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1 INTRODUCTION

1. Introduction

The aim of micromagnetic investigations is to get information on the magnetic moment

orientation distribution in micron-sized objects, i.e. on magnetic domains and domain

wall structures. Whereas experimental techniques of magnetic domain observations

(Bitter, Kerr and Magnetic Force Microscopy figures) provide information on the surface

magnetic orientation only, the micromagnetic simulations are capable of describing

the internal magnetic moment configurations as well. In addition, micromagnetic

calculations enable us to compare the energy of various magnetic configurations which

cannot be detemined experimentally.

These micromagnetic calculations are important in understanding the materials

and devices used in magnetic information storage especially in the latest development

of patterned storage media at the edge of the superparamagnetic limit. In addition, we

try to use micromagnetics for understanding nanocrystalline alloys which are the best

soft magnetic materials for the time being. It is worth mentioning that whereas over the

last hundred years (dated arbitrarily from Ewing [2]) the physical magnetic properties of

materials (Curie temperature and saturation magnetization) could hardly be improved,

the technical magnetization parameters (coercive field, permeability, power loss) could

be improved radically, by several orders of magnitude.

Micromagnetic calculations could be successfully extended also to fine particles

in the nanosize range. These magnetic nanoparticles have actuality because of their

importance in biomedical and other applications.

The magnetization of non-interacting nanoparticles (well above the superparamag-

netic transition temperature) follow a Langevin curve of magnetization, more precisely

a superposition of Langevin functions. The shape of this curve depends only on the

distribution of particle sizes and, hence, it can be used in magnetic or “Langevin gran-

ulometry” to determine this distribution.

The organization of this thesis is as follows:

(i) in Chapter 2, the historical background is surveyed;

(ii) in Chapter 3, the theoretical background of micromagnetics is reviewed;

(iii) in Chapter 4, the magnetization curve fitting of superparamagnetic particles or

Langevin granulometry is described;

(iv) in Chapter 5, the results and discussions are presented, specifically:
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1 INTRODUCTION

• domain wall structures as a function of film thickness;

• micromagnetic simulation of the Random Anisotropy Model;

• monodomain-vortex transition radii for several soft magnetic metals (Fe, FeSi,

Permalloy);

• Langevin granulometry of particle size distribution.

(v) finally, in Chapter 6, the main results of the thesis are summarized.

In the Appendix, the calculation of the coefficients of the dipole–dipole interaction

kernel is presented.

This work has demonstrated clearly the applicability of the numerical investigations

for establishing the magnetic moment configurations in thin films, nanocrystalline alloys

and fine particles.
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2 HISTORICAL BACKGROUND

2. Historical background

2.1. The concept of magnetic domain structure

The magnetic domain concept was introduced to explain the zero (or almost zero)

magnetization of a ferromagnetic metal (e.g. iron) in zero external field [1].

The magnetization process in an external applied field was established to depend

on the “magnetic history” of the ferromagnetic material, i.e. it presents “hysteresis”

phenomenon. In 1892, Ewing [2] tried to explain the phenomena of ferromagnetic

ordering and the hysteresis of the magnetization process on the basis of the dipole-

dipole interaction. He obtained hysteresis loops by considering an assembly of extended

dipoles (compasses), and he observed domain structures on a two-dimensional array of

24 compasses.

The phenomena of ferromagnetic ordering was explained qualitatively by Pierre

Weiss in 1907 [1], by introducing the concept of internal (molecular) field, which tries

to align the magnetic dipoles of the atoms against thermal fluctuations. The nature of

the rather arbitrarily introduced internal field could be clarified on quantum mechanical

basis only by Heisenberg [5], basing on the exchange interaction concept.

Weiss also assumed that ferromagnets are composed of a large number of small

regions, called domains, as he said: “in the case of a uniaxial crystal there exist regions

in the material magnetized in one direction and other regions in the other direction”.

Within the domains, the magnetization Ms is constant in magnitude and direction.

First, the domain concept was used to explain the noise of the magnetization process

by Barkhausen [4].

Experimentally, it was observed that though the saturation magnetization is

uniform throughout a homogeneous material the direction of �M is in general not uniform,

but varies from one region to another. The multi-domain configuration is the result of

long-range interactions between the domains, which tend to reduce the overall energy of

the system. When the assembly of domains reaches the lowest energy state, the material

is in a demagnetized state.

The domain wall concept was first introduced during the first visualization of

the domain pattern by Hámos and Thiessen [6] and independently by Bitter [7] in 1931.

Domain walls are transition regions in which the magnetization direction changes

gradually when going from one domain to a neighboring domain. A change in the

total magnetization can occur at relatively low external fields through an increase of
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2 HISTORICAL BACKGROUND

the volume of those domains with magnetization orientation ( �M) nearest to the field

direction, at the expense of other domains. Domain growth is associated with the motion

of the transition region or wall between adjacent domains.

In order to understand the physics of domains and domain walls beside the

exchange interaction responsible for parallel alignment of the local magnetic moments,

one should mention the crystalline anisotropy, which specifies the local directions

within the domains and the magnetostatic interaction extending over the whole sample

(consequently it is a sample size and shape dependent parameter). The exchange,

anisotropy and magnetostatic interactions together with the external field determine the

physics of domains and domain walls (domain structure and magnetization process).

The wall region tends to expand to allow a continuous and gradual variation of

the spin in order to minimize the exchange energy due to the interaction of the spins

existing in the wall. On the other hand, a domain having uniform magnetization will

tend to push these spins together since the spins in the domains are aligned along

an “easy” axis. The lowest anisotropy energy is associated with a wall of zero width

in which the magnetization changes abruptly from one easy direction to another in

traversing the wall. However, the exchange interaction between neighboring spins in the

magnetic lattice gives rise to an exchange energy which is proportional to the square of

the angle between adjacent spins and is minimum when all spins are aligned parallel.

If the wall had zero width and the magnetization changed abruptly from one easy

direction to another, the exchange associated with the wall would be very large. Bloch

(1932)[8] was the first to point out the importance of exchange in calculating the width

of the domain wall. The wall width in bulk material is determined from a balance

of the anisotropy energy (which is minimum for zero width) and the exchange energy

(which is minimum for infinite width). A theory of wall structure and a formula for its

width and energy was first worked out by Bloch (1932) [8]. Landau and Lifshitz (1935)

[9] named the interdomain layer “Bloch wall”. They improved on the first model by

considering a constant spontaneous magnetization throughout the wall in an infinitely

thick material. According to them, the magnetization vector rotates gradually around an

axis perpendicular to the plane of the wall. They also suggested that the magnetization

can change by wall displacement: under the influence of an applied field �H, domains

with �M oriented nearest to the field direction grow at the expense of other domains

and the total magnetic energy of the system (− �M �H integrated over the volume of the

system) is reduced. Sixtus and Tonks in 1931 [10] had alluded to such phenomenon
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2 HISTORICAL BACKGROUND

when they showed that the wall velocity changed linearly with the applied field. It is

worth mentioning that at the time of the famous Sixtus and Tonks [10] experiment,

they knew only that there is a magnetization change at the location where the field is

applied and they were not aware of the existence of domain wall.

The Landau-Lifshitz model of domain wall was subsequently used in the study of

a single domain wall subjected to an applied field. Such single domain walls could be

studied in thin metallic films. In the 1950’s, numerous successful experiments were done

using magnetic materials with an in-plane anisotropy such as iron [11] or Permalloy [12].

The velocity of a single domain wall was shown to follow the linear behavior found by

Sixtus and Tonks.

If we consider a thin film with a Bloch wall throughout the film thickness, the

magnetization will be discontinuous at the film surface. This discontinuity in the

magnetization at the film surface produces a magnetic field within the wall (usually

called stray field or demagnetizing field) and a resultant magnetostatic energy. For very

thin films, when the film surfaces are separated by only several hundred angstroms, this

magnetostatic energy density for the Bloch wall is quite large.

Néel (1955) [13] has pointed out that for extremely thin films (less than about

1000 Å thick for a Ni-Fe alloy with 80 at% of Ni), there exists a completely new type

of wall structure in which the magnetization is not discontinuous at the film surface,

since the magnetization vector rotates parallel to the plane of the film in order to

reduce demagnetizing effects. The concept of “Néel wall” was thus introduced. The

magnetization vector can in fact rotate within the plane of very thin films. Wall energy

was calculated as a function of wall width when the film thickness was considered much

smaller than the wall width. The experimental work on domain wall characterization in

thin films done later by Middelhoek and others [14] completed the thorough investigation

of such walls. The transition from Bloch to Néel wall with decreasing film thickness has

a primary importance in magnetic storage (in writing and reading process), which can

be studied by micromagnetic simulations. Three papers on which the present thesis is

based contain contributions to this topic. [O–1, O–2, O–3]

It is only in the late 1950’s that the interest in magnetic domains shifted to a

different type of ferromagnetic materials after newly grown insulating garnet materials

with perpendicular induced anisotropy [15]. Great interest arose in garnet after

Hagedorn [16] repeated the wall motion experiment. He found that the range of wall

velocities was ten times smaller than that found in metallic materials with in-plane
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2 HISTORICAL BACKGROUND

anisotropy. A whole new era for ferromagnetic materials was about to begin.

According to Shtrikman [17], experimental evidence for the existence of internal

magnetic structures in Bloch wall in in-plane materials was first found in the works

done by Deblois [18] and Williams [19]. The standard colloidal magnetite technique

using dark field illumination was used to observe domain walls. It was found that “right

hand” and “left hand” walls were divided by “Bloch lines”. The “left hand” and “right

hand” walls terminology is equivalent to saying that the center spin in a domain wall

can change directions known as “chirality”.

Such change in direction is done via a Bloch line structure extending throughout

the thickness of the film. However, such conclusion was very difficult to confirm since

observation techniques of opaque materials such as metallic materials allowed only the

investigation of surfaces. Bulk structures could be only inferred. A better understanding

of the internal structures of a domain wall came about when Bobeck [20] proposed the

use of cylindrical magnetic domains – ”bubble domains” – for information storage. These

bubble domains appeared as cylindrical volumes when viewed under a microscope using

polarized light. A distinction was made between “normal” bubbles with only a Bloch

wall and “hard” bubbles [21, 22] with Bloch lines after it was discovered they both

exist in garnet films. Hard bubbles were found to move at a velocity and a skew angle

with respect to a field gradient across the bubble according to an index number “S”

representing the number of 2π revolutions of the magnetization along the center of the

domain wall. Extensive bubble wall physics was developed to show that vertical Bloch

lines are movable and controllable in a domain wall [23].

It was observed experimentally that bubble domains can collapse under the

influence of a bias field normal to the surface of the film or remain in stripe domain

configuration below a certain bias field. Such physical layout of the magnetization

configuration was behind the interest in developing a novel and entirely solid state

memory based on vertical Bloch lines [25, 26]. In theory, such a problem has already been

investigated by Thiele [28, 29], Slonczewski [23] and many others. For magnetic devices

Della Torre, Hegedus & Kádár [24] found that the ring is the most convenient building

block. In 70’s the theoretical predictions could be inverstigated by experimental optical

methods, like magneto-optics, Faraday and Kerr effects. The Humphrey’s [27] Faraday

microscope with pulsed illumination, 10ns, single-exposure photograph technique was

familiar even in our Institute (KFKI, G.J. Zimmer, L. Gál, I. Pinter).
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2 HISTORICAL BACKGROUND

2.2. Micromagnetics

In the 1960’s, the micromagnetics became a substitute for the domain theory, where

the domains and the domain walls are treated together. The first complete formulation

of the micromagnetic method was due to Brown [30, 31], with an a priori conclusion:

“clearly micromagnetics is not yet ready to eject domain theory from the position that

it now holds by default. But micromagnetics can at least formulate explicitly and attack

honestly problems that domain theory evades”. In micromagnetics, the distance scale

(the size of the elementary computational cell) is an order of magnitude smaller that

the width of a domain wall and much smaller than the extent of domains. The domains

or walls are not postulated but must be derived from the formulation. The concept

is based on the fact that the magnitude of the magnetization �M is constant for each

elementary cell but it’s direction changes with position from cell to cell, similar by to

the concept proposed by Landau and Lifshitz. Exchange is formulated as a second order

derivative of magnetization with respect to spatial coordinates. Anisotropy is expressed

in terms of the polar angle between �M and the uniaxial anisotropy direction. Finally,

demagnetization is expressed as a spatial integrate of the product of a dipole–dipole

long-range interaction kernel with the magnetization �M . The problem is theoretically

defined. Analytically it was possible to solve one-dimensional problems only, like a Bloch

wall in infinitely thick material, where the magnetostatic interaction can be neglected,

or for the Néel wall in a film with theoretically zero thickness.

In general, the problem in micromagnetics is three-dimensional in nature and

involves non-linear calculations of both local (represented by exchange) and long-range

interactions represented by the demagnetization which is dipolar in nature.

The effectiveness of micromagnetics started ten years after Brown’s micromagnetic

formulation with the advent of relatively high-speed computers.

In numerical micromagnetics there are two ways for calculating the distribution of

the magnetization directions for the model material (computational box which is built

up of elementary cells):

1. Static Method (Brown’s Static Equation)

In this method, the magnetization vector of each subdivision is rotated slowly to the

direction of the effective field (Heff ) at that position. This rotation is compared with a

preset tolerance value for all elementary cells throughout the material. The process of

rotating the magnetization vectors subsequently in each elementary cell (lattice point)
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2 HISTORICAL BACKGROUND

throughout the computational box is continued until the maximum angle is smaller than

the required tolerance. It can be shown that in this method the energy always decreases

from one iteration to the next. This method has an advantage if only one minimum

exists, but in the case when there are at least two energy minima, with a certain barrier

between them, the minimization process can converge to the higher minimum without

ever crossing over to the lower minimum. The micromagnetic formulation based on

energy minimization was first used for two-dimensional wall calculations by LaBonte

[32] and Hubert [33]. For the time being this method is less applied compared to the

dynamic one.

2. Dynamic Method (LLG equation of motion)

The torque formulation of the magnetization dynamics described by the Landau

and Lifshitz equation was later modified by Gilbert [35], using a Lagrange formulation

proposed by Döring [34], to include the damping term in a more consistent manner (the

precession of magnetic dipole is described by the dynamics of a “magnetic top”). The

Gilbert formulation of the Landau-Lifshitz equation (shortly the LLG equation) is used

in the dynamic method.

In this method, the LLG equation is numerically integrated for each elementary cell

in subsequent fractions of the precession time (e.g. for each picosecond). The elementary

cell (e.g. 2x2x2 nm3) is considered to be homogeneous. The direct integration of the

Landau-Lifshitz-Gilbert equation is carried out until the value of dM/dt is smaller than

a preset tolerance value for each elementary cell. For case with zero external applied

field (i.e. static problems), the damping parameter can be chosen arbitrarily. It seems

that in this case the dynamic method is not advantageous compared to the static one

(Aharoni [37]), but actually the result of a dynamic calculation is checked by applying

an external field pulse and leaving the system to relax and in this way the system will

be driven to the lower minimum.

In this thesis, all the micromagnetics calculations were carried out by the second

method; however, in most cases static magnetization configurations were in the focus of

the research, i.e.: Bloch-Néel wall transition as a function of the film thickness, domain

wall structures in nanocrystalline alloys, remanent states in sphere-like fine-particles of

different materials.
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3 THEORETICAL BACKGROUND

3. Theoretical background

3.1. Micromagnetics

In micromagnetics, the magnetization is represented by a continuous function of

position. Each magnetic spin is represented as �M = Ms �m, where Ms is the saturation

magnetization and �m is the direction of the magnetic spin. The goal of the method

is to determine the magnetization directions everywhere in the material when different

components of the effective magnetic field are present.

At the beginning, Brown performed analytical calculations for the static problems

of micromagnetics, such as domain wall configurations. He found analytical solutions for

domain walls in special cases, i.e.: Bloch wall in a bulk material where the magnetostatic

interaction can be neglected, Néel wall in an extremely thin film or domain wall

structures in sphere-like particles. He could even calculate the critical radii belonging

to the upper and lower energy bounds of monodomain-vortex transition in sphere-like

fine-particles.

