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A B S T R A C T

The traditional statistical hypotheses of no difference are not
valid in regulatory compliance situations frequently emerging
in pharmaceutical quality assurance. This can lead to the fol-
lowing problems: a) accepting the null hypothesis does not in-
fer regulatory compliance, b) practically irrelevant differences
can become statistically significant, and c) the probability of ac-
ceptance increases with increasing variance or smaller sample
size (worse analytical practice). These difficulties can be over-
come by the application of interval hypotheses. In practice, the
assessment is performed by checking if the confidence interval
is entirely contained in the allowed range.

During analytical method transfer, it has to be proven that the
performance parameters are the same in the applying and de-
veloping laboratories. The usual examination is the two-sample
t-test (null hypothesis of no difference). The proper question is
if the difference in the mean of two laboratories does not exceed
the allowed, which can be answered with the two one-sided t-
tests (interval hypothesis).

The accuracy of analytical methods refers to the equivalence
of the added and measured concentration. The practical ques-
tion can be asked as if the bias of the method is lower than
allowed. Testing hypotheses for the parameters of a fitted line
is flawed. The interval hypothesis is checked by the assess-
ment of the confidence band for the bias. For the applicabil-
ity of the single-point calibration, the interval hypothesis refers
to the bias in the concentration of the unknown sample. The
confidence band for the bias can be calculated with the Fieller-
theorem.

The content uniformity is assessed based on a tolerance in-
terval calculated for the active content of the product. The cur-
rent criteria are flawed, because they do not consider the two
sources of variance: the inhomogeneity and the analytical er-
ror. I propose a calculation method for the true inhomogeneity.
Moreover, several criteria are presented for deciding on the con-
tent uniformity and the assay of drug products simultaneously.
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K I V O N AT

A gyógyszeripari minőségbiztosítás során sokszor kell gyógy-
szerkönyvi- vagy hatósági előírásoknak való megfelelőséget bi-
zonyítani. A hagyományos statisztikai próbák egyenlőség tí-
pusú nullhipotézist alkalmaznak, mely a következő problémák-
hoz vezet: a) a nullhipotézis elfogadása nem bizonyítja, hogy
az igaz, b) a gyakorlatban jelentéktelen különbségeket szignifi-
kánsnak találhatunk, valamint c) a szórás növekedésével, vagy
a mintaelemszám csökkentéséval az elfogadás valószínűsége
nő. E problémák intervallum típusú hipotézisek alkalmazásá-
val küszöbölhetők ki. Technikailag azt vizsgáljuk, hogy a konfi-
denciatartomány teljes egészében a megengedett határok között
van-e.

Az analitikai módszerek átadása során bizonyítandó, hogy
a paraméterek egyeznek a felhasználó és a fejlesztő laboratóri-
umban. A szokásos vizsgálat kétmintás t-próba, ahol a null-
hipotézis a várható értékek egyenlősége. A helyes szakmai
kérdés az, hogy a két várható érték közötti különbség nem
haladja-e meg a megengedettet, mely a két egyoldali t-próbával
(intervallumhipotézis segítségével) oldható meg.

Az analitikai módszerek torzítatlanságvizsgálata a bemért és
visszanyert koncentráció azonosságára irányul. A szakmai kér-
dés úgy tehető fel, hogy a torzítás kisebb-e mint a megengedett.
Az illesztett egyenes paramétereire végzett szokásos hipotézis-
vizsgálat hibás eljárás. Az intervallumhipotézis ellenőrzése a
torzításra adott konfidenciasáv vizsgálatával történik. Az egy-
pontos kalibrációnál a intervallumhipotézis az ismeretlen minta
koncentrációjának torzítására vonatkozik. A konfidenciasávot a
Fieller-tétel alkalmazásával számítjuk ki.

A hatóanyagtartalom-egységesség (content uniformity) vizsgálat
során a termék hatóanyag-tartalmára számított toleranciainter-
vallum alapján döntünk. A hatályos szabályozás nem megfe-
lelő, mert a toleranciaintervallum számításánál nem veszi fi-
gyelembe, hogy két ingadozásforrás van: a termék inhomoge-
nitása és az analitikai módszer ingadozása. Az általam javasolt
módszerrel a tényleges inhomogenitásra számítható interval-
lum. Ezen felül többféle kritériumot javaslok az inhomogeni-
tásról és az átlagos eltérésről való együttes döntésre.
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Part I

I N T R O D U C T I O N





M O T I VAT I O N

S tatistics plays an increasing role for regulatory com-
pliance and quality assurance in the pharmaceutical in-
dustry. According to the Food and Drug Administration

(FDA), drug products need to be safe for use, and they must
have the ingredients and strength they claim to have. It is a
mutual responsibility of the manufacturers and the regulators
to ensure safety and efficacy. Various regulatory guidelines ex-
ist concerning countless aspects of drug product quality. In
some cases these define the broad subject, but do not provide
sufficiently detailed advice on the implementation. In other
cases it is stated what should be avoided, but a correct proce-
dure is not provided. Moreover, there are some topics, where —
unfortunately — improper procedures are enforced.

The practical questions of regulatory compliance are inter-
preted as statistical hypotheses. Stating the statistical hypothe-
sis in accordance with the practical hypothesis of the analyst or
the regulatory agency is essential. In addition, the chosen sta-
tistical method has to provide a relevant answer for this practi-
cal question. A paradigm shift exists towards implementing the
regulations in terms of confidence intervals concerning some
properties of the product (e. g. a concentration), instead of test-
ing hypotheses on an ad-hoc statistical parameter (e. g. slope or
intercept of a line).

I have investigated the suitability of interval hypotheses for
a selection of analytical problems frequently occurring in the
pharmaceutical setting. Part I gives an overview of the statis-
tical intervals and hypothesis tests used in the Dissertation. In
Part II and III the interval hypothesis testing is discussed for the
following topics: the transfer of analytical methods, the evalu-
ation of the accuracy of analytical methods, the applicability of
single-point calibration, and the content uniformity assessment.
I state the statistical difficulties, review possible solutions and
provide sound procedures for these problems.

In the following I refrain from giving an aggregate literature
overview in the Introduction. Instead, I review the literature
and provide a background of the different analytical problems
in the beginning of each chapter separately.
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1
S TAT I S T I C A L I N T E RVA L S

I nterval estimation is the calculation of an interval of
possible values of an unknown population parameter or a
parameter of a future sample, based on a random sample

in hand [1, p. 258, 2, p. 465]. The most important statistical
intervals are the following:

• Confidence interval: indicates the reliability of a parameter
estimate with given confidence

• Prediction interval: an interval in which future observations
or sample characteristics (as x̄, s) will occur, with a certain
probability

• Tolerance interval: an interval in which a specified propor-
tion of the population falls, with a certain probability

In the following sections I will discuss the confidence and tol-
erance intervals, because these are used in the dissertation.

1 .1 confidence intervals

The confidence interval is the range in which a parameter (e. g.
population mean or variance) falls with a certain probability. It
means if the confidence interval is calculated based on repeated
set of observations, the parameter would be found in these in-
terval with a given frequency. This frequency is the confidence
level of the interval. The significance level, in contrast, is the
frequency when the parameter is found outside the interval.

The confidence interval is related to the cumulative distribu-
tion function (CDF) of the distribution of the parameter, and it
is given by its inverse.
let us consider a θ parameter, and its probability density One sided

confidence limitsfunction (PDF) fθ. Then an upper confidence bound, of which
the parameter is found with γ probability, is given by:

P[θ ≤ θU] = γ, (1.1)

where θU is the upper confidence limit. It is calculated by solv-
ing: ∫ θU

−∞
fθ(ξ) dξ = γ (1.2)

5



6 statistical intervals

for θU.
Similarly, the lower θL limit is given by:

P[θL ≤ θ] = γ, (1.3)

and ∫ +∞

θL

fθ(ξ) dξ = 1−
∫ θL

−∞
fθ(ξ) dξ = γ (1.4)

the two sided confidence intervals are given by the proba-Two-sided
confidence intervals bility:

P[θL ≤ θ ≤ θU] = γ, (1.5)

The boundaries of the interval (θL, θU) are given by solving:∫ θU

θL

fθ(ξ) dξ = γ, (1.6)

which can be separated as:∫ θU

−∞
fθ(ξ) dξ −

∫ θL

−∞
fθ(ξ) dξ = γ (1.7)

If the interval is symmetric on θ, (θL, θU) is given by:∫ θU

−∞
fθ(ξ) dξ = (1 + γ)/2 (1.8)

and ∫ θL

−∞
fθ(ξ) dξ = (1− γ)/2 (1.9)

1 .2 tolerance intervals for one source of varia-
tion

A tolerance interval estimates the range in which the P propor-
tion of the population falls. If the distribution (e. g. normal)
and the parameters of the population are known, it can be cal-
culated from the parameters. However, in real-life cases the pa-
rameters are often unknown and only estimates are available.
For a simple random sample the tolerance interval for a propor-
tion P can be calculated with γ probability [3]. The following
formulas for tolerance intervals assume an underlying normal
distribution, and this assumption has to be checked. If the nor-
mal distribution cannot be assumed, a distribution-free interval
calculation has to be used [4]. For one source of variance text-
books provide tolerance factors for given P and γ values [1, 5,
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6], however, for non-tabulated proportions and probabilities or
multiple sources of variance we have to know the formulas to
compute the tolerance factor.
for a simple random sample (xi, . . . , xn) a one-sided toler- One-sided tolerance

limitsance limit can be formulated in the following way [5, 7–9]:

P[P(x̄− k1sx ≤ x) ≥ P] = γ (1.10)

for a lower, and

P[P(x ≤ x̄ + k1sx) ≥ P] = γ (1.11)

for an upper tolerance limit. The x̄ and sx are the mean and
the standard deviation of the sample, respectively, and k1 is
the one-sided tolerance factor [7]. The k1 tolerance factor can
be calculated from the non-central t-distribution (see Appendix
a .2 and [7]):

k1 = tnc
n−1, 1−γ (δ) /

√
n, (1.12)

where δ = z1−P
√

n and z1−P is the 1− P critical value of the
standard normal distribution.
a symmetric two -sided tolerance interval means that the Two-sided tolerance

intervalsspecific proportion of the population falls in a given range (with
γ probability):

P[P(x̄− k2sx ≤ x ≤ x̄ + k2sx) ≥ P] = γ,

where k2 is the two-sided tolerance factor. The computation of
the two-sided tolerance factor is more complicated, an explicit
formula does not exist. The formulas were discussed and tables
were provided in the literature [10, 11]. An exact computation
routine is provided by Eberhardt et al. [12], and several approx-
imation methods are compared by Hahn [4].

The interval can be calculated by solving the following for-
mula for k2 (see Appendix a .2 as well):

+∞∫
−∞

+∞∫
νR2(ξ,P)

k2
2

fN (0, 1/n)(ξ) fχ2
ν
(ψ) dξ dψ = γ (1.13)

where ν = n− 1 and R(ξ, P) is a function that satisfies:

Φ[ξ + R(ξ, P)]−Φ[ξ − R(ξ, P)] = P.

1 .3 tolerance interval for anova models

Measuring a simple random sample is not always feasible in
practice, because the measurements contain an analytical error.



8 statistical intervals

In this case the sample has two sources of variation, i. e. the
inhomogeneity of the product and the analytical variance. Our
aim is to provide a tolerance interval for the concentration of
an inhomogeneous product, containing a specified proportion
of the population. We have to separate the analytical variability
from the inhomogeneity of the product to provide a tolerance
interval for the true concentration, instead of the measured.
This can be carried out using a variance component model (ran-
dom effects ANOVA), with which an estimate can be provided
for the variance of the analyzed products [1, pp. 521–525]. If
the effect of the different sources of variance were not treated
properly, we might reject otherwise good products. This will
be shown in Chapter 6. (Parts of this chapter have appeared
previously in a Master’s Thesis under my co-supervision [13].)
in a random effects model the factor a and its levels areOne-way random

effects ANOVA model random variables. The model is formulated as:

xij = µ + ai + εij i = 1, . . . , r, j = 1, . . . , p, (1.14)

where
• xij is the jth value of the ith level of the random factor a,
• µ is the mean of the population,
• ai ∼ N (0, σ2

a ) is the effect of the ith level of factor a,
• εij ∼ N (0, σ2

e ) is the error of the jth measurement of the ith
level,

• and ai and εij are independent, r is the number of levels of
factor a,

• and p is the number of observations on each level (for a bal-
anced model, p equals among the levels of a.

Based on this the xij variables are N (µ, σ2
a + σ2

e ) distributed but
are not independent.

The following estimates can be calculated:

µ̂ = x̄ (1.15)

σ̂2
e = s2

r (1.16)

σ̂2
a =

(
s2

a − s2
r

)
/p, (1.17)

where

s2
a =

p ∑r
i=1(x̄i − x̄)2

r− 1
, (1.18)

and

s2
r =

∑r
i=1 ∑

p
j=1(x̄ij − x̄i)

2

r(p− 1)
. (1.19)
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linear combinations of variances are not distributed as χ2
νσ2/ν. Satterthwaite

approximationSatterthwaite provides an approximation as a treatment for this
problem [14]. It is assumed that the ∑i cis2

i is approximately
χ2

νσ2/ν distributed, with ν degrees of freedom. The degrees of
freedom can be calculated as:

ν =

(
∑i cis2

i
)2

∑i
(cis2

i )
2

νi

(1.20)

Usually, the degrees of freedom ν is not an integer.
the one-sided tolerance limits for different analysis of vari- One-sided tolerance

limitance (ANOVA) models are widely discussed in the literature. [15–
21] The goal is to provide a tolerance limit for the effect of
the random factor a (e. g. the product inhomogeneity). It is
a tolerance interval for a N (µ, σ2

a ) distributed random variable.
For the one-way random model (Eq. 1.14) the upper tolerance
limit for the content of a product (the factor a) follows the form:
µ̂ + k1σ̂a, where µ̂ is the mean content and σ̂a is the estimate of
the variance of the inhomogeneity of the product, respectively.
This is analogous to the x̂ + k1sx formula in Section 1.2. The
upper tolerance limit can be formulated as:

P[P(x ≤ µ̂ + k1σ̂a) ≥ P] = γ (1.21)

In order to make practical calculations σ̂2
a has to be eval-

uated. The σ̂2
a does not follow a χ2

νσ2
a /ν distribution. Ac-

cording to Vangel there is no good solution, but it can be ap-
proximated [21]. With the Q = Var[µ̂] /σ2

a auxiliary variable,
the tolerance factor can be calculated with the non-central t-
distribution similarly to Eq. (1.12):

k1 = tnc
νQ, 1−γ (δ)

√
Q, (1.22)

where δ = z1−P/
√

Q. The variance of µ̂ is the linear combina-
tion of the two sources of variance (inhomogeneity and analyt-
ical variability):

Var[µ̂] =
σ2

a
r
+

σ2
e

rp
, (1.23)

and from the definition of the Q variable:

Q =

σ2
a
r + σ2

e
rp

σ2
a

=
1
r
+

1
rp

σ2
e

σ2
a

(1.24)
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The σ2
e /σ2

a ratio might be known, but in our case, it has to be es-
timated from the sample. The σ2

a variance of the inhomogeneity
is calculated from the one-way random model:

σ̂2
a =

s2
a − s2

r
p

(1.25)

Usually a better estimate of the σ2
e error variance than the s2

r is
available for the analytical variability, e. g. from the analytical
method validation. In this case it can be substituted as σ̂2

e , with
νe degrees of freedom. Substituting this into Eq. (1.24):

Q̂ =
1
r
+

1
rp

pσ̂2
e

s2
a − σ̂2

e
(1.26)

To get an approximately non-central t-distributed variable in
Eq. (1.22) the νQ degrees of freedom have to be calculated using
the Satterthwaite approximation [14]:

νQ =

(
s2

a
p −

σ̂2
e
p

)2

(
s2
a
p

)2

r−1 +

(
− σ̂2

e
p

)2

νe

(1.27)

with r− 1 and νe degrees of freedom for s2
a and σ̂2

e , respectively.
The k1 one-sided tolerance factor can be calculated by substi-
tuting these formulas for Eq. (1.22).
several methods are provided in the literature for con-Tolerance interval

structing tolerance intervals using the variance of the random
factor, or using a combination of the variances of the random
factor and the measurement error [12, 21–24]. For our problem
the tolerance interval is constructed with the variance of the
random factor a of the ANOVA model as:

P[P(µ̂− k2σ̂a ≤ x ≤ µ̂ + k2σ̂a) ≥ P] = γ (1.28)

The problem with the distribution of the σ̂2
a arises in this situa-

tion as well. The Satterthwaite-approximation is used, yielding
the same νQ degrees of freedom (Eq. 1.27). The two-sided toler-
ance interval can be calculated by integrating Eq. (a.4). In this
case the n is called effective sample size:

n =
σ2

a
Var[x̄]

=
rpσ2

a
pσ2

a + σ2
e

(1.29)

This yields an approximate tolerance factor. Since the σ2
a does

not have a proper estimate, the calculation of an exact tolerance
factor is not possible.
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according to Wang and Iyer the tolerance interval is con- Correction for
variance estimatesstructed with an upper confidence bound on σ2

a instead of the
estimate of it [24]. An upper Tukey-Williams confidence inter-
val [25, 26] is recommended, and a correction is applied for the
non-zero probability of obtaining negative variance estimates.
The calculations are shown in Appendix a .2. The tolerance
interval is constructed as:

x̄±max

{
k̂

√
max

[
0,

s2
a−F(2+γ)/3(ν1,ν2)s2

r
p

]
,

trp−1, (1−γ)/2√
rp se

}
(1.30)

the tolerance factor k̂ in Eq. (1.30) can be calculated by the Computation
methodsexact method: integrating Eq. (1.13) [12]. There are approxi-

mation methods in the literature [11, 27]. Howe’s method has
reasonable performance [24, 27], using the formula:

u =

√
1 +

1
rψ

z(1−P)/2, (1.31)

where ψ = σ2
a/(σ2

a+σ2
e /p). The approximate tolerance factors are

fairly accurate and are easier to calculate.
it is worth noting that the prediction intervals mentioned Prediction intervals

in the beginning of this chapter can be formulated as tolerance
intervals. Calculating the intervals for P = 0.5 content and
n + 1 or n + k elements yields prediction intervals for 1 or k
future samples, respectively.





