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1. Outline of the topic and the aims of the dissertation 
 

The process of discovery was out of interest in philosophical reflections of science 

since the oldest times. Most of the authors scrutinizing this field emphasized the importance 

of proven knowledge, and the process of discovery was treated as secondary or uninteresting. 

It seems to be very strange because the discoveries and inventions play extremely important 

role in the image of science held by lay public as well as scientists, historians and 

philosophers of science. 

There were of course exceptions: as the growing interest towards the problem of 

method in the seventeenth century or the efforts to elaborate inductive logic in the nineteenth 

century were all about to research how knowledge can be acquired. Anyway, these trials had 

the deductive mathematics as an ideal.  

 

The last century took us a little closer to a balance. Excellent authors haved studied the 

psychology, the logic and the hermeneutics of discovery. In this way the study of discovery 

has taken its place in philosophical studies of truth and understanding. 

 

Heuristics seems to be a young player in this story, though its roots goes back to 

Archimedes. We owe the revival of heuristics in the twentieth century to George Pólya. He 

collected the successful methods and techniques of problem solving in many of his works, 

formulated some general principles, and showed their ways of application on many examples. 

It is important to see that mathematical heuristics is not one single theory. In respect of the 

steps of problem solving Pólya – and Lakatos later on – speak about ideas, suggestions, 

accepted methods and frequently successful ways of solution. The aim of heuristics in this 

sense is not directly to create a theory but rather to collect the known ways and methods, to 

highlight shared characteristics, and to emphasize useful questions and suggestions. Pólya 

himself talks about the opportunity to formulate a theory only in the later part of his career 

and collects the thoughts showing into that direction. 

As Pólya’s work was used to develop mathematical education, there must have been 

very few philosophers before 1963 taking it seriously that Pólya’s work could be seen as ‘an 

attempt in philosophy’ as well. (He mentioned this opportunity when he wrote a foreword to 

the Hungarian edition of his How to Solve It.) Today – knowing the philosophy of Imre 



Lakatos, who took heuristics into a central position in his philosophy of mathematics – it is 

not necessary to explain how heuristics may become relevant to the philosophy of science.  

In the Kuhnian paradigm theory heuristics became important not only in respect of 

scientific method, but of scientific education as well. Mainly through the Lakatosian approach 

to heuristics, it shows up the practical foundations of understanding mathematical theories 

emphasizing the difference between the deductivist and heuristic style of mathematical 

reasoning. 

If we define the field of heuristics as Pólya did, it primarily means the study of 

problem solving. It gives us practical knowledge, and develops it by examples, useful 

questions and formulating the steps of problem solving. If we define the field of heuristics as 

Lakatos did – choosing a larger horizon in time – it means the more general patterns of 

development of mathematical thinking. These patterns can be individual and historical ones. 

The heuristics of Lakatos shows examples to the formulation and development of a theory 

which can be useful not only for the individual mathematician, but can serve as practical 

guidance for the historian of mathematics showing how such theorems could be emerged, and 

how they could get their present forms. In this historical dimension mathematical discovery is 

not the result of the work of a person but rather of a community, of generations of 

mathematicians discussing the topic and formulating mathematical theorems using the results 

of these discussions. Thus, Lakatos studies not only the practical aspect of problem solving, 

but – in the same conceptual framework – the philosophy of the history of mathematics as 

well. It is not a history of mathematics, but rather an outline of possible processes of 

development by which – in a problem-centric, heuristic approach – the present form of 

mathematical knowledge becomes more conceivable. 

 

Kuhn gave us a different model of the development of science than Lakatos did. 

However, his conception made it possible to characterize the scientific problem solving 

activity in a richer conceptual framework.  But Kuhn did not talk about heuristics, so we have 

to find the place of heuristics (in the everyday sense as well as the way Pólya and Lakatos 

talked about it) in the disciplinary matrix of a paradigm. Kuhn’s conception is more 

elaborated in several points. Lakatos treat heuristics as a rule-following process, while Kuhn 

talks about patterns, concepts, examples, Gestalts, etc. Kuhn highlights the essential tension 

between following the scientific tradition and the expectation to discoveries as a progressive 

element of scientific thinking. But applying the Kuhnian theory to mathematics raises 

questions too. Does heuristics change in history? Do the patterns of problem solving change 



in mathematics? Were there Kuhnian type revolutions in mathematics radically changing 

mathematicians’ attitudes towards their science? Was there a revolution in mathematics that 

happened in a similar way Kuhn described by the term of Gestalt switch, that covered the 

difference of the earlier ways of thinking, at least for a while? 

