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Chapter 1

Introduction

The scope of statistical mechanics has grown enormously in the past two
decades. Methods developed to study complex systems in physics have been
applied to a wide area of systems, which are though outside the traditional
realm of physics but show complex behaviour and emergent dynamics. Prob-
ably the most important contribution of physicists has been carried out in
the studies of social and economic (often called socioeconomic) systems.
This area involves the studies of financial markets, entire economies, and
social networks. Further new areas of research have been biological systems,
ecological systems, epidemic modeling, etc.

The common feature of the above systems is their complexity. It is a hard
task to give a general and exact definition of complex systems. However,
there are a set of properties that might cause a system to be complex [And72,
Par02].

Complex systems generally consist of many interacting units (agents).
The individual behaviour of the units is coupled to the aggregate behaviour
of the system. Generally the units of the system cannot be regarded identi-
cal. There are mechanisms of competition between the units, resulting in a
non-linear behaviour. For the non-linearity, an example can be the case of
feedback mechanisms. Feedback can be both positive and negative and may
also change over time, both in sign and in strength. Feedback implies that
there is some kind of memory in the system. Importantly, complex systems
show emergent cooperative phenomena that can not be directly deduced
from the interaction of the units.

Furthermore, complex systems often show adaptation and evolution:
Agents may adapt their behaviour to the changing circumstances. Through
the individual adaptations the entire system of agents evolves constantly,
and typically the system remains out of equilibrium. An other property
connected to the latter one, may be non-stationarity, i.e., the dynamics of
the system change over time.

Complexity appears in many areas of research. In physics the typical
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CHAPTER 1. INTRODUCTION 2

example for a complex system is the case of spin glasses and other disor-
dered materials. Similarly, an ecological system in biology should definitely
be considered as complex system. When thinking about socioeconomic com-
plex systems, we understand that generally these are open systems: They
are strongly coupled to their environment, making it hard to distinguish
between exogenous and endogenous impacts [JJH03]. A commonly used,
simple “definition” of complex systems is that their aggregate is more than
a mere sum of the parts.

Economic systems exhibit all of the above mentioned features. In the
following we give an overview of economic systems and their role in social
life. Since we are concerned about financial markets, we will give a discussion
on how these markets form a scene for economic activity. We will discuss
further economic notions and some of the conducting mechanisms of financial
markets in later sections.

Economy is the social system of production, exchange, distribution and
consumption of goods and services. We all take part in economic processes
when we buy food in a shop, drink a coffee at a bar or work for our salary.
The aim of all the above processes is to distribute the resources available
to satisfy demand [SN95]. To make this distribution efficient, the economy
has to be organised and production needs to be specialised, otherwise each
person would be required to fulfill his needs by producing everything himself.
The main requirement of the organisation of the economy is to make it
possible for individuals to exchange their produced goods. Economies relying
on the interactions between buyers and sellers in the allocation of resources
are called market economies1. In a market economy, individuals are to a
large extent free to trade with goods, let them be primary or secondary
goods. This free trading creates a system mostly evolving according to the
aggregate behaviour of the individuals. The result is a highly non-trivial
adaptive social system.

The main role of financial markets is to create a regulated scene for en-
trepreneurs – that have some industrial project and need funding – and in-
vestors – that have money they are willing to invest – to meet. Entrepreneurs
can be both individuals, companies or states. Note that investors not only
share future profits but also risks. Without financial markets, companies in
need of borrowing money must rely on the help of banks or other financial
institutions as intermediaries. Banks can lend money from the deposited
values of their clients. However, more complex forms of transactions require
the possibility of lenders and borrowers to meet2.

The term econophysics was coined in the beginning of the 1990s, to de-
scribe the approach of physicists studying economic systems, mostly using

1This term is in contrast to non-market economies, generally called planned economies
or command economies.

2This is also needed for the possibility of the selling and buying of existing borrowing
or lending commitments.
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techniques developed in statistical mechanics in the second part of the twen-
tieth century. However, the interest of natural scientists towards economic
and financial systems dates back to much earlier times.

In 1900 Louis Bachelier, student of Henri Poincaré presented his the-
sis, entitled Théorie de la spéculation [Bac00], in which he dealt with pric-
ing of options in speculative markets developing the mathematical theory
of diffusion and introducing the (Gaussian) random walk of stock prices.
The work of Bachelier formed the basis for the Black-Scholes option pric-
ing theory [BS73], which won a Nobel Prize in Economics in 1997. How-
ever, in the 1960s mathematician Benôıt Mandelbrot [Man63] showed evi-
dence that the distribution of price changes is fat tailed. Perhaps the most
intensively studied topic in econophysics has been the distribution of fi-
nancial returns. Many attempts have been made to describe the distribu-
tion analytically, using a truncated Lévy distribution [MS94] or asymptotic
power laws [GMAS98, PGA+99]. Results show that as the time scale is
increased, the fat tails are diminished, and the distribution becomes ap-
proximately Gaussian [BP03, MS00, KTK+99]. The question of scaling
and universality [GPA+99, SP01] versus multiscaling and non-universality
[BPM00, EKHB05, Mat07] in financial data is one of the key questions that
physicists have been studying. Further important fields of interest have been
agent based and evolutionary models [LLS95, LM99b, CB00, CZ97], correla-
tion studies of returns [LDM99, BLM01] and random matrix theory applied
to portfolio optimisation [Kon00, LCBP00, PK02], and microscopic studies
of limit order books [SFGK03, PB03, Sla08].

The approach using statistical physics ideas to economic problems is cu-
rious and often criticised. While in physics the interactions and forces are
generally stable in time and can be studied through experiments, in eco-
nomics this is not the case: The economy is in constant change, never in
a steady state and experiments are hard to carry out and are very expen-
sive. When making empirical observations of stock markets, we often do not
know how long those findings are going to remain valid. This is a result of
the adaptability of the system. While in physics models are understood to
have a predictive power, this is not always the case for human behaviour
that drives the economic systems. Because of these differences, the way
economists and physicists look at problems are quite different and it is not
clear to what extent models of physics work well in economics. There also
exists a “cultural barrier” [Far99] between the two disciplines: Physicists of-
ten criticise economic models for not being supported by the empirical facts,
while economists often see physicists as ignorant and arrogant (though there
are areas in which physicists’ approaches have been welcomed by economists:
Application of random matrix theory to gain information from correlation
matrices, identifying new stylized facts, application of self-affine and multi-
fractal models, etc.). All this said, we believe that there is place for fruit-
ful interaction of scientists from the two disciplines. The new techniques
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provided by physicists may enhance our knowledge of economics and will
hopefully lead to a “microscopic foundation” of some financial processes.

This thesis is about dynamics of financial markets. Our goal is to con-
duct research based on the huge amount of very good quality financial data
available, and to separate the role of human behaviour from effects due to
intrinsic market dynamics. This area of research is rather new and con-
sequently not much studied. We aspire to draw a connection between the
actual microscopic dynamics of financial markets and the behavioural as-
pects of individual traders. To identify the exact connections between the
micro dynamics and the behaviour is a very distant aim. However, we try
to identify and separate market processes where traders’ behaviour plays a
major role, from the cases when empirical results can be reproduced with-
out assumptions on the agents’ comportment and attitude. In doing this,
we apply traditional statistical physics methods from data analysis to phe-
nomenological and microscopic modeling.

The thesis is built up as follows.
In Chapter 2 we describe the governing mechanisms of financial markets.
We present some of the substantial empirical stylized facts of stock markets
and review economic and financial paradigms important for this thesis.
In Chapter 3 we discuss methodological issues, presenting the research ap-
proaches from empirical analysis through phenomenological and agent-based
modeling to human subject experiments.
In Chapter 4 we show a wide set of studies regarding financial correlations.
We present results concerning the increasing efficiency of stock markets
through the years: An issue regarding the aggregate behaviour of traders.
We study the problem of the Epps effect, the dependence of return cross-
correlations on the sampling time scale of the data. We indicate the weakness
of previous descriptions of the phenomenon and through a decomposition
method of the correlations we deduce a formula that connects the coeffi-
cients on different time scales. We find that the Epps effect is a result of
a human time scale present in the system not scaling with trading activity,
showing a clear behavioural issue. We also present a method of accurate
estimation of correlations between asynchronous signals, a method that can
be used in several areas of physics.
In Chapter 5 we present studies on the dynamics of the limit order book
of liquid stocks around large intra-day price changes. We find that several
microscopic measures of the limit order book experience a large variation,
with a peak at the moment of the large price change. The relaxation of these
measures after the variation is very slow, well characterised by a power law
of exponent ≈ 0.4 for most cases. We present a zero intelligence model that
reproduces qualitatively the slow, power law decay of the volatility and the
bid-ask spread, as found in empirical data. This suggests that though the
relaxation in real markets is somewhat slower than in the zero intelligence
model, large part of the slow relaxation can be reproduced without the
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assumption of strategic behaviour.
In Chapter 6 we present a simulation platform of a continuous double auc-
tion stock market. We analyse the effect of cumulative heterogeneous in-
formation on the performance of trading agents and on trading efficiency.
Experimental and real world studies show that the effect of information on
market performance is not always and necessarily positive. With our simu-
lation platform we are able to reproduce the qualitative results known from
real markets with the simplest assumptions on trading strategies. This may
clarify the role of information and its connection to strategic behaviour in
markets.
We terminate the thesis with a Summary of the research.



Chapter 2

The stock market

2.1 Trading mechanism

The role of having a regulated market mechanism serves the security of
the traders. There are some types of transactions (e.g. forward contracts,
exotic options) that are made between two parties (individuals or institu-
tions). In these cases the details of the transaction usually remain private1.
However, standardized contract types are offered by regulated markets that
provide higher liquidity and lower counterparty risk. Prices are determined
in different ways on different markets. We study continuous trading dou-
ble auction markets. This means that buyers enter competitive bids and
sellers enter competitive offers (orders) simultaneously and in a continuous
fashion. There are slight differences in the rules depending on the markets
but the governing mechanism is the same. In the following we review this
mechanism.

In a double auction market, agents can place two types of orders: Limit
orders and market orders.

Patient traders submit limit orders to buy or sell a certain amount of
shares of a given stock at a price not worse than a given limit price. Limit
orders are not necessarily executed at the moment they are submitted. In
this case they are stored in the queue of orders, the limit order book. On
the other hand impatient traders put market orders, orders to buy or sell a
certain amount of shares of a given stock at the best price available. Market
orders are usually followed by an immediate transaction, matched to stand-
ing limit orders on the opposite side of the book according to the price and
the arrival time. The third important constituent of market dynamics are
cancelations: Removal of an existing limit order from the book. In general,
limit orders increase liquidity, while market orders and cancelations decrease
liquidity. The price difference between two orders is the multiple of the tick
size. Buy limit orders are called bids and sell limit orders are called asks.

1These contracts are called over-the-counter contracts.

6
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Figure 2.1: Example of a limit order book. Snapshot taken from inetats.com

Figure 2.2: Scheme of the double auction trading mechanism.

The difference between the lowest ask and the highest bid is the bid-ask
spread. Figure 2.1 shows the snapshot of a limit order book.

The dynamics of the limit order book and the price are determined by
the flow of orders and cancelations. Since the volume of orders varies, the
matching between orders is not necessarily one-to-one. If the volume of the
initiating order is smaller than the volume on the opposite best price, then
the best price does not move. In contrast, if the volume of the arriving
market order is larger than the volume on the opposite best order, the price
will “walk” down (or up) the occupied price levels, while all the volume is
matched. Figure 2.2 shows the scheme of the market mechanism.

In this thesis we are going to present data from two real world mar-
kets. The London Stock Exchange (LSE) consists of two markets. The
on-book market (SETS) is a centralised order driven market governed by
a continuous double auction. The off-book market (SEAQ) is a decentralized
bilateral exchange, where participants gather informally, trades are arranged
privately. The New York Stock Exchange (NYSE) also consists of two mar-
kets. The downstairs market is a centralised quote driven market, and
operates through a specialist system. Normal market participants are only
allowed to put market orders. For each stock there is a specialist (or market
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maker). The specialist is given the monopoly to put limit orders for both
the buy and sell side simultaneously and earn the difference between the sell
and buy prices (and as a return regulates the market). The upstairs mar-
ket is an informal, decentralized market, governed similarly to the off-book
market on the LSE.

In case of both markets we confine our studies to the centralised trading
floors.

2.2 Financial correlations

With more and more reliable high frequency data available, we know that
price changes are not normally distributed, but have a fat tailed distribu-
tion, allowing for large price changes to appear much more often than it
would happen in a Gaussian world. When calculating market risk, these so
called extreme events are very important and one has to account for them.
Considerable effort has been devoted to characterise extreme events and
mostly to try explain the reasons for their existence. Here we do not have
space to cite all the literature in the field, but details can be found in Refs.
[SJB96, SJ97, Ham98, LM03, FGL+04, PLM06, JLGB08] and in references
therein.

Correlation functions are basic tools in statistical physics. Equal-time
cross-correlations are related to second derivatives of thermodynamic poten-
tials, i.e. to generalised susceptibilities. Time-dependent cross-correlation
functions are important for determining transport coefficients through the
fluctu-
ation-dissipation theorem. The Onsager relations of the transport coeffi-
cients for crossed effects have their roots in the symmetry properties of
time-dependent cross-correlations. These properties are due to the detailed
balance, which in turn is the consequence of microscopic reversibility.

Of course, in contrast to physical systems, in economic systems detailed
balance or time reversal symmetry is not present [KKZ+03, ZKK02]. Nev-
ertheless, the study of correlations between stock returns is of great interest.
Time-dependent cross-correlation functions between pairs of companies may
give us information not only about the relation of the two companies but
also on the internal structure of the market and on the driving mechanisms.

The main practical importance of correlations in finance is given by their
central role in the classical theory of portfolio optimisation [Mar59, Kon00,
LCBP00, PK02, BP03]. Recently they were shown to be useful in uncovering
market taxonomy by applying some clustering technique [Man99, BVM00,
GRPS01, Mar02, OCK+03].

In Chapter 4 we study the dynamics of financial return correlations as
well as the time scale dependence of the correlation coefficients. In Chap-
ter 5 we study the dynamics of large price changes both empirically and
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Figure 2.3: Stylized facts.: (a) The autocorrelation functions of daily returns and
daily absolute returns for the price of the shares of the Exxon Mobil Corp. (XOM)
for the period of January 2007 to June 2008.; (b) The daily logarithmic returns for
the price of the shares of the Exxon Mobil Corp. (XOM) for the period of January
2007 to June 2008.; (c) Distribution of 15-minute price changes (squares) of the
German DAX index for the period 1999-2001, together with a normal distribution
with same mean and standard deviation (red line).

numerically.

2.3 Stylized facts and universality

Stylized facts are statistical regularities that are often found in different
financial markets, in different time periods, on different time scales. Below
we list some of the most important such features.

1. Fast decay of return autocorrelations. This is probably the most
well known empirical stylized fact; autocorrelations of price changes
decay very fast, this way excluding simple opportunities of arbitrage
(see Figure 2.3(a)).

2. Slow decay of the absolute return autocorrelations. Quite to
the contrary to the returns, the size of the price changes are long
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range correlated, see Figure 2.3(a). An example for this finding is that
in aftershock periods the decay in the number of returns exceeding a
given threshold value decreases according to a power law [LM03]. This
is reminiscent of the Omori law found for seismic activity [Omo94].

3. Volatility clustering. Large price changes tend to be followed by
large changes and small changes are followed by small changes. There
are sudden bursts of volatility that can be seen in the market, see
Figure 2.3(b). This empirical fact is very closely connected to the
slow decay of absolute correlations, however we prefer to mention it
separately because of the fact that it can be connected to bursts of
trading activity of market participants.

4. Fat tails. Price increments exhibit fat tailed distributions, see Figure
2.3(c). The price changes do not follow a simple Gaussian random
walk process.

There is a large amount of further empirical stylized facts, especially
regarding trading activity, however we only mentioned those important for
this thesis. An interesting issue is to what extent these stylized facts are
due to traders’ behaviour and what is the role of the market rules and
mechanisms in creating them. In Chapter 5 we identify some new stylized
facts of market dynamics after large price changes and study them from this
perspective.

2.4 The Efficient Market Hypothesis

The Efficient Market Hypothesis (EMH) is one of the key concepts of today’s
mainstream economics. It has been developed and formulated first by Fama
in 1960s [Fam70], although it goes back to Bachelier’s work [Bac00].

All traders on the stock market trade according to their beliefs of the
future price movements. This belief can be based on a fundamental value
of the company underlying the shares, reflecting all information of the com-
pany’s charts and cash flows, but also on quantitative analysis or technical
analysis. In any case they trade by using some kind of information they
possess.

A market is called efficient (or more precisely informationally efficient) if
no information is wasted2. This means that all available information on the
market is used to determine prices [Sam65, Fam70]. More precisely, prices
incorporate the information and expectations of all market participants.
This of course is“not an accident of nature but is the direct outcome of many
active participants attempting to profit from their information”[FL99]. In

2There are other meanings of efficiency [Tes06]. Productive efficiency means that no
physical resources are wasted. Pareto efficiency means that no utility is wasted.
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a financial market consisting of rational fully informed traders, the price of
each financial asset will equal the asset’s fundamental value [AHL+97].

The EMH has been one of the cornerstones of twentieth century financial
research. The reason for the wide interest in it is due to the fact that
it implies that arbitrage possibilities, i.e. opportunities to achieve returns
above the market average consistently without being exposed to excess risk
are not possible. We already mentioned the random walk hypothesis as an
empirical model for prices. The justification for the application of random
walks lies in market efficiency. Even knowing that prices do not follow a
simple random walk, it is a good approximation.

In more mathematical words we can say that a market containing risky
financial assets is efficient in a time period if the traders exploit all profit
opportunities, with no further profit to be achieved. In case of risk-neutral
traders, for a market containing a risk-free asset, this leads to the following
sub-martingale condition: The conditional expected return on the risky asset
must be equal to the return rate of the risk free asset. Let the return rate
on the risk-free asset in the period [t, t + 1) be denoted by r f (t, t + 1), and
rA(t, t + 1) be the return for the risky asset A in the same period. Let us
denote the information available to the traders at time t by I(t). Then the
EMH can be written in the following way:

E(rA(t, t + 1)|I(t)) = r f (t, t + 1) (2.1)

for t = 0,1,2, . . . . Where E(· · · | · · ·) denotes the conditional expectation.
As seen above, market efficiency is defined subject to a certain informa-

tion set. In practice the classical taxonomy of the information sets distin-
guishes between three forms of market efficiency [Fam70].

• Weak form of efficiency: The information set includes only histor-
ical prices. This implies that there do not exist statistical patterns
that allow traders to produce excess risk adjusted returns based on
quantitative or technical analysis in a consistent manner.

• Semi-strong form of efficiency: The information set includes all
information known publicly by all market participants. This implies
that traders can not gain excess risk adjusted returns based on funda-
mental analysis.

• Strong form of efficiency: The information set includes all infor-
mation, private and public, known by any market participant. This
implies that there is no possibility to gain excess risk adjusted returns
on the market, since all information is publicly available. It also means
that in case of a strong form efficient market, prices are only subject
to change if information arrives.
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It is disputed, to what extent real world markets are efficient. It is clear
that strong form efficiency generally does not hold for markets, but appar-
ently markets do show a high level of efficiency. In the following we will
review some of the deficiencies of the hypothesis and examples of inefficien-
cies.

There are several types of critiques against the EMH3. Below we give
some of the arguments.

A fundamental critique is based on the observation that the hypothesis in
its current form is not empirically refutable [Lo00]. To construct a complete,
empirically refutable hypothesis, additional details have to be added, such
as information structure, preferences of investors, etc. However, in that case
a test for the EMH becomes a test of the joint hypothesis of the above and
its rejection does not tell us what part of the joint hypothesis is erroneous.

A more practical critique studies the market profits. [FL99] shows the
following example. If a trader invested $1 into one-month U. S. Treasury
Bills in January, 1926 and continued reinvesting until December, 1996, his
investment would have grown to $14. If the same trader had invested in
the far riskier Standard and Poor’s 500 stock market index in the same
period, the final sum would have been $1,370. Now, supposing that the
individual had a perfect forecasting ability and each month he changed his
investment into the higher yielding asset, then at the end of the 71-year pe-
riod his investment would have been worth $2,296,183,456. Though perfect
forecastability is impossible, still this sum tells us that even a slight ability
to predict price movements can result in large profits. Indeed many studies
showed that price changes are not entirely random [LM99a].
Some examples are

• Market periodicities and seasonalities: Clear violations of market effi-
ciency, when returns of assets show periodicities. Interestingly, large
part of these seasonalities disappeared as soon as evidence has been
published about them. This is a very important property of arbitrage
possibilities: As soon as traders begin to exploit them, as an effect
they disappear.

