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1 Introduction

Crystalline materials play an essential role in our everyday life. Most of them are poly-

crystalline, i.e., composed of a large number of crystallites, whose size, shape and composition

distributions determine their properties and failure characteristics. The size scale of the con-

stituent crystal grains varies between a few nanometers (nanocrystalline alloys) and centimeters

in different classes of materials. Despite intensive research, the formation of polycrystalline

matter (technical alloys, polymers, minerals, etc.) is poorly understood. One of the central

sources of difficulty is the process of nucleation, by which crystallites form via fluctuations.

Although nucleation takes place on the nanometer scale, its influence extends to larger size

scales. Controlled nucleation [1] is an established tool for tailoring the microstructure of matter

for specific applications. The complexity of polycrystalline freezing is especially obvious in the

case of thin (a few times 10 nm) polymer layers, which show an enormous richness in their

crystallization morphologies. These quasi two-dimensional structures give important clues to

the mechanisms that govern the formation of polycrystalline patterns. Polycrystalline patterns

play an important role in classical materials science and nanotechnology, and have biological

relevance as well. Specifically, semi-crystalline spherulites of amyloid fibrils are found in associ-

ation with Alzheimer and Creutzfeldt-Jakob diseases, type II diabetes, and a range of systemic

and neurotic disorders [2].

The crystallization of homogeneous undercooled liquids starts with the formation of het-

erophase fluctuations containing a central, crystal-like atomic arrangement. Fluctuations that

exceed a critical size, determined by the interplay of the interfacial and volumetric contributions

to the cluster free energy, reach macroscopic dimensions with high probability, while clusters

below the critical size decay with a high probability. Critical size heterophase fluctuations

are termed nuclei and the process in which they form via internal fluctuations of the liquid is

homogeneous nucleation (as opposed with the heterogeneous nucleation, where particles, for-

eign surfaces, or impurities help to produce the heterophase fluctuations that drive the system

towards solidification). Even in simple liquids (such as the Lennard-Jones model system), sev-

eral local arrangements (bcc, fcc, hcp, icosahedral) compete [3,4], and often a metastable phase

nucleates. The description of near-critical fluctuations is problematic even in one-component

systems. Critical fluctuations forming on reasonable experimental time scales contain typically

a few times ten to several hundred molecules [3–6]. This situation, combined with the fact

6
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Figure 1.1: Structure of the solid-liquid interface in the hard-sphere system from molecular dynamics

simulation [7]: spatial distribution of the time-averaged one-particle density. A: bulk solid, B-E:

solid-liquid interface, F: bulk liquid.

that the crystal-liquid interface extends to several molecular layers (see Fig. 1.1) [7–9], sug-

gests that critical fluctuations are fundamentally comprised of interface. Therefore, the droplet

model of classical nucleation theory, which employs a sharp interface separating a liquid from

a crystal with bulk properties, is certainly inappropriate for such fluctuations as demonstrated

by recent atomistic simulations [6]. Field theoretic models that predict a diffuse interface,

offer a natural way to handle such difficulties [10], and have proved successful in addressing

nucleation problems, including nucleation of metastable phases [11,12].

Within the framework of practically all nucleation theories the steady-state nucleation rate

(the net formation rate of critical heterophase fluctuations) is expressed as

JSS = J0 exp

(
−W

∗

kT

)
,

where the nucleation pre-factor, J0, is proportional to the mobility of the particles, W ∗ is

the nucleation barrier (i.e. the work of formation of the critical fluctuation), k is Boltzmann’s

constant and T the temperature. Since the nucleation rate is the primary measurable quantity,

theory needs to address both the magnitude of the nucleation pre-factor J0 and the height of

the nucleation barrier W ∗. While the nucleation prefactor can be predicted with a reasonable

(logarithmic) accuracy 1, we need a far more accurate method to compute the work of formation

of the critical fluctuations as it appears in the argument of the exponential function. Such

1Experimental studies imply that J0 from the kinetic approach describes properly the temperature depen-

dence of the nucleation rate [16, 17]. Langer’s first principles approach offers an independent way to estimate

the value of J0 [18, 19]. In the few cases where J0 has been evaluated following this route (e.g. for vapor

condensation [20]) it leads to results very close to those from the classical kinetic approach. For crystal nucle-

ation, Langer’s approach has only be used to evaluate J0 under the assumption that thermal transport is the
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Figure 1.2: Four examples of crystal nuclei in atomistic simulations and experiment: (a) in a

Lennard-Jones liquid [13], (b) in a Lennard-Jones glass [14], (c) in a hard-sphere fluid [6] and in a

colloidal suspension recorded by scanning laser confocal microscopy [15]. Note the crystal-like atomic

order at the central part of the fluctuations and the irregular shape of the surface.

accuracy can be expected from a molecular scale description of crystal-like clusters floating in

the liquid.

A quantitative testing of such cluster models is far from being trivial. A possible route is

that using the known nucleation prefactor, the measured nucleation rates can be converted to

an estimate of the nucleation barrier. Then, the cluster model could be used to evaluate the

solid-liquid interfacial free energy, which value should be compared with data from independent

measurements. Unfortunately, even if the experiments indeed refer to homogeneous nucleation

(a condition almost impossible to ensure for crystal nucleation in condensed systems), an inde-

pendent value of the solid-liquid interfacial free energy that is usually sufficiently unavailable.

Therefore, despite the wealth of nucleation rate measurements available in the literature, there

is very little hope for a conclusive test.

Even in the case of the recent very promising experiments on colloidal systems that provide

information on the microscopic aspects of crystal nucleation in systems that closely mimic

rate determining factor [21]. However, usually this not the case, as normally molecular mobility determines

the time scale of nucleation [16]. Atomistic simulation suggest that for the Lennard-Jones system J0 from

the classical kinetic approach might be too low by about two orders of magnitude [13]. This indicates that

some uncertainty has to be associated with the nucleation barrier if evaluated from the measured nucleation

rate using the classical J0 [16]. Another source of error can be the presence of heterogeneous nucleation on

foreign particles distributed in the matter. It cannot be easily distinguished from homogeneous nucleation, and

interpretation of the heterogeneous nucleation as homogeneous might lead to a serious underestimation of the

free energy of nuclei [16].
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the hard-sphere (HS) behavior, it is appropriate to express reservations. (In such systems

the interfacial free energy and all the relevant physical properties would be available from

computer simulations with a high accuracy.) Indeed, laser scanning confocal microscopy proved

a truly powerful technique [15] that is able to follow the trajectory of the individual colloidal

particles. In this sense it is an experimental counterpart of the MD simulations: nucleation

can be followed in real time [15]. However, the agreement between nucleation rates from

experiments on colloidal systems and from computer simulations with the exact HS potential

is not particularly good [6]. A possible explanation is that due to some remnant charges, the

interaction is not yet the exact HS interaction. This view is supported by the fact that the

colloidal systems used in the experiments crystallize at volume fractions (φ), where the true

HS system should not [e.g., the coexistence region is 0.38 < φ < 0.42 (Ref. [22]) as opposed

to 0.492 < φ < 0.543 for the HS system]. As a result, neither the HS equations of state, nor

the HS interfacial free energy data seems to be applicable. Without this information, however,

one falls back to the usual situation: the nucleation rate can be measured, but a rigorous test

of nucleation theory cannot be performed. Furthermore, the experimental nucleation rates for

various colloidal approximants of the HS system scatter substantially (see e.g. Fig. 5 in [23]),

casting doubts to their relevance to the true HS system.

To date, the most reliable and most direct information on crystal nucleation refers to model

systems. The best known simple model system that shows crystallization is the hard-sphere

fluid. Extensive studies performed using the Monte-Carlo and molecular dynamics techniques

have clarified the main physical properties of the system [7, 24–46]: According to these, the

fluid phase crystallizes to the face-centered cubic structure (fcc) beyond the volume fraction

φL = 0.492 [25], while the crystalline and liquid phases coexist in the volume fraction range

of 0.492 < φ < 0.543 = φS, at the coexistence pressure of p = (11.57 ± 0.03)kT/σ3 [25].

The equation of state (EOS) is known from atomistic simulations for a broad range of volume

fractions for both the liquid and the crystalline phases, allowing one to evaluate the relative

free energies of the phases [24, 26–40], i.e. the driving force of phase transition. (Critical

comparison of different forms of the EOS can be found in ref. [41].) I have recently performed

a critical assessment of the EOS for the solid and liquid phases in the range of volume fractions

that are of interest from the viewpoint of freezing [42]. It has been found that in the volume

fraction range of crystallization the expressions by Hall for the fcc and a polynomial form I

have proposed give the best fit to the simulation results. In contrast to the fcc phase, the

body-centered cubic structure (bcc) is known to be mechanically unstable. Specific simulation

methods have been used to obtain its coexistence conditions with the liquid and its EOS [43].
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Molecular dynamics simulations have also been applied to determine the free energy of the fcc-

liquid interface [44–46]. The early results from various methods cluster around γ∞ = 0.6kT/σ2:

The first evaluation of the interfacial free energy by the cleaving method yielded γ∞,100 =

(0.62± 0.01)kT/σ2; γ∞,110 = (0.64± 0.01)kT/σ2; and γ∞,111 = (0.58± 0.01)kT/σ2, yielding an

orientation average of 0.61kT/σ2 [44]. Comparable values have been obtained by the capillary

wave technique: γ∞,100 = (0.64 ± 0.02)kT/σ2; γ∞,110 = (0.62 ± 0.02)kT/σ2; and γ∞,111 =

(0.61± 0.01)kT/σ2 [45]. The interfacial free energy of small clusters has been evaluated from

Monte Carlo simulations using the umbrella sampling technique yielding (0.616±0.003)kT/σ2

for the orientation average at the large particle limit [46]. The free energy of small clusters has

been evaluated for mono- [6, 46] and polydisperse [47] hard-spheres by the same technique. It

has been shown that the droplet model of the classical nucleation theory (CNT) significantly

underestimates the free energy of formation of small clusters [6].

These data from atomistic simulations have been used recently for validating various clus-

ter models including the classical droplet model [48], and phase-field models with intuitively

chosen [49] and with Ginzburg-Landau (GL) expanded free energy [48]. While apparently the

droplet model fails for the cluster sizes in the range of simulations, other approaches including

the phase-field theory appear to be more promising [48,49]. Somewhat surprisingly, the GL ap-

proach, which incorporates the most detailed physical information on the system, overestimated

the nucleation barrier quite substantially [48]. Recently, however, the orientational average of

the interfacial free energy has been corrected downwards, significantly: γ0 = 0.574kT/σ2 has

been obtained by the cleaving method as a limit of the values obtained for inverse power

potentials [46]. A recent work, that addresses this question in depth, compares results from

the cleaving and capillary wave methods, and revises the interfacial free energy further down-

wards, suggesting that the appropriate value is γ0 = (0.56 ± 0.02)kT/σ2 [50]. This ≈ 10%

reduction might invalidate previous conclusions drawn from the earlier value of the interfacial

free energy, and necessitates a critical reevaluation of the nucleation theories. It will be shown,

that without adjustable parameters, Ginzburg-Landau based approaches are able to predict

the nucleation barrier fairly accurately.

Relying on this result we are going to address nucleation in binary systems. In a previous

work that relies on the phase-field theory reasonable predictions have been obtained for the

close to ideal solution Cu-Ni system [51]. Atomistic simulation performed for the Cu-Ni system

with suitable model potentials indicate that the solid-liquid interfacial free energy decreases

from the maximum value corresponding to pure Ni towards the minimum value corresponding
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to pure Cu [52] 2. In contrast, little is known about the properties of the crystal-liquid interface

in more complex systems, such as the eutectic and peritectic systems that are of outstanding

technological importance.

In this part of the thesis, I apply the phase-field approach based on a Ginzburg-Landau

free energy to predict the interfacial free energy and the nucleation barrier as functions of both

temperature and initial liquid composition for a eutectic system of fcc crystal structure. Be-

sides the ”normal” region of the phase diagram (i.e. where the liquid phase is stable against the

liquid-liquid phase separation) eutectic systems contain a metastable liquid-liquid coexistence

region usually well below the eutectic temperature [54]. This metastable liquid-liquid coexis-

tence might be expected to interact with crystal nucleation in a way analogous to the effect

of metastable fluid-fluid coexistence on crystallization in single component fluids, addressed

in depth in several papers [4, 55–65]. According to these, crystal nucleation is enhanced sig-

nificantly at the metastable critical point or slightly above. This phenomenon has also been

indicated by atomistic simulations [4, 55–57] and density functional theory [58–61] and also

has been observed experimentally [64,65] 3. Atomistic simulations suggest that the effect may

depend on the distance between the critical and the melting points [66]. Experimental results

show that in systems of such phase diagram crystallization occurs in a narrow temperature

range [67–70]. This behavior is common in a broad range of systems of short range interaction,

including proteins/colloids [67–73] 4.

Atomistic simulations and density functional calculations have revealed two significantly

different pathways for crystal nucleation under such conditions: ”solid-like” and ”liquid-like”

clusters, where in the latter the crystalline core is surrounded by a liquid ”skirt” of a density,

which falls between densities of the solid core and the initial liquid [4, 55–61]. This type of

nuclei resemble the composite nuclei observed in model systems of a free energy composed

of three parabolic minima [12]. Indeed, in the metastable liquid coexistence region, the free

energy surface has three minima: two for the fluid phases and one for the crystal. It may be

also expected that deep in the metastable liquid coexistence region the homogeneous liquid

becomes unstable with respect to phase separation. In mean field theories, under such condi-

tions, transition to the two fluid phases occurs via spinodal decomposition [75]. Experiments

on polymer crystallization provide evidence that the morphology of the polymer crystals is

2This has been also observed for an ideal solution approximation of the Cu-Ni system within the phase-field

theory [53].
3However, the results of the continuum theory were questioned in some papers [62,63].
4Analogous situation exists in binary alloys with a metastable liquid-liquid miscibility gap [74].
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indeed dominated by the interplay of crystallization and liquid-liquid demixing [76, 77]. Iter-

action between phase separation and transient nucleation has been studied experimentally on

binary oxide glasses, though far from the critical point [78–80]. A strong interaction has been

observed at early stages of nucleation: phase separation enhanced nucleation [78–80]. However,

a complete mapping of the possible crystal nucleation pathways as a function of both temper-

ature and density inside the metastable liquid coexistence region is yet unavailable. In the

case of globular proteins, comparison with density functional calculations show that classical

nucleation theory is invalid not only in the vicinity of he metastable critical point but also close

to the liquidus line [61]. Another class of materials showing the same properties is the colloidal

mixtures of short-range interaction, where two solid phases of different densities coexist [81].

Nucleation properties incompatible with the classical nucleation theory have been reported.

In spite of the apparent similarities between the systems mentioned above and the eutectic

system, a remarkable difference is that in the eutectic system two solid phases exist to which

the system can crystallize. Accordingly, the free energy surface has four minima instead of

three: two for the liquid phases and two for the solid solutions. Therefore, the results obtained

for crystal nucleation in the systems mentioned above would not immediately apply for crystal

nucleation in the vicinity of the metastable liquid-liquid critical point of eutectic systems.

Besides its theoretical interest, investigation of nucleation at the metastable critical point

in eutectic systems is further stressed by the practical importance: identification of different

nucleation pathways may help us to understand phase selection and factors that control the

microstructure.