The numerical micromagnetic method was first used in the frame of the static

method to calculate equilibrium magnetization configurations in the absence of the

applied field. Later this method was named as magnetostatics. It’s goal is to find a

spatial distribution function for the direction of the magnetization unit vector �m(x, y, z)

that minimizes the total energy of the spin system. The total energy is a volume integral

of internal energy density functions for exchange, anisotropy and demagnetization. The

energy minimization with respect to the direction angles of �m without constraints,

i.e. no assumptions on boundary conditions, yields Brown’s magnetostatic equation

�m × �Heff = 0. Here, �Heff is the local effective field obtained by taking the derivative

of the total energy with respect to �m. The equilibrium state is reached when the

magnetization at any point aligns itself to the local effective field.

The Brown’s equation shows that each individual spin is subjected to the action of a

torque, the “internal” torque, due to “internal” forces representing exchange, anisotropy

and demagnetization. This torque is equal to zero at the static equilibrium.

The free spin precession is fully described by the gyromagnetic equation of motion

derived from a Lagrangian formulation due to Döring (see chapter 3.1.2). Namely,

internal and external fields yield an effective field responsible for a torque forcing the

dipole moment to precess indefinitely around the local field. However, in ferromagnetic

materials, the magnetic spins were experimentally observed to align with the applied
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3 THEORETICAL BACKGROUND

field. Spin dynamics, like any other mechanical system, is always accompanied by

dissipative forces (damping) during precession. To describe the spin alignment, Landau

and Lifshitz added to the precession a second term which describes phenomenologically

the damping. Later, Gilbert expressed this damping parameter α through the Rayleigh

dissipation function, which was introduced in the Döring’s Lagrangian formulation (see

chapter 3.1.3).

It turns out that for both static and dynamic formulation of micromagnetics the

core of the problem is to derive the effective field. This can be done by phenomenological

formulation of the exchange, anisotropy and demagnetization terms. The derivation of

the corresponding fields for the exchange and anisotropy is straightforward, but for the

demagnetization field a complicated potential theory must be used.

This thesis will focus on the application of the Landau-Lifshitz-Gilbert equation.

Static magnetization configurations and hysteresis loops have been calculated for

Permalloy thin films, nanocomposites and sphere-like fine particles.

3.1.1. Gyrotropic Equation of Motion

The free precession of the magnetization around an effective field can be described by

the classical theory as it follows from Newton’s law of motion: the rate of change of

angular momentum �L associated with the magnetic moment �M is equal to a torque �T

responsible for this motion:

d�L

dt
= �T . (1)

The torque �T is due to a field �H acting on the magnetic moment such that:

�T = �M × �H. According to quantum theory, the magnetic moment �M is proportional to

its angular momentum �L: �M = −γ�L , where γ is the gyromagnetic ratio. By eliminating

�T , the equation of motion of a magnetic moment �M in the presence of a field �H becomes:

d �M

dt
= −γ �M × �H. (2)

The torque �T = �M × �H causes �M to precess indefinitely around the field �H at a

constant angular velocity (cyclotron frequency) ω = |γH|. For ferromagnetic materials,

the gyromagnetic ratio γ is 17.6 MHz/Oe. In micromagnetic calculations it is better

to express the angular frequency in rad/ns and the corresponding γ is −0.01 Oe−1ns−1.

The details of the precession process can be investigated by integrating Eq. 2 at time

scales in the order of a few picosecond.
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3 THEORETICAL BACKGROUND

3.1.2. Lagrangian Formulation of the Gyrotropic Equation of Motion

In 1948, Döring [34] derived the Eq. 2 of precession, starting from the Lagrangian energy

density: L = T − U , where T is the kinetic energy density of the magnetic moment

�M and U is the potential energy density. The kinetic energy due to the gyrotropic

precession of �M can be written in polar coordinates as:

T = −Ms

γ
φθ̇ sin θ (3)

The time-averaged total Lagrangian is defined by:

L =
∫ t2

t1
dt

∫
d3x

[
T

(
θ, φ, θ̇

)
− U (θ, φ,∇θ,∇φ, t, x, z)

]
(4)

Applying the variational principle with respect to independent variables θ, θ̇ and φ

to the total Lagrangian yield the following Hamiltonian system of equations:

∂T

∂θ
−

(
∂

∂t

) (
∂T

∂θ̇

)
+

δU

δθ
= 0 (5)

∂T

∂φ
+

δu

δφ
= 0 (6)

Here δU/δθ and δU/δφ are the functional derivatives of the potential energy density

(in 2 dimensions):

δU

δθ
=

∂U

∂θ
−∇ ∂

∂ (∇θ)
=

∂U

∂θ
− d

dx

(
∂U

∂θx

)
− d

dy

(
∂U

∂θy

)
(7)

δU

δφ
=

∂U

∂φ
−∇ ∂

∂ (∇φ)
=

∂U

∂φ
− d

dx

(
∂U

∂φx

)
− d

dy

(
∂U

∂φy

)
(8)

From Eqs. 3, 5, 6, 7 and 8 the equation of motion can be expressed in spherical

coordinates as:

θ̇ = − γ

Ms sin θ

δU

δφ
= −γHφ, with Hφ =

1

Ms sin θ

δU

δφ
(9)

φ̇ sin θ = +
γ

Ms

δU

δθ
= +γHθ, with Hθ =

1

Ms

δU

δθ
(10)

Combining Eqs. 9 and 10 with �̇m
(
0, θ̇, φ̇ sin θ

)
and �m (1, 0, 0), we can write the

equation of motion in a short form as:

�̇m = γ �H × �m ⇒ �̇M = γ �H × �M (11)
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3.1.3. Landau-Lifshitz-Gilbert Equation of Motion

The equilibrium state is obtained when the magnetic vector �M is aligned along the

effective field �H. The precession ceases due to the dissipative (damping) forces. Landau

and Lifshitz expressed this damping term phenomenologically as a damping torque

oriented towards the field �H forcing the magnetic vector �M to align itself with �H.

The total equation of motion becomes the sum of a precession term and a damping

term and is written as follows:

�̇M = −γ

(
�T +

λ

γM2
s

�M × �T

)
(12)

In expression (12), λ is the relaxation frequency which should satisfy the condition

λ � γMs, i.e. the amplitude of the damping torque term is much smaller than the

precession torque.

A much more rigorous formulation is due to Gilbert, who used a Lagrangian

formulation and the damping is introduced via a damping parameter α in the Rayleigh

dissipation function:

F =
αMs

2γ

(
θ̇2 + φ̇2 sin2 θ

)
(13)

The same variational method used by Döring to derive the equation of motion can

be applied again. The only difference is that the time averaged Lagrangian is augmented

by the dissipative term to yield the following equations of motion:

∂T

∂θ
−

(
∂

∂t

) (
∂T

∂θ̇

)
+

δu

δθ
+

δF

δθ̇
= 0

∂T

∂φ
+

δu

δφ
+

δF

δφ̇
= 0 (14)

Combining Eqs. 3, 13 and 14, we can write the LLG equation in spherical

coordinates as:

θ̇ = − γ

Ms sin θ

δu

δφ
− αφ̇ sin θ = −γHφ − αφ̇ sin θ, with Hφ =

1

Ms sin θ

δu

δφ

φ̇ sin θ = +
γ

Ms

δu

δθ
+ αθ̇ = +γHθ + αθ̇, with Hθ =

1

Ms

δu

δθ
(15)

We can rewrite this in vectorial form as: �̇m = γH × �m − α�m × �̇m. Scaling by Ms

on each side, we recover the general form for the LLG equation:

�̇M = −γ �H × �M +
α

Ms

(
�M × �̇M

)
(16)
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Figure 1. Vectorial representation of the LLG equation of motion

The vectors in Eq. 16 are represented in Fig. 1: the magnetization �M , its

time derivative d �M/dt, the torque �T1 = −γ �M × �H and the damping term �T2 =

(α/Ms) �M × (d �M/dt).

We arbitrarily choose to align the field �H parallel to the direction Z for simplicity.

The torque �T1 is perpendicular to the plane containing �M and �H and causes the

precession of �M around �H. The time derivative term d �M/dt lies in the plane (abcd)

perpendicular to �M . The damping term �T2 is perpendicular to the plane determined by

the vectors �M and d �M/dt. The term �T2 is oriented towards �H and causes the alignment

of �M along �H.

3.1.4. Main Energy Terms

The micromagnetics can be considered as an ab initio calculation for the magnetic

structures providing that the exchange, anisotropy and demagnetizing interactions are

known for the investigated materials. The torque originating from internal forces

comprises: (i) the interatomic torques known as exchange torque, (ii) the anisotropic

torque caused by the anisotropy field, (iii) the torque caused by the external applied
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field and (iv) the torque due to the long-range dipole-dipole interactions known as

demagnetization responsible for the demagnetizing field.

In ferromagnetic material, these different magnetic terms can be derived from a

phenomenological formulation of the corresponding energies.

3.1.4.1. Exchange Energy

The main property of the ferromagnets is its preference for a parallel alignment of the

local magnetic moments. Deviations from this ideal case invoke an energy penalty:

Eexch = A
∫

(grad�m)2 dV = A
∫

(∇�m)2 dV (17)

if we assume a first-order approximation and cubic symmetry. In the above

expression, A is the exchange stiffness constant.

Following Arrott et al. [39] the exchange energy density can be rewritten in a form

consisting of terms with more evident physical meanings.

(grad�m)2 = (div�m)2 + (rot�m)2 − div (�m × rot�m + �mdiv�m) , (18)

if �m2 = 1.

In the Eq. 18 the third term can be neglected in some cases. The first term is

connected to the angular deviation of the neighboring magnetic moments and the second

term is connected to the curling.

In this way the total exchange energy is the sum of one integral extended over the

volume and a second one over the surface of the sample:

Eexch = A
∫ [

(div�m)2 + (rot�m)2
]
dV +

∫
[�m × rot�m + �m · div�m] dS (19)

However, Hubert and Schäfer has demonstrated that the initial gradient form of

the exchange energy is more fundamental [40].

In the following, we will use the gradient form Eq. 17 of the exchange energy density:

eexch = A |∇�m|2 = A
(
−�m∇2 �m

)
= − A

M2
s

�M∇2 �M = −1

2
�M

(
2A

M2
s

∇2 �M

)
(20)

from where we can derive the exchange field as:

�Hexch =
2A

Ms

∇2 �M (21)

The exchange energy is isotropic in its nature.
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3 THEORETICAL BACKGROUND

3.1.4.2. Anisotropy Energy

The energy of a ferromagnet depends on the direction of the magnetization relative to

the crystallographic axes of the material. This dependence, which basically results from

spin-orbit interactions, is described by the anisotropy energy.

In the software used for micromagnetic calculations within this thesis we can take

into account uniaxial and cubic crystalline anisotropies or a combination of them. An

induced anisotropy can also be taken into account as an additional uniaxial anisotropy.

The shape anisotropy, however, is treated as part of the demagnetizing energy.

Uniaxial anisotropy

When the magnetization �M is with a polar angle θ away from the easy axis, the general

form for energy density can be written as uk = K sin2 θ, where K is the energy density

constant representing the magnitude of anisotropy energy density.

In Cartesian coordinates we can write the energy density as (using algebraic

transformations):

uk = K sin2 θ = K
(
1 − cos2 θ

)
= K

(
1 − �m2

z

)
= K (1 − �mz �mz) =

K

⎛
⎝1 − �mz

�M

Ms

⎞
⎠ = K − 1

2
�M

(
2K

Ms

�mz

)
= K − 1

2
�M �Hanis (22)

where

�Hanis =
2K

Ms

�mz = Hk (�n · �m)�n (23)

This formula is valid in the case of random uniaxial anisotropy, also. Hk is called

local anisotropy field strength, �n is the easy direction unit vector, and �m is the normal-

ized vector of magnetization �m = �M/Ms.

Cubic anisotropy

The basic formula for the crystalline anisotropy energy density in a cubic crystal is:

ekc = Kc1

(
�m2

x �m2
y + �m2

x �m2
z + �m2

y �m2
z

)
+ Kc2 �m2

x �m2
y �m2

z (24)

where �mx, �my, �mz are the magnetization components along the cubic axis. Usually

we neglect the Kc2 and higher-order terms.
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3.1.4.3. External Field or Zeeman Energy

The energy rising from the interaction between the magnetization and external field

Hext is simply

Eext = −Js

∫
�Hext

�MdV. (25)

For a uniform external field this energy depends only on the average magnetization

and not on the particular domain structure.

3.1.4.4. Demagnetization or Magnetostatic Energy

One of the most outstanding features of this energy term is that it has a very long

range. This range makes it be defined by a six–fold integral in three dimensions, in

contrast to the anisotropy and exchange energy terms, that are defined by three–fold

integrals. In a numerical calculation for a computational box containing n unit cells,

the long–range means that the magnetostatic energy term includes the interactions of

every cell with all the others, thus involving n2 terms, whereas n terms are required for

computing the exchange and anisotropy energy terms only. Therefore, computing the

magnetostatic energy takes almost all the computer time in a typical micromagnetic

calculation. The demagnetizing energy term is also the energy term with the heaviest

demand on the computer memory. It restricts the size of the sample to below the

micrometer region, supposing a Supercomputer with 500 GFlops. Any attempt [41] to

replace the long–range force by an “equivalent” short–range one led to wrong results

[42]. The magnetostatic energy could be computed correctly by the advent of efficient

computers (LaBonte, the student of Brown, in one and, then, in two dimensions).

Aharoni [37] has shown, that one can not obtain reliable results using rough

subdivisions of the computational box in order to save computer time and resources,

regardless of the algorithm (LaBonte or Fast Fourier Transform) used for calculation.

It is worth mentioning that there are some attempts [38] to replace the long-

range dipolar interaction with a short-range (nearneighbour and next-neirneighbour)

pseudodipole interaction to describe the anisotropic exchange interaction in order to

derive the hysteresis loop of nanoparticles by Monte Carlo simulations. This leads to

the redifining of the anisotropy which is not the subject of the present work. We keep

on considering that the long–range dipole–dipole interaction cannot be replaced by any

short–range–like interaction.
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The demagnetization forces are responsible for the domain formation, i.e. relaxation

towards the demagnetized state. Two interactions only (the anisotropy and exchange) do

not lead to domain pattern formation. Exchange favors parallel magnetization pointing

to any direction, while anisotropy determines the preferred crystallographic direction.

Consequently these two interactions results in a monodomain structure. However, this

is a high energy state. To reduce the energy, the magnetic structure breaks up into a

multiple domain configuration to reduce the surface charges or stray fields.

The spontaneous magnetization Ms of the material creates a demagnetizing field

(HD), which can be split in two parts: �HD = �Hdemag + �H
′

, where �Hdemag is the field

inside and �H
′

is outside the material. Writing the corresponding part of Maxwell’s

equations, we obtain:

�B = �HD + 4π �M

∇ �B = 0 (26)

∇ �HD = −4π∇ �M (27)

The magnetostatic energy corresponding to the HD magnetic field per unit volume

in entire space is given by:

UD =
1

8π

∫
dV �H2

D (28)

We can recalculate the total energy as follows:

UD =
1

8π

∫ (
�Hdemag + �H

′
)2

dV =
1

8π

∫
�H2

demagdV +
1

8π

∫
�H

′2dV

+
1

4π

∫
�Hdemag

�H
′

dV (29)

By using the reciprocity theorem [31], this energy can be written as:

−1

2

∫
�H

′ �Mdτ =
1

8π

∫
�H

′2dτ (30)

UD =
1

8π

∫
dV �H

′2 − 1

2

∫
�M �HdemagdV −

∫
�M �H

′

dV (31)

Where the first term is the magnetostatic energy stored in the field outside

the region �M , the second term is the energy stored inside �M , corresponds to the
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demagnetizing energy, while the third term is the energy rising from the interaction

between �H and �M . We are interested in the second term:

Udemag = −1

2

∫
�Hdemag

�Md3x (32)

For the investigated materials in this thesis, Maxwell’s equation is rewritten in the

form ∇× �Hdemag = 0, from which we can conclude that the magnetic field must derive

from a scalar potential φ such as �Hdemag = −∇φ.

