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Abstract

Everyday congestions on freeways are one of the most important and urgent transporta-
tion problems in the 21st century. They cause delay in transportation goods, increased
fuel consumption and increased environmental impacts due to air pollution. Engineers
and researchers are presently focusing on the understanding of the phenomena and de-
veloping advanced solutions.

The aim of the dissertation is the analysis and control of high-complexity freeway
processes by using advanced control methods, the concept of Linear Parameter Varying
systems.

The dissertation is organized into three coherent parts:

• Modeling non-linear freeway traffic flow. The well-known second-order macro-
scopic freeway model forms the basis of the dissertation. Such model uses non-
linear differential equations for the dynamical evolution of density and space-mean
speed to imitate complex freeway phenomena. It has been proven to be efficient,
and therefore is widely used in the literature. At the same time, due to its com-
plexity, various computational problems may arise during its application. The
first part of the dissertation introduces a general reformulation procedure of the
second-order macroscopic model into a compact Linear Parameter Varying model
structure. The resulting parameter-dependent description is more suitable for
some selected transportation problems, and preserves the numerical accuracy of
the original one.

• Analysis of the parameter-dependent traffic model. In the second part, the analysis
of the obtained system is carried out by using advanced control theory methods. A
set-theoretical approach is applied to investigate controllability with taking hard
physical constraints of traffic control measures into consideration. An analysis
like that could identify efficient operating region of freeway ramp metering.

• Ramp metering control design. Based on the obtained parameter-dependent model
description, a novel ramp metering technique is proposed in the third part. The
traffic regulation objective is formulated as a formal induced L2 norm minimiza-
tion problem. A systematic controller design method is derived, leading to an
optimization problem over Linear Matrix Inequalities. The resulting controller
could achieve maximal network throughput by suppressing shock waves.



Contents

Acknowledgements iii

Table of Contents iii

List of Figures v

List of Tables vi

Glossary vii

1 Introduction 1

1.1 Introduction and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Contributions to the state of the art . . . . . . . . . . . . . . . . . . . . 3
1.3 Overview of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Models of freeway traffic 5

2.1 Macroscopic traffic variables . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.1 Flow equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.2 Fundamental diagram of traffic engineering . . . . . . . . . . . . 9

2.2 First-order models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.1 Vehicle conservation law . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.2 The Lighthill-Whitham-Richards (LWR) model . . . . . . . . . . 13

2.3 Discussion of second-order models . . . . . . . . . . . . . . . . . . . . . . 15
2.3.1 Requiem and resurrection . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 Discretized PW model . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3.3 Extension of Payne-Whitham model . . . . . . . . . . . . . . . . 21

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 Parameter-dependent models of freeway traffic 24

3.1 Introduction and basic notions . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 Parameter-dependent model of a single freeway segment . . . . . . . . . 27

3.2.1 Steady-state conditions . . . . . . . . . . . . . . . . . . . . . . . 27
3.2.2 Centering and factorization . . . . . . . . . . . . . . . . . . . . . 29
3.2.3 LPV model of a single segment . . . . . . . . . . . . . . . . . . . 31
3.2.4 Affine parameter-dependent representation . . . . . . . . . . . . . 33

ii



3.2.5 Polytopic representation . . . . . . . . . . . . . . . . . . . . . . . 35
3.3 Parameter-dependent modeling of freeway stretches . . . . . . . . . . . . 37
3.4 The predictive properties of the LPV model variants . . . . . . . . . . . 40

3.4.1 Computational issues . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4.2 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5 Conclusion and contributions . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Analysis of freeway traffic models 54
4.1 Freeway traffic control . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Ramp metering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.3 Parameter-dependent problem formulation . . . . . . . . . . . . . . . . . 56
4.4 Set-theoretic notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.5 The maximal robust controlled invariant set . . . . . . . . . . . . . . . . 59
4.6 The t-step robust controllable set . . . . . . . . . . . . . . . . . . . . . . 65
4.7 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.8 Conclusion and contributions . . . . . . . . . . . . . . . . . . . . . . . . 70

5 Control of freeway traffic 71
5.1 Ramp metering strategies . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.2 Parameter-dependent formulation . . . . . . . . . . . . . . . . . . . . . . 73

5.2.1 Constraint handling . . . . . . . . . . . . . . . . . . . . . . . . . 73
5.2.2 Polytopic formulation . . . . . . . . . . . . . . . . . . . . . . . . 74

5.3 Controller setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.4 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.4.1 Case study A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.4.2 Case study B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.5 Conclusion and contributions . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Conclusions and further research 90
6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.2 Further research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

A Microscopic models 92

B Solution of the LWR model 95
B.1 Homogenous traffic - Kinematic waves . . . . . . . . . . . . . . . . . . . 95
B.2 Inhomogeneous traffic - Shock waves . . . . . . . . . . . . . . . . . . . . 96

C Proof of Lemma 3.1 98

D Non-linear parameter identification 99
D.1 Identification of model parameters . . . . . . . . . . . . . . . . . . . . . 99
D.2 Evaluation of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Bibliography 115

iii



List of Figures

2.1 Vehicle trajectories in time-space diagram . . . . . . . . . . . . . . . . . 6
2.2 Visualization of traffic data collected from A12 freeway in the Netherlands 10
2.3 Equilibrium speed diagram (a) and fundamental diagram (b) fitted on

detector data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4 Spatiotemporal visualization of collected data from A12 freeway in the

Netherlands . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Illustration of a general freeway stretch with discretized variables . . . . 19

3.1 Illustration of a realistic freeway topology . . . . . . . . . . . . . . . . . 42
3.2 The schematic road topology and detector spacing of the test field at A12 44
3.3 Spatiotemporal visualization of density measurements used for validating

the LPV variants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.4 Polytopic weighting functions of a single segment for exact freeway model 46
3.5 Comparison of exact qLPV speed and flow responses with detector mea-

surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.6 Zoomed view of exact qLPV speed and density responses with detector

measurement data under a traffic breakdown . . . . . . . . . . . . . . . 48
3.7 Polytopic weighting functions of a single segment for approximated free-

way model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.8 Comparison of approximate qLPV speed and flow responses with detector

measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.9 Zoomed view of approximate qLPV speed and density responses with

detector measurement data under a traffic breakdown . . . . . . . . . . 51

4.1 Traffic congestion without on-ramp metering . . . . . . . . . . . . . . . . 56
4.2 Traffic congestion and off-ramp blockage without on-ramp metering . . . 56
4.3 The isolated ramp metering problem . . . . . . . . . . . . . . . . . . . . 57
4.4 The admissible set of the state variables, determined from detector mea-

surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.5 The maximal robust controlled invariant set . . . . . . . . . . . . . . . . 68
4.6 The initial target set T of the ramp metering problem, determined from

detector measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.7 The t-step robust controllable sets in the congested region . . . . . . . . 69
4.8 Characterization of traffic situations . . . . . . . . . . . . . . . . . . . . 70

iv



5.1 Closed-loop interconnection of the system and controller . . . . . . . . . 76
5.2 Weighting functions depending on the saturation parameter θ(u(k)) . . . 80
5.3 Performance weighting function in the frequency domain . . . . . . . . . 81
5.4 Inflow (a) and downstream density (b) profiles used through case study A 82
5.5 Comparison of the density evolution for the uncontrolled, polytopic con-

trolled and the ALINEA controlled cases . . . . . . . . . . . . . . . . . . 83
5.6 Comparison of the space-mean speed evolution for the uncontrolled, poly-

topic controlled and the ALINEA controlled cases . . . . . . . . . . . . . 83
5.7 Comparison of the on-ramp volume for the uncontrolled, constrained

LPV controlled and ALINEA controlled cases . . . . . . . . . . . . . . . 85
5.8 The variation of the saturation parameter θ(u(k)) . . . . . . . . . . . . . 85
5.9 The schematic topology used in case study B . . . . . . . . . . . . . . . 86
5.10 Comparison of density evolution of the uncontrolled and constrained con-

trolled cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.11 Comparison of on-ramp volumes of the uncontrolled and constrained con-

trolled cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
5.12 Spatiotemporal comparison of the uncontrolled (a) and constrained LPV

controlled (b) cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

A.1 String of vehicles on a one-lane freeway . . . . . . . . . . . . . . . . . . 92

D.1 The schematic road topology and detector spacing of the test field at A12 99
D.2 Visualization of traffic data sets used for parameter identification . . . . 101
D.3 Space-mean speed D.2(a) and flow D.2(b) responses of the non-linear

model with identified parameters compared with detector measurements 103
D.4 Visualization of traffic data sets used for model validation . . . . . . . . 105
D.5 Space-mean speed D.4(a) and flow D.4(b) responses of the non-linear

model with identified parameters compared with the testing data set . . 106

v



List of Tables

3.1 Elements of Ai(xi(k)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 Elements of Bi(xi(k)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.3 Elements of (a) −Ei(xi(k)) and (b) +Ei(xi(k)) . . . . . . . . . . . . . . 33
3.4 The non-zero entries of A4i−3 . . . . . . . . . . . . . . . . . . . . . . . . 39
3.5 The non-zero entries of A4i−1, B4i−1 and E4N−1 . . . . . . . . . . . . . 40
3.6 The identified parameters of the non-linear model . . . . . . . . . . . . . 45
3.7 The identified parameters of the approximate non-linear model . . . . . 49

4.1 The model parameters used through the numerical example . . . . . . . 66
4.2 The steady state values . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.1 Non-linear model parameters used in case study A . . . . . . . . . . . . 80
5.2 Steady-state values used in case study A . . . . . . . . . . . . . . . . . . 80
5.3 The identified non-linear model parameters used in case study B . . . . 86
5.4 Steady-state values used in case study B . . . . . . . . . . . . . . . . . . 86

D.1 The identified parameters of the non-linear model . . . . . . . . . . . . . 102
D.2 The identified parameters of the non-linear model with the new data sets 104
D.3 Relative difference in the performance index due to parameter perturbation104

vi



Glossary

Notations

Mathematical Symbols

R - set of real numbers
R

n - set of n-dimensional real vectors
R

n×m - set of n by m matrices with elements in R

S
n×n - set of symmetric matrices in R

n×n

AT - the transpose of the matrix A
A−1 - the inverse of the matrix A
In - the n dimensional identity
0n×m - the zero element of R

n×m

A ≻ 0 (A � 0) - A positive definite (positive semi-definite)
A ≺ 0 (A � 0) - A negative definite (negative semi-definite)
C0 (U, V ) - set of continuous functions from U to V
‖·‖2 - L2 norm
Co {·} - convex hull⋂

- intersection of two sets

Symbols related to microscopic traffic models

x - continuous spatial coordinate
t - continuous temporal coordinate
xi(t) - position of vehicle i
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Chapter 1

Introduction

1.1 Introduction and motivation

The mathematical theory of freeway traffic flow gained ground in the last 60 years.
The need for understanding and appropriately describing the complex spatiotemporal
process piqued the attendance of engineers, mathematicians and researchers all over the
world. Consequently, the very first dynamical models have been established in the mid
50’s [LW55, Ric56, CHM58].

These micro- and macroscopic models were the first representatives of traffic pro-
cesses involving non-linear ordinary and partial differential equations. They were then
eminently used for analyzing traffic phenomena. According to the state-of-art in the
early 1960s, linear methods have been applied to investigate stability or to predict traf-
fic behavior. Consequently, the fundamentals of traffic theory were laid down. Various
refinements and extensions of these pioneer models have been reported during these
years, leading to a deeper understanding of the underlying problem by introducing
more sophisticated and complex models [GHR61].

During these years, the paradigms of dynamical systems and control theory has been
changed. Before 1960, the period of classical control, dynamical systems were basically
characterized by their input-output behavior and the fundamental result of this period
was the introduction of transfer function and frequency domain analysis, accordingly.
Also, system and control theory was considered as an electrical engineering field. Around
1960, the notion of the system’s internal state has been introduced in the works of R.E.
Kalman [Kalb] that has shifted the paradigms. Suddenly, the viewpoint on dynamical
processes has been changed and system and control theory broke into other fields than
electrical systems. Consequently, the evolution of system and control theory has sped
up. The fundamentals of non-linear system theory, multivariable systems and optimal
control have been substantiated during the first decade of modern control theory. The
state estimation problem and the celebrated Kalman-filter, together with the Linear
Quadratic control (Linear Quadratic Gaussian control) was considered as the most
significant results of the 60’s [Kala, Ath71].

These ideas have been transferred to freeway processes with a significant time delay.
The very first freeway control was formulated as a fix time strategy in the middle of
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the 1960s [Wat65]. Then it took a decade to introduce dynamical control and estima-
tion strategies for freeway processes. The Kalman filter was applied first for a linear
macroscopic model in 1972 [SG72], while the first ramp metering strategy with real-time
measurements have been proposed using a feed-forward structure in 1975 [MaPWT+75].
Surprisingly, the feedback structure and the LQ design technique were adopted for traf-
fic regulation problems only in 1983 by M. Papageorgiou [Pap83]. Feedback appeared
first in a freeway traffic context in [PBHS90a, PBHS90b]. Accordingly, linear techniques
have been introduced first, while mathematical modeling of the traffic process further
evolved and became more complex, and non-linear models appeared with an increased
accuracy in reproducing related phenomena [Pay71].

Meanwhile, the general theory of non-linear systems has been established [Isi95]
and the scope of system and control theory has been further expanded. Applications
to various engineering problems, such as automotive, aeronautical or process systems,
have appeared. Furthermore, not only were non-linear systems in the focus of the
control theoretical research, but by introducing the notions of robustness and advanced
disturbance attenuation for linear systems in the H∞ framework, the post-modern era
of system and control theory has been opened [Zam81]. Number of new ideas appeared
according to the H∞ theory, whereas one of the most fruitful development was related
to efficient computational issues such as Linear Matrix Inequalities. Without doubt, we
can say that H∞ and H2 optimal theory were the most successful research areas during
the 1990s.

Unfortunately, not very many of these ideas have been exploited in a freeway traffic
context. Besides the non-linear identification of macroscopic models [CP81], the adap-
tation of non-linear estimation (see e.g. [WP05]) and control methods (e.g. [KP04])
only appeared later. Results from linear robust or H∞ approaches did not adopt for
freeway problems because of the non-linear nature of the process.

The latest directions in system and control theory are certainly the Model Predictive
Control (MPC) framework and the Linear Parameter Varying (LPV) paradigms. MPC
is a dynamical model based control method, where the optimization is embedded into a
rolling horizon fashion (see e.g. [GPM89]). Various extensions of the core algorithm have
been proposed in the last decades, therefore non-linear, robust or stochastic versions
are not unique in this field. Next to the proper constraint handling, the wide range of
applicability makes MPC an attractive and widely used tool. Consequently, MPC has
adopted to traffic related control problems in the past years [Heg04].

LPV systems have emerged from non-linear system theory at the beginning of the
90’s [SA91]. The basic idea originated from gain-scheduling control theory [SA90], where
non-linear plants were approximated by finite number of linearized models connected
by an interpolation function, called scheduling function. Scheduling has been further
generalized under the parameter-dependent framework, where non-linear systems are
transformed by letting scheduling functions depend on systems’ states. This way, non-
linear systems became dependent on the scheduling variables and linear in the system
signals. Linear results then could be extended for non-linear ones by using the LPV
framework. Recognizing this fact, the theory of LPV systems has been established in
the past decades. Robust and optimal control design [AG95, AGB95, BP94], estimation
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and LQG control methods [Wu95] as well as geometric control theory [BBS03], Fault
Detection and Isolation [BB04] or system identification [T1́0] have been developed for
the LPV system class. Furthermore, it has been observed that many non-linear systems
can be transformed into an LPV form, where the most successful application areas are
aircrafts [Mar01] and automotive vehicles [GSB05, GSB06].

Observing the success, effectiveness and richness of the LPV methodology from
both theoretical and application point of view, it is considered as a suitable tool for
freeway traffic modeling and control purposes. The dissertation aims to introduce new
innovative ideas and tools for freeway systems according to the state-of-art in system
and control theory. By capitalizing advanced methods, previously unsolvable problems
can be reformulated and answered in a compact, well-established framework.

1.2 Contributions to the state of the art

The main contributions of the thesis can be summarized as follows:

• In Chapter 3 we introduce the Linear Parameter Varying framework for freeway
systems. Generic and affine parameter-dependent representation of the non-linear
dynamics are introduced as well as parameter-dependent polytopic structure.

• In Chapter 4 we develop set-theoretic methods for the analysis of freeway control
problems. The notions of robust controlled invariant and robust controllable sets
are adopted successfully for the ramp metering problem, characterizing various
traffic situations.

• In Chapter 5 a novel ramp metering design is established. A dynamic controller
is obtained, which minimizes the undesired effects on section’s throughput.

1.3 Overview of the thesis

The section provides a brief overview on the structure of the dissertation.
After an introductory chapter (Chapter 1), a brief overview of the mathematical

modeling of freeway traffic flow is given in Chapter 2. Firstly, some key notions from
the field of microscopic modeling is given in Section A. We discuss the microscopic
origins of the forthcoming macroscopic notions, such as stability or equilibrium flow by
introducing generic car-following models. After the microscopic discussion, we focus on
macroscopic models in the rest of Chapter 2. For this purpose, the exact definitions of
macroscopic variables are given in Section 2.1. Once the spatiotemporal distributions
are defined, we discuss dynamical representations of the process in terms of continuum
variables. Following the historical evolution of traffic theory, first-order models are in-
troduced in Section 2.2. Fundamental concepts of macroscopic modeling and mathemat-
ical formulations of traffic phenomena are discussed. The subsequent section (Section
2.3) gives the comparative and critical overview of second-order macroscopic modeling
paradigms. Namely, the properties and abilities of the extended Payne-Whitham model
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are discussed in details. As a conclusion of Chapter 2, the dynamical model of the
process which is in the focus of the dissertation is established.

Chapter 3 introduces the parameter-dependent framework of freeway systems. A
more formal statement of the problem is given under Section 3.1, by terms of various
representations of dynamical systems. Section 3.2 is then aimed at the reformula-
tion of the non-linear dynamics of a small stretch of freeway into parameter-dependent
structures. By introducing a shifted coordinate frame, based on steady-state condi-
tions, factorization is applied to obtain a generic LPV model. Furthermore, because of
computational issues, affine parametrization as well as polytopic reformulation of the
parameter-dependent model are established. Section 3.3 then explains how to construct
the parameter-dependent model of an arbitrary long freeway stretch. It will be pointed
out that longer sections can be built up by interconnecting subunit dynamics developed
in Section 3.2. The goal of Section 3.4 is dual: it addresses the numerical requirements
related to various parameter-dependent structures, and provides a numerical example
to validate the newly-developed modeling formalism.

Set-theoretic analysis of the ramp metering problem is carried out in the following
chapter (Chapter 4). Section 4.1 states the generic objective of traffic control, while
Section 4.2 focuses on the ramp metering problem. The generic properties of ramp
metering is discussed, emphasizing its connection with the traffic control objective.
After the Reader got familiar with the classical formulation of the ramp metering,
the problem is stated in the parameter-dependent framework under Section 4.3. The
problem is then discussed in a set-theoretic context. The necessary notions regarding the
set-theoretic analysis are summarized in Section 4.4. The key notions of the chapter
are the introduction of the robust controlled invariant and robust controllable sets,
while algorithms are developed later. First of all, Section 4.5 develops the algorithm
for determining the maximal robust controlled invariant set for freeway problems. The
attention is focused on the proper distinction of known and unknown signals of the
control problems. Then, in a similar manner, an algorithm for the calculation of robust
controllable sets is proposed in Section 4.6. Section 4.7 gives numerical results of the
developed algorithms, focusing on the physical interpretation of the achieved outcomes.

A novel ramp metering strategy is established in Chapter 5. Firstly, a brief literature
overview on existing ramp metering design techniques is given in Section 5.1. Then,
the parameter-dependent setup of the control design is discussed under Section 5.2. We
propose an implicit constraint handling scheme in order to avoid the violation of hard
physical constraints arising in ramp metering. Furthermore a parameter-dependent
dynamical controller is proposed in Section 5.3. Based on dissipative system concepts
an induced L2 norm minimization problem is formulated and solved. The synthesis
problem is then obtained as an optimization problem, subject to a set of Linear Matrix
Inequalities. A comparative numerical example is given in Section 5.4 to validate the
novel constrained control concept.
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Chapter 2

Models of freeway traffic

The diversity of freeway traffic models reflects truly the complexity and variegation of
the spatiotemporal process. The classification of traffic models can be done based on
several aspects, where the most significant ones are categorized below:

1. According to the level-of-detail one can distinguish between the following model
classes:

(a) Submicroscopic simulation models are high-detailed descriptions of vehicle
motions and interactions, where even the behavior of specific vehicle subunits
are involved. Examples of submicroscopic models are: PELOPS [LNW97],
SIMONE [KLM09].

(b) Microscopic simulation models incorporate a high-detailed description of each
individual vehicle motions and their interactions. Microscopic models can be
further categorized according to the applied approach, therefore safe-distance
[May90], stimulus response [GHR61] and psycho-spacing [HHBD10] models
are known.

(c) Mesoscopic models are medium-detailed models where small groups of inter-
acting vehicles are traced in these frameworks besides of individual particles.
In addition behavioral information can be incorporated by means of proba-
bilistic terms. The most known representatives of mesoscopic approach are
based on gas kinetic considerations [PF75, Hel97].

(d) Macroscopic models are low-detailed representation of the process using only
aggregated variables based on hydrodynamical analogies, consequently the
individual vehicle motions and interactions are completely neglected. Ac-
cording to the dynamical equations first- and second- and higher-order mod-
els exist. First-order model of Lighthill-Whitham [LW55], Richards [Ric56]
or Daganzo [Dag94] together with the second-order model of Payne [Pay71],
Whitham [Whi74] or METANET [Mes01] are the most important and widely
used macroscopic models. Higher-order macroscopic models can be found in
[Hel97, THH99]
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Figure 2.1: Vehicle trajectories in time-space diagram

2. According to the scale of independent variables continuous and discrete models
distinguished:

(a) The independent variables of continuous models are changing instantaneously
both in time and space i.e. the domain of the temporal and spatial variables
are t ∈ [0, ∞) , and x ∈ [0, ∞) respectively. See e.g. [GHR61, LW55, Hel97,
Pay71].

(b) Discrete models assume discontinuous changes in both time and space. Ac-
cordingly, temporally and spatially sampled variables are involved, see e.g.:
[LNW97, Dag94, Mes01].

3. Deterministic and stochastic models are distinguished according to the represen-
tation of the process. Deterministic models assume exact relationships without
randomized components effects [May90, LW55, Hel97, Pay71], while stochastic
descriptions use random variables and probabilistic approach [LNW97].

The aim of the chapter is to give a brief overview of traffic literature and introduce
basic notions used along the dissertation. Since macroscopic models are in the focus
of the dissertation, the overview of car following models presented in Appendix A pro-
viding a deeper understanding of the key notions used through the thesis. For a more
comprehensive survey on traffic modeling, we refer to [HB01, OWS10].

2.1 Macroscopic traffic variables

Let us investigate the motion of a vehicle string in a fixed coordinate system in space
and time (Eulerian view [LKV+10]). A possible visualization of the process is given in
Fig. 2.1, where vehicle trajectories are depicted in a time-space diagram. According to
the spatiotemporal nature of traffic process, we define two kinds of traffic measurements:
instantaneous and spatial. A possible third observation method is the one by moving
observers.

Suppose first an arterial look of the traffic process at a given time instance t = t0,
called instantaneous measurement. Let us denote the length of the observed freeway
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stretch with L (see Fig. 2.1). This way one can gather information about the whole
traffic process for every time instance. For t = t0 one can measure the number of
vehicles (M(t0)) located on the given stretch and their individual velocities (vj(t0), j =
1, . . . , M(t0)). Based on the instantaneous view of the flow, two macroscopic variables
are defined: traffic density and space-mean speed.

Definition 2.1 (Traffic density)
Traffic density is the number of vehicles in one lane on a given stretch, divided by the
length of the stretch.

ρ(t0) =
M(t0)

L
. (2.1)

The unit of density is vehicle/km/lane.

One can connect traffic density to the microscopic variables by noting the fact that
in case of long observation spaces, the vehicle lengths can be neglected, i.e.: L ≈∑M(t0)

j=1 sj(t0), where sj denotes the spacing (see Appendix A).

Definition 2.2 (Space-mean speed)
Space-mean speed is the average velocity of vehicles situated on a given stretch.

vs(t0) =

M(t0)∑
j

vj(t0)

M(t0)
. (2.2)

The unit of space-mean speed is km/hour.

The connection to microscopic variables is straightforward. The slope of tangent of
vehicle trajectories gives the individual speed of vehicles at the given time instance.

Next, suppose a stationary observer measuring traffic variables at an arbitrary point
(x = x0) along freeway (see Fig. 2.1). This type of measurement is called local. The time
interval of the measurement is denoted by T . Over this time period one can measure
the number of vehicles (N(x0)) crossing x0, and their velocities (vi(x0), i = 1 . . . N(x0)).
Similar to the instantaneous measurement two variables are defined based on local
measurements: traffic flow and time-mean speed.

Definition 2.3 (Traffic flow)
Traffic flow is the number of vehicles passing a given location, divided by the length of
the observation period.

q(x0) =
N(x0)

T
. (2.3)

The unit of traffic flow is vehicle/hour.

Definition 2.4 (Time-mean speed)
Time-mean speed is the average velocity of vehicles passing a location over a time period.

vt(x0) =

N(x0)∑
i

vi(t0)

N(x0)
. (2.4)

The unit of time-mean speed is km/hour.
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We emphasize the different definition of average speeds, according to the applied view-
points of the process, i.e. space-mean and time-mean speeds. Wardrop [War52] derived
the connection between the two viewpoints in the following formula:

vt = vs +
σ2

s

vs
, (2.5)

where σ2
s is the variance in vehicle speeds around the space-mean speed.

The above introduced four variables (density, space- and time-mean speeds and
traffic flow) are the basic macroscopic variables describing vehicular processes, they can
be further extended for more general definitions as discussed below [Dag97, Hab98].

In case of a local measurement the registered number of passing vehicles at x0 forms
a discrete valued diagram as a function of the elapsed time. Let us denote this function
by N(t, x0), obviously the read of N(T, x0) is the number of vehicles passed x0 over the
time horizon T . Then the expression of the traffic flow can be written as follows:

q(x0) =
N(t0 + T, x0) − N(t0, x0)

T
. (2.6)

For long observation periods one could approximate the discrete valued function N(t, x0)
with a continuous one, denoted by Ñ(t, x0).