In the last part of the thesis I address competing nucleation of different crystal structures

in the binary alloy system Fe-Ni. Freezing of undercooled liquids often starts with the nu-

cleation/formation of metastable (MS) crystalline phases. In agreement with Ostwald’s step

rule, atomistic simulations imply that the first crystal structure to form is the one, whose free

energy is the closest to the free energy of the liquid [4]. In alloys this represents a multi-phase

multi-component solidification problem. To date, the most efficient method used for addressing

such problems is the multi-phase-field theory (MPFT) [82]. It is, however, only as accurate as

the free energy functional it relies on. Early versions [82] of the MPFT predicted that the third

phase inevitably appears at the interface between two bulk phases, a behavior originating from

the specific free energy surface assumed. A recent version of MPFT eliminated the third phase

entirely at the interface [83]. This is not always in agreement with real systems: Atomistic

simulations for the Lennard-Jones (LJ) system show that although the stable phase is fcc,

small nuclei have a bcc structure, and even the larger fcc crystallites have a bcc-like layer at
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the solid-liquid interface [4, 5], results also born out by the classical density functional theory

(CDFT) [11]. These findings accord with the theoretical prediction of Alexander and McTague

that in simple liquids the formation of bcc structure is preferred [84, 85]. Further simulations

for the LJ system imply that varying the pressure at fixed temperature, the bcc/fcc phase

ratio can be tuned in small clusters [86,87]. Since preference for MS phase nucleation is quite

general, it is desirable to work out microscopic models that can handle the structural aspects

of phase selection during nucleation.

I present such a microscopic model for competing fcc and bcc structures. The MPFT is

supplemented with a free energy that is based on the GL expansion of the two-phase free

energies [48,88–90], and considers thus the structural aspects of multiphase solidification. This

approach is unique in that it combines crystal structure with thermodynamic and interfacial

data of real systems. In this respect the MPFT I present is more flexible than recent CDFT

approaches [91,92], which, in turn, provide a more detailed description of the solid-solid inter-

face. Finally, I am going to apply the GL-free-energy based MPFT to predict phase-selection

in the Fe-Ni system.

Summarizing, I’m going to present a quantitative test of advanced nucleation theories, then

apply a Ginzburg-Landau expansion based phase-field theory to address crystal nucleation

in a eutectic system including phase separation assisted nucleation in the metastable liquid

immiscibility region. Finally, a multiphase generalization of the Ginzburg-Landau type phase-

field theory will be used to study the competing nucleation of fcc and bcc structures in the

binary Fe-Ni system. Accordingly, the structure of my thesis is the following:

- First, I recapitulate the essence of several theoretical approaches used in the present

work: Classical Nucleation Theory (CNT), Diffuse Interface Theory (DIT), and various

formulations of the Phase-Field Theory (PFT).

- Next, I present the physical properties used in the analyses.

- Finally, I review my results regarding nucleation in the hard-sphere system, the Ag-Cu

eutectic alloy, and the Fe-Ni system.
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The main scientific results of my thesis are summarized in the following points:

• I have performed a quantitative test of various nucleation theories for the hard-sphere sys-

tem. It has been found that a simple phase-field theory with Ginzburg-Landau free energy

and the phenomenological Diffuse Interface Theory predicts fairly accurately the height

of the nucleation barrier. In contrast, sharp interface models, such as the droplet model

of the Classical Nucleation Theory and the Self-Consistent Classical Theory significantly

underestimates the nucleation barrier.

• The properties of the solid-liquid and the solid-solid interfaces and the crystal nucleation

in the Ag-Cu eutectic system of fcc crystal structure have been investigated using a phase-

field approach based on a single-order parameter Ginzburg-Landau theory (PFT/GL). I

have found the following. (i) The interfacial free energy of the equilibrium planar solid-

liquid interface shows a nontrivial behavior as a function of both temperature and com-

position. (ii) Close to the eutectic composition two types of nuclei compete in the normal

liquid region along a terminal line (iii) While the DIT predictions for the nucleation bar-

rier fall reasonably close to those from the PFT/GL, other nucleation models seem to

underestimate the necessary undercooling for homogeneous nucleation.

• I have investigated the possible nucleation pathways in the metastable liquid-liquid misci-

bility region. I have found the following. (i) Three types of nuclei may occur inside the

liquid-liquid coexistence region: Liquid-liquid nuclei; normal crystal-liquid nuclei and the

”composite” nuclei in which the solid core is surrounded by a ”liquid coat”. (ii) On both

side of the spinodal line four types of nuclei may exist. These are a liquid-liquid nucleus

and three kinds of crystal-liquid nuclei that compete each other. (iii) An enhanced nu-

cleation rate is expected near the critical point for both the Ag and Cu rich crystal nuclei

along the constant driving force lines.

• I have addressed crystal nucleation and fcc-bcc phase selection in the Fe-Ni system using a

multi-phase-field model that relies on Ginzburg-Landau free energies of the liquid-fcc (face

centered cubic), liquid-bcc (body centered cubic), and fcc-bcc sub-systems, and determined

the properties of the nuclei as a function of composition, temperature and structure. This

study indicates that composite nuclei (where both the fcc and bcc structures are present

at the interface) are preferable to single-phase nuclei. With a realistic choice for the

free energy of the fcc-bcc interface, the model predicts well the fcc-bcc phase-selection

boundary in the Fe-Ni system.



2 Theoretical methods applied

The models applied in the present analysis represent three different levels of abstraction:

The droplet model of the classical nucleation theory (CNT) extends the concept of

macroscopic droplets into the microscopic regime without correction, and relies on a macro-

scopic interfacial free energy, while assuming bulk crystal properties in the volume of the

droplet. This approach is widely used in interpreting the experiments, though it is known to

be of very limited accuracy at the small size of nuclei relevant for typical time scales.

Phenomenological cluster models: Two significantly different approaches are consid-

ered here. The self-consistent classical theory tries to remove the evident inconsistency of the

CNT that it distinguishes the monomer of the new phase and the monomer of the parent

phase, which should be, in principle, the same physical object. (It is easy to see e.g. for vapor

condensation: a single molecule ”droplet” floating in the vapor phase and a single molecule

of the vapor phase should indeed be indistinguishable). The correction is, however, done in

an ad hoc way, via subtracting the monomer free energy from the free energy of all cluster

sizes. Still in the case of homogeneous vapor condensation improved agreement between theory

and experiment could be observed. In contrast, the phenomenological diffuse interface theory

(DIT) tries to improve the droplet model via taking into account the fact that according to

atomistic simulations the solid-liquid and vapor-liquid interfaces extend to several molecular

layers. Assuming yet bulk crystal properties at the center of the nuclei, this approach predicts

a curvature dependent interfacial free energy, and usually improves significantly the agreement

between theory and experiment for both vapor condensation and crystal nucleation.

Field theoretic models: These models are descendants of the van der Waals / Cahn-

Hilliard / Landau type classical field theoretical models, in which the spatial change of the order

parameter is penalized by a square-gradient term and have a double-well free energy density,

whose minima represent the newly forming and the parent phase. Accordingly, they predict

a diffuse interface, and are inherently capable of describing both small clusters composed

entirely of interface and the curvature dependence of the interfacial free energy. Their accuracy,

however, should depend critically on the accuracy of the double-well free energy used in the

model. In this work, we are going to investigate several possible formulations.

Next, we review the free energy these models predict for the critical fluctuations (nuclei).

15



2.1 CLASSICAL NUCLEATION THEORY 16

2.1 Classical Nucleation Theory

In the Classical Nucleation Theory (CNT ) the free energy of formation of the critical

heterophase fluctuation is evaluated using the capillary approximation (or classical droplet

model) which assumes a sharp interface between the different phases [93, 94] 1. In the case of

the critical fluctuation (or nucleus), the undercooled liquid and the nucleus are in (an unstable)

mechanical and chemical equilibrium. According to the first, pL + pcap = pS, where pL and pS

are the pressure of the liquid and the solid, respectively, while pcap = 2γ
r

is the capillary pressure

(in 3 dimensions). Here γ is the interfacial free energy and r is the radius of the nucleus, whose

shape is assumed to be spherical. Then, the radius of the critical heterophase fluctuation is

r∗ = 2γ
∆p|µ , where ∆p|µ = (pS − pL)|µS=µL (i.e. the subsystems are in chemical equilibrium

with each other). This formulation is fully consistent with the grand canonical ensemble [62].

The grand potential of the homogeneous liquid is Ωh = −pLV , where pL is the pressure of the

liquid and V is the total volume of the system. The inhomogeneous system consists of liquid

and solid parts, and the solid-liquid interface, therefore, the grand potential can be written as

Ωi = −pLVL − pSVS + γA, where VL and VS are the volumes of the liquid and the solid part

of the system, respectively (i.e. VL + VS = V ) and A is the area of the solid-liquid interface.

Assuming spherical symmetry the excess energy of the heterophase fluctuation compared to

the surrounding liquid as a function of size can be expressed as:

W (r) = Ωi − Ωh = −∆p|µ
(

4π

3
r3

)
+ γ

(
4πr2

)
. (2.1)

where r is the radius of the solid cluster. Mechanical and thermodynamic equilibrium between

the subsystems require ∂W (r)
∂r

= 0, which implies that r∗ = 2γ
∆p|µ , again. Then the calculation

of the nucleation barrier is straightforward [95]:

W ∗
CNT = W (r∗) =

16π

3

γ3

∆p|2µ
. (2.2)

2.1.1 Self-Consistent Classical Theory

This approach corrects for the non-zero free energy of formation of monomers the classical

droplet model predicts (assumed to be a non-physical feature [96]) by subtracting the monomer

free energy, WCNT,1 from the classical cluster free energy (For details see ref. [96]): WSCCT =

WCNT −WCNT,1.

1This assumption is valid only if the thickness of the solid-liquid interface is small compared to the size of

the critical fluctuation.
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2.2 Diffuse Interface Theory

The Diffuse Interface Theory (DIT ) of nucleation by Gránásy (1996) is a phenomenological

cluster model which considers a diffuse solid-liquid interface [97]. This model has been success-

fully used to describe the nucleation in various systems including vapor condensation [98–100]

and crystallization in the hard-sphere [48] and the ice-water system [101]. In the grand canon-

ical ensemble the excess grand free energy of a solid fluctuation relative to the surrounding

liquid can be written as:

∆Ω = Ωi − Ωh =

∫
dV∆ω , (2.3)

where Ωi and Ωh are the grand free energy of the inhomogeneous (liquid plus solid droplet)

system and the homogeneous liquid, respectively (see also in subsection 2.1). The grand

potential density difference is then ∆ω = ∆(f−µρ) = f−f0−µ(ρ−ρ0), where µ is the chemical

potential, ρ0 and ρ are the number densities of the homogeneous and the inhomogeneous

system, respectively, while f0 and f are the corresponding Helmholtz free energy densities.

∆ω can be expressed in terms of specific molecular quantities [denoted by (̃)] as:

∆ω = ρf̃ − ρ0f̃0 − (f̃0 + p0v0)(ρ− ρ0) = ρ(f̃ − f̃0) + p0

(
1− ρ

ρ0

)
=

= ρ(∆f̃ + p0∆ṽ) = ρ∆(f̃ + p0ṽ) = ρ∆g̃ ,

(2.4)

where ∆g̃ is the specific Gibbs potential difference and ṽ = 1/ρ the molecular volume. We rely

on the fundamental relationship that Ω0 = −p0V0 = F0 − µ0N0 ⇒ µ0 = f̃0 + p0v0, where p0 is

the pressure and v0 is the molecular volume of the initial liquid. Formally, ∆g̃ = ∆h̃ − T∆s̃,

where ∆h̃ and ∆s̃ are the molecular enthalpy and entropy differences, respectively, so one

can decompose the grand potential density difference as follows: ∆ω = ∆h − T∆s, where

∆h := ρ∆h̃ and ∆s := ρ∆s̃ are the enthalpy and entropy density differences, respectively. In

stable equilibrium, a planar interface separates the liquid and the solid phases. The Diffuse

Interface Theory utilizes that the grand potential density of the two phases coincide outside

the transition zone (i.e. ∆ω ≡ 0 there, see Fig. 2.1) and that the interfacial free energy is

equal to the integral of the excess grand potential density across the interface:

γ =

∞∫
−∞

dz{∆h− T∆s} . (2.5)

To evaluate the integral, we replace the profiles with step-functions whose amplitudes and
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Figure 2.1: Cross-interfacial enthalpy and entropy density distributions for the equilibrium

planar interface (on the left) and the critical fluctuation (on the right) equilibrium, as predicted

by the Cahn-Hilliard theory for nonane condensation [102]. Note the qualitative features of the

cross-interfacial enthalpy and entropy distributions, the respective Gibbs surfaces, and that the

characteristic interface thickness δ that determines the curvature correction to the interfacial

free energy is considerably smaller than the full interface thickness.
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integrals are the same as the original profiles’ (i.e., we introduce the appropriate Gibbs sur-

faces). Then, the distance of the step functions δ can be related to the interfacial free energy

as γ = |∆heq.0 |δ, where ∆heq.0 is the enthalpy density difference in the bulk solid at the melting

temperature. We note that the characteristic interface thickness δ (about a half molecular

diameter) is usually significantly smaller than the full interface thickness. Indeed, in the case

of vapor condensation δ tends to zero at the critical point, whereas the interface thickness

diverges.

Assuming spherical symmetry, the excess grand potential of the critical fluctuation can be

expressed in terms of the properties of the appropriate step-functions as:

W =

∞∫
0

4πr2dr{∆h− T∆s} =
4π

3

(
R3
H∆h0 −R3

ST∆s0

)
, (2.6)

where ∆h0 and ∆s0 are the appropriate amplitudes of the enthalpy and entropy density profiles

while RH and RS are the radii of the respective Gibbs surfaces for the enthalpy and entropy

profiles. Assuming that the distance of the enthalpy and entropy surfaces is independent

of size, and bulk solid properties exist at least at the center of the nucleus 2, one obtains

W = 4π
3

((RS − δ)3∆h0 −R3
ST∆s0). Minimizing the work of formation, W with respect to

radius RS, the nucleation barrier can be expressed as 3:

W ∗ =
4π

3
δ3ψ∆ω0 , (2.7)

where ∆ω0 = ∆h0 − T∆s0 and ψ = 2(1+q)
η3
− 3+2q

η2
+ 1

η
, where η = ∆ω0

∆h0
and q =

√
1− η. In the

case of anisotropic interfacial free energy, the geometrical factor for the spherical form (4π/3)

needs to be replaced in Eq. (2.7) by the respective geometrical factor, derived in refs [101]

and [102].

2In the continuum model of Cahn and Hilliard these assumptions are valid even for fairly small clusters

(n > 10) [98,103].
3Note that R∗

H = R∗
S − δ must be nonnegative.
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2.3 Phase-Field Theory

2.3.1 The phase-field model and the equations of motion

The Phase-Field Theory (PFT) is a simple field theoretic description from Langer (1986)

that belongs to the class of the van der Waals / Cahn-Hilliard / Ginzburg-Landau type con-

tinuum models [104]. In this approach the local structure of the material is described by a

non-conserved, space- and time-dependent structural order parameter, termed the phase-field.

The phase-field is often interpreted as the local crystalline fraction or alternatively the ampli-

tude of the dominant Fourier-component of the one-particle density. In order to characterize

the local state of the matter, other conservative and non-conservative order parameters may

need to be introduced (chemical composition, orientation field, etc.). The Helmholtz free

energy of the inhomogeneous system may be expressed in the following general form:

F =

∫
dr

{
1

2
∇yTA∇y + · · ·+ f(y, T, . . . )

}
. (2.8)

Here f(y, T, . . . ) is the local free energy density of the inhomogeneous system, and y =

{y1(r, t), y2(r, t), . . . , yN(r, t)} the vector of the local order parameters. The formula ∇yTA∇y

stands for
∑N,N

i,j Aij∇yTi ∇yj, where {Aij} is a real symmetrical matrix, whose elements may

depend on the order parameters, temperature, etc.: Aij(y, T, . . . ). Due to the interplay of

the gradient terms and the free energy surface, diffuse interfaces appear, a feature consis-

tent with experiments [105–107] and atomistic simulations [8, 9, 108–110]. In the overdamped

limit, the time evolution of the structural order parameter and coupled fields can be written

as [104,111–114]:

• ∂yi
∂t

= −Myi

δF

δyi
+ ξyi for non-conserved fields, and

• ∂yj
∂t

= ∇
[
Myj∇

δF

δyj

]
+ ξ∇yj for conserved order parameters,

where δF
δχ

denotes the first functional derivative of F with respect to χ. Here Mχ stands for

the mobility of the field χ, while ξχ and ξ∇χ represent non-conserved and conserved Langevin

noise terms that obey the fluctuation-dissipation theorem [114–117]. Numerical solution of

such coupled, highly nonlinear, stochastic partial differential equations is often complicated

and requires large computational resources. Nevertheless, the Phase-Field Theory has been

successfully used to describe complex crystal morphologies, dendritic solidification and freezing

of eutectic and peritectic alloys both in 2 and 3 dimensions [114,118–121].
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General form of the Euler-Lagrange equations

Besides describing the time evolution of the system, the Phase-Field Theory can be used to

determine the properties of the solid-liquid interface in (either stable or unstable) equilibrium.

