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1 Introduction

Means of two positive definite matrices were characterized by Kubo and Ando
in 1980 [4]. Their theory was based on the classical Loewner theory of operator
monotone functions. They showed that every two-variable matrix mean is iso-
morphic to a normalized operator monotone function. Since then the theory has
found many applications in quantum information theory and operator theory.

However since then it has been an open problem to extend the axiomatic
theory to three or more variables. The arithmetic and harmonic means were
trivial in several variables even for positive definite matrices, but no other matrix
mean can be easily extended to several variables. One of the first ideas were
given for the logarithmic mean by Carson [8]. Then Horwitz [11] considered a so
called symmetrization method, which were considered by Ando, Li and Mathias
(the ALM process) [4] as well to extend the geometric mean to several variables.
Later the convergence of this process were proved in nonpositively curved metric
spaces by Lawson and Lim [15]. Later other geometric means were proposed,
for instance the Riemannian mean of Moakher [20] and the Bini-Meini-Poloni
mean which is again based on a sort of symmetrization process (BMP-process)
[7]. Couriously enough all these n-variable means seemed to be different if we
consider the geometric mean as the the mean to extend. Bhatia and Holbrook in
[5] were the first researchers to point out this difference between these extensions.

Due to practical applications the Riemannian mean of Moakher has been
studied in great detail recently. Several methods were proposed to compute
efficiently this mean. Some of the methods are based on optimization theory,
namely gradient and Newton methods are considered [1, 19, 23, 27]. This prob-
lem is also studied on other differential manifolds, for instance on the group
of rotations [18, 26]. The Riemannian mean there has several different names
including the center of mass, the Riemann centroid, the Cartan mean or the
Karcher mean.

2 Research Objectives

The first and most interesting problem is to extend every possible 2-variable
matrix mean to several variables, similarly as we have several variable formulas
for the arithmetic

A(x1, . . . , xn) =

∑n
i=1 xi
n

, (2.1)

the geometric

G(x1, . . . , xn) = n

√√√√ n∏
i=1

xi, (2.2)

and the harmonic

H(x1, . . . , xn) =

(∑n
i=1 x

−1
i

n

)−1
(2.3)
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means of positive numbers. To define A(x1, . . . , xn) and H(x1, . . . , xn) for pos-
itive definite matrices is not an issue. However even for two positive definite
matrices the geometric mean G(x1, . . . , xn) cannot be defined with the similar
formula. The problem is due to the non commutative nature of matrix multi-
plication and the definition of positive definiteness.

The geometric mean is more or less a well behaved mean, since there exists
a Riemannian structure over the cone of positive definite matrices which is very
useful from the point of view of mean extension, since the 2-variable geometric
mean of positive definite matrices is the midpoint operation on this manifold.
Therefore we can generalize the above problem to arbitrary complete metric
spaces. In a compete metric space with suitable properties we can also consider
the Riemannian mean of Moakher [20] which is defined to be the center of
mass. We are interested in approximating the center of mass and in the same
time giving weak assumptions that ensure its existence and uniqueness.

Since these metric structures prove to be useful in the case of the geomet-
ric mean of positive definite matrices, we would also like to find other metric
structures which have a midpoint operation that happens to be a matrix mean.

3 Methodology

In the first few sections of the thesis we build up the theory of operator monotone
functions. This theory requires basic matrix algebra knowledge, calculus and
some complex function theory. The k-convexity of metric spaces requires basic
knowledge of metric spaces and topology. All the other tools used there are built
up systematically. The section on the geometric mean are self contained within
the field of matrix analysis however some notions are required from Riemannian
geometry.

The classification of affine matrix means requires some affine differential
geometry and some theorems are cited without proof, namely the ones about
the metrizability of affine connections. The last sections use matrix analytical
tools combined with geometrical ideas, but the proofs are self contained and
does not require any geometry.

4 New Results

The new results are separated into several subsections. These subsections form
the individual thesis groups except the last five subsections which constitute
a whole chapter in the thesis itself, since they concentrate on the extension
of matrix means without corresponding metric structures. So this last five
subsections may be regarded as a separate thesis group themselves, however it
must be noted that the material covered there is more complicated and elaborate
than the preceding ones. Roughly organization of thesis groups is the following.
The first subsection contains results formulated in a general metric geometric
setting. The second subsection consists of the metrization problem itself, i.e.
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we find there all possible matrix means which are midpoint operations of an
affinely connected manifold. The following five subsections concentrate on the
extension of matrix means in general to multiple variables.

4.1 Means in Complete k-convex Metric Spaces

The results in this subsection form the first thesis group. The following definition
of k-convexity is due to Ohta in [17]. We establish our results for spaces with
such properties below.