• Overreaction and underreaction to news or announcements. They of-
fer easy profit opportunities for traders following contrarian strategies
[LM90b], i.e., buying stocks whose price is falling and selling those
whose price is rising.

• Financial bubbles

3“There is an old joke, widely told among economists, about an economist strolling
down the street with a companion. They come upon a $100 bill lying on the ground, and
as the companion reaches down to pick it up, the economist says, “Don’t bother - if it were

a genuine $100 bill, someone would have already picked it up”.”[Lo07]
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The principal theoretical argument against the EMH has been given by
Grossmann and Stiglitz in 1980 [GS80]. They have argued that efficient
markets are in fact an impossibility, since in such a market the return for
gathering information is zero, thus there is no reason for any trader to do so
and through this no reason to trade, causing the market to collapse eventu-
ally4.

The critique and empirical evidence have made clear that the EMH is
not valid in its pure form. One apparent contradiction is the existence of
arbitrage possibilities, which open time to time on all markets. However,
due to the very mechanism of the market, they have a short lifetime. More-
over, as the trading frequency gets higher and information processing gets
faster the market becomes more and more efficient [TK06], meaning that
less arbitrage possibilities occur and have shorter lifetimes. As markets are
“almost” efficient, for many purposes the EMH is a useful assumption.

We see that the information set is crucial in the definition of the EMH
and the information that traders use, plays a central role in financial re-
search. In everyday life education, knowledge and information are consid-
ered to be the most important components of success. However, it is not
completely clear if this statement holds for financial markets. In Chapter 6
we will study experimental and simulated stock markets to understand the
connection between financial success and information.

2.5 The role of humans: Behavioural finance

Behavioural finance argues that some financial phenomena can be explained
by modeling traders as not always fully rational. Perhaps the first discus-
sion of this question was by Nobel laureate, Herbert Simon in his seminal
paper of 1955 [Sim55]. As we have seen in the previous section, there are
several cases when the price of an asset deviates from its fundamental value,
giving sign of not complete rationality of traders5. There are two important
building blocks of behavioural finance: Limit to arbitrage and psychologi-
cal concepts. Limit to arbitrage denotes situations when irrational traders
cause deviations from fundamental value and rational traders are powerless
to “correct” the prices [Tha93, BT03]. To be able to understand these devi-
ations, we need specific models of irrationality. In this, economics generally
turns to the results of cognitive psychology.

We briefly review some of the main psychological concepts and facts that
have to be taken into account when studying financial markets.

When making decisions, people are generally overconfident. This appears
in two ways. First, people are not good at estimating probabilities: They

4Not mentioning the paradox of why should prices reflect information if no one trades?
5Recently [Lo05] proposed the Adaptive Markets Hypothesis in order to reconcile the

Efficient Market Hypothesis with Behavioural Finance.
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Figure 2.4: A hypothetical value function in prospect theory. Figure taken from
[KT79].

are certain about an event to occur, when its probability is only 80% and
bar out the occurrence of an other that may appear with 20%. Second,
people assign far too narrow confidence intervals to their estimates. An
other strongly connected notion is exaggerated optimism or self confidence.
Typically 90% of people asked about their skills (eg. driving skills, sense of
humour, etc.) consider themselves as being above average6 [BT03, Shi99].

Representativeness denotes the fact that when people try to determine
the probability that a given set of data, A, was generated by the model,
B, or similarly that an object, A, belongs to the class, B, they often use
representative heuristic, meaning that they determine the probability by
how much A reflects the characteristics of B [KT72]. Using this heuristic
can be very useful from an evolutionary point of view (if we see someone
approaching on a dark street with a knife, we do not start thinking, but run
away), but can generate erroneous decisions. From the mathematical point
of view, the bias of representativeness can be related to the failure to apply
correctly Bayes’ theorem.

Many traders are conservative or show confirmation bias. This is the case
when a trader misinterprets evidence going against him as actually being in
his favour [BT03]. A very similar example is anchoring : When forming
estimates, people start with some initial value, on which they remain to rely
too heavily [BT03].

Prospect theory, one of the most important ideas in behavioural finance
was developed by two psychologists, Kahneman and Tversky, in 1979 [KT79].
Kahneman received the Nobel Prize in Economics for the theory in 2002,
Tversky did not live long enough to share the prize. They criticise the
expected utility theory that assumes that the utility of an agent facing un-

6From this point of view, men are generally much more sure of themselves than women;
however, major portion of traders are men.
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certainty is determined by considering the utility in each of the possible
outcomes and constructing their weighted average [vNM44], an idea that
dates back to Daniel Bernoulli in the eighteenth century. Kahneman and
Tversky construct the so-called value function that assigns a value to an
outcome of a game in order to decide to play a game or not (see Figure 2.4).
Prospect theory claims that the value function assigned to gains and losses
is not symmetric. While people have a concave value function towards gains
(they are risk averse), they have a convex value function towards losses (they
are risk seeking). The value function is also generally steeper for losses than
for gains. This may give an explanation why people can simultaneously be
attracted to insurance and gambling.

In this thesis we will refer to behavioural finance or behavioural assump-
tions when finding evidence that some phenomena can not be explained in
the framework of identical traders. However, we do not try to group be-
haviour as rational or irrational.



Chapter 3

Methodology

The most important difference between economic systems and physical sys-
tems is that the former are populated by human beings. Humans have
strategic interactions with each other, they think, make future plans and
decide their movements according to their plans. Physicists are used to
dealing with atoms that are governed by some strict laws without any indi-
vidual decisions.

The result of this deeply lying difference between the two disciplines is
that economics evolved in a very different direction using different modeling
philosophy and mathematical techniques than those used in the physical
sciences. The main aim and expected profit from physicists invading finance
is to apply their modeling techniques to this field.

The three methods in research are empirical analysis of data, building
models and conducting human experiments. In this thesis we are going to
show results being examples for all the above directions. Here we would
like to briefly review the most important techniques and the philosophies of
these methods. Instead of reviewing the existing models, we confine our-
selves to discussing the most important ideas and giving references where
the interested reader can find further details.

3.1 Empirical analysis

Physics traditionally is driven by the aim of finding universal laws. On the
contrary, social scientists focus on finding individual differences. Physicists
entered the field of finance with their own hypotheses, searching for regu-
larities and emphasizing the properties that may be common to all mar-
kets. Their specific way of evaluating the empirical data have already put
some observations into new light and contributed to the so called stylized
facts. This quest has been largely promoted by the availability of large
data sets. The preference of physicists for power laws has its roots in the
fact that this function shows scale invariance and the missing character-

16
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istic measure gives hope for universal relationships, which are to a large
degree independent of the microscopic details, signalizing often a collective
mechanism. Power law distributions show scale invariance in the size of
the observed events, meaning that the relative probability of an event of
size r∗ and an event 5 times larger is independent of the size of our refer-
ence r∗. Many of the empirical data could be analyzed in terms of power
laws, although theoretical underpinning of this hypothesis is missing so far
[Man63, Fam63, JdV91, Man91, Lux96, MS95, PGA+99]. In fact the notion
of universality in finance is questionable [EKHB05, EK07].

An other important area of contribution of physicists to finance was the
application of Random Matrix Theory to the analysis of financial correla-
tions. This was especially useful to clean the correlation matrices and filter
the information from the noise [LDM99, BLM01, Kon00, LCBP00, PK02,
BP03].

All these studies have been facilitated by the very good quality and de-
tailed data we have from financial markets. Today it is possible to access not
only the high frequency (tick-by-tick) data of all the major stock exchanges
but one also has the possibility to study the market processes by analysing
data at the order level, getting direct information of price formation.

There are many papers on statistical studies of financial markets. The
interested reader can find a large amount of results, as well as a long list of
references in Refs. [BP03, Voi05, GDM+01, MS00].

3.2 Modeling

The analysis of empirical data, though very important, can not lead in itself
to a deep understanding of the actual mechanisms governing market pro-
cesses. Data analysis has to be accompanied by modeling of the data, testing
the hypotheses. Modeling can be classified using two distinct groups. The
first type is times series modeling. This we call macroscopic or phenomeno-
logical modeling of markets, since its aim is to reproduce some macroscopic
patterns, without studying the actual dynamics. The second type is agent-
based modeling that considers some microscopic dynamics and studies the
emerging macroscopic properties.

Both types of models may lead to cases that can be studied analytically.

3.2.1 Phenomenological models

The traditional approach to model financial markets is through time series
modeling. This type of macroscopic modeling matches the traditional way
of thinking in economics: Traders are identical, thus there is no need to
simulate the actual microscopic dynamics. Such models can reproduce ba-
sic macroscopic market features, however, they fail to reproduce emergent
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market phenomena. Time series modeling in econometrics has a very long
history.

The most well known approach to the modeling of price time series is
the random walk model. In fact most of the models derived later for time
series modeling, rely on some kind of random walk. As discussed before
Louis Bachelier was the first to formulate the theory of random walks to
describe the probability of a price fluctuation of a certain asset given its
current price. With his approach, Bachelier anticipated several results from
the second part of the twentieth century. An interesting property of real
price changes is that their diffusion rate is not constant. The size of price
steps is strongly positively autocorrelated, reminiscent of anomalous diffu-
sion [BG90]. An other important approach is modeling through multifractal
scaling [MFC97, Lux03, BDM01, FSL99, BPM00, EK04, EK07]. While in
many physical systems (e.g. in case of turbulence) there is theoretical evi-
dence for multifractality, in case of financial markets the evidence is based
on the empirical analysis of data.

A large portion of phenomenological models are the so called AutoRe-
gressive Conditional Heteroscedasticity, or simply ARCH models, for which
Engle and Granger received the Nobel Prize in Economics in 2003. ARCH
models are used in finance to model asset price volatility over time. This
type of models considers a discrete time stochastic process of which the con-
ditional variance at a certain moment in time depends on the past variance.
A wide range of further forms of ARCH models exist (GARCH, NGARCH,
etc.).

Finally we would like to mention the Continuous Time Random Walk
[MW65] approach to financial modeling. Continuous Time Random Walks
(CTRW) are used in statistical physics to model anomalous diffusion, where
particles diffuse at a rate different than in the classical Brownian motion.
CTRWs impose a random waiting time between two consecutive jumps
of a particle. The waiting time and the size of subsequent jumps can
be dependent random variables (coupled). This is actually the case for
the evolution of the logarithmic price of an asset in time. In case of fat
tailed distribution of price jumps and/or waiting times, the analytical treat-
ment of CTRWs may become quite complicated involving fractional calculus
[SGM00, MRGS00, MMPW06, MS06, Sca06].

3.2.2 Multi-agent models

Financial markets are complex adaptive systems, populated by human agents
who are selling and buying based on their own strategies. If we aim at having
a fundamental description of the markets we are urged to build models that
take into account traders’ intelligence, evolution, complex decision making
as well as their eventual irrationality (e.g. emotions) and intuitions.

Traditional theories in economics regard agents as completely rational
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with access to the entire set of information. In such a market there is
of course no need to model the preferences and decisions of the traders
separately, since they are all rational in the same way. In recent years the
traditional view has eroded as evidence has accumulated showing that the
ignored aspects happen to be relevant. Terms like “bounded rationality”,
“individual risk aversion”, “limited information” become popular and more
complicated concepts of traders’ behaviour are taken into account.

Emergent cooperative phenomena have been studied in a wide range
of systems in the past decades. The usual approach e.g. in physics is to
build a model of the system studied as a set of microscopic elements with
microscopic interactions between them and study the emerging macroscopic
phenomena. After having been introduced to a wide variety of physics prob-
lems, nowadays this method is applied frequently to the analysis of social
systems as well. Most of the agent-based models in economics focus on some
specific aspect of the stock market, typically showing that even a simple set
of assumptions can explain many of the stylized empirical facts of mar-
kets [LLS95, BPS97, CZ97, CMZ05, Ior99, LM99b, Bor01, BGM01, Hom01,
RCFM01, LLS00].

The main drawback of this approach is that agent-based models are gen-
erally complicated and, while explaining many qualitative features, they lack
to give quantitative results comparable with empirical data. Furthermore
agent-based approaches tend to require a large amount of ad hoc assump-
tions that are difficult to validate (especially concerning the behaviour of
traders). An other usual criticism regarding agent-based models is that there
are too many degrees of freedom, defining a huge parameter space where it
is very hard (often impossible) to clearly understand which “ingredient” of
the dynamics causes a certain phenomenon.

These problems inspired the search for alternative models. One approach
is the so-called zero intelligence method. These models assume that traders
behave more or less randomly, providing a reference model making strong
predictions. In the past years, zero intelligence models have proved to be
very efficient in reproducing many features of financial markets. However,
this does not mean that traders would actually just be buying and selling
at random, instead they suggest that there may be situations where market
institutions and individual constraints (such as traders’ budget constraint)
dominate the strategic behaviour of the agents. Zero intelligence models
can give information on which properties of a market depend on the inten-
tional behaviour of traders and which are due to other rules. Examples of
zero intelligence models in the literature are [Bec62, GS93, BMP02, LP03,
DFG+03, SFGK03, FPZ05].

In Chapter 5 we will discuss a zero intelligence model of order placement
and Chapter 6 studies a more conventional multi-agent model of a double
auction market.
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3.3 Experiments

Conducting experiments is a basic approach to understand nature as it is
well known from physics. However, running experiments in the social sci-
ences is much less founded and is usually hard to carry out. Still, controlled
laboratory experiments with human individuals as subjects have a long his-
tory.

Social sciences have a very big drawback compared to physical sciences:
In contrast to physical sciences, in case of the social sciences it is very rare
that researchers have the opportunity to run large scale controlled exper-
iments1. Furthermore, while in physical sciences experiments can usually
be repeated with identical settings, this is not the case in social sciences.
The issue of non-repeatability gives rise to very strong critiques, often even
questioning the usefulness of experiments. It is also important to mention
that social experiments can be expensive (though their price can not be
compared to those in modern experimental physics), since the time of the
subjects “is money”.

Financial experiments are most often carried out in laboratory settings
but can also be done“in the field”. Subjects generally are given incentives by
being offered real monetary payoffs. Still, for economical reasons, usually the
subjects are university students who are willing to spend a couple of hours
taking part in an experiment. Typically the subjects get full instructions
on the experiment. Experiments run in the field may be much larger scale
than those carried out in laboratory, however in that case the organisers
have much less control on the behaviour of the subjects.

Computerisation had a large impact on experimental methodology offer-
ing many advantages compared to the traditional form of collecting data by
hand. Computers offer greater accuracy of data collection, greater control
of the information and data revealed to the subjects of the experiments, etc.
[Smi82, Duf06].

In Chapter 6 we will briefly discuss an experiment carried out with hu-
man individuals examining the effect of information on traders’ performance.

1In some cases researchers refer to empirical analysis of some isolated system as exper-
iments, however they are not, as the control over the conditions is missing.



Chapter 4

Return correlations

In this chapter we aim at answering three sets of questions. We study the
temporal dynamics of financial correlations and find that market efficiency
increases with time (i), we give a general description of financial correlations
on all sampling time scales (ii) and, as a byproduct of the latter results we
give an estimator of the correlation between asynchronous signals that can
be used in a wide area of physics (iii).

4.1 Data and methodology

In the analysis presented in this chapter we used data from the Trade and
Quote (TAQ) Database of the New York Stock Exchange (NYSE) for the
period of 4.1.1993 to 31.12.2003, containing tick-by-tick data for the trades
(time, volume, price) and the best quotes on each side of the book. The
data used was adjusted for dividends and splits.

We computed the logarithmic returns of stock prices:

rA
∆t(t) = ln

pA(t)
pA(t −∆t)

, (4.1)

where pA(t) stands for the transaction price of stock A at time t. The prices
were determined using previous tick estimator on the high frequency data,
i.e. prices are defined constant between two consecutive trades. The time

dependent cross-correlation function CA/B
∆t (τ) of stocks A and B is defined by

CA/B
∆t (τ) =

〈

rA
∆t(t)r

B
∆t(t + τ)

〉

−
〈

rA
∆t(t)

〉〈

rB
∆t(t + τ)

〉

σAσB . (4.2)

The notion 〈· · · 〉 stands for the time average over the considered period:

〈r∆t(t)〉 =
1

T −∆t

T

∑
i=∆t

r∆t(i), (4.3)
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where time is measured in seconds and T is the time span of the data.
Studying correlations assumes stationarity of the time series that in turn
gives a restriction on the T time span. The standard deviation σ of the
returns reads as:

σ =

√

〈r∆t(t)2〉− 〈r∆t(t)〉2, (4.4)

both for A and B in (4.2). We computed correlations for each day separately
and averaged over the set of days, this way avoiding large overnight returns
and trades out of the market opening hours. For pairs of stocks with a

lead-lag effect the function CA/B
∆t has a peak at non-zero τ. The equal-time

cross-correlation coefficient is naturally: ρA/B
∆t ≡CA/B

∆t (τ = 0). In our work we
used the minimum spanning tree clustering technique [Man99, BCLM03].
To construct the minimum spanning tree, we first define the distance of two
stocks (A and B) as dA/B =

√

2(1−ρA/B). Then we construct the tree (non-
cyclical graph) of the stocks in a way that the sum of the distances on the
tree is minimal.

We carried out statistical studies on the 190 most frequently traded
stocks in the period. We mention some of the stocks by name and show
statistical results for all the stocks. The stocks that are mentioned by their
name are the following: Avon Products, Inc. (AVP), Caterpillar Inc. (CAT),
Colgate-Palmolive Company (CL), E.I. du Pont de Nemours & Company
(DD), Deere & Company (DE), The Walt Disney Company (DIS), The
Dow Chemical Company (DOW), Genpact Limited (G), General Electric
Co. (GE), Georgia-Pacific Corporation (GP), International Business Ma-
chines Corp. (IBM), Ingersoll-Rand Company Limited (IR), Johnson &
Johnson (JNJ), The Coca-Cola Company (KO), Kimberly-Clark Corpora-
tion (KMB), 3M Company (MMM), Motorola Inc. (MOT), Merck & Co.,
Inc. (MRK), PepsiCo, Inc. (PEP), Pfizer Inc. (PFE), The Procter &
Gamble Company (PG), Sprint Nextel Corp. (S), Vodafone Group (VOD),
Wal-Mart Stores Inc. (WMT).

4.2 Empirical study of the time evolution of cor-

relations

There is an immense literature stating examples of cases in which simple
or complicated technical analysis of financial data can lead to excess profits
violating market efficiency.

1990, Lo et al. [LM90b] studied an arbitrage possibility, called contrar-
ian strategy1. They showed that the cause of the high profitability of these
contrarian strategies is not only the pattern of overreaction on the market

1A trader who attempts to profit by investing in a manner that differs from (goes
against) the consensus of the “crowd”.
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(negative autocorrelation of returns in time) but also lead-lag effects (posi-
tive cross-correlations of returns in time).

Kullmann et al. [KKK02] studied time-dependent cross-correlations of
stocks from the New York Stock Exchange (NYSE) for the period 1997–1998
and found relevant lead-lag effects on the minute scale only. They fixed
thresholds to determine the relevant correlations and also found that larger
stocks were more likely to pull smaller ones but there were some exceptions.
In their study, Kullmann et al. were able to construct the directed network
of influence of stocks representing these strong lead-lag effects.

The above forecastabilities contradict the EMH. To better understand
the problem we studied the time evolution of the correlations functions.

4.2.1 Lagged correlations

We made computations in order to analyse the time-dependent cross-correla-
tions of high frequency logarithmic returns and the dynamics of these cor-
relation functions. Our computations were carried out in 11 consecutive
periods of the length of one year. Using (4.2), the window width in which
the logarithmic returns were calculated was ∆t = 100 seconds that is in agree-
ment with [KKK02]. We altered τ between -1000 seconds and 1000 seconds
by steps of 5 seconds. For the time shift between two stocks the value of 1000
seconds is beyond any reasonable limit because of market efficiency, hence
we also had the opportunity to study the tail of the correlation functions,
getting information about their signal-to-noise ratio.

We found that the time-dependent cross-correlation functions changed
significantly in the eleven years studied. Through the years the maximum
value (Cmax) of the functions increased in almost all cases and the time shifts
(τmax) decreased. A few example plots showing these effects can be seen in
Figure 4.1.

Figure 4.2(a) shows the average of the absolute value of maximum posi-
tions of the time-dependent cross-correlation functions for every pair exam-
ined, as a function of the years. The decreasing trend on the plot shows how
the maximum positions approached the ordinate axis through the years.