The excess free energy of the inhomogeneous system is assumed to have the following form:

∆G =

∫
dr

{
1

2
∇yTA∇y + ∆g(y, T, . . . )

}
, (2.9)

where ∆g(y, T, . . . ) denotes the difference of the relevant local thermodynamic potential

density of the inhomogeneous system and the homogeneous liquid 4. Since both the pla-

nar interface and the critical fluctuation represent an extremum of the free energy func-

tional [48, 51, 94, 122–127], their properties can be obtained by solving the appropriate Euler-

Lagrange equations [10,51]:
δ∆G

δyi
= 0 , (2.10)

where δ
δyi

denotes the first functional derivative with respect to the ith order parameter yi. The

appropriate boundary conditions for the stable planar and the unstable (spherically symmetric)

solutions are as follow [10,51] 5.

• In the case of the planar interface (stable equilibrium), bulk properties are re-

quired far from the interface, which means that the order parameters must take

the appropriate equilibrium values corresponding to the bulk solid and liquid phases:

limx→±∞{yi(x)} = (yi)
S,L
eq. , respectively, while the spatial derivatives of the fields must

vanish: limx→±∞{dyi/dx} = 0.

• For symmetry reasons there must be zero field gradients at the centre of a nucleus (un-

stable equilibrium): (dyi/dx)|r=0 = 0, while bulk liquid properties are prescribed in the

far-field: limr→∞{yi(r)} = yLi .

The Euler-Lagrange equations for the phase-field model defined by the free energy functional

Eq. (2.9) have the form:

δ∆G

δyi
=
∂∆G

∂yi
−∇ ∂∆G

∂∇yi
=

=
∂∆g

∂yi
+

1

2
∇yTDi∇y −∇Ai∇y −Ai∆y = 0 ,

(2.11)

4In the grand canonical picture it is the grand free energy density difference, ∆ω.
5For a planar interface the single spatial coordinate x suffices while in case of a nucleus the spherical

coordinate r is used.
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where ∆G is the integrand of Eq. (2.9). Ai corresponds to the ith row of A, ∆y is the

vector of the Laplacian of the order parameters and Di
kl = ∂Akl

∂yi
. Using these definitions,

∇yTDi∇y =
∑N,N

k,l
∂Akl
∂yi
∇yk∇yl and∇Ai∇y =

∑N
j ∇Aij∇yj. Note the following relationship:

A∆y = b , (2.12)

where

bi =
∂∆g

∂yi
+

1

2
∇yTDi∇y −∇Ai∇y . (2.13)

We wish to emphasize that b(y,∇y) and A(y) are functions of only the order parameters and

their gradients, therefore explicit numerical computational methods can be used to solve the

Euler-Lagrange equations.

Once the interface profiles are determined, the interfacial free energy (stable equilibrium)

and the nucleation barrier height (the excess free energy of the critical fluctuation, unstable

equilibrium) can be calculated by inserting the solution of the EL equations into the following

expressions:

• Interfacial free energy: γ∞ =

∞∫
−∞

dx

{
1

2
y′
T
Ay′ + ∆g(y, T, . . . )

}
;

• Nucleation barrier: W =

∞∫
0

4πr2dr

{
1

2
∇yTA∇y + ∆g(y, T, . . . )

}
,

where y′ =
{
∂y1
∂x
, ∂y2
∂x
, . . . , ∂yN

∂x

}
.



2.3 PHASE-FIELD THEORY 23

Model parameters

The phase-field model defined by the functional Eq. (2.9) contains the following model

parameters: the elements of the coefficient matrix A and the free energy scales in ∆g. These

model parameters can be related to measurable quantities, such as the equilibrium interfacial

free energy and the thickness of the interface as follows:

γ∞ =

∞∫
−∞

dx

{
1

2
y′
T
Ay′ + ∆g(y, T, . . . )

}
= 2

∞∫
−∞

dx {∆g(y, T, . . . )} , (2.14)

di10%−90% =

x(||yi||=0.9)∫
x(||yi||=0.1)

|dx| , (2.15)

where the integrals run perpendicular to the planar interface (in the direction of the spatial

changes of the order parameters). The second expression for the first equation comes from

the statement that for planar equilibrium interfaces the gradient-containing and the local

contributions are equal (see Appendix 6.1). The sub- and superscript i denotes the ith order

parameter for which a gradient term exists in the free energy functional while ||yi|| are the

normalized order parameters

||yi|| :=
yi − (yi)

eq.
L

(yi)
eq.
S − (yi)

eq.
L

∈ [0, 1] . (2.16)

One may then evaluate the model parameters in equilibrium from the properties of the pla-

nar interface and use them to predict the nucleation barrier in the undercooled state without

adjustable parameters.
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2.3.2 Application to the hard-sphere system

Here we consider four different approaches. Following a previous work [49], the grand

(Landau) potential of the inhomogeneous system relative to the initial liquid is assumed to be

a local functional of the phase-field m monitoring the solid-liquid transition (m = 0 and 1 in

the bulk liquid and solid, respectively) and the volume fraction φ = (π/6)σ3ρ:

∆Ω =

∫
dr

{
ε2T

2
(∇m)2 + ∆ω(m, . . . )

}
, (2.17)

where ε is a coefficient that can be related to the interfacial free energy and the interface

thickness, while ∆ω(m, . . . ) is the local grand free energy density relative to the initial state.

(In the presence of an additional conserved field, such as φ or ρ, ∆Ω includes a Lagrange

multiplier term, that ensures mass conservation. In our case, the Lagrange multiplier is related

to the chemical potential of the initial liquid). In this work, ∆ω is assumed to have the following

two simple forms:

• Skewed double well free energy: ∆ω(m) = wTg(m) + p(m)[ωS(φn)− ωL(φ∞)] ;

• Free energy surface: ∆ω(m,φ) = wTg(m) + p(m)∆ωS(φ) + [1− p(m)]∆ωL(φ) ,

where φn represents the volume fraction of the crystalline phase that provides the largest

driving force relative to the initial liquid of volume fraction of φ∞. ∆ωS,L = ωS,L−ωL(φ∞) are

the grand free energy densities relative to the initial liquid, so ωS,L(φ) = fS,L(φ) − µρ, where

fS,L(φ) are the Helmholtz free energy densities for the solid and the liquid states, respectively,

and µ = ∂fL
∂ρ

∣∣
ρ=ρ∞

stands for the chemical potential of the system. Different ”double well” g(m)

and ”interpolation” functions g(m) will be used as specified below. The free energy scale w

determines the height of the free energy barrier between the bulk solid and liquid states. Here

we use two sets of these functions:

• The ”standard” set (PFT/S): Here g(m) = m2(1−m)2 and p(m) = m3(10−15m+6m2),

forms that emerge from an intuitive formulation of the PFT [113].

• Ginzburg-Landau form for the fcc structure (PFT/GL): Recently, Gránásy and Pusztai

have derived these functions for the bcc and fcc structures on the basis of a single-order-

parameter Ginzburg-Landau (GL) expansion that considers the crystal symmetries [48].

This treatment yields g(m) = m2(1−m2)2 and p(m) = m4(3− 2m2) for the fcc crystal

structure.
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Once the functional forms of g(m) and p(m) are specified, Eqns. (2.14) and (2.15) define

model parameters ε and w in terms of γ∞ and d10%−90% of the equilibrium planar interface.

The models denoted as PFT/S1, PFT/GL1 rely on a skewed double well free energy, while

PFT/S2, PFT/GL2 incorporate a free energy surface. Here ”S”and ”GL”stand for the standard

set and the Ginzburg-Landau form of the interpolation and double-well functions, respectively.

Being in unstable equilibrium, the critical fluctuation (the nucleus) can be found as an

extremum (saddle point) of the grand free energy [10,48,49,51,54,123–125,127–129]. The field

distribution, that extremize the grand free energy, can be obtained solving the appropriate

Euler-Lagrange equations given by Eq. (2.11):

• Skewed double well free energy:

ε2T∆m = wTg′(m) + p′(m)[ωS(φn)− ωL(φ∞)] ;

• Free energy surface:

ε2T∆m = wTg′(m) + p′(m)[∆ωS(φ)−∆ωL(φ)] ,

0 = p(m)∆ω′L(φ) + [1− p(m)]∆ω′S(φ) ,

where ()′ stands for the derivative with respect to the argument. Assuming unperturbed liquid

(m = 0, φ = φ∞) in the far field (r →∞) and, for symmetry reasons, a zero field gradient at

the center of the fluctuations, m and dm/dr are fixed at different spatial locations. Therefore,

the Euler-Lagrange equations were solved numerically, using a relaxation method [130] suitable

for handling such boundary value problems. Having determined the solutions m(r) and φ(r),

the work of formation of the nucleus, W ∗, has been obtained by inserting these solutions into

the grand potential functional Eq. (2.17).

Of these phase-field models, the latter two (PFT/GL1 and PFT/GL2), which rely on the

Ginzburg-Landau expansion, incorporate the most detailed physical information on the system

(e.g., crystal structure); therefore, they are expected to provide the best approximation to the

atomistic simulations.

Summarizing, for all models, we apply the following test: First, we fix the model parameters

in equilibrium, and then we predict the nucleation barrier in the supersatured state without

any adjustable parameters, and this is then compared to accurate data from MC simulation.
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2.3.3 Application to binary systems

Here, the local state of the matter is characterized by two fields: the non-conserved phase-

field, m(r), that monitors the transition between the solid and the liquid phases, and a con-

served field, the coarse-grained mole fraction, c(r). In the present study, we neglect the density

difference between the solid and liquid phases, which - together with mass conservation - implies

that the integral of the composition field over the volume of the system is a constant.

Our starting point is the standard binary phase-field theory by Warren and Boettinger [131].

Following Eq. (2.9), the free energy of the inhomogeneous system is assumed to be a local

functional of the phase and composition fields,

∆Ω =

∫
d3r

{
ε2
mT

2
(∇m)2 +

ε2
c

2
(∇c)2 + ∆ω(m, c)

}
. (2.18)

Here εm and εc are coefficients to be defined below, while ∆ω(m, c) is the excess grand free

energy density of the inhomogeneous system which is assumed to have the form

∆ω(m, c) = w(c)Tg(m) + p(m)∆ωS(c) + [1− p(m)]∆ωL(c) , (2.19)

where ∆ωS,L(c) = [fS,L(c)−fL(c0)]−µ(c−c0) are the composition dependent excess grand free

energy density of the bulk solid and liquid, respectively. Here c0 is the chemical composition

of the initial (reference) liquid and µ = ∂fL
∂c

∣∣
c=c0

is the chemical (or diffusion) potential of

the system. Different ”double well” and ”interpolation” functions will be used as specified

below. The free energy scale w(c) = cwB + (1 − c)wA determines the height of the free

energy barrier between the bulk solid and liquid states, in term of the respective values for

the pure components, wA and wB. The bulk free energy densities fS,L(c) are obtained from a

CALPHAD-type assessment of the system 6.

Similarly to our study of the HS system, in our calculations different ”double-well” functions

[g(m)] and ”interpolation” functions [p(m)] will be used. Besides the ”standard” set (PFT/S)

emerging from an intuitive formulation of the PFT [113], the set derived from the Ginzburg-

Landau expanded free energy for fcc crystal structure has also been used (PFT/GL) [48]. The

appropriate functional forms of g(m) and p(m) can be found in Section (2.3.2). Once the

functional form of g(m) and p(m) are defined, the model parameters wA, wB, and ε2
m can be

determined from the equilibrium interfacial free energies (γA and γB) and the interface thickness

(δA and δB) of the pure components A and B. Following Eq. (6.10) the derivation of the model

6CALPHAD = Calculation of Phase Diagrams is a software for thermodynamic calculations.
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parameters is straightforward. Here a composition-independent ε2
m is assumed, which yields

γA/TA = γB/TB, a relationship that holds fairly well for pure substances experimentally [132],

due to the fact that the solid-liquid interfacial free energy is dominantly of entropic origin (at

least for simple liquids) [45,133].

The magnitude of ε2
c is less obvious. In the liquid state it can be related to the interaction

parameter ΩL of the liquid as ε2
c,L = Λ2(ΩL/v), where - assuming nearest neighbor interaction -

the interaction distance Λ is related to the intermolecular distance as Λ = (v/NA)1/3/
√

3 [134].

Here, v is the molar volume and NA is the Avogadro number. In the solid, besides such

a chemical contribution, the free energy of phase boundaries contains a physical contribution

that includes elastic contributions and depends both on the misorientation of the crystal grains

and on the misfit of the crystal structures of the two solid phases. For the sake of simplicity,

we consider here only chemical contributions, thus

ε2
c(m, c) = p(m)ε2

c,S + [1− p(m)]ε2
c,L = Λ2/v

{
p(m)ΩS + [1− p(m)]ΩL

}
, (2.20)

where ΩL(c) and ΩS(c) are identified as the composition dependent CALPHAD parameters

used in calculating the enthalpy of mixing in the solid and the liquid.

Once the free energy functional is specified, the properties of the equilibrium interface and

the critical fluctuations can be found from extremum principles described in Section 2.3.1.

Solid-liquid planar interfaces

At a fixed temperature between the eutectic temperature and the melting points of the pure

components, solid and liquid phases of appropriate compositions (ceS and ceL, respectively) may

coexist. Below the melting point of the lower melting point component, two such equilibria

exist, left and right of the eutectic composition. The phase and composition field profiles

that are realized under such conditions minimize the grand free energy of the planar interface.

Following Eq. (2.11) and considering the specific form of the free energy functional and surface

defined by Eq. (2.18) and (2.19), respectively, the appropriate Euler-Lagrange equations are:

ε2
mT∆m = w(c)Tg′(m) + p′(m)[∆ωS(c)−∆ωL(c)] +

1

2

∂ε2
c

∂m
(∇c)2 ,

ε2
c∆c =−

[
1

2

∂ε2
c

∂c
∇c+

∂ε2
c

∂m
∇m

]
∇c+

+ w′(c)Tg(m) + p(m)∆ω′S(c) + [1− p(m)]∆ω′L(c) ,

(2.21)

where ()′ stands for differentiation with respect to the argument. In the case of the planar

interface the boundary conditions prescribe bulk solid and liquid in the far fields, as defined in
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Section 2.3.1. Using the solution [m(x), c(x)] of Eq. (2.21) at a given temperature T (between

the eutectic temperature and the melting points of the pure components) the interfacial free

energy is evaluated as

γ∞ =

∞∫
−∞

dx

{
ε2
mT

2

(
dm

dx

)2

+
ε2
c

2

(
dc

dx

)2

+ ∆ω[m(x), c(x)]

}
. (2.22)

Solid-solid and liquid-liquid planar interfaces

Below the eutectic temperature, the Ag and Cu rich solid solutions (S1 and S2) of fcc

structure coexist (m ≡ 1). Neglecting physical effects, such as the elastic contributions from

the misorientation of the crystal grains and the misfit of the crystal structures of the two solid

phases, the composition distinguishes them in the present formulation. In this approximation,

the excess grand free energy of the inhomogeneous solid-solid system reads as

∆ΩS =

∫
dV

{
ε2
c,S

2
(∇c)2 + ∆ωS(c)

}
. (2.23)

In the Ag-Cu eutectic system a metastable liquid immiscibility region exists below the eutectic

temperature. Below the metastable critical point two liquid phases (L1, L2) coexist (m ≡ 0).