Definition 4.1. Let k ∈ (0, 2].

• An open set U in a geodesic metric space (X, d) is called a Ck-domain if
for any three points x, y, z, any geodesic γ : [0, 1] 7→ X between x, y and
for all t ∈ [0, 1] we have

d(z, γ(t))2 ≤ (1− t)d(z, x)2 + td(z, y)2 − k

2
t(1− t)d(x, y)2. (4.1)

• A geodesic metric space (X, d) is k-convex if it is itself a Ck − domain.

• A geodesic metric space (X, d) is locally k-convex if every point in X is
contained in a Ck-domain.

If the inequality (4.1) holds for t = 1/2 then it holds for all t ∈ [0, 1]. A
k-convex metric space becomes a CAT (0) space if the above inequality holds
for k = 2. In this case the space is said to have nonpositive curvature in the
sense of Alexandrov, in other words the semiparallelogram law holds.

Our first results are of general type for these spaces.

Lemma 4.1 (M. Pálfia [P3]). Let S be a bounded subset of a complete k-convex
metric space X. Then there exists a unique closed ball with minimal radius r
containing S.

We denote the open ball by B(x, r) with circumcenter x and radius r and
with B̄(x, r) its closed counterpart.

Lemma 4.2 (M. Pálfia [P3]). Let B(x, r) ⊂ D where D is a Ck-domain. Then
B(x, r) is a geodesically convex set which means that every geodesic which con-
nects two points in B(x, r) is also a subset of B(x, r).

The following definition gives a process, which can be applied to extend
means to several variables.

Definition 4.2 (Iterative process, M. Pálfia [P3]). Let Q0
1, . . . , Q

0
n be points in

a uniquely geodesic metric space X and π = {π0, π1, . . .} be an infinite sequence
of permutations, where each πi is a permutation of the letters {1, . . . , n}. With
respect to the infinite sequence of permutations π let

Ql+1
i =

{
Qlπl(i)]Q

l
πl(i+1) if 1 ≤ i < n,

Qlπl(n)]Q
l
πl(1)

else.
(4.2)

The above procedure yields a sequence of n-tuple of points.
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The following result ensures the convergence of the process in general.

Theorem 4.1 (Iterative mean, M. Pálfia [P3]). Let (X, d) be a complete k-
convex geodesic metric space. Let Q0

1, . . . , Q
0
n be points in the metric space X.

Let us set up the iteration in Definition 4.2 on these points in X with respect to
an infinite sequence of permutations π = {π0, π1, . . .}. Then the sequences Qli
converge to a common limit point.

The rate of convergence is linear due to the following

Theorem 4.2 (M. Pálfia [P3]). Let (X, d) be a complete k-convex geodesic
metric space. Let Q0

1, . . . , Q
0
n be points in the metric space X. Let us set up

the iteration in Definition 4.2 on these points in X. Let R denote the common
limit point of these sequences. Then

al+1(R)

al(R)
≤ 1− k

2n2
, (4.3)

so the points Qli are converging to R linearly.

The heuristic function Idealmapping defined by Algorithm 1 gives us a tool
to speed up the rate of convergence to the common limit point based on the
geometry of the set {Ql1, . . . , Qln}. It returns the array ma which contains the
indices of points Ql1, . . . , Q

l
n in such an order, that if we set up one iterational

step as letting πl(i) = ma(i), we can sufficiently reduce the distance between
them. It must be noted however that the limit point depends on the infinite
sequence of permutations π in Definition 4.2, so therefore it is denoted by Rπ.

The following theorems partially answer a question proposed by Bhatia and
Holbrook in [5] that whether the center of mass is the same point as the limit
of certain symmetrization procedures.

Theorem 4.3 (M. Pálfia [P3]). Let (X, d) be a complete k-convex geodesic
metric space. Let Q1, . . . , Qn be points in the metric space X. Then the center
of mass

arg min
x∈X

n∑
i=1

d (x,Qi)
2

(4.4)

exists and is a unique point in the space X where arg min
x∈X

C(x) denotes the

unique point that minimizes a function C(x).