Figure 4.2(b) shows the normalised distributions of the maximum po-
sitions of all time-dependent correlation functions having a maximum of
Cmax > 0.02, in order to filter out those correlation functions where no rele-
vant peak can be found, and τmax < 300 seconds, in order to filter out spurious
correlations often due to two large logarithmic return values instead of rel-
evant lead-lag effects, for the years 1993, 1999 and 2003. The distributions
becoming more and more sharply peaked near zero show the diminution of
the time shifts. The change is considerably strong, however, it is not mono-
tonic. The inset in Figure 4.2(b) shows the same distributions for the years
1993 and 2000. We can see that the tails of the two distributions are very
similar indicating strong fluctuations from the tendency of the changes in
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Figure 4.1: Example plots showing the changes in the correlation functions for
the years 1993 (solid) and 2003 (dashed).: (a) GP/WMT pair; (b) G/KMB pair;
(c) DE/IR pair (d) CAT/DE pair
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Figure 4.2: (a) The average time shift of the correlation functions taken over
every pair examined, as a function of time.; (b) Normalised distribution of the
time shifts (τmax) of all time-dependent correlation functions having a maximum
of Cmax > 0.02 and τmax < 300 seconds, for the years 1993 (circles), 1999 (squares)
and 2003 (triangles). The distribution becomes more and more sharply peaked near
zero and thinner tailed through the years. The inset shows the same distribution for
the years 1993 (circles) and 2000 (triangles); we can see that the tails of the two
distributions are similar, indicating strong deviations from the overall tendency.
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the time shift. Later we will see in the case of the equal time correlation
coefficients too that 2000 is an outlier year, this is possibly due to the dot-
com crash. Nevertheless the overall tendency is clear: The time shifts are
getting shorter.

4.2.2 Equal time correlations

As we have seen, throughout the years, the maximum position of the cor-
relation functions shifted towards zero. In order to further investigate the
changes we also studied the dynamics of equal time correlations as a func-
tion of time. The computations were carried out in 11 consecutive periods
of the length of one year. Again, the window width in which the logarithmic
returns were calculated was ∆t = 100 seconds. To see the general behaviour
of the correlation coefficients, we computed the equal weighted average of
correlations for all pairs examined. Figure 4.3 shows the average of the cor-
relation coefficients. A very strong increase can be seen in the correlation
coefficients during the years. Nevertheless, the rise is not monotonic, a local
peak can be seen at the year 1997 and a local minimum can be seen at the
year 2000. We made separate computations in case of closely and distantly
related stocks, where the relations were determined by the relative positions
of the stocks on the minimum spanning tree created for the period 1997–
2000. We considered two stocks being close to each other if their distance
was not greater than 3 steps on the tree and being far from each other if
their distance was not smaller than 8 steps on the tree and for both the
near related and distant related pairs we computed the average correlation
coefficients. We found that the ratio of the two coefficients was approxi-
mately constant until 1997, while after 2000 the correlation coefficient of far
laying stocks increased faster than that of close ones. This differing change
can be a sign of an equalisation process of the correlations on the market.
The increase in the correlations is only partly due to the decrease in |τmax|.
First, also C(τmax) increases, second the effect is there also for pairs of stock
without lead-lag effect. It is clear that the correlations not only shift but
get stronger.

4.2.3 Conclusions

The main cause of the changes in the correlation functions is the acceleration
of market processes. On one hand computerisation has spread in the last
one or two decades and its power has increased spectacularly, resulting in a
large growth of the speed of information flow and of information processing.
On the other hand also trading got much faster. These cause the decrease
in the time shift between the returns of two stocks and thus the maximum
position of the time-dependent cross-correlation function to move towards
zero.
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Figure 4.3: The average of the equal time correlation coefficients of all pairs
examined as a function of time. There is a very strong though not monotonic rise
in the correlations.

All these changes signalise increasing market efficiency. As the market
processes become faster, this would result in arbitrage possibilities, however
we see that also the time scales on which lagged correlations appear get
shorter, hereby excluding these inefficiencies.

The evolution that we have found is a sign of the changing aggregate
behaviour of market participants which is due to a change in the mechanism,
not to individual will [TK06].

4.3 A new approach to the Epps effect

As we have seen, the changes in the typical time scale of market processes
affect the correlations showing an increase in the efficiency. However, there
is another connection between the market time scales and the correlation
coefficients. In 1979 Epps reported results showing that stock return corre-
lations decrease as the sampling frequency of data increases [Epp79]. Since
his discovery the phenomenon has been detected in several studies of differ-
ent stock markets [BLM01, Zeb01, TMAM06] and foreign exchange markets
[LDM99, MSLT01].

Considerable effort has been devoted to uncover the phenomenon found
by Epps [Ren03, PI04, PI07, KDS04, Zha06, PBL05]. However, most of
the works aim to construct a better statistical measure for co-movements
in prices in order to exclude bias of the estimator by microstructure effects
[SBN05, CA07, HY05, Mar04, ABCD06, AB98, dJN97, BT00], only a few
searching for the description of the microstructure dynamics.

Up to now two main factors causing the effect have been revealed: The
first one is a possible lead-lag effect between stock returns [LM90b, KKK02,
TK06] which can appear mainly between stocks of very different capitalisa-
tion and/or for some functional dependencies between them as we discussed
in 4.2. In this case the maximum of the time-dependent cross-correlation
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function can be found at non zero time lag, resulting in increasing cross-
correlations as the sampling time scale gets into the same order of magnitude
as the characteristic lag. This factor can be easily understood, moreover,
in 4.2 we showed that through the years this effect becomes less important
as the characteristic time lag shrinks, signalising an increasing efficiency of
stock markets. As the Epps effect can also be found for the case when no
lead-lag effect is present, in the following we will focus only on other possible
factors.

The second, more important factor is the asynchronicity of price changes
(ticks) in case of different stocks [Ren03, PI04, LM90b, LM90a]. Empirical
results [Ren03] showed that taking into account only the synchronous ticks
reduces to a great degree the Epps effect, i.e. measured correlations on short
sampling time scale increase. Naturally one would expect that for a given
sampling frequency growing activity decreases the asynchronicity, leading to
a weaker Epps effect. Indeed Monte Carlo experiments showed an inverse
relation between trading activity and the correlation drop [Ren03].

However, the analysis of empirical data showed [TK07b] that the ex-
planation of the effect solely by asynchronicity is not satisfactory. After
eliminating the effect of changing asymptotic cross-correlations through the
years (scaling with the asymptotic value), the curves of cross-correlation as
a function of sampling time scale tend to collapse to one curve and surpris-
ingly we do not find a measurable reduction of the characteristic time of the
Epps effect, while the trading frequency grew by a factor of ∼ 5−10 in the
period. These results will be discussed further in details in Section 4.3.1.

The characteristic time of market phenomena can usually be split up
into three kinds of market time scales: The frequency of trading on the
market (which we will denote as activity), market periodicities and the re-
action time of traders to news, events. We found that the characteristic
time of the Epps effect does not scale with changing market activity (this
we will discuss in Section 4.3.1), which points out that the characteristic
time of the Epps effect can not be determined solely by the market activity
causing asynchronicity. Market periodicities in high frequency data are the
different types of patterns, which can be found in intraday data, as well
as on broader time scales (see e.g. Refs. [WMO85] and [CCJ95]). Market
periodicities and intraday structure do not have a role in our results since
we are averaging them out. Hence we believe that the characteristic time of
the Epps effect is the outcome of a human time scale present on the mar-
ket: The time that market participants need to react to certain pieces of
news. There are several studies in the literature about reaction time. The
issue is connected both to behavioural finance questions and to market effi-
ciency. 1970, Fama defined an efficient market as one in which prices fully
reflect all available information [Fam70]. This response to information in
practice can not happen instantaneously. There are several results report-
ing that prices incorporate news within five to fifteen minutes after news
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Figure 4.4: The cross-correlation coefficient as a function of sampling time scale
for the period 1993–2003 for the Coca-Cola Pepsi pair. Several hours are needed
for the correlation to reach its asymptotic value.

announcements [DMR77, PW84, JS85, BL88, KLS97]. More recent stud-
ies showed similar results on the time that traders needed to react to news
[BG02, CRS05, CRS08].

Supposing that the Epps effect is possibly the outcome of a human
time scale present on the market motivated us to separate the terms in
the cross-correlation function, in order to study their behaviour one by one.
We suggest an analytic decomposition of the cross-correlation function of
asynchronous events using time lagged correlations. As a second step we
demonstrate the efficiency of the formalism on the example of generated
data. Finally we describe and fit the empirically observed dependence of
the cross-correlations. We find that the origin of the independence of the
characteristic time of the Epps effect on the trading frequency is the presence
of a human time scale in the time lagged autocorrelation functions. [PBL05]
already called the attention to the importance of lagged cross-influences of
stock returns in explaining the Epps-effect. Using a somewhat different for-
malism, here we investigate thoroughly this relationship.

In our notations the Epps effect means the decrease of ρ∆t as ∆t decreases
(see Figure 4.4). Since the prices are defined as being constant between
two consecutive trades, the ∆t time scale of the sampling can be defined
arbitrarily.

As stated above, we do not want to discuss the Epps effect originated
from the lead-lag effect in the correlations. Thus we consider only pairs of
stocks where the latter effect is negligible, i.e., for which the price changes

are highly correlated with the peak position of CA/B
∆t of Equation (4.2) being

at τ ≈ 0. The method shown in this Section can be applied to all stock pairs.
To illustrate our results we will present results for some stock pairs and we
will show statistics for a broader set of data.
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4.3.1 Empirical observations

In order to study the trading frequency dependence of the cross-correlation
drop, we computed the Epps curve separately for different years. In Figure
4.5, in the left panel we show the cross-correlation coefficients as a function
of the sampling time scale for the years 1993, 1997, 2000 and 2003 for three
example stock pairs.

It is known that cross-correlation coefficients are not constant through
the years. The asymptotic values of cross-correlations (long sampling time
scale) depend on the economical situation, the state of the economic sectors
that the pairs of stocks belong to, and several other factors. We need to
take this into account and try to extract the effect of changing asymptotic
cross-correlations from the Epps phenomenon. In order to get comparable
curves, we scaled the cross-correlation curves with their asymptotic value:
The latter was defined as the mean of the cross-correlation coefficients for
the sampling time scales ∆t = 6000 seconds through ∆t = 9000 seconds, and
the cross-correlations were divided by this value. The right panel in Figure
4.5 shows the scaled curves for the same years and pairs as in the left panel.

The frequency of trades changed considerably in the last two decades:
Trading activity has grown almost monotonically, as can be seen in Figure
4.6. This would infer the diminution of the Epps effect and a much weaker
decrease of the correlations as sampling frequency is increased. However,
after scaling with the asymptotic cross-correlation value, the curves give a
reasonable data collapse and no systematic trend can be seen. Surprisingly,
as it can be seen in Table 4.1, a rise of the trading frequency by a factor of
∼ 5−10 does not lead to a measurable reduction of the characteristic time of
the Epps effect (where we define the characteristic time as the time scale for
which the cross-correlation reaches the 1−e−1 rate of its asymptotic value).

These results show that explaining the Epps effect merely as a result of
the asynchronicity of ticks is not satisfactory. It is also important to mention
that not even the changing tick sizes for the stocks (likely to change the
arrival rate of price changes) alter the characteristic time of the effect.

Table 4.1: The characteristic time of the Epps effect for the years 1993, 1997,
2000 and 2003 measured in seconds for the stocks pairs: CAT/DE, KO/PEP and
MRK/JNJ (characteristic time was defined as the time scale for which the cross-
correlation value reaches the 1− e−1 rate of its asymptotic value). No clear trends
can be seen in the characteristic time while the activity is growing rapidly.

CAT/DE KO/PEP MRK/JNJ

1993 940 920 800
1997 620 760 420
2000 1320 1040 880
2003 700 800 1060
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Figure 4.5: The Epps curves for for the years 1993, 1997, 2000 and 2003 for three
example pairs. In the left panel we can see the correlation curves. The asymptotic
value of the cross-correlations varies in time. In the right panel the curves are scaled
by their asymptotic value. The scaled curves give a reasonable data collapse in spite
of the considerably changing trading frequency, showing that the characteristic time
of the Epps effect does not change with growing activity.: (a) CAT/DE pair; (b)
CAT/DE pair scaled; (c) KO/PEP pair; (d) KO/PEP pair scaled; (e) MRK/JNJ
pair; (f) MRK/JNJ pair scaled.
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Figure 4.6: The average intertrade time for the years 1993 to 2003 for some
example stocks (CAT, DE, KO, PEP, MRK, JNJ). The activity was growing almost
monotonically.

4.3.2 Decomposition of the cross-correlations

In this section we show calculations for the relation between the value of
cross-correlations on different time scales. We connect the cross-correlation
on a certain time scale (∆t) to lagged autocorrelations and cross-correlations
on smaller time scales (∆t0).

Returns in a certain time window ∆t are mere sums of returns in smaller,
non-overlapping windows ∆t0, where ∆t is a multiple of ∆t0:

r∆t(t) =
∆t/∆t0

∑
s=1

r∆t0(t −∆t + s∆t0). (4.5)

Using this relationship the time average of the product of returns on the
large time scale (∆t) can be written in terms of the averages on the short
time scale (∆t0) in the following way:

〈

rA
∆t(t)r

B
∆t(t)

〉

=
1

T −∆t

T

∑
i=∆t

rA
∆t(i)r

B
∆t(i) =

=
1

T −∆t

T

∑
i=∆t

(

∆t/∆t0

∑
s=1

rA
∆t0(i−∆t + s∆t0)

)(

∆t/∆t0

∑
q=1

rB
∆t0(i−∆t + q∆t0)

)

=

=
∆t/∆t0

∑
s=1

∆t/∆t0

∑
q=1

〈

rA
∆t0(i−∆t + s∆t0)r

B
∆t0(i−∆t + q∆t0)

〉

. (4.6)

We can see that on the right side of Equation (4.6) the lagged time
average of return products appears on the short time scale, ∆t0, i.e., the
non-trivial part of the lagged cross-correlations. Naturally in the case of
A = B, we get the relation for

〈

r∆t(t)2
〉

.



CHAPTER 4. RETURN CORRELATIONS 32

In order to apply Equation (4.6), we need to have information about the
lagged autocorrelation and cross-correlation functions. Writing out the sum
in Eq. (4.6) we get:

〈

rA
∆t(t)r

B
∆t(t)

〉

=

∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

〈

rA
∆t0(t)r

B
∆t0(t + x∆t0)

〉

, (4.7)

and similarly

〈

rA
∆t(t)

2〉=

∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

〈

rA
∆t0(t)r

A
∆t0(t + x∆t0)

〉

〈

rB
∆t(t)

2〉=

∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

〈

rB
∆t0(t)r

B
∆t0(t + x∆t0)

〉

. (4.8)

Since the mean of returns is 1-2 orders of magnitude smaller than the
second moments in the correlation function, we can omit the expressions
〈

rA
∆t(t)

〉〈

rB
∆t(t + τ)

〉

and 〈r∆t(t)〉2 in Equation (4.2). As these terms are of
second order, this can even be done in case of slight price trends. Hence
Equation (4.2) becomes:

ρA/B
∆t =

〈

rA
∆t(t)r

B
∆t(t)

〉

√

〈

rA
∆t(t)

2
〉〈

rB
∆t(t)

2
〉

. (4.9)

For simplicity, we introduce decay functions to describe lagged correla-
tions:

f A/B
∆t0

(x∆t0) =

〈

rA
∆t0

(t)rB
∆t0

(t + x∆t0)
〉

〈

rA
∆t0

(t)rB
∆t0

(t)
〉 , (4.10)

defined for both positive and negative x values, and similarly f A/A
∆t0

(x∆t0) and

f B/B
∆t0

(x∆t0). Thus the correlation can be written in the following form:
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ρA/B
∆t =

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f A/B
∆t0

(x∆t0)
〈

rA
∆t0(t)r

B
∆t0(t)

〉

)

×

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f A/A
∆t0

(x∆t0)
〈

rA
∆t0(t)

2〉
)−1/2

×

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f B/B
∆t0

(x∆t0)
〈

rB
∆t0(t)

2〉
)−1/2

. (4.11)

Hence

ρA/B
∆t =

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f A/B
∆t0

(x∆t0)

)

×

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f A/A
∆t0

(x∆t0)

)−1/2

×

( ∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

(

∆t
∆t0

−|x|
)

f B/B
∆t0

(x∆t0)

)−1/2

ρA/B
∆t0

. (4.12)

This way we obtained an expression of the cross-correlation coefficient
for any sampling time scale, ∆t, by knowing the coefficient on a shorter sam-
pling time scale, ∆t0, and the decay of lagged autocorrelations and cross-
correlations on the same shorter sampling time scale (given that ∆t is mul-
tiple of ∆t0). Our method is to measure the correlations and fit their decay
functions on a certain short time scale and compute the Epps curve using
the above formula.

4.3.3 Model calculations

In order to demonstrate the power of the decomposition, we show how it
works in an analytically tractable case. First we discuss a toy model describ-
ing two correlated but asynchronous time series, then we show that the two
ways of deducing expressions for the relation of the correlations on different
time scales lead to the same result [TTK07].

The model

We would like to study generated time series which have similar properties
as real world price time series. To do this, we simulate two correlated but
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asynchronous logarithmic price time series. As a first step we generate a
core random walk, W (t), consisting of unit steps up and down with equal
probability at each second. Then we sample this W (t), twice independently
with waiting times drawn from an exponential distribution. This way we
obtain two time series (log pA(t) and log pB(t)), which are correlated since
they are sampled from the same core random walk, but the steps in the two
walks are asynchronous. The core random walk is:

W (t) = W (t −1)+ ε(t),
(4.13)

where ε(t) is ±1 with equal probability (and W (0) is set high in order to
avoid negative values). We define the steps occuring in the two asynchronous
random walks respectively as ωA = {ωA

i } and ωB = {ωB
i } being two Poisson

point processes on R
+ with density λ, thus the time increments are drawn

from the exponential distribution:

P(y) =

{

λe−λy if y ≥ 0
0 y < 0

(4.14)

with parameter λ = 1/60. Between two consecutive steps the sampling walk-
ers do not move, thus:

γA(t) := max{ωA
i : ωA

i < t}
γB(t) := max{ωB

i : ωB
i < t} (4.15)

and the two walks become:

log pA(t) := W
(

γA(t)
)

log pB(t) := W
(

γB(t)
)

(4.16)

A snapshot as an example of the generated time series with exponentially
distributed waiting times can be seen on Figure 4.7(a).

As a next step we create the return time series (rA
∆t(t) and rB

∆t(t)) of
log pA(t) and log pB(t), and study their cross-correlation as a function of
sampling time scale. In the model case we set the smallest time scale ∆t0 = 1
time step.