Similarly to Eq. (2.23), the excess grand free energy of the inhomogeneous liquid-liquid system

reads as (2.23):

∆ΩL =

∫
dV

{
ε2
c,L

2
(∇c)2 + ∆ωL(c)

}
. (2.24)

Accordingly, the following Cahn-Hilliard type Euler-Lagrange equation applies (with the ap-

propriate boundary conditions for planar interface prescribed in Section 2.3.1) for both the

solid-solid and liquid-liquid planar interface:

ε2
c,(S,L)∆c = −1

2

∂ε2
c,(S,L)

∂c
(∇c)2 +

∂∆ωS,L
∂c

, (2.25)

where
∂∆ωS,L
∂c

=
∂fS,L
∂c
− µS,L. Here µS,L denotes the chemical potential of the initial solid

or liquid, respectively. After trivial algebraic manipulations the thickness and energy of the

solid-solid or liquid-liquid interfaces can be determined [134].
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Solid-liquid nuclei

Assuming spherical symmetry - a reasonable approximation considering weak anisotropy

of the crystal-liquid interface of simple liquids - the EL equations [Eq. (2.21)] can be solved

numerically under the boundary conditions prescribed for in Section 2.3.1. Having determined

solutions m(r) and c(r), the nucleation barrier W ∗ has been obtained by inserting these solu-

tions into

W =

∞∫
0

4πr2dr

{
ε2
mT

2
m′(r)2 +

ε2
c [m(r), c(r)]

2
c′(r)2 + ∆ω[m(r), c(r)]

}
. (2.26)

Provided that the model parameters εm, wA and wB have been evaluated from the thickness

and the free energy of the equilibrium interface and εc from the interaction parameter, the

nucleation barrier W ∗ in the undercooled state can be calculated without adjustable parameters.

2.3.4 Multiphase generalization of the phase-field theory

The standard MPFT form of the grand free energy of a binary system relative to the initial

liquid is:

∆Ω =

∫
dr

{∑
i<j

ε2ij
2

(φi∇φj − φj∇φi)2 + ∆ω(φi, c)

}
. (2.27)

The differential operator on the right hand side has the required symmetries [82]. In this

expression ∆ω is the relative grand potential density and c the concentration. The sum runs

over different (φi, φj) pairs of the structural order parameters, while
∑

j φj(r) = 1. When

addressing fcc-bcc competition, without loss of generality, we may chose φ1, φ2, and φ3 =

1 − (φ1 + φ2) for the fcc, bcc, and liquid phases, respectively. These order parameters can

be combined to yield formal analogues of the solid-liquid order parameter m that describes

crystalline freezing, and the solid-solid order parameter χ that monitors the fcc-bcc transition

(Bain’s distortion) of the crystal lattice used in an advanced CDFT of fcc-bcc transition [11]:

φ⇔ ||m|| ∈ [0, 1] and ψ ⇔ ||χ|| ∈ [0, 1], where φ = φ1 +φ2 and ψ = φ2/φ. The methodology of

the MPFT anchors the free energy surface to the free energies of the bulk phases. Specifically,

the local grand potential density of the multi-phase system is related to the contributions ∆ωij

of the two-phase systems as follows:

∆ω(φ, ψ, c) = [1− p12(ψ)]∆ω13(φ, c) + p12(ψ)∆ω23(φ, c) + a12(c)P (φ, ψ)g12(ψ), (2.28)



2.3 PHASE-FIELD THEORY 30

where the interpolation functions pij vary monotonously between 0 and 1 so that pij(0) = 0

and pij(1) = 1, whereas P (φ, ψ) = [1 − p12(ψ)]p13(φ) + p12(ψ)p23(φ), which reflects that the

solid-solid order parameter is irrelevant in the liquid state. The first two terms of Eq. (2.28)

interpolate between the fcc-liquid and bcc-liquid free energies, while the third term adds a free

energy barrier in between the two solid phases that disappears in the liquid. The two-phase

contributions can be expressed as

∆ωi3(φ, c) = ai3(c)gi3(φ) + pi3(φ)∆ωi(c) + [1− pi3(φ)]∆ω3(c), (2.29)

for i = 1 or 2, which have the shape of a skewed double-well. Here gij are double-well functions,

for which gij(0) = gij(1) = 0, with a maximum in between, while the functions ∆ωi represent

the grand potential densities of the ith phase relative to the initial liquid state.

With these definitions, Eq. (2.28) recovers the relative free energies of the bulk phases.

However, the results for the non-bulk states depend on the specific choice of these functions.

In the usual application of the MPFT, they are chosen intuitively. In contrast, here we use

forms deduced from the GL expansion of the two-phase free energies [48, 88–90], which forms

contain the structural information:

bcc-liquid: g13 = φ2(1− φ)2 and p13 = φ3(4− 3φ),

fcc-liquid: g23 = φ2(1− φ2)2 and p23 = φ4(3− 2φ2),

bcc-fcc: g12 = ψ2(1− ψ)2 and p12 = ψ3(4− 3ψ).

The composition dependent model coefficients are interpolated as ε2ij(c) = (1− c)ε2ij,A + cε2ij,B
and aij(c) = (1− c)aij,A + caij,B, where the constants ε2ij,Y and aij,Y can be expressed in terms

of the free energy and thickness of the equilibrium interface between phases i and j for pure

component Y . Unlike the CDFT, where the time-averaged particle density is the order param-

eter, in our model the solid-liquid transitions are monitored by the reduced Fourier amplitude

of the dominant density waves (a single-mode approach), whereas the fcc-bcc transition by an

order parameter related to Bain’s distortion.

The respecting Euler-Lagrange (EL) equations are [11, 48, 89, 135]: δ∆Ω/δc = 0 and

δ∆Ω/δφi = λ(r), where the Lagrange multiplier λ(r) ensures the local constraint
∑

j φj(r) = 1.

The second equation is based on the variational principle:

∆Ω′ := ∆Ω−
∫
dV

{
λ(r)

[∑
j

φj(r)− 1

]}
⇒ δ∆Ω′

δφi
= 0⇒ δ∆Ω

δφi
= λ(r) . (2.30)
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Using Eqns. (2.27) and eliminating the 3rd phase, the Euler-Lagrange equations read as [in

accordance with Eq. (2.12)]:

M(Φ, c)∆ΦT = b(Φ, c,∇Φ,∇c) and (2.31)

2
∂∆ω

∂c
+
∑
i<j

∂ε2ij(c)

∂c
(φi∇φj − φj∇φi)2 = 0 . (2.32)

Here Φ = (φ1, φ2), ∆Φ = (∆φ1,∆φ2), superscript T denotes transposition, bi = Ei − E3,

whereas

Ei =
∂∆ω

∂φi
+
∑
i 6=j

[
∂εij(c)

2

∂c
∇c+ 2εij(c)

2∇φj
]

(φi∇φj − φj∇φi) . (2.33)

The difference of the derivatives ∂∆ω/∂φi − ∂∆ω/∂φ3 in bi (i = 1, 2) is just the derivative of

∆ω′(φ1, φ2) := ∆ω[φ1, φ2, φ3 → 1− (φ1 + φ2)] with respect to φi:

∂∆ω′

∂φi
=
∂∆ω

∂φi
+
∂∆ω

∂φ3

∂φ3

∂φi
=
∂∆ω

∂φi
− ∂∆ω

∂φ3

. (2.34)

Since we know ∆ω′ as a function of φ(φ1, φ2) and ψ(φ1, φ2), the derivative ∂∆ω′/∂φi can be

determined via the chain rule as follows:

∂∆ω′

∂φi
=
∂∆ω(φ, ψ)

∂φ

∂φ

∂φi
+
∂∆ω(φ, ψ)

∂ψ

∂ψ

∂φi
, (2.35)

where ∆ω(φ, ψ, . . . ) is defined by Eq. (2.28). The elements of the 2× 2 matrix M are:

M11 = ε213(1− φ2)2 + (ε212 + ε223)φ2
2;

M22 = ε223(1− φ1)2 + (ε212 + ε213)φ2
1; (2.36)

M12 = M21 = ε213φ1(1− φ2) + ε223φ2(1− φ1)− ε212φ1φ2.



3 Fixing the model parameters

3.1 Hard-sphere system

The atomistic simulations for the nucleation barrier height available in the literature address

the coexistence region (0.492<φL<0.543). If not stated otherwise, we use here the equations

of state Hall obtained for the solid and liquid states [30] by fitting to the molecular dynamics

simulation results of Alder and Wainwright (see Fig. 3.1) [26]:

ZL(φ) =
1 + φ+ φ2 − 0.67825φ3 − φ4 − 0.5φ5 − 1.7φ6

1− 3φ+ 3φ2 − 1.04305φ3
, (3.1)

ZS(φ) =
12− 3β

β
+ 2.557696 + 0.1253077β + 0.1762393β2−

− 1.053308β3 + 2.818621β4 − 2.921934β5 + 1.118413β6 ,

(3.2)

where Z(φ) = p
ρkT

is the compressibility factor, and β = 4
(

1− φ
φc

)
, while φc = π

√
2

6
is the

volume fraction of the close-packed hard-sphere system. For comparison, we have performed

calculations with a polynomial equation of state of the liquid, which has been fitted to all the

simulation data in the volume fraction range 0 < φ < φgl [26–28,38,136,137]:

ZL(φ) =
1

(φ− φgl)
∑n

k=0 ck(φ− φgl)k
. (3.3)

Here φgl = 0.63885, and the fitting coefficients {ck} are shown in Table 3.1 for n = 6. The free

energy densities of the bulk solid and liquid phases can be obtained from the equations of state

and the equilibrium pressure as discussed in Appendix 6.2.1. We use a recently revised value for

the reduced interfacial free energy γ∗∞ = γ∞
σ2

kT
= 0.56±0.02 [25], while the 10%−90% reduced

interface thickness for the structural order parameter m is allowed to change in the range of

d∗10%−90% = d10%−90%/σ = 3.15± 0.15 [7]. Using the interface thickness and the interfacial free

energy data are used to fix the model parameters ε2 and w (see Appendix 6.2.2).

We note here that in a previous study we have used larger interface thicknesses d10%−90% ∈
[4.75σ, 5.94σ] determined by the envelope of the density peaks. We believe that the present

choice, d10%−90% ∈ [3.0σ, 3.3σ], is more reliable [7], as it is consistent with the interfacial

profiles obtained for a variety of structure-related physical properties, such as the coarse-

32
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Figure 3.1: Equation of state for the liquid phase (compressibility factor vs. volume fraction). Results

from atomistic simulations are shown together with the polynomial equation of state Eq. (3.3). Note

the reasonable agreement among simulation data obtained by different authors. The vertical dashed

lines show the volume fractions of the bulk liquid and solid phases coexisting at p = 11.57 kT/σ3.

Table 3.1: Coefficients of the polynomial equation of state described by Eq. (3.3) for the hard-sphere

liquid.

parameter value

c0 -0.8187

c1 -3.889

c2 -17.407

c3 -20.503

c4 12.649

c5 60.336

c6 41.859
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grained density, and the diffusion and orientational order parameters at the equilibrium solid-

liquid interface of the hard-sphere system. It is also worth noting that the interfacial data from

atomistic simulations might somewhat underestimate both the interfacial free energy and the

interface thickness due to the limited size of such simulations, which leads to a long wavelength

cut off in the spectrum of surface fluctuations. On the other hand, the interfaces relevant to

nucleation are of a size scale that is comparable to the size scale of atomistic simulations, so

one might expect here only minor error from this source.

3.2 Ag-Cu eutectic system

The free energies of the bulk phases have been taken from CALPHAD calculations for the

Ag-Cu system. The quasi-subregular solution approximation for the Ag-Cu system provides

the following bulk free energy densities for the liquid and solid phase [138,139]:

fL(c) =RT/vL[c ln(c) + (1− c) ln(1− c)]+
+ [(AL +BLT ) + (A1L +B1LT )(1− 2c)]c(1− c) ;

(3.4)

fS(c) =RT/vS[c ln(c) + (1− c) ln(1− c)]+
+ [(AS +BST ) + (A1S +B1ST )(1− 2c)]c(1− c)+
+ (GA +G1AT )c+ (GB +G1BT )(1− c) ,

(3.5)

where subscripts L and S denote the liquid and solid phases, respectively, c is the concentration

of Cu, R is the universal gas constant, T the temperature and v the corresponding molar

volume. The parameters AL,S, A1L,S, BL,S, B1L,S, GA,B and G1A,B can be found in Table 3.2.

The equilibrium interfacial free energy of pure Ag has been obtained from dihedral angle

measurements: γAg = 172 mJ/m2 [140]. For pure Cu, the undercooling experiments offer

γCu = 177, 200, 195 mJ/m2 (refs. [141–143], respectively). These values are somewhat lower

than those from dihedral angle measurements, γCu = 223, 232 mJ/m2 (refs. [140,144], respec-

tively). Herein, we use the average of the values from dihedral angle experiments, so finally

γCu = 272 mJ/m2 was chosen.

The 10%−90% interface thickness for Ag has been assumed to be dAg = 1nm in agreement

with the results of atomistic simulations for metals [107, 145–147]. In the present formulation

of the binary phase-field model, a composition-independent ε2
m is used [131], which imposes
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Table 3.2: Parameters of the quasi-subregular solution model [Eqns. (3.5) and (3.4)] for the Ag-Cu

eutectic system [138].

Liquid Solid

AL 15171 J/mol AS 34532 J/mol

A1L −2425 J/molK A1S −5996 J/molK

BL −2537 J/mol BS −9178 J/mol

B1L 0.946 J/molK B1S 1.725 J/molK

Solid-liquid

GA −13054 J/mol GB −11945 J/mol

G1A 9.62 J/molK G1B 9.67 J/molK

the restriction
γAgdAg
TAg

=
γCudCu
TCu

, (3.6)

where TAg = 1235 K and TCu = 1357 K are the melting temperatures of the pure Ag and

Cu, respectively. As a result, we are not free to choose the interface thickness for Cu. The

value that follows from this relationship, dCu = 0.834 nm, is close to data from atomistic

simulations. Considering that the interface thickness is roughly a nanometer for metals, this

relationship implies that the interfacial free energy of elements is roughly proportional to their

melting point, as indeed argued for and seen recently [45,132,133].

Our calculations have been performed with an average molar volume v = 9.29 cm3, calcu-

lated from the molar weights and the high temperature mass densities of the crystalline phases

taken from ref. [140].

The self-diffusion coefficient of the liquid alloy compositions has been approximated by

linearly interpolating between the diffusion coefficients of the pure constituents, which were

evaluated in turn from Arrhenius expressions, fitted to the measured viscosities η [148], using

the Stokes-Einstein relationship, D = kT
3πΛµ

. (This might somewhat underestimate D [148].)