Hermeneutics is connected to the studies of scientific discoveries most explicitly in 

Theodore Kisiel’s works. To grasp scientific knowledge in the moment of its birth – this is the 

aim of Pólya’s and Lakatos’s heuristics as well as Kisiel’s hermeneutics of discovery. Pólya’s 

fundamental question in this respect is: “How could I have got to that discovery?”. The aim of 

Pólya’s heuristics is to help students get closer to this understanding. Lakatos goes further on 

this line. He does not only study the rational processes achievable by the individual scientist 

but rather the possible ones covering historical horizons as well. The fundamental question of 

Lakatosian heuristics is: “How could this form of definition or theorem emerge?”. If we light 

through the process of understanding revealed in their heuristics by the terms of hermeneutics, 

we can see the hermeneutic circles being present both in mathematical problem solving and in 

the creation of theorems. 

Kisiel studies the moment of discovery from a hermeneutical point of view, and he is 

mainly interested in discoveries that renew a field, or re-thematize a part of it or the whole. 

Kisiel highlights the double heuristic implicit in Kuhnian model. Normal periods of science 

inspire puzzle solving, while in crisis extraordinary interest emerge toward alternative 

paradigms and philosophical questions about the foundations of science. Thus at the end we 

have to face with the similar question: is there a double heuristic in mathematics as well? 

 

Kisiel focuses on the development of scientific knowledge that open up hidden 

preassumptions, and thus is related to hermeneutic circles. In case of Kuhnian approach these 

circles explicitly characterize the extraordinary research and revolutionary discoveries. 

However, hermeneutics opens up the deep structure of the birth of understanding not only in 

extraordinary cases. In Lakatosian heuristics the creation and development of theorems by 

using counterexamples is based on finding implicit lemmas and making them explicit. In 

Pólya’s heuristics the process of understanding of a problem goes through the similar 

hermeneutic circles. In this way hermeneutic logic – the logic of development of knowledge  

– opens up the moment of the birth of scientific knowledge in a rational analysis. 

 

 
 



2. Methods 
 

As we explore a field of research, we turn back to the same points again and again, looking at 

them from different points of view. We approach the subject in different ways:  

 

1. The first part is a comparative study of Pólya’s and Lakatos’s heuristics. In that 

chapter we use the definition of heuristics of Pólya. Only those parts of Lakatos’s 

theory will be mentioned that fit to it, complement it or show its counterpoint. Even 

the Lakatosian philosophy of mathematics will be used only in so far as they modulate 

or refine his approach to heuristics. In order to show the compatibility of the two 

heuristics I point out that one can choose any of them, there is a possibility to give a 

convenient supplement that can be seen as a model of the other one. 

2. When we defined heuristics in Pólya’s way, the historicity of heuristics remained 

subservient. When we define heuristics in the way Lakatos did, historicity becomes 

central concern. The second chapter is an outline of the Lakatosian conception from 

the different understandings of historicity: how far it is historical, and how far 

ahistorical. 

3. One can check the validity of the Lakatosian philosophy from different points of view 

(E.g. a usual way of it is to study how far the development of mathematics can be 

described by the terms of Lakatosian philosophy or the logic of proofs an refutations.) 

The third chapter highlights some remarks of Lakatos that show what he thought about 

the limits of the scope of his heuristics with respect to the development of 

mathematics: what times and what fields he thought it to be valid; what are the points 

in history that raised remarkably new problems in the development of mathematics. 

4. The models of development of science described by Kuhn and by Lakatos are usually 

treated as rivals, accepting the relevance of the differences Lakatos emphasized in his 

writings. But when one tries to grasp how mathematical knowledge grows and 

unfolds, that confrontation does not look useful. Both theories are of great value 

revealing important features or deep layers of these processes, but neither of them are 

complete. Kuhn grasps the actual research of scientists in the much richer texture of 

paradigm concept, but he did not write about mathematics. Lakatos studies the 

mathematical theory making, but paradigm as a research tradition or as a praxis is out 

of his horizon. Instead of their confrontation I was looking for a point of view from 



where both of them can tell us as much as they can about mathematical understanding, 

while their models of scientific development are not in opposition, and the importance 

they assign to real scientific activity in their analysis. (The normativity of 

methodology at this time is not as important to Lakatos as to undermine the 

opportunity of a – partially – coherent  view.) To find the place of heuristics in the 

Kuhnian terminology, I used analyses elaborated in different fields (Schwendtner, 

Margitay). With such a point of view we did not give a model of mathematical 

development, but rather we embed mathematical heuristics into a conceptually richer 

framework. 