Theorem 4.4 (M. Pálfia [P3]). Let (X, d) be a complete k-convex geodesic
metric space. Let Q1, . . . , Qn be points in the metric space X. Then for arbitrary
x ∈ X and for the limit point Rπ of the procedure in Theorem 4.1 set up on the
points Q1, . . . , Qn we have the following inequality

d(Rπ, x) ≤

√∑n
i=1 d (x,Qi)

2 − k
8

∑∞
l=1 el

n
. (4.5)
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Algorithm 1 Idealmapping

Require: x1, . . . , xn
1: d⇐ n(n− 1)/2
2: i⇐ 1, j ⇐ 2
3: for k = 0 to d do
4: r[k, 1]⇐ d(xi, xj)
5: r[k, 2]⇐ i, r[k, 3]⇐ j
6: if j = n then
7: j ⇐ n− i+ 2, i⇐ 1
8: else
9: i⇐ i+ 1, j ⇐ j + 1

10: end if
11: end for
12: sort r by r[k, 1] descending
13: ma[1]⇐ r[1, 2]
14: j ⇐ r[1, 3]
15: for k = 2 to n do
16: find largest r[i, 1] for such i that (r[i, 2] = j or r[i, 2] = j) and r[i, 2] /∈ ma

and r[i, 3] /∈ ma
17: if r[i, 2] = j then
18: j ⇐ r[i, 3], ma[k]⇐ r[i, 2]
19: else
20: j ⇐ r[i, 2], ma[k]⇐ r[i, 3]
21: end if
22: end for
23: return ma
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Corollary 4.3 (M. Pálfia [P3]). Let (X, d) be a complete k-convex geodesic
metric space. Let Q1, . . . , Qn be points in the metric space X. Then the center
of mass

Y = arg min
x∈X

n∑
i=1

d (x,Qi)
2

(4.6)

and the limit point Rπ of the procedure in Theorem 4.1 set up on the points
Q1, . . . , Qn fulfill the following inequality

d(Rπ, Y ) ≤

√∑n
i=1 d (Y,Qi)

2 − k
8

∑∞
l=1 el

n
. (4.7)

Proposition 4.4 (M. Pálfia [P3]). If X is a Euclidean space then the limit
point Rπ of the procedure in Theorem 4.1 is the center of mass of the starting
points for every possible infinite sequence of permutations π.

Following the path of the above proposition one can conclude that in certain
special situations even more is true.

Proposition 4.5 (M. Pálfia [P3]). Let (X, d) be a complete k-convex geodesic
metric space. Let Q1, . . . , Qn be points in the metric space X that lie on a single
geodesic segment. Then the limit point Rπ of the procedure in Theorem 4.1 set
up on the points Q1, . . . , Qn is the center of mass of the points Q1, . . . , Qn.

It is worth noting that one must be aware of the fact that the limit point Rπ
of the procedure depend on the chosen infinite sequence π. If (4.1) turns into
an equality, as in the case of a single geodesic segment or Euclidean space, then
the possibly different limit points depending on π of the procedure will collapse
onto one unique point, the center of mass.

Bhatia and Holbrook studied the question in [5] that whether the ALM-
mean is the same as the center of mass. It turned out by numerical simulations
that they are generally slightly different. In this context we can say a bit more
about this. Now the ALM-mean is the same as the one given by Theorem 4.1
for n = 3 variables. By Theorem 4.5 we know that the above two points are
the same as long as the starting points lie on a single geodesic segment. In the
other cases we have an upper bound on their distance according to Corollary
4.3. Theorem 4.1 gives an extended geometric mean for several matrices since
the geometric mean is the midpoint operation of the Riemannian manifold of
positive definite matrices which has nonpositive curvature. Actually in this
matrix setting this mean is the same as the one defined by Jung-Lee-Yamazaki
in [12] for one particular infinite sequence of permutations π independently.

Theorem 4.1 gives a mean for the special orthogonal group as well which
is also an actively studied manifold in terms of averaging [19], [21]. SO(n) is
locally k-convex due to the following two important propositions in [17].

Proposition 4.6 (Ohta). A CAT (1)-space (X, d) with diamX ≤ π/2− ε, ε ∈
(0, π/2) is k-convex for k = (π − 2ε) sin ε/ cos ε.
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Proposition 4.7 (Ohta). An Alexandrov space with a local upper curvature
bound is locally k-convex for any k ∈ (0, 2).

For these kind of spaces we can also use the machinery presented here since
they are themselves Ck-domains or they have subsets small enough to be Ck-
domains. Therefore the above claims for the case of the geometric mean can be
carried out also for these spaces. In these spaces we can define means of several
points as an extension of the midpoint maps in the spaces as the limit point of
the procedure in Theorem 4.1. The above two propositions due to Ohta tells us
how to translate the requirement of k-convexity to the language of curvature.
As we can see, an upper curvature bound suffices. So this mean exists not only
in nonpositively curved spaces as the ALM mean does which was shown by
Lawson and Lim [15], but also in positively curved metric spaces as well.

In the next section we investigate the problem, that whether the arithmetic,
harmonic and geometric means are the only matrix means which are midpoint
operations on certain manifolds.

