Teng [36] accepted Spoelstra and Monti’s 
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expression with a small modification: instead of the confining strength (fl), the actual 

confining strength (fl,a) should be used. 

Table 2.4: Formulas for the calculation of the stress-strain diagram. 

Reference Formula 
Almusallam [3] ( )
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1 2 c
c 2 c1

1 2 c
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E E
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E E
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, where 

E1 – first slope of stress-strain curve 
E2 – second slope of stress-strain curve 
f0 –  reference plastic stress at intercept of second 
        slope with the stress axis 
n –  curve shape parameter that mainly controls the 
       curvature in the transition zone 
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ρf – volumetric ratio of FRP jacket, εft = 0.002, 
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2.2 PROBLEM STATEMENT 

As we stated in 2.1.2 according to the existing models the failure strength of FRP 

confined column is hardly affected by the stiffness of the confinement. We may observe, 

however, that for a very soft confinement the concrete might fail before the development 

of the confining stresses (Figure 1.3b), and for a very rigid FRP the confinement may fail 

before the concrete reaches its plastic state (Figure 1.3e). The following questions arise: 

- How does the stiffness of FRP confinement affect the behavior of the confined 

concrete column? 

- Under what conditions can it be assumed, that the strength of the confined 

concrete is not affected by the stiffness of the confinement? 

These questions have practical importance as the stiffness of FRP may strongly vary and, 

in addition, in the future new materials may also be applied as FRP confinement. 

2.3 METHOD OF SOLUTION 

To answer our questions and to understand the behavior of FRP confined circular 

columns we introduce an “analysis oriented” model, which is based on a new, quite 

accurate (confinement-sensitive, non-associated) concrete material law proposed by 

Papanikolaou and Kappos [50]. 

The FRP confinement is modeled with the classical laminate plate theory and it is 

assumed that it behaves in a linearly elastic manner. 

2.4 CONCRETE MATERIAL MODEL 

In this section we present the confinement-sensitive plasticity constitutive model for 

concrete in triaxial compression based on the work of Papanikolaou and Kappos [50]. 

The incremental strain vector consists of an elastic and a plastic component (Equation 

2.4), and the elastic strain increments are related to the stress increments by Equation (2.5). 

The plastic (irreversible) incremental strains follow a non-associated flow-rule described in 

Table 2.5. 

Both failure and plastic potential surfaces are formulated in the Haigh-Westergaard 

stress-space, which is described by the hydrostatic length (ξ), deviatoric length (ρ) and lode 

angle (θ). These coordinates are calculated as given in Table 2.5. 



18 

Table 2.5: Formulas used in the concrete material law proposed by Papanikolaou and Kappos [50]. 

Description Formula 
Non-associated flow 
rule 

p
ij

ij

g
d dε λ
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∂
=

∂
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k = k(κ) – hardening function described below, 
c = c(κ) – softening function described below, 

pl pl pl
1 2 3κ ε ε ε= + +  – plastic volumetric strain 

e – parameter of out-of-roundness (e ≈ 0.52, see [50]), 
ft – uniaxial tensile strength of concrete. 

Hardening function (k) 
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, where 

A, B, C – plastic potential coefficients, detailed calculation is described in [50], 
n – plastic potential function order, can be 2, 3 ,4 or 5 (in our calculations we 
use n = 3 as recommended in [50]). 
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The triaxial stress state of concrete during plastic flow is described by the Menétrey - 

Willam yield criterion: 

 ( ) ( )
2

c0 c0 c0

, , 1,5 , 0
6 3

f m r e c
kf kf kf

ρ ρ ξ
ξ ρ θ θ

  
= + + − =       

, (2.6) 

where the friction parameter (m), the elliptic function (r), the eccentricity parameter of out-

of roundness (e), the hardening parameter (k) and the softening parameter (c) are again 

defined in Table 2.5. 

The material model is pressure sensitive, the hardening and softening behavior of 

concrete is controlled by the plastic volumetric strain (κ, see Table 2.5). 

This model is non-associated, the plastic strain vector is perpendicular to the plastic 

potential surface (g) (Table 2.5), which is different from the yield surface (f). 

The yield surface when σ1 = σ2 is shown in Figure 2.4 for three different hardening and 

softening parameters. 

σ σ = 3 c

σ σ =  = σ1 2

(  =  ,  =1, initial state)k k c

l

f        k c(  = 1,  = 1, failure state)cc,max

f        k c(  = 1,  = 0)cc,min

0

1
2

3

4

5

 
Figure 2.4: Three yield surfaces (solid lines) and a typical loading path (dashed line). 

The numerical method recommended by Papanikolaou and Kappos [50] is based on a 

backward-Euler algorithm, which can be used when the confining stresses are constant. In 

case of FRP confinement due to the elastic behavior of the FRP the confining stresses 

increase with increasing axial and hoop strains. To follow this phenomena a 

straightforward method is used. (Further details about the algorithm can be found in 

Appendix B.) 
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2.5 MODEL FOR FRP CONFINED CONCRETE 

During the derivation of our model we assumed that both the axial and the hoop strains 

of the concrete and the confining FRP are identical, while the relationship between the 

hoop stress in the FRP and the in-plane stress in concrete is given by Equation (1.1). 

We used the concrete material model described in the previous section, which requires a 

numerical solution. We applied an incremental method: increased the strains step by step 

and evaluated the stress, the plastic strain and the yield surface in each step. The 

calculation was terminated at the failure of the FRP. 

To understand the behavior of confined concrete we first present and explain a typical 

loading path: At the beginning of the loading history (point 1 in Figure 2.4) the concrete is 

in elastic state, the value of the hardening parameter is k = k0 (smaller than one), the 

softening parameter c is equal to one (c = 1). In the elastic state the relationship between 

the axial and the hoop stress is linear and the slope depends on the elastic modulus and 

Poisson’s ratio of both materials. The softer the confinement, the steeper the loading curve. 

As the load increases the stress state of concrete reaches the yield surface (point 2) and the 

value of the hardening parameter k starts to increase, and the yield surface is “opening”. 

When the plastic volumetric strain reaches a certain value, the hardening process is 

terminated (k = 1, point 3). At this stage the yield surface reaches its most expanded shape, 

which is referred to as failure state (k = 1, c = 1). As the loading is carried on the softening 

region is initiated and the value of the softening parameter c decreases, while the value of 

the hardening parameter remains k = 1. The lower limit for c is zero, which can never be 

reached. 

In uniaxial loading the axial stress of concrete fc0 is reached at the end of the hardening 

region (Figure 1.3a), and then in the softening region the stress-strain diagram of concrete 

decreases. In triaxial loading for sufficient and increasing confining pressure – as in the 

case of FRP confinement – the axial stresses can increase in the softening region of the 

loading history (point 4). 

The slope of the loading curve depends on the stiffness of the confining material. For 

typical confinements the loading path is between the two curves that belong to the failure 

state and the state of full plasticity (Figure 2.4), and hence the concrete strength is also 

between these curves (denoted by fcc,max and fcc,min, respectively). The condition when the 

loading curve is below fcc,min will be discussed later in Section 2.7. The exact value of 

concrete strength depends on the endpoint of the loading curve (point 5), which belongs to 

the failure of the confinement. 
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The experimental results were compared to the theoretical lower and upper limit based 

on fcc,min and fcc,max, respectively. The results are shown in Figure 2.5. 

f    f/cc c0
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ρ   = f    f/l,a c0c,a

 
Figure 2.5: Relation between the experimental results and the upper and lower limits for the axial strength. 
(The authors of the experimental results are the same as in Figure 2, the neglected results are not indicated.) 

2.6 VERIFICATION 

The accurate concrete strengths and strains at failure were also calculated numerically for 

all the experimental cases, the accuracy is shown in Tables 2.6 and 2.7, respectively. 

(Experiments, where the difference between the measured axial stress and the calculated 

stress was more than 30% for more than half of the equations suggested by different 

authors were neglected.) The average absolute error of the different models for the 

prediction of axial stress was calculated as: 

 
1

exp
cc cc

exp
cc

1 n

i

f f
error

n f=

−
= ∑ . (2.7) 

The best results are achieved by the (design oriented) model recommended by Lam and 

Teng [36], which was fitted to experimental results. Our proposed model, which is based 

on theoretical investigation (and most of the material properties are unknown) is 

reasonably accurate. 

The prediction of axial strain at rupture is less accurate. The average error of the best 

expression (suggested by Richart et al. [57]) is 35%. 

The error of our model is even higher, because the applied concrete material model is 

based on a four parameter yield criterion (with four more parameters for the yielding 

behavior), and in most experiments only one or two (rarely three) parameters were 

available. The unknown parameters were approximated as recommended by Papanikolaou 

and Kappos [50]. 
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Table 2.6: Comparison of different formulas and results for confined strength. 

Reference Average error [%] r2 
Eurocode [20] 14.47 0.9015 
Samaan et al. [62] 20.34 0.9008 
Saafi et al. [61] 18.58 0.9122 
Spoelstra and Monti [67] 14.82 0.8761 
Lam and Teng (fl) [36] 14.86 0.7729 
Lam and Teng (fl,a) [36] 8.70 0.9430 
Youssef et al. [80] 17.49 0.6226 
Wu et al. [76] 30.68 0.2553 
Xiao and Wu [77] 30.54 0.1223 
Mander et al. [42] 17.92 0.9093 
Berthet et al. [6] 9.21 0.9305 
Binici [7] 16.05 0.9415 
Li et al. [40] 12.54 0.9389 
Turgay et al. [71] 29.75 0.9019 
Csuka and Kollár 9.95 0.9276 
 

Table 2.7: Comparison of different formulas and results for axial strain at peak stress. 

Reference Average error [%] r2 
De Lorenzis and Tepfers [13] 41.38 0.7222 
Lam and Teng [36] 38.12 0.7711 
Youssef et al. [80] 36.30 0.7780 
Wu et al. [76] 56.36 0.6436 
Richart et al. [57] 35.39 0.6654 
Berthet et al. [6] 74.34 0.0487 
Li et al. [40] 48.03 0.6791 
Csuka and Kollár 59.73 0.3635 
The formula proposed by Richart et al. [57] was used by several authors [40],[76]. The formula contains fcc 
and in this calculation, we used the experimental result. If we use the formula for design, we will need to 
calculate fcc as well and the error will be higher. 
 

We also compared the stress-strain diagrams calculated by the expressions recommended 

by different authors (Table 2.4) with the experimental results of Deniaud and Neale [16] 

(Figure 2.6) and Mirmiran et al. [47] (Figure 2.7). It can be observed that our proposed 

model can follow the shape of the diagram, however the accuracy is poor because of the 

lack of material properties as stated above. By calibrating the unknown properties a much 

higher accuracy can be reached. 
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Figure 2.6: Comparison of experimental results from Deniaud and Neale [16] and calculated σ(ε) diagrams 

from Table 2.4. 
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Figure 2.7: Comparison of experimental σ(ε) diagram by Mirmiran et al. [47] and the calculated curves. 
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2.7 RESULTS 

2.7.1 Effect of the stiffness of the confinement 

With the aid of the developed model we investigated the effect of the stiffness of the 

confinement. An example can be seen in Figure 2.8 for a C30 concrete with unidirectional 

confinement. Each solid line belongs to a given stiffness ratio (ρs) defined as: 

 f
s

c

2E t

dE
ρ = , (2.8) 

where Ec is the elastic modulus of concrete. Note that both the stiffness- and the 

confinement ratio are linear functions of the thickness of the confinement. 
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Figure 2.8: Effect of stiffness and strength of confinement. 

We may observe (Figure 2.8) that for higher stiffness the stress-strain curve is monotonic 

(as in Figure 2.2a), while for lower stiffness the diagram has one local maximum point and 

one local minimum point. The rupture of confinement (and hence the concrete strength at 

failure) depends on the confinement ratio (ρc, see Equation 2.1). Identical confining ratios 

are indicated by identical marks on the solid lines (Figure 2.8). Depending on the stiffness 

and confinement ratios there are three types of stress-strain diagrams as illustrated in 

Figure 2.2, were Figure 2.2a belongs to high-stiffness confinement and 2.2b belongs to low 

stiffness confinement. 

Figure 2.8 shows that the stiffness affects the strength of the confined concrete. This is 

further illustrated in Figure 2.9, where eight stress-strain diagrams are shown, which 

belong to different stiffnesses, however to the same strength (confinement ratio). The dots 

show the end of the stress-strain curves. 
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Figure 2.9: Effect of the stiffness of confinement on the stress-strain diagram of C30 concrete. 

When the stiffness is very high the FRP ruptures before the concrete can reach the failure 

state (curve a, Ef = 765 kN/mm
2). This is defined as “overstiffened” concrete, and must be 

avoided. The loading curve is also shown in Figure 2.10 (curve a). 
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Figure 2.10: Effect of the stiffness of confinement on the loading path of concrete. 

By decreasing the stiffness of FRP, at a certain point we obtain the case, when the failure 

strength is maximum (curve b in Figure 2.10), this case is defined as “optimum” 

confinement. Figure 2.10 shows that the FRP fails, when the concrete is in failure state 

(k = c = 1). 

Further drop in the stiffness results in lower failure strength (curve c in Figure 2.9). The 

stress-strain curve and the loading path (curve c, Figure 2.10) are monotonic. This case is 

referred to as “high stiffness” confinement. 

As the stiffness is reduced again (curve d, Figure 2.9), the stress-strain curve has a 

decreasing part. A similar shape can be observed in Figure 2.10. This is defined as “low 

stiffness” confinement. Note that the lower the stiffness the lower the failure strength. In 

the limit we may reach the failure strength, which belongs to fcc,min. 
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Based on the above observations the following statements can be made: 

- overstiffened concrete must be avoided; 

- for low stiffness confinement calculation based on fcc,min is realistic; 

- high stiffness confinement results in higher failure strength than low stiffness 

confinement; 

- a further advantage of high-stiffness confinement is that there is no decreasing 

part of the stress-strain diagram and the strains at failure are significantly lower. 