We can write the Poisson’s equation:

∇ �Hdemag = −4π∇ �M (33)

∇2φ = −4π∇ �M (34)

The solution of the Poisson equation is:

φ (�x) =
∫

d3x
ρ

(
�x

′

)
|�x − �x′ | (35)

where ρ
(
�x

′

)
= 4π∇ �M

(
�x

′

)
is the magnetic charge density at source location x

′

responsible for the scalar potential φ at observation point x. The demagnetizing energy

we can write as:

Udemag =
∫

φ (�x) ρ (�y) d3y =
∫ (∫

ρ (�x) d3x
)

ρ (�y) d3y (36)

Udemag =
1

2

∫ ∫ (
∇y �M (�y)

) (
∇x �M (�y)

)
|�x − �y| d3xd3y (37)

The first variation of the Udemag is:

δUdemag = −
∫

d3x �Hdemag (�x) δ �M (�x) (38)

Applying the same calculus of variation to the second term of the Eq. 31 and

combining with Eq. 38, one can obtain the demagnetizing field as a convolution of the

magnetization �M and a kernel representing the dipole-dipole interaction:

�Hdemag
i (�x) =

∑
j

∫
d3y

3�ri�rj − δij

r3
�Mj (�y) (39)

where �r = �x − �y and i, j = 1, 2, 3.

This shows that the demagnetization field at any elementary cell is a spatial integral

of the magnetization �M over the entire computational box. Introducing Eq. 39 into

the LLG equation yields a non-linear integro–differential equation in terms of the

magnetization �M . Analytical solutions for the LLG equation exist only when the

demagnetizing field is weak enough to be neglected.
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3.1.4.5. Effective Field

The sum of exchange, anisotropy, demagnetizing and Zeeman field is called the

“effective” field. In the original Gilbert’s formulation for the dynamics of magnetization,

the time derivative of �M appears on both sides of the equation. This is not amenable

to a straightforward integration. Applying an algebraic transformation, we can express

d �M/dt as:

d �M

dt
= − γ

1 + α2

[
�Heff × �M +

α

Ms

�M ×
(

�Heff × �M
)]

(40)

This formulation allows a direct calculation of the time derivative term once

the right hand–side torques have been calculated. These torques depend both on

magnetization �M = Ms �m, which is generally known, and the effective field �Heff . The

effective field is defined as the sum of all internal and externally applied fields:

�Heff =
2A

Ms

∇2 �m +
2K

Ms

�mz + �Hdemag + �Hext (41)

where the first term is the exchange field which can be calculated by approximating

the Laplacian term with a finite difference method. A is the input parameter of the

material. The second term (anisotropy field) is locally calculated by knowing the

uniaxial or cubic anisotropy character of the material. The non–local dipole–dipole

interaction term representing the demagnetization field is handled nowadays by Fast–

Fourier–Transformation (FFT) method.

Using the method of finite subdivisions during our simulations we have to define

the characteristic lengths of the materials. These quantities are:

lexch =

√
A

K
(42)

and

lD =

√
2A

µ0M2
s

(43)

where, lexch is the exchange length proportional to the wall width and lD is the

characteristic demagnetizing length or the width of an isolated Bloch line. These

quantities determine the maximum size of the elementary cell for every kind of material,

considering always the smaller value of lengths determined be Eqs. 42 and 43. In soft

magnetic materials lD � lexch, so the elementary cell size should be less or equal with

lD.
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3.1.5. Examples for analytical solution of LLG equation

3.1.5.1. Precession in external field

In the following the LLG equation of motion will be solved for a damped magnetic

moment situated in an external magnetic field, oriented in Z direction. The other three

term (Hexch, Hanis and Hdemag) are neglected.

The energy of the magnetic moment will be: w = − �M �H = −MsHz cos θ.

The LLG equation of motion can be written as:

�̇M = −γ �T +
α

M2
s

�M × �̇M (44)

where �T is the torque.

The torque is calculated from the energy change:

δw = −�Tδ�α = − (Tθ �eθ + Tφ �eφ) (δθ �eφ − sin θδφ�eθ) =

−Tφδθ + sin θTθδφ (45)

From this:

Tθ =
1

sin θ

δw

δφ

Tφ = −δw

δθ
(46)

The components of the equation of motion in polar coordinate will be:

θ̇ = − γ

M

1

sin θ

δw

δφ
− α sin θφ̇

sin θφ̇ =
γ

M

δw

δθ
+ αθ̇ (47)

If the external field is applied in the Z direction, the

Tθ =
1

sin θ

δw

δφ
= 0

Tφ = −δw

δθ
= −MsHz sin θ (48)

Using Eq. 48, the LLG equation will simplify to
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θ̇ = −α sin θφ̇

sin θφ̇ =
γ

Ms

MsHz sin θ + αθ̇ = γHz sin θ − α2 sin θφ̇ (49)

The angular frequency we get from the expression

φ̇ =
γHz

1 + α2
= ω (50)

The solution is: φ = φ0+ωt The resonance frequency for the free moment ω0 = γHz

is diminished by the damping with a factor of 1 + α2.

The precession angle is vanishing with time as it follows from the solution of the θ

component of the LLG equation:

dθ

sin θ
= −αωdt

ln tan
θ

2
= −αω(t − t0)

tan
θ

2
= e−αω(t−t0) = tan

θ0

2
e−αωt = tan

θ0

2
e−α(φ−φ0) (51)

The characteristic time of the orientational process is tc = 1
α ω

.

3.1.5.2. One-Dimensional Theory of a Bloch Wall

Inside a large sample, exchange and anisotropy interactions has to be considered only.

A magnetic moment �M can be described by its Cartesian components mx, my and

mz in an XY Z coordinate system. We are going to use spherical representation of the

magnetic moment as shown in Fig. 2.

By neglecting the demagnetizing effects, an analytical solution can be obtained as

suggested by Bloch [8] and Landau and Lifshitz [9].

Inside the wall, the magnetization is constrained to rotate in a plain parallel to

the wall. In this way any demagnetizing effect, i.e. transverse components of the

magnetization are eliminated across the wall.

The solution that we seek is independent of thickness and is uniform in Z direction.

Furthermore, the magnetization is considered to be uniform in Y direction as well, since

the spins are constrained to rotate in the Y Z plane that contains the wall. The solution

will be a function of the independent spatial variable X representing the direction

perpendicular to the wall plain. Consequently the solution will be obtained as a function
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Figure 2. A magnetic moment in a spherical coordinate system.

of θ(x). This solution is found by minimizing the energy of the system comprising the

exchange and anisotropy only.

The magnetization �M is written as �M = Ms �m where Ms is the magnitude and

�m(0, sin θ, cos θ) the unit vector parallel to �M . The total energy density per unit volume

is written as the sum of the exchange and anisotropy:

w0 = K sin2 θ + A

⎡
⎣(

∂θ

∂x

)2

+

(
∂θ

∂y

)2

+

(
∂θ

∂z

)2
⎤
⎦

+A

⎡
⎣sin2 θ

⎛
⎝(

∂φ

∂x

)2

+

(
∂φ

∂y

)2

+

(
∂φ

∂z

)2
⎞
⎠

⎤
⎦ (52)

where K (erg/cm3) and A (erg/cm) are the energy density constants per unit

volume of anisotropy and exchange, respectively. The total energy of the system is

obtained by integrating over all space with respect to the independent spatial variable

X:

W0 =

⎡
⎣∫ +∞

−∞

⎛
⎝K sin2 θ + A

(
∂θ

∂x

)2
⎞
⎠ dx

⎤
⎦ (53)

The equilibrium configuration for the wall corresponds to a minimum energy of the

system. This minimum is calculated by taking the functional derivative of the total
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energy of the system with respect to θ and φ and setting them equal to zero:

∂W0

∂θ
=

∂W0

∂φ
= 0 (54)

∂W0

∂φ
= − ∂

∂x

(
2 sin2 θ

∂φ

∂x

)
= −2

(
sin 2θ

∂θ

∂y

∂φ

∂y
+ sin2 θ

∂2φ

∂x2

)
= 0 (55)

∂w0

∂θ
=

⎡
⎣K + A

(
∂φ

∂x

)2
⎤
⎦ sin 2θ − 2A

∂2θ

∂x2
= 0 (56)

which gives:

∂2θ

∂x2
=

K

A
sin θ cos θ (57)

Introducing a new variable p = ∂θ/∂x and using

∂2θ

∂x2
=

∂p

∂x
=

∂p

∂θ

∂θ

∂x
= p

∂p

∂θ
(58)

and

2pdp = d
(
p2

)
=

K

A
2 sin θ cos θ dθ =

K

A
d

(
sin2 θ

)

p =
∂θ

∂x
=

√
K

A
sin θ

We can separate the variables:

dθ

sin θ
=

√
K

A
dx (59)

Integrating the above equation one can obtain:

ln tan
θ

2
=

√
K

A
x + C (60)

The Bloch wall parameter is defined as: ∆ =
√

A
K

.

At x = 0, the magnetization vector points to Y direction (θ = π/2), which allows

us to set C to zero. Eq. 60 can be rewritten as:

tan
θ

2
= ex/∆ (61)

or

θ (x) = 2 arctan
(
ex/∆

)
(62)
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The reversal of the magnetization takes place practically on a distance determined

by the wall thickness π∆.

Substituting Eq. 62 to Eq. 53 one can obtain the wall surface energy:

σ0 =
∫ +∞

−∞
w0dx =

∫ π

0
2K sin2 θ

(
dθ

dx

)−1

dθ = 2K

√
A

K

∫ π

0
sin θdθ

= 4
√

AK (63)

which depend on the exchange and anisotropy constants only.

3.2. Computational Methodology of Micromagnetics

In micromagnetics, domain walls and domain wall structures are represented by a

continuous function of the magnetization, constant in magnitude but changing in

direction from position to position. The dynamics of each elementary cell (volume)

of magnetization, also called dipole moment or magnetic spin, is described by the non–

linear Landau-Lifshitz-Gilbert equation. In order to capture the continuous character of

the magnetization distribution, the simulation of walls and wall structures, requires that

the magnetic sample to be configured in a finely discretized lattice such that each node

in the lattice has uniform magnetization. The magnetization dynamics of walls and

domain wall structures are then investigated by solving numerically the LLG equation

at each point in the lattice. Several hundred thousand grid points are necessary to

configure magnetic structures in this discrete lattice. The numerical resolution of the

LLG at each grid-point becomes time consuming on conventional computers.

Each elementary cell is represented by a unit magnetization vector �m(mx,my,mz)

and corresponds to a uniform magnetic volume defined by the exchange parameter A,

anisotropy constant K, saturation magnetization Ms, gyromagnetic ration γ and the

damping parameter α. This parameters are the input parameters for the calculation

process. The elementary cell size depends on the material parameters as discussed in

chapter 3.1.4.5.

The initial state for the simulation is usually different for each considered problem.

In some cases analytical solutions are taken for initial state or just a random

configuration for the unit magnetization vector.

The micromagnetic calculation starts with the evaluation of the effective field

(comprising the anisotropy, exchange, demagnetization and external fields), using the

distribution of the unit magnetization vectors of the initial state.
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The calculation steps of the effective field components are listed below:

(i) The numerical calculation of the anisotropy field is done by using Eq.23.

(ii) The numerical calculation of the exchange field is done in the following way:

if dx, dy and dz defines the elementary cell size, the components of the exchange

field becomes (in a 3 dimensional Cartesian lattice):

Hexch
x =

2A

Msdx2
[mx (i + 1) + mx (i − 1)]

Hexch
y =

2A

Msdy2
[my (i + 1) + my (i − 1)]

Hexch
z =

2A

Msdz2
[mz (i + 1) + mz (i − 1)] (64)

(iii) The demagnetized field is calculated by using a three-dimensional Fast–Fourier–

Transform, which speeds up the computation.

If Lx, Ly and Lz defines the computational box (the volume of the considered

material) and dx, dy and dz defines the elementary cell size, the components of the

demagnetized field can be written as:

Hi(x) = Ms

3∑
j=1

∫ Lx/2

−Lx/2
dY1

∫ Ly/2

−Ly/2
dY2

∫ Lz/2

−Lz/2
dY3

[∫ Y1+dx/2

Y1−dx/2
dy1

∫ Y2+dy/2

Y2−dy/2
dy2

∫ Y3+dz/2

Y3−dz/2
dy3

(
3�ri�rj − δij

�r3
�mj(y)

)]
(65)

where i=i, 2, 3 representing the x, y and z components.

The details of the calculations depend on the nature of the boundary conditions

(see Appendix 1.). The boundary conditions are determined by the values of the

magnetization around the computational box.

(iv) The three components of the external field are simply added algebraically to the

corresponding components of the effective field.

Having the effective field we start integrating the LLG equation of motion (Eq. 16).

The integration is done by using a second-order Runge-Kutta algorithm and an adaptive

time step method, in order to control the integration error. This adaptive time step

method helps us to lengthen and shorten the integration time step, dt, depending on

the error value, consequently reducing the computational time.

• First, the integration is done over the full length of the integration time step, dt,

and the magnetization is updated at time t + dt.
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• Second, two shorter integration steps of size dt/2 are conducted over the interval

time, dt. Inn the first half-step integration, the magnetization is integrated using

the state at the base time, t, to calculate the new magnetization state half–way

of time, t + dt/2. The half–way state of time, t + dt/2, is used as a base state to

integrate the LLG equation between time, t + dt/2, and time, t.

The two different results obtained at time, t + dt, are compared before

renormalization. The maximum difference between the two results is used as a measure

of the integration error. If the error magnetization magnitude exceeds a fixed tolerance

values 10−4, the time step is reduced (by at least 25%). The smallest value of the

integration step is fixed at a minimum of 1 picosecond (ps), while the maximum values

is fixed at 10 ps.

The procedure is cycled – from the obtained m we recalculate the effective field,

the integrate again the LLG equation – until the d�m/dt < 10−9.

Finally we obtain the equilibrium magnetization vectors for each elementary cell,

which together can be represented graphically to help the interpretation of the obtained

state by visual guidance.

4. Langevin Granulometry

4.1. Magnetization Curve Fitting of Superparamagnetic
Particles

In the case of non–interacting superparamagnetic particles having a size (i.e. magnetic

moment) distribution the magnetization curves taken at different temperatures collapse

to a single curve in M(H,T )/Ms(T ) vs. Ms(T )H/T which is normally a superposition of

Langevin functions. The shape of this curve depends only on the distribution of particle

sizes and hence it can be used as a magnetic or “Langevin granulometer” to determine

this distribution. Although several other techniques are available for the determination

of particle size distributions, such as transmission electron microscopy, small angle

neutron scattering, etc., the magnetic method is easier to perform experimentally. Of

course, this technique presents the same difficulty as many other problems in data

evaluation, namely the physical system uniquely determine the measured data but the

inverse problem of deriving the parameters of the physical system from the data is

ambiguous. We are going to study this ambiguity, applying three different algorithms in

order to derive the particle size distribution from the superparamagnetic magnetization
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curves. As far as we know such a comparison has not yet been done before. The following

optimization techniques were adopted to this problem and compared: (1) regularization

method, (2) simulated annealing, (3) genetic algorithm.

Considering a nanocomposite in superparamagnetic state the magnetization curve

of a single superparamagnetic particle is described by the Langevin function, reflecting

the competition between the thermal and Zeeman energy terms:

mi = µiLang
(

µ0µiH

kBT

)
, i = 1 . . . N (66)

(the Langevin function Lang(x) = coth(x) − 1/x), where N is the number of different

types of particles, µi is the magnetization of a particle of type i, H is the magnetic field

strength, µ0 is the permeability of the vacuum, T is the absolute temperature and kB is

the Boltzmann constant. The particles are assumed single domain. The magnetization

of a sample that contains a distribution of particle types is given by

M(H,T ) =
N∑

i=1

wiµiLang
(

µ0µiH

kBT

)
(67)

where wi = wi (µi) is the number of particles of type i, per unit volume, each carrying

the magnetic moment equal to µi.

The task is to determine the distribution of the magnetic moment, wi(µi) – directly

related to the particle size – from the experimental magnetization curve, M(H,T ).

The fitting procedure can be initiated without assuming anything about the shape

of wi(µi), when using the regularization method. Alternatively, one can assume the

particular shape of the searched distribution, parameterize it, and then gradually

improve the values of unknown parameters, initially estimated only very roughly or

even just guessed, by – for example – simulated annealing (SA) or genetic algorithm

(GA) method.