Moreover, one can perform local measurement at every spatial location along the
freeway, hence it is useful to collect local measurements and their approximations into
two-dimensional functions: N(t, x) and Ñ(t, x). The read of N(t1, x1) is now the num-
ber of vehicles that passed x1 over the observation period t1. Using the continuous
approximation, the traffic density can be formulated accordingly:

ρ(t0) =
Ñ(t0, x0) − Ñ(t0, x0 + L)

L
. (2.7)

The above interpretation of the density expresses the fact that vehicles registered earlier
at upstream measurement points than downstream ones. Finally if one takes the limit
of eq. (2.6) with respect to T → 0 and eq. (2.7) with respect to L → 0, then one gets
the definition of the spatiotemporal distribution of flow and density:

ρ(t, x) = lim
L→0

−
Ñ(t, x) − Ñ(t, x + L)

L
= −

∂Ñ(t, x)

∂x
, (2.8)

q(t, x) = lim
T→0

Ñ(t + T, x) − Ñ(t, x)

T
=

∂Ñ(t, x)

∂t
. (2.9)

Through the thesis the above read of density (ρ(t, x)) and traffic flow (q(t, x)) is used.
Finally, a similar reading of space-mean speed can be introduced by assigning for

every time instance a velocity value to spatial coordinates x. We will denote this value
as v(t, x). Using the same augmentation as before the notion of velocity field (v(t, x))
can be defined as follows [Hab98]:

Definition 2.5 (Velocity field)
The velocity field v(t, x) equals to the measured speed at the fixed spatial position x and
time t.
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This definition connects the macroscopic view to the microscopic one, since:

v(t, x) = ẋn(t)|xn(t)=x . (2.10)

Introducing the continuous approximation of the velocity field leads to the generalized
definition of space-mean speed, used through the rest of the thesis.

2.1.1 Flow equation

It is important to emphasize that the introduced macroscopic traffic variables are not
independent from each other. A basic connection is derived in the section, often called
flow equation [Hab98]. The flow equation also illustrates the hydrodynamical analogies
between traffic flow and streaming fluids. To show this connection, assume a local mea-
surement at x0 and a small observation period ∆t. During this period, vehicles located
in the upstream region of x0 (i.e.: (x0 − ∆x, x0]) can pass through the measurement
cross-section, where the length of the spatial sector ∆x depends on the velocity of the ve-
hicles. The average speed of vehicles is approximated by the velocity field: v(t, x0), from
what follows: ∆x = v(t, x0)∆t. Moreover the number of vehicles in the investigated
region is (using the definition of traffic density): ρ(t, x0)∆x. I.e. the observed number of
vehicles equals with: ρ(t, x0) ·v(t, x0)∆t. Using the definition of traffic flow we obtained
the following connection between macroscopic variables: q(t, x0) = ρ(t, x0) · v(t, x0),
which obviously independent from x0, i.e.:

q(t, x) = ρ(t, x) · v(t, x). (2.11)

For freeways with multiple (n) lanes the flow equation is simply: q(t, x) = ρ(t, x) ·
v(t, x) · n.

Eq. (2.11) allows us to express the flow encountered by moving reference point. Let
the constant speed of the observer be vo and the traffic flow and density described by
the spatiotemporal distributions q(t, x) and ρ(t, x). During the moving measurement
the traffic flow q(t, x) should be decreased with the flow representing vehicles passed by
the observer. Obviously this flow can be expressed as ρ(t, x)vo, according to the flow
equation. Therefore the flow measured by a moving observer:

qm(t, x) = q(t, x) − ρ(t, x)vo. (2.12)

2.1.2 Fundamental diagram of traffic engineering

Fundamental diagrams of macroscopic variables have a paramount importance in un-
derstanding the behavior of freeway systems. The macroscopic origin of the theory lies
in the observation of measurements provided by locally installed loop detectors. Such
detectors provide every minute measurement information of the traffic flow and corre-
sponding speed measurements, together with the temporal occupancy value1. Traffic
density then can be obtained by either using the flow equation (2.11) or by calculating
the spatial occupancy from the temporal one2.

1Temporal occupancy is given by ot =
∑N(x0)

i=1 ti/T , where ti denotes the time spend by the i-th
vehicle over the detector at x0, during the observation period T .

2Spatial occupancy of a L length stretch of freeway is defined as: os =
∑M(t0)

j=1 Li/L.
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Figure 2.2: Visualization of traffic data collected from A12 freeway in the Netherlands:
(a) density - space-mean speed measurements, (b) density - flow measurements.

Fig. 2.2 shows a classical visualization of macroscopic measurements collected from
A12 freeway in the Netherlands. Observe the linear slope of the flow-density measure-
ments on Fig. 2.2 (b), for light traffic (i.e. ρ being small). In this region the increment
of vehicles in space infers a linear increase in traffic flow, microscopically explained by
the weak interaction between vehicles under light traffic. As the traffic become denser
the interaction between vehicles grows rapidly, and the linear characteristic is lost. In
general we can conclude that the rate of the flow increase, generated by density incre-
ment slows down. The reason is in the corresponding decrease of the space-mean speed,
as illustrated on Fig. 2.2 (a). The observed density-flow characteristic can be verified
by considering the non-linear nature of the speed decrease in the flow equation (2.11).
The microscopic interpretation of this phenomena is well-known: in denser traffic, faster
vehicles should slow down because of overtaking slower ones. Further increase in the
density will result in a maximum flow for a distinct density value, i.e. the freeway
reaches its maximal throughput, called capacity. If the density exceed this distinct
value we can observe a drop in the space-mean speed and additional flow decrease with
even further density increments.

The above remarks lead to a mathematical description, called macroscopic funda-
mental diagram of traffic engineering. The fundamental diagram is a function between
the density and flow (or correspondingly between space-mean speed). We will denote
such fundamental functions with Q(ρ) (or V (ρ)) which should reflect real observations,
formulated in the following four criteria:

1. The traffic flow is zero when density is zero: Q(0) = 0. Or equivalently: V (0) =
vfree

3.

2. The space-mean speed decreases with increasing density, dV (ρ)
dρ

≤ 0

3. For some density value the traffic reaches the condition when flow stops (i.e.
vehicles cannot move). This density is called jam density and denoted by ρjam,

3See vfree in microscopic modeling (A.9).
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i.e. Q(ρjam) = 0.

4. There is a density between ρ = 0 and ρ = ρjam where the flow is maximum. This
defines the critical density, denoted by ρcr.

The mathematical formula for of a fundamental diagram can be obtained in numerous
ways. The first expression was reported by [Gre35], where a linear V (ρ) function was
suggested, resulting a parabolic Q(ρ) diagram according to the flow equation. Although
a large variety of fundamental diagrams have been proposed, however most of them can
be considered as a special case of the one discussed below.

If one correlates the macroscopic observations above with the explanation of uni-
form flow in the microscopic framework then similarities are obvious A. The basic
characteristics, describing the uniform flow are naturally reflected in macroscopic mea-
surements. In order to reformulate the microscopic equilibrium speed eq. (A.9) in terms
of macroscopic variables the definition of density can be applied. Therefore recall the
connection between the length of the observed stretch L and spacing in the follow-
ing form: L ≈

∑M(t0)
j=1 sj(t0). Substituting this in the definition of traffic density and

applying the uniform flow conditions, the density can be expressed as:

ρ∗ ≈
1

s∗
. (2.13)

Consequently if s∗ → ∞ then ρ∗ = 0, and if s∗ → min(s) then ρ∗ → ρjam. Therefore
the microscopic equilibrium speed in (A.9) leads to the following macroscopic formula:

V (ρ) = vfree

[
1 −

(
ρ

ρjam

)(1−l)
] 1

1−m

. (2.14)

One can verify that a linear car-following model (i.e. l = 0 and m = 0) coincides with
the linear fundamental diagram of [Gre35].

A widely used form of eq. (2.14) is proposed in [PBHS90a], where the following

notations and assumptions are introduced: a = 1 − l and ρjam = ρcr

(
a 1

1−m

) 1
a
. Then

for m → 1 one get the following expression:

V (ρ) = vfree exp

(
−

1

a

(
ρ

ρcr

)a)
, (2.15)

which shows good match with macroscopic measurements and therefore selected to
represent macroscopic equilibrium conditions through the thesis (see Figure 2.3). Spe-
cial class of fundamental diagrams (such as trapezoidal [Dag94] or set-valued [Var05,
BWG+11]) also exist in the literature.

2.2 First-order models

In this section the basic macroscopic dynamical description of freeway processes is de-
veloped based on the law of vehicle conservation.
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Figure 2.3: Equilibrium speed diagram (a) and fundamental diagram (b) fitted on
detector data.

2.2.1 Vehicle conservation law

Let us investigate a stretch of freeway. Denote the upstream boundary cross-section by
xa and the downstream one by xb. The number of vehicles located in this stretch can
be calculated by using the definition of traffic density given by eq. (2.8) as:

Na,b(t) =

xb∫

xa

ρ(t, x)dx. (2.16)

Assume that in- and outflow is only possible through the boundaries and no vehicles
can be created or vanished between xa and xb. Then one can write:

dNa,b(t)

dt
= q(t, xa) − q(t, xb), (2.17)

i.e. the change in the vehicle number is determined by the difference of the entering
and exiting traffic flow. Substituting the definition of Na,b to the latter expression we
get the integral form of the vehicle conservation law:

d

dt

xb∫

xa

ρ(t, x)dx = q(t, xa) − q(t, xb). (2.18)

Now we show that the vehicle conservation is independent of the length of the exam-
ined stretch [Hab98]. For this purpose the coordinates of the boundaries (xa and xb)
are considered as variables and consequently the time derivative become partial time
derivative in the right hand side of eq. (2.18). Since the spatial and temporal variables
are independent in the Eulerian frame, the order of derivation and integration can be
changed. Moreover the right-hand side can be written in an integral form, by using the
Newton-Leibniz formula:

q(t, xa) − q(t, xb) =

xa∫

xb

∂

∂x
q(t, x)dx = −

xb∫

xa

∂

∂x
q(t, x)dx. (2.19)
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After these changes eq. (2.18) takes the following form:

xb∫

xa

[
∂ρ(t, x)

∂t
+

∂q(t, x)

∂x

]
dx = 0, (2.20)

i.e. the definite integral of the expression is always zero independently from the upper
and lower limits. The only expression which satisfies this is the zero function, hence we
can formulate the differential form of the vehicle conservation law:

∂ρ(t, x)

∂t
+

∂q(t, x)

∂x
= 0. (2.21)

One can further extend the vehicle conservation law by adding entering and exiting
flows to the examined stretch. Using a hydrodynamical analogy on-ramps (r(t, x))
connected to the main lanes can be considered as additional sources, while off-ramps
(s(x, t)) can be viewed as sinks. The vehicle conservation law then takes its final form:

∂ρ(t, x)

∂t
+

∂q(t, x)

∂x
= r(t, x) − s(t, x). (2.22)

Eq. (2.22) is the fundamental macroscopic dynamical representation of vehicular flow.

2.2.2 The Lighthill-Whitham-Richards (LWR) model

The first macroscopic dynamical model of freeway traffic was developed independently
by two research groups. In 1955 Lighthill and Whitham published their famous paper
as a second part of their article in hydrodynamical models [LW55]. In the following
year Richards developed almost the same model on different considerations [Ric56].
Therefore this model is known and referred in the literature as the Lighthill-Whitham-
Richards (LWR) model.

Although the derived vehicle conservation law (2.21) is a deterministic dynamical
model for freeway state evolution, it contains two unknown distributions: ρ(t, x) and
q(t, x) therefore cannot be solved in its current form. To overcome this problem the
following assumption was made by [LW55]:

v(t, x) = V (ρ(t, x)), (2.23)

i.e. the space-mean speed is completely defined by the fundamental diagram. Using the
flow equation (2.11) and (2.23) in the differential form of vehicle conservation (2.21) the
following non-linear Partial Differential Equation (PDE) can be obtained:

∂ρ(t, x)

∂t
+

∂ρ(t, x)V (ρ(t, x))

∂x
= 0, (2.24)

which is the dynamical equation of the LWR model. To solve the differential equation
(2.24) an additional information is necessary describing the boundary conditions in the
following form:

ρ(0, x) = f(x), (2.25)

i.e. the initial distribution of density along the road. Eq. (2.25) together with eq. (2.24)
form an initial value problem of a hyperbolic PDE system.
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Remark 2.1 Before discussing the solution of the LWR model let us investigate as-
sumption (2.23) closer. It states that drivers adopt their speed instantaneously according
to the density observed at their recent location. This is obviously not true because of the
following reasons [Dag97, Hab98, May90]:

1. The model does not consider the possibility of overtaking, once the vehicle reaches
a slower one (increased density) it will also slow down. Consequently, LWR model
is most suitable for one-lane freeways.

2. The model neglects the finite reaction time of the drivers, by assuming speed adap-
tation according to density at the actual time instant.

3. Similarly, the anticipation of drivers have been neglected by the dependency of the
speed adjust only on the current density (2.23).

Although these restrictions seem really oppressive, the solution of this simplified model
still explains traffic phenomena consistent with real observations. Therefore we sum-
marize the solution of the non-linear PDE (2.24) following the steps of [LW55, Dag97,
Hab98]: solution for homogenous traffic conditions ρ(0, x) = ρ0 (kinematic wave the-
ory), and solution for inhomogeneous traffic conditions ρ(0, x) = f(x) (shock wave
theory). Appendix B provides a more detailed discussion of the solution to the LWR
model.

• The solution of the LWR model subject to homogenous initial conditions lead to
the theory of kinematic waves. It can be shown that small perturbations propagate
in different directions according to the traffic density. More precisely:

– Perturbations in the density range ρ < ρcr propagate downstream.

– Perturbations in the density range ρ > ρcr propagate upstream.

According to this classification the traffic flow is said to be stable in the region
under the critical density and unstable over it. See Appendix B.1 for a more
detailed derivation of kinematic waves.

• The solution of the LWR model subject to inhomogeneous initial conditions in-
troduced the notion of shock waves for freeways. The theory allows the travel-
ling discontinuity solutions, representing change in traffic conditions, of the LWR
model. The shock wave speed is derived under the following formula:

dxs(t)

dt
=

q(t, x1) − q(t, x2)

ρ(t, x1) − ρ(t, x2)
, (2.26)

which equals with the slope of the flow-density diagram between two points rep-
resenting the confronting traffic conditions.

Fig. 2.4 shows the distribution of density, space-mean speed and traffic flow, based
on data collected on a 28 km long stretch of the freeway A12 in the Netherlands.
Jams can be identified with low space-mean speed profile, high density and low
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traffic flow patterns. As one can see basically two types of traffic jams can occur:
fixed and moving. The head of a fixed jam is stationary at a bottleneck location
(see Fig. 2.4 at 36th km), while moving jams are typically short length (1-2 km)
with both head and tail moving upstream (two typical moving jams can be seen on
Fig. 2.4: the first formulating around 8 a.m. at the 44th km, the second around
8.45 a.m. at 55th km).
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(b) Space-mean speed (km/h)
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(c) Traffic flow (veh/h)
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Figure 2.4: Spatiotemporal visualization of collected data from A12 freeway in the
Netherlands: (a) Density measurements, (b) Space-mean speed measurements and (c)
Traffic flow measurements

Shock wave theory explains these phenomena. For a more detailed discussion of
shock waves see Appendix B.2

2.3 Discussion of second-order models

As it was discussed above the LWR hypothesis, eq. (2.23) neglects a number of real
physical phenomena. Although, the model explains traffic phenomena well, there was
a clear need for further refinement. In 1971 and 1974 two researchers (H.J. Payne
and G.B. Whitham) developed the solution for extending the LWR model with driver
behavior based on car-following theory [Pay71, Whi74]. This model is therefore referred
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as the Payne-Whitham (PW) model. The first purpose was to extend the first order
model of Lighthill, Whitham and Richards with a finite reaction time.

Recall the LWR hypothesis (2.23):

v(t, x) = V (ρ(t, x)), (2.27)

which implies zero reaction time due to the instantaneous response of the drivers. A
reasonable extension, according to the car-following theory, can be done by introducing
reaction in the left hand side:

v(t + τ, x) = V (ρ(t, x)), (2.28)

where τ is the reaction time. Noting that τ is small, a first-order Taylor expansion of
the expression was proposed:

v(t + τ, x) ≈ v(t, x) + τ
dv(t, x)

dt
+ o(τ2). (2.29)

Moreover, an additional feature has also been added in the similar fashion. The anti-
cipation of drivers is modelled by introducing the spacing in the fundamental diagram
and reflect more realistic driver behavior, i.e.:

V (ρ(t, x)) → V (ρ(t, x + s)). (2.30)

The first order Taylor expansion of the expression reads as (by using (2.13) to approx-
imate the spacing):

V (ρ(t, x + s)) ≈ V (ρ(t, x)) +
1

ρ(t, x)

dV (ρ(t, x))

dρ(t, x)

∂ρ(t, x)

∂x
+ o

(
1

ρ2(t, x)

)
. (2.31)

Consequently eq. (2.23) can be replaced by:

v(t, x) + τ
dv(t, x)

dt
= V (ρ(t, x)) +

1

ρ(t, x)

dV (ρ(t, x))

dρ(t, x)

∂ρ(t, x)

∂x
. (2.32)

Finally, expounding the total derivative leads to the PDE of the space-mean speed
evolution under the form of:

v(t, x) + τ
∂v(t, x)

∂t
+ τv(t, x)

∂v(t, x)

∂x
= V (ρ(t, x)) +

1

ρ(t, x)

dV (ρ(t, x))

dρ(t, x)

∂ρ(t, x)

∂x
. (2.33)

By using hydrodynamical terminology, eq. (2.33) expresses the conservation of momen-
tum in freeway traffic systems.

Equations for the PW model are given by:

∂ρ(t, x)

∂t
+

∂q(t, x)

∂x
= 0, (2.34)

v(t, x) + τ
∂v(t, x)

∂t
+ τv(t, x)

∂v(t, x)

∂x
= V (ρ(t, x)) +

1

ρ(t, x)

dV (ρ(t, x))

dρ(t, x)

∂ρ(t, x)

∂x
.

(2.35)
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Rearranging the speed equation (2.33) three different terms can be identified:

∂v(t, x)

∂t
+ v(t, x)

∂v(t, x)

∂x︸ ︷︷ ︸
C

=
1

τ
(V (ρ(t, x)) − v(t, x))

︸ ︷︷ ︸
R

−
ν

τρ(t, x)

∂ρ(t, x)

∂x︸ ︷︷ ︸
A

, (2.36)

where the decrease rate of the equilibrium speed with increasing density is replaced by a
constant value, ν = −dV (ρ(t,x))

dρ(t,x) . These terms have the following physical interpretations:

• Convection term (C in eq. (2.36)) expresses the speed change caused by in- and
outflow vehicles.

• Relaxation term (R in eq. (2.36)) expresses that drivers tend to adjust their speed
according to the desired (or equilibrium) speed with the time-lag of τ .

• Anticipation term (A in eq. (2.36)) describes the foreseeing capabilities of drivers
and their speed adjust according to the downstream traffic conditions.

It can be also depicted that the total acceleration of traffic flow is the sum of two terms:
the velocity change in time at a given spatial point and the change in velocity due to
the movement in space, also known as advection acceleration.

The stability analysis of the PW model involves two different approaches. The first
approach is similar as the one carried out in the case of the LWR model, i.e. propagation
of small perturbations. More precisely, the perturbed solutions of eqs. (2.34)-(2.35) have
been introduced in the following form:

ρ(t, x) = ρ0 + ǫρ1(t, x), (2.37)

v(t, x) = v0 + ǫv1(t, x). (2.38)

After substituting back the above solutions to the dynamical equations eqs. (2.34)-(2.35)
one yields the linear version of them. Then using exponential trial solution (ansatz)
for ρ1(t, x) = exp (γt − ikx) and substituting in the vehicle conservation law v1(t, x)
can be expressed as: v1(t, x) = A(γ, k) exp (γt − ikx). Now using these formulas in
the linearized speed equation one gets a non-linear algebraic equation for γ and k.
Stability is then ensured when Re {γ} < 0. The solution of the stability problem is then
characterized by the traffic density. The stability conditions coincides with the critical
density obtained from the theory of fundamental diagram, in a good accordance with
the LWR model. Moreover, [Pay71] proved the identity of the stability of second-order
macroscopic model with the one obtained from car-following theory.

The second approach for investigating stability is based on the application of os-
cillating solutions. The analysis supposes ρ(t, x) = ρ0 + ρ1 cos (ωt − kx) and v(t, x) =
v0 + v1 cos (ωt − kx) solutions of the second-order model (2.34)-(2.35). Then using
Fourier series and balancing constant and fundamental frequency terms in the equa-
tions, [Pay71] shows that under certain circumstances oscillations can occur around
the critical density. In the region, where such oscillations can exist a small variation
of density results in increasing density (metastability). This phenomena is known as
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stop-and-go traffic or phantom jams, which is a spontaneous occurrence of random con-
gestions. [KR96, Ker99] showed that this phenomena is related to the relaxation term
in eq. (2.36), where two different effects rival: an active process expressing drivers aim
to travel with their desired speed, and a dumping process expressing to slow down due
to vehicle interactions. Moreover the stability analysis in [Pay71] turned out that os-
cillations are independent from the wave number k, reflecting the observed spontaneity
of their recurrence. Also, the increasing scatter depicted from speed-density curves
supports these findings (see Fig. 2.2 (a)).

Finally we mention that the hyperbolic representation of second-order PW-models
has also been reported in [AR00]:

∂ρ(t, x)

∂t
+

∂ρ(t, x)v(t, x)

∂x
= 0, (2.39)

∂(v(t, x) + ρ(t, x)ν)

∂t
+ v(t, x)

∂(v(t, x) + ρ(t, x)ν)

∂x
=

V (ρ(t, x)) − v(t, x)

τ
.(2.40)

2.3.1 Requiem and resurrection

The PW model has been criticized by several authors, where the most significant one
is reported in [Dag95]. The author criticized the higher order hydrodynamical analogy
between fluids and traffic flow, by pointing the following basic differences out:

1. In contrast to fluid particles, vehicles are anisotropic particles responding only to
frontal stimuli.

2. In traffic flow faster vehicles leave slower ones unaffected, unlike in fluid dynamics.

3. Drivers have personalities, largely unaffected by traffic conditions.

The problem of anisotropy has also been investigated in [dCPB94], noticing that vehicles
in PW model could respond to stimuli from behind. [Dag95] stated that the neglected
higher-order terms of the Taylor-expansion can be large whenever spacings and vehicle
velocities vary rapidly, moreover the use of hydrodynamical analogy (through the intro-
duction of convection, relaxation and anticipation terms) violate the nature of traffic by
predicting change in speed of slower vehicles caused by faster ones. Finally, by noticing
the hyperbolic structure of PW model, Daganzo pointed out the existence of character-
istic speeds greater then macroscopic space-mean speed, i.e.: information not conveyed
by vehicles. These violations of basic principles could lead to negative speed at the tails
of congestions.

Several different responses have been published after the sharp critique of [Dag95].
In [Hoo99, HB01], the method of characteristics has been applied for a PW type second-
order model. It has been identified that under congested traffic conditions, density and
space-mean speed are transported both upstream and downstream directions. It has
been pointed out that these characteristics do not reflect physical movements of vehicles
in traffic flow, i.e., upstream travelling characteristics do not imply wrong-way travel
as stated by [Dag95]. Moreover, it has been showed that also in first-order models
disturbances are not transported together with the vehicles.
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In [ZJ03, Zha98] the internal consistency of the PW models has been reported,
where the author pointed out that the identified inconsistency are the result of imposing
arbitrary solutions of the PDEs.

Finally the publication of [AR00] identified the deficiencies of the PW model accord-
ing to [Dag95]. The authors proposed a novel reformulation of the second-order model,
were the anticipation term has been modified and the change in the spatial derivative
by the convection derivative has been proposed as:

∂ρ(t, x)

∂x
→

∂ρ(t, x)

∂t
+ v(t, x)

∂ρ(t, x)

∂x
. (2.41)

2.3.2 Discretized PW model

In order to develop efficient traffic prediction model a computationally more suitable
form is necessary then PDEs. The spatially and temporally discretized version of the
PW (and implicitly of the LWR) model is therefore discussed in the sequel.

For the purpose of temporal discretization a constant sampling time T is introduced,
i.e. the measurement of traffic variables are available only on discrete time instances,
indexed with k ∈ Z. Accordingly the connection between continuous and discrete time
can be given by t = kT . For spatial discretization a variable length interval is pro-
posed in the literature, with step sizes ∆i [Zha01, Mes01]. The physical interpretation
of the spatial discretization is clearly the division of long freeway stretches into small
segments with ∆i length (see Fig.2.5). In other words we assume smooth, homogenous
traffic conditions in segments and replace spatially continuous functions with spatially
constant (but time varying). It is known from the theory of PDEs that proper selection
of discretization is needed to guarantee consistency and convergence of hyperbolic sys-
tems. The Courant-Friedrichs-Levy condition [CFL28] gives the necessary condition for
convergence of solving hyperbolic PDEs, which takes the following form for the problem
in question:

∆i

T
≥ max {v(t, x)} . (2.42)

CFL condition shows that vehicles should not travel two segments within one time tick.

1 i N

ρ1, v1 ρi, vi ρN , vN

∆1 ∆i ∆N

s1 si sNr1 ri rN

Figure 2.5: Illustration of a general freeway stretch with discretized variables

The discretization of macroscopic variables ρ(t, x), v(t, x) and q(t, x) together with
the on- and off-ramp volumes reads as follows (see Fig.2.5).

• Discretized traffic density ρi(k) is the number of vehicles in segment i at time step
kT , divided by the segment length ∆i and lane number n,

[
veh

km lane

]
.
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• Discretized space-mean speed vi(k) is the average speed of vehicles in segment i
at time step kT ,

[
km
h

]
.

• Discretized traffic flow qi(k) is the number of vehicles leaving segment i during
the time period [(k − 1)T, kT ], divided by T ,

[
veh
h

]
.

The connection between the discretized variables is given by the discretized flow equa-
tion (2.11):

qi(k) = ρi(k)vi(k)n. (2.43)

With the help of the discretized variables spatial and temporal derivations of continuous
variables can be approximated. The following difference approximation scheme has been
introduced by [CP81] based on on wave propagations in hyperbolic systems [Zha01]:

• Forward-difference approximation of density variation in space:

∂ρ(t, x)

∂x
≈

ρi+1(t) − ρi(t)

∆i
.