2.7.2 Achievements 

The limit between high-stiffness and low-stiffness confinement was investigated 

numerically. The results are shown in Figure 2.11. These data can be approximated by the 

following expression: 
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Figure 2.11: Limit between high-stiffness and low-stiffness confinement. 

The “optimal stiffness” (which is the limit between the overstiffened concrete and the 

high-stiffness confinement) was also investigated numerically (Figure 2.12), and the 

following curve was fitted on these results: 

 s,opt

0.3
0.2 c0
c,a0.1 0.22

20

f
ρ ρ  

= − +  
 

. (2.10) 
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Figure 2.12: Optimal stiffness as a function of uniaxial concrete strength (fc0) and confinement ratio (ρc,a). 

As we stated above fcc,min is a reasonable approximation for low stiffness confinement 

and it is also a conservative approximation for high-stiffness confinement. From Equation 

(2.6) an analytical expression can be derived for the failure strength. It yields to 

 c0cc,min ,a ,al lf f mf f= + , (2.11) 

where m is given in Table 2.5. By introducing the recommended values of the parameters 

in the expression of m, we obtain: 

 c0cc,min ,a ,a10.16l lf f f f= + . (2.12) 

Note that this value (m = 10.16) belongs to fc0 = 40 N/mm
2. In the concrete strength 

range, where the material law is verified (20 N/mm2 ≤ fc0 ≤ 120 N/mm
2) the difference is 

within ±2% of 10.16. The value of m depends approximately linearly on the unconfined 

concrete tensile strength (ft), in our calculations the recommended ft = fc0 / 10 value is used. 

The maximum possible axial strength, fcc,max (which belongs to the optimum stiffness) 

can also be calculated from Equation (2.6). It results in the following expression: 

 2
cc,max c0 c0,a ,al lf f mf f f= + + , (2.13) 

or, by introducing the same parameters as before: 

 2
cc,max c0 c0,a ,a10.16l lf f f f f= + + , (2.14) 

Equations (2.11) or (2.12) can be used to determine the limit of insufficient confinement. 

Several authors, such as Lam and Teng [36], Mirmiran et al. [46] and Spoelstra and Monti 

[67] defined the sufficient confinement as 

 cu c0f f≥ . (2.15) 
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Introducing Equation (2.12) into Equation (2.15) we obtain a second order equation, 

which yields 

 c0,a / 0.083lf f ≥ . (2.16) 

This value, obtained theoretically is close to the recommended value of Spoelstra and 

Monti [67] (also used by Lam and Teng [36]); based on experimental results they 

gave 0.07. (Note that for high-stiffness confinement the stress-strain diagram is monotonic 

and condition Equation (2.15) is always satisfied.) 

In all the expressions above the actual confining strength (fl,a) and the actual confinement 

ratio (ρc,a) should be used. These values can be calculated from the confining strength (fl) 

and the confinement ratio (ρc) by using a reduction factor κε, which is usually between 

0.6 and 0.9 (fl,a = κεfl, ρc,a = κερc). There are several formulas available in the literature for 

the calculation of κε [13],[29],[36],[43],[53],[67], the details are not discussed in this work. 

2.7.3 Simplified model 

The limit values fcc,min and fcc,max calculated in the previous section can be used as rough 

approximations. A more accurate approximation for fcc and fcu can be achieved with the 

following method. 

In case of high-stiffness confinement for the calculation of the confined concrete strength 

a linear interpolation between fcc,min and fcc,max is recommended with respect to the stiffness 

of the confinement: 

 ( ) s s,limit
cc cc,maxcc,min cc,min

s,opt s,limit

f f f f
ρ ρ

ρ ρ

−
= + −

−
, (2.17) 

where ρs, ρs,limit, ρs,opt, fcc,min and fcc,max are calculated from Equations (2.8, 2.9, 2.10, 2.12 

and 2.14) respectively. 

In case of low-stiffness confinement if the confinement ratio is high, the confined 

strength can be approximated with fcc,min. If the confinement ratio is low, the stress-strain 

diagram becomes decreasing and the effect of the confinement is negligible. This leads to 

the following equation: 

 cc,min
cc

c0

max
f

f
f


= 


. (2.18) 

The approximation of the axial strength at failure (fcu) is more simple. In case of high-

stiffness confinement fcu = fcc; and in case of low-stiffness confinement fcu = fcc,min. 
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The simplified method described above was compared to the experimental results found 

in the literature and showed a good agreement. The average absolute error for fcc and fcu is 

11.72% and 16.85% respectively (for fcc r
2 = 0.8800 and for fcu r

2 = 0.8512). Comparison 

of the experimental and calculated results is shown in Figure 2.13. 
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Figure 2.13: Comparison of experimental results and the simplified model for fcc (a) and fcu (b). 

2.8 FEASIBILITY 

In practice the actual confinement ratio (ρc,a) for glass or carbon fiber confinement is 

usually between 0.05 and 0.5 (it goes up rarely to 1.0). The ultimate strain for GFRP is 

usually between 0.015 and 0.03, while for CFRP it varies between 0.008 and 0.02. 

In Figure 2.14 we show the stiffness ratio for typical glass and carbon fiber confinement 

as a function of the confinement ratio for C20, C30, C50 and C100 concrete. The limit 

between high-stiffness and low-stiffness confinement (Equation 2.9) and the “optimal 

stiffness” (Equation 2.10) (which is the limit between the overstiffened concrete and the 

high-stiffness confinement) are also shown. In the case of GFRP the confinement is usually 

low-stiffness, and in the case of CFRP the confinement is typically high-stiffness. 

It is important to emphasize that overstiffening is very unlikely. (An extreme example, 

when overstiffening occurs, when a C20 column with a diameter of 250 mm is reinforced 

with 8 layers of 0.167 mm thick CFRP (Ef = 390 GPa and fu = 3000 N/mm
2). The 

confinement ratio in this case is very high: ρc = 1.6.) 
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2.9 DISCUSSION 

In this chapter a new model was presented to calculate the stress-strain curve of axially 

loaded FRP confined, circular concrete columns, based on a sophisticated (confinement-

sensitive plasticity constitutive) concrete material law. Based on this model we also 

derived a new analytical expression (Equations 2.17 and 2.18) to determine the strength of 

confined concrete. We also derived analytically the limit for the insufficient confinement 

(Equation 2.16). Both analytical results agree well with the experimental data. 
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Figure 2.14: Typical glass and carbon fiber confinement in practice in case of C20 (a), C30 (b), C50 (c) 

and C100 (d) concrete. 

In the Problem statement the question was stated, how does the stiffness of the FRP 

confinement affect the load bearing capacity of confined concrete. Based on the new model 

we showed that the strength depends on the stiffness, however there is a parameter range, 

where the effect is negligible. We also showed that (under the limit of “optimal stiffness”) 

the higher the stiffness the higher the concrete strength, and an about 40% increase in 

strength can be reached by increasing the stiffness. 

When the stiffness of the confinement is very high the concrete is “overstiffened”, and 

there is a drop in the concrete strength, and hence this case must be avoided. 
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By investigating the material properties of commonly used materials, we found that (i) in 

the case of glass fiber confinement the stiffness has a minor effect on the concrete strength, 

(ii) in the case of graphite fibers an about 20% gain in concrete strength can be reached by 

taking into account the confinement stiffness, and (iii) the overstiffening is not realistic. (It 

should be mentioned however, that prestressing of the confinement – which is useful for 

decreasing strains – can lead to overstiffening and to a drop in concrete strength even for 

conventional materials.) 
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3. FRP CONFINED CIRCULAR CONCRETE CROSS-
SECTIONS SUBJECTED TO ECCENTRIC LOADING 

 

 

As we stated in the Introduction different internal forces develop in the column. 

Concentrically loaded columns were discussed in the previous chapter. We recall, 

however, that depending on the stiffness and strength of the confinement there are three 

types of stress-strain responses for confined concrete, which were shown in Figure 2.2. 

In this chapter eccentrically loaded circular columns are considered [10]. 

3.1 EXPERIMENTAL RESULTS AND EXISTING MODELS 

Relatively few documented experiments on eccentrically loaded FRP confined circular 

columns can be found in the literature. Hadi [23] presented data for unreinforced concrete 

columns with unidirectional confinement, where the fibers are arranged in the hoop 

direction and the FRP provides no axial resistance. Hadi [24],[25] published data for 

reinforced concrete columns with unidirectional (hoop) confinement. Fam and Rizkalla 

[21] ran experiments where FRP tubes (with both axial and circumferential resistance) 

were filled with concrete. Their results are summarized in Figure 3.1. The diagrams show 

the normalized force and moment, where the normal force is divided by the axial resistance 

of the unconfined cross-section and the moment is divided by the maximum moment 

resistance of the unconfined cross-section. 

There are a few further experimental results on eccentrically loaded FRP confined 

columns, where the confinement did not play an important role: the confinement is 

insufficient for the GFRP confined specimens of Hadi [23],[24]; the eccentricity is very 

high [19],[60],[66] and hence the confinement hardly influenced the load carrying capacity 

(as it is stated by Bisby and Ranger [8]). These results are also shown in Figure 3.1, but 

they are not considered for further investigations. 

There are two types of models of confined columns: design-oriented models, where the 

Bernaulli-Navier hypothesis (plane cross-section) is combined with an axial stress-strain 

curve of concrete (which contains the effect of confinement); and analysis-oriented 

models, which are based on a triaxial material model for concrete. The axial stress-strain 

curves of design-oriented models are built on the axial strength and failure strain (fcc, εcc, 

Figure 2.2) of concentrically loaded confined columns. 
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Figure 3.1: Experimental results for circular columns with different arrangements: 
concrete columns with unidirectional FRP confinement (a), concrete filled FRP tubes (b) 

and reinforced concrete columns with unidirectional FRP confinement (c). 

For example, according to Lam and Teng [36]: 
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We also show the formula used in Eurocode 2 [20]: 
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Here fc0 is the uniaxial compressive strength of concrete, fcc is the compressive strength 

of confined concrete, fl,a is the actual confining stress at failure, εcc is the axial strain at 

maximal strength of confined concrete, εc0 is the axial strain at maximal strength of 
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unconfined concrete, εfu is the hoop strain at ultimate state of the confining FRP. Note that 

fl,a is smaller than the confining strength fl, which belongs to the failure strength of FRP 

(see Equation 3.7). 

The ratio of fl,a and fl is the “strain efficiency factor” [36], which is denoted by κε: 

 ,a
ε

l

l

f

f
κ = . (3.4) 

The simplest model (also used in Eurocode 2 [20]) applies a similar stress-strain curve as 

for unconfined concrete, where the strength is replaced by fcc. This curve is identified as 

“Eurocode 2” in Figure 3.2. Lam and Teng [36] recommended a parabolic-linear curve for 

confined concrete: 
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This curve (see Figure 3.2) was recommended by Bisby and Ranger [8] and also by Rocca 
et al. [58] for eccentric loading. 
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Figure 3.2: Concrete material models. 

Based on the three stress-strain curves of Figure 3.2 we calculated the normalized N-M 

failure envelopes (capacity diagrams) of confined columns, which were experimentally 

investigated. Three typical curves are shown in Figure 3.3. Note that according to Bisby 

and Ranger [8] the confining effect of steel stirrups should be neglected; however for the 

sake of better comparability we took the effect of steel stirrups into account by increasing 

the confining stress in the area inside the stirrups. 
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Figure 3.3: Comparison of experimental results and simplified models: 
concrete columns with unidirectional CFRP confinement (Hadi [23]) (a), 

reinforced concrete columns with unidirectional FRP confinement (Bisby and Ranger [8]) (b) 
and concrete filled FRP tubes (Fam and Rizkalla [21], tube no. 5) (c). 

Bisby and Ranger [8] and Rocca et al. [58] suggested that due to the “strain efficiency 

factor” the top part of failure envelope must be cut off by a horizontal line and the 

maximum normal force is reduced by the factor κε (Equation 3.4). This is the reason of the 

plateaus in Figures 3.3a and 3.3b. In the case presented in Figure 3.3c κε ≈ 1. (The 

calculation of concrete filled composite tubes with design oriented expressions was 

complex. The tube enhances the load bearing capacity in two ways: (i) it has axial 

resistance and (ii) through circumferential confinement it increases the concrete (axial) 

strength. The influence of these effects and hence the failure load depends on the ratio of 

the axial and the circumferential strain. Unfortunately, the design oriented expressions do 

not predict the circumferential strains. In the calculation we have chosen this ratio in such a 

way that the experimental data for concentric load could be obtained, and then, this ratio 

was applied for eccentric loading as well.) Some of the results are acceptable (the 

calculated curves are close to the experimental results), however in some cases the models 

seem to overestimate the effect of the confinement at high eccentricity. 
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Analysis-oriented concrete models for concentric loading were discussed in the previous 

chapter and are not reiterated here. We found only one article in the literature which 

applied an analysis-oriented model for the eccentrically loaded FRP confined concrete 

columns. Parvin and Wang [52] used the MARCTM nonlinear finite element software and 

applied the built-in Mohr-Coulomb yield criterion with isotropic hardening rule for 

concrete. They demonstrated the applicability of the 3D model for confined columns, 

however only qualitative comparisons with experiments were made. 

3.2 PROBLEM STATEMENT 

As we stated in the Introduction there are models for concentrically and eccentrically 

loaded FRP confined columns, however all the existing models fail to properly predict the 

behavior of eccentrically loaded confined columns. Authors also admit [8] that further 

research in this area is needed. 