Decomposing the correlations in the model

Having a random walk model, the autocorrelation function of the steps is
zero for all non-zero time lags:
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Figure 4.7: (a) A snapshot of the model with exponentially distributed waiting
times. The original random walk is shown with lines (black), the two sampled
series (the log prices) with dots and lines (red) and triangles and lines (blue).; (b)
The decay function and its exponential fit on a log-lin scale. The parameter of the
exponential decay is 59.1, very near to the parameter of the original exponential
distribution of the waiting times.

f A/A
∆t0

(x∆t0) = f B/B
∆t0

(x∆t0) = δx,0. (4.17)

For the case when steps in the random walks are sparse in time, thus when
λ∆t0 ≪ 1, the decay function is an exponential decay (see Figure 4.7(b)):

f A/B
∆t0

(x∆t0) = e−λ∆t0|x|, (4.18)

with the same parameter as the original Poisson process in Equation 4.14.
Thus the ratio of the correlations can be written in the following way:

ρA/B
∆t

ρA/B
∆t0

=
∆t0
∆t

∆t
∆t0

−1

∑
x=− ∆t

∆t0
+1

[(

∆t
∆t0

−|x|
)

e−λ∆t0|x|
]

=

=
∆t0
∆t





∆t
∆t0

+ 2

∆t
∆t0

−1

∑
x=1

(

∆t
∆t0

− x

)

e−λ∆t0x





= 1+ 2

∆t
∆t0

−1

∑
x=1

e−λ∆t0x −2
∆t0
∆t

∆t
∆t0

−1

∑
x=1

xe−λ∆t0x. (4.19)

The first sum on the right side of Equation 4.19 is the sum of a geometric
series and can be written in a closed form in the following way:

∆t
∆t0

−1

∑
x=1

e−λ∆t0x =
e−λ∆t0 − e−λ∆t

1− e−λ∆t0
. (4.20)
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Using the Taylor expansion of the exponential function:

ey =
∞

∑
n=0

yn

n!
, (4.21)

and applying that λ∆t0 ≪ 1, we can neglect the high order terms in the sum
in Equation 4.21 and take into account only the terms up to linear order in
λ∆t0. Hence

∆t
∆t0

−1

∑
x=1

e−λ∆t0x ≈ 1−λ∆t0 − e−λ∆t

λ∆t0
. (4.22)

The second sum on the right side of Equation 4.19 can be obtained by
differentiating 4.20 and taking the small λ∆t0 limit:

∆t
∆t0

−1

∑
x=1

xe−λ∆t0x ≈ 1−λ∆t0 +[−λ∆t −1+ λ∆t0]e−λ∆t

(λ∆t0)2 . (4.23)

Inserting Equation 4.22 and Equation 4.23 into Equation 4.19 we get:

ρA/B
∆t

ρA/B
∆t0

≈ 1+
2−2λ∆t0 −2e−λ∆t

λ∆t0
−

−2∆t0
∆t

1−λ∆t0 +[−λ∆t −1+ λ∆t0]e−λ∆t

(λ∆t0)2 =

=
1

(λ∆t0)2

[

−(λ∆t0)
2 + 2λ∆t0 −

2∆t0
∆t

+
2λ∆t2

0

∆t

]

+

1
(λ∆t0)2 e−λ∆t

(

2∆t0
∆t

− 2λ∆t2
0

∆t

)

. (4.24)

Since (λ∆t0)2 and 2λ∆t2
0/∆t is much smaller than the other expressions ap-

pearing in the denominator of Equation 4.24, we can neglect them. Hence
the final relation becomes

ρA/B
∆t

ρA/B
∆t0

≈ 2
λ∆t0

+
2

λ2∆t∆t0

(

e−λ∆t −1
)

. (4.25)

The exact analytical solution

For the case described above the correlation can be given in an exact an-
alytical form using special properties of the Poisson processes. We go to
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a continuous description and use a Brownian motion instead of a discrete
random walk. We have:

〈

rA
∆t(t)

〉

=
〈

rB
∆t(t)

〉

= 0 (4.26)

and

〈

(rA
∆t(t))

2〉=
〈

(rB
∆t(t))

2〉= ∆t. (4.27)

The interesting part of the correlation is the average of the cross-product
of the two returns, which is the following:

〈

rA
∆t(t)r

B
∆t(t))

〉

=

= E

(

E

(

(

W (γA(t))−W (γA(t −∆t))
)(

W (γB(t))−W (γB(t −∆t))
)

∣

∣

∣

∣

ωA

ωB

)

)

,

(4.28)

where the inner expectation averages with ωA and ωB being given, while the
outer expectation averages over ωA and ωB. Equation 4.28 can be rewritten
as the expectation of the intersection of time intervals between the last
step before time t and the last step before time (t −∆t) for the two walks
respectively:

〈

rA
∆t(t)r

B
∆t(t))

〉

= E

(
∣

∣

∣

∣

[

γA(t −∆t),γA(t)
]

∩
[

γB(t −∆t),γB(t)
]

∣

∣

∣

∣

)

. (4.29)

To determine the expression in Equation 4.29 we need to know the prob-
ability distribution of the minimum and the maximum of two independently
and exponentially distributed variables. Let ξ and η be such. Then

P
(

min{ξ,η} ∈ (x,x+ dx)
)

= 2λe−2λxdx

P
(

max{ξ,η} ∈ (x,x+ dx)
)

= 2λ(e−λx − e−2λx)dx. (4.30)

Thus the correlation coefficient becomes:

ρA,B
∆t =

2
λ∆t

∫ λ∆t

0

(

λ∆t − x+
1
2

)(

e−x − e−2x)dx =

=
1

λ∆t

(

e−λ∆t −1
)

+ 1. (4.31)

The ratio between the correlation coefficient on the sampling scale ∆t
and sampling scale ∆t0 is
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ρA,B
∆t

ρA,B
∆t0

=
1

λ∆t

(

e−λ∆t −1
)

+ 1
1

λ∆t0

(

e−λ∆t0 −1
)

+ 1
, (4.32)

which in the λ∆t0 ≪ 1 limit follows as

ρA,B
∆t

ρA,B
∆t0

=
2

λ∆t0
+

2
λ2∆t∆t0

(

e−λ∆t −1
)

. (4.33)

Hence we end up with exactly the same expression as deduced through the
decomposition process in Equation 4.25.

4.3.4 Fitting to the data

As discussed, we measure the equal-time cross-correlations and the decay of
cross and autocorrelations on a certain short sampling time scale and from
these we obtain the value of equal-time cross-correlations on larger sampling
time scales. To do this, in case of the toy model, we had the possibility of
using the smallest time scale available in the generated data as ∆t0, i.e.,
the resolution being one simulation step. When studying data from real
world markets, one has to make restrictions. As being the highest resolution
commonly used in financial analysis, it would be plausible to choose windows
of one second as ∆t0. However, on this time scale one is only able to measure
noise, no valid correlations and decay functions can be found. Thus we had to
use less dense data for the smallest sampling time scale: In the results shown
below we set ∆t0 = 120 seconds. Using this resolution we get an acceptable
signal-to-noise ratio and we hope not to lose too much information.

To avoid new parameters in the model we use the raw decay functions in
the formula (4.12), without fitting them. Since it is an empirical approach to
determine the decay functions for real data, we have to distinguish the signal
from the noise in the decay functions. Concerning the sensitivity from the
input (decay function) we observed that the results are quite robust against
little changes in the input functions, however the noise in the tail can cause
significant deviations. According to this we take into account the decay
functions for correlations only for short time lags. For the decay of the
cross-correlations we take into account the function only up to the time lag
where the decaying signal reaches zero for the first time, for larger lags we
assume it to be zero. For the decay of autocorrelations we take into account
the function only up to the time lag where after the negative overshoot of
the beginning it decays to zero from below for the first time, for larger lags
we assume it to be zero.

Figure 4.8 shows examples of the decay functions in case of the stock
pair KO/PEP (for other pairs the decay functions are very much similar).
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Figure 4.8: The decay of lagged autocorrelations and cross-correlations for the
KO/PEP pair for the period 1993-2003. Vertical lines show the threshold up to
which we take the decays into account, for larger lags we assume them to be zero.
Sampling time scale is ∆t0 = 120 seconds.

The plot shows the decay functions up to the time lags of 1000 seconds, with
a vertical line showing how long we take the empirical decays into account.
We can see that the time lag for which the decay functions disappear is in
the order of a few minutes. In fact in case of all stock pairs studied we found
the decay function disappearing after 5–15 minutes.

Inserting the empirical decay of lagged autocorrelations and cross-correla-

tions on the short time scale into the formula of Equation (4.12), we com-
pare the computed and the measured Epps curves. Figure 4.9 shows these
plots for a few example stock pairs.

One can see that the fits are able to describe the change of cross-correlation
with increasing sampling time scale. Note that as it has been shown in
Section 4.3.2, in the analytical formula only the autocorrelations and cross-
correlations on the smallest time scale (∆t0) and the decay functions are
taken into account as input to compute the cross-correlations on all other
time scales, no additional parameters are used.

To show a broader set of results, we introduce a measure of goodness for
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Figure 4.9: The measured and the analytically computed cross-correlation coeffi-
cients as a function of sampling time scale for the pairs (a) CAT/DE; (b) KO/PEP;
(c) WMT/S; (d) GE/MOT; (e) MRK/JNJ (f) GE/IBM.
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the agreement between the measured and the calculated Epps curves. We
calculate the absolute error between the measured and the computed points:

g(∆t) = 100
|ρmeasured

∆t −ρcomputed
∆t |

ρmeasured
∆t

. (4.34)

Table 4.2 shows the maximum, the mean and the median of the errors
for a broader set of stocks. The results show that the absolute mean error is
very low, with a maximum around 7 percent and both a mean and a median
around 2 percent. It is important to mention that the maximal error is
usually found for high frequency scales, for longer time scales and especially
for the asymptotic correlation value the agreement is very good.

Table 4.2: The maximum, the mean and the median of the errors for a broader
set of stocks. The results show that the absolute mean error is low. Note that the
maximal absolute error in general occurs for high frequency scales.

stock pair max [%] mean [%] median [%]

CAT/DE 4.81 1.26 0.94

KO/PEP 10.67 2.46 1.23

WMT/S 7.66 2.32 1.74

GE/MOT 6.43 3.29 3.44

MRK/JNJ 5.26 1.51 0.95

GE/IBM 3.90 1.57 1.12

PG/CL 6.05 1.81 1.24

MRK/PFE 4.76 1.42 1.32
AVP/CL 10.37 7.75 9.53

DD/DOW 8.84 2.05 1.49

DD/MMM 5.76 2.17 1.93

MOT/VOD 9.73 2.57 1.82

DIS/GE 5.78 1.54 0.97

average 6.92 2.4 2.1

These results show that the growing cross-correlations with decreasing
sampling frequency are due to finite time decay of the lagged autocorrela-
tions and cross-correlations in the high frequency sampled data.

The finite decay of the cross-correlations on the short time scale (∆t0)
is not caused by difference in the capitalisation of the two stocks or func-
tional dependencies between them. Instead, it is a consequence of human
behaviour. Reaction to a certain piece of news is usually spread out on
an interval of a few minutes for the stocks [DMR77, PW84, JS85, BL88,
KLS97, BG02, CRS05, CRS08, DGM+01, AGP98] due to human trading
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nature, thus not scaling with activity, with ticks being distributed more or
less randomly. This means that correlated returns are spread out for this
interval (asynchronously), causing non zero lagged cross-correlations on the
short time scale and thus the Epps effect. This way, as stated by [Ren03],
the asynchronicity is indeed important in describing the Epps effect but
only in promoting the lagged correlations. (Even in case of completely syn-
chronous, but randomly spread ticks we could have the finite decay of lagged
correlations on short time scale, and hence the Epps effect.)

4.3.5 Conclusions

The fits show that the Epps effect is caused by the finite time decay of the
lagged correlations in the high frequency sampled data. The reason for the
characteristic time not changing with growing activity is a human time scale
present in the phenomenon, which does not scale with the changing inter-
tick time. The finite decay of lagged correlations on the short time scale
is due to market microstructure properties: different actors on the market
have different time horizons of interest resulting in the reactions to certain
pieces of news being spread out for a time interval of a few minutes. The
correlated returns ranging over this interval cause the finite time decay of
lagged correlations on the short time scale resulting in the Epps effect. This
issue is a combined consequence of the diversity of traders and the individual
behavioural properties. Our results do not contradict the earlier observations
on the importance of asynchronicity in the Epps-effect, however, its role has
been put into a new perspective [TK07a].

4.4 Efficient estimator of correlations in

asynchronous signals

After the studies of financial correlations, we make a step back to general
physics. The problem of measuring correlations between asynchronous sig-
nals appears in several areas of research. An important example is the case
of neutron activation analysis [HL36]. These experiments are used for non-
destructive testing of materials in order to determine the concentration of
their constituents. In the analysis the specimen is bombarded by neutrons
coming from a source, causing the elements to form radioactive isotopes,
and from the spectra of the emissions of the radioactive sample, the con-
centration of the elements can be determined. Since the radiation appears
together for all kinds of atoms, different elements are going to radiate in a
correlated but asynchronous way [HL36, SGH72].

Another example can be taken from materials science or seismology.
Mechanical failures can be tested by their wave radiation and it is crucial
to know if the signals measured by different sensors are correlated [McC95].



CHAPTER 4. RETURN CORRELATIONS 43

Obviously, the analysis involves the handling of asynchronous signals.
From a theoretical point of view continuous time random walks [MW65]

can be mentioned that can be used to describe a broad range of processes
from transport in disordered solids [SL73a, SL73b] to finance [Sca06]. Cor-
related continuous random walks produce asynchronous time series.

When computing the Pearson correlation coefficient of two stationary
signals we often have to face an important problem: The correlation mea-
sure is designed to determine the grade of co-movements of synchronous
observations, while the signals are asynchronous. This asynchronicity intro-
duces additional noise leading to smaller effective correlations, as we have
seen in the Epps effect. The usual way to handle this problem is to cumu-
late data over a time window ∆t and look for the correlations between these
binned data. In order to approach the asymptotic, proper value of the corre-
lation coefficient, ∆t should be much larger than the scale of asynchronicity.
However, this leads to the reduction of the statistics, consequently it makes
the estimates inaccurate.

It has been suggested to use measures of correlation other than the Pear-
son coefficient to overcome the problem of asynchronicity. [MM02] presents
a method of measuring covariance based on Fourier series analysis of data.
This method has been applied by Refs. [Ren03, PI04, IP07] in the study
of financial correlations. While the Fourier method is indeed somewhat less
sensitive to asynchronicity, the problem cannot be eliminated by its use.
Refs. [HY05, HK08] propose a new estimator of the covariance of two diffu-
sion processes that are observed only at discrete times in a non-synchronous
manner. Their estimator uses all available data and does not require syn-
chronization of observations, however in the presence of noise it becomes
inconsistent and its variance diverges. A good comparison of several covari-
ance estimators can be found in Refs [VL06, Pal06].

In this Section we describe an estimator of the Pearson correlation co-
efficient for correlated, asynchronous pairs of data based the decomposition
process presented in Section 4.3.

4.4.1 The method

Let us first generalise the decomposition formula of Section 4.3 for a system,
where discrete stationary signals arrive from two different sources (A and
B) at different time instances resulting in two correlated time series. We
count the hits arriving, and denote their cumulative number measured from
a reference time t = 0 at time t by cA(t) and cB(t) respectively.

We are interested in the correlation between the number of hits arriving
to our sensor in a certain time window, thus the change in cA and cB, which
we will denote by rA

∆t(t) and rB
∆t(t).

Assuming ∆t = n∆t0 with n being a positive integer, we can deduce the
generalisation of Equation 4.12 in the following form:
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ρA/B
∆t =

(

n−1

∑
x=−n+1

(n−|x|)
〈

rA
∆t0(t)r

B
∆t0(t + x∆t0)

〉

−n2 〈rA
∆t0(t)

〉〈

rB
∆t0(t)

〉

)

×

(

n−1

∑
x=−n+1

(n−|x|)
〈

rA
∆t0(t)r

A
∆t0(t + x∆t0)

〉

−n2 〈rA
∆t0(t)

〉2

)−1/2

×

(

n−1

∑
x=−n+1

(n−|x|)
〈

rB
∆t0(t)r

B
∆t0(t + x∆t0)

〉

−n2 〈rB
∆t0(t)

〉2

)−1/2

,

(4.35)

where we have taken into account the possibility that the expectation of
changes in c can not be neglected as in case of financial returns.

We suggest the following procedure. Data should be binned with a small
∆t0 such that a good statistics is achieved, irrespective of the fact that noise
due to asynchronicity may be considerable. Then the autocorrelation func-
tions and the lagged correlations should be calculated using these data (of
course the calculated correlation can be expected to be too small). Plugging
in these quantities into Equation (4.35) with ∆t >> ∆t0 we obtain a good
estimate for the correlation coefficient as a function of ∆t. Using different
values of ∆t an extrapolation to the proper, asymptotic correlation coefficient
is possible.

We demonstrate the method in more details in the following section. We
use correlated random walks and show that in case of directly measuring the
correlations in large ∆t time windows we need very long time series in order
to have a good estimate for correlations. When using the decomposition
method, we use high resolution data and thus can achieve an estimate for
the correlations with the same accuracy from a data set of much shorter
time span.

4.4.2 Demonstration

We construct correlated asynchronous time series as we have done in Section
4.3.3, sampling the core random walk (Equation 4.13) first with intervals
from an exponential distribution, and second from a Weibull distribution.
We study the correlation between the changes in the position of the two
random walkers.

Exponential sampling intervals

We generate 50 pairs of time series, as described above, with sampling in-
tervals between consecutive changes drawn from the distribution:
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Figure 4.10: (a) Comparison of the directly measured correlation coefficients and
the coefficients determined through the decomposition method in case of exponen-
tially distributed sampling intervals. In blue we show the average and the standard
deviation of the direct measurements computed over the ensemble of 50 time series
pairs. In red we show the average and the standard deviation obtained by the de-
composition method, computed over the ensemble of 50 time series pairs.; (b) The
correlation as a function of 1/∆t for the exponentially distributed sampling inter-
vals. The circles show the correlations determined using the decomposition method,
and the (red) curve is the piecewise Cubic Hermite Interpolation of the correlation
values. The extrapolation gives an asymptotic correlation value of 1.002, very close
to the actual underlying value that is 1.

P(y) =

{

λe−λy if y ≥ 0
0 y < 0

(4.36)

with parameter λ = 1/60. Each time series has a length of 25000 time steps.
Naturally, since the time series are finite, the correlation coefficients that
we measure will have errors. In Figure 4.10(a) we show the results for the
correlation coefficients on different time scales, where the shortest time scale
used was ∆t0 = 10.

In blue we show the average of the direct measurements, taken over 50
runs. The error bars show the standard deviation of the points. In red
we show the average result obtained by the decomposition method using
Equation 4.35, taken over 50 points, with their standard deviation as error
bars. As we can see there is a significant difference between the errors of the
two measurements, while their means are very near to each other. In general,
the error of measurements goes as σ/

√
N, where σ is the standard deviation

of the distribution of results and N is the number of data points. The ratio
of the standard deviations at ∆t = 1000 in Figure 4.10(a) is close to 3. This
means that in order to obtain the same precision from direct measurements
as from the decomposition method, we need roughly one order of magnitude
more data points.
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Generally, one is interested in the asymptotic value of the correlations,
i.e. in the limit of ρ∆t→∞. As we can see, even for the numerically generated
data, determining the correlation for the scale of ∆t = 1000 we still get a
correlation different from the underlying asymptotic correlation that is 1.
A possible way to determine the asymptotic correlation value is using some
extrapolation method.

We demonstrate that applying a simple extrapolation method for the
generated data we can determine the exact underlying correlation with very
good accuracy. Since we are interested in the ∆t → ∞ value, we use the
plot of ρ∆t as a function of 1/∆t for the extrapolation. Figure 4.10(b) shows
the correlation points and the curve determined by piecewise Cubic Hermite
Interpolation method. The extrapolated curve intercepts the y-axis at the
value of 1.002, which is very close to the actual asymptotic correlation value,
with an error around 0.2%.

We studied the effect of the errors of the two methods on the accuracy
of the extrapolated value of the correlation coefficient. Applying a piecewise
Cubic Hermite Interpolation to the endpoints of the error bars, we find that
the extrapolated value of the asymptotic correlations using direct measure-
ments falls between 0.979 and 1.035, while the value for the decomposition
method falls between 0.998 and 1.005, indicating a factor of 8 improvement
in the precision.

Weibull sampling intervals

In order to demonstrate the power of the method for a non Poisson process
we generate 50 pairs of time series, as described above, with sampling inter-
vals between consecutive changes generated from a Weibull distribution:

P(y) =

{

b
a( y

a )b−1e−(y/a)b
if y ≥ 0

0 y < 0
(4.37)

with parameters a = 20 and b = 0.7. Again each time series has a length
of 25000 time steps and the directly measured correlation values have large
variance. In Figure 4.11(a) we show the results for the correlation coefficients
on different time scales, again with ∆t0 = 10.

The Figure shows that we get a better estimate of the means from the
decomposition formula than from direct measurements. In this case the ratio
of the standard deviations at ∆t = 1000 is close to 2. The same improve-
ment is obtained for the precision of the extrapolated asymptotic correlation
coefficients. The extrapolation of the asymptotic coefficient can be seen in
Figure 4.11(b).

The two above examples on generated time series show that using our
method and estimating the correlation coefficient between asynchronous sig-
nals from the high frequency data leads to much smaller variation of the re-
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Figure 4.11: (a) Comparison of the directly measured correlation coefficients and
the coefficients determined through the decomposition method in case of Weibull dis-
tributed sampling intervals. In blue we show the average and the standard deviation
of the direct measurements computed over the ensemble of 50 time series pairs. In
red we show the average and the standard deviation obtained by the decomposition
method, computed over the ensemble of 50 time series pairs.; (b) The correlation
as a function of 1/∆t for the Weibull distributed sampling intervals. The circles
show the correlations determined using the decomposition method, and the (red)
curve is the piecewise Cubic Hermite Interpolation of the correlation values. The
extrapolation gives an asymptotic correlation value of 0.992, very close to the actual
underlying value that is 1.

sults than in case of direct measurement of correlations on lower frequency
data.

The decay functions

Again, a subtle point of the correlation estimation is the measurement of the
decay of lagged correlations on the short (∆t0) time scale. There are three de-
cay functions we have to measure:

〈

rA
∆t0

(t)rA
∆t0

(t + x∆t0)
〉

,
〈

rB
∆t0

(t)rB
∆t0

(t + x∆t0)
〉

and
〈

rA
∆t0

(t)rB
∆t0

(t + x∆t0)
〉

. To have good estimation of the asymptotic corre-
lation value, one has to have precise measurements of these decays.