• Backward-difference approximation of speed and flow variation in space:

∂v(t, x)

∂x
≈

vi(t) − vi−1(t)

∆i
,

∂q(t, x)

∂x
≈

qi(t) − qi−1(t)

∆i
.

• Forward-difference approximation of speed and density variation in time:

∂v(t, x)

∂t
≈

v(k + 1, x) − v(k, x)

T
,

∂ρ(t, x)

∂t
≈

ρ(k + 1, x) − ρ(k, x)

T

Using the finite difference approximations the discretized version of the vehicle conser-
vation law (2.21) is obtained and can be written as:

ρi(k + 1) = ρi(k) +
T

∆in
[qi−1(k) − qi(k)] . (2.44)

Similarly, the discretization scheme lead to the following difference equation (after re-
arrangement of terms) of the speed evolution:

vi(k + 1) = vi(k) +
T

τ
[V (ρi(k)) − vi(k)] +

T

∆i
vi(k) [vi−1(k) − vi(k)] −

−
ν

τ

T

ρi(k)

ρi+1(k) − ρi(k)

∆i
. (2.45)

Equations (2.44)-(2.45) together with eq. (2.43) complete the discretized PW model.
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2.3.3 Extension of Payne-Whitham model

After the discretized PW model has been introduced, it has been refined by several
authors. In [CP81] an additional tuning parameter has been added to the speed equation
in order to increase the numerical accuracy of the model under light traffic conditions.
For this purpose the term ρi(k)−1 has been modified with the additional parameter κ
as: (ρi(k) + κ)−1.

Furthermore in [PBHS90a] two effects have been involved in the speed equation
(2.45) based on real experiments. The first observed phenomena is the speed decrease
due to on-ramp flow. The discretized version of the vehicle conservation law in presence
of on- and off-ramp can be written as:

ρi(k + 1) = ρi(k) +
T

∆in
[qi−1(k) − qi(k) + ri(k) − si(k)] , (2.46)

where the discrete variables ri(k),si(k) are the on- respectively off-ramp volumes to
segment i during the time period [(k − 1)T, kT ] in

[
veh
h

]
. Accordingly, on-ramp flow

increases the density of the segment and therefore has a speed decreasing effect. How-
ever, it has been observed in [PBHS90a] that speed drop due to merging traffic is higher
than the predicted one by the vehicle conservation law, i.e. the on-ramp does not only
increase the density but also has an impact on average speed. This effect is explained
by the merging and lane changing maneuvers of vehicles, which maneuvers cause a
higher speed drop when the average speed of the segment is high and the density is low.
Therefore these findings implies the complementary term to eq. (2.45):

−
δT

∆in

ri(k)vi(k)

ρi(k) + κ
, (2.47)

where the δ (and previously introduced κ) is used to adjust the phenomena for real
observations.

A similar effect to ramp merging is the effect of weaving due to disappearing lanes.
Weaving can be considered as a special kind of merging, where the volume forced to
change lane is given by: (ni − ni+1)ρi(k)vi(k). The difference between merging and
weaving lies in the possibility of earlier lane change due to drivers anticipation in case
of weaving. Because of this difference, emphasizing early anticipation of lane change,
weaving has a smaller impact in lower density range, the following term has been pro-
posed to extend eq. (2.45):

−
φT

∆in

(ni − ni+1)ρi(k)v2
i (k)

ρjam

, (2.48)

where, the parameter φ has similar role to δ.
In addition to the main lane dynamics the dynamical evolution of on-ramp queues

can be naturally incorporated to macroscopic models. For this purpose a simple mass
conservation model can be written in the following form:

li(k + 1) = li(k) + T (do,i(k) − ri(k)) , (2.49)
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where li(k) denotes the number of vehicles queued up at the ith on-ramp at time step k.
The entering demand at the origin of the ith ramp during the time-period [k, k − 1] is
denoted by do,i(k), while ri(k) is the on-ramp flow entering freeway as discussed above.

The second-order Payne-Whitham model also often used for representing freeway
networks. In order to model the dynamics of a complex network with junctions or
bifurcations coupling conditions are introduced. At these points a node is placed to
connect individual links with dynamics described by the Payne-Whitham model. These
nodes provide a downstream density for incoming links and an upstream speed for
leaving links (see eq. (2.45)). The total inflow to the node is distributed among the
leaving links according to:

qm(k) = βn,mQn(k), (2.50)

where Qn(k) denotes the total flow entering node n at time step k, qm(k) is the flow
leaving node n through link m at time step k, while βn,m(k) is the so called turning
rate [Heg04, Lan06].

Furthermore the model equation (2.7) can be further extended into destination de-
pendent mode. For this purpose the variable γi,j(k) is introduced to express the fraction
of traffic originating from segment i to destination j. Segment’s density is decomposed
accordingly:

ρi,j(k) = γi,j(k)ρi(k), (2.51)

and (2.7) is replaced by the destination-dependent conservation [Heg04, Lan06]:

ρi,j(k + 1) = ρi,j(k) +
T

∆in
(γi−1,j(k)qi−1(k) − γi,jqi(k)). (2.52)

2.4 Conclusion

A brief overview of traffic theory, relevant to the thesis, is given in the chapter, where
macroscopic models are discussed in more detail. According to the state-of-art traf-
fic modeling a second-order macroscopic model has been chosen to form the basis of
the dissertation. More precisely, the discretized version of the extended second-order
Payne-Whitham model has been excreted due to its ability to reproduce various traffic
phenomena such as free- and congested traffic, traffic jams, stop-and-go traffic or the ef-
fect of ramp metering. The dynamical equations of the complete model are summarized
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below:

ρi(k + 1) = ρi(k) +
T

∆in
[qi−1(k) − qi(k) + ri(k) − si(k)] , (2.53)

si(k) = βi · qi−1(k), (2.54)

vi(k + 1) = vi(k) +
T

τ
[V (ρi(k)) − vi(k)] +

T

∆i
vi(k) [vi−1(k) − vi(k)]

−
ν

τ

T

∆i

ρi+1(k) − ρi(k)

ρi(k) + κ
−

δT

∆in

ri(k)vi(k)

ρi(k) + κ
, (2.55)

V (ρi(k)) = vfexp

[
−

1

a

(
ρi(k)

ρcr

)a]
, (2.56)

qi(k) = ρi(k) · vi(k) · n, (2.57)

li(k + 1) = li(k) + T (do,i(k) − ri(k)) . (2.58)

The dynamical equations (2.53)-(2.58) will be analyzed from system and control theory
point of view. By using notions of system theory, the x(k) ∈ R

3N state vector of an
arbitrary long freeway stretch with N interconnected segments is defined as:

x(k) =
[

ρ1(k) v1(k) l1(k) . . . ρi(k) vi(k) li(k) . . . ρN (k) vN (k) lN (k)
]T

.
(2.59)

The on-ramp volumes of each segment are considered as the u(k) ∈ R
N control input

of the system, i.e.:

u(k) =
[

r1(k) . . . ri(k) . . . rN (k)
]T

. (2.60)

Furthermore, boundary variables and on-ramp demands are collected into the general-
ized disturbance vector d(k) ∈ R

N+3:

d(k) =
[

q0(k) v0(k) do,1(k) . . . do,i(k) . . . do,N ρN+1(k)
]T

. (2.61)

By using these notations, the model equations (2.53)-(2.58) take the following generic
discrete-time non-linear representation:

x(k + 1) = f(x(k), u(k), d(k)). (2.62)
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Chapter 3

Parameter-dependent models of

freeway traffic

The aim of the chapter is to introduce a novel modeling framework for macroscopic
freeway analysis and control design purposes. First we introduce some mathemati-
cal preliminaries in system theory focusing on various representations of dynamical
processes. After the introductory part, the reformulation of the dynamics of a single
freeway segment (described by the extended Payne-Whitham model) follows. During
the derivation we pay attention on preserving the interconnected structure, accordingly
subsequent sections show how to build longer sections by using the established repre-
sentation of individual units. Besides the derivation of a generic LPV model, affine
parametrization and polytopic reformulation are given in the chapter. Numerical issues
are investigated to analyze and compare the obtained representations.

3.1 Introduction and basic notions

The notion of Linear Parameter Varying (LPV) systems has a paramount importance
throughout the thesis. In order to illustrate the basic idea, we start with a brief overview
of dynamical system representations. The mathematical notations of the chapter are
fairly standard: Rn×m denotes the set of n by m matrices with real valued elements, In

is the n dimensional identity and On×m is the zero element of Rn×m. C0(U, V ) denotes
the set of continuous functions from finite dimensional vector space U to space V .

The theory of linear systems is one of the most well-established theory in the systems
and control literature [KS72, GL95, DFT90]. Being x ∈ Rnx the state, u ∈ Rnu the
input and d ∈ Rnd the disturbance variables, the state space representation of linear
dynamics can be given in discrete time by the following generic equations:

x(k + 1) = A(k)x(k) + B1(k)u(k) + E(k)d(k), (3.1a)

y(k) = C2(k)x(k) + D21(k)u(k) + D22(k)d(k). (3.1b)

Where y ∈ Rny compresses the physically available information provided by measure-
ments. When time-dependency of system matrices under the form of A(k), B(k), E(k),
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C2(k), D21(k) and D22(k) is allowed, the system is called Linear Time Varying (LTV),
while Linear Time Invariant (LTI) refers to the case when system matrices are con-
stant in time. Due to the linear structure, the analysis and synthesis techniques are
interminable for such system classes [KS72, GL95, DFT90]. Although linear systems
cover a large variety of system representations, complexity and behavior of real physical
systems can only be captured by non-linear functions.

Discrete-time non-linear models represent a large class of dynamical systems without
linear dependency under the generic form of:

x(k + 1) = f(x(k), u(k), d(k)), (3.2a)

y(k) = h(x(k), u(k), d(k)). (3.2b)

Where f(·, ·, ·) and h(·, ·, ·) are non-linear mappings [Isi95, HBS04, Vid78]. Due to the
generic form it is more difficult to develop general analysis and synthesis methods for
non-linear systems, which apply for any particular realization of f and h. Although
many theoretical results have been established for non-linear systems, reducing or trac-
ing the problem back to a linear one still takes one of the first places [Isi95].

Recognizing the need for more systematic design methods for non-linear systems,
the notion of gain-scheduling [SA90] and Linear Parameter Varying systems [SA91,
BP94] appeared in the early 90’s. Classical gain-scheduling techniques are based on the
linearization of a non-linear system around a set of operation points. Locally linearized
plants are then interconnected by the so-called scheduling parameter p(k) ∈ Rnp . The
idea was further refined by introducing the notion of LPV and quasi-LPV (qLPV)
systems, a transformed, or specific representation of non-linear plants. In the qLPV
framework the scheduling parameter is introduced and used for capturing non-linearities
and for imitating linearity in the variables. The system is then continuously scheduled
with these functions, therefore the entire operation domain is covered with infinitely
many linear systems (in contrast to the classical gain scheduling). The model can be
then formulated under the following generic form:

x(k + 1) = A(p(k))x(k) + B(p(k))u(k) + E(p(k))d(k), (3.3a)

y(k) = C2(p(k))x(k) + D21(p(k))u(k) + D22(p(k))d(k). (3.3b)

qLPV systems is meant whenever the scheduling vector p(k) depends on the state
of the system, otherwise eqs. (3.3a)-(3.3b) represent generic LPV model family. The
continuous dependency of the system’s matrix functions on the scheduling vector is
expressed as: A ∈ C0 (Rnp ,Rnx×nx), B ∈ C0 (Rnp ,Rnx×nu), E ∈ C0 (Rnp ,Rnx×nd),
C2 ∈ C0 (Rnp ,Rny×nx), D21 ∈ C0 (Rnp ,Rny×nu), D22 ∈ C0 (Rnp ,Rny×nd). The state-
dependency of the scheduling parameter vector p(k) might be neglected through the
analysis, estimation or control design and assumed to be an exogenous signal which
takes its value from the compact set P ⊂ Rnp [Wu95]. Considering p(k) as an indepen-
dent variable may lead to conservative solutions, since some of the known information is
not exploited. The main reason why LPV models are still attractive is that systematic
analysis and design methods developed for linear systems can be extended since the
similar structure [AG95, AGB95]. Furthermore, during the implementation, controllers
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(or observer) are usually scheduled with the same p(k), therefore acceptable perfor-
mance can be achieved through the natural adaptivity offered by scheduling [BP94].
Consequently, the parameter p(k) should be available during operation for scheduling
purposes, hence its value is assumed to be measured or estimated. Additionally, the
conservativeness of the parameter-dependent design methods can be decreased by in-
corporating complementary information on the scheduling parameter (e.g.: bounds or
rate of change).

Many design problem arising in LPV systems can be addressed as convex optimiza-
tion problem with infinite number of constraints formulated by Linear Matrix Inequal-
ities (LMI) [BGFB94, SW05]:

Definition 3.1 (Linear Matrix Inequality)
A linear matrix inequality (LMI) is an inequality

F (x) := F0 + x1F1 + x2F2 + . . . + xmFm ≻ 0 (3.4)

where F (·) is an affine function mapping a finite dimensional vector space X to the set
of real symmetric matrices S, i.e. Fi = F T

i ∈ Rn×n. The ≻ 0 reads as positive definite,
i.e. uT F (x)u > 0 for all u ∈ Rn, u 6= 0.

In order to reduce the number of constraints and the numerical complexity a special
class of LPV systems is favored in the literature, namely the one with affine parameter
dependency in the system matrices:

A(p(k)) = A0 +

np∑

i=1

pi(k)Ai, B(p(k)) = B0 +

np∑

i=1

pi(k)Bi,

E(p(k)) = E0 +

np∑

i=1

pi(k)Ei, C1(p(k)) = C1,0 +

np∑

i=1

pi(k)C1,i, (3.5)

D21(p(k)) = D21,0 +

np∑

i=1

pi(k)D21,i, D22(p(k)) = D22,0 +

np∑

i=1

pi(k)D22,i,

with constant coefficient matrices in appropriate dimension, e.g: A0, Ai, i = 1, 2, . . . , np

∈ Rnx×nx .
Alternatively, many control problems can be formulated with relaxed computational

needs by using polytopic modeling framework. A discrete-time polytopic system is a
Liner Time Varying (LTV) model in the form:

x(k + 1) = A(k)x(k) + B(k)u(k) + E(k)d(k), (3.6a)

y(k) = C2(k)x(k) + D21(k)u(k) + D22(k)d(k). (3.6b)

With restricting the system matrices to belong to the pre-specified set Ω:

[
A(k) B(k) E(k) C2(k) D21(k) D22(k)

]
∈ Ω. (3.7)
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In addition, Ω is assumed to be a polytope of matrices (i.e.: a polyhedral set for which
there exists a ball with finite radius which includes the set, therefore Ω is bounded
[BM08]). The Ω set for polytopic systems is:

Ω = Co
{[

A1 B1 E1 C1
2 D1

21 D1
22

]
, . . . , [Anλ Bnλ Enλ Cnλ

2 Dnλ

21 Dnλ

22 ]
}

, (3.8)

where Co refers to the convex hull. Note, the vertices of Ω, i.e. the matrices Aj , Bj ,
Ej , Cj

2 , Dj
21, Dj

22 with j = 1, . . . , nλ, form nλ number of LTI systems. According to
eq. (4.9) the time varying system can be expressed as the convex combination of the
vertex systems:

A(k) =

nλ∑

j=1

Ajλj(k), B(k) =

nλ∑

j=1

Bjλj(k),

E(k) =

nλ∑

j=1

Ejλj(k), C1(k) =

nλ∑

j=1

Cj
1λ

j(k), (3.9)

D21(k) =

nλ∑

j=1

Dj
21λ

j(k), D22(k) =

nλ∑

j=1

Dj
22λ

j(k),

where the convex combinations are given with weighting functions λ1, λ2, . . ., λnλ

satisfying:

nλ∑

i=1

λj = 1, 0 ≤ λj ≤ 1 ∀j. (3.10)

Polytopic systems can be used for approximating non-linear ones by the convex
combination of LTI systems with state-dependent weighting functions λj(x(k)), conse-
quently implying finite dimensional problem formulations.

3.2 Parameter-dependent model of a single freeway seg-

ment

The parameter-dependent reformulation of the dynamics of a single freeway segment
is introduced in the section. The aim is to transform the dynamical model equations
(2.53)-(2.58) into a generic parameter-dependent form (3.3a). The derivation is based on
a coordinate frame change according to steady-state conditions and on the factorization
of nonlinearities. After obtaining the qLPV form, affine parametrization and polytopic
structures are also established in the section.

3.2.1 Steady-state conditions

Steady-state values are defined as time-invariant operation points of dynamical systems,
formulated in continuous time as:

dx(t)

dt
= 0, (3.11)
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which can be alternatively expressed in discrete time by using finite difference approxi-
mation:

x(k + 1) = x(k) = x∗, (3.12)

where x∗ denotes the steady-state value of the variable x(k). Steady-state conditions
in the non-linear settings (3.2a) lead to non-linear algebraic equations by:

x∗ = f(x∗, u∗, d∗), (3.13)

where x∗, u∗ and d∗ denote the steady-state values of state, input and disturbance
vectors respectively. Note that, the non-linear steady-state equations may have more
solutions or even no solution at all [HBS04]. Hereunder we discuss the determination
of steady-state values for a single freeway segment.

For this purpose consider a freeway segment, with on- and off-ramps, where the
density, space-mean speed and ramp queue evolve in time according to equations (2.53)-
(2.58). Substitute the flow equation (2.57) into the vehicle conservation law (2.53), then
apply the discrete-time steady-state condition (3.12) to obtain the following algebraic
equations:

0 =
T

∆in

[
ρ∗i−1 · v

∗
i−1 · n − ρ∗i · v

∗
i · n + r∗i − s∗i

]
(3.14)

0 =
T

τ
[V (ρ∗i ) − v∗i ] +

T

∆i
v∗i
[
v∗i−1 − v∗i

]
−

ν

τ

T

∆i

ρ∗i+1 − ρ∗i
ρ∗i + κ

−
δT

∆in

r∗i v
∗
i

ρ∗i + κ
(3.15)

0 = T (d∗o,i − r∗i ). (3.16)

Note that, the steady-state value of the on-ramp queue length is vanished from eq. (3.16)
since discrete integration type dynamics of eq. (2.58), i.e. l∗i can be selected optionally.
Nevertheless eight variables (namely ρ∗i−1, v

∗
i−1, ρ

∗
i , v

∗
i , r

∗
i , s

∗
i , ρ

∗
i+1 and d∗o,i) are involved

in three non-linear steady-state algebraic equations (3.14)-(3.16) above. That is to say
the calculation of steady-states is an underdetermined problem. A possible method
to solve the problem is fixing some of the variables involved and solve equations for
the remaining ones. The selection of free variables gives an additional design freedom
and can be considered as a design parameter, where attention should be paid on the
consistency and on the physical meaningfulness. In the underlying steady-state value
problem four variables can be fixed using traffic engineering considerations, as discussed
below. Firstly we notice that ri(k) considered as control input, i.e. it represents an
independent external input which can be determined according to control objectives.
Therefore it is reasonable to assume r∗i as a design parameter for this case, which also
implies d∗o,i = r∗i in accordance with the fulfillment of the steady-state queue dynamics
in eq. (3.16). Moreover this selection implies a realistic steady-state queue length l∗i
determined as the number of vehicles which can enter the freeway section under steady-
state conditions, i.e.: l∗i = Tr∗i . A final impact of fixing r∗i is that the number of leaving
vehicles should be equal with the on-ramp volume: s∗i = r∗i , which automatically implies
main-lane vehicle conservation in steady-state under the form of: ρ∗i−1v

∗
i−1 = ρ∗i v

∗
i . The

latter term also guarantees, according to eq. (2.26), that no moving shock waves are
present under steady-state conditions.
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Due to its paramount importance in traffic theory, the steady-state density value of
the segment ρ∗i can also be assumed exogenously supplied. Furthermore in accordance
with the theory of fundamental diagrams, v∗i can be set to be equal with the equilibrium
speed: v∗i = V (ρ∗i ), defined by the selected ρ∗i value. Finally, by ensuring shock wave free
steady-state condition in downstream direction the choice of ρ∗i+1 = ρ∗i can be enforced.
At this point we capitalized all of the design freedom in order to impose physical meaning
of the solution. Remaining variables (ρ∗i−1 and v∗i−1) can be determined according to
eqs. (3.14)-(3.15).

To obtain the steady-state variables for a single freeway segment the following steps
should be performed:

Algorithm 3.1

1. Fix r∗i and ρ∗i .

2. Set d∗o,i = r∗i , l∗i = Tr∗i , v∗i = V (ρ∗i ), s∗i = r∗i and ρ∗i+1 = ρ∗i .

3. Solve the following equations to obtain ρ∗i−1 and v∗i−1:

v∗i−1 = v∗i +
δ

n

r∗i
ρ∗i + κ

, ρ∗i−1 =
ρ∗i v

∗
i

v∗i−1

.

3.2.2 Centering and factorization

Once the steady-state values of a segment (and the related upstream respectively down-
stream) variables have been determined, we are in the position to introduce a shifted
coordinate frame. Generally speaking, the centered variables are defined as the differ-
ence from their steady-state values, i.e.:

x̃(k) = x(k) − x∗. (3.17)

Accordingly, variables in the physical domain can be expressed (and replaced) by using
x(k) = x̃(k)+x∗. The dynamical equations (2.53)-(2.58) are then rewritten in terms of
centered variables, resulting in the following representation:

ρ̃i(k + 1) + ρ∗i = ρ̃i(k) + ρ∗i +
T

∆in

[
(ρ̃i−1(k) + ρ∗i−1)(ṽi−1(k) + v∗i−1)n + r̃i(k)+

+ (r∗i − ρ̃i(k) + ρ∗i )(ṽi(k) + v∗i )n − s̃i(k) − s∗i ] , (3.18)

ṽi(k + 1) + v∗i = ṽi(k) + v∗i +
T

τ
[V (ρ̃i(k) + ρ∗i ) − ṽi(k) − v∗i ] +

+
T

∆i
(ṽi(k) + v∗i )

[
ṽi−1(k) + v∗i−1 − ṽi(k) − v∗i

]
−

−
ν

τ

T

∆i

ρ̃i+1(k) + ρ∗i+1 − ρ̃i(k) − ρ∗i
ρ̃i(k) + ρ∗i + κ

−

−
δT

∆in

(r̃i(k) + r∗i )(ṽi(k) + v∗i )

ρ̃i(k) + ρ∗i + κ
, (3.19)

l̃i(k + 1) + l∗i = l̃i(k) + l∗i + T
[
(d̃o,i(k) + d∗o,i) − (r̃i(k) − r∗i )

]
. (3.20)

29



Expanding multiplication in eq. (3.18) then rearranging terms one gets:

ρ̃i(k + 1) = ρ̃i(k) +
T

∆in

[
ρ̃i−1(k)ṽi−1(k)n + ρ̃i−1(k)v∗i−1n + ρ∗i−1ṽi−1(k)n

]
−

−
T

∆in
[ρ̃i(k)ṽi(k)n + ρ̃i(k)v∗i n + ρ∗i ṽi(k)n] +

T

∆in
r̃i(k) −

− −
T

∆in
s̃i(k) +

T

∆in

[
ρ∗i−1v

∗
i−1n − ρ∗i v

∗
i n + r∗i − s∗i

]
. (3.21)

Note that the last term is time independent, moreover it equals to the steady-state form
of vehicle conservation law, given in eq. (3.14), therefore its value is zero. Other terms
are either linear or bilinear in the new, centered variables ρ̃i−1(k), ṽi−1(k) ρ̃i(k), ṽi(k).

Similar rearrangement can be performed in the momentum equation (3.19) by sort-
ing terms according to shifted variables as:

ṽi(k + 1) = ṽi(k) −
T

τ
ṽi(k) +

T

∆i
(ṽi(k) + v∗i ) [ṽi−1(k) − ṽi(k)] +

+
T

∆i
ṽi(k)

[
v∗i−1 − v∗i

]
−

ν

τ

T

∆i

ρ̃i+1(k) − ρ̃i(k)

ρ̃i(k) + ρ∗i + κ
−

−
δT

∆in

(r̃i(k)ṽi(k) + r∗i ṽi(k) + r̃i(k)v∗i )

ρ̃i(k) + ρ∗i + κ
+

+
T

τ
[V (ρ̃i(k) + ρ∗i ) − v∗i ] +

T

∆i
v∗i
[
v∗i−1 − v∗i

]
−

ν

τ

T

∆i

ρ∗i+1 − ρ∗i
ρ̃i(k) + ρ∗i + κ

−

−
δT

∆in

r∗i v
∗
i

ρ̃i(k) + ρ∗i + κ
. (3.22)

For ease of notation, after after taking ρ∗i+1 = ρ∗i into account we introduce f(ρ̃i(k)) as
follows:

f(ρ̃i(k)) =
T

τ
[V (ρ̃i(k) + ρ∗i ) − v∗i ] +

T

∆i
v∗i
[
v∗i−1 − v∗i

]
−

δT

∆in

r∗i v
∗
i

ρ̃i(k) + ρ∗i + κ
. (3.23)

One can see that f(ρ̃i(k)) depends only on the centered density value. If one substitutes
ρ̃i(k) = 0 then the following expression is obtained:

f(0) =
T

τ
[V (ρ∗i ) − v∗i ] +

T

∆i
v∗i
[
v∗i−1 − v∗i

]
−

δT

∆in

r∗i v
∗
i

ρ∗i + κ
. (3.24)

Comparing eq. (3.24)with the steady-state momentum equation (3.15), we can immedi-
ately conclude the fact that f(0) = 0. The following Lemma can be used for factorizing
the non-linear function in question.

Lemma 3.1 Given the following non-linear function f(x), satisfying f(0) = 0. Then
the function can be factorized as:

f(x) = F (x)x, (3.25)
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where F (x) can be computed by the following integral formula:

F (x) =

1∫

0

∂f (ϕx)

∂(ϕ)
dϕ, (3.26)

where ϕ is the auxiliary variable of the transformation.

The proof of Lemma 3.1 is given in Appendix C. Accordingly, the non-linear function
f(ρ̃i(k)) can be reformulated as:

f(ρ̃i(k)) = F (ρ̃i(k))ρ̃i(k), (3.27)

where the function F (ρ̃i(k)) is given:

F (ρ̃i(k)) =
T

τρ̃i(k)
(V (ρ̃i(k) + ρ∗i ) − v∗i ) +

1

ρ̃i(k) + ρ∗i + κ

Tδ

∆in

r∗i v
∗
i

ρ∗i + κ
. (3.28)

Remark 3.1 Note that F (ρ̃i(k)) has finite value when ρ̃i(k) → 0.