Our aim here is to develop a new model for eccentrically loaded (Figure 1.1b) FRP 

confined concrete or reinforced concrete columns (Figure 3.4). With the aid of this model 

we wish to predict the experimental data and to explain the behavior of confined columns. 
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Figure 3.4. Cross-section of confined columns without reinforcement (a) and with reinforcement (b). 

3.3 APPROACH 

While for concentric loading both design-oriented and analysis-oriented approaches are 

feasible, for eccentric loading design-oriented models – which are based on the confined 

concrete strength (e.g. Equations 3.1-3.3) – seem unacceptable, because the effect of 

confinement is different for concentric- and for eccentric loading. This is illustrated in 

Figure 3.5. Under concentric loading the in-plane stresses in the hoop and radial directions 

are identical (Figure 3.5a). For pure bending – assuming a linearly elastic material law – 

the highest confining stress in the hoop direction is three times bigger than in the radial 
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direction (Figure 3.5b). In addition, shear stresses arise between the concrete and the 

confining FRP. For eccentric loading the stress state (again for linearly elastic behavior) is 

between the previous two cases, as it is illustrated in Figure 3.5c. (When concrete starts 

yielding the behavior is similar, however the calculation is more complex.) 
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Figure 3.5: Elastic strains and stresses of confined columns subjected to 

concentric load (a), bending (b) and eccentric load (c). 

Because of the significant difference in the radial and hoop confining stresses we decided 

to use an “analysis oriented” model, which is based on a new, sophisticated 3D concrete 

material law proposed by Papanikolaou and Kappos [50]. 

3.4 THE NEW MODEL 

A 2D finite element model was developed for the calculation of the cross-section. Note 

that the finite element mesh is two-dimensional, however the strains and stresses are three-

dimensional: it is assumed that the axial strain varies linearly through the cross-section i.e. 

we assume the Bernoulli-Navier hypothesis (and the nonlinearly varying axial stress is 

calculated by the FE code). A triangular finite element mesh was applied (Figure 3.6). 

The concrete was modeled by the confinement sensitive plasticity constitutive model of 

Papanikolaou and Kappos [50], which was also discussed in the previous chapter. 

The FRP confinement was calculated by the laminated plate theory assuming a linearly 

elastic behavior until failure. It was modeled by boundary elements along the 

circumference (Figure 3.6). 
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Figure 3.6: The finite element mesh of the cross-section without (a) and with reinforcement (b). 

Axial rebars and stirrups – if present – were calculated by an elastic-plastic material law. 

The effect of stirrups was taken into account by assuming continuous layer (with zero axial 

resistance), and applying a boundary layer within the cross-section (Figure 3.6b). 

Due to the high nonlinearity of the concrete material law an incremental calculation was 

implemented, the block diagram is shown in Figure 3.7. 

If the eccentricity is high, the neutral axis will be inside the cross-section. At the tension-

part of the cross-section, where the axial strains are positive, we assumed that the concrete 

is cracked and has no axial strength (however the in-plane stiffnesses are non-zero and 

hence the cross-section remains approximately circular). As we stated above, shear stresses 

arise at the concrete surface. These shear stresses can lead to principal tensile stresses, 

which can cause rupture in concrete even in the compressed region of the cross-section. 

This effect was also considered in our model. 
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Figure 3.7: Block diagram of the calculation. 
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As an example of the numerical calculation a strain-force diagram (and the 

corresponding N-M curve) is shown in Figure 3.8, assuming that the neutral axis is fixed. 

The calculation is terminated, when the FRP breaks due to hoop tension or axial 

compression. (The behavior of concrete (plastic hardening, softening, etc.) is explained in 

the previous chapter). 
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Figure 3.8: Load path for fixed neutral axis. 

3.5 CALCULATION OF CAPACITY DIAGRAMS (FAILURE ENVELOPES) 

For a given cross-section the strain-force (and the corresponding force-moment) 

diagrams (Figure 3.8) were calculated for different load paths. For each load path the 

position of the neutral axis was fixed. The envelope of all N-M curves is identical to the 

capacity diagram (or failure envelope) as it is shown in Figure 3.9. 
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Figure 3.9: Capacity diagram obtained from envelope of loading paths. 



40 

The capacity diagram depends on the load path. We obtain different envelopes if – for 

example – we assume fixed neutral axis or fixed eccentricity of the force. According to our 

calculations these differences are small. An example of calculation with different load 

paths is shown in Figure 3.10. 
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Figure 3.10: Results of calculation with different load paths. 

An axial stress distribution at failure is shown in Figure 3.11a. The axial stress varies 

slightly perpendicular to the plane of eccentricity; the stresses – due to the shear stresses – 

are smaller at the edges. The average stresses ( x x / (2 )
b

b

dz bσ σ
−

= ∫ ) are presented in 

Figure 3.11b. 
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Figure 3.11: The stress distribution at failure (a) and the average stresses (b). 

The average stress curves at different eccentricities are given in Figure 3.12a for a high-

stiffness confinement and in Figure 3.12b for a low-stiffness confinement. 
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Figure 3.12: Average stress curves at failure. High-stiffness confinement (a) 

and low-stiffness confinement (b). 

3.6 VERIFICATION 

We compared our results with available experimental data and also with our own tests 

and a good correlation was found. 

3.6.1 Existing test results 

The available experimental data were compared to our numerical results and also to the 

diagrams based on design-oriented models (Figure 3.2). 

We recall that – for concentric loading – instead of the confining stress due to the FRP 

failure strength only a reduced stress must be taken into account: 

 ε,al lf fκ= , (3.6) 

where according to Equation (1.1) 

 f2
l

f t
f

d
= , (3.7) 

ff is the failure strength of FRP (measured on coupon tests), t is the thickness of FRP, d is 

the diameter of the cross-section (Figure 3.4) and fl,a is the radial stress measured at the 

failure. We recall that for concentric loading the “strain efficiency factor” κε is typically 
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between 0.6 and 1.0 [36]. This is due to the uneven hoop stresses in FRP because of the 

axial cracks in concrete. 

Unfortunately, for eccentric loading very few experimental data on κε are available. The 

results of Bisby and Ranger [8] showed that for eccentric loading the reduction is much 

less (κε is closer to unity) than for concentric loading. This statement can be explained by 

investigating the stresses presented in Figure 3.5, which shows that under eccentric loading 

the hoop compressions are higher than for concentric loading, which reduces the likelihood 

of axial concrete cracks. 

Because of the lack of reliable data we simply apply the following κε values 

(Figure 3.13): 
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where κε0 is the strain efficiency factor for concentric loading and ρκ is the curvature 

(Figure 3.13b). ρκ = 0 is the case of concentric loading and ρβ = εcc / d is the case when the 

neutral axis is at the edge of the cross-section. Accordingly, only for the cases of small 

eccentricity κε plays an important role. We must admit, however that further experiments 

are needed to clarify the effect of κε under higher eccentricities. 
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Figure 3.13: Assumed variation of the strain efficiency factor (κε) as a function of the curvature (ρ). 

The comparison of experimental results and numerical calculations are shown in 

Figure 3.14. The values of κε0 are given in the figures. Only in one case (Figure 3.14d) was 

κε0 measured (κε0 = 0.49), in all the other cases we have chosen its value in such a way that 

fcc matches the data for concentric loading. The results of the new model including the 

effect of the “strain efficiency factor” through Equation (3.8) are shown by solid lines. The 

results without this correction are plotted by dashed lines. 
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Figure 3.14: Comparison of experimental results and models: 

concrete columns with unidirectional CFRP arrangement (Hadi [23]) (a), 
reinforced concrete columns with unidirectional FRP arrangement (Hadi [24]) (b), 
reinforced concrete columns with unidirectional FRP arrangement (Hadi [25]) (c), 

reinforced concrete columns with unidirectional FRP arrangement (Bisby and Ranger [8]) (d), 
concrete filled FRP tubes (Fam and Rizkalla [21], tube no. 5) (e) 

and concrete filled FRP tubes (Fam and Rizkalla [21], tube no. 6) (f). 

In Figure 3.14f it seems that for concentric loading our model significantly overestimates 

the failure load. Due to the fact that all the other points are reasonable and considering the 

calculated load-strain curve (Figure 3.15), there is an other explanation: this case is a “low-

stiffness confinement”, which means that there is a local maximum on the force-strain 
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curve. This local maximum agrees well with the failure load measured in the experiment. It 

is possible that the increasing branch was not measured. 
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Figure 3.15: Comparison of calculated axial force-axial strain diagram and experimentally measured axial 

force for concentrically loaded specimen of Fam and Rizkalla [21], tube no. 6. 

3.6.2 New test results [11] 

Fifteen circular column specimens were prepared and tested in our experimental program 

running in 2006 at the Budapest University of Technology and Economics. All columns 

had the same size: 154 mm diameter and 1200 mm height. The columns were reinforced 

with six axial 8 mm diameter reinforcing bars and with Ø6 mm links placed at 150 mm 

distance. The concrete was supplied by a local firm; the specimens were cured for at least 

28 days before the FRP confinement was applied. Three columns were confined with 

carbon fibers with epoxy resin, three with carbon fibers with 3P resin. Six specimens were 

confined using glass fibers, again, three applied with epoxy- and three with 3P resin. 

3P resin has similar properties as the epoxy and was supplied by the manufacturer. The 

three remaining columns were used as control specimens. 

FRP wrapping: The surface of the specimen was cleaned. First a layer of the resin was 

applied and it was followed by a layer of the unidirectional glass or carbon sheet. The 

laminates were continuously wrapped on the surface of the specimen with 10° angle with 

respect to the hoop direction. Another layer of the resin was applied and the next laminate 

was wrapped with -10° angle. For GFRP confined columns three layers and for CFRP 

confined columns two layers of sheet were used. After the last layer of laminate a final 

layer of resin was applied. The top and bottom 100mm of the column was further 

reinforced with two layers of GFRP to avoid the splitting of the head during loading. The 

wrapped specimens were kept at room temperature for at least the time suggested by the 

manufacturer for the CFRP and GFRP to cure. 
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Instrumentation and loading test: six strain gauges were applied on the surface of each 

column at the middle cross-section, three in the axial and three in the hoop direction. The 

axial and hoop gauges were arranged with equal distances. The horizontal displacement of 

some of the specimen was also measured. The specimens were tested with 0 or 12 mm 

initial eccentricity. Hinges were placed at both ends of the columns and the theoretical 

length, l0 of the columns (distance between the centers of the hinges) was 1500 mm. The 

load was applied using a universal testing machine. The instrumentation for a CFRP 

confined specimen can be seen in Figure 3.16. 

(a) (b)

 
Figure 3.16: Instrumentation of specimen 11 (a) and the specimen curved due to the load (b). 

Material properties: The average cylinder compressive strength of unconfined concrete, 

fc0 was very low, 5.9 N/mm
2 with a high standard deviation. The reinforcing steel was 

B500 with ultimate strength 600 N/mm2. 

To determine the material properties of the FRP confining materials twelve flat coupon 

tests were conducted. Three for each arrangement: glass fibers with epoxy and 3P resin and 

carbon fibers with epoxy and 3P resin. The tests showed insignificant effect of the matrix 

on the material properties. The thickness, number of layers and matrix to fibers ratio was 

equal to the FRP applied on the columns. For the GFRP 35000 N/mm nominal elastic 

modulus (elastic modulus multiplied by the nominal thickness) and 2.3 % maximal strain 

was found. For the CFRP laminates the nominal elastic modulus was 148000 N/mm and 

the maximal strain was 0.8%. 

Experimental results: The specimen details and test results are shown in Table 3.1. For 

column 4 two results are available: one for the state when the strain gauges were lost (their 

measure limit was reached) and the second is the axial force measured at the rupture of the 

fibers in the hoop direction. This was the only column that failed with the rupture of the 

FRP, all other experiments were stopped when a plateau was reached in the load path and 
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no further increase in the axial force was expected. The final eccentricities were calculated 

from the measured axial strains assuming trigonometrical column axis. For columns 1, 6, 

7, 8, 10 and 12 the horizontal deflection was also measured, and showed good correlation 

with the values calculated from the axial strains. 

Table 3.1: Summary of new tests. 

 
Column 

 
Fiber 

 
Resin 

Initial 
eccentricity 

[mm] 

Axial 
force 
[kN] 

Max. 
eccentricity 

[mm] 

Hoop 
strains 
[%] 

1 glass epoxy 12 329.0 23.94 0.6519 
2 glass epoxy 0 332.1 19.83 0.9935 
3 glass epoxy 0 367.8 25.00 3.1895 

4 (gauges lost) glass 3P 0 301.8 2.792 0.4140 
4 (final) glass 3P 0 575.9 n.a. n.a. 

5 glass 3P 0 348.0 6.167 0.1683 
6 glass 3P 12 352.8 31.27 0.9294 
7 carbon epoxy 12 314.9 29.23 0.5692 
8 carbon epoxy 12 340.0 37.10 0.1379 
9 carbon epoxy 0 464.5 6.572 0.1911 
10 carbon 3P 12 333.4 29.79 0.3652 
11 carbon 3P 0 411.3 23.14 0.4944 
12 carbon 3P 12 297.6 26.59 0.1324 

 

Comparison of the load paths and the calculated capacity diagrams for GFRP confined 

columns are shown in Figure 3.17. For the calculation of the diagrams the measured 

maximal hoop strain (last column of Table 3.1) was used instead of the rupture strain of the 

confining FRP. For column 4 the state where the gauges were lost was used. After the 

experiments the columns were cut and no delamination between the concrete core and the 

confining FRP was found. 
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Figure 3.17: Comparison of the calculated load paths and the calculated capacity diagrams 

for GFRP confined columns. 
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It can be seen that in most cases the correlation between the experimental results and the 

calculations is acceptable. 

Unfortunately, the experimental results of CFRP confined columns showed a very bad 

correlation with the calculated values. The reason can be the extremely poor quality of the 

manufactured concrete columns. 