In the above examples we had random walks as underlying processes,
thus by definition the autocorrelations are delta functions. However, because
of the asynchronous sampling, the cross-correlation is being smeared out
and instead of a delta function we have finite decay of the cross-correlation.
These cases are simple from the point of view of the decays of the correla-
tions. To demonstrate that in the case when correlations vanish in a more
complicated way, the decomposition can still give a good estimation of the
asymptotic correlation, we consider the following time series. We generate a
persistent random walk [Fur17, Wei94], ie. a walk, where the probability, α,
of jumping in the same direction as in the previous step is higher than 0.5.
Then, as we have done before, we sample the persistent random walk twice
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Figure 4.12: The decay functions, in case of the persistent random walk,
sampled with Weibull sampling intervals. The autocorrelations decrease slowly.

(a) decay of autocorrelation:
〈

rA
∆t0

(t)rA
∆t0

(t + x∆t0)
〉

(b) decay of cross-correlation:
〈

rA
∆t0

(t)rB
∆t0

(t + x∆t0)
〉

.

independently with sampling intervals drawn from a Weibull distribution
(again with parameters a = 20 and b = 0.7). This construction generates
slowly vanishing correlations (that would be exponentially decaying without
the asynchronous sampling). Again we generate 50 pairs of time series, each
being 25000 steps long, the persistency is α = 0.999. Figure 4.12 shows two
of the decay functions (the decay of the autocorrelations are identical so we
only show one of them). Here we set ∆t0 = 50.

In Figure 4.13(a) we show the results for the correlation coefficients on
different time scales. The decomposition method gives good results in this
case too. The ratio of the standard deviations at ∆t = 1000 is close to
3.5, signaling that in order to obtain the same precision, we need roughly
one order of magnitude more data points in case of direct measurements
than for the decomposition method. Figure 4.13(b) shows the extrapolation
to the asymptotic value of the correlation, using piecewise Cubic Hermite
Interpolation method. The extrapolated curve intercepts the y-axis at the
value of 1.002. Applying the extrapolation to the endpoints of the error
bars, comparing the direct measurements and the decomposition results, we
find a factor of 20 improvement in the precision.

4.4.3 Conclusions

We proposed a method which enables to estimate the asymptotic value of
correlations from the high frequency data, without the need of using longer
time scales and thus without using worse statistics. The correlations from
the high frequency data can be determined very accurately, based on the
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Figure 4.13: (a) Comparison of the directly measured correlation coefficients and
the coefficients determined through the decomposition method in case of the persis-
tent random walk, with Weibull sampling. In blue we show the average and the
standard deviation of the direct measurements computed over the ensemble of 50
time series pairs. In red we show the average and the standard deviation obtained
by the decomposition method, computed over the ensemble of 50 time series pairs.;
(b) The correlation as a function of 1/∆t for the persistent random walk, with
Weibull sampling. The circles show the correlations determined using the decompo-
sition method, and the (red) curve is determined by using piecewise Cubic Hermite
Interpolation method. The extrapolation gives an asymptotic correlation value of
1.002.

good statistics. We demonstrated our method on generated data sets, show-
ing that the error of correlations determined by our method is much smaller
than the errors of correlations measured directly, using long time windows.
Extrapolating to the asymptotic correlation from the determined correla-
tion values leads to an increase of almost a magnitude in the accuracy of
the estimation of the underlying correlation. A very important question in
the estimation of the asymptotic correlation value is the determination of
the shortest meaningful time scale, ∆t0, on which we measure the decay of
correlations. The asynchronicity of the signals slows down these decays. We
showed that also in case of non-trivial decay of correlations the decomposi-
tion gives a good estimation of the asymptotic correlation value [TK08].



Chapter 5

Dynamics of the order book

around large price changes

In this Chapter we study the dynamics of the limit order book of the London
Stock Exchange around large price changes. Analysing the limit order book
allows us to look at the market at the level of single orders, and this way
connect the microscopic dynamics to macroscopic measurables and possibly
to human behaviour. Our aim is to analyse large price changes that can
happen relatively often, maybe every month in case of liquid stocks. It is
important to stress that we are not interested in market crashes or bubbles
(when such changes happen throughout the market) but in large intra-day
price changes specific to a particular stock.

[ZAK06] analysed the post-event dynamics of large price changes ap-
pearing on short time scales for the New York Stock Exchange and Nasdaq.
They found sharp peaks in the bid-ask spread, volatility and traded volume
at the moment of the events with slow decay to normal value that in some
cases could be characterised by a power law. Several studies dealt with
the analysis of the structure of the limit order book preceding a large price
change [FGL+04, WR06, PLM06, JLGB08]. Their results show that – in
contrast to earlier belief – the volume of market orders play a minor role in
the creation of large price jumps. Instead it is the disappearance of liquidity
in the limit order book that results in extreme price changes. [PLM06] stud-
ied the relaxation of the bid-ask spread after large spread variations. They
found a slow relaxation to normal values, characterised by a power law with
exponent around 0.4–0.5. [JLGB08] cross-correlate high-frequency time se-
ries of stock returns with different news feeds, showing evidence that news
cannot explain the price jumps: In general jumps are followed by increased
volatility, while news are followed by lower volatility levels.

We mainly focus on the post-event dynamics and the relaxation of the
different measures. We also show results concerning the reason for large
events: We find that the distribution of the first gap on the two sides of the

50
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book in pre-event periods are different from that of usual periods, suggesting
that the number of these unoccupied price levels (the granularity of the
limit order book) may be associated with large price changes. This enforces
the previous results of Refs. [FGL+04, WR06, PLM06, JLGB08] showing
that there are usually liquidity crises causing large price jumps, not huge
market orders “eating up” one side of the book. We study the dynamics
of the volatility and the bid-ask spread near large events. We find that
both have peak in the moment of the price change. Their relaxation is
slow and can be characterized by a power law. Analysing the behaviour of
market participants, we show results on the bid-ask imbalance, the number
of standing limit orders in the book, the aggregated number and aggregated
volume of limit orders arriving, the aggregated number of cancelations and
the relative rate of different order types. We find that the shape of the book
and the relative imbalance changes very strongly, with a peak at the event
and slow decay afterwards. The activity of both limit orders arriving and
being canceled increases and, after a peak at the event, decays according
to a power law. Surprisingly we find that the relative rates of limit orders,
market orders and cancelations do not vary strongly in the vicinity of price
jumps.

For the relaxation of most of the above measures we find power laws
with similar exponents around 0.3− 0.4. The exponents are interestingly
very similar.

To further study the possible reasons for the relaxation of the volatility
and the bid-ask spread, we construct a zero intelligence multi-agent model
mimicking the actual trading mechanism and order flow. When introduc-
ing large price jumps in the model, we find power law relaxations in both
of the values. This suggests that the slow relaxations can be reproduced
without complicated behavioural assumptions. We show analytic results on
relaxation of the spread in the zero intelligence model.

5.1 Notations

It is common to analyse effective limit and market orders, i.e. regard all
orders that result in an immediate execution as market orders. This is right
from the point of view of the effect of these orders. However, since we are
interested in the behaviour of traders and in the way their order putting
strategies may change, we do not use this notation, and define limit and
market orders by their code in the limit order book, thus by the intention
of the traders.

At any time instant there exists a buy order with highest price (highest
bid), bt , and a sell order with lowest price (lowest ask), at , in the limit order
book. Their difference is called the bid–ask spread :
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St = at −bt . (5.1)

This gives a measure of transaction costs in the market (and on the other
hand the profit of market making strategies).

The mean of the best bid and ask prices is the mid-price:

mt =
at + bt

2
. (5.2)

We define volatility as the absolute change of the price:

Xt = |mt −mt−1|. (5.3)

Further important factors in the limit order book are the gaps, i.e. the
number of adjacent unoccupied price levels between existing limit orders.
Most often one talks about the first gap, defined as the difference between
the best price and the next best price in either side of the book:

g(1)
t = | log pbest

t − log pnext
t |. (5.4)

The second (g(2)), third (g(3)), etc. gaps can be defined in a straightforward
way.

5.2 Data and methodology

5.2.1 The data set

We studied the data of 12 liquid stocks of the London Stock Exchange for
the period 05.2000 to 12.2002. The stocks studied were: Astrazeneca (AZN),
Baa (BAA), Boots Group (BOOT), British Sky Broadcasting Group (BSY),
Hilton Group (HG.), Kelly Group Ltd. (KEL), Lloyds Tsb Group (LLOY),
Prudential (PRU), Pearson (PSON), Rio Tinto (RIO), Shell Transport &
Trading Co. (SHEL), Vodafone Group (VOD). These stocks were selected
because they have high volume and they are all continuously traded during
the full period.

5.2.2 What are large events?

To study the limit order book dynamics around large events, we first have
to define a filter that determines not only large price changes but also the
moment of the event in a consistent manner. When determining the events,
one has to face the following problem: there are volatile stocks for which
even a price change of 3-4 % can be an everyday event, while for some less
volatile stocks a much smaller price change can be the sign of a major event.
In filtering for large events, we are going to follow the method proposed by
[ZAK06].
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In order to determine the events, we use two filters on our data.

1. Absolute filter The first filter searches for intra-day price changes larger
than 2 % of the current price in time windows not longer than 120
minutes.

2. Relative filter We measure the average intra-day volatility pattern for
the stock in the period prior to the event. The filter searches for
intra-day price changes in time windows not longer than 120 minutes,
exceeding 6 times the normal volatility during that period of the day.

A price change is considered an event if it passes both of the above filters.
When looking for large events we use transaction prices (both for returns
and volatility) and the price change is understood to be change in the log-
price. Furthermore we omit the first 5 minutes of the trading day to exclude
opening effects from our measurements. We also omit the last 60 minutes
of the trading day in order to be able to study the intra-day after event
dynamics. The method is quite robust when altering the threshold values.

To be able to localize the exact moment of the events we look at the
earliest and shortest of the time windows in which both of the thresholds
have been exceeded. This means that, if when looking for 120 minute events,
the price change already passes the filters in 42 minutes, then we assume
the price change has taken place in 42 minutes. The end of the time window
in which the event took place is considered the end of the price change and
from this point we start studying the post event dynamics. This way the
minute 0 of the event is exactly the end of the time window.

With the filters defined above we were able to determine 289 events
for the 12 stocks in the roughly 2.5-year period. We found a total of 169
downward events and 120 upward events.

5.3 Empirical results

There are several interesting measures in the limit order book to be studied.
In this section we will first present our results on the role of the gap in
pre-event periods. After discussing some of the reasons of the large price
jumps, we will focus on pre-event and post-event dynamics of many other
properties.

5.3.1 Gaps

As we mentioned before, the first gap (5.4) is an important determinant
of returns. When the first gap is large, even market orders with average
volumes can trigger a large change in the mid-price by removing the best
quote. Previous results [FGL+04, WR06, PLM06, JLGB08] have shown
evidence that large price changes caused by large volume market orders are
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Figure 5.1: The distribution of gap sizes in the book.: (a) The distribution of the
first gap sizes on the bid and ask sides. The two distributions are almost identical
except for the tail behaviour; (b) The distribution of the first, second and third gaps
on the bid and ask sides.; The distributions were computed from all 12 stocks, all
trading period, 1 minute aggregation.

very rare, the size of the first gap is much more essential in governing price
jumps. Large gaps in the limit order book in the vicinity of the bid-ask
spread are signs of low liquidity.

In usual, average behaviour, the distributions of the size of the first gaps
are very much similar on the two sides of the book. In Figure 5.1(a) we show
the distribution function of the first gaps for the 12 stocks studied, for all
days in our database, with a minute resolution. The two distributions are
almost identical except for the tail behaviour. Interestingly the distribution
of the second gaps and the third gaps in the book are very similar to that
of the first gaps. This can be seen in Figure 5.1(b). The distribution of the
gaps seems to show a scaling region over two decades (P(gap > X) ∼ X−α).
The exponents are very close to each other: for the first gaps α≈ 1.36−1.46,
for the second gaps α ≈ 1.33−1.36, for the third gaps α ≈ 1.26−1.29.

We studied the distribution of the first gaps in pre-event periods and
we found that the distributions on the bid and ask sides of the book are
different. We found that before downward price changes the distribution of
first gaps on the bid side of the book is fatter tailed than that of the ask side
of the book, indicating that larger gaps are more likely on the buy side of
the limit order book. Similarly before upward price changes the distribution
on the ask side is fatter tailed than the distribution on the bid side. This
result is in agreement with previous findings mentioned above: Downward
price jumps are likely to be associated with temporary low liquidity on the
lower (buy) side of the book, while upward jumps are are associated with low
liquidity on the upper (sell) side of the book. However, since the number
of events is low, the distributions are very noisy thus it is hard to make
statistical statements. Furthermore this result is not conclusive whether
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there is a causal relation between the two facts.

5.3.2 Dynamics

We studied the dynamics of several measures of the order book. In Figure
5.2 we show the changes in the volatility, the bid-ask spread and the num-
ber of limit orders placed and canceled. All plots show the dynamics for
the 60-minute pre-event and 120-minute post-event periods. For all events
we defined time 0 as the end of the shortest and earliest time windows in
which the filters defined in Section 5.2.2 have been passed. Then, in case
of each event we compared the dynamics in the period from -60 minutes
to 120 minutes to the average volatility dynamics for the same period of
the day computed over the 60 days preceding the event. In the next step
we aggregated the dynamics over the events. This way all the plots show
dynamics compared to the average dynamics, periodic patterns excluded.

Figure 5.2(a) shows the dynamics of the volatility and Figure 5.2(b)
shows the dynamics of the spread. In this case we included both downward
and upward price jumps in our sample. Figure 5.2(c) and 5.2(d) show how
the number of limit orders placed has changed on the bid side and the ask
side of the book in case of downward price jumps. Figure 5.2(e) and 5.2(f)
show how the number of limit orders canceled has changed on the bid side
and the ask side of the book in case of downward price jumps. The number
of orders placed and canceled may be regarded as measures of the activity
of market participants. (In case of the activities, the plots for upward price
jumps are very similar to those with downward jumps, so we only show the
negative events.)

We find that the dynamics are very similar. All measures have a strong
peak at the moment of the event determined by our filter, hereby confirming
the procedure. Concerning the rise prior to the events we have to be careful,
however. Due to our method of determining events (the fact that we define
the end of the time window as zero time of the event) the pre-event dynamics
are conditioned on the event and can not be regarded independent. Prac-
tically, what we can say is that the variables change near the event with a
peak at the moment of the event, but the actual rise can not be characterised
through these results. The relaxations after the event seem to be slow in all
cases. In Figure 5.3 we show the relaxation of the same measures after the
event on a log-log scale. In order to quantify the relaxations we apply power
law fits to the curves and compare the power law exponents. (Note that to
study the relaxations to the normal value, we plot the excess variables, thus
the difference between the actual value and the value in normal periods.) In
Table 5.1 we summarise the exponents of the relaxations.

As we can see the volatility increases very high, to roughly 12 times its
normal value and its decay can be well fit by a power law with an exponent of
approximately 0.38. The result on the power law relaxation with exponent
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Figure 5.2: Dynamics around events compared to the usual dynamics. Usual
dynamics are computed from the 60-day pre-event average for the same period of the
day.: (a) Mid-price volatility averaged over all events; (b) Bid-ask spread averaged
over all events; (c) The number of limit orders in case of negative events on the bid
side of the book and (d) on the ask side of the book; (e) The number of limit order
cancelations in case of negative events on the bid side of the book and (f) on the
ask side of the book.



CHAPTER 5. LARGE PRICE CHANGES 57

1 10 100
time [minutes]

1

10
ex

ce
ss

 v
ol

at
ili

ty

(a)

1 10 100
time [minutes]

1

2

ex
ce

ss
 b

id
-a

sk
 s

pr
ea

d

(b)

1 10 100
time [minutes]

1

2

3

ex
ce

ss
 n

o.
 o

f 
lim

it 
or

de
rs

(c)

1 10 100
time [minutes]

1

2

3

ex
ce

ss
 n

o.
 o

f 
lim

it 
or

de
rs

(d)

1 10 100
time [minutes]

0.2

0.4

0.6

0.8

1

2

re
la

tiv
e 

no
. o

f 
ca

nc
el

la
tio

ns

(e)

1 10 100
time [minutes]

0.2

0.4

0.6

0.8
1

2

4

re
la

tiv
e 

no
. o

f 
ca

nc
el

la
tio

ns

(f)

Figure 5.3: Relaxation of the excess variables on log-log scale with power law fits:
(a) Mid-price volatility averaged over all events, exponent: 0.38±0.01; (b) Bid-ask
spread averaged over all events, exponent: 0.38± 0.03; (c) The number of limit
orders in case of negative events on the bid side of the book, exponent: 0.37±0.01,
and (d) on the ask side of the book, exponent: 0.40±0.01; (e) The number of limit
order cancelations in case of negative events on the bid side of the book, exponent:
0.30±0.02, and (f) on the ask side of the book, exponent: 0.42±0.02.
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0.38 of the excess volatility after events can be compared to results on the
relaxation after crashes. [LM03] shows that volatility after stock market
crashes decays approximately with an exponent of 0.3, showing that the
post-crash dynamics are similar to those of earthquakes, commonly known
as the Omori law. Another study [Zaw] showed that the relaxation of excess
volatility after fluctuations is characterized by a power law with exponent
between 0.3-0.4, measured to be robust for different time periods and across
markets. This may point us to the fact that relaxation of the volatility after
extreme events and after fluctuations are similar.

The bid-ask spread increases, but to a lower value than the volatility,
with a peak of roughly 3 times the average. The first part of the relaxation
curve may be fit by a power law. Interestingly, we find that the exponent of
the decay is around 0.38, very close to the exponent of the volatility decay.
The slow, power law like decay of excess spread is in agreement with the
findings of [PLM06]. Interestingly, [ZAK06] found strong variation of the
spread after large events at NYSE, but not on Nasdaq. They argued that
this difference is caused by the diverse trading rules on the two markets,
pointing out that the existence of a single market maker at NYSE leads to
the opening of the spread. The trading rules of LSE, being a fully automatic
market makes it similar to Nasdaq, so, according to that argument, one
would expect low variation of the spread on the LSE. This is not consistent
with our findings. An explanation of this contradicting behaviour on the
two markets is missing at present.

The number of limit orders placed increases both on the bid and the ask
side of the book. We find a peak of roughly four times the usual value with a
slow decay of the activity afterwards. The relaxation of the excess limit order
putting activity after events can be described by a power law decay with an
exponent of roughly 0.37–0.4. Concerning the dynamics of the aggregated
volume of limit orders placed we get very similar results (not shown here).
However, in case of the volumes we see a slightly stronger increase around
the event with roughly 6 times the usual value. This suggests that the
average volume of limit orders increases around large price changes. The
relaxation of the excess limit order volume can be characterised by a power
law of exponent roughly 0.44 in case of negative events and exponent 0.48
for positive events.

Similarly, the number of limit orders canceled increases strongly around
events, with a slow decay after the peak. It also seems that the increase is
stronger and much more clear on the side of the book which is opposite to
the direction of the price change, i.e. ask side in case of negative events and
bid side in case of positive events. For the relaxations we find that in general,
the decays on the opposite side of the book compared to the direction of the
price change can be well fit by a power law of exponent roughly 0.42. The
decays on the same side as the price change direction, are more noisy but
may be fit by a power law, showing exponents of roughly 0.3–0.35.
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Table 5.1: The exponents of the relaxation curves for the different variables.

variable exponent

volatility 0.38±0.01
bid-ask spread 0.38±0.03
limit orders placed - bid 0.37±0.01
limit orders placed - ask 0.40±0.01
cancelations - bid 0.30±0.02
cancelations - ask 0.42±0.02

It is generally understood that the relative amount of supply and demand
govern the movement of prices. To quantify the pressure of orders from either
side of the book, we study the bid-ask imbalance on the market. We denote
the total volume to buy on the market by V buy

t and the total volume to sell
by V sell

t . Then we define the buy imbalance and the sell imbalance as:

Ibuy
t =

V buy
t

V buy
t +V sell

t

(5.5)

and

Isell
t =

V sell
t

V buy
t +V sell

t

. (5.6)

Trivially, Ibuy
t + Isell

t ≡ 1.
In Figure 5.4 we show the dynamics of the imbalances for upward and

downward price changes, compared to the 60 day pre-event interval for the
same period of the day, as before. The two curves are very similar showing
a vanishing amount of orders to sell in case of upward price moves and
vanishing amount of orders to buy in case of downward price moves.