2
H Y P O T H E S I S T E S T I N G

Astatistical hypothesis is a statement about the pa-
rameters of one or more populations, and hypothesis

testing is the decision-making process about this state-
ment [1, p. 291]. The first step is to state the relevant null and
alternative hypotheses, H0 and H1, respectively. The careful
consideration of the null and alternative hypotheses is funda-
mental, because — as we will see — these define the outcome of
the test.

Based on some assumptions about the population underly-
ing the sample — such as independence, distribution of obser-
vations, etc. — an appropriate test statistic is chosen and its dis-
tribution is derived. This also defines the critical region (with
α level of confidence), in which the null hypothesis is rejected.
The observed value of the test statistic is calculated from the
observations and a decision is made: if the observed value is in
the critical region, the null hypothesis is rejected; otherwise it
fails to be rejected.

According to Casella and Berger, on a philosophical level,
some people worry about the distinction between not reject-
ing a hypothesis and accepting it [2, p. 374]. I consider myself
one of those people. The phrases “accepting” and “not reject-
ing” will be used interchangeably in the text, but always in the
meaning of the latter. If a null hypothesis can not be rejected, it
may not imply its acceptance without doubt. However, in prac-
tice, an inconclusive test (failing to reject the null hypothesis)
often leads to a decision of accepting the underlying practical
hypothesis, because of the ill-formulated hypothesis.

There are two types of errors in statistical hypothesis testing.
On one hand, the error of the first kind (type I) means rejecting
the null hypothesis when it is in fact true. The α probability of
this error is fixed through the significance level chosen for the
critical region of the test statistic. On the other hand, an error
of the second kind (type II) is committed when a false null hy-
pothesis is not rejected. The β probability of this error depends
on the parameters of the underlying population (e. g. the vari-
ance) and the size of the random sample; and can not be fixed
explicitly. The power of a test equals to 1− β for a given value
of the test statistic.

13
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The hypothesis pair as a “statistical question” may not neces-
sarily refer to the relevant practical question of the analyst. For
example, one may ask if an analytical method can be accepted
as conforming to a requirement, i. e. a θ parameter is not sig-
nificantly different from the required θ0. If the null hypothesis
is written as H0 : θ = θ0 and the alternative as H1 : θ 6= θ0,
then the relevant question is given in the null hypothesis (Sec-
tion 2.1). Failing to reject the null hypothesis does not imply
that it is true (the analytical method is acceptable), only that
evidence is not available for rejection. Conversely, rejecting the
null hypothesis does not necessarily mean that the method is
unacceptable, because an irrelevantly small difference might be
found statistically significant. So it is important to distinguish
between statistical significance and practical significance (rel-
evance). Ideally, a statistical hypothesis should ask a relevant
question and give a relevant answer (Section 2.3).

From the perspective of the practical hypothesis (e. g. accept-
ing a product batch or an analytical method, etc.) the meaning
of type I and type II errors are similar: rejecting when it is true,
and accepting when it is false, respectively. To avoid the con-
fusion with the errors concerning the null hypothesis denoted
by Greek letters, the probability of type I error with respect to
the practical question will be denoted A, and the probability of
type II error B in the text.

2 .1 testing null hypotheses of no difference

A null hypothesis of no difference for a θ parameter from a
probability distribution (where θ0 is the desired value):

H0 : θ = θ0 (2.1)
H1 : θ 6= θ0 (2.2)

For example, the following null hypotheses could be formu-
lated for different parameters:

• Difference of two means: µ1 − µ2 = 0

• Intercept of a regression line: β0 = 0

• Slope of a regression line: β1 = 1

To make a decision, a confidence interval is constructed for θ
from a random observation X, such as:

P[L(X) ≤ θ0 ≤ U(X)] = 1− α, (2.3)

where (L(X), U(X)) are the confidence bounds with α signifi-
cance level (see Section 1.1). The null hypothesis is rejected, if θ0
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is found to be outside the confidence interval. Thus we have, in
fact, obtained evidence that the observation significantly differs
from the null hypothesis. It is tempting to say that we accept
the null hypothesis when the confidence interval contains θ0,
but the confidence interval may be too wide by chance. It is
safer to say that we don’t have enough information to reject the
null hypothesis.

2 .2 problems with testing for no difference

Regulatory agencies generally ask for proof of compliance. How-
ever, specific procedures for proving equivalence are usually
not provided by the guides. Simply failing to reject a null hy-
pothesis of equivalence does not infer that it has been proven.

From the consumer’s (and the regulatory agencies’) point of
view, the hypothesis to be tested (the practical question) must
ensure that a product, a formulation or an analytical method
is in compliance with the requirements. In the pharmaceuti-
cal analysis, usually the consumer’s risk should be minimized,
which means keeping the probability of accepting a wrong prod-
uct or analytical method low. This is the β probability of type II
error with the null hypothesis (2.1), and the type II error of the
practical question (B) as well. It also means that we solely con-
trol it implicitly by maintaining adequate variance and sample
size (see Section 3.3 for sample size calculation). Actually, the
manufacturer’s risk is controlled in this scenario: namely the
probability of rejecting otherwise good products or methods (α
and A).
one problem with testing for no difference is that the practi- Failure of rejection

cal question is stated in the null hypothesis. If we fail to reject
a null hypothesis, that does not infer that the statement of the
practical question is true. The consumer’s risk can only be con-
trolled by obtaining a proper sample size or maintaining a low
variance. After performing the test, the power of the test should
be checked for a given deviation from the prescribed value, but
this verification is often overlooked.
if the null hypothesis have to be rejected, that does not Significant but

irrelevant resultsnecessarily mean that the product or method is wrong. If the
sample size is large or the variance is small, there is a chance of
finding small deviations from the null hypothesis statistically
significant. These deviations from equivalence can prove to be
practically irrelevant. In compliance situations, a common so-
lution for this problem is overriding the statistical decision, and
stating that though the null hypothesis is rejected, the hypothe-
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sis of the practical question can be accepted [28, p. 281]. This is
an alarming practice, because it can undermine the credibility
of these tests.
the probability of rejecting the lack of difference with theCounter-intuitive

property (2.1) null hypothesis increases with lower variance or elevated
sample size. It means by measuring more or using a better an-
alytical method, there is less and less chance of accepting the
compliance statement. Conversely, “assuring” that the com-
pliance would not be rejected only calls for performing sloppy
work (high variance, low sample size). It is against analyti-
cal intuition that the increase of the variance can cause an in-
creased probability of acceptance, because that would mean we
“reward” the bad analyst.

These problems will be clarified by an example in the next
chapter.

2 .3 testing interval hypotheses

A more sensible hypothesis would address the above mentioned
problems. The ideal properties would be: a) the consumer’s
risk is assured, b) practical relevance is controlled, and c) in-
creasing variance decreases the probability of acceptance.

A hypothesis test for a two-sided hypotheses [29, p. 81] or two
one-sided hypothesis [30, 31] on θ is formulated the following
way:

H0 : θ ≤ θ1 or θ ≥ θ2 (θ1 < θ2) (2.4)
H1 : θ1 < θ < θ2 (2.5)

where θ1 and θ2 are the boundaries of an allowable range in
which the θ parameter should lie (i. e. a small interval around
θ0 in Eq. 2.1). The interval hypothesis is split into two sets of
hypothesis pairs (lower and upper), leading to two one-sided
t-tests (TOST):

H0l : θ ≤ θ1 H1l : θ > θ1 (lower) (2.6a)
H0u : θ ≥ θ2 H1u : θ < θ2 (upper) (2.6b)

For a regulatory compliance scenario, the desirable outcome is
expressed in the alternative hypothesis, i. e. the θ parameter is
contained within the allowed range (θ1, θ2).

To make a decision, two confidence intervals can be con-
structed for θ from a random observation X, such as:

P[L(X) ≤ θ1] = 1− α and (2.7a)

P[θ2 ≤ U(X)] = 1− α (2.7b)
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where L(X) and U(X) are confidence bounds, each with α sig-
nificance level. The null hypothesis is rejected, if L(X) is found
to be greater than θ1 or U(X) lower than θ2. In this case the ev-
idence demonstrates that the confidence interval is contained
inside (θ1, θ2), thus justifies the alternative hypothesis.

The type I error of the null hypothesis is fixed as well, but in
this case it is the probability of accepting the parameter being
between the limits, when this is not held. This difference means
that the B probability of accepting a false practical hypothesis
remains in control. It also implies that trivially small deviations
from the desired value should not be found significant. Finally,
increasing variance causes an increased probability of rejection
of the practical question. These cases mean that this approach
treats all the three problems stated in Section 2.2.

According to Lehmann and Romano, the two one-sided hy-
pothesis is uniformly most powerful (UMP) [29, pp. 81–83]. Also,
the two one-sided hypothesis corresponds to a 100(1− 2α)%
confidence interval (size 1− 2α test), that used to cause some
concern [31, 32]. There are attempts in the literature to provide
more powerful tests for equivalence problems and to provide
size 1− α tests [33–36]. Perlman and Wu showed that these
new test were not necessary and, in fact, they caused wrong
inference [37–41]. If there is no evidence to support rejecting
the null hypothesis, “the solution is very simple: more obser-
vations are needed, not Better New Tests” [37, p. 362]

2 .4 comparison of the hypotheses

As the hypothesis tests and the confidence intervals are strongly
related, it is possible to define the decisions with confidence in-
tervals [1, 42]. The hypothesis of no difference means we do not
reject the null hypothesis (i. e. accept the statement of the practi-
cal question) if the 1− α confidence interval for the θ parameter
includes the θ0 desired value. The two one-sided hypothesis al-
lows to reject the null hypothesis (and accepting the alternative,
thus the practical hypothesis) if the 1− 2α confidence interval
for θ is entirely within the (θ1, θ2) interval. It is worth noting
that the hypothesis test of no difference corresponds to a 1− α
confidence interval, in contrast to the TOST, which considers a
1− 2α interval [31, 32, 34, 37]. The two α’s do not refer to the
same probability (see Section 3.4).

Figure 2.1 illustrates this graphically. In case A the statement
is accepted with both methods, as the interval includes θ0 and
it is contained in (θ1, θ2). Case B is more interesting, as its hy-
pothesis is rejected with the hypothesis of no difference (θ0 is
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θ1

C (a, r) 

B (r, a) 

A (a, a) 

D (r, r) 

θ0 θ2

figure 2 .1 Comparison of different hypotheses.
A–D show four different confidence intervals, the first and
second letter in parentheses show the acceptance/rejection
with the hypothesis of no difference and the two one-sided
t-tests (TOST), respectively, where a means acceptance and r
means rejection

out of the confidence interval), however, the confidence interval
is very close to θ0, and it is narrow. It is easily accepted with
the two one-sided hypothesis. Case C shows a confidence in-
terval which is accepted with the hypothesis of no difference,
but rejected with the two one-sided hypothesis. Case D is re-
jected with both methods. Case B and C demonstrates that
the two one-sided hypothesis is much more intuitive, and more
relevant for practical application. With the hypothesis of no
difference not exactly the equality is tested, but the difference
of the observed θ and θ0, compared to the standard deviation.
The two one-sided hypothesis, on the contrary, compares the
observed θ to a reasonable range around the desired value. In
practice, true equivalence does not exist (or at least not observ-
able, because of the random variation), so it is a better approach
to test if it is believable that the observed value does not differ
more than a practically relevant value. This relevant value —
the allowed difference — has to be stated by the user (i. e. the
analyst), and not by a statistician.

I show the differences of the approaches in Chapter 3 on a
two-sample t-test (the simplest case of analytical method trans-
fer). In the following chapters I show the applicability of the
interval hypothesis approach on some analytical problems in-
volving more elaborate statistical procedures.
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3
A N A LY T I C A L M E T H O D T R A N S F E R

I n the pharmaceutical industry the development and
routine implementation of analytical methods are often car-
ried out in different laboratories. It is crucial to prove that

the routine laboratory can use the method with the same per-
formance parameters as the developing laboratory [28, pp. 281–
300] and [43–46]. Different types of comparative studies ex-
ist for the inspection of method transfer. Here I will discuss
two different statistical hypotheses based on a simple balanced
study, where n homogeneous samples are analyzed in each of
the two laboratories.

Our aim is to prove that the parameters of the two methods
are equivalent. The assumption of normality is usually justified
in the analytical practice, so a parametric test will be applied.
The parameters are the µ1 and µ2 means in the first and second
laboratory, respectively, and the σ2

1 and σ2
2 estimated variances.

The equality of variances are tested by an F-test. In the follow-
ing section I skip the description of the F-test and only confine
to the case when it is accepted, justifying the assumption of ho-
moscedasticity: σ2

1 = σ2
2 = σ2. The estimate of the σ2 variance

is the pooled sample variance:

s2 =
s2

1(n− 1) + s2
2(n− 1)

2n− 2
. (3.1)

After performing the analysis of the n samples in the labo-
ratories, the two measurement means x̄1 and x̄2 are obtained
as the estimate of µ1 and µ2, respectively. The decision about
the method transfer is based on the following practical hypoth-
esis: there is no relevant difference between the means of the
two laboratories. The different approaches of Chapter 2 are
discussed for this two-sample testing problem.

3 .1 hypothesis of no difference

The parameter of interest (θ) is the difference of the two means:
µ1 − µ2, and its desired value is zero (classical two-sample t-
test). The hypothesis pair of the traditional hypothesis of no
difference (Section 2.1) is formulated as:

H0 : µ1 − µ2 = 0 (3.2)
H1 : µ1 − µ2 6= 0 (3.3)

21
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The test statistics of the t-test:

t0 =
x̄1 − x̄2

s
√

2/n
, (3.4)

with ν = 2n − 2 degrees of freedom. The null hypothesis is
rejected with αN significance level if t0 < −tαN/2 or t0 > tαN/2.

The problems of Section 2.2 are true for this hypothesis as
well. If the null hypothesis cannot be rejected, that does not im-
ply that the difference of the two means is zero. If the s standard
deviation is large, the t0 test statistic is small, meaning that it is
more likely to be found inside the acceptance region. A small
sample size yields a large tαN/2 critical value and reduces the
t0 test statistic, causing similar effects (see Section 3.3). Con-
versely, if we maintain a small standard deviation or a large
sample, there is an increasing probability to find very small
differences significant, i. e. rejecting the null hypothesis, either
because the acceptance region is narrow, or the small standard
deviation means larger test statistic.

The αN probability of rejecting a true hypothesis is fixed in
this case. This equals to the A probability of rejecting the hy-
pothesis of the practical question when it is in fact true. How-
ever, the probability of accepting a wrong hypothesis is more
important for the consumer or the regulatory agencies. This is
the βN type II error, and also the B probability of accepting
the practical hypothesis when it is not true. It can only be con-
trolled by the sample size, or by checking the power of the test
for a given ∆ difference [30].

3 .2 two one-sided t-tests

In this scenario the acceptance region, in which the µ1 − µ2
parameter should lie, is defined as Eq. (3.6) with boundaries
−θ1 = θ2 = ∆ (symmetric interval). The hypothesis pair is
written as in Section 2.3 (interval hypothesis):

H0 : µ1 − µ2 ≤ −∆ or µ1 − µ2 ≥ ∆ (3.5)
H1 : −∆ < µ1 − µ2 < ∆ (3.6)

In this case, the desirable outcome (the hypothesis of the prac-
tical question) is stated in the alternative hypothesis. It can be
separated to two one-sided t-tests (TOST) as:

H0l : µ1 − µ2 ≤ −∆ H1l : µ1 − µ2 > −∆ (3.7a)
H0u : µ1 − µ2 ≥ ∆ H1u : µ1 − µ2 < ∆ (3.7b)
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The two test statistics of the test:

t0l =
x̄1 − x̄2 + ∆

s
√

2/n
and (3.8)

t0u =
x̄1 − x̄2 − ∆

s
√

2/n
(3.9)

with ν = 2n − 2 degrees of freedom. The null hypothesis is
rejected at 2αT significance level if t0l > tαT or t0u < −tαT .

For this null hypothesis, the αT probability of rejecting the
null hypothesis is fixed, but in this case it is the probability
of accepting the µ1 − µ2 difference being inside the (−∆,+∆)
range, when it is in fact outside. So the type I error with respect
to Eq. 3.5 equals the B probability of incorrect acceptance of the
practical question, and is maintained low. The A probability of
rejecting a true practical question remains to be controlled by
the sample size. This is a reassuring property for the consumer.
The manufacturer’s risk can be controlled by analyzing more
samples if the test should fail.

3 .3 sample size determination

The required sample size for judging the hypothesis of no dif-
ference can be calculated if the σ variance is known. Unfor-
tunately in reality this is rarely the case, but for a validated
method, good estimate may exist.

We want to be assured that the power of the test is greater
than or equal to a predefined value (e. g. 90%). For a given ∆/σ
the power can be calculated from the non-central t-distribution
as (see Appendix a .1):

Power = 1−Fnc: ν,δ (tα/2,ν) +Fnc: ν,δ (−tα/2,ν) , (3.10)

where ν = 2n− 2 and

δ =

√
n
2

∆
σ

From Eq. (3.10), the Power = 0.9 equation has to be solved for
n, with given αN and ∆/σ to obtain βN = 0.1 type II error prob-
ability. Usually it can be calculated with statistical software,
or the equation can be solved with the CDF of the non-central
t-distribution.