Acknowledgement: The specimen were provided by the POLINVENT Kft, the 

experiments were conducted with the help of Dr. László Varga and Béla Kulcsár, MsC., 

which is highly appreciated. 

3.7 DISCUSSION 

In this chapter a new model was presented to calculate the envelope diagram of 

eccentrically loaded FRP confined, circular concrete columns based on a sophisticated 

(confinement-sensitive plasticity constitutive) concrete model. Our results agree with the 

experimental data. 

In section 3.5 the average stress curves at failure were presented (assuming κε = 1.0). 

Based on these curves (Figure 3.12) the following observations can be made: 

- the maximum axial stress of eccentrically loaded columns roughly agrees with the 

axial stress of concentrically loaded columns; 

- the average axial stress decreases rapidly as we move away from the most 

compressed part of the cross-section, much faster than it is predicted by the 

models [8],[58] based on the (linear) diagram of Lam and Teng [36]. 

The first observation can be explained by the concrete material model. In the previous 

chapter we presented a lower and a higher limit (fcc,min and fcc,max) for the axial strength for 

the case when the confining stresses are identical in the principal directions (σ1 = σ2 = σl). 

The curves are shown in Figure 3.18a. We recall that the failure stress fcc is between fcc,min 

and fcc,max. 

We reran this calculation by assuming that σ2 = 2σ1 (see Figure 3.5). It was found that 

fcc,min and fcc,max are slightly higher, but there is no significant difference (Figure 3.18b). 

This explains the maximum stresses are roughly the same for concentric and eccentric 

loading. Based on the above two observations new stress-strain curves can be 

recommended for the simple “design-oriented” model, as it is discussed below. 
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Figure 3.18: The values of fcc,min and fcc,max for different lateral stresses. 

3.8 MATERIAL LAW FOR DESIGN-ORIENTED MODELS 

In Figure 3.19 we show again the simple Eurocode 2 [20] stress-strain diagram and that 

proposed by Lam and Teng [36]. 

σc

εc0

f
c0

εcuεt εc2,c

P2

P1

εc,P1

f
cc

Eurocode 2

Lam and Teng
f
cc,EC

εc
εcc εcc,EC  

Figure 3.19: Stress-strain diagrams for simplified design. 

In addition two possible stress-strain diagrams are shown, one has a parabolic first part 

followed by a bilinear curve (P1) and one has two parabolic parts (P2). For the simplified 

diagram P1 the breakpoint between the linear parts is at (εc,P1) is calculated as follows: 

 cc c0
c,P3 c0 4

ε ε
ε ε

−
= + . (3.9) 

where εc,P1 is the strain at the breakpoint, εc0 is the maximal axial strain of unconfined 

concrete and εcc is the maximal axial strain of confined concrete. 

We have calculated the capacity curves of the previous cases, and it was found that the 

Eurocode 2 [20] and the Lam and Teng [36] curves overestimate the failure load for 

eccentric loading, while both P1 and P2 seems reasonable. Examples are shown in 

Figure 3.20. (Note that the use of approximate formulas is straightforward only for 
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unidirectional confinement, as it was discussed for concrete filled tubes in the 

Introduction.) In all approximate diagrams we used the strain efficiency factor (κε) as given 

in Equation 3.8. 
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Figure 3.20: Capacity diagrams for simplified design: 

concrete columns with unidirectional CFRP arrangement (Hadi [23]) (a), 
reinforced concrete columns with unidirectional FRP arrangement (Hadi [24]) (b), 
reinforced concrete columns with unidirectional FRP arrangement (Hadi [25]) (c) 

and reinforced concrete columns with unidirectional FRP arrangement (Bisby and Ranger [8]) (d). 
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4. FRP CONFINED RECTANGULAR CROSS-SECTIONS 
SUBJECTED TO CENTRIC LOADING 

 

 

In previous chapters we presented a new (numerical) model to calculate the load bearing 

capacity of FRP confined concrete columns, which was based on a confinement sensitive 

plasticity constitutive concrete material model. In this chapter the model is applied for 

rectangular cross-sections (with rounded edges) [12]. 

4.1 EXPERIMENTAL RESULTS AND EXISTING MODELS 

There are several experimental data available in the literature about concentrically loaded 

square columns. In this study we use a total of 85 results for square and 20 results for 

rectangular cross-sections proposed by different authors. Some of the results are from 

single specimens; others are the average of two experiments. The table containing the data 

of the experimental results can be found in Appendix C. 

Existing models can be divided in two groups: (i) empirical closed form equations; 

(ii) numerical models. Most of the empirical expressions have the following form: 

 cc
1ef

c0 c0

1 lff
k k

f f
= + , (4.1) 

where fcc is the confined concrete strength, fc0 is the unconfined (or uniaxial) concrete 

strength, kef is the shape factor, k1 is a coefficient also used for circular cross-sections 

(Equation 2.2), fl is the confining stress. Note that Equation (4.1) is identical to 

Equation (2.2) given for circular cross-sections, if kef = 1. For rectangular cross sections the 

axial stress is not uniform, thus fcc is an average value: 

 u
cc

gross

P
f

A
= , (4.2) 

where Pu is the axial strength of the column and Agross is the total cross-sectional area. 

Calculation of the shape factor (kef) and the confining stress (fl) are given below. 
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4.1.1 Shape factor (kef) 

For centrically loaded circular cross-sections the entire section is uniformly confined, 

while for rectangular cross-sections the confinement is higher at the corner and at the 

middle of the cross-section and lower at the midpoints of the sides. As a simplification 

[1],[37], we may divide the cross-section into two parts (Figure 4.1): the effective confined 

area, Aconf, where we may assume uniform confinement and the rest of the section, where 

there is no confinement. Using this definition, kef is calculated as: 

 conf
ef

gross

A
k

A
= , (4.3) 

where Aconf is the effective confined area and Agross is the total cross-sectional area. 

A

h

b

r

h

b
r

conf

45°

Aconf
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Figure 4.1: Shape of confined area proposed by ACI440 [1] (a) and by Lam and Teng [37] (b). 

Four expressions for kef are given in Table 4.1 and are illustrated in Figure 4.2. (The 

expression recommended by the ACI [1] gives a negative number for kef when the aspect 

ratio is higher than 2.62. To overcome this problem Lam and Teng [37] recommended the 

improvement of the expression as given in Table 4.1.) 
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Figure 4.2: Effect of corner radius on kef for square (a) 
and rectangular sections with aspect ratio h / b = 2 (b). 
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Table 4.1: Different formulas for kef. 

Reference Calculation of kef 
Mirmiran et al. [46]  

( )ef

2
,

r
k h b

h
= ≥  

Harajli et al. [27], 
Youssef et al. [80]  ( ) ( )2 2

ef

2 2
1

3

b r h r
k

bh

− + −
= −

 
 
  

 

ACI 440 [1], Al-Salloum [4] ( ) ( )2 2

ef
gross

2 2
1

3

b r h r
k

A

− + −
= −

 
 
  

 

Lam and Teng [37] 
( ) ( )2 2

2

ef
gross

2 2

1
3

b h
h r b r

b h bk
h A

− + −
= −

  
   
   

    
  

 

 

4.1.2 Confining strength 

For a circular cross-section the confining stress calculated as: 

 f2
l

f t
f

D
= , (4.4) 

where ff and t are the circumferential (average) strength and thickness of the confining 

composite, while D is the diameter of the cross-section. The same formula is recommended 

[1],[4],[27],[37],[46],[79],[80] for rectangular cross-sections, however D is defined as an 

“equivalent diameter”. Expressions for D are summarized in Table 4.2 and illustrated in 

Figure 4.3. (Note that Lam and Teng’s [37] expression fails for the special case of a 

circular cross-section; when b = h = 2r it gives 2 2D r= .) 
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Figure 4.3: Definition of equivalent diameter by Mirmiran et al. [46] (a), ACI 440 [1] (b), Al-Salloum [4] (c) 

and by Lam and Teng [37] (d). 
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Table 4.2: Calculation of the equivalent diameter. 

Reference Calculation of D 
Mirmiran et al. [46] ( )D h h b= ≥  

ACI 440 [1], Harajli et al. [27], 
Youssef et al. [80], 
Yan and Pantelides [79] 

2bh
D

b h
=

+
 

Al-Salloum [4] ( )2 2 2 1D b r= − −  to be used only for square 

Lam and Teng [37] 2 2D b h= +  

 

4.1.3 Load bearing capacity 

The load bearing capacity of a centrically loaded cross-section is defined as 

(Equation 4.2): 

 u cc grossP f A= , (4.5) 

where fcc was defined by Equation (4.1). The design expressions recommended by different 

authors are summarized in Table 4.3. None of the models contain the effect of the stiffness 

of the confining FRP. fcc is defined as the maximum stress carried by the column, note 

however that this can be higher then the stress at failure, fcu (Figure 4.4). 

(a) (b)σc σc

εc εc

fcc

fcu

εcc

f f   = cu

εcc εcu

cc

 
Figure 4.4: Typical stress-strain curves for FRP confined rectangular concrete columns. 
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Table 4.3: Calculation of fcc. 

Author Confined strength to unconfined strength ratio 
ACI 440 [1] 

cc ef ef

c0 c0 c0

2.254 1 7.94 2 1.254l lf k f k f

f f f
= + − −  

Al-Salloum [4] 
cc ef

c0 c0

1 3.14 lf k fb

f D f
= +  

Harajli et al. [27] 
cc ef

c0 c0

1 1.25 lf k f

f f
= +  

Lam and Teng [37] 
cc ef

c0 c0

1 3.3 lf k fb

f h f
= + , where h ≥ b 

Mirmiran et al. [46] 0.7
cc

c0 c0

1 6 lf f

f f
= + , if MCR ≥ 0.15, where 

c0

2 lfr
MCR

D f
=
 
 
 

 

Yan and Pantelides [79] 
ef ef

c0 c0 c0

ef efcc

c0 c0c0

c0

c0

4.721 1 4.193 2 4.322, if 0.2

4.721 1 4.193 2 4.322

, if 0.2

0.0768 ln 1.122

l l l

l l

l

l

k f k f f

f f f

k f k ff

f ff f

ff

f

+ − − ≥

+ − −=

<

+







  
  

 

 

Youssef et al. [80] 3

5
cu ef

c0 c0

0.5 1.225 lf k f

f f
= +

 
 
 

 

 

As we stated before there are also numerical 3D FE models for the calculation of the 

FRP confined rectangular concrete columns using sophisticated concrete modeling. Koksal 

et al. [34] used a material law for concrete with the yield criterion proposed by Koksal. The 

calculations agree well with the experimental results found in the literature, however the 

authors admit that there are open questions related to the distribution of the confining 

stresses. Montoya et al. [49] used compression field modeling in a nonlinear finite element 

calculation. The analytical and experimental results were found to agree reasonably well. 

They, however, did not give any information about the internal stresses. Note that in theory 

FE models developed for steel confined concrete can easily be used for FRP confined 

columns as well. The literature of steel confined concrete columns is beyond the scope of 

this work. 

4.1.4 Verification of existing models 

We compared the results of the presented expressions with the experimental data 

(Figures 4.5 and 4.6), and also calculated the average absolute error defined in 

Equation (2.7). The results are given in Table 4.4. 
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Figure 4.5: Comparison of experimental results for fcc / fc0 (square specimens ○, rectangle specimens □) 

with models: ACI 440 [1] (a), Al-Salloum [4] (b), Harajli et al. [27] (c), Lam and Teng [37] (d), 
Mirmiran et al. [46] (e) and Yan and Pantelides [79] (f). 

We also presented the strength results as a function of the relative corner radius (2r / b) 

of the edges for two aspect ratios (h / b = 1 and 2) in Figure 4.7. The experimental results 

of Wang and Wu [74] are also plotted. It can be seen that most of the theoretical curves are 

convex, but the trend of the experimental results is concave. 

There were also models and experimental data for the axial strains available in the 

literature but the results showed very high deviation and they are not presented here. 
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Figure 4.6: Comparison of experimental results for fcu / fc0 (square specimens ○, rectangle specimens □) 

with models: Yan and Pantelides [79] (a) and Youssef et al. [80] (b). 
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Figure 4.7: Effect of rounding of the edges on the ratio of confined strength to unconfined strength for 
square sections (a), confined strength to confined strength of circular columns (fcco) with d = b for square 

sections (b) and confined strength to unconfined strength for rectangular sections with h / b = 2 (c). 
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Table 4.4: Average error of fcc / fc0 or fcu / fc0. 

Author Average error [%] r2 
ACI 440 [1] 59.08 0.5976 
Al-Salloum [4] 17.22 0.7626 
Harajli et al. [27] 25.79 0.6213 
Lam and Teng [37] 22.88 0.6130 
Mirmiran et al. [46] 14.78 0.6673 
Yan and Pantelides [79] 16.09 0.7101 
Yan and Pantelides [79] (fcu / fc0) 28.33 0.4618 
Youssef et al. [80] (fcu / fc0) 19.45 0.4281 

 

4.2 PROBLEM STATEMENT 

We showed in the Introduction that no practical model is available in the literature which 

can predict reliably the experimental data. This can be observed very clearly in Figure 4.7a 

and 4.7b, where the data is given as a function of the relative corner radius. 

Our aim is to develop a model and design expressions for the calculation of failure loads 

of FRP confined rectangular concrete columns. 

4.3 METHOD OF SOLUTION 

To fulfill our aim we perform the following steps: 

1. A finite element model is developed. 

2. The model is verified with available experimental data. 

3. Several numerical calculations are performed by changing the geometrical and  

 material properties of the confined column. 

4. Empirical design expressions are developed by fitting curves on the results of the  

 FE calculations. 