To understand the absolute values on the y-axis is not straightforward,
to make it clear we show the following: If we assume that in regular market
periods, on average half of the volume of orders is to buy and consequently
half is to sell, then the values on the y-axis show that in case of the moment
of a positive event, only ≈ 100%−50%∗1.57 = 21.5% of the total volume of
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Figure 5.4: The dynamics of the imbalance in the volume of supply and demand:
(a) shows the buy imbalance (Ibuy) in case of upward price jumps; (b) shows the sell
imbalance (Isell) in case of downward price jumps.

orders appears on the sell side of the book and in case of the moment of a
negative event, only ≈ 100%−50%∗1.48 = 26% of the total volume of orders
appears on the buy side of the book. These numbers show that there is a
huge imbalance of volume around events. The relaxation of the imbalance
after the events is again very slow.

A measure very similar to the bid-ask imbalance, is the number of queuing
orders on either side of the limit order book. Figure 5.5 shows the dynamics
of the number of queuing orders in the limit order book compared to the 60
day pre-event interval for the same period of the day, for negative events.
The plot shows results for both the bid and the ask sides of the book. The
results for positive events are very similar (of course symmetrically to the
case of negative events), so we only show the figures for the negative events.

We can see that for negative price jumps the number of queuing limit
orders on the bid side decreases to about half of the usual value and only
relaxes back slowly. At the same time on the ask side the number of standing
orders increases to roughly 1.6 times the usual value and even after the event
stays very high for a long time. Further studies are needed to see if this very
slow relaxation is a sign of the limit order book being partly frozen in post-
event periods.

It is interesting to study the rates of different market activities, i.e. the
relative number of limit orders, market orders and cancelations, compared
to the total number of orders. Figure 5.6 presents the dynamics of the three
rates around negative events for the buy side of the book. We see that there
are no strong changes in the rate around large price changes. The results for
the ask side of the book are the same. When studying positive events we get
very similar dynamics: No strong variation in the relative rates. This result
means that it is rather the entire market activity changing (increasing) in
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Figure 5.5: Dynamics of the number of queuing orders in the book in case of
negative events. The number of queuing limit orders on the bid side decreases to
about half of the usual value and only relaxes back slowly. The number of queuing
limit orders on the ask side increases to roughly 1.6 times the usual value and even
after the event stays very high for a long time.

the surroundings of large events and not the strategy of traders how they
place orders.1

5.4 An agent-based model

As stated above, we found very similar relaxation in different measures of
the limit order book. To better understand the dynamics leading to the slow
relaxations, in this section we introduce a multi-agent model of the order
placing and removing process. When constructing a modeling framework,
we have to decide which path to follow:

1. Building a multi-agent model with complicated strategies, involving
behavioural assumptions.

2. Building a zero intelligence multi-agent model, with some very basic
assumptions on the order flow.

In the literature there are several examples for both types of models. Models
of type 1 permit one to study behavioural results of the model, but when
building the trading strategies we have to be careful, not to assume unreal-
istic properties of traders and/or avoid the common error, to simply find as

1As we stated before, we regard orders as limit or market orders by the intention of
the trader, not by their effect (i.e. not effective limit and market orders). Because of
this we get a higher rate of limit orders and lower rate of market orders, than presented
in [FGL+04]. However, the rate of cancelations fits their results very well, so we believe
that after accounting for the effective orders, there are no contradictions between the two
results.
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Figure 5.6: The dynamics of the rates of limit orders (black circles), market orders
(red squares) and cancelations (blue triangles) around negative events for the buy
side of the book. No strong variations can be seen in the different rates around the
large price changes.

output exactly the input assumptions. Also, with too many assumptions it
is difficult to find and understand causal relations. Models of type 2 are eas-
ier to construct, but apart from the problem of possible over-simplification,
they also confine us to the analysis of non-behavioural measures through the
model.

We chose to follow the path of Refs. [Sti63, BPS97, Mas00, CS01,
WSC02, MSS03, DFG+03, SFGK03] to construct a zero intelligence multi
agent model of the continuous double auction through the limit order book.
The model is aimed to be as simple as possible but capturing the most im-
portant properties of the continuous double auction. The reason for this
kind of model is the idea that if we are able to reproduce some results with
a zero intelligence model, it may suggest that the particular phenomenon is
not due to traders’ strategic behaviour but rather to the market mechanism
or institutions.

5.4.1 Details of the model

We assume limit order placing and cancelations similarly to a deposition–
evaporation process and furthermore introduce market orders. Our model
is similar to Maslov’s model [Mas00]. The main differences are that we
allow for cancelation of existing limit orders (and through this the tuning of
the probabilities of different actions) and that agents put their limit orders
relative to the mid-price, this way we allow for a non trivial dynamics of the
bid-ask spread. All orders arrive or evaporate with the same unit volume.
The trading mechanism is the following:

• Limit orders arrive with rate PLO per unit time with equal probability
to ’buy’ or ’sell’. Limit orders get deposited in the interval [mt −D,mt ]
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Figure 5.7: Scheme of the dynamics of the zero intelligence model.

in case of buy orders and in the interval [mt ,mt + D] in case of sell
orders with uniform distribution, where mt is the mid-quote price (see
Equation 5.2) and D is a parameter of the model.

• Market orders arrive with rate PMO per unit time with equal proba-
bility to ’buy’ or ’sell’. A market order to buy (sell) will get executed
immediately, by being matched to the best limit order to sell (buy).

• Existing limit orders are being canceled with rate PC per unit time from
the ’buy’ or ’sell’ side with equal probability. In case of a cancelation
on one side of the book, all limit orders on that side have the same
probability: p = V−1

total to be canceled where Vtotal is the total volume of
limit orders on that side of the book. Thus on average one limit order
evaporates from the book in case of cancelations.

The three rates add up to one: PLO + PMO + PC = 1 (in other words we
study the model in event time). It is important to stress that in our model
traders putting limit orders refer to the mid-price, which is more realistic
than referring to the previous transaction price or the best price on one side
of the book. Figure 5.7 shows the scheme of the order flow mechanism. Since
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there are no crossing limit orders in our model, in order to have a stationary
number of orders we set PLO = 0.5. The price axis is set very long compared
to the parameter D, and can be regarded as infinite. Orders can only arrive
at integer values on the price axis, representing the tick size.

We generate large price changes manually, by clearing out all limit orders
on one side of the book in the interval [bt −J,bt ] for price drops and [at ,at +J]
for price jumps, where J is a parameter of the model (and bt and at are the
best bid and best ask respectively), this way the jump in the mid-price is
J/2.

As we have mentioned, with such a simple model we have to confine
ourselves to the study of the bid-ask spread and the volatility, i.e., non
directly behavioural variables, in our simulated market.

5.4.2 Numerical results

For usual market dynamics the rate of different orders are roughly PLO = 0.5,
PMO = 0.16 and PC = 0.34 [FGL+04]2. In this section we present the results
of our numerical simulations using the above empirical probabilities. The
parameters of the simulation are the following:

• D = 1000

• J = 1000

• the frequency of large price jumps was f = (5∗104)−1

• the length of the simulation was 5∗106.

Figure 5.8 shows the average decay of the volatility and the bid-ask
spread after large price changes in the model. The plots are created in the
manner as the figures in Section 5.3: Time zero is the moment of the event
and the y-axis shows the relative dynamics compared to stationary market
periods, averaged over 100 events. The decays are qualitatively similar to
what we have seen for the empirical data and can be described by power laws,
with exponents of roughly 0.5 (0.50±0.04 for the volatility and 0.48±0.01
for the bid-ask spread). It is interesting that the exponent of the decay in
the volatility and in the bid-ask spread seem to be very close to each other,
similarly as in the case of the empirical data. Also similarly to the empirical
data, the peak in the volatility is smaller than that in the bid-ask spread.

2Note that these rates are defined for effective limit orders and effective market orders,
i.e. all orders that lead to an immediate execution are regarded as market orders. Since
we do not have crossing limit orders in our simulation, it is right to use these values.



CHAPTER 5. LARGE PRICE CHANGES 65

1 10 100 1000
time

0.1

1

10

ex
ce

ss
 v

ol
at

ili
ty

D=1000; J=1000

(a)

1 10 100 1000

time

0.01

0.1

1

ex
ce

ss
 s

pr
ea

d

D=1000; J=1000

(b)

Figure 5.8: Relaxations after price jumps in the numerical model, in case of PLO =
0.5, PMO = 0.16 and PC = 0.34. We also show the power law fits of the relaxations.:
(a) relaxation of the volatility, 0.50± 0.04; (b) relaxation of the bid-ask spread,
0.48± 0.01; Both exponents are close to 0.5. Similarly to empirical results, the
variation in the volatility is much stronger than in the spread.

5.4.3 Analytical treatment

A limit case

The model can be treated analytically in the case of PMO = 0, i.e., when only
limit order placing and cancelation determine the flow, using some simple
assumptions. This is the case we study first. Naturally, now PLO = PC =
0.5. We have a further simplifying assumption: Since the probability of
the best order to be canceled on either side is very low, we can assume
that cancelations do not alter the value of the spread. With the above
assumption, the expectation of the change in spread from one time step to
another can be written in the following way:

E(∆St) = PC ·0+ PLO

(D− St
2

D
·0− 1

D

St
2

∑
k=1

k
)

= − S2
t

16D
− St

8D
, (5.7)

where the first term in the brackets is the case, when the new coming limit
order arrives out of the spread, not changing the spread, and the second
term gives the expected change of the spread in case of a limit order falling
into it. Using Equation 5.7, the expected value of the spread can be written
in the following recursive formula:

E(St+1) = E(St)+E(∆St) = St

(

1− 1
8D

)

− S2
t

16D
. (5.8)

The above recursive formula can be used to describe the relaxation, when
knowing the initial spread after the event.
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Figure 5.9: The relaxation of the bid ask spread after large price changes in the
model, in the limit case of PLO = 0.5, PMO = 0 and PC = 0.5. The circles (black)
show the numerical results of simulations, the line (red) is the analytical solution.
The two curves are in very good agreement. The decay is not an exact power law,
but has an asymptotic slope close to 1.

Figure 5.9 shows both the numerical results for the spread relaxation
and the curve obtained by the analytical formula. The fit between the two
curves is very good. The relaxation shows an asymptotic power law with
exponent very close to 1.

General case

We are most interested in the general case when the probability of market
orders is finite. For PMO 6= 0, the change of the spread is the following:

E(∆St) = PC ·0+ PLO

(D− St
2

D
·0− 1

D

St
2

∑
k=1

k
)

+ PMO ·g(1)
t =

= −PLO

[ S2
t

8D
− St

4D

]

+ PMO ·g(1)
t , (5.9)

where the last term stands for a market order arriving, increasing the spread

exactly by the size of the first gap, g(1)
t . As we can see, when having mar-

ket orders, not surprisingly we have to account for the gaps as well. The
expectation for the gap can be given by the following equation:
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E(g(1)
t ) = PC ·g(1)

t−1 + PLO

[

D− St
2 −g(1)

t−1

D
g(1)

t−1 +

g(1)
t−1

∑
k=1

k ++

St−1
2

∑
k=1

k

]

+

+PMO ·g(2)
t−1, (5.10)

where g(2) stands for the second gap in the book, i.e. the price difference
between the second best and third best order on the same side of the book. In
Equations 5.9 and 5.10 we neglected the probability of cancelations changing
the spread or the first gap. As we can see, in the expected value of the first
gap, a term containing the second gap occurs. This is the general case for
all gaps that is, when writing up g(n), it will contain a term depending on
g(n+1). We do not want to write up the infinite number of gap equations, so
we do the following. We try to estimate the value of the second gap, as a
function of the first gap for the stationary state of the system, and assume
it to be constant also for the relaxation period. We denote the stationary
values of the spread, the first gap and the second gap by σ, γ(1) and γ(2)

respectively. In case of stationarity, E(∆st) = 0, thus Equation 5.9 becomes:

PLO

[ σ2

8D
− σ

4D

]

= PMO · γ(1). (5.11)

Equation 5.10 becomes

γ(1) = PC · γ(1) + PLO

[

D− σ
2 − γ(1)

D
γ(1) +

γ(1)

∑
k=1

k +

σ
2

∑
k=1

k

]

+ PMO · γ(2). (5.12)

Combining Equations 5.11 and 5.12, we get the following formula:

γ(2)

γ(1)
= 1+

1
2D

PLO

PMO

[

σ+ γ(1)−1
]

−2PLO. (5.13)

Knowing that PLO = 0.5 in the model, we get

γ(2)

γ(1)
=

1
2D

PLO

PMO

[

σ+ γ(1)−1
]

. (5.14)

The above relation between the first and second gap can be assumed to
be true for the relaxation process, since the second gap has only a minor role
in case of decreasing spread. Introducing Equation 5.14 into Equation 5.10,
we get a recursive formula for the size of the first gap, and through that for
the size of the spread. To be able to use the relations, we need to know the
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Figure 5.10: The relaxation of the spread after large price changes in case of
PMO = 0.16. The black circles show the numerical values, the red line shows the
analytical values.

expected value of the stationary spread, σ. This we know from the decay of
the spread: The value, of the first point (the relative opening of the spread)
is approximately (σ+ J)/σ.

Figure 5.10 shows the comparison of the numerical and the analytical
results for the relaxation of the spread for PMO = 0.16.

The analytical formula seems to describe the relaxation of the spread for
short times but not long times. We can see that the agreement between the
analytical and numerical curves only hold for roughly the first 100 simulation
steps in the relaxation. This is due to the fact that on long times the “mean
field” assumption ignoring the actual dynamics of the second gap gives rise
to larger errors.

5.5 Conclusions

We have studied the dynamics of several measures of the order book before
and after large price changes. We showed evidence for the distribution of
the gaps becoming asymmetrical in the 60-minute pre-event periods, larger
gaps predicting the direction of the price change.

For the change in the volatility, the bid-ask spread, the limit order plac-
ing and cancelation activity, the bid-ask imbalance, the number of queuing
orders in the book we found strong variation at the moment of the event and
slow relaxation in the post-event period. Specially, in case of the volatility,
the spread and the activities we found a relaxation very similar to a power
law, with exponents close to 0.4.

Analysing the rates of limit orders, market orders and cancelations around
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large events, we did not find strong variation, showing that strategy of
traders in choosing their type of order does not vary much.

To deeper understand the similar slow relaxations found empirically,
we constructed a zero intelligence multi agent model for the order flow.
The model is essentially a deposition-evaporation model with market orders
added. The large price changes were generated manually. We found that the
simple model was able to reproduce the relaxation of volatility and bid-ask
spread qualitatively. The relaxations in the model were slow, similar to a
power law with exponents very close to each other, similarly to the case of
empirical data. The value of the exponents found was roughly 0.5 both for
the volatility and the bid-ask spread, slightly higher than empirically. The
ratio of the peak in the volatility and in the spread was also similar to the
one found empirically. Consequently, though we find that the relaxations
are slower in real markets than in the simulations, the values suggest that
the overall character of the slow relaxations can be explained in the frame-
work of the zero intelligence model without assuming strategic behaviour of
agents.

We gave an analytic solution for the relaxation of the bid-ask spread in
the model for the limit case of PMO = 0 and for the short term relaxation in
case of arbitrary PMO [TKF08].



Chapter 6

The value of information in

trading efficiency

In 1933 Cowles [Cow33] was the first to find that the vast majority of stock
market forecasters and fund managers are not able to beat the market. Sub-
sequent studies by Jensen [Jen68] and Malkiel [Mal03b, Mal03a] confirmed
this finding. On average about 70 percent of actively managed stock mar-
ket funds are outperformed by the market, for bonds the number is even
higher at 90 percent. Passive investment yields on average 1.5 percent per
annum more than an actively managed fund [Mal03b]. How can we explain
that the highly paid, professionally trained and, above all, well informed
specialists managing these funds are not able to perform better than the
market? The question whether more information is always good for market
participants is highly relevant not only for fund managers, investment banks
and regulators, but for every individual investor as well. In this Section we
present results from experimental studies and our related simulations, which
allow improving our understanding of the relationship between information
and investment success in markets. Our model features several innovations
compared to past studies. First, our model is a multi-period model and
therefore dynamic, with new information delivered to traders in each pe-
riod. It thereby overcomes one of the major weaknesses of earlier research
relying only on static environments. Second, we use several information
levels instead of only two used in most of the literature on the topic (e.g.
Refs. [GS80, Hel82, Fig82, Sun92, SCDR05]). This is critical to go beyond
the straightforward (and not surprising) result that insiders are able to out-
perform uninformed investors. As we will see the most interesting cases lie
between these extremes. The averagely informed traders are the ones we are
most interested in.

70
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6.1 Review of experiments

The experiments we briefly review here were performed by our collaborators,
Jürgen Huber and Michael Kirchler at the University of Innsbruck in 2004
with the participation of business students. To reduce statistical errors the
experiments were repeated seven times with different subjects. For more
details on the experimental setup and the results see [KH07].

6.1.1 Settings of the experiments and information setup

The experiments were based on a cumulative information system. Nine
traders with different forecasting abilities were trading on a continuous dou-
ble auction with limit orders and market orders. (Additional experiments
were run with 20 traders distributed among five different information lev-
els. The main result - a J-shaped distribution of returns - always emerged
[Hub07].) On the market a risky asset (stock) and a risk free bond (cash)
were traded. Any time, traders could enter a new limit order to the book
or accept someone’s limit order (realising a market order) with all trades
fixed to unit volume. Each trader had a starting endowment of 1600 units
in cash and 40 shares of stock (each worth 40 units in the beginning). The
experiment consisted of 30 periods each lasting 100 trading seconds. At the
end of each period a risk free interest rate was paid on the cash held by the
traders and dividends were paid based on the shares owned, with parameters
set to let one period correspond to one month in real market. The dividend
process (D(i)) was a random walk with Gaussian steps:

D(i) = D(i−1)+ 0.0004 ·N(0,1) (6.1)

with D(0) = 0.2, where N(0,1) is a normal distribution with zero mean and
unit variance. To achieve identical conditions, the same dividend process
was used for all runs of the experiment.

To value the shares, traders on the market got information about future
dividends. A known concept of Hellwig [Hel82] was extended to nine infor-
mation levels: different levels of information correspond to different lengths
of windows in which one can predict future dividends. Trader I1 knows the
dividend for the end of the current period, trader I2 knows the dividends for
the current and the next period, . . . , trader I9 for the current and the next
eight periods [Hub07, HKS08]. This way we got a cumulative information
structure of the market where better informed agents know future dividends
earlier than less informed ones. Since the market trading consists of several
periods (new information entering the market in each), the design implies
that information trickles down through the market from the best informed
to the broad public over time.
The information that traders obtain is the present value of the stock condi-
tioned on the forecasting horizon (E(V |I j,k)). This is calculated using Gor-
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don’s formula [Gor62], discounting the known dividends and assuming the
last one as an infinite stream which is also discounted. E(V |I j,k) stands for
the conditional present value of the asset in period k for the trader with
information level j (Ij ).

E(V |I j,k) =
D(k + j−1)

re(1+ re) j−2 +
k+ j−2

∑
i=k

D(i)
(1+ re)i−k

, (6.2)

where re = 0.05 is the risk adjusted interest rate.
Before the beginning of the experiment an information level from one

to nine (I1,. . . ,I9 ) was randomly assigned to each trader which he kept for
the whole session. There was one trader for each information level and this
was public knowledge. At the beginning of each period new information was
delivered to the traders depending on their level of information.

6.1.2 Results of the experiments

The main interest is in how information affects the performance of traders.
The net return of traders compared to the market return as a function of
the information level can be seen in Figure 6.1, the results are the average of
the seven experiments. One can verify that the returns do not grow mono-
tonically with increasing information. Traders having the first five levels
of information do not outperform the average and only the best informed
traders (insiders) are able to gain excess returns compared to the market
[Hub07, HKS08]. For a statistical comparison of performance of traders we
ran the Wilcoxon rank sum test for equal medians [Gib85, HW73], on the
relative performance for pairs of information levels. The p–values of the
tests can be found in Table 6.1. Though in many of the cases the result of
the test does not exclude the hypothesis of the returns being drawn from the
same population, one can see that only the very well informed traders (I8
and I9 ) perform significantly better than I3 and I5 on the 0.05 significance
level, and the averagely informed (I5 ) underperform the least informed (I1 )
at the 0.1 significance level.

Since all information in the experiment is provided for free and is always
correct, the result can not be due to information cost or wrong information.
Furthermore, implementing an information cost in the system would possibly
enlarge the disadvantage of being averagely informed: It would decrease
returns for average and high information levels most.

A tool for corroborating the relevance of results in artificial markets
to the real-world is analysing from the point of view of some of the well
known empirical stylized facts of markets [Con01] as mentioned already in
Chapter 2. While not getting stylized facts in a simulation can falsify the
assumptions made, of course these facts in themselves do not confirm other
results of the simulation. The probability density function of price changes,
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Figure 6.1: Results of experiments (average of seven experiments). Return of
traders relative to the market in percentage, as a function of the information. The
returns are a non–monotonic function of information.