Each fitting procedure begins with determining the magnetic moment of the largest

particles. Such an estimate can be obtained from the initial slope of the magnetization

curve:

µmax =
3kBT

µBMS

· ∂M

∂H

∣∣∣∣∣
H→0

(68)

When defining the interval of the possible magnetic moments, the above value should be

multiplied by a factor of 2 to 4, to make sure that even the largest particles are indeed

presented in the sought distribution. This is because the largest particle predominantly,

but not exclusively, determine the initial slope and therefore Eq. (68) underestimates
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the value of µmax. The interval [0, 4µmax] is then divided into N bins of equal width,

i.e. ∆µ = 4µmax/N, and µi = i · ∆µ, i = 1 . . . N .

In practice however we seldom have a pure superparamagnetic system. Usually the

sample contains a ferromagnetic part, which even in a small fraction of the order of

1% can radically influence the magnetization curve. To apply the fitting procedure for

Langevin granulometry we have to substract this ferromagnetic contribution. One of

the methods to carry out this substraction is given by M.B. Stearns [43] in the following

form:

MT (H) =
2M s

FM

π
tan−1

[
H ± Hc

Hc

tan
(

πS

2

)]

+Ngµ̄

[
ctnh

(
µ̄H

kBT

)
−

(
µ̄H

kBT

)−1
]

(69)

where M s
FM is the saturation magnetization and Hc is the coercive field of the

ferromagnetic component, S is the squareness of the ferromagnetic loop (i.e. the

ration of the remanent magnetization, MR, to M s
FM and M s

SF = Ngµ̄ is the saturation

magnetization of the superparamagnetic part (µ̄ is the average moment per particle).
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4.2. Computational Methodology for Fitting Magnetization
Curves for Superparamagnetic Materials

We are detailing three different methods for fitting the experimental curves which can

be apply in general for fitting experimental results of any kind. This is why the listing

of the calculation steps and the motivation of them is described in more details.

We have applied all the three mathematical methods for fitting of the magnetization

curves of superparamagnetic samples, arriving upon the conclusion that the genetic

algorithm is the best one for this particular case. Nevertheless, for simpler cases of the

fittings the other two methods might be more straightforward. Obviously, the function

to be fitted must be selected to the particular experimental curve.

4.2.1. Regularization method

This method is based on minimizing the sum of the squared deviations, defined as:

σ =
L∑

m=1

[
Mwi

µi
(Hm) − Mm

]2
, (70)

where Mwi
µi

(Hm) is the calculated and Mm is the experimental magnetization, (m =

1 . . . L, being the numbers of experimental points). The necessary condition for

extremum:

∂σ

∂wj

=
L∑

m=1

2

[
N∑

i=1

wiµiLang
(

µ0µiHm

kBT

)
− Mm

]
Lang

(
µ0µjHm

kBT

)
= 0, (71)

j = 1 . . . N , leads to a system of N linear equations for the unknowns wi.

Straightforward solution of this equation system leads to unacceptable values of wi’s,

with large negative and positive fluctuations in response to small variations of Mm

(m = 1 . . . L). Such a solution has no physical meaning and an additional constraint is

necessary to stabilize the solutions. The method of Weser and Stierstadt [44] based on

the Tikhonov regularization [45] is adapted here. A “regularization term” is added to

the sum of the squared deviations, σ, and the modified sum of the squared deviations

is minimized. The regularizing operator used by Weser and Stierstadt is

ρ =
N∑

i=1

w2
i (72)

and the expression σ′ = σ+αρ is minimized, where α > 0 is the regularizing parameter.

By requiring a small value of ρ, the unwanted oscillations of wi’s are suppressed, while

the modified system of equations becomes

∂σ′

∂wj

=
L∑

m=1

[
N∑

i=1

wiµiLang
(

µ0µiHm

kBT

)
− Mm

]
Lang

(
µ0µjHm

kBT

)
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+ αwj = 0, j = 1 . . . N. (73)

The random oscillations of wi’s can also be limited by requiring small values of the first

and second derivatives of the sum of the squared deviations, as suggested in Ref. [46].

The expression to minimize is σ′ = σ + αp + βq + γr, where

p =
N∑

i=1

w2
i , q =

N−1∑
i=1

(wi+1 − wi)
2 , r =

N−2∑
i=1

(wi+2 − 2wi+1 + wi)
2 , (74)

and α, β and γ are regularizing parameters. The choice of these parameters is rather

arbitrary as long as the σ′ < 2σ condition is satisfied and the best choice depends on the

quality of the measured data, the shape of the particle size distribution, etc. Reasonable

results were obtained by using terms with p and r only [46].

The α = β = γ = 0 assumption takes us back to the ill-posed problem. For

small values of the regularization parameters, one can obtain a precise representation of

the magnetization curve, but the probability distribution is unphysical, whereas larger

values of α, β and γ make the distribution smooth at the cost of increasing σ ′, i.e. the

quality of the fit becomes worse. A reasonable compromise has to be found between

these two extremes. The probability distribution is obtained by solving the set of linear

equations provided by the minimizing process.

4.2.2. Simulated Annealing Method

As far as we know, the simulated annealing method has never been applied to Langevin

granulometry. In principle, this is a Metropolis Monte Carlo algorithm, proposed by

Metropolis and coworkers in 1953 [47] and modified by Kirkpatrick and coworkers in

1983 [48]. According to the principle of the method, the evolution of the distribution

function, wi, is imitated by the evolution of a thermodynamic system. The transition

from the initial state with energy E1 to an other state with energy E2 is governed by

a probability p = exp [− (E2 − E1) /kBT ], where T is a controlling parameter and kB is

the Boltzmann constant. The system goes to state E2 with the probability p if E1 ≤ E2

and with probability 1 when E2 < E1.

The algorithm starts from an initial distribution assumed to be the uniform

distribution in our calculation, i.e. wi = 1/N at the start of the algorithm. The

object of interest is the distribution function wi (µi). For this wi (µi) we calculate the

sum of absolute deviations, F ini, with the following relation:

F =
L∑

m=1

∣∣∣Mwi

µi
(Hm) − Mm

∣∣∣ . (75)
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Then, from the set of wi(µi)’s we randomly choose one bin and with a probability

of 1
2

we either increase or decrease the initial value by a preset fixed number (the

smallest step in w coordinate of the histogram). After this we calculate the sum of

absolute deviations, F next and then ∆F = F next −F ini. The new distribution is always

accepted, if ∆F < 0. The new distribution can also be accepted when ∆F > 0, if

only exp (−∆F/T ) > q, where q is a random number between 0 and 1, and T is the

“annealing” parameter. For a given T , we make 1000—2000 Monte Carlo steps, then we

decrease T by a factor of 0.98 and the procedure is repeated. Gradually decreasing T

ensures that the algorithm converges to a stable solution. For the kernel of our program

the subroutine given in Ref. [49] was used.

4.2.3. Genetic Algorithm

Genetic Algorithms (GA) have recently been devised in the field of artificial intelligence

and have been used for optimization problems. According to Gallagher, this algorithm is

far superior in performance to Monte Carlo techniques [50]. The method was pioneered

by John Holland in the early sixties [51]. The progress of the field was summarized by

Grefenstette [52] and Goldberg [53]. Starting with the mid-eighties, genetic algorithms

have received increased attention from problem-solving practitioners in numerous areas

of applied sciences. For treating the problem of Langevin granulometry, this algorithm

was first applied by Gutowski [54].

The genetic algorithm operates indirectly on the population of trial solutions to

the given optimization problem. Every solution, called phenotype, is represented by a

string of symbols, usually of fixed length, called, a chromosome, a genotype or just an

individual . Chromosomes and pairs of chromosomes are the only objects, which are

explicitly manipulated by the algorithm. Therefore the genotypes should be thought

of as the coded prescriptions for the trial solutions, not being the solutions per se.

The coding of chromosomes is such, that any given genotype determines uniquely

the phenotype, which can be derived from it. A chromosome is an ordered sequence

of smaller parts, assumed indivisible, and called genes . Usually, but not always, a

single gene corresponds to a single unknown. The chromosomes may exchange their

genetic material by means of the crossover operation: the two individuals (called the

parents) exchange parts of their genetic material (substrings of symbols), thus creating

offsprings – new members of the population. Each single individual can also be subjected
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to mutation – the operation of random change of one or more of its genes (single-

character substrings). The evolution of the population – the search for optimal solution

– progresses as a sequence of crossover and mutation operations, applied repeatedly.

It is essential to devise a means to evaluate every member of the population in order

to decide which one is better and which one is worse. The quality of an individual is

called fitness . According to Darwinian law of survival of the fittests, the better fitted

individuals have higher chances to mate with others and thus to transfer their genetic

material to the next generations. The detailed mechanism of simulated evolution, at

the lowest level, involves following basic steps:

genotype
decoding−→ phenotype

evaluation−→ fitness
selection−→ probability to become a parent

The probability of mutations is kept low, since a high rate of mutations would turn the

GA into ordinary Monte Carlo procedure. At the highest level, the evolutionary process

can be described as presented in Algorithm 1. The algorithm is fairly insensitive to the

particular choice of tuning parameters, thus their definitions and meaning will be given

within the following text.

The low level mechanisms, except selection, are specific to the particular problem,

while the general machinery (Algorithm 1) is always the same. In the next section, the

essential steps of GA are described as implemented to our problem.

Genotype coding is performed in a natural way: each chromosome consists of genes

corresponding to the contents of histogram bins approximating the sought momentum

distribution. Every gene is the positive integer number with the allowed number of bits

(in binary counting system) being fixed, but not necessarily the same for every gene.

To make sure, that those numbers are always non-negative, we limit the number of bits

assigned to every gene to 30, that is appropriate for 32-bit computers.

The transformation of genotypes into phenotypes corresponds to a smoothing tool,

which produces smooth histograms from “raw” genotypes, as proper candidates for

solutions. The smoothing is done by convolution of the original, “noisy” genotype with

an appropriate chosen point-spread function f(x), namely

f(x) =

⎧⎪⎨
⎪⎩

exp −1
1−(||x||/λ)2

for ||x|| < λ

0 otherwise
(76)
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Algorithm 1 Genetic Algorithm with fixed-size population and asexual reproduction

Require: environmental data (the function being optimized); few tuning parameters

Ensure: the set of near-optimal points in the search space

1: create old population

2: create empty new population

3: evaluate all members of old population

4: while termination criteria not met do

5: repeat

6: select two individuals as perspective parents

7: if mating successful then

8: perform crossover

9: end if

10: try to mutate both chromosomes, crossed or not

11: put both individuals into new population

12: until new population is formed

13: evaluate members of the new population

14: replace old population with newly created one

15: end while

Here x is the distance between genes, i.e. the difference between the sequential numbers

of histogram bins, and the value of the smoothing parameter, λ > 0 is chosen, depending

on the quality of experimental data. The double bar, || · ||, instead of just absolute value,

| · |, is used here in order to indicate how smoothing is applied to multidimensional cases.

After the convolution is executed, our phenotype becomes an ordered sequence of real

numbers.

Evaluation of phenotypes takes two steps. In the first step, the phenotype is used

as is to simulate the experimental data, following Eq. (67), with the i-th gene playing

the role of the unknown wi. This produces the simulated magnetization curve, which is

usually rather far from the collected experimental data. Fortunately one can scale all

unknowns to satisfy (see Eq. (67))

lim
H→∞

M(H,T ) =
N∑

i=1

wiµi = Ms (77)
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where Ms, the saturation magnetization, has to be estimated independently and only

once. There is no need to recalculate the already simulated curve, it is sufficient to

multiply it by the same scale factor. The second step is the calculation of the fitness

according to formula (75).

Selection rules. The value of the fitness is a non-negative real number with

unpredictable magnitude. A lower value indicates a better fit. To transform the fitness,

F , of any given individual into probability, p, of being selected as a parent the formula

p(F ) =
1

1 + exp F−KF

SF

, (78)

is used, with F given by Eq. (75). KF is the median of the population fitness

and SF is, in our implementation, the standard deviation from the median of the

population fitness. The positive scaling factor SF may be chosen somewhat arbitrarily.

Its precise value is not very important, but making it close to zero has the effect of

“hardening” the selection, i.e. individuals with fitness below the median are granted

only negligible chances for reproduction, while those above median will almost certainly

become parents. On the other hand, increasing SF results in forces p(F ) → 1
2

for all

members of the population, regardless of their individual fitness.

The initial population is created in an unbiased way. All researchers in the field

agree, that the initial population should be as random as possible. We build it bit by bit,

except for chromosome number 1, which is set by the calling program and left unchanged

at this stage. Each bit’s value is set to either zero or one with 50% probability. This is

very important indeed, since a particular bit has the same value for every individual in

the population, then 50% of search space will never be explored by the algorithm, unless

a mutation changes this bit. Insufficient diversity of the population may be one of the

reasons for the so called premature convergence, when the algorithm becomes stuck in

a certain region of the search space, not containing any extremal fitness at all.

There is also a question of how numerous should be the evolving population. For

efficiency reasons, we would rather prefer a smaller population over a larger one. The

lower bound for membership can be obtained in at least two ways [55]. Let n denote the

number of individuals in the population and Nb the length of an individual chromosome,

expressed in bits. Then either
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• n ≥ log2 Nb − log2 p, where p is the required probability that no bit is ”lost”, after

the construction of initial population, or

• n ≥ √
2Nb

Both numbers should be rounded up to at least the nearest even integer and the higher

one should be used as the lower bound for the membership. The second number, usually

higher, only says, that it is impossible to explore the entire search space, using crossover

operations exclusively, with a smaller number of individuals in the population. This

is a necessary condition that may not be sufficient. In our case, with 256 unknowns,

each being a 30-bit number (chromosome length is then 7680 bits), we need at least 124

individuals to reach the goal. We decided to establish a population of 256 members. This

may seem in sharp contrast with many other papers on GA’s, where larger populations

are common, reaching sometimes up to 8192 members for problems involving only a few

tens of unknowns. We never intentionally clone our chromosomes and therefore we don’t

see any reason to increase the size of the population significantly above the lower bound.

This is not a very critical problem since a larger population may need fewer generations

to reach the terminating criteria, leaving the total computational complexity, measured

by the number of fitness evaluations, practically unaffected.

Parents and offsprings. Whether any given chromosome can become a parent is

decided by comparing a uniformly distributed random number on [0, 1] with the quantity

p derived from an individual’s fitness by Eq. (78). The second parent is selected the

same way from the remaining candidates.

The probability of having offspring is one of the control parameters of GAs. Its

value is usually chosen from between 20% and 95%, with no clear influence on the

efficiency of the optimization procedure.

In our implementation this overall tuning parameter is set to 75%. To achieve this

value in the statistical sense, the switching probability per bit is derived in the following

way. The overall crossover attempt is divided into manipulations on corresponding

genes, one from each parent. They are copied into the genetic material of two offsprings

straight or switched depending on a probability derived from the tuning. The switching

occurs with probability, which can be derived from the value of our tuning parameter

and the length of the gene. Since the genes may differ in length, it is convenient to

precompute the switching probabilities at the beginning of the routine.

37



4 LANGEVIN GRANULOMETRY

The above crossover operation returns a pair of unchanged chromosomes, a pair

crossed at exactly one point, two points, etc. In a certain run we have obtained 408

pairs unchanged, 527 pairs crossed once, 411 at two points, 198 at three points, 65 at

four points and 19 crossed at five or more points. As we can see, the fraction of “childless

couples” was 25.06% corresponding to the chosen 75% for the overall tuning parameter

almost exactly.

Mutations are relatively rare events, in which a given gene is changed arbitrarily.

The prevailing opinion is that mutations should be applied very carefully, since the

majority of them is useless and they only wastes computer resources. Yet there is

another opinion saying that in reality mutations occur quite frequently, but remain

unnoticed due to their small effect. Our mutation mechanism follows the second way of

thinking.

There are two common sense limits for the mutation rate. The lower limit requires

that at least one individual, on average, is mutated during one generation. Mutations are

necessary to preserve the diversity of the population. They may also be considered a kind

of “teleportation vehicle” for populations initially located very far from the optimum.

The upper limit requires that no more than half of individuals can be mutated, otherwise

the GA practically becomes a generic Monte Carlo routine.