The relevant physical properties are summarized in Table 3.3. For the sake of comparison,

we calculate the free energy of critical fluctuations from the classical droplet model [Eq. (2.2)]

[149] and the Diffuse Interface Theory [Eq. (2.7)] [98, 150]. For the Classical Nucleation

Theory we adopt the following approximation to calculate the solid-liquid interface energy as

a function of composition and temperature in the undercooled state: We assume that that
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Table 3.3: Physical properties of pure constituents used in present computations. Notation: the

viscosity is defined as η = A exp[B/(RT )], where R is the universal gas constant. The superscipts

refer to aRef. [45] and bRef. [148].

parameter Ag Cu

Tm [K] 1235 1357

∆Hf [kJ/mol] 11.945 13.054

γ [mJ/m2] 172a 227

d10%−90%[nm] 1.0 0.834

ρS [g/cm3] 9.82a 8.37a

Viscosity

A [mPs] 0.4301b 0.5269b

B [J/mol] 22990b 22460b

the solid-liquid interface energy is essentially of entropic origin as trivially happens for the

hard-sphere system and is observed for other simple liquids as the Lennard-Jones system in

atomistic simulations [45]. Accordingly, it is made to scale with temperature and entropy as

follows:

γ =
γ∞(c)

Teq.(c)
T , (3.7)

where γ∞(c) is the equilibrium interfacial free energy for a planar interface at temperature

Teq.(c) between the liquid of composition c and the solid of the corresponding solidus com-

position. Equation (3.7) can also be viewed as a generalization of the negentropic model of

Spaepen and Meyer [151].
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3.3 Fe-Ni system

Altough, there are both fcc and bcc phases in the well-known hard sphere and Lennard-

Jones systems, owing to the lack of known equilibrium coexistence conditions between the

bulk fcc and bcc phases, they are not suitable for a full testing of the MPFT model. Thus, we

have chosen the Fe-Ni system, where from combined experiments and atomistic simulations

a nearly complete input set is available: the free energy of bulk phases [152], the interface

thickness, which is 1 nm for all interfaces, (∼ 3.5 atomic distances [153]) and the solid-liquid

interface energy of Fe and Ni at the melting point (T f ) [154]. The ratio αfcc/αbcc ≈ 1.72

deduced for Turnbull’s coefficients from atomistic simulations for Fe [147] was used to estimate

the interfacial free energy of metastable (MS) phases: γMS/γS ≈ (αMST
f
MS)/(αST

f
S ). We

utilized Richard’s rule and neglected the density difference of the crystalline phases. Here

α = γL−1ρ−2/3, γ the interface energy, L the heat of fusion, and ρ the singlet density. Subscript

S denotes the stable phase. The least accurate input is the orientation average of the free energy

of the fcc-bcc interface. For Fe, estimates of γfcc−bcc for different orientations range between

179 mJ/m2 [155] and about twice the solid-liquid interfacial energy ∼672 mJ/m2, yielding

∼425 mJ/m2 for the average of the upper and lower limits, which we take as an estimate of

the orientation average. Thus the energy contribution of the defects at the fcc-bcc interface is

incorporated implicitly in a coarse-grained manner.



4 Results

4.1 Hard-sphere system

4.1.1 Order parameter profiles

The predictions for the order parameter profiles of the critical fluctuation are presented

in Fig. 4.1 for the three pressures (p∗ = 15.0, 16.0 and 17.0) Auer and Frenkel used in their

atomistic simulations [6,47] 1. For the CNT, SCCT and DIT, the solid-liquid structural order

parameter is shown to change from 1 to 0 as a step function at the predicted radii of the surface

of tension, defined by the following expression [156]:

Rp =

(
3W ∗

2π|∆ω|

)1/3

, (4.1)

where ∆ω is the driving force of crystallization (i.e. the grand potential density difference

between the bulk solid and liquid phases at a given initial volume fraction of the liquid).

The size of nuclei varies in the range of ∼ 2.0σ to ∼ 4.0σ in all the theoretical predictions.

Note that the smaller size corresponds to a larger driving force. This result shows a reasonable

agreement with the snapshot of the respective nucleus from the MC simulation [see Fig. 1.2(c)].

In this size range the radius of nuclei is comparable to the thickness of the interface, therefore,

limited accuracy of the sharp interface approaches (CNT and SCCT) is expected. We note

the asymmetry of the structural order parameter profiles from the phase-field computations

with Ginzburg-Landau expanded free energies: sharper on the solid side and more gradual on

the liquid side [Fig.s 4.1(b) and (d)]. This is in agreement with our previous work [54] for

fcc structure and with a full molecular theory by Shen and Oxtoby [129]. The solutions from

the PFT/GL1 and PFT/GL2 models are fairly similar, as are those from the PFT/S1 and

PFT/S2; the latter show a significant deviation from the bulk crystal properties even in the

center of the nuclei.

1The three pressures used in the atomistic simulations correspond to three initial volume fractions, which

can be obtained from the equation of state for the liquid phase. Using Hall’s equation of state they are

φL = 0.5207, 0.5277 and 0.5343, respectively.

38
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Figure 4.1: Structure of the critical fluctuations as predicted by various cluster models at three initial

volume fractions (0.5207, 0.5277 and 0.5343, denoted by solid, dashed, and dash-dot lines, respectively;

a sequence corresponding to decreasing size): (a) The solid-liquid structural order parameter is shown

for the CNT and SCCT (heavy lines, coinciding for the two models), and for the DIT (light lines); (b)

for the single order parameter phase-field models: PFT/GL1 (heavy lines), PFT/S1 (light lines); (c)

structural order parameter profiles (heavy lines) and normalized fractional density difference (light

lines) profiles for PFT/S2; (d) the same for PFT/GL2. Note the similarity of the solutions from

PFT/S1 and PFT/S2, and also the solutions from PFT/GL1 and PFT/GL2.
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Figure 4.2: Nucleation barrier W ∗ measured in kT units vs. initial volume fraction of the liquid phase

(φL) as predicted by various cluster models: CNT - droplet model of the Classical Nucleation Theory;

SCCT - Self-consistent Classical Theory; DIT - phenomenological Diffuse Interface Theory; PFT/S1

- single order parameter phase-field theory with the standard double well and interpolating functions;

PFT/GL1 - the same with Ginzburg-Landau free energy; PFT/S2 - structural order parameter and

density field, with the standard double well and interpolating functions; PFT/GL2 - the same with

Ginzburg-Landau free energy. For comparison, the nucleation barrier height obtained from atomistic

(MC) simulation are also shown [6]. Note the uncertainty of W ∗ from atomistic simulation is about

±1.5 kT (see Fig. 1 of Ref. [6]), roughly corresponding to the size of the symbol used here.

4.1.2 Nucleation barrier height

The respective nucleation barrier heights are compared to the results of Monte-Carlo simula-

tions in Fig. 4.2. Note, that without adjustable parameters 2 the predictions of the PFT/GL1,

PFT/GL2 and the DIT models show a reasonable agreement with the result of the atomistic

simulations. In contrast, the other models (CNT, SCCT, PFT/S1, and PFT/S2) underesti-

mate the height of the nucleation barrier considerably. The present failure of the CNT droplet

model in predicting the free energy of formation of small clusters is not surprising and is in

agreement with the results of earlier studies for the HS [6,46,47] and other systems, such as the

ice-water [10, 123], Ag-Cu [54], and NaCl [157]. It is also remarkable, that unlike the case of

vapor condensation, the self-consistency correction changes the height of the nucleation barrier

2The parameters of the phase-field model and the diffuse interface theory are fitted in stable equilibrium.
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in the wrong direction. Finally, it is reassuring that incorporating more physical details (such

as crystal symmetries) improves the agreement with the results of atomistic simulations.

We wish to mention here that a Ginzburg-Landau free energy functional has recently been

constructed for the hard-sphere system that relies on the fundamental measure approach to

the density functional theory (DFT-FM), and it has been used to investigate the properties of

the solid-liquid interface and the nucleation barrier [158, 159]. This model has the advantage

that it predicts the interfacial free energy while it is used as an input parameter for the far

simpler continuum models applied in the present paper. While the interfacial free energies for

the fcc solid - liquid interface, 0.69kT/σ2 and 0.66kT/σ2 predicted by the two variants of the

DFT-FM, are fairly accurate for approaches based on first principles, these values significantly

exceed the best value (0.56 ± 0.02)kT/σ2 from atomistic simulations. Accordingly, a direct

comparison of the DFT-FM results and our predictions for the nucleation barrier might prove

inconclusive.

Finally, we have to mention that a straightforward utilization of the present results is

to combine the advanced cluster models (DIT,PFT/GL1, or PFT/GL2) validated here with

cluster dynamics computations to improve the quality of interfacial free energy data extracted

from nucleation rate measurements, as done previously using the Cahn-Hilliard model [160].

Although, our results refer strictly to the hard-sphere system, many of the monoatomic liquids,

including the Lennard-Jones fluid and the metals, display features close to those of the HS

system [45, 132], implying that the present results are probably relevant to a broader range of

systems.

4.1.3 Error of the input parameters

Here we estimate the effect of the error of the input parameters on the nucleation barrier

computed using PFT/GL1. The lower and upper limits for the interfacial free energy (γ∗∞ =

0.56± 0.02) and the interface thickness (d∗10%−90% = 3.15± 0.15) lead to only minor changes in

the height of the nucleation barrier (see Fig. 4.3). Similarly, the uncertainties emerging from

the error of the equilibrium pressure and the equations of state are negligible. Therefore, the

error of these input parameters do not influence our conclusions in any significant way.

It is also appropriate to assess how far these results are influenced by the anisotropy of the

solid-liquid interfacial free energy. In the case of the continuum models, this would require

the solution of the Euler-Lagrange equations in 3D, by adopting numerical methods recently

applied for the analogous problem of solid-state nucleation [161]. However, a less demanding
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Figure 4.3: Sensitivity of the nucleation barrier (predicted by PFT/GL1) to the uncertainty of (a)

the interfacial free energy; (b) the interface thickness; (c) the equilibrium pressure; (d) the equation

of state for the liquid phase [here (11) refers to Eq. 11 of Hall [30]]. For comparison, the Monte

Carlo simulations of Auer and Frenkel (MC) [see Ref. [6]] are also shown [in panel (d) empty circles

stand for MC data with volume fractions corresponding to the polynomial equation of state Eq. (3.3),

as opposed with the full squares whose volume fraction coordinates have been computed using Eq. 11

of Hall [30]]. Note that the main source of uncertainty to the nucleation barrier can be identified as

the uncertainty of the interfacial free energy.
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Figure 4.4: The equilibrium crystal shape (Wulff-construction [163]) corresponding to the anisotropy

function given by Eq. (4.2). Note the close to spherical form.

computation can be made in the case of the comparably accurate DIT [101, 102]. Being in

an unstable equilibrium, the enthalpy and entropy surfaces of the nucleus (as defined in the

DIT) have the equilibrium shape, and the nucleation barrier can be computed by replacing

the volume of the unit sphere in Eq. (2.7), by the volume of the equilibrium shape normalized

with the volume of the sphere corresponding to the orientation averaged interfacial free energy,

where the anisotropy of the interfacial free energy of the solid-liquid interface is given by the

Kubic harmonic expansion of Fehlner and Vosko [162],

γ(n)

γ∞
= 1 + ε1

(
3∑
i=1

n4
i −

3

5

)
+ ε2

(
3∑
i=1

n4
i + 66(n1n2n3)2 − 17

7

)
, (4.2)

where a recently revised parameter set [50], γ∗∞ = 0.559(17), ε1 = 0.072(9), and ε2 = −0.004(2)

have been used. The equilibrium shape has been determined by using the Wulff construc-

tion [163], and it is shown in Fig. 4.4. The respective correction to the nucleation barrier is

less than 1%: W aniso.
DIT ≈ (1.009 ± 0.001)W iso.

DIT , which does not influence the results obtained

from calculations with isotropic interfacial free energy in any significant way.

RELATED PUBLICATION:

G. I. Tóth and L. Gránásy. Crystal nucleation in the hard-sphere system revisited:

a critical test of theoretical approaches. J. Phys. Chem. B., 113, 5141-5148

(2009).
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Figure 4.5: Phase diagram of the Ag-Cu eutectic binary solution on the basis of the free energy

functions from CALPHAD-type calculations in Ref. [140]. Note the metastable extensions of the

liquidus, solidus, and liquid-solid coexistence lines (light dashed), and the metastable liquid-liquid

coexistence line (heavy dashed) at the lower part of the diagram. The phases appearing in the phase

diagram are denoted as follows: α, Ag rich fcc solid solution; β, Cu rich fcc solid solution; and L,

liquid.

4.2 Ag-Cu eutectic system

4.2.1 Phase diagrams

The phase diagram we calculated using the data in Section 3.2 is shown in Fig. 4.5. The

corresponding eutectic temperature (defined by a triple phase equilibrium) is Te = 1051 K.

The liquid-liquid immiscibility region of the phase diagram including the coexistence and

spinodal lines is presented in Fig. 4.6. The respective liquid-liquid critical temperature is

TLLc = 814.5 K. A typical free energy surface corresponding to TLLc < T < Te is diplayed in

Fig. 4.7. Besides, free energy surfaces typical to T < TLLc yield stable solid-solid coexistence

and a metastable liquid-liquid equilibrium as presented in Fig. 4.8. The interaction parameters

used in calculating the coefficient of the square-gradient term for the composition field have

been identified as ΩL = AL + A1L(1− 2c) and ΩS = AS + A1S(1− 2c), respectively 3.

3The interaction parameter can be identified via f = fmix + ∆f , where fmix = f id + [Ω + ΓT ]c(1 − c)
(f id = RT

v [c ln c+ (1− c) ln(1− c)] is the ideal part of the mixing entropy).
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Figure 4.6: Metastable liquid-liquid coexistence region in the phase diagram of the Ag-Cu system,

computed using the free energy functions from CALPHAD-type calculations [140]. Note that coexis-

tence line (black solid), the spinodal line (dashed solid), and the bifurcation line (heavy grey solid).

Regions I and II may show different nucleation properties. For detailed explanation, see Section 4.2.3.

0
0.5

1

0
0.5

1
−400

−200

0

200

400

cm

!
"

 [J
/c

m
3 ]

Figure 4.7: Free energy density surface at T = 900 K in the phase-field theory, counted relative to a

homogeneous liquid of composition of c = 1/2. Note the different depths of the two solid minima (at

m = 1).
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Figure 4.8: Free energy density surface at T = 750 K in the phase-field theory, counted relative to

a homogeneous liquid of the critical composition. Note that at this temperature, besides having two

stable solid compositions in equilibrium (at m = 1), two metastable liquid compositions can also be in

equilibrium with each other (at m = 0).

To study the effect of the mixing contributions on the interfaces (except the ideal mixing

entropy), the respective coefficients A1, A1L, B1, B1L and AS, A1S, BS, B1S have been

multiplied by the factor κ = 1/3, 1/2, 3/4, 1 in Eq. (3.4) and (3.5) 4. The corresponding phase

diagrams are presented in Fig. 4.9, which show a transition from an ideal solution type phase

diagram into a eutectic one.

4.2.2 Transitions in the one-phase liquid region

In this section, first the equilibrium planar solid-liquid interfaces are studied. This is

followed by an investigation of the properties of the critical heterophase fluctuations and the

explanation of possible nucleation pathways. Since in the Ginzburg-Landau approach the

double-well and interpolating functions, g(m) and p(m), are based on physical considerations,

we perform most of the calculations using this version of the phase-field model (PFT/GL). For

comparison some of the nucleation properties are calculated by using the standard set of the

double-well and interpolating function (PFT/S), and by binary generalizations of the classical

4Accordingly, the free energy density has the form f = f id + κfmix + ∆f .
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Figure 4.9: Model phase diagrams obtained by multiplying the coefficients of Ref. [138, 139] by the

factors κ = 0 (up left), 1/3 (up right), 1/2 (down left) and 3/4 (down right).

nucleation model (CNT) and the Diffuse Interface Theory (DIT).

Equilibrium interfaces

Typical cross-interfacial order parameter and composition profiles corresponding to 3 dif-

ferent temperatures are shown in Fig 4.10 for the Ag and Cu rich sides of the phase diagram.

We find that the 10% − 90% interface thickness for the structural order parameter profiles is

essentially independent of the temperature on both sides. This is in good agreement with the

results of atomistic simulations for simple liquids 5. The asymmetric phase-field profiles accord

with results from a detailed density functional treatment of fcc solidification [123,129].