Table 6.1: p–values of the Wilcoxon rank sum test for equal medians on differences
in performance between the information levels. * significant at the 0.05 level **
significant at the 0.1 level

I1 I2 I3 I4 I5 I6 I7 I8
I2 0.710
I3 0.210 0.460
I4 0.800 0.900 0.130

I5 0.070** 0.530 0.530 0.160

I6 1.000 0.900 0.070** 1.000 0.210
I7 1.000 1.000 0.530 0.620 0.320 0.800

I8 0.530 0.620 0.040* 0.260 0.020* 0.900 1.000

I9 0.210 0.260 0.010* 0.130 0.010* 0.320 0.320 0.320
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the decay of the autocorrelation function of price changes and the decay of
the autocorrelation function of absolute price changes were analysed in the
experimental results. For the three tests the results showed similar results
as data from real markets: The distribution of returns was fat tailed, the
autocorrelation of returns decayed fast and the autocorrelation of absolute
returns decayed slowly (volatility clustering) [KH07].

6.2 The simulations

We carried out computer simulations to numerically reproduce the results
of the experiments done with human beings.

6.2.1 The market mechanism and the information

In our simulation we programmed a double auction trading mechanism with
a book containing the bid and ask orders. Since, in contrary to real world
experiments, in a numerical simulation one has the possibility to analyse
truly random traders, we implemented ten agents with different levels of
information going from zero information (random traders), I0 to I9, and
with the possibility of using different trading strategies as will be discussed
in details later.

The simulation setup was very similar to the one in the experiments: The
market contained a risky asset (stock) and a risk free bond (cash). Before
beginning the simulation an information level was assigned to each of the
ten agents (nine informed and one uninformed), thus having one agent for
every level. Initially all agents were endowed with 1600 units of cash and 40
shares of stock with initial value of 40 units each. Trading consisted of 30
periods each lasting 100 simulation steps. At the beginning of each period
new information was delivered to the agents according to their information
level. At the end of each period a risk free interest rate was paid on the cash
held by the agents, dividends were paid on the shares held by the agents (the
risk free interest rate was r f = 0.01, the risk adjusted interest rate re = 0.05)
and the book was cleared. We also carried out simulations without clearing
the book and found that the clearing process does not make much difference
in the results.
The dividend process (being the source of future information) was deter-
mined before the beginning of the trading. Similarly to the experiments,
the dividend process was a random walk of Gaussian steps:

D(i) = D(i−1)+ 0.1 ·N(0,1). (6.3)

with D(0) = 0.2, where N(0,1) is a normal distribution with zero mean and
unit variance (in case of D(i) < 0, we took |D(i)|). We are carrying out
finite time simulations, so that short trends in the random walk can have
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important effects on the dividend process and by that on the information
structure and the price formation on the market. When studying the per-
formance of heterogeneously informed agents we carried out measurements
with different dividend processes. The results shown are the statistics of
100 simulation sessions, each being run with a different random dividend
process. One session consists of 100 simulation runs carried out with the
same dividend process.

Overall we implemented ten levels of information, a completely unin-
formed trader (random trader), I0 and nine informed traders with different
levels of information from I1 to I9, where agent Ij has information of the
dividends for the end of the current period and of ( j−1) forthcoming periods
(forecasting ability). The information received by traders was the present
value of the stock conditional on the basis of their forecasting ability. This
was determined by Gordon’s formula (Eq. 6.2).

6.2.2 Trading strategies

At the beginning of each period agents submit orders according to their idea
of the value of stocks. After that, during the period, in every second, one
trader is chosen randomly who either accepts a limit order from the book
(gives a market order) or puts a new limit order to the book.

Since we do not have exact information on how traders use their in-
formation in real world and in the experiments, we gave the possibility to
simulated traders to strictly apply the fundamental information they get
(fundamentalists), not to take any information into account except the cur-
rent price, i.e. trade randomly (random traders) or to look at other pieces of
information such as trends (chartists). The details of the trading strategies
are described below.

Fundamentalists

Fundamentalist traders strictly believe in the information they receive. If
they find an ask order with a price lower or a bid order with a price higher
than their estimated present value, i.e. E(V |I j,k), they accept the limit order,
otherwise they put a new limit order between the former best bid and best
ask prices.

Random traders

Random traders put orders randomly. With probability 0.5 they put an ask
(bid) order slightly higher (lower) than the current price.
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Figure 6.2: Results of simulations (average of 10000 runs). Returns of traders
relative to the market in percentage, as a function of information. One can see that
having average level of information is not necessarily an advantage.

Chartists

Chartist traders are searching for trends in the price movements. In case of
three consecutive upward (downward) price steps they buy (sell), otherwise
they give a new order to the limit order book.

6.3 Results

In our simulations we focused on the effect of information on the performance
of agents throughout the market session.

6.3.1 Final wealth as a function of information

The final return relative to that of the whole market can be seen in Figure
6.2, the results are the average of 100 sessions, each session consisting of 100
runs. The results are in good accordance with the experimental results: We
get a curve we call J–curve. The agents having average level of information
(I1–I5 ) perform worse than the completely uninformed random agent (I0 ).
The best informed agents outperform the market. (Besides common sense,
the latter can be justified also using mathematics, since compared to the
market index the simulation is a zero sum game. If the non–informed gets
more or less the market return and the averagely informed are losers, then
the well–informed must get excess gain.). To test the hypothesis of the J–
curve we ran the Wilcoxon rank sum test for equal medians [Gib85, HW73],
on the relative performance for pairs of information levels. The p–values of
the tests can be found in Table 6.2. One can see that the hypothesis of re-
turns for different information levels being drawn from the same population
can be excluded in almost all cases at the 0.05 significance level.
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Table 6.2: p–values of the Wilcoxon rank sum test for equal medians on differences
in performance between the information levels. * significant at the 0.05 level **
significant at the 0.1 level

I0 I1 I2 I3 I4 I5 I6 I7 I8

I1 0.000*

I2 0.000* 0.932

I3 0.000* 0.507 0.385

I4 0.000* 0.003* 0.002* 0.013*

I5 0.000* 0.000* 0.000* 0.000* 0.000*

I6 0.144 0.000* 0.000* 0.000* 0.000* 0.000*

I7 0.000* 0.000* 0.000* 0.000* 0.000* 0.000* 0.000*

I8 0.000* 0.000* 0.000* 0.000* 0.000* 0.000* 0.000* 0.009*

I9 0.000* 0.000* 0.000* 0.000* 0.000* 0.000* 0.000* 0.001* 0.057**

Table 6.3: Relative performance of the random trader on markets with different
number of agents. Note that in this case always the least informed are present on
the market (e.g. in case of 3 traders: I0, I1 and I2). As more agents are present
on the market, the performance of the random agent approaches market return.

number of traders 3 5 7 9 10

relative performance
of random trader [%] -2.7 -1.0 -0.2 +0.2 -0.1

To understand why the random trader gets almost exactly the market
return and to see what the relative wealth of agents looks like for simpler
cases, we ran simulations with only three agents in the market (in this
case with the standard deviation of dividends being 0.01, r f = 0.001 and
re = 0.005): An uninformed (I0 ), an averagely informed (I4 ) and a well
informed (I9 ). Figure 6.3 shows the plot for this case similarly to Figure
6.2. We can exclude the monotonicity of the curve and even if with three
points it is harder to call it a J–curve, we can see that the random trader
performs better than the average informed one and only the well–informed
gets excess returns. In this case also the random trader performs under
the market level, giving an explanation for the question raised: In case of
enough actors present on the market, the price impact of the random trader
becomes negligible, thus the random trader has equal probability of being
beaten by the market and of beating the market. To have more insight into
this process, in Table 6.3 we show the relative performance of the random
trader in case of different number of agents (when always the least informed
agents are present on market).
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Figure 6.3: Results of simulations (average of 100 runs). Returns of traders
relative to the market in percentage, as a function of information. Already, in case
of 3 agents one can identify the J–curve.

6.3.2 Stylized facts and efficiency

We analysed the results of our simulations from the point of view of the three
common empirical stylized facts as were done for the experiments [KH07].
Figure 6.4(a) shows the autocorrelation functions of returns (circles and
lines) and of absolute returns (dots and lines). The noise level of the com-
putations is also included in the plot (straight lines). One can see that the
autocorrelation of returns decays fast under the noise level (with a negative
overshoot for small lags as it is usual in real world markets too), thus there
is no long time correlation in price changes. On the other hand the auto-
correlation of absolute returns decays slowly showing the fact that big price
changes tend to cluster (volatility clustering). (A slight even–odd oscillation
is visible in the autocorrelation of absolute returns, this is an artifact of our
simulation process, as there are many cases in which the intertrade time is
two simulation steps, resulting in this oscillation.)

For comparison, we show results on the data of General Electric (GE)
prices of October 1999 (55559 data points). In Figure 6.4(b), we plot the
autocorrelation of signed and absolute log-returns. In Table 6.4 we have
reported the first four moments of the log-return distribution. From the
Table it can be seen that the distribution function of absolute returns in the
simulation is leptokurtic, similarly to real world data, even if the kurtosis
is lower. Running the Jarque–Bera test, for goodness-of-fit to a normal
distribution [JHG+88], we can rule out the normality of the distribution of
the absolute returns for both cases.

When testing for the stylized facts, we also studied markets with only
random agents trading and we found similar stylized facts; thus we can state
that these empirical facts are effects mainly due to the continuous double
auction trading mechanism, and not to traders’ intelligence, as it has been
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Figure 6.4: Autocorrelation functions of returns (circles and lines) and absolute
returns (dots and lines) and the noise level (solid lines). (a) For the simulated
market. (Results of one separate run of the simulations.); (b) For the logarithmic
returns of General Electric.

Table 6.4: The first four moments of the logarithmic return distribution for tick-
by-tick General Electric (GE) prices and for the simulated prices.

GE data simulation

mean 2.1215e-06 3.5221e-05
standard deviation 4.0078e-04 0.0250
skewness -0.0698 0.1233
kurtosis 36.2677 7.9541
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Figure 6.5: The histogram of the net simple returns on the asset.

mentioned before in [LP03].
We tested our simulations from the point of view of efficiency. In our

case, the risk adjusted interest rate, which we used for discounting future
dividends was set to re = 0.005. The histogram of the net simple returns
on the asset is presented in Figure 6.5. One can see that the average of
net simple returns in the simulations is 0.0049, very close to the adjusted
interest rate. Thus, we can state that the simulated market globally shows
informational efficiency.

6.3.3 Switching strategies

In real life situations, one cannot expect that a trader who is performing un-
der the market average for an extended period, sticks to his trading strategy.
There are several possibilities for a trader to revise his strategy. He can try
looking at other pieces of information, changing the stocks he is investing in
or moving to other sectors which he is interested in, etc. We tried to mimic
this freedom and we implemented a strategy updating method: Periodically
all traders look around and compare their return in a certain time interval
to the return of the market index in the same interval. If they find that
they performed under the market they change strategy: If they were fun-
damentalists they switch to chartist, if they were chartists they switch to
fundamentalist. An interesting question is, whether there exists a stable set
of strategies depending on the fundamental information level. Information is
only used while acting as a fundamentalist, but we continue labeling traders
according to this level. We have run extended simulations searching for a
stationary distribution in the case of three and five agents corresponding to
the levels I1 - I3 and I1 - I5, respectively. Each agent in each period can be
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either a fundamentalist or a chartist, defining the states of the system be-
tween which there are transitions. The strategy space in our system has 2n

states, where n denotes the number of agents. The 2n ×2n transition matrix
between the states is defined as:

T(A,B) =
number of transitions(A ⇒ B)

number of occurrences(A)
, (6.4)

where A, B are states of the system. Note that since agents compare their
performance to the market average, the diagonal and anti-diagonal elements
of the transition matrix are zero by definition. The frequency of states is
denoted by the vector π, defined by:

π = (π(1), · · · ,π(2n)) (6.5)

with

π(A) =
number of occurrences(A)

total number of occurrences
, (6.6)

so that ∑A π(A) = 1.
A distribution of frequencies is stationary if

πT = π′, (6.7)

where π′ denotes the transpose of π.

3 traders

In the case of three traders, the system has eight possible states. We ran
simulations for 100000 periods with strategy updating at the end of every
period. We studied the system with all the eight possible initial conditions
(the codes for the states can be found in Appendix A). Figure 6.6 shows
the mean of the frequencies of states over all possible initial states, with the
standard deviations shown in the error bars. We find that regardless of the
initial state of the system, the frequencies are approximately the same.

As one can see, there are two states (in other words one state pair) with
higher frequencies, while the remaining six states appear with much smaller
and almost equal frequency. Table 6.5 shows the transition frequencies be-
tween the states of the system. From the transition matrix we can see that
the transition frequencies between states 2 and 3 and vice versa are higher,
thus justifying the notion of ”state pair”. Taking a closer look at the most
probable states we can see that they correspond to the setups: I1=C, I2=F,



CHAPTER 6. THE VALUE OF INFORMATION 82

0 1 2 3 4 5 6 7 8 9

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

0.24

 

 

fre
qu

en
cy

states

Figure 6.6: The frequencies of states in case of three traders. The average over
all possible initial states can be seen with the standard deviations as error bars. One
can see that no matter what initial condition we start from, the frequencies of states
are more or less the same. The most frequent states correspond to I1=C, I2=F,
I3=F (state 2) and I1=F, I2=C, I3=F (state 3). (F=fundamentalist, C=chartist).

I3=F (state 2) and I1=F, I2=C, I3=F (state 3). (Where F stands for fun-
damentalist, C stands for chartist). In both cases the most informed trader
(I3) remains fundamentalist (thus for him it is always worth using his infor-
mation), while the less informed traders bounce between the two possible
strategies. This result points to the same direction as the results discussed
above: It is only for the most informed trader that it is worth using his
information.

Checking for the stationarity of the frequency distribution of states, we
study the relation πT = π′. Table 6.6 shows the average of the state fre-
quencies compared to those multiplied by the transition matrix. Though
the numbers are close to each other, there is still a deviation.

5 traders

In the case of five traders, the system has thirty-two possible states. We
ran simulations for 600000 periods with strategy updating again at the end
of every period. We studied the system with all the possible initial states
(the codes for the states can be found in Appendix A). Figure 6.7 shows
the mean of the frequencies of states for all possible initial states, with the
standard deviations in the error bars.

In this case, having 32 possible states, we face numerical difficulties in
properly sampling the strategy space and deriving a stationary distribution
of frequencies, provided it exists. This can be seen from Figure 6.7, where
the frequencies of respective states are similar, no matter the initial state;
however, the error bars are too large and it is impossible to check whether
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Table 6.5: The transition matrix between states in case of three traders. We can see that the transition frequencies between states 2
and 3 and vice versa are higher, justifying the notion of ”state pair”. The diagonal and anti-diagonal elements of the matrix are zero by
definition.

state 1 2 3 4 5 6 7 8
1 0±0 0.146±0.0042 0.134±0.0047 0.255±0.0073 0.169±0.0040 0.149±0.0047 0.144±0.0063 0±0
2 0.037±0.0020 0±0 0.816±0.0063 0.031±0.0013 0.038±0.0022 0.045±0.0018 0±0 0.032±0.0010
3 0.034±0.0019 0.824±0.0052 0±0 0.030±0.0015 0.030±0.0007 0±0 0.042±0.0017 0.037±0.0017
4 0.037±0.0017 0.145±0.0041 0.132±0.0069 0±0 0±0 0.119±0.0040 0.134±0.0058 0.207±0.0140
5 0.205±0.0090 0.162±0.0085 0.139±0.0060 0±0 0±0 0.145±0.0042 0.145±0.0039 0.200±0.0039
6 0.153±0.0053 0.193±0.0066 0±0 0.140±0.0056 0.144±0.0038 0±0 0.219±0.0066 0.149±0.0024
7 0.142±0.0036 0±0 0.188±0.0095 0.151±0.0057 0.143±0.0059 0.213±0.0074 0±0 0.160±0.0045
8 0±0 0.127±0.0080 0.130±0.0054 0.287±0.0132 0.170±0.0078 0.139±0.0034 0.143±0.0053 0±0
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Table 6.6: The vector of average frequencies of states and the results for the
frequencies multiplied by the transition matrix. We still find deviations from sta-
tionarity.

state πt T πt

1 0.095 0.085
2 0.221 0.253
3 0.219 0.248
4 0.095 0.093
5 0.087 0.074
6 0.090 0.081
7 0.091 0.082
8 0.098 0.080
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Figure 6.7: The frequencies of states in case of five traders. The average over all
possible initial states can be seen with the standard deviations as error bars. It can be
seen that most of the states appear with low frequency regardless of the initial state.
The most frequent states correspond to I1=C, I2=C, I3=F, I4=F, I5=F (state 4),
I1=C, I2=F, I3=C, I4=F, I5=F (state 6), I1=F, I2=C, I3=C, I4=F, I5=F (state
7) and I1=C, I2=F, I3=F, I4=C, I5=F (state10), I1=F, I2=C, I3=F I4=C, I5=F
(state 11) and I1=F, I2=F, I3=C, I4=C, I5=F (state13). (F=fundamentalist,
C=chartist).
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the frequency distribution is stationary. Despite the noisy results, one can
see that the most probable states (I1=C, I2=C, I3=F, I4=F, I5=F (state
4), I1=C, I2=F, I3=C, I4=F, I5=F (state 6), I1=F, I2=C, I3=C, I4=F,
I5=F (state 7) and I1=C, I2=F, I3=F, I4=C, I5=F (state10), I1=F, I2=C,
I3=F I4=C, I5=F (state 11) and I1=F, I2=F, I3=C, I4=C, I5=F (state13))
correspond to three state pairs with close frequencies (state4 - state13, state6
- state11, state7 - state10). In all these cases the most informed trader
remains fundamentalist whereas the less informed traders bounce between
the possible strategies similarly to the case of three traders. Once again this
result supports the results shown above: It is only for the most informed
trader that it is it worth using his information.

6.4 Conclusions

The results of the experiments and the simulation show a non trivial, non
monotonic dependence of agents’ returns on the amount of information pos-
sessed. We found that averagely informed traders perform worse than the
market level. In the simulations we analysed the case of non informed traders
and found that if there are enough traders present on the market, the non
informed, random trader is able to get the market return. Hence we can
state that averagely informed traders perform worse than the completely
non informed, thus in case of the averagely informed traders the informa-
tion has a negative effect on the performance. Only the most informed
traders (insiders) are able to gain returns above the average.

These results can give a possible explanation for a puzzling real life
phenomenon. Most of the professional fund managers on stock markets
perform worse on the long run than the market itself, i.e. they get lower
returns than a random trader would get in the same period, see e.g. [Mal03a].
The possible cause for this bad performance can be seen from our results:
Most of the professional fund managers are not insiders neither completely
uninformed. They fit into the middle of our curve on Figure 6.2. Traders
taking random decisions can outperform them on the long run, receiving the
market return. The reason for this phenomenon can be interpreted in the
following way: Traders having no forecasting ability trade randomly and can
not be exploited by other traders. At the same time, traders having average
forecasting horizon but believing in the information they possess, can be
exploited by better informed traders, insiders. The results from the chain
of strategy switching also support this picture. Of course the behaviour of
real world traders is much more complicated than the ones implemented
in our simulations, e.g. they have the possibility of applying much more
complicated strategies, switching between stocks or sectors whereas in our
experimental and simulation platform only one stock was present.

It is important to stress that while heterogeneous beliefs of agents are



CHAPTER 6. THE VALUE OF INFORMATION 86

necessary for trading (if all agents had the same expectations, no one would
find it attractive to trade), we were able to reproduce the J–curve of the
experiments in our simulations by implementing fundamentalist strategy.
Thus it is enough to assume that traders use the information they possess
to get the non monotonic relationship of net returns of traders as a function
of information levels [TSHK06, TSHK07b, TSHK07a, TS08].



Chapter 7

Summary

7.1 Motivation

Recently statistical mechanics methods have been used to study several types
of complex systems outside the traditional scope of physics. The idea to
apply techniques developed in scaling, disordered systems, non-equilibrium
and critical phenomena, to social and economic systems is based on the fact
that all these fields deal with ensembles of a large number of interacting
agents. Large part of the studies have been statistical analysis of financial
data, often looking for universal “stylized facts” in finance. However, in case
of financial systems, as opposed to physical ones, we are far from having an
understanding of the governing dynamics.