Our implementation of mutation is such, that statistically the number of mutated

individuals is equal to the arithmetic average of both extremes. A routine computes the

mutation probability per bit for each gene and stores the table of mutation probabilities

per each gene. The chromosome subjected to mutation is processed on the gene by gene

basis. First a decision is made, whether or not the given gene has to be mutated. If yes,

then it is converted from its normal, binary form into Gray code. A single, randomly

selected bit is then being inverted and the result is transformed back into the usual

form. Both transformations are fast in computer realization and do not increase the

computational burden noticeably.

What are the advantages of such a complicated procedure? It turns out, that

mutations performed in this manner only rarely change the position of the chromosome

in a search space significantly. The larger the jump the less frequently it occurs. This

behavior can be approximately described by the famous Zipf law [56]. Very small changes

of location are the most frequent, thus ensuring the balance between large scale and

local searching. On the other hand, the largest possible jump is nearly twice as large
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as the one, which could be ever achieved by mutating the gene in its original form. Of

course, after the mutation attempt, we can retain the individual unchanged, with single

damaged gene, with two mutated genes, etc.

Termination criteria. The main loop of Algorithm 1 is repeated until the median

fitness of phenotypes no longer improves. This is recognized as a lack of progress during

last 15 generations (average fitness fluctuates around some value or even worsens).

Remaining comments. The best genotype from the previous generation is always

saved, just in the unlucky event it were accidentally lost during the evolution process.

If this ever happens, we forcibly re-introduce the saved genotype into the population in

place of its worst member. We call this behavior of the algorithm “kingdom mode” in

opposition to “democracy mode”, when the best individual is not protected. The best

chromosome is always returned as a final result of the entire procedure.

Details of calculations. The calculation is usually started with a preliminary run

using 4 as the expansion factor (Sec. 4) and a large resolution λ (Sec. 4.2.3 The

transformation of genotypes into phenotypes). The objective is to derive the true support

of the distribution. In the subsequent run, the expansion factor is adjusted to reliably

cover the support of the distribution and the resolution is improved, i.e. the value of λ

becomes decreased.

During the evaluation, GA is executed several times. Each time chromosome

number one is set to the smoothed version of the best individual obtained so far, while

other members of the population are generated by the GA itself. The contents of each

gene belonging to the best individual, except for the first and last gene, which are set to

zero, is set to the arithmetic average of its two nearest neighbors. The number of bits

assigned to each individual gene may change at this stage too. It is possible to exploit the

available experimental information, expressed in bits, in such a way that it corresponded

to the capacity of the histogram, also expressed in bits. To achieve this goal, we proceed

as follows. The currently best phenotype (an ordered sequence of real numbers wi) is

converted back into its integer binary representation, the genotype number one. This

conversion requires a certain real multiplier (“quantum”), which has to be adjusted so

that the sum of true lengths of all resulting genes does not exceed the experimental

information. The true length of the i-th gene is calculated as the integer part of the
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expression max (1, �log2 (wi/quantum)	), where �·	 means the nearest integer not less

than the argument. This procedure is by no means accurate, since the input information

can be treated as a sum of contributions given by all experimental data, while this is

not true for the information contained in the genotype because of its smoothing. The

length assigned to each gene is increased by 2 before the next call to the GA routine.

This trick allows for up to fourfold increase of (some) amplitudes wi.

The results of a successful calculation cycle, i.e. when a new currently best genotype

is discovered, are stored. Due to smoothing the best individual before each new iteration,

the results cannot improve indefinitely. Three failures in a row (fitness worse than in the

previous cycle), or lack of improvement in 12 consecutive cycles terminate execution.

It is worth mentioning that the GA doesn’t need the derivatives of the objective

function as the variants of the regularization methods do, and therefore it is easy to

optimize with GA non-smoothed objective functions, like the one given in Eq. (75). We

prefer to work with absolute deviations rather than with their squares, because they are

much less sensitive to outliers.

4.3. Computers used in the present thesis

For the domain wall structure simulations in thin Permalloy films I was using

the Supercomputer of the Boston University. This is a Silicon Graphics computer,

comprising 192 Origin 2000 CPU’s, with 24 Gbyte RAM, with a computation power

of 96 GFlops. Software developed by the group of Prof. Floyd B. Humphrey has been

used for simulations in general. For special cases like 3 dimensional structures special

software adaptations have been performed by the author. Typical simulations runs with

250,000 points take around 1 day to complete.

For the simulation of the magnetization curves in fine particles and in related

nanostructured materials PC clusters have been used to run the LLG Micromagnetic

Simulator program developed by Prof. M. Scheinfein [71]:

• a cluster at the Virginia State University, comprising 10 Dell Computers with dual

CPU’s having 2 Gbyte of RAM each,

• a cluster at RISSPO–Budapest, comprising 2 AMD Athlon XP computers with

dual CPU’s having 2 Gbyte of RAM each.

For Langevin granulometry calculations a new genetic algorithm software was

developed together with Marek W. Gutowski. The software’s for the regularization
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method and simulated annealing was written by the author. These three software’s

were run on the PC cluster at RISSPO–Budapest.
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5. Results and Discussions

5.1. Domain wall structures in Permalloy films

Due to the primordial importance of the demagnetizing effect in the micromagnetism

the magnetic structure will be determined by the shape and size of the sample. This

size dependence is the subject of this chapter in the case of Permalloy films, used in the

magnetic storage read-write heads.

First, we are going to calculate the Bloch to Néel wall transition as a function of

the film thickness in the micrometer and sub-micrometer range.

Second, we are going to simulate real three-dimensional (cross-tie) walls in

nanometer range as a function of film thickness (between 10 and 70 nm).

The following material parameters have been used for the Permalloy films:

• exchange constant, A = 1.0 × 10−6 erg/cm;

• anisotropy field, Hk = 2.5 Oe;

• saturation magnetization, 4πMs = 10, 053 G;

• gyromagnetic ratio, γ = −0.0179 Oe−1nsec−1.

Only equilibrium magnetic states are interesting, so the Gilbert damping constant,

α = 0.5, is large to speed up the computations.

5.1.1. Bloch to Néel transition with decreasing film thickness in

micrometer range [O–1]

Beside the well-known Bloch and Néel type walls a C-shaped domain wall exist also, in

intermediate thickness range. This C-shaped wall is a composite wall having Néel caps

at the film surfaces, a Bloch wall in the center and an adjoining vortex structure marked

by an overshoot of magnetization pointing out of the plane of the material. According to

A. Hubert [40], domain wall structures in Permalloy-like materials change directly from

C-shaped Bloch walls to Néel walls. LaBonte [58] showed that a symmetric Bloch wall

structure, (see Fig. 3, thickness 0.08 µm), characterized by two vortices, exists before

the transition at 100 nm thickness. It was expected that these Bloch wall structures

exist down to 35 nm [59], below which Néel wall structures, marked by a rotation in the

plane of material, can be found.

To check this expectation we have performed micromagnetic calculations by solving

the Landau–Lifshitz–Gilbert equation numerically in a regular x − y − z grid with 512
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x 4 x (128 or 64) for C-shaped walls and 1024 x 4 x (20 or 40 or 60) nodes for Néel

structures. The wall is in the y − z plane and infinite in extent in y. The sample is

infinite in the direction normal to the wall, x. The z direction is perpendicular to the

film surface.

The initial state for the first simulation (10.24 µm thickness) was obtained from an

analytical solution for the wall structure [60]. The initial states of subsequent thicknesses

were taken from the final state of the simulation of the next thicker material. Lattice

spacing parameters were scaled appropriately, and then the system was allowed to relax

to an equilibrium state with zero external field. The stability of wall structures near the

transition region were verified by adding an external field in the x direction, allowing

the system to relax, removing the field, and then allowing the system to equilibrate once

more. This ensured that metastable states were not considered, which was especially

important in the Bloch to Néel transition region.

The wall energy per unit area was calculated by taking the total energy in the

simulation box and dividing it by the area of the simulation box in the plane of the wall

(y − z). The total energy is an appropriate measure of the energy of the wall since the

domains have zero energy. Only the wall structures contribute to the total energy.

The wall width was determined at both the center and the surface of the material.

First, the tangent of the magnetization in polar coordinates was determined at the

center of the wall. The wall width is then the x distance between the two points where

the tangent crosses ±90̊. For Bloch walls, the angle θ was used in the center. At the

surface, the in-plane angle Ψ was used for C-shaped Bloch walls. However, θ was used

for symmetric Bloch walls because the magnetization turns mostly out of the plane of

the material. For Néel walls, the angle Ψ was used for both the center and the surface

since the magnetization is uniform throughout the thickness.

In accordance to an earlier result of Humphrey’s group [57] we have found that

C-shaped domain walls exist down to a thickness of 160 nm in Permalloy films. Figs. 3

and 4 shows that these walls contain Néel caps at the film surfaces, a Bloch wall in

the center and an adjoining vortex structure marked by an overshoot of magnetization

(Fig. 5) pointing out of the plane of the material. Fig. 6 shows the calculated wall energy

per unit area (solid lines) as a function of film thickness. The wall energy of a 10.24 µm

thick film is 0.22 ergs/cm2 as calculated from the data in [60]. As thickness is decreased,

the energy increases in an exponential manner. The energy changes smoothly as the

C-shaped wall is replaced by a symmetric Bloch wall (hollow squares) at 80 nm. Thin
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Figure 3. Vectorial representation of the magnetization in the cross-section of the

domain wall for different thicknesses.44
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Figure 4. The mx and mz component of the magnetization through the film thickness

at the center of the wall for different thicknesses.45
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Figure 5. The wall center and the θ overshoot in the cross-section of the domain wall

for different thicknesses. 46
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Figure 6. Wall energy per unit area as a function of film thickness for our

computations (solid lines), the Ritz method calculations of A. Hubert (dashed) and

Labonte’s numerical calculations (dotted circles).

Néel walls also have a low energy (1.81 ergs/cm2 for 10 nm thickness), which increases

proportionally with thickness. The energy reaches a maximum of 3.87 ergs/cm2 in the

transition region, which is at the intersection of the two solid lines.

Also shown in Fig. 6 are the Ritz method calculations of A. Hubert (dashed) [40]

and Labonte’s numerical calculations (dotted circles) [62]. For Néel walls, we found the

wall energy to be approximately 70% higher than Hubert’s. The reason for this might

be that our computation box included a large part of the Néel wall’s long tail, which

the Ritz method calculations did not. For Bloch walls our calculations match the other

two results reasonably well down to 100 nm. Below this thickness, our results show

a lower energy because we found symmetric Bloch walls in this region, while Hubert’s

calculations are only for C-shaped Bloch walls.

Fig. 7 shows the contribution to the total energy by the exchange, anisotropy,

and demagnetization energies as a function of thickness in the range 10 nm to 160

nm. The anisotropy energy is very low compared to the other two energies throughout

this thickness range. The exchange energy of Bloch walls is much higher than the

demagnetization energy. Néel walls, however, are dominated by the demagnetization

energy. The exchange and demagnetization energies increase as they approach the

transition region from both sides. At the transition region the relative contribution of the
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Figure 7. Wall energy components (exchange, anisotropy and demagnetization) as a

function of film thickness.

Figure 8. Wall width in the center of the material, as a function of film thickness.

exchange and demagnetization energies is swapped. This transition is sharp and clearly

defines the Bloch to Néel transition. It is unlikely that one will find a specific thickness

between 30 and 35 nm where the simulated exchange and demagnetization energies

are equal. The transition is a sudden change between two different magnetization

configurations.
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Figure 9. Wall width at the surface of the material, as a function of film thickness,

using the tangent method (solid line) and a 10% tolerance method (dashed line).

The width of the wall in the center of the material, calculated by the tangent

method, is shown in Fig. 8 for thicknesses between 10 and 640 nm. The width of the

Bloch wall decreases linearly from 414 nm in 640 nm thick material to 34 nm in the 35

nm thick material. However, once the structure turns into a Néel wall, the wall starts

to widen linearly as the thickness decreases. The Néel wall reaches a width of 91 nm in

our simulation of a 10 nm thick film.

Fig. 9 shows the estimated wall width at the surface of the material as a function

of thickness. The Néel caps at the surface of the C-shaped walls are wide and approach

the ±90̊ thresholds slowly. As a result, the tangent method, as shown by the solid line,

greatly underestimates the width of the surface wall. An alternate estimate of the width

of the wall can be calculated using a tolerance method, in which the width estimate is

the distance between the points where the angle first comes within 10% of ±90̊ (dashed

line). It can be seen that the tangent method adequately reflects the surface wall width

only for symmetric Bloch walls. Fig. 9 shows the three distinct structural regions: C-

shaped walls between 100 and 640 nm; symmetric Bloch walls between 35 and 80 nm;

and Néel walls between 10 and 30 nm.

Fig. 10 shows the maximum θ overshoot out of the plane of the material as a function

of thickness from 10 nm to 10.24 µm. The polar angle θ overshoot, measured in the

center of the material, is the amount by which θ surpasses 90̊ on the right side of the
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Figure 10. The maximum θ overshoot in the center of the material, as a function of

thickness.

wall where the vortex is located. The θ overshoot is a direct measure of the magnitude

of the vortex adjacent to the wall [57]. Four distinct regions can be identified in this

figure. As the thickness is decreased from 10.24 µm this overshoot increases and peaks

at 34̊ in the 640 nm thick film. Below this thickness the overshoot decreases rapidly

until it is only 17̊ at 100 nm. Once the wall turns into a symmetric Bloch wall at 80 nm

the overshoot stays relatively constant at 12̊ until 35 nm. The vortices of these walls

are unaffected by changes in thickness. Néel walls have a negligible overshoot since the

magnetization turns in the plane of the material throughout the thickness. Thus, the

vortex structure only exists for thicknesses grater than 35 nm.

5.1.2. Cross-tie walls as a function of film thickness in nanometer

range [O–2]

In chapter 5.1.1 we have studied a single wall how does it change its structure from Bloch

to Néel as a function of thickness. Now the question arises how these wall structures

coexist in a real sample where many of these walls equilibrate themselves to the energy

minimum. The result is a cross-tie wall structure, which means a change in the nature

of the walls visible at the surface. The Néel wall rotation at the surface is stopped after

90̊ and a vertical Bloch line appears (vertical Bloch-line, VBL is a region where two
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C-shaped domain walls of opposite chirality meets [60]), which is continued with a Néel

wall rotation in the same sense.

At the Néel to Bloch wall transition thickness, cross-ties have been experimentally

observed as a viable and stable transition wall structure through which the energy of

long Néel or Bloch walls is reduced. They were observed by a number of researchers

using the bitter technique in Permalloy films in a thickness range containing the Néel to

Bloch wall transition thickness [63, 64]. It was concluded that cross-tie walls represent a

low energy mode of a Néel wall rather than a Néel to Bloch transition mode [64]. More

recently, using a digitally enhanced magneto-optical Kerr effect, Hubert et al. identified

cross-tie walls in a Permalloy film of thickness ranging from 10 nm to 400 nm with

cross-ties still present at 90 nm [40]. They observed that cross-ties coexisted with 3D

VBL structures between C-shaped walls similar to the structures calculated recently

[66].

Cross-tie walls in films with a thickness ranging from 10 nm to 70 nm are going

to be investigated by a 3 dimensional micromgnetic simulation. The energy per unit

area of a cross-tie wall is also compared to that of Néel and Bloch walls obtained in the

previous paragraph.

The simulations were performed by solving the Landau Lifshitz Gilbert equation

numerically in a regular (xyz) grid with 400 x 400 x 4 for the Néel region and 300 x 300

x 10 nodes for the Bloch region in x, y and z, respectively. The wall is in the (yz) plane

and periodic in y. Two semi-infinite domains oppositely saturated along the uniaxial

anisotropy direction y extend the sample in x direction normal to the wall. The sample

has a finite thickness in z direction normal to the film. The dimensions of the elementary

volume, dx, dy and dz, have been chosen as a function of the thickness investigated in

the range of 0.5 to 1.5 times the exchange length in Permalloy, lD=5 nm.