The free energies of the equilibrium solid-liquid interface is presented as a function of

temperature and liquid composition in Fig.s 4.11 and 4.12 . While in the ideal solution limit

(κ = 0), the interfacial free energy interpolates almost linearly between the pure components,

in the case of other κ values, we have found a more complex behavior. For κ = 1/3 and

1/2 a C-shaped curve connects the points corresponding to pure Ag and Cu. For larger

5Conclusion drawn from the cross-interfacial density profiles for the (111), (110) and (100) interfaces in

the Lennard-Jones system recorded at 0.617, 1.0 and 1.5 reduced temperatures [R. L. Davidchack (private

communication)]. Also trivially applies for the hard-sphere system.
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Figure 4.10: Cross-interfacial order parameter (m) and composition (c) profiles at three different

temperatures: at the melting point of the pure components (Tm), at the eutectic temperature (Te) and

midway in between [ T = (Tm + Te)/2 ] on the Ag side (on the top), and on the Cu side (on the

bottom) of phase diagram shown by Fig. 4.5. Note that the order parameter profiles almost coincide,

showing weak temperature dependence.
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Figure 4.11: Temperature dependence of the free energy of the equilibrium planar interfaces between

solids and liquids, as a function of temperature for different κ factors. The solid and liquid com-

positions are given by the solidus and liquidus lines shown in Fig. 4.5. Note the essentially linear

interpolation between the free energies of the pure constituents in the ideal solution case (κ = 0).
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Figure 4.12: Free energy of the equilibrium planar solid-liquid interface vs. the composition of the

liquid phase as a function of the κ multiplier.
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Figure 4.13: Properties of the solid-solid phase boundary as a function of temperature: (a) interfacial

free energy; (b) 10%− 90% interface thickness.

values of κ (3/4 or 1, for example) the continuous curve breaks up into two branches due to

the eutectic temperature appearing in the phase diagram. The interfacial free energy has a

positive temperature coefficient for both branches, however, it is larger for the Cu branch (see

Fig. 4.11). In addition, the curves level off near the eutectic temperature. Fig. 4.12 shows

also a nontrivial behavior of the interfacial free energy as the function of liquid composition,

which may originate from the increasingly complex chemical contribution as the mixing free

energy increases.

For the solid-solid interfaces, the phase boundary energy γSS and the phase boundary

thickness dSS for κ = 1 are shown as a function of temperature in Fig. 4.13. As expected

on the basis of the Cahn-Hilliard theory [134], the phase boundary energy decreases while the

interface thickness increases towards the metastable solid-solid critical point. Note that below

the eutectic temperature, the full solid-solid boundary layer (which can be approximated by

2dSS) falls in the range of 0.6− 1 nm, and that γSS is entirely of chemical origin. This should

be corrected with a contribution emerging from the structural/orientational mismatch between

the two solid phases.

Crystal nuclei

The radial field profiles are shown in Fig. 4.14 for the pure components and for the initial

liquid composition c = 0.5. The nucleation barrier height is presented as a function of un-

dercooling in Fig. 4.14(d). As expected, the nucleation is slow in the vicinity of the eutectic

point on the phase diagram (ce ≈ 0.4, Te ≈ 1050 K) due to the diminishing driving force.

We observe that the interface of fcc nuclei sharpens with increasing undercooling (see Fig.

4.15) as also observed in the Density Functional Theory (DFT) of fcc crystal nucleation [123].
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Figure 4.14: Properties of the critical fluctuations (nuclei): (a) radial order parameter profiles for

pure Ag at temperatures (from left to right) T = 650, 800, 950, 1050 and 1100 K; (b) for liquid

composition c = 1/2 at T = 850, 900, 950, 1000 and 1025 K [the respective composition profiles are

also shown (dashed lines)]; (c) for pure Cu at T = 600, 800, 1000, 1150 and 1225 K. The respective

free energies of formation (nucleation barrier heights) are also shown as a function of temperature

[panel (d)].
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Figure 4.15: The 10%− 90% interface thickness for the nuclei shown in Fig. 4.14.
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Figure 4.16: Normalized structural order parameter [m(r = 0)/mb] and composition [c(m = 0)/cb(T )]

values at the center of the nuclei as a function of temperature. Normalization has been done by

using the ”bulk” values mb and cb(T ) that maximizes the driving force relative to the initial liquid of

composition c = 0.05.

This change of the interface thickness may be associated with the restructuring of the crystal

interface due to the change of the curvature: For small driving forces (corresponding to large

nuclei, Re → ∞) we find that the value of the concentration in the centre of the nucleus ap-

proaches to the equilibrium value, ces. With increasing undercooling, however, one can reach a

regime, where the nucleus is made of all interface (the size of the nucleus becomes comparable

with the interface thickness), i.e. the value of the phase-field and the composition deviate

from the bulk values characteristic to large particles [see Fig.s 4.14(a) and 4.14(c)]. Here we

define bulk in the sense that the interface thickness is negligible relative to the size of the

nucleus. Assuming a sharp solid-liquid interface, we are able to assign bulk properties to all

undercoolings and initial compositions. The bulk value of solid composition cb is defined as

that composition of the solid, whose chemical potential is equal to the chemical potential of

the initial liquid [i.e. µS(cb) = µL(c∞)] [164]. In our formulation, mb = 1 corresponds to the

bulk solid phase. A comparison of the phase-field and composition values appearing at the

center of the nucleus relative to their bulk counterpart is shown as a function of temperature

at c∞ = 0.05 in Fig. 4.16. We observe nonbulk physical properties at the center of the nuclei
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Figure 4.17: Contour map of the height of the nucleation barrier as a function of tem-

perature and composition of the initial liquid for the Ag-Cu system, as predicted by the

PFT with the GL free energy. From bottom to top, the iso-W ∗ lines correspond to

20, 30, 60, 100, 200, 300, 600, 1000, 2000, 3000 kT , respectively. The nucleation barriers for

the Ag rich and Cu rich solutions are equal along the gray line starting from the eutectic point. For

comparison, maximum undercooling data from experiments are also presented [(full circles) Ref. [143]

and [165–167] and (full triangles) Ref. [168]]. The dashed lines indicate locations where the steady-

state nucleation rates are JSS = 10−2 1/sm3s (upper line) and 108 1/cm3s (lower line).

only at high undercoolings (∆T > 300 K) that are not easily accessible experimentally.

A contour map of nucleation barrier heights is shown in Fig. 4.17 that also displays the

region of nucleation rates available for the usual experimental techniques (10−2 1
cm3s

< JSS <

108 1
cm3s

). This region seems to follow closely the iso-W ∗ lines and lies roughly parallel to

the liquidus line, however, by about 300 K lower. For comparison, maximum undercooling

achieved by various experiments are also displayed [143,165–167]. These points fall well above

the region of our predictions for observable nucleation rates for homogeneous nucleation. Ac-

cordingly, the nucleation mechanism in these experiments was most probably heterogeneous

nucleation on foreign particles or interfaces.

Essentially two types of nuclei are observed in this system: a silver ”rich”and a copper ”rich”

nucleus (see Fig. 4.18). 4.16. Their free energies of formation (as a function of temperature)

intersect each other in the vicinity of the eutectic composition. In the heighborhood of the
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Figure 4.18: Radial order parameter (solid lines) and concentration (dashed lines) profiles for the Ag

rich nucleus (heavy lines) and the Cu rich nucleus (light lines) at T = 900 K and c = 0.3685, where

the nucleation barrier height is equal for the two solutions.

crossing point the two types of nuclei are expected to appear simultaneously. Remarkably, we

also observed nuclei with alternating composition field, however, their free energy of formation

is considerably higher than that of the ”standard” nuclei displayed here, so they have negligible

chance to appear.

While the predicted features, such as the asymmetry of the order parameter profiles, the

size-dependent interface thickness, and the presence of nonbulk properties at the center of

nuclei, are in remarkable agreement with the more detailed DFT model [88], the assumption

of spherical symmetry that we made here excludes the appearance of lamellar or rod-type

two-phase structures. Further work is needed to clarify whether in the vicinity of the eutectic

temperature such nuclei could be more favorable than the single-phase nuclei discussed here.
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Figure 4.19: (a) Effective interfacial free energies and (b) interface thicknesses evaluated from PFT

results shown in Fig. 4.14.

Comparison with other models.

The effective free energy calculated from as γeff = [W ∗∆g2/(16π)]1/3 and the effective

DIT interface thickness from as δeff = [3W ∗/(4π|∆g|ψ)]1/3 are presented as a function of

temperature in Fig. 4.19 6. Here ∆g is the driving force, i.e. the grand potential density

difference between the solid and the liquid, ∆g = ωS(cb) − ωL(c∞) (at constant chemical

potential). For the pure components, γeff is strongly temperature dependent and tends to 0

in the zero temperature limit, while the δeff is fairly constant in the range of practical interest

(see Fig. 4.19). Probably, due to the limited temperature range where solutions can be found

(i.e. above the metastable liquid coexistence line), at c∞ = 1/2, the temperature dependence

of both γeff and δeff is less remarkable. These results are in good agreement with earlier

observations made for small liquid droplets [22, 103, 169]. It is also remarkable that the bulk

crystal properties in the center of the nuclei prevail up to large undercoolings (∆T ≈ 500 K),

suggesting that the main assumptions of the DIT model are satisfied (i.e. there are bulk

6Inserting γeff into Eq. (2.2) and δeff into Eq. (2.7) one can recover our nonclassical results for the

nucleation barrier height.
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Figure 4.20: Composition dependent interface thickness parameter of the DIT.

properties in the center of the nucleus and the temperature dependence of the DIT interface

thickness, δ, is negligible).

In order to improve the CNT and DIT predictions, we introduce composition/temperature

dependent interfacial parameters that we relate to the interfacial free energy for the PFT/GL

calculations.

• We use Eq. (3.7) to approximate the temperature and composition dependent interfacial

free energy in the CNT that postulates that the solid-liquid interfacial free energy is of

fully entropic origin.

• In the DIT calculations, the interface parameter δ corresponding to the liquid composi-

tion c has been calculated as δ = γ∞(c)/∆h[Teq.(c)]. Here ∆h is the volumetric enthalpy

difference between the solid and liquid phases in stable equilibrium at temperature Teq(c).

The composition dependence of the equilibrium δ (which is then assumed to be indepen-

dent of temperature) is shown in Fig. 4.20.

The temperature dependency of the effective interfacial free energy - as predicted by various

theoretical models - is presented in Fig. 4.21. The effective interfacial free energy is defined as:

γeff (T ) := [∆g2W ∗(T )]
1/3

, where ∆g is the driving force for the crystallization and W ∗(T ) is

the nucleation barrier height as a function of temperature predicted by the different approaches.

Apparently, making the only assumption that δ = const. in the DIT approximates better the

PFT/GL results than either Eq. (3.7) or γeff from the PFT/S results. The difference between

the PFT/GL and PFT/S results suggest that it is preferable to use functional forms derived
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Figure 4.21: Temperature dependencies of the effective interfacial free energy of nuclei as predicted by

the phase-field theory with Ginzburg-Landau free energy (PFT/GL), by the phase filed theory with the

standard double well and interpolation functions (PFT/S), by the phenomenological diffuse interface

theory (DIT), and by Eq. (3.7) (solid grey line).
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Figure 4.22: Range of accessible nucleation rates (10−2 1/cm3s < JSS < 108 1/cm3s) as predicted

by several models. [Area bounded by dashed lines, PFT/GL; dark grey band CNT with Eq. (3.7)

and PFT/S; and light gray band, DIT.] Note that the undercoolings predicted by all these models for

homogeneous nucleation is considerably larger than that seen in experiment suggesting that in most

of the experiments heterogeneous nucleation occurs.

on physical grounds when available. As we have shown in the previous section, a quantitative

test of cluster models in the hard-sphere system also prefers PFT/GL against PFT/S [89].

The experimentally accessible range of nucleation rates (10−2 1
cm3s

< JSS < 108 1
cm3s

) as

predicted by various theories are compared in Fig. 4.22. In accordance with the results shown

in Fig. 4.21, the CNT and the PFT/S underestimates the undercooling for homogeneous

nucleation significantly, while the DIT predictions are considerably closer to the PFT/GL

results.

RELATED PUBLICATION:

G. I. Tóth and L. Gránásy. phase-field theory of interfaces and crystal nucleation

in a eutectic system of fcc structure. I. Transitions in the one-phase liquid region.

J. Chem. Phys. 127, 074709 (2007).
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Figure 4.23: Properties of the metastable planar liquid-liquid interface as a function of temperature:

(a) surface tension; (b) 10% − 90% interface thickness. Convergence of the former to zero and the

divergence of the latter happen with the appropriate mean field critical exponents.

4.2.3 Nucleation in the metastable liquid immiscibility region

Owing to its complexity, crystal nucleation inside the metastable liquid-liquid miscibility

gap will be addressed here in a separate sub-section. In the immiscibility region, especially

inside the spinodal line, the liquid phase rapidly separates into two liquids of significantly

different compositions (coexisting compositions). In this region several types of nuclei com-

pete with each other, including composite nuclei that have a solid and a liquid ”skirt” of a

composition between the initial liquid composition and the composition of the crystal.

In this section, first the planar liquid-liquid interfaces forming between liquid compositions

on the metastable coexistence line will be studied. This will be followed by an exploration of

possible nucleation pathways inside the spinodal regime of the phase diagram.

Equilibrium liquid-liquid interfaces and nuclei

The temperature dependencies of the surface tension and the interface thickness are pre-

sented in Fig.s 4.23(a) and 4.23(b). The surface tension tends to zero, while the interface

thickness diverges at the critical temperature with the appropriate mean field critical expo-

nents [75,134]. These results are consistent with the Cahn-Hilliard theory of phase separation.

Between the coexistence and the spinodal lines of the metastable liquid-liquid miscibility re-

gion, phase separation takes place via liquid-liquid nucleation [75, 94]. The respective radial

composition profiles and the corresponding nucleation barrier heights are shown in Fig.s 4.24(a)

and 4.24(b), respectively. Inside the spinodal lines, phase separation occurs via spinodal de-

composition [75,94].
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Figure 4.24: Properties of the liquid-liquid nuclei as a function of initial liquid composition at

T = 750 K: (a) Concentration profiles (black lines: Cu rich liquid nuclei forming in initial liquid

compositions falling between the coexistence and the spinodal lines to the left of the critical composi-

tion; gray lines: Ag rich liquid nuclei forming on the opposite side of the phase diagram). The legend

shows the initial liquid compositions. (b) Nucleation barrier for liquid-liquid nuclei as a function of

the initial liquid composition (the vertical solid and dashed lines indicate the coexistence and spinodal

compositions, respectively.).
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These nuclei are expected to interact with crystal nucleation. We investigate the spinodal

region and the region between the spinodal and the coexistence lines separately.

Nucleation pathways.

While the behavior of possible nucleation pathways near the critical point closely follows

previous results from other continuum models, we observe a fairly complex behavior inside the

metastable liquid-liquid coexistence region due to the large number of nucleation pathways

identified by us.

First, we investigate the nucleation barrier in the vicinity of the metastable liquid-liquid

critical point. Previous work by Shiryayev and Gunton [61] suggested that along the constant

driving force line, one should observe a minimum in the nucleation barrier. Due to the two

types of solid solutions appearing in the Ag-Cu phase diagram, in the present case, there are two

such lines that intersect each other at the critical point: one for Cu rich and another for Ag rich

nuclei [see Fig. 4.25(a)]. Indeed, we observe a shallow minimum in the free energy of formation,

W ∗/kT slightly above Tc in both cases [see Fig.s 4.25(b) and 4.25(c)]. These results indicate

that similarly to other continuum theories, such as the density functional theory [58–61], the

phase-field model predicts an enhanced nucleation rate near to the critical temperature along

such lines. It is interesting to compare the m vs. c trajectories corresponding to the individual

nuclei along the constant driving force line 7. Apparently , towards the critical point , the

nature of nuclei shows a transition from ”solid-like” to ”liquid-like”. Indeed, a liquid ”skirt”

develops around the crystal, which can be characterized by the gradual transition between the

crystal and that of the initial liquid (see Fig. 4.26). The thickness of the liquid skirt diverges

towards Tc from both sides of the critical point. As the transition from ”solid-like” nucleus

to ”liquid-like” is fairly gradual, a definite border between the two types of nuclei cannot be

identified easily. These findings are fully consistent with previous results from continuum

models. It is, however, anticipated that a full dynamic treatment of the problem based on the

appropriate equations of motion is needed to understand the behavior of nucleation rate in the

vicinity of the critical point.