Therefore in terms of the centered variables, the momentum equation takes the following
form:

ṽi(k + 1) = ṽi(k) +
T

τ
ṽi(k) +

T

∆i
(ṽi(k) + v∗i ) [ṽi−1(k) − ṽi(k)] +

+
T

∆i
ṽi(k)

[
v∗i−1 − v∗i

]
−

ν

τ

T

∆i

ρ̃i+1(k) − ρ̃i(k)

ρ̃i(k) + ρ∗i + κ
−

−
δT

∆in

(r̃i(k)ṽi(k) + r∗i ṽi(k) + r̃i(k)v∗i )

ρ̃i(k) + ρ∗i + κ
+ F (ρ̃i(k))ρ̃i(k), (3.29)

which is the final step of representation towards the derivation of a parameter-dependent
model. Finally the queue dynamics in the new coordinate frame is given by:

l̃i(k + 1) = l̃i(k) + T (d̃o,i(k) − r̃i(k)). (3.30)

3.2.3 LPV model of a single segment

As a direct consequence of the previous section, a compact reformulation of the non-
linear freeway dynamics can be obtained. We introduce the following notations:

• xi(k) denotes the state-vector of segment i in the shifted coordinate frame, i.e.:

xi(k) =
[

ρ̃i(k) ṽi(k) l̃i(k)
]T

.

• ui(k) denotes the shifted control-input of the ith segment: ui(k) =
[

r̃i(k)
]
.

• Upstream disturbances to the ith segment are collected in di−1(k) =[
ρ̃i−1(k)ṽi−1(k) ρ̃i−1(k) ṽi−1(k)

]T
,

• downstream disturbances are compressed into di+1(k) =
[

ρ̃i+1(k) ṽi+1(k)
]T

,
while
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• the shifted on-ramp demand and off-ramp volume are represented by di(k) =[
d̃o,i(k) s̃i(k)

]T
.

Using these notations the system dynamics in the centered coordinate frame (eqs. (3.21),
(3.29) and (3.30)) can be written as a discrete-time LPV system in the following form:

xi(k + 1) = Ai(xi(k))xi(k) + Bi(xi(k))ui(k) +

+
[

−Ei(xi(k)) Ei +Ei(xi(k))
]



di−1(k)
di(k)

di+1(k)


 , (3.31)

where the system functions can be constructed according to the shifted density (3.21),
space-mean speed (3.29) and queue (3.30) dynamics.

More precisely the matrix function Ai(xi(k)) ∈ C0
(
R2,R3×3

)
has the following

structure:

Ai(xi(k)) =




a(1,1)(ṽi(k)) a(1,2) 0

a(1,2)(ρ̃i(k)) a(2,2)(xi(k)) 0
0 0 1


 , (3.32)

where state-dependent functions and terms are collected into Table 3.1.

Matrix entry Value
a(1,1)(ṽi(k)) 1 − T

∆in
(ṽi(k)n + v∗i n)

a(1,2) − T
∆in

ρ∗i n

a(2,1)(ρ̃i(k)) F (ρ̃i(k)) + νT
τ∆i

1
ρ̃i(k)+ρ∗i +κ

a(2,2)(xi(k)) 1 − T
τ
− T

∆i
(ṽi(k) + v∗i ) + T

∆i
(v∗i−1 − v∗i ) −

δT
∆in

r∗i
ρ̃i(k)+ρ∗i +κ

Table 3.1: Elements of Ai(xi(k))

The effect of control input is characterized by the Bi(xi(k)) ∈ C0
(
R2,R3×1

)
in the

following structure:

Bi(xi(k)) =




b(1)

b(2)(xi(k))

b(3)


 , (3.33)

where the terms are given in Table 3.2.

Matrix entry Value
b(1) T

∆in

b(2)(xi(k)) − δT
∆in

ṽi(k)+v∗

i

ρ̃i(k)+ρ∗i +κ

b(3) T

Table 3.2: Elements of Bi(xi(k))

Three types of disturbances are considered according to their origin: (i) di−1(k) rep-
resents disturbances from upstream, effecting the state evolution according to −Ei(xi(k)) ∈
C0
(
R1,R3×3

)
. (ii) Entering and exiting volumes arising at the ith segment’s ramps are
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(a)

Matrix entry Value

−e(1,1) T
∆i

−e(1,2) T
∆i

v∗i−1

−e(1,3) T
∆i

ρ∗i−1

−e(2,3) T
∆i

(ṽi(k) + v∗i )

(b)

Matrix entry Value

+e(2,1)(ρ̃i(k)) − νT
τ∆i

1
ρ̃i(k)+ρ∗i +κ

Table 3.3: Elements of (a) −Ei(xi(k)) and (b) +Ei(xi(k))

modelled by di(k) with constant matrix Ei ∈ R3×2, while (iii) downstream disturbances
are hold by di+1(k) with matrix function +Ei(xi(k)) ∈ C0

(
R1,R3×2

)
. Structures of the

matrix functions are given below, with the evolved functional dependencies summarized
in Table 3.3.

−Ei(xi(k)) =




−e(1,1)
−e(1,2)

−e(1,3)

0 0 −e(2,3)(ṽi(k))
0 0 0


 , Ei =




0 T
∆in

0 0
T 0


 ,(3.34)

+Ei(xi(k)) =




0 0

+e(2,1)(ρ̃i(k)) 0
0 0


 . (3.35)

The Linear Parameter Varying representation of a single segment is given by eq. (3.31),
where the system’s matrix functions depend on both the centered density ρ̃i(k) and
space-mean speed ṽi(k). That is to say the system is scheduled by these variables
through the non-linear dependencies discussed in the sequel. A special parametrization
of the generic LPV model class is widely used, therefore the affine parameter-dependent
representation is discussed in the forthcoming section.

3.2.4 Affine parameter-dependent representation

Once the general LPV model (eq. (3.31)) has been established one could separate
parameter-dependent and parameter-independent terms to obtain an affine qLPV struc-
ture as in eq. (3.5). For this purpose we collect first the state independent entries of the
matrix functions. Obviously the constant elements of Ai(xi(k)),Bi(xi(k)), −Ei(xi(k)),
Ei and +Ei(xi(k)) can be encountered through constant matrix structures as follows:

Ai,0 =




1 − T
∆i

v∗i − T
∆in

ρ∗i n 0

0 1 − T
τ
− T

∆i
v∗i + T

∆i
(v∗i−1 − v∗i ) 0

0 0 1


 , Bi,0 =




T
∆in

0
T


 , (3.36)

−Ei,0 =




T
∆i

T
∆i

v∗i−1
T
∆i

ρ∗i−1

0 0 T
∆i

v∗i
0 0 0


 , Ei,0 =




0 T
∆in

0 0
T 0


 , (3.37)
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and +Ei,0 = 02×2.
Furthermore functional state dependencies of system matrices can be grouped into

the following categories:

(a) linear dependency on ṽi(k) can be observed in entries a(1,1), a(2,2), b(2), and −e(2,3),

(b) whereas non-linear dependency on ρ̃i(k) according to the function F (ρ̃i(k)) is given
in the term a(2,1),

(c) finally, non-linear dependency on ρ̃i(k) through the term (ρ̃i(k) + ρ∗i + κ)−1 is
introduced in terms a(1,2), a(2,2), b(2) and +e(2,1).

To get an affine parametrization of the state-dependent representation, a schedul-
ing parameter should be introduced to capture all featured non-linearities and state-
dependencies in the system’s matrix functions from (a)-(c). Therefore, the first schedul-
ing parameter could be the centered space-mean speed variable, i.e.:

pi,1(k) = ṽi(k). (3.38)

Accordingly, the coefficient matrices of pi,1(k) can be constructed, where only elements
depending solely on ṽi(k) are encountered. This results in the following coefficient
matrices:

Ai,1 =




− T
∆i

0 0

0 − T
∆i

0

0 0 0


 −Ei,1 =




0 0 0

0 0 T
∆i

0 0 0


 , (3.39)

with Bi,1 = 03×1, Ei,1 = 03×2 and +Ei,1 = 02×2.
Furthermore, the next scheduling parameter could be introduce to capture non-

linearity resulting from the state factorization (3.26), i.e.:

pi,2(k) = F (ρ̃i(k)), (3.40)

which implies only one non-zero coefficient matrix in the form of:

Ai,2 =




0 0 0
1 0 0
0 0 0


 , (3.41)

while the other terms are Bi,2 = 03×1, −Ei,2 = 03×3, Ei,2 = 03×1 and +Ei,2 = 02×2.
The third scheduling parameter is inspired to capture the third form of system

non-linearities, i.e.:

pi,3(k) =
1

ρ̃i(k) + ρ∗i + κ
. (3.42)

The coefficient matrices resulting from this parametrization are given by:

Ai,3 =




0 0 0
νT
τ∆i

− δT
∆in

r∗i 0

0 0 0


 , Bi,3 =




0

− δT
∆in

v∗i
0


 , +Ei,3 =




0 0

− νT
τ∆i

0

0 0


 . (3.43)
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Other matrices express the independency accordingly: −Ei,2 = 03×3, Ei,2 = 03×2.
Note that we do not encountered the state dependency of b(2) neither on ṽi(k) nor on
(ρ̃i(k) + ρ∗i + κ)−1, because of the desired affine structure. Clearly the term ṽi(k)

ρ̃i(k)+ρ∗i +κ

then would lead to pi,1(k)pi,3(k). In order to preserve affinity of the LPV description a
new scheduling parameter is introduced:

pi,4(k) =
ṽi(k)

ρ̃i(k) + ρ∗i + κ
= pi,1(k)pi,3(k), (3.44)

with the only coefficient part given as:

Bi,4 =




0

− δT
∆in

0


 , (3.45)

while other matrices are zero matrices with appropriate dimension.
As a conclusion, we introduced four scheduling parameters to develop an affine

Linear Parameter Varying structure for a single freeway segment:

Ai(xi(k)) = Ai,0 +
4∑

j=1

pi,j(k)Ai,j , Bi(xi(k)) = Bi,0 +
4∑

j=1

pi,j(k)Bi,j ,

−Ei(xi(k)) = −Ei,0 +
4∑

j=1

pi,j(k)−Ei,j , Ei(xi(k)) = Ei,0, (3.46)

+Ei(xi(k)) = +Ei,0 +
4∑

j=1

pi,j(k)+Ei,j .

Note, such affine form is an exact and parameterized representation of the non-linear
freeway dynamics given in eqs. (2.53)-(2.58).

3.2.5 Polytopic representation

Polytopic systems can cover non-linear or LPV systems by allowing the weighting func-
tions to depend on state variables. Polytopic models are widely used for various engi-
neering problems since their numerically favorable properties.

In order to transform the generic LPV representation of a single segment a Tensor-
Product (TP) model transformation is applied [Bar04, BPV+06]. Generally speaking
the TP model transformation is a numerical tool (with proved numerical reconstruction
capabilities [SBPV]) to reformulate quasi-LPV models into a polytopic form (eq. (3.6a)),
with state-dependent convex combination of LTI vertex systems.

The first step of the TP model transformation is the evaluation of the investigated
quasi LPV system over an arbitrary selected domain, representing the parameter vari-
ation set of the scheduling parameters (or of the state variables they depend on). For
this purpose it is sufficient to know the physical domain of the state variables, which
can be constructed for freeway systems by using detector measurements. More precisely
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the admissible domain of the centered density and space-mean speed is characterized
by the following representation:

Ψ =

[
min(ρi) − ρ∗i max(ρi) − ρ∗i
min(vi) − v∗i max(vi) − v∗i

]
. (3.47)

In order to evaluate the qLPV dynamics over Ψ an M1 × M2 grid should be defined.
As it has been highlighted before, the dependency on ṽi(k) is always linear, therefore
an M2 = 3 sampling grid point is sufficient to reconstruct it. For the reconstruction
of the non-linear terms depending on ρ̃i(k) an arbitrary dense (possibly equidistant)
grid should be selected (e.g. M1 = 100). The system matrices are then sampled over
the pre-defined grid M1 × M2 resulting in a hyper-dimensional data matrix according
to the dimension of the scheduling parameter vector. Higher-Order Singular Value
Decomposition (HOSVD) is applied next for the decomposition of the data matrix.
The number of local LTI systems used for approximating the non-linear dynamics can
be determined according to the singular values and their condition number. Then
the orthonormal and discretized weighting functions of the polytopic model ensuring
convexity are constructed by executing the HOSVD decomposition of the LPV data
matrix. Sum normalized weighting functions close to 1 can be enforced during the
algorithm resulting in a tight convex hull of the polytopic model. Finally a continuous
representation of the weighting functions obtained from the discrete ones.

The TP model transformation of a single freeway segment implies five state de-
pendent weighting functions, three of them depend on ρ̃i(k): w1(ρ̃i(k)), w2(ρ̃i(k)),
w3(ρ̃i(k)) and two on ṽi(k): w4(ṽi(k)), w5(ṽi(k)). The system then can be described by
six LTI vertex systems according to the Kronecker product of the weighting functions.
Therefore the following polytopic representation of a single segment is established:

xi(k + 1) = Ai(k)xi(k) + Bi(k)ui(k) +

+
[

−Ei(k) Ei +Ei(k)
]



di−1(k)
di(k)

di+1(k)


 , (3.48)

where the system matrices belong to the polytope Ω:

[
Ai(k) Bi(k) −Ei(k) +Ei(k)

]
∈ Ω. (3.49)

given by the convex hull of vertex matrices:

Ω = Co
{[

A1
i B1

i −E1
i +E1

i

]
, . . . ,

[
A6

i B6
i −E6

i +E6
i

]}
. (3.50)

with the polytopic weighting functions λj , j = 1, . . . , 6:

λ1(xi(k)) = w1(ρ̃i(k))w4(ṽi(k)), λ2(xi(k)) = w1(ρ̃i(k))w5(ṽi(k)),

λ3(xi(k)) = w2(ρ̃i(k))w4(ṽi(k)), λ4(xi(k)) = w2(ρ̃i(k))w5(ṽi(k)), (3.51)

λ5(xi(k)) = w3(ρ̃i(k))w4(ṽi(k)), λ6(xi(k)) = w3(ρ̃i(k))w5(ṽi(k)).
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3.3 Parameter-dependent modeling of freeway stretches

Parameter-dependent reformulation of a single freeway segment has been established
in the previous sections. Now we discuss the method to model arbitrary long freeway
stretches by interconnecting single freeway segments. For this purpose we consider a
chain of N interconnected segments, all allowed to contain one on- and off-ramp and
we follow the outline of the derivation given in Section 3.2.3.

Steady-state conditions

Applying the steady state condition (3.12) for the set of non-linear equations, 3 × N
number of non-linear algebraic equations are obtained in the form of eqs. (3.14)-(3.16)
for i = 1, 2, . . . , N . The number of variables involved in these equations is the sum of
the following terms:

• 2 × N number of density and space-mean speed variables for all segments,

• 2 × N number of on-ramp and off-ramp steady-state variables,

• 1 × N number of on-ramp demands,

• 3 boundary variables: ρ∗0, v∗0, and ρ∗N+1.

Consequently 2×N +3 number of them can be fixed. In accordance with the denotation
of the equilibrium speed (see Section 2.1.2), one can set v∗i = V (ρ∗i ) for all segments
capitalizing N degree of freedom. Furthermore, the setting of d∗o,i = s∗i = r∗i lead to
2×N equations with 2×N + 3 variables (density and on-ramp volumes together with
the boundary variables) involved. A possible choice for the remaining three variables
can be the selection of ρ∗N+1 = ρ∗N and imposing a cyclic boundary condition in the
form of: ρ∗0 = ρ∗N+1. Finally, we propose to fix the steady-state density of the last
segment (it will turn out in the following chapters that it has a great importance in
control design). Consequently the resulting set of non-linear equations can be solved to
obtain the steady-state values for a freeway stretch.

Parameter-dependent representation

Once the steady-state values have been determined we can introduce the centered quan-
tities for all segments, as discussed previously. System equations then take similar forms
as in the single segment case, therefore state variables can be individually factorized
from the space-mean speed dynamics by using the transformation in eq. (3.26). Conse-
quently the LPV representation of an arbitrary freeway stretch can be constructed with
only a slight modification of the results related to single segments. This modification
takes into consideration the fact that upstream disturbance ρ̃i−1(k)ṽi−1(k) is now the
product of two state variables, therefore the local −Ei(xi(k)) can be modified for seg-
ments i = 2, . . . N . Expressing the dependency on previous state variables ṽi−1(k) we
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can introduce the following modified matrix function ∈ C0
(
R2,R3×2

)
by:

−Ei(xi(k), xi−1(k)) =




T
∆ i

(ṽi−1(k) + v∗i−1)
T
∆ i

ρ∗i−1

0 − T
∆ i

(ṽi(k) + v∗i )

0 0


 . (3.52)

Moreover, the interconnection of N individual segments yield the following extended
system variables. The 3N dimensional state vector contains the centered density, space-
mean speed and the queue length variables for all segments:

x(k) =
[
ρ̃1(k) ṽ1(k) l̃1(k) . . . ρ̃i(k) ṽi(k) l̃i(k) . . . ρ̃N (k) ṽN (k) l̃N (k)

]T
. (3.53)

The centered on-ramp volumes collected into the N dimensional control input vector
u(k) as:

u(k) = [r̃1(k) . . . r̃i(k) . . . r̃N (k)]T . (3.54)

Disturbances are collected into the vector d(k), containing downstream, segment and
upstream disturbances by:

d(k) =
[
ρ̃0(k)ṽ0(k) ρ̃0(k) ṽ0(k) d̃o,1(k) s̃1(k) . . . d̃o,N (k) s̃N (k) ρ̃N+1(k)

]T
, (3.55)

accordingly d(k) ∈ R2N+4. Using these notations the LPV representation of a freeway
stretch is given by:

x(k) = A(x(k))x(k) + B(x(k))u(k) + E(x(k))d(k), (3.56)

where the state-dependent matrix functions can be built up by using segment subunits.
More precisely, by noting that upstream and downstream disturbances to segments

are state variables (except the first respectively last segment) connected through
−Ei(xi(k), xi−1(k)) and +Ei(xi(k)) one can construct A(x(k)) ∈ C0(R2N ,R3N×3N ),
where the time dependency is omitted for brevity:

A(x(k)) =




A1(x1) +E1(x1) 0 0 0 . . .

−E2(x2, x1) A2(x2) +E2(x2) 0 0 . . .
0 −E3(x3, x2) A3(x3) +E3(x3) 0 . . .
...

. . .

...
. . . 0

. . . 0 0 −EN−1(xN−1, xN−2) AN−1(xN−1) +EN−1(xN−1)

. . . 0 0 0 −EN (xN , xN−1) AN (xN )


 . (3.57)

Note, the special band matrix structure of A(x(k)) above, resulting from the spatial
interconnection of subunits in accordance with results of the theory of linear intercon-
nected systems [RV09]. Moreover the state-dependent B(x(k)) ∈ C0(R2N ,R3N×N ) can
be constructed by assembling individual Bi(xi(k)) in a block-diagonal structure:

B(x(k)) = diag
{

B1(x1(k)) B2(x2(k)) . . . BN (xN (k))
}

. (3.58)
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Similarly, the effect of disturbances through E(x(k)) ∈ C0(R2N ,R3N×(2N+4)) can be
constructed by joining together individual matrix functions in a block-diagonal struc-
ture:

E(x(k)) = diag
{

[−E1(x1(k)) E1(x1(k))] E2(x2(k)) . . .

. . . EN−1(xN−1(k)) [EN (xN (k)) +EN (xN (k))]
}

. (3.59)

Affine parametrization

Once the parameter-dependent realization of the process has been established it is quite
straightforward to obtain the affine parametrization similarly to the single segment
case. The constant parts of A(x(k)), B(x(k)), and E(x(k)) can be constructed from
the constant matrices related to individual segments by using the same augmentation
as above. Consequently A0 ∈ R3N×3N , B0 ∈ R3N×N and E0 ∈ R3N×(2N+4) own the
following structures:

A0 =




A1,0 +E1,0 0 0 0 . . . 0

−E2,0 A2,0 +E2,0 0 0 . . . 0
0 −E3,0 A3,0 +E3,0 0 . . . 0
...

. . . 0
0 . . . 0 0 −EN−1,0 AN−1,0 +EN−1,0

0 . . . 0 0 0 −EN,0 AN,0




, (3.60)

B0 = diag
{

B1,0 B2,0 . . . BN,0

}
, (3.61)

E0 = diag
{

[−E1,0 E1,0] E2,0 . . . EN−1,0 [EN,0 +EN,0]
}

. (3.62)

Furthermore in order to capture all of the non-linearities in an affine form, four schedul-
ing parameters per segments are introduced, as discussed before:

p4i−3(k) = ṽi(k), p4i−2(k) = F (ρ̃i(k)), (3.63)

p4i−1(k) =
1

ρ̃i(k) + ρ∗i + κ
, p4i(k) =

ṽi(k)

ρ̃i(k) + ρ∗i + κ
. (3.64)

Corresponding coefficient matrices can be constructed and due to the spare matrix
structures it is sufficient to define the non-zero entries only. Firstly, the dependence on
p4i−3(k) appears in A4i−3 is given in Table 3.4.

Matrix entry Value

a
(3i−2,3i−2)
4i−3 − T

∆i

a
(3i−1,3i−4)
4i−3

T
∆i

a
(3i−1,3i+1)
4i−3 − T

∆i

a
(3i+1,3i−1)
4i−3

T
∆i

Table 3.4: The non-zero entries of A4i−3

Secondly, since only the 3i− 1th state variable (which is the ith space-mean speed)

depends on p4i−2(k), only A4i−2 have non-zero entries. More precisely, a
(3i−1),(3i−1)
4i−2
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equals with 1, other terms are zero. Other coefficient matrices are zero matrices with
appropriate dimensions.

Terms depending on p4i−1(k) appear in A4i−1, B4i−1 and E4N−1 (the effect of ρ̃N+1).
The related non-zero entries are summarized in Table 3.5.

Matrix entry Value

a
(3i−1,3i−2)
4i−1

νT
τ∆i

a
(3i−1,3i−1)
4i−1 − δT

∆in
r∗i

a
(3i−1,3i+1)
4i−1

νT
τ∆i

b
(3i−1)
4i−1 − δT

∆in
v∗i

e
(4N−1),(2N+4)
4N−1 − δT

∆in
v∗i

Table 3.5: The non-zero entries of A4i−1, B4i−1 and E4N−1

Finally, since only the control input direction B(x(k)) depends on the scheduling
parameter family p4i(k), only the coefficient matrices B4i ∈ R3N×N have non-zero

entries with b
(3i−1)
4i being − δT

∆in
.

Polytopic description

Finally the transformation of the LPV dynamics of the underlying stretch into a poly-
topic form can be performed by using the proposed TP-transformation. For this case the
Ψ domain (3.47) and the corresponding grid M1×M2×. . .×M2N should be extended by
using detector measurements. According to our previous findings the higher dimensional
polytopic description naturally inherits the assigned interconnected structure.

3.4 The predictive properties of the LPV model variants

The comparative analysis of numerical issues regarding to the reformulation and differ-
ent representations is carried out in the sequel. Moreover a simulation example is given
to investigate the numerical accuracy of the developed models. In the numerical part
firstly, the non-linear parameter identification of the model is discussed. Secondly, the
determination of steady-states is addressed and finally simulation examples are given
to validate the developed models.

3.4.1 Computational issues

Steady-state conditions

Firstly we discuss the problem of determination of steady-state values. As it was de-
scribed previously, the time independent operation points can be calculated by solving
non-linear algebraic eqs. (3.14)-(3.16). Obviously, solution can only be obtained if
the model parameters are available. For the parameter identification of the non-linear
traffic model a method has been proposed in [CP81]. The detector configuration is as
follows: the data of detectors at both ends of the section are treated as input variables
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(q0(k), v0(k) and qN (k), vN (k)) and used for feeding the non-linear model, while the in-
ternal detector measurements are treated as output sequences (qi(k), vi(k)). Collecting
these variables and the systems states (ρ1(k), v1(k), . . . , ρN (k), vM (k)) in vectors the
freeway dynamics can be rewritten in a compact non-linear model form (3.2a)-(3.2b)
by emphasizing the dependency on the unknown parameters:

x(k + 1) = f(x(k), u(k), Θ), (3.65)

y(k) = h(x(k), Θ), (3.66)

where Θ contains the vector of unknown model parameters: vfree, a, ρcr, τ, κ, ν, δ, β.
Through the detector measurements a sequence of data is available for identification:

um(k), ym(k), k = 1, 2, . . . , K. (3.67)

The identification problem is then formulated as an optimization problem, by deter-
mining the value of Θ which minimizes the following weighted quadratic cost criterion
by:

J(Θ) =
K∑

k=1

(y(k) − ym(k))T Q (y(k) − ym(k)) , (3.68)

where ỹ(k) denotes the discrepancy between the model response and real measurement
data, M is the number of samples. Since the elements of the parameter vector have
physical meanings, Θ has to take its value from a closed admissible region in the 8-
dimensional parameter space. Q is a positive definite 2×2 weighting matrix determined
in the basis of the stochastic components of the measured variables [CP81].

The optimization performed by an iterative non-linear programming routine, where
in each step a new parameter Θ value is computed, and a new simulation is performed
with the latest Θ by using the same measurement data. These steps are repeated until
further improvement of J(Θ) is not possible. In order to determine the global optimum,
the optimization algorithm needs to be initialized from several random starting point
[CP81].

Once the parameter vector Θ has been determined steady-states can be calculated in
virtue of the corresponding non-linear algebraic equations. Obviously, these equations
can be solved after the selection of physically meaningful free variables. At the same
time, results for a general freeway stretch can still be unrealistic with very large variance
in the density profile, caused by the overgeneralized freeway topology (see Fig. 2.5). If
one investigates a real freeway network two important differences can be seen. Firstly,
entering and exiting points are not located in every ∼ 500 meters, but only in ∼ 5
kilometers. Secondly, there is a certain distance (practically ∼ 500 − 1000 meters)
between an off- and on-ramp, i.e.: segments with both ramps are rather unrealistic.
Accordingly, the following periodic structure can be observed in reality. An on-ramp is
followed by a long straight freeway stretches without ramps, then finally an off-ramp
(see Fig.3.1).