3 .4 properties of different hypotheses

the probabilities of accepting the null hypothesis with the Accepting
the null hypotheses
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two-sample t-test and the two one-sided t-tests are shown in
Figure 3.1 panel a and b, respectively. The probabilities are
shown as a function of the true difference between the two
analytical methods (µ1 − µ2). The µ1 − µ2 and σ values are
shown in percentages of nominal concentration, for parameters
∆ = 1% and σ = 1%. The required sample size for αN = 0.05
and βN = 0.1 is n = 23. It can be seen in panel a that the
probability of rejecting the null hypothesis of no difference is
fixed at µ1 − µ2 = 0 (type I error, αN). The power of the test is
calculated as P[reject null hyp. | µ1 − µ2], and the type II error
(βN) is given at a fixed µ1 − µ2 = ∆ as 1− Power(∆).

Panel b shows the probability of accepting the upper null
hypothesis of the two one-sided t-tests (H0u : µ1 − µ2 ≥ ∆).
The probability of rejecting this null hypothesis is fixed at µ1 −
µ2 = ∆ as αT type I error. The power of the test means the same,
but the type II error is fixed at µ1 − µ2 = 0 (βT) in this case.
Similar graph can be obtained for the lower null hypothesis by
reflecting about the y axis. It is worth noting that these are the
probabilities of concluding the inequality of analytical methods
with the TOST.
figure 3.2 and 3.3 show the probability of declaring equiva-Accepting

equivalence of
analytical methods

lence with the two different hypotheses. The acceptance prob-
abilities of the TOST differs from the previous graphs, because
the equivalence of the two analytical methods is stated in the
alternative hypothesis in this case, so the probability of accept-
ing the equivalence of methods means the probability of reject-
ing the null hypotheses. On the x axis the absolute difference
(|µ1 − µ2|) is shown, because the acceptance probability is sym-
metric about µ1 − µ2 = 0 (as a function of µ1 − µ2). Figure 3.2
demonstrates the probability of acceptance for sample sizes less
than required (n ≤ 23), while Figure 3.3 shows it for sample
sizes more than required (n ≥ 23)

It can be seen from Figure 3.2 that the hypothesis of no dif-
ference and the TOST have equal performance when the sample
size is adequate (n = 23). If the required sample size is known
(i. e. known variance), both of the two hypotheses give satisfac-
tory results (see the Remark below). However, if the variance is
not known, the TOST becomes more desirable. Measuring lower
number of samples than the required means lower probability
of acceptance. On the contrary, with the hypothesis of no dif-
ference the acceptance probability increases if the sample size
is reduced. Also, the probability of accepting a method with a
∆ difference (1% in the figure) is invariant (αT = 0.1) for a wide
range of sample sizes, however, for extremely small numbers,
it drops under 0.1. The hypothesis of no difference provides a
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figure 3 .2 Probability of accepting the equivalence of two analytical
methods as a function of |µ1 − µ2| and fixed σ, in case of less
than required sample size (n ≤ 23).

constant probability of rejecting exactly equal analytical meth-
ods (1− αN = 0.95), but at the cost of causing higher proba-
bilities of accepting non-equal methods. With adequate sample
size (n = 23), αN = βT = 0.05, and βN = αT = 0.1.

Figure 3.3 shows the probability of accepting the method
transfer when the sample size is larger than required. It is
clear that the TOST has superior properties in this situation. The
probability of acceptance monotonically increases if |µ1 − µ2| is
in the range (0, ∆), while maintaining the constant αT = 0.1
value at |µ1 − µ2| = ∆. It means by measuring a large number
of samples, the acceptance of good method transfer is ensured
within the practically important region. However, in case of
hypothesis of no difference the acceptance region is narrow-
ing with increasing samples size. The probability of accepting
the method transfer when the difference is in fact zero is main-
tained, but the difference has to be closer and closer to zero to
declare equivalence. In other words — with the hypothesis of
no difference — trivially low differences can be found signifi-
cant, if the sample size is large.
as stated above, with adequate sample size (n = 23) theRemark

two methods have similar performance. However, in Fig. 3.2
a difference can be seen between the two methods (the curves
do not coincide). The cause of this difference lies in the integer
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figure 3 .3 Probability of accepting the equivalence of two analytical
methods as a function of |(µ1 − µ2)| and fixed σ, in case of
more than required sample size (n ≥ 23).

nature of sample size. With real sample size the two curves
overlap, but a non-integer value is hard to interpret in practice.
in his widely cited article Schuirmann argues that the ac- Schuirmann’s

approachceptance probabilities for the power approach highly differ from
those of the TOST [30]. The power approach consists of per-
forming the hypothesis testing of no difference and then check-
ing whether the power of the test is greater than or equal to
80% (which is an arbitrary convention of βN = 0.2). He derives
the probability of concluding equivalence of this compound hy-
pothesis, and it is always lower than the probability of conclud-
ing equivalence with the TOST. However, this procedure has
ad-hoc characteristics. On one hand, the power verification is
not always followed in practice. On the other hand, more im-
portantly, both of the errors are controlled for the power ap-
proach (type I and type II), but only type I error is controlled
for the TOST. This is an unfair comparison, and as it is shown
in Figure 3.2 and 3.3, the two basic procedures (without the
additional power requirement posed by Schuirmann) bear the
same performance with adequate sample size. To provide a
fair comparison, the probability of acceptance with the TOST at
(µ1 − µ2)/σ = 0 should have been checked if it was greater or
equal to 0.95, the 1− αN level of the equivalence.
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3 .5 preparing identical samples for the two lab-
oratories

In analytical method transfer the equality of the performance
of two laboratories is inspected by analyzing identical samples
in both laboratories. If the analytical method is intended for
the measurement of a drug product, usually the transfer has
to be proved on that product. In practice, ensuring identical
samples is often problematic for a variety of reasons: the mea-
sured product is inhomogeneous, the measured product can
come from different batches, the laboratories can be on differ-
ent continents, etc. It would be simple to split a sample into two
and analyze them in the two laboratories, but this procedure
would be against Good Manufacturing Practice (GMP) [47].

For generating identical samples it is a common practice to
homogenize the product (e. g. a number of tablets) to prepare
the sample for analysis. Due to the inhomogeneity in the the
tablet batch, the two samples will not be strictly equal. It has to
be guaranteed that this difference is negligible compared to the
allowed difference in the performance of the laboratories. The
number of tablets to be homogenized depends on the inhomo-
geneity of the tablet batch and the allowed difference of the two
(pooled) samples.

Let x̄ be the mean true active content of the tablets (not the
measured content). The true content is a random variable on
its own, because of the inhomogeneity of the product (and not
because of the analytical variability). The variance of the mean
true content:

Var[x̄] =
σ2

a
m

, (3.11)

where m is the number of tablets to be homogenized, and σ2
a

is the variance of the inhomogeneity, which we assume to be
known (or at least a good estimate is in hand from the product
validation).

I would like to formulate a limit on the x̄1 − x̄2 difference,
where x̄1 and x̄2 are the mean true content in the samples pre-
pared in the first and the second laboratories, respectively. Let
this allowed difference (δ0) be symmetric: |x̄1 − x̄2| ≤ δ0.

The following term follows a standard normal distribution:

z =
x̄1 − x̄2 −E[x̄1 − x̄2]√

Var[x̄1 − x̄2]
=

x̄1 − x̄2 −E[x̄1 − x̄2]√
Var[x̄1] + Var[x̄2]

(3.12)
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table 3 .1 Required m number of tablets to be homogenized.
Confidence level: γ = 0.95

σa
δ0

0.1 0.25 0.5 0.75 1

0.05 2 1 1 1 1

0.1 8 2 1 1 1

0.25 49 8 2 1 1

0.5 193 31 8 4 2

1 769 123 31 14 8

1.5 1729 277 70 31 18

2 3074 492 123 55 31

2.5 4802 769 193 86 49

3 6915 1107 277 123 70

As the two samples should represent the same population, the
following statements are true: E[x̄1 − x̄2] = 0 and Var[x̄1] =
Var[x̄2] = Var[x̄], the latter yielding:

Var[x̄1] + Var[x̄2] = 2Var[x̄] =
2σ2

a
m

(3.13)

Substituting these to Eq. (3.12):

z =
x̄1 − x̄2√

2σ2
a

m

(3.14)

The x̄1 − x̄2 ≤ δ0 requirement can be stated as:

|z| ≤ δ0√
2σ2

a
m

(3.15)

If we want to satisfy the |x̄1 − x̄2| ≤ δ0 requirement with γ
confidence, that means:

P

−z(1−γ)/2 ≤
δ0√
2σ2

a
m

≤ z(1−γ)/2

 = γ (3.16)

From this, the required m number of tablets can be calculated
as:

m =

(√
2σaz(1−γ)/2

δ0

)2

, (3.17)
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where z(1−γ)/2 is the value of the PDF of the standard nor-
mal distribution which it exceeds with 1− (γ/2) probability
(Φ[(1 + γ)/2]).

Table 3.1 shows the required number of tablets to be homog-
enized for some σa and δ0 values. For example, say we want to
assure that the difference between the mean content of the two
laboratories does not exceed the half of the root variance of the
inhomogeneity (σa). In this case δ0/σa = 0.5, so m = 31 tablets
are required to assure the homogeneity of the sample.

The inhomogeneity of the tablet batch is estimated in the
blend uniformity or content uniformity analysis, usually by mea-
suring a small number of tablets only. This leads to a fairly un-
reliable estimate of the inhomogeneity. To be on the safe side,
an upper confidence interval for the inhomogeneity should be
substituted in the calculations.

3 .6 summary

In the course of analytical method transfer, the equal perfor-
mance has to be demonstrated in the two laboratories. The
two-sample t-test (hypothesis of no difference) and the two one-
sided t-tests were compared. The proper choice of sample size
is crucial, which can only be calculated if the analytical variance
is known (this is not the usual case). Based on the comparison,
the two-sample t-test has inferior properties when the sample
size is not adequate. It fails to control the consumer’s risk.
Moreover, the probability of acceptance is lower with increas-
ing analytical precision (lower variance). In contrast, with high
precision, practically irrelevant differences between the labora-
tories can become significant. The two one-sided t-tests (TOST)
method provides a solution for these problems. It controls the
consumer’s risk, prevents irrelevant differences to become sig-
nificant, and the probability of accepting the method transfer
increases with improved precision (lower variance). However,
with this method the manufacturer’s risk is controlled only by
the sample size.

Providing identical samples in the two laboratories for anal-
ysis is complicated, because of the product inhomogeneity. If
a number of units (e. g. tablets) can be homogenized, then the
proposed method can be used to determine the number of units.
This assures that only an irrelevant difference can exist between
the samples, and an otherwise good transfer would not be re-
jected because of non-identical samples.



4
T E S T I N G A C C U R A C Y O F A N A LY T I C A L
M E T H O D S

T he accuracy of a method is usually tested during an-
alytical method validation. A set of samples with differ-
ent added concentrations in a given range are analyzed,

and the differences between known and measured concentra-
tions are evaluated.

The usual procedures for testing accuracy of analytical meth-
ods are flawed. There are several statistical and non-statistical
criteria used for decision. In terms of non-statistical criteria
either the average recovery is expected to be within certain
limits or single point deviations should not exceed specified
bounds. The statistical criteria consist of testing lack of bias by
one-sample t-test for mean bias, or testing zero intercept and
unit slope by linear regression [28, 48–50]. Application of the
general regression hypothesis test is correct, but its pair of hy-
potheses is not relevant.

There are several guidelines [43, 51, 52] for assessing the accu-
racy of analytical methods during method validation, but they
are not stating the correct statistical methodology.

The relevant question can be asked the following way: “Does
the bias exceed an acceptable level or not?” This is an inter-
val hypothesis, that may be properly tested using the two one-
sided hypotheses. It is practically executed by calculating a
confidence band for the bias, and checking if it is within the al-
lowed interval throughout the concentration range. If the bias
does not depend on the concentration, this method is identical
to the TOST procedure for the average bias.

4 .1 problems with the existing criteria

the first approach is considering the criteria for non-sta- First approach

tistical decision, i. e. average, minimum, and maximum recov-
ery. The usual criteria for average recovery are the 98.0–102.0%
range of the added concentrations in the case of assay (active
pharmaceutical ingredient assessment), and 85.0–115.0% for the
examination of degradation products.
going towards statistically established criteria the second Second approach

approach to be considered is testing the average bias, asking if

31
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it differs significantly from zero. Usually this is performed by
one-sample t-test, which should only be used if the following
assumptions are held: a) the bias is independent from the con-
centration, and b) the variance is independent from the concen-
tration. If the null hypothesis of lack of bias is accepted, it does
not imply its validity. With large variance there is a consider-
able probability for accepting the null hypothesis, and thus we
may overlook an existing deviation. If the null hypothesis is
rejected, it may still occur that the bias is small from a practical
point of view, and the analyst (properly) tends to challenge the
statistical decision. A common way for solving this conflict is
a decision based on practical limits with ignoring the statistical
evidence.
the most sophisticated usual requirements [53] are givenThird approach

in terms of a straight line fitted to measured (y) vs. known (x)
concentration data:

Y = β0 + β1x. (4.1)

Ideally the line has slope β1 = 1 and intercept β0 = 0. The
method is assessed as unbiased if the intercept does not differ
significantly from zero and the slope does not differ signifi-
cantly from unity, checked by Student’s t-test:

H0 : β0 = 0 and β1 = 1. (4.2)

If the confidence range for the intercept embraces zero, and the
confidence range for the slope contains unity, then the deviation
from the ideal situation is not significant.
there are three points of criticism to the third approachProblems with the

criteria (as in Section 2.2):

1. The estimated parameters (intercept and slope) are not in-
dependent.

2. The acceptance of a hypothesis does not infer that it is
true, and increase of the variance raises the probability of
acceptance.

3. With decreasing variance the probability of acceptance is
reduced, which is a highly undesirable property.

Most probably this criticism initiated the last sentence of the
United States Pharmacopeia (USP) monograph (Fig. 4.1), namely
that testing the lack of significance is not an adequate proce-
dure; however there are no hints on the proper solution [53].

The first problem (non-independence of estimated parame-
ters) is illustrated by Fig. 4.2. The individual indifference region
(confidence range) for the slope and intercept is the rectangle.



4.1 problems with the existing criteria 33

〈1225〉 VALIDATION OF COMPENDIAL PROCEDURES

Assessment of accuracy can be accomplished in a variety
of ways, including evaluating the recovery of the analyte
(percent recovery) across the range of the assay, or evaluat-
ing the linearity of the relationship between estimated and
actual concentrations. The statistically preferred criterion
is that the confidence interval for the slope be contained
in an interval around 1.0, or alternatively, that the slope
be close to 1.0. In either case, the interval or the definition
of closeness should be specified in the validation protocol.
The acceptance criterion will depend on the assay and its
variability and on the product.

Setting an acceptance criterion based on the lack of statis-
tical significance of the test of the null hypothesis that the
slope is 1.0 is not an acceptable approach.

figure 4 .1 Excerpt from US Pharmacopeia [53]

A contour (with given probability) comprising mutually dis-
tributed estimated slope and intercept is an ellipse instead [29,
pp. 293–295]. A (β0, β1) pair may well be outside of the area
of the ellipse (that is its occurrence is quite improbable) even if
the point is within the rectangle, as shown by the circle on the
graph.
the non- independence of estimated parameters may be Fourth approach

cured by substituting the two separate Student’s t-tests by a
simultaneous test, namely the general regression test. Here the
null hypothesis is that the fitted line does not differ significantly
from the ideal one. The test statistic is:

F0 =
s2

q−r

s2
r

=

(
Sq − Sr

)
/
(
νq − νr

)
Sr/νr

, (4.3)

where Sq and Sr are the residual sums of squares for the re-
duced model and for the full model, respectively; νq and νr are
the degrees of freedom for these models.
The full model is: Ŷr = b0 + b1x,
the reduced model is: Ŷq = 0 + x,
with νr = n− 2, and νq = n− 0.

The denominator of the test statistic is the s2
r residual mean

square, which follows χ2
νσ2

y /ν distribution if the straight line is
adequate. The probability of acceptance of the null hypothesis
if it is false (the method is in fact biased) depends on σ2

y : a less
precise method is easier to be found unbiased, this property is
also unattractive.



34 testing accuracy of analytical methods

0.5 1.0 1.5 2.0
b

0.6

0.4

0.2

0.0

0.2

0.4

0.6

b0

1

figure 4 .2 Confidence regions for slope and intercept

The second problem — the acceptance of a hypothesis does
not infer that it is true — is inherent in hypothesis testing. The
usual approach is to fix the probability of error of first kind
low (A, from the perspective of the practical question), while
the probability of error of second kind (accepting the null hy-
pothesis when it is false, B) is not considered. The practical
question is answered if we can prove that the null hypothesis
of unbiasedness is false (the method is biased). The error of
second kind depends on the variance if A is fixed; with increas-
ing variance B also increases, thus it is more probable that we
will not find the existing bias.

The third problem is in contrast with the logic of analysts,
the improved method with lower variance should not reduce
the probability of acceptance.

4 .2 possible new solution

The inverse approach (fixing B probability of type II error)
would mean remaining on the safe side. The more relevant
practical question is if the bias is within certain limits. This in-
terval hypothesis is tested by the two one-sided hypotheses (see
Section 2.3, [30, 31, 54]). Here the decision criterion is based on
the comparison of confidence regions with the allowed devia-
tion limits. In this case the error of second kind of the practical
question is fixed, usually B = 0.1. This corresponds to the A
probability of type I error from the perspective of the two one-
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sided hypotheses. Thus we calculate the 100(1− 2A) = 80%
confidence interval (see Section 2.4).

Following the two one-sided tests procedure an interval hy-
pothesis is tested. The interval hypothesis — the practical ques-
tion — here is that the bias does not exceed the allowed limits
(±∆), tested as the alternative hypothesis:

H1 : −∆ ≤ Y− x ≤ +∆ (4.4)

The interval hypothesis is accepted if the 80% confidence band
for the Y− x bias is entirely within the acceptable limits along
the relevant concentration range. Actually, the confidence band
for the Y − x bias is obtained by fitting a straight line to the
y − x difference as a function of x, and calculating the confi-
dence band.