4.2 Symmetric Matrix Means as Metric Midpoints

This subsection contains the second thesis group. Here P(n,C) denotes the
convex cone of positive definite n-by-n matrices over the complex field C and
similarly H(n,C) denotes the vector space of hermitian n-by-n matrices over C.
We begin with general theorems for affinely connected manifolds.

Theorem 4.5 (M. Pálfia [P2]). Let M be an affinely connected smooth mani-
fold diffeomorphically embedded into a vector space V . Suppose that the midpoint
map m(p, q) = expp(1/2 logp(q)) is known in every normal neighborhood where
the exponential map expp(X) is a diffeomorphism. Then in these normal neigh-
borhoods the inverse of the exponential map logp(q) can be fully reconstructed
from the midpoint map in the form

logp(q) = lim
n→∞

m(p, q)◦n − p
1
2n

, (4.8)

where we use the notation m(p, q)◦n ≡ m
(
p,m(p, q)◦(n−1)

)
.

Proposition 4.8 (M. Pálfia [P2]). Let M be an affinely connected smooth man-
ifold diffeomorphically embedded into a vector space V . In every normal neigh-
borhood N let γa,b(t) denote the geodesic connecting a, b ∈ N with parametriza-
tion γa,b(0) = a and γa,b(1) = b. Suppose that the map m(a, b)t0 = γa,b(t0) =
expp(t0 logp(q)) is known for a t0 ∈ (0, 1) in every normal neighborhood N where
the exponential map is a diffeomorphism and a, b ∈ N . Then in these normal
neighborhoods the logarithm map can be fully reconstructed as

logp(q) = lim
n→∞

m(p, q)◦nt0 − p
tn0

, (4.9)

with the notation m(p, q)◦nt0 ≡ m
(
p,m(p, q)

◦(n−1)
t0

)
t0

. We also obtain the expo-

nential map by inverting logp(q).
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By the Kubo-Ando theory of 2-variable matrix means it is known that every
matrix mean can be written in the form

M(A,B) = A1/2f
(
A−1/2BA−1/2

)
A1/2, (4.10)

where f(t) is a normalized operator monotone function. For symmetric means,
we have f(t) = tf(1/t) which implies that f ′(1) = 1/2. Recall from Loewner
theory [3] the integral characterization that an operator monotone function f(t),
which is defined over the interval (0,∞), possesses:

f(t) = α+ βt+

∫ ∞
0

(
λ

λ2 + 1
− 1

λ+ t

)
dµ(λ), (4.11)

where α is a real number, β ≥ 0 and µ is a positive measure on (0,∞) such that∫ ∞
0

1

λ2 + 1
dµ(λ) <∞. (4.12)

We are interested in finding all possible symmetric matrix means which are
also geodesic midpoint operations on smooth manifolds. We call such a matrix
mean affine [P5]:

Definition 4.3 (Affine matrix mean, M. Pálfia [P2]). An affine matrix mean
M : W 2 7→W is a symmetric matrix mean which is at the same time a geodesic
midpoint operation M(A,B) = expA(1/2 logA(B)) on a smooth manifold W ⊇
P(n,C) equipped with an affine connection, where B is assumed to be in the
injectivity radius of the exponential map expA(x) of the connection given at the
point A. The mapping logA(x) is just the inverse of the exponential map at the
point A ∈W .

The following assertion shows that if a matrix mean is affine then the expo-
nential map of the corresponding smooth manifold has a special structure. We
will use similarly the notation M(A,B)◦n = M

(
A,M(A,B)◦(n−1)

)
as before.

Theorem 4.6 (M. Pálfia [P2]). Let M(A,B) be a symmetric matrix mean.
Then

lim
n→∞

M(A,B)◦n −A
1
2n

= A1/2 logI

(
A−1/2BA−1/2

)
A1/2 (4.13)

where the limit exists and is uniform for all A,B ∈ P(n,C) and logI(t) is an
operator monotone function on the interval (0,∞).

Proposition 4.9 (M. Pálfia [P2]). The limit function logI(t) in Theorem 4.6
maps P(n,C) to H(n,C) injectively and

I −X−1 ≤ logI(X) ≤ X − I (4.14)

for all X ∈ P(n,C) with respect to the positive definite order of matrices.

As a consequence of the above we conclude the following

8



Proposition 4.10 (M. Pálfia [P2]). If a symmetric matrix mean M(A,B) is
an affine mean, then the exponential map and its inverse, the logarithm map
are of the following forms

expp(X) = p1/2 expI

(
p−1/2Xp−1/2

)
p1/2

logp(X) = p1/2 logI

(
p−1/2Xp−1/2

)
p1/2

(4.15)

for p ∈ P(n,C), where expI(X) and logI(X) are analytic functions such that
expI : H(n,C) 7→ P(n,C) and logI(X) is its inverse and log′I(I) = I, exp′I(0) =
I, logI(I) = 0, expI(0) = I.