The steady-state values for such a topology can be constructed accordingly. We
notice that the long stretch without ramps have a spatially smooth steady-state solu-
tion, since each unit owns the following steady-state equations (as a simplified case of
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∼ 5 km

∼ 0.5 − 1 km ∼ 0.5 − 1 km

Figure 3.1: Illustration of a realistic freeway topology

eqs. (3.14)-(3.16)):

0 =
T

∆in

[
ρ∗i−1 · v

∗
i−1 · n − ρ∗i · v

∗
i · n

]
, (3.69)

0 =
T

τ
[V (ρ∗i ) − v∗i ] +

T

∆i
v∗i
[
v∗i−1 − v∗i

]
−

ν

τ

T

∆i

ρ∗i+1 − ρ∗i
ρ∗i + κ

. (3.70)

The equations above have the special solution with ρ∗i−1 = ρ∗i = ρ∗i+1 and v∗i−1 =
V (ρ∗i−1) = v∗i = V (ρ∗i ). Therefore it is sufficient to investigate the steady-state condi-
tions of two interconnected segment, one with on-ramp (with subscript r) and one with
off-ramp (with subscript s), together with a cyclic boundary condition. The equations
can be given as:

0 =
T

∆rn
[ρ∗s · v

∗
s · n − ρ∗r · v

∗
r · n + r∗] ,

0 =
T

τ
[V (ρ∗r) − v∗r ] +

T

∆r
v∗r [v∗s − v∗r ] −

ν

τ

T

∆r

ρ∗s − ρ∗r
ρ∗r + κ

−
δT

∆rn

r∗v∗r
ρ∗r + κ

,

0 =
T

∆sn
[ρ∗r · v

∗
r · n − ρ∗s · v

∗
s · n − s∗] ,

0 =
T

τ
[V (ρ∗s) − v∗s ] +

T

∆s
v∗s [v∗r − v∗s ] −

ν

τ

T

∆s

ρ∗r − ρ∗s
ρ∗s + κ

,

where the subscripts r and s refer to segment with on-ramp and off-ramp respectively.
The equations above can be solved numerically, resulting in a reasonable solution in
both physical and mathematical senses.

Computational issues of parameter-dependent representations

In general, most of the LPV based design techniques can be formulated as a con-
vex problem with constraints represented by LMIs. The generic parameter-dependent
structure implies infinite number of these constraints due to the non-linear dependence
on scheduling parameters. In order to reduce the numerical complexity an approximate
gridding technique is often used, where the problem is solved over an arbitrary dense
grid covering the operation set [Wu95, Lee97, BP94, AG95]. To ensure global optimality
a dense grid is necessary which implies large number of LMI constraints. On the other
hand problems formulated by using affinely parameterized or polytopic models can be
characterized by a finite number of LMI constraints, therefore gridding is not required.
The number of these constraints depends on the dimension of the scheduling parameter
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vector respectively the number of LTI vertex systems. Accordingly a system with affine
dependence on p(k) ∈ Rnp result 2np number of LMI constraints, resulting from all the
possible combination of the extreme values of the vector elements. Alternatively the
number of LMI constraints equals with the nλ number of local LTI systems of the Ω
polytope.

During the derivation of the freeway problem a large number of scheduling parame-
ters were introduced to capture all types of non-linearities. By this way the developed
models can be considered exact in the sense that they do not neglect any dynamics. We
compare the computational needs of the different representations by considering a gen-
eral freeway stretch with N interconnected segments, where Nr number of the segments
have on-ramp connection. The generic LPV model is then scheduled with 2N number
of variables according to the dimension of the state vector. Therefore a 2N dimensional
envelope should be gridded to solve LMI based design problems. This set can be reduced
by considering the physical nature of the state variables, removing physically meaning-
less points. The affine parametrization involves 4Nr number of scheduling parameter to
capture non-linearities for segments with on-ramps and 3(N −Nr) number for segments
without on-ramp. That is to say a 23N+Nr number of LMI constraints are necessary
to ensure design objectives over the whole admissible operation domain. Finally, the
polytopic description involves 6N number of vertex systems, regardless of the number
of on-ramps Nr, and therefore the same number of LMI constraints.

Remark 3.2 In view of equation (2.52), the extension of the parameter varying struc-
ture for destination dependent mode has no technical difficulties. Considering the γi,j(k)
as time varying variables implies the extension of the scheduling parameter vector p(k).
At the same time, the origin-destination information are difficult to measure, there-
fore their application for scheduling is questionable. One could try to approximate the
destination mode by considering only time independent parameters. Consequently, the
derivation of the generic qLPV model for destination-dependent mode is straightforward.

As one can realize, larger dimensional freeway problems involve a powerful high
number of LMI constraints. One possible way to reduce the computational demands
of the representations is certainly the introduction of approximations throughout the
derivation, i.e. to reduce the dimension of the scheduling vector. For this purpose one
can conclude that the range of the non-linear scalar mapping 1

ρ̃i(k)+ρ∗i +κ
is much smaller

compared to F (ρ̃i(k)) or ṽi(k). Consequently the term 1
ρ̃i(k)+ρ∗i +κ

can be replaced

with a constant value 1
ρ∗i +κ+ , where κ+ is introduced to fit the approximated model

response to detector measurements. Since p3,i(k) and p4,i(k) depend on non-linearities
in question, the neglection implies the use of only p1,i(k) and p2,i(k). This reduction
lowers the number of LMI constraints to 22N for the affine case and 4N for the polytopic
model. Although the number of scheduling parameters is decreased drastically such
approximation leads to decreased numerical accuracy.

Of course the numerical needs of the parameter-dependent realizations are still de-
manding, therefore such representations can only be applied for lower dimensional prob-
lems at this stage. At the same time we emphasize the interconnected structure which
can be exploited through distributed or decentralized design methods [Wu03].
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3.4.2 Numerical example

In the simulation part, we address first the non-linear identification of the second-
order macroscopic model. Then the presented parameter-dependent freeway models
are obtained and investigated through simulations, using real detector measurement
data. These simulations validate the tracking capability of models under varying traffic
conditions.

Test field and simulation setup

A 3.6 km long stretch of freeway A12 in the Netherlands has been used as a test field to
determine the model parameters of the non-linear macroscopic traffic flow model. The
schematic road topology can be seen in Figure 3.2.

41.700 42.025 42.350 42.725 43.100 43.450 44.106 44.706 45.306

q0, v0 q4, v4 q8, v8

1 2 3 4 5 6 7

Figure 3.2: The schematic road topology and detector spacing of the test field at A12

Nine detector stations are located in the stretch, registering the traffic flow and
time-mean speed values with a sample time of 60 seconds. Due to the lack of actual
speed values of individual vehicles, the measured time-mean speed is treated as space-
mean speed and is used during the identification. The stretch has been subdivided into
seven segments according to the detector locations (see Figure 3.2), where the lengths
of the segments are as follows:

∆ =
[

325 325 375 375 350 656 600
]

m. (3.71)

In order to investigate the predictive properties of the LPV representations the
four-hour long data set, collected on 02/02/2006 has been used. The spatiotemporal
evolution of the density is depicted in Figure 3.3.

Non-linear model identification and validation

In order to calculate the scheduling parameters and the parameter-dependent system
matrices of the models, the unknown parameters (Θ) were determined first, by using
the method proposed in [CP81]. The non-linear optimization has been carried out
incorporating different data sets with various traffic situations (collected on 16/01/2006
and 23/01/2006). In order to avoid local optimum, the algorithm was initialized from
a number of random points. For a more comprehensive description of the non-linear
parameter identification see Appendix D. The optimal parameter vector is given in
Table 3.6.

44



Time [h]

S
p
ac

e
[k

m
]

20 40 60 80

6.00 AM 7.00 AM 8.00 AM 9.00 AM 10.00 AM
41.7

42.025

42.35

42.725

43.1

43.45

44.106

44.706

45.306

Figure 3.3: Spatiotemporal visualization of density measurements used for validating
the LPV variants

a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]

2.1954 22.2102 120.4016 0.03623 34.2922 10.8513

Table 3.6: The identified parameters of the non-linear model

Exact parameter-dependent model description and validation

Once the unknown parameter vector Θ is determined, we are able to calculate the
steady-state values, according to Section 3.4.1. The test-field in question can be con-
sidered as a special case of the steady-state equations without off-ramp and on-ramp.
The construction results in the same steady-state value for each segment:

ρ∗ = 22.2102
veh

km lane
, v∗ = 76.3505

km

h
. (3.72)

With the above information, together with results of Table 3.6 the parameter-
dependent matrices can be evaluated by using the established formulas in Section 3.2.
We only modelled the dynamics of segments 2-6 (see Figure 3.2), which coincides with a
10 dimensional state-space representation. Accordingly, the polytopic reformulation of
the exact qLPV model has been carried out to investigate its numerical accuracy in sim-
ulation. For this purpose the ten dimensional set Ψ (3.47) has been determined firstly,
where the domain of

[
−22.2102 77.7898

]
and

[
−76.3505 46.1798

]
has been set
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Figure 3.4: Polytopic weighting functions of a single segment for exact freeway model

for densities and space-mean speeds respectively. The qLPV structure is evaluated over
100×3×100×3×100×3×100×3×100×3 number of grid points. The exact HOSVD
decomposition resulted in 7776 number of LTI system. Since none of the non-linearities
depend on the segment length the resulting weighting functions inherit the same char-
acteristics. Their dependency on the centered state variables can be seen in Figure 3.4.
Note that, weighting functions in Figure 3.4 imply 3 × 2 = 6 LTI vertex system for a
single segment.

After the parameter-dependent system matrices are determined, it is possible to
validate their behavior by using real detector measurement data introduced in Section
3.4.2. During the simulation the measurements of detectors 1 and 7 were shifted accord-
ing to the definition of centered variables in equation 3.17. The steady-state values are
subtracted from these measurements and ṽ1(k), q̃1(k) and ρ̃7(k) were used for exciting
the parameter-dependent models. The analytical forms of the weighting functions are
determined by spline interpolation and their exact values are calculated on-line by using
the actual state value of the polytopic model.

Comparative simulation results, with the measurements of detector station 4 are
given in Figure 3.5-3.6.

Approximate qLPV model description and validation

In order to obtain the best approximate LPV model, a non-linear term has been replaced
by a constant one as described in Section 3.4.1 and the identification procedure has been
repeated with the same training data set, to determine the parameters of the modified
dynamics. The optimal parameters of the approximate non-linear model are collected
in Table 3.7.
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(a) Comparison of space-mean speed responses
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Figure 3.5: Comparison of exact qLPV speed and flow responses with detector mea-
surements
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(a) Comparison of space-mean speed responses
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(b) Comparison of traffic flow responses
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Figure 3.6: Zoomed view of exact qLPV speed and density responses with detector
measurement data under a traffic breakdown
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a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]

1.9572 22.7928 120.8115 0.0351 21.2662 32.4249

Table 3.7: The identified parameters of the approximate non-linear model
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Figure 3.7: Polytopic weighting functions of a single segment for approximated freeway
model

The approximate qLPV model has been set up for investigating its accuracy and
the effect of simplifications involved in Section 3.4.1. The steady-state values for each
segments, now, take the following values:

ρ+ = 22.7928
veh

km lane
, v+ = 72.4790

km

h
.

With the knowledge of steady-state values and identified parameters (in Table 3.7),
the parameter-dependent matrices of the approximate qLPV model can be computed
accordingly.

Accordingly, the polytopic reformulation of the approximated qLPV model is per-
formed. As an obvious result of discarding the non-linear term in question, the number
of weighting functions depending on the centered density is reduced from 3 to 2 (see Fig.
3.7 for their characteristics). This lead to 4 LTI vertex systems for the approximated
polytopic model representation of a single segment. While the interconnection of five
individual segments coincides with 1024 LTI models.

The simulation of the approximate qLPV model was performed by using the same
data sets. The density and speed responses of the approximate qLPV model were
compared with the measured values of detector 4. Comparative plots are given in
Figure 3.8-3.9.
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(a) Comparison of space-mean speed responses
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(b) Comparison of traffic flow responses
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Figure 3.8: Comparison of approximate qLPV speed and flow responses with detector
measurements
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(a) Comparison of space-mean speed responses
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(b) Comparison of traffic flow responses
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Figure 3.9: Zoomed view of approximate qLPV speed and density responses with de-
tector measurement data under a traffic breakdown
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Similarly, the approximated polytopic model was tested with the same set of detector
measurements and the same numerical accuracy was achieved as for the approximated
qLPV case.

Evaluation of the results

During the derivation of the exact parameter-dependent models no approximations were
introduced, i.e., the obtained parameter-dependent traffic model gives the same response
as the non-linear one. Also the simulation experiences verify this: the relative differences
between the responses of the different representations were of the magnitude of 10−4.
Figure 3.5-3.6 clearly illustrate that, the developed parameter-dependent descriptions
produce the same tracking capability and accuracy as the non-linear one and therefore
are able to reproduce various traffic phenomena. In other words, the obtained model
description preserves the non-linear dynamics of traffic flow in a compact and linear like
form.

The effects of the approximation on the model fitting can be seen in Figure 3.8. A
degradation of the approximated description is originated from neglecting non-linearities
in the anticipation term. (Compare the e.g. the speed responses in Figure 3.5 and3.8,
around 8.30AM.) Figure 3.9. shows the approximate response more into the details. As
one may conclude, the accuracy of the model has been reduced especially for the cases,
when traffic conditions change suddenly, respectively as a consequence of the neglected
dynamics. At the same time, the approximated (non-linear) parameter-dependent mod-
els are still able to reproduce traffic phenomena, but with a lower accuracy.

In order to compare the two model families, the Variation Accounted For (VAF) is
calculated in both cases. The VAF is defined as follows:

VAF (y(k), ŷ(k)) = 100 × max

{
1 −

var (y(k) − ŷ(k))

var(y(k))
, 0

}
, (3.73)

where y(k) denotes the real measured outputs, while ŷ(k) is the simulated output of
the identified model. The function var(·) refers to the variance of the quasi-stationary
signals. The VAF values for the exact qLPV model are:

VAFex
q = 64.64, VAFex

v = 64.28,

while in the approximated case:

VAFap
q = 55.56, VAFap

v = 60.47.

The VAF results characterize the accuracy degradation caused by the neglected dyna-
mics.

3.5 Conclusion and contributions

The Linear Parameter Varying formulation of a second-order macroscopic model is
discussed in the sequel. In order to transform the generic non-linear model into a
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parameter-dependent form an algorithm was proposed. We introduced a shifted coor-
dinate frame, where new variables represents system’s behavior around its steady-state.
The centering allowed us to introduce an integral transformation for factorizing non-
linearities and consequently the generic LPV model is obtained. Based on the generic
LPV structure, affine parameterized and parameter-dependent polytopic models are es-
tablished for a single freeway segment (Section 3.2) as well as longer stretches (Section
3.3). The different representations are compared in Section 3.4.2, where it has been
concluded that the LPV representations of freeway traffic are able to predict traffic
phenomena with acceptable accuracy.

The contributions of the chapter can be summarized as follows:

Thesis 1
The parameter-dependent reformulation of the extended Payne-Whitham type non-linear,
second-order, macroscopic freeway model has been established. A generic Linear Pa-
rameter Varying structure has been obtained, as well as an affine parameterized one, by
using non-conventional transformation techniques. Furthermore, parameter-dependent
polytopic formalism is also introduced for traffic modeling purposes. Numerical issues
are addressed and a comparative numerical analysis is given to demonstrate the capa-
bilities of the newly developed model structures, using a simple case study. Reason-
able approximations have been introduced to relax complex computational requirements.
[LKVB10, LKvW+11]
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Chapter 4

Analysis of freeway traffic models

The aim of the section is to investigate the effectiveness of the most well-known traffic
control measure called ramp metering. For this purpose first a brief introduction to
the freeway traffic control problem and to ramp metering is given. The problem is
then reformulated by using the parameter-dependent modeling developed in Chapter
3 and set-theoretic methods. The notion of maximal robust controlled invariant and
t-step robust controllable sets are adopted for the ramp metering problem. Algorithms
are given to compute these sets and attention is paid on the traffic interpretation of
the results. A numerical example is given to investigate the effectiveness of local ramp
metering.

4.1 Freeway traffic control

The general goal of traffic control is to achieve network optimum which is beneficial
for all participants on the average1. Therefore, macroscopic indicators are favorable to
characterize the network-wide performance level. The Total Time Spent (TTS) measure
is a widely used quantity to describe efficiency by summing the time that vehicles spend
in a traffic network [PDD+03]. TTS can be defined over an arbitrary time period K as
follows:

JTTS(K) =
K∑

k=1

TN(k), (4.1)

where N(k) is the number of vehicles in the network at time step k, and T is the discrete
time step. Obviously lower value of TTS refers to better network efficiency, hence
the minimization of eq. (4.1) is a network-wide control objective for traffic control.
The vehicle number N(k) can be expressed by using macroscopic variables and by
distinguishing vehicles in the main flow and at on-ramps:

N(k) =
N∑

i=1

ρi(k)∆in

︸ ︷︷ ︸
vehicles in main lanes

+
N∑

i=1

li(k)

︸ ︷︷ ︸
vehicles at on-ramps

. (4.2)

1In contrast with individual user optimum.
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Furthermore, a generic mass-conservation dynamics can be formulated for the underly-
ing traffic network as:

N(k + 1) = N(k) + T (d(k) − s(k)), (4.3)

where s(k) represents the sum of all exiting flow through off-ramps and main lanes:
s(k) =

∑N
i=1 si(k) + qN (k), while d(k) is the total number of vehicles entering the net-

work in the time period [(k − 1)T, kT ], i.e: d(k) =
∑N

i=1 do,i(k) + q0(k). Consequently,
the TTS objective is written as:

JTTS(K) = T
K∑

k=1

(N(k) + T (d(k − 1) − s(k − 1))) =

= T
K∑

k=1

(
N(0) + T

k−1∑

κ=0

(d(κ) − s(κ))

)
. (4.4)

Vehicles waiting at on-ramps are incorporated into the traffic control objective in order
to avoid ramp closure. Since neither the initial N(0) number of vehicles at the main road
and at the ramps, nor the generalized demand d(k) cannot be controlled, it can be seen
from eq. (4.4) that the minimization of JTTS(K) is equivalent with the maximization
of time-weighted exit flow T 2

∑K
k=1

∑k−1
κ=0 s(κ). A further strong relation between the

network wide outflow and TTS has been reported in [Heg04, PDD+03], stating that
even a slight improvement in the outflow can significantly improve the Total Time
Spent measure.

It has been also observed that the outflow of a traffic congestion is significantly lower
than the theoretical capacity of the same location [KR96]. The phenomena is known in
the literature as capacity drop. Due to the throughput degradation caused by moving
jams, it is obvious that control actions should aim to prevent the occurrence of (or even
dissolution) of shock waves. For model based traffic control purposes it is notable that
the LWR model is not able to reproduce the capacity drop phenomena [Heg04]. At
the same time, through the introduction of the anticipation effect in the momentum
equation, the extended PW model is able to predict lower outflow from congested area,
i.e. the capacity drop phenomena is included in the investigated second-order model.

4.2 Ramp metering

Ramp metering has been identified as one of the most effective traffic control measures,
controlling the flow entering to main-lanes through on-ramps by traffic signals [Pap02].
Excessive research has been performed since 1970s to evaluate its impact and to design
appropriate algorithms accordingly. The most important property of ramp metering is
that it can prevent traffic breakdown by controlling the entering volume as illustrated in
Fig. 4.1. That is to say, the traffic density can be kept under (or around) its critical value
by appropriate signal settings. Moreover not only the main-lane outflow can be increased
but also the possibility of off-ramp blockage can be decreased. The phenomena is
illustrated on Fig. 4.2, from where one can depict the additional throughput degradation
caused by congestion due to the backward propagation.
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qin qcap

d

Figure 4.1: Traffic congestion without on-ramp metering

ds

qin qcap

Figure 4.2: Traffic congestion and off-ramp blockage without on-ramp metering

Ramp metering strategies can be categorized according to their behavior as static
(fixed time) and dynamic (traffic responsive) ones [Pap02, Kz04]. The design of static
algorithms are carried out off-line, based on historical traffic data. By assuming constant
traffic trend for the future, a fix metering rate is determined off-line through optimiza-
tion techniques [Wat65]. These methods are favorable because of their inexpensive
computation needs and effortless implementation in real applications. Their disadvan-
tage is obvious. Whenever the actual traffic situation diverges from the presumed ones
the control performance is diminished.

A more sophisticated approach is proposed by introducing traffic responsive or dy-
namic ramp metering algorithms, where real-time traffic measurements led into the con-
troller [Kz04]. The measurement data is then used for determining the actual metering
rate. Furthermore, to react on disturbances acting in the system, a closed-loop feedback
structure is beneficial [Kz04, Heg04]. To design such a responsive ramp metering algo-
rithm a dynamical model is required for prediction of traffic evolution. According to
the involved traffic measurements, one can distinguish local (isolated) and coordinated
ramp metering strategies. While local algorithms use only limited measurements from
their vicinity of their location of installation, then coordinated methods utilize increased
amount of data from detectors and other controllers.

From control point of view it is important that the on-ramp volume is physically
limited. The maximal throughput (capacity) of the on-ramp forms an upper bound
on the allowable inflow, while for practical reasons a lower bound is introduced by
requesting a minimal metering flow to avoid queue spill-over due to on-ramp blockage
[PDD+03].

As a summary we can state that the aim of the traffic control is to achieve maximal
network throughput by using constrained control measures. Uncontrollable and unmea-
surable signals, such as shock waves can lead to degradation in the control performance.

4.3 Parameter-dependent problem formulation

In order to analyze the isolated ramp metering problem, we discuss first the dynami-
cal representation of the process. Parameter-dependent model formulations have been
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r(k)

Figure 4.3: The isolated ramp metering problem

introduced in the previous chapter, where we focused on preserving the interconnected
nature of the spatially discretized structure. Hereunder, we introduce some slight modi-
fications and simplified notations to adjust the parameter-dependent structure according
to local ramp metering problem.

Consider thus an isolated on-ramp, where the main-lane and on-ramp dynamics are
described by eqs. (2.53)-(2.57) in the following simplified form (see Fig. 4.3 for the
notations):

ρ(k + 1) = ρ(k) +
T

∆n
[q−(k) − ρ(k)v(k)n + r(k)] , (4.5)

v(k + 1) = v(k) +
T

τ
[V (ρ(k)) − v(k)] +

T

∆
v(k) [v−(k) − v(k)]

−
ν

τ

T

∆

ρ+(k) − ρ(k)

ρ(k) + κ
−

δT

∆n

r(k)v(k)

ρ(k) + κ
, (4.6)

where the constraints on the on-ramp volume is given in the following form:

r ≤ r(k) ≤ r. (4.7)

The steady-state condition of the underlying configuration can be determined ac-
cording to Chapter 3, where the following considerations on the steady-state selection
can be done:

• The capacity of the stretch has a capital importance in traffic control, and since
it is related to the critical density, the selection of ρ∗ = ρcr implies ρ̃(k) = 0,
whenever the stretch operates at the level of maximal throughput. Moreover, the
steady-state space-mean speed of the segment should be equal with the equilibrium
speed v∗ = V (ρcr).

• Setting the steady-state ramp volume r∗ = r+r
2 results in a symmetric input bound

in the centered coordinate frame.

• Centering the downstream density to the same operation point as the segment
(i.e. ρ∗+ = ρ∗ = ρcr) represents smooth, shock wave free steady-state condition.
Moreover the centered anticipation term ρ̃+(k) − ρ̃(k), appearing in the shifted
momentum equation can be considered as an indicator of discontinuity.

The remaining variables q∗− and v∗− can be determined from eqs. (4.5)-(4.6). Accordingly,
centering and the parameter-dependent reformulation of the non-linear dynamics can
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be performed based on Chapter 3. Because of its numerical advantages the parameter-
dependent polytopic model is selected to form the basis of the analysis in the following
structure (eq.(3.48)):

x(k + 1) = A(λ)x(k) + B(λ)u(k) + E(λ)d(k), (4.8)

where the state vector x(k) consists of ρ̃(k) and ṽ(k), the control input u(k) is the
centered on-ramp volume r̃(k). Remember, that the system matrices belong to the
polytope Ω: [

A(λ) B(λ) E(λ)
]
∈ Ω. (4.9)

The generalized disturbance vector d(k) collects q̃−(k), ṽ−(k), and ρ̃+(k) − ρ̃(k). Note
that the latter term is used for representing shock waves, addressing directly the phe-
nomena. The elements of d(k) can be categorized whether they are measured or not.
Generally speaking, detectors are installed at the upstream direction of the on-ramp
location, therefore q̃−(k), and ṽ−(k) are assumed to be measured, while ρ̃+(k)− ρ̃(k) is
naturally unmeasured [SPK04].

4.4 Set-theoretic notions

This section introduces the most relevant set-theoretical basis for the understanding of
the methodological steps behind the derived traffic control analysis.

Set-theoretic methods arise in control problems in various ways, since constraints,
robustness or performance specifications can be naturally expressed in a set-theoretic
framework [BM08, BM92, Ker00]. More precisely the notion of convex set plays an
important role:

Definition 4.1 (Convex set)
A set S ∈ Rn is said to be convex if for all x1 ∈ S and x2 ∈ S we have that

αx1 + (1 − α)x2 ∈ S for all 0 ≤ α ≤ 1. (4.10)

I.e. a convex set contains all convex combinations of its elements [BM08].

In addition, if a convex set is compact and contains the origin as an interior point we
call it a C-set.

A further important class of convex sets is called polyhedral sets:

Definition 4.2 (Polyhedral set)
A convex polyhedral set is a set of the form:

P(F, g) = {x : Fx ≤ g} = {x : Fix ≤ gi, i = 1, 2, . . . , s} , (4.11)

where Fi denotes the i-th row of the s × n dimensional matrix F and gi is the ithe
component of the s × 1 vector g [BM08].
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We will refer to eq. (4.11) as the half-space representation of a polyhedral set to distin-
guish it from the vertex representation:

V(Xw, Xy) =

{
x = Xww + Xyy,

p∑

i=1

wi = 1, w ≥ 0, y ≥ 0

}
, (4.12)

where the the columns of the matrix Xw and Xy represent the finite respectively "infi-
nite" vertices of the polyhedral set [BM08]. If the polyhedral set is bounded, then we
call it a polytope [BM08]. The use of polyhedral sets (specially polytopes) is preferred
since they form a closed family under different set operations:

Definition 4.3 (Operations on convex sets)
Erosion of a set A with respect to B is the set

ÃB = {x : x + b ∈ A,∀b ∈ B}

also referred as Pontryagin difference.
Image of a set under a map M is the set

M(A) = {y = M(x), x ∈ A}

Projection of A on a subspace X : the set

B̃ =
{

b ∈ X : ∃a ∈ A : a = b + c, with c ∈ X⊥
}

,

where X⊥ denotes the subspace orthogonal to X .