4.4 NUMERICAL MODEL AND VERIFICATION 

In the previous chapter a FE model was developed for the calculation of FRP 

strengthened concrete cross-sections. The details of the model and the description of the 

built-in confinement sensitive material law are given in Chapters 2 and 3. 

This FE model is applied for rectangular cross-sections as illustrated in Figure 4.8. Two 

typical stress results are shown in Figure 4.9. 
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Figure 4.8: The finite element mesh of the cross-section with significant rounding of the edges (a) 

and small radius rounding of the edges (b). 
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Figure 4.9: Axial stresses in rectangular cross-sections (fc0 is indicated by dashed lines) 
for high-stiffness confinement (a) and low-stiffness confinement for the inner circle (b). 

These results agree with our expectations. The cross-section can be divided into four 

zones (Figure 4.10). 
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Figure 4.10: Confined zones in rectangular cross-sections. 
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Zone 1: most effectively confined zone with the highest axial stresses. 

Zone 2: in the middle of the cross-section there is biaxial confining and hence 

high axial stresses. 

Zone 3: the confining effect along the diagonal of the cross-section is 

significantly higher than perpendicular to this direction, and hence there 

is a drop in the axial stress. 

Zone 4: there is almost no confining effect and as the axial strains become 

higher than εc0, the axial stresses tend to zero. 

The direction of in-plane principal stresses and the intensity of these stresses around the 

boundary line of the cross-section is indicated in Figure 4.11. 

z

y

Confining stress
perpendicular to FRP

Confining principal stress
direction as indicated

 
Figure 4.11: Confined zones in rectangular cross-sections. 

For verifications first the experimental data of Wang and Wu [74] and Al-Salloum [4] 

were used. (One set of Wang and Wu’s [74] data was already shown in Figure 4.7.) Five 

sets of data are compared with our numerical calculations (Figure 4.12). 

Our numerical results are quite accurate, especially if the case of the unconfined circular 

cross-section was used for the determination of the concrete material properties (identified 

as “calibrated” results). We emphasize that our model is the only one (see Figure 4.7) 

which can predict the concave shape of the experimental data. The available experimental 

stress-strain curves were also used for comparison, the results are presented in Figure 4.13. 
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Figure 4.12: Comparison of experimental results with models: Al-Salloum [4] (a), 

Wang and Wu [74] C30, 1 ply (b), Wang and Wu [74] C30, 2 plies (c), 
Wang and Wu [74] C50, 1 ply (d), Wang and Wu [74] C50, 2 plies (e). 
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Figure 4.13: Comparison of calculated stress-strain curves with the experimental results by 

Wang and Wu [74]. 

We also calculated – without any calibration – the fcc values for all the 105 experiments. 

The results are shown in Figure 4.14a; the average absolute error is 16.33% which is 

roughly the same as the average absolute error of the best model found in the 

literature [79]. (For our model r2 = 0.4081.) Note that in Table 3 the best results were given 

by the model of Mirmiran et al. [46]; however their formula may be used only for a certain 

parameter range, and accordingly less than 30% of the experiments were included. 
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Figure 4.14: Comparison of experimental results with numerical calculations 

without calibration (a) and with calibration (b). 

The highest differences between the experimentally measured and the calculated strength 

were found for the aramid confined specimens by Rochette and Labossiére [59] and the 

experiments for Lam and Teng [37]. We think that the difference can be due to the 

concrete softening behavior, because in some of the cases the calculated values for εcc are 

significantly lower than the experimentally measured ones. Unfortunately the stress-strain 

diagrams for the unconfined concrete were not published. To support this idea we 

conducted the following numerical calculation. 

Two unconfined concrete stress-strain curves are shown in Figure 4.15. The only 

difference is the slope of the softening function, one was calculated with ts = fc0 / 15000, 

while the other one with ts = fc0 / 5000. 
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Figure 4.15: Possible post-peak behavior of concrete. 

For those cases where the calculated εcc was significantly lower than the experimentally 

measured value we reran the calculations with ts = fc0 / 5000 and neglected the cases (4 out 

of 105) where important data for our model were not available. This way a better 

agreement was found with the experimental results, the average absolute error for fcc was 

13.31% (r2 = 0.4756). Comparison of the experimental results and the calculations with 

modified softening behavior is shown in Figure 4.14b. 
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4.5 NUMERICAL CALCULATIONS 

In Chapter 2 we found that both the confinement ratio (Equation 2.1) 

 c c0/lf fρ = , (4.6) 

and the stiffness ratio (Equation 2.8) 

 f
s

c

2E t

dE
ρ = . (4.7) 

may play an important role in the load bearing capacity. In the following we will 

investigate the effect of these parameters together with the corner radius ratio (2r / b) of the 

cross-section. 

Figure 4.16a shows that for smaller confinement ratio the stiffness has a minor effect, 

however for higher confinement ratio (Figure 4.16b) the stiffness plays an important role. 

It is also important that for higher 2r / b ratios the stress-strain curve is monotonic (fcu = 

fcc), while for smaller ratio it has a decreasing part (fcu < fcc). 
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Figure 4.16: Effect of stiffness of FRP for fl / fc0 = 0.1 (a) and fl / fc0 = 0.3 (b). 

Figure 4.17 also shows that there is significant difference between the behavior of high-

stiffness and low-stiffness confinement. 

We also investigated the effect of the softening parameter, which we already considered 

in the verification of our FE model. Two values for the softening parameter (see Figure 

4.15) were taken into account (Figure 4.18) for high-stiffness and low-stiffness 

confinement. We may see that the softening parameter has hardly any effect on fcc of the 

circular cross-section (i.e. on fcco), however it affects the fcc strongly when 2r / b is small. 
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Figure 4.17: Effect of confinement ratio for high-stiffness confinement ρs = 0.14530 (a) 

and low-stiffness confinement ρs = 0.01247 (b). 
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Figure 4.18: Effect of concrete softening for high-stiffness confinement ρs = 0.14530 (a) 

and low-stiffness confinement ρs = 0.01247 (b). 

4.6 DESIGN EXPRESSIONS 

We stated already that the stresses within the cross-section are more complex than it is 

indicated by the simple division of the section into a confined and an unconfined section 

(Figure 4.1). Therefore we decided not to use the kef parameter, instead the fcc calculated 

for a circular confined column (with d = b, denoted by fcc○) will be used as a basis of the 

simplified method. Only square cross sections (b = h) with rounded edges are considered 

where the value of fcc○ can be calculated as (Equation 2.18): 

 c0
ccο

c0

10.16
max l lf f f

f
f

 +
= 


, (4.8a) 

We note here that for high stiffness confinement this expression may be too conservative, 

and we suggest to improve this expression as follows (Equation 2.17): 
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−
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For fcc,min and fcc,max see Equations 2.12 and 2.14 respectively.) Here fl is the confining 

strength (see Equation 4.4) calculated by assuming [1],[27],[46],[79],[80] that (d = D = b): 

 f2
l

f t
f

b
= , (4.9) 

where ff is the tensile hoop strength and t is the thickness of the confining FRP. The 

stiffness parameters (see Equations 2.8-2.10), stiffness ratio ρs○, limit stiffness ρs,limit and 

optimal stiffness ρs,opt are again calculated for the inner circle (d = D = b): 
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The average axial strength (fcc) of square sections with rounded edges are approximated 

as follows: For low-stiffness confinement (ρs○ ≤ ρs,limit): 
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, (4.11) 

while for high-stiffness confinement (ρs○ > ρs,limit): 
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Note that the starting value is the strength of a circular cross section: fcc○, which is 

reduced as a function of the corner radius. The comparison of the “accurate” values and the 

results of Equations (4.11 and 4.12) are shown in Figure 4.19. 

f f   / 

2 / r b

(a)

2 / r b

(b)
cc

  /    = 0.1f f
f f
f f
  /    = 0.2
  /    = 0.3

f
simplified
model

cc

cc ccf
simplified
model

c0

c0

c0l

l

l

  /    = 0.1f f
f f
f f
f f

  /    = 0.2
  /    = 0.3
  /    = 0.4

c0

c0

c0

c0l

l

l

l

f f   / cccc

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

 
Figure 4.19: Comparison of the simplified model with the numerical calculations 

for high-stiffness confinement ρs = 0.04843 (a) and low-stiffness confinement ρs = 0.01937 (b). 

4.6.1 Verification of the simplified expression 

The simplified expression was verified against 85 experimental results for square 

sections with rounded edges found in the literature. 13.18% average absolute error was 

found (r2 = 0.6239). The comparison of calculated and experimentally measured results 

can be seen in Figure 4.20. 
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Figure 4.20: Comparison of experimental results with the proposed simplified expression. 
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4.7 DISCUSSION 

In this chapter a new model was presented to calculate the axial resistance of centrically 

loaded FRP confined rectangular concrete columns. The calculated results of our model 

agree well with the experimental data found in the literature. It was also shown that the 

stiffness of the confinement has a much stronger effect on the strength than for the case of 

circular cross sections. The axial stresses in the cross-section are not uniform, the highest 

stresses appear at the rounded edges and the lowest stresses can be found at the sides where 

no confining effect is present. 

Based on the numerical results we introduced a simplified model which can be used in 

engineering practice. 
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5. CONCLUSION 

5.1 CONCENTRICALLY LOADED CIRCULAR CROSS-SECTIONS 

A new model was presented to calculate the stress-strain curve of axially loaded FRP 

confined, circular concrete columns, based on a sophisticated (confinement-sensitive 

plasticity constitutive) concrete material law. Based on this model we also derived a new 

analytical expression to determine the strength of confined concrete. We also derived 

analytically the limit of insufficient confinement. Both analytical results agree well with 

the experimental data. 

Based on the new model we showed that the load bearing capacity of confined concrete 

depends on the stiffness, however there is a parameter range, where the effect is negligible. 

We also showed that (under the limit of “optimal stiffness”) the higher the stiffness the 

higher the concrete strength, and about 40% increase in strength can be reached by 

increasing the stiffness. 

When the stiffness of the confinement is very high the concrete is “overstiffened”, and 

there is a drop in the concrete strength, and hence this case must be avoided. 

By investigating the material properties of commonly used materials, we found that 

- in the case of glass fiber confinement the stiffness has a minor effect on the 

concrete strength, 

- in the case of graphite fibers an about 20% gain in concrete strength can be 

reached by taking into account the confinement stiffness, and 

- the overstiffening is not realistic. 

(It should be mentioned, however, that the prestressing of confinement – which is useful to 

decrease the strains – can lead to overstiffening and to a drop in concrete strength even for 

conventional materials.) 
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5.2 ECCENTRICALLY LOADED CIRCULAR CROSS-SECTIONS 

A new model was presented to calculate the envelope diagram of eccentrically loaded 

FRP confined, circular concrete columns based on a sophisticated (confinement-sensitive 

plasticity constitutive) concrete model. Our results agree with the experimental data. 

Based on the average stress curves calculated with the new model the following 

observations can be made: 

- the maximum axial stress of eccentrically loaded columns roughly agrees with the 

axial stress of concentrically loaded columns; 

- the average axial stress decreases rapidly as we move away from the most 

compressed part of the cross-section. 

The first observation can be explained by the concrete material model. For concentrically 

loaded circular cross-sections the failure stress fcc is between fcc,min and fcc,max. If the loading 

is eccentric (and the confining principal stresses are not equal) fcc,min and fcc,max are slightly 

higher, but there is no significant difference. Based on the above two observations new 

stress-strain curves were recommended for the simple “design-oriented” model. 

5.3 CONCENTRICALLY LOADED RECTANGULAR CROSS-SECTIONS 

A new model was presented to calculate the axial resistance of concentrically loaded 

FRP confined, rectangular concrete columns. The calculated results of our model agree 

well with the experimental data found in the literature. 

Based on the new model the following statements can be made: 

- the axial stresses in the cross-section are not uniform, the highest stresses appear 

at the rounded edges and the lowest stresses can be found at the sides where no 

confining effect is present; 

- the smaller the corner radius, the higher the difference between the axial stresses 

at the edges and at the sides of the cross-section. 

With our model we could take the above effects into consideration along with the effects 

of material properties. Based on the numerical results we introduced a simplified model 

that can be used in civil engineering practice. 
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5.4 TÉZISEK 

 

1. Egy új modellt dolgoztam ki – a beton képlékeny viselkedését figyelembe vevı, 

háromdimenziós anyagtörvény felhasználásával – központosan nyomott, FRP-vel 

erısített, kör alakú beton és vasbeton keresztmetszetek számítására. (Az irodalomban 

csak lényegesen egyszerőbb és kevésbé megbízható beton anyagtörvényre épített 

modellek találhatók.) A modellt a ráépülı számítógépes program eredményei és az 

irodalomban található kísérleti adatok összehasonlításával verifikáltam [9]. 

A modell alapján a következı megállapításokat tettem: 

1.1. Az irodalomban található állításokkal ellentétben, az erısített oszlop 

teherbírása függ a megtámasztás merevségétıl, de ez a hatás „alacsony 

merevségő” megtámasztás esetében elhanyagolható [9]. 

1.2. Megállapítottam, hogy lehetséges a megtámasztás „túlmerevítése”, amelynél 

lényegesen kisebb a szerkezet teherbírása, mint lágy- vagy nagy merevségő 

erısítés esetén [9]. 

1.3. Megállapítottam, hogy a megtámasztásnak van egy „hatékony merevsége”, 

amelynél (adott teherbírású FRP esetén) a megtámasztott beton szilárdsága 

maximális [9]. 

2. Új összefüggéseket javasoltam központosan nyomott, FRP-vel erısített, kör alakú 

beton keresztmetszetek számítására [9]: 

2.1. Numerikus számítás alapján közelítı képleteket dolgoztam ki az alacsony 

merevség, nagy merevség, a hatékony merevség és a „túlmerevítés” 

meghatározására [9]. 