After investigating the properties of the possible affine connections that can
occur we derive the main result of the section.

Theorem 4.7 (M. Pálfia [P2]). All affine matrix means M(X,Y ) are of the
form

M(X,Y ) =

X
1/2

[
I+(X−1/2Y X−1/2)

1−κ

2

] 1
1−κ

X1/2 if κ 6= 1,

X1/2
(
X−1/2Y X−1/2

)1/2
X1/2 if κ = 1,

(4.16)

where 0 ≤ κ ≤ 2. The symmetric affine connections corresponding to these
means are

∇XpYp = DY [p][Xp]−
κ

2

(
Xpp

−1Yp + Ypp
−1Xp

)
. (4.17)

These connections are only metrizable (Riemannian) if and only if κ = 0, 1, 2,
in which case we get back the arithmetic, geometric and harmonic means re-
spectively.

We can see due to the above result, that generally we cannot treat the exten-
sion problem of matrix means to several variables as a purely metric geometric
problem. Although some of the geometric ideas can be applied somehow. The
following subsections are all based around this idea. This is the longest and
possibly most complicated part of the thesis. The results here can be found in
the chapter ”Extensions of Matrix Means without Metric Structures”.

4.3 Iterative Mean for all Matrix Means

In general our goal is to construct several variable functions with the following
properties. Most of these properties were considered by Ando, Li and Mathias
in [4] and also by Petz and Temesi [24].

Definition 4.4 (Multivariable Matrix Mean). Let M : P(r,C)n 7→ P(r,C).
Then M is called a matrix mean if the following conditions hold

1. M(X, . . . ,X) = X for every X ∈ P(r,C),

2. M(X1, . . . , Xn) is invariant under the permutation of its variables,
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3. min(X1, . . . , Xn) ≤ M(X1, . . . , Xn) ≤ max(X1, . . . , Xn) if min and max
exist with respect to the positive definite order,

4. If Xi ≤ X ′i, then M(X1, . . . , Xn) ≤M(X ′1, . . . , X
′
n),

5. M(X1, . . . , Xn) is continuous,

6. CM(X1, . . . , Xn)C∗ ≤M(CX1C
∗, . . . , CXnC

∗).

1

2

5

1

4

5

3

2

4

3

Figure 1: Example of graph Gk for step 4 of Algorithm 2. If this graph is chosen
in step 4, then step 6 yields Xk+1

1 = M(Xk
1 , X

k
5 ), Xk+1

2 = M(Xk
2 , X

k
3 ), etc.

The next algorithm is the extension of the Iterative mean for metric spaces
to the matrix mean setting.

The next result is the first general result which gives a solution to the long
standing problem of axiomatic extension of 2-variable matrix means.

Theorem 4.8 (M. Pálfia [P1]). Let the matrix mean M in Algorithm 2 satisfy
M(A,B) ≤ A+B

2 for all A,B ∈ P(r,C). Then the n sequences (Xk
i )k≥0, i =

1, . . . , n, generated by Algorithm 2 converge and have the same limit point.

These limit points generally seems to be different, they depend on the graphs
Gk chosen in every iteration step k, similarly to the metric space case. Therefore
we also introduce the following notation in order to express this dependence on
the sequence of graphs. Let us denote the infinite sequence of graphs with

G =
{
G0, G1, . . .

}
. (4.18)
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Algorithm 2 Iterative extension of a 2-variable matrix mean

1: Data: X = (X1, . . . , Xn) ∈ P(r,C)n; a 2-variable matrix mean M : P(r,C)×
P(r,C)→ P(r,C).

2: Initialization: X0
i := Xi, i = 1, . . . , n.

3: for k = 0, 1, . . . do
4: Choose a directed graph Gk with n vertices labelled from 1 to n and n

edges labelled from 1 to n, such that Gk is connected as an undirected
graph and every vertex has exactly two edges connected to it; see figure 1
for an example.

5: for i = 1, . . . , n do
6: Xk+1

i := M(Xk
ji
, Xk

li
), where ji is the tail vertex and li the head vertex

of edge i in Gk.
7: end for
8: end for

With this notation from now on we denote the common limit point of the se-
quences in Theorem 4.8 as MG(X1, . . . , Xn) to express the dependence of the
limit point on the sequence of graphs G.

The limit points clearly provides us with n-variable extensions that possess
the required properties.