Finally, two important sets will play the key role and be used during the ramp
metering analysis:

Definition 4.4 (Robust controlled positive invariance)
The set S ⊆ X is said to be robust controlled positively invariant if there exists a control
such that for all x(0) ∈ S and for all allowable disturbance sequences the condition
x(t) ∈ S holds for all t ≥ 0.

Definition 4.5 (Robust controllable set)
The t-step robust controllable set Kt(X , T ) is the largest set of states in X , for which
there exists an admissible control sequence such that an arbitrary terminal set T ⊂ X ⊂
Rnx is reached in exactly t steps, while keeping the evolution of the state inside X for
the first t − 1 steps, for all allowable disturbance sequences.

4.5 The maximal robust controlled invariant set

A set-theoretic algorithm is proposed in the sequel to calculate the maximal robust
controlled invariant set for the isolated ramp metering problem.

Firstly, the admissible domain of the state variables (i.e. centered density and space-
mean speed) can be determined by using detector measurements and the steady-state
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values. For this purpose a convex hull can be constructed to cover local measurements
and the resulting set can be shifted according to the steady-state values (3.47). The set
of physically meaningful states, X ⊂ R2 is then a convex polytope, including the origin
as an interior point. Accordingly X is given in the following half-plane representation:

X = P(Hx, hx) = {x : Hxx ≤ hx} . (4.13)

The aim of the ramp control input (i.e. the good player [BM08]) is to achieve a cer-
tain control objective. The first reason why it is not always possible is the physically
constrained nature of the control signal. The allowable control input domain for the
underlying problem can be constructed according to the physical constraints and steady-
state values. More precisely, U ⊂ R is a 0 symmetric polytope (due to the selection of
r∗) with the following half-plane representation:

U = P(Hu, hu) = {u : Huu ≤ hu} . (4.14)

Moreover, various disturbances influence the state evolution, frequently acting against
the achievable control objective. Therefore disturbances take the place of the bad
player impeding the action of the good one [BM08]. In the case of local ramp metering
problem, by using previous arguments, two types of disturbance exist: measured and
unmeasured.

The admissible sets of measured (dm = [q̃−(k) ṽ−(k)]) and unmeasured (du =
ρ̃+(k) − ρ̃(k)) disturbances can be constructed similarly to X , therefore Dm ⊂ R2

and Du ⊂ R1 take the following half-plane representations respectively:

Ddm
= P(Hdm

, hdm
) = {dm : Hdm

dm ≤ hdm
} , (4.15)

Ddu
= P(Hdu

, hdm
) = {du : Hdu

du ≤ hdu
} . (4.16)

From control point of view there is a significant difference between the two class of
disturbances. Namely, the information on dm can be embedded in the control decision
by:

u(k) = Φ(x(k), dm(k)). (4.17)

The control map Φ(·, ·) illustrates that the bad player dm acts earlier than the good one,
therefore u has the full information advantage. On the other hand, the actual value of
the signal du is unknown, therefore u should be aware of the worst possible du taken
out of the admissible set Ddu

. According to the subdivision of d(k), the following can
be written:

x(k + 1) = A(λ)x(k) + B(λ)u(k) +
[

Edm
(λ) Edu

(λ)
] [ dm(k)

du(k)

]
. (4.18)

In the determination of the robust controlled invariant set, the goal of the control
input is to ensure x(k) ∈ X for all k > 0 regardless the value du (and by using the value
of dm). To compute the maximal robust controlled invariant set, an outer approxima-
tion method can be constructed by adjusting the method proposed in [BM08] for the
underlying traffic problem.
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After initialization, the first step (Step 2. in Algorithm 4.1) is to handle the unmea-
sured disturbance, which is performed by computing the erosion of X with respect to
Edu

(λ)Du and for every vertices of the system matrix polytope Ω, i.e.:

P(Hx, hx) = {x : Hx (x + Edu
(λ)du) ≤ hx, ∀ du ∈ Du, ∀λ} . (4.19)

After rearranging:

P(Hx, hx) = {x : Hxx ≤ hx − HxEdu
(λ)du, ∀ du ∈ Du, ∀λ} , (4.20)

where it can be depicted, that the eroded set is computed by a constrained linear
optimization, determining the effect of the worst du ∈ Du and modifying hx accordingly.
The modified set P(Hx, hx) is then contain those states that cannot be steered out from
X by the unmeasured signal du. In other words, even for the worst case disturbance,
the state will remain in X for the next time step.

After taking the effect of unmeasured disturbances into consideration we can focus
on those situation which are able to steer the system’s state into the eroded set (Step 3.
in Algorithm 4.1). Consequently, those x, u and dm triplets are determined for which
x(k +1) ∈ P(Hx, hx). The set can be computed by expanding the previously computed
set, P(Hx, hx) in the expanded state-control-measured disturbance space R2+1+2, i.e.:

M =
{
(x, u, dm) : u ∈ U , dm ∈ Ddm

, x(k + 1) ∈ P(Hx, hx),∀λ
}

, (4.21)

where the shorthand notation:

x(k + 1) = A(λ)x(k) + B(λ)u(k) + Edm
(λ)dm(k), (4.22)

has been introduced. The condition x(k + 1) ∈ P(Hx, hx) is, by using the half-plane
representation of the eroded set, then reads as follows:

Hx

[
A(λ) B(λ) Edm

(λ)
]



x
u

dm


 ≤ hx, ∀λ, (4.23)

where x, u and dm should contained in their admissible region respectively, expressed
with half-plane representation:

Hxx ≤ hx, (4.24)

Huu ≤ hu, (4.25)

Hdm
dm ≤ hdm

. (4.26)

The expanded set, M then contains those triplets that steer the system into the eroded
set P(Hx, hx) and can be computed according to the half-plane representations given
above.

As it was discussed (see eq. (4.17)), the control player determines his action according
to the values of x and dm. Consequently, by using the set M the (x, dm) pairs can be
selected for which ∃u ∈ U . The computation of such set is the following step in the
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proposed algorithm (Step 4. in Algorithm 4.1). It is easy to verify that projection of
M onto the state-measured subspace R2+2 characterize these pairs. Consequently, the
pre-image of M is defined as:

R = {(x, dm) : ∃u, s.t. (x, u, dm) ∈ M} .

The half-plane representation of the pre-image set R can be written as follows:

Hx,dm

[
x

dm

]
≤ hx,dm

.

R is then form the regulation map of the input u, but only those states have to be kept,
for which the entire measured disturbance set Dm is assigned. This is interpreted as
taking the measured nature of dm into consideration and incorporated into Algorithm
4.1 in step 5. That is to say, the control decision can be taken irrespectively of the value
of dm. The set-theoretic formulation of the resulting set is:

F = {x : ∀dm ∈ Dm,∃u, s.t. (x, dm) ∈ R} . (4.27)

The set F contains states which can be kept inside X for the next time instance, by
u(k) = Φ(x(k), dm(k)) ∈ U and ∀du(k). The underlying set can be computed by using
the half-plane representation of R and the vertex representation of Dm, i.e.: substituting
the vertices of Dm into R and subtracting the constant terms as:

F =
{

x : Hx
x,dm

x ≤ hx,dm
− Hdm

x,dm
dm,i

}
. (4.28)

Computing the intersection of F with X will give the set of states which can be kept
inside X in the following time step by the constrained control action u = Φ(x, dm) ∈ U ,
regardless the value of the unmeasured signal du coming from Du.

In order to guarantee the proposed invariance for all subsequent time instant the
above procedure need to be repeated, initializing from the result of the previously
described computations. Obviously, if the system can be kept inside the determined set
in the following time instance, then it can be kept inside X for two subsequent time steps
(due to the discussed construction). The definition of the maximal robust controlled
invariant set implies the subsequent computation of these sets to ensure invariance for
future time instances. From practical point, the procedure is repeated until the change
in the volume of two sequential sets is under a numerical tolerance characterized by
ε > 0 [BM08]. Furthermore a maximal iteration number can be set to avoid numerical
problems.

It is worth to mention that the polytopic representation of the non-linear dynamics
may lead to conservative approximation of the maximal robust controlled invariant set,
i.e. the resulting set is smaller then the one assigned for the original non-linear model.
This is clearly the reason of neglecting the state dependency of the weighting functions
λ through the computation. Accordingly, in each computation step one should take all
vertex of Ω into consideration. In order to reduce this conservatism the following idea
is proposed and incorporated in the computation (step 10. in Algorithm 4.1). Since the
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construction results in a sequence of nested polytopes, i.e. X (l+1) ⊆ X (l), the system
is sequentially restricted for smaller regions. Consequently, after each iteration, a new
polytopic representation can be created by evaluating the non-linear dynamics over the
actually determined (smaller) state-set. This way the state-dependency of λ can be
taken into consideration and conservatism can be reduced.

The outer approximation of the maximal robust invariant set is then can be sum-
marized in the following algorithm:

Algorithm 4.1 (Computing the maximal robust controlled invariant set)

1. Set l = 0, H
(l)
x = Hx, h

(l)
x = hx and set X (l) = P(H

(l)
x , h

(l)
x ). Fix a tolerance

number ε > 0 and a maximum number of steps lmax.

2. Compute the erosion of the set X (l) = P(H
(l)
x , h

(l)
x ) with respect to the unmeasured

disturbance Edu
(λ)Ddu

:

P(H(l)
x , h

(l)
x ) =

{
x : H(l)

x (x + Edu
(λ)du) ≤ h(l)

x , ∀ du ∈ Du, ∀λ
}

, (4.29)

where the j-th row of h
(l)
x can be calculated as:

h
(l)
x,j = h

(l)
x,j − max

λ
max

du∈Du

H
(l)
x,jEdu

(λ)du. (4.30)

where index j denotes the jth row of a matrix or the jth element of a vector,
depending on the variable it belongs to.

3. Expand the set P(H
(l)
x , h

(l)
x ) in the extended state-control-measured disturbance

space as follows:

M(l) =
{

(x, u, dm) : u ∈ U , dm ∈ Ddm
, x ∈ P(H(l)

x , h
(l)
x ), ∀λ} , (4.31)

where x = A(λ)x+B(λ)u+Edm
(λ)dm. This set can be computed by the following

inequalities for (x, u, dm):

H(l)
x

[
A(λ) B(λ) Edm

(λ)
]



x
u

dm


 ≤ h

(l)
x (4.32)

Huu ≤ hu,

Hdm
dm ≤ hdm

.

4. Compute the projection of the set M(l) onto the state-measured disturbance sub-
space:

R(l) =
{

(x, dm) : ∃u, s.t.(x, u, dm) ∈ M(l)
}

, (4.33)

with the following half-plane representation:

[
Hx

x,dm
Hdm

x,dm

] [ x
dm

]
≤ hx,dm

. (4.34)
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5. Calculate the set:

F (l) =
{

x : ∀dm ∈ Ddm
,∃u, s.t.x(k + 1) ∈ R(l)

}
, (4.35)

since Ddm
is convex, the set can be computed by evaluating the half-plane repre-

sentation of R(l) on the vertices dm,i:

F (l) =
{

x : Hx
x,dm

x ≤ hx,dm
− Hdm

x,dm
dm,i

}
. (4.36)

6. Compute the intersection of F (l) with the state-space:

X (l+1) = F (l)
⋂

X . (4.37)

7. If

X (l) ⊆ (1 + ε)X (l+1) (4.38)

then stop successfully.

8. If X (l+1) = ∅ then stop unsuccessfully.

9. If l > lmax then stop indeterminately.

10. Generate A(λ), B(λ), E(λ) polytopic representation of the non-linear model by
evaluating the non-linear dynamics over X (l+1) according to the method proposed
in Chapter 3.

11. l = l + 1 and go to step 2.

Remark 4.1 Note, the determined set does not state anything on the applied control
input sequence, the actual control action can be calculated e.g. by minimizing a pre-
defined control objective over the determined invariant set [Ker00].

The maximal robust controlled invariant set resulting from Algorithm 4.1 is the
region, where the constrained control input can achieve certain state related invariant
property. For the ramp metering problem, the invariant set reflects those traffic sit-
uations which can be maintained with on-ramp control in the presence of undesired
disturbance excitation. Although this does not coincide with the traffic control ob-
jective, the maximal robust controlled invariant set still provide useful information.
Namely, outside of the invariant set the disturbances can lead to traffic breakdown,
since the control input cannot guarantee certain inclusion property. In the following
sequel a different algorithm is established, based on the results of this section, which
provides an other insight to the analysis of traffic control problems.
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4.6 The t-step robust controllable set

The goal of the t-step robust controllable set analysis is to identify those sets which
can be steered into a pre-defined target set T in exactly t steps, while keeping the state
inside of X for all previous time step. In view of the traffic control problem (Section 4.1)
the target set can be formulated as the uncongested part of the fundamental diagram,
i.e. the region where ρ ≤ ρcr. Consequently, the following half-plane representation can
be constructed:

T = P(Ht, ht) = {x : Htt ≤ ht} . (4.39)

In order to calculate the one-step robust controllable set the effect of disturbances has
to be taken into consideration similarly as in the previous section. More precisely, first
the erosion of the target set can be computed with respect to the unmeasured signal
du (step 2. in Algorithm 4.2). Then expanding the modified (eroded) target set in
the extended state-input-measured disturbance space will determine (x, u, dm) triplets
for which x is contained within the target set for the next time instance, regardless
of the value of the unmeasured disturbance. The expansion takes place in step 3. of
Algorithm 4.2. The following step (step 4. in Algorithm 4.2) is the projection of the
expanded set onto the (x, dm) space. The resulting set then represents state-measured
disturbance pairs for which u ∈ U exists, that steer the system into the modified target
set. Finally, restricting the states with the entire Ddm

assigned in the extended (x, dm)
space finish the calculation of the 1-step robust controllable set (step 5. in Algorithm
4.2). To extend the construction for subsequent time steps, the computations can be
repeated by replacing the initial target set with the controllable set computed in the
previous step (see step 7. in Algorithm 4.2), until the required steps have not been
exceeded (step 6.). The calculation of the t-step robust controllable sets is then carried
out by the following algorithm:

Algorithm 4.2 (Computing the t-step robust controllable sets)

1. Fix the number of steps t. Set l = 0, H
(l)
t = Ht, h

(l)
t = ht and set T (l) =

P(H
(l)
t , h

(l)
t ).

2. Compute the erosion of the set T (l) = P(H
(l)
t , h

(l)
t ) with respect to the unmeasured

disturbance Edu
(λ)Ddu

:

P(H
(l)
t , h

(l)
t ) =

{
x : H

(l)
t (x + Edu

(λ)du) ≤ h
(l)
t ,∀ du ∈ Du, ∀λ

}
. (4.40)

3. Expand the set P(H
(l)
t , h

(l)
t ) in the extended state-control-measured disturbance

space as follows:

M(l) =
{

(x, u, dm) : u ∈ U , dm ∈ Ddm
, x ∈ P(H

(l)
t , h

(l)
t ),∀λ

}
, (4.41)

with x = A(λ)x + B(λ)u + Edm
(λ)dm.
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a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]
δ

2.4421 24.2572 116.3353 0.0362 24.2922 10.8513 1.7

Table 4.1: The model parameters used through the numerical example

q∗−
[

veh
h

]
v∗−

[
km
h

]
ρ∗
[

veh
km lane

]
v∗
[

km
h

]
r∗
[

veh
h

]
ρ∗+

[
veh

kmlane

]

4321 98.2290 24.2572 77.2464 1300 24.2572

Table 4.2: The steady state values

4. Compute the projection of M(l) onto the state-measured disturbance subspace:

R(l) =
{

(x, dm) : ∃u, s.t.(x, u, dm) ∈ M(l)
}

. (4.42)

5. Calculate the following set:

F (l) =
{

x : ∀dm ∈ Ddm
,∃u, s.t.x(k + 1) ∈ R(l)

}
, (4.43)

6. If l = t then stop.

7. Set T l+1 = F (l) and l = l + 1 and go to step 2.

4.7 Numerical results

In order to investigate the effect of local ramp metering a n = 3-lane, ∆ = 0.5 km long
segment is considered, with sampling time T = 10 sec. The model parameters used
through the example are collected in Table 4.1. The detector measurements collected
on freeway A12 in the Netherlands is used for determining the parameters of the funda-
mental diagram. A non-linear least square optimization is performed to determine the
values of a, vfree and ρcr. Since on-ramp information are not gathered in the Nether-
lands the remaining model parameters are set to be equal with typical values (instead
of parameter identification). Furthermore a single lane on-ramp is assumed to merge to
the main lanes, with capacity equal to 2000 veh

h and a minimum required flow of 600 veh
h .

The steady-state values can be then determined according to Section 3.2.1, where
the resulting values are summarized in Table 4.2. Finally, the parameter-dependent
polytopic reformulation is carried out by introducing shifted coordinate frame and eval-
uating the system over the centered state domain (see Section 3.2.5 for more details).

According to the proposed set-theoretic setup, the admissible domains of the in-
volved variables need to be determined. Firstly, the convex set of states X has been
computed by constructing a convex hull on the local detector measurements. The re-
sulting set together with the measured density / space-mean speed pairs can be seen in
Figure 4.4 in the original coordinate frame. Additionally, the half-plane representation
of the 0-symmetric input domain U is created based on the shifted input limits:

−700 ≤ u ≤ 700, →

[
u
−u

]
≤

[
700
700

]
. (4.44)
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Figure 4.4: The admissible set of the state variables, determined from detector mea-
surements

The measured disturbance represents near capacity inflow to the segment, described
by an ±5% oscillation around q∗− = 0.75qcap and v∗−. Furthermore, the unmeasured
disturbance set is used for representing backward propagating shock waves with −1 ≤
du ≤ 10. This setup refers to the case when a moving jam is created downstream,
according to the allowed positive jump in du. Moreover, the backward propagation of
the traffic jam cannot be kept back since the upstream disturbance delivers sufficient
inflow to maintain the congestion. That is to say, the shock wave does not dissolve
autonomously. The task is now to investigate the effect of ramp metering in the outlined
traffic scenario.

Firstly, the computation of the maximal robust controlled invariant set has been
carried out, by using the proposed Algorithm 4.1. The tolerance ε and the maximal
iteration number lmax is set to 0.01 and 50 respectively. The convergence in 10 steps
is illustrated in Figure 4.5, where the maximal robust controlled invariant set is high-
lighted.

Secondly, the t-step controllable sets have been determined according to the pro-
posed Algorithm 4.2. The initial target set is represented by the stable phase of the
detector measurements and can be depicted in Figure 4.6. The results of Algorithm 4.2
for tmax = 10 subsequent steps can be seen in Figure 4.7, where only the unstable (i.e.
ρ > ρcr) region has been illustrated according to the traffic control problem.

The following important conclusions can be drawn by comparing the results of
Fig. 4.5 and Fig. 4.7. For better viability the results are merged together and illus-
trated in Figure 4.8. The maximal robust controlled invariant set is labelled by 2, the
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Figure 4.5: The maximal robust controlled invariant set
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Figure 4.6: The initial target set T of the ramp metering problem, determined from
detector measurements
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Figure 4.7: The t-step robust controllable sets in the congested region

controllable set by 3. The region outside of the invariant set can be further subdivided
into two parts (1a and 1b respectively in Figure 4.8). The region 1a outside of the invari-
ant set, with ρ < ρcr cannot be sustained due to the high incoming volume characterized
by du. Obviously, low density regions disappear because of the incoming vehicles to the
segment. On the other hand the region 1b is not sustainable neither because of the
followings. If a shock wave reaches an initially congested segment, while the inflow
still delivers vehicles to the segment, further degradation of the throughput cannot be
avoided by any ramp metering algorithm. In view of these argumentations, the physical
interpretation of the maximal robust controlled invariant region (region 2 in Figure 4.8)
becomes clear. Notice that region 2 also contains congested situations, however by ap-
propriate selection of the on-ramp volume the further degradation of throughput can be
avoided. This property clearly justifies the importance of any ramp metering algorithm.
The investigation of the controllable sets (region 3 in Figure 4.8) provides additional
information on the effectiveness of ramp metering. These controllable sets characterize
traffic situations, where ramp metering is able to subsequently dissolve congestion and
steer the segment’s conditions into the stable (uncongested) region. These results are
independent of the choice of control algorithm. We will focus on the solution for the
ramp metering problem, and introduce a novel parameter-varying method in Chapter
5.
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Figure 4.8: Characterization of traffic situations

4.8 Conclusion and contributions

The local ramp metering problem has been discussed in the chapter. The problem
of controlling the on-ramp volume has been reformulated by using the parameter-
dependent representation of the process (see Section 4.3). Based on the polytopic model,
a set-theoretic framework is proposed in Section 4.4, where the effect of physically con-
strained variables can be investigated. More precisely, the notions of robust controlled
invariant set (Section 4.5) and robust controllable set (Section 4.6) have been adopted
for the isolated ramp metering problem. Algorithms are given to compute controlled in-
variant and controllable regions for a freeway section. Section 4.7 showed the numerical
properties of the proposed analysis methodology.

The contributions of the chapter are summarized as:

Thesis 2
Set-theoretic algorithms are established for the analysis of the local ramp metering prob-
lem. Traffic situations where traffic breakdown can be avoided by using physically limited
on-ramp strategies are identified by the maximal robust controlled invariant set. Fur-
thermore traffic situations where the ramp metering can subsequently steer the system
into the stable region are characterized by the t-step robust controllable sets [LKPV11,
LPKV].
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Chapter 5

Control of freeway traffic

A novel ramp metering strategy is proposed in the chapter. Firstly, a brief literature
overview on the existing ramp metering solutions is provided. Secondly, the traffic
control problem is stated in a parameter-dependent context, where the constrained and
optimal ramp control objective is formulated as a formal induced L2 norm minimization
problem between a generalized disturbance input and apriori given performance output.
Attention is paid to handle the physical constraints of the on-ramp volume. For this
purpose an implicit parameter-dependent solution is proposed. The solution of the
underlying problem is then formulated as an optimization problem subject to a set of
Linear Matrix Inequality constraints. Comparative simulation examples are given to
illustrate the effectiveness of the newly proposed freeway traffic control method.

5.1 Ramp metering strategies

The very first traffic responsive on-ramp metering strategy is called demand-capacity
method by [MaPWT+75], where the on-ramp flow is calculated according to upstream
demand qin(k):

r(k) =

{
qcap − qin(k − 1) if oout ≤ ocr

rmin otherwise
, (5.1)

The actual downstream occupancy1 measurement (denoted by oout(k)) is related to the
critical occupancy (ocr) and the control input is determined according to their relation.
The feed-forward structure of the demand-capacity method was found sensitive for
various disturbances acting in freeway systems, therefore more sophisticated methods
were proposed [Kz04].

Such advanced methods are based on a feedback structure in order to better react
on disturbances [Kz04]. In this line, the most widespread and actively used algorithm
for ramp metering is called ALINEA [PBHS91]. The control equation of ALINEA reads
as follows:

r(k) = r(k − 1) + K(ô − oout(k)), (5.2)

1Time occupancy can be related to spatial occupancy and therefore to traffic density, see Section
2.1.2.
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where K is the regulator gain and ô is the desired downstream occupancy, i.e. ALINEA
implements a linear integral control law for freeway ramp metering2. Several field
test experiences have been reported from Paris, Amsterdam and Glasgow [PHSM98],
where it has been successfully applied, offering acceptable control performance. Hard
physical constraints (i.e. minimal and maximal ramp metering rates) are taken into
consideration indirectly through a saturation applied at the implementation. ALINEA
has the advantage to be expandable for coordinate ramp metering in the METALINE
framework [PBHS90b, DP95]. For coordinated purposes the control law (5.2) has been
generalized for m number of on-ramps as:

r(k) = r(k − 1) − K1(o(k) − o(k − 1)) − K2(Ô − O(k)), (5.3)

the vector r(k) contains the m controllable on-ramp volumes. The occupancy measure-
ments of n detectors is compressed into the vector o(k), while the m dimensional vector
O(k) represents occupancies at m distinct locations where the desired occupancy Ô shall
be achieved. The regulator gains K1 and K2 can be determined using linear control
techniques [KS72]. Consequently, the non-linear model equations are linearized around
an uncongested (near critical) operation point and Linear Quadratic Integrator (LQI)
based design method is applied. The physical constraints are considered and handled
indirect by the appropriate weighting of the control input in the quadratic cost criterion.
Further extensions of the ALINEA method have been proposed in [SP03, SPK04].

Recognizing the need of a proper non-linear model based traffic control, a numeri-
cal optimization scheme was suggested in [KP04]. Generally speaking, the Total Time
Spent (see Section 4.1 for more details) is minimized over a time horizon subjected
to dynamical constraints formulated by the second-order macroscopic model and to
hard physical constraints of the on-ramp volume. For the solution of the constrained
discrete-time non-linear problem a numerical optimization methods is proposed by fea-
sible direction search. Although the convergence of the algorithm cannot be guaranteed,
satisfactory simulation results have been achieved for most of the practical cases, as it
was reported in [KP04].

In a similar vein, recently Model Predictive Control (MPC) approach is proposed
in [BSM03, HSH05, Heg04, Lan06], where the non-linear optimization problem is per-
formed repetitively in a rolling horizon fashion. Physical constraints can directly be
involved in the optimization. Moreover, the proposed framework allows the integration
of other control measures (such as Variable Message Signs (VMS) or main-lane metering)
into the optimization problem [HSH05]. Accordingly, the improvement of network-wide
traffic control objective can be achieved, which made the MPC based traffic control
very attractive. Because of the increased on-line computational requirements, the MPC
based integrated control method was further developed and a simplified solution have
been proposed and implemented recently in the Netherlands [HHSS09].

Remark 5.1 Regarding to the technical implementations of ramp metering algorithms,
several solutions exist. According to the lack of amber and red-amber signals, no loss
time arises in the ramp metering control cycle. Therefore a widely used implementation

2That is where the acronym ALINEA originates from.
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is the ’one-car-per-green’ realization, where the cycle length is set to a few seconds and
only one vehicle is allowed to enter the freeway during one cycle (e.g. in the Netherlands
[Heg04]). There also exist implementations where two or more vehicles can enter the
freeway during one cycle. Accordingly, the cycle length could vary from a few seconds
up to one minute and algorithms can be implemented arbitrarily [PBHS91].