2.2. A modell alapján új összefüggéseket vezettem le „hatékony merevségő” 

és „kis merevségő” megtámasztás esetén a teherbírás számítására 

(átlagos eltérés < 15%) [9]. 

2.3. Numerikus számítás alapján közelítı képletet dolgoztam ki „nagy merevségő” 

erısítés esetén a teherbírás számítására (átlagos eltérés < 15%) [11]. 

3. A gyakorlatban használt erısítések vizsgálatával megállapítottam, hogy tipikusan az 

üvegszálas megerısítés alacsony merevségő, míg karbonszálas kompozit 

használatával nagy merevségő erısítés is létrehozható. [9] 
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4. Egy új modellt dolgoztam ki – a sík keresztmetszetek elvének falhasználásával – 

külpontosan nyomott, FRP-vel erısített, kör keresztmetszető beton és vasbeton 

oszlopok számítására. (Az irodalomban – tudomásom szerint – nincs olyan 

háromdimenziós anyagtörvényre épített modell, amely alkalmas kvantitatív 

eredmények létrehozására.) A modellt a ráépülı kifejlesztett végeselemes program 

eredményei és az irodalomban található kísérleti adatok összehasonlításával 

verifikáltam [10],[11]. 

A modell alapján a következı megállapításokat tettem: 

4.1. Megállapítottam, hogy nagy külpontosság esetén a teherbírás sok esetben 

lényegesen kisebb, mint azt az irodalomban közölt egyszerősített számítások 

mutatják. (A kísérleti eredmények is ezt igazolják.) [10] 

4.2. Javaslatot tettem egy közelítı axiális beton nyúlás-feszültség diagramra, amely 

alapján egy külpontosan terhelt kör keresztmetszet teherbírása közelítıen 

számítható [10]. 

5. A 4. tézisben megfogalmazott modellt alkalmaztam központosan nyomott, FRP-vel 

erısített, lekerekített sarkú négyzet vagy téglalap alakú beton és vasbeton 

keresztmetszetek számítására. (Az irodalomban csak lényegesen egyszerőbb és 

kevésbé megbízható beton anyagtörvényre épített modellek találhatók.) A modellt a 

ráépülı számítógépes program eredményei és az irodalomban található kísérleti 

adatok összehasonlításával verifikáltam [12]. 

A modell alapján a következı megállapításokat tettem: 

5.1. Meghatároztam a keresztmetszetben található pontos axiális feszültség-

eloszlást (Az irodalomban – tudomásom szerint – erre csak közelítı eljárások 

vannak.) [12] 

5.2. Meghatároztam, hogy keresztmetszet sarkain található lekerekítés mértéke 

hogyan befolyásolja az axiális teherbírást. (Az irodalomban – tudomásom 

szerint – nincs olyan modell, amely megfelelı pontossággal követi ezt a 

hatást.) [12] 

5.3. Új, közelítı összefüggést javasoltam a központosan nyomott, FRP-vel erısített, 

lekerekített sarkú négyzet alakú beton keresztmetszetek teherbírásának 

számítására, amely kellı pontosságú (<15%) eredményt ad [12]. 
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7. NOMENCLATURE 
 

 Aconf = effective confined area for rectangular cross-sections with rounded edges 

 Agross = total of rectangular cross-sections with rounded edges 

 C = softening parameter 

 D = equivalent diameter for rectangular cross-sections with rounded edges 

 D  = stiffness matrix of concrete 

 d = diameter of circular cross-section 

 el
ijdε  = incremental elastic strain tensor 

 pl
ijdε  = incremental plastic strain tensor 

 Ec = elastic modulus of concrete 

 Ef = elastic modulus of confinement in hoop direction 

 fc0 = uniaxial compressive strength of concrete 

 fcc = average compressive strength of confined concrete 

 fcc,max = maximum value of compressive strength of confined concrete 

 fcc,min = lower approximation for compressive strength of confined concrete 

 fcc○ = confined concrete strength for the inner circle of rectangular cross-sections 

 fcu = axial compressive stress in confined concrete at rupture of confinement 

 fl = confining strength 

 fl,a = actual confining strength 

 fu = ultimate tensile strength of confinement in the hoop direction 

 k = hardening parameter 

 k0 = constant defining the initial yield surface 

 kef = shape factor for rectangular cross-sections with rounded edges 

 m = friction parameter 

 n = plastic potential function order 

 t = thickness of FRP confinement 

 ts = slope of softening function 

 εf = hoop strain 

 εij = strain tensor 

 θ = lode angle in Haigh-Westergaard stress-space 

 κε = efficiency factor 

 ξ = hydrostatic length in Haigh-Westergaard stress-space 

 ρ = deviatoric length in Haigh-Westergaard stress-space 
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 ρc = confinement ratio 

 ρc,a = actual confinement ratio 

 ρs = stiffness ratio 

 ρs,limit = limit between high-stiffness and low-stiffness confinement 

 ρs,opt = stiffness ratio of optimal confinement 

 σf = hoop stress in confinement 

 σij = stress tensor 

 σl = confining stress 
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APPENDIX A 
Table A.1: Experimental results for concentrically loaded circular columns. 

Specimen data Experimental results Reference 

d 
[mm] 

nt 
[mm] 

Ef 

[N/mm2] 
εf fc0 

[N/mm2] 
εc εfu fcc 

[N/mm2] 
εax 

Almusallam 150 1.3 27000 0.02 47.72 -0.00308 0.008494 56.67 -0.01485 

[3] 150 3.9 27000 0.02 47.72 -0.00308 0.008 100.11 -0.02723 

 150 1.3 27000 0.02 50.57 -0.00294 0.010068 56.04 -0.0097 

 150 3.9 27000 0.02 50.57 -0.00294 0.008018 89.88 -0.01968 

 150 1.3 27000 0.02 60.52 -0.00298 0.004911 62.36 -0.00522 

 150 3.9 27000 0.02 60.52 -0.00298 0.006976 99.6 -0.01597 

 150 1.3 27000 0.02 80.82 -0.00265 0.002386 88.91 -0.00369 

 150 3.9 27000 0.02 80.82 -0.00265 0.00869 101.43 -0.00694 

 150 1.3 27000 0.02 90.29 -0.0032 0.002529 96.25 -0.00324 

 150 3.9 27000 0.02 90.29 -0.0032 0.00825 110 -0.009 

 150 1.3 27000 0.02 107.86 -0.00261 0.003096 116.18 -0.00276 

 150 3.9 27000 0.02 107.86 -0.00261 0.003072 125.15 -0.00324 

Al-Salloum [4] 150 1.2 75100 0.01245 34.32 -0.00123 n.a. 84.1 -0.0194 

Berthet et.al.  160 0.165 230000 0.013913 25 -0.00233 0.009603 42.13 -0.01413 

[5] 160 0.33 230000 0.013913 25 -0.00233 0.00906 56 -0.01661 

 160 0.33 74000 0.033784 25 -0.00233 0.016563 42.73 -0.01699 

 160 0.11 230000 0.013913 40.067 -0.002 0.010567 49.8 -0.00608 

 160 0.165 230000 0.013913 40.067 -0.002 0.00925 53.4 -0.00639 

 160 0.22 230000 0.013913 40.067 -0.002 0.00809 60.2 -0.00674 

 160 0.44 230000 0.013913 40.067 -0.002 0.009253 89.27 -0.01324 

 160 0.99 230000 0.013913 40.067 -0.002 0.009955 141.4 -0.02425 

 160 1.32 230000 0.013913 40.067 -0.002 0.00999 166.3 -0.027 

 160 0.22 74000 0.033784 40.067 -0.002 0.0123 46.97 -0.00496 

 160 0.33 74000 0.033784 40.067 -0.002 0.01126 51.13 -0.00616 

 160 0.55 74000 0.033784 40.067 -0.002 0.016483 67.53 -0.01153 

 160 0.33 230000 0.013913 51.97 -0.00227 0.008967 82.57 -0.00765 

 160 0.66 230000 0.013913 51.97 -0.00227 0.008067 109.33 -0.01129 

 160 0.495 74000 0.033784 51.97 -0.00227 0.01243 71.97 -0.00944 

 160 0.33 230000 0.013913 112.57 -0.00233 0.00725 142.3 -0.00469 

 160 0.82 230000 0.013913 112.57 -0.00233 0.00741 188.7 -0.00712 

Harries and 152 1 4900 0.015 32.1 -0.0028 n.a. 36.8 -0.0021 

Kharel [28] 152 2 4900 0.015 32.1 -0.0028 n.a. 36.6 -0.0022 

 152 3 4900 0.015 32.1 -0.0028 0.012 36.6 -0.0023 

 152 6 4900 0.015 32.1 -0.0028 0.0103 37.6 -0.0031 

 152 9 4900 0.015 32.1 -0.0028 0.0111 46.7 -0.0068 

 152 12 4900 0.015 32.1 -0.0028 0.0109 50.2 -0.0082 

 152 15 4900 0.015 32.1 -0.0028 0.011 60 -0.0087 

 152 1 15700 0.014 32.1 -0.0028 0.0103 32.9 -0.0024 

 152 2 15700 0.014 32.1 -0.0028 0.0119 35.8 -0.0022 

 152 3 15700 0.014 32.1 -0.0028 0.0155 52.2 -0.0138 

Lam and Teng 152 0.165 250500 n.a. 35.9 -0.00203 0.010323 50.27 -0.01224 

[38] 152 0.33 250500 n.a. 35.9 -0.00203 0.009793 70.07 -0.01832 

 152 0.495 250500 n.a. 34.3 -0.00188 0.008837 90.1 -0.02325 

 152 1.27 21800 n.a. 38.5 -0.00223 0.01665 55.1 -0.01387 

 152 2.54 21800 n.a. 38.5 -0.00223 0.01715 76.5 -0.02323 

Teng et al. [69] 152 0.17 80100 n.a. 39.6 -0.00263 0.01739 41.15 (38) -0.00884 

 152 0.34 80100 n.a. 39.6 -0.00263 0.020505 55.45 -0.01978 

 152 0.51 80100 n.a. 39.6 -0.00263 0.01811 63.3 -0.02175 
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Lam et al. [39] 152 0.165 250000 n.a. 41.1 -0.00256 0.009867 55 -0.01073 

 152 0.33 247000 n.a. 38.9 -0.0025 0.009933 73.9 -0.01747 

Jiang and Teng 152 0.17 80100 n.a. 33.1 -0.00309 0.01919 42 -0.01286 

[30] 152 0.17 80100 n.a. 45.9 -0.00243 0.01719 47.2 (40.5) -0.00938 

 152 0.34 80100 n.a. 45.9 -0.00243 0.01719 54 -0.01229 

 152 0.51 80100 n.a. 45.9 -0.00243 0.01767 65.25 -0.01729 

 152 0.68 240700 n.a. 38 -0.00217 0.00971 108.75 -0.02582 

 152 1.02 240700 n.a. 38 -0.00217 0.009245 132.35 -0.02938 

 152 1.36 240700 n.a. 38 -0.00217 0.008745 159.9 -0.03622 

 152 0.11 260000 n.a. 37.7 -0.00275 0.010135 49.4 -0.00905 

 152 0.11 260000 n.a. 44.2 -0.0026 0.008515 49.6 -0.0079 

 152 0.22 260000 n.a. 44.2 -0.0026 0.01061 64.3 -0.01165 

 152 0.33 250500 n.a. 47.6 -0.00279 0.01032 84.57 -0.01687 

Watanabe 100 0.17 224600 0.012093 30.2 -0.0023 0.0094 46.6 -0.0151 

et al. [75] 100 0.5 224600 0.012792 30.2 -0.0023 0.0082 87.2 -0.0311 

 100 0.67 224600 0.011834 30.2 -0.0023 0.0076 104.6 -0.0415 

 100 0.14 628600 0.002512 30.2 -0.0023 0.0023 41.7 -0.0057 

 100 0.28 629600 0.002897 30.2 -0.0023 0.0022 56 -0.0088 

 100 0.42 576600 0.002229 30.2 -0.0023 0.0022 63.3 -0.013 

 100 0.15 97100 0.026663 30.2 -0.0023 0.0236 39 -0.0158 

 100 0.29 87300 0.031008 30.2 -0.0023 0.0309 68.5 -0.0475 

 100 0.43 87300 0.03055 30.2 -0.0023 0.0265 92.1 -0.0555 

Matthys 150 0.12 200000 0.013 34.9 -0.0021 0.0115 44.3 -0.0085 

et al. [43] 150 0.12 200000 0.013 34.9 -0.0021 0.0108 42.2 -0.0072 

 150 0.24 420000 0.002619 34.9 -0.0021 0.0019 41.3 -0.004 

 150 0.24 420000 0.002619 34.9 -0.0021 0.0018 40.7 -0.0036 

Kshirsagar 102 1.42 19900 0.018241 38 -0.0022 0.0174 57 -0.0173 

et al. [35] 102 1.42 19900 0.018241 39.4 n.a. 0.0207 63.1 -0.016 

 102 1.42 19900 0.018241 39.5 n.a. 0.0189 60.4 -0.0179 

Rochette and 100 0.6 82700 0.015296 42 n.a. 0.0089 73.5 -0.0165 
Labossiére 
[59] 