Inside the spinodal region the liquid phase becomes unstable against the composition fluc-

tuations and rapidly separates into two liquids of the compositions on the opposite sides of

the metastable liquid-liquid coexistence line at the given temperature. Thus, the spinodal

decomposition separates the liquid in space. As the size of the liquid regions of equilibrium

7Such trajectories have been used to identify the ”solid-like” and ”liquid-like” nuclei [58–61].
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Figure 4.25: Variation of the nucleation barrier for the Cu and Ag rich crystal nuclei along the

constant driving force lines that cross at the critical point. (a) The corresponding c(T ) trajectories

(dashed and dash-dot lines, respectively). For comparison the metastable liquid-liquid coexistence line

is also presented (solid line). (b) Work of formation vs reduced temperature for Cu rich nuclei. (c)

The same for Ag rich nuclei.



4.2 AG-CU EUTECTIC SYSTEM 63

0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

c

m

Figure 4.26: Structural order parameter vs. composition trajectories for points along the con-

stant driving force line for the Cu rich solution (see Fig. 4.6). From left to right: T/Tc =

0.95, 0.975, 1.0, 1.025 and 1.05. Note the gradual transition from crystal-like nuclei to liquid-like,

when approaching the metastable critical point (T/Tc = 1.0) from both sides.
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compositions becomes large enough to accommodate the ”normal” crystal nuclei (described

in section 4.2.2), soon crystal nucleation takes place inside these liquid regions. We denote

these solutions of the Euler-Lagrange equations as Ni, where i = Ag,Cu indicates the majority

component of the crystalline phase. Descending at the critical composition as shown in Fig.

4.6, we have both types of solutions above the critical temperature (T > Tc). These solutions

continue below the critical temperature along the two branches of the metastable liquid-liquid

coexistence line. The corresponding heights of the nucleation barrier are shown in Fig.s 4.27(a)

and 4.27(b), respectively. On the Ag rich side (left to the critical point) of the coexistence

line the NCu solution wins down to T ≈ 740 K, i.e. below this temperature the NAg solution

is preferred. In contrast, at the Cu rich side the NCu solution has the lowest free energy of

formation at any temperature. Comparing all the solutions on both sides the NCu on the Cu

side has the minimum nucleation barrier. Accordingly, well below Tc inside the spinodal region,

crystal nucleation is expected to happen in two stages, (i) first, spinodal decomposition of the

initial liquid takes place, (ii) which is followed by the nucleation of the Cu rich normal nuclei

NCu in a Cu rich liquid phase. Whether this stays so in the vicinity of critical point, where a

critical slowing down of the liquid phase separation is expected, remains an open question. To

answer this question a full time dependent treatment of the phase separation and nucleation

has to be solved, which is out of the scope of the present work, since we address only the

nucleation properties of this system. Finally, we have to mention that both the NAg and NCu

nuclei become more and more liquid-like towards the critical point (see Fig. 4.28).

Next, we discuss crystal nucleation between the spinodal and the coexistence lines. First,

we address crystal nucleation in this regime well below the critical point: T = 650 K (see Fig.

4.29). We found that the composition range between the coexistence line and the spinodal

line can be devided into two regimes: one lying between the coexistence line and the line we

identified as a bifurcation line (see region I in Fig. 4.6) and the second one falls between the

bifurcation line and the spinodal line (region II in Fig. 4.6). Such regions appear on both sides

of the liquid-liquid coexistence domain. Inside this regimes three different paths of crystal

nucleation can be observed for the same temperature and composition. For example on the

Ag rich (left) side we found the following types.

• The continuation of ”normal” Ag rich nuclei (NAg) into this region.

• The continuation of ”normal” Cu rich nuclei (NCu).
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Figure 4.27: Nucleation barrier for various nucleation pathways as a function of temperature (a) on

the left and (b) on the right of the critical composition. [Notation: NAg and NCu stand for normal

solutions, while CAg and CCu for composite solutions that are rich in the component shown in the

subscript, respectively. Solid and dashed lines: W ∗/kT for the Ag and Cu rich normal solutions,

respectively, observed when descending in the phase diagram at the critical composition, and following

the coexistence line below Tc (trajectories denoted by heavy black lines and arrows in Fig. 4.6).

Dash-dot lines: W ∗/kT for the composite solutions along the bifurcation line, i.e. at which the

composite and normal nuclei coincide (the trajectories denoted by heavy gray lines and arrows in Fig.

4.6).]
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Figure 4.28: Structural order parameter vs. composition trajectories for points along the

metastable liquid-liquid coexistence line for the Cu rich solution (see Fig. 4.6). From left

to right: T/Tc = 0.85, 0.95 (left to the critical composition), 1.0 (at the critical composition), 0.95

and 0.85 (right to the critical composition). Note the gradual transition from crystal-like nuclei to

liquid-like, when approaching the metastable critical point (T/Tc = 1.0) from both sides. Note the

similarity to Fig. 4.26.
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Figure 4.29: Properties of Cu rich normal and composite nuclei forming at T = 650 K: Shown are

the radial phase-field (solid) and the composition profiles (dashed) for the (a) Ag rich normal, (b)

the Cu rich normal, and (c) the Cu rich composite nuclei. The solutions at the bifurcation point are

denoted by heavy lines. Note the well-defined liquid layer around the crystalline core forming at small

supersaturations and the convergence of the two types to each other at the bifurcation composition.

(d) The respective nucleation barriers. (NAg and NCu stand for normal solutions, while CCu denotes

composite solution that are rich in Cu.)



4.2 AG-CU EUTECTIC SYSTEM 68

• ”Composite” nuclei (CCu) that have a Cu rich crystalline core and a liquid layer, a liquid

”coat” whose Cu concentration falls between the initial liquid concentration and the con-

centration at the center of the nucleus. In the vicinity of the liquid-liquid coexistence line

the coat is very well pronounced. In this case, in fact, the phase separation starts with

the nucleation of a new liquid phase. Remarkably, when approaching the metastable

coexistence line from inside the composite nuclei can be well approximated by placing

that crystal nucleus to the center of the liquid nucleus, which is preferred at the compo-

sition of the liquid coat at the same temperature. Towards the spinodal line, the liquid

coat shrinks faster than the crystalline core at the center and such separation becomes

impossible. Interestingly, with further increasing the supersaturation the NCu and the

CCu converge to each other at the bifurcation line. Beyond this supersaturation these so-

lutions vanish and only the Ag rich normal solution, NAg may exist. It is also important

to mention that normal nuclei gain a long concentration ”tail” when entering the liquid-

liquid coexistence domain. The corresponding phase-field and composition profiles, and

the nucleation barrier heights are compared for the nucleation pathways in Fig. 4.29. An

analogous behavior is observed on the Cu (right) side of the liquid-liquid immiscibility

region, where the normal nuclei NAg and composite nuclei CAg merge at the bifurcation

line, while the normal nuclei NCu exist in both regions I and II. This behavior resembles

the results of a single order parameter Cahn-Hilliard theory using a free energy function

with three parabolic minima, where ”broad” and ”thin” interface composition nuclei were

observed to converge with each other at an appropriate undercooling [12]. In the present

work, NCu and CCu plat the role of the ”thin” and ”broad” interface nuclei on the Ag rich

side of the coexistence region, as opposed on the other side, where NAg and CAg are the

analogous ones. The phase-field vs. composition trajectories of the three possible nuclei

at T = 650 K in region I on the Ag rich side are compared in Fig. 4.30. A characteristic

feature of the composite nucleus is that the m− c trajectory has an extended horizontal

section corresponding a liquid skirt of continuously changing composition.

The relation between the possible nucleation pathways depends on temperature. The nucle-

ation barrier heights corresponding to T = 650, 750 and 800 K are shown in Fig.s 4.31(a)-(c),

respectively, while the typical radial field profiles are presented in Fig.s 4.32(a)-(c). While

on the Cu rich side of the coexistence region the normal nuclei NCu are preferred at all tem-

peratures, on the Ag rich side the nucleation barriers for NAg and NCu intersect each other

(W ∗
NCu

= W ∗
NAg

), either outside the coexistence region or inside region I. Thus, NCu is preferred

between this intersection line cNN(T ) and the bifurcation line. Furthermore, in a temperature
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Figure 4.30: Structural order parameter vs. composition trajectories for the three types of solutions

shown in Fig. 4.29, at the initial liquid composition of c = 0.215. Note the long horizontal part for

the composite solution that represents the liquid ”coat” around the solid core.

range ≈ 690 K < T < Tc, a similar crossing line exists between NAg and CCu (W ∗
NCu

= W ∗
NAg

),

denoted by cNC(T ) in Fig. 4.33. Between cNC(T ) and the bifurcation line CCu is preferred to

NAg, however, NCu is always preferred to CCu.

It is also interesting to map the minimum nucleation barrier as a function of composition at

different temperatures above and below the critical temperatures (see Fig. 4.34).

Above the critical temperature, T > Tc the behavior is quite simple, either NAg or NCu

dominates. Below Tc a more complex behavior can be observed. Here three different nuclei

compete on each side of the coexistence region. The new type of composite nuclei are expected

to dominate only in a narrow composition range near the bifurcation line, where the difference

between the free energies of corresponding normal and composition solutions is in the range

of kT , but the solutions are very similar in every physical aspect, so one cannot distinguish

them in practice. Our work indicates that the same type of theoretical approach may help us

to clarify phase preference in other systems with metastable critical point, since the analogs of

the composite nuclei and the bifurcation line are expected to exist in such systems, in general.

Finally, we wish to draw attention to the fact that we have addressed here crystalline phase

selection on the basis of the relative heights of the nucleation barrier for various nucleation
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Figure 4.31: Nucleation barrier vs. initial liquid composition for three types of nuclei existing on the

left and right of the critical composition at (a) T = 650 K, (b) T = 750 K, and (c) T = 800 K.

The coexistence and spinodal compositions are denoted by vertical solid and dashed lines, respectively.
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Figure 4.32: Radial phase-field (light lines) and composition (heavy lines) profiles for the three types

of solutions existing on the left of the critical composition at (a) T = 650 K, (b) T = 750 K, and

(c) T = 800 K.
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solutions [cNN (T ) in the text] and for the Ag rich normal solution and the Cu rich composite solutions

[cNC(T ) in the text]. Note that they terminate in a common point falling on the bifurcation line.

pathways. This approximation is expected to be reasonable for metallic systems at small

undercoolings, where possible changes in the nucleation are expected to be negligible with

respect to the changes in the nucleation barrier height. This assumption is not necessarily

true for such systems, where the molecular mobility may change considerably in the vicinity of

compounds [148], or in systems, where the components have significantly different diffusivities

or the chemical diffusion is the rate limiting factor [170–173]. A full dynamic phase-field

model, which incorporates the thermal phase-field and composition fluctuations into the

equations of motion might be addressed to solve the crystal nucleation problem in the latter

case.

RELATED PUBLICATION:

G. I. Tóth and L. Gránásy. phase-field theory of interfaces and crystal nucleation

in a eutectic system of fcc structure. II. Nucleation in the metastable liquid

immiscibility region. J. Chem. Phys. 127, 074710 (2007).
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Figure 4.34: Phase selection in the Ag-Cu system, according to the minimum of the nucleation barrier
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complex behavior below the critical point. (NAg and NCu stand for normal solutions that are rich in

the component denoted by the subscript, while N e
Cu denotes the normal solution forming on the Cu

rich branch of the coexistence line.)
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4.3 Phase selection in the Fe-Ni system

First, I present the results obtained for crystal nuclei in Fe, Fe50Ni50, and Ni (see Figs. 4.35–

4.37). In panels (a) and (b), the radial phase-field and concentration profiles are displayed. In

all cases at least a small amount of third phase (”surface phase”) is observed at the solid-liquid

interface. However, the fcc surface layer on bcc nuclei is far less pronounced than the bcc

layer on fcc nuclei [Fig. 4.38(a)]. With increasing undercooling, the volume fraction (X) of

the third phase increases [Fig. 4.38(a)], which is reflected in the non-monotonic composition

dependence of X [Fig. 4.38(b)], following from the shape of the respective liquidus line in the

phase diagram. In Fe, nuclei with a bcc core (composite-bcc type) are significantly preferred to

fcc core nuclei, whereas in Ni, at temperatures accessible for experiments, composite-fcc nuclei

with a bcc surface layer dominate [see Figs. 4.35(c) and 4.37(c)]. The nuclei observed at the

1 : 1 composition behave similarly to those for Ni [Fig. 4.36(c)], however, with some amount

of surface precipitate of Ni at 20% relative undercooling [Fig. 4.36(a)]. At extremely large

undercoolings, composite-bcc nuclei are preferred for all compositions. At all undercoolings

we studied, composite nuclei are thermodynamically preferable to the respective single-phase

nuclei.

Next, we use the present MPFT approach to predict the phase-selection map for Fe-Ni

alloys and compare it to experiments [174]. Since in metallic systems homogeneous nucleation

has probably never been realized, we assume heterogeneous nucleation. In the spirit of the

highly successful free growth limited model of heterogeneous nucleation by Greer et al. [175],

the phase-selection boundary for heterogeneous nucleation is determined by the condition

of equal critical radii for the fcc and bcc type nuclei. The fcc-bcc phase-selection boundary

predicted with γfcc−bcc = 425 mJ/m2 is in a fair agreement with the experiments (Fig. 4.39).

For comparison, results for the upper and lower limits are also shown, which envelope the

experimental fcc-bcc phase-selection boundary.

RELATED PUBLICATION:

G. I. Tóth and L. Gránásy: Ginzburg-Landau type multiphase field model for

competing fcc and bcc nucleation, Phys. Rev. Lett. 106, 045701 (2011).
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Figure 4.35: Crystal nuclei in Fe: (a) composite-bcc nucleus at 1449 K [thin lines, square in panel(c)],

and composite-fcc nucleus at 1441 K [heavy lines, circle in panel (c)]; (b) composite-bcc nucleus at

1300 K [triangle in panel(c)]. (c) Nucleation barrier vs. temperature.
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Figure 4.36: Crystal nuclei in Fe50Ni50: Notations are as for Fig. 4.35. The respective temperatures

are T = 1373.5 K and 1183 K for panel (a) and 1150 K for panel (b). Note that ||c|| ∈ [0, 1].
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Figure 4.37: Crystal nuclei in Ni: Notations are as for Fig. 4.35. The respective temperatures are

T = 1382.5 K and 1050 K for panel (a) and 1000 K for panel (b).
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Figure 4.38: Volume fraction of the third phase (”surface phase”) in composite nuclei: (a) Tempera-

ture dependence of bcc fraction in composite-fcc nuclei (heavy lines), and of fcc fraction in composite-
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Figure 4.39: Phase-selection in the Fe-Ni alloy system. The grey solid and dashed lines correspond

to the liquidus and solidus curves. The symbols indicate the structure nucleated in the experiment:

squares - bcc; circles - fcc [174]. The fcc-bcc phase-selection boundary predicted for heterogeneous

nucleation at three values of γfcc−bcc are shown: 672 (black dash-dot), 425 (black solid), and 179

mJ/m2 (black dashed).