5.2 Parameter-dependent formulation

Our aim is to develop a ramp metering algorithm based on the parameter-dependent
representation of the process. As it has been emphasized in Chapter 2. a second-order
model based control can be superior in contrast to first-order model-based methods, due
to its ability of predicting various traffic phenomena more accurately than first order
ones. We restrict ourselves for the isolated ramp metering problem and follow a similar
setup as considered in Chapter 4. Although, the proposed method is still valid for
coordinated ramp metering problems, the computational need increases exponentially
with the dimension of the problem, hence it is not suitable for centralized design for
large-scale systems in its current form. Consequently, our intention is not to purpose a
solution for coordinated ramp metering, but to present a new concept for constrained
ramp metering based on the second-order LPV model.

According to the set-theoretic analysis of the isolated ramp metering in Chapter 4,
the following steady-state values can be selected: ρ∗ = ρcr, v∗ = V (ρcr), r∗ = rmin+rmax

2 ,
and ρ∗+ = ρ∗, while q∗− and v∗− are determined from the steady-state equations. Using
the method proposed in Chapter 3., the parameter-dependent reformulation of the non-
linear model can be performed. An important question is the handling of the input
constraints, which is discussed in details in the following section.

5.2.1 Constraint handling

As it has been highlighted before (Chapter 4.), the above selection of r∗ implies a
0-symmetric constraint representation in the shifted coordinate frame. One possible
way to model such constraints is certainly the consideration of saturation limit in the
following form [WGP00]:

σ(u(k)) =

{
u(k) |u(k)| ≤ u

sign(u(k))u |u(k)| ≥ u
. (5.4)

Where the unified bound u on the centered on-ramp volume equals with rmax−rmin
2 in

the underlying problem. Linear Parameter Varying concepts can be then applied for
input saturated systems by introducing the following saturation parameter [WGP00]:

θ(u(k)) =
σ(u(k))

u(k)
, (5.5)

and defining θ(0) = 1 in addition. Consequently, the domain of the saturation parameter
is (0, 1]. Expressing the saturated input with θ(u(k)) as σ(u(k)) = θ(k)u(k) the system
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equation can be rewritten in the form:

x(k + 1) = A(p(k))x(k) + B(p(k))θ(u(k))u(k) + E(p(k))d(k). (5.6)

LPV paradigms can be in a straightforward way applied to address the problem, namely:
consider the saturation parameter θ(u(k)) as an additional scheduling parameter of the
system. Note, since the bounds of θ(u(k)) are known, furthermore, its value can be
on-line computed it is suitable for scheduling.

Remark 5.2 Increasing the number of the scheduling parameters results in a param-
eter varying controller that depends also on θ(u(k)), so the controller is continuously
informed of the actual level of saturation. This implicit information feedback has to be
distinguished from the explicit solution proposed in [WGP00], where the measurement
equation is extended with u(k) − σ(u(k)), that is when the saturated input is directly
fed back to the controller as it is usual in anti-windup schemes. Applying the explicit
feedback in one control framework requires the controller to be strictly proper in order to
ensure the causality [WGP00]. In the chapter only θ(u(k)) is involved, so the controller
may have a direct feedthrough from y(k) to u(k), while the solution consequently remains
causal.

Remark 5.3 It should also be emphasized that the proposed method for constraint hand-
ling does not automatically prevent constraint violations. Since the domain of θ(u(k)) is
(0, 1] there always exists a practical lower bound θmin 6= 0 on the saturation parameter,
which is used through the design. Although the resulting control input u(k) is unbounded,
one should take care on its value not to exceed θ−1

minu. Furthermore, the value of θmin

represents a trade-off in the controller design, since as its value is decreased so is the
effect of the control input lowered.

5.2.2 Polytopic formulation

Consequently, the scheduling vector of the system is extended with the saturation pa-
rameter and polytopic reformulation of the qLPV model can be performed. For this
purpose the gridding domain Ψ (equation (3.47)) should be extended with the bounds
of θ(u(k)). The system is then takes the following general polytopic form:

x(k + 1) = A(k)x(k) + B(k)u(k) + E(k)d(k), (5.7)

where the state vector contains the centered density and space-mean speed variables,
u(k) represents the unbounded on-ramp volume, while upstream respectively down-
stream variables are compressed in the disturbance vector d(k).

Additionally a full state measurement is assumed together with a partially measured
disturbance value, i.e. the output equation reads as follows:

y(k) = C1x(k) + D12d(k). (5.8)

The ramp metering problem is then can be formulated by defining the z(k) performance
output of the system. According to the fundamental theory of traffic flow (see Chapter
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2, network capacity is maximized if the density reaches its critical value. This coincides
with the origin of the centered coordinate frame due to the selection ρ∗ = ρcr. Further-
more, large input deviations can also be penalized in the performance output, i.e. one
can write the generic formula for the performance output:

z(k) = C2(k)x(k) + D21(k)u(k). (5.9)

As it was discussed earlier, disturbances such as shock waves led to the degradation
of throughput, therefore they are undesirable. Consequently, the effects of disturbance
should be minimized on the capacity which lead us to a formal control problem discussed
in the following section.

5.3 Controller setup

Hereunder we give the general derivation of the controller design, applied for the ramp
metering problem. We follow the derivation of [SW05] developed for continuous time
LTI systems. During the derivation the Schur-complement Lemma will be used:

Lemma 5.1 (Schur-complement)
Let an affine mapping F (x) be partitioned as:

F (x) =

[
Q(x) S(x)
S(x)T R(x)

]
(5.10)

then the LMI F (x) � 0 is equivalent to:

R(x) � 0, Q(x) − S(x)R(x)−1S(x)T � 0 (5.11)

Q(x) � 0, R(x) − S(x)T Q(x)−1S(x) � 0 (5.12)

Consider thus the following polytopic system in discrete-time:

x(k + 1) = A(k)x(k) + B(k)u(k) + E(k)d(k), (5.13a)

z(k) = C1(k)x(k) + D11(k)u(k). (5.13b)

y(k) = C2x(k) + D22d(k), (5.13c)

where x(k) ∈ Rnx is the state vector, u(k) ∈ Rnu is the control input, d(k) ∈ Rnd

represents disturbance input. A measurement of states is also available together with
a partial knowledge of disturbance d(k) (5.13c), in the output vector y(k) ∈ Rny . The
time-varying system matrices take their values from a polytope Ω, i.e.:

[
A(k) B(k) E(k) C1(k) D11(k)

]
∈ Ω, (5.14)

together with time invariant matrices C1 and D12. Our aim is to guarantee certain
performance specifications from unmeasured disturbances w(k) = Ewd(k)3 to the per-
formance output z(k) ∈ Rnz .

3In case of full information design Ew = Ind
.
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Figure 5.1: Closed-loop interconnection of the system and controller

Remark 5.4 According to robust control notions, equations (5.13a)-(5.13b) may con-
tain dynamical weighting besides the physical plant, hence referred as the generalized
plant [ZDG96]. These weighting functions are used for characterizing the performance
objective and representing the frequency behavior of the acting disturbances. Parameter-
dependent methods also allow the inclusion of dynamic weights scheduled by the parame-
ter vector. Consequently, the physical plant is augmented with the dynamical filters and
the interconnection is represented by the generic parameter-varying dynamics (5.13a)-
(5.13b).

In order to achieve certain control objectives a finite dimensional (xc ∈ Rnxc ) poly-
topic controller is proposed in the following form [SW05]:

xc(k + 1) = Ac(k)xc(k) + Bc(k)y(k), (5.15a)

u(k) = Ccxc(k) + Dcy(k). (5.15b)

with time varying system matrices [Ac(k)Bc(k)] ∈ Ωc = Ω4, and constant Cc, Dc.
The closed-loop interconnection of the system (5.13a)-(5.13b) with the controller

(5.15a)-(5.15b) is given in Figure 5.1 with dynamics written as:



x(k + 1)
xc(k + 1)

z(k)


 =




A(k) + B(k)DcC2 B(k)Cc E(k) + B(k)DcD22

Bc(k)C2 Ac(k) Bc(k)D22

C1(k) + D11(k)DcC1 D11(k)Cc D11(k)DcD22






x(k)
xc(k)
d(k)


 .

(5.16)

Introducing shorthand notations for the closed-loop state vector (ξ(k) ∈ Rnξ , nξ =
nx + nxc) and for closed-loop system matrices, the following compact form is written:

[
ξ(k + 1)

z(k)

]
=

[
A(k) B(k)
C(k) D(k)

] [
ξ(k)
d(k)

]
, (5.17)

where A(k) ∈ Rnξ×nξ , B(k) ∈ Rnξ×nd , C(k) ∈ Rnz×nξ and D(k) ∈ Rny×nd . The closed-
loop system is said to be dissipative with supply function s(w(k), z(k)) if there exists a
storage function V : Rnξ → R such that [SW05]:

V(ξ(k + 1)) − V(ξ(k)) ≤ s(w(k), z(k)), (5.18)

4That is to say the controller is scheduled with the scheduling vector of the generalized plant.
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where a widely used candidate for V is the quadratic form:

V(ξ(k)) = ξT (k)Pξ(k), (5.19)

with P ∈ Rnξ×nξ , P = P T � 0. Furthermore, if (5.18) is satisfied with supply function
in the form:

s(w(k), z(k)) = γ2 ‖w(k)‖2 − ‖z(k)‖2 , (5.20)

then:

sup
0<‖w(k)‖<∞

‖z(k)‖

‖w(k)‖
< γ, (5.21)

i.e. the induced L2 norm from the unmeasured disturbance to the performance output
is bounded by γ [SW05, AG95]. The closed-loop dissipativity with quadratic storage
function (5.19) and supply function (5.20) then reads as follows:

ξ(k + 1)T Pξ(k + 1) − ξ(k)T Pξ(k) ≤

[
w(k)
z(k)

]T [
γ2Inw 0

0 −Inz

] [
w(k)
z(k)

]
. (5.22)

After substituting closed-loop dynamics (5.17) and rearranging terms:

[
ξ(k)
d(k)

]T [
A(k)T PA(k) −X A(k)T PB(k)

B(k)T PA(k) B(k)T PB(k)

] [
ξ(k)
d(k)

]
≤

≤

[
ξ(k)
d(k)

]T [
0 Ew

C(k) D(k)

]T [
γ2Inw 0

0 −Inz

] [
0 Ew

C(k) D(k)

] [
ξ(k)
d(k)

]
.

(5.23)

Dissipativity is a system property, regardless of ξ(k) and d(k), therefore the quadratic

expression above should be satisfied for all
[
ξT (k) dT (k)

]T
. Consequently, a matrix def-

initeness problem is obtained, which takes the following form after some rearrangement:

[
P 0
0 γ2ET

wEw

]
−

[
A(k)T P C(k)T

B(k)T P D(k)T

] [
P−1 0
0 Inz

] [
PA(k) PB(k)
C(k) D(k)

]
� 0.

(5.24)

Then using the Schur lemma 5.1, one gets the following expression of system’s dissipa-
tivity:




P 0 A(k)T P C(k)T

0 γ2ET
wEw B(k)T P D(k)T

PA(k) PB(k) P 0
C(k) D(k) 0 Inz


 � 0. (5.25)

Note that ineq. (5.25) is non-linear in the unknown variables since the product of P and
closed-loop system matrices (A(k), B(k), C(k), D(k)) containing the controller matrices.
A standard method to handle such non-linearities is applying an appropriate congruent
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transformation [AG95, SW05]. For this purpose we introduce the following partition of
the Lyapunov matrix P and its inverse:

P =

[
X U
UT ⋆

]
, P−1 =

[
Y V
V T ⋆

]
, (5.26)

where ⋆ denotes an arbitrary matrix partition. By definition we have the following
connection between new variables X, Y, U, V :

PP−1 =

[
XY + UV T XV + U⋆
UT Y + ⋆V T UT V + ⋆⋆

]
=

[
I 0
0 I

]
. (5.27)

Furthermore, we define the following variables:

Y =

[
Y I
V T 0

]
, Z =

[
I 0
X U

]
. (5.28)

These variables are used for constructing and performing the congruent transformation,
i.e. we multiply inequality (5.25) with diag (Y, Ind

,Y, Inz) from right and with its
transpose from left. The congruent of P reads as follows:

YT PY =

[
Y I
I X

]
= P(v), (5.29)

where we introduced the transformed variable X depending on the new variables v =
(X, Y ). Furthermore:

[
Y 0
0 I

]T [
PA(k) PB(k)
C(k) D(k)

] [
Y 0
0 I

]
=

[
A(k, v) B(k, v)
C(k, v) D(k, v)

]
, (5.30)

where the new matrices are obtained as follows. Firstly,

A(k, v) = YT PA(k)Y =

[
A(k)Y + B(k)M A(k) + B(k)NC2

K(k) XA(k) + L(k)C2

]
, (5.31)

with the new variables defined as:

• K(k) = XA(k)Y + XB(k)DcC2Y + UBc(k)C2Y + XB(k)CcV
T + UAc(k)V T ,

• L(k) = XB(k)Dc + UBc(k),

• M = DcC2Y + CcV
T ,

• N = Dc.

Secondly,

B(k, v) = YT PB(k) =

[
E(k) + B(k)ND22

XE(k) + L(k)D22

]
, (5.32)

thirdly,

C(k, v) = C(k)Y =
[

C1(k)Y + D11(k)M C1(k) + D11(k)NC2

]
. (5.33)
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And finally D(k, v) = D11(k)NC2. Note that A(k, v), B(k, v), C(k, v), D(k, v) are
linear in the new variables:

ṽ =

(
X, Y,

(
K(k) L(k)
M N

))
. (5.34)

Consequently, the congruent transformation of (5.25) results in:



P(v) 0 A
T (k, v) C

T (k, v)
0 γ2Inw B

T (k, v) D
T (k, v)

A(k, v) B(k, v) P(v) 0
C(k, v) D(k, v) 0 Inz


 � 0, (5.35)

which is linear in the new variable ṽ, i.e. (5.35) is a Linear Matrix Inequality (LMI).
The controller design is then formulated as the following optimization problem.

min

X,Y,


 K(k) L(k)

M N




γ2, (5.36)

subject to (5.35).

Note, due to the polytopic structure of the system and the controller, together with
Ω = Ωc, it is sufficient to add finite number of LMI constraints to the optimization
problem, according to the number of vertices of Ω.

5.4 Numerical example

In order to investigate the numerical properties and effectiveness of the proposed method,
two case studies are considered. Firstly, in 5.4.1 a simple benchmark problem is for-
mulated and implemented in MATLAB/SIMULINK environment. Comparative results
with the uncontrolled and with the ALINEA controlled cases are given. Secondly in
5.4.2 we test the constrained LPV controller together with a commercial traffic simula-
tion software called VISSIM.

5.4.1 Case study A

An isolated ramp metering section has been selected, with n = 2 number of lanes and
∆ = 0.5 km length. A one-lane ramp is connected to the segment with the maximal
capacity inflow rmax = 2000 veh

h , while the required minimum volume is set rmin =

360 veh
h . It is assumed that only the segment wide traffic variables are gathered through

detector measurements with a T = 10 sec sampling time, this way the proposed method
can be directly compared with the ALINEA strategy.

The assumed model parameters are collected into Table 5.1. According to our pre-
vious discussion in Section 3.2.1, the steady-state conditions have been determined, and
the results are summarized in Table 5.2.

Initially a θmin = 0.4 has been assumed, which represents a doubled allowable do-
main for the centered control input volume. Accordingly, the parameter-dependent
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a ρcr

[
veh

km lane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]
δ

1.4 25 110 0.01 20 10 1.7

Table 5.1: Non-linear model parameters used in case study A

q∗−
[

veh
h

]
v∗−
[

km
h

]
ρ∗
[

veh
km lane

]
v∗
[

km
h

]
r∗
[

veh
h

]
ρ∗+
[

veh
km lane

]

1512 82.5067 25 53.8496 1180 25

Table 5.2: Steady-state values used in case study A

model structure has been established and evaluated over the following domain in the
centered density, space-mean speed and saturation parameter space by:

Ψ =




−15 80
−45 95
0.5 1


 . (5.37)

The proposed implicit constraint handling implies the extension of the scheduling vector
with θ(u(k)) (see Section 5.2.1). Accordingly, two additional weighting functions have
been introduced through the TP transformation (as discussed in Section 3.2.5) to cap-
ture its variation. The resulting weights are illustrated in Fig.5.2 reflecting the linear
dependency on the saturation parameter. Consequently, together with the increment in
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Figure 5.2: Weighting functions depending on the saturation parameter θ(u(k))

the number of weighting functions the number of LTI vertex systems (A(k), B(k), E(k))
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has been increased from 6 to 12. Furthermore, the assumed detector setup implies the
following output mappings: C1 = I2 and D12 = 02×3, i.e. full state measurement and
unknown disturbances.

In the numerical example only the centered density variable is used as a performance
output, i.e:

z(k) = ρ̃(k) =
[

1 0
]
x(k). (5.38)

In order to ensure advanced disturbance attenuation at this performance output, two
time invariant dynamical performance weighting functions were introduced. Firstly, the
performance objective has been characterized by a weight Wz:

z(k) = Wzz(k). (5.39)

For Wz a low-pass filter has been selected, as illustrated in Figure 5.3. The involvement
of such dynamical weight indirectly enhances the closed-loop performance by penalizing
low frequency regions, including steady-state behavior [ZDG96]. Furthermore, a simi-
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Figure 5.3: Performance weighting function in the frequency domain

lar, low-pass weighting function filter has been selected to represent the nature of the
disturbance acting on the system., i.e.:

d(k) = Wdd(k), (5.40)

where Wd is the dynamical weight of the selected disturbance channel. In the case
study we augmented the physical system with Wz and Wd, resulting in a 2 + 1 + 1 = 4
dimensional state-space.
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(a) Upstream flow profile
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(b) Downstream density profile
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Figure 5.4: Inflow (a) and downstream density (b) profiles used through case study A

A full-order nxc = nx dynamical controller is designed for the augmented plant by
solving the optimization problem 5.36 subject to the LMI constraints (5.35). According
to the vertices of the Ω system polytopem, 12 number of LMI constraints are formu-
lated. The optimization problem was implemented in MATLAB and solved by using
the SeDuMi optimization tool [Stu99]. The retrieved controller Ac(k), Bc(k), Cc, Dc was
found to be stable at all vertices, which is desirable in real implementations.

In order to evaluate and compare the impact of the proposed design the following
traffic scenario has been constructed. The upstream flow together with the downstream
density profile is illustrated in Figure 5.4. A stable traffic flow is used for represent-
ing normal operation in the first period, see the first approx 0.5 hour period in Fig.
5.4. After half an hour a sharp discontinuity is introduced in the downstream traffic
conditions to mimic the behavior of a congestion (see Fig. 5.4(b)). The downstream
formulated jam leads to the degradation of section outflow and consequently propagates
backward. The jam is then assumed to dissolve autonomously an approx. half an hour
(Fig. 5.4(b)). After the complete lapse of the downstream jam we imitated a typical
rush hour scenario. The upstream flow has been slowly increased until it exceeds the
capacity of the stretch (see the growth in the inflow in Fig. 5.4(a)). After a certain time
interval the upstream demand starts to decrease to a lower level. Hence, the constructed
traffic scenario contains various traffic situations, interesting for traffic control.

Three control setups have been investigated with the traffic scenario described above:

• The uncontrolled case, when no control action is applied on the on-ramp volume,
thus a constant 1300 vehicles enter the freeway per hour.

• The newly developed parameter-dependent constrained LPV controlled case.

• The widely-used and well-known ALINEA controlled case.

The comparative simulation results are given in Fig.5.5-5.7. Fig.5.5 shows the com-
parative results of the three investigated cases. Firstly, it can be seen, that the down-
stream formulated jam propagates backward when no ramp metering is applied (see the
increased density value for the uncontrolled case in Fig. 5.5). Similarly, the increased
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Figure 5.5: Comparison of the density evolution for the uncontrolled, polytopic con-
trolled and the ALINEA controlled cases
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Figure 5.6: Comparison of the space-mean speed evolution for the uncontrolled, poly-
topic controlled and the ALINEA controlled cases
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demand between 1.5 − 2 hours leads to congestion when the ramp is not metered.
In contrast to the uncontrolled case, both ALINEA and the constrained LPV control
achieve superior control performance and keep the density around the critical value by
controlling the on-ramp volume. Under smooth and slowly varying traffic conditions
the ramp metering algorithms act similarly. The difference becomes apparent when sud-
den change in the disturbance excitation appears. As one can see the newly proposed
polytopic controller over-performs ALINEA under rapidly changing traffic conditions.
ALINEA reacts for the variation with a large overshoot, while the polytopic controller
suppresses the effect of the disturbance, compare the responses around 0.5h in Figure
5.5. Note that, the density reaches the congested region for a limited period when the
ALINEA method is applied, which may propagate backward in a more realistic traf-
fic simulation (since it effects the upstream condition in contrast with the scenario in
question). Similar effects can be observed on the space-mean speed evolution (see Fig.
5.6), where the average speed of vehicles drops according to the congested traffic condi-
tions. Fig. 5.7 compares the on-ramp volume of the three cases. As an explanation of
the better disturbance rejection, one can observe the more sensitive and fast response
of the polytopic controller compared to the integrator control law of ALINEA. One
can increase the sensitivity of the ALINEA control method by enlarging the regulator
gain. In this case, however, the ALINEA can result in undesired responses under slowly
varying and noise corrupted measurements. Finally, the time evolution of the controller
saturation level is depicted in Fig. 5.8, where one can ensure that the initial assumption
on the minimal saturation θmin = 0.4 did not violated during the simulation.

The advantage of the polytopic model based controller is the increased perfor-
mance under rapidly changing disturbance excitations. Moreover, the systematic design
methodology, offered by parameter-dependent paradigms can be exploited. One can eas-
ily extend the model with an additional queue dynamics (Section 3.2) and incorporate
the waiting queue in the performance output z(k). Furthermore, the performance ob-
jective of the system can also be extended because of the second-order description, with
space-mean speed criterium. Since the centered variable characterizes the difference
from the equilibrium speed, the extended performance output would be equal with the
flow maximizing control objective proposed in [SP03]. Finally, the possibility of addi-
tional measurements can be incorporated through the design, owing to the generality of
the derived control synthesis. At the same time the disadvantage of the constrained LPV
design method is the need of complex computational algorithms compared to ALINEA.

5.4.2 Case study B

In the second case study we investigate the constrained LPV controller with a traffic
simulation tool, called VISSIM [PTVA]. VISSIM applies the microscopic model devel-
oped by [Wie74] to describe traffic behavior. The program is widely used for traffic
signal planning and considered as a reliable, state-of-art traffic modeling software.

Firstly, a 2.5 km long stretch has been created in the VISSIM environment, with
simplified topology illustrated in Figure 5.9. The two-lane stretch has been subdivided
into 5 segments, each ∆ = 500 m long. Measurement points were installed at every
segment, as well as at the on-ramp, merging to the main lane in the middle segment,
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Figure 5.7: Comparison of the on-ramp volume for the uncontrolled, constrained LPV
controlled and ALINEA controlled cases
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Figure 5.9: The schematic topology used in case study B

a ρcr

[
veh

km lane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]
δ

1.2243 24.0036 123.4903 0.0149 27.6649 18.6924 1.6892

Table 5.3: The identified non-linear model parameters used in case study B

q∗−
[

veh
h

]
v∗−
[

km
h

]
ρ∗
[

veh
km lane

]
v∗
[

km
h

]
r∗
[

veh
h

]
ρ∗+
[

veh
km lane

]

1439 77.9061 24.0036 54.563 1180 24.0036

Table 5.4: Steady-state values used in case study B

controlled by a two-phase (red-green) traffic signal (see Fig. 5.9). Furthermore, a
reduced speed area has been created after the merging. This speed reduction is used
for mimicking traffic incident and triggering wide moving jams.

Firstly, the non-linear parameter identification has been carried out by using data
simulated in VISSIM. For this purpose both main-lane and on-ramp demands have been
changed to excite the non-linear dynamics. Furthermore, a shock wave was created by
the reduced speed area. The resulted parameter set is collected into Table 5.3. In
virtue of the identified parameters, the steady-state values have been computed for the
middle segment, according to Section 3.2.1. The values are summarized in Table 5.4.
Based on the results of Section 3.2, the polytopic representation has been obtained with
θmin = 0.5. A similar control setup has been used as in case study A. The polytopic
system has been augmented with the states of the low-pass dynamic filters Wz and
Wd. The optimization (5.36) has been then carried out to obtain the Ac(k), Bc(k), Cc

and Dc matrices of the nxc = 4 dimensional parameter-varying controller. Similarly to
case study A, the retrieved controller matrices were found to be stable at all vertices
of Ω. The dynamic controller is implemented in MATLAB and the communication is
established between MATLAB and VISSIM using the VISSIM-COM interface. Through
the COM interface we were able to access the detector measurements of the stretch and
calculate the optimal ramp volume with a T = 10 sec sampling time. For the traffic-cycle
realization, the on-ramp volume is converted to a green phase duration g(k) as:

g(k) =
r(k)

rsat
C, (5.41)

where rsat = rmax is the ramp saturation flow and C = T is the cycle length. The
computed green-phase duration is then applied in the VISSIM simulation through the
COM interface.

A comparative example is given to investigate the performance of the constrained
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Figure 5.10: Comparison of density evolution of the uncontrolled and constrained con-
trolled cases

LPV controller within a more realistic framework. A 1.5 hour long scenario has been
constructed, where an incident is modelled after a half an hour. The accident is imple-
mented in VISSIM by setting the speed limit to 20 km

h . This speed reduction was active
for a half hour period. Two cases have been investigated:

• The uncontrolled case, when no control action is applied on the on-ramp volume,
thus a constant 1300 vehicles enter the freeway per hour.

• The newly developed parameter-dependent constrained LPV controlled case.

The simulation results are given in Figures 5.10-5.12. Figure 5.10 shows the comparative
time evolution of the density of segment 3. It can be depicted, that the constrained
LPV controller was able to suppress the downstream formulated shock wave in contrast
with the uncontrolled case. Note also the oscillation of segment’s density around the
desired critical value. In addition, the merging on-ramp volumes are compared in Figure
5.11. The dynamic controller allows less vehicles to enter the freeway in order to avoid
congestion.

Finally, the spatiotemporal evolution of the density values are compared in Fig-
ure 5.12. One can clearly observe the wider effect of applying the developed, locally
designed, constrained LPV controller.

As a conclusion we can state that the second case study validated the constrained
LPV controller from the point of practical implementation. Through the closed-loop
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Figure 5.11: Comparison of on-ramp volumes of the uncontrolled and constrained con-
trolled cases
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Figure 5.12: Spatiotemporal comparison of the uncontrolled (a) and constrained LPV
controlled (b) cases
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structure with a realistic, microscopic simulation tool the constrained LPV controller
showed its transferability and effectiveness.