100 0.6 82700 0.015296 42 n.a. 0.0095 73.5 -0.0157 

 100 0.6 82700 0.015296 42 n.a. 0.008 67.6 -0.0135 

 150 1.27 13600 0.016912 43 n.a. 0.0153 47.3 -0.0111 

 150 2.56 13600 0.016912 43 n.a. 0.0139 58.9 -0.0147 

 150 3.68 13600 0.016912 43 n.a. 0.0133 71 -0.0169 

 150 5.21 13600 0.016912 43 n.a. 0.0118 74.4 -0.0174 

Xiao and Wu 152 0.38 105000 0.015019 33.7 n.a. 0.009533 49 -0.0128 

[77] 152 0.76 105000 0.015019 33.7 n.a. 0.0097 70.53 -0.0202 

 152 1.14 105000 0.015019 33.7 n.a. 0.0086 89.15 -0.0274 

 152 0.38 105000 0.015019 43.8 n.a. 0.0081 54.8 (54.4) -0.0098 

 152 0.38 105000 0.015019 43.8 n.a. 0.0076 52.1 (51.4) -0.0047 

 152 0.38 105000 0.015019 43.8 n.a. 0.0028 48.7 (39.2) -0.0037 

 152 0.76 105000 0.015019 43.8 n.a. 0.009767 82.73 -0.01533 

 152 1.14 105000 0.015019 43.8 n.a. 0.0078 94.37 -0.01723 

 152 0.38 105000 0.015019 55.2 n.a. 0.007 57.9 (50.3) -0.0069 

 152 0.38 105000 0.015019 55.2 n.a. 0.0062 62.9 (53.1) -0.0048 

 152 0.38 105000 0.015019 55.2 n.a. 0.0019 58.1 (52) -0.0049 

 152 0.76 105000 0.015019 55.2 n.a. 0.0074 74.6 (73.1) -0.0121 

 152 0.76 105000 0.015019 55.2 n.a. 0.0083 77.6 -0.0081 

 152 1.14 105000 0.015019 55.2 n.a. 0.0077 105.93 -0.01353 
Purba and 
Mufti [56] 

191 0.22 230500 0.01511 27.1 n.a. 0.0067 53.9 -0.00576 

Picher [54] 152 0.36 83000 0.015253 39.7 n.a. 0.0084 56 -0.0107 
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De Lorenzis 120 0.3 91100 0.011284 43 n.a. 0.007 58.5 (55.6) -0.0116 

et al. [14] 120 0.3 91100 0.011284 43 n.a. 0.008 65.6 (63.5) -0.0095 

 150 0.45 91100 0.011284 38 n.a. 0.008 62 -0.0095 

 150 0.45 91100 0.011284 38 n.a. 0.008 67.3 -0.0135 

Aire et al. [2] 150 0.149 65000 0.046154 42 n.a. 0.0055 41 (35.7) -0.0073 

 150 0.447 65000 0.046154 42 n.a. 0.013 61 -0.0174 

 150 0.894 65000 0.046154 42 n.a. 0.011 85 -0.025 

 150 0.117 240000 0.01625 42 n.a. 0.0095 46 -0.011 

 150 0.351 240000 0.01625 42 n.a. 0.0105 77 -0.0226 

 150 0.702 240000 0.01625 42 n.a. 0.0106 108 -0.0323 

Dias da Silva 150 0.111 240000 0.015417 28.2 n.a. 0.0026 31.4 -0.0039 

and Santos 150 0.222 240000 0.015417 28.2 n.a. 0.0118 57.4 -0.0205 

[17] 150 0.333 240000 0.015417 28.2 n.a. 0.0114 69.5 -0.0259 

 150 0.167 390000 0.007692 28.2 n.a. 0.0037 41.5 -0.0075 

 150 0.334 390000 0.007692 28.2 n.a. 0.0069 65.6 -0.0181 

 150 0.501 390000 0.007692 28.2 n.a. 0.0064 79.4 -0.0169 

Micelli et al. 102 0.16 227000 0.016696 37 n.a. 0.012 60 -0.0102 

[45] 102 0.35 72000 0.021111 32 n.a. 0.0125 52 -0.0125 

Pessiki 152 1 21600 0.017731 26.2 -0.0022 0.0115 38.4 -0.013 

et al. [53] 152 2 21600 0.017731 26.2 -0.0022 0.0124 52.5 -0.0182 

 152 1 38100 0.015223 26.2 -0.0022 0.0081 50.6 -0.0144 

 152 2 38100 0.015223 26.2 -0.0022 0.0072 64 -0.0165 

Wang and 200 0.36 235000 0.018723 27.9 -0.0016 0.0085 82.8 -0.0152 

Cheong [73] 200 0.36 235000 0.018723 27.9 -0.0016 0.0107 81.2 -0.0143 

Shehata 150 0.165 235000 0.015106 29.8 -0.0021 0.0123 57 -0.0123 

et al. [65] 150 0.33 235000 0.015106 29.8 -0.0021 0.0119 72.1 -0.0174 

Toutanji [70] 76 0.118 69000 0.022 31.8 -0.002 0.0149 63.2 -0.0143 

 76 0.118 69000 0.022 31.8 -0.002 0.0164 62.5 -0.0165 

 76 1.3 72000 0.031528 31.8 -0.002 0.0133 107.2 -0.027 

 76 1.3 72000 0.031528 31.8 -0.002 0.0127 102.2 -0.028 

 76 0.165 228000 0.015285 31.8 -0.002 0.0072 98.7 -0.0186 

 76 0.165 228000 0.015285 31.8 -0.002 0.0073 95.1 -0.0168 

 76 0.165 373000 0.007882 31.8 -0.002 0.0045 96 -0.015 

 76 0.165 373000 0.007882 31.8 -0.002 0.0052 98.7 -0.0152 

Shahawy et al. 152.5 0.5 82700 0.0275 19.4 -0.002 n.a. 33.8 -0.0159 

[64] 152.5 1 82700 0.0275 19.4 -0.002 n.a. 46.4 -0.0221 

 152.5 1.5 82700 0.0275 19.4 -0.002 n.a. 62.6 -0.0258 

 152.5 2 82700 0.0275 19.4 -0.002 n.a. 75.7 -0.0356 

 152.5 2.5 82700 0.0275 19.4 -0.002 n.a. 80.2 -0.0342 

 152.5 0.5 82700 0.0275 49 -0.002 n.a. 59.1 -0.0062 

 152.5 0 82700 0.0275 49 -0.002 n.a. 76.5 -0.0097 

 152.5 0.5 82700 0.0275 49 -0.002 n.a. 98.8 -0.0126 

 152.5 2 82700 0.0275 49 -0.002 n.a. 112.7 -0.019 

Mirmiran et al. 152.5 1.45 37233 0.014074 30.9 n.a. 0.015 55.08 -0.032 

[47] 152.5 2.21 40336 0.014354 30.9 n.a. 0.014667 72.19 -0.038 

 152.5 2.97 40749 0.01573 30.9 n.a. 0.015 86.24 -0.0455 

 152.5 1.45 37233 0.014074 29.6 n.a. 0.017333 60.88 -0.035 

 152.5 2.21 40336 0.014354 29.6 n.a. 0.016667 79.77 -0.04167 

 152.5 2.97 40749 0.01573 29.6 n.a. 0.015667 96.11 -0.04667 

 152.5 1.45 37233 0.014074 32 n.a. 0.0185 59.93 -0.034 

 152.5 2.21 40336 0.014354 32 n.a. 0.0145 77.22 -0.038 

 152.5 2.97 40749 0.01573 32 n.a. 0.013 85.05 -0.0425 
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APPENDIX B 

B.1 INTRODUCTION 

In this appendix we present the determination of the parameters needed in the 

confinement-sensitive plasticity constitutive model for concrete proposed by Papanikolaou 

and Kappos [50]. For the calibrations – where available – the unconfined stress-strain 

diagrams for the experimental results were used. In the following section we define the 

controlling parameters then we give the actual values used in our work. 

B.2 CONTROLLING PARAMETERS AND ALGORITHM 

B.2.1 Parameters of the Menétrey and Willam loading surface: 

Concrete strength (fc0): The maximal stress under uniaxial compression. It is given for all 

experimental sets. If no other parameters are available a calibration method is 

recommended by the authors. 

Concrete tensile strength (ft): The maximal stress under uniaxial tension. The 

recommended value is ft = fc0 / 10. 

Eccentricity parameter of out-of-roundness (e): Describes the shape of the section of the 

yield surface in the deviatoric plane. Its value is between 0.5 and 0.6. To find the actual 

value a table is given as a function of fc0 and was used unchanged during our calculations. 

B.2.2 Softening and hardening behavior 

There are several parameters used in the hardening and softening functions, only those 

which were changed (calculated different from the recommendations of Papanikolaou and 

Kappos [50]) are iterated here. 

Concrete elastic modulus (Ec): For some experimental results, this value was available; 

in this case the given Ec was used in our calculations. If it is not known, it can be 

calculated as a function of the uniaxial concrete strength. 

Papanikolaou and Kappos [50] (as suggested by the CEB Working Group on HSC/HPC 

and also used by Eurocode 2 [20]): 

 
0.3

c0
c 0.9 22000

10

f
E

 
= × × 

 
. (B.1) 

Binici [7] (ACI 318M-02); Koksal et al. [34]; Turgay et al. [71]: 

 c c04750E f= . (B.2) 
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Deniaud and Neale [16] (Canadian Code CSA A23.3 M84): 

 c c05000E f= . (B.3) 

Slope of softening function (ts): Significantly affects the post-failure behavior of concrete, 

the value recommended by Papanikolaou and Kappos [50]: 

 s c0 /15000t f= . (B.4) 

B.2.3 Plastic potential function 

In this non-associated flow rule the deformation capacity is significantly affected by this 

function and its elements. Two parameters were used different from the recommended 

values during calibration. 

Total strain at uniaxial concrete strength (εc0): For most experimental results this value 

is available, if not, the formula recommended by Papanikolaou and Kappos [50] was used: 

 0.31
c c0

0.0022

min 0.7

1000

fε
−


= 

−

. (B.5) 

Plastic potential function order (n): Any integer from 2 to 5 can be chosen, the use of 3 

is recommended. Slightly affects the shape of the stress-strain curve in both hardening and 

softening regions. 

B.2.4 Algorithm 

As we stated in Section 2.4 Papanikolaou and Kappos [50] recommended a backward-

Euler return-mapping algorithm, which can be used if the lateral confining stress is 

constant (does not depend on hoop strains). In our case due to the elastic behavior of the 

confining FRP the confining stress increases with increasing hoop strains. 

In our calculations we use a strain-controlled forward algorithm. The incremental strains 

are divided into elastic and plastic strains, where stresses are calculated from the elastic 

strains, while plastic strains control the yielding behavior of concrete (and do not generate 

stresses). In our forward calculation, the direction of the incremental plastic strain vector 

(the ratio between incremental plastic strains in the principal directions) is calculated from 

the previous step and each step is defined by an increment in the axial plastic strain. This 

method is less accurate than a backward algorithm, but with adequately small increments 

the error is negligible. In our calculations (after the first elastic step) the initial increment is 

c0

c

0.6

500

f

E
 which is linearly increased up to c0

c

0.6

50

f

E
 during the first 100 steps. 
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B.3 CALIBRATIONS FOR CONCENTRICALLY LOADED CIRCULAR RESULTS 

In the main text two stress-strain curves were shown. Here, we present the parameters 

that were chosen so that an acceptable agreement with the confined experimental results is 

achieved. The available data about the experimental sets are given in Appendix A and they 

are not reiterated here. 

B.3.1 Experimental results by Deniaud and Neale [16] 

The stress-strain diagram for unconfined concrete is not available. Two types of concrete 

(C32 or C44) were used with one or three layers of CFRP or GFRP confinement. In this 

work, only the results for C32 concrete with one layer of CFRP confinement was used 

(Figure 2.6). 

During calibration the value of the plastic potential function order was chosen to be 2 

instead of 3, all other parameters were used as recommended by Papanikolaou and 

Kappos [50]. 

B.3.2 Experimental results by Mirmiran et al. [47] 

Stress-strain curve for one experimental set was presented and the stress-strain curve for 

unconfined concrete is not available. The comparison of experimental results with several 

models is shown in the main text (Figure 2.7) and it is not reiterated here. 

In Figure 2.7 two curves for our calculations are presented, one calculated with the 

parameters recommended by Papanikolaou and Kappos [50] (without calibration); and one 

with calibration with the following data: ts = fc0 / 20000, n = 4 and the unconfined concrete 

strength (fc0) was reduced by 30%. All other parameters were used as recommended by 

Papanikolaou and Kappos [50]. 

B.4 CALIBRATIONS FOR ECCENTRICALLY LOADED CIRCULAR COLUMNS 

For the experimental results found in the literature the stress-strain diagrams for uniaxial 

loaded (unconfined) concrete are not available. For those calculations the parameters 

recommended by Papanikolaou and Kappos [50] are used. For our own experiments, the 

stress-strain diagram for uniaxial loaded concrete was measured and the parameters of the 

concrete material were calibrated. 

Three test specimens were used to find the material properties of the concrete. The values 

of the calibrated parameters are: fc0 = 5.9 N/mm
2, ft = fc0 / 10, Ec = 20000, ts = fc0 / 3000, 

εc = 0.0012, n = 3. Comparison of measured stress-strain curves and the calculated curve is 

shown in Figure B.1. 
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Figure B.1: Comparison of measured stress-strain curves and the calculated curve. 

B.5 CALIBRATIONS FOR RECTANGULAR COLUMNS 

In the main text comparison with the experimental results by Wang and Wu [74] was 

shown. Here, we present other calibrated stress-strain diagrams compared by the 

experimental results by Al-Salloum [4] and the calibration for the results for the 

experiments by Wang and Wu is also presented. The stress-strain diagrams for unconfined 

concrete were available for both cases but for the results presented by Al-Salloum [4] the 

softening region of the curves are not indicated. The available data about the experimental 

sets are given in Appendix C. 

B.5.1 Experimental results by Al-Salloum [4] 

Stress-strain curves for experimental sets with the same concrete material and 

confinement properties but different rounding of the edges were presented. 

The value of total strain at uniaxial concrete strength (εc) was given, all other parameters 

were used as recommended by Papanikolaou and Kappos [50], except for the slope of 

softening function, which was chosen as: ts = fc0 / 10000. 