The confidence band for the bias is expressed as (see Sec-
tion 1.1):(

Ŷ− x
)
− tα/2sŶ−x < Y− x <

(
Ŷ− x

)
+ tα/2sŶ−x, (4.5)

where

sŶ−x = sy−x

√√√√√ 1
n
+

(x− x̄)2

∑
i
(xi − x̄)2 , (4.6)

and for sy−x the residual standard deviation for the y− x vs. x
line is substituted. For the recovery the formula is similar:

Ŷ− x
x
− tα/2s Ŷ−x

x
<

Y− x
x

<
Ŷ− x

x
+ tα/2s Ŷ−x

x
, (4.7)

where

s Ŷ−x
x

=
sŶ−x

x
. (4.8)

The size of allowed bias is not a statistical feature. It should
stem from the intended usage of the procedure. Laboratories
may not have figures for this criterion, as the Guidelines typ-
ically do not give them explicitly [51]. Sometimes limits for
the average empirical bias are specified, but these (as essen-
tially random variables) are not well established from a statisti-
cal point of view. The criteria for the average recoveries can be
used as a guide: if the confidence interval for the recoveries is
contained in the appropriate range, we can accept the accuracy
of the method.

There is one remark on the choice between bias and recovery.
If the standard deviation is constant at different concentrations,
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table 4 .1 Results of the accuracy study for assay (Example 4.1)

Run order Added
concentration

(x, µg/ml)

Measured
concentration

(y, µg/ml)

Recovery
(R, %)

Bias

y− x R− 100%

2 4.53 4.51 99.56 −0.02 −0.44

7 4.53 4.49 99.12 −0.04 −0.88

10 6.96 6.94 99.71 −0.02 −0.29

5 6.96 6.97 100.14 0.01 0.14

4 9.15 9.16 100.11 0.01 0.11

8 9.15 9.18 100.33 0.03 0.33

1 11.35 11.34 99.91 −0.01 −0.09

3 11.35 11.38 100.26 0.03 0.26

6 13.45 13.51 100.45 0.06 0.45

9 13.45 13.46 100.07 0.01 0.07

Average recovery (98.0–102.0%) 99.97

Recovery minimum (≥80.0%) 99.12

Recovery maximum (≤120.0%) 100.45

then the bias should be used. However, if the standard de-
viation is proportional to the concentration (y ∼ x), then the
standard deviation of the recovery (y/x) becomes constant, so
the confidence interval for the recovery is to be calculated.
the decision criterion above may be conservative, if otherRefinement for

variance estimation pieces of knowledge are considered. The accuracy study is a
step in the procedure of the analytical process validation. In
other steps (repeatability, intermediate precision, linearity, etc.)
ample amount of information is accumulated on the error vari-
ance σ2

y . If a synthesized mean square s2 is available with ν de-
grees of freedom, it may be substituted for s2

r in the formula of
confidence band. This would narrow the band, causing larger
probability of acceptance.
the non -parallel shape of the confidence region (see Fig.Refinement for

concentration
independence of the

bias

4.3 in Example 4.1) does not show the probable size of the bias.
Instead it expresses our lack of knowledge on the concentration
dependence of the bias, and is inherently narrower in the mid-
dle and wider at the edges. The model discussed assumes that
the bias (x − y) depends linearly on the concentration (x). If
we are able to prove that this concentration dependence does
not exist (the slope is zero), we can get rid of the widening
shape of the confidence region, and thus the interval may fall
within the limits with higher probability. The “proof” would
mean a convincingly low value of the slope, at high confidence,
e. g. large p-value for the F- or t-test for zero slope. The task
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figure 4 .3 Confidence band for the Y− x bias (Example 4.1)

of accuracy assessment is then simplified to the calculation of
the confidence range for the expected value. Considering the
arguments leading to the TOST method it is clear that the 80%
confidence interval is to be calculated around the mean [28,
pp. 63-79]. The requirement is that this interval is in its entirety
contained in the allowable range.

This method is in fact a test for the average bias, as in the
second approach, but with a more relevant hypothesis. The
question is that the bias is convincingly lower than it is allowed,
instead of asking that it could be zero or not.

example 4 .1 accuracy of an assay

The dataset is shown in Table 4.1 on p. 36. The randomized
order of experiments allows for checking independence of er-
rors, which is assured in this example. Considering the criteria
for non-statistical decision (first approach) the accuracy is as-
sured, i. e. the average recovery is in the 98.0–102.0% range, the
minimum and maximum recovery is above 80.0% and below
120.0%, respectively. According to the second approach, the
one-sample t-test on zero mean difference has a test statistics
t0 = 0.6429, with 9 degrees of freedom, this means p = 0.5363.
The p-value is much above 0.05, thus the null hypothesis of no
bias is accepted.
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figure 4 .4 Confidence band for the recovery (Example 4.1)

The third approach is the linear regression. The point esti-
mate for the intercept is b0 = −0.05353, the 95% confidence
interval is (−0.1008,−0.0062), it does not contain 0. The point
estimate for the slope is b1 = 1.0066, the confidence interval is
(1.0016, 1.0115), it does not contain 1. The confidence intervals
are assessed inadequate for both criteria, as they do not contain
the required values.

Applying the fourth approach we check the adequacy of the
fitted line by the general regression test. The residual mean
square for the full model Ŷr = b0 + b1x:

s2
r =

∑i
(
yi − Ŷr i

)2

n− 2
= 0.000450

To substitute into the formula of test statistic the residual sum
of squares is calculated:

Sr = ∑
i

(
yi − Ŷr i

)2
= (n− 2) s2

r = 8 · 0.000450 = 0.00360

For the reduced model (Ŷq = x) the Sq residual sum of squares
is calculated as:

Sq = ∑
i

(
yi − Ŷq i

)2
= ∑

i
(yi − xi)

2 = 0.00820
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table 4 .2 Results of the accuracy study for a degradation product
(Example 4.2)

Run order Added
concentration

(x, µg/ml)

Measured
concentration

(y, µg/ml)

Recovery
(R, %)

Bias

y− x R− 100%

4 0.16 0.19 118.75 0.03 18.75

7 0.16 0.14 87.50 −0.02 −12.50

8 0.62 0.58 93.55 −0.04 −6.45

1 0.62 0.73 117.74 0.11 17.74

3 1.10 1.08 98.18 −0.02 −1.82

6 1.08 1.17 108.33 0.09 8.33

9 1.92 2.13 110.94 0.21 10.94

5 1.78 1.77 99.44 −0.01 −0.56

2 2.72 3.02 111.03 0.30 11.03

10 2.48 2.47 99.6 −0.01 −0.40

Average recovery (85.0–115.0%) 104.51

Recovery minimum (≥80.0%) 87.50

Recovery maximum (≤120.0%) 118.75

Upon substitution:

F0 =
s2

q−r

s2
r

=

Sq−Sr
νq−νr

Sr
νr

=
0.00820−0.00360

10−8
0.00360

8
= 5.11

This test statistic has a rather large value as compared to the
critical value, giving p = 0.037 at 95% confidence level. The
null-hypothesis of the lack of bias is not accepted.

It can be seen, that the usage of the current criteria results
in inconsistent outcomes. The presented example shows that
this assay seems acceptable with the regular assessment of the
recoveries or testing the zero bias. With the more sophisticated
methods we cannot accept this assay, because significant dif-
ferences are found due to the small standard deviation. This
problem can be overcome with the proposed approach.

Using the proposed approach the confidence band for the
bias is calculated (Fig. 4.3). The maximum deviation from 0
is 0.05. If this is smaller than the allowed bias (that is to be de-
fined for the investigated method by the expert analyst), the un-
biased nature of the analytical procedure is reassured. We can
express the bias in recovery percents (Fig. 4.4) showing that the
confidence interval for the deviation is abundantly contained in
the range required for the mean recovery (e. g. 85–115%). This
seriously encourages the acceptance of the assay.
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figure 4 .5 Confidence band for the Y− x bias (Example 4.2)

The constant variance, the independence of errors and the
adequacy of the linear fit has been checked and found to be
in order. The concentration independence of the bias is not
fulfilled here, thus here is no room for applying the refinement
on concentration independence.

example 4 .2 accuracy of a degradation product

Data on the accuracy study of an impurity are given in Table
4.2 on p. 39. The independence of errors is reassured. The
usual requirement for a degradation product is the 85.0–115.0%
range for average recovery, so the non-statistical requirements
are fulfilled.

Test t-test for the average bias is not significant, the test statis-
tics is t0 = 1.7763, meaning p = 0.1094. The p is much above
0.05, the null hypothesis of no bias is accepted.

The estimated regression parameters are b0 = −0.01689 for
the intercept and b1 = 1.0640 for the slope. The 95% confidence
interval for the intercept is (−0.1496, 0.1158), it contains 0. The
confidence interval for the slope is (0.9776, 1.1504), it contains
1. The hypotheses on zero intercept and on unit slope are ac-
cepted.

For the general regression test the residual mean square for
the full model is calculated as s2

r = 0.01070. The residual sum
of squares is Sr = 0.08562.
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figure 4 .6 Confidence band for the recovery (Example 4.2)

For the reduced model the residual sum of squares is calcu-
lated as Sq = 0.1578.

Upon substitution:

F0 =
s2

r−q

s2
r

=

Sq−Sr
νq−νr

Sr
νr

=
0.1578−0.08562

10−8
0.08562

8
= 3.37

The test statistic is smaller than the usual critical values, giv-
ing p = 0.0867 at 95% confidence level, thus the null hypothesis
of the lack of bias is accepted.

The 80% confidence band for the Y− x bias is shown in Fig. 4.5.
The maximum absolute bias is 0.25. As it is seen the bias de-
pends on the concentration, the second refinement option is not
allowed. The confidence interval for the recovery is alarming;
at lower concentrations the interval is wider than the allowed
limits (85–115%), as it can be seen in Figure 4.5.

The ordinary testing methods proved this analysis adequate,
but with the proposed method, a discouraging characteristic is
found.

4 .3 summary

The usual methods for deciding on accuracy are statistically
not well established. Some guidelines give advice on what not
to do, but none of them states what should be done. It may
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happen that the accuracy is not accepted by the usual statistical
test method, but analysts may feel that the bias is low enough
for accepting the procedure, without statistical proof. The pro-
posed method answers the relevant question in a statistically
well established way: if the bias exceeds an acceptable level or
not. The essence of the proposed method is testing an interval
hypothesis, similarly to the two one-sided t-tests (TOST). Tech-
nically the confidence interval of the bias is compared to the
allowed range.



5
E S T I M AT I O N O F B I A S F O R S I N G L E - P O I N T
C A L I B R AT I O N

T he applicability of single-point calibration is usu-
ally decided by testing the hypothesis of zero intercept.
In the following I show the problems with this hypothe-

sis and propose a method for justifying the applicability based
on the bias caused by the single-point calibration.

In analytical chemistry, calibration is used to establish a re-
lationship between the concentration of a component and the
measured values of an analytical signal. This allows the de-
termination of the concentration of an unknown sample. The
relationship is determined by measuring the analytical signal
of a set of standards with known concentrations, and fitting a
regression curve on these data points. Usually a linear relation-
ship is assumed, because even if the true function is not linear
on the whole concentration range, it can be approximately lin-
ear in a small range with negligible error.

In some cases the true concentration of the sample can be
estimated by measuring a single standard, leading to a single-
point calibration case. Analytical chemists prefer using single-
point calibration, since it requires less effort.

This approach is justified if the straight line goes through the
origin, which means a linear function with zero intercept. Fur-
thermore, any function can be approximated by a straight line,
if the single-point calibration is executed at the very vicinity
of the true concentration, but it requires the knowledge of the
true concentration and will not be discussed here. The justi-
fication of single-point calibration is to be performed during
validation, but the usual procedure is flawed. My aim is to pro-
pose a sound alternative. It has to be stated however, that the
guidelines of some companies do not allow using single-point
calibration at all.

In the general case the true calibration line is given by

Y = β0 + β1x. (5.1)

This may not be observed as the analytical signal is subject to
measurement error, but is estimated as

Ŷ = b0 + b1x, (5.2)

using the known composition (x) and the analytical signal (y)
pairs, measured at n points.

43
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In case of single-point calibration, one standard point is used
as reference instead of several standard concentrations for fit-
ting a different calibration line

Ŷ = bx. (5.3)

The decision on the use of single-point calibration is made dur-
ing the analytical method validation, based on the properties
of the estimated calibration line, fitted to several concentration
points (multiple-point calibration). For obtaining this calibra-
tion function a number of samples of known concentrations
x1, . . . , xn are measured to give a set of signal values y1, . . . , yn,
subject to measurement error. The b0 intercept and b1 slope is
obtained by linear regression, along with the s2

r residual mean
square error, and s0, s1, the standard errors of b0 and b1, re-
spectively, and s01 the covariance of b0 and b1 (calculated as
s01 = −x̄s2

1). At the same time the adequacy of the straight line
is assessed by observing the residuals, as well as the other con-
ditions for regression analysis (normality, independence and
homoscedasticity of errors) [28, pp. 80–92]. All these pieces of
information are used for the justification of single-point calibra-
tion.

In the validation phase one has to make a decision about the
suitability of the single-point calibration for future application
to a sample of unknown concentration. The y∗ analytical signal
is measured at x∗ reference concentration, and the slope of the
single-point calibration line is obtained using:

b =
y∗

x∗
(5.4)

When this line is used, the analytical signal (y) of the unknown
sample is measured, and the unknown concentration (an esti-
mate of the true concentration) is computed:

x̂ =
y
b
=

yx∗

y∗
. (5.5)

The difference of the estimated (x̂) and the true concentration
(x) is the error of estimate:

x̂− x =
yx∗

y∗
− x =

yx∗ − y∗x
y∗

. (5.6)

Please see Appendix c .1 for detailed formulas and Section 5.2
for examples.
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5 .1 the current method

In the course of the current analytical method validation pro-
cedure [28], the single-point calibration is justified by checking
the null hypothesis of zero intercept of the line fitted to n pairs
of x, y data points:

H0 : β0 = 0 (5.7)

If the null hypothesis is not rejected, the conclusion is that the
intercept does not differ significantly from zero, and then the
single-point calibration is applicable. The significance is tested
by Student’s t-test:

t0 =
b0

s0
. (5.8)

The null hypothesis is accepted if the actual value of the test
statistics is between the critical values:

−tα/2 <
b0

s0
< tα/2. (5.9)

The problems arising from using a zero null hypothesis for a
parameter is inherent in hypothesis testing. Generally the α
probability of type I error is fixed low (a true hypothesis be
rarely rejected), but the probability of type II error (rejecting
an erroneous hypothesis) is usually not addressed. As in Sec-
tion 2.1, the α corresponds to the A probability of type I error of
the practical question, as well as β to the B. The exact meaning
of accepting the null hypothesis is that the data do not contra-
dict to the null hypothesis (either because it is true or because
we do not have sufficient amount of information for rejection).
This means that accepting the null hypothesis does not infer
that it is true, the result is not interpretable. With less precise
analysis (larger s2

r ) and fewer measurement points (smaller n)
it is easier to accept the null hypothesis, even if it is far from
being true. Having a more precise analysis or having a larger
number of measurement points, the probability of rejecting the
null hypothesis is higher, even if it is almost true (the devia-
tion is not practically relevant). This is clearly an undesirable
property. A more careful analysis of the results would address
the type II error as well, in order to properly assign the num-
ber of measurement points. Even in this (unusual) case only
the detectable size of true intercept of the analytical signal is
considered, and this is definitely not the relevant question.
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5 .2 proposed method

The chemical analyst is not concerned of the true value of in-
tercept (s/he may not consider an allowable value for it), but in
the bias in the unknown concentration caused by single-point
calibration.
if the intercept of the true line is not zero, the estimatedThe relevant

question concentration through single-point calibration is biased. The
true bias, which is a theoretical value computed using the hy-
pothetical parameters of the true relationship, is calculated as:

true bias =
Yx · x∗

Yx∗
− x =

β0 + β1x
β0 + β1x∗

x∗ − x. (5.10)

This formula could be obtained from Eq. (5.6) if the true param-
eters of the regression line were known. Obviously the mea-
sured y values are subject to error, thus the parameters of the
true line are not accessible, and the bias may not be computed.
In statistical estimation theory, mean bias is defined as the dif-
ference between the mean value of an estimator and its target
value, i. e. the mean of Eq. (5.6):

mean bias = E

[
yx∗

y∗
− x
]
= E

[
y
y∗

]
x∗ − x (5.11)

Unfortunately, the expected value of the ratio of two normal
variables does not exist, so the mean bias is not defined in the
present case. Instead, the following parameter from Eq. (5.10)
will be defined, and referred to as bias in a broader, generic
meaning:

bias = ρ =
E[y]
E[y∗]

x∗ − x. (5.12)

This parameter is related to the median bias:

median bias = median
(

y
y∗

x∗ − x
)
=

= median
(

y
y∗

)
x∗ − x. (5.13)

The ρ parameter approximates the median bias if the coeffi-
cient of variation in y∗ (σy/µy) is not too large, i. e. under 20%,
which is practically always met in the pharmaceutical analysis,
but might be an issue with certain biological assays. The single-
point calibration is median unbiased if x equals x∗ for reasons
of symmetry (the median of y/y∗ is unity and ρ is zero). Fur-
thermore, it is practically median unbiased if β0 is zero and the
coefficient of variation is below 20%.
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The relevant question is put in the following way: Does the
bias caused by single-point calibration exceed the limits with a
certain probability? To answer this question, an allowable limit
for the bias has to be specified in concentration units. This
quantity is not a statistical property; it depends solely on the
purpose of the analysis (the required precision and accuracy).
following the line of the relevant question one has to The relevant answer

prove that this bias is between the limits (with high probability)
by the interval hypothesis (see Section 2.3:

H1 : −∆ < bias < +∆ (5.14)

It is tested as an alternative hypothesis by the two one-sided
hypotheses (see Section 2.3). [30, 31, 54]

The statement is split into two parts; a pair of hypotheses
(lower and upper) is obtained:

H0l : bias ≤ −∆ H1l : bias > −∆ (lower) (5.15a)
H0u : bias ≥ −∆ H1u : bias < −∆ (upper) (5.15b)

where ∆ is the half-width of the acceptable region for the bias
(defined on the basis of the analytical requirements).