5.5 Conclusion and contributions

The problem of controlling on-ramp volume is discussed in the chapter. Using the
parameter-dependent modeling formalism the problem was reformulated in Section 5.2.
LPV methodology was applied for the implicit handling of input limits. The control
problem was solved in Section 5.3 by defining a dynamic state feedback controller. By
using the theory of dissipative systems an optimization problem is formulated subject
to Linear Matrix Inequalities. Finally in Section 5.4 two simple case studies were given
to investigate the effectiveness of the proposed controller.

The contributions of the chapter are:

Thesis 3
A novel ramp metering algorithm is proposed by using the parameter-dependent formu-
lation of the second-order macroscopic model. Physical limits on the ramp volume are
handled through an implicit structure. The ramp metering problem is formulated as
a formal induced L2 norm minimization problem where the throughput of the section
is maximized by suppressing shock waves and other disturbance effects. Comparative
numerical examples of the isolated ramp problem are given to validate the developed
methodology and investigate its efficiency [LPKa, LPKb].
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Chapter 6

Conclusions and further research

6.1 Conclusions

In the present work, the theory of Linear Parameter Varying systems was introduced
for freeway modeling, analysis and control purposes.

The concept of parameter-dependent freeway modeling appeared in Chapter 3, where
the transformation of second-order, macroscopic dynamics is examined. After the dis-
cussion of the steady-state conditions for a single segment (Section 3.2), a shifted co-
ordinate frame has been introduced. The change in the system’s variables made the
application of factorization available. Accordingly, generic quasi-LPV structure of a
single segment is obtained in Section 3.2. Furthermore, the affine parametrization of
the parameter-dependent matrix functions, as well as the polytopic reformulation have
been discussed. Expansion of the proposed method to longer stretches was discussed in
details under Section 3.3, where the interconnected nature of the problem has been em-
phasized. Numerical problems were addressed in Section 3.4. In order to relax complex
computational requirements, reasonable approximations were introduced. A simula-
tion example was given to validate the parameter-dependent concepts as an alternative
modeling tool for freeway processes.

The results established in Chapter 3 were used for analyzing the ramp metering
problem in a set-theoretic framework. The problem was introduced and discussed un-
der Chapter 4, where after the literature review in Sections 4.1-4.2 the problem was
reformulated in terms of parameter-dependent notions (see Section 4.3). A set-theoretic
approach was proposed to compute the maximal robust positive invariant set (Section
4.5) and the robust controllable sets (Section 4.6) for isolated ramp metering prob-
lems. The physically admissible domains of system variables, as well as hard physical
constraints could be expressed in a natural way using the set-theoretic concept. The
numerical example in Section 4.7 showed the application of the proposed methodology.
The physical interpretation of the achieved results were summarized by categorizing
traffic conditions as "solvable" and "sustainable".

A novel control algorithm appeared in Chapter 5. The parameter-dependent model
formulation served as a basis of the control design (Section 5.2). It turned out that the
traffic control problem can be viewed as the attenuation of certain disturbance effects
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on the throughput of the section. Physically limited on-ramp volume was modeled as a
saturation function. Parameter-dependent concepts were adopted for taking such hard
constraints into consideration through the controller synthesis. Consequently, the con-
strained parameter-dependent control design was developed in Section 5.3. According
to the parameter-dependent formulation of the ramp metering problem, a dynamical
controller was proposed to solve the induced L2 norm minimization problem. Using
the concept of dissipative systems, an optimization problem was obtained, subject to
Linear Matrix Inequality constraints. The application of the proposed methodology was
illustrated in Section 5.4. The simulation example proved the concept of the parameter-
dependent control framework.

According to the results presented along the thesis, one can depict the validity of
alternative modeling framework in traffic theory. By preserving the numerical accuracy
of second-order models in a more compact form, the parameter-dependent description
can offer novel techniques for traffic problems.

6.2 Further research

Further research directions are given in the sequel.
According to the parameter-dependent modeling formalisms, the Linear Fractional

Transformation (LFT) description has not yet been established for freeway systems. The
LFT framework is widely used for representing parameter-dependent models [SMP+01],
and has some computationally favorable advantage. It would be worth investigating
such representation for the underlying traffic system.

The developed parameter-dependent models in Chapter 3 involve a high number of
scheduling parameters. Consequently, LPV design techniques became numerically chal-
lenging. In order to ease these computational requirements, model reduction techniques
can be introduced in the near future. In a similar manner, the results of Chapter 5 can
be extended for higher dimensional freeway control problems by applying decentralized
and distributed control schemes. Both topics (i.e. LPV model reduction and distributed
LPV design) are active and challenging research topics.

The results of Chapter 4 can be further extended in several directions. One possibil-
ity is the consideration of queue dynamics and the analysis of the problem according to
the extended model description. Consequently, the t-step robust controllable sets could
form the basis of a novel control design. Predictive control techniques based on control-
lable and invariant sets are known in the literature, therefore it seems a straightforward
application of the analytical results.

Nevertheless, some extensions and applications of the developed LPV models have
already appeared in the traffic community. In [ZSHB10] the established parameter-
dependent description has been further developed to model vehicular emissions. Also, it
was found that the optimum of traffic emissions is related to a higher density value than
the critical one. If one unites the classical traffic objective and the vehicular emission
objective, the results of the set-theoretical analysis may be useful to characterize the
trade-off.
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Appendix A

Microscopic models

Two important classes of microscopic models are the car following (or stimulus response)
models and the overtaking models. Car following models describe how vehicles follow
preceding ones (longitudinal motion), while overtaking models investigate the lateral
motions, i.e. whether a driver overtakes the preceding vehicle or not.

Consider a string of n vehicles on a one lane freeway (i.e., lateral motion without
overtaking) as illustrated on Fig. A.1. In the car-following framework the independent
variables are: continuous time and spatial coordinate along the road, denoted by t and
x, respectively. The position of the ith vehicle in the string at time instance t denoted
by the function xi(t). The xi(t) trajectory describes the spatiotemporal motion of
vehicle i. Spacing between two vehicles at time instance t is given by the variable si(t)
respectively.

From Fig. A.1 one can read the connection between spacing and the position of an
arbitrary pair of vehicles:

si+1(t) = xi(t) − xi+1(t), ∀ i = 1, . . . , n − 1. (A.1)

Differentiating eq. (A.1) with respect to t, one gets:

ṡi+1(t) = ẋi(t) − ẋi+1(t), (A.2)

where ẋi(t) is the velocity of the ith vehicle at time instance t. Note, the differentiation
with respect to t is always performed in moving coordinate frames with origins fixed
to vehicles (Lagrangian view [LKV+10]). To obtain a microscopic model of vehicular

3 2 1

s1(t)s2(t)

x3(t) x2(t) x1(t)

n

xn(t)

Figure A.1: String of vehicles on a one-lane freeway
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flow, an additional equation is necessary, describing the acceleration of vehicles in the
string. In car-following theory, acceleration is considered as a response to some stimuli,
expressed under the following general form (therefore car-following models also referred
as stimulus-response):

response = sensitivity × stimuli, (A.3)

where the response is the acceleration ẍi+1(t) and stimuli is usually the spacing or the
velocity difference ṡi+1(t). The sensitivity factor is used to characterize the driver’s
behavior. In addition drivers have a finite reaction time (τ) which results in a time lag
in their responses to stimuli. Consequently, one can write the following car-following
equation as:

ẍi+1(t + τ) = λ (ẋi(t) − ẋi+1(t)) , (A.4)

where λ is the inverse of the sensitivity function, given by the following general formula:

λ = λ0
ẋm

i+1(t + τ)

(xi(t) − xi+1(t))
l
. (A.5)

Eq. (A.5) was first introduced in [GHR61] for car-following models. It has been proved
to cover a large class of microscopic models, therefore widely used in the traffic literature.
The introduced model parameters λ0, m, l have to be determined. For example m = 0
and l = 0 refers to linear dynamics, the very first car-following model published in
[CHM58].

Car-following models are very useful to develop theoretical explanations of traffic
phenomena, therefore we briefly present two important results used along the thesis.

Uniform flow

Uniform flow can be considered as a simplified case of vehicular flow. Using the notions
of car-following theory, uniform flow is defined as:

si(t) ≡ s∗, (A.6)

i.e. constant spacing for all vehicles, which implies ṡi(t) = 0 and (using eq. (A.2))
ẋi(t) = v∗. In order to investigate uniform flow in car following models, let us first
substitute eq. (A.5) into eq. (A.4) and rearrange the terms as follows:

ẍi+1(t + τ)

ẋm
i+1(t + τ)

= λ0
ẋi(t) − ẋi+1(t)

(xi(t) − xi+1(t))
l
. (A.7)

Integration of equation with respect to time and assuming m 6= 0, l 6= 0 yields:

ẋi+1(t + τ)(1−m) = c1
1

(xi(t) − xi+1(t))
(1−l)

+ c2, (A.8)

where c1, c2 are integration constants. We assume now an uniform flow and replace
ẋi+1(t + τ)(1−m) by v∗ and xi(t) − xi+1(t) by s∗. The boundary conditions for the
resulting system can be given by using physical consideration. Let us first investigate
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the case where s∗ → 0. Since vehicles have non-zero length this condition is equivalent
with s∗ = min(s). Obviously, this case means the complete congestion of the examined
road, therefore the uniform speed associated with min(s) is 0. The second boundary
condition represents the case when the freeway is completely free, i.e. s∗ → ∞. For
this situation we introduce a theoretical velocity vfree, the velocity that a single vehicle
adopts when no other participants are present. Using these conditions, the uniform flow
speed takes the following form:

v∗ = vfree

[
1 −

(
s∗

min(s)

)(l−1)
] 1

1−m

. (A.9)

Eq. (A.9) gives the fundamental connection between vehicle spacing and the correspond-
ing evolving speed on freeways.

Stability

Car-following theory can be applied to investigate stability of the non-linear delayed dif-
ferential eq. (A.7). A widely used approach is to introduce new variables as difference
from the uniform flow values and to perform the linearization of eq. (A.7) around the
equilibrium, defined by eq. (A.6). There exist several different approaches for the stabil-
ity analysis of such a system, all leading to the same result. We discuss the methodology
applied in [ZJ97].

A slightly different notion of stability used in traffic literature as in non-linear sys-
tem theory. Two types of stability have been reported for car-following models: local
and asymptotical stability. The equilibrium called locally stable if disturbances in the
speeds are damped through time, while asymptotic stability referred to the case when
disturbances damped through the vehicle string.

The detailed discussion of the theory is out of the scope of this introduction, but we
give a brief outline of the method and results. One possible way to investigate stability
of linearized car-following models is based on Laplace transformation, which is turned
out to be equivalent with imposing the solution ˙̃xi(t) = Aneωt. Performing the trans-
formation leads to a set of characteristic equations, where the condition Re {ω} < 0
ensures stability. The stability is then investigated by using small amplitude wave per-
turbation where the sufficient condition of stability is obtained in terms of the reaction
time and sensitivity. In case of zero reaction time, the characteristic equations have
finitely many solutions and stability is lost at low-frequency, long-wavelength oscilla-
tions. The characteristic equation has infinitely many solutions for ω in case of non-zero
delay (reaction time), moreover in case of sufficiently large reaction time, the lost of
stability at high-frequency, short-wavelength oscillations have been observed. Recently
subcritical Hopf-bifurcations are reported in [OS06, OWS10].

What is important to us, is the fact that according to driver’s behavior and traffic
conditions perturbations could be amplified or damped through the string of vehicles.
These stability analysis lead to a deeper understanding of the theory of traffic conges-
tions.
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Appendix B

Solution of the LWR model

B.1 Homogenous traffic - Kinematic waves

Boundary conditions of the LWR model for case of homogenous traffic reads as follows:

ρ(0, x) = ρ0, (B.1)

i.e., constant density profile at initial time. The constant ρ0 is also a solution to
eq. (2.24).

If one introduces a small perturbation (ǫf(x) << ρ0) in the boundary condition as:

ρ(0, x) = ρ0 + ǫf(x), (B.2)

then a trial function for the solution can be:

ρ(t, x) = ρ0 + ǫρ1(t, x). (B.3)

Substituting eq. (B.3) into eq. (2.24) and capitalizing that ρ0 is the solution for the
unperturbed case, one obtains the following equation:

ǫ
∂ρ1(t, x)

∂t
+ ǫ

dQ(ρ)

dρ

∣∣∣∣
ρ0+ǫρ1(t,x)

∂ρ1(t, x)

∂x
= 0. (B.4)

After a first-order Taylor expansion of the fundamental function Q(ρ) around ρ0 the
initial value problem is reduced to the following linear one:

∂ρ1(t, x)

∂t
+

dQ(ρ)

dρ

∣∣∣∣
ρ0

∂ρ1(t, x)

∂x
= 0, (B.5)

ρ1(0, x) = f(x). (B.6)

The above problem is now a linear hyperbolic partial differential equation, for which the
solution is known by using the method of characteristics [Fri91]. The method is based
on the fact that for hyperbolic systems one can find a trajectory in the (t, x) plane
along which the PDE takes the form of an ordinary differential equation (ODE). For
the underlying traffic problem, characteristics can be considered as moving observers
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traveling with a specified speed c. The solution of the hyperbolic PDE then has the
form:

ρ1(t, x) = f(x − ct), (B.7)

accordingly by eq. (B.3):
ρ(t, x) = ρ0 + ǫf(x − ct). (B.8)

Moreover c, the travelling speed of the small perturbation, is given with the following
quantity:

c =
dQ(ρ)

dρ

∣∣∣∣
ρ0

, (B.9)

which is the tangent slope of the fundamental diagram at ρ0.
This simplified solution shows that traffic information propagates in time and space

with a distinct speed. Eq. (B.9) is called kinematic wave speed and have capital im-
portance in traffic theory. It has been discussed previously, that fundamental diagrams
share some common attributes, such as monotone increasing in the region ρ < ρcr and
monotone decreasing in the region ρ > ρcr, therefore the kinematic wave speed revealed
the following conclusions:

• Perturbations in the density range ρ < ρcr propagate downstream.

• Perturbations in the density range ρ > ρcr propagate upstream.

According to this classification the traffic flow is said to be stable in the region under the
critical density and unstable over it. The macroscopic notion of stability coincides with
the microscopic case, oscillations are damped under the critical density and amplified
above it.

B.2 Inhomogeneous traffic - Shock waves

The solution of the LWR model for homogenous traffic does not only provide important
explanations but also gives the concept of the solution for the inhomogeneous case.

The initial value problem written as:

∂ρ(t, x)

∂t
+

dQ(ρ(x, t))

dρ

∂ρ(t, x)

∂x
= 0, (B.10)

ρ(0, x) = f(x). (B.11)

The method of characteristics can be applied by using similar augmentation as in the
homogenous case. The extension of the method results in different wave speeds, accord-
ing to different densities, where the travelling speed of waves defined by the tangent
slope of the fundamental diagram at the current density value is given by:

c =
dQ(ρ(x, t))

dρ
. (B.12)

Compared to the homogenous case, inhomogeneous solution defines finitely many wave
speeds. In this case the LWR model predicts the confrontation of different kinematic
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waves in the present of different densities (waves). Superposition of two simultaneous
waves then leads to contradiction, since only one density can exist at current (t, x).
Therefore the weak (i.e. not differentiable) solutions of the initial value problem [Fri91]
has been introduced by allowing discontinuities in the (originally smooth and differen-
tiable) density profile. Such discontinuity is called shock wave and formulated whenever
different traffic conditions meet. If we denote the moving surface of two traffic states
by xs(t) then the integral form of the vehicle conservation law (2.18) written between
the two sides (x1(t) and x2(t)) of the shock wave can be written as:

dN(t)

dt
=

x2(t)∫

x1(t)

ρ(t, x)dx. (B.13)

Considering moving observers at x1(t) and x2(t) the change in vehicles can be expressed
by using eq. (2.12):

x2(t)∫

x1(t)

ρ(t, x)dx = q(t, x2) − ρ(t, x2)
dx2(t)

dt
−

(
q(t, x1) − ρ(t, x1)

dx1(t)

dt

)
. (B.14)

Taking the limits x1(t) → xs(t) and x2(t) → xs(t) we get an infinitesimal small stretch
of road, where obviously N(t) = 0, i.e.:

0 = q(t, x2) − ρ(t, x2)
dxs(t)

dt
−

(
q(t, x1) − ρ(t, x1)

dxs(t)

dt

)
. (B.15)

Rearranging terms for the unknown variables, the propagating speed of the shock wave
is derived under the form:

dxs(t)

dt
=

q(t, x1) − q(t, x2)

ρ(t, x1) − ρ(t, x2)
. (B.16)

Note that eq. (B.16) equals with the slope of the flow-density diagram between two
points representing the confronting traffic conditions1.

Shock wave and its travelling speed eq. (B.16) have great practical importance in
the creation and dissolution of traffic jams. Let’s see what does the LWR model predict
for the case, when stable traffic condition meets a congested one. Let the downstream
conditions be congested with ρ(t, x2) > ρcr and v(t, x2), q(t, x2) and the upstream con-
dition free with ρ(t, x1) < ρcr and v(t, x1), q(t, x1). By using the theory of fundamental
diagrams we have v(t, x1) > v(t, x2), moreover we associate low flow with congested
conditions q(t, x2) < q(t, x1). In this case the predicted speed of shockwave (B.16) is
negative, i.e. the congestion propagates backward (as seen on Fig. 2.4). Moreover, the
LWR model gives the average increase of the queue length caused by fixed jams and
the backward propagation speed of wide moving jams.

1This is also known as the Rankine-Hugoniot condition for freeway systems.
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Appendix C

Proof of Lemma 3.1

Consider a differentiable function f(x), satisfying f(0) = 0. Let us introduce an auxi-
liary variable ϕ ∈

[
0 1

]
and introduce the function g(·, ·) as:

g(ϕ, x) = ϕx. (C.1)

Form the function f(ϕx), which is a composite function in the form: f(g(ϕ, x)). The
function f(·) is differentiable with respect to ϕ, i.e.:

∂f(g(ϕ, x))

∂ϕ
(C.2)

exists. It is known from mathematical analysis (from the method of substitution) that:
1∫

0

∂f(g(ϕ, x))

∂ϕ

∂g(ϕ, x)

∂ϕ
dϕ = [f(g(ϕ, x))]10 . (C.3)

Since:
∂g(ϕ, x)

∂ϕ
= x, (C.4)

and by using (C.1) we have:

g(1, x) = x, g(0, x) = 0. (C.5)

Consequently, (C.3) takes the following form:
1∫

0

x
∂f(g(ϕ, x))

∂ϕ
dϕ = f(x) − f(0). (C.6)

Introducing the following notation:

F (x) =

1∫

0

∂f(g(ϕ, x))

∂ϕ
dϕ, (C.7)

and exploiting the assumption f(0) = 0, finally we arrive at:

f(x) = F (x)x, (C.8)

which completes the proof of Lemma 3.1.
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Appendix D

Non-linear parameter identification

D.1 Identification of model parameters

A 3.6 km long stretch of freeway A12 in the Netherlands has been used as a test field to
determine the model parameters of the non-linear macroscopic traffic flow model. The
schematic road topology can be seen in Figure D.1.

41.700 42.025 42.350 42.725 43.100 43.450 44.106 44.706 45.306

q0, v0 q4, v4 q8, v8

1 2 3 4 5 6 7

Figure D.1: The schematic road topology and detector spacing of the test field at A12

Nine detector stations are located in the stretch, registering the traffic flow and
time-mean speed values with a sample time of 60 seconds. Due to the lack of actual
speed values of individual vehicles, the measured time-mean speed is treated as space-
mean speed and is used during the identification. The stretch has been subdivided into
seven segments according to the detector locations (see Figure D.1), where the lengths
of the segments are as follows:

∆ =
[

325 325 375 375 350 656 600
]

m. (D.1)

In order to identify the model parameters the method proposed in [CP81] has been
implemented. The state-, input- and output vectors of the stretch in question are defined
as:

• State vector:

x(k) =
[

ρ1(k) v1(k) ρ2(k) v2(k) ρ3(k) v3(k) ρ4(k) v4(k) . . .

. . . ρ5(k) v5(k) ρ6(k) v6(k) ρ7(k) v7(k)
]T

. (D.2)
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• Input vector:

u(k) =
[

q0(k) v0(k) q8(k) v8(k)
]T

. (D.3)

• Output vector:

y(k) =
[

q4(k) v4(k)
]T

. (D.4)

In addition we collect the unknown model parameters in the vector Θ:

Θ =
[

a ρcr vfree τ ν κ
]
. (D.5)

Using the above notations the model equations (2.53)-(2.57) of the stretch can be written
in a generic non-linear form, where the dependence on Θ is emphasized:

x(k + 1) = f(x(k), u(k), Θ). (D.6)

The output of the model is written as:

y(k) = h(x(k), Θ). (D.7)

Remark D.1 The reason behind the simple traffic stretch and the simplified identifi-
cation setup is the lack of on- and off-ramp measurements. Since these data do not
gathered in the Netherlands these dynamical effects cannot be characterized. Neverthe-
less, incorporating these measurements would not lead to increased computation. The
only difference would lie in the extension of Θ with the δ parameters, describing the speed
drop term caused by merging at an on-ramps, and with β the exit ratios at off-ramps.

For the parameter identification a data set has been chosen, containing both free-
and interrupted flow cases. The data were collected on 16.01.2006-23.01.2006 between
6.00 AM and 10.00 AM. The traffic conditions in time and space are illustrated by
density values in Figure D.2. The spatiotemporal diagrams clearly show free, congested
traffic and breakdowns propagating through the stretch during the observation period.

For simulation purposes the detector measurement data have been re-sampled with
T = 10s, using linear interpolation between the originally measured values. Accordingly,
a sequence of measured data is available for identification:

um(k), ym(k), k = 1, 2, . . . , K. (D.8)

We emphasize that the measurements of the detectors installed at stretch’s boundary
(i.e. q0, v0 and q8, v8) are treated as inputs, while data provided by the middle detector
(i.e. q4, v4) are used as measured output of the system. We define the weighted
quadratic output mismatch as a function of the unknown parameters as follows:

J(Θ) =

K∑

k=1

(y(k) − ym(k))T Q (y(k) − ym(k)) , (D.9)

where Q is a positive definite weighting matrix with diagonal structure [CP81]:
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Figure D.2: Visualization of traffic data sets used for parameter identification
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a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]

2.1954 22.2102 120.4016 0.03623 34.2922 10.8513

Table D.1: The identified parameters of the non-linear model

Q =

[
γ 0
0 1

]
. (D.10)

The γ parameter represents the stochastic components of the measured variables, i.e.:
γ = σ2

v/σ2
q . The identification problem is then formalized as the non-linear minimization

of (D.9) subject to the dynamical equations (D.6)-(D.7) by using the available set of
measured variables.

Consequently, using the above introduced data sets a non-linear optimization has
been carried out to determine Θ which minimizes (D.9). Through the procedure a
γ = 0.001 km2/ veh2 was used as proposed in [CP81]. In order to avoid local optima the
optimization was initialized from a number of random starting points of the admissible
domain of the parameter vector Θ. Global optimum is considered for the case when the
lowest cost is achieved, the optimal parameters are collected in Table D.1. The model
responses with the optimal parameter vector are compared with the measurements of
the middle detector station and can be depicted in Figure D.3. One can conclude
that the identified model is able to reproduce various traffic phenomena with adequate
accuracy with the training data. However, in order to ensure the transferability of the
model parameters, validation is necessary by using testing data.
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Figure D.3: Space-mean speed D.2(a) and flow D.2(b) responses of the non-linear model
with identified parameters compared with detector measurements
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a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]

1.6813 25.3919 129.7810 0.0369 14.3700 2.1798

Table D.2: The identified parameters of the non-linear model with the new data sets

a ρcr

[
veh

kmlane

]
vfree

[
km
h

]
τ [h] ν

[
km2

h

]
κ
[

veh
kmlane

]

+5% 0.2% 0.8% 1.2% 0% 0.2% 1%

−5% 0.3% 1.13% 1.3% 0.1% 0.5% 0.7%

Table D.3: Relative difference in the performance index due to parameter perturbation

D.2 Evaluation of the results

In order to investigate the accuracy of the nominal model (with previously identified
parameters) under different conditions a new data set has been chosen and used for
exciting. The data collected on 31/01/2006 and 02/02/2006 used for validating the
nominal model and illustrated in Figure D.4 in terms of density values.

Accordingly, the non-linear model with the nominal parameter set collected in Table
D.1 has been excited with the new data sets and compared with the measured vm

4 and
qm
4 values of the middle detector station. The comparison of the model responses are

illustrated in Figure D.5. One can conclude that the tracking capability of the non-
linear model is preserved, although a performance degradation can be seen, especially
under rapidly varying traffic conditions. In order to characterize the accuracy change
due to different training data, the optimization procedure has been repeated with the
new data set, and the individually optimized parameters are collected in Table D.2. A
new simulation has been carried out and evaluated in terms of (D.9), and a relative
difference between the nominal and individually optimized results was found to be 6%,
in line with the findings of [CP81].

Finally, the sensitivity analysis has been carried out, in order to investigate the
effect of parameter changes. For this purpose the parameter values were perturbed by
±5% from their nominal values (in Table D.1). Simulations have been then performed
by using the perturbed parameters respectively, and the results of these individual
simulations were compared by introducing a sensitivity index as in [CP81]:

σ(δΘ) =
J(Θn + δΘ) − J(Θn)

J(Θn)
100%, (D.11)

where Θn denotes the nominal parameter vector, while δΘ is the perturbation. The
results of the sensitivity analysis are summarized in Table D.3. As one can depict, the
model is not very sensitive to small parameter changes, which underlines the transfer-
ability and flexibility of the second-order model [CP81].

104



(a) 31/01/2006

Time [h]

S
p
ac

e
[k

m
]

20 40 60

6.00 AM 7.00 AM 8.00 AM 9.00 AM 10.00 AM
41.7

42.025

42.35

42.725

43.1

43.45

44.106

44.706

45.306

(b) 02/02/2006

Time [h]

S
p
ac

e
[k

m
]

20 40 60 80

6.00 AM 7.00 AM 8.00 AM 9.00 AM 10.00 AM
41.7

42.025

42.35

42.725

43.1

43.45

44.106

44.706

45.306

Figure D.4: Visualization of traffic data sets used for model validation
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Figure D.5: Space-mean speed D.4(a) and flow D.4(b) responses of the non-linear model
with identified parameters compared with the testing data set
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