Proposition 4.11 (M. Pálfia [P1]). The limit point MG(X1, . . . , Xn) of the ma-
trix sequences given in Algorithm 2 satisfies 1., 3., 4., 5. and 6. in Definition 4.4
with respect to an infinite sequence of graphs G.

Proposition 4.12 (M. Pálfia [P1]). If M(A,B) ≤ N(A,B) ≤ (A + B)/2 are
matrix means, then the same ordering is true for the induced limit points
MG(X1, . . . , Xn) and NG(X1, . . . , Xn) of the matrix sequences given in Algo-
rithm 2 with respect to an infinite sequence of graphs G.

During the proof of the preceding theorems the author also carried out a
notable generally applicable result.

Theorem 4.9 (M. Pálfia [P5]). Let F : P(r,C)n 7→ P(r,C) which satisfies
properties

1. if Xi ≤ X ′i for all i, then F (X1, . . . , Xn) ≤ F (X ′1, . . . , X
′
n),

2. F (cX1, . . . , cXn) = cF (X1, . . . , Xn) for real c > 0.

Then F is continuous.

4.4 Weighted 2-variable Matrix Means

Kubo-Ando theory itself does not give us any hint on how to find the weighted
2-variable versions of a symmetric matrix mean. Here we provide a suitable
process that defines us a weighted 2-variable matrix mean corresponding to
every symmetric one.
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Definition 4.5 (Weighted mean process, M. Pálfia [P5]). Let M(·, ·) be a sym-
metric matrix mean, A,B ∈ P(r,C) and t ∈ [0, 1]. Let a0 = 0 and b0 = 1,
A0 = A and B0 = B. Define an, bn and An, Bn recursively by the following
procedure for all n = 0, 1, 2, . . . :

if an = t then
an+1 = an and bn+1 = an, An+1 = An and Bn+1 = An

else if bn = t then
an+1 = bn and bn+1 = bn, An+1 = Bn and Bn+1 = Bn

else if an+bn
2 ≤ t then

an+1 = an+bn
2 and bn+1 = bn, An+1 = M(An, Bn) and Bn+1 = Bn

else
bn+1 = an+bn

2 and an+1 = an, Bn+1 = M(An, Bn) and An+1 = An
end if

According to the above an+1, bn+1 and An+1, Bn+1 are clearly defined with
respect to an, bn and An, Bn recursively.

This algorithm may also be regarded as a kind of binary search with recur-
rence relation:

if t = t1+t2
2 then

Mt(A,B) = M (Mt1(A,B),Mt2(A,B))
end if

Theorem 4.10 (M. Pálfia [P5]). The sequences An and Bn given in Definition
4.5 are convergent and have the same limit point.

Definition 4.6 (Weighted mean, M. Pálfia [P5]). The common limit point
of An, Bn in Theorem 4.10 will be denoted by Mt(A,B) and from now on is
considered as the corresponding weighted mean to a symmetric matrix mean
M(·, ·).

The following results give us the nice properties which a weighted matrix
mean should possess.

Proposition 4.13 (M. Pálfia [P5]). Mt(A,B) yields the correct corresponding
weighted means in the case of the arithmetic, geometric, harmonic means.

The above is a consequence of the affine geodesy of the corresponding man-
ifolds mentioned above. There are further important properties which are ful-
filled by Mt(A,B):

Proposition 4.14 (M. Pálfia [P5]). Mt(A,B) for A,B ∈ P(r,C) and t ∈ [0, 1]
fulfills the following properties

(i’) Mt(I, I) = I,

(ii’) if A ≤ A′ and B ≤ B′, then Mt(A,B) ≤Mt(A
′, B′),

(iii’) CMt(A,B)C ≤Mt(CAC,CBC),
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(iv’) if An ↓ A and Bn ↓ B then Mt(An, Bn) ↓Mt(A,B),

(v’) if N(A,B) ≤M(A,B) then Nt(A,B) ≤Mt(A,B),

(vi’) M1/2(A,B) = M(A,B),

(vii’) Mt(A,B) is continuous in t.

Corollary 4.15 (M. Pálfia [P5]). For every symmetric matrix mean M(A,B)
there is a corresponding one parameter family of matrix means Mt(A,B) for
t ∈ [0, 1]. Let f(x) be the normalized operator monotone function corresponding
to M(A,B). Then similarly we have a one parameter family of normalized
operator monotone functions ft(x) corresponding to Mt(A,B). The family ft(x)
is continuous in t, and f0(x) = 1 and f1(x) = x are the two extremal points, so
ft(x) interpolates between these two points.