One has to prove that this bias is between the limits (±∆), that
is to conclude the alternative hypothesis. In other words the
user (analyst) prefers to reject the pair of null hypotheses (5.15)
and accept the alternative one.

In this case α is the probability of type I error for the two one-
sided tests, i. e. the erroneous rejection of the null hypothesis,
when it is true (B of the practical question). From the point of
the user this is the probability of erroneous justification of the
single-point calibration. In TOST traditionally α = 0.1 is chosen
for either direction [30, 34]. This corresponds to the type II error
of the traditional hypothesis of zero intercept, and the type II
error of the practical question (B) as well.

The interval hypothesis (5.14) is accepted if the 100(1− 2α) =
80% confidence band for the true bias is contained entirely
within the acceptable limits for all relevant concentration val-
ues x. Even if the true line goes through the origin, there is a
random error in the estimated concentration of the unknown
sample.
when a single -point calibration is performed, a standard Method of

calculationsample with known reference concentration (x∗) is analyzed
leading to the y∗ signal, which is subject to measurement er-
ror. The y analytical signal of the unknown sample x is mea-
sured with an error as well; the true concentration is estimated
through Eq. (5.5).
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Since the x true concentration of the future unknown sam-
ple is never known, the confidence interval of the bias may
only be calculated for some pre-defined range of hypothetical x
values. In pharmaceutical analysis the single-point calibration
is typically used to measure the active ingredient, where the
concentration is given in the percentage of label claim (target
concentration). Hence the bias can be checked in a reasonable
concentration range, e. g. 85–115%. If the calibration is used for
impurities, the relevant concentration range is set accordingly
(e. g. around 1%).

However, the suitability of the single-point calibration for
future samples has to be ensured during method validation.
The choice for the reference concentration (x∗) is fairly straight-
forward, as it is — in case of studying the active ingredient —
mostly be equal to the label claim. For the analysis of impuri-
ties the reference has to be set to the expected concentration of
them.

For calculating a confidence interval for the bias, we are fac-
ing the problem of the ratio of expected values of two random
variables in Eq. (5.12):

ρ =
E[y]
E[y∗]

x∗ − x. (5.16)

With Fieller’s theorem [55, 56] and [2, p. 464], a confidence
interval can be calculated for the ρ parameter (see Appendix
a .3 for detailed formulas and Section 5.2 for examples).

If we define A, B and C as:

A = b2
0 − s2

0t2, (5.17a)

B = b0(b0 + b1x∗)− (s2
0 + s01x∗)t2, (5.17b)

C = (b0 + b1x∗)2 − (s2
0 + 2s01x∗ + s2

1x∗2)t2, (5.17c)

the confidence interval is given by Eq. (a.54) in Appendix a .3:

ρU,L = (x∗ − x)
B±
√

B2 − AC
C

, (5.18)

given C > 0, and AC < B2. These conditions are practically
always met if the coefficient of variation for y∗ is below 20%.

examples 5 .1 & 5 .2

Two examples will be shown to characterize the differences be-
tween the traditional method and the TOST approach. During
the calculations, standardized values were used for good com-
parability. The concentrations were set in percentages of label
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claim (100%), and the measured values were also standardized
to percentages relative to their means, meaning the β1 was al-
ways equal to 1.
one realization of the hypothetical multiple-point calibra- Example 5.1

tion of the validation phase was generated and given in Ta-
ble 5.1, with the following parameters: β0 = 0, β1 = 1, σy = 5,
and n = 9. The following parameters are provided by regres-
sion analysis software, or can be calculated with the formulas
in Appendix c .1. These are necessary to calculate both the
traditional zero intercept null hypothesis, and the confidence
interval for the bias.
The intercept: b0 = −3.6556 and its standard error: s0 = 4.5824.
The slope: b1 = 1.0453 and its standard error: s1 = 0.04361.
The residual mean square error: s2

r = 17.8290, its degrees of
freedom (which is then the degrees of freedom for the t-test) is
9− 2 = 7.

The critical t-value (value above which the t-distribution takes
values with α/2 probability) for the zero intercept null hypoth-
esis (usually α = 0.05):

tα/2,n−2 = t0.025,7 = 2.3646

table 5 .1

i x y

8 50 49.193

5 62.5 61.803

2 75 75.517

1 87.5 90.980

6 100 96.520

9 112.5 116.311

3 125 119.138

4 137.5 140.042

7 150 158.363

x̄ 100

The null hypothesis H0 : β0 = 0 is accepted if

−tα/2 <
b0

s0
< tα/2

b0

s0
= −0.7977 ⇒ −2.3646 < −0.7977 < 2.3646

We can’t reject the null hypothesis of zero intercept, thus we
conclude the single-point calibration is justified for routine use.
Now this decision is compared to that of the confidence interval
approach.

From Table 5.1 x̄ = 100 and s01 = −x̄s2
1 = −100 · 0.043612 =

−0.1902.
For the TOST method, the interval hypothesis (Eq. 5.14) is

to be accepted if the 1− 2α′ level confidence interval is in its
entirety contained in the allowable range. The critical t-value
is different (α′ = 0.1, again with 7 degrees of freedom): t =
tα′,n−2 = t0.1,7 = 1.4149.

The bias is checked along a relevant range of concentration,
(e.g. 85–115%), and the confidence interval is symmetric for
x around fixed x∗ (Figure 5.1), so it is sufficient to check at
x = 85%, with x∗ = 100%.
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figure 5 .1 Example 5.1: The true bias, and the confidence band for the
bias as a function of the true concentration (x) with fixed x∗

The terms for calculating the confidence interval are defined
by Eq. (5.17):

A = b2
0 − s2

0t2 = −28.6760,

B = b0(b0 + b1x∗)− (s2
0 + s01x∗)t2 = −372.7177, and

C = (b0 + b1x∗)2 − (s2
0 + 2s01x∗ + s2

1x∗2)t2 = 10171.5898.

With these, the confidence interval for the bias is given by
Eq. (5.18):

ρU = (x∗ − x)
B +
√

B2 − AC
C

= 0.4181, and

ρL = (x∗ − x)
B−
√

B2 − AC
C

= −1.5173.

The 80% confidence band for bias is plotted in Figure 5.1. It
can be seen that the width of the confidence interval is almost
2% and the maximum absolute bias is 1.5% (at x∗ − x = 15%),
which may not be acceptable.
another example was generated with different parameters:Example 5.2

β0 = 5, β1 = 1, σy = 1, and n = 9. The detailed calculations
are omitted here; just the decisions with the two different meth-
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figure 5 .2 Example 5.2: The true bias, and the confidence band for the
bias as a function of the true concentration (x) with fixed x∗.

ods are compared. For the hypothesis of zero intercept the test
statistic is calculated as:

b0

s0
= 4.7298, (5.19)

which is above tα/2 = 2.3646, thus we reject the null hypothesis
of zero intercept, and the applicability of single-point calibra-
tion.

To check the bias using the TOST approach, the confidence
interval is calculated at x = 85%:

ρL,U = (0.4586, 0.8480)

The confidence band is shown in Figure 5.2. It is clear that the
maximum absolute bias is well under 1% for the whole range,
so it may be justified to conclude the applicability of the single-
point calibration (given the analytical requirements enable such
bias).

In this case (non-zero true intercept with small standard devi-
ation), there is basically no chance of concluding that the single-
point calibration is acceptable with the null hypothesis of zero
intercept, even if the true bias is sufficiently small for the prac-
tical application. On the contrary, with the TOST confidence
interval approach the decision is based on the apparent bias
(which contains the random error as well).
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5 .3 discussion of confidence intervals for the bias

Figure 5.1 shows the 80% confidence bands for the bias (used
for TOST decision) in Example 5.1. The confidence band is
shown in function of the true concentration (x) with a fixed x∗,
and the dotted line is the true bias (not known for real data).
The figure refers to the case when the true line goes through the
origin (β0 = 0). It can be seen that the apparent bias depends
on the difference between the single-point standard concentra-
tion (x∗) and the true concentration (x). In the ideal x∗ = x
case, there is no apparent bias (the width of the confidence in-
terval is 0). The more we depart from the ideal case, the wider
the confidence interval becomes. The confidence band for the
bias is of non-zero width even if the true bias is zero (the dot-
ted line is horizontal, β0 = 0). It should be stressed that this
confidence interval does not give the extent of the bias but the
range in which the user may locate the bias, thus it reflects the
limited amount of information. In this case we positively know
that there is no bias (as the data were generated this way), but
the only thing the user may know that the bias does not exceed
1.5%.

Figure 5.2 shows the 80% confidence bands for the bias in
Example 5.2, similarly Figure 5.1. The data presented in Fig-
ure 5.2 contains genuine bias (β0 6= 0). If the true intercept is
non-zero, the true bias (thus the center of the confidence inter-
val) depends on the x∗ − x difference, as well as the width of
the confidence interval.

It is worth noting that the actual characteristics (slope and
width) of these bands depend not only on the shown parame-
ters of the true line, but also on the random error of y in the gen-
erated multiple-point calibration line. Thus if another dataset
is generated with the same parameters, the slope and the width
of the band will be more or less different. In a real case the true
line (true intercept) is not known, and the user may consider
only the apparent bias in the decision.

To see the general picture of the properties of the confidence
intervals for the bias, simulated mean confidence limits were
generated and shown in Figure 5.3. On panel a the mean con-
fidence limits generated from 5000 runs are shown for two dif-
ferent variances for the zero intercept case. Here the true bias is
zero along the x axis, and the center of the confidence intervals
is horizontal. With 1% relative standard deviation (RSD) the ap-
parent bias is in long term negligible, the half-width staying
under 0.25% even at x = 85% (15% difference form the label
claim). For 5% relative standard deviation (RSD) the half-width
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figure 5 .3 Simulated mean confidence bands and the true bias.
The multiple-point calibration of the validation phase is generated
for n = 9 points and the calibration line is fitted to yield the esti-
mated parameters of the line, and then the single-point calibration is
performed. This cycle is repeated 5000 times to yield the mean confi-
dence bands. Panel a and b show simulated mean confidence bands
at a fixed x∗ as a function of x with different parameters. Both pan-
els contain two sets of simulations with different variance to show
its effect.

widens at the extremes to around 1% (on average). It may be
an acceptable bias in long term, but for individual datasets (as
in Example 5.1) the result may be different.

Figure 5.3b shows a similar scenario for β0 = 5. It is clear
that the bias exists in this case. The dependence on the x∗ − x
difference is more expressed if the intercept is not zero, as not
only the width of the interval varies with the difference, but
the center (the true bias) as well. For 1% RSD the absolute value
of the apparent bias increases to 0.5–1% at the extremes of the
graph. For 5% RSD the upper confidence limit increases to 1.8%
at x = 85% true concentration. It is also worth noting that
the limit for the apparent bias depends not only on the x∗ − x
difference, but on its sign, too. However, only the sign of the
bias is dependent, the absolute value (width of the confidence
interval) remains the same on both sides.

With an increasing standard deviation, there is a higher and
higher probability of accepting the traditional hypothesis of
zero intercept. With the TOST confidence interval approach one
may conclude on the acceptability of the bias only if the user
is convinced that the possible bias does not exceed the limit,
neither due to a large standard deviation, nor due to the large
bias.
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The real interest of the analyst is in the error of the estimated
concentration (Eq. 5.6) caused by the single-point calibration.
This consists of two components, the precision (the unavoid-
able random error, occurring with multiple-point calibration as
well) and the accuracy (the bias). In order to give quantitative
impression, the confidence interval for the bias is compared to
that of the true concentration that would be obtained with a
multiple-point calibration, shown in column CIx. To show the
relative proportion of the random error and the bias, average
confidence intervals for the concentration containing only ran-
dom error are calculated (Eq. a.55 in Appendix a .3). These
are compared to the confidence intervals for the bias (CIbias) in
Table 5.2. The table also contains the probability of rejecting
the conventional null hypothesis of zero intercept calculated by
Eq. (c.14) in Appendix c .1. The confidence intervals for the
random error do not depend on the x∗ − x difference, as they
are computed based only on the parameters of the multiple-
point calibration (validation phase), neither does the probabil-
ity of accepting the zero intercept. The confidence intervals for
the bias correspond to the leftmost edge of the graphs in Fig-
ure 5.3 (x = 85%). It can be seen that the bias may seem large
as compared to the standard deviation when the latter is small.
If, in contrast, the standard deviation is large, the effect of bias
may be negligible as compared to that of the random error, sug-
gesting that one may not care for this bias, but in fact the whole
calibration is hopeless in this situation. The inferior features of
the null hypothesis of zero intercept are also worth noting. The
column with heading P[|b0/s0| > tα/2] contains the probability
of rejecting this null hypothesis. With low standard deviation
the conventional null hypothesis is rejected when the apparent
bias is well under 1% (2nd row in last column), however, with
larger standard deviation a bias of more than 3% is permitted
(final row in last column). The rows where the probability of
rejecting the null hypothesis of zero intercept equals 0.8 corre-
spond to the true intercept where this method has a type II error
of 80%. This is to be compared to the TOST method with type I
error of 80%. Similar picture is obtained for the impurities (not
shown here), where the true concentration was below 1%. An
exception is that Fieller’s approximation fails if the standard
deviation is large as compared to the measured concentrations,
as the discriminant under the square root may be negative lead-
ing to complex confidence intervals. Obviously, an adequately
low standard deviation has to be maintained, because it is also
pointless trying to measure concentrations below 1% with an
analytical method of 1% RSD.
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table 5 .2 Comparison of the confidence interval widths and the conven-
tional null hypothesis
The table contains probabilities of rejecting the traditional null
hypothesis of zero intercept, confidence intervals for the true
concentration (that would be obtained by multiple-point cali-
bration, CIx) and confidence intervals for the bias (CIbias), with
different parameters. The two confidence intervals are means
of 5000 runs similarly to Figure 5.3. The critical t-value for
P[|b0/s0| > tα/2] column is t0.05/2,7 = 2.3646 with α = 0.05,
and for the CIx and CIbias columns are t0.1,7 = 1.4149 with
α′ = 0.1.

σy β0 P[|b0/s0| > tα/2] CIx CIbias at x = 85%

1
0 0.05

(−1.45, 1.44)
(−0.223, 0.223)

3.270 0.800 (0.259, 0.689)

5 0.989 (0.501, 0.923)

5
0 0.05

(−7.51, 7.25)
(−1.13, 1.12)

5 0.140 (−0.351, 1.76)

16.35 0.800 (1.17, 3.06)

5 .4 summary

The traditional method for justifying the applicability of single-
point calibration is flawed. Checking a null hypothesis of zero
intercept does not infer that a single-point calibration will be
suitable for routine use, and can lead to different kinds of er-
rors. It is also pointless to define an allowable range for the
true intercept, as it carries no physical meaning. The relevant
question: “Does the bias caused by single-point calibration ex-
ceed the limit (with a certain probability)?” I have provided a
procedure for deciding on the applicability based on the con-
fidence interval calculated for the bias using Fieller’s method
and a decision by the two one-sided tests approach. If the con-
fidence interval for the bias is contained in an allowable range
defined in concentration units, the use of single-point calibra-
tion is justified. With small true intercept and small standard
deviation, our method returns confidence intervals that are suf-
ficiently narrow to allow the use of single-point calibration. If
the standard deviation of the analytical method is low, the bias
caused by the single-point calibration may be comparable to the
unavoidable random error. However, the single-point calibra-
tion can still be adequate if the caused bias is negligible for the
practical application. With larger standard deviations, the bias
may seem low compared to the random error, but in these cases
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the analytical performance would not be adequate for routine
use even with multiple-point calibration.
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A S S AY A N D C O N T E N T U N I F O R M I T Y

P harmaceutical products prior to their approval for
market authorization are evaluated/tested according to

their Quality Test Specification (QTS). Tests, described in
the QTS contain physical tests (appearance, average mass, etc.),
chemical tests (assay, purity, etc.), and pharmaceutical tests (dis-
solution, content uniformity). Assay and content uniformity
(CU) tests are two major aspects of drug quality assessment,
discussed in this paper. Assay value reflects the mean active
content in a production batch. The content uniformity test
shows the distribution of the active content within the produc-
tion batch.

While most quality attributes are regulated in the Pharma-
copoeias [57, 58] and various Guidelines [51, 52, 59], the assay
requirements are dictated — at least in Europe — by a European
Directive [60]. The European Pharmacopoeia has introduced a
significant change in the calculation of the content uniformity
values and in their acceptance criteria in 2005. The United
States Pharmacopeia (USP) and the Japanese Pharmacopoeia
(JP) has been harmonized with the European Pharmacopoeia
(Ph. Eur.) requirements in 2007.

In the following I will enlighten some of the inconsistencies of
the assay and CU requirements present in the current Pharma-
copeias. This chapter deals with the regulation concerning solid
dosage units, mentioned further for brevity mostly as tablets.

6 .1 current regulations

the aim of the assay is to prove that the mean active content Assay

of the product batch is close to its label claim. The assay tests
are published in the pharmacopoeia monographs (if any) indi-
vidually for the active ingredient. For example, the USP mono-
graphs are published for the pharmaceutical dosage forms in-
dividually, whereas the European Pharmacopoeia monographs
deal with the active pharmaceutical ingredient (API) individu-
ally and for the finished dosage forms only general descriptions
are available. The assay limits for medicines are defined by law
in Europe: at release the maximum acceptable deviation from
the label claim shall not exceed ±5% [60]. Interestingly, it is
not regulated how the average is made up: neither the number
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of the tablets representing the population, nor the number of
parallel measurements is given.
the content uniformity tests are used for proving the re-Content uniformity

(CU) quired homogeneity of the active content in a production batch.
It is performed by measuring the active content of n individual
dosage units.