A subfield of econophysics that has not gained large attention up to now
is the study of traders’ behaviour through analysis of microscopic market
dynamics. Apart from the fact that this study is intellectually appeal-
ing bringing together many disciplines (economics, psychology, data anal-
ysis, physics, mathematics, sociology), it may also result in a rapproche-
ment between econophysicists and economists. There are two contradicting
paradigms in today’s economics, making the scientific approach similar to
a question of faith. Traditional economists believe that financial actors are
rational and that markets can be modeled through a representative agent.
This paradigm is partly based on the desire to develop economics to be a
hard science with theorems and proofs, similar to mathematics. This school
of thought achieved important intellectual results and helped to clarify sev-
eral notions, furthermore effaced verbal and ideologically based economics.
However, because of the strong simplifying assumptions, the results were
often far from real world experience. On the other hand many economists
in the past decades argued that the market often exhibits situations when
the traders do not behave in a rational way (and simply their goals are not
identical) and that in order to create a microscopical description of markets
we need to apply paradigms from soft disciplines such as psychology.
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In our work we try to identify and separate market processes where
traders’ behaviour plays a major role, from the cases when empirical results
can be reproduced without assumptions on the agents’ comportment and
attitude.

7.2 Goals

With the research we would like to gain a better understanding of the dy-
namics that govern stock markets. Particularly we are interested in drawing
a connection between the microscopic dynamics of trading in stock markets
and the strategic behaviour of the traders. Our approach to this problem is
to analyse market data, and try to reproduce the empirical results with sim-
ple models, applying the least number of behavioural assumptions. These
models enable us to discriminate between phenomena that are results of the
(strategic) behaviour of traders, i.e. that can not be reproduced in models
without making behavioural assumptions, and those phenomena that can be
reproduced without these assumptions and thus may be regarded as results
of the market structure instead of strategic acts.

7.3 Methods

Our research consists of both empirical analysis of data, construction of
models and running computer simulations as well as analytical studies of
the models. An important part of the empirical work was creating pro-
grams that make it possible to analyse the empirical data. This involves
“cleaning” the data, in order to measure the variables of our interest. In
case of the limit order book data this also involves constructing programs
that re-build the entire order flow, practically re-generating all micro pro-
cesses in the market. The empirical analysis of stock market data is based
on methods used in statistical physics. To better understand the empirical
findings, throughout the work we applied both multi agent modeling and
phenomenological modeling of stock markets. The multi agent models were
tools to define the microscopic dynamics of markets in order to analyse the
emerging macroscopic measures. On the other hand the phenomenological
models were used to generate surrogate market data in order to test some
of the hypotheses.

For the analysis and simulation of stock markets, we primarily used C
programming language, together with MatLab and R statistical softwares.

7.4 New scientific results

1. We studied the dynamics and time scale dependence of cross-correlations
between financial returns.
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• We showed that the financial return cross-correlations have chan-
ged to a large extent on all studied markets. The correlations
grew stronger and simultaneously their maximum position moved
towards zero time lag. These results show that the markets are in
a phase of increasing efficiency, mainly due to the spread of finan-
cial informatics and increased speed of information processing in
the period studied; a sign of the changing aggregate behaviour of
market participants due to change in market mechanism, not to
human nature. [TK06].

• We analysed the dependence of equal time financial correlations
on the ∆t sampling timescale: For small ∆t the correlations are
much weaker than the asymptotic correlations, which are only
reached on sampling time scales of a few hours (Epps effect).

We showed the weakness of prior explanations given for the Epps
effect, relying on the asynchronicity of price changes. We showed
that the Epps curves measured for different time periods can
be scaled by their asymptotic value leading to a collapse of the
curves, while scaling with trading activity does not lead to data
collapse [TK07b].

We gave the relation between the correlations measured on differ-
ent sampling time scales. With the method we can determine the
complete Epps curve, by using the correlations and their decay
measured on the shortest meaningful time scale in the system.
We showed that the characteristic time of the Epps effect is con-
nected to the reaction time of human traders explaining why it
does not scale with trading activity [TK07a].

2. We gave a method to accurately estimate correlations between asyn-
chronous signals. We presented a method to estimate correlations
without applying long time windows and hereby worsening the statis-
tics. The method is based on a decomposition of the correlations of
data cumulated over a long window, with a generalisation of the rela-
tion given to explain the Epps effect, using decay of lagged correlations
as calculated from short window data. This increases the accuracy of
the estimated correlation by almost an order of magnitude and de-
creases the necessary efforts of calculations both in real and computer
experiments [TK08].

3. We analysed limit order book data from the London Stock Exchange
around large intra-day price changes.

• We studied the volatility, the bid-ask spread, the bid-ask imbal-
ance, the number of queuing orders in the book, the activity of
traders, the relative number of the different types of orders. We
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found that the measures a large variation, with a peak at the
moment of the large price change. The relaxations of these mea-
sures after the variation is very slow, when fitted by a power
law they show an exponent ≈ 0.4 for most cases. Specifically
we found that the volatility and the bid-ask spread increase high
above their normal value and exhibit power law relaxations; the
bid-ask imbalance varies strongly, exhibiting slow relaxation; the
number of queuing orders vary and exhibit slow relaxation with
very different dynamics on the two sides of the book; the activ-
ity of traders increases, this can be seen in the strong increase
in the number and volume of limit orders placed and canceled;
these measures also exhibit power law relaxations with exponents
≈ 0.4. Studying the relative number of the different types of or-
ders (that can also be regarded as a measure for the stability of
trading strategies) we did not find strong variations suggesting
that there is an increase in the entire activity of market processes
and not a change in the strategic behaviour of traders. We stud-
ied the distribution of the number of unoccupied price levels close
to the best orders (gap). Our results support the theory of large
price changes being caused by low liquidity periods, i.e., periods
when there is a large number of unoccupied adjacent price lev-
els close to the best offers: We found that the gap structure of
the limit order book is different in pre-event periods from that in
normal market periods [TKF08].

• We constructed a zero intelligence, deposition-like model to mimic
the order flow on a double auction market. We studied the sta-
ble dynamics of the model and analysed the effects of large price
jumps. We found that the model is able to reproduce qualita-
tively the slow, power law decay of the volatility and the bid-ask
spread, as found in empirical data. The model system exhibits
slow relaxations, with an exponent slightly larger than in the case
of real markets. This suggests that though the relaxation in real
markets is somewhat slower than in the zero intelligence model,
the main features of the relaxation can be reproduced without
the assumption of strategic behaviour. We gave an analytic form
of the relaxations of the bid-ask spread in the model for a limit
case and for short times in the general case [TKF08].

4. We constructed a multi agent model of a double auction stock mar-
ket in order to analyse the effect of information on the performance
of the trading agents and on trading efficiency. In the model we de-
fined information as the ability to predict future movements of the
stock prices through the dividend process. The simulations showed
that information does not necessarily have positive effects on the per-
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formance, i.e., while traders having no information gain the market
average, those with medium amount of information perform clearly
under the market average and only the most informed (“insiders”) are
able to beat the market. We found that the simulated market repro-
duces the main stylized facts of real markets qualitatively and shows
informational efficiency. We introduced the possibility of changing
between two strategies for traders performing under the market av-
erage. The possible strategies were: (1) use their forecasting ability,
(fundamentalist strategy) or (2) follow market trends (chartist strat-
egy). The results showed that the traders with the most information
stick to the fundamentalist strategy making use of their information,
while the less informed traders bounce between the two types of strate-
gies [TSHK06, TSHK07b, TSHK07a, TS08], supporting the result that
partial information is not necessarily and always an asset.



Chapter 8

Összefoglaló – Summary in

Hungarian

8.1 A kutatások előzményei

A statisztikus fizika alkalmazási területe nagymértékben tágult az elmúlt
két–három évtized során. A skálázás, rendezetlen rendszerek, nem-egyensú-
lyi és kritikus viselkedés tanulmányozása során kidolgozott módszereket egyre
többször alkalmazzák szociológiai és gazdasági rendszerek vizsgálata során.
Az analógia alapja, hogy mindezen rendszerek nagyszámú egység kölcsön-
hatásával jönnek létre. A kutatások jelentős része pénzügyi adatsorok statisz-
tikus elemzésére irányult, sok esetben univerzális “stilizált tényeket”keresve.
Fizikai rendszerekkel ellentétben, a pénzügyi rendszerek esetében még messze
vagyunk a meghatározó dinamikák megértésétől.

A gazdaságfizika egyik legkevesebbet tanulmányozott területe a mikro-
szkopikus piaci dinamika alapján a kereskedők viselkedésének vizsgálata. Ez
a terület nemcsak intellektuális kih́ıvás, mely sok kutatási területet (közgaz-
daságtan, pszichológia, adatelemzés, fizika, matematika, szociológia) fog
össze, de egyben seǵıthet a gazdaságfizikusok és közgazdászok közötti közele-
désben is. A mai közgazdaságtanban két egymásnak ellentmondó paradigma
él, sok tudományos kérdést szinte hitbéli kérdéssé változtatva. A hagyo-
mányos (neoklasszikus) iskola h́ıvei a piaci szereplőket (egyformán) racioná-
lisnak tartják, és a piacokat egy úgynevezett reprezentat́ıv ügynökön keresztül
modellezik. Ezen léırás oka az egzakt modellekre való törekvés, és célja
a közgazdaságtant a matematikához hasonló, tételeken és bizonýıtásokon
alapuló tudománnyá alaḱıtani. Ez az irányzat jelentős intellektuális ered-
ményeket hozott, és hozzájárult számos fogalom tisztázásához, valamint hát-
térbe szoŕıtotta a verbális, ideológiai alapú közgazdaságtant. Ugyanakkor
az erős leegyszerűśıtő feltevések miatt az eredmények a tapasztalatoktól
gyakran távol esnek. A másik, az elmúlt évtizedek során kialakult és sokkal
kevésbé elterjedt megközeĺıtés azon a tényen alapul, hogy a kereskedők
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nem mindig viselkednek racionálisan, valamint nem ugyanazok a céljaik.
Ezen “irracionalitással” számolni kell, és amennyiben a piaci folyamatok
mikroszkopikus léırására törekszünk, figyelembe kell venni kevésbé egzakt
tudományok, elsősorban a pszichológia eredményeit.

A dolgozatban igyekszem azonośıtani azon piaci folyamatokat, melyek-
ben a kereskedők viselkedése játszik kulcsszerepet, illetve azokat, melyek
reprodukálhatóak az ügynökök viselkedésével kapcsolatos feltevések nélkül
is.

8.2 Célkitűzések

Kutatásom célja a piaci dinamika jobb megértése. Konkrétan a mikroszkopi-
kus piaci dinamika és az emberi komponensre visszavezethető jelenségek
közötti kapcsolatot szeretném tisztázni. Ehhez piaci adatokat vizsgálok
és az empirikus eredményeket egyszerű, a lehető legkevesebb viselkedéssel
kapcsolatos feltevést tartalmazó modellekkel igyekszem reprodukálni. Ezen
modellek seǵıtségével megkülönböztethetőek azok a jelenségek, melyek az
egyéni viselkedés eredményei, azaz nem reprodukálhatóak ezzel kapcsolatos
feltevések nélkül, azoktól a jelenségektől, melyek pusztán a piaci mechaniz-
musok eredményeinek tekinthetőek.

8.3 Vizsgálati módszerek

A kutatásban empirikus adatelemzést, modellezést, számı́tógépes szimulá-
ciót, valamint modellek analitikus elemzését végeztem. Az empirikus munka
fontos része volt egy programcsomag elkésźıtése az adatok vizsgálatára. En-
nek része volt az adatok “megtiszt́ıtása”, és a fontos változók mérése. Az
ajánlati könyvet tartalmazó adatok esetében ez magába foglalta az ajánla-
tok teljes dinamikájának rekonstruálását, gyakorlatilag a mikrofolyamatok
újbóli feléṕıtésével. Az empirikus anaĺızist a statisztikus fizikában használa-
tos módszerek alapján végeztem. Az empirikus eredmények jobb megértése
céljából mind ügynökalapú, mind fenomenologikus modellezést alkalmaz-
tam. Az ügynökalapú modellek a mikroszkopikus dinamika megértésének,
valamint a kialakuló makroszkopikus, mérhető mennyiségek vizsgálatának
eszközei voltak. A fenomenologikus modellek célja a valódi adatokra ha-
sonĺıtó helyetteśıtő adatsorok generálása volt, a hipotéziseim ellenőrzését
előseǵıtendő.

Az empirikus anaĺızis és szimulációk során elsősorban C programozási
nyelvet, valamint MatLab és R statisztikus programcsomagokat használtam.
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8.4 Új tudományos eredmények

1. Vizsgáltam a piaci hozamok közötti korrelációk dinamikáját és időskála-
függését.

• Megmutattam, hogy a hozamok közötti keresztkorrelációk nagy-
mértékben megváltoztak a vizsgált időszakban: a korrelációk erő-
sebbé váltak és maximumhelyük a nulla felé tolódott. Ezen ered-
mények azt jelzik, hogy a piacok egy növekvő hatékonyságú fázis-
ban vannak, melynek oka elsősorban a piaci informatika elter-
jedése és az információfeldolgozás gyorsulása. Ez a piaci szerep-
lők együttes viselkedésének megváltozását jelzi, mely mögött a
piaci mechanizmusok és nem emberi sajátosságok állnak [TK06].

• Vizsgáltam az egyidejű piaci korrelációk függését a ∆t mintavéte-
lezési időskálától: a korrelációk kis ∆t esetén jóval alacsonyab-
bak a csak néhány órás mintavételezési időskálákon elért aszimp-
totikus értéküknél (Epps-effektus).

Megmutattam az Epps-effektusra adott korábbi, az aszinkronitá-
son alapuló magyarázat hiányosságait. Beláttam, hogy a külön-
böző időszakokra mért Epps görbék az aszimptotikus értékükkel
skálázhatók, mı́g a piaci aktivitással történő skálázás nem működik
[TK07b].

Összefüggést adtam a különböző időskálákon mért korrelációk
értékei között. Az általam kidolgozott módszerrel megadható a
teljes Epps görbe csupán a legrövidebb értelmes időskálán végzett
mérések alapján. Megmutattam, hogy az Epps-effektus karak-
terisztikus ideje az emberi reakcióidővel van kapcsolatban, mely
megmagyarázza, hogy miért nem változik a karakterisztikus idő
a piaci aktivitással [TK07a].

2. Módszert dolgoztam ki a fizika számos területén fellépő probléma keze-
lésére, aszinkron jelek közötti korrelációk pontos becslésére. A mód-
szerrel becsülhetők az aszimptotikus korrelációk hosszú időablakok al-
kalmazása, és ı́gy a statisztika romlása nélkül. Az elv az Epps-effektus
léırása során kidolgozott dekompoźıciós technika általánośıtásán ala-
pul, melyben a nagyfrekvenciás adatokon mért időfüggő korrelációkat
használom fel. Ezzel közel egy nagyságrenddel megnövelhető a korrelá-
ciók mérésének pontossága illetve lecsökkenthető a szükséges mérési
kapacitás mind valódi, mind numerikus ḱısérletek esetében [TK08].

3. A londoni tőzsde (London Stock Exchange) ajánlati könyveinek adatait
vizsgáltam nagy napközbeni árváltozások környzetében.

• Vizsgáltam a volatilitást, a legjobb ajánlatok árkülönbségét (bid-
ask spread), a kereslet-ḱınálat arányát, a könyvben “várakozó”
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ajánlatok számát, a kereskedők aktivitását, a különböző t́ıpusú
ajánlatok relat́ıv számát. Azt tapasztaltam, hogy a mért meny-
nyiségek megváltoznak, az árugrás pillanatában extrémumot mu-
tatva. A megváltozás után az összes mennyiség relaxációja lassú,
hatványfüggvénnyel illesztve a legtöbb esetben ≈ 0.4 exponens-
sel jellemezhető. A volatilitás és a legjobb ajánlatok árkülönb-
sége (bid-ask spread) megnő és hatványfüggvényszerű lecsengést
mutat; a kereslet-ḱınálat aránya eltolódik, lassan relaxálva; a
könyvben várakozó ajánlatok száma megváltozik, mely csak las-
san cseng le, a lecsengés a könyv két oldalán nagyon különböző; a
kereskedők aktivitása megnő, ez látható mind az új ajánlatok
megjelenésének, mind az ajánlatok törlésének számában; ezen
változók ugyancsak hatványfüggvényszerű relaxációt mutatnak,
≈ 0.4 exponenssel. A különböző t́ıpusú ajánlatok relat́ıv számát
vizsgálva (mely a kereskedési stratégiák stabilitásának mértékeként
is értelmezhető) nem találtam erős megváltozást a dinamikában,
azt jelezve, hogy általánosan a piaci tevékenységek aktivitása
növekszik, nem a piaci szereplők stratégikus viselkedése változik
meg. Vizsgáltam a legjobb ajánlatokhoz közeli betöltetlen árszin-
tek számának (gap) eloszlását. Az eredmények alátámasztják azt
az elméletet, miszerint a nagy árváltozásokat elsősorban alacsony
likviditás, azaz nagyszámú egymás melletti betöltetlen árszint
okozza: azt találtam, hogy a legjobb és az azután következő aján-
latok közötti árkülönbség eloszlása különbözik nagy árváltozások
előtti periódusokban a normál periódusbeli eloszlástól [TKF08].

• Egy, a stratégikus viselkedést figyelmen ḱıvül hagyó (úgynevezett
zero intelligence), ülepedési modellekhez hasonló modellt késźıtet-
tem az ajánlatok dinamikájának reprodukálására. Vizsgáltam a
modell stabil dinamikáját, valamint a nagy árváltozások hatását.
Azt tapasztaltam, hogy a modell kvalitat́ıve reprodukálja az em-
pirikusan talált lassú, hatványfüggvényszerű lecsengéseket a vola-
tilitás és legjobb ajánlatok árkülönbsége esetében. A szimulációk-
ban tapasztalt lassú lecsengések exponense valamivel magasabb
az empirikus értékeknél. Ez azt jelezheti, hogy bár a valódi le-
csengések kicsivel lassúbbak a modellbelieknél, a relaxációk jel-
lege mégis reprodukálható a kereskedők stratégikus viselkedéséről
tett feltevések nélkül. A modellt analitikusan vizsgáltam. Egy
határesetben, valamint általános esetben rövid időkre analitikus
léırást adtam a bid-ask spread modellbeli lecsengésére [TKF08].

4. Piaci megfigyelések és ḱısérleti eredmények magyarázata céljából ügy-
nökalapú modellt késźıtettem egy folytonos kettős aukción alapuló
tőzsdét szimulálva. A modellben az információnak a kereskedésre
és a piac hatékonyságára való hatását vizsgáltam. Az információt a
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jövőbeli árváltozások (az osztalék-idősor alapján történő) előrejelzési
képességeként definiáltam. A szimulációk azt mutatták, hogy a több-
let információ nem mindig hat pozit́ıvan a piaci teljeśıtményre: mı́g
a teljesen informálatlanok teljeśıtménye a piaci átlagot éri el, addig
a közepesen informáltak az átlag alatt teljeśıtenek és csak a legjob-
ban informáltak (“bennfentesek”) nyernek. A szimulált piac repro-
dukálja a valódi piacokról ismert főbb empirikus tényeket és informá-
ciós hatékonyságot mutat. Megengedtem az ügynököknek a kereskedési
stratégiák közötti váltást, amennyiben huzamosabb ideig a piaci át-
lag alatt teljeśıtettek. A lehetséges két stratégia: (1) használni az
előrejelzési képességüket (fundamentalista stratégia), vagy (2) tren-
deket követni (“chartist” stratégia). Az eredmények azt mutatták,
hogy mı́g a legjobban informáltak fundamentalista stratégiát követnek,
használva az információjukat, addig a kevésbé informáltak a két lehet-
séges stratégiát váltogatják állandóan [TSHK06, TSHK07b, TSHK07a,
TS08]. Ez alátámasztja az eredményt, miszerint a részleges információ
nem mindig és feltétlenül hasznos.



Appendix A

Codes of strategy-states

We list the numerical codes of the strategy states mentioned in Chapter 6.
F = Fundamentalist; C = Chartist

A.1 3 traders

Table A.1

strategy code I1’s strategy I2’s strategy I3’s strategy

1 F F F

2 C F F

3 F C F

4 C C F
5 F F C

6 C F C

7 F C C

8 C C C

A.2 5 traders
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Table A.2

strategy code I1’s strategy I2’s strategy I3’s strategy I4’s strategy I5’s strategy

1 F F F F F

2 C F F F F

3 F C F F F

4 C C F F F

5 F F C F F

6 C F C F F

7 F C C F F

8 C C C F F

9 F F F C F

10 C F F C F

11 F C F C F

12 C C F C F

13 F F C C F
14 C F C C F

15 F C C C F

16 C C C C F

17 F F F F C

18 C F F F C

19 F C F F C

20 C C F F C

21 F F C F C

22 C F C F C

23 F C C F C

24 C C C F C

25 F F F C C

26 C F F C C

27 F C F C C

28 C C F C C

29 F F C C C

30 C F C C C

31 F C C C C

32 C C C C C
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