The initial state for the simulations was originally extracted from transition of two

Néel caps at the surface of a T1-type transition between two C-shaped walls of similar

chirality but opposite sided vortices in an 80 nm thick Permalloy film [66]. This synthetic

state was initially relaxed at zero external field to yield the cross-tie wall in a 30 nm

thick film. The states at the other film thickness were generated from the magnetization

state at 30 nm by abruptly or gradually increasing or decreasing the thickness to the

desired value.

Fig. 11 shows the projection of the magnetization configuration on the (x − y)

plane of a 1000 nm by 2000 nm area of a cross-tie wall in (a) 30 nm and (b) 35 nm thick
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Figure 11. Projection of the magnetization on the (x−y) plane at the bottom surface

layer (z=0 nm) of a cross-tie wall in (a) 30 nm and (b) 35 nm thick Permalloy film;

also shown are contours mx=+0.6 Ms (solid line), mx =-0.6 Ms (dashed) and my=0.0

Ms (dotted) for wall center.

Permalloy films. In Fig. 11a, only a 1000 nm wide zoomed-in area is shown out of a total

width of 2000 nm along the direction x. However, Fig. 11b shows the total computed

area. A contour of the magnetization component, my = 0.0 Ms (dotted line), shows

the wall center. Contours of magnetization component, mx = +0.6 Ms (solid line) and

mx = −0.6 Ms (dashed), show the transverse expansion of the cross- tie wall into the

surrounding oppositely saturated domains on each side of the domain wall. The cross-tie

at thickness 30 nm, Néel region, would extend twice as wide transversally compared to

a cross-tie at 35 nm. However, there are twice as many transitions at 35 nm than at

30 nm thickness. The increase in thickness allows the development of an out of plane

component because of the Néel to Bloch transition mode. However, instead of obtaining

symmetric Bloch walls as expected at this thickness[6], the wall segments away from the

transitions still remain of Néel-type but twice as many out of plane transitions, VBLs,

move into the viewing area. The equilibrium magnetization transition between Néel

walls is a hyperbolic or an elliptical flux pair with opposite out of plane magnetization

[37, 68].

Fig. 12 shows the projection of the magnetization configuration on the (x−y) plane

of 55 nm by 55 nm area containing either a hyperbolic or elliptical transition between two
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Figure 12. Projection of the magnetization on the (x − y) plane of hyperbolic (a)

and (b) and elliptical (c) and (d) transition in a 30 nm (a) and (c) and a 35 nm (b)

and (d) thick film; contours show mz =-0.08 Ms (solid line in (a) and (b)) and mz

=+0.08 Ms (solid line in (c) and (d)) in a 55 nm x 55 nm zoomed-in area along with

wall center, my =0.0 Ms (dashed).

Néel wall segments in a 30 nm thick film (a, c) and a 35 nm thick film (b, d). Contours

of the magnetization component, mz = −0.08 Ms (into the plane) and mz = +0.08 Ms

(out of plane) in solid lines show a notable increase of the transition region increases as

the thickness is increased from 30 to 35 nm. The magnetization changes smoothly in

all directions. A contour of the magnetization component, my = 0.0 Ms (dashed line),

shows a small wall micro deformation at the transition which increases with thickness.

Fig. 13 shows the zoomed-in magnetization configuration in an (x−z) cross-section

normal to the (y − z) wall plane and the projection of the magnetization on the (y − z)

wall center plane centered at the hyperbolic and elliptical transitions in a 35 nm thick

film, respectively. The mz contours show the width of the Bloch-type transition, or VBL,

between the domain on the left, saturated -y (out of the page), and the domain on the

right, saturated +y (into the page). The hyperbolic and elliptical transition widths

(also the wall width) along x are 40 nm and 35 nm, respectively. The magnetization

rotates 180̊ out of the plane of the film, a Bloch-type rotation of opposite chirality,

from one domain to another when passing through either transition. The center of the

transition, also the wall center, is shown by the my = 0.0 Ms contour (dotted line).

The magnetization in a hyperbolic or an elliptical transition can have either a -z or
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Figure 13. Projection of the magnetization on an (x− z) cross-section normal to the

wall plane (y− z) at (a) y= 325 nm and (b) y= 847 nm and on a (y− z) plane parallel

to the wall in hyperbolic (a) and (c) and elliptical (b) and (d) transitions in a 35 nm

thick Permalloy film; contours show mz = -0.2 Ms (dashed), mz = +0.2 Ms (solid);

my=0.0 Ms (dotted) is the wall center.

+z chirality, normal to the film plane. Along the y direction parallel to the wall, the

magnetization rotates 360̊ counter clock-wise as it starts with a -x chirality (into the

page) in a Néel wall (y<295 nm), to the left of the hyperbolic transition in Fig. 13c,

down and out of the plane of the film (-z chirality), then up to +x chirality in the middle

Néel wall to the right of the hyperbolic transition (Fig. 13c) and the left of the elliptical

transition (Fig. 13d) (340 nm < y < 820 nm). It continues winding counter- clockwise

up and out of the plane (+z chirality) in the elliptical transition and back down to -x

chirality in the Néel wall to the right of the elliptical transition.

Fig. 14 shows the contribution to the total energy per unit area of the exchange,

demagnetization and anisotropy energies as a function of thickness inn the range 10-70

nm. The anisotropy energy is very low compared to the other energies. It can be seen

that the demagnetization energy remains higher than the exchange energy throughout

this range of thickness. The pure Néel to Bloch transition is accompanied by a flipping

of the demagnetization and exchange energies reflecting the important wall structure

change from Néel to Bloch wall configuration [67]. This switch of energy is not observed

with the cross-tie energies in Fig. 14. The demagnetization and exchange energy jumps

partially reflect the Néel to Bloch wall structure change. Out of the plane magnetization
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Figure 14. Cross-tie wall energy components (a) exchange, (b) demagnetization and

(c) anisotropy as a function of film thickness.

in the Bloch region generates more demagnetization energy. Another contribution comes

from calculated S-shaped walls [68], instead of pure Néel walls, in the vicinity of the

transitions – they are Néel-like away from the transitions. The increase of the transition

regions, shown in Figs. 12 and 13, also contributes to the energy jump at the transition

thickness. Fig. 14 suggests that a cross-tie wall allows for Néel walls to still be present

at a thickness higher than 30 nm.

Fig. 15 shows the simulated wall energy per unit area (dashed-circle and solid-star

lines) as a function of film thickness. In the Néel region, thickness less than 30 nm,

curve Fig. 15a shows that the cross-tie wall energy density is practically constant and

lies below curve Fig. 15c, the corrected energy density for Néel walls previously reported

in Ref. [67]. However, a pure Néel wall is a preferred magnetic state at 10 nm. In the

Bloch region, thickness larger than 35 nm, curve Fig. 15b shows that cross-tie wall

density is nearly constant between 35 and 50 nm. In this range, the cross-tie wall is

preferred to a symmetric Bloch wall. Above 50 nm, a pure symmetrical Bloch would

prevail. However, it has been shown previously that a symmetric Bloch wall becomes

C- shaped if a 3D VBL is present in the wall [66, 67]. The energy density of a C-shaped

wall is thus increased by 0.5 erg/cm2 and will lie above curve Fig. 15b in the range

50-70 nm over which a cross-tie wall is the preferred state.

To conclude, the following wall structures have been found as a function of film
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Figure 15. Wall energy per unit area as a function of film thickness for cross-tie walls

in (a) Néel region and (b) Bloch region; also shown are wall energy for (c) a Néel wall

and (d) a symmetric Bloch wall.

thickness:

• from 10.24 µm down to 0.16 µm C-shaped domain walls exist, which is a wall

containing Néel caps at the surface of the film, a Bloch wall in the center and an

adjoining vortex structure marked by an overshoot of magnetization

• at 0.16 µm C-shaped domain wall exist, but the Néel caps almost disappears from

the surface of the film

• between 0.08 and 0.035 µm symmetric Bloch walls exist characterized by two

vortices, having no Néel caps at the surface of the film

• between 10–30 nm range pure Néel walls exist

• cross-tie walls have been found as a result of the interaction between the vertical

Bloch lines (VBL) in thin films with thickness between 10-70 nm, which are

energetically much more favorable than symmetric Bloch walls or Néel walls at

the Bloch to Néel transition region.
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5.2. Micromagnetic Simulation of the Random Anisotropy
Model [O–3]

The uniaxial anisotropy constant K1 is a material characteristic for large grain size

polycrystalline material only, when the grain size D > lexch, where lexch is a correlation

length, i.e. the size of the region where the exchange prevails over the anisotropy (see

the amplitude of the anisotropy energy variation as a function of θ in Fig. 16 [70]).

In the case when D � lexch a summation of random anisotropies, each comprising

V/N volume, will result in the averaging out of the effective anisotropy as it can be

followed analytically:

Eav =
N∑

i=1

K1

N
sin2 (θ − αi) =

K1

2
−

N∑
i=1

K1

2N
cos 2 (θ − αi)

=
K1

2
− K1√

N
cos 2θ (79)

where N is the number of grains (supposed to be equal in D) in the volume

determined by lexch, αi’s are the angles of the local random easy axis.

The effective anisotropy constant can be taken as the coefficient of the angular

dependent part: Keff = K1/
√

N , which is identical with the effective anisotropy derived

by Herzer from random walk considerations.

The amplitude of the resultant anisotropy energy variation can be calculated

numerically as:

Keff = max

(
N∑

i=1

K1

N
sin2(θ − αi)

)
− min

(
N∑

i=1

K1

N
sin2(θ − αi)

)
(80)

The result is shown in Fig. 17, where from it is clear that effective suppression of

K1 happens only above N = 100.

Both these calculations and the random walk consideration need further scaling

arguments to derive the size dependence of the effective anisotropy: Keff =

K1(D/lexch)
6.

We are going to validate the above results by micromagnetic simulations, which

take into account real material characteristics of iron nanograins. The micromagnetic

calculations however can be done on small sized samples only, where the strong

demagnetizing effects are unavoidable. The Herzer model is implicitly assuming an

infinite sized sample where the balance of exchange and anisotropy is taken into account

only. For a small sized sample – the object of micromagnetic calculations – beside these

two energies the magnetostatic stray field energy can’t be neglected. The latter is
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Figure 16. The crystalline anisotropy energy variation in function of angle θ (the

angle between the magnetization and the easy axis) for a large grain of monocrystal

D > lexch and the sum of the energy corresponding to the random oriented small

grains with D � lexch.

Figure 17. Averaging out the effective crystalline anisotropy as a function of N

(number of grain within the volume determined by lexch.
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equivalent with a strong, uniaxial shape anisotropy beside which we would like to follow

the averaging out of the fluctuations of local magnetocrystalline anisotropies.

From the point of view of micromagnetic calculations the correlation between

the domain wall width and the effective anisotropy is important because it is rather

straight forward to visualize the domain wall structure and to determine the wall

width. Following the increasing of wall width as a function of diminishing grain size the

corresponding averaging out of anisotropy fluctuation can be monitored basing on the

relation:

W = πleff = π (A/Keff )
1/2 = πA2/

(
K2

1d
3
)
. (81)

The simulations were performed numerically solving the LLG equation in a

Cartesian lattice with periodic boundary conditions along y and z directions. The

(xyz) grid was divided into 150x24x24 nodes, using elementary cells of 3 nm size, small

enough to have reasonable results. The simulation starts assuming a material with the

parameters of iron (Ms = 1714 emu/g, Kc = 410, 000 erg/cm3, A = 2.1×10−6 erg/cm),

having uniform cubic anisotropy. The initial magnetization state was a 180̊ wall

along the x direction having non-pinned (free) boundary conditions at the ends. We

equilibrated this state integrating the LLG equation until the dM/dt became smaller

than 10−8.

Figure 18. Rotation of the local magnetization in a domain wall along X direction.

In Fig. 18 we can see the equilibrium state of the domain walls for the single-crystal

59



5 RESULTS AND DISCUSSIONS

and for the nanocrystalline assembly with an average grain size of 12 nm. The θ angle

is represented which is the angle between the z-axis and the magnetization direction.

Comparing the two plots it turns out that the wall has 180-degree rotation for

single crystal and 240-degree for nanocrystalline case. The details of the wall structure

as it comes out from micromagnetic calculation are shown in Fig. 19 for single and

nanocrystalline materials respectively.

x

y

z
a.)

b.)

c.)

d.)

Figure 19. (a) Schematic representation of the computational box; (b) Vectorial

representation of the magnetization in the cross-section of the domain wall in a single

crystal; (c) Schematic representation of a nanocrystalline material comprising 1500

grains with D=12 nm; (d) Vectorial representation of the magnetization in the cross-

section of the domain wall in a nanocrystalline material.
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If we analyze this from the point of view of charges, is clear that the charges are

produced in the middle of the wall in both cases. The demagnetizing field, produced by

these charges, would like to be compensated by turning down the spins at the end of

the wall. In the case of single-crystal the anisotropy is strong enough to overcome the

demagnetizing field and maintains the 180-degree wall, being equivalent with a pinning

field at the ends of the wall. In the nanostructured material, however the fluctuating

anisotropy is no more strong enough to keep the 180-degree wall, so the demagnetizing

field can overcome the anisotropy pinning at the ends of the wall by turning down the

spins and as a result a 240-degree wall appears. In terms of distances, 200 nm is the wall-

width for single-crystal, and 300 nm is for nanostructured material. The enlargement

of the wall thickness is equivalent to the weakening of the effective anisotropy.

Figure 20. Wall thickness determined from the simulated domain wall structure as a

function of grain size.

Fig. 20 shows the results of a series of simulations as a function of grain sizes. The

value of the slope in Fig. 20 is 16× 10−32 m4, which is in order of magnitude agreement

with the predicted value: πA2/K2
1 . Better accordance would be achieved by considering

larger computational box.

As a conclusion, from these micromagnetic simulations it comes out that the

exchange averaging of the crystalline anisotropy (exchange softening) in nanostructured

model materials is effective as the scaling considerations of Herzer model predicted it.

The simulation of the real random anisotropy model is possible only for finite
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Figure 21. Evolution of the hysteresis loops as a function of subdivision. Filling the

spacer with magnetic amorphous material, reduces the coercive field.

sample, determined by the maximal computational box. Consequently, real soft

magnetic behavior with coercivities in mOe range cannot be expected. However, the

tendencies can be figure out. In Fig. such a tendency is shown for an arbitrarily taken

Permalloy finite cube of 34 × 34 × 34 nm3 size, which was subdivided in 10x10x10

“grains” with 2nm spacer between them. The huge coercivity (around 350 Oe) for the

monodomain (monocrystal) particle corresponds to a Stoner-Wohlfahrt behavior of non–

interacting monodomain particles. This coercivity is diminished by partition in random

oriented grains. Using a soft amorphous phase as a spacer filling material (instead of

vacuum), further diminishes the coercivity. The calculations could be continued for

larger computational boxes, but perfect agreement with experimental results cannot be

expected, because of the finite size effect of the sample [72].

5.3. Monodomain-vortex critical radius [O–4]

In the calculation of the critical size for monodomain particles, the simplicity has

been the preferred choice. Kittel [73] presented an order of magnitude calculation by

comparing the energy necessary to create a domain wall with the reduction of the

magnetostatic energy during the creation of a domain structure. The critical radius he

obtained for uniform magnetization state with saturation magnetization MS is given by
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the expression

R =
9 ∗ γw

πM2
S

(82)

where γw = 2
√

AK is the Bloch wall surface energy in an infinite material for low-

anisotropy materials, A is the exchange stiffness constant, K the anisotropy constant.

Throughout this thesis CGS units are used.

With analytical micromagnetic calculations, Brown [74] made possible a rigorous

calculation of the critical particle size, by establishing upper and lower bounds to the

relevant energies at which the energies of the uniform state and of the lowest energy

nonuniform state become equal. From the minimization of the self energy of the particle

using the Lagrangian multiplier method and by knowing the self energy of the uniformly

magnetized particle, the lower bound can be calculated, which gives a radius of

R0 = 3.6055

√
2A

4πM2
S

. (83)

If R < R0 the lowest energy state is the one of the single domain with uniform

magnetization.