The European Pharmacopoeia had loose criteria for content
uniformity until July 1st, 2005 [61, 62]. It gave criteria only for
the measured individual active contents, no requirements for
the average and the standard deviation were given. The num-
ber of the random taken dosage units was set to 10, and uni-
formity was accepted, if the individual values were found to be
in the range of 85–115% of the calculated average. If one of the
values was outside the 85-115% but within the 75–125% range
additional 20 randomly taken dosage units had to be analyzed.
If not more than one individual dosage unit of the total 30 was
outside the 85–115% and none were outside the 75–125% range,
the product met the requirements of the test.

After July 1st, 2005 the European Pharmacopoeia introduced
a new legislation of the content uniformity [57]. This tolerance
interval-based legislation is more complex than the previous
versions. An acceptance value is computed and is compared to
a permissible limit. The new version is shown in Table 6.1.

table 6 .1

AV acceptance value

AV = |M− x̄|+ ks

M reference value

98.5% if x̄ < 98.5%

x̄ if 98.5% ≤ x̄ ≤ 101.5%

101.5% if x̄ > 101.5%

x̄ mean of individual contents

n number of samples

k acceptability constant (tol-
erance factor)

k = 2.4 if n = 10

k = 2.0 if n = 30

s sample standard deviation

L1 limit for the acceptance
range

L1 = 15

L2 limit for the individual
units

L2 = 25

The requirement of content uniformity is fulfilled if the ac-
ceptance value (AV) of the first 10 dosage units is less than, or
equal to L1. If it is greater, then together with the next 20 sam-
ples the final AV must be less than, or equal to L1 (n = 30). The
individual contents must be in the range of (100− L2)M and
(100 + L2)M. This is superior to the previous version, since
it contains some kind of expectation for the average and the
standard deviation.

The acceptance value (AV) is calculated as the sum of two
components, namely the difference of the observed mean and
the reference value (|M− x̄|) and the width of the tolerance
interval (ks). Thus, the decision on accepting/rejecting a batch
depends not only on the width of this interval but also on the
shift of the mean from the nominal value.

Until 2007, the US requirements were determined in a pre-
vious version of USP 〈905〉 [61]. To ensure the consistency of
dosage units, each measured unit in a batch should have had
an active content within the given range around the label claim.
Ten randomly taken units represented the batch. The individ-
ual results should have been between 85–115% of label claim,
with an RSD < 6.0%. If one of the samples had been out of
the 85–115% range, but had been within 75–125% boundaries,
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then additional 20 units must have been measured. For the total
of the 30 values, the following applied: the individual results
should have been between 85–115% with RSD < 7.8%, one out-
lier was permitted, but should have been between 75–125% of
the label claim. In 2007, the USP adopted the European Phar-
macopoeia (Ph. Eur.) regulations, as did the Japanese Pharma-
copoeia (JP). In the recent years a discussion remained about
products of nasal delivery [63–67].

6 .2 discussion

The content uniformity is related to the idea of tolerance in-
tervals. One may ask what the range is in which the content
of most tablets or capsules (e. g. 95% of them) occur at high
(e. g. 95%) probability. In other words most of the patients
should obtain a dose of the active ingredient not deviating from
the label claim more than the specified value (15%). Specifically
a P content tolerance interval with U upper and L lower lim-
its, respectively, should contain at least P part of the population
with γ degree of confidence (probability): P[P[L ≤ x ≤ U] ≥ P] =
γ (Section 1.2 and [3]). This interval can be obtained from a
random sample of the population (measuring the individual
content of a certain number of tablets) as x̄− ks < X < x̄ + ks,
where X is the random variable (content of individual tablets),
x̄ and s are the mean and the standard deviation of the random
sample, respectively. The k tolerance factor depends on the de-
grees of freedom of the s standard deviation, on the P content
and γ probability. This may be considered a two one-sided
hypothesis for a proportion of the population, thus the toler-
ance interval is checked [64, 68]. The general idea is the same,
meaning that we conclude uniformity if the tolerance interval
is contained in the predefined range.

This approach assumes a single source of variation, thus would
be directly applicable if there were no measurement uncertain-
ties. Unfortunately the content values are accessible only through
chemical analysis subject to measurement errors. As the pur-
pose is to calculate tolerance interval for the true active content,
the s standard deviation should stand for the variability of the
dosage units.

In the content uniformity measurements, however there are
two sources of variation: variability of the dosage units (inho-
mogeneity) and the measurement (analytical) error (Section 1.3).
The adequate approach for this problem is the one-way random-
effects analysis of variance (ANOVA), enabling the separation of
the variability sources. The model is yij = µ + ai + εij, where
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yij is the jth measurement result on the ith dosage unit of the
batch, µ is the center of fluctuation, ai is the deviation in the
content of the ith dosage unit from the center (effect of random
factor a) and εij is the measurement error in the jth measure-
ment of the ith dosage unit. The estimated variance of the in-
homogeneity is calculated as σ̂2

a = (S2
a − S2

r )/p, where S2
a is the

mean square between tablets, S2
r is the mean square attributed

to the analytical error and p is the number of repeated anal-
yses. This experimental design would require repeated mea-
surements of each dosage unit, which is not typical in content
uniformity analysis, thus generally p = 1, therefore S2

r may not
be evaluated. The estimated analytical error variance should
be taken from the validation study of the applied analytical
method.

Calculation of the tolerance interval in the context of one-
way random-effects ANOVA model is not simple. One compli-
cation is that the estimated variance of the tablet diversity is
calculated as the difference of the mean square variances in
the content uniformity test and that of the measurement error,
and it does not behave like the squared standard deviation of
a simple set of measurements (not distributed as χ2

νσ2/ν). The
Satterthwaite-approximation [14] has to be used which leads to
non-integer degrees of freedom (Section 1.3), which can cause
computational difficulties. In addition, because the degrees of
freedom depend on the actual values of the standard devia-
tions, it may not be tabulated for general use, but (together
with the resulting k tolerance factor) has to be calculated for the
actual content uniformity measurement (for the actual combi-
nation of observed standard deviation and estimated measure-
ment error). Since the estimated variance of the tablet diversity
is calculated as the difference of two mean squares, there is
a nonzero probability of finding this difference negative. The
second type of complication arises from the two-sided nature
of the required tolerance interval, for which there are only ap-
proximation methods available here as well.

Based of the comparative study of Wang and Iyer [24] and
Eberhardt et al. [12], Howe’s two-sided tolerance factor approx-
imation [27] has been chosen for the calculations. For practi-
cal applications, the tolerance factor for the interval calculation
should easily be calculated by available software. The exact
method requires numerical integration and is not suitable for
routine use. Howe’s approximation would facilitate this, but
unfortunately, most of the desktop software are unable to cal-
culate cumulative distribution function values with non-integer
degrees of freedom (which is required for the Satterthwaite-
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table 6 .2 One-sided widths of the intervals (ks) in percent of label claim

Total RSD of
content
uniformity test

(I) Ph. Eur. (II) one variance (III) one-way random modela RSD of the analytical method

k = 2.40 k = 4.44 0.25 0.50 1.00 1.50 2.00 2.50 3.00

0.50 1.20 2.22 2.22

1.00 2.40 4.44 4.44 3.63

1.50 3.60 6.66 6.67 6.15 4.32

2.00 4.80 8.88 8.89 8.51 7.27 4.64

2.50 6.00 11.10 11.11 10.81 9.86 8.07 4.69

3.00 7.20 13.32 13.33 13.08 12.30 10.90 8.64 6.96

3.50 8.40 15.54b 15.56b 15.34b 14.68 13.52 11.74 10.54 3.94

4.00 9.60 17.76b 17.78b 17.59b 17.02b 16.02b 14.54 13.57 9.28

5.00 12.00 22.20b 22.22b 22.07b 21.62b 20.84b 19.71b 19.00b 16.13b

6.00 14.40 26.64b 26.67b 26.54b 26.16b 25.52b 24.61b 24.03b 21.81b

a the ranges are function of the analytical variability with this method b intervals outlying the ±15% range

approximation). For example, Microsoft Excel and LibreOffice
Calc truncates the real degrees of freedom to the nearest lower
integer. Statistical packages (e. g. R, STATISTICA) are able to do
this, but they are not as widely available as the office programs.

6 .3 reconsidering the content uniformity calcu-
lations

in order to demonstrate the difference between the interval Computation
methodscalculation concepts three different methods have been applied

to calculate the width of the tolerance intervals assuming dif-
ferent observed content uniformity standard deviation values
and measurement errors.

The first method (method I) is the procedure proposed by the
European Pharmacopoeia content uniformity regulation with k
factor of 2.4 and s standard deviation obtained in the content
uniformity measurements. One problem is that this tolerance
factor is calculated — presumably — with P = 0.91 coverage
and γ = 0.84 probability, and these values do not follow any
widely used convention. The other problem is that this method
mathematically assumes a single source of variation, without
considering the one-way random factor ANOVA model. Two
possible corrections of the European Pharmacopoeia method
have been investigated and shown below.

In method II the same concept has been used as in the Euro-
pean Pharmacopoeia, but the value of the k factor is based on
statistically more sound consideration. The value of 4.44 has
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been chosen from the two-sided tolerance interval table [69]
for n = 10, P = 0.99 (99% content) and γ = 0.95 (95% probabil-
ity). In this method only the tolerance factor has been corrected
but still a single source of variation is considered, therefore
measurement error and inhomogeneity cannot be separately as-
signed.

In method III the correct one-way random effects model based
tolerance intervals have been applied. Therefore the k tolerance
factor is not constant, it depends on the actual values of the
observed standard deviation of content uniformity and that of
measurement error (n = 10, P = 0.99, γ = 0.95).
table 6 .2 shows the one-sided widths (ks) of the intervalsResults of

computations calculated in the above mentioned three different ways, with
different variance component values. The total RSD of the con-
tent uniformity test is the relative standard deviation observed
(evaluated) from content uniformity measurements, and this is
the only standard deviation used for method I and method II.
The total RSD of the content uniformity test reflects the sum of
two variances, namely that of the tablet inhomogeneity and an-
alytical error. When applying method III the two variances are
separated. The RSD of the analytical method (used in method III)
reflects the fluctuation due to analytical error.

For example if the total RSD of the content uniformity test is
3%, and the RSD of the analytical method is 1%, the original
European Pharmacopoeia method calculates the range of tablet
contents (around the mean) to be ±7.2%, while the modified
European Pharmacopoeia method (method II, with k = 4.44)
gives a more realistic approximation for the real value of the
range (±13.32%), and the proposed new method (method III)
proves it to be ±12.30%. The higher the total error the wider the
range for method I and method II becomes. Using method III,
the higher the analytical error (provided that the level of inho-
mogeneity is constant), the narrower the range for the true ac-
tive content of the tablets is (as the effect of measurement error
is subtracted from the experienced total fluctuation).

It can be seen from the results that the European Pharma-
copoeia intervals are unreasonably narrow, compared to the in-
tervals with the correct tolerance factor. As the range (x̄± ks)
needs to be within the nominal ±15%, this error can lead to ac-
cepting batches where the major proportion of the dosage units
is not contained within 85–115% of the label claim. In addition
the calculated intervals reflect the variability of the measured
contents of the dosage units, not the true active contents.

Results with method II (single source of variation, in fact cou-
pling the two sources in an inappropriate way, but with the
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table 6 .3 Allowable deviation of the mean from the nominal content (percent of label claim)

Total RSD of
content
uniformity test

(I) Ph. Eur. (II) one variance (III) one-way random modela RSD of the analytical method

k = 2.40 k = 4.44 0.25 0.50 1.00 1.50 2.00 2.50 3.00

0.50 13.80 12.78 12.78

1.00 12.60 10.56 10.56 11.37

1.50 11.40 8.34 8.33 8.85 10.68

2.00 10.20 6.12 6.11 6.49 7.73 10.36

2.50 9.00 3.90 3.89 4.19 5.14 6.93 10.31

3.00 7.80 1.68 1.67 1.92 2.70 4.10 6.36 8.04

3.50 6.60 0.00 0.00 0.00 0.32 1.48 3.26 4.46 11.06

4.00 5.40 0.00 0.00 0.00 0.0 0.00 0.46 1.43 5.72

5.00 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

6.00 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

a the ranges are functions of the analytical variability with this method

correct k factor) are better from compliance aspects. These in-
tervals also reflect the variability of the measured contents of
the dosage units, not the true active contents. Thus if the an-
alytical error is large (the analytical error is of similar size to
the variability of the tablets), it widens the calculated range be-
yond the acceptable level leading to the rejection of appropriate
products.

Tolerance intervals for the one-way random model (method III)
regard both the tablet variability and the analytical error sepa-
rately. With this method the calculated intervals reflect the true
active content of a product batch. As a result, these intervals are
wider than those calculated using the original European Phar-
macopoeia regulation (method I), but narrower than the more
established modified European Pharmacopoeia (method II).

The proposed method is more reliable, as the model is statis-
tically more sound, but in practice may be problematic to use
due to computational demand (the tolerance factors are a func-
tion of the variability sources). This could be made easy for the
manufacturers by supplying tabulated factors covering a range
of relevant cases for practice.

According to the current European Pharmacopoeia regula-
tion the acceptance value is calculated as the sum of two com-
ponents, namely the difference of the observed mean and the
reference value (|M− x̄|) and the width of the tolerance interval
(ks). Thus, the decision on accepting/rejecting a batch depends
not only on the width of this interval but also on the shift of
the mean from the nominal value. Table 6.3 shows the size of
allowable shift for the three different methods.
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It can be seen from the results that a significant shift is al-
lowed to occur even with the corrected methods. The smaller
the observed content uniformity standard deviation, the larger
the shift can be. Using the current Ph. Eur. method, the allowed
shift can be severe. Method III, with the corrected tolerance fac-
tor, allows smaller deviations from the nominal value. The shift
changes with the variance of the analytical error when using the
intervals based on the one-way random model (method III). The
intervals for the true content of the product are narrow due to
the exclusion the measurement error from the overall variance.
The larger measurement error takes larger part in the resulting
variability, so the tolerance intervals are narrower increasing
the allowed shift of the mean.

For example, if the measured RSD of the content uniformity
test is 3.0% then according to the European Pharmacopoeia the
calculated width of the content range is ±7.2% (Table 6.2). As
such, the average can still shift from the label claim by 7.8%.
If the stricter k factor (4.44) is applied, the calculated width of
the content range is ±13.3% and a much smaller, 1.68% shift
of the average is possible. Using the one-way random model,
the allowed shift varies from 1.67% to 8.04%, depending on the
relation of measurement uncertainty to the total variation.

6 .4 doubts in consistency of content uniformity

and assay

The acceptance of a tablet batch (among others) is based both
on the content uniformity test and on the assay. In the previ-
ous section it was shown that these two characteristics are not
independent, the shift in mean value (the assay) influences the
position of the tolerance range (the content uniformity test re-
sult). Therefore, it may be desirable to use two independent
(may be mentioned as orthogonal) characteristics.

In general, an industrial product is of good quality if the fluc-
tuation of its characteristic (e. g. active content in drug prod-
ucts) is small and the average value of the characteristic is close
to the nominal value. These are well characterized by two
independent parameters of the assumed normal distribution:
variance and expected value, namely, the variance is preferably
small; the expected value should be close to the nominal. The
estimates of these two parameters (sample variance and sample
mean) are statistically independent variables.

The assay reflects the sample mean in a correct way in the
context of independent characteristics. Contrarily, the current
content uniformity test attempts to represent a consolidated in-
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dex of drug product quality, reflecting both the mean and the
variance. These two properties can be verified independently.
In that case the fluctuation may be characterized as some kind
of interval around the mean characteristic only, without paying
attention to the nominal value in the acceptance requirements.

The philosophy behind the present definition of the content
uniformity tests is that the authorities want to assure that the
consumer will receive a drug product having active content not
seriously deviating from the nominal dose value (within 15%).
This philosophy makes the check of the mean assay value (shift
of the mean content from label claim) unnecessary. In this ap-
proach, the shift of the mean content is of no interest, because
the patient is affected only by the true active content of the few
tablets that s/he takes.

6 .5 proposals for applicable decision criteria

There are several possible solutions for the mentioned prob-
lems.

(a) The current content uniformity regulations can be followed,
because this holistic approach fully respects the patients’
compliance aspect, thus it may serve as a synthetic index
of the quality of a drug product alone. The calculation
of the tolerance range is to be performed in a statistically
sound way (method III), however. In accordance with this
approach the assay becomes unnecessary, therefore it can
be omitted from the QTS. It is worth mentioning that the
requirement of obtaining most tablets at high probabil-
ity in the ±15% range is dictated by non-statistical argu-
ments.

(b) There are several cases where the mean of a characteristic
and the fluctuation is examined side by side. In other in-
dustries where mass products are manufactured (e. g. food,
household goods, etc.) both requirements are set indepen-
dently [70]. The philosophy behind this regulation is fair
business in addition to assuring the single customer/con-
sumer. The company is not allowed to deliver products of
lower content in average, even if it is able to manufacture it
at low fluctuation. Most generally orthogonal characteris-
tics are preferred in decisions. This approach may be use-
ful not only for regulatory purposes, but it helps in quality
improvement, because different measures are required if
the mean or the variance is found to be improper. If this
(orthogonal criteria) approach is followed, requirements
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are to be set for both in QTS. For example the mean value
of the assay should not deviate more that 5% of the label
claim (preferably demonstrated by two one-sided t-test);
the ±ks width of the tolerance range (for instance n = 10,
P = 0.99, γ = 0.95) should not exceed the ±15% limits.