Based on this phenomenon we can conclude the following

Proposition 4.16 (M. Pálfia [P5]). Let M(A,B) be a symmetric matrix mean.
Then (

(1− t)A−1 + tB−1
)−1 ≤Mt(A,B) ≤ (1− t)A+ tB, (4.19)

where Mt(A,B) is the weighted version of M(A,B).

We are going to use the big O notation. This means that we have X =
Y + O(εk) if and only if there exist constants ε0 < 1 and θ such that for each
0 < ε < ε0 we have ‖X − Y ‖ ≤ θεk.

Proposition 4.17 (M. Pálfia [P5]). Let M(A,B) be a symmetric matrix mean
and f(t) be its corresponding normalized operator monotone function. Let f(t)
have a series expansion around I as

f(X) = I +
X − I

2
+

∞∑
k=2

bk(X − I)k. (4.20)

Then we have a series expansion for Mt(I,X) = ft(X) whenever ‖X − I‖ ≤
ε < 1 in the form

ft(X) = I + t(X − I) + 4b2t(1− t)(X − I)2 +O(ε3). (4.21)

This important result will ultimately lead us to the cubic convergence of the
BMP-process later.

4.5 Ando-Li-Mathias Procedure for all Matrix Means

Here in this subsection we give an affirmative answer to the conjecture formu-
lated by Petz and Temesi in [24, 25] that the ALM-process converges for all
matrix means. The convergence of this process for the geometric mean were
proved by Ando, Li and Mathias [4] and later by Petz and Temesi [24]. The last
two were also able to prove the convergence of the process for orderable tuples.
A general proof however was out of reach at that time.

13



Definition 4.7 (ALM iteration). Let X = (X0
1 , . . . , X

0
n) where X0

i ∈ P(r,C)
and define the mapping M(X1, . . . , Xn) inductively as follows. If n = 2 assume
that M(X1, X2) is already given. For general n > 2 assume that M(X1, . . . ,
Xn−1) is already defined. Then using M(X1, . . . , Xn−1), set up the iteration

X l+1
i = M

(
Z 6=i

(
X l

1, . . . , X
l
n

))
, (4.22)

where Z 6=i(X
l
1, . . . , X

l
n) = X l

1, . . . , X
l
i−1, X

l
i+1, . . . , X

l
n. If the sequences X l

i con-
verge to a common limit point for every i, then define

lim
l→∞

X l
i = M(X0

1 , . . . , X
0
n). (4.23)

Theorem 4.11 (M. Pálfia [P5]). Let F : P(r,C)2 7→ P(r,C) and suppose that
F (A,B) fulfills one of the inequalities below:(

A−1 +B−1

2

)−1
≤ F (A,B) ≤

[
A2 +B2

2
− k

8
(A−B)2

]1/2
(4.24)

for a k ∈ (0, 2], or

F (A,B) ≤ A+B

2
. (4.25)

Then in Definition 4.7 starting with M(A,B) := F (A,B), M(X1, . . . , Xn) exists
for all n, in other words the sequences converge to a common limit point for all
n.

The next section concludes a similar result for the BMP process.

4.6 Bini-Meini-Poloni Procedure for all Matrix Means

This result is similar to the above one and also gives us an axiomatic extension
of 2-variable matrix means in general. This process were considered by Bini,
Meini and Poloni in [7]. They were only able to prove the convergence of this
process for the geometric mean. Here we prove it in full generality.

Definition 4.8 (BMP iteration). Let X = (X0
1 , . . . , X

0
n) where X0

i ∈ P(r,C)
and define the mapping M(X1, . . . , Xn) inductively as follows. If n = 2 assume
that Mt(X1, X2) is already given. For general n > 2 assume that M(X1, . . . ,
Xn−1) is already defined. Then using M(X1, . . . , Xn−1), set up the iteration

X l+1
i = Mn−1

n

(
X l
i ,M

(
Z 6=i

(
X l

1, . . . , X
l
n

)))
, (4.26)

where Z 6=i(X
l
1, . . . , X

l
n) = X l

1, . . . , X
l
i−1, X

l
i+1, . . . , X

l
n. If the sequences X l

i con-
verge to a common limit point for every i, then define

lim
l→∞

X l
i = M(X0

1 , . . . , X
0
n). (4.27)
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Theorem 4.12 (M. Pálfia [P5]). Let F : [0, 1]×P(r,C)2 7→ P(r,C) and suppose
that Ft(A,B) fulfills one of the inequalities below:[

(1− t)A−1 + tB−1
]−1 ≤ Ft(A,B) ≤

≤
[
(1− t)A2 + tB2 − k

2
t(1− t)(A−B)2

]1/2 (4.28)

for a k ∈ (0, 2] and every t ∈ [0, 1], or

Ft(A,B) ≤ (1− t)A+ tB, (4.29)

for every t ∈ [0, 1]. Then in Definition 4.8 starting with Mt(A,B) := Ft(A,B),
M(X1, . . . , Xn) exists for all n, in other words the sequences converge to a
common limit point for all n.