B.5.2 Experimental results by Wang and Wu [74] 

Stress-strain curves for experimental sets with the same concrete material and 

confinement properties but different rounding of the edges were presented. The 

comparison of experimental results and calculated stress-strain diagrams is shown in the 

main text, here only the calibration for unconfined concrete is presented. 

All parameters were used as recommended by Papanikolaou and Kappos [50], except for 

the slope of softening function and the plastic potential function order. For C30 concrete 

ts = fc0 / 5000 and n = 3; for C50 concrete ts = fc0 / 8000 and n = 5 values were used. 

Comparison of the experimentally measured and the calculated curves is shown in 

Figures B.2 and B.3. 
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Figure B.2: Results by Wang and Wu [74] for C30 concrete. 
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Figure B.3: Results by Wang and Wu [74] for C50 concrete. 
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APPENDIX C 
Table C.1: Experimental results for concentrically loaded square columns. 

Specimen data Experimental results Reference 

b 
[mm] 

h 
[mm] 

r 
[mm] 

nt 
[mm] 

Ef 

[N/mm2] 
εf fc0 

[N/mm2] 
εfu fcc / fc0 εcc / 

εc0 
fcu / fc0 εcu / 

εc0 

Al-Salloum 150 150 5 1.2 75100 0.01245 29.81 n.a. 1.40 n.a. n.a. n.a. 

[4] 150 150 25 1.2 75100 0.01245 30.16 n.a. 1.56 n.a. n.a. n.a. 

 150 150 38 1.2 75100 0.01245 29.00 n.a. 1.93 n.a. n.a. n.a. 

 150 150 50 1.2 75100 0.01245 27.49 n.a. 2.28 n.a. n.a. n.a. 

Demers and 152 152 5 1.05 10500 0.02095 32.3 n.a. 1.004 1.50 0.71 4.88 

Neale [15] 152 152 5 0.9 25000 0.01520 32.3 n.a. 1.056 2.00 0.87 12.25 

 152 152 5 0.9 25000 0.01520 42.2 n.a. 1.087 1.75 0.71 9.75 

Harajli et al. 131.5 131.5 15 0.13 230000 0.01522 18.3 n.a. 1.595 n.a. n.a. n.a. 

[27] 131.5 131.5 15 0.26 230000 0.01522 18.3 n.a. 2.203 n.a. n.a. n.a. 

 131.5 131.5 15 0.39 230000 0.01522 18.3 n.a. 2.373 n.a. n.a. n.a. 

Lam and 150 150 15 0.165 257000 0.01758 33.7 1.03 1.039 2.26 0.964 3.72 

Teng [37] 150 150 25 0.165 257000 0.01758 33.7 1.05 1.169 4.64 1.181 4.64 

 150 150 15 0.33 257000 0.01758 33.7 0.97 1.496 4.35 0.970 4.35 

 150 150 25 0.33 257000 0.01758 33.7 1.08 1.837 4.23 1.080 4.23 

 150 150 15 0.495 257000 0.01758 24.0 0.87 2.567 9.01 0.620 9.01 

 150 150 25 0.495 257000 0.01758 24.0 1.16 2.750 7.62 0.826 7.62 

 150 150 15 0.66 257000 0.01758 24.0 0.91 2.654 n.a. n.a. n.a. 

 150 150 25 0.66 257000 0.01758 24.0 1.08 3.367 n.a. n.a. n.a. 

 150 150 15 0.825 257000 0.01758 41.5 1.32 1.998 n.a. n.a. n.a. 

 150 150 25 0.825 257000 0.01758 41.5 1.15 2.294 n.a. n.a. n.a. 

Parvin and  108 108 8.26 0.178 188900 0.01600 22.6 n.a. 1.535 6.60 1.535 6.60 

Wang [51] 108 108 8.26 0.356 188900 0.01600 22.6 n.a. 2.000 10.15 2.000 10.15 

Pessiki et al. 152 152 38 1 38100 0.01522 26.4 0.83 1.568 7.7 1.568 7.7 

[53] 152 152 38 2 38100 0.01522 26.4 0.90 2.087 9.7 2.087 9.7 

Rochette and 152 152 5 0.9 82700 0.01530 42.0 0.23 0.94 1.25 0.60 3.45 

Labossiére  152 152 25 0.9 82700 0.01530 42.0 0.60 1.01 4.58 1.00 4.58 

[59] 152 152 38 0.9 82700 0.01530 42.0 1.16 1.165 5.6 1.15 5.6 

 152 152 5 1.5 82700 0.01530 43.9 0.44 1.00 5.1 0.72 5.1 

 152 152 25 1.2 82700 0.01530 43.9 0.59 1.16 6.75 1.16 6.75 

 152 152 25 1.2 82700 0.01530 35.8 0.70 1.46 10.2 1.46 10.2 

 152 152 25 1.5 82700 0.01530 35.8 0.65 1.61 10.6 1.61 10.6 

 152 152 38 1.2 82700 0.01530 35.8 0.89 1.66 9.6 1.66 9.6 

 152 152 38 1.5 82700 0.01530 35.8 0.86 1.92 11.95 1.92 11.95 

 152 152 5 1.26 13600 0.01691 43.0 0.79 1.18 n.a. 0.55 5.3 

 152 152 5 2.52 13600 0.01691 43.0 1.30 1.20 n.a. 0.66 7.45 

 152 152 5 3.78 13600 0.01691 43.0 1.48 1.25 1.25 0.81 10.4 

 152 152 5 5.04 13600 0.01691 43.0 0.90 1.26 n.a. 1.09 6.2 

 152 152 25 1.26 13600 0.01691 43.0 1.12 1.19 1.3 0.71 3.95 

 152 152 25 2.52 13600 0.01691 43.0 1.27 1.19 1.3 1.03 4.85 

 152 152 25 3.78 13600 0.01691 43.0 0.94 1.24 1.3 1.16 5.5 

 152 152 25 5.04 13600 0.01691 43.0 1.04 1.28 1.3 1.33 6.3 

 152 152 38 2.52 13600 0.01691 43.0 1.05 1.18 n.a. 1.02 4.8 

 152 152 38 3.78 13600 0.01691 43.0 0.97 1.23 1.25 1.23 5.9 

Shehata 150 150 10 0.165 235000 0.01511 23.7 n.a. 1.156 n.a. n.a. n.a. 

et. al. [65] 150 150 10 0.33 235000 0.01511 23.7 n.a. 1.540 n.a. n.a. n.a. 

 150 150 10 0.165 235000 0.01511 29.5 0.6 1.369 1.5 0.92 4.4 

 150 150 10 0.33 235000 0.01511 29.5 0.69 1.481 2.5 1.12 6.15 
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Suter and 150 150 5 0.29 125000 0.01680 33.9 n.a. 0.957 n.a. n.a. n.a. 

Pinzelli  150 150 5 0.58 125000 0.01680 33.9 n.a. 1.101 n.a. n.a. n.a. 

 150 150 5 0.87 125000 0.01680 34.9 n.a. 1.057 n.a. n.a. n.a. 

 150 150 5 1.16 125000 0.01680 35.9 n.a. 1.069 n.a. n.a. n.a. 

 150 150 25 0.29 125000 0.01680 36.6 n.a. 1.076 n.a. n.a. n.a. 

 150 150 25 0.58 125000 0.01680 36.6 n.a. 1.194 n.a. n.a. n.a. 

 150 150 25 0.87 125000 0.01680 36.6 n.a. 1.553 n.a. n.a. n.a. 

 150 150 25 1.16 125000 0.01680 36.6 n.a. 1.772 n.a. n.a. n.a. 

 150 150 5 0.234 240000 0.01583 33.9 n.a. 1.064 n.a. n.a. n.a. 

 150 150 25 0.234 240000 0.01583 36.6 n.a. 1.132 n.a. n.a. n.a. 

 150 150 5 0.38 640000 0.00414 33.9 n.a. 1.177 n.a. n.a. n.a. 

 150 150 25 0.38 640000 0.00414 36.6 n.a. 1.269 n.a. n.a. n.a. 

 150 150 5 0.616 73000 0.03288 33.9 n.a. 1.094 n.a. n.a. n.a. 

 150 150 5 1.232 73000 0.03288 33.9 n.a. 1.118 n.a. n.a. n.a. 

 150 150 25 0.616 73000 0.03288 36.6 n.a. 1.087 n.a. n.a. n.a. 

 150 150 25 1.232 73000 0.03288 36.6 n.a. 1.152 n.a. n.a. n.a. 

Wang and 150 150 0 0.165 219000 0.01993 31.7 n.a. 1.016 n.a. n.a. n.a. 

Wu [74] 150 150 15 0.165 219000 0.01993 31.9 n.a. 1.053 n.a. n.a. n.a. 

 150 150 30 0.165 219000 0.01993 32.3 n.a. 1.232 n.a. n.a. n.a. 

 150 150 45 0.165 219000 0.01993 30.7 n.a. 1.423 n.a. n.a. n.a. 

 150 150 60 0.165 219000 0.01993 31.8 n.a. 1.572 n.a. n.a. n.a. 

 150 150 0 0.33 219000 0.01993 31.7 n.a. 1.016 n.a. n.a. n.a. 

 150 150 15 0.33 219000 0.01993 31.9 n.a. 1.323 n.a. n.a. n.a. 

 150 150 30 0.33 219000 0.01993 32.3 n.a. 1.749 n.a. n.a. n.a. 

 150 150 45 0.33 219000 0.01993 30.7 n.a. 2.215 n.a. n.a. n.a. 

 150 150 60 0.33 219000 0.01993 31.8 n.a. 2.481 n.a. n.a. n.a. 

 150 150 0 0.165 225700 0.01678 52.1 n.a. 1.031 n.a. n.a. n.a. 

 150 150 15 0.165 225700 0.01678 54.1 n.a. 1.031 n.a. n.a. n.a. 

 150 150 30 0.165 225700 0.01678 52.0 n.a. 1.075 n.a. n.a. n.a. 

 150 150 45 0.165 225700 0.01678 52.7 n.a. 1.093 n.a. n.a. n.a. 

 150 150 60 0.165 225700 0.01678 52.7 n.a. 1.188 n.a. n.a. n.a. 

 150 150 0 0.33 225700 0.01678 52.1 n.a. 1.073 n.a. n.a. n.a. 

 150 150 15 0.33 225700 0.01678 54.1 n.a. 1.098 n.a. n.a. n.a. 

 150 150 30 0.33 225700 0.01678 52.0 n.a. 1.212 n.a. n.a. n.a. 

 150 150 45 0.33 225700 0.01678 52.7 n.a. 1.523 n.a. n.a. n.a. 

 150 150 60 0.33 225700 0.01678 52.7 n.a. 1.704 n.a. n.a. n.a. 

Yan et al. 279 279 19 2 86900 0.01404 15.2 0.7 1.724 5.0 1.724 5.0 

[78] 279 279 19 9.6 16900 0.01349 15.2 0.6 1.454 1.5 1.454 10.0 

 

Table C.2: Experimental results for concentrically loaded rectangular columns. 

Specimen data Experimental results Reference 

b 
[mm] 

h 
[mm] 

r 
[mm] 

nt 
[mm] 

Ef 

[N/mm2] 
εf fc0 

[N/mm2] 
εfu fcc / fc0 εcc / 

εc0 
fcu / fc0 εcu / 

εc0 

Harajli et al. 102 176 15 0.13 230000 0.01522 18.3 n.a. 1.294 n.a. n.a. n.a. 

[27] 102 176 15 0.26 230000 0.01522 18.3 n.a. 1.711 n.a. n.a. n.a. 

 102 176 15 0.39 230000 0.01522 18.3 n.a. 2.011 n.a. n.a. n.a. 

 79 214 15 0.13 230000 0.01522 18.3 n.a. 1.532 n.a. n.a. n.a. 

 79 214 15 0.26 230000 0.01522 18.3 n.a. 1.565 n.a. n.a. n.a. 

 79 214 15 0.39 230000 0.01522 18.3 n.a. 1.676 n.a. n.a. n.a. 

Lam and 150 225 15 0.66 257000 0.01758 41.5 1.07 1.222 1.63 1.222 6.16 

Teng [37] 150 225 25 0.66 257000 0.01758 41.5 0.74 1.371 1.61 1.371 5.20 
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Rochette and 152 203 25 0.9 82700 0.01530 42.0 0.74 1.00 n.a. 0.70 3.95 

Labossiére 152 203 38 0.9 82700 0.01530 42.0 0.68 1.04 n.a. 1.00 4.25 

[59] 152 203 5 1.5 82700 0.01530 43.9 0.43 1.01 n.a. 0.65 4.90 

 152 203 25 1.2 82700 0.01530 43.9 0.53 1.01 n.a. 1.00 4.65 

Shehata 94 188 10 0.165 235000 0.01511 23.7 n.a. 1.089 n.a. n.a. n.a. 

et. al. [65] 94 188 10 0.33 235000 0.01511 23.7 n.a. 1.401 n.a. n.a. n.a. 

 94 188 10 0.165 235000 0.01511 29.5 0.5 1.085 1.0 0.92 3.95 

 94 188 10 0.33 235000 0.01511 29.5 0.5 1.312 1.25 0.95 3.75 

Yan et al. 203 381 19 2 86900 0.01404 14.8 0.9 1.628 2.5 1.628 11.5 

[78] 203 381 19 9.6 16900 0.01349 14.8 0.9 1.480 2.0 1.446 10.5 

 152 457 19 2 86900 0.01404 14.6 0.8 1.479 2.5 1.137 10.5 

 152 457 19 9.6 16900 0.01349 14.6 0.3 1.479 2.0 1.329 10.5 

 

 

 

 

 

 

 

 

 