(c) If one wants to express the goodness of the product with
a single property, however, Taguchi’s quadratic loss func-
tion [71], which is widely accepted in quality engineering,
may be used (see Appendix c .3 for the explanation of the
loss function). In that case the requirement is to be spec-
ified for the s2 + (x̄− T)2 core of the loss function, e. g. it
should not exceed 36%2, which is roughly equivalent to
the ±5% (assay), ±15% (content uniformity range) crite-
rion in option (b).

example 6 .1 application of the proposed criteria

The slightly different characteristics of the proposed decision
criteria are presented on hypothetical examples based on prac-
tically occurring content uniformity and assay data using high
performance liquid chromatography (HPLC) measurement meth-
ods. In Table 6.4 three different hypothetical products are shown,
one well-controlled product and two in early stage of develop-
ment. The table contains the measured parameters and the de-
cisions with different criteria. The first three blocks of the table
show the different tolerance interval calculation methods for
the content uniformity approach (method I–III). According to
regulations, in order to accept the batch, the acceptance value
must be less than or equal to 15. The batch in the third column
is not accepted by method II and method III. With the orthog-
onal criteria (b) the requirements are set side by side for the
mean (±5%) and the tolerance range (±15%). These values are
derived from the current regulatory conventions. The criterion
based on Taguchi’s loss function uses the limit 36%2 for the core
of the loss function, again derived from the convention.

The different decision characteristics can be seen in the ta-
ble, the content uniformity approach with the statistically cor-
rect tolerance range calculation (a) is stricter than approach (b)
or (c). The tolerance range calculation method II is even more
restrictive.

With these settings (±5% for assay and ±15% for the toler-
ance range, 36%2 for the core of the loss function) the orthog-
onal decision criteria (b) and Taguchi’s loss function (c) are not
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table 6 .4 Analytical application of the proposed criteria

Well-
controlled
product

Products under development

I. II.

Parameter

Average content, x̄ (%) 100.50 102.00 103.50

RSD of content uniformity test (%) 2.00 4.00 5.00

RSD of analytical method (%) 0.50 2.00 2.50

Decisions with the different criteria

Current Ph. Eur. method (method I)

Tolerance factor (k) 2.40 2.40 2.40

Acceptance value (AV) 4.80 10.10 14.00

Decision acceptable acceptable acceptable

Content uniformity method with different tolerance factor (method II)

Tolerance factor (k) 4.44 4.44 4.44

Acceptance value (AV) 9.38 19.76 25.70

Decision acceptable unacceptable unacceptable

(a) Content uniformity method with revised tolerance factor (method III)

Tolerance factor (k) 5.67 6.41 7.60

Width of tolerance range 8.51 14.54 19.00

Acceptance value (AV) 9.01 16.54 22.50

Decision acceptable unacceptable unacceptable

(b) Orthogonal criteria

Mean deviation (%) 0.50 2.00 3.50

Width of tolerance range (%) 8.51 14.54 19.00

Decision acceptable acceptable unacceptable

(c) Taguchi’s loss function

Core of the loss function (%2) 4.25 20.00 37.25

Decision acceptable acceptable unacceptable

strict enough compared to the holistic approach (a) thus fine
tuning of the acceptability parameters is required.

6 .6 summary

The criteria of the pharmacopeias (USP and Ph. Eur.) on the as-
say and content uniformity test have to be satisfied to accept
a batch. The current content uniformity criterion is of holistic
nature. It reflects both the extent of fluctuation and the devi-
ation of the mean from the label claim, and fully respects the
patients’ compliance aspect. Its statistical background is not
well defined, however.
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Consistent use of criteria is argued for. One option is the
application of content uniformity criterion alone (without the
assay requirement). It could be preferable for the development
or control of the manufacturing process to use two statistically
independent criteria, one for the mean (assay) value and an-
other one for the extent of variation (inhomogeneity). The two
statistically independent criteria may be synthesized in a novel
way as well (Taguchi’s loss function).

The calculation of tolerance range for content uniformity cri-
terion is in flaw. The proper model would be the one-way
random effects model, which explicitly considers two sources
of variation (inhomogeneity and measurement error). If this
model is considered too demanding, an acceptable alternative
approximate solution can be used. This is similar to the cur-
rent official method assuming a single source of variation by
merging the two sources, but the k tolerance factor calculation
method has to be improved, resulting in a value of 4.44.
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S U M M A RY O F F I N D I N G S

S ome problems are presented in my work from the phar-
maceutical analysis for regulatory compliance. For reg-
ulatory compliance, generally an equality hypothesis is

generated, i. e. a given parameter is believed to be sufficiently
close to a reference value. The difficulties arising from applying
the usual hypothesis of no difference are the following:
• the consumer’s risk is not controlled, it depends on the num-

ber of observations,
• practically irrelevant differences can become significant, and
• decreasing variance or larger sample size increase the proba-

bility of rejecting good products or methods.
These problems can be treated by using the two one-sided

t-tests (TOST) method for two-sample t-tests, but its idea can be
generalized as confidence interval based decisions. This inter-
val testing is carried out by assessing the confidence interval
for a parameter. If it is entirely contained in a given allowable
interval (the relevant range for the analytical practice), then the
test concludes equality. In contrast, the hypothesis of no dif-
ference investigates if the reference value is contained in the
confidence interval.
a variety of analytical procedures are characterized by the
listed problems. One example is the analytical method transfer.
In this situation the task is to prove that the analytical method
applied in a receiving laboratory has the same performance as
in the developing laboratory. The hypothesis of no difference
is flawed because of the above mentioned problems. With the
TOST method all the problems are in control, however, the man-
ufacturer’s risk (rejecting proper method transfer) depends on
the number of analyzed samples. The choice of proper sample
size is crucial for controlling both the type I and type II errors.
Unfortunately, the sample size can only be computed if the vari-
ance is known, which is not a usual case. As analytical methods
for a drug product have to be tested on the actual product, so
maintaining identical samples in the two laboratory is impor-
tant. A calculation method is presented for obtaining a number
of product units to be homogenized to make the samples. It is
also calculated from the unknown variance, so an upper con-
fidence interval for the inhomogeneity may be substituted as a
conservative solution.
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assessing the accuracy of analytical methods is an other
example. Testing for the unit slope and zero intercept inde-
pendently is not statistically sound, as these parameters are
not independent and not relevant. Using the general regres-
sion test is applicable, but its null hypothesis does not ask the
relevant question. The real interest of the analyst is in the bias
(inaccuracy) of the analytical method. The proposed solution
addresses the real interest: if the bias is in an allowable range
or not. This procedure is based on the two one-sided hypothe-
ses, and carried out by checking if the confidence interval for
the bias is contained in the allowed range. A relevant answer is
obtained with this method, and we are not facing the problems
stated in the beginning.
before utilizing a single-point calibration in routine use,
its applicability has to be justified during method validation.
The traditional method of checking a null hypothesis of zero in-
tercept does not infer that a single-point calibration is suitable,
but it can lead to the errors shown above. As the intercept of
a calibration line carries no physical meaning, it is pointless to
define an allowable range for it. The relevant question should
be stated about the bias caused by single-point calibration. A
method is shown for deciding on the suitability based on the
confidence interval calculated for the bias using Fieller’s theo-
rem. The decision is based on the two one-sided hypotheses
approach. If the confidence interval for the bias is contained in
an allowable range defined in concentration units, the use of
single-point calibration is justified.
the existing content uniformity criteria are based on toler-
ance intervals, but their statistical background is not well de-
fined. The current model for calculating the tolerance inter-
val is incorrect. In addition, the choice of the tolerance fac-
tor is not statistically sound. The proper model would be the
one-way random effects model, which explicitly treats the two
sources of variation (inhomogeneity and measurement error).
A correct calculation method is shown for constructing toler-
ance intervals for the true inhomogeneity. In addition to the
tolerance interval based approach, other suitable methods are
shown for assessing the drug content of a product batch: an or-
thogonal criteria for the assay and the inhomogeneity, and two
compound methods, the holistic content uniformity approach
based on the proper model, and Taguchi’s loss function.



N E W S C I E N T I F I C R E S U LT S

1. In the topic of analytical method transfer: [p1, p5, p8]
(a) I have compared the traditional hypothesis of no dif-

ference and the two one-sided t-tests (TOST) and con-
cluded that the two methods are equal, provided the
sample size is adequate. In this case both the type I
and type II errors are maintained on the same level
with both hypotheses. In accordance with the litera-
ture, I have shown that the type II error of the hypoth-
esis of no difference (the consumer’s risk) can become
large when the sample size is lower than required. The
TOST provides protection against this kind of error: it
does not permit the acceptance, if it is not justified.

(b) I have discussed the risks when the analytical variance
is not known — which is the usual case in the pharma-
ceutical analysis — and it is underestimated. The tra-
ditional hypothesis controls the manufacturer’s risk,
while the TOST maintains a fixed consumer’s risk.

(c) I have provided a method for calculating the number
of tablets to be homogenized to make practically iden-
tical samples in the two laboratories.

2. In the topic of accuracy of analytical methods: [a2, p13]
(a) I have shown that the usual regression method to de-

termine the accuracy of analytical methods is flawed.
It investigates the linear relationship between the added
and recovered (measured) concentration by checking
the zero intercept and unit slope, but the non-inde-
pendence of these two estimated parameters is over-
looked.

(b) I have demonstrated that even the simultaneous as-
sessment of the intercept and slope does not answer
the relevant question. Accepting a zero intercept and
unit slope does not prove that the analytical method is
accurate, just the existence of bias is failed to be justi-
fied. The consumer’s risk is not fixed, only controlled
by the number of observations.

(c) I have developed a method based on the two one-sided
hypotheses for the evaluation of the accuracy. This
new method answers the relevant question, if it is con-
sidered to be proven that the bias does not exceed an
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allowed value. The consumer’s risk is controlled at all
times.

3. In the topic of assessing the validity of single-point cali-
bration: [a4, p9, p11]
(a) I have shown that the usual practice of assessing the

applicability of this simplification is flawed. Testing
the zero intercept of the linear relationship between
the analytical signal and the concentration is not sta-
tistically sound, because failing to reject a zero inter-
cept does not mean it is in fact zero. Moreover, testing
an interval hypothesis for the intercept is correct in a
statistical sense, but not relevant, as the user is par-
ticularly interested in the bias of the calculated con-
centration (x scale) and not in the analytical signal (y
scale).

(b) I have developed a method for assessing the relevant
question. With my procedure the user is able to demon-
strate that the bias in the calculated concentration does
not exceed a predefined limit (stated in concentration
units).

4. In the topic of content uniformity: [a1, a3, p2, p4, p7]
(a) By examining the regulations (pharmacopeias and reg-

ulatory guidelines), I have shown and demonstrated
by computations that the current criteria are flawed.
They are based on tolerance intervals which are rele-
vant for the practical question, however, the calcula-
tion method is incorrect: it does not care for the two
sources of variability in the content uniformity mea-
surements, namely the product inhomogeneity and the
analytical error. The consequence is that the interval
which is supposed to contain a proportion (e. g. 90%),
is in fact narrower: the interval contains only a smaller
proportion.

(b) I have proposed a calculation method based on the tol-
erance interval for a variance component model. This
method is capable of separating the analytical error
from the product inhomogeneity, and constructs the
tolerance interval solely for the inhomogeneity.

(c) The assay and the content uniformity — as two differ-
ent criteria that have to be assessed concurrently — are
not consistent, which has been shown and demon-
strated by calculations.

(d) I have proposed a holistic approach for treating the in-
homogeneity and the mean active content simultane-
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ously, exploiting the fact that the mean and variance
are statistically independent. As an alternative I have
discussed the applicability of Taguchi’s loss function
as well.

The list of the cited publications can be found on page vii in
the Front Matter or in the References (p. 101).
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A
D E R I VAT I O N O F I N T E RVA L S

a .1 non-central t-distribution

If Z ∼ N (0, 1) and V ∼ χ2
ν with ν degrees of freedom, the

following random variable follows a non-central t-distribution:

T =
Z + δ√

V
ν

, (a.1)

where the δ non-centrality parameter is a real number.
The one-sided probability

P

Z + δ√
V
ν

≤ tα

 = γ (a.2)

can be rearranged as:

P

[
Z ≤ −δ + tα

√
V
ν

]
= γ (a.3)

This probability can be calculated by integrating the joint prob-
ability density function of the standard normal and the χ2 dis-
tributions. Since Z and V are independent:

Fnc: ν,δ (tα) =
∫ ∞

0

∫ −δ+tα
√

V/ν

−∞
φ(ξ) dξ fχ2

ν
(V) dV =

=
∫ ∞

0
Φ
[
−δ + tα

√
V/ν

]
fχ2

ν
(V) dV = γ (a.4)

where φ is the PDF of the standard normal distribution and Φ[x]
is the cumulative distribution function (CDF) at x. Its inverse
function is:

tnc
ν, 1−γ (δ) = ψ =⇒ Fnc: ν,δ (ψ) = γ. (a.5)

The two-sided probability is similar:

P

−tα/2 ≤
Z + δ√

V
ν

≤ tα/2

 = γ (a.6)

It can be calculated as:

Fnc: ν,δ (tα/2)−Fnc: ν,δ (−tα/2) = γ (a.7)
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a .2 tolerance intervals

for a random sample (xi, . . . , xn) with x̄ mean and sx stan-One-sided tolerance
limits dard deviation, the one-sided lower tolerance limit fulfills the

following [7–9]:

P[P(x̄− k1sx ≤ x) ≥ P] = γ (a.8)

The task is to determine the k1 tolerance factor [7]. From Eq. (a.8):

P

[
P

(
x̄− k1sx − µx

σx
≤ x− µx

σx

)
≥ P

]
= γ (a.9)

where µx is the expected value and σx is the square root of the
population variance of x, respectively, furthermore:

P

[
1−Φ

[
x̄− k1sx − µx

σx

]
≥ P

]
= γ (a.10)

P

[
x̄− k1sx − µx

σx
≤ −z1−P

]
= γ (a.11)

where z1−P is 1− P critical value of the standard normal distri-
bution. Rearranging (a.11) for k1 and multiplying by

√
n yields:

P

[
P

( x̄−µx
σx

√
n + z1−P

√
n

sx
σx

≤ k1
√

n

)
≥ P

]
= γ (a.12)

The left side of the inequality is non-central t-distributed with
n− 1 degrees of freedom and δ = z1−P

√
n non-centrality pa-

rameter. The k1 tolerance factor is:

k1 =
tnc
n−1, 1−γ (δ)√

n
(a.13)

For the upper tolerance limit the derivation is analogous, the
k1 tolerance factor is the same, and the interval is symmetric on
x̄.
the two -sided tolerance interval is formulated as [11, 12]:Two-sided tolerance

intervals
P[P(x̄− k2sx ≤ x ≤ x̄ + k2sx) ≥ P] = γ (a.14)

Unfortunately, this is a more complicated problem, an explicit
formula does not exist. Rearranging this leads to:

P
[
P
(

x̄−µx
σx
− k2sx

σx
≤ x−µx

σx
≤ x̄−µx

σx
+ k2sx

σx

)
≥ P

]
= γ, (a.15)
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where (x̄− µx)/σx has a standard normal distribution, thus

P

[
Φ
[

x̄− µx

σx
+

k2sx

σx

]
−Φ

[
x̄− µx

σx
− k2sx

σx

]
≥ P

]
= γ, (a.16)

Let R(ξ, P) be an auxiliary function that satisfies the following
equation:

Φ[ξ + R(ξ, P)]−Φ[ξ − R(ξ, P)] = P, (a.17)

Substituting this to Eq. a.16 yields:

P

{
Φ
[

x̄−µx
σx

+ k2sx
σx

]
−Φ

[
x̄−µx

σx
− k2sx

σx

]
≥

≥Φ
[

x̄−µx
σx

+ R
(

x̄−µx
σx

, P
)]
−Φ

[
x̄−µx

σx
− R

(
x̄−µx

σx
, P
)]}

= γ,

(a.18)

thus

P

[
k2sx

σx
≥ R

(
x̄− µx

σx
, P
)]

= γ, (a.19)

and rearranging leads to:

P

νs2
x

σ2
x
≥

νR2
(

x̄−µx
σx

, P
)

k2
2

 = γ. (a.20)

Since (x̄− µx)/σx ∼ N (0, 1/n) with n effective degrees of free-
dom, and νs2

x/σ2
x ∼ χ2

ν, as well as x̄ and s2
x are independent:

+∞∫
−∞

+∞∫
νR2(ξ,P)

k2
2

fN (0, 1/n)(ξ) fχ2
ν
(ψ) dξ dψ = γ (a.21)

This formula can be integrated numerically. The root of Eq. (a.21)
is sometimes denoted as Cn,ν,P,γ(k2) [12]. It is worth noting that
the ν = n− 1 statement is not used in this derivation, so the for-
mula remains usable with arbitrary degrees of freedom.
the tolerance interval is constructed with an upper confi- Tolerance intervals

for the variance
component model

dence bound on σ2
a instead of the variance estimate. Wang and

Iyer recommends an upper Tukey-Williams [25, 26] confidence
interval: [24]

s2
a − Fη(ν1, ν2)s2

r

Fη(ν1, ∞)
, (a.22)
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where ν1 = r − 1 and ν2 = r(p− 1), as well as F1−η(ν1, ν2) is
the 1− η critical value of the F-distribution with ν1, ν2 degrees
of freedom. With this the tolerance interval is constructed as
(x̄− kηsη, x̄ + kηsη), where

sη =

√
1
p
(
s2

a − F1−η(ν1, ν2)s2
r
)
, (a.23)

and the 1/
√

F1−η(ν1, ∞) is included in kη. They propose (1−
γ)/3 for η. Let σ2

η be the expected value of s2
η:

σ2
η = σ2

a +
1− F1−η(ν1, ν2)

p
σ2

e , (a.24)

then σ2
η is σ2

ηχ2
d/d distributed with d degrees of freedom. The

Satterthwaite-approximation can be applied to obtain d:

d =

(
σ2

a +
1−F1−η(ν1,ν2)

p σ2
e

)2

(pσ2
a+σ2

e )2

p2(r−1) +
F2

1−η(ν1,ν2)σ
4
e

p2r(r−1)

(a.25)

Solving Cn,ν,P,γ(k2) (Eq. a.21) yields a k∗ estimated tolerance
factor, where the n effective sample size is:

n =
rpσ2

2
pσ2

a + σ2
e

, (a.26)

and ν = d. The tolerance factor is corrected by λ = σa/σe to
get k = λk∗, because the expected value of s2

η is not σ2
a . The

n, d, and λ are not available, only their estimates n̂, d̂, and λ̂,
respectively. We get the tolerance factor estimate k̂ = λ̂k̂∗ with
the former estimates.