Proposition 4.17 tells us that no matter how we choose the symmetric matrix
mean M(A,B), the series expansion of Mt(A,B) around I has similar structure
up to the (X − I)2 term:

Mt(A,B) = (1− t)A+ tB + 4b2t(1− t)A1/2
(
A−1/2BA−1/2 − I

)2
A1/2 + . . .

(4.30)
Actually b2 ≤ 0 for every matrix mean since the corresponding operator mono-
tone function is concave.

A remarkable consequence of the above series expansion is that the BMP
procedure converges at least cubically if the matrices are sufficiently close to
each other for all symmetric matrix means. This was proved by Bini, Meini and
Poloni [7] for the geometric mean and this result was a major improvement over
the ALM mean which were known to converge only linearly.

To prove this assertion we prove the following more precisely formulated

Theorem 4.13 (M. Pálfia [P5]). Let 0 < ε < 1, K,X0
i ∈ P(r,C), i = 1, . . . , n,

and Ei = K−1X0
i − I. Set up the the BMP process on the X0

i with a symmetric
matrix mean M(A,B) which has series expansion given as in Proposition 4.17.
Now suppose that ‖Ei‖ ≤ ε for all i. Then for the matrices X1

i the following
hold.

C1: We have
K−1X1

i − I = Tn +O(ε3), (4.31)

where

Tn =
1

n

n∑
j=1

Ej +
2b2
n2

n∑
i,j=1

(Ei − Ej)2. (4.32)

C2: There are positive constants θ, σ and ε̄ < 1 (all of which may depend on
n) such that for all ε ≤ ε̄, ∥∥K−11 X1

i − I
∥∥ ≤ θε3 (4.33)

for a suitable matrix K1 satisfying
∥∥K−1K1 − I

∥∥ ≤ σε.
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C3: The BMP iteration in Definition 4.8 converges at least cubically.

C4: We have
K−11 MBMP (X0

1 , . . . , X
0
n)− I = O(ε3), (4.34)

where MBMP (X0
1 , . . . , X

0
n) denotes the limit point of the BMP-process in

Definition 4.8.

The last subsection ensures that the properties mentioned in Definition 4.4
are fulfilled.

4.7 Properties of the ALM and BMP mean

We show that the limit point of the ALM and BMP processes, denoted by
MALM (X1, . . . , Xn) and MBMP (X1, . . . , Xn) respectively, as extensions of sym-
metric matrix means, fulfill the following required properties.

Theorem 4.14 (M. Pálfia [P5]). If M(A,B) is a symmetric matrix mean, then
the M := MALM (X1, . . . , Xn) and M := MBMP (X1, . . . , Xn) extensions fulfill
the following properties

(I) M(X, . . . ,X) = X for every X ∈ P(r,C),

(II) M(X1, . . . , Xn) is invariant under the permutation of its variables,

(III) min(X1, . . . , Xn) ≤ M(X1, . . . , Xn) ≤ max(X1, . . . , Xn) if min and max
exist with respect to the positive definite order,

(IV) If Xi ≤ X ′i, then M(X1, . . . , Xn) ≤M(X ′1, . . . , X
′
n),

(V) M(X1, . . . , Xn) is continuous,

(VI) M(CX1C
∗, . . . , CXnC

∗) = CM(X1, . . . , Xn)C∗ for all invertible C.

Proposition 4.18 (M. Pálfia [P5]). If M(A,B) ≤ N(A,B) are functions sat-
isfying the properties of F (A,B) in Theorem 4.11, then the same ordering is
true for the ALM limit points M(X1, . . . , Xn) and N(X1, . . . , Xn).

Proposition 4.19 (M. Pálfia [P5]). If Mt(A,B) ≤ Nt(A,B) are functions
satisfying the properties of Ft(A,B) in Theorem 4.12, then the same ordering
is true for the BMP limit points M(X1, . . . , Xn) and N(X1, . . . , Xn).

5 Applications

The results related to k-convex metric spaces can be used generally to approxi-
mate the center of mass of finite points. This problem is closely related to the
geometric mean of positive definite matrices.

The different multiple variable matrix means which are acquired by the
convergence of certain symmetrization methods studied here are providing us
with different averages of several positive definite matrices. For instance the
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2-variable logarithmic mean has some applications engineering. Here we give
several extension formulas for this mean as a consequence of our general con-
vergence theorems.
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