5. Heuristics gives us the detailed analysis of mathematical problem solving. The fifth 

chapter analyses the processes described by Pólya and Lakatos with the help of 

hermeneutics, and shows the functioning of hermeneutic logic in these processes. 

Applying Kisiel’s hermeneutics of discovery to mathematics raise new questions 

about the deep structure of mathematical discovery and the fine structure of paradigm 

shifts or the growth of paradigms in mathematics. 

6. The Appendix is a case study. The method used here is to show the philosophical 

relevance of two cases in the historiography of mathematics. Both cases show how the 

views of historians of mathematics influenced their reconstructions and interpretations 

of texts or trains of thoughts. Our understanding of Cauchy’s analysis was influenced 

by the Weierstrassian one, our understanding of the set theoretical contradictions was 

influenced by Russell’s until critical source studies unfolded that the original contexts 

of meanings were different. The method here is only to show up the relevance of such 

cases to philosophy and hermeneutics of science. 

 



3. Theses 
The aim of the research was to discover how the three fields of heuristics, hermeneutics and 

paradigmatic studies of science can be connected. We have seen how heuristics can serve as a 

base for hermeneutic studies of mathematical discovery; how the Kuhnian concept of 

paradigm enriches these approaches and how historicity becomes a part of theses studies. 

1. I have compared the heuristics of Lakatos and Pólya. The comparision was based on 

Pólya’s main works and the Proofs and Refutations of Lakatos. I have shown that if 

heuristics is understood as it is in Pólya’s approach, the two heuristics can be fitted 

together in spite of the basic differences in Lakatos’ and Pólya’s methodological 

standpoint. (Pólya’s heuristics is based on induction and analogy, while for Lakatos 

fallibilism is central concern.) It is possible to talk about heuristics as one consistent 

network of ideas, techniques and approaches. 

2. Heuristics for Lakatos is not about individual development but rather about historical 

one. It is paradoxical that his approach is historic and ahistoric at the same time (but of 

course in different respects). I have shown in what sense is it ahistorical. 

3. I have called the attention to the inner boundaries of the Lakatosian heuristics: the 

points in his texts where he himself shows the limits of the field of validity of his 

heuristics. 

4. I have pointed out the special place of heuristics in Kuhnian paradigms. Applying the 

Kuhnian theory on mathematics raises the question whether the revolutions are also 

applicable on it in some sense. I used a case study to show that I can support that idea. 

In that respect I highlighted the relevance of some aspects of hermeneutics to the 

communication of different paradigms and their historiography. 

5. I have shown that there is a direct connection between hermeneutics and heuristics: the 

understanding of a given problem and the discovery of  (implicit) premises and 

lemmas are clear processes of hermeneutic circles and the connection of understanding 

and interpretation. I reformulated Kisiel’s double heuristics problem to mathematics. 
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Michael Polanyi Liberal Philosophical Association 2008 – az elıadásban Pólya és 

Polányi heurisztika koncepcióját vetettem össze. 
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and Science, Leusden, 1995 – az összemérhetetlenség probléma fogalmi 
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összeolvadás koncepcióját felhasználva.  
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Kiss, Olga: „Meaningful mistakes” Conference on Hermeneutics and Science, Veszprém, 
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Philosophy of Science sorozatban jelent meg, s amelynek fordítása a Függelékben is 

szerepel.  

Kiss, Olga: “Historiography of Incommensurable Paradigms.” XIXth International Congress 

of History of Science, Zaragoza, 1993 – az összemérhetetlenség történetírással 

kapcsolatos következményeivel foglalkozott.  

Kiss, Olga: “On Research Traditions.” 9th International Congress of Logic, Methodology and 

Philosophy of Science, Uppsala, 1991 – elıadásom témája Kuhn és Lakatos 

elméletének egy lehetséges szintézise volt.  

 