There is another problem, namely that there is a positive
probability for s2

η being zero or negative, when s2
a ≤ F1−η(ν1, ν2)s2

r .
In this case σ2

a is believed to be zero, and the problem is reduced
to giving a confidence interval for the effect of a:

x̄±
trp−1, (1−γ)/2√

rp
se (a.27)

Combining the the two cases, the tolerance interval is con-
structed as:

x̄±max

{
k̂

√
max

[
0,

s2
a−F(2+γ)/3(ν1,ν2)s2

r
p

]
,

trp−1, (1−γ)/2√
rp se

}
(a.28)
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a .3 fieller’s theorem

The task is to give point and interval estimate for the ρ ratio
of the expected value of two random variables (c and d) both
following normal distribution. The problems are well known:
the ratio as a random variable has unfavorable behavior, has no
moments, the central limit theorem is not valid for it etc.).

ρ =
E[c]
E[d]

(a.29)

The point estimator is:

R =
c
d

, (a.30)

and c− ρd follows normal distribution with zero expected value:

Z =
c− ρd√

Var[c− ρd]
(a.31)

Var[c− ρd] = Var[c] + ρ2Var[d]− 2ρ Cov[c, d] =

= σ2
c + ρ2σ2

d − 2ρσcd (a.32)

The following notation is widely used:

Var[c] = σ2
c = ν11σ2 (a.33)

Var[d] = σ2
d = ν22σ2 (a.34)

Cov[cd] = σcd = ν12σ2 (a.35)

I will use the separate σ notation here. The estimates s2
c , s2

d, and
scd are substituted for the variances σ2

c , σ2
d , and σcd, respectively.

The following expression follows a Student’s t-distribution:

t0 =
c− ρd√

s2
c + ρ2s2

d − 2ρscd

(a.36)

P

−tα/2 ≤
c− ρd√

s2
c + ρ2s2

d − 2ρscd

≤ tα/2

 = 1− α (a.37)

The unknown ρ parameter appears at different power. If the
expression is squared and t is substituted for tα/2, ordered for
the powers of ρ a quadratic equation is obtained.

t0 =
c2 + ρ2d2 − 2ρcd
(s2

c + ρ2s2
d − 2ρscd)

(a.38)
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Rearranging yields:

ρ2
(

t2s2
d − d2

)
+ ρ

(
2cd− 2t2scd

)
+ t2s2

d − c2 = 0 (a.39)

The roots of this quadratic equation:

ρU,L =
cd−t2scd±

√
(cd−t2scd)2−(t2s2

d−d2)(t2s2
c−c2)

d2−t2s2
d

(a.40)

The following abbreviated notation is also used:

1
1−g

[
c
d − g ν12

ν22
± ts

d

√
ν11 − 2 c

d ν12 +
c2

d2 ν22 − g
(

ν11 −
ν2

12
ν22

)]
(a.41)

where

g =
t2s2

d
d2 (a.42)

from our definition of bias in Chapter 5 (Eq. 5.12), theConfidence interval
for the bias in

single-point
calibration

task is to give point and interval estimate for the ρ ratio:

ρ =
E[yx∗ − y∗x]

E[y∗]
=

β0 (x∗ − x)
β0 + β1x∗

=
E[b0 (x∗ − x)]
E[b0 + b1x∗]

=
E[c]
E[d]

(a.43)

where c = b0(x∗ − x) and d = b0 + b1x∗. The three variance
components (σ2

c , σ2
d , and σcd) are calculated with the formulas

in Appendix c .1:

σ2
c = Var

[
Ŷx=0

]
(x∗ − x)2 = σ2

y

[
1
n + x̄2

∑
i
(xi−x̄)2

]
(x∗ − x)2

= (x∗ − x)2σ2
0 (a.44)

σ2
d = Var

[
Ŷx=x∗

]
= σ2

y

[
1
n + (x∗−x̄)2

∑
i
(xi−x̄)2

]
=

= σ2
y

[
1
n + x̄2

∑
i
(xi−x̄)2

]
+ σ2

y

[
−2x∗ x̄

∑
i
(xi−x̄)2

]
+ σ2

y

[
x∗2

∑
i
(xi−x̄)2

]
=

= σ2
0 + 2x∗σ01 + x∗2σ2

1 (a.45)

σcd = Cov[b0(x∗ − x), b0 + b1x∗] = Cov[b0(x∗ − x), b0] +

+ Cov[b0(x∗ − x), b1x∗] =

= (x∗ − x)σ2
0 + x∗(x∗ − x)σ01 =

= (x∗ − x)
[
σ2

0 + x∗σ01

]
(a.46)



a .3 fieller’s theorem 87

The variance estimates are substituted as:

σ̂2
c = (x∗ − x)2s2

0 (a.47)

σ̂2
d = s2

0 + 2x∗s01 + x∗2s2
1 (a.48)

σ̂cd = (x∗ − x)
(

s2
0 + x∗s01

)
(a.49)

Eq. (a.40) can be written as:

ρU,L =
cd−t2scd±

√
(cd−t2scd)2−(t2s2

d−d2)(t2s2
c−c2)

d2−t2s2
d

=

=
V ±
√

V2 −UW
W

(a.50)

To make the calculations easier by using the values provided by
the regression analysis software, the U, V, and W parts can be
written as follows by substituting c and d and the three variance
component estimates (Eqs. a.44–a.46), and rearranging to the
form of Eq. (5.17):

U = c2 − t2s2
c = (x∗ − x)2b2

0 − t2(x∗ − x)2s2
0 =

= (x∗ − x)2A (a.51)

V = cd− t2scd = b0(x∗ − x)(b0 + b1x∗)−
− t2(x∗ − x(s2

0 + s01x∗) = (x∗ − x)B (a.52)

W = d2 − t2s2
d = (b0 + b1x∗)2 − t2(s2

0 + 2s01x∗ + s2
1x∗2) =

= C (a.53)

Substituting the above notation in Eq. (a.50) leads to the con-
fidence interval for ρ (Eq. 5.18) in the form of:

ρU,L =
(x∗ − x)B±

√
(x∗ − x)2B2 − (x∗ − x)2AC

C
=

= (x∗ − x)
B±
√

B2 − AC
C

(a.54)

the confidence interval for the true concentration in the Confidence interval
for the true
concentration

unbiased case is calculated from the parameters of the multiple-
point calibration with Fieller’s method [56]. However, text-
books typically use this formula without referencing it as Fieller’s
method [72].

x̄ + y−b0+b1 x̄
bα/2

− t sr
bα/2

√(
1 + 1

n

)
bα/2
b1

+ (x̂−x̄)2

∑
i
(xi−x̄)2 <

< x <

< x̄ + y−b0+b1 x̄
bα/2

+ t sr
bα/2

√(
1 + 1

n

)
bα/2
b1

+ (x̂−x̄)2

∑
i
(xi−x̄)2 , (a.55)
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where bα/2 = b1 −
t2s2

1
b1

. The critical value of the Student t-
distribution: t = tα,n−2.



B
D E R I VAT I O N O F A C C E P TA N C E
P R O B A B I L I T I E S

Below are the calculations used to produce Figures 3.1–3.3.

b .1 hypothesis of no difference

The hypothesis pair:

H0 : µ1 − µ2 = 0 (b.1)
H1 : µ1 − µ2 6= 0 (b.2)

The test statistic:

t0 =
x̄1 − x̄2

s
√

2/n
(b.3)

P

[
−tα/2 ≤

x̄1 − x̄2

s
√

2/n
≤ tα/2

]
= P[|t0| ≤ tα/2] = γ (b.4)

The following probabilities characterize the type I and type II
errors:

P[|t0| ≤ tα/2](µ1−µ2)=0 = 1− α (b.5)

P[|t0| ≤ tα/2](µ1−µ2)=∆ = β (b.6)

The inequality in Eq. (b.4) can be rearranged by subtracting
(µ1 − µ2) and multiplied by s/(σ

√
2/n) as:

− (µ1 − µ2)

σ
√

2/n
− tα/2

s
σ
≤ x̄1 − x̄2 − (µ1 − µ2)

σ
√

2/n
≤ − (µ1 − µ2)

σ
√

2/n
+ tα/2

s
σ

,

where the following is normally distributed:

Z =
x̄1 − x̄2 − (µ1 − µ2)

σ
√

2/n
. (b.7)

Let V ∼ χ2
ν with ν = 2n− 2 degrees of freedom. Rearranging

s2 ∼ χ2
νσ2/ν and substituting V leads to:

s
σ
=

√
V

2n− 2
(b.8)

Substituting Z and V yields the following probability:

P
[
− (µ1−µ2)

σ
√

2/n
− tα/2

√
V

2n−2 ≤ Z ≤ − (µ1−µ2)

σ
√

2/n
+ tα/2

√
V

2n−2

]
= γ,
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where Pa is the probability of accepting the null hypothesis.
Call the two boundaries inside the probability as:

BL

(
− (µ1−µ2)

σ , V
)
= − (µ1−µ2)

σ
1√
2/n
− tα/2

√
V

2n−2 , and

BU

(
− (µ1−µ2)

σ , V
)
= − (µ1−µ2)

σ
1√
2/n

+ tα/2

√
V

2n−2 .

Since Z and V are independent, their joint PDF can be written
as:

∞∫
0

BU(V)∫
BL(V)

φ(Z) dZ fχ2(2n−2)(V) dV = γ (b.9)

It can be written as:
∞∫

0

{
Φ[BU(V)]−Φ[BL(V)]

}
fχ2(2n−2)(V) dV = γ, (b.10)

for a given (µ1−µ2)/σ. This equals to the two sided non-central
t-distribution (Eq. a.7). The acceptance probability of the null
hypothesis is calculated as γ from Eq. (b.10).

b .2 two one-sided t-tests

The hypothesis pair for the two one-sided t-tests (TOST):

H0 : µ1 − µ2 ≤ −∆ or µ1 − µ2 ≥ ∆ (b.11)
H1 : −∆ < µ1 − µ2 < ∆ (b.12)

This can be written as:

H0l : µ1 − µ2 ≤ −∆ H1l : µ1 − µ2 > −∆ (b.13)
H0u : µ1 − µ2 ≥ ∆ H1u : µ1 − µ2 < ∆ (b.14)

There are two test statistics in this case:

t0l =
x̄1 − x̄2 + ∆√

2/n
(b.15)

t0u =
x̄1 − x̄2 − ∆√

2/n
(b.16)

P

[
−tα ≤

x̄1 − x̄2 − ∆
s
√

2/n

]
= P[|t0l| ≤ tα ] = γ, and (b.17)

P

[
x̄1 − x̄2 + ∆

s
√

2/n
≤ tα

]
= P[|t0u| ≤ tα ] = γ (b.18)
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The following probabilities characterize the type I and type II
errors (which are reversed compared to the former hypothesis
pair):

P[t0l ≥ −tα ](µ1−µ2)−∆=0 = α (b.19)

P[t0l ≥ −tα ](µ1−µ2)−∆=−∆ = 1− β (b.20)

P[t0u ≤ tα ](µ1−µ2)+∆=0 = α (b.21)

P[t0u ≤ tα ](µ1−µ2)+∆=∆ = 1− β (b.22)

The inequality in Eqs. (b.17)–(b.18) can compounded as:

P

[
−tα +

∆
s
√

2/n
≤ x̄1 − x̄2

s
√

2/n
≤ +tα −

∆
s
√

2/n

]
= 2γ (b.23)

This inequality is only fulfilled if:

tα ≤
∆

s
√

2/n
(b.24)

It is rearranged by subtracting (µ1 − µ2) and multiplying by
s/σ
√

2/n:

−(µ1 − µ2) + ∆
σ
√

2/n
− tα

s
σ
<

x̄1 − x̄2

σ
√

2/n
< −−(µ1 − µ2)− ∆

σ
√

2/n
+ tα

s
σ

,

where the following is normally distributed:

Z =
x̄1 − x̄2 − (µ1 − µ2)

σ
√

2/n
. (b.25)

Let again V ∼ χ2
ν with ν = 2n− 2 degrees of freedom. Rear-

ranging s2 ∼ χ2
νσ2/ν and substituting V leads to:

s
σ
=

√
V

2n− 2
(b.26)

Substituting Z and V yields the following probability:

Pa = P
[
−(µ1−µ2)+∆

σ
√

2/n
− tα

√
V

2n−2 < Z < −(µ1−µ2)−∆
σ
√

2/n
+ tα

√
V

2n−2

]
,

where Pa is the probability of accepting the practical hypothesis
(thus rejecting the null hypothesis). Call the two boundaries
inside the probability as:

BL

(
−(µ1−µ2)+∆

σ , V
)
= −(µ1−µ2)+∆

σ
1√
2/n
− tα

√
V

2n−2 , and

BU

(
−(µ1−µ2)−∆

σ , V
)
= −(µ1−µ2)−∆

σ
1√
2/n

+ tα

√
V

2n−2 .
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In this case there is an integration limit on V from Eq. (b.24) as:

tα ≤
∆

s
√

2/n
s
σ
≤ ∆

tασ
√

2/n( s
σ

)2
ν ≤

(
∆

tασ

)2 n
2

ν

where ν = 2(n− 1), and the left side is χ2 distributed,

χ2 ≤
(

∆
tασ

)2

n(n− 1) = CU (b.27)

Since Z and V are again independent, their joint PDF can be
written as:

Pa =

CU∫
0

BU(V)∫
BL(V)

φ(Z) dZ fχ2(2n−2)(V) dV (b.28)

It can be written as:

Pa =

CU∫
0

{
Φ[BU(V)]−Φ[BL(V)]

}
fχ2(2n−2)(V) dV, (b.29)

for a given (µ1−µ2)
σ and ∆.

Due to the integration limit expressed by Eq. b.24 on the χ2,
this cannot be written with the non-central t-distribution (see
Appendix a .1).



C
F O R M U L A S

c .1 regression

The formulas below are well known, for literature sources see
e. g. [49, 50]. A set of signal values yi are measured at known
concentrations xi, with i = 1, . . . , n. The arithmetic means of x
and y are:

x̄ =
∑i xi

n
(c.1)

and

ȳ =
∑i yi

n
. (c.2)

The error variance in the measured y values is: σ2
y . The true

regression line is given by:

Y = β0 + β1x, (c.3)

with β0 intercept and β1 slope. The variances of the parameters,
respectively, are:

σ2
0 = σ2

y

 1
n
+

x̄2

∑
i
(xi − x̄)2

 (c.4)

and

σ2
1 = σ2

y

 1

∑
i
(xi − x̄)2

 (c.5)

and their covariance is:

σ01 = −x̄σ2
1 = σ2

y

 −x̄

∑
i
(xi − x̄)2

 (c.6)

The estimated regression line and its parameters are:

Ŷi = b0 + b1xi (c.7)

b1 =
∑i (xi − x̄)(yi − ȳ)

∑i (xi − x̄)2 and (c.8)

b0 = ȳ− b1x̄ (c.9)
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The residual mean square error (estimate of the σ2
y error vari-

ance) is:

s2
r =

∑i (yi − Ŷi)
2

n− 2
(c.10)

The mean square errors of parameter estimates are:

s2
0 = s2

r

 1
n
+

x̄2

∑
i
(xi − x̄)2

 (c.11)

and

s2
1 = s2

r

 1

∑
i
(xi − x̄)2

 (c.12)

Their roots, the s0 and s1 are the standard errors of estimates
for the intercept and the slope, respectively, offered by the re-
gression analysis software. Their covariance estimate is:

s01 = −x̄s2
1 = s2

r

 −x̄

∑
i
(xi − x̄)2

 (c.13)

The probability of rejecting the H0 : β0 = 0 null hypothesis is
calculated using the test statistics

t0 =
b0

s0
=

b0−β0
σ0

+ β0
σ0

s0
σ0

= tnc (δ, ν) , (c.14)

where the above expression follows a non-central t-distribution
with parameters ν = n− 2, and δ = β0/σ0.

c .2 accuracy

The full model is: Ŷr = b0 + b1x,
the reduced model is: Ŷq = 0 + x,
The residual sum of squares is calculated as:

Sr = ∑
i

(
yi − Ŷr i

)2
(c.15)

Sq = ∑
i

(
yi − Ŷq i

)2
(c.16)
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The residual mean squares for Y − x and (Y − x)/x, respec-
tively, are:

sŶ−x = sy−x

√√√√√ 1
n
+

(x− x̄)2

∑
i
(xi − x̄)2 (c.17)

s Ŷ−x
x

=
sŶ−x

x
(c.18)

c .3 taguchi’s loss function

If y is the quality characteristic of interest, the loss — expressed
in financial categories due to quality deficiency — for an actual
part (tablet in our context) is expressed as

L(y) = K(y− T)2, (c.19)

where T is the target value (label claim in our context) accord-
ing to Taguchi [71]. For the population the expected loss is
calculated as

E[L(y)] = K
[
σ2 + (µ− T)2

]
, (c.20)

where σ2 is the variance, µ is the expected value (center of fluc-
tuation). From the sample (assay and content uniformity mea-
surements) the expected loss is estimated as

L̄ = K
[
s2 + (x̄− T)2

]
(c.21)

The expected loss reflects both the extent of variation and the
mean value shift in a single function. While the expression itself
is qualitatively obvious (if either the extent of variation or the
mean shift is increased, the quality is suffered), its additional
feature is that is it gives useful and interpretable quantity, giv-
ing the financial loss due to quality. For that the K value is to
be assigned as loss for unit deviation to (y− T), in our context
for a unit deviation in content.

This K value (with a different meaning than the tolerance
factor) may not be relevant for the decision criterion on accept-
ing/rejecting a tablet batch, the term in square brackets (core)
is sufficient.
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