Brown [74] has calculated two upper bounds, one for the low anisotropy and one for

the high anisotropy case. In low-anisotropy materials the energy of the curling or vortex

state is compared with the energy of the uniform magnetization state. The calculated

critical radius is

Rc1 =
4.5292

√
2A√

4πM2
s − 5.6150K1

. (84)

In high-anisotropy materials the two-domain structure is preferred instead of

curling. The critical size for the formation of this state is

Rc2 =
9

8(3σ − 2)M 2
S

√
2A(K1 + 8πσM 2

S) (85)

where σ is a numerical factor [74] equal to 0.785398.

After defining the R0 and Rc1 critical sizes, the following question can be raised:

how does the magnetization of a sphere-like particle looks like in the [R0, Rc1] interval?

We are going to solve this problem in its complexity by using numerical micromagnetic
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calculations, taking into consideration the anisotropy, exchange and demagnetizing

fields and examining the total energies and the transition radii for spheres of different

ferromagnetic metallic materials.

The simulations were performed by solving numerically the LLG equation in a

three-dimensional Cartesian lattice. The (xyz) grid was divided into 25x25x25 nodes

and the spheres of different material parameters were built up inside this cube. For

changing the sphere diameter, elementary cells between 0.4 and 4.8 nm size were used,

small enough to have reasonable results. The remanent states for each diameter and

material properties have been obtained by starting from the saturation state in an

applied field of 10000 Oe, successively decreased in 12 steps down to 0 Oe. At each field

step, we equilibrated our system by integrating the LLG equation until the change in M

is smaller than 10−9 / one time step, which is a fraction of 1 ps. A large Gilbert damping

constant (α = 0.5) was used to speed up the computations. The typical equilibration

time from Happ = 10000 Oe down to 0 Oe, to obtain the remanent state, was 3-4 days.

5.3.1. Fe spheres
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Figure 22. Dependence of the energy density components on the particle diameter D

for Fe sphere-like particles.
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As input data, the following material parameters were used: for Fe, the exchange

constant, A = 2.1 ∗ 10−6 erg/cm; cubic crystalline anisotropy constant, Kc =

480000 erg/cm3; saturation magnetization, MS = 1714 emu/cm3. In Fig. 22, the

energy components as a function of the diameter are shown for sphere-like particles.

Although the spatial distributions of the magnetization vectors are not shown for each

particle diameter, they were used to monitor the change of the magnetization state

from the monodomain to the vortex one. The region, where the demagnetizing energy

is dominating, (below 25 nm), corresponds to the uniform (monodomain) magnetization

state. Above 40 nm the demagnetizing field is driving the particle to the expected easy-

axis oriented (EAO) vortex state (Fig. 23), which remains as a preferred one up to the

largest considered diameter, i.e.: 120 nm. However, there is an unexpected hard-axis

oriented (HAO) vortex state between 25 nm and 40 nm.

Figure 23. 3 dimensional view of the magnetization in Fe particle with 60 nm in

diameter. The core in the middle is magnetized almost to saturation (M ≈ 90% of

MS) along the X direction, while within the surface regions the magnetization vectors

are parallel to the ±Y and ±Z directions, respectively.
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Reducing the size of the particle, the dominant tendency is to keep the flux within

the particle. When the energy minimization rules out the multidomain structure, the

stray field cannot be avoided. Nevertheless, the energy of this stray field, i.e.: the

volume occupied by the stray flux is going to be minimized. The vortex structure helps

keeping the flux within the material and minimizes the stray field confined to the core,

as shown in Fig. 23. Interestingly, in an intermediate particle size range this core, from

where the stray field comes, is not easy-axis oriented as expected, but hard-axis oriented

instead; the core is located on the diagonal of the cube. This result indicates that the

hard and the easy-axis concept is not necessarily applicable in the small size particle

range.

The question arises whether the formation of the HAO vortex structure in place

of the expected EAO vortex structure might be due to the polytope sample shape,

approximating the sphere-like sample. This polygonal shape is a consequence of the

cubic cells used in the simulation. To clarify this question the following numerical

micromagnetic calculation was performed. We have taken intentionally an EAO vortex

structure as the initial state for a particle where the HAO vortex appeared. Then the

system was allowed to relax to the equilibrium in zero external field. The system went

back to the HAO vortex state, indicating its stability against the simplification applied

during the numerical calculations. Considering the structure stability from an energetic

point of view, it has to be noted that the energy drop, when going from an EAO vortex

state to an HAO one, is 1% only.

In addition, the stability of the HAO vortex state was checked also in the presence

of an external field. It was found that the vortex state gradually evolves, approaching

the monodomain state as the field is increased from 1000 Oe to 2000 Oe (incremented

in steps of 100 Oe), reaching completely monodomain state at 2000 Oe. It is worth

mentioning the stability of the EAO vortex in external field as well: for a particle with

35 nm diameter a field of 3200 Oe switches the vortex state to a monodomain one. Such

calculations across the ranges of particle diameter and external field would yield the

phase-diagram of the magnetic states. Detailed calculations are in progress.

5.3.2. Fe80Si20 spheres

Similar numerical calculations have been performed for the material softer than Fe,

having the composition Fe80Si20. In this case we have taken A = 1.5 ∗ 10−6 erg/cm;
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Kc = 80000 erg/cm3; MS = 994.7 emu/cm3. The uniform magnetization state extends

up to D=35 nm (see Fig. 24). The same HAO vortex structure appears for diameters

of 40 nm and 45 nm as was in the case of Fe. In the 50-120 nm range, the particle is in

a pure EAO vortex state.
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Figure 24. Dependence of the energy density components on the particle diameter D

for Fe80Si20 sphere-like particles.

5.3.3. Permalloy spheres

The material parameters for the Permalloy samples were taken as: A = 1.05 ∗
10−6 erg/cm; K = 1000 erg/cm3, MS = 800 emu/cm3. Results similar to the Fe80Si20

have been obtained (see Fig. 25).

The sequences of the magnetization states as a function of particle diameter are

summarized in Fig. 26 where, between the well-known uniform and EAO vortex state,

the HAO vortex structure arises. This state exists within a 15 nm wide range for all

the considered materials.

Our numerical calculations have revealed serious discrepancies with respect to

the earlier order of magnitude ([73]) and analytical micromagnetic ([74]) calculations.
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Figure 25. Dependence of the energy density components on the particle diameter D

for Permalloy sphere-like particles.

Figure 26. Magnetic structures versus particle diameter for investigated materials.
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Table 1. Comparison of transition diameters calculated by Eqs. 82 (2R), 83 (2R0)

and 84 (2Rc1) and by numerical micromagnetic calculations (Dmono and Dvortex)

2R 2R0 2Rc1 Dmono Dvortex

(nm) (nm) (nm) (nm) (nm)

Fe 35 24.32 31.7 25 40

FeSi 40 35.42 45.4 35 50

Permalloy 56.8 36.84 45.2 35 50

In Table 1, we have collected the diameters obtained by numerical micromagnetic

calculations (Dmono and Dvortex) and those obtained from the order of magnitude

calculation (Eq. 82) and from analytical micromagnetic calculations (Eqs. 83 and 84).

The micromagnetic calculation gives for the diameter Dmono (column four in

Table 1) a lower value than Eq. 82, but the same value as Eq. 83 for monodomain

region. For the diameter of the well-known easy-axis oriented vortex structure, our

calculations (Dvortex) give higher values than that of Eq. 84 found, reported by Brown

[74]. It is worth to mention that the interval of values given by Eqs. 83 and 84 covers the

interval corresponding to the hard-axis oriented vortex structure of the present thesis.

In this way, we could specify more precisely the transition interval between the uniform

and the vortex state.

The fortuitous coincidence of the transition radii, Dmono and Dvortex for Fe80Si20

and Permalloy might be explained by the interplay of the material parameters A, MS

and K.

The weak points of these calculations can be summarized as follows:

1. For a fine particle, the surface to volume ratio is very large, in the range

of 107 − 108m−1, and the surface effects become important. However, the effect of

the surface anisotropy was neglected by assuming a constant crystalline anisotropy,

with the same value as for the bulk material, throughout the whole volume of the

particle. Concerning the characteristic radius values, the Néel type surface anisotropy

will certainly affect the result, this is why we plan to include this effect in the future

investigations.

2. Instead of ideal spheres, we worked with polytope sample shapes, which

underestimates a little bit the actual demagnetizing energy. This unavoidable
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approximation, however, does not influence the essential features of the numerical

micromagnetic calculations.

The spherical-like particles are important in applications like ferrofluids and

magnetic nanocomposites like the Co-Cu and Fe-Cu systems, where the precipitates

are expected to be sphere-like particles in result of the preparation process. A natural

extension of these simulations would be to consider fine particles having the cylindrical

form.

By micromagnetic calculations we have found the critical diameters for

monodomain to vortex transitions (see Table 1), for some important soft magnetic

materials. A hard axis oriented vortex state has been found, as an intermediary

transition between the monodomain and easy-axis oriented vortex magnetization states.

5.4. Langevin granulometry [O–5]

The numerical simulations to be presented concerning the Lagnevin granulometry

complements other techniques available for the determination of particle size

distributions, such as transmission electron microscopy, small angle neutron scattering,

etc., the magnetic method is easier to perform experimentally. Of course, our simulation

methods presents the same difficulty as many other problems in data evaluation, namely

the physical system uniquely determine the measured data but the inverse problem of

deriving the parameters of the physical system from the data is ambiguous. In this

thesis we study this ambiguity, applying three different algorithms in order to derive the

particle size distribution from the superparamagnetic magnetization curves. As far as

we know such a comparison has not yet been done before. The following optimization

techniques were adopted to this problem and compared: (1) regularization method,

(2) simulated annealing, (3) genetic algorithm.

In order to compare the performance of each method, we have to note, that in

case of the regularization method, recovery of the unknown distribution curve relies on

the optimization of three different parameters (α, β, γ) for each magnetization curve

separately. For the regularization method, the best fit was obtained when the interval

[µmin, µmax] was divided into 30—50 channels. The support of searched distribution

cannot start from 0 but instead at µmin > 0, in order to get the best possible fit. When

using a higher resolution for recovery of the histogram, one obtains a noisy result,

impossible to interpret from the experimental point of view, although the obtained
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fit in some cases is better. We have to mention that the regularization method often

returns both negative and positive values for the unknown amplitudes wi’s. In order to

optimize the parameters α, β and γ we have to satisfy two requirements at the same

time, namely: i) to find the global minimum for the least squares deviation and ii) the

area contained in the bins with negative contents should be negligible compared to the

positive contents (only the non-negative values have physical sense). Finding the proper

choice of parameters requires several runs on the same experimental data and it is not

efficient from the point of view of the recovering process. Moreover, the resolution

obtainable by the regularization method is the worst among the methods treated in this

thesis.

For the SA method the cooling speed has to be adjusted. For a simple distribution

the convergence is fast, but for a more complex case, a slower cooling process has to

be chosen, increasing the calculation time. If the cooling process is too fast, the large-

moment part of the distribution cannot be recovered properly.

5.4.1. Single and double peak Dirac δ-like model distributions

As the first examples, we considered samples containing only one or two discrete

sizes of the magnetic moment, corresponding to single- and double-peak Dirac δ-like

distributions. The corresponding ”experimental” magnetization (Langevin) curves of

1000 points were constructed, to be recovered later by the different algorithms. All three

methods succeeded to recover the initial distributions (results are shown in Figs. 27

and 28). None of the methods is able to provide an infinitely narrow peak, instead

distributions with finite width are obtained.

The most promising method in these trials was the genetic algorithm, the results

presented in the following were obtained using a thoroughly rewritten version of the

earlier program [54].

5.4.2. Lognormal and Gaussian model distributions processed by genetic

algorithm

We have generated superparamagnetic magnetization curves by using either a lognormal

distribution or a Gaussian distribution of magnetic moments. In both cases, the number

of points in the magnetization curve was 1000. The recovered distributions are shown

in Figs. 29 and 30, respectively.
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Figure 27. Distributions recovered from a simulated magnetization curve originating

from a sample containing particles of equal moment by: a) regularization method,

b) simulated annealing and c) genetic algorithm. The model peak position is at 2.7∗108.
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Figure 28. Recovered distributions from the magnetization curve of a sample

containing a mixture of two magnetic moments with: a) regularization method,

b) simulated annealing and c) genetic algorithm. Original peak positions were 3 ∗ 107

and 1.8 ∗ 108, with relative amplitudes of 1.0 and 0.3, respectively.
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Figure 29. Simulated lognormal-like distribution of particles with small magnetic

moment (solid line) used to generate a model magnetization curve and the distribution

recovered by the genetic algorithm (histogram).
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Figure 30. Simulated Gaussian-like distribution of particles with large magnetic

moment (solid line) used to generate a model magnetization curve and the distribution

recovered by the genetic algorithm (histogram).
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Figure 31. Simulated composite distribution, consisting of a lognormal and a

Gaussian part (solid line), used for the generation of a model magnetization curve

and the distribution recovered by the genetic algorithm (histogram).

For further testing of the GA program, we have combined the previous two

distributions in different proportions. The result of the computation is shown in Fig. 31.

Based on Figs. 29, 30 and 31, we can conclude that both the peak positions

and half widths could be surprisingly well reproduced by the GA. For the composite

distribution (lognormal plus Gaussian), the fit to the magnetization curve is shown in

Fig. 32.

The sensitivity of the recovered distribution to stochastic noise has also been

studied. We have constructed magnetization curves – assuming Gaussian distribution

for the magnetic moments – with the addition of a stochastic noise uniformly distributed

in the [−Amp,Amp] interval. The following numerical values have been considered for

Amp: 0.1%, 0.2%, 0.5%, 1%, 2%, 5% and 10% of MS. The most noisy magnetization

curve is presented in Fig. 33.

In Fig. 34 the area of the two distributions, representing the saturation

magnetization, are almost the same, the difference is less than 1%. One can conclude,

that in spite of the fact that the half width of the recovered peak is twice as large as

the theoretical, the peak position is properly given. In practice the noise coming from
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Figure 32. The simulated magnetization curve (diamonds), corresponding to the

composite distribution consisting of a lognormal and a Gaussian part (shown in Fig. 31)

together with the fit obtained by using the distribution recovered by the genetic

algorithm(solid line).
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Figure 33. Generated magnetization curves with and without noise, assuming

Gaussian distribution for the magnetic moments. The noise amplitude represents 20%

of the MS value.
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Figure 34. The histogram represents the distribution recovered by the genetic

algorithm from the noisy magnetization data, which should be compared with the

original Gaussian distribution (solid line), from which the noiseless magnetization curve

was created. For comparison, the inset shows the distribution recovered from noiseless

data (same as Fig. 30).

measurements is always smaller than in the extreme case (20% of MS) considered above.

Up to 5% noise (which is reasonable from experimental point of view), both the peak

position and the half width of the distribution have been properly recovered by GA. We

can conclude that if the noise is smaller than 5% of MS, the GA is still able to recover

the initial distribution, but measurements with larger uncertainty are not suitable for

the determination of the particle moment distribution.

Based on experience obtained during the above recovery processes, we conclude

that selecting 2 as the expansion factor of the maximum moment and λ = 20 as the

smoothing parameter allows for the recovery of a variety of the model distributions with

acceptable deviations.

This version of the GA combines the essential features of the two other methods

described in this thesis, namely the concept of regularization and the stochastic nature

of SA. The advantages of GA’s over other methods is that the recovered magnetic

moment distributions are strictly non-negative, it has only one adjustable parameter,

λ (resolution), with clear physical meaning, related to the signal to noise ration of the
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Figure 35. Superparamagnetic magnetization curve measured by VSM on Cr-

substituted Finemet sample (squares) and the fit produced by the genetic algorithm

experimental data.

5.4.3. Application to experimental measurements

The fitting procedure based on the GA was applied to experimentally measured

superparamagnetic magnetization curves. A vibrating sample magnetometer (VSM)

equipped with an electric furnace was used to measure the magnetization curves on Cr-

substituted Finemet-type nanocrystalline alloy (Fe63.5Cr10Si13.5B9Cu1Nb3) [75]. Due

to the relatively high Cr content the Tc of the remaining amorphous matrix is reduced

with the increase of the crystalline volume fraction. This effect makes possible the

study of superparamagnetic behavior at temperatures well below the crystallization

temperature of the remaining amorphous phase.