5 Summary

Despite intensive research, formation of polycrystalline materials from an undercooled liquid

is still poorly understood. The main difficulty is the process of nucleation, during which a

stable heterophase fluctuation (nucleus) appears in the liquid. Nuclei forming on human time

scales usually are made of all interfaces, therefore, the Classical Nucleation Theory - which

assumes sharp solid-liquid interface and bulk properties in the center of the nucleus - fails

to predict the nucleation barrier, which determines the nucleation rate. The nucleation rate

[JSS = J0 exp(W ∗/kT )] is the primary measurable quantity in nucleation experiments, and can

be converted to an estimation of the nucleation barrier height W ∗. Even the kinetic prefactor J0

is predicted with a sufficient accuracy, a basic feature of the solid-liquid interface, the interfacial

free energy, γ has to be known from independent measurements to compare the predictions

for W ∗ of the cluster models with the experimental data. Unfortunately, even if experiments

refer to homogeneous nucleation (a condition almost impossible to ensure), the interfacial free

energy is usually sufficiently unavailable. Therefore, despite the wealth of nucleation rate

measurements available in the literature, there is a very little hope for a conclusive test of the

cluster models.

To date, the most direct information on crystal nucleation refers to model systems.

The best known simple model system that shows crystallization is the hard-sphere system.

Extensive studies performed using the Monte-Carlo and molecular dynamics techniques have

clarified the main physical properties of the system. The properties of the solid-liquid interface

(e.g. the interfacial free energy and the thickness of the interface) have been determined by

molecular dynamics simulations, and an accurate prediction for the nucleation barrier is also

available from Monte-Carlo simulation. Having these properties offer a unique possibility

of testing different nucleation theories.

In the present thesis three different levels of abstraction is applied to predict the nucleation

properties of the hard-sphere system, the Ag-Cu eutectic system and the Fe-Ni system.

The droplet model of the Classical Nucleation Theory (CNT) extends the concept of

macroscopic droplets into the microscopic regime without correction, and relies on a macro-

scopic interfacial free energy, while assuming bulk crystal properties in the volume of the

droplet. This approach is widely used in interpreting the experiments, though it is known to

80



4.3 PHASE SELECTION IN THE FE-NI SYSTEM 81

be of very limited accuracy at the small size of nuclei relevant for typical time scales.

In the case of the phenomenological cluster models two significantly different approaches

are considered. The Self-Consistent Classical Theory (SCCT) tries to remove the evident

inconsistency of the CNT that it distinguishes the monomer of the solid phase and the monomer

of the liquid phase (which should be, in principle, the same physical object). In contrast, the

phenomenological Diffuse Interface Theory (DIT) tries to take into account the diffuseness

of the solid-liquid interface. Assuming yet bulk crystal properties at the center of the nuclei,

this approach predicts a curvature dependent interfacial free energy, and usually improves

significantly the agreement between theory and experiment for nucleation.

To date, the most advanced theoretical approaches to address crystal nucleation are

field theoretic models that predict a diffuse interface, so offer a natural way to handle the

difficulties occur in the cluster models. The Phase-Field Theory (PFT) is a van der

Waals / Cahn-Hilliard / Landau type classical field theoretical model, in which the transition

between the solid and liquid phases is characterized by order parameters. The spatial change

of the order parameter is penalized by a square-gradient term and have a double-well free

energy density, whose minima represent the newly forming and the parent phase. Accordingly,

they predict a diffuse interface, and are inherently capable of describing both small clusters

composed entirely of interface and the curvature dependence of the interfacial free energy.

First, a quantitative test of nucleation theories has been performed for the hard-sphere

system using the recently updated value of the solid-liquid interfacial free energy. It has been

found that after fixing all model parameters using the properties of the solid-liquid interface,

the phase-field Theory with Ginzburg-Landau free energy and the phenomenological Diffuse

Interface Theory predicts fairly accurately the height of the nucleation barrier. In contrast,

phase-field models using the standard double-well and interpolation functions significantly

underestimate the nucleation barrier. Similar behavior is observed for sharp interface models,

such as the droplet model of the Classical Nucleation Theory and the Self-Consistent Classical

Theory.

Relying on the result for the hard-sphere system we were going to address nucleation in

binary systems. Even though atomistic simulation performed for the Cu-Ni system indicate

a composition dependent interfacial free energy, little is known about the properties of the

crystal-liquid interface in more complex systems, such as the eutectic systems that are of

technological importance. Our aim was to address nucleation in the Ag-Cu eutectic system.

Besides mapping the composition and temperature dependence of the nucleation barrier in
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the normal region of the phase diagram, we were going to predict nucleation properties inside

the metastable liquid-liquid coexistence region appearing in the Ag-Cu phase diagram. In the

case of globular proteins, density functional calculations suggest that the classical nucleation

theory is invalid not only in the critical point, but in the small vicinity of the liquidus line.

However, the complete mapping of the possible nucleation pathways as a function of both

temperature and composition inside the metastable liquid coexistence region was unavailable.

Besides its theoretical interest, investigation of nucleation at the metastable critical point in

eutectic systems is further stressed by the practical importance: identification of different

nucleation pathways may help us to understand phase selection and factors that control the

microstructure.

Finally, I have presented a microscopic multi-phase-field theory of competing fcc and

bcc nucleation that is anchored to measurable physical properties. My study indicates

that composite nuclei - where both the fcc and bcc structures are present at the interface

- are preferable to single-phase nuclei. With a reasonable choice of model parameters, the

Ginzburg-Landau free energy based Multiphase Field Theory predicts the phase-selection

map fairly well for Fe-Ni alloys.



6 Appendix

6.1 Euler-Lagrange equations for planar interfaces

Statement: In the phase-field model defined by Eq. (2.9), the following applies in stable

equilibrium:

∆g =
1

2
y′
T
Ay′ , (6.1)

where ()′ stands for the spatial derivative d
dx

.

Proof: Multiplying Eq. (2.11) by y′i and adding the equations one can obtain:∑
i

∂∆g

∂yi
y′i +

∑
i

(
1

2
y′TDiy′ −∇Aiy

′ −Ay′′
)
y′i = 0 . (6.2)

The first term on the left side is trivially equal to d
dx

∆g, while the second term can be expanded

as follows: ∑
i

(
1

2
y′
T
Diy′ −∇Aiy

′ −Aiy
′′
)
y′i =

=
∑
i

[
1

2

∑
k,l

y′k
∂Akl
∂yi

y′l −
∑
k

(∑
l

∂Aik
∂yl

y′l

)
y′k −

∑
k

Aiky
′′
k

]
y′i =

=− 1

2

∑
i,k,l

∂Akl
∂yi

y′iy
′
ky
′
l −
∑
i,k

Aiky
′′
ky
′
i .

(6.3)

On the other hand,
df

dx
=
∑
k

∂f

∂yk
y′k +

∑
k

∂f

∂y′k
y′′k , therefore:

d

dx

(
1

2
y′
T
Ay′

)
=

d

dx

(
1

2

∑
ij

y′iAijy
′
j

)
=

=
∑
k

(
1

2

∑
ij

y′i
∂Aij
∂yk

y′j

)
y′k +

∑
i

(∑
j

Aijy
′
j

)
y′′i

(6.4)
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Comparing Eq. (6.3) and (6.4) shows that the second term of the left side in Eq. (6.2) is equal

to d
dx

(
−1

2
y′TAy′

)
. Using the formal derivative d

dx
∆g =

∑
k
∂∆g
∂yk

y′k in Eq. (6.2) one obtains:

d

dx
∆g =

d

dx

(
1

2
y′
T
Ay′

)
. (6.5)

For a planar interface ∆g = y′ ≡ 0 applies as x→ ±∞, which yields that:

∆g =
1

2
y′
T
Ay′ . (6.6)
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6.2 Properties of the hard-sphere system

6.2.1 Thermodynamic functions

In the hard-sphere system the pair potential has no attractive part, therefore, several

thermodynamic quantities of the system (i.e. internal energy, free energy density, interfacial

free energy, chemical potential, pressure, etc.) are proportional to the temperature: Λ ∝ kT .

Besides, the pair potential is characterized by the diameter of the particles, σ, which defines the

length scale. Then, the thermodynamic functions of the hard-sphere system can be expressed

by using these natural units.

The equation of state is often expressed in terms of the compressibility factor Z(φ) = p
ρkT

,

where p is the pressure and φ = π
6
σ3ρ is the volume fraction (ρ = N/V is the number density).

The dimensionless pressure is defined by p∗ := p σ
3

kT
= ρ∗Z(φ), where ρ∗ = ρσ3 = 6

π
φ is the

dimensionless number density. Furthermore, ρ∗v∗ = 1 defines the dimensionless molecular

volume v∗. The equilibrium volume fractions in the liquid and the solid phases (φF and φM ,

respectively) are defined by the equilibrium pressure: π
6
(p∗)eq. = φFZL(φF ) = φMZS(φM),

where subscripts ()L and ()S stands for the liquid and the solid phases, respectively. Further

dimensionless thermodynamic functions (i.e. free energy density, chemical potential, entropy

density, etc.) can be obtained as follows (φeq. denotes the equilibrium volume fraction):

• Specific free energy:

F =

∫
dV (−p)⇒ f ∗N :=

1

kT

F

N
=

f ′

kT
=

∫
−dV
V

p

ρkT
=

φ∫
φeq.

dϕ
Z(ϕ)

ϕ
+ c ;

• Chemical potential:

µ =
∂F

∂N

∣∣∣∣
V

⇒ µ∗ :=
µ

kT
=
∂(Nf ∗N)

∂N
= f ∗N + φ

∂f ∗N
∂φ

=

φ∫
φeq.

dϕ
Z(ϕ)

ϕ
+ Z(φ) + c ;

• Free energy density:

f =
F

V

∣∣∣∣
N

⇒ f ∗ := f
σ3

kT
= f ∗N

(
6

π
φ

)
;

• Grand free energy density:

Ω = F − µN ⇒ ω∗ :=
Ω

V

σ3

kT
= f ∗ − µ∗

(
6

π
φ

)
;
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• Specific internal energy:

U =
3

2
NkT ⇒ u∗ =

1

kT

U

N
=

3

2
;

• Specific enthalpy:

H = U + pV ⇒ h∗ =
1

kT
h̃ =

1

kT

H

N
=

3

2
+ p∗v∗ ;

• Enthalpy density:

ρ∗∆h∗ :=
[
ρ
(
h̃− h̃0

)] σ3

kT
= ρ∗p∗(v∗ − v∗0) = p∗

(
1− φ

φ0

)
.

Using the natural units Eq. (2.17) can be expressed as follows:

∆Ω∗ =

∫
dr∗
{

(ε2)∗

2
(∇∗m)2 + ∆ω∗(m, . . . )

}
, (6.7)

where ∆Ω∗ = ∆Ω
kT

, r∗ = r
σ

(so ∇∗ = σ∇), ∆ω∗(m, . . . ) = w∗g(m) + . . . , while the scaled model

parameters can be written as:

(ε2)∗ = ε2σ

k
,

w∗ = w
σ3

k
.

Finally, the scaled interfacial free energy has the following form:

γ∗∞ = γ∞
σ2

kT
=

∞∫
−∞

dx∗

{
(ε2)∗

2

(
dm

dx∗

)2

+ ∆ω∗(m, . . . )

}
. (6.8)

6.2.2 PFT model parameters

Within the present work I have applied phase-field models for the nucleation of the hard-

sphere system, which contain two model parameters: the coefficient of the gradient-square term

ε2 and the free energy scale w. These model parameters can be related to measurable quantities

- such as the equilibrium interfacial free energy γ∞ and the interface thickness d10%−90% - as

described by Eq. (2.14) and (2.15). One can apply these general formulae for the present

models defined by different grand free energy functionals as follows:
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• Skewed double-well free energy:

∆ω(m) = wTg(m) + p(m)∆ωSL , (6.9)

where ∆ωSL = ∆ωS(φn) − ∆ωL(φ∞) denotes the driving force to the nucleation. The

appropriate values of y and A for this case are: y = m and A = ε2T , therefore ẏTAẏ =

ε2T . Since in stable equilibrium the driving force ∆ω = ωS(φM) − ωL(φF ) = −∆p = 0

so ∆g = wTg(m). Using Eqns. (2.14), (2.15) and (6.6) we have:

γ∞ =
√

2wT 2
Mε

2

1∫
0

dm
√
g(m) := (A

√
2wε2)TM ;

d10%−90% =

√
ε2

2w

0.9∫
0.1

dm√
g(m)

:= B

√
ε2

2w
,

where A =
∫ 1

0
dm
√
g(m) and B =

∫ 0.9

0.1
dm√
g(m)

, while TM is the melting temperature 1.

Using these expressions the two parameters ε2 and w can be expressed as:

ε2 =
1

AB

γ∞d19

TM
; (6.10)

w =
B

2A

γ∞
d19TM

,

or in reduced units

(ε2)∗ =
1

AB
γ∗∞d

∗
19 ;

w∗ =
B

2A

γ∗∞
d∗19

,

where we used the convention d10%−90% ≡ d19. The value of A and B depends on the

form of g(m) as follows:

g(m) A B

m2(1−m)2 1/6 4 ln(3)

m2(1−m2)2 1/4 3 ln(3)− ln(1.9/1.1)/2

1Note that in the hard-sphere system the temperature is an irrelevant parameter, therefore, all model

parameters can be determined in their natural units as discussed in (i) of this section.
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• Free energy surface [49]:

∆ω(m,φ) = wTg(m) + p(m)∆ωS(φ) + [1− p(m)]∆ωL(φ) . (6.11)

For this case y = (m,φ)T (so that yk = m) and A =

(
ε2T 0

0 0

)
so ẏTAẏ = ε2T again.

In stable equilibrium the implicit algebraic equation ∂∆ω
∂φ

= p(m)∂∆ωS
∂φ

+[1−p(m)]∂∆ωL
∂φ

=

0 yields the φ(m) relationship. Note that φ(m) is independent from the model parameters

ε2 and w. Dividing Eq. (2.14) by Eq. (2.15) and using the natural units yields:

γ∗∞
d∗10%−90%

= 2

∫ 1

0
dm{∆ω∗(m)}1/2∫ 0.9

0.1
dm{∆ω∗(m)}−1/2

, (6.12)

where ∆ω∗(m) = w∗g(m)+p(m)∆ω∗S(φ(m))+[1−p(m)]∆ω∗L(φ(m)). Therefore, γ∗∞
d∗
10%−90%

depends on only w∗. The value of w∗ can be calculated numerically (e.g., by 1D Newton-

Raphson iteration), then the value of (ε2)∗ is determined by either Eq. (2.14) or Eq.

(2.15). For example:

(ε2)∗ =

(
γ∗∞∫ 1

0
dm
√

2∆ω∗(m)

)2

. (6.13)
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[158] Y. Rosenfeld, M. Schmidt, H. Löwen, and P. Tarazona, Phys. Rev. E 55, 4245 (1997).

[159] P. Tarazona, Physica A 603, 243 (2002).

[160] L. Gránásy, T. Pusztai, and P. F. James, J. Chem. Phys. 117, 6157 (2002).

[161] L. Zhang, L. Q. Chen, and Q. Du, Phys. Rev. Lett. 98, 265703 (2007).

[162] W. R. Fehlner and S. H. Vosko, Can. J. Phys. 54, 2159 (1976).

[163] R. Kobayashi and Y. Giga, Jpn. J. Ind. Appl. Math. 18, 207 (2001).

[164] L. Gránásy and L. Ratke, Scr. Metall. Mater. 28, 1329 (1993).

[165] G. F. L. Powell, J. Aust. Inst. Met. 10, 223 (1965).

[166] G. F. L. Powell, Trans. Metall. Soc. AIME 245, 1785 (1969).

[167] R. T. Southin and G. A. Chadwick, Acta. Metall. 26, 223 (1978).

[168] S. Walder and P. L. Ryder, J. Appl. Phys. 74, 6100 (1993).

[169] V. Talanquer and D. W. Oxtoby, J. Phys. Chem. 99, 2865 (1995).

[170] A. L. Greer, P. V. Evans, R. G. Hamerton, and D. K. Shangguan, J. Cryst. Growth 99,

38 (1990).
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