In Fig. 35 the magnetization curve taken at 400C̊ for the sample annealed at 525C̊

and the fit produced by the GA is shown. The Fig. 36 shows the distribution of the

magnetic moments. The results obtained by GA and those obtained by TEM and X-ray

diffraction measurements are in good agreement (see Table 2). The mean size of the

nanocrystals from their magnetic moment was calculated by assuming cubic crystals. If

we divide the mean magnetic moment (〈µlg〉) by the moment sitting on the Fe atom,
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Figure 36. Magnetic moment distribution recovered by the genetic algorithm

namely 2.2, we will obtain the number of the atoms forming the nanocrystal. The cubic

root of this multiplied by the atomic distance of Fe atoms is considered to be the size

of the nanocrystals.

Table 2. Annealing temperature (Ta), average grain size (Dx) determined by X-ray

diffraction, mean magnetic moment of the nanocrystals (〈µlg〉) and their mean size

(D) calculated from the Langevin fitting based on genetic algorithm

Ta Dx 〈µlg〉 D

(C̊) (nm) (103µB) (nm)

525 9±2 50 7.5

The typical execution time for a magnetization curve consisting of 1000 points, and

using a 256-bin histogram for the recovered distribution, was around 1 hour.
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6. Conclusions

Using two powerful softwares, we have been able to study the magnetic domain and

domain wall structure in a number of soft magnetic materials which has primordial im-

portance for applications such as: Permalloy thin films used in magnetic read and write

devices, nanogranular systems which are excellent soft magnetic materials and in fine

particles and superparamagnetic systems of fine particles.

The main results of this thesis are:

(i) A more accurate thickness value for the Bloch–to–Néel wall transition was estab-

lished for Permalloy film. Instead of the previously determined value (80–90 nm

[32, 40]), we obtained 30–35 nm [O–1]. In addition, we have shown that symmetric

Bloch walls exist down to 35 nm [O–1] instead of the previously reported limit of

100 nm [32]. These findings have relevance in designing read–write heads of hard

disks based on Permalloy thin films.

(ii) By studying a multitude of coexistent Bloch and Néel walls in Permalloy thin films

in the transition thickness range (10-70 nm), cross-tie walls have been found [O–2]

in agreement with earlier experimental results [40, 63]. The occurrence of a cross-

tie wall structure reflects a change in the nature of the walls visible at the surface:

the Néel wall rotation at the surface is stopped after 90̊ and a vertical Bloch line

appears where two C-shaped domain walls of opposite chirality meet [60] and the

magnetic transition continues with a Néel wall rotation in the same sense. The

simulation of the cross-tie wall structure at the Néel–to–Bloch transition thickness

provides a detailed visualization and quantitative data on transition widths and

wall energy. Such calculations are the only source of information about the internal

domain wall structures because the experimental observations are restricted to the

surface of the sample.

(iii) We have found by micromagnetic calculations that the domain wall thickness

changes as the inverse third power of the grain size [O–3], in agreement with the

Herzer formula describing the exchange softening in nanosized region. These calcu-

lations provide a proof for the scaling considerations used in deriving the random
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anisotropy model.

(iv) We have calculated, for the first time, by micromagnetic calculations the critical

diameters for monodomain–to–vortex transition in sphere-like soft magnetic fine

particles [O–4]. In agreement with the earlier analytical calculations of Brown [74],

we have found two critical diameters Dmono and Dvortex which refer to the pure

monodomain (the [0,Dmono] interval) and pure vortex structure (above Dvortex).

Moreover, the structure between Dmono and Dvortex could be cleared up, which was

missing from the literature: in this region, a hard–axis–oriented [O–4] vortex state

was found instead of the “normal” easy–axis–oriented vortex.

(v) A software was developed based on genetic algorithm for extracting the magnetic

moment distribution from superparamagnetic magnetization curves [O–5]. Though

many other methods have been used so far, this software available now on the

author’s website [76] is the only reliable method of processing superparamagnetic

curves, making possible for the first time real Langevin granulometry through

magnetization measurements, either for a single lognormal or multi-modal

distributions.

There are several natural extensions of the present work such as:

• to study the stability of the vortex state and it’s transition to monodomain state

for fine particles in the presence of an external field. Such calculations across the

ranges of particle diameter and external field would yield the phase-diagram of the

magnetic states.

• calculation of critical radius for monodomain–to–vortex transition in other

materials like γ–maghemite, magnetite, Co, PdCo, having importance in

biomedical and magnetic information storage applications;

• studying the interaction of nano–dots in patterned media for magnetic RAM

(MRAM) applications;

• continuation of the simulations applied for exchange softening from micrometer to

milimeter range;

• application of the software developed for the Langevin granulometry for different
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experimental results, especially for the case when the substraction of a

ferromagnetic contribution is necessary;

• application of the genetic algorithm for other experimental curve fitting problems

such as: (1) JMA parameters for DSC curves, (2) the Jiles–Atherton parameters

for hysteresis loops.

In the future we would like to extend the micromagnetic simulations both to

larger and smaller sample size ranges. The maximal size at the time being is in the

micrometer range. Extension towards large sample sizes in general is limited by the

existing supercomputers but there is no theoretical obstacle to extend the elementary

cell size down to crystallographic cell. By diminishing the elementary cell size to the

lattice constant range, fascinating new applications can be performed such as: magnetic

phase diagram calculations (antiferro–ferromagnetic transitions, the problem of spin–

valves and exchange bias at an antiferromagnetic/ferromagnetic interface, colossal

magnetoresistance and giant magneto–caloric effect).
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transition, 2001 J. Appl. Phys. 89(11) 7606-7608.
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11 APPENDIX

11. Appendix

11.1. Calculation of the total demagnetization field inside the
computational box

Let’s consider an observation point x(x1, x2, x3) where the field is calculated. Generally

if we have a source unit cell with dimensions lx, ly and lz at position y(y1, y2, y3), being

the magnetization distribution uniform in the unit cell – �M(y) = Ms �m, where Ms is the

constant spontaneous magnetization density and �m the unit vector in the direction

x, y or z – the demagnetizing field �H(x) = �H1(x) + �H2(x) + �H3(x) is calculated

using a convolution formulation of the field in terms of the magnetization density

�M(y) = �M1(y) + �M2(y) + �M3(y):

�H1(x) = Ms (G11(�r)�m1 + G12(�r)�m2 + G13(�r)�m3)

�H2(x) = Ms (G21(�r)�m1 + G22(�r)�m2 + G23(�r)�m3)

�H3(x) = Ms (G31(�r)�m1 + G32(�r)�m2 + G33(�r)�m3) (86)

where

Gij(r) =
∫ lx/2

−lx/2
dy1

∫ ly/2

−ly/2
dy2

∫ lz/2

−lz/2
dy3 G

′

ij, (87)

with i, j = 1, 2, 3 defining G
′

ij(r) the dipole-dipole interaction Kernel: G
′

ij = 3�ri�rj−δij

�r3

with i, j = 1, 2, 3, with �ri = (�xi − �yi)/�r, where �r =
√∑3

i=1 (�xi − �yi)
2.

The field components can be written as:

�Hi(x) = Ms

3∑
i=1

[∫ lx/2

−lx/2
dy1

∫ ly/2

−ly/2
dy2

∫ lz/2

−lz/2
dy3

3�ri�rj − δij

�r3
�mj(y)

]
, i = 1, 2, 3. (88)

In the case when we have a volume (computational box in this case) defined by Lx,

Ly and Lz the field in the observation point �x(x1, x2, x3) will be the sum of contributions

of all elementary volumes or source points:

�H1(x) = Ms

[∫
box

d3Y (G11(�r)�m1 + G12(�r)�m2 + G13(�r)�m3)
]

�H2(x) = Ms

[∫
box

d3Y (G21(�r)�m1 + G22(�r)�m2 + G23(�r)�m3)
]

�H3(x) = Ms

[∫
box

d3Y (G31(�r)�m1 + G32(�r)�m2 + G33(�r)�m3)
]

(89)

developing the terms:
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�Hi(x) = Ms

3∑
i=1

∫ Lx/2

−Lx/2
dY1

∫ Ly/2

−Ly/2
dY2

∫ Lz/2

−Lz/2
dY3

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

(
3�ri�rj − δij

�r3
�mj(y)

)]
(90)

where i=1,2,3.

The total field is calculated using Fourier methods. The details of this calculation

depend on the nature of the boundary conditions that are applied to the magnetization

that surround the computational box. Each term in the integrals is a convolution

integral. In the Fourier world, these equations can be written as algebraic expressions

as follows (normalize with Ms first):

H̃1(k) = G̃11 ∗ m̃1(k) + G̃12 ∗ m̃2(k) + G̃13 ∗ m̃3(k)

H̃2(k) = G̃21 ∗ m̃1(k) + G̃22 ∗ m̃2(k) + G̃23 ∗ m̃3(k)

H̃3(k) = G̃31 ∗ m̃1(k) + G̃32 ∗ m̃2(k) + G̃33 ∗ m̃3(k) (91)

The magnetization distribution is known inside the box and taking its Fourier

transform is trivial. However the Gij’s coefficients must first be evaluated in the real

world before we take their Fourier transforms. They are defined by:

Gij (Y1, Y2, Y3) =
∫ Y1+lx/2

Y1−lx/2

∫ Y2+ly/2

Y2−ly/2

∫ Y3+lz/2

Y3−lz/2
G

′

ij (x − y) dy1dy2dy3 (92)

There are nine coefficients but only six have to be calculated because of symmetry:

G11; G12(= G21); G12(= G21); G22; G23(= G32); G33

In the following, one such detailed calculation is shown for the first coefficient.

Similar approach can be used for the remaining coefficients.

G11 =
∫ Y1+lx/2

Y1−lx/2

∫ Y2+ly/2

Y2−ly/2

∫ Y3+lz/2

Y3−lz/2

3�r1�r1 − δ11

�r3
dy1dy2dy3 (93)

r1 =
x1 − y1

r
; r2

1 =
(x1 − y1)

2

[
(x1 − y1)

2 + (x2 − y2)
2 + (x3 − y3)

2
]1/2

(94)

making the notation z1 = x1 − y1, z2 = x2 − y2 and z3 = x3 − y3:

G11 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1)
2

r5
− 1

r3
=

arctan

⎛
⎝ z2z3

z1

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(95)
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and now I list the remaining coefficients:

G22 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x2 − y2)
2

r5
− 1

r3
=

arctan

⎛
⎝ z1z3

z2

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(96)

G33 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x3 − y3)
2

r5
− 1

r3
=

arctan

⎛
⎝ z1z2

z3

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(97)

G12 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1) (x2 − y2)

r5
=

− ln
(
z3 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(98)

G13 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1) (x3 − y3)

r5
=

− ln
(
z2 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(99)

G23 =
∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x2 − y2) (x3 − y3)

r5
=

− ln
(
z1 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

(100)

11.2. Calculation of the total demagnetizing field for
one-dimensional periodicity

Considering our computational box periodic in Y direction the demagnetizing field in

the �x(x1, x2, x3) observation point can be calculated using the previous result in the

following way:

�H1(x) = Ms

[∫ Lx/2

−Lx/2
dY1

∫ +∞

−∞
dY2

∫ Lz/2

−Lz/2
dY3 (G11(�r)�m1 + G12(�r)�m2 + G13(�r)�m3)

]

�H2(x) = Ms

[∫ Lx/2

−Lx/2
dY1

∫ +∞

−∞
dY2

∫ Lz/2

−Lz/2
dY3 (G21(�r)�m1 + G22(�r)�m2 + G23(�r)�m3)

]

�H3(x) = Ms

[∫ Lx/2

−Lx/2
dY1

∫ +∞

−∞
dY2

∫ Lz/2

−Lz/2
dY3 (G31(�r)�m1 + G32(�r)�m2 + G33(�r)�m3)

]
(101)
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Developing the terms we obtain:

�Hi(x) = Ms

3∑
i=1

∫ Lx/2

−Lx/2
dY1

∫ +∞

−∞
dY2

∫ Lz/2

−Lz/2
dY3

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

(
3�ri�rj − δij

�r3
�mj(y)

)]
(102)

where i=1,2,3 represents the x, y and z component of the field in the observation

point. Making further analysis we can write in a form which can be evaluated

numerically:

�Hi(x) = Ms

3∑
i=1

∫ Lx/2

−Lx/2
dY1

∫ Ly/2

−Ly/2
dY2

∫ Lz/2

−Lz/2
dY3

+∞∑
Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

(
3�ri�rj − δij

�r3
�mj(y)

)]
(103)

for i=1,2,3.

The total field is calculated using Fourier methods. Each term in the integrals is a

convolution integral. In the Fourier world, these equations can be written as algebraic

expressions as follows (normalize with Ms first):

H̃1(k) = G̃11 ∗ m̃1(k) + G̃12 ∗ m̃2(k) + G̃13 ∗ m̃3(k)

H̃2(k) = G̃21 ∗ m̃1(k) + G̃22 ∗ m̃2(k) + G̃23 ∗ m̃3(k)

H̃3(k) = G̃31 ∗ m̃1(k) + G̃32 ∗ m̃2(k) + G̃33 ∗ m̃3(k) (104)

The evaluation of the Gij coefficients in real word for the periodic case is similar with

the calculations for inside the computational box. We can consider that in +Y and −Y

directions we have infinite number of boxes with the same volume as our computational

box. The Gij coefficients we can write as:

Gij (Y1, Y2, Y3) =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2

∫ Y2+ly/2

Y2−ly/2

∫ Y3+lz/2

Y3−lz/2
G

′

ij (x − y) dy1dy2dy3

]
(105)

There are nine coefficients but only six have to be calculated because of symmetry:

G11; G12(= G21); G12(= G21); G22; G23(= G32); G33

In the following, one such detailed calculation is shown for the first coefficient.

Similar approach can be used for the remaining coefficients.

G11 =
+∞∑

Y2=−∞

(∫ Y1+lx/2

Y1−lx/2

∫ Y2+ly/2

Y2−ly/2

∫ Y3+lz/2

Y3−lz/2

3�r1�r1 − δ11

�r3
dy1dy2dy3

)
(106)
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r1 =
x1 − y1

r
; r2

1 =
(x1 − y1)

2

[
(x1 − y1)

2 + (x2 − y2)
2 + (x3 − y3)

2
]1/2

(107)

making the notation z1 = x1 − y1, z2 = x2 − y2 and z3 = x3 − y3:

G11 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1)
2

r5
− 1

r3

]
=

+∞∑
Y2=−∞

⎡
⎣arctan

⎛
⎝ z2z3

z1

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (108)

and now I list the remaining coefficients:

G22 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x2 − y2)
2

r5
− 1

r3

]
=

+∞∑
Y2=−∞

⎡
⎣arctan

⎛
⎝ z1z3

z2

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (109)

G33 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x3 − y3)
2

r5
− 1

r3

]
=

+∞∑
Y2=−∞

⎡
⎣arctan

⎛
⎝ z1z2

z3

√
z2
1 + z2

2 + z2
3

⎞
⎠ ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (110)

G12 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1) (x2 − y2)

r5

]
=

+∞∑
Y2=−∞

⎡
⎣− ln

(
z3 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (111)

G13 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x1 − y1) (x3 − y3)

r5

]
=

+∞∑
Y2=−∞

⎡
⎣− ln

(
z2 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (112)

G23 =
+∞∑

Y2=−∞

[∫ Y1+lx/2

Y1−lx/2
dy1

∫ Y2+ly/2

Y2−ly/2
dy2

∫ Y3+lz/2

Y3−lz/2
dy3

3 (x2 − y2) (x3 − y3)

r5

]
=

+∞∑
Y2=−∞

⎡
⎣− ln

(
z1 +

√
z2
1 + z2

2 + z2
3

) ∣∣∣z1=x1−Y1−lx/2

z1=x1−Y1+lx/2

∣∣∣∣z2=x2−Y2−ly/2

z2=x2−Y2+ly/2

∣∣∣∣∣
z3=x3−Y3−lz/2

z3=x3−Y3+lz/2

⎤
⎦ (113)
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There were used 300 terms both in +Y2 and −Y2 directions for summation because

the demagnetizing field calculated for 1000 term is the same as for 300 terms, because

of the accuracy of the computer. These enormous time consuming calculations of the

G coefficients (one day for the computational box size we used for the domain wall

simulations) are done only once at the beginning of the simulation, then they are stored

on the hard disk and read in for each new simulation.
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